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Building Mountains on Neutron stars

by Yashaswi Gangwar

The first detection of gravitational waves in 2015, along with the many subsequent
detections, has provided profound insights into theories of gravity and the nature of
compact objects such as black holes and neutron stars. The signals detected so far have
been transient, originating from events like binary mergers. However, we also expect
quasi-monochromatic signals, known as continuous gravitational waves, to be emit-
ted by rapidly rotating neutron stars with non-axisymmetric quadrupole moments, for
instance, neutron stars with a “mountain.” Such continuous signals will offer an inde-
pendent probe of neutron star physics, complementing electromagnetic and neutrino
observations.

In this thesis, we investigate elastic mountains, in which the non-zero quadrupole el-
lipticity is supported by the elastic properties of the crust, under two distinct models:
the starquake model and the superfluid vortex pinning model.

In the starquake model, originally developed to explain pulsar glitches, we extend the
symmetric analysis of Baym and Pines (1971) to the general case of both symmetric
and asymmetric crust breaking, where the latter gives rise to a mountain. We apply
this framework to the spin-up of an initially non-rotating star and estimate the max-
imum mountain that can be formed, subject only to energy and angular momentum
conservation. We find that the creation of a mountain in this scenario necessarily re-
quires a simultaneous change in the axisymmetric shape too.

In the latter half of the thesis, we investigate the formation of a “Magnus mountain,”
arising from the non-axisymmetric Magnus force acting on the elastic crust through
pinned superfluid vortices. We numerically solve the coupled perturbed equations of
motion for the elastic and fluid components of the star, and compute the associated
displacement field corresponding to a non-axisymmetric shape change. We begin with
the simplified case of an infinitely long cylindrical star, with the aim of extending the
model to a more realistic spherical configuration in future work.

http://www.southampton.ac.uk
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Chapter 1

Introduction

Neutron stars (NSs) are among the densest objects in the Universe, typically containing
around 1–2 solar masses within a radius of about 10–15 km (Nättilä and Kajava, 2022).
Their density is so extreme that they cause significant distortions in the very fabric of
spacetime. Neutron stars are born when a medium-sized star, with a progenitor mass
of about 8–10 times the mass of the Sun, undergoes core-collapse supernova. There
also exists an upper limit of ≳ 25 solar masses for the progenitor mass, above which
the collapse of the star produces a black hole instead (Heger et al., 2003).

Neutron stars were first hypothesised by Baade and Zwicky in 1934 (Baade and Zwicky
(1934)), interestingly just two years after the discovery of the neutron in 1932 by James
Chadwick. A timeline of major historical events in the study of neutron stars and grav-
itational waves is shown in Figure 1.1. It then took more than three decades for neutron
stars to be observationally confirmed, when Jocelyn Bell discovered the first pulsar in
1967 (Hewish et al.). She observed a radio signal repeating every few seconds with
remarkable regularity. The pulses were so precise that the team initially nicknamed the
source “little green men,” speculating about an extraterrestrial origin. However, once
additional sources were discovered with similar behavior, the extraterrestrial hypoth-
esis was ruled out, and the objects were recognised as pulsars. Pulsars are rotating
neutron stars that emit beams of electromagnetic radiation from their magnetic poles
(Lyne and Graham-Smith, 2012). Although the discovery was revolutionary, it was
also controversial, since Jocelyn Bell was not included in the 1974 Nobel Prize that was
awarded for the discovery. Since 1967, neutron stars have been studied across the en-
tire electromagnetic (EM) spectrum, from radio to X-rays and gamma-rays (Menezes,
2021).

Neutron stars provide scientists with a unique laboratory to study matter under con-
ditions inaccessible on Earth. In terrestrial laboratories, matter can be studied at low
density and high temperature, whereas neutron stars allow direct investigation of mat-
ter at extremely high densities and relatively low temperatures. Although their interior
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FIGURE 1.1: Historical timeline of key milestones in the fields of gravitational waves
and neutron stars.

temperatures are of order 108 K, neutron stars are still considered extremely cold ob-
jects due to the very high Fermi energy which is a consequence of their extreme density.
This suggests that matter inside many neutron stars may exist in macroscopic quantum
states, such as superfluidity and superconductivity. Indeed, it is widely believed that
neutrons in the core form a superfluid, while protons may form a type-II superconduc-
tor (Haskell and Sedrakian, 2018).

In this thesis, we focus on models that describe quadrupolar deformations, commonly
referred to as mountains, which can emit continuous gravitational waves. In Sec-
tions 1.1 and 1.2, we will briefly discuss gravitational waves and the different types
of mountains that can form on neutron stars.

1.1 Gravitational waves

In general relativity, a time-varying quadrupole moment gives rise to gravitational
waves. Broadly, there are four classes of gravitational waves that can, in theory, be
produced by astrophysical sources:

1. Compact binary coalescence: These are transient signals produced during the
merger of compact binaries, such as binary black holes, binary neutron stars, or
black hole–neutron star systems.

2. Continuous gravitational waves: These are emitted by isolated, spinning com-
pact objects such as neutron stars, arising from long-lived, non-axisymmetric
quadrupole deformations, often referred to as “mountains.” In this thesis, we
focus on modelling such mountains on neutron stars.

3. Burst gravitational waves: These form a subclass of transient signals, as they
are short-lived and sudden. Potential sources include core-collapse supernovae,
magnetar flares, or cosmic string cusps (Lasky, 2015). To date, they remain the
most poorly modelled type of gravitational-wave signal.
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4. Stochastic background: One possible origin of these signals is the Big Bang itself.
Over cosmic time, however, the background is expected to include contributions
from a large population of unresolved binary inspirals. In mid-2023, Pulsar Tim-
ing Array (PTA) collaborations reported evidence for the detection of a stochastic
background (EPTA Collaboration and InPTA Collaboration, 2023). If, in the fu-
ture, a primordial relic signal from the Big Bang can be disentangled from the
astrophysical background, this would provide a direct observational probe of the
physics of the early Universe.

Gravitational waves were first predicted by Einstein in 1916 (Einstein, 1916). It took
nearly a century before the first direct detection was achieved in 2015, from the merger
of two black holes observed by LIGO (Abbott and et al, 2016). That signal was transient,
lasting only a few hundred milliseconds. On 17 August 2017, the Advanced LIGO and
Virgo detectors observed GW170817, a gravitational-wave signal from the merger of
two neutron stars. This event was historic, not only for gravitational-wave astronomy
but also for neutron-star physics. With GW170817, the era of multi-messenger astron-
omy began, combining gravitational-wave and electromagnetic observations(Abbott
et al., 2017). Neutrinos were not detected from GW170817; however, this non-detection
provided upper limits on the neutrino emission during the merger (Abe et al., 2018).

Gravitational waves provide a new and independent probe of neutron-star physics, of-
fering constraints on the stellar mass–radius relation and hence the equation of state
(EoS) of ultra-dense matter (Vivanco et al., 2019). So far, all gravitational-wave detec-
tions involving neutron stars have come from binary coalescences. In principle, how-
ever, isolated neutron stars can emit continuous gravitational waves (CGWs), arising
from long-lived “mountains” or from stellar oscillations. The detection of such signals
will likely require next-generation detectors, such as the Einstein Telescope (ET) (Mag-
giore et al., 2020) and Cosmic Explorer (et al, 2017; Sieniawska and Bejger, 2019).

1.2 Neutron star mountains

A compact object such as a neutron star, when departing from its axisymmetric shape,
gives rise to a non-zero quadrupole ellipticity (for simplicity we will use the term “ellip-
ticity” for “quadrupole ellipticity”). This non-zero ellipticity is referred to as a “moun-
tain”, which, when spinning, produces CGWs (see e.g. Glampedakis and Gualtieri
(2018)). The ellipticity can be quantified as

ϵ22 =
|Ixx − Iyy|

Izz
, (1.1)

where Ixx, Iyy, and Izz are the moments of inertia of the star along the x, y, and z-axes
respectively, with the rotation occurring along the z-axis. The subscript (22) reflects the
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fact that the corresponding non-axisymmetric mass distortion is described by an (l =
2, m = 2) spherical harmonic. Since the centrifugal forces generated by the rotation
give rise to a symmetrical distortion, corresponding to an (l = 2, m = 0) perturbation,
they do not contribute to the generation of CGWs (Glampedakis and Gualtieri, 2018).

There are different classes of mountains depending on the physical process that sup-
ports these non-axisymmetric deformations. We describe them briefly below.

Magnetic mountains

In magnetic mountains, the non-zero ellipticity is induced by the magnetic field of the
star. The shape of the star depends on the type of magnetic field structure present in the
star (poloidal or toroidal). Such mountains can also be produced in an accreting system
(Glampedakis and Gualtieri, 2018; Haskell et al., 2015). Theory suggests that if the core
of the neutron star consists of quark matter instead of normal hadronic matter, the star
can sustain larger ellipticities (Glampedakis et al., 2012). Currently, the presence of a
quark matter core is considered highly uncertain, but if future GW detections confirm
such sources, it would provide valuable information on the existence of exotic states of
matter.

Elastic mountains

As the name suggests, the non-zero ellipticity is sustained by the elastic strain of the
star’s crust. We will discuss the formation of these mountains under the starquake
model in detail in the first half of the thesis, spanning Chapters 2 to 4. The nature of the
neutron star core remains uncertain, but some theories suggest the presence of a solid
core. If such a core exists, it could also support non-zero ellipticity.

Thermal mountains

These fall under the broader class of elastic mountains, since the deformation is sus-
tained by the elastic crust. We mention thermal mountains separately, as in this work
we focus on elastic mountains specifically under the starquake model. Thermal moun-
tains are believed to form in accreting systems. When accreted matter becomes buried
in the crust, nuclear reactions occur that heat the crust. We expect accretion to be
asymmetric to a small degree, and consequently the resulting temperature gradients
to be asymmetric as well, giving rise to thermal mountains (Osborne and Jones (2020);
Glampedakis and Gualtieri (2018); Haskell et al. (2015); Bildsten (1998); Ushomirsky
et al. (2000)).
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Magnus mountains

These mountains arise from the non-axisymmetric Magnus force acting on pinned su-
perfluid vortices in the neutron star. The interior of the neutron star is believed to be su-
perfluid and superconducting. The Magnus force is produced by the spin lag between
the pinned superfluid vortices and the superfluid flow. To generate a quadrupole de-
formation, the Magnus force must be asymmetric. If vortices are pinned to magnetic
fluxtubes, any asymmetry in the internal magnetic field structure will give rise to an
asymmetric Magnus force (Jones (2010); Glampedakis and Gualtieri (2018); Haskell
et al. (2022)). Similarly, any asymmetry in vortex pinning at crustal nuclei may also
produce an asymmetric Magnus force. Such asymmetry in crustal pinning could re-
sult from composition variations introduced during asymmetric accretion in the star’s
accretion phase. Magnus mountains are also classified as elastic mountains, since the
quadrupole moment is sustained by the elastic crust. We will discuss the formation of
Magnus mountains in detail in the second half of the thesis, spanning Chapters 5 to 8.

1.3 Focus of this thesis

In this thesis, we examine two different models for the formation of elastic mountains
on spinning neutron stars. The first half of the thesis considers the starquake model,
while the second half explores the Magnus mountain model. A chapter-wise outline of
the thesis is presented in Figure 1.2.

Many spinning neutron stars are observed as radio pulsars. Observations show occa-
sional sudden increases in their spin rates, termed as glitches; see e.g. Ruderman (1969);
Haskell and Melatos (2015). The starquake theory was proposed by Baym and Pines
(1971) to explain the glitches observed in the Crab and Vela pulsars, with the glitches
being caused by sudden fractures in the star’s elastically strained crust. This model was
not able to explain the large glitches observed in Vela (Flanagan (1996)). The currently
preferred model of glitches now involves unpinning of superfluid vortices (Anderson
et al. (1981)), but starquakes may nevertheless still occur.

In the past, a few attempts were made to study the formation of elastic mountains at
glitches using the starquake model. Fattoyev et al. (2018) explained the formation of
the elastic mountain by considering a portion of the crust moving radially, with the
rest of the crust remaining unchanged. As noted by the authors themselves, this is an
overly simplistic depiction of the formation of the mountain. We do not expect such
radial movement of a part of the crust due to crust break. A more globally consistent
model is needed.

A more quantitative description was given by Giliberti and Cambiotti (2022), who mod-
elled the formation of elastic mountain on an accreting NS. They also argued that the
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FIGURE 1.2: Chapter-wise outline of this thesis.

centrifugal force acting on the spinning-up NS can be strong enough to break the crust,
and that the fracture may itself occur in a non-axisymmetric way. By making some spe-
cific assumptions about the nature of the fracture process, they calculated the range of
the starquake-induced ellipticity to be 10−9 − 10−5.

A detailed study of the non-axisymmetric crust failure on macroscopic scales based
on tectonic processes was performed by Kerin and Melatos (2022), who considered a
spinning down NS. To model the micro-structure and dynamics of the crust failure,
they constructed a cellular automaton. They predicted the rate of crust failure and
found that typically the last failure event occurs when the NS spins down to ≈ 1 per
cent of its birth frequency. They also calculated the ellipticity and gravitational wave
strain as a function of the star’s age.

In this thesis, we revisit the problem of mountain formation caused by starquakes in
spinning-up stars. We use as our fundamental tool the simple energy minimisation
methods first employed by Baym and Pines (1971), which allow one to gain intuitive
insights into possible NS deformations. The original Baym and Pines (1971) analysis
specialised to axisymmetric (m = 0) deformations, as that was the most relevant to the
glitch phenomena that they studied. We extend their analysis to the non-axisymmetric
(m = 2) case, allowing for both axisymmetric and non-axisymmetric deformations
simultaneously.
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Our parameter space is two-dimensional (2-d), with one parameter controlling the
change in axisymmetric shape of the star, and the other the degree to which it becomes
triaxial. We enforce angular momentum and energy conservation, and examine how
large a mountain can be formed, subject only to these constraints. We also use our
model to describe a specific mountain building scenario proposed recently in Giliberti
and Cambiotti (2022).

The structure of the first half of the thesis is as follows. In Chapter 2, we review the star-
quake model. In Chapter 3, we calculate the energy contributions for both symmetric
and asymmetric crust breaking during a starquake. Since we did not find a derivation
of the symmetric crust breaking energies in the literature, we provide these explicitly
before moving to the asymmetric case. We then test whether cross-terms appear in
the total energy expression when both symmetric and asymmetric perturbations are
present. Chapter 3 concludes with a relation between the post-starquake equilibrium
shape and the relaxed zero-strain shape of the star in the purely asymmetric case.

In Chapter 4, we estimate the change in the star’s total energy during a starquake and
map the region of parameter space where this change is negative, i.e. where mountain
formation is energetically allowed. We then calculate the maximum mountain that can
be formed, and compare our results with the scenario of Giliberti and Cambiotti (2022).
A paper based on the results of Chapters 3 and 4 has been published in Monthly Notices
of the Royal Astronomical Society (Gangwar and Jones, 2024).

In the second half of this thesis, we examined another model for the formation of elastic
mountains, in which the asymmetry arises from the Magnus force. We therefore refer
to this as the Magnus mountain model.

It is widely accepted in the scientific community that the neutron fluid inside a neutron
star exists in a state of superfluidity. Many models also suggest that the proton fluid
in the core is in a state of superconductivity. Theory and experiment both support the
existence of superfluid vortices in rotating superfluids and of flux tubes in supercon-
ductors.

The idea of a Magnus mountain was first proposed by Jones (2002a), who argued that
if the neutron superfluid vortices are pinned non-axisymmetrically, either to flux tubes
or to crustal nuclei, this will generate a non-axisymmetric Magnus force acting on the
pinned vortices. This force, transmitted to the elastic crust through the vortices, may
deform the crust and thereby give rise to a Magnus mountain. In recent times, Haskell
et al. (2022) investigated the effect of pinned superfluid vortices at the flux tubes in the
outer core on both the mass and current multipoles.

The structure of the second half of the thesis is as follows. In Chapter 5, we briefly
review the physics of superfluidity and superconductivity. In Chapter 6, we inves-
tigate how both symmetric and non-axisymmetric interactions of superfluid vortices
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with crustal nuclei and flux tubes influence the rotational dynamics of the neutron star
under different scenarios. This analysis is entirely based on the study presented in
Sidery and Alpar (2009). In particular, we consider whether the time evolution of non-
axisymmetric interactions can lead to non-axisymmetric pinning of the vortices. This
step is crucial for developing a self-consistent model of Magnus mountain formation,
since the associated dynamics must be understood.

In Chapter 7, we present a simplified model of an infinitely long cylindrical star in
which we impose, by hand, a non-axisymmetric neutron superfluid velocity field. This
field gives rise to a non-axisymmetric Magnus force acting on the pinned vortices.
We solve the coupled elastic and fluid equations of motion and calculate the result-
ing shape change of the star. In Chapter 7, we consider the incompressible case, while
in Chapter 8 we extend the analysis to a compressible star. Finally, in Chapter 9, we
present concluding remarks regarding both the starquake and Magnus mountain mod-
els for elastic mountain formation.
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Chapter 2

Starquake model overview

In this chapter, we present the theory of the starquake model and discuss how it can
be used to study the formation of elastic mountains. We summarise the calculations of
Baym and Pines (1971) for the equilibrium shape of a star in the case of an l = 2, m = 0
perturbation, and extend the discussion to the l = 2, m = 2 perturbation, which is
responsible for mountain formation. The calculations for the relevant energies involved
in extending this idea are performed in Chapter 3. The logic developed here will then
be applied in Chapter 4 to estimate the maximum size of a mountain, along with a
discussion of results from a recent study that addresses the maximum size of an elastic
mountain on a spinning-up neutron star.

The starquake model was first proposed by Baym and Pines (1971) to explain the
glitches observed in the Crab and Vela pulsars. Pulsars are among the most stable
clocks in the Universe, rivaling the precision of terrestrial atomic clocks over long
timescales (Becker et al., 2018). However, observations reveal sudden increases in their
spin frequency, known as glitches (Haskell and Melatos, 2015; Ruderman, 1969). The
starquake model can explain small glitches but fails to account for the large glitches ob-
served in Vela (Flanagan, 1996). Subsequently, a more promising theory, involving the
pinning and unpinning of superfluid vortices, became the widely accepted explanation
for glitches. Starquakes may still play a role in glitches, as they can accompany or even
trigger the unpinning of vortices in the superfluid model for glitches (Epstein and Link,
2000). Nevertheless, the starquake model remains useful for studying the formation of
elastic mountains on neutron stars (Fattoyev et al., 2018; Giliberti and Cambiotti, 2022).

The starquake model states that when a star spins down or spins up, its equilibrium
shape changes: in the former case it becomes less oblate, and in the latter case it be-
comes more oblate, due to variations in the centrifugal force. This behaviour is illus-
trated in Figs. 2.1 and 2.2. However, because the crust is elastic, it resists this shape
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FIGURE 2.1: Spinning-down star. A represents the initial configuration with rotation
along the z-axis. As the star spins down, it tries to readjust its shape to become less
oblate, moving to configuration B.

change, and strain develops. The strain is described by the strain tensor:

Σij =
1
2

(︃
∂ξi

∂xj
+

∂ξ j

∂xi

)︃
, (2.1)

where ξi(r) is the displacement field (Franco et al., 2000). When the strain reaches a
critical limiting value, the crust breaks. Glitch models typically consider only axisym-
metric crust breaking, as they are primarily concerned with changes in the moment of
inertia. However, crust breaking is a non-linear phenomenon and may also result in
non-axisymmetric failure, which can lead to a non-zero quadrupole ellipticity (Gilib-
erti and Cambiotti, 2022).

We divide this chapter into two sections. In Section 2.1, we present the starquake model
under the assumption of axisymmetric crust breaking. In Section 2.2, we extend the
analysis to include non-axisymmetric crust breaking.

2.1 Axisymmetric crust breaking

The energy analysis of the equilibrium shape under the starquake model was first per-
formed by Baym and Pines (1971), who computed the displacement field ξi for an in-
compressible uniform-density, uniform-shear-modulus stellar model (see also Franco
et al. (2000)). They assumed whole star to be elastic. They considered purely axisym-
metric (m = 0) shape changes during starqauke. For a spinning-down star, the transi-
tion is from the zero-strain configuration with oblateness ϵ20,0 to a strained equilibrium
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FIGURE 2.2: Spinning-up star. A is the initial configuration with rotation along the z-
axis. As the star spins up, it tries to readjust its shape to become more oblate, moving
to configuration B.

configuration ϵ20. The oblateness parameter is defined as:

ϵ20 =
Izz − Izz,s

Izz,s
, (2.2)

where Izz is the moment of inertia about the rotation axis (chosen to be the z-axis) and
Izz,s is the moment of inertia in the spherical configuration.

To find the equilibrium shape, one must balance the rotational and strain energies—which
favour a more oblate shape—against the gravitational energy, which favours a more
spherical configuration. The total energy is written as:

ET = Egrav + Erot + Estrain, (2.3)

where Egrav is the gravitational potential energy, Erot is the rotational kinetic energy,
and Estrain is the strain energy.

For small departures from sphericity, the gravitational potential energy can be written
as:

Egrav = Egrav,s + δEg, (2.4)

where Egrav,s is the gravitational potential energy of the spherical configuration of the
star, and δEg represents the change in gravitational energy due to the deformation.
Since the gravitational energy must reach a minimum when ϵ20 = 0, this motivates the
quadratic dependence

δEg = A20ϵ2
20. (2.5)
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Here A20 acts like a gravitational stiffness, resisting shape changes. For a uniform den-
sity star of mass M and radius R:

A20 =
3
25

M2G
R

. (2.6)

This expression for A20 is mentioned in Baym and Pines (1971). They did not derive
this expression, but instead gave the reference Love (1944). Since we did not find the
derivation in Love (1944), we derived the expression for A20 explicitly in chapter 3.

The rotational kinetic energy is:

Erot =
L2

2Izz
, (2.7)

where L is the angular momentum.

The elastic strain energy is minimised when the actual shape, ϵ20, matches the shape
ϵ20,0 at which the strain vanishes, leading to the relation

Estrain = B20(ϵ20 − ϵ20,0)
2, (2.8)

where B20 is a constant representing the elastic stiffness of the crust. For an incompress-
ible star with uniform density and uniform shear modulus µ, we have

B20 =
57
50

µVs, (2.9)

where Vs =
4πR3

3 is the total volume of the star (Baym and Pines, 1971).

In a realistic neutron star, only the crust is elastic. In this case, the expression for B20

can be written as
B20 =

57
50

µ

(︃
4π

3
(R3 − R3

c)

)︃
, (2.10)

where Rc is the inner radius of the crust.

Although the value of B20 is quoted by Baym and Pines (1971), the derivation is not
provided in their work. In the following chapter, we explicitly calculate the constant
B20.

Collecting the above contributions, the total energy of the star can be written as

ET = Egrav,s +
L2

2Izz,s(1 + ϵ20)
+ A20ϵ2

20 + B20(ϵ20 − ϵ20,0)
2. (2.11)

To determine the equilibrium shape ϵ20, we minimise Eq. (2.11) with respect to ϵ20,
keeping the angular momentum L fixed. This yields

ϵ20 =
Izz,s Ω2

4 (A20 + B20)
+

B20

A20 + B20
ϵ20,0, (2.12)
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where Ω is the angular velocity of the star. This equation gives the relation between
the equilibrium shape (ϵ20) and the elastically relaxed shape (ϵ20,0) of the star. The first
term, proportional to Ω2, can be identified as the centrifugal distortion. The second
term, which remains when Ω is set to zero, is the (axisymmetric) distortion supported
by the elastic strains in the crust.

We can rewrite Eq. (2.12) in the form

ϵ20 = ϵΩ + b20 ϵ20,0, (2.13)

where

ϵΩ =
5
6

R3Ω2

GM
= 1.76 × 10−3

(︃
f

100 Hz

)︃2 R3
6

M1.4
, (2.14)

using Ω = 2π f , and

b20 =
B20

A20 + B20
≈ B20

A20
=

38π µ R3∆R
M2G

≈ 2.28 × 10−5 µ30 R3
6 ∆R5

M2
1.4

. (2.15)

In Eqs. (2.14) and (2.15), the quantities have been scaled to canonical values: M1.4 is
the mass in units of 1.4M⊙, R6 is the stellar radius in units of 106 cm, µ30 is the shear
modulus in units of 1030 erg cm−3, and ∆R5 is the crust thickness in units of 105 cm.

2.2 Non-axisymmetric crust breaking

The analysis presented in the previous section applies only to the axisymmetric l =

2, m = 0 perturbation and is therefore not directly applicable to mountain building,
which is associated with the non-axisymmetric l = 2, m = 2 perturbations. However,
the same approach can be straightforwardly adapted.

Neglecting rotation, we can modify Eq. (2.11) to express the total energy for the m = 2
case as

ET = Egrav,s + A22ϵ2
22 + B22(ϵ22 − ϵ22,0)

2, (2.16)

where ϵ22 and ϵ22,0 describe, respectively, the actual equilibrium configuration and the
relaxed zero-strain configuration, both non-axisymmetric. In the l = 2, m = 2 case we
allow for a non-vanishing relaxed configuration ϵ22,0. In a neutron star crust, failure
is a nonlinear and localized process: due to spatial inhomogeneities in temperature,
composition, and magnetic stresses, the breaking strain is reached first in limited re-
gions rather than globally. Consequently, after crustal break, the relaxed shape of the
star could evolve into a non-axisymmetric configuration. Motivated by this physically
plausible symmetry breaking during crustal failure, we therefore allow for a non-zero
ϵ22,0 in the present model.



14 Chapter 2. Starquake model overview

Minimising Eq. (2.16) with respect to ϵ22 gives

ϵ22 =
B22

A22 + B22
ϵ22,0. (2.17)

This expression relates the equilibrium non-axisymmetric deformation ϵ22 to the corre-
sponding relaxed shape ϵ22,0.

In much of the literature, A22 and B22 are assumed to be identical to A20 and B20, re-
spectively. Since A20 ≫ B20, we may approximate Eq. (2.17) as

ϵ22 =
B22

A22 + B22
ϵ22,0 ≈ B22

A22
ϵ22,0 ≈ B20

A20
ϵ22,0 ≈ 10−5ϵ22,0, (2.18)

where the last step follows from Eq. (2.15). This indicates that the actual equilibrium
mountain size is much smaller than the relaxed m = 2 shape. This outcome is not
very favourable for mountain formation, as it implies that even if the crust attempts to
sustain a significant deformation, gravity, being much stronger, will flatten almost all
of it, leaving only a small residual ellipticity.

In Chapter 3, we will explicitly calculate B22 and A22 to verify the scaling given in
Eq. (2.18).

In the most general case, both l = 2, m = 0 and l = 2, m = 2 perturbations may be
present simultaneously. The total energy can then be expressed as

ET = Egrav,0 +
L2

2Izz
+ B20(ϵ20 − ϵ20,0)

2 + A20ϵ2
20 + B22(ϵ22 − ϵ22,0)

2 + A22ϵ2
22. (2.19)

In Chapter 3, we will show explicitly that no cross-energy terms appear in Eq. (2.19)
when the two perturbations coexist.
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Chapter 3

Energy Calculations for Elastic
Mountains

In this chapter, we explicitly compute the strain and perturbed gravitational potential
energy of a star subject to a non-axisymmetric l = 2, m = 2 perturbation, which corre-
sponds to the non-axisymmetric deformation of the crust in the starquake model. We
subsequently evaluate the constants B22 and A22, which are associated with the strain
energy and gravitational energy, respectively.

As the derivations of B20 and A20 for the axisymmetric l = 2, m = 0 perturbation are
not available in the existing literature, we begin by deriving these quantities before
proceeding to the m = 2 case. Once the expressions for B22 and A22 are established,
we use them to quantify the numerical relationship between the relaxed (zero-strain)
shape and the equilibrium shape of the star within the starquake framework. This, in
turn, allows us to estimate the size of a mountain that would result from a given zero-
strain configuration.

Additionally, we examine whether cross-terms arise in the energy expression when
both axisymmetric and non-axisymmetric perturbations are present simultaneously.
The results obtained in this chapter will be utilised in Chapter 4, where we compute
the maximum possible mountain size on a spinning neutron star.

To facilitate analytical calculations, we adopt a highly idealised stellar model follow-
ing Baym and Pines (1971). The star is assumed to be incompressible and of uniform
density, with the entire star treated as elastic with a uniform shear modulus. The total
stellar radius is R.

Treating the neutron star as incompressible is a good approximation for elastic moun-
tain formation in starquake models because the deformation is dominated by shear
rather than compression. Neutron star matter is extremely stiff, with a very large
bulk modulus, so volume changes are negligible compared to shape distortions for the
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stresses involved in crustal failure. This approximation therefore captures the relevant
physics while providing analytically tractable estimates of the maximum quadrupole.

3.1 Calculation of B20

In this section, we derive the strain energy coefficient B20, as given in Equation (2.9), for
the l = 2, m = 0 perturbation. The general expression for calculating the strain energy
of an elastic medium is

Estrain =
∫︂

Ustrain dV =
∫︂

µ ΣijΣij dV, (3.1)

where Ustrain is the strain energy density, µ is the shear modulus, and Σij is the strain
tensor. We first compute the strain tensor Σij for the displacement field assumed for the
neutron star, and then evaluate the strain energy density Ustrain. Finally, we perform the
volume integral to obtain the total strain energy Estrain (Thorne and Blandford, 2017).

The total strain energy after the starquake process is then equated to the phenomeno-
logical expression for the strain energy, given by Equation (2.8):

B20(ϵ20 − ϵ20,0)
2 =

∫︂
µ ΣijΣij dV. (3.2)

By computing the difference between the zero-strain and equilibrium oblateness pa-
rameters, (ϵ20 − ϵ20,0), we can determine B20 from Equation (3.2).

We begin by calculating the strain tensor Σij using the covariant derivative form Thorne
and Blandford (2017), which is a generalisation of Equation (2.1):

Σij =
1
2
(∇jξi +∇iξ j). (3.3)

To evaluate the strain tensor, we first need to specify a displacement field ξ⃗ for the
star. We adopt the displacement field given in Baym and Pines (1971) (Equation 29).
The derivation of this displacement is found in Chapter 4 (Equation 4.100) of Lucy
Keer’s thesis (Keer, 2014). This displacement corresponds to the difference between
two configurations: the initial relaxed configuration, rotating with angular velocity ΩA,
and the strained configuration, rotating with angular velocity Ω. It is expressed as

ξ⃗ = U(r)P2(cos θ) r̂ + V(r)∇P2(cos θ), (3.4)

where the Legendre polynomial of degree 2 is

P2(cos θ) =
1
2
(3 cos2 θ − 1). (3.5)
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Equation (3.4) represents the general form of any l = 2, m = 0 displacement field. The
functions U(r) and V(r) are radial eigenfunctions that encode the amplitude of the
displacement associated with the quadrupolar (ℓ = 2) perturbation. For a uniform-
density elastic star (i.e., the entire star is elastic) with uniform shear modulus, Baym
and Pines (1971) and Keer (2014) provide the following expressions for U(r) and V(r):

U(r) =
1

5R2
λ

1 + b20
(Ω2 − Ω2

A)(3r3 − 8R2r), (3.6)

V(r) =
1

5R2
λ

1 + b20
(Ω2 − Ω2

A)

(︃
5
2

r4 − 4R2r2
)︃

, (3.7)

with
λ =

5
8πGρ

. (3.8)

and
b20 =

57µ

8πGρ2R2 . (3.9)

Substituting Equations (3.6) and (3.7) into Equation (3.4), we obtain:

ξ⃗ =
1

5R2
λ

1 + b20
(Ω2 −Ω2

A)(3r3 − 8R2r)P2(cos θ) r̂− 3
2

1
5R2

λ

1 + b20
(Ω2 −Ω2

A)

(︃
5
2

r3 − 4R2r
)︃

sin(2θ) θ̂.

(3.10)

For convenience, let us define

k =
1

5R2
λ

1 + b20
(Ω2 − Ω2

A). (3.11)

With this definition, Equation (3.10) can be rewritten as

ξ⃗ = k(3r3 − 8R2r)P2(cos θ) r̂ − 3
2

k
(︃

5
2

r3 − 4R2r
)︃

sin(2θ) θ̂. (3.12)

For analytical calculations, it is convenient to write the displacement vector in a com-
pact form as

ξ⃗ = ξr r̂ + ξθ θ̂, (3.13)

where the radial and polar components are given by

ξr = U(r)P2(cos θ) = k(3r3 − 8R2r)P2(cos θ), (3.14)

ξθ = V(r)∇P2(cos θ) = −3
2

V(r)
r

sin(2θ) = −3
2

k
(︃

5
2

r3 − 4R2r
)︃

sin(2θ). (3.15)

Next, we calculate the different components of the strain tensor using the displacement
field ξ⃗ defined in Eq. (3.13). The expressions for the strain tensor components in spher-
ical coordinates are taken from Thorne and Blandford (2017).

We evaluate each non-zero component of the strain tensor:
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Σrr =
2
3

∂ξr

∂r
− 2

3r
ξr −

cot θ

3r
ξθ −

1
3r

∂ξθ

∂θ
− 1

3r sin θ

∂ξϕ

∂ϕ
= 4kP2r2 +

V(r)
r2 (3 cos2 θ − 1),

(3.16)

Σθθ =
2
3r

∂ξθ

∂θ
+

1
3r

ξr −
1
3r

∂ξr

∂r
− cot θ

3r
ξθ −

1
3r sin θ

∂ξϕ

∂ϕ
=

V(r)
r2 (2 − 3 cos2 θ)− 2P2kr2,

(3.17)

Σϕϕ =
2

3r sin θ

∂ξϕ

∂ϕ
+

2
3r

cot θξθ +
ξr

3r
− 1

3
∂ξr

∂r
− 1

3r
∂ξθ

∂θ
= −2P2kr2 +

V(r)
r2 , (3.18)

Σϕθ = Σθϕ =
1
2r

∂ξϕ

∂θ
−

cot θξϕ

2r
+

1
2r sin θ

∂ξθ

∂ϕ
, (3.19)

Σϕr = Σrϕ =
1

2r sin θ

∂ξr

∂ϕ
+

1
2

∂ξϕ

∂r
−

ξϕ

2r
. (3.20)

We assume that the displacement does not depend on ϕ and that ξϕ = 0. Furthermore,
since ξθ and ξr are independent of ϕ, their partial derivatives with respect to ϕ vanish.
This gives:

Σϕθ = Σθϕ = Σϕr = Σrϕ = 0.

The remaining non-zero off-diagonal components are:

Σrθ = Σθr =
1
2

∂ξθ

∂r
− ξθ

2r
+

1
2r

∂ξr

∂θ
= 6k sin 2θ(R2 − r2). (3.21)

We now summarise the full strain tensor:

Σij =

⎡⎢⎣4kP2r2 + V(r)
r2 (3 cos2 θ − 1) 6k sin 2θ(R2 − r2) 0

6k sin 2θ(R2 − r2) V(r)
r2 (2 − 3 cos2 θ)− 2P2kr2 0

0 0 −2P2kr2 − V(r)
r2

⎤⎥⎦
(3.22)

To calculate the total strain energy Estrain, we first compute the strain energy density
Ustrain, given by
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Ustrain = µΣijΣij. (3.23)

Expanding Eq. (3.23) yields:

Ustrain = µ
[︂
Σ2

rr + Σ2
θθ + Σ2

ϕϕ + 2(Σrθ)
2
]︂

. (3.24)

Substituting the expressions from Eq. (3.22), we obtain:

ΣijΣij =

[︃
4kP2r2 +

V(r)
r2 (3 cos2 θ − 1)

]︃2

+

[︃
V(r)

r2 (2 − 3 cos2 θ)− 2P2kr2
]︃2

+

[︃
−2P2kr2 − V(r)

r2

]︃2

+ 2
[︁
6k sin 2θ(R2 − r2)

]︁2
. (3.25)

Inserting Eq. (3.25) into Eq. (3.23) and simplifying gives:

Ustrain = µk2
(︃

96R4 +
117

2
r4 +

3
2

r4 cos2 θ(9 cos2 θ + 33)− 72r2R2(2 + cos2 θ)

)︃
. (3.26)

We now perform the volume integration of Ustrain over the entire star to obtain the total
strain energy:

Estrain =
∫︂

Ustrain dV = 38µk2R7π. (3.27)

The final step in obtaining the value of B20 is the evaluation of

ϵ20 − ϵ20,0 =
I20
zz − Izz,s

Izz,s
− δI20,0

zz − Izz,s

Izz,s
=

δIzz

Izz,s
. (3.28)

Here, we assume that the rotation occurs about the z-axis. The quantity Izz,s denotes
the moment of inertia of a spherical, non-rotating star about the rotation axis, while δIzz

is the change in moment of inertia as the star transitions from the relaxed, zero-strain
shape to the equilibrium shape. The expressions for Izz and δIzz are given by:

Izz =
∫︂

V
ρ(x2 + y2) dV, (3.29)

δIzz = δ
∫︂

V
ρ(x2 + y2) dV. (3.30)
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To evaluate δIzz, we make use of the identity

δ
∫︂

V
ρ f dV =

∫︂
V

ρ∆ f dV, (3.31)

as noted in Friedman and Schutz (1978), Eq. (B12). The Lagrangian perturbation ∆ f of
a fluid variable f is defined as

∆ f (x, t) = f (x + ξ, t)− f0(x, t). (3.32)

The corresponding Eulerian perturbation δ f is related to the Lagrangian perturbation
by

∆ f = δ f + ξ · ∇ f0. (3.33)

Applying Eq. (3.31) to Eq. (3.30) gives:

δIzz =
∫︂

V
ρ∆(x2 + y2) dV. (3.34)

Now, using the definition of the Lagrangian perturbation of a tensor quantity,

∆(xixj) ≡ (xi + ξi)(xj + ξ j)− xixj = ξixj + ξ jxi + ξiξ j, (3.35)

and keeping only terms linear in ξ, we obtain

δIzz = 2ρ
∫︂

V
(ξxx + ξyy) dV. (3.36)

Since the calculations are carried out in spherical coordinates, we express the displace-
ment vector in the form ξ = ξr r̂ + ξθ θ̂. Projecting this displacement onto the Cartesian
basis yields the Cartesian components

ξx = ξr sin θ cos ϕ + ξθ cos θ cos ϕ, (3.37)

ξy = ξr sin θ sin ϕ + ξθ cos θ sin ϕ. (3.38)

Substituting Eqs. (3.37) and (3.38) into Eq. (3.36) and performing the angular integra-
tions over the stellar volume, we obtain

δIzz =
8
3

kR7πρ. (3.39)

The expression for the moment of inertia of a spherical star is:

Izz,s =
8ρπR5

15
. (3.40)
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Substituting Eqs. (3.39) and (3.40) into Eq. (3.28), we obtain:

ϵ20 − ϵ20,0 = 5kR2. (3.41)

Now, substituting Eq. (3.27) and Eq. (3.41) into Eq. (3.1), we get:

Estrain = 38µk2R7π = 25B20k2R4, (3.42)

which yields:

B20 =
57
50

µ

(︃
4πR3

3

)︃
. (3.43)

Thus, we reproduce the expression for the constant B20 as given in Baym and Pines
(1971) in Eq. (2.9).

In the above derivation, we have assumed the entire star to be elastic. In a realistic
neutron star, however, only the crust is elastic, with a fluid core in the interior. In that
case, the same method could be applied to obtain the expression for B20 as given in
Eq. (2.10), adopting the same displacement field (3.4) as the correct eigenfunction for a
star with finite crust thickness. This approximation is justified since elasticity is much
weaker than gravity. Baym et al. (1969) followed this approach and provided values of
B20 for varying crust thicknesses in Table 1 of their work.

Later, in the calculation of B22 for the non-axisymmetric perturbation, we will assume
the star to consist of a fluid core surrounded by an elastic crust.

