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With the upcoming third-generation gravitational-wave detectors comes the need to build complete,
faithful, and fast waveform models for asymmetric-mass-ratio compact binaries. Most efforts within
the self-force community have focused on modeling these binaries’ inspiral regime, but for ground-
based detectors the systems’ final merger can represent the dominant part of the signal. Recent
work by three of us has extended the multiscale self-force framework through the transition-to-
plunge and merger-ringdown regimes for nonspinning binaries. In this paper, we generalize the
next-to-next-to-leading-order transition-to-plunge waveform model to include the spin of the primary
black hole. We also improve the construction of composite inspiral-transition waveform models by
performing a change of variables on the binary’s mechanical phase space during the transition to
plunge. We provide detailed discussions of our numerical implementation and comparisons with
numerical relativity simulations.
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I. INTRODUCTION AND OUTLINE

Since the first detection of a gravitational-wave (GW)
signal 10 years ago (GW150914) [1], the LIGO-Virgo-
KAGRA (LVK) collaboration has now seen more than
a hundred binary coalescence events among their first
three observing runs [2]. With the upcoming release of
the fourth version of the Gravitational-Wave Transient
Catalog (GWTC-4) and the fifth observing run planned
for 2027 [3], many more GW events will soon be reported
or discovered by ground-based detectors. Together with
the improvement of detectors’ sensitivity, this spurs GW
modelers to provide fast and faithful waveform models
for parameter estimation studies and tests of general
relativity [4–9].

In particular, one specific event from the third observing
run, GW191219 163120, has been estimated to come from
a binary with mass ratio∼1:27. Such a high mass ratio lies
beyond what current models are able to cover [2, 10] and
points to one of the LVK observational science short-term
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R&D objectives: providing fast and accurate waveform
models for asymmetric-mass-ratio binaries [11].

On the other side, future space-based detectors such
as LISA will detect GW signals in the millihertz spec-
trum [12], allowing us to observe signals emitted by
extreme-mass-ratio inspirals (EMRIs). The joint use of
space-based detectors with future third-generation (3G)
ground-based detectors such as the Einstein Telescope [13]
will enable the observation of sources such as interme-
diate mass ratio coalescences (IMRACs) across multiple
bandwidths [12]. Those intermediate systems with mass
ratios typically ranging from ∼1:102 to ∼1:104 currently
lack accurate waveform models and constitute a real GW
modeling challenge for 3G detectors.

The waveform modeling technique that naturally lever-
ages the existence of two disparate masses is the gravita-
tional self-force (GSF or SF) program, where the Einstein
field equations (EFEs) and the orbital motion of the sec-
ondary black hole are expanded in the binary’s small
mass ratio. Recent milestones in the self-force community
have been, for example, the construction of a first-post-
adiabatic (1PA)/second-order self-force (2GSF) waveform
model for spinning binaries with a slowly spinning primary
black hole and rapidly spinning, precessing secondary [14]
and the development of a fast, data-analysis-ready adia-
batic (0PA) model for eccentric equatorial binaries with a
rapidly spinning primary in the FEW python package [15],
leveraging the SF multiscale expansion framework [16–
19] and hardware acceleration [20] for rapidly generating
waveforms.

These pieces of work focus primarily on the inspiral
phase of the binary, which is expected to be sufficient for
modeling EMRI signals. In contrast, IMRACs usually
have a merger that occurs in the frequency band of ground-
based detectors [12]. Moreover, recent results in second-
order self-force [10, 21] show that self-force models can be
remarkably precise even at more comparable mass ratios
∼1:10 [14, 22], and for such systems the merger can always
represent a significant fraction of the signal-to-noise ratio
(SNR). Those considerations make it important to extend
the multiscale self-force framework beyond the innermost
stable circular orbit (ISCO), where the inspiral motion of
the binary breaks down.

A recent work by three of us [23] extensively derived
the self-force framework for the transition-to-plunge (or
simply “transition”) motion of nonspinning, quasicircular
binaries. This work extended the results of Refs. [24–26]
by including a treatment of the Einstein field equations
and waveform generation on top of the orbital dynamics,
while also reformulating the transition in the phase-space
approach [18, 19, 27] that underlies the multiscale expan-
sion’s accuracy [10] and efficiency.

In GSF theory, the merger-ringdown part of the wave-
form is generated by the secondary’ final, approximately
geodesic plunge into the primary after it transitions across
the ISCO [28, 29]. Again, three of us recently showed how
to formulate this regime in the phase-space approach of
the multiscale expansion [30] (building on Refs. [31, 32]).

This created a unified framework for inspiral, transition,
and plunge that can be carried (in principle) to any
order in the small mass ratio. In Ref. [33], two of us
employed that framework to generate subleading-order
merger-ringdown waveforms in a test case of modified
gravity.

These developments have paved the way for building
the first inspiral-merger-ringdown (IMR) model for qua-
sicircular, nonspinning binaries beyond leading order in
GSF theory [34–37]. (See Refs. [38–40] for earlier such
waveforms at leading order, following an iterative method
initiated in Ref. [41] rather than a multiscale approach.)

With a first complete beyond-leading-order GSF IMR
waveform model for nonspinning binaries at hand, we now
aim to to include additional physical parameters. The
work presented in this paper represents one of the inter-
mediate steps towards including the effects of the primary
black hole spin in the IMR waveform model presented
in Ref. [34–37]: we derive and implement second-post-
leading transition-to-plunge (2PLT) waveforms using the
phase-space formalism for non-eccentric equatorial mo-
tion of a Schwarzschild secondary black hole around a
primary Kerr black hole. Moreover, we build a composite
waveform model that smoothly interpolates between an
adiabatic (0PA) model in the early inspiral and a 2PLT
transition model when reaching the ISCO using a matched
asymptotic expansions procedure. We address and solve
issues already raised in Ref. [23] about the accuracy of
such composite models due to early-time transition resid-
uals in the dynamics.

The plan of the paper is as follows. In Sec. II we
set up the conventions used throughout the paper and
rewrite the equations of motion of a massive particle on
a quasicircular orbit around a Kerr primary in a generic
multiscale framework on the binary’s mechanical phase
space. In Sec. III, we explicitly expand such equations
of motion during the inspiral phase of the binary up to
next-to-leading order (1PA) in the self-force expansion. In
Sec. IV, we perform the expansion of the same equations
of motion but during the transition phase of the binary, up
to 2PLT order in SF. Next, in Sec. V, we match the late-
time asymptotic expansion of the 0PA inspiral with the
early-time asymptotic expansion of the 2PLT transition
motion and use it to build a composite 0PA-2PLT model.
In Sec. VI, we perform a change of transition phase-space
coordinates and explain how it affects the asymptotic
matching with the inspiral motion and, crucially, how
it improves the accuracy of the composite model. In
Sec. VII we detail explicitly the different components of
our composite model, as well as other models we use as
benchmarks. Finally, in Sec. VIII we provide an analysis
of the impact of our change of variables on phase space and
compare our waveform models with numerical relativity
(NR) simulations.
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II. FORCED MOTION, CIRCULAR GEODESICS,
AND FIELD EQUATIONS

In this section, we set up our conventions and formulate
the secondary’s motion and the Einstein field equations
in the phase-space approach.

A. Setup and conventions

We consider a nonspinning compact object of mass mp

(where p stands for particle since we treat it as such)

orbiting a Kerr black hole of mass M̊ and dimensionless
spin χ̊ on quasicircular, equatorial orbits, where we use a
ring to denote constant, initial values of evolving parame-
ters. We will refer to the two objects as the “secondary”
and the “primary”, respectively. We define the small
mass ratio ε̊ := mp/M̊ and the symmetric mass ratio

ν̌ := mpM̊/M̊2
tot, where M̊tot := M̊ + mp is the total

reference mass of the binary. It will also be useful to
introduce the large mass ratio q̊ := 1/ε̊. Throughout this
paper, we adopt geometric units where the gravitational
constant G and the speed of light c are set to unity.
Due to the presence of the perturbing secondary, the

full spacetime metric gµν decomposes into a background
gµν and a perturbation hµν ,

gµν = gµν + hµν . (1)

The background metric gµν is taken to be the metric of
the primary Kerr black hole in isolation. We work in
dimensionless Boyer-Lindquist (BL) coordinates that we
denote as (t, xi) = (t, r, θ, ϕ), normalized by the primary

mass M̊ . Therefore, the standard dimensionful BL coor-
dinates are given by (M̊t, M̊r, θ, ϕ). In dimensionless BL
coordinates, the line element of the Kerr metric is given
by

M̊−2ds2 = −
(
1− 2r

ρ2

)
dt2 − 2

2χ̊r sin2 θ

ρ2
dtdϕ

+
Σ

ρ2
sin2 θdϕ2 +

ρ2

∆
dr2 + ρ2dθ2, (2)

where

ρ2 := r2 + χ̊2 cos2 θ, (3a)

∆ := r2 − 2r + χ̊2, (3b)

Σ :=
(
r2 + χ̊2

)2 − χ̊2∆sin2 θ. (3c)

The perturbation hµν ∼ ε̊ contains all corrections due
to the orbiting secondary and nonlinear effects due to
the interaction of the two bodies. This includes the time-
dependent changes δM and δχ of, respectively, the mass
and spin of the primary black hole, which evolve due to
the absorption of energy and angular-momentum fluxes.

The Einstein equations can be perturbatively expanded
in hµν as

δGµν [h] + δ2Gµν [h, h] +O(̊ε3) = 8πTµν , (4)

where δGµν is the linearized Einstein tensor on the back-
ground gµν , while δ

2Gµν is quadratic in hµν . The right-
hand side is given by the point-particle Detweiler stress-
energy tensor [42, 43],

Tµν = mp

∫
ũµũν

δ4(xα − zα(τ̃))√
−g̃

dτ̃ , (5)

where zµ(τ̃) is the particle’s worldline. Here we have split
the metric perturbation as hµν = hPµν + hRµν , where h

P
µν

is an analytically known “puncture”, which is singular at
the particle’s position, and hRµν is the regular residual field,
as defined in Ref. [44]. We can then define an effective
metric, g̃µν = gµν + hRµν , which is regular at the particle’s
position. The parameter τ̃ is proper time in the effective
metric, and the particle’s 4-velocity is ũµ := dzµ/dτ̃ (with
ũµ := g̃µν ũ

ν).
In the effective metric g̃µν , the secondary object follows

a geodesic [45–47]. In terms of the background metric
gµν , the particle obeys the self-forced equations of motion

D2zµ

dτ2
= fµ. (6)

Here τ is proper time in gµν (normalized with respect

to the primary mass M̊) and D/dτ := uµ∇µ, with the
4-velocity uµ := dzµ/dτ and covariant derivative ∇µ com-
patible with gαβ . The (gravitational) self-force per unit
mass of the secondary, fµ, can be expressed in terms of
the residual metric perturbations as in Refs. [47–49].

In order to describe the evolution of the binary we foli-
ate the spacetime with surfaces of constant hyperboloidal
time s that extend from the primary’s future horizon to fu-
ture null infinity, following Refs. [17, 50]. We assume that
s reduces to BL coordinate time t at the particle, which
we also use to parametrize the worldline zµ = zµ(t, ε̊):

zµ(t, ε̊) =
(
t, xip(t, ε̊)

)
=
(
t, rp(t, ε̊), π/2, ϕp(t, ε̊)

)
. (7)

A subscript p indicates evaluation at the particle’s posi-
tion, and we have restricted to equatorial orbits (θp =
π/2). Without loss of generality, we take the the orbital
angular momentum to be in the +z direction. The dimen-
sionless spin of the primary is either anti-aligned with
the z-axis for χ̊ ∈ [−1, 0] or aligned with the z-axis for
χ̊ ∈ [0, 1]. As a consequence, the orbital phase ϕp is a
monotonically increasing function of t, while negative and
positive spin χ̊ corresponds to retrograde and prograde
orbits, respectively. This choice of orientation can always
be achieved without ambiguity during the inspiral and
transition.1

1 This is no longer necessarily the case during the plunge: for a
particle plunging from a retrograde ISCO, the orbital frequency
Ω(t) := dϕp/dt changes sign before reaching the ergosphere [51],
and the orbital phase is no longer monotonic. The orientation
of the coordinate system is then inherited from the inspiral and
transition.
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The binary’s mechanical phase space is spanned by
(xip, ẋ

i
p, δM, δχ), where we have used an index i for spatial

coordinates and an overdot to denote d/dt. For quasi-
circular binaries, the orbital radius is not independent
and can be expressed in terms of other phase-space co-
ordinates. More precisely, the set of mechanical vari-
ables describing the binary can be reduced to the az-
imuthal orbital phase ϕp and the set of evolving parame-
ters (∆)Ja = {(∆)Ω, δM, δχ}. Here we have used the no-
tation (∆)Ω from Ref. [23] to denote the orbital frequency
Ω := dϕp/dt during the inspiral or ∆Ω := (Ω− Ω⋆)/ε̊

2/5

during the transition to plunge, where Ω⋆ = Ω⋆(χ̊) is the
ISCO frequency around a Kerr black hole with spin χ̊.
As introduced above, δM and δχ refer to the evolving
corrections to the primary mass M̊ and dimensionless
spin χ̊, respectively. They are related to the dynamical
mass M(s) and spin χ(s) of the primary black hole as

M(s) = M̊
(
1 + ε̊ δM(s)

)
, (8a)

χ(s) = χ̊
(
1 + ε̊ δχ(s)

)
. (8b)

The mechanical variables are defined as functions of hy-
perboloidal time: on a slice of constant s, (∆)Ω is equal
to its value at the point where the slice intersects the
worldline (this extends to any function defined on the
worldline, such as ϕp), while δM and δχ are equal to their
values where the slice intersects the horizon of the primary.
The rescaled variable ∆Ω is chosen such that it is order
unity during the transition across the ISCO, which occurs
over a frequency window (Ω− Ω⋆) = O(̊ε2/5).

The crucial feature of our formulation of the problem is
that the metric perturbations depend on s only through
ϕp and (∆)Ja. In addition, since ϕp is a 2π-periodic
variable, we can express hµν in terms of Fourier series as

hµν(s, x
i, ε̊) =

+∞∑
m=−∞

hmµν((∆)Ja(s, ε̊), xi, ε̊)e−imϕp(s,̊ε).