3.2 Calculation of A20

In this section, we calculate the perturbed gravitational potential energy, δEg, which ap-
pears in Equation (2.4). We again assume an incompressible star with uniform density.
Two different methods are employed: (1) the Friedman and Schutz formalism, which
is a perturbative approach that expresses δEg in terms of the displacement vector field
(Friedman and Schutz, 1978), and (2) the Maclaurin spheroids method (Shapiro and
Teukolsky, 1983), which involves solving Poisson’s equation using Green’s functions
expressed in terms of spherical harmonics to compute Eg for an ellipsoid. The latter
method is general for any ellipsoid and can be applied to the biaxial case considered
here.

3.2.1 Method: Friedman and Schutz

We use the formalism provided in Friedman and Schutz (1978) to compute the per-
turbed gravitational potential energy (equation B56 in Friedman and Schutz (1978)).
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The expression for δEg is given by

δEg =
∫︂

V
[ρξ i∇iΦ + ρξ i∇iδΦ +

1
8πG

∇iδΦ∇iδΦ +
1
2

ρξ iξ j∇i∇jΦ]dV. (3.44)

We use the displacement field from Eq. (3.13), previously employed in the calculation
of B20. The gravitational potential Φ is obtained by solving Poisson’s equation:

∇2Φ = 4πGρ, (3.45)

which yields:

Φ(r) =

⎧⎨⎩
2
3 πGρ(r2 − 3R2), r ≤ R

− 4πGρR3

3r , r > R.
(3.46)

Note that the integration domain in Eq. (3.44) is infinite. Therefore, to compute the
third term in Eq. (3.44), one has to consider both δΦint(0 ≤ r ≤ R) and δΦext(r > R) as
given below:

δΦint = 4πGR2ρkr2P2(cos θ), (3.47)

δΦext =
4πGR7ρkP2(cos θ)

r3 , (3.48)

from Keer (2014). We now evaluate the four contributions appearing in Eq. (3.44). The
first term is given by ∫︂

V
ρξ i∇iϕ dV =

∫︂
V

ρξr∇rϕ dV. (3.49)

This term vanishes identically after performing the angular integration and therefore
does not contribute to the energy variation. The second term evaluates to∫︂

V
ρξ i∇iδϕ dV = −16ρ2k2π2GR9. (3.50)

The third term represents the self-energy associated with the gravitational potential
perturbation and is given by

∫︂
V

1
8πG

∇iδϕ∇iδϕ dV = 8ρ2k2π2GR9. (3.51)

The fourth term, which is quadratic in the displacement field, takes the form

∫︂
V

1
2

ρξ iξ j∇i∇jϕ dV =
316
45

ρ2k2π2GR9. (3.52)

Adding the non-vanishing contributions from the second, third, and fourth terms, we
obtain the total change in gravitational energy

δEg = −44
45

ρ2k2π2GR9. (3.53)
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This result implies a negative change in gravitational energy, which contradicts phys-
ical expectations. The background star is initially spherical and non-rotating, repre-
senting a configuration of minimum gravitational energy. Upon the introduction of
rotation, the star becomes deformed. However, the result given in Eq. (3.53) incor-
rectly suggests that the deformed, rotating star possesses a lower gravitational energy
than the original spherical configuration. This is unphysical, as rotational deformation
should increase the total gravitational energy compared to the non-rotating, spherically
symmetric state.

To assess the full picture, we also compute the change in internal energy δU, using
Eq. (B48) from Friedman and Schutz (1978):

δU =
1
2

∫︂
V

ξ iξ j∇i∇jP dV. (3.54)

In order to evaluate this, we first require the pressure profile P(r), which can be ob-
tained from the static Euler equation:

ρ
dv
dt

= −∇P − ρ∇Φ. (3.55)

Since the background star is static and time-independent, equation (3.55) reduces to the
time-independent Euler equation:

0 = −∇P − ρ∇Φ. (3.56)

Using Eqs. (3.46) and (3.56), we find:

P(r) =

⎧⎨⎩
2
3 πGρ2(R2 − r2), r ≤ R

0, r > R. (3.57)

At the surface, the pressure gradient can be expressed via a Heaviside function (Yim
and Jones, 2022):

∇jP(r) = −4
3

πGρ2rjH(R − r). (3.58)

Differentiating Eq. (3.58) gives:

∇i∇jP(r) = −4
3

πGρ2[δijH(R − r)− rjr̂iδ(r − R)]. (3.59)
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Inserting Eq. (3.59) into Eq. (3.54):

δU = −2
3

πGρ2
∫︂

V
ξ iξi dV +

2
3

πGρ2R
∫︂

∂V
[ξr(R)]2 dS. (3.60)

Evaluating Eq. (3.60) using the displacement field given in Eq. (3.13), we find

δU =
284
45

ρ2k2π2GR9. (3.61)

Since we are considering an incompressible star, the change in internal energy should
vanish. However, Equation (3.61) yields a positive change in internal energy.

If we proceed with the calculated values of δU and δEg, and sum them, we obtain

δU + δEg =
248
45

ρ2k2π2GR9 − 44
45

ρ2k2π2GR9 =
16
3

ρ2k2π2GR9. (3.62)

Equating this with A20ϵ2:

δU + δEg =
16
3

ρ2k2π2GR9 = A20ϵ2, (3.63)

and using ρ = 3M
4πR3 , we obtain:

A20 =
3
25

GM2

R
. (3.64)

We reproduce the value of A20 as given in Baym and Pines (1971), but only after com-
bining the change in internal energy, δU, with the change in gravitational energy, δEg.
However, this is not correct, since A20 is defined as the coefficient associated only with
the perturbed gravitational energy.

There are two main issues with the calculation above: (1) the incorrect negative value
of δEg in Eq. (3.53), and (2) the non-zero internal energy δU despite the star being in-
compressible, for which δU should ideally vanish. These problems were previously
identified in Yim and Jones (2022).

We find that the source of the discrepancy noted above is that the displacement field
given in Equation (3.4) enforces incompressibility only to first order, whereas the leading-
order contributions to δEg and δU arise at second order. A more accurate displacement
field, which ensures incompressibility to second order, should resolve this issue. If
we compute the Lagrangian perturbation in density, we may identify the second-order
correction that should be added to the displacement field so that the incompressibility
condition is satisfied up to second order. We calculate the Lagrangian perturbation in
density using the formalism described in Friedman and Schutz (1978):
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∆ρ

ρ
= −∇iξ

i +
1
2
(∇iξ

i∇jξ
j +∇iξ

j∇jξ
i) +O(ξ3), (3.65)

Using this expression, we obtain a second-order perturbation to the density in powers
of k2, which takes a rather complicated form:

∆ρ

ρ
= k2

(︃
−207

4
r4 cos4 θ +

333
4

r4 cos2 θ +
117r4

4
+ 360r2R2 cos4 θ − 396r2R2 cos2 θ

−72r2R2 + 48R4 + 144 cos2 θR4 − 144 cos4 θR4
)︂

. (3.66)

Here, k is a small parameter defined in equation (3.11) in terms of the angular velocity
Ω. From the form of the density perturbation, it is not straightforward to deduce the
second-order correction to the displacement field in equation (3.4) that would render
it incompressible to this order. Although it is possible to construct such a field, the
derivation would be lengthy and cumbersome. Instead, we employ an alternative dis-
placement field that suffices for calculating δEg, since the gravitational energy depends
only on the shape of the star and not on how the individual fluid elements inside the
star are rearranged. We therefore proceed with the analysis by choosing the Kelvin
mode displacement, which represents a family of vector fields defined as follows:

ξ⃗lm =
αlm

Rl−2∇(rlYlm(θ, ϕ)). (3.67)

For a perturbation with l = 2 and m = 0, equation (3.67) becomes:

ξ⃗20 = 2α20rY20êr + α20r
dY20

dθ
êθ , (3.68)

where the spherical harmonic is given by

Y20 =
1
4

√︃
5
π
(3 cos2 θ − 1). (3.69)

The components of the displacement field are:

ξr = α20r
1
2

√︃
5
π
(3 cos2 θ − 1), (3.70)

ξθ = −α20r
3
4

√︃
5
π
(sin 2θ). (3.71)
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Using equations (3.44) and (3.54), we compute δEg and δU for this displacement field.
We find:

δEg = − 3
20

GM2

πR
α2

20, (3.72)

δU =
3
4

GM2

πR
α2

20. (3.73)

We again observe that the same two issues persist: a negative perturbed gravitational
potential energy and a positive change in internal energy. These results were first noted
in Yim and Jones (2022), where the authors also employed the Kelvin mode displace-
ment field in their analysis. We further note that Equation (3.68) too enforces incom-
pressibility only to first order. To verify this, we again compute the density perturbation
using Equation (3.65):

∆ρ

ρ
=

15
4π

α2
20. (3.74)

This result shows that the star is not incompressible to second order. Unlike Equa-
tion (3.66), this expression for the density perturbation is simpler, allowing us to easily
identify a second-order correction term that can be added to the Kelvin mode displace-
ment field to ensure incompressibility up to second order.

We also compute the volume perturbation by evaluating the stellar radii along the prin-
cipal axes:

a1 = R + ξr(r = R, θ =
π

2
, ϕ = 0) = R

(︄
1 +

1
2

α20

√︃
5
π

)︄
, (3.75)

a2 = R + ξr(r = R, θ =
π

2
, ϕ =

π

2
) = R

(︄
1 +

1
2

α20

√︃
5
π

)︄
, (3.76)

a3 = R + ξr(r = R, θ = 0) = R

(︄
1 − α20

√︃
5
π

)︄
. (3.77)

The volume of the resulting triaxial ellipsoid is given by:

Vper =
4π

3
a1a2a3. (3.78)

The fractional change in volume is then:
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∆V
V

= − 15
4π

α2
20. (3.79)

This shows that the reduction in volume is exactly balanced by the increase in density,
as expected from mass conservation. The Kelvin mode introduces a uniform radial
contraction (l = 0 mode), so we counterbalance it with an expansion. To restore in-
compressibility to second order, we introduce a corrective radial term by hand, which
appears as a second-order addition to the displacement field:

ξ⃗20 = α20∇(r2Y20(θ, ϕ)) +
5r
4π

α2
20êr. (3.80)

One can verify that this modified displacement field yields zero second-order density
and volume perturbations using Equations (3.65) and (3.78), respectively.

Now, we have a displacement field given in Equation (3.80) that ensures incompress-
ibility to second order. Continuing with the calculation of the perturbed gravitational
potential energy, we substitute Equation (3.80) into Equation (3.44), which yields:

δEg =
3
5

GM2

πR
α2

20. (3.81)

We now obtain a positive perturbed gravitational potential energy. Furthermore, with
the modified displacement field, the internal energy perturbation vanishes, as can be
verified by substituting Equation (3.80) into the expression given in Equation (3.60).

Next, to evaluate the constant A20, we compute the ellipticity using Equation (2.2). The
unperturbed moment of inertia is given by:

Izz,0 =
2
5

MR2, (3.82)

while for a uniform density ellipsoid:

Izz =
M
5
(a2

1 + a2
2). (3.83)

Substituting the values of a1 from Equation (3.75) and a2 from Equation (3.76), we ob-
tain:

Izz =
2
5

MR2

(︄
1 + α20

√︃
5
π

)︄
, (3.84)

which is valid to first order in α20.
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Substituting Equations (3.82) and (3.84) into the definition of ellipticity given in Equa-
tion (2.2), we obtain:

ϵ20 = α20

√︃
5
π

. (3.85)

Next, inserting Equation (3.85) into the phenomenological expression for the perturbed
gravitational energy given in Equation (2.5), and comparing with the perturbed gravi-
tational energy in Equation (3.81) derived in this section, we find:

A20 =
3GM2

25R
. (3.86)

Thus, we reproduce the value of A20 found in the literature using a second-order in-
compressible displacement field. Baym and Pines (1971) present the result for A20 and
cite the book by Love (1944) as the source. However, we were unable to find an explicit
derivation of this result in that reference and have therefore carried out the calculation
independently.

3.2.2 Method: Maclaurin spheroids

To gain further confidence in the value of A20 calculated in the previous section, we
now compute the perturbed gravitational potential energy using an alternative method
based on Maclaurin spheroids. This approach is outlined in Shapiro and Teukolsky
(1983), Section 7.3, ”Rotating Configurations: The Maclaurin Spheroids” (Shapiro and
Teukolsky, 1983). The gravitational potential energy of a Maclaurin spheroid, repre-
senting an oblate spheroid formed when a uniformly dense self-gravitating fluid ro-
tates at a constant angular velocity, is given as an exercise in Shapiro and Teukolsky
(1983) (Eq. 7.3.23).

The calculation begins with the gravitational potential Φ, obtained from the Green’s
function solution of Poisson’s equation, given by

Φ = −2πGρ

[︄
− 1

3 r2 +
∫︂ 1

0

dx
1
a2

1
+
(︂

1
a2

3
− 1

a2
1

)︂
x2

− (3 cos2 θ − 1) r2

4

∫︂ 1

0
dx (3x2 − 1) log

[︃
1
a2

1
+

(︃
1
a2

3
− 1

a2
1

)︃
x2
]︃]︄

, (3.87)

where a1 and a3 denote the equatorial and polar radii of the spheroid, respectively. This
expression for the gravitational potential Φ is given in Equation (7.3.5) of Shapiro and
Teukolsky (1983).
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The gravitational potential energy is then obtained by taking the volume integral of
Eq. (3.87):

Egrav =
1
2

ρ
∫︂

Φ d3x. (3.88)

Carrying out this integration yields

Egrav = −3
5

(︃
4π

3

)︃2

Gρ2a5
1

sin−1 e
e

(1 − e2), (3.89)

where e is the eccentricity of the spheroid, defined as

e2 = 1 − a2
3

a2
1

. (3.90)

To compute δEgrav, we Taylor expand Eq. (3.89) in terms of e. The expression for the
mass M of the star in terms of a1 and e is given by Shapiro and Teukolsky (1983)
(Eq. 7.3.20):

M =
4
3

πa3
1(1 − e2)1/2ρ. (3.91)

Rearranging Eq. (3.91) allows us to express a1 in terms of e:

a1 = R(1 − e2)−1/6, (3.92)

where

R =

(︃
3M
4πρ

)︃1/3

. (3.93)

To express e2 in terms of Ω, we use the following expression from Shapiro and Teukol-
sky (1983) (Eq. 7.3.18):

Ω2 = 2πρG
[︃
(1 − e2)1/2

e3 (3 − 2e2) sin−1 e − 3(1 − e2)

e2

]︃
. (3.94)

Linearising Eq. (3.94), we get:

5Ω2

8πρG
=

1
3

e2 +
1
21

e4. (3.95)

Let us define γ = − 5Ω2

8πρG . Then Eq. (3.95) becomes:
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−γ =
1
3

e2 +
1
21

e4. (3.96)

Assuming a perturbative expansion of the form:

e2 = k0γ + k1γ2, (3.97)

and substituting into Eq. (3.96), we get:

−γ =
1
3

k0γ +

(︃
1
3

k1 +
1
21

k2
0

)︃
γ2. (3.98)

Matching coefficients, we find:

k0 = −3, (3.99)

k1 = −9
7

. (3.100)

Substituting these into Eq. (3.97) gives:

e2 = −3γ − 9
7

γ2. (3.101)

Now substitute Eq. (3.92) into the gravitational energy expression Eq. (3.89):

Egrav = −3
5

(︃
4π

3

)︃2

Gρ2R5(1 − e2)−5/6 sin−1 e
e

(1 − e2). (3.102)

Linearising this in e, we find:

δEgrav =
3
5

(︃
4π

3

)︃2

Gρ2R5 · 1
45

e4. (3.103)

Substituting Eq. (3.101) into Eq. (3.103) gives:

δEgrav =
3
5

(︃
4π

3

)︃2

Gρ2R5 · 1
5

γ2. (3.104)

In order to calculate A20, we require ϵ20 in terms of γ. In the calculation of the constant
B20 (which is related to the strain energy), we previously obtained ϵ20 − ϵ20,0 = 5kR2.



3.3. Calculation of B22 31

Here, we are considering a fluid star. In this case, only the surface shape of the star
affects the gravitational potential energy; the nature of the stellar matter, whether fluid
or elastic, does not influence the calculation. For a fluid star, the shear modulus van-
ishes (µ = 0), and we can set ΩA = 0 in equation (3.41). Physically, this corresponds
to taking a non-rotating spherical star as the initial configuration and then spinning it
up to an angular velocity Ω, thereby making it oblate. With these substitutions into
equation (3.41), we obtain

ϵ20 = 5 · λ

5R2 Ω2R2, (3.105)

where λ is a constant defined in Eq. (3.8).

Finally, inserting the expression for λ into equation (3.105) yields

ϵ20 =
5Ω2

8πGρ
= −γ. (3.106)

Inserting Eqs. (3.104) and (3.106) into Eq. (2.5) yields:

3
5

(︃
4π

3

)︃2

Gρ2R5 · 1
5

γ2 = A20γ2, (3.107)

which implies:

A20 =
3
25

GM2

R
. (3.108)

Thus, using the Maclaurin spheroids method, we successfully reproduce the value of
A20 as found in Baym and Pines (1971). This provides further confidence in the correct-
ness of the value of A20 cited in the literature.

So far, our energy calculations have focused on the l = 2, m = 0 perturbation. In the
next section, we extend our analysis to the case of l = 2, m = 2.

3.3 Calculation of B22

In this section, we calculate the strain energy for the l = 2, m = 2 case to evaluate
the corresponding constant B22. We follow a method analogous to that used in the
calculation of B20. The expression for the strain energy is given by:

Estrain = B(ϵ22 − ϵ22,0)
2 =

∫︂
Ustrain dV =

∫︂
µΣijΣij dV. (3.109)
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We begin by calculating the strain tensor Σij using equation (3.3). In the axisymmetric
perturbation (l = 2, m = 0), rotation acted as the physical deforming process, pro-
viding an exact expression for the displacement field in the strained star (Keer, 2014).
However, for the non-axisymmetric case (l = 2, m = 2), no such physical process ex-
ists, so we must choose a one-parameter family of solutions ξ⃗ ourselves. We consider
an incompressible elastic star with a uniform shear modulus and choose ξ⃗ in the form
of Kelvin modes as defined in equation (3.67).

For l = 2 and m = 2, equation (3.67) becomes:

ξ⃗22 = α22∇(r2Y22(θ, ϕ)), (3.110)

where the spherical harmonic Y22 is given by:

Y22 =
1
4

√︃
15
2π

sin2 θei2ϕ. (3.111)

The components of the displacement vector field are then:

ξr =
1
2

√︃
15
2π

α22r sin2 θ cos(2ϕ), (3.112)

ξθ =
1
2

√︃
15
2π

α22r sin θ cos θ cos(2ϕ), (3.113)

ξϕ = −1
2

√︃
15
2π

α22r sin θ sin(2ϕ). (3.114)

Using this displacement field, we compute the components of the strain tensor Σij.
The relevant expressions in spherical coordinates are taken from Thorne and Blandford
(2017), Box 11.4. Following the same procedure as in Section 3.1, we find the full strain
tensor:

Σij =
1
2

√︃
15
2π

α22

⎡⎢⎣ sin2 θ cos 2ϕ sin θ cos θ cos 2ϕ − sin θ sin 2ϕ

sin θ cos θ cos 2ϕ cos2 θ cos 2ϕ − cos θ sin 2ϕ

− sin θ sin 2ϕ − cos θ sin 2ϕ − cos 2ϕ

⎤⎥⎦ (3.115)

With the strain tensor known, we calculate the strain energy density U by inserting
equation (3.115) into equation (3.23). After simplification, we obtain:

Ustrain = µα2
22

15
4π

. (3.116)
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Next, we integrate the strain energy density over the volume of the crust to obtain the
total strain energy:

Estrain = 5(R3 − R3
c)µα2

22. (3.117)

The final step is to calculate ϵ22 − ϵ22,0 to evaluate B22. This is defined by:

ϵ22 − ϵ22,0 =
∆Ixx − ∆Iyy

Izz
, (3.118)

where ∆Ixx and ∆Iyy are the changes in the moments of inertia along the x and y axes,
respectively, with respect to the relaxed zero-strain configuration. Izz is the moment of
inertia along the z-axis, given by equation (3.40).

We have:
∆Ixx =

∫︂
V

ρ∆(y2 + z2) dV, (3.119)

∆Iyy =
∫︂

V
ρ∆(x2 + z2) dV. (3.120)

Using the relation given in equation (3.35), we rewrite the above as:

∆Ixx =
∫︂

V
2ρ(ξyy + ξzz) dV, (3.121)

∆Iyy =
∫︂

V
2ρ(ξxx + ξzz) dV. (3.122)

We retain only the terms linear in ξ. To evaluate these integrals, we convert to spherical
coordinates, using the relations from equations (??)–(??):

ξx = ξr sin θ cos ϕ + ξθ cos θ cos ϕ − ξϕ sin ϕ, (3.123)

ξy = ξr sin θ sin ϕ + ξθ cos θ sin ϕ + ξϕ cos ϕ, (3.124)

ξz = ξr cos θ − ξθ sin θ. (3.125)

Substituting equations (??), (??), (3.124), and (3.125) into equation (3.121) and integrat-
ing, we find:
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∆Ixx = − 4
15

√︃
15
2π

ρα22πR5. (3.126)

Similarly, inserting equations (??), (??), (3.123), and (3.125) into equation (3.122) and
integrating yields:

∆Iyy =
4
15

√︃
15
2π

ρα22πR5. (3.127)

Using equations (3.40), (3.126), and (3.127) in equation (3.118), we obtain:

ϵ22 − ϵ22,0 = −α22

√︃
15
2π

. (3.128)

Finally, substituting equations (3.117) and (3.128) into equation (3.109) gives:

B22 =
1
2

Vcµ, (3.129)

where Vc is the volume of the star’s crust. This expression provides the value of the
constant B22. We note that its magnitude is approximately half to that of B20, as is often
assumed in the literature.

Comparing equations (3.43) and (3.129), we obtain the following relation between B20

and B22:

B22 =
25
57

B20. (3.130)

We will make use of this result in subsequent sections.

3.4 Calculation of A22

In this section, we calculate the perturbed gravitational potential energy for the per-
turbation mode l = 2, m = 2. During this analysis, we discovered a third method,
introduced by Chandrasekhar in Chandrasekhar (1969), for computing the perturbed
gravitational energy. We will elaborate on this later in the section. First, we evalu-
ate δEg using two established methods provided by Friedman and Schutz (1978), and
Shapiro and Teukolsky (1983), as done previously.
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3.4.1 Method 1: Friedman and Schutz

The authors in Friedman and Schutz (1978) derived the expression for perturbed gravi-
tational energy to second order in perturbations (see Equation (B56) in their appendix).
We once again employ the Kelvin mode displacement field ξ⃗ in this calculation. Since
the domain of integration is infinite, both δΦint (for 0 ≤ r ≤ R) and δΦext (for r > R)
must be considered. These potentials are given by Yim and Jones (2022) as:

δΦint = −4πρGl
2l + 1

αlm
rl

Rl−2 Ylm(θ, ϕ), (3.131)

δΦext = −4πρGl
2l + 1

αlm
Rl+3

rl+1 Ylm(θ, ϕ). (3.132)

Using the Kelvin mode displacement field yields a negative value for the change in
gravitational energy:

δEg = −1
8

α2
22ρω2

2R5, (3.133)

which appears physically inconsistent, as it implies that the spherical configuration
does not correspond to the minimum gravitational potential energy.

In addition, the change in internal energy, δU, is found to be non-zero:

δU =
5
8

α2
22ρω2

2R5. (3.134)

Both of these results are obtained directly from equations (3.44) and (3.54). As we are
considering an incompressible star, we expect δU = 0. The authors in Yim and Jones
(2022) suggest that this discrepancy arises because the Kelvin mode solution is derived
only to first order in ξ⃗.

To rectify this, we introduce a second-order radial correction to enforce incompressibil-
ity. The Lagrangian density perturbation (using Equation (3.65)) gives:

∆ρ

ρ
=

15
8π

α2
22. (3.135)

We compute the volume perturbation using the perturbed radii along the x, y, and z
axes:

a1 = R + ξr(r = R, θ =
π

2
, ϕ = 0) = R(1 + α22

1
2

√︃
15
2π

), (3.136)
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a2 = R + ξr(r = R, θ =
π

2
, ϕ =

π

2
) = R(1 − α22

1
2

√︃
15
2π

), (3.137)

a3 = R + ξr(r = R, θ = 0) = R, (3.138)

The fractional volume change is then:

∆V
V

= − 15
8π

α2
22. (3.139)

We see once again that the decrease in the stellar volume is exactly compensated by
the corresponding increase in the density, implying that the total mass of the star is
conserved. The calculated density and volume perturbations indicate that the star is
incompressible only to first order. To ensure incompressibility to second order, we
introduce an additional radial second-order term in the displacement field, given by

ξ⃗22 = α22∇(r2Y22(θ, ϕ)) +
5r
8π

α2
22 êr. (3.140)

This can be interpreted as the presence of a Y00 (spherically symmetric) perturbation in
addition to the Y22 component, resulting in a uniform radial expansion of the star. The
radii of the star along the x, y, and z axes then become:

a1 = R(1 +
5

8π
α2

22)(1 + α22
1
2

√︃
15
2π

), (3.141)

a2 = R(1 +
5

8π
α2

22)(1 − α22
1
2

√︃
15
2π

), (3.142)

a3 = R(1 +
5

8π
α2

22). (3.143)

This modification ensures second-order incompressibility. Using Equation (3.44), the
perturbed gravitational energy becomes:

δEg =
3

10πR
GM2α2

22. (3.144)

We thus obtain a positive value for the perturbed gravitational potential energy. To
determine the constant A22, we equate δEg from equation (3.144) with the phenomeno-
logical expression for the perturbed gravitational energy, δEg = A22 ϵ2

22. The equatorial
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ellipticity ϵ22 is calculated using equation (1.1). Here, Izz is given by equation (3.82),
while Ixx and Iyy for a uniform-density ellipsoid are given by

Ixx =
M
5
(a2

2 + a2
3), (3.145)

Iyy =
M
5
(a2

1 + a2
3), (3.146)

we compute the moments of inertia using Equations (3.141)–(3.143):

Ixx =
M
5

R2(1 +
5

8π
α2

22)
2[(1 − α22

1
2

√︃
15
2π

)2 + 1], (3.147)

Iyy =
M
5

R2(1 +
5

8π
α2

22)
2[(1 + α22

1
2

√︃
15
2π

)2 + 1], (3.148)

Izz =
2M

5
R2(1 +

5
8π

α2
22)

2[1 + (α22
1
2

√︃
15
2π

)2]. (3.149)

Inserting these into Equation (1.1) yields:

ϵ22 = −
√︃

15
2π

α22. (3.150)

Then, using Equations (3.144) and (3.150) in δEg = A22ϵ2
22:

3
10πR

GM2α2
22 = A22ϵ2

22, (3.151)

we get:

A22 =
GM2

25R
. (3.152)

This yields the required value of the constant A22. Taking the ratio of A20 (from Equa-
tion (3.108)) and A22 gives:

A22 =
1
3

A20. (3.153)

We will use this result in the subsequent analysis. In the following subsections, we
derive A22 via two additional methods found in the literature.
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3.4.2 Method 2: Maclaurin Spheroids

We used the Maclaurin spheroids method in Section (3.2.2). In the case of l = 2, m = 0
perturbation, the expression for the total gravitational potential energy was given by
Equation (3.89). For the l = 2, m = 2 case, we will now calculate the total gravitational
potential energy using the method described in Section 7.3 of Shapiro and Teukolsky
(1983).

We begin by solving Poisson’s equation:

∇2Φ = 4πGρ, (3.154)

where ρ is the matter density of the star and Φ is the gravitational potential. We solve
Equation (3.154) using Green’s function,

Φ = −Gρ
∫︂ d3x′

|x − x′| . (3.155)

In spherical coordinates, the expression 1
|x−x′| can be expanded in terms of spherical

harmonics Ym
l as follows:

1
|x − x′| = 4π

∞

∑
l=0

1
2l + 1

rl
<

rl+1
>

l

∑
m=−l

Ym
l (θ, ϕ)Ym

l (θ′, ϕ′), (3.156)

where r< is the lesser of r and r′, and r> is the greater. Substituting Equation (3.156)
into Equation (3.155) gives

Φ = −Gρ
∫︂

V
4π

∞

∑
l=0

1
2l + 1

rl
<

rl+1
>

l

∑
m=−l

Ym
l (θ, ϕ)Ym

l (θ′, ϕ′)d3V, (3.157)

which can be written as

Φ = −Gρ4π
∫︂ 2π

0

∫︂ π

0

∞

∑
l=0

1
2l + 1

(︃∫︂ r

0

(r′)l+2dr′

rl+1 +
∫︂ R′

r

rldr′

(r′)l−1

)︃ l

∑
m=−l

Ym
l (θ, ϕ)Ym

l (θ′, ϕ′) sin θ′dθ′dϕ′.

(3.158)

The domain of integration is the volume of the triaxial ellipsoid. The polar equation of
the ellipsoid’s surface is given by

cos2 ϕ sin2 θ

a2
1

+
sin2 ϕ sin2 θ

a2
2

+
cos2 θ

a2
3

=
1

R′2 , (3.159)

where a1, a2, and a3 are the radii along the x, y, and z axes respectively:

a1 = R
(︂

1 +
ϵ22

2

)︂
, a2 = R

(︃
1 +

ϵ2
22
4

)︃
, a3 = R

(︂
1 − ϵ22

2

)︂
. (3.160)
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Here, ϵ22 is a small, dimensionless parameter that describes deviations from spherical
symmetry. One can show that ϵ22 corresponds to the equatorial ellipticity of the star by
calculating the moments of inertia Ixx, Iyy, and Izz using a1, a2, and a3, and then substi-
tuting these into the definition of the equatorial ellipticity given in Equation (1.1). The
incompressibility assumption requires that the volume of the triaxial ellipsoid matches
that of a spherical star, but this condition needs to be enforced only up to second order
in ϵ, which suffices for calculating the leading-order change in gravitational potential
energy Egrav.

We start by computing the l = 0, m = 0 contribution to the potential in Equation (3.158):

Φ00 = −Gρ4π
∫︂ 2π

0

∫︂ π

0

(︃∫︂ r

0

(r′)2dr′

r
+
∫︂ R′

r
r′dr′

)︃
Y0

0 (θ, ϕ)Y0
0 (θ

′, ϕ′) sin θ′dθ′dϕ′,

(3.161)
where

Y0
0 =

1
2

√︃
1
π

. (3.162)

After integrating over the radial coordinate, we obtain

Φ00 = 2πGρ
r2

3
− Gρ

∫︂ 2π

0

∫︂ π

0

R′2

2
sin θ′dθ′dϕ′. (3.163)

To evaluate the integral over the polar angle θ′, we use Equation (3.159) to express the
angular dependence of R′. This gives:

Φ00 = 2πGρ
r2

3
− Gρ

2

∫︂ 2π

0

∫︂ π

0

sin θ′

cos2 ϕ′ sin2 θ′

a2
1

+ sin2 ϕ′ sin2 θ′

a2
2

+ cos2 θ′

a2
3

dθ′dϕ′. (3.164)

Define the following:

A(ϕ′) =
cos2 ϕ′

a2
1

+
sin2 ϕ′

a2
2

, B(ϕ′) =
1
a2

3
− cos2 ϕ′

a2
1

− sin2 ϕ′

a2
2

. (3.165)

Then Equation (3.164) becomes:

Φ00 = 2πGρ
r2

3
− Gρ

2

∫︂ 2π

0

∫︂ π

0

sin θ′

A(ϕ′) + B(ϕ′) cos2 θ′
dθ′dϕ′. (3.166)

Now let
x = cos θ′ ⇒ dx = − sin θ′dθ′, (3.167)

which implies that

Φ00 = 2πGρ
r2

3
− Gρ

∫︂ 2π

0

∫︂ 1

0

dx
A(ϕ′) + B(ϕ′)x2 dϕ′. (3.168)



40 Chapter 3. Energy Calculations for Elastic Mountains

Carrying out the integral with respect to x, we get

Φ00 = 2πGρ
r2

3
− Gρ

∫︂ 2π

0

arctan
(︂√︂

B(ϕ′)
A(ϕ′)

)︂
A(ϕ′)

√︂
B(ϕ′)
A(ϕ′)

dϕ′. (3.169)

Inserting (3.160) into the expressions for A and B and linearising, we obtain:

B(ϕ′)

A(ϕ′)
= (cos2 ϕ′ + 1)ϵ22 + (4 cos4 ϕ′ − cos2 ϕ′ + 5)

(︂ϵ22

2

)︂2
+O(ϵ3) (3.170)

1
A(ϕ′)

= R2
(︃

1 + 2 cos2 ϕ′ ϵ22

2
+ (4 cos4 ϕ′ − 5 cos2 ϕ′ + 2)

(︂ϵ22

2

)︂2
+O(ϵ3)

)︃
(3.171)

Since B(ϕ′)
A(ϕ′) is proportional to ϵ, we can use the series expansion tan−1 x

x = 1 − 1
3 x2 + 1

5 x4

in the expression for Φ00 given in (3.169). After linearising equation (3.169), we obtain:

Φ00 = 2πGρ
r2

3
− GρR2

∫︂ 2π

0

1
A(ϕ′)

(︃
1 − 1

3
B(ϕ′)

A(ϕ′)
+

1
5

B(ϕ′)2

A(ϕ′)2

)︃
dϕ′. (3.172)

Inserting (3.170) and (3.171) into (3.172) and integrating over the azimuthal angle ϕ′,
we find:

Φ00 =
2
3

πGρ[r2 − 3R2] + R2Gρ
8π

15
ϵ2. (3.173)

We have thus obtained the expression for the gravitational potential for the l = 0, m = 0
perturbation. Next, we compute the corresponding gravitational potential energy Eg,00

using the formula:

Eg,00 =
ρ

2

∫︂
V

Φ00 d3x. (3.174)

Substituting (3.173) into (3.174) yields:

Eg,00 =
ρ

2

∫︂ 2π

0

∫︂ π

0

∫︂ R′

0

(︃
2
3

πGρr2 − 2πGρR2 + R2Gρ
8π

15
ϵ2
)︃

r2 sin θdrdθdϕ. (3.175)

Since the second and third terms in (3.175) are constants, their volume integrals yield
factors of M

2 , giving:

Eg,00 =
ρ

2

∫︂ 2π

0

∫︂ π

0

∫︂ R′

0

2
3

πGρr4 sin θdrdθdϕ − 3GM2

4R
+

GM2

5R
ϵ2. (3.176)

We integrate the first term with respect to r:

Eg,00 =
ρ2πG

15

∫︂ 2π

0

∫︂ π

0
R′5 sin θdθdϕ − 3GM2

4R
+

GM2

5R
ϵ2 (3.177)
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Using the angular dependence of R′ from equation (3.159), we integrate over θ to ob-
tain:

Eg,00 =
ρ2πG

15

∫︂ 2π

0

∫︂ π

0

sin θ(︂
cos2 ϕ sin2 θ

a2
1

+ sin2 ϕ sin2 θ

a2
2

+ cos2 θ
a2

3

)︂ 5
2

dθdϕ − 3GM2

4R
+

GM2ϵ2

5R
.

(3.178)

We simplify the integral in (3.178) using (3.165) and the substitution (3.167):

Eg,00 =
2ρ2πG

15

∫︂ 2π

0

∫︂ 1

0

1

(A(ϕ′) + B(ϕ′)x2)
5
2

dxdϕ − 3GM2

4R
+

GM2ϵ2

5R
. (3.179)

Integrating with respect to x yields:

Eg,00 =
2ρ2πG

15

∫︂ 2π

0

2B(ϕ′) + 3A(ϕ′)

3A(ϕ′)2(A(ϕ′) + B(ϕ′))3/2 dϕ − 3GM2

4R
+

GM2ϵ2

5R
. (3.180)

Substituting the expressions for A(ϕ′) and B(ϕ′) into (3.180) and simplifying, we ob-
tain:

Eg,00 =
2ρ2πG

45

∫︂ 2π

0

a2
1a2

2a3(2a2
1a2

2 + a2
3a2

1 + (a2
3a2

2 − a2
3a2

1) cos2 ϕ)

(a2
1 + (a2

2 − a2
1) cos2 ϕ)2

dϕ − 3GM2

4R
+

GM2ϵ2

5R
.

(3.181)

Inserting the expressions for a1, a2, and a3 and linearising (3.181), we get:

Eg,00 =
2ρ2πGR5

45

∫︂ 2π

0

(︂
3 + 5(2 cos2 ϕ − 1)ϵ + (28 cos4 ϕ − 39 cos2 ϕ + 13)ϵ2

)︂
dϕ

− 3GM2

4R
+

GM2ϵ2

5R
. (3.182)

Integrating over the azimuthal angle ϕ gives:

Eg,00 = −3GM2

5R
+

GM2

10R
ϵ2

22. (3.183)

We have now determined the gravitational potential energy for the l = 0, m = 0 case.
Similarly, the potential energies for other l = 2 modes are:

Eg,20 = −9GM2

200R
ϵ2

22, (3.184)

Eg,21 = 0, (3.185)

Eg,22 = −3GM2ϵ2
22

400R
. (3.186)
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Adding the contributions from all the gravitational potential energy terms:

Eg,total = Eg,00 + Eg,20 + 2Eg,21 + 2Eg,22, (3.187)

Eg,total = −3GM2

5R
+

GM2ϵ2
22

25R
. (3.188)

Defining the leading order and perturbed gravitational energies as:

E0 = −3GM2

5R
, ∆Eg =

GM2

25R
ϵ2

22, (3.189)

we can write:

∆Eg =
GM2

25R
ϵ2

22 = A22ϵ2
22, (3.190)

A22 =
GM2

25R
. (3.191)

This yields the value of the constant A22, which matches the result previously obtained
using the Friedman and Schutz method.

3.4.3 Method 3: Chandrasekhar’s Method

In this section, we calculate the perturbed gravitational potential energy using the for-
malism given in Chandrasekhar (1969). This method provides a way to compute the
gravitational potential energy of a triaxial ellipsoid through the potential energy tensor
Eij, given by (equation 128 in Chandrasekhar (1969)):

Eij = −2πGρ A(i) Qij, (3.192)

where A(i) (i = 1, 2, 3) are dimensionless coefficients associated with the principal axes.
Here, the subscript (i) is a label corresponding to the i-th direction and is not a tensor
index.

We have
Qij =

1
5

Ma2
(i)δij, M =

4
3

πa1a2a3ρ, (3.193)

where Qij is the quadrupole moment tensor and a1, a2, a3 are the radii along the x, y,
and z axes, respectively. The total potential energy Eg is obtained by contracting the
indices ij as follows:

Eg = −2πGρM
5

[A1a2
1 + A2a2

2 + A3a2
3]. (3.194)

The coefficients A1, A2, and A3 are defined as:
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A1 =
2a2a3

a2
1 sin3 ϕ sin2 θ

[F(θ, ϕ)− E(θ, ϕ)], (3.195)

A2 =
2a2a3

a2
1 sin3 ϕ sin2 θ cos2 θ

[E(θ, ϕ)− F(θ, ϕ) cos2 θ − a3

a2
sin2 θ sin ϕ], (3.196)

A3 =
2a2a3

a2
1 sin3 ϕ cos2 θ

[︃
a2

a3
sin ϕ − E(θ, ϕ)

]︃
, (3.197)

where the elliptic integrals E(θ, ϕ) and F(θ, ϕ) are given by:

E(θ, ϕ) =
∫︂ ϕ

0
(1 − sin2 θ sin2 Φ)

1
2 dΦ, (3.198)

F(θ, ϕ) =
∫︂ ϕ

0
(1 − sin2 θ sin2 Φ)−

1
2 dΦ. (3.199)

These are the standard incomplete elliptic integrals. Additionally, the geometrical rela-
tions are:

sin θ =

(︃
a2

1 − a2
2

a2
1 − a2

3

)︃ 1
2

, cos ϕ =
a3

a1
. (3.200)

The expressions (3.195–3.200) correspond to equations (31–35) in Chandrasekhar (1969).
It is noted therein that these formulas are valid under the condition a1 > a2 > a3. The
quantities a1, a2, and a3 are given in equation (3.160).

In our case, we consider a triaxial star whose volume is conserved up to second order.
This assumption is necessary because we are interested in evaluating the second-order
perturbation in the gravitational potential energy. Under these conditions, we have

sin θ =

√︄
2 − ϵ22

2 −
(︁

ϵ22
2

)︁3

4
. (3.201)

cos θ =

√︄
2 + ϵ22

2 +
(︁

ϵ22
2

)︁3

4
, (3.202)

sin ϕ =
2
√︂

ϵ22
2

1 + ϵ22
2

, (3.203)
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cos ϕ =
1 − ϵ22

2
1 + ϵ22

2
. (3.204)

Since sin ϕ is small, we can expand equations (3.203) and (3.204) using the following
series expansions:

(1 − x)1/2 = 1 − x
2
− x2

8
− x3

16
+..., (3.205)

(1 − x)−1/2 = 1 +
x
2
+

3x2

8
+

5x3

16
+... (3.206)

Using these, the expressions for E(θ, ϕ) and F(θ, ϕ) become:

E(θ, ϕ) ≈
∫︂ ϕ

0

(︄
1 − sin2 θ sin2 Φ

2
− sin4 θ sin4 Φ

8
− sin6 θ sin6 Φ

16

)︄
dΦ, (3.207)

F(θ, ϕ) ≈
∫︂ ϕ

0

(︄
1 +

sin2 θ sin2 Φ
2

+
3 sin4 θ sin4 Φ

8
+

5 sin6 θ sin6 Φ
16

)︄
dΦ. (3.208)

Integrating and simplifying equations (3.207) and (3.208), we obtain:

E(θ, ϕ) = ϕ − sin2 θ

4
(ϕ − sin ϕ cos ϕ)− sin4 θ

64
(3ϕ − 2 sin3 ϕ cos ϕ − 3 sin ϕ cos ϕ)

−sin6 θ

768
(15ϕ − 15 sin ϕ cos ϕ − 2 sin3 ϕ cos ϕ(5 + 4 sin2 ϕ)),

(3.209)

F(θ, ϕ) = ϕ +
sin2 θ

4
(ϕ − sin ϕ cos ϕ) +

3 sin4 θ

64
(3ϕ − 2 sin3 ϕ cos ϕ − 3 sin ϕ cos ϕ)

+
5 sin6 θ

768
(15ϕ − 15 sin ϕ cos ϕ − 2 sin3 ϕ cos ϕ(5 + 4 sin2 ϕ)).

(3.210)

For negative integer n, the binomial expansion gives

(1 + x)−n =
∞

∑
k=0

(−1)k
(︃

n + k − 1
k

)︃
xk, (3.211)

valid for |x| < 1. This will be useful later in this section for calculating A1, A2, and A3.
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We now compute the expressions for A1, A2, and A3. Substituting equations (3.209)
and (3.210) into the expression for A1 and simplifying, we obtain:

A1 =
a2a3

a2
1 sin3 ϕ

[︄
1 +

3 sin2 θ

8
+

15 sin4 θ

64

]︄
ϕ

− a2a3 cos ϕ

a2
1 sin2 ϕ

[︄
1 +

sin2 θ

8
(2 sin2 ϕ + 3) +

sin4 θ

64
(15 + 2 sin2 ϕ(5 + 4 sin2 ϕ))

]︄
. (3.212)

We recall:

sin ϕ =
2
√︂

ϵ22
2

1 + ϵ22
2

, (3.213)

and thus,

ϕ = sin−1

⎛⎝ 2
√︂

ϵ22
2

1 + ϵ22
2

⎞⎠ . (3.214)

We expand equation (3.214) using the Taylor series:

sin−1(x) = x +
x3

6
+

3x5

40
+

5x7

112
+... (3.215)

Substituting, we obtain:

ϕ = sin−1

⎛⎝ 2
√︂

ϵ22
2

1 + ϵ22
2

⎞⎠ =
2
√︂

ϵ22
2

1 + ϵ22
2

+
4
3

⎛⎝(︁ ϵ22
2

)︁√︂
ϵ22
2(︁

1 + ϵ22
2

)︁3

⎞⎠
+

12
5

⎛⎝(︁ ϵ22
2

)︁2
√︂

ϵ22
2(︁

1 + ϵ22
2

)︁5

⎞⎠+
40
7

⎛⎝(︁ ϵ22
2

)︁3
√︂

ϵ22
2(︁

1 + ϵ22
2

)︁7

⎞⎠ .

(3.216)

Substituting equations (3.201)–(3.204) and (3.216) into equation (3.212), and linearising
using series expansion (3.211), we obtain:

A1 =
2
3
− 2

5
ϵ22 +

9
70

ϵ2
22. (3.217)

Similarly, we find:
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A2 =
2
3
− 9ϵ2

22
35

, (3.218)

A3 =
2
3
+

2ϵ22

5
+

9ϵ2
22

70
. (3.219)

According to Lemma 4 (Chapter 3, Equation 24) in Chandrasekhar (1969), the sum of
A1, A2, and A3 should equal 2. The values of Ai we calculated indeed satisfy this
condition,

A1 + A2 + A3 = 2. (3.220)

We now have the values of the constants A1, A2, and A3. Substituting equations (3.160),
(3.217), (3.218), and (3.219) into the expression for the gravitational potential energy in
equation (3.194), we obtain:

Eg = −3GM2

5R
+

4GM2ϵ2
22

25R
, [ρ =

3M
4πa3 ], (3.221)

E0 = −3GM2

5R
, ∆Eg =

4GM2ϵ2
22

25R
. (3.222)

Here, E0 is the leading-order gravitational potential energy, and ∆Eg is the perturbation
in gravitational potential energy. To calculate A22, we equate ∆Eg with A22ϵ2

22:

∆Eg =
GM2ϵ2

22
25R

= A22ϵ2
22, (3.223)

A22 =
GM2

25R
. (3.224)

We thus arrive at the same value of the constant A22 using three different methodolo-
gies. This consistency lends confidence to the derived value of A22.

3.5 Are There Cross Terms?

In a realistic neutron star (NS), there are both axisymmetric strains, arising from spin-
up/spin-down, and non-axisymmetric ones, associated with the presence of a moun-
tain. Therefore, we need to model both (l = 2, m = 0) and (l = 2, m = 2) deformations
simultaneously.
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The expression for the energy of such a star will naturally include the separate con-
tributions given by equations (2.11) and (2.16). However, one may ask whether there
are also cross terms, i.e., terms proportional to the product of the small parameters de-
scribing each type of perturbation. In this section, we show that such cross terms do
not arise.

The total energy of the spinning star can be written as:

Etotal = Egrav,s +
L2

2I
+ B20(ϵ20 − ϵ20,0)

2 + A20ϵ2
20 + B22(ϵ22 − ϵ22,0)

2

+ A22ϵ2
22 + B20,22(ϵ20 − ϵ20,0)(ϵ22 − ϵ22,0) + A20,22ϵ20ϵ22, (3.225)

where ϵ20 and ϵ22 represent the equilibrium oblateness and equatorial ellipticity, re-
spectively, as discussed in previous sections. The parameters ϵ20,0 and ϵ22,0 denote the
zero-strain configurations, which are mapped from the background spherical configu-
ration using the Kelvin mode displacement field ξ⃗.

Note that we have included potential cross terms in both the gravitational potential
energy (via A20,22) and the elastic energy (via B20,22).

When both perturbations l = 2, m = 0 and l = 2, m = 2 are present, the total displace-
ment field is a linear combination of the individual displacement fields:

ξ⃗ = α20ξ⃗20 + α22ξ⃗22. (3.226)

Using equation (3.3), the strain tensor becomes:

Σij = α20Σ20
ij + α22Σ22

ij . (3.227)

3.5.1 Check for B20,22

The methodology here mirrors that used for calculating B20 in Section 3.1. We write the
strain energy in the presence of both perturbations as

Estrain = µ
∫︂ [︂

Σ20
ij Σ20 ij + Σ22

ij Σ22 ij + Σ20
ij Σ22 ij + Σ22

ij Σ20 ij
]︂

dV, (3.228)

where Σ20
ij and Σ22

ij are the strain tensors corresponding to the l = 2, m = 0 and
l = 2, m = 2 perturbations, respectively. Due to the orthogonality of the spherical har-
monics Y20 and Y22 on the 2-sphere, the cross-terms Σ20

ij Σ22 ij integrate to zero. Hence,
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the total strain energy separates neatly as

Estrain = E20
strain + E22

strain. (3.229)

This shows that B20,22 = 0.

3.5.2 Check for A20,22

Similarly, the perturbed gravitational energy in the presence of both l = 2, m = 0
and l = 2, m = 2 deformations can be written formally in terms of the corresponding
displacement fields:

Eg = E20
g + E22

g + cross-terms. (3.230)

By the same orthogonality argument, the cross-terms vanish upon integration over the
sphere, leaving

Eg = E20
g + E22

g . (3.231)

Thus, we find A20,22 = 0. Owing to the orthogonality of the spherical harmonics Y20

and Y22 on the 2-sphere, there are no cross-terms proportional to B20/22 or A20/22 in the
total energy when both perturbations are present simultaneously.

3.6 Ellipticity at Equilibrium

Given the absence of cross terms in the star’s total energy, equation (3.227) reduces to
the sum of the separate contributions:

ET = Egrav,s +
L2

2Izz
+ B20(ϵ20 − ϵ20,0)

2 + A20(ϵ20)
2

+ B22(ϵ22 − ϵ22,0)
2 + A22(ϵ22)

2, (3.232)

The l = 2, m = 2 perturbations do not contribute to the kinetic energy since δI22
zz = 0

(see Section 8.5.1 of Yim (2022)).

It follows that the axisymmetric (m = 0) and non-axisymmetric (m = 2) deformations
behave independently and can be analysed separately. Minimising ET with respect to
ϵ20, while keeping L, ϵ20,0, ϵ22, and ϵ22,0 fixed, reproduces equation (2.12). Similarly,
minimising with respect to ϵ22 yields equation (2.17).

From equations (3.130) and (3.153), we find that B20 ≪ A20 and B22 ≪ A22. Using these
relations, we obtain:
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B22

A22
=

25
19

B20

A20
. (3.233)

This ratio determines the actual deformation (ϵ20 or ϵ22) that results from a given zero-
strain reference shape (ϵ20,0 or ϵ22,0). For both deformation modes, elasticity plays a
minor role compared to gravity, making the actual deformation small. The numerical
factor in equation (3.233) is specific to our simple stellar model, but the general trend
B22/A22 ∼ B20/A20 is expected to hold in more realistic cases.

Using representative values, we find:

A22 =
1

25R
GM2 = 2.091 × 1052erg

M2
1.4

R6
. (3.234)

Expressing B22 in terms of ∆R, we obtain:

B22 =
1
2

µVc = 2πµR2∆R = 0.628 × 1048µ30R2
6∆R5 erg. (3.235)

The equilibrium mountain size is given by:

ϵ22 = b22ϵ22,0, (3.236)

where

b22 =
B22

A22 + B22
≈ B22

A22
=

50πµR3∆R
M2G

≈ 3.005 × 10−5 µ30R3
6∆R5

M2
1.4

. (3.237)

Substituting equation (3.237) into equation (3.236), we find:

ϵ22 ≈ 3.005 × 10−5ϵ22,0
µ30R3

6∆R5

M2
1.4

. (3.238)

This result quantifies the fact that the equilibrium ellipticity is significantly smaller than
the relaxed (zero-strain) ellipticity of the star.

In this chapter, we derived the expressions for the constants B20 and A20, which are as-
sociated with the strain energy and gravitational potential energy of the star under the
starquake model for axisymmetric shape deformations. Although these expressions are
known in the literature, their derivation‘s are not explicitly provided. We therefore car-
ried out the full derivation to independently verify their validity. We then proceeded to
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derive the expressions for the constants B22 and A22, corresponding to the strain energy
and gravitational potential energy associated with non-axisymmetric deformations.

Subsequently, we considered the scenario in which both l = 2, m = 0 and l = 2, m = 2
perturbations are present simultaneously. We found that the total energy expression
contains no cross terms proportional to mixed coefficients such as A20,22 or B20,22. Fi-
nally, we established a relation between the equilibrium shape and the relaxed zero-
strain shape of the star within the starquake framework.

All results obtained in this chapter will be applied in the following chapter, where we
construct a simple model of a spinning-up neutron star undergoing a starquake, and
estimate the maximum possible mountain that can be formed.
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Chapter 4

Energy Changes During Starquake

In this chapter, we apply our starquake model to a specific scenario, similar to those
considered by Fattoyev et al. (2018) and Giliberti and Cambiotti (2022), and illustrated
schematically in Figure 4.1.

We begin with a non-rotating, spherically symmetric, and elastically relaxed star, de-
noted by S. The star is then spun up to a pre-quake equilibrium configuration, denoted
by E. This spin-up process is modelled as a perturbation. At equilibrium E, the crust
fractures, and the star transitions to a new equilibrium configuration Q. The relaxed
(zero-strain) configuration associated with Q is denoted by Q0.

To build physical intuition, we begin in Section 4.1 by considering fractures described
purely by m = 0 perturbations. In Section 4.2, we turn to fractures described purely
by m = 2 perturbations. Finally, in Section 4.3, we consider the most realistic scenario,
where both m = 0 and m = 2 perturbations are present simultaneously.

A crucial part of our modelling involves the enforcement of both angular momentum
and energy conservation. Angular momentum conservation is imposed by requiring
that the angular momentum of star Q is equal to that of star E. Energy conservation
is imposed by requiring that the total energy of star Q is less than or equal to that of
star E. This condition accounts for the fact that a realistic fracture will generate internal
heat and emit gravitational waves—both of which are not explicitly included in our
energy budget. It is important to note that if the starquake is axisymmetric, the asso-
ciated gravitational wave emission does not carry angular momentum (see, e.g., Yim
and Jones (2022)).

In our analysis, we treat star E as a fixed initial configuration. This leaves us with a two-
parameter family of possible starquakes, corresponding to perturbations in the m = 0
and m = 2 modes. We take as our free parameters the changes in the relaxed shapes,
∆ϵ20,0 and ∆ϵ22,0. Our goal is to identify the allowed region in this parameter space for
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FIGURE 4.1: Schematic illustration of the proposed starquake model. The figure shows
the stellar configurations in the x-y plane, with the rotation axis aligned along the z-
axis. Star S (red) is the initial, non-rotating, elastically relaxed spherical star. It spins
up to configuration E (yellow). At this point, the crust fractures and the star assumes
a new equilibrium configuration Q (green). The relaxed configuration corresponding
to Q is denoted by Q0 (grey).

which starquakes are energetically and dynamically consistent, and to determine the
maximum size of the resulting mountain.

4.1 Perturbation l = 2, m = 0

The expression for the total energy of star E, in the case of a pure m = 0 perturbation, is
given by equation (2.11). To determine the shape of star E, we minimise this energy as
described previously, keeping both the angular momentum L and the reference shape
ϵ20,0 fixed. This leads to the standard relation (2.12) between the equilibrium shape and
the elastically relaxed shape.

However, in this case, we have ϵ20,0 = 0, since star E is obtained by spinning up the
initially spherical and relaxed star S. Equation (2.12) therefore reduces to

ϵ20 =
Izz,sΩ2

4(A20 + B20)
. (4.1)
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When the crust fractures, the axisymmetric perturbation ϵ20 changes relative to the star
in configuration E. The moment of inertia and angular velocity of star E transform as
I → I + ∆I and Ω → Ω + ∆Ω, respectively. Over the short timescale of the quake, we
assume conservation of angular momentum and neglect energy losses due to internal
dissipation and gravitational-wave emission. Under these assumptions,

L = (I + ∆I)(Ω + ∆Ω) = IΩ. (4.2)

Rearranging equation (4.2) yields

∆I
I

= −∆Ω
Ω

− ∆I
I

∆Ω
Ω

. (4.3)

The change in the moment of inertia is given by

∆I = ∆ (Izz,s(1 + ϵ20)) = Izz,s∆ϵ20. (4.4)

Using equations (4.3) and (4.4) gives

∆Ω
Ω

= − ∆ϵ20

1 + ϵ20 + ∆ϵ20
. (4.5)

To relate the actual change in shape, ∆ϵ20, going from star E to star Q, to the change in
reference shape ∆ϵ20,0, we perturb equation (2.12), yielding

∆ϵ20 =
2Izz,sΩ∆Ω

4(A20 + B20)
+

B20

A20 + B20
∆ϵ20,0. (4.6)

Using equations (4.1) and (4.5) in equation (4.6), we obtain

∆ϵ20 = − 2ϵ20∆ϵ20

1 + ϵ20 + ∆ϵ20
+

B20

A20 + B20
∆ϵ20,0. (4.7)

The above expression is a quadratic in ∆ϵ20. Solving this using the standard quadratic
formula and then linearising to leading order in b20, we obtain

∆ϵ20 = b20∆ϵ20,0(1 − 2ϵ20). (4.8)

The change in kinetic energy between the two equilibrium configurations, E and Q, is
given by

∆Ek = ∆
(︃

L2

2Izz,s(1 + ϵ20)

)︃
= − (IzzΩ)2

2Izz,s(1 + ϵ20)2 ∆ϵ20. (4.9)
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The moment of inertia about the rotation axis, Izz, can be written in terms of the oblate-
ness parameter using equation (2.2):

Izz = Izz,s(1 + ϵ20). (4.10)

Inserting the expression for the moment of inertia (4.10) and using equation (4.1) for
ϵ20, equation (4.9) simplifies to

∆Ek = − Izz,sΩ2

2
∆ϵ20 = −2(A20 + B20)ϵ20∆ϵ20. (4.11)

The change in gravitational potential energy between the two equilibrium configura-
tions is given by

∆Eg = ∆(A20ϵ2
20) = 2A20ϵ20∆ϵ20. (4.12)

We then find that the combined change in gravitational and kinetic energy is

∆Eg + ∆Ek = −2B20ϵ20∆ϵ20. (4.13)

To calculate the change in strain energy, we cannot use the perturbative method em-
ployed so far, as we now allow for order-unity changes in the strain energy. This cor-
responds to the star releasing all or most of its strain energy in a single, large fracture
event. Therefore, to evaluate the change in strain energy between the two equilibrium
configurations, we compute the strain energy of configurations E and Q separately and
take the difference:

∆Es = EQ
s − EE

s = B20(ϵ
Q
20 − ϵQ

20,0)
2 − B20(ϵ

E
20 − ϵE

20,0)
2. (4.14)

We have,
ϵQ

20 = ϵ20 + ∆ϵ20, (4.15)

and
ϵQ

20,0 = ϵ20,0 + ∆ϵ20,0 = ∆ϵ20,0. (4.16)

Inserting equations (4.15) and (4.16) into equation (4.14), we obtain

∆Es = B20(ϵ20 + ∆ϵ20 − ∆ϵ20,0)
2 − B20ϵ2

20. (4.17)
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Substituting equation (4.8) into equation (4.17) and simplifying gives

∆Es = B20∆ϵ2
20,0 − 2B20ϵ20∆ϵ20,0 + 2B20ϵ20∆ϵ20

+ B20∆ϵ2
20 − 2B20∆ϵ20∆ϵ20,0. (4.18)

The total change in energy for the m = 0 perturbation is given by

∆ET = ∆Ek + ∆Eg + ∆Es

= B20∆ϵ2
20,0 − 2B20ϵ20∆ϵ20,0 + B20∆ϵ2

20 − 2B20∆ϵ20∆ϵ20,0. (4.19)

The change in the energy, corresponding to ∆Ek +∆Eg (4.13), gets completely cancelled
by the third term in the expression of ∆Es (4.18). Also, (4.13) is b20 times smaller than
the leading order terms in ∆Es. Since, the third and fourth term in (4.19) are order of
magnitude smaller than first two terms, we can ignore them. This gives,

∆ET = B20∆ϵ2
20,0 − 2B20ϵ20∆ϵ20,0. (4.20)

This implies that the leading-order contribution to the total energy change ∆ET arises
solely from the change in strain energy. In equation (4.20), the free parameter is ∆ϵ20,0.
The total energy change will be negative as long as the following condition is satisfied:

∆ϵ20,0 < 2ϵ20. (4.21)

This has a simple physical interpretation. For very small values of ∆ϵ20,0 the strain
energy is guaranteed to decrease, as some of the strain created by spinning up the
spherical star is relieved. All of this strain would be relieved if ∆ϵ20,0 = ϵ20, as the new
reference shape would match the actual shape of the star. If the star “overshoots”, less
energy is relieved. In the case of overshooting as far as ∆ϵ20,0 < 2ϵ20, the new strain
is equal in magnitude to the pre-quake strain , but is acting to make the star more, not
less, oblate, and the change is energetically neutral, in terms of strain energy.

For a given ϵ20, the variation of ∆ET/B20 with respect to ∆ϵ20,0 is shown in Figure 4.2.
We have chosen ϵ20 = 0.1, corresponding to the fastest known rotating pulsar (716 rev-
olutions per second). One can choose any other value of ϵ20, and the curve in Figure 4.2
will scale accordingly.
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FIGURE 4.2: This curve shows the variation of the total change in energy with the free
parameter ∆ϵ20,0 for ϵ20 = 0.1. The result is independent of Ω, since we do not perform
an expansion in Ω, but rather in b20.

We also verified that including third-order terms in the total energy expression,

ET = Egrav,s +
L2

2Izz,s(1 + ϵ20)
+ A20ϵ2

20 + B20(ϵ20 − ϵ20,0)
2

+ A′
20ϵ3

20 + B′
20(ϵ20 − ϵ20,0)

3, (4.22)

introduces only higher-order corrections to ∆ET. To show this, we minimise equa-
tion (4.22), obtaining

0 = − L2

2Izz,s(1 + ϵ20)2 + 2A20ϵ20 + 2B20(ϵ20 − ϵ20,0)

+ 3A′
20ϵ2

20 + 3B′
20(ϵ20 − ϵ20,0)

2. (4.23)

Solving equation (4.23), which is quadratic in ϵ20, we obtain the following relation be-
tween ϵ20 and ϵ20,0:

ϵ20(A20 + B20 − 3B′
20ϵ20,0) =

Izz,sΩ2 + 4B20ϵ20,0 − 6B′
20ϵ2

20,0

4
. (4.24)

Next, we perturb equation (4.24) to relate ∆ϵ20 to ∆ϵ20,0, obtaining

∆ϵ20(A20 + B20 − 3B′
20ϵ20,0) + ϵ20(−3B′

20∆ϵ20,0) =
Izz,sΩ∆Ω

2
+ B20∆ϵ20,0 − 3B′

20ϵ20,0∆ϵ20,0. (4.25)
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Setting ϵ20,0 = 0 in equation (4.25) and using equations (4.1) and (4.5), we obtain

∆ϵ20 =
3B′

20ϵ20∆ϵ20,0

A20 + B20
− 2ϵ20∆ϵ20

1 + ϵ20 + ∆ϵ20
+

B20∆ϵ20,0

A20 + B20
. (4.26)

Solving and linearising equation (4.26), which is again quadratic in ∆ϵ20, we find

∆ϵ20 =

(︃
B20

A20 + B20
− 2B20ϵ20

A20 + B20
+

3B′
20ϵ20

A20 + B20
− (3B20 + 6B′

20)ϵ
2
20

A20 + B20

)︃
∆ϵ20,0. (4.27)

Let b = B20
A20+B20

and b′ =
B′

20
A20+B20

. Ignoring the second-order term in ϵ20 in equa-
tion (4.27), we obtain

∆ϵ20 = (b − 2bϵ20 + 3b′ϵ20)∆ϵ20,0. (4.28)

Substituting equation (4.28) into the expression for the total energy change (4.19), we
find

∆ET = B20∆ϵ2
20,0 − 2B20ϵ20∆ϵ20,0 −2bB20∆ϵ2

20,0 + (4b − 6b′)B20ϵ20∆ϵ2
20,0⏞ ⏟⏟ ⏞

higher-order terms

. (4.29)

We observe that the correction terms in ∆ET are of higher order in b and b′. Therefore,
for a leading-order analysis, we can safely neglect these higher-order contributions.
This justifies the use of the simpler total energy model given in equation (2.11) for the
remainder of our analysis.

4.2 Perturbation l = 2, m = 2

We now calculate the change in the total energy associated with a pure m = 2 per-
turbation of star E. The total energy of the pre-quake equilibrium star E is given by
equation (2.11). When the starquake occurs, star E transitions to a new equilibrium
configuration Q. At the starquake, we superpose only a non-axisymmetric perturbation
(ϵ22) on top of the configuration E. The total energy of the new equilibrium configura-
tion Q is given by

ET = Egrav,s +
L2

2Izz,s(1 + ϵ20)
+ A20ϵ2

20 + B20(ϵ20 − ϵ20,0)
2

+ A22ϵ2
22 + B22(ϵ22 − ϵ22,0)

2. (4.30)

Here, ϵ22,0 denotes the relaxed (zero-strain) ellipticity of star Q0. To obtain the relation-
ship between the new equilibrium shape Q and its corresponding relaxed shape Q0, we
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minimise equation (4.30) with respect to ϵ22, holding L, ϵ20, ϵ20,0, and ϵ22,0 fixed. This
gives

ϵ22 =
B22

A22 + B22
ϵ22,0 ≈ B22

A22
ϵ22,0. (4.31)

Perturbing equation (4.31) to describe the change from E to Q gives

∆ϵ22 =
B22

A22 + B22
∆ϵ22,0 = b22∆ϵ22,0, (4.32)

The change in the strain energy stored in the crust, between configurations E and Q, for
a pure m = 2 perturbation is given by

∆Es = B22(ϵ22 − ϵ22,0)
2. (4.33)

Since there is no mountain before the starquake, we can write the equilibrium shape
(ϵ22) and the relaxed shape ellipticity (ϵ22,0) of star Q as the change in the equilibrium
(∆ϵ22) and relaxed shape ellipticity (∆ϵ22,0) between star E and Q, i.e.,

∆ϵ22 = ϵQ
22 − ϵE

22 = ϵ22 − 0 = ϵ22 (4.34)

and
∆ϵ22,0 = ϵQ

22,0 − ϵE
22,0 = ϵ22,0 − 0 = ϵ22,0. (4.35)

Substituting equations (4.34) and (4.35) into equation (4.33), we find

∆Es = B22(∆ϵ22 − ∆ϵ22,0)
2 ≈ B22∆ϵ2

22,0. (4.36)

The change in the gravitational potential energy, between the two equilibrium config-
urations E and Q, for pure m = 2 perturbation is given as,

∆Eg = A22ϵ2
22 = A22∆ϵ2

22. (4.37)

Using equation (4.32), this becomes

∆Eg = B22b22∆ϵ2
22,0. (4.38)

The change in the gravitational potential energy ∆Eg is b22 order of magnitude smaller
than ∆Es. Therefore, the change in the total energy is given as,

∆ET ≈ ∆Es ≈ B22∆ϵ2
22,0. (4.39)
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Since the change in total energy is positive, it follows that a starquake consisting solely
of a pure m = 2 perturbation is energetically forbidden. Hence, any m = 2 perturbation
must necessarily be accompanied by an axisymmetric m = 0 perturbation. We consider
this more general and physically realistic case in the next Section 4.3.

4.3 Perturbation m = 0 and m = 2 Present Together

As shown previously in Section 3.5, when both m = 0 and m = 2 perturbations are
present, the corresponding energy changes are independent of each other. Therefore,
to obtain the expression for the total change in energy, we can simply add the results
from Sections 4.1 and 4.2, namely equations (4.20) and (4.39). This yields:

∆ET = B20∆ϵ2
20,0 − 2B20ϵ20∆ϵ20,0 + B22∆ϵ2

22,0. (4.40)

Here, the two free parameters are ∆ϵ20,0 and ∆ϵ22,0. Figure 4.3 shows, in green, the curve
in the 2D parameter space of ∆ϵ20,0 and ∆ϵ22,0 for which ∆ET = 0. For a mountain to
form, the condition is:

∆ET = B20∆ϵ2
20,0 − 2B20ϵ20∆ϵ20,0 + B22∆ϵ2

22,0 < 0, (4.41)

i.e., the region enclosed within the green curve.

Equation (4.40) can be rewritten in the following form:

(∆ϵ20,0 − ϵ20)2

ϵ2
20

+
B22(∆ϵ22,0)2

ϵ2
20B20

= 1. (4.42)

This clearly shows that the curve is an ellipse. Note that, without loss of generality,
we may restrict our attention to the upper half of the ellipse. Any configuration with
ϵ22 < 0 can be mapped to one with ϵ22 > 0 by a π/2 rotation in the x-y plane; see, for
example, Jones (2015).

The physical meaning of this curve can be understood as follows. As shown in Sec-
tion 4.2, when ∆ϵ20,0 = 0, it is energetically impossible to form a mountain, and thus
∆ϵ22,0 = 0. Some of the strain energy stored in the axisymmetric configuration must be
released in order to build a mountain. This explains why the curve starts at the origin.

As ∆ϵ20,0 increases, more axisymmetric strain energy is liberated and can be used to
build a mountain, so ∆ϵ22,0 increases correspondingly. The maximum liberated ax-
isymmetric strain energy occurs when ∆ϵ20,0 = ϵ20, as discussed in Section 4.1 (see the
discussion following equation (4.21)). At this point, ∆ϵ22,0 reaches its peak.
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FIGURE 4.3: This figure shows the region in our (∆ϵ20,0, ∆ϵ22,0) parameter space for
which ∆ET < 0. Green curve marks the elliptical boundary of this region, where
∆ET = 0; energetically allowed points lie on and below this curve. It gives the position
of three different configurations of the star. Point A (green) marks the position of
the star with largest mountain. Point B (red) indicates the position of the star with a
mountain size as discussed in a recent study Giliberti and Cambiotti (2022). Point C
(black) gives the position of the star configuration with the same mountain as star B,
but which requires the least energy.

As ∆ϵ20,0 increases further, the amount of strain energy liberated begins to decrease,
leading to a reduction in ∆ϵ22,0. Eventually, when ∆ϵ20,0 = 2ϵ20, no strain energy is
liberated, and no mountain can be formed (as per equation (4.21)).

4.4 The Maximum Mountain

We now explore some consequences of our starquake model by focusing on the maxi-
mum mountain size that can be formed. Throughout this section, we continue to con-
sider a scenario in which we begin with a non-rotating, elastically relaxed, spherical
star S, which is spun up to some angular velocity Ω, resulting in a rotating, elastically
strained star E with oblateness ϵ20. This star then undergoes a starquake to form a tri-
axial configuration Q.

As before, the two free parameters describing the quake are taken to be ∆ϵ20,0 and
∆ϵ22,0, representing the m = 0 and m = 2 changes in reference oblateness and ellipticity,
respectively.

Before calculating the largest mountain that can form when star E undergoes a quake,
we first determine the most energetically favoured change in axisymmetric configu-
ration for a given mountain size ϵ22. This is obtained by minimising the total energy
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perturbation ∆ET from equation (4.40) while holding ∆ϵ22,0 fixed. The condition for
minimisation is:

∆ϵ20,0 = ϵ20. (4.43)

This simply states that the most energy is liberated if the m = 0 reference shape in-
creases by an amount equal to the original oblateness ϵ20 of star E. This condition is
represented as the vertical red line ∆ϵ20,0 = ϵ20 in Figure 4.3.

The largest mountain that can be formed in the starquake corresponds to the topmost
point of the ellipse, shown as the green point and labelled as star A in Fig. 4.3. Setting
∆ϵ20,0 = ϵ20 and ∆ET = 0 in equation (4.40) gives

∆ϵmax
22,0 =

√︄
B20

B22
ϵ20. (4.44)

This represents the relaxed (zero-strain) shape of the mountain. To determine the actual
mountain size, we use equation (4.32), which yields:

∆ϵmax
22 =

√
B22B20

A22
ϵ20. (4.45)

This is one of our key results: it represents the largest mountain that can form in a
starquake, under the constraints of angular momentum and energy conservation. No-
tably, the result involves the geometric mean of B20 and B22, reflecting the fact that the
formation of an m = 2 mountain necessarily requires a release of m = 0 strain energy,
coupling the two deformation modes.

To get a rough estimate of the maximum mountain size, we can insert ϵΩ of equation
(2.14) and (3.130) into equation (4.45), as in our model this oblateness comes from the
centrifugal forces in the spinning star:

ϵmax
22 =

√
57
5

· B22

A22
ϵΩ ≈ 7.98 × 10−8

(︃
f

100 Hz

)︃2 µ30R6
6∆R5

M3
1.4

. (4.46)

This result should be interpreted as follows: if a non-rotating, elastically relaxed star
is spun up to a rotation frequency f , and subsequently undergoes a crustquake, the
expression above gives the maximum mountain that can form.

There is however a limit to the applicability of this result, as the oblateness in the
spinning up star, and the mountain formed in the quake event, will be limited by the
crust’s finite breaking strain. The maximum mountain size imposed by the finite break-
ing strain has been examined many times previously (Haskell et al., 2006; Johnson-
McDaniel and Owen, 2013; Gittins et al., 2020; Gittins and Andersson, 2021; Morales
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and Horowitz, 2022), but in the context of our simple model, we can set the elliptic-
ity at the time of the crustquake to the breaking strain σbreak. Setting ϵΩ = σbreak in
equation (2.14) then gives the maximum frequency fbreak that the star can be spun up
to before fracture:

fbreak ≈ 753 Hz
(︃

σbreak

10−1
M1.4

R3
6

)︃1/2

. (4.47)

We have parameterised the breaking strain using the typical value σbreak ∼ 0.1, as
suggested by molecular dynamics simulations in Horowitz and Kadau (2009).

The corresponding upper limit on the mountain can be obtained by substituting this
into the second equality of equation (4.46), or, more directly, by setting ϵΩ = σbreak in
the first equality:

ϵmax
22, break = 1.13 × 10−5

(︂σbreak

10−1

)︂ µ30R3
6∆R5

M2
1.4

. (4.48)

This is the largest mountain that could be produced if an initially non-rotating star is
spun up all the way to the point where the strain in its crust reaches the breaking strain,
and then a curstquake occurs forming the largest possible mountain.

In the following Section 4.5, we demonstrate how the recent analysis presented by
Giliberti and Cambiotti (2022) can be described within our framework.

4.5 Description of Giliberti and Cambiotti (2022)

As a further application of our model, we now use it to describe a particular mountain-
building starquake scenario presented in Giliberti and Cambiotti (2022). Our formalism
will allow us to explore a few things not considered in Giliberti and Cambiotti (2022).
Specifically, we will show that the model of Giliberti and Cambiotti (2022) involves not
only an m = 2 change, but necessarily also an m = 0 change. We will be able to cal-
culate the corresponding reference shape the post-quake star would have, i.e. how its
zero-strain configuration is reconfigured in the quake, for both the m = 0 and m = 2
perturbations. Furthermore, we will confirm that, at fixed angular momentum, the to-
tal energy of the star indeed decreases. We will also evaluate how close the mountain
described by Giliberti and Cambiotti (2022) is to the maximum possible mountain al-
lowed by the quake process, as per equation (4.45).

Giliberti and Cambiotti (2022) considered several different stellar configurations, which
we now describe. These configurations are displayed schematically in Fig. 4.4, where
we show cross-sections in the x-y plane, with rotation always along the z-axis. The
differences in the sizes of the stars are greatly exaggerated for clarity.
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FIGURE 4.4: Schematic depiction of various configurations of the spinning up star in
x-y plane, with rotation along the z-axis. The pink disk S represents the spherical non-
rotating zero strain configuration. The yellow disk E represents the elastic strained
axisymmetric configuration just before the starquake. The blue disk F represents a
star with the same angular momentum as E, but elastically relaxed and axisymmetric
(i.e. equivalent to a fluid). The red ellipse Q represents the post-starquake equilibrium
shape. The black ellipse Q0 represents the elastically relaxed shape corresponding
to star Q. We assume that the moment of inertia along the x-axis is smaller than the
moment of inertia along the y-axis for both Q and Q0 configurations. The differences
in shape of the various configurations are greatly exaggerated for clarity.

The non-rotating, elastically relaxed, spherical star S is shown as a pink disk. This star
is spun up to form star E, which represents the configuration just prior to the starquake.
Star E is rotating, elastically strained, and axisymmetric, with moment of inertia tensor
∆IE = Diag(∆IE

xx, ∆IE
xx, ∆IE

zz). It is depicted as the yellow disk in Fig. 4.4.

If all of the strain energy stored in star E is fully relieved at fixed angular momen-
tum—either through a sequence of starquakes or via plastic creep—the star reaches
a configuration corresponding to a fluid star F. This configuration has slightly larger
oblateness than star E. It is shown as the blue disk and represents a rotating, unstrained,
and axisymmetric star with moment of inertia tensor ∆IF = Diag(∆IF

xx, ∆IF
xx, ∆IF

zz).

Giliberti and Cambiotti (2022) expressed the post-quake configuration using the mo-
ment of inertia tensor ∆IQ = Diag(∆IQ

xx, ∆IQ
yy, ∆IQ

zz), which is illustrated by the red
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ellipse Q in Fig. 4.4. Note that, simply for the sake of definiteness, we have assumed
the symmetry-breaking is such that the radius along the x-axis is larger than the radius
along the y-axis, so that ∆IQ

xx < ∆IQ
yy.

Giliberti and Cambiotti (2022) argued that the post-quake configuration is expected to
lie between the elastic and fluid configurations, as sketched in Fig. 4.4, i.e. the red
ellipse Q must lie between the pre-glitch elastically strained configuration E (yellow
disk) and the zero-strain fluid configuration F (blue disk). The authors concluded that
the maximum value of ∆IQ

yy − ∆IQ
xx is ∆IE

xx − ∆IF
xx. This corresponds to the red ellipse

of Fig. 4.4 just touching its bounding disks E and F. This was computationally useful,
as the stellar configurations E and F can both be computed as perturbations away from
star S. Giliberti and Cambiotti (2022) did this numerically for SLy and BSk21 equations
of state, while we do so analytically, using the displacement vector field (3.10), valid
for our uniform density incompressible stars.

Given (3.10), we can calculate the radii along the x, y and z axes for any uniform density
spherical elastic star that is spin-up from ΩA = 0 to ΩB > 0:

a1 = R + ξr(r = R, θ =
π

2
, ϕ = 0) = R(1 + α20

1
2
), (4.49)

a2 = R + ξr(r = R, θ =
π

2
, ϕ =

π

2
) = R(1 + α20

1
2
), (4.50)

a3 = R + ξr(r = R, θ = 0) = R(1 − α20), (4.51)

where ξr is the radial component of the displacement field (3.10) and

α20 =
λ

1 + b20
Ω2. (4.52)

This gives

aE
1 = aE

2 = R
[︃

1 +
1
2

α20

]︃
. (4.53)

The oblateness (m = 0) of star E is given by substituting the radii a1 and a2 of equations
(4.49) and (4.50) into (4.59). This gives

ϵ20 = α20 +
α2

20
4

. (4.54)

For α20 ≪ 1, this can be inverted:

α20 ≈ ϵ20 −
ϵ2

20
4

. (4.55)
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The radii of star F are of the same form, but with departures from star S a factor (1+ b20)

larger:

aF
1 = aF

2 = R
[︃

1 +
1
2

α20(1 + b20)

]︃
(4.56)

In the model of Giliberti and Cambiotti (2022), we can now immediately write down
the radii of star Q. Along the x-axis, it has the radius of star F, so that

aQ
1 = aF

1 = R
[︃

1 +
1
2

α20(1 + b20)

]︃
, (4.57)

while along the y-axis, star Q has the same radius as star E:

aQ
2 = aE

2 = R
[︃

1 +
1
2

α20

]︃
, (4.58)

Given the radii of the equilibrium shape Q, we can straightforwardly compute the as-
sociated oblateness ϵQ

20 and ellipticity ϵQ
22 using the expressions derived below.