(9)
The Fourier coefficients hmµν will be expanded in series
for small ε̊, though the form of that expansion depends
on the stage of the binaries evolution, see Refs. [23, 30].
The form (9) can be derived from the more general self-
consistent formulation [52] of GSF theory following the
arguments in Ref. [27].
The system’s evolution through phase space is then

governed by the following set of ordinary differential equa-
tions:

dϕp
ds

= Ω, (10)

d(∆)Ja

ds
= F (∆)Ja

((∆)Jb; ε̊, χ̊). (11)

Here and below, we will often leave the parametric de-
pendencies implicit and write F (∆)Ja (

(∆)Jb; ε̊, χ̊
)
as

F (∆)Ja (
(∆)Jb

)
, or simply F (∆)Ja

. The forcing functions

F (∆)Ω can be expressed in terms of the self-force through
the equations of motion (6), while F δM and F δχ are de-
termined from the horizon fluxes of energy and angular

momentum. We note that the forcing functions do not
depend on ϕp due to the axisymmetry of the problem:
the metric perturbations (9) depend on ϕp only in the
combination ϕ− ϕp, becoming independent of ϕp when
evaluated along the worldline. As a consequence, the
self-force and other dynamical quantities derived from it
are also independent of ϕp [18, 27].
Our basic approach, as employed in Refs. [30, 53], is

the following:

1. In each regime (the inspiral or the transition), we
expand the forcing functions F (∆)Ja

and the metric
amplitudes hmµν in a series in small ε̊ at fixed phase-
space coordinates (ϕp, (∆)Ja).

2. From the EFE and the self-forced equations of mo-
tion, we obtain differential equations for the coeffi-
cients in each of these expansions.

3. We impose retarded boundary conditions at the
horizon and infinity.

4. We fix the remaining freedom in the solution in each
regime through an asymptotic matching condition:
the expansions of F (∆)Ja

and hmµν in the transition
must agree with those in the inspiral when both are
re-expanded in a common form. Concretely, suppose
a function f is expanded for small ε̊ at fixed ∆Ja in
the transition and then re-expanded at “early times”
in the transition (∆Ω ≪ −Ω⋆, equivalent to ε̊≪ 1
at fixed Ω < Ω⋆). This must agree, order by order
in ε̊ and ∆Ω, with the result of first expanding f
for small ε̊ at fixed Ω, then re-expanding near the
ISCO (|Ω − Ω⋆| ≪ Ω⋆), and finally rewriting in
terms of ∆Ω.

Another way of stating the matching condition is simply
that the two expansions must commute.

B. Orbital motion

The trajectory of the secondary (7) can be written in
terms of the mechanical variables (∆)Ja as

zµ(t, ε̊) =
(
t, rp

(
(∆)Ja(t), ε̊

)
, π/2, ϕp(t, ε̊)

)
. (12)

Time derivatives are then evaluated using the chain rule

d

dt
= Ω ∂ϕp

+ F (∆)Ja

∂(∆)Ja (13)

and Eq. (11). To streamline the resulting expressions,
we adopt the notation of Ref. [50] for the directional
parametric derivative:

∂V⃗ := F (∆)Ja

∂(∆)Ja := Va∂(∆)Ja , (14)

where Va := F (∆)Ja

represents the velocity through pa-
rameter space. The tangent vector to the trajectory in
the non-affine t parametrization is hence given by

dzµ

dt
=
(
1, ∂V⃗rp, 0,Ω

)
. (15)
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Written in terms of the non-affine parameter t, the
self-forced equations of motion (6) become

d2zµ

dt2
+ U−1 dU

dt

dzµ

dt
+ Γµ

αβ

dzα

dt

dzβ

dt
= U−2fµ (16)

with Γµ
αβ the Christoffel symbols of the background Kerr

metric gµν , evaluated on the worldline (12). Here the
redshift factor U is defined as

U :=
dt

dτ
=

1√
−gµν(dzµ/dt)(dzν/dt)

(17)

from the normalization condition for timelike curves,
uµu

µ = −1.
Plugging Eqs. (12) and (15) into Eqs. (17) and (16)

yields

U−2 = R−2(rp,Ω)−
r2p
∆p

(∂V⃗rp)
2, (18a)

U−2f t = U−1∂V⃗U +
C
(
rp,Ω

)
r2p∆p

∂V⃗rp, (18b)

U−2fr = ∂2V⃗rp + U−1∂V⃗U ∂V⃗rp +
∆p

r4p
G(rp,Ω)

+
E(rp)
rp∆p

(∂V⃗rp)
2, (18c)

where we have defined ∆p := ∆(rp),

C(r,Ω; χ̊) := 2(χ̊2 + r2 − χ̊3Ω− 3χ̊r2Ω), (19a)

G(r,Ω; χ̊) := 1− 2χ̊Ω+ χ̊2Ω2 − r3Ω2, (19b)

R(r,Ω; χ̊) :=

√
r

r − χ̊2rΩ2 − r3Ω2 − 2(1− χ̊Ω)2
, (19c)

E(r; χ̊) := χ̊2 − r. (19d)

In the following, we will often drop the parametric de-
pendence in the functions (19) and write, for example,
C(r,Ω; χ̊) as C(r,Ω).

C. Study of circular geodesics

For later use in formulating the multiscale expansion
of the motion and field equations, let us first turn off the
self-force contributions to the equations of motion (18)
and briefly analyze the circular geodesic solutions.
First note that with fµ = 0, the 1-parameter family

of circular geodesics corresponds to the level set G = 0.
Parameterizing that curve by the orbital frequency Ω
gives

r(0)(Ω) = (1− χ̊Ω)2/3/Ω2/3, (20)

and one can indeed check that G(r(0)(Ω),Ω) = 0.
Second, one can readily interpret R(r,Ω) as the redshift

factor of a particle following a (possibly non-geodesic) cir-
cular motion of radius r and frequency Ω on the equatorial

plane of the Kerr primary. Setting again fµ = 0 and eval-
uating R on the level set G = 0, we find R reduces to the
redshift factor U(0)(Ω) of a particle following a circular
geodesic of orbital frequency Ω,

R(r(0)(Ω),Ω) = U(0)(Ω), (21)

where

U−2
(0) (Ω) = (1− χ̊Ω)

[
1 + χ̊Ω− 3Ω2/3(1− χ̊Ω)1/3

]
. (22)

Moreover, the directional derivative of R along r is
proportional to G,

∂rR(r,Ω) = −G(r,Ω)R3(r,Ω)

r2
, (23)

and therefore vanishes when evaluated on a circular
geodesic. When evaluated on the level set G = 0, the
normal of R is directed along dΩ

dR(r(0)(Ω),Ω)

dΩ
= ΩU3

(0)(Ω)B(Ω), (24)

while from Eq. (19a), we have

C(r(0)(Ω),Ω) = 2Ωr
3/2
(0) B(Ω). (25)

In Eqs. (24) and (25), the function B(Ω) is given as in
Ref. [26] by

B(Ω) := B(r(0)(Ω))

= r2(0) − 2χ̊r
1/2
(0) + χ̊2

= χ̊2 − 3χ̊(Ω−1 − χ̊)1/3 +Ω−1(Ω−1 − χ̊)1/3. (26)

Finally, for any n ≥ 0

dnG
dΩn

(r(0)(Ω),Ω) = 0, (27a)

dnR
dΩn

(r(0)(Ω),Ω) =
dnU(0)

dΩn
, (27b)

from which we can extract, for example,

dr(0)

dΩ
= −∂ΩG

∂rG
= −2

3

1

r
1/2
(0) (Ω)Ω

2
. (28)

D. Einstein field equations

As anticipated below Eq. (9), the metric perturbations
can be expanded for small ε̊: during the inspiral, the
expansion reads [17]

hµν =
∑
n≥1

ε̊n
∞∑

m=−∞
h(n),mµν (Ja, xi)e−imϕp , (29)
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where an index (n) indicates the coefficient of ε̊n, while
in the transition regime we have [23]

hµν =
∑
n≥5

ε̊n/5
∞∑

m=−∞
h[n],mµν (∆Ja, xi)e−imϕp , (30)

where an index [n] labels the coefficient of ε̊n/5.
In Ref. [23] the structure of the Schwarzschild met-

ric perturbations was derived from the field equations
as follows: during the inspiral, the metric perturbations
can be expressed as a sum of terms factored into a piece
that is smooth and a piece that is singular at the ISCO
frequency. In particular, the first-order metric pertur-

bation h
(1)
µν was shown to be a smooth function of the

orbital frequency. Similarly, in the transition regime, the
metric perturbations at each perturbative order can be
written as a sum of terms factored into a ∆Ω-dependent
and a ∆Ω-independent piece. At the orders we will be

interested in this paper, it was found that h
[5]
µν does not

depend on ∆Ω, while h
[6]
µν(∆Ja, xi) = 0 and h

[7]
µν depends

only linearly on ∆Ω: h
[7]
µν(∆Ja, xi) = ∆Ωh

[7]A
µν (xi). We

follow the same convention as in Sec. 4 of Ref. [23], where
capital Latin letters A,B, . . . refer to ∆Ω-independent
factors of ∆Ω-dependent monomials. These structures
are dictated by the field equations, in particular by the
order of the highest-order time derivative. It follows that
the structure of the metric perturbations remains unal-
tered when considering a Kerr background; see Sec. 4.2
of Ref. [23] for a detailed analysis.

In Ref. [23] it was also shown that the metric perturba-
tions to next-to-leading order in the transition expansion
can be obtained from the inspiral’s first-order metric per-
turbation as

h[5]µν(δM, δχ, xi) = h(1)µν (Ω = Ω⋆, δM, δχ, xi), (31a)

h[7]Aµν (xi) = ∂Ωh
(1)
µν (Ω = Ω⋆, x

i). (31b)

When working at leading order in the inspiral and next-
to-next-to-leading order in the transition expansions, it is

therefore sufficient to solve for h
(1)
µν , rather than directly

solving field equations in the transition regime.

In addition, δM and δχ only enter h
(1)
µν in non-radiative

modes [17], meaning we can neglect them at our orders of
interest in this paper. We can then obtain the waveform’s
first-order mode amplitudes by solving the Teukolsky
equations for the fourth Weyl scalar Ψ4 (for a review, see
Ref. [18]). At zeroth order, O(ε̊0), the background Weyl
scalar vanishes, and we can expand Ψ4 in powers of the
mass ratio as

ζ4Ψ4 = ε̊ψ
(1)
4 + ε̊2ψ

(2)
4 +O(ε̊3), (32)

with ζ = r − iχ̊ cos θ. The linearized scalar ψ
(1)
4 satisfies

the Teukolsky equation. On phase space, time derivatives
are substituted using the chain rule (13). At first order

in ε̊ and with the ansatz ψ
(1)
4 ∼ e−imϕp , this reduces to

∂t → −imΩ. The Teukolsky equation therefore decouples

into an angular part and a radial part in the usual way [54].
Therefore, we can decompose the linearized Weyl scalar

ψ
(1)
4 in the basis of spin-weighted spheroidal harmonics as

ψ
(1)
4 =

∞∑
ℓ=2

ℓ∑
m=−ℓ

ψ
(1)
ℓm(Ω, r)−2Sℓm(θ, ϕ)e−imϕp , (33)

with −2Sℓm satisfying the spin−2-weighted spheroidal

harmonic equation and ψ
(1)
ℓm the sourced Teukolsky radial

equation depending upon Ω. It is readily solved using the
Black Hole Perturbation Toolkit’s Teukolsky package [55],
for example, through the method of variation of constants:
two linearly independent solutions to the homogeneous
radial Teukolsky equation −2R

in
ℓm(r) and −2R

up
ℓm(r) are

found, whose asymptotic behaviour are given in Ref. [18],
and the solution is

ψ
(1)
ℓm(Ω, r) = −2C

in
ℓm(r; Ω)−2R

in
ℓm(r)

+ −2C
up
ℓm(r; Ω)−2R

up
ℓm(r). (34)

Let us define the asymptotic tetrad leg m̄α =
1√
2ρ
(0, 0, 1,−i csc θ) which matches with both the Kin-

nersley and the Carter tetrad up to irrelevant subleading
terms in the radial component [18]. The projected metric
perturbation hm̄m̄ = m̄µm̄νhµν is then related to Ψ4 as

ζ4Ψ4 = −1

2
∂2t hm̄m̄, (35)

while the wavestrain reads

h := lim
r→∞

r(h+ − ih×) = lim
r→∞

r hm̄m̄. (36)

Decomposing h into spin-weighted spheroidal harmonics,
as in

h =

∞∑
ℓ=2

ℓ∑
m=−ℓ

hℓm(ϕp, (∆)Ja)−2Sℓm(θ, ϕ), (37)

with

hℓm(ϕp, (∆)Ja) = Hℓm((∆)Ja)e−imϕp , (38)

and using the relation (35), one can readily express the
(ℓ,m)-mode amplitudes Hℓm in terms of the Teukolsky
amplitudes as

Hℓm(Ω) = ε̊
2

(mΩ)2
lim
r→∞−2C

up
ℓm(r; Ω) +O(̊ε8/5). (39)

Here the omitted terms are O(̊ε8/5) in the transition (cor-

responding to h
[8],m
µν ) but reduce to O(̊ε2) in the inspiral

(corresponding to h
(2),m
µν ).

III. THE INSPIRAL’S POST-ADIABATIC
EXPANSION

In this section we derive the post-adiabatic expansion
of the quasi-circular inspiral, extending the results in
Appendix A of Ref. [17] (see also the summary in Ref. [50])
to the case of a Kerr primary.
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A. Perturbative expansion

The inspiral motion is driven by the loss of energy
and angular momentum through the emission of GWs,
which occurs on the radiation-reaction timescale 1/ε̊. The
mechanical variables describing the inspiral are the orbital
phase ϕp, which varies on a “fast” orbital timescale O(1),
and the parameters Ja = {Ω, δM, δχ}, which evolve on
the radiation-reaction timescale.

The inspiral’s post-adiabatic expansion consist in writ-
ing all quantities of interest as functions of (ϕp, J

a, ε),
which are then expanded in integer powers of ε̊ while
keeping the mechanical variables (ϕp, J

a) fixed. For the
mode amplitudes Hℓm, we obtain

Hℓm(Ja; ε̊) =

∞∑
n=1

ε̊nH
(n)
ℓm (Ja). (40)

We refer to H
(n)
ℓm as the nth-order mode amplitudes. The

first-order mode amplitudes, H
(1)
ℓm , are obtained from

the Teukolsky formalism as described in the previous
section. Similarly, we expand the orbital quantities such
as the orbital radius rp, the redshift factor U , the forcing

functions F Ja

and the self-force fµ as power series in ε̊:

rp(J
a; ε̊) =

∞∑
n=0

ε̊nr(n)(J
a), (41a)

U(Ja; ε̊) =

∞∑
n=0

ε̊nU(n)(J
a), (41b)

FΩ(Ja; ε̊) = ε̊

∞∑
n=0

ε̊nFΩ
(n)(J

a), (41c)

F δM (Ja; ε̊) =

∞∑
n=1

ε̊nF δM
(n) (J

a), (41d)

F δχ(Ja; ε̊) =

∞∑
n=1

ε̊nF δχ
(n)(J

a), (41e)

fµ(Ja; ε̊) =

∞∑
n=1

ε̊nfµ(n)(J
a). (41f)

The term F Ja

(n) is referred to as the nth post-adiabatic (or

nPA) forcing function of Ja, following the nomenclature
first introduced in Ref. [16] for the expansion of the orbital
phase on the radiation-reaction timescale.

Using the expansions above, we perform the post-
adiabatic expansion of Eq. (18). The corrections U(n)

and r(n) are obtained at order O(ε̊n) from Eqs. (18a)

and (18c), respectively. The forcing function FΩ
(n) is in-

stead obtained from Eq. (18b) at order O(ε̊n+1). At

adiabatic order, we get

r(0)(Ω) =
(1− χ̊Ω)2/3

Ω2/3
, (42a)

U−2
(0) (Ω) = (1− χ̊Ω)

[
1+ χ̊Ω− 3Ω2/3(1− χ̊Ω)1/3

]
, (42b)

FΩ
(0)(Ω) = −

3∆(0)(Ω)

ΩU4
(0)(Ω)D(Ω)B(Ω)

f t(1)(Ω), (42c)

where the function D(Ω) is defined as in Ref. [26] to be

D(Ω) := D(r(0)(Ω))

= r2(0) − 6r(0) + 8χ̊r
1/2
(0) − 3χ̊2

= − 3χ̊2 − 6(Ω−1 − χ̊)2/3

+ 7χ̊(Ω−1 − χ̊)1/3 +Ω−1(Ω−1 − χ̊)1/3, (43)

and the function ∆(0)(Ω) is to be understood as
∆(0)(Ω) := ∆(r(0)(Ω)). We note that the expressions for
r(0)(Ω) and U(0)(Ω) are simply the geodesic relationships
obtained in Sec. II C.

The first-order dissipative self-force f t(1) can be ex-

pressed in terms of the Teukolsky fluxes through the
energy flux balance law. To do so, we first write the
specific orbital energy as E = E(0) + ε̊ E(1) +O(̊ε2) with
E(0) the adiabatic energy defined from circular geodesics.
We can then relate the first-order dissipative self-forces
to the rate of change of E(0) using dE/dτ = ∇u(−ut) at
leading order:

1

ε̊

dE(0)

dt
= −U−1

(0)

(
gttf

t
(1) + gtϕf

ϕ
(1)

)
. (44)

Secondly, solving the orthogonality condition fµuµ = 0
at leading order, yields

fϕ(1) = − gtt + gtϕΩ

gtϕ + gϕϕΩ
f t(1). (45)

Finally, the energy flux balance law reads

1

ε̊

dE(0)

dt
= −

(
F∞

(0) + FH
(0)

)
, (46)

where F∞ = ε̊2F∞
(0) + O(ε̊3) and FH = ε̊2FH

(0) + O(ε̊3)

are the energy fluxes to null infinity and down the horizon
of the primary, respectively. The leading-order quantities
F∞

(0) and FH
(0) are the 0PA Teukolsky fluxes, which we

obtain from the BHPToolkit’s Teukolsky package [55].
Combining Eqs. (44), (45), and (46) allows us to write the
adiabatic forcing function of the orbital frequency (42c)
as

FΩ
(0)(Ω) =

3

ΩU3
(0)(Ω)D(Ω)

(
F∞

(0)(Ω) + FH
(0)(Ω)

)
. (47)
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The function D(Ω) has a root at the ISCO frequency

Ω⋆(χ̊) =
1

r
3/2
⋆ + χ̊

, (48)

r⋆ = 3 + Z2 − sign(χ̊)
√
(3− Z1)(3 + Z1 + 2Z2), (49)

Z1 = 1 + 3
√
1− χ̊2

(
3
√

1 + χ̊+ 3
√
1− χ̊

)
, (50)

Z2 =
√
3χ̊2 + Z2

1 , (51)

marking the breakdown of the two-timescale expansion
in place during the inspiral. In Eq. (49), r⋆ is the ISCO
radius. The left panel of Fig. 1 shows the behavior of
the function D(Ω; χ̊) in terms of the orbital frequency
and the primary black hole’s spin. The level set D =
0, which locates the ISCO frequency Ω⋆(χ̊), splits the
parameter space into the inspiral regime (D > 0) and the
plunge regime (D < 0), while the region close to D = 0
corresponds to the transition-to-plunge regime. These
three regions in the parameter space are schematically
depicted in Fig. 1.

At next-to-leading order, solving Eqs. (18c) and (18a) at
order O(̊ε) gives the first post-adiabatic (1PA) corrections
to the orbital radius and the redshift factor, respectively:

r(1)(J
a) = −

r2(0)(Ω)

3Ω2U2
(0)(Ω)∆(Ω)

fr(1)(J
a), (52a)

U(1)(J
a) = 0. (52b)

Moreover, solving Eq. (18b) at order O(̊ε2) gives the 1PA
forcing function of the orbital frequency:

FΩ
(1)(J

a) =−
3∆(0)(Ω)

ΩU4
(0)(Ω)D(Ω)B(Ω)

f t(2)(J
a)

−
2r

3/2
(0) (Ω)F

Ja

(0)(J
b)∂Jafr(1)(J

b)

Ω2U4
(0)(Ω)D(Ω)∆(0)(Ω)

−
4P (Ω)fr(1)(J

a)f t(1)(Ω)

Ω6U8
(0)(Ω)r

1/2
(0) (Ω)B

2(Ω)D2(Ω)∆(0)(Ω)
,

(53)

with

P (Ω) = r(0)(Ω)∆(0)(Ω)
[
−4 + 3Ω2B(Ω)r(0)(Ω)

+6Ωr
3/2
(0) (Ω) + 3Ω4B2(Ω)r(0)(Ω)U

2
(0)(Ω)

]
− 2ΩB(Ω)r

3/2
(0) (Ω)(d∆(0)/dr(0))(Ω). (54)

For nonspinning binaries (meaning χ̊ = 0), Eqs. (42),
(52), and (53) all reduce to the expressions in Appendix A
of Ref. [17] and Sec. III of Ref. [23].

B. Re-expansion in the symmetric mass ratio

All the expansions above are series in integer powers
of ε̊, while keeping the phase-space coordinates Ja =

{Ω, δM, δχ} fixed and with the overall mass scale set by

the mass M̊ of the primary. This setup is not well suited
for comparisons with NR: the small-mass-ratio expansion
explicitly breaks the symmetry arising from the exchange
of the primary and the secondary compact objects, which
is particularly important for the typical range of mass
ratios covered by NR [56]. Moreover, NR simulations use
the total mass as the mass scale. We therefore proceed to
re-expand all quantities as power series in the symmetric
mass ratio ν̌ = mpM̊/M̊2

tot = ε̊/(1 + ε̊)2 and we set the

overall mass scale as the total reference mass M̊tot =
M̊ +mp = M̊(1 + ε̊). Historically, this re-expansion has
been found to yield the most accurate comparisons in the
regime of comparable-mass binaries [10, 21, 23, 30, 38, 57–
62].
Before performing the re-expansion, let us introduce

a handy notation: a quantity f of mass dimension n
is adimensionalized with respect to the primary mass,
coherently with all notations introduced in the previous
sections. Now, that same quantity but with a check
overhead, f̌ , is adimensionalized with respect to the total
reference mass M̊tot. Both quantities are simply related
by

f̌ =

(
M̊

M̊tot

)n

f. (55)

Therefore, the mass dimension n is the only number we
need to keep track of when changing the mass scale of the
system. Appendix A provides a list of quantities together
with their mass dimension. In particular, we denote the
BL and hyperboloidal times normalized by the total mass
as ť and š, respectively.

As a summary, we expand all quantities in terms of the
symmetric mass ratio ν̌ and total reference mass M̊tot.
We furthermore define the phase-space coordinates with
a check overhead, J̌a = {Ω̌, δM̌tot, δχ̌}, as

Ω̌(š) :=
M̊tot

M̊
Ω(s), (56a)

χ(š) := χ̊
(
1 + ν̌ δχ̌(s)

)
. (56b)

Mtot(š) := M̊tot

(
1 + ν̌ δM̌tot(s)

)
. (56c)

To first subleading order in the symmetric mass ratio,
re-expanding the old phase-space coordinates Ja into the
new ones J̌a, yields

Ω =
[
1− ν̌ +O(ν̌2)

]
Ω̌, (57a)

δχ =
[
1− 2ν̌ +O(ν̌2)

]
δχ̌, (57b)

δM =
[
1− ν̌ +O(ν̌2)

]
δM̌tot. (57c)

Similarly, the forcing function FΩ (41c) is re-expanded
as

F̌ Ω̌(J̌a) = ν̌FΩ
(0)(Ω̌) + ν̌2

[
FΩ
(1)(Ω̌, δM̌tot, δχ̌)

+4FΩ
(0)(Ω̌)− Ω̌ ∂Ω̌F

Ω
(0)(Ω̌)

]
+O(ν̌3), (58)
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FIG. 1. Left panel: the function D(Ω; χ̊) in Eq. (43) plotted in terms of the orbital frequency Ω and the primary’s spin χ̊. The
blue level set corresponds to D(Ω⋆(χ̊); χ̊) = 0, where Ω⋆(χ̊) is the ISCO frequency. The region below the blue curve corresponds
to D > 0 (inspiral), while the region above it corresponds to D < 0 (plunge). Right panel: phase diagram of quasicircular
motion around a primary Kerr black hole of spin χ̊. The dashed blue curve corresponds to the ISCO radius r⋆(χ̊). Above that
curve, circular orbits are stable, while below it they are unstable. We qualitatively depict the region of validity of the inspiral
(green region above the ISCO), the transition to plunge (orange band around the ISCO) as well as the plunge (red region
below the ISCO). The gray region corresponds to the primary black hole’s interior. All quantities have been adimensionalized

using the primary mass M̊ . The numbers in square brackets next to a quantity correspond to its mass dimension as defined in
Appendix A.

with F̌ Ω̌ = dΩ̌/dť, which is consistent with the notation

introduced above. This defines F̌ Ω̌
(0)(Ω̌) and F̌

Ω̌
(1)(J̌

a) as

the coefficients of ν̌1 and ν̌2 in Eq. (58), respectively.
Finally, the mode amplitudes Hℓm from Eq. (40) are

re-expanded as

Ȟℓm(J̌a) = ν̌H
(1)
ℓm(J̌a) + ν̌2

[
H

(2)
ℓm(J̌a) +H

(1)
ℓm(J̌a)

− Ω̌ ∂Ω̌H
(1)
ℓm(J̌a)− δM̌tot∂δM̌tot

H
(1)
ℓm(J̌a)

−2δχ̌∂δχ̌H
(1)
ℓm(J̌a)

]
+O(ν̌3). (59)

Again, the first- and second-order mode amplitudes Ȟ
(1)
ℓm

and Ȟ
(2)
ℓm are defined as the coefficients of, respectively,

ν̌1 and ν̌2 in the equation above.

IV. THE TRANSITION-TO-PLUNGE
EXPANSION

In this section we describe the perturbative expansion
of the transition-to-plunge dynamics in the phase-space
approach. This generalizes results obtained in Refs. [23,
53] to the case of a spinning primary.

A. Perturbative expansion

In the transition regime, the orbital frequency no longer
evolves on the radiation-reaction timescale but on a new

timescale ∼ 1/ε̊1/5 [28, 63], which we refer to as the ISCO-
crossing timescale. We write all quantities of interest as
functions of (ϕp,∆J

a, ε̊), where ∆Ja = {∆Ω, δM, δχ}.
We recall that ∆Ω is related to the orbital frequency
through Ω = Ω⋆ + ε̊2/5∆Ω, with Ω⋆ the geodesic or-
bital frequency at the (Kerr background) ISCO cross-
ing. The transition expansion then consists of expand-

ing all functions in integer powers of λ̊ := ε̊1/5 at fixed
(ϕp,∆J

a) [23, 53].

For the mode amplitudes of the metric perturbations
we obtain

Hℓm(∆Ja, λ̊) = λ̊5H
[5]
ℓm(∆Ja) +

9∑
n=7

λ̊nH
[n]
ℓm(∆Ω)

+

∞∑
n=10

λ̊nH
[n]
ℓm(∆Ja). (60)

The facts that H
[6]
ℓm = 0 and that H

[n]
ℓm for n = 7, 8, 9

only depend on ∆Ω follow from the same arguments as in
Ref. [23]. There, it was also shown that the leading-order

amplitude H
[5]
ℓm does not depend on ∆Ω and that the

2PLT term can be written as H
[7]
ℓm = ∆ΩH

[7]A
ℓm , where

H
[7]A
ℓm is a constant.

The forcing functions are defined as d∆Ω/dt := F∆Ω =

O(̊λ), dδM/dt := F δM = O(̊λ5) and dδχ/dt := F δχ =
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O(̊λ5) [23]. Their transition expansions read

F∆Ω(∆Ja, λ̊) = λ̊

∞∑
n=0

λ̊nF∆Ω
[n] (∆J

a), (61a)

F δM (∆Ja, λ̊) = λ̊5
∞∑

n=0

λ̊nF δM
[3+n](∆J

a), (61b)

F δχ(∆Ja, λ̊) = λ̊5
∞∑

n=0

λ̊nF δχ
[3+n](∆J

a). (61c)

Here, we use the same labeling convention as Ref. [30],
where the index [n] corresponds to the nth post-leading
transition (nPLT) order at which a given forcing function
contributes to the orbital phase. The PLT expansions of
rp, U , and fµ read

rp(∆J
a, λ̊) = r⋆ + λ̊2

∞∑
n=0

λ̊nr[n](∆J
a), (62a)

U(∆Ja, λ̊) = U⋆ + λ̊2
∞∑

n=0

λ̊nU[n](∆J
a), (62b)

fµ(∆Ja, λ̊) = λ̊5
∞∑

n=0

λ̊nfµ[5+n](∆J
a), (62c)

where we use a star to indicate evaluation on the geodesic
background ISCO (49).
We use the two sets of expansions above to solve the

equations of motion (18) order by order in the expansion

parameter λ̊. In general, the hierarchical structure is

the following: at order O(̊λ2+n), Eqs. (18c) and (18a)
give two algebraic equations for r[n] and U[n], respectively,

while Eq. (18b) at order O(̊λ5+n) yields a differential
equation for the forcing function F∆Ω

[n] .