To begin with, we recall the definition of the oblateness parameter ϵ20 as given in equa-
tion (2.2). Using the definition of the moment of inertia Izz from equation (3.83), we
obtain the following expression for ϵ20:

ϵ20 =
(a2

1 + a2
2)− 2R2

2R2 . (4.59)

Next, substituting the definitions of Izz from equation (3.83), Ixx from equation (3.145),
and Iyy from equation (3.146) into the definition of ϵ22 given in equation (1.1), we find:

ϵ22 =
a2

1 − a2
2

a2
1 + a2

2
. (4.60)

To compute the value of ϵQ
20, we insert equations (4.57) and (4.58) into equation (4.59).

This yields:

ϵQ
20 = α20 +

b20α20

2
+

α2
20
4

. (4.61)

Similarly, inserting equations (4.57) and (4.58) into equation (4.60) gives:

ϵQ
22 ≈ b20α20

2
. (4.62)

Of most interest here are the changes in ϵQ
20 and ϵQ

22, in going from star E to star Q. The
oblateness (m = 0) of star E is given by equation (4.54), so we have:

∆ϵ20 = ϵQ
20 − ϵE

20 =
1
2

b20α20 ≈ 1
2

b20ϵ20. (4.63)
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Quantity Configuration A Configuration B Configuration C

∆ϵ20 b20ϵ20
b20

2

(︃
ϵ20 −

ϵ2
20

4

)︃
b20ϵ20

∆ϵ22 b22ϵ20

√︃
B20

B22

b20

2

(︃
ϵ20 −

ϵ2
20

4

)︃
b20

2

(︃
ϵ20 −

ϵ2
20

4

)︃
∆ϵ20,0 ϵ20

1
2

(︃
ϵ20 −

ϵ2
20

4

)︃
ϵ20

∆ϵ22,0 ϵ20

√︃
B20

B22

19
50

(︃
ϵ20 −

ϵ2
20

4

)︃
19
50

(︃
ϵ20 −

ϵ2
20

4

)︃
∆ET 0 −1957B22

1250
ϵ2

20 −5339B22

2500
ϵ2

20

TABLE 4.1: Summary of changes in oblateness, ellipticity, and total energy for the
star configurations A, B, and C as illustrated in Figure 4.3. The first two rows show
the changes in equilibrium oblateness (∆ϵ20) and ellipticity (∆ϵ22) for the final equi-
librium configuration Q. The next two rows give the corresponding changes in the
relaxed (reference) shape, ∆ϵ20,0 and ∆ϵ22,0, defining configuration Q0. The final row
presents the total energy change ∆ET associated with each configuration during the

starquake event.

The ellipticity (m = 2) of star E is, by assumption, zero, so we have

∆ϵ22 = ϵQ
22 − ϵE

22 = ϵQ
22 =

b20α20

2
≈ 1

2
b20ϵ20. (4.64)

In both equations (4.63) and (4.64) we have approximated equation (4.55) as α20 ≈ ϵ20.

This is a simple result: the mountain formation scenario of Giliberti and Cambiotti
(2022) consists of equal increases in ϵ22 (creating the mountain) and in ϵ20 (releasing
some axisymmetric strain). We record these results in the middle column of Table 4.1.

Having calculated the changes in equilibrium shape, as parameterised by ∆ϵ20 and
∆ϵ22, we can easily calculate the changes in the corresponding reference shapes, ∆ϵ20,0

and ∆ϵ22,0. For the axisymmetic change, we can use equation (4.8) to give

∆ϵ20,0 =
1
2
(ϵ20 −

ϵ2
20
4
) (4.65)

while for the non-axisymmetric change we can use equation (4.32) to give

∆ϵ22,0 =
b20

2b22
(ϵ20 −

ϵ2
20
4
). (4.66)
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Using (3.130) and (3.153) we have

b20

b22
=

B20A22

A20B22
=

19
25

. (4.67)

Inserting (4.67) into (4.66) gives

∆ϵ22,0 =
19
50

(ϵ20 −
ϵ2

20
4
). (4.68)

We record these values in column B of Table 4.1.

We can now plot the position of star B in our 2-d parameter space; see the red point
in Fig. 4.3. Reassuringly, star B lies inside the green bounding ellipse, so does indeed
correspond to a decrease in the star’s energy. We can in fact compute the change in
energy, ∆ET, simply by plugging our results for ∆ϵ20,0 and ∆ϵ22,0 into equation (4.40).
The resulting (negative) expression is given in column B, bottom row, of Table 4.1.

We can compare the size of the mountain formed in the Giliberti and Cambiotti (2022)
process with the size of the maximum mountain, constrained only by angular momen-
tum and energy conservation. Taking the ratio of the ϵmax

22 of equation (4.45) with the
mountain size of equation (4.64), denoted below as ϵG.C.

22 :

ϵmax
22

ϵG.C.
22

= 2
A20

A22

√︄
B22

B20

(︃
1

1 − ϵ20
4

)︃
≈ 6

√︃
25
57

(︂
1 +

ϵ20

4

)︂
≈ 3.97. (4.69)

This shows, to the leading order, the maximum mountain size ϵmax
22 is approximately 4

times larger than the mountain ϵG.C.
22 built in the Giliberti and Cambiotti (2022) scenario.

As a final application of our model, we can consider a star C, defined to have the same
mountain ϵ22 as that of Giliberti and Cambiotti (2022) (equation (4.64)), but lying on
the red vertical maximal energy-release line of Fig. 4.3. We record its parameters in
the final column of Table 4.1. Such a star has the same ∆ϵ22 and the same ∆ϵ22,0 as star
B. However, it has ∆ϵ20,0 = ϵ20, as per equation (4.43). Using equation (4.8) this gives
∆ϵ20 = b20ϵ20. These values can then be substituted into equation (4.40) to give the
total energy change ∆ET. Note that, as expected, the energy release in forming star C is
larger (in magnitude) than that released in forming star B.

4.5.1 Summary

In this chapter, we proposed a simple model of a spinning-up neutron star undergoing
a starquake. We calculated the changes in ellipticities and energies involved during the
starquake process for both axisymmetric and non-axisymmetric crust-breaking scenar-
ios. Our analysis showed that a mountain cannot form through a non-axisymmetric
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shape change alone; an accompanying axisymmetric shape change is necessarily re-
quired.

We also estimated the maximum size of a mountain that can be formed within this
framework. Furthermore, we applied our model to reinterpret the analysis presented
by Giliberti and Cambiotti (2022), identifying where it lies in the parameter space de-
fined by our formalism. The results presented in this chapter form a substantial part of
the work published in our paper Gangwar and Jones (2024).

While this model captures the key aspects of mountain formation during crustquakes,
several refinements are possible. These are discussed in detail in Chapter 9. We con-
clude this model here, noting that there remains significant scope for improvement and
extension in future work.

In the second half of this thesis, we introduce an alternative mechanism for building
elastic mountains on neutron stars, namely, Magnus mountains. We begin by outlining
the fundamental physics of superfluid vortices and superconducting flux tubes within
neutron stars in the following chapter, which forms the theoretical basis for the Magnus
mountain model proposed in this thesis.
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Chapter 5

Superconductivity and Superfluidity

Many theoretical models suggest that the interior matter of neutron stars (NSs) exists
in a state of superconductivity and superfluidity. In this chapter, we briefly review the
fundamental physics of superconductivity and superfluidity, highlighting key proper-
ties such as the formation of quantised superfluid vortices and magnetic flux tubes.
This background will provide the necessary context for subsequent chapters, where we
study the formation of Magnus mountains resulting from interactions between super-
fluid vortices, flux tubes, and crustal nuclei.

The discoveries of superconductivity and superfluidity led to some of the most remark-
able and unexpected phenomena in condensed matter physics—phenomena that arise
as direct consequences of quantum mechanics (QM). The theoretical frameworks de-
veloped to explain these effects are among the most significant achievements in many-
body physics, with far-reaching implications spanning from large-scale engineering
applications to the Higgs mechanism in the Standard Model of particle physics. While
quantum effects are typically observed only at atomic or subatomic scales, supercon-
ductors and superfluids exhibit macroscopic manifestations of quantum mechanics,
earning them the designation of macroscopic quantum phenomena (Annett, 2004).

Superconductivity and superfluidity typically emerge in systems at extremely low tem-
peratures. A natural question then arises: how can neutron stars, with internal tem-
peratures on the order of 108 K (≈ 0.01 MeV), exhibit these quantum states? The an-
swer lies in the high degeneracy pressure and the attractive nuclear interaction that
enable fermions to form Cooper pairs. The extreme density in a neutron star inte-
rior results in large Fermi energies for its constituent fermions, typically in the range
εF ≈ 10–100 MeV. This Fermi energy far exceeds the thermal energy, satisfying the
condition εF ≫ T, even for mature neutron stars (Haskell and Sedrakian, 2018).

Superfluidity and superconductivity have several observational manifestations in neu-
tron stars. One of the most well-studied phenomena is that of pulsar glitches, which are
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thought to result from the pinning and unpinning of superfluid vortices to the crustal
nuclei. Some theoretical models also suggest that vortices may pin to flux tubes in the
superconducting core; however, these models are still under active development and
require further validation (Sidery and Alpar, 2009).

Beyond glitches, superfluidity may also imprint itself on timing noise, potentially aris-
ing from superfluid turbulence in the interior. Another important observational conse-
quence is the effect of superfluidity on the cooling rate of the neutron star. A superfluid
neutron star is expected to cool more rapidly than a non-superfluid one. This is because
the onset of superfluidity leads to an enhanced neutrino emission mechanism, associ-
ated with the continuous formation and breaking of neutron Cooper pairs. This pro-
cess—often referred to as pair-breaking and formation (PBF)—increases the neutrino
emissivity and thereby accelerates the thermal evolution of the star (Chamel, 2017).

Macroscopically coherent quantum states can be broadly classified according to whether
coherence arises from paired fermions or from fundamental bosons. Superconductors
and superfluids correspond to phases formed via Cooper pairing of fermions, while
Bose–Einstein condensates involve the condensation of elementary bosons. In this
chapter, we focus on superconductors and superfluids, as they are most relevant to
the physics of neutron stars.

5.1 Superconductivity

Superconductivity was discovered in 1911 by H. Kamerlingh Onnes in mercury (Hg) at
a temperature of 4.1 K. Superconductors exhibit remarkable properties, including the
ability to sustain persistent electrical currents without any resistance and the complete
expulsion of magnetic flux effect known as the Meissner effect (Meissner and Ochsen-
feld, 1933; Annett, 2004; Tinkham, 2004). Owing to their exceptional electromagnetic
characteristics, superconducting materials are used in a wide range of applications,
such as in MRI/NMR machines, beam-steering magnets for particle accelerators, and
magnetic confinement systems in fusion devices like tokamaks (Annett, 2004). Ad-
ditionally, superconductors are used in fabricating SQUIDs (Superconducting Quan-
tum Interference Devices), which are among the most sensitive magnetometers known
(Thorne and Blandford, 2017; Kleiner et al., 2004).

Despite its early discovery, it took nearly four decades to develop a comprehensive mi-
croscopic theory of superconductivity. In 1957, John Bardeen, Leon Cooper, and Robert
Schrieffer proposed what is now known as the BCS theory (Schrieffer, 2018; Tinkham,
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2004). According to this theory, the key dynamical mechanism involves quantised vi-
brations of the crystal lattice, referred to as phonons. These phonons mediate an ef-
fective long-range attractive interaction between electrons with opposite spin and mo-
mentum. The resulting bound states of these electrons are called Cooper pairs (Annett,
2004; Tinkham, 2004).

Because Cooper pairs have integer spin, they behave as bosons and can undergo Bose-
Einstein condensation below a critical temperature Tc. This leads to a coherent macro-
scopic quantum state that flows without resistance. Thus, a superconductor can be in-
terpreted as a charged superfluid. The same pairing mechanism also applies to fermionic
systems such as superfluid 3He, where atoms form similar paired states. The BCS the-
ory has proven highly successful in explaining a broad range of experimental observa-
tions, which has encouraged its application to other areas of physics (Schrieffer, 2018;
Chamel, 2017; Annett, 2004).

One of the most profound theoretical developments arising from superconductivity
was its connection to the Higgs mechanism in particle physics. In 1963, Philip Ander-
son explained the expulsion of magnetic flux in superconductors in terms of sponta-
neous symmetry breaking of gauge symmetry. Building on this idea, Peter Higgs ex-
tended the concept to the field of particle physics, predicting the existence of the Higgs
boson to account for the origin of mass in fundamental particles (Pimenta et al., 2013).
The discovery of the Higgs boson was confirmed in 2013 by experiments at CERN,
marking a major milestone in modern physics (ATLAS Collaboration, 2013) .

Despite its successes, the BCS theory has certain limitations. For instance, the highest
known superconducting transition temperature at ambient pressure is 133 K, observed
in mercury-based cuprate materials containing barium and calcium. The BCS frame-
work cannot account for such high-temperature superconductivity, and the develop-
ment of a complete theory for this phenomenon remains an open and active area of
research (Bussmann-Holder and Keller, 2020).

Models suggest that in neutron stars, protons in the core can undergo Cooper pair for-
mation and consequently become superconducting. In both the outer and inner core,
proton superconductivity is expected to arise primarily through the singlet-state (1S0)
pairing channel (Baldo and Schulze, 2007). Figure 5.1 shows how the transition tem-
perature varies with density inside the neutron star. Proton superconductivity is rep-
resented by the dashed line. However, the estimates for these transition temperatures
remain highly uncertain due to the strong influence of surrounding neutrons, whose
interactions significantly modify the effective proton-proton pairing potential (Ander-
sson et al., 2013).

This behaviour has significant implications for the magnetic and rotational dynamics
of the neutron star, which will be discussed in subsequent sections. In addition to
standard nuclear matter phases, theoretical models also predict the possible existence
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of colour-superconducting phases in the inner core, where quark matter may exist at
very high densities (Alford et al., 2008).

FIGURE 5.1: This figure is adapted from Andersson et al. (2013). It illustrates the vari-
ation of transition temperatures for neutron superfluidity and proton superconductiv-
ity with neutron star density, for different pairing channels. The solid black and green
lines represent transition temperatures for S-wave and P-wave pairing channels, re-
spectively, in neutron superfluidity. The dashed line indicates the transition temper-
ature for proton superconductivity via the S-wave pairing channel. A characteristic
neutron star temperature of 109 K is assumed here. As the temperature decreases, the
regions undergoing the superfluid/superconducting transition shift: in the core, tran-
sitions occur at higher densities, while in the crust, the transitions move outward.

5.2 The Meissner Effect

One of the most striking properties of superconductors is their ability to exhibit the
Meissner effect. When a weak external magnetic field (below a critical value Hc, which
depends on the specific material) is applied to a superconducting material, the super-
conductor expels magnetic field lines from its interior. This phenomenon is known as
the Meissner effect (Annett, 2004; Tinkham, 2004).

The expulsion of magnetic field lines is a consequence of the vanishing electric field E =

0 inside the superconductor. As the temperature T falls below the critical temperature
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Tc, the electrical conductivity tends to infinity. To ensure a finite current density, the
electric field inside must vanish, i.e., E = 0. Applying Maxwell’s equation,

∇× E = −∂B
∂t

, (5.1)

together with the condition E = 0, implies

∂B
∂t

= 0, (5.2)

at every point within the superconductor. This result shows that once a magnetic field
is expelled, it remains zero inside the superconductor since the time derivative of B
is zero. Consequently, superconductors are perfect diamagnets, exhibiting magnetic
susceptibility χ = −1 (Annett, 2004; Tinkham, 2004).

5.3 Type-I and Type-II Superconductivity

Superconductors are categorised as Type-I or Type-II based on their response to exter-
nal magnetic fields. In Type-I superconductors, as the applied magnetic field is gradu-
ally increased, the superconducting state is abruptly destroyed at a single critical value
Hc.

In contrast, Type-II superconductors exhibit two critical fields, Hc1 and Hc2. When the
magnetic field strength surpasses Hc1, superconductivity is locally suppressed by the
formation of quantised flux tubes, allowing partial penetration of the magnetic field. As
the field strength increases further, the flux tube density increases, and above Hc2 su-
perconductivity is entirely destroyed (Saipuddin et al., 2022; Annett, 2004). The phase
diagrams for Type-I and Type-II superconductors, plotted as a function of magnetic
field H and temperature T, are shown in Figure 5.2.

There are theoretical models that suggest the protons in the core of a neutron star may
form either a type I or type II superconducting phase. Both scenarios have significant
implications for the configuration of the magnetic field within that region. In the case
of a type II superconductor, the magnetic field can penetrate the core in the form of
quantised bundles of flux tubes, provided the field strength lies between the lower and
upper critical values. In contrast, a type I superconducting core would expel the mag-
netic field entirely due to the Meissner effect. Thus, the configuration of the magnetic
field in the neutron star core is determined by the local field strength and the nature of
the superconducting phase.
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FIGURE 5.2: Adapted from Annett (2004), this figure compares magnetic behaviour of
Type-I and Type-II superconductors. Left: Type-I superconductivity is destroyed be-
yond the critical field Hc. Right: Type-II superconductors permit partial magnetic flux
penetration between Hc1 and Hc2 via quantised flux tubes. Beyond Hc2, superconduc-
tivity ceases.

5.3.1 Magnetic Flux Quantisation

The explanation for the mixed state observed between Hc1 and Hc2 was first provided
by Abrikosov. He demonstrated that as the magnetic field exceeds Hc1, field lines begin
to penetrate the superconductor by forming quantised flux tubes. Each flux tube has
a core that exists in a normal (non-superconducting) state and is surrounded by circu-
lating supercurrents. These supercurrents screen the magnetic field from the rest of the
superconducting material.

A remarkable property of these flux tubes is that each one allows only a fixed quantum
of magnetic flux, given by Φ0 = h

2e , to pass through. This implies that the magnetic flux
is quantised within the flux tubes. For further details, see Annett (2004). If there are N
flux tubes within an area A, then the average magnetic flux density is given by:

B =
N
A

h
2e

. (5.3)

If quantised magnetic flux tubes are indeed present in the neutron star core, they could
have profound implications for the star’s rotational dynamics, particularly through
their interactions with superfluid vortices. These consequences are discussed in de-
tail in Chapter 6.

In the next two sections, we provide a brief overview of superfluidity and the formation
of quantised vortices in rotating superfluids.
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5.4 Superfluidity

Superfluidity was discovered in 1938 in helium-4 (4He) at temperatures below 2.17 K
(Kapitza, 1938; Allen and Misener, 1938). A superfluid is a quantum fluid characterised
by zero viscosity, enabling it to flow without any loss of kinetic energy. Superfluids can
sustain persistent mass currents (distinct from electric currents), which remain unaf-
fected by external perturbations. The reason why superfluids do not crystallise even
at absolute zero lies in their zero-point energy, a direct consequence of the Heisenberg
uncertainty principle. When the zero-point energy becomes large enough, it prevents
crystallisation. To date, only two helium isotopes—4He and 3He—have been experi-
mentally prepared as superfluids in laboratory conditions (Annett, 2004).

In quantum mechanics, we associate a de Broglie wavelength with particles, given by

λdB =
h
p

,

where p is the momentum of the particle. Quantum effects become significant in a
liquid when the de Broglie wavelength is comparable to the characteristic interatomic
separation. In most liquids, quantum effects can be neglected; however, in liquid he-
lium, the de Broglie wavelength is λdB ≈ 0.4 nm, which is comparable to the typical
interatomic distance d ≈ 0.27 nm. This makes quantum mechanical effects dominant
in liquid helium (Annett, 2004).

Following the development of the BCS theory, it was soon speculated that the dense
fluid of neutrons in the interior of neutron stars may exhibit superfluidity (Migdal,
1959; Ginzburg, 1969). Neutrons are spin- 1

2 fermions and are expected to form Cooper
pairs, leading to superfluid phases analogous to those observed in 3He (Haskell and
Sedrakian, 2018). Neutron stars thus offer a unique astrophysical environment to in-
vestigate the behaviour of superfluids under extreme densities and temperatures that
are inaccessible in terrestrial laboratories.

Theoretical models suggest that neutrons in the inner crust, where densities are rela-
tively low compared to the core, become superfluid through singlet 1S0 (S-wave) pair-
ing. In contrast, at higher densities in the core, neutron superfluidity is expected to
arise from triplet 3P2 and 3F2 (P- and F-wave) pairing channels (Gezerlis et al., 2014).
These models further predict that the transition temperature for core superfluidity is
lower than that in the crust. This is illustrated in Fig. 5.1, where the solid black curve
shows the variation of the transition temperature with respect to density for the singlet
pairing channel in the crust, and the solid green curve represents the transition temper-
ature for triplet pairing in the core.

One of the most critical aspects of neutron star superfluidity is the formation of a quan-
tised array of vortices in the rotating neutron condensate. The interaction between
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these vortices and the normal fluid component gives rise to a dissipative mechanism
known as mutual friction, which plays a central role in regulating the rotational dy-
namics of neutron stars (Haskell and Sedrakian, 2018; Sidery and Alpar, 2009). This
is explored in greater detail in the next chapter. Moreover, vortices can interact with
quantised magnetic flux tubes in the superconducting proton component of the core,
further influencing the star’s dynamics.

5.4.1 Quantised Circulation and Vortices

In this section, we review the formation of quantised superfluid vortices. We begin by
defining the macroscopic wave function ψ0(r) associated with the coherent quantum
state of the superfluid:

ψ0(r) =
√︂

n0(r) eiθ(r), (5.4)

where
√︁

n0(r) = |ψ0(r)| and θ(r) is the phase of the wave function. Here, n0 denotes
the condensate density. In the language of phase transitions, the function ψ0(r) is re-
ferred to as the order parameter.

To derive the expression for the superfluid velocity vs, we consider the standard quan-
tum mechanical formula for the particle current density j0:

j0 =
h̄

2mi
[ψ∗

0(r)∇ψ0(r)− ψ0(r)∇ψ∗
0(r)] , (5.5)

where the effective mass m appearing in the denominator is defined as

m = 2mn, (5.6)

with mn denoting the mass of a single constituent particle. Thus, the effective mass cor-
responds to that of a Cooper pair, which is twice the mass of the underlying constituent
particle. Note that j0 is not an electric current density, as it corresponds to the flow of
neutral particles. Substituting Eq. (5.4) into Eq. (5.5) and simplifying, we obtain:

j0 =
h̄
m

n0 ∇θ. (5.7)

Since the current density is the product of the particle density and velocity, we identify
the superfluid velocity as:

vs =
h̄
m

∇θ. (5.8)
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Taking the curl of Eq. (5.8) gives:

∇× vs = 0, (5.9)

which shows that the superfluid flow is irrotational, as expected for a conservative
quantum flow. The irrotational condition expressed in Eq. (5.9) implies that the circu-
lation around any closed loop must vanish:

∮︂
vs · dr = 0. (5.10)

This result would suggest that macroscopic rotation of a superfluid is forbidden. How-
ever, this holds only for regions that are free of singularities. Experiments clearly
demonstrate that rotating superfluids develop a visible meniscus—indicating bulk ro-
tation—despite the condition in Eq. (5.10). The resolution to this apparent paradox
lies in the formation of quantised vortices: topological singularities where the phase θ

becomes undefined at the vortex core, thereby allowing non-zero circulation. These
vortices provide a mechanism by which the superfluid accommodates global rotation
while remaining irrotational everywhere except at the cores.

To understand quantised vorticity, we consider the circulation of the superfluid velocity
along a closed contour:

κ =
∮︂

vs · dr. (5.11)

Using Eq. (5.8) in Eq. (5.11), we find:

κ =
h̄
m

∮︂
∇θ · dr. (5.12)

This results in:

κ =
h̄
m
(θ2 − θ1), (5.13)

where θ2 − θ1 is the net phase change along the path. For the wave function ψ0(r) to be
single-valued, this phase change must satisfy:

θ2 − θ1 = 2πn, (5.14)

where n ∈ Z. Substituting Eq. (5.14) into Eq. (5.13) yields the quantised circulation:
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κ =
h
m

n. (5.15)

In practice, only n = ±1 vortices are observed as they correspond to the lowest-energy
configuration. This quantisation of circulation has been experimentally verified in var-
ious systems (Rayfield and Reif, 1963; Yarmchuk et al., 1979; Tang et al., 2023).

The velocity field associated with a single vortex is expressed as

vs =
κ

2πr
êϕ, (5.16)

which satisfies the irrotational condition everywhere except at r = 0, i.e., the vortex
core. This allows rotating superfluids to support macroscopic angular momentum.

Each vortex contributes an amount of circulation h/m. For a cylindrical container of
radius R rotating at angular velocity Ωn, the total circulation at the boundary is:

C =
∮︂

vs · dr = (2πR)(ΩnR). (5.17)

Using the quantised circulation condition:

C =
h
m

N, (5.18)

where N is the number of vortices, we equate Eq. (5.17) and Eq. (5.18) to find the vortex
areal density:

N
πR2 = nν =

2mΩn

h
, (5.19)

which rearranges to give:

Ωn =
κnν

2
, (5.20)

where nν is the number of vortices per unit area. This relation shows that the surface
density of vortices in a rotating superfluid is directly proportional to the angular ve-
locity Ωn of the superfluid. This result has been experimentally verified in a number
of laboratory systems, including superfluid helium and atomic Bose–Einstein conden-
sates.

Changes in the rotation rate of the superfluid are governed by the radial motion of these
vortices. When vortices migrate inward, the superfluid spins up; conversely, outward
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motion of vortices causes the superfluid to spin down. This vortex-mediated mech-
anism provides a natural explanation for sudden spin-up events, known as glitches,
observed in neutron stars. In such systems, the interplay between superfluid vortices
and their environment (e.g., pinning to the crust or interactions with flux tubes) plays
a key role in the dynamics of rotational evolution.

In this chapter, we briefly reviewed the concepts of superconductivity and superfluid-
ity, including the formation of magnetic flux tubes and quantised superfluid vortices.
These topological structures arise due to macroscopic quantum coherence and play a
vital role in determining the internal structure and dynamics of neutron stars. In the
following chapters, we will explore how the presence and interactions of these fea-
tures, particularly the coupling between superfluid vortices and magnetic flux tubes or
crustal nuclei, affect the internal dynamics, rotational behaviour, and crustal deforma-
tions of neutron stars.
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Chapter 6

Rotational dynamics of a Neutron
star

In this chapter, we review the standard model that describes how uniformly distributed
vortices interact with the rest of a rotating neutron star, and then extend the discussion
to the case of an asymmetric distribution of vortices. We re-derive several established
results from the literature, including the expression for the coupling timescale between
the neutron star’s core superfluid and the crust, as well as the time evolution of the
angular velocities of both the superfluid and the crust.

In theory, vortex lines moving outward may pin to flux tubes and crustal nuclei, and
such pinning is energetically favoured. If the pinning of vortex lines is non-axisymmetric,
it can generate a non-axisymmetric neutron superfluid velocity field, which in turn
may lead to a non-zero quadrupole moment. This quadrupole moment can then act as
a source of continuous gravitational waves. The foundations of this idea are presented
in detail in Chapters 7 and 8.

Previously, Sidery and Alpar (2009) considered anisotropy in the pinning of vortices
and studied its impact on the rotational dynamics of the star. We have carefully exam-
ined their work to understand how a non-axisymmetric distribution of vortices can
arise, and how it can lead to a non-axisymmetric neutron superfluid velocity field,
which in turn gives rise to the formation of a Magnus mountain.

All calculations presented in this chapter are based on Sidery and Alpar (2009). Some
sections are reproduced directly from their work, while others are newly derived, though
the underlying framework follows their model. A clear distinction between these cases
will be made as we proceed through each section. The ideas presented in this chapter
could be used for developing a self-consistent formulation of Magnus mountain forma-
tion. However, in Chapters 7 and 8 we instead adopt a simpler approach, specifying a
non-axisymmetric distribution of vortices by hand.
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In theory, the neutron fluid inside a neutron star is expected to exist in a superfluid
state. Since the neutron fluid constitutes the bulk of the moment of inertia of the star,
it has a significant influence on the rotational dynamics. The protons in the core are
also expected to form a type-II superconductor. Experiments show that a type-II super-
conductor contains flux tubes through which quantised magnetic flux penetrates. The
proton superconductor therefore interacts with the neutron superfluid, influencing the
overall rotational dynamics. The coupling between the core superfluid and the crust
occurs through a process known as spontaneous magnetisation. In this process, the circu-
lation of the neutron superfluid around vortex lines drags the proton superconductor,
thereby magnetising the vortex lines. This dragging effect is termed entrainment, a fun-
damental property of a two-fluid system in motion (Andersson, 2021). These magne-
tised vortex lines strongly scatter the charged component, which is itself strongly cou-
pled to the crust via electron viscosity (Sidery and Alpar, 2009; Haskell and Sedrakian,
2018).

Observational evidence for the processes governing neutron star dynamics comes from
the study of glitches. Glitches are sudden jumps in the angular velocity of the star. Since
no accompanying signatures have been observed in the magnetosphere during glitches,
it is believed that the mechanism responsible is internal. The most widely accepted
model attributes glitches to the transfer of angular momentum from the superfluid in
the inner crust to the crust itself. In this model, as the neutron star spins down, vortex
lines gradually migrate outward toward the crust. These vortex lines become pinned
to the crystal lattice sites of the crust. Because of this pinning, the superfluid cannot
spin down while the crust continues to slow down. Once the lag between the angular
velocities of the superfluid and the crust reaches a critical value, the Magnus force
exceeds the pinning force, and the vortex lines unpin, moving outward and transferring
angular momentum to the crust. This sudden transfer causes a measurable increase in
the star’s angular velocity (Anderson and Itoh, 1975; Alpar, 1977; Haskell and Melatos,
2015).

To begin, we first study the simpler case of a uniformly distributed vortex array in
the absence of flux tubes in the core. We then consider the more complex scenario in
which both vortex lines and flux tubes are present, investigating how they interact and
how this interaction influences the rotational dynamics of the star. The different cases
considered in this chapter are summarised schematically in Figure 6.1.

6.1 Local forces acting on vortex lines

We consider a two-component system. The first component is the neutron superfluid,
while the second is the charged component, consisting of electrons, protons, and the
solid crust. If the charged component in a neutron star were replaced with a normal
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FIGURE 6.1: Map of all the different cases in which we calculate the dynamical cou-
pling timescale.

fluid, the system would resemble superfluid helium, which can be studied in the labo-
ratory. Since superfluid helium has been extensively investigated, it provides valuable
insight into the dynamics of neutron superfluid vortices in neutron stars.

We now examine the local forces acting on vortex lines when they interact with the
charged component. In this case, vortex lines are subject to two principal forces.

The first is the Magnus force, denoted by Fm, acting per unit length of a vortex line:

Fm = ρn κ × (vn − vL), (6.1)

where ρn is the mass density of the superfluid neutrons, vn is the neutron superfluid
velocity, vL is the velocity of the vortex line and, κ = h

2mn
is the circulation quantum per

vortex line directed along the rotation axis, where 2mn represents the mass of a Cooper
pair of superfluid neutrons.

The second is the drag force, Fd, which arises from the scattering of charged particles off
spontaneously magnetised vortex lines. Per unit length of a vortex line, the drag force
is given by

Fd = C (vc − vL) =
ρc

nvτv
(vc − vL), (6.2)

where C = ρc
nvτv

is the drag coefficient, ρc is the mass density of the charged component,
nv = 2Ωn

κ is the number of vortex lines per unit area, τv is the relaxation time for the
interaction between vortex lines and the charged component, and vc is the velocity of
the charged component.
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Together, these two forces govern the motion and stability of vortex lines within the
neutron star interior.

6.2 Rotational dynamics in the case of uniformly distributed
vortices

In this section, we analyse how the local forces discussed above influence the dynamics
of the uniformly distributed vortices and, in turn, the rotational behaviour of the star.
Specifically, we calculate the dynamical coupling timescale of the superfluid and the
crust under three different scenarios:

1. The angular velocity of the crust is held fixed, i.e., angular momentum conserva-
tion is not enforced. This calculation is reproduced from Alpar and Sauls (1988).

2. The angular velocity of the crust is allowed to evolve in time, with angular mo-
mentum conservation imposed, assuming an axisymmetric drag force acting on
the vortices. This calculation is reproduced from Sidery and Alpar (2009).

3. Angular momentum conservation is imposed, but with a non-axisymmetric drag
force acting on the vortices along the x- and y-axes. This calculation is developed
here for the first time.

6.2.1 Dynamical coupling timescale with fixed crustal angular velocity

We begin by reproducing the calculation of the coupling timescale td for the neutron
star’s core superfluid and the crust, as presented by Alpar and Sauls (1988). In their
model, angular momentum conservation was not considered, as the angular velocity
of the crust was assumed to be constant.

The geometry is simplified to that of a rotating cylinder with angular velocity Ω0, where
vortices are uniformly distributed and aligned along the z-axis, which coincides with
the axis of rotation. The charged component (the crust), which is initially co-rotating
with the superfluid, acquires an angular velocity Ω. It is assumed that the crust always
rotates rigidly.

Since the size of a vortex core is extremely small (on the order of 1 Å in superfluid 4He ),
the inertial mass of a vortex is negligible. Thus, vortices may be considered effectively
massless, and the force balance condition reduces to

Fm + Fd = 0. (6.3)
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Inserting the expressions for Fm and Fd, given in equations (6.1) and (6.2), respectively,
into equation (6.3) gives

C(vc − vL) = ρnκ × (vn − vL), (6.4)

where κ is aligned with the rotation axis, chosen as the z-axis:

κ = κk̂. (6.5)

Rearranging equation (6.4) gives

C
ρnκ

vc − k̂ × vn =
C

ρnκ
vL − k̂ × vL. (6.6)

Taking the cross product of both sides of equation (6.6) with κ yields

C
ρnκ

k̂ × vc − k̂ × (k̂ × vn) =
C

ρnκ
k̂ × vL − k̂ × (k̂ × vL). (6.7)

Using the vector triple product identity,

A × (B × C) = (A · C)B − (A · B)C, (6.8)

equation (6.7) simplifies to

C
ρnκ

k̂ × vc + vn =
C

ρnκ
k̂ × vL + vL. (6.9)

Next, multiplying equation (6.6) by C
ρnκ gives

(︃
C

ρnκ

)︃2

vc −
C

ρnκ
k̂ × vn =

(︃
C

ρnκ

)︃2

vL − C
ρnκ

k̂ × vL. (6.10)

Adding equations (6.9) and (6.10), we obtain the vortex line velocity:

vL = β k̂ × vc +
vn

1 +
(︂

C
ρnκ

)︂2 + β′vc − βk̂ × vn, (6.11)

where

β =

C
ρnκ

1 +
(︂

C
ρnκ

)︂2 , β′ =

(︂
C

ρnκ

)︂2

1 +
(︂

C
ρnκ

)︂2 . (6.12)
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The velocity of the charged component (the crust) is given by

vc = Ωrêϕ, (6.13)

and the velocity of the neutron superfluid is given by

vn = Ωn êϕ, (6.14)

which can be expressed in terms of the initial angular velocity Ω0 by noting that the
total number of vortices enclosed within a radius r(t) remains conserved. At t = 0, the
number of vortices per unit area within a radius r0 is

nν(r0) =
N

πr2
0

, (6.15)

where N is the total number of vortices within radius r0. At time t, the vortex density
is

nν(r(t)) =
N

πr2(t)
. (6.16)

Equations (6.15) and (6.16) together give

nν(r(t)) =
nν(r0)r2

0
r2(t)

. (6.17)

Substituting equation (6.17) into the relation between the superfluid angular velocity
Ωn and the vortex density nν, as given in equation (5.20), yields

Ωn =
κnν(r0)r2

0
2r2(t)

. (6.18)

Using

Ω0 =
κnν(r0)

2
, (6.19)

equation (6.18) becomes

Ωn =
Ω0r2

0
r2(t)

. (6.20)

Substituting equation (6.18) into the expression for the neutron superfluid velocity,
equation (6.14), gives

vn =
Ω0r2

0
r(t)

êϕ. (6.21)

Finally, substituting the expressions for vc from equation (6.13) and vn from equa-
tion (6.21) into the expression for the vortex line velocity vL, equation (6.10), we obtain
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the azimuthal and radial components of the vortex velocity:

dϕ

dt
= − ρc

rρnnντνκ

dr
dt

+
Ω0r2

0
r2 , (6.22)

dr
dt

=
ρcr

ρnnντνκ

(︃
dϕ

dt
− Ω

)︃
. (6.23)

Here, the crustal angular velocity Ω is fixed, meaning angular momentum conservation
is not imposed.

Integrating equations (6.22) and (6.23) gives the following solutions:

ϕ(t) = ϕ0 + Ωt +
ρnnντνκ

ρc
log
(︃

r(t)
r0

)︃
, (6.24)

r(t) = r0

[︃
Ω0

Ω
+

(︃
1 − Ω0

Ω

)︃
e−

t
td

]︃ 1
2

, (6.25)

where ϕ0 and r0 are the initial azimuthal and radial positions of the vortex line, and

td =
1

2Ω

(︃
ρc

ρnnντνκ
+

ρnnντνκ

ρc

)︃
(6.26)

is the dynamical coupling timescale.

In the weak-drag limit (τν → ∞), the first term in equation (6.26) vanishes, while the
second term diverges. In the strong-drag limit (τν → 0), the second term vanishes,
while the first term diverges. In both cases, the timescale td tends to infinity. This be-
haviour is expected. In the weak-drag limit, the neutron vortices are unable to interact
effectively with the charged component, and therefore it takes an indefinitely long time
for the vortices to move outward in response to the changing angular velocity of the
crust. In the strong-drag limit, the vortices are too tightly coupled to the charged com-
ponent, which also prevents them from moving outward, and consequently it takes a
long time for the angular velocity of the neutron superfluid to adjust to that of the crust.

Thus, we have reproduced the solutions for ϕ(t) and r(t) given in equations (6.24)
and (6.25), and we have also recovered the expression for the coupling timescale td as
derived by Alpar and Sauls (1988). In the next subsection, we will investigate how the
dynamical coupling timescale is modified when angular momentum conservation is
taken into account.
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6.2.2 Dynamical coupling timescale with the conservation of angular mo-
mentum in the case of symmetric drag force

In the previous section, angular momentum conservation was not imposed, since the
angular velocity of the charged component Ωc was kept fixed. In this section, we al-
low Ωc to evolve with time and explicitly enforce angular momentum conservation.
To do so, we adopt a rigid-body dynamics approach. We derive the time-evolution
equations for the superfluid angular velocity Ωn, the angular velocity of the charged
component Ωc, the lag ω = Ωn − Ωc between them, and the associated dynamical cou-
pling timescale.

We consider a spherical two-component star consisting of a neutron superfluid and a
charged component, the latter representing the crust. An initial lag is assumed between
the two components, given by

ω0 = Ωn,0 − Ωc,0, (6.27)

where Ωn,0 and Ωc,0 denote the initial angular velocities of the neutron superfluid and
the charged component, respectively. The initial lag is taken to be positive, representing
the scenario immediately after a glitch.