At leading order, we trivially recover the geodesic
relations evaluated on the marginal circular geodesic:
r⋆ = r(0)(Ω⋆), U⋆ = U(0)(Ω⋆). The corrections to the
orbital radius and the redshift are given up to 2PLT order
by

r[0] (∆Ω) =

(
dr(0)

dΩ

)
⋆

∆Ω, (63a)

U[0] (∆Ω) =

(
dU(0)

dΩ

)
⋆

∆Ω, (63b)

r[1] (∆Ω) = 0, (64a)

U[1] (∆Ω) = 0, (64b)

and

r[2](∆Ω) =
1

2

(
d2r(0)

dΩ2

)
⋆

∆Ω2

−
r
5/2
⋆ (dr(0)/dΩ)

2
⋆

2∆⋆
F∆Ω
[0] ∂∆ΩF

∆Ω
[0] , (65a)

U[2](∆Ω) =
1

2

(
d2U(0)

dΩ2

)
⋆

∆Ω2. (65b)

The 0PLT corrections to the orbital radius (63a) and
the redshift (63b) solely come from evaluating the adia-

batic quantities r(0) and U(0) at the frequency Ω⋆+ λ̊
2∆Ω.

The first term of the 2PLT orbital radius, given in
Eq. (65a), as well as the entire 2PLT correction to the
redshift, given in Eq. (65b), also have the same origin.
The 3PLT and 4PLT corrections are given in Appendix B.

Using Eqs. (63), (64), and (65) in the O(̊λ5) term of
Eq. (18b) gives the following differential equation for F∆Ω

[0] :

(
F∆Ω
[0]

)2 d2F∆Ω
[0]

d∆Ω2
+ F∆Ω

[0]

(
dF∆Ω

[0]

d∆Ω

)2

+ ζ1(Ω⋆)∆ΩF∆Ω
[0] = ζ2(Ω⋆)f

t
[5]. (66)

The two coefficients ζ1 and ζ2 only depend on the primary
black hole’s spin, through the ISCO frequency Ω⋆(χ̊).
They are given explicitly by

ζ1(Ω⋆) = −U
2
⋆Ω

2
⋆∆⋆(dD/dΩ)⋆

2r
3/2
⋆ (dr(0)/dΩ)⋆

, (67a)

ζ2(Ω⋆) = − ∆2
⋆

Ω⋆r2⋆(dr(0)/dΩ)
2
⋆U

2
⋆B⋆

. (67b)

As prescribed in Ref. [23], defining s[0] =
∫
d∆Ω/F∆Ω

[0] ,

Eq. (66) can be written as

d2∆Ω

ds2[0]
+
ζ1
2
∆Ω2 = ζ2f

t
[5]s[0], (68)

which can be recognized as a Painlevé transcendental
equation of the first kind; see Refs. [23, 26, 64].

We checked that the prograde near-extremal expansion
of the coefficients ζ1 in Eq. (67a) and ζ2 in Eq. (67b) are
consistent with the results of Ref. [64]. Indeed, close to
χ̊ = +1, the near-extremal behavior of these coefficients
is easily found to be

ζ1 = −24/3(1− χ̊)2/3 +O
[
(1− χ̊)

]
, (69a)

ζ2 =
1

22/3
27

32
(1− χ̊)5/3 +O

[
(1− χ̊)2

]
. (69b)

With the change of variables r[0] = (dr(0)/dΩ)⋆∆Ω and

s[0] = ε̊1/5U⋆(τ − τ⋆) as well as the near-extremal behav-
iors (69), Eq. (68) reproduces Eq. (26) of Ref. [64].
We find that the 1PLT forcing function F∆Ω

[1] satisfies

the homogeneous equation(
F∆Ω
[0]

)2 d2F∆Ω
[1]

d∆Ω2
+ 2F∆Ω

[0] F
∆Ω
[1]

d2F∆Ω
[0]

d∆Ω2
+ F∆Ω

[1]

(
dF∆Ω

[0]

d∆Ω

)2

+ 2F∆Ω
[0]

dF∆Ω
[0]

d∆Ω

dF∆Ω
[1]

d∆Ω
+ ζ1(Ω⋆)∆ΩF∆Ω

[1] = 0. (70)

We shall see in Sec. V that the asymptotic match of the
1PLT forcing function with the inspiral forces the solution
F∆Ω
[1] to identically vanish, a straightforward generaliza-

tion of the results in Refs. [23, 53]. The 2PLT forcing
function F∆Ω

[2] satisfies
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(
F∆Ω
[0]

)2 d2F∆Ω
[2]

d∆Ω2
+ 2F∆Ω

[0] F
∆Ω
[2]

d2F∆Ω
[0]

d∆Ω2
+ F∆Ω

[2]

(
dF∆Ω

[0]

d∆Ω

)2

+ 2F∆Ω
[0]

dF∆Ω
[0]

d∆Ω

dF∆Ω
[2]

d∆Ω
+ ζ1(Ω⋆)∆ΩF∆Ω

[2]

= ζ2(Ω⋆)f
t
[7] + ζ3(Ω⋆)f

t
[5]∆Ω+ ζ4(Ω⋆)F

∆Ω
[0] ∆Ω2 + ζ5(Ω⋆)

(
F∆Ω
[0]

)2 dF∆Ω
[0]

d∆Ω
. (71)

Just as for ζ1 and ζ2, the coefficients ζ3, ζ4, and ζ5 ap-
pearing in this equation depend on the primary spin χ̊
through the ISCO frequency. Their analytical expressions
are given by

ζ3(Ω⋆) = − ∆2
⋆

3r
7/2
⋆ Ω3

⋆B
2
⋆U

5
⋆ (dr(0)/dΩ)

2
⋆

[
4B⋆U

3
⋆

+ 6r
3/2
⋆ Ω⋆B⋆U

3
⋆ − 3r2⋆(r⋆ − 1)Ω2

⋆U
5
⋆B⋆

− 3r
3/2
⋆ Ω3

⋆U
5
⋆B

2
⋆ − 3r

3/2
⋆ Ω⋆

(
d2U(0)/dΩ

2
)
⋆

]
, (72)

ζ4(Ω⋆) = − U4
⋆∆

2
⋆

24r
5/2
⋆ (dr(0)/dΩ)2⋆

[
4(2 + 3r

3/2
⋆ Ω⋆)(dD/dΩ)⋆

+ 3r
3/2
⋆ Ω2

⋆(d
2D/dΩ2)⋆

]
, (73)

ζ5(Ω⋆) = − U4
⋆∆

2
⋆

32Ω⋆B⋆(dr(0)/dΩ)⋆

{
16Ω⋆B⋆ − 16r

1/2
⋆

+ 3r2⋆Ω
5
⋆B⋆

[
r
1/2
⋆ U2

⋆ (dD/dΩ)⋆ + 18(d2r(0)/dΩ
2)⋆

]
+ 48r2⋆Ω⋆ − 24r

3/2
⋆ Ω2B⋆(1 + 3B⋆U

2
⋆Ω

2
⋆)

+ 12r⋆Ω
3
⋆U

2
⋆B⋆E⋆

}
. (74)

We recognize the left-hand side of both Eqs. (70)
and (71) to be the linearization of the Painlevé transcen-
dental equation (66) around the solution F∆Ω

[0] [23, 53].

B. Re-expansion in the symmetric mass ratio

Analogously to the inspiral, we re-expand the forcing
functions F∆Ω and the mode amplitudes Hℓm as power
series in the fractional power of the symmetric mass ratio,

σ̌ := ν̌1/5, (75)

while keeping the new set of phase-space coordinates
∆J̌a = {∆Ω̌, δM̌tot, δχ̌} fixed and using the total mass of
the binary as the mass scale. Here, ∆Ω̌ has been defined
through

Ω̌ = Ω̌⋆ + σ̌2∆Ω̌, (76)

which relates to ∆Ω = (Ω− Ω⋆)/̊λ
2 as

∆Ω =

[
1− 9

5
σ̌5 +O(σ̌10)

]
∆Ω̌. (77)

Up to 2PLT order, the forcing functions F̌∆Ω̌
[n] (i.e., the

coefficients of σ̌n in a transition expansion of d∆Ω̌/dť at
fixed ∆J̌a) are simply given by

F̌∆Ω̌
[n] (∆Ω̌) = F∆Ω

[n] (∆Ω̌), 0 ≤ n ≤ 2. (78)

The functions start to differ at 5PLT order; see Ap-
pendix C. Similarly, the mode amplitudes of the metric
perturbations (60) get re-expanded to give

Ȟ
[5]
ℓm(∆J̌a) = H

[5]
ℓm(∆J̌a), (79a)

Ȟ
[6]
ℓm(∆Ω̌) = H

[6]
ℓm(∆Ω̌) = 0, (79b)

Ȟ
[7]
ℓm(∆Ω̌) = H

[7]
ℓm(∆Ω̌). (79c)

Again, the functions start to differ at 5PLT order.

V. ASYMPTOTICALLY MATCHING THE
INSPIRAL WITH THE TRANSITION

We now proceed to verify the asymptotic match between
inspiral and transition-to-plunge quantities through 0PA
and 2PLT order, respectively. Following Ref. [23], we

perform a near-ISCO expansion Ω → Ω⋆ + λ̊2∆Ω of the
inspiral quantities and compare it with the early-time
asymptotics as ∆Ω → −∞ of the transition quantities.

A. Match of the mode amplitudes and self-force

The inspiral’s first-order mode amplitudes are smooth
functions of the orbital frequency at the ISCO and can
therefore by Taylor expanded around it. The near-ISCO
expansion of the inspiral’s mode amplitudes then reads

Ȟℓm= ν̌

[
Ȟ

(1)
ℓm

∣∣∣
⋆
+σ̌2∆Ω̌ ∂Ω̌Ȟ

(1)
ℓm

∣∣∣
⋆
+O(∆Ω̌2)

]
+O(ν̌2),

(80)
where we have used the definition (76) of ∆Ω̌ to rewrite
the differences (Ω̌− Ω̌⋆). The early-time solution of the
transition mode amplitudes to 2PLT order is simply given
by

Ȟℓm = σ̌5Ȟ
[5]
ℓm + σ̌7∆Ω̌ Ȟ

[7]A
ℓm +O(σ̌8). (81)

Comparing the coefficients of equal powers of σ̌ and ∆Ω̌
in Eqs. (80) and (81) yields the following matching con-
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ditions

Ȟ
[5]
ℓm = Ȟ

(1)
ℓm(Ω̌⋆), (82a)

Ȟ
[7]
ℓm = ∆Ω̌ Ȟ

[7]A
ℓm = ∆Ω̌ ∂Ω̌Ȟ

(1)
ℓm(Ω̌⋆). (82b)

In an analogous way, the match of the self-force reads

fµ[5] = fµ(1)(Ω̌⋆), (83a)

fµ[7] = ∆Ω ∂Ωf
µ
(1)(Ω⋆). (83b)

B. Match of the forcing functions of the orbital
frequency

We obtain the generic matching to all PA and PLT
orders in the following way: the inspiral’s post-adiabatic
expansion of the rate of change of the orbital frequency

is given by dΩ̌/dť = ν̌
∑

i≥0 ν̌
iF̌ Ω̌

(i)(Ω̌). For simplicity we

suppress the dependence on δM̌ and δχ̌. Re-expanding
close to the ISCO and recalling Eq. (76), we have

dΩ̌

dť
=
∑
i≥0

∑
j

F̌
(5+5i+2j,j)
(i) σ̌5+5i+2j∆Ω̌j , (84)

where F̌
(a,b)
(i) are the (in general δM̌ - and δχ̌-dependent)

coefficients of σ̌a and ∆Ω̌b in the iPA order’s near-ISCO
expansion. The range over which the index j runs is deter-
mined by the near-ISCO limit of the algebraic expressions
for the post-adiabatic forcing functions, see Eqs. (58),
(47) and (53).