Substituting expression of vortex line velocity vL equation (6.11) into the expression for
the Magnus force Fm in equation (6.1), we obtain

Fm = ρnκβ′κ̂ × (vn − vc)− ρnκβ(vn − vc). (6.28)

We now assume that vn − vc and vL are perpendicular to k̂. The force per unit length
acting on a pinning site in the crust is −Fd, which equals Fm according to equation (6.3).
To obtain the force per unit volume of the crust, we multiply equation (6.28) by the
number density of vortices nν, giving

F̃d = −Fd = −nνρnκβ′r(Ωn − Ωc)− nνρnκβr(Ωn − Ωc). (6.29)

The negative sign in the first term arises from the cross product. The total torque T
acting on the crust is

T = IcΩ̇c =
∫︂

V
(F̃d × r) dV. (6.30)

Inserting equation (6.29) into (6.30), we find

IcΩ̇c =
∫︂

V
nνρnκβ r2(Ωn − Ωc) dV. (6.31)
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After integrating and rewriting ρn in terms of the moment of inertia In, this becomes

IcΩ̇c = Innνκβ(Ωn − Ωc). (6.32)

Substituting expression of vortex density nν equations (5.20) and β (6.12) into equa-
tion (6.32) yields

IcΩ̇c = 2InΩn

⎡⎢⎣ C
ρnκ

1 +
(︂

C
ρnκ

)︂2

⎤⎥⎦ (Ωn − Ωc). (6.33)

Angular momentum conservation requires

InΩn,0 + IcΩc,0 = InΩn + IcΩc, (6.34)

which implies

Ω̇n = − IcΩ̇c

In
. (6.35)

Using equations (6.34) and (6.35), equation (6.33) becomes

Ω̇n = 2Ωn

⎡⎢⎣ C
ρnκ

1 +
(︂

C
ρnκ

)︂2

⎤⎥⎦(︃ InΩn,0 + IcΩc,0 − InΩn

Ic
− Ωn

)︃
. (6.36)

This differential equation can be analysed in three different regimes, depending on the
value of the drag coefficient C:

• weak-coupling regime,

• strong-coupling regime,

• general intermediate regime.

6.2.2.1 Weak-coupling regime

In the weak-coupling regime, the relaxation timescale τν between the neutron vortices
and the charged component is very large, and hence the drag coefficient C is very small.
In this regime,

C =
ρc

nντν
≪ 1,

which allows us to approximate equation (6.36) as

Ω̇n =
2ΩnC

ρnκ

(︃
InΩn,0 + IcΩc,0 − InΩn

Ic
− Ωn

)︃
. (6.37)



90 Chapter 6. Rotational dynamics of a Neutron star

Using the expression for nν given in equation (5.20), together with the expression for C,
equation (6.37) can be rewritten as

Ω̇n =
ρc

ρnτν

(︃
InΩn,0 + IcΩc,0 − InΩn

Ic
− Ωn

)︃
. (6.38)

The analytic solution of equation (6.38) is

Ωn(t) =
InΩn,0 + IcΩc,0 − e−

t
td In(Ωc,0 − Ωn,0)

I
, (6.39)

where
td =

ρnτν

ρ
(6.40)

is the dynamical relaxation time and ρ = ρn + ρc is the total density. Using C = ρc
nvτv

and nv = 2Ωn
κ , equation (6.40) becomes

td =
ρc

2ρ Ωn

κρn

C
. (6.41)

Using angular momentum conservation from equation (6.34), the angular velocity of
the crust is

Ωc(t) =
InΩn,0 + IcΩc,0 + e−

t
td In(Ωc,0 − Ωn,0)

I
, (6.42)

and the lag is

ω(t) = e−
t
td (Ωn,0 − Ωc,0). (6.43)

We also solved equation (6.38) numerically using Python and plotted the solutions,
as shown in Fig. 6.2. A non-physical large value of the initial lag ω0 was chosen for
illustrative purposes, to better demonstrate the behaviour of the system.

Figure 6.2 shows the time evolution of Ωn, Ωc, and ω. As the star spins down, super-
fluid vortices move outward and transfer angular momentum to the crust, spinning it
up. Since the typical ratio of Ic

In
≈ 0.05 (as neutron star matter consists predominantly

of neutrons), even a small transfer of angular momentum from the superfluid produces
a relatively larger change in the angular velocity of the crust.

6.2.2.2 Strong-coupling regime

In the strong-coupling regime, the relaxation timescale τν between the neutron vortices
and the charged component is very small, leading to the very large value of the drag
coefficient C. In this regime,

C =
ρc

nντν
≫ 1,
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FIGURE 6.2: Time evolution of the superfluid angular velocity Ωn, the charged com-
ponent angular velocity Ωc, and the lag ω in the weak-coupling regime.

and equation (6.36) simplifies to

Ω̇n = 4
ρnτν

ρc
Ω2

n

(︃
InΩn,0 + IcΩc,0 − InΩn

Ic
− Ωn

)︃
. (6.44)

The implicit analytic solution of equation (6.44) is

I2

(InΩn,0 + IcΩc,0)2 ln

[︄
Ωn − InΩn,0+IcΩc,0

I
Ωn

]︄
+

I
(InΩn,0 + IcΩc,0)Ωn

= −
(︃

2ρnτνρ

ρ2
c

)︃
t + C1,

(6.45)
where C1 is an integration constant.

To obtain an explicit solution, we assume that the fractional change in the superfluid
angular velocity is small, i.e.

Ωn(t) = Ωn,0 + ∆Ωn, (6.46)

with
∆Ωn(t)

Ωn,0
≪ 1. (6.47)

Rearranging equation (6.44) gives

Ω̇n =
2ρnτν(InΩn,0 + IcΩc,0)

Icρc
Ω2

n −
2ρnτν I

Icρc
Ω3

n. (6.48)
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Substituting equation (6.46) into equation (6.48) and linearising yields

∆Ω̇n =
2ρn(InΩn,0 + IcΩc,0)

IcCnν
Ω2

n,0

(︃
1 + 2

∆Ωn(t)
Ωn,0

)︃
− 2ρn I

IcCnν
Ω3

n,0

(︃
1 + 3

∆Ωn(t)
Ωn,0

)︃
.

(6.49)

Solving equation (6.49), we obtain the explicit solutions

Ωn(t) = Ωn,0 +
IcΩn,0ω0(e

− t
td − 1)

IΩn,0 + 2Icω0
, (6.50)

Ωc(t) = Ωc,0 −
InΩn,0ω0(e

− t
td − 1)

IΩn,0 + 2Icω0
, (6.51)

and

ω(t) = ω0 +
IΩn,0ω0(e

− t
td − 1)

IΩn,0 + 2Icω0
, (6.52)

where
td =

Icρc

2ρnτνΩn,0(IΩn,0 + 2Icω0)
. (6.53)

We note that the lag ω does not vanish as t → ∞ in equation (6.52). This discrepancy
arises from the linearisation of equation (6.48) to obtain an explicit solution. However,
if we assume the initial lag satisfies ω0 ≪ Ωn,0, which is a reasonable approximation,
then the lag does indeed vanish as t → ∞.

Equation (6.44) was also solved numerically using Python, and the solutions are plotted
in Fig. 6.4. In this case, the lag ω decays to zero at late times, as seen more clearly in the
log-log plot of Fig. 6.5. The behaviour of Ωn and Ωc in Fig. 6.4 is similar to that obtained
in the weak-coupling regime: because the ratio Ic

In
≈ 0.05 is small, even a small transfer

of angular momentum from the superfluid leads to a comparatively larger change in
the angular velocity of the crust.

6.2.2.3 General regime

In the general regime, equation (6.36) cannot be simplified by assuming either a very
large or very small relaxation time τν. We therefore solve equation (6.36) directly, which
yields an implicit solution of the same implicit type as that obtained in the strong-
drag regime (see Eq. (6.45)). We do not present the intermediate steps here, as the
procedure closely follows that used in the strong-drag case. As in the strong-coupling
case, we assume that the fractional change in the superfluid angular velocity is small
and linearise the ODE (6.36) to obtain analytic solutions. These are
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FIGURE 6.4: Time evolution of the superfluid angular velocity Ωn, the charged com-
ponent angular velocity Ωc, and the lag ω in the strong-coupling regime.

FIGURE 6.5: Log-log plot showing the decay of the lag ω in the strong-coupling
regime.
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Ωn(t) = Ωn,0 +
Icω0Ωn,0(4ρ2

nτ2
ν Ω2

n,0 + ρ2
c)(e

− t
td − 1)

ρ2
c(IΩn,0 + Icω0) + 4Iρ2

nτ2
ν Ω3

n,0
, (6.54)

Ωc(t) = Ωc,0 −
Inω0Ωn,0(4ρ2

nτ2
ν Ω2

n,0 + ρ2
c)(e

− t
td − 1)

ρ2
c(IΩn,0 + Icω0) + 4Iρ2

nτ2
ν Ω3

n,0
, (6.55)

and

ω(t) = ω0 +
Iω0Ωn,0(4ρ2

nτ2
ν Ω2

n,0 + ρ2
c)(e

− t
td − 1)

ρ2
c(IΩn,0 + Icω0) + 4Iρ2

nτ2
ν Ω3

n,0
, (6.56)

where

td =
Ic(4ρ2

nτ2
ν Ω2

n,0 + ρ2
c)

2

4ρnρcτνΩn,0
[︁
ρ2

c(IΩn,0 + Icω0) + 4Iρ2
nτ2

ν Ω3
n,0

]︁ (6.57)

is the dynamical relaxation timescale.

As in the strong-coupling case, the lag ω in equation (6.56) does not appear to vanish
as t → ∞, which again is a consequence of the linearisation. If we assume ω0 ≪ Ωn,0,
then the lag simplifies to

ω(t) = ω0 + ω0(e
− t

td − 1), (6.58)

and it does vanish as t → ∞.

Under the same assumption, the timescale in equation (6.57) reduces to

td =
Ic(4ρ2

nτ2
ν Ω2

n,0 + ρ2
c)

4IρnρcτνΩ2
n,0

. (6.59)

We see that in the weak-drag limit (τν → ∞), the coupling timescale td tends to infinity.
Similarly, in the strong-drag limit (τν → 0), td also tends to infinity. This behaviour is
the same as that obtained in Section 6.2.1.

Equation (6.36) was also solved numerically, and the solutions are plotted in Fig. 6.6.
Once again, we see that the lag ω decays to zero, which is more clearly visible in the
log-log plot shown in Fig. 6.7.

We have therefore derived the time evolution of the crust and superfluid angular ve-
locities using a rigid-body dynamics approach. Starting from a spinning-down system
with a positive lag, we followed its evolution with time.

The plots in all three regimes display qualitatively similar behaviour. The key differ-
ence lies in the value of the dynamical coupling timescale td. In both the weak- and
strong-coupling regimes, td is larger than in the general case. In the weak-coupling
regime, the charged component couples only weakly to the superfluid, so the response
time of the superfluid is long. In the strong-coupling regime, the interaction is so strong
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FIGURE 6.6: Time evolution of the superfluid angular velocity Ωn, the charged com-
ponent angular velocity Ωc, and the lag ω in the general regime.

FIGURE 6.7: Log-log plot showing the decay of the lag ω in the general regime.
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that vortex motion is suppressed, again resulting in a long coupling timescale. This be-
haviour is reflected in the expression for td in equation (6.59).

6.2.3 Dynamical coupling timescale with the conservation of angular mo-
mentum in the case of non-symmetric drag force

In this section, we calculate the dynamical coupling timescale while conserving angu-
lar momentum, but now considering a non-symmetric drag force, in contrast to the
symmetric drag force treated in the previous section. To model the non-axisymmetric
drag, we introduce distinct drag coefficients Cx and Cy along the x- and y-directions,
respectively.

The force balance equations in the x- and y-directions are then written as

Fx = Cx(vc,x − vl,x) = −ρnκ(vn,y − vl,y), (6.60)

Fy = Cy(vc,y − vl,y) = ρnκ(vn,x − vl,x), (6.61)

where (vc,x, vc,y), (vn,x, vn,y), and (vl,x, vl,y) are the velocity components of the charged
component, the neutron superfluid, and the vortex line, respectively.

We aim to express Fx and Fy solely in terms of (vc,x, vc,y) and (vn,x, vn,y), by eliminating
the line velocity components (vl,x, vl,y). From equation (6.60), we obtain

vl,y = vn,y +
Cx(vc,x − vl,x)

ρnκ
. (6.62)

Substituting equation (6.62) into equation (6.61) and solving for vl,x gives

vl,x =
vn,x

1 + CxCy

ρ2
nκ2

+

Cy
ρnκ (vn,y − vc,y)

1 + CxCy

ρ2
nκ2

+
vc,x

1 + ρ2
nκ2

CxCy

. (6.63)

Inserting equation (6.63) into equation (6.62) yields

vl,y =
vn,y

1 + CxCy

ρ2
nκ2

−
Cx
ρnκ (vn,x − vc,x)

1 + CxCy

ρ2
nκ2

+
vc,y

1 + ρ2
nκ2

CxCy

. (6.64)

Next, substituting the expressions for vl,x and vl,y (equations (6.63)–(6.64)) into the force
equations (6.60)–(6.61), we obtain

Fx = −ρnκ

⎛⎝ (vn,y − vc,y)

1 + ρ2
nκ2

CxCy

+

Cx
ρnκ (vn,x − vc,x)

1 + CxCy

ρ2
nκ2

⎞⎠ , (6.65)
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Fy = ρnκ

⎛⎝ (vn,x − vc,x)

1 + ρ2
nκ2

CxCy

−
Cy
ρnκ (vn,y − vc,y)

1 + CxCy

ρ2
nκ2

⎞⎠ . (6.66)

To write the forces in terms of angular velocities, we define

v⃗n = Ωnrêϕ, v⃗c = Ωcrêϕ, (6.67)

where in Cartesian coordinates

êϕ = − sin ϕêx + cos ϕêy. (6.68)

This yields the Cartesian velocity components

vc,x = −Ωcr sin ϕ, vc,y = Ωcr cos ϕ, (6.69)

vn,x = −Ωnr sin ϕ, vn,y = Ωnr cos ϕ. (6.70)

It is crucial to note that the rigid-body dynamics analysis adopted here is valid only at
t = 0, since beyond this time the distribution of vortices departs from its axisymmetric
configuration due to the non-axisymmetric drag force acting on them. In this regime,
the standard relation κnv = 2Ω, which assumes a uniform and axisymmetric vortex
array, is no longer valid. Consequently, the superfluid component no longer rotates as
a rigid body.

Using (6.69) and (6.70), the forces reduce to

Fx = −ρnκ

⎛⎝ (Ωn − Ωc)x

1 + ρ2
nκ2

CxCy

−
Cx
ρnκ (Ωn − Ωc)y

1 + CxCy

ρ2
nκ2

⎞⎠ , (6.71)

Fy = −ρnκ

⎛⎝ (Ωn − Ωc)y

1 + ρ2
nκ2

CxCy

+

Cy
ρnκ (Ωn − Ωc)x

1 + CxCy

ρ2
nκ2

⎞⎠ . (6.72)

The torque acting on the neutron superfluid is then

InΩ̇n =
∫︂

V
r × (Fx î + Fy ĵ) dV =

∫︂
V
(xFy − yFx) dV. (6.73)

Terms proportional to xy vanish upon integration, leaving

InΩ̇n = −ρnκnν(Ωn − Ωc)
∫︂

V

⎛⎝ Cx
ρnκ y2

1 + CxCy

ρ2
nκ2

+

Cy
ρnκ x2

1 + CxCy

ρ2
nκ2

⎞⎠ dV. (6.74)
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Carrying out the integration gives

InΩ̇n = −ρnκnν(Ωn − Ωc)
4πR5

15

⎛⎝ Cx
ρnκ

1 + CxCy

ρ2
nκ2

+

Cy
ρnκ

1 + CxCy

ρ2
nκ2

⎞⎠ . (6.75)

Using κnν = 2Ωn and

In =
2
5

MR2 =
8
15

ρnπR5, (6.76)

equation (6.75) can be rewritten as

InΩ̇n = −InΩn(Ωn − Ωc)

⎛⎝ Cx
ρnκ

1 + CxCy

ρ2
nκ2

+

Cy
ρnκ

1 + CxCy

ρ2
nκ2

⎞⎠ . (6.77)

From this expression, the characteristic timescale can be identified as

τn =
1 + CxCy

ρ2
nκ2

Ωn

(︂
Cx
ρnκ +

Cy
ρnκ

)︂ . (6.78)

Note that the expression for τn is valid only at t = 0, since beyond this time the super-
fluid component no longer rotates rigidly. The lag ω = Ωn − Ωc evolves according to

ω̇ = Ω̇n − Ω̇c. (6.79)

Using equation (6.35), equation (6.79) becomes

ω̇ = Ω̇n −
In

Ic
Ω̇n =

I
Ic

Ω̇n =
ρ

ρc
Ω̇n, (6.80)

where ρ is the total mass density. Therefore, the coupling timescale at t = 0 is

τd =
ρc

ρ Ωn

1 + CxCy

ρ2
nκ2

Cx
ρnκ +

Cy
ρnκ

. (6.81)

This result is new. If the drag is symmetric, such that Cx = Cy = C, then in the weak
drag limit we obtain

τweak =
ρc

2ρ Ωn

κρn

C
, (6.82)

which is the same as the result obtained in the previous section, given in equation (6.41).
In the strong-drag limit, we find

τstrong =
ρc

2ρ Ωn

C
κρn

. (6.83)



6.3. Dynamical coupling timescale in the case of vortex creep through nuclei in the
crust 99

It should be noted that equation (6.83) is not the same as the result in equation (6.53)
from the previous section, since in that case we employed a linearisation by assum-
ing that the fractional change in the neutron superfluid angular velocity is very small.
Strictly speaking, equations (6.82) and (6.83) are valid only at t = 0. These results will
be used in a later section to compare with the corresponding timescale in the case of
perfect pinning of vortices in a single direction.

6.3 Dynamical coupling timescale in the case of vortex creep
through nuclei in the crust

In this section, we consider a spherical two-component star consisting of a neutron su-
perfluid and a charged component (the crust). We focus on the case of vortex creep
through an axisymmetric distribution of nuclei in the crust and investigate its effect on
the dynamical coupling timescales, before moving on to the non-axisymmetric inter-
action of vortices with flux tubes. This discussion is based on the phenomenological
model proposed in Alpar et al. (1984), who suggested that vortices can pass through
pinning sites (nuclei in the crust) due to thermal fluctuations.

We consider the case in which vortices encounter and pass through an axisymmetric
distribution of nuclei in the crust, in the absence of any drag force acting on the vortices.
This case is based entirely on Sidery and Alpar (2009). Alpar et al. (1984) proposed the
following phenomenological expression for the radial creep velocity of vortex lines:

vr = v0

[︃
exp

(︃
−

Ep−out

kT

)︃
− exp

(︃
−

Ep−in

kT

)︃]︃
, (6.84)

where v0 is a characteristic velocity, k is Boltzmann’s constant, and T is the temperature.

The pinning energy Ep is related to the critical lag by

Ep = bξFcritical = bξρnκrωcritical, (6.85)

where b is the distance between pinning sites, ξ is the coherence length of the super-
fluid, r is the radius of the vortex core, and ωcritical is the critical lag. At a general lag
ω ≤ ωcritical, the pinning energy barrier Ep is modified by

∆E = bξF = bξρnκrω. (6.86)

Hence, the effective outward and inward pinning energies are

Ep−out = Ep − ∆E = Ep

(︃
1 − ω

ωcritical

)︃
, (6.87)
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Ep−in = Ep + ∆E = Ep

(︃
1 +

ω

ωcritical

)︃
. (6.88)

Substituting equations (6.87) and (6.88) into equation (6.84), the creep velocity becomes

vr = 2v0 exp
(︃
−

Ep

kT

)︃
sinh

(︃
Epω

kT ωcritical

)︃
. (6.89)

The force balance equation for the vortex lines is given by

Fp + Fm = 0, (6.90)

where the pinning force is defined as

Fp = −Fm = −nνρnκ × (vn − vL). (6.91)

Here, vL denotes the vortex line velocity. Since vortices move radially with the creep
velocity vr in the rotating frame, we identify

vL = vc + vr (6.92)

in the inertial frame.

Inserting equation (6.92) into equation (6.91) and simplifying, we obtain

Fp = ρnκ(vn − vc) êr + ρnκvr êϕ. (6.93)

The torque acting on crust is therefore

IcΩ̇c =
∫︂

V
r × (−Fp) dV, (6.94)

which simplifies to

IcΩ̇c = −
∫︂

V
r sin θ ρnκnνvr dV. (6.95)

Substituting equation (6.89) into equation (6.95) and performing the integration, we
obtain

IcΩ̇c = −ρnΩnR4π2
[︃

v0 exp
(︃
−

Ep

kT

)︃
sinh

(︃
Epω

kT ωcritical

)︃]︃
. (6.96)

From conservation of angular momentum, we have

InΩ̇n = ρnΩnR4π2
[︃

v0 exp
(︃
−

Ep

kT

)︃
sinh

(︃
Epω

kT ωcritical

)︃]︃
. (6.97)
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We may write In = 2
5 MnR2 and ρn = 3Mn

4πR3 , since the neutron fluid is modelled as a
uniform-density sphere. Substituting these expressions into equation (6.97), we obtain

Ω̇n =
15πΩn

8R

[︃
v0 exp

(︃
−

Ep

kT

)︃
sinh

(︃
Epω

kT ωcritical

)︃]︃
. (6.98)

From equation (6.98), the characteristic timescale τcreep,n can be identified as

τcreep,n =
8R

15π
[︂
v0 exp

(︂
− Ep

kT

)︂
sinh

(︂
Epω

kT ωcritical

)︂]︂ . (6.99)

Finally, using the lag evolution equation (6.80), we obtain

τcreep =
8ρcR

15πρ
[︂
v0 exp

(︂
− Ep

kT

)︂
sinh

(︂
Ep ω

kT ωcritical

)︂]︂ , (6.100)

which gives the coupling timescale in the case of axisymmetric vortex creep with no
drag force acting on the vortices. In the following section, we investigate the case of
vortices pinning to flux tubes and experiencing a non-axisymmetric drag force, which
may lead to a non-axisymmetric distribution of vortices as the system evolves with
time.

6.4 Dynamical coupling timescale when flux tubes are present
inside the NS

In this section, we study how the presence of both superconducting flux tubes and neu-
tron superfluid vortices affects the rotational dynamics of the neutron star. We consider
different cases of interaction between flux tubes and vortices. These interactions are of
particular interest, as they may play an important role when we later investigate the
case of Magnus mountains.

The calculations in this section are based on the analysis of Sidery and Alpar (2009). An
important point to note is that the dynamical coupling timescale calculated in Sidery
and Alpar (2009), when flux tubes are present, is valid only at t = 0. Beyond this time,
the superfluid component no longer rotates rigidly, as the vortex distribution ceases to
remain symmetric due to the asymmetry introduced by the flux tubes. Consequently,
at later times the same expression cannot be directly interpreted as the dynamical cou-
pling timescale.

Following Sidery and Alpar (2009), we adopt a simple setup in which flux tubes are
aligned along the x-axis, while vortices are oriented along the z-axis (the rotation axis
of the neutron star), as illustrated in Fig. 6.8. We then investigate two specific cases: 1)
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FIGURE 6.8: This figure, reproduced from Sidery and Alpar (2009), shows a cross-
section of the x–y plane of a neutron star. The magnetic flux tubes are aligned along
the x-axis, while the star rotates about the z-axis. The neutron superfluid vortices are
oriented parallel to the z-axis.

perfect pinning of vortices along one axis, and 2) the inclusion of vortex creep instead
of perfect pinning.

6.4.1 Case 1: Perfect pinning along one axis

We first consider the case of perfect pinning of vortices along the y-direction, while a
drag force acts on the vortices. Since perfect pinning is assumed in the y-direction, the
drag coefficient Cy tends to infinity, while in the x-direction vortices are free to move.
The force balance equations in the x- and y-directions are then

Fx = Cx(vc,x − vl,x) = −ρnκ(vn,y − vl,y), (6.101)

Fy = ρnκ(vn,x − vl,x). (6.102)

The velocity of vortex lines in the inertial frame is

vL = Ωc × r + v∥, (6.103)

where Ωc × r gives the usual azimuthal component of the line velocity, and v∥ denotes
the component of the line velocity parallel to the flux tubes, which lies entirely in the
x-direction.

The x- and y-components of vn are given by

vl,y = Ωcr cos ϕ, (6.104)
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vl,x = −Ωcr sin ϕ + v∥. (6.105)

The corresponding expressions for vc,x, vc,y, vn,x, vn,y are given in equations (6.69)–(6.70).
Substituting equations (6.104), (6.105), (6.69), and (6.70) into equation (6.101) and solv-
ing for v∥ yields

v∥ =
ρnκ

Cx
ωr cos ϕ. (6.106)

Inserting equation (6.106) into the expression for vl,x gives

vl,x = −Ωcr sin ϕ +
ρnκ

Cx
ωr cos ϕ. (6.107)

Substituting vl,y from equation (6.104) and vn,y from equation (6.70) into equation (6.101)
yields

Fx = −ρnκην(Ωnr cos ϕ − Ωcr cos ϕ) = −ρnκην ωx, (6.108)

while substituting vl,x from equation (6.105) and vn,x from equation (6.70) into equa-
tion (6.102) gives

Fy = ρnκην

(︃
−Ωnr sin ϕ −

[︃
−Ωcr sin ϕ +

ρnκ

Cx
ωr cos ϕ

]︃)︃
= −ρnκην ωy − (ρnκ)2ην

Cx
ωx.

(6.109)

The torque acting on the neutron superfluid is

InΩ̇n =
∫︂

V
(xx̂ + yŷ)× (Fx x̂ + Fyŷ) dV. (6.110)

Substituting equations (6.108) and (6.109) into equation (6.110) gives

InΩ̇n = −ρnκηνω
∫︂

V

(︃
xy +

ρnκ

Cx
x2 − yx

)︃
ẑ dV, (6.111)

which simplifies to

InΩ̇n = −ρnκηνω
∫︂

V

ρnκ

Cx
x2 dV. (6.112)

Since
x = r sin θ cos ϕ, (6.113)

equation (6.112) becomes

InΩ̇n = −ρn 2Ωnω
ρnκ

Cx

4πR5

15
. (6.114)

The moment of inertia of the sphere in terms of density is

In =
2
5

MR2 =
2
5

ρnVR2 =
2
5

ρn
4π

3
R5. (6.115)
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Substituting equation (6.115) into equation (6.114) gives

InΩ̇n = −2Ωn Inρnκ

2Cx
ω, (6.116)

and hence
Ω̇n = −Ωnρnκ

Cx
ω. (6.117)

By conservation of angular momentum, we then have

Ω̇c =
In

Ic

Ωnρnκ

Cx
ω. (6.118)

Therefore, the lag evolution equation becomes

ω̇ = Ω̇n − Ω̇c =
Ωn Iρnκ

IcCx
ω. (6.119)

From equation (6.119), the dynamical coupling timescale is directly read off as

τpin =
IcCx

Ωn Iρnκ
=

ρc

Ωnρ

Cx

ρnκ
. (6.120)

We can recover the expression for τpin in equation (6.120) by taking the limit Cy → ∞ in
the expression for the coupling timescale in the case of a non-axisymmetric drag force
without flux tubes, as given in equation (6.81).

We now compare τpin with the coupling timescales τweak (6.82) and τstrong (6.83) in
the weak and strong drag limits, respectively, when no flux tubes are present. In each
case, the drag coefficient Cx is understood as the appropriate one for the regime under
consideration, i.e. Cx = C in the weak-drag limit and Cx = C in the strong-drag limit.

Comparing equations (6.120) and (6.82), we find

τpin

τweak
= 2

(︃
C

ρnκ

)︃2

. (6.121)

Sidery and Alpar (2009) provide the following range for C
ρnκ :

C
ρnκ

=
ρc

2ρnΩτν
∼ ρc

ρn4π(10 − 200)
∼ (4 × 10−4 − 2 × 10−5). (6.122)

To obtain this range, they assumed ρc
ρn

= 5 × 10−2 and τν = (10–200)P, where P is the
neutron star’s rotation period. This gives

τpin

τweak
= 2

(︃
C

ρnκ

)︃2

∼ (3.2 × 10−7 − 8 × 10−10). (6.123)
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Equation (6.123) shows that absolute pinning in one direction reduces the coupling
timescale significantly compared with the case of axisymmetric weak drag with no flux
tubes.

Finally, comparing equations (6.120) and (6.83), we find

τpin

τstrong
= 2. (6.124)

This demonstrates that the coupling timescale in the case of absolute pinning along
one direction is almost the same as in the case of axisymmetric strong drag with no flux
tubes, differing only by a factor of two.

6.4.2 Case 2: Vortex creep

In this section, we consider the case of vortex creep and examine its effect on the dy-
namical coupling timescales. Unlike the previous case, we now allow vortices to cut
and pass through the flux tubes. This treatment follows the phenomenological model
proposed by Sidery and Alpar (2009).

We focus on the non-axisymmetric case, where flux lines are aligned along the x-direction.
Pinning is therefore provided only along the y-direction due to the flux lines. We ig-
nore the drag force in the y-direction but retain it in the x-direction. The quantity ∆E
modifies the pinning energy barrier along the y-axis, and to incorporate the resulting
asymmetry, we introduce a factor r̂ · ŷ = sin ϕ in the expression. The pinning energy
barriers for vortex motion in the positive and negative y-directions are then given by

Ep+ = Ep

(︃
1 − ω sin ϕ

ωcritical

)︃
, (6.125)

Ep− = Ep

(︃
1 +

ω sin ϕ

ωcritical

)︃
. (6.126)

The line velocity in the y-direction in the inertial frame is obtained as the sum of the
crustal velocity and the creep velocity in the y-direction. The creep velocity is calculated
by substituting Ep+ and Ep− into the expression for vr given in equation (6.84). This
yields

vl,y = vc,y + vr(ω sin ϕ) = Ωcr cos ϕ + 2v0 exp
(︃
−

Ep

kT

)︃
sinh

(︃
Ep ω sin ϕ

kT ωcritical

)︃
. (6.127)

Next, we calculate the forces acting on the vortices in the x- and y-directions. The force
balance equation in the x-direction is written as

Fx = C(vc,x − vl,x) = −ρnκ(vn,y − vl,y), (6.128)
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which can be rearranged to solve for vl,x:

vl,x = vc,x +
ρnκ

C
(vn,y − vl,y). (6.129)

Substituting the line velocity from equation (6.127) into equation (6.128) yields

Fx = −ρnκnν

[︃
ωr cos ϕ − 2v0 exp

(︃
−

Ep

kT

)︃
sinh

(︃
Epω sin ϕ

kTωcritical

)︃]︃
. (6.130)

The force balance equation in the y-direction is

Fy = Fp = ρnκ(vn,x − vl,x). (6.131)

Substituting equation (6.129) into equation (6.131) gives

Fy = ρnκ
[︂
vn,x − vc,x −

ρnκ

C
(vn,y − vl,y)

]︂
. (6.132)

Further substituting equation (6.127) into equation (6.132) yields

Fy = −ρnκ

[︃
ωr sin ϕ +

ρnκ

C

(︃
ωr cos ϕ − 2v0 exp

(︃
−

Ep

kT

)︃
sinh

(︃
Epω sin ϕ

kTωcritical

)︃)︃]︃
.

(6.133)

The torque equation is written as

InΩ̇n =
∫︂

V

[︁
r × (Fx + Fy)

]︁
dV, (6.134)

which simplifies to

InΩ̇n =
∫︂

V

[︁
xFy − yFx

]︁
dV. (6.135)

Substituting the expressions of Fx from equation (6.130) and Fy from equation (6.133)
into equation (6.135) gives

InΩ̇n = −ρnΩn Inκω

C
− ρnκnν

∫︂
V

y 2v0 exp
(︃
−

Ep

kT

)︃
sinh

(︃
Epω sin ϕ

kTωcritical

)︃
dV. (6.136)

Using equation (5.20) in equation (6.136), we obtain

InΩ̇n = −ρnΩn Inκω

C
− ρn2Ωn

∫︂
V

y 2v0 exp
(︃
−

Ep

kT

)︃(︃
Epω sin ϕ

kTωcritical

)︃
dV. (6.137)

Performing the volume integral, we find

InΩ̇n = −ρnΩn Inκω

C
− ρn4Ωnv0 exp

(︃
−

Ep

kT

)︃(︃
Epω

kTωcritical

)︃
R4

4
π2

2
. (6.138)
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This simplifies to

Ω̇n = −ρnΩnκω

C
− 15π

16R
Ωnv0 exp

(︃
−

Ep

kT

)︃(︃
Epω

kTωcritical

)︃
. (6.139)

This result differs from the expression given in the literature (see equation (58) of
Sidery and Alpar (2009)). Instead of the factor 15π

16 in front of the second term of equa-
tion (6.139), the expression in Sidery and Alpar (2009) contains a factor of 2. It appears
that Sidery and Alpar (2009) made a mistake in the calculation of the coefficient of the
second term in equation (6.139).

As a next step, one would ideally study the case of non-axisymmetric creep in the pres-
ence of drag force. However, before proceeding, it is necessary to fully resolve the
problem of axisymmetric creep with drag force, discussed earlier in Section ??, which
was only solved in the weak-drag limit. A complete treatment requires a detailed es-
timate of the pinning force Fp acting on vortices due to pinning sites, whether crustal
nuclei or flux tubes. Such a microphysical analysis is beyond the scope of this thesis,
and we do not pursue it further here.

Finally, it should be noted that the rigid-body analysis presented here, which was ap-
plied to the non-axisymmetric interaction between flux tubes and vortices, is valid only
at t = 0. Beyond this initial time, rigid-body dynamics cannot be applied, since Ωn does
not evolve symmetrically with Ωc. At later times, the calculation of Ωn would require
a more sophisticated numerical analysis of vortex motion and distribution. As this ap-
proach is considerably more complex, we do not pursue it here. Instead, in the next
chapter, in order to study the formation of Magnus mountains, we assume an m = 2
distribution of vortices and prescribe an m = 2 velocity field by hand, without attempt-
ing to link it to the dynamics of the vortices and their interaction with the rest of the
star.
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Chapter 7

Formation of Magnus Mountains -
Incompressible star

In this chapter, we adopt a simple model framework to investigate the possibility of
forming a Magnus mountain. We consider a two-component neutron star model where
one component is subjected to a non-axisymmetric velocity perturbation. Throughout
this chapter, we assume the star to be incompressible; the effects of compressibility will
be examined in the next chapter. Our goal is to estimate both the induced current multi-
pole moment and the displacement field generated in response to the imposed velocity
perturbation. We perform this analysis under two scenarios: first, using the Cowling
approximation, where perturbations in the gravitational potential are neglected; and
second, by relaxing the Cowling approximation and fully including gravitational po-
tential perturbations.

7.1 Model Assumptions and Setup

The theory suggests that neutrons in the inner crust and outer core may exist in a su-
perfluid state. As discussed in Chapter 5, a rotating superfluid mimics bulk rotation by
forming quantised vortices. Similarly, protons in the inner core may exist in a type-II
superconducting phase, which gives rise to quantised magnetic flux tubes due to the
internal magnetic field (Baym et al., 1969; Haskell and Sedrakian, 2018; Chamel, 2017).

When a star spins up or spins down, the superfluid vortices move inward or outward,
respectively, due to the Magnus force acting on them. This force arises from the velocity
difference between the neutron vortex lines and neutron fluid (Sidery and Alpar, 2009).

In a spinning-down neutron star, vortices move outward and may become pinned ei-
ther to crustal nuclei in the inner crust or to magnetic flux tubes in the core. In the case
of pinning, the velocity of the neutron vortex line becomes equal to that of the crust.
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Since the charged component of the star (primarily protons and electrons) is tightly cou-
pled to the crust through electromagnetic interactions, the vortex line velocity—when
pinned—also effectively matches the velocity of the proton fluid. Consequently, the
Magnus force now arises due to the velocity difference between the proton fluid and
the neutron fluid. If this pinning occurs in a non-axisymmetric manner, it results in
a non-axisymmetric neutron superfluid velocity field. The pinned vortices experience
an increasing Magnus force as the velocity difference between neutrons and protons
grows: the superfluid retains its angular velocity because the vortices are stuck, while
the charged component (tightly coupled to the crust) continues to slow down. This
non-axisymmetric pinning leads to a non-axisymmetric Magnus force. The pinned vor-
tices exert a reaction force on the crust, which may deform it in a non-axisymmetric
way, thereby forming a “ Magnus mountain” (Jones, 2002b).

A recent study, Haskell et al. (2022), investigated the mass and current multipoles gen-
erated by the non-axisymmetric pinning of vortices to flux tubes in the outer core of a
neutron star. They considered a spherical two-fluid star consisting of a neutron super-
fluid (the “normal” component) and a charged component (proton + electron fluid). In
their model, the neutron superfluid velocity was prescribed by hand in terms of Heav-
iside step functions. They did not solve the equations of motion to estimate the shape
change of the star; instead, they calculated the current multipole for an incompressible
star, which was found to be zero. In contrast, we consider an infinite cylindrical two-
component star. In our model, the charged component has a non-zero shear modulus,
and we solve the coupled equations of motion to calculate both the elastic response and
the resulting shape change of the star. In this chapter, we focus on the incompressible
case, while in Chapter 8 we extend our model to the compressible case.

In our model, we assume an infinitely long cylindrical star of finite radius R. This choice
reflects the natural geometry of the vortices, which are aligned along the rotation axis.
This simplifies the analysis and allows us to capture essential physics of vortex pinning
and deformation while avoiding spherical complications at this stage. In this setup, the
neutron superfluid and charged elastic components coexist. Our goal is to construct
a simplified model for the formation of a Magnus mountain in a cylindrical star, with
the intention of extending the analysis in future work to a more realistic spherical star
possessing an elastic crust of finite thickness and a fluid core. The present thesis focuses
exclusively on the cylindrical star case.

7.2 Background Star

The background star in our model is assumed to be an incompressible, constant-density
configuration, providing a simplified baseline for studying the formation of mountains
due to vortex pinning. In chapter 8, we will extend this framework to a compressible
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stellar model. The background star is elastically relaxed, meaning that there are no
pre-existing elastic stresses in the background configuration. The star consists of two
interpenetrating fluids: a superfluid neutron component (fluid 1) and a charged fluid
(fluid 2), composed of protons and electrons. Each fluid is taken to have a uniform,
constant mass density, denoted by ρn and ρc, respectively, and we assume a common
baryon mass mB. The system rotates uniformly with angular velocity Ω about the z-
axis, and due to the assumed cylindrical symmetry, all background quantities depend
only on the radial coordinate r. Within this setup, we aim to solve for the chemical
potentials µn(r) and µc(r), as well as the gravitational potential Φ(r), which together
describe the equilibrium structure of the background star.

7.2.1 Equations of Motion in the Rotating Frame

We begin with the unperturbed Euler equations for each fluid component in the ro-
tating frame of the star (Grosart, 2005; Andersson et al., 2008). These are the general
equations, expressed in a frame rotating at the rate Ω.

For the neutron superfluid component, the Euler equation reads

∂tv⃗n + v⃗n · ∇v⃗n + 2Ω⃗ × v⃗n + Ω⃗ × (Ω⃗ × r⃗) = −∇µ̃n −∇Φ +
F⃗mag

ρn
, (7.1)

and for the charged component we have

∂tv⃗c + v⃗c · ∇v⃗c + 2Ω⃗ × v⃗c + Ω⃗ × (Ω⃗ × r⃗) = −∇µ̃c −∇Φ − F⃗mag

ρc
. (7.2)

Here, v⃗c and v⃗n denote the velocity fields of the charged fluid and the neutron super-
fluid, respectively, as measured in the rotating frame. The quantities µ̃c and µ̃n are the
corresponding reduced chemical potentials, defined by

µ̃c =
µc

mB
, µ̃n =

µn

mB
, (7.3)

where mB is the common baryon mass. The gravitational potential is denoted by Φ,
while Ω⃗ represents the angular velocity vector of the star. The position vector r⃗ is
defined with respect to the corotating frame. The quantity

F⃗mag = ρn (∇× v⃗n)× (⃗vn − v⃗c) (7.4)

represents the Magnus force acting on the neutron superfluid due to the presence of
pinned vortices.

In the background configuration, the fluids are assumed to be co-rotating, so v⃗n = v⃗c.
In the rotating frame, this implies v⃗n = v⃗c = 0, which immediately implies F⃗mag = 0.
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In this case, equations (7.1) and (7.2) reduce to the same form, which can be written in
the unified notation

∂tv⃗X + v⃗X · ∇v⃗X + 2Ω⃗ × v⃗X + Ω⃗ × (Ω⃗ × r⃗) = −∇µ̃X −∇Φ, X ∈ {n, c}, (7.5)

where X = n corresponds to the neutron component and X = c to the charged compo-
nent.