In particular, at adiabatic order we obtain

ν̌F̌ Ω̌
(0) =

∞∑
k=0

F̌
(3+2k,k−1)
(0) σ̌3+2k∆Ω̌k−1. (85)

The coefficients in Eq. (85) can be expressed alternatively
in terms of the same coefficients written in our old set of
phase-space parameters ∆Ja,

ε̊FΩ
(0) =

∞∑
k=0

F
(3+2k,k−1)
(0) λ̊3+2k∆Ωk−1. (86)

We find at the lowest orders that

F̌
(3,−1)
(0) = F

(3,−1)
(0) , (87a)

F̌
(5,0)
(0) = F

(5,0)
(0) . (87b)

Finally, the coefficients F
(3+2k,k−1)
(0) can easily be com-

puted by performing the near-ISCO expansion Ω =

Ω⋆ + λ̊2∆Ω of Eq. (47). This gives, at the first two

orders,

F̌
(3,−1)
(0) =

−3∆⋆f
t
(1)⋆

Ω⋆U4
⋆B⋆(dD/dΩ)⋆

, (88a)

F̌
(5,0)
(0) =

[
3

2

(d2r(0)/dΩ
2)⋆

(dr(0)/dΩ)⋆

∆⋆

Ω⋆U4
⋆B⋆(dD/dΩ)⋆

+

(
dr(0)

dΩ

)−1

⋆

d

dΩ

(
−3∆(Ω)

ΩU4
(0)(Ω)B(Ω)

r(0)(Ω)− r⋆

D(Ω)

)
⋆

]
f t(1)⋆

+
−3∆⋆

Ω⋆U4
⋆B⋆

(
∂Ωf

t
(1)

)
⋆

(dD/dΩ)⋆
. (88b)

In the transition regime the rate of change of the orbital

frequency is given by dΩ̌/dť = σ̌3
∑

n≥0 σ̌
nF∆Ω̌

[n] . At early

times, where ∆Ω̌ → −∞, we can re-expand in powers of
∆Ω̌:

dΩ̌

dť
=
∑
n≥0

∑
m

F̌
(3+n,m)
[n] σ̌3+n∆Ω̌m, (89a)

=
∑
n≥0

∑
m

F̌
(3+n,m)
[n] ν̌(3+n−2m)/5(Ω̌− Ω̌⋆)

m, (89b)

where F̌
(a,b)
[n] are the (in general δM̌ - and δχ̌-dependent)

coefficients of σ̌a and ∆Ω̌b in the nPLT order’s early-time
expansion. The bounds on the values of the index m are
readily obtained by the requirement that Eq. (89b) only
contains integer powers of ν̌, as is required in order to
match the inspiral. This yields the condition

m = −1 +
n

2
− 5

2
i, n, i ≥ 0. (90)

In addition m needs to be an integer, since only integer
powers of ∆Ω̌ appear in Eq. (84). The 0PLT and 2PLT
early-time solutions can then be written as

σ̌3F̌ Ω̌
[0] =

∞∑
k=0

F̌
(3,−1−5k)
[0] σ̌3∆Ω̌−1−5k, (91a)

σ̌5F̌ Ω̌
[2] =

∞∑
k=0

F̌
(5,−5k)
[2] σ̌5∆Ω̌−5k. (91b)

Finally, in order for Eqs. (84) and (89a) to agree term
by term, we need to equate the powers of σ̌ and ∆Ω̌,
which leads to the conditions

n = 2 + 5i+ 2j, m = j. (92)

Therefore, the 0PA forcing function F̌ Ω̌
(0) (i = 0) is

matched by terms with n = 2+2j and m = j in Eq. (89a).
In particular, we have that (i) the leading-order term with
j = −1, matches a term ∝ ∆Ω̌−1 in the 0PLT forcing

function F̌∆Ω̌
[0] (F̌

(3,−1)
(0) = F̌

(3,−1)
[0] ), (ii) the first subleading

term with j = 0, matches a term ∝ ∆Ω̌0 in the 2PLT

forcing function F̌∆Ω̌
[2] (F̌

(5,0)
(0) = F̌

(5,0)
[2] ), and so on; see
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Table I of Ref. [22] or Table 1 of Ref. [23]. In the follow-
ing subsections we show how to compute the asymptotic
coefficients in Eq. (91). We will check that the 0PA-0PLT
and 0PA-2PLT matching conditions we have just derived
are satisfied.

C. 0PLT asymptotic matching

Comparing the late-time asymptotic expansion of the
0PA forcing function (86) with the early-time asymptotic
expansion of the 0PLT forcing function (91a), we can
easily verify the matching condition

F̌
(3,−1)
[0] = F̌

(3,−1)
(0) , (93)

with F̌
(3,−1)
(0) given in Eq. (88a).

Let us reformulate the 0PLT dynamics such that the
equation of motion has a normalized form. The advantage
of this is that the dynamics becomes independent of the
primary spin. As is typical in critical phenomena, the
behavior of the system near the critical point (in this case,
the ISCO) is universal.

To do so, we rescale the forcing function F̌∆Ω̌
[0] and

its independent variable ∆Ω̌ to the mass-dimension-0
quantities y and u defined by

F̌∆Ω̌
[0] =

α3/5

β2/5
y, (94a)

∆Ω̌ =
α2/5

β3/5
u, (94b)

with

α = ζ2(Ω⋆)f
t
(1)⋆, (95a)

β = −ζ1(Ω⋆). (95b)

Under such rescaling, the Painlevé equation (66) takes
the normalized and spin-independent form

y2
d2y

du2
+ y

(
dy

du

)2

− uy = 1. (96)

There is a 2-parameter family of solutions to Eq. (96).
From the matching with the inspiral (91), the monotonic
solution y(u) admits an asymptotic expansion

y(u) =

∞∑
k=0

cku
−1−5k, (97)

with

F̌
(3,−1−5k)
[0] =

α2k+1

β3k+1
ck. (98)

Using Eqs. (67), (88a), and (95), we find the matching
condition (93) now simply reads

c0 = −1. (99)

We now impose Eq. (99) as the initial condition of the
transition dynamics, which correctly enforces the match-
ing condition (93).
All the other coefficients ci ̸=0 are fixed by the require-

ment that y(u) is a solution to the Painlevé equation (96).
Indeed, plugging Eq. (97) into Eq. (96) gives the difference
equation

c0 = −1,

ci+1 =

i∑
j=0

i−j∑
k=0

(5k + 1)(5k + 5j + 3)ci−j−kcjck.
(100)

We then pick the unique solution y(u) to Eq. (96) that
has the early-time asymptotic expansion (97) with coef-
ficients (100). The behavior of this solution is shown in

Fig. 2. The solution y(u) can then be rescaled to F̌∆Ω̌
[0]

for specific values of the primary black hole spin χ̊ using
Eq. (94).

The rescaling coefficients (95) are both shown in Fig. 3
as a function of the primary spin χ̊. Let us finally prove
that both coefficients go to zero in the near-extremal limit
χ̊ 7→ 1. This can be analytically checked by performing
a near-extremal Kerr expansion: the 0PLT dissipative
self-force reads

f t[5] = −Ω⋆B⋆

∆⋆
κ⋆, (101)

where κ⋆ = −(duϕ/dτ)⋆, as defined in Ref. [64], is the
specific angular momentum loss per unit of proper time.
Reference [65] showed that κ⋆ remains finite and non-
zero near extremality. Hence, the pole structure of the
self-force reads at leading-order as

f t[5] = − κ⋆
25/3

1

(1− χ̊)1/3
+O(1) . (102)

This shows, together with Eqs. (69) and (95), that both
α and β go to zero as χ̊→ 1.

D. 2PLT asymptotic matching

Comparing the 0PA late-time asymptotics (86) with the
2PLT early-time asymptotics (91b) gives the matching
condition

F̌
(5,0)
[2] = F̌

(5,0)
(0) , (103)

which can be verified once the transition coefficient has
been computed as demonstrated below in Eq. (111).
Similarly to the matching at 0PLT order, we rescale

Eq. (71) using the mass-dimension-0 quantity z defined
by

F̌∆Ω̌
[2] =

α3/5

β2/5
z, (104)
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FIG. 2. Normalized 0PLT and 2PLT forcing functions. The
solution to the normalized Painlevé equation (96) with bound-
ary condition (99) is shown in black. The solutions zi to the
sourced linearized Painlevé equations (107) with boundary
solutions (112) are shown in yellow, green, and blue, respec-
tively. Here u = 0 corresponds to the location of the ISCO,
while u < 0 (u > 0) corresponds to an orbital frequency below
(above) the ISCO frequency.
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FIG. 3. Values of the coefficients α1/4 and β, as defined in
Eqs. (95), as a function of the primary black hole’s spin χ̊.

as well as u that has been defined in Eq. (94b). In these
new variables, Eq. (71) now reads as

y2
d2z

du2
+ 2yz

d2y

du2
+ z

(
dy

du

)2

+ 2y
dy

du

dz

du
− uz

= γ(Ω⋆)u+ η(Ω⋆)u
2y + τ(Ω⋆)y

2 dy

du
, (105)

with

γ(Ω⋆) =
α2/5

β3/5


(
∂Ωf

t
(1)

)
⋆

f t(1)⋆
+
ζ3(Ω⋆)

ζ2(Ω⋆)

 , (106a)

η(Ω⋆) =
α2/5

β8/5
ζ4(Ω⋆), (106b)

τ(Ω⋆) =
α2/5

β3/5
ζ5(Ω⋆). (106c)

In contrast to the 0PLT differential equation (96), the
2PLT differential equation is no longer universal, as it

-1.0 -0.5 0.0 0.5 1.0
-4

-2

0

2

4

FIG. 4. Dependence on the primary’s spin χ̊ of the coefficients
γ(Ω⋆), η(Ω⋆), and τ(Ω⋆) defined in Eqs. (106).

depends on the primary black hole spin through the coef-
ficients γ, η, and τ . However, since y(u) is now known,
the linear differential equation (105) for the function z(u)
can be solved by first solving the three inhomogeneous
solutions for the three sources individually

Py(z1) = u, Py(z2) = u2y, Py(z3) = y2
dy

du
, (107)

where the linear Painlevé operator around the solution
y(u) is

Py(z) := y2
d2z

du2
+ 2yz

d2y

du2
+ z

(
dy

du

)2

+ 2y
dy

du

dz

du
− uz.

(108)
We then perform the linear combination

z(u) = γ(Ω⋆)z1(u) + η(Ω⋆)z2(u) + τ(Ω⋆)z3(u) (109)

to obtain the complete solution. The first step can be
done once and for all offline while the second step has to
be done online. Figure 4 depicts the dependence of the
coefficients γ, η, and τ on the primary’s spin χ̊.
The general linear solution admits two parameters, as

explained in Sec. IV.C. of Ref. [26]. The asymptotic be-
havior (91) obtained from matching with the late inspiral
selects the monotonic solution. We choose as a basis the
three solutions zj that admit the following asymptotic
expansions:

zj(u) =

∞∑
k=0

jdku
−5k, (110)

where

F̌
(5,−5k)
[2] =

α2k+3/5

β3k+2/5

[
γ(Ω⋆) 1dk + η(Ω⋆) 2dk + τ(Ω⋆) 3dk

]
.

(111)
The matching condition (103) is found to be satisfied if
we impose the following initial conditions:

1d0 = −1, 2d0 = 1, 3d0 = 0. (112)
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Furthermore, all the subsequent coefficients jdk are fixed
by requiring that the functions zj are solutions to the
2PLT equations (107). Indeed, plugging Eq. (110) into
Eqs. (107), we find

1di+1 =

i∑
j=0

i−j∑
k=0

[
(5k)(5k + 1)ci−j−kcj 1dk

+ 2(5k + 1)(5k + 2)ci−j−k 1djck

+ (5j + 1)(5k + 1) 1di−j−kcjck

+ 2(5k)(5j + 1)ci−j−kcj 1dk
]
,

(113)

2di+1 =

i∑
j=0

i−j∑
k=0

[
(5k)(5k + 1)ci−j−kcj 2dk

+ 2(5k + 1)(5k + 2)ci−j−k 2djck

+ (5j + 1)(5k + 1) 2di−j−kcjck

+ 2(5k)(5j + 1)ci−j−kcj 2dk
]

− ci+1,

(114)

3di+1 =

i∑
j=0

i−j∑
k=0

[
(5k)(5k + 1)ci−j−kcj 3dk

+ 2(5k + 1)(5k + 2)ci−j−k 3djck

+ (5j + 1)(5k + 1) 3di−j−kcjck

+ 2(5k)(5j + 1)ci−j−kcj 3dk

+ (5k + 1)ci−j−kcjck
]
.

(115)

We then pick the unique solutions z1, z2, and z3 of
the linearized Painlevé equations (107) whose asymptotic
expansions are, respectively, given by Eqs. (113), (114),
and (115). Those solutions are universal in the sense that
they do not depend upon the primary black hole’s spin
χ̊, but the solution to the full differential equation (105)
is a χ̊-dependent linear combination of the zi; refer back
to Eq. (109). The behavior of this solution is shown in
Fig. 2.
To obtain the physical forcing function of the orbital

frequency, F̌∆Ω̌
[2] (∆Ω̌), we rescale the solution z(u) using

Eq. (94).

E. Composite forcing functions and mode
amplitudes

By solving the equations in the inspiral and transition
regime, we obtain dynamics that are valid in each sepa-
rate regime. As is standard in the method of matched
asymptotic expansions [66], one can obtain a uniformly
accurate approximation in both regimes by construct-

ing a composite forcing function F̌ Ω̌
(0)[2] that smoothly

interpolates between the 0PA-accurate forcing function

dΩ̌/dť = ν̌F̌ Ω̌
(0) + O(ν̌2) and the 2PLT-accurate forcing

function dΩ̌/dť = σ̌3F̌∆Ω̌
[0] + σ̌5F̌∆Ω̌

[2] +O(σ̌6).

The composite forcing function is simply given by the
sum of the inspiral and transition forcing functions, mi-
nus the common terms that would otherwise be counted
twice [23, 53]:

F̌ Ω̌
(0)[2](Ω̌) = σ̌5F̌ Ω̌

(0)(Ω̌)

+ σ̌3F̌∆Ω̌
[0]

(
Ω̌− Ω̌⋆

σ̌2

)
+ σ̌5F̌∆Ω̌

[2]

(
Ω̌− Ω̌⋆

σ̌2

)

− σ̌5

 F̌ (3,−1)
(0)

Ω̌− Ω̌⋆

+ F̌
(5,0)
(0)

 . (116)

We recall that the coefficients F̌
(3,−1)
(0) and F̌

(5,0)
(0) are given

explicitly in Eqs. (88). Such a composite solution is guar-
anteed, from the theory of matched asymptotic expan-
sions, to be uniformly convergent, with an o(ν̌) residual in
the entire interval Ω̌ ∈ [0, Ω̌⋆), as ν̌ goes to zero. Its basic
property is that far from the ISCO, it reduces to the 0PA
forcing function plus small, o(ν̌) residuals; and near the
ISCO, it reduces to the 2PLT forcing function plus small,
o(ν̌) residuals. However, as pointed out in Ref. [23], the
residuals, while subdominant in ν̌, are numerically large
and spoil the accuracy of the solution in the inspiral.