In the rotating frame, v⃗n = v⃗c = 0, which simplifies the Euler equation significantly.
The steady-state Euler equations for each fluid component then reduce to:

∇µ̃X = −∇Φ +∇
(︃

1
2
|Ω⃗ × r⃗|2

)︃
, (7.6)

where we have used the identity for the centrifugal term:

Ω⃗ × (Ω⃗ × r⃗) = −∇
(︃

1
2
|Ω⃗ × r⃗|2

)︃
. (7.7)

The term 1
2 |Ω⃗× r⃗|2 represents the centrifugal potential. Equation (7.6) can be integrated

with respect to r to find the chemical potential:

µ̃X(r) = −Φ(r) +
1
2

Ω2r2 + µX,0, (7.8)

where µX,0 is a constant of integration.

To determine the gravitational potential Φ, we solve the Poisson equation under the
assumption of cylindrical symmetry:

1
r

d
dr

(︃
r

dΦ
dr

)︃
= 4πG(ρn + ρc) = 4πGρ, (7.9)

where G denotes the gravitational constant and ρ = ρn + ρc is the total mass density of
the system, which is taken to be constant.

Multiplying both sides by r and integrating, we get:

d
dr

(︃
r

dΦ
dr

)︃
= 4πGρr, (7.10)

r
dΦ
dr

= 2πGρr2 + A ⇒ dΦ
dr

= 2πGρr +
A
r

, (7.11)

where A is a constant of integration. To avoid a singularity at r = 0, we set A = 0.
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Integrating once more:

Φ(r) =
∫︂

2πGρr dr = πGρr2 + Φ0, (7.12)

where Φ0 is a second constant of integration.

Substituting Equation (7.12) into Equation (7.8) yields:

µ̃X(r) = −(πGρr2 + Φ0) +
1
2

Ω2r2 + µX,0. (7.13)

We impose the boundary condition that the chemical potential vanishes at the stellar
surface (interpreted as the interface with vacuum):

µ̃X(R) = 0, (7.14)

where R is the radius of the star.

Applying this boundary condition to Equation (7.13) at r = R, we obtain:

0 = −(πGρR2 + Φ0) +
1
2

Ω2R2 + µX,0, (7.15)

which we solve for µX,0:

˜µX,0 = (πGρR2 + Φ0 −
1
2

Ω2R2). (7.16)

Substituting Equation (7.16) back into Equation (7.13) gives the final expression for the
chemical potential:

µ̃X(r) =
[︃
−πGρr2 +

1
2

Ω2r2 + πGρR2 − 1
2

Ω2R2
]︃

. (7.17)

This can be written more compactly as:

µ̃X(r) = (R2 − r2)

(︃
πGρ − 1

2
Ω2
)︃

. (7.18)

These results will serve as the unperturbed background quantities in our model and
provide the foundation for studying perturbations due to pinned vortices and the re-
sulting formation of mountains on neutron stars.
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7.3 Superfluid Neutron Velocity Perturbation

In this section, we introduce a non-axisymmetric perturbation to the neutron superfluid
velocity field on top of the background star. This perturbation is motivated by the non-
axisymmetric pinning of vortices, which leads to a non-axisymmetric Magnus force.
Such a force can deform the star in a non-axisymmetric manner, potentially giving rise
to a “mountain.” For the purposes of this study, we restrict our attention to azimuthal
mode number m = 2, which corresponds to quadrupolar deformations most relevant
for gravitational wave emission.

The neutron superfluid velocity perturbation field should ideally be calculated from
first principles, taking into account the microphysical interactions of the vortices with
the pinning potentials of flux tubes and lattice sites in the crust. One possible approach,
indicated in Chapter 6, is to extend the model of asymmetric interactions between vor-
tices and flux tubes presented by Sidery and Alpar (2009), and to solve the system
numerically by carefully analysing the vortex motion and distribution. This detailed
calculation lies beyond the scope of the present thesis and is planned as part of future
work. In the current study, we therefore specify the velocity field by hand.

To simplify the analysis, we ignore perturbations along the z-axis, restricting our atten-
tion to two-dimensional perturbations in the r–ϕ plane. The perturbed velocity field is
therefore given by:

δ⃗vn = vr(r)ei2ϕ r̂ + vϕ(r)ei2ϕ ϕ̂, (7.19)

where vr and vϕ are radial functions to be specified.

This velocity field must satisfy the incompressibility condition:

∇ · δ⃗vn = 0, (7.20)

which ensures that the perturbed flow is divergence-free.

To obtain a Magnus force with m = 2 azimuthal symmetry (as illustrated in Figure 7.2),
we require the velocity field to satisfy:

∇Ψ · δ⃗vn = 0, (7.21)

which implies that the fluid elements follow closed streamlines along level sets of a
scalar streamfunction Ψ.

We define Ψ as:
Ψ(r, ϕ) = Ψ(r)ei2ϕ, (7.22)
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Taking the gradient of Ψ, we obtain:

∇Ψ(r, ϕ) =
dΨ(r, ϕ)

dr
r̂ +

1
r

∂Ψ(r, ϕ)

∂ϕ
ϕ̂. (7.23)

The velocity field δ⃗vn must be perpendicular to ∇Ψ, and hence must be proportional
to ẑ ×∇Ψ:

δ⃗vn = f (r) ẑ ×∇Ψ, (7.24)

where f (r) is a scalar function to be determined. Substituting Equation (7.23) into Equa-
tion (7.24) gives:

δ⃗vn = f (r)
(︃
−1

r
∂Ψ
∂ϕ

r̂ +
dΨ
dr

ϕ̂

)︃
. (7.25)

Applying the incompressibility condition (Equation (7.20)) to this expression yields:

f (r) = constant = A′, (7.26)

so that the perturbed velocity becomes:

δ⃗vn = A′
(︃
−1

r
∂Ψ
∂ϕ

r̂ +
∂Ψ
∂r

ϕ̂

)︃
. (7.27)

To ensure that the radial component of the perturbed velocity vanishes at the stellar
surface (i.e., fluid elements remain inside the star), we choose:

Ψ(r, ϕ) =

(︃
r2

R2 − 1
)︃

r2

R2 e2iϕ. (7.28)

The quadratic structure in Eq. (7.28) ensures that the function is regular at the origin.
Additionally, this choice satisfies Ψ = 0 at both r = 0 and r = R, which implies that the
streamlines are closed and remain entirely within the stellar domain.

Substituting Equation (7.28) into Equation (7.27), we obtain the explicit expression for
the m = 2 perturbed superfluid velocity:

δ⃗vn = A′
[︃
− i2r

R2

(︃
r2

R2 − 1
)︃

e2iϕ r̂ +
2r
R2

(︃
2r2

R2 − 1
)︃

e2iϕ ϕ̂

]︃
. (7.29)

We get the required m = 2 superfluid neutron velocity perturbation that will source a
corresponding m = 2 Magnus force.

In order to express the equations of motion (EOMs), derived later in this chapter, in a
simplified and compact form, we rewrite Eq. (7.29) using two radial functions, u(r) and
v(r), as follows:

δ⃗vn = −i u(r) e2iϕ r̂ + v(r) e2iϕ ϕ̂, (7.30)
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where the functions u(r) and v(r) are defined as:

u(r) =
2A′r
R2

(︃
r2

R2 − 1
)︃

, (7.31)

v(r) =
2A′r
R2

(︃
2r2

R2 − 1
)︃

. (7.32)

The vorticity associated with this perturbed velocity field is obtained by taking the curl:

κ⃗ = ∇× v⃗n =
12A′r2

R4 e2iϕ ẑ, (7.33)

which shows that the vorticity retains the m = 2 angular structure. Figure (7.1) shows
the plots for the perturbed velocity field δ⃗vn and the corresponding vorticity κ⃗.

FIGURE 7.1: Perturbed superfluid neutron velocity field and associated vortic-
ity. Left panel: Polar plot of the perturbed superfluid neutron velocity field. Arrow
lengths reflect the local magnitude of the perturbation. Arrow colors indicate the
sign of the azimuthal component at each location: red where the azimuthal velocity
component is locally directed along increasing azimuthal angle, and blue where it is
directed along decreasing azimuthal angle. Right panel: The corresponding vorticity
field ∇× v⃗n exhibits the same m = 2 symmetry. Positive (red) and negative (blue)
regions show the alternating pattern of vorticity that reflects spatial variation of the
Magnus force. This perturbation may produce non-axisymmetric internal stresses,
which may lead to elastic deformations (“mountains”) on the neutron star crust.

7.4 Current Multipole

In this section, we evaluate the current multipole moment arising from the non-axisymmetric
perturbed velocity field derived in the previous section. Specifically, we are interested
in the l = 2, m = 2 component, which is relevant for gravitational wave emission from
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quadrupolar fluid deformations. The current multipole will be evaluated over a finite
cylindrical region bounded by z = 0 and z = zmax.

The expression for the current multipole moment S22, as defined by Thorne (1980), is

S22 =
32π

√
2

15

∫︂
δ⃗vn · Y⃗∗

B,22 ρ r2 dV, (7.34)

where ρ is the mass density, δ⃗vn represents the perturbed velocity field of the neutron
superfluid, and Y⃗∗

B,22 denotes the complex conjugate of the magnetic-type vector spher-
ical harmonic:

Y⃗∗
B,22 =

1√
6

r⃗ ×∇Y∗
22, (7.35)

where Y22 is the scalar spherical harmonic given by:

Y22 =
1
4

√︃
15
2π

sin2 θ e2iϕ. (7.36)

In the case of an incompressible fluid, the mass density ρ remains constant throughout
the volume. This allows us to factor it out of the integral in Eq. (7.34). Consequently,
the expression for the current multipole moment simplifies to:

S22 =
32πρ

√
2

15

∫︂
δ⃗vn · Y⃗∗

B,22 r2 dV. (7.37)

To evaluate the current multipole in a cylindrical geometry, we express the standard
spherical quantities in terms of cylindrical coordinates. We use the standard relations:

ϖ = r sin θ, z = r cos θ, r =
√︁

ϖ2 + z2, (7.38)

sin2 θ =
ϖ2

ϖ2 + z2 . (7.39)

Substituting these into Equation (7.36), we obtain:

Y22 =
1
4

√︃
15
2π

ϖ2

ϖ2 + z2 e2iϕ. (7.40)

The gradient of Y22 is then computed as:

∇Y22 =

⎛⎝
√︂

15
2π r e2iϕ

2(r2 + z2)
−

√︂
15
2π r3 e2iϕ

2(r2 + z2)2

⎞⎠ ϖ̂ +
i
√︂

15
2π r e2iϕ

2(r2 + z2)
ϕ̂ −

√︂
15
2π r2z e2iϕ

2(r2 + z2)2 ẑ. (7.41)
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We express r⃗ = ϖϖ̂ + zẑ and evaluate the vector spherical harmonic:

Y⃗B,22 =
1√
6
(ϖϖ̂ + zẑ)×∇Y22. (7.42)

Evaluating the cross product gives:

Y⃗B,22 =
1√
6

⎡⎣− i
√︂

15
2π ϖze2iϕ

2(r2 + z2)
ϖ̂ +

√︂
15
2π ϖze2iϕ

2(r2 + z2)
ϕ̂ +

i
√︂

15
2π ϖ2e2iϕ

2(r2 + z2)
ẑ

⎤⎦ . (7.43)

Taking the complex conjugate:

Y⃗∗
B,22 =

1√
6

⎡⎣ i
√︂

15
2π ϖze−2iϕ

2(ϖ2 + z2)
ϖ̂ +

√︂
15
2π ϖze−2iϕ

2(ϖ2 + z2)
ϕ̂ −

i
√︂

15
2π ϖ2e−2iϕ

2(ϖ2 + z2)
ẑ

⎤⎦ . (7.44)

Using the velocity field from Equation (7.29) and expressing it in terms of ϖ, we find:

δ⃗vn · Y⃗∗
B,22 =

A′
√

6

(︃
ϖ2

R2 − 1
)︃

ϖ2

R2 ·

√︂
15
2π z

(ϖ2 + z2)
+

A′
√

6

(︃
2ϖ2

R2 − 1
)︃

ϖ2

R2 ·

√︂
15
2π z

(ϖ2 + z2)

=
A′
√

6

(︃
3ϖ2

R2 − 2
)︃

ϖ2

R2 ·

√︂
15
2π z

(ϖ2 + z2)
. (7.45)

Substituting into Equation (7.37) gives:

S22 =
32πρ

√
2

15

∫︂ zmax

0

∫︂ 2π

0

∫︂ R

0
v⃗n · Y⃗∗

B,22(ϖ
2 + z2)ϖ dϖ dϕ dz. (7.46)

This simplifies to:

S22 = A′ 32π
√

πz2
maxρ√

90

∫︂ R

0

(︃
3ϖ2

R2 − 2
)︃

ϖ3

R2 dϖ = 0. (7.47)

Evaluating the integral, we find that it vanishes. Thus, the current multipole vanishes
for this specific choice of velocity field.

To verify whether this vanishing result is a feature of the specific velocity profile or a
more general outcome, we now consider a broader class of m=2 velocity perturbations
expressed in cylindrical harmonics:

ei(mϕ+kz) : ei(mϕ+kz) êr, ∇̂ei(mϕ+kz), êr × ∇̂ei(mϕ+kz). (7.48)
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The general form of the perturbed velocity is:

δ⃗vn = u(ϖ)ei2ϕ êϖ + i2v(ϖ)ei2ϕ êϕ. (7.49)

Applying the incompressibility condition:

∇⃗ · δ⃗vn = 0 ⇒ u(ϖ)

4
+

ϖ

4
du(ϖ)

dϖ
= v(ϖ). (7.50)

The dot product becomes:

δ⃗vn · Y⃗∗
B,22 =

i
2
√

6

√︂
15
2π ϖz

(ϖ2 + z2)
(u(ϖ) + 2v(ϖ)) . (7.51)

Substituting into Equation (7.37), we get:

S22 =
32πρ

√
2

15

∫︂
v⃗n · Y⃗∗

B,22(ϖ
2 + z2)ϖ dϖ dϕ dz

=
16π

√
πρ√

90
z2

max

∫︂ R

0
(u(ϖ) + 2v(ϖ))ϖ2 dϖ. (7.52)

Using the incompressibility relation from Equation (7.50):

S22 =
16π

√
πρ√

90
z2

max

∫︂ R

0

(︃
3
2

u(ϖ)ϖ2 +
ϖ3

2
du(ϖ)

dϖ

)︃
dϖ. (7.53)

Integrating by parts:

S22 =
16π

√
πρ√

90
z2

max

(︄[︃
u(ϖ)

ϖ3

2

]︃R

0
−
∫︂ R

0

ϖ3

2
du(ϖ)

dϖ
dϖ +

∫︂ R

0

ϖ3

2
du(ϖ)

dϖ
dϖ

)︄

=
16π

√
πρ√

90
z2

max

[︃
u(ϖ)

ϖ3

2

]︃R

0
. (7.54)

Imposing the boundary condition u(R) = 0, we finally find:

S22 = 0. (7.55)

Thus, even for a general incompressible m = 2 velocity perturbation, the resulting cur-
rent multipole moment vanishes under the imposed boundary conditions. This result
arises primarily due to the vanishing radial perturbed velocity at the stellar surface.
A more realistic perturbed velocity field, derived from detailed numerical simulations,
may instead produce a non-zero current multipole moment.
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In Melatos et al. (2015), the authors considered an infinitely long cylindrical star and
calculated the current multipole arising from non-axisymmetric pinning of vortices in
the crust. Instead of integrating from z = z1 to z = z2, they integrated over a spher-
ical domain defined by |z| ≤ (R∗2 − R2)1/2, where R varies from 0 to R∗ (the stellar
radius). Following the same approach here would yield a non-zero current multipole.
This indicates that the exact cancellation is likely a feature of the assumed cylindrical
geometry, and that for a more realistic spherical star such a cancellation may not occur.

Nevertheless, despite the vanishing of the current multipole, it remains possible for the
mass quadrupole moment to be non-zero. We therefore proceed to calculate the mass
multipole moment by solving the coupled equations of motion. This will allow us to
determine the deformation of the star from its equilibrium configuration in response to
the perturbed velocity field.

7.5 Solving the Equations of Motion

In this section, we solve the linearised perturbed fluid and elastic equations of motion,
coupled through the Magnus force, which is sourced by the perturbed velocity field
defined in Equation (7.29).

7.5.1 Fluid Equations of Motion

We begin by perturbing the fluid equation of motion given in Equation (7.1). The
neutron superfluid velocity perturbation is prescribed explicitly, as defined in Equa-
tion (7.29). We assume that the proton fluid velocity perturbation is zero. Our goal
is to solve for the perturbed chemical potential of the neutron superfluid component.
We restrict our analysis to linear perturbations and adopt the Cowling approximation,
whereby perturbations in the gravitational potential are neglected. Furthermore, we
consider only time-independent (stationary) perturbations. Under these assumptions,
the perturbed Euler equation becomes:

2Ω⃗ × δ⃗vn = −∇δµn + δF⃗mag, (7.56)

where the perturbed Magnus force is given by:

δF⃗mag = ρn

(︂
∇× v⃗n +∇× δ⃗vn

)︂
× δ⃗vn = ρn(2Ω⃗ × δ⃗vn) + ρn(∇× δ⃗vn)× δ⃗vn. (7.57)

This expression captures the Magnus force acting on the neutron superfluid, sourced
by the perturbed velocity field. Since we are working within a linear perturbation
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framework, we retain only the first-order term and discard the nonlinear contribution:

δF⃗mag ≈ ρn(2Ω⃗ × δ⃗vn). (7.58)

FIGURE 7.2: This figure shows the resulting m = 2 Magnus force field corresponding
to the perturbed velocity field given in Equation (7.29), plotted in a z = constant
plane.

Figure 7.2 shows the Magnus force field map. By substituting Equation (7.58) into the
perturbed Euler equation (7.56), we obtain:

2Ω⃗ × δ⃗vn = −∇δµn + 2Ω⃗ × δ⃗vn. (7.59)

We observe that the Coriolis force on the left-hand side of the equation exactly balances



122 Chapter 7. Formation of Magnus Mountains - Incompressible star

the Magnus force on the right-hand side. Canceling these terms on both sides of Equa-
tion (7.59) yields the following:

∇δµn = 0 ⇒ δµn = constant. (7.60)

At the stellar surface, the Lagrangian perturbation condition for the chemical potential
is:

∆µn = δµn + ξr∇rµn = 0, (7.61)

which implies:
constant = −ξr∇rµn. (7.62)

If we assume a free surface perturbation of the form:

ξr = f (r) cos(2ϕ), (7.63)

then the right-hand side of Equation (7.62) varies as cos(2ϕ), while the left-hand side is
constant. This condition can only be satisfied if:

ξr = 0. (7.64)

Hence, we conclude:
δµn = 0. (7.65)

We therefore find that the perturbed chemical potential δµn vanishes under the set of
assumptions we have made. These include the linearity of perturbations, the use of
the Cowling approximation (where perturbations in the gravitational potential are ne-
glected), the incompressibility of the neutron superfluid, and the condition of a free
fluid surface at the stellar boundary. The resulting solution is not entirely trivial. The
Coriolis force associated with the prescribed velocity perturbation δv⃗n is exactly bal-
anced by the Magnus force. There is no force associated with the gradient of a per-
turbed chemical potential.

In the calculations presented thus far, we have not included the effects of entrainment.
Entrainment is a fundamental feature of multi-fluid systems such as neutron stars,
wherein the motion of one fluid component influences the momentum of the other.
The full calculation incorporating entrainment is not presented here, as its contribu-
tion vanishes to first order in the perturbation. However, for completeness, we briefly
summarise the approach adopted. The fluid equations of motion, accounting for en-
trainment effects, were solved in the rotating frame of reference. In the unperturbed
background, the neutron and charged fluids were assumed to co-rotate, meaning their
velocities were equal and the relative velocity vanished. As a result, the background
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Magnus force was zero. Upon introducing perturbations, we found that the entrain-
ment terms did not contribute at linear order in the perturbed neutron velocity. Their
contribution arose only at second order, which lies beyond the scope of our present
linear analysis. Consequently, the linearised equations of motion in the rotating frame
reduced to a balance between the Coriolis force and the Magnus force, leading to the
condition that the gradient of the perturbed chemical potential vanishes. The subse-
quent analysis then proceeded identically to that of the non-entrained case discussed
previously. We therefore conclude that, to linear order, entrainment has no effect on the
neutron fluid dynamics in our setup.

7.5.2 Elastic Equation of Motion

In this section, we solve the equation of motion for the elastic (charged) component. We
assume a constant shear modulus throughout the star. The elastic EOM is coupled to
the fluid EOM via the Magnus force acting on vortices. Pinned vortices exert a reaction
force on the elastic component, equal in magnitude and opposite in direction to the
Magnus force.

The unperturbed equation of motion for the elastic component is given by Passamonti
and Andersson (2012) as:

ρc

(︂
∂tvc

b + vc
a∇avc

b + 2ϵbcdΩcvd
c + (Ω⃗ × (Ω⃗ × r⃗))b

)︂
= ∇aτab − ρc∇bΦ − Fmag

b . (7.66)

Here, the Latin indices a and d are summed over according to the Einstein summation
convention, while the index b is a free spatial index specifying the vector component
of the equation. The superscript c denotes the charged component of the fluid and is a
label rather than an index; it does not participate in index contraction. The tensor τab

represents the elastic stress tensor.

Since v⃗c = 0 in the rotating frame, equation (7.66) simplifies to:

(Ω⃗ × (Ω⃗ × r⃗))b =
∇aτab

ρc
−∇bΦ −

Fmag
b
ρc

. (7.67)

In the background star, we have Fmag
b = 0, as both components are co-rotating. Assum-

ing further that the background star is elastically relaxed, the stress tensor satisfies:

∇aτab = −ρc∇bµ̃c, (7.68)

which implies:
τab = −ρc µ̃c gab. (7.69)
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We will use this result later when applying the boundary conditions on the perturbed
traction at the stellar surface.

To find the dynamics of perturbations, we now perturb Equation (7.67). Assuming the
Cowling approximation (neglecting perturbations in the gravitational potential), the
perturbed EOM becomes:

∇aδτab − δFmag
b = 0, (7.70)

where −δFmag
b is the reaction force due to the Magnus force acting on pinned vortices.

Using the expression for δFmag
b from Equation (7.58), the equation becomes:

∇aδτab = ρn2(Ω × δv⃗n)b, (7.71)

or equivalently,
∇aδτab = ρn2Ωϵbzdδvd

n. (7.72)

Here, δv⃗n is the perturbed neutron velocity field defined in Equation (7.29). The per-
turbed stress tensor is given by:

δτab = −ρcδµ̃cgab + µ(∇aξb +∇bξa −
2
3

gab∇cξc), (7.73)

where the Lagrangian displacement is:

ξa = ξrCmk r̂a + ξ⊥r∇aCmk, (7.74)

with the harmonic factor defined as:

Cmk = eimϕeikz. (7.75)

In Ushomirsky et al. (2000), the authors expressed the perturbed stress tensor in terms
of the perturbed tractions δτrr and δτr⊥ in spherical coordinates, which facilitated ap-
plying boundary conditions at the surface. Inspired by this approach, we write a gen-
eral form of the perturbed stress tensor in cylindrical coordinates:

δτab = gabδτrrCmk + wab2µ
ξr

r
Cmk − eab2µ

dξr

dr
Cmk + fabδτ′

rϕ + f̃abδτ′
rz + Λab2µ

ξ⊥
r

, (7.76)
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with component definitions:

δτrr = −ρcδµ̃c + µ

(︃
4
3

dξr

dr
− 2

3
ξr

r
+

2
3

m2 ξ⊥
r

+
2
3

k2ξ⊥r
)︃

, (7.77)

δτ′
rϕ = µ

(︃
dξ⊥
dr

− ξ⊥
r

+
ξr

r

)︃
, (7.78)

δτ′
rz = µ

(︃
r

dξ⊥
dr

+ ξ⊥ + ξr

)︃
, (7.79)

fab = r(r̂a∇bCmk + r̂b∇aCmk − r̂a ẑbikCmk − r̂b ẑaikCmk), (7.80)

f̃ab = r̂a∇bCmk + r̂b∇aCmk −
r̂aϕ̂bimCmk

r
− r̂bϕ̂aimCmk

r
, (7.81)

Λab = r2∇a∇bCmk + fab, (7.82)

eab = gab − r̂ar̂b, (7.83)

wab = eab − ẑa ẑb. (7.84)

In our specific model, we do not include perturbations along the z-axis. Therefore, the
expressions simplify to:

δτab = gabδτrreimϕ + wab2µ
ξr

r
eimϕ − eab2µ

dξr

dr
eimϕ + fabδτ′

rϕ + Λab2µ
ξ⊥
r

, (7.85)

where:

δτrr = −ρcδµ̃c + µ

(︃
4
3

dξr

dr
− 2

3
ξr

r
+

2
3

m2 ξ⊥
r

)︃
, (7.86)

δτ′
rϕ = µ

(︃
dξ⊥
dr

− ξ⊥
r

+
ξr

r

)︃
, (7.87)

fab = r(r̂a∇beimϕ + r̂b∇aeimϕ), (7.88)

ξa = ξreimϕr̂a + ξ⊥r∇aeimϕ. (7.89)

Finally, substituting the expression for the perturbed stress tensor from Equation (7.85)
into the perturbed EOM (7.72), we obtain:

∇a
(︃

gabδτrreimϕ + wab2µ
ξr

r
eimϕ − eab2µ

dξr

dr
eimϕ + fabδτ′

rϕ + Λab2µ
ξ⊥
r

)︃
= ρn2Ωϵbzdδvd

n.

(7.90)

Inserting (7.82), (7.83), (7.84) and (7.88) into (7.90) gives,

∇a(gabδτrreimϕ + gabeimϕ2µ(
ξr

r
− dξr

dr
)− r̂ar̂beimϕ2µ(

ξr

r
− dξr

dr
)− ẑa ẑb2µeimϕ ξr

r

+ r(r̂a∇beimϕ + r̂b∇aeimϕ)(δτ′
rϕ + 2µ

ξ⊥
r
) + r2∇a∇bCmk2µ

ξ⊥
r
) = ρn2Ωϵbzdδvd

n (7.91)
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To simplify Eq. (7.91), we break the left-hand side into the following components. These
simplifications rely on standard vector calculus identities and cylindrical coordinate
basis properties:

1. Divergence of the isotropic radial stress:

∇a(gabδτrreimϕ) = δτrr∇beimϕ + eimϕ dδτrr

dr
r̂b, (7.92)

2. Divergence of the isotropic elastic term:

∇a(gabeimϕ2µ(
ξr

r
− dξr

dr
)) = 2µ(

ξr

r
− dξr

dr
)∇beimϕ + 2µeimϕ d

dr
(

ξr

r
− dξr

dr
)r̂b, (7.93)

3. Divergence of the anisotropic radial component:

∇a(r̂ar̂beimϕ2µ(
ξr

r
− dξr

dr
)) =

1
r

eimϕ2µ(
ξr

r
− dξr

dr
)r̂b

+ 2µeimϕ d
dr

(
ξr

r
− dξr

dr
)r̂b, (7.94)

using

∇ar̂a =
1
r

, r̂a∇ar̂b =
1
r
(δab − ẑa ẑb − r̂ar̂b) r̂a. (7.95)

4. The vertical (z-axis) term vanishes:

∇a(ẑa ẑbeimϕ2µ
ξr

r
) = 0, (7.96)

5. The mixed radial-angular terms:

∇a(rr̂a∇beimϕ(δτ′
rϕ + 2µ

ξ⊥
r
)) = ∇beimϕδτ′

rϕ + r∇beimϕ
dδτ′

rϕ

dr
+∇beimϕ2µ

dξ⊥
dr

,

(7.97)

∇a(rr̂b∇aeimϕ(δτ′
rϕ + 2µ

ξ⊥
r
)) = ∇beimϕδτ′

rϕ +∇beimϕ2µ
ξ⊥
r

− m2
δτ′

rϕ

r
eimϕr̂b − m2 2µξ⊥

r2 eimϕr̂b, (7.98)

6. The Laplacian angular term:

∇a(2µξ⊥r∇a∇beimϕ) = −2µ
dξ⊥
dr

∇beimϕ − 2µ
ξ⊥
r
∇beimϕ

− m22µ
ξ⊥
r
∇beimϕ + m24µ

ξ⊥
r2 eimϕ, (7.99)
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using the identity:

∇a∇a∇beimϕ = −m2∇b

(︃
eimϕ

r2

)︃
. (7.100)

Substituting Eqs. (7.92)–(7.99) back into Eq. (7.91), and projecting along r̂ and ϕ̂ direc-
tions, we obtain two components of the perturbed equation of motion:

r̂ :
(︃

dδτrr

dr
− 2µ

r

(︃
ξr

r
− dξr

dr

)︃
− m2

r
δτ′

rϕ + m22µ
ξ⊥
r2

)︃
eimϕ = −ρn2Ωv(r)eimϕ, (7.101)

ϕ̂ :

(︄
δτrr + 2µ

(︃
ξr

r
− dξr

dr

)︃
+ r

dδτ′
rϕ

dr
+ 2δτ′

rϕ − m22µ
ξ⊥
r

)︄
∇ϕeimϕ = −2iρnΩu(r)eimϕ.

(7.102)

These equations describe the core dynamics of the perturbed elastic medium coupled
to vortex motion. In our model, we consider only the m = 2 perturbation. For m = 2,
Eqs. (7.101) and (7.102) simplify to:

r̂ :
(︃

dδτrr

dr
− 2µ

r

(︃
ξr

r
− dξr

dr

)︃
− 4

r
δτ′

rϕ + 8µ
ξ⊥
r2

)︃
ei2ϕ = −ρn2Ωv(r)ei2ϕ, (7.103)

ϕ̂ :

(︄
δτrr + 2µ

(︃
ξr

r
− dξr

dr

)︃
+ r

dδτ′
rϕ

dr
+ 2δτ′

rϕ − 8µ
ξ⊥
r

)︄
∇ϕei2ϕ = −2iρnΩu(r)ei2ϕ.

(7.104)

Taking the real part of both sides leads to:

dδτrr

dr
− 2µ

r

(︃
ξr

r
− dξr

dr

)︃
− 4

r
δτ′

rϕ + 8µ
ξ⊥
r2 = −ρn2Ωv(r), (7.105)

δτrr + 2µ

(︃
ξr

r
− dξr

dr

)︃
+ r

dδτ′
rϕ

dr
+ 2δτ′

rϕ − 8µ
ξ⊥
r

= −rρnΩu(r). (7.106)

In addition, we have the incompressibility condition ∇ · ξ⃗ = 0, which gives:

dξr

dr
− 4

ξ⊥
r

+
ξr

r
= 0. (7.107)
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We now have three variables, ξr, ξ⊥, and δµ̃c, which can be determined by solving
Eqs. (7.105), (7.106), and (7.107).

First, we substitute Eqs. (7.86) and (7.87) into Eq. (7.105), yielding:

2µd2ξr

dr2 +
2µdξr

rdr
− 6µξr

r2 +
12µξ⊥

r2 − 4µdξ⊥
rdr

− ρcdδµ̃c

dr
= −2ρnΩv(r). (7.108)

Using Eq. (7.107) to eliminate ξ⊥ gives:

µd2ξr

dr2 +
3µdξr

rdr
− 3µξr

r2 − ρcdδµ̃c

dr
= −2ρnΩv(r). (7.109)

Next, substituting Eqs. (7.86) and (7.87) into Eq. (7.106), we obtain:

−ρcδµ̃c +
3µξr

r
+

µdξr

dr
− 9µξ⊥

r
+

µdξ⊥
dr

+ µr
d2ξ⊥
dr2 = −ρnΩru(r). (7.110)

Applying Eq. (7.107) again simplifies this to:

ρcδµ̃c = ρnΩru(r) +
3µξr

4r
− 3µdξr

4dr
+ µr

d2ξr

dr2 +
µr2d3ξr

4dr3 . (7.111)

Differentiating this expression gives:

ρcdδµ̃c

dr
= ρnΩ

d(ru(r))
dr

− 3µξr

4r2 +
3µdξr

4rdr
+

µd2ξr

4dr2 +
3µrd3ξr

2dr3 +
µr2d4ξr

4dr4 . (7.112)

Substituting Eq. (7.112) into Eq. (7.109) results in a fourth-order differential equation
for ξr:

− r2d4ξr

4dr4 − 3rd3ξr

2dr3 +
3d2ξr

4dr2 +
9dξr

4rdr
− 9ξr

4r2 =
ρnΩ

µ

[︃
r

du(r)
dr

+ u(r)− 2v(r)
]︃

. (7.113)

The right-hand side vanishes due to the incompressibility condition:

u(r)
2

+
r
2

∂u(r)
∂r

= v(r). (7.114)

Thus, Eq. (7.113) simplifies to the homogeneous form:

− r2d4ξr

4dr4 − 3rd3ξr

2dr3 +
3d2ξr

4dr2 +
9dξr

4rdr
− 9ξr

4r2 = 0. (7.115)
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Assuming a power-law solution ξr = rn and substituting into Eq. (7.115) leads to the
characteristic equation:

(n − 1)(9 + 9n − n2 − n3) = 0, (7.116)

with solutions n = 1,−1, 3,−3. Discarding negative powers to ensure regularity at
r = 0, we obtain the general solution:

ξr = C0r + C1r3, (7.117)

which leads to

ξ⊥ =
C0r
2

+ C1r3. (7.118)

From Eq. (7.111) we get:

δµ̃c =
6µC1

ρc
r2 +

2ρnΩA′

ρc

(︃
r4

R4 − r2

R2

)︃
. (7.119)

We now apply boundary conditions. At surface, the radial traction condition ∆τrr = 0
gives:

∆τrr = δτrr + ξr∇rτrr = 0. (7.120)

Substituting Eqs. (7.69), (7.86), (7.117), (7.118), and (7.119) into Eq. (7.120) yields:

2C0

(︃
µ − (Ω2 − 2πρcG)

3
R2ρc

)︃
= 0. (7.121)

Similarly, the tangential traction condition ∆τrϕ = 0 gives:

C0 + 3C1R2 = 0, (7.122)

which implies C0 = 0 and C1 = 0. Therefore,

ξr = ξ⊥ = 0, (7.123)

and Eq. (7.119) reduces to:
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δµ̃c(r, ϕ) =
ρnΩA′

ρc

(︃
r4

R4 − r2

R2

)︃
ei2ϕ. (7.124)

Thus, we find that the displacement field in the elastic component of the star vanishes.
We have also previously found ξF

r = 0. Therefore, the shape of the star remains un-
changed. This outcome is somewhat surprising, as one would generally expect a non-
axisymmetric deforming force acting on the crust to produce a corresponding distor-
tion of the stellar shape. However, the Magnus force acting on the superfluid neutrons
is exactly balanced by the Coriolis force, while the corresponding reaction force on the
elastic component is entirely compensated by the gradient of the perturbed reduced
chemical potential.

7.6 Solving the Equations of Motion Without the Cowling Ap-
proximation

We now proceed to solve the full problem, dropping the Cowling approximation and
including perturbations to the gravitational potential alongside the fluid and elastic
perturbations. This step is motivated by the question of whether relaxing the Cowling
approximation leads to a non-zero displacement field and, consequently, to a change in
the shape of the star—unlike the result obtained in Section 7.5.

7.6.1 Fluid EOM

We first perturb the fluid equations of motion in the rotating frame, starting from the
unperturbed Euler equation. After linearizing, and noting that in the rotating frame
the Coriolis force balances the Magnus force for steady perturbations, we obtain the
following perturbed EOM:

∇(δµ̃n + δΦ) = 0. (7.125)

Next, we focus on determining the perturbed gravitational potential δΦ. The perturba-
tion satisfies Poisson’s equation:

∇2δΦ = 0, (7.126)

in the bulk of the star where the density perturbation vanishes. However, because of
surface displacements in both the fluid and elastic components, there will be nonzero



7.6. Solving the Equations of Motion Without the Cowling Approximation 131

density perturbations localized at the surface. These will enter through the boundary
conditions.

Assuming no dependence on the z-coordinate, we rewrite Poisson’s equation in cylin-
drical coordinates as:

1
r

∂

∂r

(︃
r

∂δΦ
∂r

)︃
+

1
r2

∂2δΦ
∂ϕ2 = 0. (7.127)

We solve this using separation of variables, setting δΦ(r, ϕ) = ς(r)Θ(ϕ). Substituting
this into the equation yields two separate ordinary differential equations, one for Θ(ϕ)

and one for ς(r).

The angular equation takes the form:

∂2Θ(ϕ)

∂ϕ2 = −m2Θ(ϕ), (7.128)

whose solution is:

Θ(ϕ) = A cos (mϕ) + B sin (mϕ). (7.129)

The radial equation is a Cauchy-Euler differential equation:

d2ς

dr2 +
1
r

dς

dr
=

m2

r2 ς, (7.130)

which has general solution:

ς(r) = Crm + Dr−m. (7.131)

For the m = 2 mode of interest, the interior solution becomes:

(δΦ)int = r2(A1 cos 2ϕ + B1 sin 2ϕ), (7.132)

and the exterior solution is:

(δΦ)ext =
1
r2 (A2 cos 2ϕ + B2 sin 2ϕ). (7.133)

To determine the constants A1, B1, A2, B2, we apply boundary conditions at r = R. The
first condition is continuity of the gravitational potential:
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(δΦ)int = (δΦ)ext. (7.134)

The second condition comes from integrating Poisson’s equation across the surface, ac-
counting for surface density perturbations induced by the radial displacements ξF

r and
ξE

r of the fluid and elastic components, respectively. This leads to the jump condition:

∂(δΦ)ext

∂r
− ∂(δΦ)int

∂r
= 4πG

[︂
ρcξE

r (R, ϕ) + ρnξF
r (R, ϕ)

]︂
. (7.135)

Solving these boundary conditions yields:

A1 = −πG[ρcξE
r (R) + ρnξF

r (R)]
R

, (7.136)

A2 = −πG[ρcξE
r (R) + ρnξF

r (R)]R3, (7.137)

B1 = B2 = 0. (7.138)

Thus, the internal perturbed gravitational potential becomes:

(δΦ)int = − r2πG[ρcξE
r (R) + ρnξF

r (R)]
R

cos 2ϕ. (7.139)

Substituting this back into the perturbed Euler equation shows that:

(︄
δµ̃n(r)−

r2πG
[︁
ρc ξE

r (R) + ρn ξF
r (R)

]︁
R

)︄
cos 2ϕ = constant. (7.140)

Since the left-hand side of equation (7.140) contains a factor of cos 2ϕ, the only possible
value for the constant is zero. Hence, we obtain:

δµ̃n(r) =
r2πG

[︁
ρc ξE

r (R) + ρn ξF
r (R)

]︁
R

. (7.141)

We now apply the Lagrangian boundary condition for the chemical potential perturba-
tion at the stellar surface, which relates δµ̃n to the radial displacement ξF

r as:

∆µ̃n(R, ϕ) = δµ̃n(R, ϕ) + ξF
r (R, ϕ)∇rµ̃n(r)

⃓⃓
r=R = 0. (7.142)

Inserting equation (7.141) and the radial derivative of the background chemical po-
tential from equation (7.18) into the surface boundary condition (7.142), we obtain the



7.6. Solving the Equations of Motion Without the Cowling Approximation 133

following relation between ξF
r (R) and ξE

r (R):

ξF
r (R) =

−πGρc

πGρn + (Ω2 − 2πGρ)
ξE

r (R). (7.143)

This relation will be used as an input when solving the elastic equations of motion.

7.6.2 Elastic EOM

We now focus on solving the elastic equations of motion (EOM) in the presence of the
perturbed gravitational potential. The perturbed EOM can be written as:

∇aδτab = ρc∇bδΦ + ρnκϵbzdvd
n. (7.144)

Here, δτab is the perturbed stress tensor, δΦ is the perturbed gravitational potential,
and the final term represents the Magnus force acting on the elastic component.

The expression for δΦ is given by Eq. (7.139). We now decompose the EOM into radial
and azimuthal components. The radial component becomes:

dδτrr

dr
− 2µ

r

(︃
ξr

r
− dξr

dr

)︃
− 4

r
δτ′

rϕ + 8µ
ξ⊥
r2 = −2rπGρc[ρcξE

r (R) + ρnξF
r (R)]

R
− 2ρnΩv(r).

(7.145)

The azimuthal component reads:

δτrr + 2µ

(︃
ξr

r
− dξr

dr

)︃
+ r

dδτ′
rϕ

dr
+ 2δτ′

rϕ − 8µ
ξ⊥
r

= − r2πGρc[ρcξE
r (R) + ρnξF

r (R)]
R

− rρnΩu(r).

(7.146)

Next, we substitute the definitions of δτrr and δτ′
rϕ into Eq. (7.145). This leads to:

2µ
d2ξr

dr2 + 2µ
dξr

rdr
− 6µξr

r2 +
12µξ⊥

r2 − 4µdξ⊥
rdr

− ρc
dδµ̃c

dr
= −2rπGρc[ρcξE

r (R) + ρnξF
r (R)]

R
− 2ρnΩv(r).

(7.147)

Applying the incompressibility condition dξr
dr − 2 ξ⊥

r + ξr
r = 0, we eliminate ξ⊥ to obtain:
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µ
d2ξr

dr2 + 3µ
dξr

rdr
− 3µξr

r2 − ρc
dδµ̃c

dr
= −2rπGρc[ρcξE

r (R) + ρnξF
r (R)]

R
− 2ρnΩv(r). (7.148)

We now turn to Eq. (7.146). After substituting for δτrr and δτ′
rϕ, we obtain:

−ρcδµ̃c +
3µξr

r
+µ

dξr

dr
− 9µξ⊥

r
+µ

dξ⊥
dr

+µr
d2ξ⊥
dr2 = − r2πGρc[ρcξE

r (R) + ρnξF
r (R)]

R
− ρnΩru(r).

(7.149)

Eliminating ξ⊥ using the incompressibility condition leads to:

− ρcδµ̃c +
3µξr

4r
− 3µdξr

4dr
+µr

d2ξr

dr2 +
µr2d3ξr

4dr3 = − r2πGρc[ρcξE
r (R) + ρnξF

r (R)]
R

− ρnΩru(r).

(7.150)

Rearranging gives an expression for δµ̃c:

ρcδµ̃c =
r2πGρc[ρcξE

r (R) + ρnξF
r (R)]

R
+ ρnΩru(r)

+
3µξr

4r
− 3µdξr

4dr
+ µr

d2ξr

dr2 +
µr2d3ξr

4dr3 . (7.151)

Differentiating Eq. (7.151) gives:

ρcdδµ̃c

dr
=

2rπGρc[ρcξE
r (R) + ρnξF

r (R)]
R

+ ρnΩ
d(ru(r))

dr

− 3µξr

4r2 +
3µdξr

4rdr
+

µd2ξr

4dr2 +
3µrd3ξr

2dr3 +
µr2d4ξr

4dr4 . (7.152)

Substituting Eq. (7.152) into Eq. (7.148), we obtain a fourth-order differential equation
for ξr:

− r2d4ξr

4dr4 − 3rd3ξr

2dr3 +
3d2ξr

4dr2 +
9dξr

4rdr
− 9ξr

4r2

=
1
µ

(︃
2rπGρc[ρcξE

r (R) + ρnξF
r (R)]

R
− 2rπGρc[ρcξE

r (R) + ρnξF
r (R)]

R

)︃
+

ρnΩ
µ

[︃
r

du(r)
dr

+ u(r)− 2v(r)
]︃

. (7.153)
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The terms on the right-hand side cancel out due to the incompressibility condition:

u(r)
2

+
r
2

du(r)
dr

= v(r). (7.154)

Thus, Eq. (7.153) reduces to the homogeneous form:

− r2d4ξr

4dr4 − 3rd3ξr

2dr3 +
3d2ξr

4dr2 +
9dξr

4rdr
− 9ξr

4r2 = 0. (7.155)

Assuming a power-law solution ξr = rn, we substitute into Eq. (7.155) and obtain the
characteristic equation:

(n − 1)(9 + 9n − n2 − n3) = 0. (7.156)

The physically acceptable solutions are n = 1 and n = 3, giving the general solution:

ξr = C0r + C1r3. (7.157)

Using the incompressibility condition again yields:

ξ⊥ =
C0r
2

+ C1r3. (7.158)

We now substitute ξr into Eq. (7.151) to find:

ρcδµ̃c = 6µC1r2 +
r2πGρc[ρcξE

r (R) + ρnξF
r (R)]

R
− ρnΩA

(︃
r7

R6 − r4

R3

)︃
. (7.159)

Finally, we apply boundary conditions at r = R to determine C0 and C1. The first
condition comes from ∆τrr = 0:

C0 + 3C1R2 = 0. (7.160)

The second condition ∆τrϕ = 0 gives:

2µC0 − RπGρc[ρcξE
r (R) + ρnξF

r (R)] = ρc(C0R + C1R3)(Ω2 − 2πGρ). (7.161)

Solving these equations, we obtain:
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C0 =
3RπGρc[ρcξE

r (R) + ρnξF
r (R)]

6µ − 2R2ρc(Ω2 − 2πGρ)
, (7.162)

C1 = −πGρc[ρcξE
r (R) + ρnξF

r (R)]
6Rµ − 2R3ρc(Ω2 − 2πGρ)

. (7.163)

Substituting back, we have:

ξr =
πGρc[ρcξE

r (R) + ρnξF
r (R)](3R2r − r3)

6Rµ − 2R3ρc(Ω2 − 2πGρ)
, (7.164)

and

ξ⊥ =
πGρc[ρcξE

r (R) + ρnξF
r (R)](3R2r − 2r3)

2(6Rµ − 2R3ρc(Ω2 − 2πGρ))
. (7.165)

Evaluating ξr at r = R, we obtain:

ξE
r (R) =

2πGρcR2[ρcξE
r (R) + ρnξF

r (R)]
6µ − 2R2ρc(Ω2 − 2πGρ)

. (7.166)

Rearranging gives:

ξF
r (R) =

6µ − 2R2ρc(Ω2 − 2πGρ)− 2πGρ2
c R2

2πGρcρnR2 ξE
r (R). (7.167)

Finally, comparing this relation with the one obtained earlier from the fluid EOM shows
that both are compatible only if ξF

r (R) = ξE
r (R) = 0. Therefore, even when including

the perturbed gravitational potential, the system cannot support a non-axisymmetric
deformation, and no mountain is generated. The entire perturbation is absorbed into
the chemical potential gradient.

Thus, both approaches — with and without the Cowling approximation — lead to the
same conclusion: no non-axisymmetric deformation or mountain formation occurs in
the incompressible model under the present assumptions. There is a possibility that the
assumption of incompressibility inhibits the star from developing a sustained shape
deformation in response to the imposed Magnus force. It is important to note, how-
ever, that realistic neutron stars are not strictly incompressible; their compressibility
may allow for more complex responses. In the next chapter, we will relax the incom-
pressibility assumption and explore whether compressibility can enable the formation
of non-axisymmetric deformations — potentially opening a viable path for mountain
formation and continuous gravitational wave emission.
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Chapter 8

Formation of Magnus mountains -
Compressible star

In this chapter, we extend our investigation of Magnus mountain formation by con-
sidering a compressible neutron star model. The overall set-up follows closely the
framework established previously in Chapter 7, where the formation of mountains was
studied in the incompressible limit. As before, we consider a star composed of coexist-
ing superfluid neutrons and a charged component (consisting of protons and electrons)
that occupy the same volume throughout the star.

The central mechanism remains the same: we introduce a non-axisymmetric pertur-
bation in the superfluid neutron velocity field. This perturbation arises from the non-
axisymmetric pinning of vortices inside the star. As a consequence, a non-axisymmetric
Magnus force is generated, which couples the superfluid and the charged components,
potentially deforming the star.

The primary difference in this chapter lies in relaxing the incompressibility assumption.
By allowing the star to be compressible, we explore how the star’s response to the same
class of perturbations may change. We will employ the Cowling approximation in this
analysis. The equations of motion for the system will now involve the full compressible
hydrodynamics and elasticity, and we will solve the resulting coupled ordinary differ-
ential equations (ODEs) numerically.

A key step in this investigation will be the careful derivation of regularity conditions at
the stellar center, as well as boundary conditions at the surface, both of which are essen-
tial for the numerical solution of the system. We will also compute appropriate forms
of the perturbed neutron superfluid velocity field consistent with bulk compressibility
of the star.

In addition to the fully compressible cylindrical star model, we will also investigate an
alternative configuration: an annular model, consisting of a fluid core, an elastic crust,
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and a thin surface ocean layer. For this layered model, we will again define a non-
axisymmetric velocity perturbation and carefully analyze the boundary and interface
conditions at each transition layer. We will investigate whether such configurations can
sustain a non-zero current multipole moment and whether they allow for the formation
of a non-axisymmetric mountain.

The goal of this chapter is to systematically assess whether compressibility and realistic
multi-layered structures enable the formation of non-axisymmetric mountains under
the action of the Magnus force generated by pinned superfluid vortices.

8.1 Background Star

We now construct the background configuration for a compressible star, which forms
the equilibrium state upon which the perturbations will be introduced. The overall
model setup remains the same as outlined earlier in Section 7.2, with both the super-
fluid neutrons and the charged component coexisting throughout the volume of an in-
finitely long cylindrical star. However, in contrast to the incompressible case, we now
allow for compressibility. Our goal in this section is to derive the equilibrium gravita-
tional and chemical potentials for this compressible background star.

We adopt a simple two-fluid polytropic equation of state (EOS) where each fluid obeys
an independent n = 1 polytrope. The total internal energy density is given by:

ϵ =
1
2

Knn2
n +

1
2

Kcn2
c , (8.1)

where nn and nc are the neutron and proton number densities, and Kn, Kc are the re-
spective polytropic constants. We neglect any interaction terms between the two com-
ponents.

The chemical potentials for each component are obtained by differentiating the energy
density with respect to the corresponding number density:

µn =

(︃
dϵ

dnn

)︃
nc

= Knnn, (8.2)

µc =

(︃
dϵ

dnc

)︃
nn

= Kcnc. (8.3)
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We rewrite these relations in terms of the mass densities ρn = mnnn and ρc = mpnc,
yielding:

µn =
Kn

mn
ρn, (8.4)

µc =
Kc

mp
ρc. (8.5)

Defining the reduced chemical potentials as:

µ̃n =
Kn

m2
n

ρn, (8.6)

µ̃c =
Kc

m2
p

ρc, (8.7)

we can invert these to obtain the mass densities as:

ρn =
m2

n
Kn

µ̃n = anµ̃n, (8.8)

ρc =
m2

p

Kc
µ̃c = acµ̃c. (8.9)

Thus, the total mass density becomes:

ρ = ρn + ρc = anµ̃n + acµ̃c. (8.10)

We now turn to the equations of motion (EOM) for the background configuration. Since
the system is time-independent and we are working in the rotating frame where v⃗X = 0,
the steady-state Euler equations simplify to:

∇µ̃X +∇Φ −∇
(︃

1
2

Ω2r2
)︃
= 0, (8.11)

where X = n, c. Integrating this yields:

µ̃n + Φ − 1
2

Ω2r2 = Cn, (8.12)

µ̃c + Φ − 1
2

Ω2r2 = Cc. (8.13)

Since both fluids share a common surface, we impose that µ̃n = µ̃c = 0 at the surface,
yielding Cn = Cc = C0. Therefore, throughout the interior of the star, both fluids share
a common reduced chemical potential:

µ̃n = µ̃c ≡ µ̃0. (8.14)
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Thus, Eq. (8.12) becomes:

µ̃0 + Φ − 1
2

Ω2r2 = C0. (8.15)

We now substitute this relation into Poisson’s equation to determine µ̃0. The Poisson
equation reads:

∇2Φ = 4πGρ = 4πG(an + ac)µ̃0. (8.16)

We define
A = 4πG(an + ac), (8.17)

which allows us to rewrite equation (8.16) as

∇2Φ = Aµ̃0. (8.18)

Using Eq. (8.15) in Eq. (8.18), we obtain:

∇2µ̃0 + Aµ̃0 = 2Ω2. (8.19)

In cylindrical coordinates, this becomes:

d2µ̃0

dr2 +
1
r

dµ̃0

dr
+ Aµ̃0 = 2Ω2. (8.20)

This is a non-homogeneous Bessel differential equation. The homogeneous solution is
given by:

µ̃
(h)
0 (r) = C1 J0(

√
Ar), (8.21)

where J0 is the Bessel function of the first kind of order zero. For the particular solution,
we assume µ̃

(p)
0 = B, leading to:

B =
2Ω2

A
. (8.22)

Thus, the full solution for µ̃0 is:

µ̃0(r) = C1 J0(
√

Ar) +
2Ω2

A
. (8.23)

The boundary condition at the stellar surface requires µ̃0(R) = 0, which gives:

C1 J0(
√

AR) +
2Ω2

A
= 0. (8.24)

Rearranging this yields:

J0(
√

AR) = − 2Ω2

AC1
. (8.25)
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From Eq. (8.15), the gravitational potential becomes:

Φ(r) =
1
2

Ω2r2 − C1 J0(
√

Ar)− 2Ω2

A
+ C0. (8.26)

We determine C0 and C1 by matching the interior and exterior potentials at the surface.
Using Gauss’s law for a cylinder, we obtain the exterior solution:

Φext(r) = 2Gλ ln
(︂ r

R

)︂
, (8.27)

where λ is the mass per unit length. Without loss of generality, we set Φext(R) = 0.

Applying the continuity of potential at r = R gives:

1
2

Ω2R2 − C1 J0(
√

AR)− 2Ω2

A
+ C0 = 0. (8.28)

Since C1 J0(
√

AR) + 2Ω2

A = 0, it follows that:

C0 = −1
2

Ω2R2. (8.29)

Another boundary condition applied at the surface is the continuity of the derivative
of the gravitational potential at r = R, which gives:

Ω2R + C1
√

AJ1(
√

AR) =
2Gλ

R
, (8.30)

which rearranges to:

C1 =
2Gλ − Ω2R2

R
√

AJ1(
√

AR)
. (8.31)

Substituting back into Eq. (8.23) yields the final expression for the reduced chemical
potential:

µ̃0(r) =
2Gλ − Ω2R2

R
√

AJ1(
√

AR)
J0(

√
Ar) +

2Ω2

A
. (8.32)

The corresponding internal gravitational potential becomes:

Φ(r) =
1
2

Ω2(r2 − R2)− 2Gλ − Ω2R2

R
√

AJ1(
√

AR)
J0(

√
Ar)− 2Ω2

A
. (8.33)

Using the relations from Eqs. (8.8) and (8.9), the neutron and proton mass densities can
be written as:

ρn(r) =
m2

n
Kn

(︄
2Gλ − Ω2R2

R
√

AJ1(
√

AR)
J0(

√
Ar) +

2Ω2

A

)︄
(8.34)
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and

ρc(r) =
m2

p

Kp

(︄
2Gλ − Ω2R2

R
√

AJ1(
√

AR)
J0(

√
Ar) +

2Ω2

A

)︄
. (8.35)

We can express these densities in terms of the dimensionless radial coordinate, r̂ → r
R ,

which yields

ρn(r̂) =
m2

n
Kn

(︄
2Gλ − Ω2R2

R
√

AJ1(
√

AR)
J0(

√
ARr̂) +

2Ω2

A

)︄
(8.36)

and

ρc(r̂) =
m2

p

Kp

(︄
2Gλ − Ω2R2

R
√

AJ1(
√

AR)
J0(

√
ARr̂) +

2Ω2

A

)︄
. (8.37)

The density profiles ρn(r̂) and ρc(r̂) are shown in Figure 8.1 as functions of the dimen-
sionless radial coordinate r̂. Both curves display a monotonic decrease as r̂ increases
from the centre towards the surface of the star.

FIGURE 8.1: Plot of ρn(r̂) and ρc(r̂) as functions of the dimensionless radial coordi-
nate r̂. We assume λ = 1025 g cm−1 and R = 106 cm. The values of Kn and Kp are
given in equations (B.14) and (B.15), respectively, in Appendix D, where we consider
a 9 : 1 ratio between neutron and charged mass per unit lengths.

This completes the derivation of the background equilibrium configuration of the star.
In the next sections, we will introduce perturbations on top of this background and
solve the corresponding perturbed equations of motion to investigate the star’s re-
sponse.
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8.2 Superfluid Neutron Velocity Perturbation

In this section, we introduce a non-axisymmetric m = 2 perturbed superfluid neutron
velocity field for the compressible star. The overall construction follows the same logic
as previously described in Section 7.3 for the incompressible case. However, due to
compressibility, we will modify the condition on the velocity field using the full conti-
nuity equation.

We begin by expressing the perturbed velocity field in terms of a scalar streamfunc-
tion Ψ, such that the fluid elements follow the level sets of a scalar streamfunction Ψ.
Specifically, we write:

δ⃗vn = g(r)ẑ ×∇Ψ. (8.38)

Unlike the incompressible case, where we imposed the condition ∇ · δ⃗vn = 0, for the
compressible case we begin with the full continuity equation for a general flow:

∂ρn

∂t
+∇ · (ρnv⃗n) = 0. (8.39)

Perturbing Eq. (8.39) yields:

∂δρn

∂t
+∇ · (ρnδ⃗vn) +∇ · (δρn v⃗n) = 0. (8.40)

We now consider the flow of fluid elements that are stationary in the rotating frame.
Under this assumption, the first term in Eq. (8.40) vanishes. Furthermore, since we are
working in the rotating frame, the background velocity is zero, i.e., v⃗n = 0. As a result,
the third term also vanishes, and the continuity equation reduces to:

∇ · (ρnδ⃗vn) = 0. (8.41)

Substituting Eq. (8.38) into Eq. (8.41) leads to:

g(r) =
B∗

ρn(r)
, (8.42)

where B∗ is a constant. Substituting (8.42) into (8.38) gives:

δ⃗vn =
B∗

ρn(r)
ẑ ×∇Ψ. (8.43)

We now specify the streamfunction Ψ to ensure that the radial component of the per-
turbed velocity vanishes at the stellar surface while keeping the azimuthal component
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finite. We adopt:

Ψ(r, ϕ) =
r2

R2
ρ2

n(r)
ρ2

n,0
ei2ϕ. (8.44)

The quadratic dependence on r in Eq. (8.44) ensures that the streamfunction is regular at
the origin. The background neutron density ρn(r), derived earlier from the background
equilibrium solution, is written in compact form as:

ρn(r) = DJ0(
√

Ar) + E, (8.45)

where the constants D and E are defined as:

D =
m2

n
Kn

(︄
2Gλ − Ω2R2

R
√

AJ1(
√

AR)

)︄
, (8.46)

E =
m2

n
Kn

2Ω2

A
. (8.47)

We substitute Eqs. (8.44) and (8.45) into Eq. (8.43), which yields the explicit form for
the perturbed velocity components. The radial component becomes:

δvn,r = −2iB∗rρn(r)
ρ2

n,0R2
ei2ϕ, (8.48)

and the azimuthal component is:

δvn,ϕ =

(︄
2B∗rρn(r)

ρ2
n,0R2

− 2B∗r2D
√

AJ1(
√

Ar)
ρ2

n,0R2

)︄
ei2ϕ. (8.49)

Thus, the total perturbed velocity field can be written as:

δ⃗vn = −2iB∗rρn(r)
ρ2

n,0R2
ei2ϕ r̂ +

(︄
2B∗rρn(r)

ρ2
n,0R2

− 2B∗r2D
√

AJ1(
√

Ar)
ρ2

n,0R2

)︄
ei2ϕ ϕ̂. (8.50)

For convenience, we introduce a compact notation by defining radial functions ũ(r)
and ṽ(r) as:

ũ(r) =
2B∗rρn(r)

ρ2
n,0R2

, (8.51)

ṽ(r) =
2B∗rρn(r)

ρ2
n,0R2

− 2B∗r2D
√

AJ1(
√

Ar)
ρ2

n,0R2
. (8.52)

Thus, Eq. (8.50) can be rewritten compactly as:

δ⃗vn = −iũ(r)ei2ϕ r̂ + ṽ(r)ei2ϕ ϕ̂. (8.53)
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FIGURE 8.2: This figure shows the m = 2 perturbed velocity field corresponding to
Equation (8.50).

We have now successfully constructed an m = 2 perturbed superfluid neutron velocity
field appropriate for the compressible background configuration. Figure 8.2 shows a
visualisation of this perturbed velocity field. In the following sections, we will use this
velocity perturbation to compute the resulting current multipole moment and solve for
the elastic displacement field that arises in response to this perturbation.

8.3 Current Multipole

In this section, we compute the current multipole moment S22 using the perturbed
superfluid neutron velocity derived in Section 8.2 for the compressible star. The ex-
pression for S22 remains the same as previously defined in Eq. (7.34).
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As before, we follow the derivation steps from Eqs. (7.35) through (7.49) that transform
the multipole definition into cylindrical coordinates. These steps are identical to those
described in Section 7.4. The final expression for the l = 2, m = 2 current multipole in
cylindrical coordinates, but now applied to the compressible star, reads:

S22 =
32π

√
2

15

∫︂ z

0

∫︂ 2π

0

∫︂ R

0
ρn δ⃗vn · Y⃗∗

B,22(ϖ
2 + z2)ϖ dϖ dϕ dz. (8.54)

Unlike the incompressible case, the density ρn now varies with radius, and therefore
appears inside the integral.

In order to evaluate the current multipole moment for the compressible case, we use
the general expression for an m = 2 perturbed velocity field. This approach allows us
to compute the current multipole without committing to a specific velocity profile. We
recall the general form of the perturbed velocity from Eq. (7.49), written in terms of two
unknown radial functions u(ϖ) and v(ϖ) as:

δ⃗vn = u(ϖ)ei2ϕ êϖ + i2v(ϖ)ei2ϕ êϕ. (8.55)

Substituting Eq. (8.55) into the continuity equation (8.41) gives the following relation
between between u(ϖ) and v(ϖ):

v(ϖ) =
1

4ρn

d
dϖ

(ρnϖu(ϖ)) . (8.56)

Substituting these expressions into Eq. (8.54), and integrating over ϕ and z, we arrive
at:

S22 =
32π

√
2

15

∫︂ z

0

∫︂ 2π

0

∫︂ R

0
ρnδ⃗vn · Y⃗∗

B,22(ϖ
2 + z2)ϖ dϖ dϕ dz (8.57)

=
16π

√
π√

90
z2
∫︂ R

0
ρn (u(ϖ) + 2v(ϖ))ϖ2 dϖ. (8.58)

Using Eq. (8.56), this becomes:

S22 =
16π

√
π√

90
z2
∫︂ R

0

(︃
ρnu(ϖ)ϖ2 +

ϖ2

2
d

dϖ
(ϖu(ϖ)ρn)

)︃
dϖ. (8.59)

We now do integration by parts. The integral becomes:

S22 =
16π

√
π√

90
z2

[︄(︃
ρnu(ϖ)

ϖ3

2

)︃R

0
−
∫︂ R

0

ϖ2

2
d

dϖ
(ϖu(ϖ)ρn)dϖ +

∫︂ R

0

ϖ2

2
d

dϖ
(ϖu(ϖ)ρn)dϖ

]︄
.

(8.60)
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The last two integrals cancel each other exactly, leaving:

S22 =
16π

√
π√

90
z2
[︃

ρn(R)u(R)
R3

2

]︃
. (8.61)

As we require the radial component of the perturbed velocity to vanish at the stellar
surface (i.e., u(R) = 0), this directly leads to:

S22 = 0. (8.62)

Thus, even for the compressible star model, the m = 2 current multipole moment van-
ishes under the constructed perturbation. The reason is once again that the surface
boundary condition u(R) = 0 ensures that the surface integral gives no contribution,
just as we found in the incompressible case. It is possible that the vanishing current
multipole arises from the assumed cylindrical geometry, and that realistic spherical
stars may yield a non-trivial current multipole value.

8.4 Solving the equations of motion

In this section, we solve for the perturbed equations of motion (EOMs) for both the
fluid and elastic components of the compressible star. These two components are cou-
pled through the Magnus force, which acts on the superfluid neutrons due to the non-
axisymmetric vortex pinning, and through the equal but opposite reaction forces that
act on the elastic component as a result of the pinned vortices. Throughout this analysis,
we apply the Cowling approximation. This simplifies the problem while still capturing
the essential physics of the mutual coupling between the fluids and the elastic crust.

8.4.1 Solving Fluid Equations of Motion

We now proceed to solve the equations of motion for the fluid component of the com-
pressible star in the rotating frame. As in the incompressible case, the perturbed fluid
equation of motion (EOM) retains the same form as given previously in Eq. (7.56). The
only difference is that the perturbed velocity field entering the equation is now given by
Eq. (8.50), appropriate for the compressible case. As in the previous chapter, the Mag-
nus force δF⃗m is again balanced exactly by the Coriolis force to leading order, which
leaves:

∇δµ̃n = 0. (8.63)
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This indicates that the perturbed chemical potential must be spatially constant:

δµ̃n = constant. (8.64)

To determine the value of this constant, we apply the boundary condition at the stellar
surface. The appropriate boundary condition is that the Lagrangian perturbation of the
chemical potential vanishes at the surface as given in (7.142). This allows us to express
the constant as:

constant = −ξr
∂µ̃n

∂r
. (8.65)

Next, we specify the functional form of the surface displacement. Assuming the per-
turbed displacement at the surface has an m = 2 angular dependence, we write:

ξr = f (r) cos(2ϕ). (8.66)

Substituting Eq. (8.66) into Eq. (8.65), we observe that the right-hand side contains a
cos(2ϕ) dependence, while the left-hand side must be a constant. The only way these
two can be equal for all azimuthal angles is if the coefficient of cos(2ϕ) vanishes. This
implies:

ξr = 0. (8.67)

Thus, we find that the perturbed radial displacement of the fluid vanishes at the sur-
face. Substituting this result back into Eq. (8.65) gives:

δµ̃n = 0. (8.68)

Therefore, even in the compressible case, we reach the same conclusion as in the in-
compressible model: the perturbed chemical potential vanishes.

8.4.2 Solving Elastic Equations of Motion

In this section, we solve the equations of motion (EOM) for the elastic component of a
compressible star. We begin by perturbing the elastic EOM from Eq. (7.67), as described
earlier in Section 7.5.2. Under the Cowling approximation and assuming a compress-
ible stellar model, the perturbed EOM takes the form:

∇aδτab −
δρc

ρc
∇aτab − δFmag

b = 0, (8.69)

where −δFmag represents the reaction force due to the Magnus force acting on pinned
vortices. To express the background stress tensor τab, we insert the density–chemical
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potential relation from Eq. (8.9) into the general expression for the stress tensor gradient
in Eq. (7.68). Upon integration, we obtain:

τab = − acµ̃2
c

2
gab. (8.70)

Let us define,

Ψ =
acµ̃2

c
2

, (8.71)

so that Eq. (8.70) can be written as:

τab = −Ψgab. (8.72)

Substituting the expression for δFmag from Eq. (7.58) and the background stress tensor
from Eq. (8.70) into Eq. (8.69) yields:

∇aδτab + δρc∇bµ̃c = ρn2Ω × δ⃗vn, (8.73)

which can equivalently be written in index notation as:

∇aδτab + δρc∇bµ̃c = ρn2Ωϵbzdδvd
n. (8.74)

Here, the perturbed stress tensor is given by

δτab = −ρcδµ̃cgab + µ

(︃
∇aξb +∇bξa −

2
3

gab∇cξc

)︃
, (8.75)

which is structurally similar to Eq. (7.73) used in the incompressible model, but with
the shear modulus µ and the charged-fluid density ρc now treated as functions of r. We
adopt the expression for the shear modulus µ(r) from equation (13) of Strohmayer et al.
(1991), which is

µ(r) = C∗ µ̃
4
3
c , (8.76)

where the constant C∗ is defined as

C∗ = 0.1194 e2
(︃

4π

3

)︃ 1
3
(︃

mp

Kp

)︃ 4
3

, (CGS units). (8.77)

Here, the electron charge e is expressed in CGS units (statcoulomb). The reduced chem-
ical potential µ̃c is also expressed in CGS units in Eq. (8.76). In the original reference, the
shear modulus was written in terms of the density ρc. In this work, we re-express the
shear modulus in terms of the reduced chemical potential µ̃c using the relation given
in Eq. (8.7), as this provides a natural extension to the two-fluid formalism.
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Inserting Eqs. (8.75) and (8.53) into Eq. (8.74), and following the same steps as outlined
in Eqs. (7.77) through (7.104), we obtain the radial and azimuthal components of the
EOM as:

dδτrr

dr
− 2µ

r

(︃
ξr

r
− dξr

dr

)︃
− 4

r
δτ′

rϕ + 8µ
ξ⊥
r2 + δρc

dµ̃c

dr
= −ρn2Ωṽ(r), (8.78)

δτrr + 2µ

(︃
ξr

r
− dξr

dr

)︃
+ r

dδτ′
rϕ

dr
+ 2δτ′

rϕ − 8µ
ξ⊥
r

= −rρnΩũ(r). (8.79)

Interestingly, although the shear modulus µ varies with radius in this compressible
case, the left-hand sides (LHS) of Eqs. (8.78) and (8.79) match exactly with those de-
rived in the incompressible case, i.e., Eqs. (7.105) and (7.106), except for the additional
term δρc

dµ̃c
dr in the radial component arising from the δρc∇bµ̃c contribution in the com-

pressible EOM. This happens because all additional terms resulting from the radial
dependence of µ cancel out. On the right-hand sides (RHS) of the equations the veloc-
ity profiles ũ(r) and ṽ(r) replace the u(r) and v(r) profiles used in the incompressible
case.

The form of the perturbed stress tensor components in the present compressible model
is identical to that derived for the incompressible case, Eqs. (7.86) and (7.87); however,
in this model, both the density and the shear modulus are functions of r.

We aim to solve the EOMs (8.78) and (8.79). First, we substitute the expressions for the
perturbed stress tensor components, Eqs. (7.86) and (7.87), into Eq. (8.78), obtaining:

4µ

3
d2ξr

dr2 +
4
3

dξr

dr

(︃
dµ

dr
+

µ

r

)︃
− 2ξr

3r

(︃
dµ

dr
+

8µ

r

)︃
+

4ξ⊥
3r

(︃
2 dµ

dr
+

7µ

r

)︃
− 4µ

3r
dξ⊥
dr

− ρc
d ˜δµc

dr
− ˜δµc

(︃
dρc

dr
+ DJ1(

√
Ar)

)︃
= −2ρnΩṽ(r). (8.80)

Similarly, substituting Eqs. (7.86) and (7.87) into Eq. (8.79) yields:

µ
d2ξ⊥
dr2 +

dξ⊥
dr

(︃
dµ

dr
+

7µ

3r

)︃
− ξ⊥

r

(︃
dµ

dr
+

19µ

3r

)︃
+

µ

3r
dξr

dr
+

ξr

r

(︃
dµ

dr
+

7µ

3r

)︃
− ρc ˜δµc

r

= −Ωρnũ(r). (8.81)

In addition to the second-order EOMs (8.80) and (8.81), we also consider the continuity
equation:

δρc +∇ · (ρc ξ⃗) = 0, (8.82)

which simplifies to:

ξ⊥ =
δµ̃c r
4µ̃c

+
rξr

4ρc

dρc

dr
+

ξr

4
+

r
4

dξr

dr
. (8.83)
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Our goal is to solve Eqs. (8.80), (8.81), and (8.83) to determine the functions ξr, ξ⊥, and
δµ̃c. Due to the coupling and complexity of these equations, an analytical solution is no
longer feasible as in the incompressible case. Instead, we follow a numerical approach
similar to that described in Ushomirsky et al. (2000), converting the second-order ODEs
into first-order form. For this purpose, we introduce the following new variables:

z1 =
ξr

r
, (8.84)

z2 =
∆τrr

Ψo
=

δτrr

Ψo
− z1

Ψo

dΨ
d ln r

, (8.85)

z3 =
ξ⊥
r

, (8.86)

z4 =
∆τ′

rϕ

Ψo
=

δτ′
rϕ

Ψo
, (8.87)

z5 =
∆µ̃c

µ̃o
=

δµ̃c

µ̃o
+

z1

µ̃o

dµ̃c

d ln r
. (8.88)

Here,
µ̃o = C1 + C2, (8.89)

which is the value of µ̃c(r) at the origin, and

Ψo =
acµ̃2

o
2

=
ac(C1 + C2)2

2
, (8.90)

is the central value of Ψ. The constant C1 is the same as defined in Eq. (8.31), and

C2 =
2Ω2

A
. (8.91)

To simplify the analysis of the system, we introduce the dimensionless radius

r̂ =
r
R

, (8.92)

and three dimensionless parameters:

εµ =
µ0

Ψ0
, (8.93)

εΩ =
Ω2

2πG(ρn,0 + ρc,0)
, (8.94)

εmag =
B∗Ω
Ψ0

. (8.95)
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Using the definitions of z2 and z4, and substituting from Eqs. (7.86), (7.87), and (8.71),
we obtain two first-order differential equations:

dz1

d ln r̂
= − z1

2
+

3
4α1

z2 − 2z3 +
3α3

2α1
z5, (8.96)

dz3

d ln r̂
=

z4

α1
− z1. (8.97)

Here,
α1 = ρ̂ εµ, (8.98)

α3 = ρ̂, (8.99)

where
ρ̂ =

ρn

ρn,0
=

ρc

ρc,0
= εΩ + J0(

√
ARr̂)(1 − εΩ) (8.100)

We now rewrite the EOMs (8.78), (8.79), and the continuity equation (8.83) in terms
of zi, obtaining:

dz2

d ln r̂
= z1(α1 −

Γ
2
− γ +

α2
4

2
)− z2

3
4

α2

α1
+ 2z3(Γ − 2α1) + 4z4 −

[︃
3
2

α2α3

α1
+ α4

]︃
z5 + Ṽ,

(8.101)

dz4

d ln r̂
= −z1(α1 + Γ) +

z2

2
+ 4α1z3 − 2z4 + 3α3z5 + Ũ, (8.102)

dz1

d ln r̂
= −2z1 + 4z3 −

z5

α3
. (8.103)

where

Γ = −2r̂ρ̂(1 − εΩ)
√

ARJ1(
√

ARr̂), (8.104)

α2 = Γ + 2α1, (8.105)

γ = r̂2 d2(ρ̂)2

dr̂2 , (8.106)

α4 = 2
dρ̂

dr
, (8.107)

Ṽ = −4εmagr̂2
(︃

ρ̂2 +
Γ
2

)︃
, (8.108)

Ũ = −2εmagr̂2ρ̂2. (8.109)

Equating Eqs. (8.96) and (8.103) allows expressing z5 in terms of the other variables:

z5 =

(︃
2α3

3α5 + 2

)︃(︃
−3

2
z1 −

3
4α1

z2 + 6z3

)︃
, (8.110)
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where

α5 =
α2

3
α1

=
ρ̂2/3

εµ
. (8.111)

Substituting Eq. (8.110) into Eqs. (8.96), (8.97), (8.101), and (8.102) leads to:

dz1

d ln r
= −z1

[︃
6α5 + 1
3α5 + 2

]︃
+

3z2

2(3α2
3 + 2α1)

+ 4z3

[︃
3α5 − 1
3α5 + 2

]︃
, (8.112)

dz2

d ln r
= z1

[︃
2α1

(︃
6α5 + 1
3α5 + 2

)︃
+ Γ − 2α3β

]︃
− z2

3
(3α5 + 2)

− z3

[︃
4Γ + 8α1

(︃
6α5 + 1
3α5 + 2

)︃]︃
+ 4z4 + Ṽ,

(8.113)

dz3

d ln r
=

z4

α1
− z1, (8.114)

dz4

d ln r
= −z1

[︃
Γ +

2α1(6α5 + 1)
(3α5 + 2)

]︃
+ z2

[︃
1 − 3α5

3α5 + 2

]︃
+ 8α1z3

[︃
6α5 + 1
3α5 + 2

]︃
− 2z4 + Ũ. (8.115)

Here,

β = −
r̂2(

√
AR)2(1 − εΩ)

[︁
J0(

√
ARr̂)− J2(

√
ARr̂)

]︁
2

. (8.116)

Equations (8.112)–(8.115) define a coupled system of four first-order ODEs in the vari-
ables z1, z2, z3, and z4, where Ũ and Ṽ are source terms.

To solve this system, we require four boundary conditions.

1. Surface Traction-Free Conditions: At the stellar surface (r̂ = 1), the normal and
tangential components of stress must vanish:

∆τrr(1) = 0, (8.117)

∆τrϕ(1) = 0. (8.118)

2. Regularity Conditions at the Origin: The solution must remain finite at r̂ → 0.
We obtain three regularity conditions, given in equation (C.60) in Appendix C,
expressed in terms of a common parameter, z1,0 = εµ, which is the value of z1 at
r̂ = 0.

At first sight, the appearance of three regularity conditions may seem unexpected,
since only two are typically required for a second-order system. However, one
is always free to seek a unique, physically regular solution even if the problem
appears to admit an additional boundary condition. We implement the problem
using the solve bvp Python solver, which allows all three regularity conditions to
be imposed consistently because they are not independent but are linked through
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the single parameter εµ. The regularity conditions are

z2,0 = 2εµz1,0, (8.119)

z3,0 =
1
2

z1,0, (8.120)

z4,0 = εµz1,0. (8.121)

These boundary conditions allow us to numerically solve the system of first-order
ODEs.

8.4.2.1 Parametrised dimensionless quantities and back-of-the-envelope estimates

In this section, we write the three dimensionless parameters εµ, εΩ, and εmag, as defined
in Eqs. (8.93), (8.94), and (8.95), in parametrised form.

Using the relation ρc,0 = ρn,0/9, so that ρn,0 + ρc,0 = (10/9)ρn,0, the rotational parameter
may be written in the parametrised form

εΩ ≃ 2.15 × 10−5 Ω2
100 ρ−1

15 , (8.122)

where Ω100 = Ω/(100 rad s−1) and ρ15 = ρn,0/(1015 g cm−3).

We set δvn ≈ 104 cm s−1 at r = 0.95R, based on Figure 15 of Seveso et al. (2015). The
figure shows a maximum critical lag of order 10−2 at r ≈ 0.95R, which, when mul-
tiplied by the stellar radius, corresponds to a critical unpinning velocity of approxi-
mately 104 cm s−1.

Using Eq. (8.50), which relates δvn and B∗, we obtain

δvn ≈ 2ρnB∗
ρ2

n,0 R
≈ 2 × 10−1B∗

ρn,0 R
, (8.123)

where we have taken ρn(r = 0.95R)/ρn,0 ≈ 0.1.

This leads to
εmag =

ρn,0RΩ δvn

2 × 10−1 Ψ0
≃ 10−8 ρ15 R6 Ω100 (δvn)4

Ψ35
, (8.124)

where R6 = R/(106 cm), (δvn)4 = δvn/(104 cm s−1), and Ψ35 = Ψ0/(1035 erg cm−3).

Finally, the elastic parameter may be written as

εµ = 10−5 µ30

Ψ35
, (8.125)
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with µ30 = µ0/(1030 erg cm−3).

Next, we present a brief calculation to estimate the approximate magnitude of the di-
mensionless displacement fields z1 and z3, by balancing the Magnus force with the
elastic restoring force. The Magnus force per unit volume is given in Eq. (7.58), and the
elastic restoring force per unit volume is approximated by µξ⃗/r2, where µ is the shear
modulus and ξ⃗ is the displacement field.