First we examine the near-ISCO behavior. Here the first
two terms of the near-ISCO expansion of the 0PA forcing
function (86) approximately cancel with the last two terms

of Eq. (116), leaving an inspiral residual F̌
(7,1)
(0) σ̌7∆Ω̌ +

O(σ̌8). The near-ISCO behavior of the composite solution
is then

F̌ Ω̌
(0)[2](Ω̌) = σ̌3F̌∆Ω̌

[0] (∆Ω̌) + σ̌5F̌∆Ω̌
[2] (∆Ω̌) +O(σ̌7), (117)

and the relative error between the composite forcing func-
tion and the 2PLT forcing function converges as O(σ̌4):∣∣∣∣∣∣∣

F̌ Ω̌
(0)[2] −

(
σ̌3F̌∆Ω̌

[0] + σ̌5F̌∆Ω̌
[2]

)
σ̌3F̌∆Ω̌

[0] + σ̌5F̌∆Ω̌
[2]

∣∣∣∣∣∣∣ = O(σ̌4). (118)

In this region, the residual converges to zero at the ISCO,
ensuring it is numerically small in the transition region
and does not spoil the transition behavior; see Fig. 6.
On the other hand, in the early inspiral, when ∆Ω̌ →

−∞, the first terms in the asymptotic expansions of
the 0PLT (91a) and 2PLT (91b) forcing functions ap-
proximately cancel with the last two terms of Eq. (116).
Therefore, the first terms of Eqs. (91a) and (91b) that

do not cancel are, respectively, F̌
(3,−6)
[0] σ̌15(Ω̌− Ω̌⋆)

−6 and

F̌
(5,−5)
[2] σ̌15(Ω̌− Ω̌⋆)

−5. The early-inspiral behavior of the

composite solution is therefore

F̌ Ω̌
(0)[2](Ω̌) = ν̌F̌ Ω̌

(0)(Ω̌) +O(ν̌3), (119)

and the relative error between the composite forcing func-
tion and the 0PA forcing function converges as O(ν̌2):∣∣∣∣∣∣ F̌

Ω̌
(0)[2] − ν̌F̌ Ω̌

(0)

ν̌F̌ Ω̌
(0)

∣∣∣∣∣∣ = O(ν̌2). (120)
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FIG. 5. Solid curves: relative error between the 0PA-2PLT
composite (116) and the 0PA forcing functions (47) when the
two bodies are separated by twice the ISCO radius, 2r⋆(χ̊),
for different values of the mass ratio. Dashed curves: the
same quantity but using the re-expanded 0PA-2PLT forcing
function (128).

This relative error is shown in Fig. 5 for different values
of the mass ratio. We have checked that the relative error
converges correctly, as ν̌2, but we observe that the 2PLT
forcing function numerically spoils the composite solution
for comparable-mass binaries. Indeed, for mass ratios
between unity and 1:10 (ν̌ = 0.25 to ν̌ = 0.083), the tran-
sition residual amounts to more than 10%, and sometimes
well over 100%, of the composite forcing function during
the early inspiral, where the 0PA forcing function should
numerically dominate the entire evolution.

Analogously to our treatment of the forcing functions,

we can write the composite mode amplitudes Ȟ
(1)[7]
ℓm that

smoothly interpolate between 0PA-accurate mode ampli-

tudes Ȟℓm = ν̌Ȟ
(1)
ℓm +O(ν̌2) and the 2PLT-accurate mode

amplitudes Ȟℓm = σ̌5Ȟ
[5]
ℓm + σ̌7Ȟ

[7]
ℓm +O(σ̌8):

Ȟ
(1)[7]
ℓm = σ̌5Ȟ

(1)
ℓm + σ̌5Ȟ

[5]
ℓm + σ̌7Ȟ

[7]
ℓm

− σ̌5
[
Ȟ

(1)
ℓm(Ω̌⋆) + (Ω̌− Ω̌⋆)∂Ω̌Ȟ

(1)
ℓm(Ω̌⋆)

]
= σ̌5Ȟ

(1)
ℓm . (121)

In the last equality we have used the matching condi-
tions (82). Crucially, the composite solution simply re-
duces to the inspiral’s first-order mode amplitudes (a
consequence of the fact that at the leading two orders in
the transition approximation, the amplitudes are simply
Taylor expansions of the inspiral amplitudes around the
ISCO frequency). Hence, we do not incur any error in
the inspiral in this case.

VI. CURING THE COMPOSITE EXPANSION

In this section we show how the issue we have described
in the previous section, concerning the poor accuracy of
the 0PA-2PLT composite solution in the inspiral, can be
resolved through a coordinate transformation on phase
space in the transition-to-plunge regime.

In order to motivate the transformation, we start by
further explicating the origin of the 0PA-2PLT composite
solution’s inaccuracy. Using Eqs. (91a) and (91b), we can
write the difference between the 0PA-2PLT composite
and the 0PA solution as

F̌ Ω̌
(0)[2] − σ̌5F̌ Ω̌

(0) = σ̌3

 F̌ (3,−6)
[0]

∆Ω̌6
+O(∆Ω̌−11)


+ σ̌5

 F̌ (5,−5)
[2]

∆Ω̌5
+O(∆Ω̌−10)

 . (122)

For the composite expansion to be accurate in the inspiral,
we require this to be small. For sufficiently small ν̌, it is
manifestly small and vanishes uniformly at the rate that
is guaranteed by the construction of the composite ex-
pansion. However, at any fixed, finite ν̌, and ignoring the
magnitude of the numerical coefficients, the residual (122)
only vanishes in limit ∆Ω̌ = (Ω̌ − Ω̌⋆)/σ̌

2 → −∞. This
limit is formally an early-time limit in the transition be-
cause it implies (Ω̌⋆ − Ω̌) ≫ σ̌2, meaning the frequency
should lie at the low end of or below the transition regime.
Such a fact should ensure that the residuals in Eq. (122)
are numerically small once we are sufficiently far outside
the transition regime. However, there is a basic problem:
|∆Ω̌| is not large, and 1/∆Ω̌ is not small, anywhere ex-
cept in the case of exceedingly small mass ratios. For
example, even for ν̌ = 10−3, |∆Ω̌| only becomes equal to
unity around Ω̌ ≈ 0; i.e., at the earliest history of the
inspiral. For mass ratios closer to unity, this occurs at
unphysical, negative frequencies. Worse, for mass ratios
above ν̌ = 1/50, ∆Ω̌ is numerically small over the entire
physical range of frequencies. A more relevant comparison
is ∆Ω̌’s size relative to the inspiral variable Ω̌: for mass
ratios above ν̌ = 1/10, ∆Ω̌ is comparable to Ω̌ over most
of the inspiral.

In short, our variable ∆Ω̌ is poorly chosen. It is meant
to be of order unity in the transition regime and large
outside that regime, but instead it is comparable to the
unscaled variable Ω̌ over much of the binary evolution,
except at extremely small mass ratios. Because of this,
the residual (122) is numerically comparable to the 0PA
forcing function for most moderate mass ratios, spoil-
ing the numerical accuracy of the composite solution, as
described below Eq. (120) and shown in Fig. 5.

Here we address this in the following way: we define a
new variable on phase space,

∆Ω :=
∆Ω̌

Ω̌/Ω̌⋆

=
∆Ω̌

1 + σ̌2∆Ω̌
Ω̌⋆

. (123)

This variable remains of order unity in the transition
regime, as required for the transition expansion, and
closely approximates ∆Ω̌ there. Technically, it is of order
unity over most of the inspiral (except in the case of
very small mass ratios), but again, the more relevant
comparison is to the frequency variable of the inspiral, Ω̌.
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In that comparison, we capture the desired behavior: even
at equal mass, |∆Ω| is significantly larger than Ω̌ over
most of the inspiral. Crucially, by construction, ∆Ω also
never becomes unphysical: the early-time limit Ω̌ → 0 of
the inspiral corresponds to ∆Ω → −∞ for any value of
σ̌. This ensures the residual (122) vanishes in the infinite
past for all σ̌, not only for σ̌ → 0.

We now introduce a new set of phase-space coordinates,
∆Ja = {∆Ω, δM̌ tot, δχ̌}, with ∆Ω defined in Eq. (123).
While the inspiral’s post-adiabatic expansion is unaltered
by this change of coordinates, the transition dynamics
gets re-expanded. The expansion of the transition forcing
functions for the orbital frequency in powers of σ̌ at fixed
(∆)Ja reads

dΩ̌

dť
(∆Ja, σ̌) = σ̌3

∞∑
n=0

σ̌nF̄∆Ω
[n] (∆J

a). (124)

We can relate the forcing functions F̄∆Ω
[n] and F̌∆Ω̌

[n] by

re-expanding the power series given in Sec. IV at fixed
∆Ja after substituting

∆Ω̌ =
∆Ω

1− σ̌2∆Ω
Ω̌⋆

(125)

and expanding for small σ̌. Up to 2PLT order, we obtain

F̄∆Ω
[0] (∆Ω) = F̌∆Ω̌

[0] (∆Ω), (126a)

F̄∆Ω
[1] (∆Ω) = F̌∆Ω̌

[1] (∆Ω) = 0, (126b)

F̄∆Ω
[2] (∆Ω) = F̌∆Ω̌

[2] (∆Ω) +
∆Ω

2

Ω̌⋆

∂∆ΩF̌
∆Ω̌
[0] (∆Ω). (126c)

Similarly, for the mode amplitudes H̄
[n]
ℓm (i.e., the coef-

ficients of σ̌n in a transition expansion of Hℓm at fixed
∆Ja), we have

H̄
[5]
ℓm(∆Ja) = Ȟ

[5]
ℓm(∆Ja), (127a)

H̄
[7]
ℓm(∆Ω) = Ȟ

[7]
ℓm(∆Ω). (127b)

Lengthier relationships at higher order are given in Ap-
pendix C.

An analogous re-expansion can then also be applied to
the composite forcing function (116), yielding

F̄ Ω̌
(0)[2](Ω̌) = σ̌5F̌ Ω̌

(0)(Ω̌)

+ σ̌3F̄∆Ω
[0]

(
Ω̌− Ω̌⋆

σ̌2Ω̌/Ω̌⋆

)
+ σ̌5F̄∆Ω

[2]

(
Ω̌− Ω̌⋆

σ̌2Ω̌/Ω̌⋆

)

− σ̌5

 F̄ (3,−1)
[0]

Ω̌− Ω̌⋆

Ω̌⋆

Ω̌
+ F̄

(5,0)
[2]

 , (128)

where

F̄
(3,−1)
[0] = F̌

(3,−1)
[0] , (129a)

F̄
(5,0)
[2] = F̌

(5,0)
[2] −

F̌
(3,−1)
[0]

Ω̌⋆

. (129b)

The composite solution’s residual error in the inspiral is
given by

F̄ Ω̌
(0)[2] − σ̌5F̌ Ω̌

(0) = σ̌3

 F̄ (3,−6)
[0]

∆Ω
6 +O(∆Ω

−11
)


+ σ̌5

 F̄ (5,−5)
[2]

∆Ω
5 +O(∆Ω

−10
)

 , (130)

with

F̄
(3,−6)
[0] = F̌

(3,−6)
[0] (131a)

F̄
(5,−5)
[2] = F̌

(5,−5)
[2] − 6

Ω̌⋆

F̌
(3,−6)
[0] . (131b)

This residual now vanishes as Ω̌ → 0, independently of the
value of σ̌. The composite mode amplitudes (121) remain
unchanged since they are simply given by the inspiral’s
first-order mode amplitudes.

In Figs. 5 and 6 we show how the change of phase-space
coordinates improves the composite solution’s behavior
by orders of magnitude in the inspiral. In Fig. 6, for
example, we see that the original composite can differ
from the 0PA forcing function by orders of magnitude,
while the composite formulated in terms of ∆Ω hews
closely to the 0PA curve over most of the inspiral.

VII. NUMERICAL IMPLEMENTATION

We now summarize the waveform-generation scheme in
each of our transition and composite models.

A. Models

The two main models of this paper are the re-expanded
2PLT (which hereafter we will refer to as 2PLT) and the
re-expanded composite 0PA-2PLT (which hereafter we
will refer to as 0PA-2PLT) models, whose forcing func-
tions have been derived in Sec. VI. In Sec. VIII, we shall
compare them to their non-re-expanded companions, the
2PLT and the 0PA-2PLT composite models, and assess
the importance of the change of coordinates introduced
in Sec. VI. We shall also assess the importance of includ-
ing the 2PLT corrections as compared to a leading-order
0PLT model. In this section, we instead describe the
content of each of the six waveform models we consider
and how we numerically implement them. We postpone
the qualitative comparison with NR to Sec. VIII.
Our use of a multiscale approach on phase space nat-

urally divides the waveform-generation scheme into two
steps. First, an offline step which is slow but needs to be
performed only once: all ingredients for waveform genera-
tion are pre-computed and stored as functions on phase
space. Second, a fast online step, which consists of a
rapid evolution through phase space once the parameters
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FIG. 6. Comparisons between the composite 0PA-2PLT forcing function (141) (dashed gray lines) and the re-expanded composite
0PA-2PLT forcing function (143) (dashed black lines). We also display in blue the 0PA forcing function (133) and in red the
2PLT forcing function (137). The value of the orbital frequency at the right boundary of each frame corresponds to the ISCO
frequency Ω̌⋆(χ̊). We have chosen a mass ratio of ν̌ = 0.1 and spin of the primary of χ̊ = −0.5 (top left), χ̊ = 0 (top right),
χ̊ = 0.5 (bottom left), and χ̊ = 0.9 (bottom right). For all scenarios, the change of variables to ∆Ja significantly improves the
early time agreement of the composite forcing function with the adiabatic one. This behavior is particularly marked in the
bottom-right panel, where the 0PA-2PLT composite undergoes a zero crossing at Ω̌ ≈ 0.048; in this form of the composite, the
frequency decreases with time at low frequencies.

of the system (in this case, the mass ratio ε̊ and the spin
of the primary χ̊) have been specified. For the orders
at which we are working, the primary black hole mass
and spin remain constant, and their associated forcing
functions vanish. Hence, a model X is fully specified by

its orbital frequency forcing function, F̌ Ω̌
X , as well as its

(ℓ,m)-mode amplitudes of the GW strain at infinity, ȞX
ℓm.

Indeed, once the evolution equations through phase space
have been solved for Ω̌(ť) and ϕp(ť), one can generate the
(ℓ,m)-mode contribution to the wavestrain as

ȟXℓm(ť) = ȞX
ℓm(Ω̌(ť))e−imϕp(ť). (132)

We explicitly state the forcing functions and mode ampli-
tudes used for each model below.

0PA model. The orbital-frequency forcing function is
given by

F̌ Ω̌
0PA(Ω̌) = ν̌F̌ Ω̌

(0)(Ω̌), (133)

and the mode amplitudes are given by

Ȟ0PA
ℓm (Ω̌) = ν̌Ȟ

(1)
ℓm(Ω̌). (134)

These are simply the inspiral’s adiabatic forcing function
and mode amplitudes, respectively; see Eqs. (47), (58),
(40) and (59).

0PLT model. The orbital frequency is driven by the
0PLT forcing function

F̌ Ω̌
0PLT(Ω̌) = ν̌3/5F̌∆Ω̌

[0]

(
Ω̌− Ω̌⋆

ν̌2/5

)
; (135)

see Eqs. (66) and (78). We use the 2PLT mode ampli-
tudes (as the 0PLT mode amplitudes would simply be a
constant),

Ȟ0PLT
ℓm (Ω̌) = ν̌

Ȟ [5]
ℓm + ν̌2/5Ȟ

[7]
ℓm

(
Ω̌− Ω̌⋆

ν̌2/5

) ; (136)

see Eqs. (C2) and (82).

2PLT model. The forcing function now also contains
the subleading 2PLT corrections:

F̌ Ω̌
2PLT(Ω̌) = ν̌3/5F̌∆Ω̌

[0]

(
Ω̌− Ω̌⋆

ν̌2/5

)
+ ν̌F̌∆Ω̌

[2]

(
Ω̌− Ω̌⋆

ν̌2/5

)
;

(137)
see Eqs. (66), (71), and (78). For the mode amplitudes
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we once again take the 2PLT mode amplitudes

Ȟ2PLT
ℓm (Ω̌) = ν̌

Ȟ [5]
ℓm + ν̌2/5Ȟ

[7]
ℓm

(
Ω̌− Ω̌⋆

ν̌2/5

) . (138)

2PLT model. We use the 2PLT-accurate forcing
function and mode amplitudes, but now written in terms
of the set of mechanical parameters ∆Ja introduced in
Sec. VI. Explicitly, the forcing function is given by

F̌ Ω̌
2PLT

(Ω̌) = ν̌3/5F̄∆Ω
[0]

(
Ω̌− Ω̌⋆

ν̌2/5Ω̌/Ω̌⋆

)

+ ν̌F̄∆Ω
[2]

(
Ω̌− Ω̌⋆

ν̌2/5Ω̌/Ω̌⋆

)
; (139)

see Eqs. (66), (71), (78), and (126). The mode amplitudes,
on the other hand, are given by

Ȟ2PLT
ℓm (Ω̌) = ν̌

H̄ [5]
ℓm + ν̌2/5H̄

[7]
ℓm

(
Ω̌− Ω̌⋆

ν̌2/5Ω̌/Ω̌⋆

) ; (140)

see Eqs. (C2), (82), and (127).

Composite 0PA-2PLT model. In this model, we use
the 0PA-2PLT composite forcing function that smoothly
interpolates between the 0PA and 2PLT solutions:

F̌ Ω̌
0PA-2PLT(Ω̌) = F̌ Ω̌

(0)[2](Ω̌); (141)

see Eq. (116). The composite mode amplitudes are simply
given by the 0PA mode amplitudes,

Ȟ0PA-2PLT
ℓm (Ω̌) = ν̌Ȟ

(1)
ℓm(Ω̌); (142)

see Eq. (121).

Composite 0PA-2PLT model. In this model, we use
the 0PA-2PLT composite forcing function re-expanded
using the mechanical parameters ∆Ja. It is given by

F̌ Ω̌
0PA-2PLT

(Ω̌) = F̄ Ω̌
(0)[2](Ω̌); (143)

see Eq. (128). As for the 0PA-2PLT model, the mode
amplitudes are given by

Ȟ0PA-2PLT
ℓm (Ω̌) = ν̌Ȟ

(1)
ℓm(Ω̌). (144)

B. Offline and online computations

For the models described in Sec. VIIA, the offline
and online steps of the waveform-generation procedure
decompose as follows:

Offline step

• For a given value of primary spin χ̊, tabulate the

first-order mode amplitudes H
(1)
ℓm(Ω) on a grid (here

working in units of M̊ = 1). We compute H
(1)
ℓm(Ω)

through the up solution of the sourced Teukolsky
equation (39) as

H
(1)
ℓm(Ω) = 2−2C

up
ℓm(Ω)

(mΩ)2
(145)

on a grid of (Ω, χ̊) values and store it as a 2-
dimensional interpolating function. We do this using
the Teukolsky Mathematica package [55] from the
Black Hole Perturbation Toolkit [67]. Without any
additional computational cost, through the match-

ing conditions (82) we can also tabulate H
[5]
ℓm and

H
[7]
ℓm. In practice, we use the same 2-dimensional

Chebyshev interpolation scheme (as well as the same
grid values) as used in Ref. [68]: we first compactify
the phase space parameters (Ω, χ̊) to the new set of
variables

rC = 2r⋆(χ̊)
(
Ω−1 − χ̊

)−2/3

, (146)

χC = χ̊, (147)

then evaluate the mode amplitudes on a grid of
18 × 27 Chebyshev collocation points and finally
perform a Chebyshev interpolation on the compact-
ified variables. See Appendix A.1 of Ref. [68] for
details.

• Compute the Teukolsky fluxes appearing in the
0PA forcing function (47) on a grid of (Ω, χ̊) val-
ues and store it as a 2-dimensional interpolating
function. Again, we employ the Black Hole Pertur-
bation Toolkit’s Teukolsky Mathematica package.
By combining Eqs. (44), (45), and (46) we also
tabulate the first-order self-force, f t(1).

• Solve the normalized 0PLT differential equation (96)
for the solution y(u) whose early-time asymptotic
expansion is given by Eq. (97) and with the bound-
ary condition (99).

• Solve the three normalized 2PLT differential equa-
tions (107) for the solutions zi(u) (i = 1, 2, 3)
whose early-time asymptotic expansions are given
by Eq. (110) and with boundary conditions (112).

• Re-expand all quantities f
(
(∆)Ja

)
to the relevant

parameters of the model in use (∆J̌a or ∆Ja).

Online step

• Compute the five coefficients α, β (from Eq. (95))
and γ, η, τ (from Eq. (106)).

• Compute the inhomogeneous solution z(u) using
Eq. (109).
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• Rescale the solutions y(u) and z(u) to F̌∆Ω̌
[0] (∆Ω̌)

using Eq. (94) and F̌∆Ω̌
[2] (∆Ω̌) using Eq. (104) (and

similarly for the re-expanded models, but with the
replacement ·̌ 7→ ·̄).

• Solve the differential equations

dϕp
dť

= Ω̌, (148a)

dΩ̌

dť
= F̌ Ω̌

X(Ω̌) (148b)

for a given model X.

• Generate the (ℓ,m) mode of the GW strain at in-
finity from Eq. (132).

VIII. RESULTS

We now benchmark our implementation against NR
simulations from the SXS catalog [69] and assess the
impact of the change of transition phase-space coordinates
to ∆Ja on the composite waveforms.
We have checked that our code exactly reproduces

(within numerical precision) the waveforms from the code
used in Ref. [23] when setting the primary black hole spin
to zero.

A. Impact of the change of transition-to-plunge
coordinates on the composite waveforms

To measure the impact of the re-expansion to the me-
chanical parameters ∆Ja, we compare the total accu-
mulated orbital phase from both composite models over
a frequency range [Ω̌i, Ω̌f ]. The model-X accumulated
orbital phase reads

ϕX =

∫ Ω̌f

Ω̌i

Ω̌

F̌ Ω̌
X

dΩ̌, (149)

and the dephasing between two models X and Y over the
same frequency range is then simply

δϕXY = ϕX − ϕY =

∫ Ω̌f

Ω̌i

Ω̌
F̌ Ω̌
Y − F̌ Ω̌

X

F̌ Ω̌
X F̌

Ω̌
Y

dΩ̌. (150)

We show in Fig. 7 the dephasing (150) between the
0PA-2PLT and the 0PA-2PLT models as a function of
the symmetric mass ratio ν̌ and primary spin χ̊ for a
secondary black hole orbiting from twice the ISCO radius,
2r⋆(χ̊), to the ISCO radius r⋆(χ̊). For mass ratios in the
range ν̌ ∼ [10−2, 10−4], we observe that the dephasing
scales as ∼ ν̌ except for highly spinning, prograde orbits.
However, at small enough mass ratios ν̌, all dephasings go
down as O(ν̌3/5). This is to be expected from dissecting
the different contributions to Eq. (150). At early times,

the 0PA-2PLT and 0PA-2PLT models differ by a 2PA
term, as can be seen by taking the difference between
Eqs. (122) and (130). Close to the ISCO, the difference
between the forcing terms (116) and (128) starts at 4PLT
order.2 The 2PA discrepancy gives an early-inspiral con-
tribution to Eq. (150) that converges as O(ν̌) [16], while
the 4PLT discrepancy gives a transition contribution to
Eq. (150) that converges as O(ν̌3/5) [23]. Therefore, for
small enough mass ratios, the discrepancy between the
two models is dominated by the transition region of nar-
row width ∼ ν̌2/5. For comparable masses, the inspiral
discrepancy becomes larger and may eventually dominate
the transition contribution. It is noteworthy that the
dephasing between the 0PA-2PLT and 0PA-2PLT models
is always dominated by the transition regime for highly
spinning prograde binaries, as can be seen from the dark
orange curve in the right panel of Fig. 7.

Importantly, for intermediate mass ratios q̊ ≳ 102, the
correction from the re-expansion to ∆Ja on the total ac-
cumulated phase remains relatively high, on the order of
one radian over the frequency range

[
1/
(
(2r⋆(χ̊))

3/2 +

χ̊
)
,Ω⋆(χ̊)

]
. This hints towards the fact that the re-

expansion of the transition parameters to ∆Ja is a re-
quired step for producing a complete IMR self-force wave-
form model that meets LISA scientific requirements [12].

Moreover, the left panel of Fig. 7 shows that the phase
correction due to the re-expansion to ∆Ja is important
for any value of the primary spin χ̊, except for a narrow
window around χ̊ ∼ 0.78, where the dephasing undergoes
a zero-crossing. This zero-crossing is due to the fact that,
around χ̊ ∼ 0.78, the early-time difference between the
0PA-2PLT and the 0PA forcing function goes through
zero while the 0PA-2PLT forcing function closely matches
the 0PA one; see Fig. 5. This hints at a second reason why
the re-expansion to the ∆Ja variables is a crucial step:
the 0PA-2PLT model completely fails to correctly model
highly spinning prograde orbits in the early inspiral, as
highlighted in the bottom-right panel of Fig. 6.

B. Comparison with numerical relativity

In this section, we compare the different models pre-
sented in Sec. VIIA with NR simulations from the SXS
catalog [69]. Once the waveform of a given model X
has been generated through the online step outlined
in Sec. VIIA, we align it with the corresponding NR
waveform using the alignment procedure described in
Ref. [68]. The alignment procedure consists of two steps:
first, we find the time shift ∆ťmin that minimizes the
squared error of half of the (2, 2) waveform frequency

2 Note that neither of those models is accurate at 1PA nor 3PLT
order. The statement is that the 1PA and 3PLT contents, though
incomplete, agree between both models, leaving a 2PA and a
4PLT discrepancy.
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FIG. 7. Orbital phase dephasing between the 0PA-2PLT model (141) and the 0PA-2PLT model (143); see Eq. (150). The
frequency range [Ωi,Ωf ] has been fixed such that the secondary black hole starts at twice the ISCO radius and ends at the ISCO

radius. That is to say, Ωi = 1/
(
(2r⋆(χ̊))

3/2 + χ̊
)
and Ωf = Ω⋆(χ̊). Left panel: dephasing for fixed values of the dimensionless

primary spin χ̊ and varying symmetric mass ratio ν̌. Right panel: dephasing for fixed values of the symmetric mass ratio ν̌ and
varying primary black hole spin χ̊. The reference dashed gray line is a power law ∼ ν̌1 while the reference dashed black lines are
power laws ∼ ν̌3/5.

ω̌ = −(∂tIm(ȟ22)Re(ȟ22)− ∂tRe(ȟ22)Im(ȟ22))/(2|ȟ22|2),

SE(∆ť) :=

∫ ť0+δť/2

ť0−δť/2

dt
(
ω̌NR(ť)− ω̌X(ť+∆ť)

)2
, (151)

over a time interval [ť0− δť/2, ť0+ δť/2]. Second, we com-
pute the phase shift ∆φ as the average phase difference
between the NR and model X waveforms over that same
time interval,

∆φmin := − 1

δť

∫ ť0+δť/2

ť0−δť/2

dt arg

(
ȟX22(ť+∆ťmin)

ȟNR
22 (ť)

)
.

(152)

The model-X aligned waveform is finally given by

ȟXℓm(ť+∆ťmin)e
−i∆φmin . (153)

In our comparisons, we have not observed any notable
difference in the performance of our waveform models for
different mode numbers. Hence, we only present results
for the dominant, (ℓ,m) = (2, 2) mode.
We first assess the behavior of our transition models:

0PLT, 2PLT, and 2PLT. Figure 8 shows these mod-
els alongside an NR waveform, where all waveforms are
aligned in a window around the ISCO frequency. The
large mass ratio is q̊ = 14 and the primary’s spin is either
χ̊ = −0.5 (retrograde orbit) or χ̊ = +0.5 (prograde or-
bit). The 2PLT model dephases from the NR waveform
drastically less than the 0PLT model on the left of the
ISCO (at early times), while on the right of the ISCO
(at late times), the 0PLT model performs slightly better
than the 2PLT model. This is consistent with the findings
of Ref. [23] for nonspinning binaries. Moreover, for the
same number of cycles around the ISCO, the prograde
2PLT waveform dephases somewhat less than the retro-
grade 2PLT waveform. Finally, the 2PLT model closely
matches the 2PLT one. This is to be expected as Fig. 8

shows only a few cycles around the ISCO crossing, where
both models are similar. Indeed, close to the ISCO, from
Eq. (123) we have ∆Ω = ∆Ω̌ +O(∆Ω̌2).
We next assess the behavior of our composite models.

Fig. 9 shows the performance of 0PA-2PLT and 0PA-
2PLT against NR for a large mass ratio of either q̊ = 1
or q̊ = 14, with primary spin χ̊ = +0.5 in both cases and
with the waveforms aligned at a time well before the ISCO.
At equal mass, the 0PA-2PLT model is significantly more
accurate than the 0PA-2PLT model, but this is solely
a feature of it better mimicking the 0PA waveform (in
green for comparison); for retrograde orbits (not shown),
0PA performs less well, and 0PA-2PLT hence provides
less of an improvement over 0PA-2PLT. This difference
between the 0PA-2PLT and 0PA-2PLT models becomes
less and less pronounced as the large mass ratio q̊ increases,
as shown in the lower panel. However, as our earlier
analyses showed, these models would dephase significantly
at earlier times even at q̊ = 14, due to the large errors
in the 0PA-2PLT model at early times. Hence, the main
takeaway from Fig. 9 is simply this: 0PA-2PLT succeeds
in preventing the transition information from spoiling the
accuracy of the inspiral model. Since a 0PA model already
incurs large errors in the inspiral, the true benefit of our
alternative transition variable ∆Ω will not be realised until
higher-order waveforms are constructed. We elucidate
this further in the next section.

IX. OUTLOOK

In this paper, we extended Ref. [23]’s transition-to-
plunge framework to the case of a spinning primary black
hole. To do so, we made use of the existence of differ-
ent timescales: the orbital timescale ∼ 1, the radiation-
reaction timescale ∼ 1/ε̊, and the transition timescale
∼ 1/ε̊1/5. We performed multiscale expansions of the
equations of motion (18) following the phase-space ap-
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FIG. 8. (ℓ,m) = (2, 2) mode of the gravitational waveform from a binary with large mass ratio q̊ = 14 and primary spin
χ̊ = −0.5 (retrograde orbit) or χ̊ = +0.5 (prograde orbit). The solid black curve shows the NR waveforms SXS:BBH:2478 and
SXS:BBH:2482 [70, 71]. The colored curves show the transition-to-plunge waveforms obtained from our three transition models,
which are aligned with the NR waveform near the ISCO frequency. The vertical dashed gray line indicates the time at which
the NR waveform frequency reaches twice the ISCO orbital frequency, ωNR = −2Ω⋆(χ̊), and the gray rectangle shows the time
window [ť0 − δť/2, ť0 + δť/2] used for the alignment procedure described in Sec. VIII B.

proach of Refs. [17, 23]. On one hand, for quasicircular
inspirals around a Kerr primary, we derived the evolu-
tion equations in the inspiral up to 1PA order, extending
the results for nonspinning black holes in Appendix A of
Ref. [17]. On the other hand, we expanded the evolution
equations in the transition up to 2PLT order, generalizing
the results for nonspinning black holes in Ref. [23].

As a step toward building complete inspiral-merger-
ringdown waveforms from first-principles self-force meth-
ods, we also constructed a composite waveform model
that smoothly evolves from the 0PA inspiral dynamics to
the 2PLT transition dynamics. We addressed the issue
raised in Ref. [23] about such composite waveform mod-
els: in the inspiral regime, the composite forcing function

F̌ Ω̌
0PA-2PLT in Eq. (141) correctly converges toward the

0PA forcing function in the limit ε̊ → 0 at fixed Ω̌, but
with excessively large coefficients in the subleading terms.
We found that this behavior can be eliminated with a
better choice of rescaled frequency variable, ∆Ω, that is
large (compared to Ω̌) throughout the inspiral regime and

satisfies

Ω̌ → 0 ⇐⇒ ∆Ω → −∞ (154)

independently of the mass ratio.
We numerically implemented our transition model as

well as the composite waveform model using both vari-
ables, ∆Ω̌ and the improved variable ∆Ω. Waveform
generation in each model is made effectively immediate
by leveraging the offline/online paradigm of the multiscale
expansion. In the future we will provide a user-friendly
version of the composite 0PA-2PLT waveform model in a
further release of the WaSABI Mathematica package [72].
Using our models, we estimated the impact that the

change to ∆Ω has on the dephasing. We showed that,
even for intermediate mass ratios q̊ ≳ 102, the composite
model in the original variable (0PA-2PLT) accumulates a
few radians of phase error relative to the improved com-
posite (0PA-2PLT) in the frequency interval from twice
the ISCO radius to the ISCO radius. This makes the
change to the improved variable crucial for constructing
an accurate composite model. We also qualitatively com-
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FIG. 9. (ℓ,m) = (2, 2) mode of the gravitational waveform from a binary with primary spin χ̊ = +0.5 (prograde orbit) and
large mass ratio q̊ = 1 (top) or q̊ = 14 (bottom). The NR waveforms (in black with indicated IDs) are taken from the SXS
catalog [69]. The colored curves show the waveforms obtained from the 0PA inspiral model and our composite models 0PA-2PLT
and 0PA-2PLT, all of which are aligned with the NR waveform in the inspiral regime before the ISCO crossing. The vertical
dashed gray line on the right side of the figures indicates the time at which the NR waveform frequency reaches twice the ISCO
orbital frequency, ωNR = −2Ω⋆(χ̊), and the gray rectangle on the left shows the time window [ť0 − δť/2, ť0 + δť/2] used for the
alignment procedure of Sec. VIII B.

pared our 2PLT and 0PA-2PLT waveform models against
NR simulations from the SXS catalog [69]. We showed
that, as expected, the reformulation in terms of ∆Ω has
little impact in the transition regime but a substantial
impact on the quality of the waveform leading up to the
transition.

Overall, the composite 0PA-2PLT waveform model does
not have high accuracy, which is expected due to the low
orders of the inspiral and transition expansions: a 0PA in-
spiral is insufficient for subradian accuracy [10, 16, 18, 68],
meaning our composite model enters the transition al-
ready well out of phase with NR waveforms. Therefore,
the next crucial step will be to extend the model to incor-
porate 1PA effects, which in turn requires carrying the
transition equations to 7PLT order for the construction
of a composite [23]. For nonspinning binaries, for which
a 1PA model is already built [10], the main obstacle is
constructing the 7PLT model. In contrast, for a spinning
primary black hole, the lack of an available 1PA model is
a major hurdle. However, the self-force/post-Newtonian

hybridization framework developed by some of us [68, 73]
can provide a quite accurate proxy for the complete 1PA
dynamics, and it could be used to approximate the un-

known matching coefficients F̌
(n,k)
(l) and F̌

(n,k)
[l] that are

needed to proceed to higher PLT orders. This work is
currently under active investigation.

Finally, the next major step will be to extend our
self-force framework for merger-ringdown waveforms [30]
to the case of a spinning primary black hole. At lead-
ing, 0PG order, such a framework should produce the
zero-eccentricity case of the merger-ringdown waveforms
from Ref. [74]. With such a waveform at hand, one can
then build a complete inspiral-merger-ringdown waveform
model for quasicircular orbits around a Kerr primary,
extending the nonspinning model from Ref. [34–37]. Such
a model would have limited accuracy if the inspiral is
restricted to 0PA order, but until a complete 1PA in-
spiral model in Kerr is at hand, one could use the post-
Newtonian/self-force hybrid model from Refs. [68, 73].



24

ACKNOWLEDGMENTS

We are grateful to Maarten van de Meent for provid-
ing first-order self-force data and to Lionel London for
helpful discussions. L.H. acknowledges the support of the
Fonds National pour la Recherche Scientifique through a
FRIA doctoral grant. L.K. and A.P. acknowledge the sup-
port of the ERC Consolidator/UKRI Frontier Research
Grant GWModels (selected by the ERC and funded by
UKRI [grant number EP/Y008251/1]). A.P. additionally
acknowledges the support of a Royal Society University
Research Fellowship. G.C. is Research Director of the
FNRS. This work makes use of the Black Hole Perturba-
tion Toolkit.

Appendix A: Mass dimensions

We provide in Table I a short glossary of the different
symbols used during the re-expansion procedures, together
with their mass dimensions n as defined through Eq. (55).

Appendix B: Transition-to-plunge functions

This appendix contains the expressions for the 3PLT
and 4PLT corrections to the orbital radius and the red-
shift, which are required to derive the 2PLT equation of
motion (71). The solution F∆Ω

[1] = 0 has already been

used to simplify the final displayed expressions. At 3PLT
order we have

r[3] = −1

3

r2⋆
U2
⋆∆⋆Ω2

⋆

fr[5] (B1a)

U[3] = 0, (B1b)

while at 4PLT order we obtain

r[4] =
1

6

(
d3r(0)

dΩ3

)
⋆

∆Ω3

+
r⋆

18Ω2
⋆∆

2
⋆

[
6E⋆(dr(0)/dΩ)2⋆ +∆⋆r

3/2
⋆ U2

⋆ (dD/dΩ)⋆

+ 6∆⋆r⋆

(
U−1
⋆ (dr(0)/dΩ)⋆(dU(0)/dΩ)⋆

+(d2r(0)/dΩ
2)⋆

)](
F∆Ω
[0]

)2
+
r2⋆(dr(0)/dΩ)⋆

3Ω2
⋆∆⋆

(
∂∆ΩF

∆Ω
[0] F

∆Ω
[2] + F∆Ω

[0] ∂∆ΩF
∆Ω
[2]

)
+
r⋆U⋆

12Ω4
⋆

(
−4r

3/2
⋆ Ω2

⋆(dU(0)/dΩ)⋆ + 4U⋆

+ 3r2⋆Ω
4
⋆U⋆(d

2r(0)/dΩ
2)⋆

)
∆ΩF∆Ω

[0] ∂∆ΩF
∆Ω
[0] ,

(B2a)

U[4] =
1

6

(
d3U(0)

dΩ3

)
⋆

∆Ω3 +
1

2

r2⋆U
3
⋆ (dr(0)/dΩ)

2

∆⋆

(
F∆Ω
[0]

)2
.

(B2b)

Appendix C: Re-expansions of transition-to-plunge
functions

We present the relations up to 7PLT order between the

forcing functions F̌∆Ω̌
[n] and F∆Ω

[n] , extending the discussion

from Sec. IVB:

F̌∆Ω̌
[n] (∆J̌

a) = F∆Ω
[n] (∆J̌

a), n = 3, 4, (C1a)

F̌∆Ω̌
[5] (∆J̌a) =F∆Ω

[5] (∆J̌a) +
16

5
F∆Ω
[0] (∆Ω̌)

− 9

5
∆Ω̌ ∂∆Ω̌F

∆Ω
[0] (∆Ω̌), (C1b)

F̌∆Ω̌
[6] (∆J̌a) =F∆Ω

[6] (∆J̌a), (C1c)

F̌∆Ω̌
[7] (∆J̌a) =F∆Ω

[7] (∆J̌a) + 4F∆Ω
[2] (∆Ω̌)

− 9

5
∆Ω̌ ∂∆Ω̌F

∆Ω
[2] (∆Ω̌). (C1d)

Similarly, the relationship between the mode amplitudes

Ȟ
[n]
ℓm and H

[n]
ℓm is

Ȟ
[n]
ℓm(∆J̌a) =H

[n]
ℓm(∆J̌a), n = 8, 9, (C2a)

Ȟ
[10]
ℓm (∆J̌a) =H

[10]
ℓm (∆J̌a) +H

[5]
ℓm(∆J̌a)

− δM̌tot∂δM̌tot
H

[5]
ℓm(∆J̌a)

− 2δχ̌∂δχ̌H
[5]
ℓm(∆J̌a), (C2b)

Ȟ
[11]
ℓm (∆J̌a) =H

[11]
ℓm (∆J̌a), (C2c)

Ȟ
[12]
ℓm (∆J̌a) =H

[12]
ℓm (∆J̌a) +

9

5
H

[7]
ℓm(∆Ω̌)

− 9

5
∆Ω̌∂∆Ω̌H

[7]
ℓm(∆Ω̌). (C2d)

We also provide the relations up to 4PLT order be-

tween the forcing functions F̄∆Ω
[n] and F̌∆Ω̌

[n] , extending the

discussion in Sec. VI:

F̄∆Ω
[3] (∆Ja) = F̌∆Ω̌

[3] (∆Ja), (C3)

F̄∆Ω
[4] (∆Ja) = F̌∆Ω̌

[4] (∆Ja) +
∆Ω

2

Ω̌⋆

∂∆ΩF̌
∆Ω̌
[2] (∆Ω)

+
∆Ω

3

Ω̌2
⋆

∂∆ΩF̌
∆Ω̌
[0] (∆Ω)

+
∆Ω

4

2Ω̌2
⋆

∂2
∆Ω
F̌∆Ω̌
[0] (∆Ω), (C4)

Similarly, the relationship between the mode amplitudes

H̄
[n]
ℓm and Ȟ

[n]
ℓm is

H̄
[8]
ℓm(∆Ω) = Ȟ

[8]
ℓm(∆Ω), (C5)

H̄
[9]
ℓm(∆Ω) = Ȟ

[9]
ℓm(∆Ω) +

∆Ω
2

Ω̌⋆

∂∆ΩȞ
[7]
ℓm(∆Ω). (C6)
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Name Symbol Mass dimension n

Initial primary mass M̊ +1
Primary mass M +1
Secondary mass mp +1

Initial total mass M̊tot +1
Total mass Mtot +1
Dimensionless primary spin χ̊ 0
Small mass ratio ε̊ 0

Small mass ratio to the power 1/5 λ̊ 0
Symmetric mass ratio ν̌ 0
Symmetric small mass ratio to the power 1/5 σ̌ 0
Boyer-Lindquist time and radius normalized by the primary mass (t, r) +1
Boyer-Lindquist time and radius normalized by the total mass (ť, ř) +1
Hyperboloidal time normalised by the primary mass s +1
Hyperboloidal time normalised by the total mass š +1
Orbital phase ϕp 0
Orbital frequency normalized by the primary mass Ω −1
Orbital frequency normalized by the total mass Ω̌ −1
Transition orbital frequency parameter normalized by the primary mass ∆Ω −1
Transition orbital frequency parameter normalized by the total mass ∆Ω̌ −1
Reexpanded transition orbital frequency parameter normalized by the total mass ∆Ω −1
(ℓ,m)-mode of the wavestrain, normalized by the primary mass Hℓm +1
(ℓ,m)-mode of the wavestrain, normalized by the total mass Ȟℓm +1
Orbital frequency forcing function normalized by the primary mass FΩ = dΩ/dt −2

Orbital frequency forcing function normalized by the total mass F̌ Ω̌ = dΩ̌/dť −2

Relative change of the primary mass (fixed (̊ε, M̊) expansion) δM 0

Relative change of the total mass (fixed (ν̌, M̊tot) expansion) δM̌tot 0

Relative change of the primary spin (fixed (̊ε, M̊) expansion) δχ 0

Relative change of the primary spin (fixed (ν̌, M̊tot) expansion) δχ̌ 0

TABLE I. Glossary of symbols used in the re-expansion procedures. Generally, quantities without overhead ornaments are
normalized with respect to the initial primary mass M̊ , while quantities with ·̌ overhead ornaments are normalized with respect
to the initial total mass. The mass dimensions n which enter the re-expansion scheme through Eq. (55) are also provided.
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