By equating these two forces, we obtain

2ρn,0 Ω⃗ × v⃗n = µ0
ξ⃗

R2 . (8.126)

Solving Eq. (8.126) for the magnitude of the displacement field ξ⃗, we find

z1 ≈ z3 ≈ ξ

R
≈ 2Ω ρn,0 vn R

µ0
. (8.127)

Substituting Eq. (8.123), we obtain

z1 ≈ z3 ≈ 4ρnΩ B∗
ρn,0 µ0

≈ 4 × 10−1Ω B∗
µ0

, (8.128)

where we have taken ρn(r = 0.95R)/ρn,0 ≈ 0.1. Multiplying both the numerator and
denominator of Eq. (8.128) by Ψ0, and using the definitions of the dimensionless pa-
rameters εmag and εµ, we obtain

z1 ≈ z3 ≈
4 × 10−1εmag

εµ
. (8.129)

Finally, for εmag = 10−8 and εµ = 10−5, Eq. (8.129) gives

z1 ≈ z3 ≈ 4 × 10−4. (8.130)

This estimate serves as a useful cross-check for validating the numerical solutions ob-
tained for the displacement variables z1 and z3 in the main analysis.

8.4.2.2 Numerical Results

We have obtained a system of four first-order ordinary differential equations (ODEs),
accompanied by five boundary conditions, three of which are expressed in terms of a
common parameter εµ. This system is solved numerically using the solve bvp function
from the scipy.integrate Python package.
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FIGURE 8.3: Solutions for z1(r̂), z2(r̂), z3(r̂), z4(r̂) and z5(r̂) as functions of the di-
mensionless cylindrical radial coordinate r̂.

For the numerical implementation, we assigned specific values to εµ = 10−5. we fix
εΩ = 10−4 and εmag = 10−8, both parameterised by the stellar angular velocity Ω,
which is taken to be 100 rad s−1. We fix rmin = 10−6 and rmax = 1.

The solutions for z1(r̂), z2(r̂), z3(r̂), z4(r̂) and z5(r̂) are shown in Figure 8.3. All four
functions exhibit smooth behaviour across the domain. To verify the validity of the
numerical solution, we compare the computed values of z1 and z3 at a representative
point in the star with an analytical back-of-the-envelope estimate. Specifically, at the
midpoint of the star, r̂ = 0.5, the numerical results yield:

• z1(0.5) = −4 × 10−5

• z3(0.5) = −3 × 10−6

The corresponding back-of-the-envelope estimate, as derived in section 8.4.2.1, gives:

ξ

R
≈ 4 × 10−4. (8.131)

Since the numerical results differ from the back-of-the-envelope (BOTE) estimate by
one to two orders of magnitude, the agreement is not sufficiently close to be fully con-
vincing. However, the BOTE estimate predicts that the solutions z1(0.5) and z3(0.5)
scale inversely with the shear parameter εµ, as indicated by Eq. (8.129). This scaling
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(a) (b)

(c) (d)

(e)

FIGURE 8.4: This figure shows the variation of the modulus of z1, z2, z3, z4, and z5
with r̂ for different choices of rmin. The horizontal axis is plotted on a logarithmic
scale. Throughout, we fix εΩ = 10−4 and εmag = 10−8, both parameterized by the

stellar angular velocity Ω, which is taken to be 100 rad s−1.
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behaviour is borne out by the numerical results: in the log–log plots of z1(0.5) and
z3(0.5) as functions of εµ, we observe an approximately linear trend with a slope close
to −1, as shown in Fig. 8.6(a) and Fig. 8.6(c). The clear consistency in this scaling pro-
vides reassurance that the numerical solutions capture the correct underlying physical
behaviour. Moreover, we find that z2(1) and z4(1) vanish at the stellar surface, as re-
quired by the imposed boundary conditions.

The values of z1(1) and z3(1), when multiplied by R, yield the values of the radial and
perpendicular displacements, ξr and ξ⊥, respectively. The values of ξr and ξ⊥ are not
unique, but scale proportionally with the free parameter ϵmag of the model.

Figures 8.4 and 8.5 illustrate how the solutions behave for different choices of rmin and
rmax, respectively.

In Fig. 8.4, we vary rmin from 10−8 to 10−3. We observe the appearance of spikes near
the origin in the cases of z1, z3, and z4, while the overall radial profiles remain similar
across the rest of the domain. These spikes become prominent for larger values of rmin,
particularly for rmin ≳ 10−3. In our numerical implementation, we choose rmin = 10−6,
which is a standard and well-behaved choice for most physics problems. It is clear from
Eqs. (8.112)–(8.115) that we cannot take rmin = 0, since expanding the ln(r) term on the
left-hand side introduces factors of r in the numerator, which, when transferred to the
right-hand side, appear in the denominator and lead to singular behaviour.

In our numerical implementation, we set rmax = 1, even though two coefficients con-
structed from background functions in Eqs. (8.112) and (8.114) diverge at rmax = 1.
However, when the system is solved numerically, the resulting solutions remain finite
and well behaved at the outer boundary. This behaviour was not obvious beforehand
and was confirmed only through numerical experimentation.

To check the reliability of this choice, we vary rmax between 0.99 and 1, as shown in
Fig. 8.5. The solutions are found to be almost identical over this range, indicating that
the results are not sensitive to the precise choice of the outer boundary within this
interval. Based on this test, we set rmax = 1 in all numerical calculations.

To perform a sanity check on our numerical results, we examine the behaviour of the
displacement field of the star as the shear modulus parameter εµ is varied. Physically,
increasing the shear modulus makes the star more resistant to deformation, and we
therefore expect a monotonic decrease in the magnitudes of z1 and z3. This behaviour is
also predicted by the back-of-the-envelope analysis in Eq. (8.129). Taking the logarithm
of both sides of Eq. (8.129), we expect a slope of −1 in the log–log plots of |z1| and |z3|
versus εµ. This behaviour is indeed observed, as shown in Fig. 8.6 (a) and Fig. 8.6 (c),
respectively.

In Fig. 8.6 (a), we present three curves corresponding to |z1| evaluated at the centre,
midpoint, and surface of the star. All three exhibit a slope close to −1, consistent with
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(a) (b)

(c) (d)

(e)

FIGURE 8.5: This figure shows the variation of the modulus of z1, z2, z3, z4, and z5
with r̂ for different choices of rmax. The horizontal axis is plotted on a logarithmic
scale. Throughout, we fix εΩ = 10−4 and εmag = 10−8, both parameterized by the

stellar angular velocity Ω, which is taken to be 100 rad s−1.
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the inverse proportionality between z1 and εµ predicted by a back-of-the-envelope es-
timate. One exception occurs for |z1| at the surface, which remains approximately con-
stant with increasing εµ up to εµ = 10−1. Beyond this value, the surface solution also
exhibits a slope close to −1.

The dip visible in the blue curve arises because we plot the modulus |z1|; the numerical
solution for z1 changes sign in this interval, which appears as a dip in the |z1| curve.
The same explanation applies to the dips seen in the other curves in Fig. 8.6.

For |z3|, we find that the slope is approximately −1 at the centre, midpoint, and surface
over the entire range of εµ, as shown in Fig. 8.6 (c). The corresponding log–log plots of
|z2|, |z4|, and |z5| as functions of εµ are shown in Fig. 8.6 (b), Fig. 8.6 (d), and Fig. 8.6 (e)
respectively.

We also examine the behaviour of z1 and z3 as functions of the stellar spin frequency,
f = Ω/(2π). A back-of-the-envelope estimate suggests that both z1 and z3 should
scale linearly with the angular velocity Ω, as shown in Eq. (8.128). We consider spin
frequencies up to f = 1700 Hz, corresponding to the break-up frequency of the star.

The top panels of Fig. 8.7 show the behaviour of z1 as a function of spin frequency at
the midpoint and the surface of the star. For each value of Ω, the parameters εΩ and
εmag are recalculated, since both are parameterised by Ω. The relative critical velocity
is fixed at 104 cm s−1, and we take εµ = 10−5, as shown in Eqs. (8.124) and (8.125),
respectively.

As shown in Fig. 8.7(a), z1 at the midpoint increases almost linearly with spin frequency,
in agreement with the back-of-the-envelope estimate.Close to the break-up frequency,
the deviation from linearity is not as significant as near the surface, because the pres-
ence of a non-zero pressure gradient in the stellar interior continues to provide a restor-
ing force.

At the surface, z1 remains linear over most of the spin-frequency range but deviates sig-
nificantly near the break-up frequency, as shown in Fig. 8.7(b). This behaviour arises
because the restoring force effectively vanishes at the surface when the gravitational
acceleration is nearly balanced by the centrifugal acceleration, so that even a small per-
turbation leads to a disproportionately large displacement.

We expect z3 to exhibit behaviour similar to that of z1; however, we observe the opposite
trend. As shown in Figs. 8.7(c) and (d), z3 at the midpoint deviates significantly from
linearity near the break-up frequency, whereas at the surface it remains almost linear
over the entire range of spin frequencies. This behaviour cannot be explained using
a simple back-of-the-envelope estimate and likely reflects the more complex coupling
present in the full system of equations, leading to a non-trivial response of z3 at rapid
rotation.
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(a) (b)

(c) (d)

(e)

FIGURE 8.6: This figure shows the variation of modulus of z1, z2, z3, z4, and z5 with
the dimensionless shear parameter εµ at the centre (blue), midpoint (orange) and sur-
face (green), shown in panels (a), (b), (c), (d), and (e), respectively. The source term in
the perturbation equations is taken to be the Magnus force. Both the horizontal and
vertical axes are plotted on logarithmic scales. Throughout, we fix εΩ = 10−4 and
εmag = 10−8, both parameterised by the stellar angular velocity Ω, which is taken to

be 100 rad s−1.
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(a) (b)

(c) (d)

FIGURE 8.7: This figure shows the variation of z1 and z3 at the midpoint and the
surface of the star as functions of the spin frequency. The top row, panels (a) and (b),
corresponds to z1 evaluated at the midpoint and the surface, respectively, while the
bottom row, panels (c) and (d), shows the corresponding results for z3. In all panels,

εµ = 10−5.

In the next section to further develop our intuition and sanity check our code, we ex-
amine the same system with the tidal force acting as the source term and compare the
resulting displacement behaviour with that obtained in the Magnus-force case.

8.5 Tidal force as source term

In this section we investigate how the star deforms when the source term is tidal force
and compare it with the results obtained in the magnus force source term. To investi-
gate this, we make two modifications to the two-fluid model: (i) we consider a single-
component star instead of a two-component star, and (ii) we replace the Magnus force
with a tidal force as the new source term. All other model assumptions remain the
same as in the two-fluid star case.
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Physically, the tidal force may be regarded as arising from another cylinder placed
parallel to the original one. However, we do not explicitly consider these details, since
quantities such as the mass per unit length of the new cylinder and the separation
between the cylinders are absorbed into a single prefactor Btidal in the expression for
the tidal force (see Equation (8.136) below).

The background star is rotating and is elastically relaxed. We can map the calculation
of the two-fluid background star, given in Section 8.1, into the single-fluid case. The
expressions for the chemical potential and gravitational potential for the background
star remain the same as those in equations (8.32) and (8.33), respectively, except that A,
as defined in equation (8.17), is now given by

A = 4πG
m2

0
K0

, (8.132)

where m0 is the mass of the particles that make up the star, and K0 is the polytropic
constant in the equation of state for the n = 1 polytrope.

The perturbed equation of motion is similar to the two-fluid case in equation (8.69), but
with a different source term. It is given by

∇aδτab −
δρ0

ρ0
∇aτab + Ftidal

b = 0, (8.133)

where we have replaced the term −δFmag, representing the reaction force due to the
Magnus force acting on pinned vortices, with the tidal force +Ftidal acting directly on
the elastic component of the star. We have

Ftidal = −ρ0∇Φtidal, (8.134)

where Φtidal is given by
Φtidal = Btidalr2e2iϕ. (8.135)

Inserting equation (8.135) into equation (8.134) gives

Ftidal = −ρ0Btidal [︁2rr̂ + 2irϕ̂
]︁

e2iϕ. (8.136)

The perturbed equation of motion (8.133) can be cast into four single order ODEs in
terms of the variables z1, z2, z3, and z4, as defined in equations (8.84) - (8.87), following
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the same steps as in the two-fluid star discussed in Section 8.4.2. These are:

dz1

d ln r
= −z1

[︃
6α5 + 1
3α5 + 2

]︃
+

3z2

2(3α2
3 + 2α1)

+ 4z3

[︃
3α5 − 1
3α5 + 2

]︃
, (8.137)

dz2

d ln r
= z1

[︃
2α1

(︃
6α5 + 1
3α5 + 2

)︃
+ Γ − 2α3β

]︃
− z2

3
(3α5 + 2)

− z3

[︃
4Γ + 8α1

(︃
6α5 + 1
3α5 + 2

)︃]︃
+ 4z4 + Ṽ∗,

(8.138)

dz3

d ln r
=

z4

α1
− z1, (8.139)

dz4

d ln r
= −z1

[︃
Γ +

2α1(6α5 + 1)
(3α5 + 2)

]︃
+ z2

[︃
1 − 3α5

3α5 + 2

]︃
+ 8α1z3

[︃
6α5 + 1
3α5 + 2

]︃
− 2z4 + Ũ∗.

(8.140)

The definitions of all coefficients appearing in z1, z2, z3, and z4 are identical to those
given in Section 8.4.2. The only difference in the present case arises in the source terms,
which are given by

Ṽ∗ = 2εtidalr2, (8.141)

and
Ũ∗ = εtidalr2, (8.142)

where

εtidal =
ρ0BtidalR2

Ψ0
, (8.143)

is a new dimensionless parameter. This can be written in the parameterised form as

εtidal = 10−1 ρ15 R2
6 Btidal

14
Ψ35

, (8.144)

where Btidal
7 ≡ Btidal/(107 s−2). Here, Btidal is chosen to be 107 s−2 in order to bring

the system into a regime where the dimensionless tidal parameter satisfies εtidal ∼ 0.1,
thereby allowing us to clearly study the system’s response. The definitions of εµ and
εΩ remain the same as those given in Eqs. (8.93) and (8.94), respectively.

The surface boundary condition is the same as that given in Eq. (8.117), corresponding
to vanishing traction at the surface. The regularity conditions at the origin are also
identical to those given in Eqs. (8.119), (8.120), and (8.121). This is because the only
difference in the present case lies in the source term, whose leading-order contribution
is quadratic in r, whereas the regularity conditions involve only zeroth-order terms in
r.

We numerically solve the ODEs (8.137)–(8.140). Figure 8.8 shows the solutions for z1,
z2, z3, z4, and z5 as functions of the dimensionless radial coordinate r̂. The solutions are
smooth and well behaved throughout the stellar interior. Unless otherwise stated, we
set εtidal = 10−1, εµ = 10−5, and εΩ = 10−4.
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FIGURE 8.8: Solutions for z1(r̂), z2(r̂), z3(r̂), z4(r̂) and z5(r̂) as functions of the di-
mensionless cylindrical radial coordinate r̂ with the tidal force acting as the source
term.

Before commenting on the numerical solutions, we first present a back-of-the-envelope
estimate obtained by balancing the elastic stress against the tidal force. At r = R, this
balance may be written as

ρ0Btidal 2R = µ
ξ

R2 , (8.145)

which leads to
ξ

R
=

ρ0Btidal 2R2

µ
≈ εtidal

εµ
. (8.146)

For εtidal = 10−1 and εµ = 10−5, this estimate yields

ξ

R
= z1 ≈ z3 ≈ 104. (8.147)

Numerically, however, we obtain surface values of z1 and z3 of order 10−2. There is a
clear physical reason for this mismatch. For sufficiently small values of εµ, we find that
the values of z1 and z3 saturate to finite values. In this regime, shear forces become neg-
ligible, and the tidal force is instead balanced by pressure gradients within the stellar
interior. This behaviour is illustrated in Fig. 8.9 (a) and Fig. 8.9 (c).

In the range εµ ≲ 1, where the solutions plateau, the numerical results therefore do not
agree with the back-of-the-envelope estimate. It is only for larger values of the shear
modulus parameter, εµ ≳ 1, that the numerical solutions begin to follow the scaling
predicted by the simple force-balance argument.
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(a) (b)

(c) (d)

(e)

FIGURE 8.9: This figure shows the variation of z1, z2, z3, z4, and z5 with the di-
mensionless shear parameter εµ at the centre (blue), midpoint (orange) and surface
(green), shown in panels (a), (b), (c), (d), and (e), respectively. The source term in the
perturbation equations is the tidal force. Both the horizontal and vertical axes are
plotted on logarithmic scales. Throughout, we fix εΩ = 10−4 and εmag = 10−8, both

parameterised by the stellar angular velocity Ω, which is taken to be 100 rad s−1.
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For εtidal = 10−1 and εµ = 1, Eq. (8.146) gives

ξ

R
= z1 ≈ z3 ≈ 10−1. (8.148)

Numerically, for εtidal = 10−1, εµ = 1, and εΩ = 10−4, we obtain surface values of z1

and z3 of order 10−2, which are much closer to the back-of-the-envelope estimate of
10−1.

Overall, we find that the back-of-the-envelope estimate begins to agree with the nu-
merical solutions only for sufficiently large values of the shear modulus parameter,
specifically for εµ ≳ 1. This behaviour is clearly illustrated in the log–log plots of z1

and z3 as functions of εµ, shown in Fig. 8.9 (a) and Fig. 8.9 (c), evaluated at the centre,
midpoint, and surface. From these plots, it is evident that the slopes of the curves for
z1 and z3 approach approximately −1 for εµ ≳ 10−1, which corresponds to the regime
in which the back-of-the-envelope estimate provides a reasonable approximation to the
numerical results.

We also plot z2, z4, and z5 as functions of εµ. The quantities z2 and z4 are shown only at
the centre and midpoint, since they vanish at the surface due to the imposed boundary
conditions.

Fig. 8.9 (a) and Fig. 8.9 (c) show that, as the system moves towards the fluid regime,
i.e. towards smaller values of εµ, the solutions for z1 and z3 saturate and approach
a plateau. This behaviour is in contrast to the Magnus-force–driven case, where the
displacement continues to increase in the fluid regime.

The origin of this difference lies in the nature of the force balance. In the tidal case, the
tidal force can be balanced by the hydrodynamic force, and therefore a well-defined
fluid limit exists. This behaviour is reflected in Fig. 8.9 (a) and Fig. 8.9 (c). In contrast, in
the Magnus-force case, the Magnus force cannot be balanced by hydrodynamic forces
alone, since the hydrodynamic force is the gradient of a scalar, whereas the Magnus
force is not. As a result, an elastic restoring force is always required to balance the
Magnus force, and the displacement therefore continues to grow as the shear modulus
of the star is reduced.This behaviour is reflected in Fig. 8.6 (a) and Fig. 8.6 (c).

8.6 Annulus Neutron Star

In this section, we consider an alternative configuration of the neutron star, again mod-
eled as an infinite cylinder in cylindrical coordinates (r, ϕ, z). As before, the two com-
ponents—the neutron superfluid and the charged component—coexist throughout the
star. However, in this case, the charged component possesses a non-zero shear mod-
ulus confined only to an annular region between the inner radius Rin = 0.9 and the



168 Chapter 8. Formation of Magnus mountains - Compressible star

FIGURE 8.10: Schematic of the annular crust model. The fluid core lies inside Rin, the
elastic crust spans Rin < r < Rout, and the outer ocean lies beyond Rout.

outer radius Rout = 0.99, in dimensionless units where the total radius of the star is set
to R = 1. This configuration is illustrated in Figure 8.10.

Since the background star is assumed to be elastically relaxed, the analysis presented
in Section 8.1 for the background structure remains applicable here as well. Velocity
perturbations are introduced via non-axisymmetric pinning of vortices in the star. We
consider two scenarios for the location of the pinning:

1. Pinning only in the crust and

2. Pinning in both the crust and the core.

These two configurations are schematically represented in Figure 8.11. We now discuss
each case one by one.

8.6.1 Pinning only in the crust

In this case, we consider pinning of neutron superfluid vortices only at the crustal nu-
clei. This means that the velocity purturbation is confined only in the crust.
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The general formulation of velocity perturbations remains largely as described in Sec-
tion 8.2, with one key difference: the ansatz for the streamfunction Ψ must now be
modified to ensure that the perturbation vanishes at the crust-core and crust-ocean
boundary. The new ansatz is given by:

Ψ =

(︃
r2

R2
in
− 1
)︃(︃

r2

R2
out

− 1
)︃

r2

R2 e2iϕ. (8.149)

Substituting Equation (8.149) into the general expression for the velocity perturbation,
as given in Equation (8.43), we obtain:

δ⃗vn = −2iB∗
ρn

r
R2

(︃
r2

R2
out

− 1
)︃(︃

r2

R2
in
− 1
)︃

e2iϕr̂

+
B∗
ρn

(︃
6r5

R2R2
outR2

in
− 4r3

R2R2
out

− 4r3

R2R2
in
+

2r
R2

)︃
e2iϕϕ̂. (8.150)

FIGURE 8.11: This figure shows two different cases of pinning regions. The left panel
illustrates the case where pinning occurs only in the crust region, with the pertur-
bation in the neutron velocity field confined accordingly. The right panel shows the
scenario where pinning is present in both the crust and the core, and the correspond-
ing velocity perturbation extends through both regions.

This yields the desired neutron superfluid velocity perturbation field, as shown in Fig-
ure 8.12, which we now use to solve the perturbed equations of motion for the fluid
and elastic components.
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FIGURE 8.12: This figure shows the m = 2 perturbed velocity field corresponding to
Equation (8.150). The velocity field is confined only in the crust.

8.6.1.1 Solving the Equations of Motion: Pinning Confined to the Crust

Since we adopt the Cowling approximation and assume that the velocity perturbation
is confined entirely to the crust, there are no perturbations of the form δ f eimϕ with
m ̸= 0 in the core and ocean regions of the star, where f denotes a fluid variable. This
can be seen explicitly from the perturbed equations of motion (EOMs) in the fluid core
and ocean for the neutron superfluid and the charged fluid.

To see this, recall that the unperturbed equations of motion (EOMs) for the neutron
superfluid and the charged fluid are given by Equations 7.1 and 7.2, respectively. If
we do not adopt the Cowling approximation, then upon perturbation, Equations 7.1
and 7.2 reduce to

∇(δµX + δϕ) = 0, X ∈ {n, c}, (8.151)

where δµX is the perturbed chemical potential for each component and δϕ is the per-
turbed gravitational potential. Since we consider the perturbed velocity field only in
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the crust, there are no velocity perturbations in the core or ocean. In this case, the
perturbed gravitational potential exactly balances the perturbed chemical potential for
each component, and therefore δµX can admit perturbation components with m ̸= 0.

If we instead adopt the Cowling approximation, then upon perturbation, Equations 7.1
and 7.2 reduce to

∇(δµX) = 0, (8.152)

which follows directly from the absence of velocity perturbations together with the
neglect of the perturbed gravitational potential. We can see that the Cowling approxi-
mation introduces a significant difference: under this assumption, δµX cannot contain
perturbation components with m ̸= 0. A similar argument, formulated in terms of the
pressure perturbation, was presented by Ushomirsky et al. (2000). Therefore, for the
m = 2 source term, we solve the perturbed equations of motion only within the annu-
lar crustal region.

The solution for the fluid EOM remains identical to that described in Section 8.4.1. In
this case, the Magnus force on the right-hand side is exactly balanced by the Coriolis
force on the left-hand side, resulting in:

δµ̃n = 0. (8.153)

The radial and azimuthal components of the elastic EOMs are again given by Eqs. (8.78)
and (8.79), respectively, but with slightly modified source terms, since the velocity field
used here, given in Eq. (8.150), is slightly different. Eqs. (8.78) and (8.79), together with
the continuity equation (8.83), are solved numerically using the same setup discussed
in Section 8.4.2.

We numerically solve the four first-order ODEs given by Eqs. (8.112)–(8.115). Note that
the source terms in (8.113) and (8.115) differ from those in the earlier case, as the
velocity field is slightly different here. To obtain a solution, we require four boundary
conditions. We have exactly four unique boundary conditions: two at the crust-core
interface and two at the crust-ocean interface. These are outlined below.

1. At the crust-core boundary (r = Rin):

(a) The first condition enforces the vanishing of the Lagrangian perturbation of
the tangential traction component in both the fluid and elastic regions at the
interface:

∆τE
rϕ = ∆τF

rϕ = 0, (8.154)

where the superscripts E and F refer to the elastic and fluid components,
respectively. (8.154) can be written in terms of the z4 variable as:

z4 = 0. (8.155)
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(b) The second condition involves the Lagrangian perturbation of the radial
traction component at the inetrface:

∆τE
rr = ∆τF

rr. (8.156)

For the fluid component, the Lagrangian perturbation of the radial traction
can be expressed as

∆τF
rr = δτF

rr + ξr
F∇rτF

rr, (8.157)

where the background stress tensor τF
rr is given by

τF
rr = − acµ̃c

2

2
, (8.158)

following the same reasoning used in the derivation of equation (8.70).

Taking the Eulerian perturbation of equation (8.158) yields

δτF
rr = −acδµ̃c

F. (8.159)

Substituting equation (8.159) into equation (8.157) and applying the condi-
tion from equation (8.156), we obtain

∆τE
rr = −acδµ̃c

F + ξr
F∇rτF

rr. (8.160)

Since ξr
F = ξr

E (the radial displacement must be the same at the interface
for both components) and δµ̃c

F = 0 at the crust–core interface (due to the
absence of l ̸= 0 perturbations in the fluid core), this simplifies to

∆τE
rr = ξr

E∇rτF
rr. (8.161)

Inserting (8.158) into Eq. (8.161) and differentiating gives:

∆τE
rr = −ξr

Eacµ̃c
dµ̃c

dr

⃓⃓⃓⃓
r=Rin

. (8.162)

Dividing both sides by Ψo yields:

∆τE
rr

Ψo
= − ξr

Eacµ̃c

Ψo

dµ̃c

dr

⃓⃓⃓⃓
r=Rin

. (8.163)

This can be written in terms of the variables z1 and z2 as:

z2 = −z1
Rinacµ̃c

Ψo

dµ̃c

dr

⃓⃓⃓⃓
r=Rin

. (8.164)
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These boundary conditions, given by Equations (8.155) and (8.164), are similar
to those presented in Equation (47) of Ushomirsky et al. (2000). In their case,
however, the analysis was carried out for spherical stars.

2. Similarly, at the crust-ocean boundary (r = Rout):

(a) The tangential traction must vanish:

z4 = 0. (8.165)

(b) The radial traction condition is:

z2 = −z1
Routacµ̃c

Ψo

dµ̃c

dr

⃓⃓⃓⃓
r=Rout

. (8.166)

This provides four unique boundary conditions: two applied at the crust-core interface
and two at the crust-ocean interface, sufficient to solve the system of four coupled first-
order ODEs.

8.6.1.2 Numerical Results

We use the boundary conditions given in Equations (8.154)–(8.166), together with the
system of four first-order ODEs described in Equations (8.112)–(8.115), to numerically
solve for the variables zi. The numerical setup remains the same as discussed in Sec-
tion 8.4.2.2. Here, the domain of the cylindrical radial coordinate r, over which the sys-
tem of ODEs is solved is restricted to the annular region from Rin = 0.9 to Rout = 0.99.
We fixed εµ = 10−5, εΩ = 10−4 and εmag = 10−8.

Figure 8.13 shows the numerical solutions for z1(r̂), z2(r̂), z3(r̂), z4(r̂) and z5(r̂) as func-
tions of the cylindrical dimensionless radial coordinate r̂.

All four solutions are smooth and well behaved across the entire radial domain. As
a sanity check on these results, we select a representative radial location within the
crust, specifically at r = 0.95 R, and examine the variation of z1 with respect to the
shear modulus. The resulting behaviour is shown in Fig. 8.14. As expected, we again
observe that z1 decreases with increasing shear modulus.

Figures 8.14 (a)– 8.14(e) show log–log plots of z1, z2, z3, z4, and z5, evaluated at rmin, the
midpoint of the crust, and rout. The quantity z4 is plotted only at the midpoint of the
crust, since it vanishes at both boundaries due to the imposed boundary conditions.

Unlike the full elastic configuration, the slopes of z1 and z3 are approximately −1
throughout the explored parameter range. For εµ = 10−5, εΩ = 10−4, and εmag = 10−8,
the back-of-the-envelope estimate remains the same as that given in Eq. (8.129), namely
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FIGURE 8.13: Solutions for z1(r̂), z2(r̂), z3(r̂), z4(r̂) and z5(r̂) as functions of the cylin-
drical dimensionless radial coordinate r̂.

4 × 10−4. The corresponding numerical solutions are of order 10−6 and 10−5 for z1(0.5)
and z3(0.5), respectively. As in the fully elastic case, the numerical solution differs from
the back-of-the-envelope estimate by one to two orders of magnitude.

Next, we plot the variation of z1 and z3 at the midpoint of the crust and at the outer
boundary rout as functions of the stellar spin frequency. Throughout this analysis, we
fix εµ = 10−5. The parameter εmag is recomputed for each spin frequency, with the
relative critical velocity set to 104 cm s−1.

In the annulus configuration, z1 and z3 exhibit similar behaviour. Over most of the
explored range, both quantities vary linearly with the spin frequency, as expected from
the back-of-the-envelope estimate. Significant deviations from this linear trend appear
as the star approaches the break-up spin frequency.

The back-of-the-envelope estimate is therefore able to capture most of the relevant
physics in the annulus case. In realistic neutron stars, the interior typically consists
of a fluid core, a thin ocean layer, and a kilometre-thick crust. The displacement field
predicted in the annulus configuration provides a closer approximation to the expected
behaviour in realistic neutron star models.
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(a) (b)

(c) (d)

(e)

FIGURE 8.14: This figure shows the variation of z1, z2, z3, z4, and z5 with the dimen-
sionless shear parameter εµ at the inner crust boundary (blue), midpoint of the crust
(orange) and outer crust boundary (green), shown in panels (a), (b), (c), (d), and (e),
respectively. The source term in the perturbation equations is taken to be the Mag-
nus force. Both the horizontal and vertical axes are plotted on logarithmic scales.
Throughout, we fix εΩ = 10−4 and εmag = 10−8, both parameterised by the stellar

angular velocity Ω, which is taken to be 100 rad s−1.
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(a) (b)

(c) (d)

FIGURE 8.15: This figure shows the variation of z1 and z3 at the midpoint and the
outer boundary of the crust as functions of the spin frequency. The top row, panels
(a) and (b), corresponds to z1 evaluated at the midpoint and the surface, respectively,
while the bottom row, panels (c) and (d), shows the corresponding results for z3. In

all panels, εµ = 10−5.

8.6.2 Pinning in the Crust and Core

In this case, we consider pinning of neutron superfluid vortices both at the crustal nu-
clei and at the flux tubes in the core. This implies that the neutron superfluid velocity
perturbation exists only in the crust and the core, and is absent in the ocean. The mod-
ified ansatz for the streamfunction Ψ to ensure that the perturbation vanishes at the
crust-ocean boundary is given by:

Ψ =
r2

R2

(︃
r2

R2
out

− 1
)︃

ei2ϕ. (8.167)

Substituting Equation (8.167) into the general expression for the velocity perturbation,
as given in Equation (8.43), we obtain:
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δ⃗vn = −2iB∗
ρn

r
R2

(︃
r2

R2
out

− 1
)︃

e2iϕr̂ +
B∗
ρn

(︃
4r3

R2R2
out

− 2
r

R2

)︃
e2iϕϕ̂. (8.168)

This gives the neutron superfluid velocity perturbation field, which we now use to
solve the perturbed equations of motion for the fluid and elastic components.

8.6.2.1 Solving the Perturbed Fluid EOM

In the case of neutron fluid, the formulation of perturbed EOM remains the same as
discussed in Section 8.4.1. In the neutron fluid, the Magnus force is balanced by the
Coriolis force, and we again obtain δµn = 0.

In the core, we also have the proton fluid, which experiences a reaction force opposite
to the Magnus force. The perturbed equation of motion for the proton fluid is:

∇⃗δµ̃c =
ρn

ρc
2Ω⃗ × δ⃗vn. (8.169)

Equation (8.169) is obtained by perturbing the unperturbed fluid EOM, originally given
in Equation (7.5). In this equation, the left-hand side is the gradient of a scalar, whereas
the right-hand side involves the Coriolis force term, which is not expressible as a gra-
dient of a scalar field. Consequently, these forces cannot balance each other. Dropping
the Cowling approximation would not help in this case, as the inclusion of gravita-
tional potential terms would still result in scalar gradients and hence not contribute to
the non-conservative force required on the right-hand side.

We suggest that in a more realistic neutron star, the reaction force on the proton fluid
might be counteracted by magnetic tension forces associated with flux tubes. However,
such magnetic effects are beyond the scope of the present simplified model. We need a
more detailed investigation in future studies, possibly involving the inclusion of mag-
netic field effects in the core.
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Chapter 9

Concluding Remarks

In this thesis, we have examined two distinct models for the formation of elastic moun-
tains on spinning neutron stars. In the first model, we investigated the formation of
an elastic mountain within the framework of the starquake model. In the second, we
explored the superfluid vortex pinning model. Below, we summarise our analysis, con-
clusions, and outline possible refinements for both models.

9.1 Mountain Formation in the Starquake Model

To study the formation of the elastic mountain and to determine how large a moun-
tain can be supported, we extended the energy minimisation argument in the star-
quake model, originally presented by Baym and Pines (1971), from axisymmetric crust-
breaking with l = 2, m = 0 to non-axisymmetric crust-breaking with l = 2, m = 2.

Following the starquake, in order to obtain a precise relation between the relaxed zero-
strain shape of the star and its equilibrium shape, it is necessary to determine the con-
stants constants A22, as given in equation (3.152), and B22, as given in equation (3.129).
These constants relate the star’s equatorial ellipticity to the perturbed gravitational and
elastic strain energies, respectively.

We explicitly calculated the constants A22 and B22 and found that their values are al-
most identical to those of A20 and B20, differing only by constant numerical factors of
1
3 and 25

57 , respectively, as given in equations (3.153) and (3.130). These results confirm
that the non-axisymmetric coefficients retain the same functional dependence as their
axisymmetric counterparts, with only minor numerical differences.

When first calculating the perturbed gravitational energy, δEg, using the method de-
scribed in Friedman and Schutz (1978), we obtained a negative result. Such a nega-
tive value of δEg is unphysical, as it implies that the spherical configuration does not
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correspond to the minimum gravitational potential energy. Furthermore, we found a
non-zero perturbed internal energy, δU, despite assuming an incompressible star. This
issue was also highlighted in a recent study by Yim and Jones (2022). We attribute the
underlying cause to the fact that the displacement field employed enforces incompress-
ibility only to first order, whereas the leading-order contributions to δEg and δU are of
second order.

To enforce incompressibility at second order, we introduced an additional second-order
term into the displacement vector field by hand, as given in equation (3.80). This mod-
ification yielded a positive value for δEg. We further verified this value using two
independent methods described in Chandrasekhar (1969) and Shapiro and Teukolsky
(1983) for the l = 2, m = 2 perturbation. As expected for an incompressible star, we
also found δU = 0.

Finally, we demonstrated that no cross-energy terms appear in the total energy expres-
sion, equation (3.225), when both symmetric (l = 2, m = 0) and asymmetric (l = 2, m =

2) perturbations are present simultaneously. The two modes remain decoupled in en-
ergy to second order.

We confirmed that the effect of elasticity is small for non-axisymmetric crustal strains,
just as it is for axisymmetric ones. Quantitatively, the non-axisymmetric ellipticity ϵ22

of a star with zero-strain shape ϵ22,0 is given by

ϵ22 ≈ B22

A22
ϵ22,0 ≈ 3.005 × 10−5ϵ22,0

µ30R3
6∆R5

M2
1.4

, (9.1)

implying that the crust must possess a very large zero-strain distortion to generate a
significant gravitational-wave-emitting mountain. This result was anticipated, but our
calculation provided the explicit coefficients A22 and B22 for the non-axisymmetric case
for the first time; previously, only the axisymmetric counterparts A20 and B20 had been
computed.

As an application of our formalism, we considered a non-rotating, elastically relaxed
star spun up to high rotation rates and subsequently undergoing a single large star-
quake, as studied in Fattoyev et al. (2018) and Giliberti and Cambiotti (2022). We
parameterised the quake by two free parameters: ∆ϵ20,0 and ∆ϵ22,0, corresponding to
changes in the zero-strain shapes of the m = 0 and m = 2 perturbations, respectively.
We identified the region in this parameter space consistent with angular momentum
and energy conservation (∆J = 0, ∆E < 0). We then showed that the maximum moun-
tain that can be built, subject only to these constraints, is

ϵmax
22 =

√
B22B20

A22
ϵ20 =

√
57
5

B22

A22
ϵ20, (9.2)
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where, in the final equality, we used equation (3.130). Here, ϵ20 denotes the rotational
oblateness of the pre-quake star. We found this value to be roughly a factor of 4 larger
than that predicted by the particular fracture scenario of Giliberti and Cambiotti (2022).
Furthermore, we demonstrated that mountain formation necessarily involves a change
in the axisymmetric shape; axisymmetric energy must be sacrificed to build a non-
axisymmetric mountain.

We also provided a rough estimate for the size of the maximum mountain (4.46), lim-
ited by the crust’s finite breaking strain. By setting ϵΩ = σbreak in equation (2.14), we
obtained the maximum spin frequency fbreak up to which a star can be spun before
fracturing. This allowed us to estimate the maximum mountain size achievable if a
non-rotating neutron star is spun up to the crust-breaking threshold.

The results of Chapters 3 and 4 have been compiled into a paper (Gangwar and Jones,
2024).

9.1.1 Future Directions

The simple model we constructed in Chapter 4, of course, is highly idealised and can
be improved in several key areas:

1. We assumed that all crustal strain arises from centrifugal forces. In realistic glitch
models, the neutron superfluid component plays a crucial role. Pinned superfluid
vortices generate additional strain in the crust via the Magnus force as discussed
in chapters 7 and 8. A more accurate model would incorporate strain contribu-
tions from both centrifugal and Magnus forces (Ruderman, 1991).

2. We employed a star model with an incompressible fluid core, uniform density,
and a uniform shear modulus for the outer crust. This should be generalised to
include a realistic equation of state.

3. For the non-axisymmetric perturbation, we adopted a “Kelvin mode” displace-
ment field, appropriate only for incompressible stars. Exploring a broader class of
non-axisymmetric quadrupolar deformations, motivated by realistic crust-failure
mechanisms, would be beneficial.

4. Our treatment was Newtonian. A more refined approach would involve general
relativity (see, e.g., Gittins and Andersson (2021)).

5. In accreting stars, the accretion process itself drives continuous compression of
the crust. A model incorporating this effect could reveal whether it mitigates
strain build-up due to centrifugal forces.
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6. We followed Fattoyev et al. (2018) and Giliberti and Cambiotti (2022) in consid-
ering the spin-up of a spherical, unstrained star. This made the application of
perturbation theory straightforward. However, in reality, a pre-quake star would
already possess at least an (l = 2, m = 0) relaxed shape. Modelling an isolated
neutron star spinning down under electromagnetic torques, and developing per-
turbation theory on such a background, would be a significant improvement.

In summary, until now, starquakes have only been modelled under the assumption of
symmetric crust breaking. We have demonstrated that non-axisymmetric starquakes
are energetically permitted. Future work should therefore develop comprehensive
models of asymmetric crust breaking. Beyond their relevance to continuous gravitational-
wave emission, non-axisymmetric shape changes could also have important implica-
tions for glitch modelling. We therefore suggest that a unified glitch model incorporat-
ing both crust fractures and superfluid unpinning represents a promising avenue for
future research.

9.2 Mountain formation under the vortex pinning model

In the second half of this thesis, we investigated another mechanism for the formation
of elastic mountains, arising from the non-axisymmetric pinning of superfluid vortices
to crustal nuclei or magnetic flux tubes within the neutron star. Before developing the
simplified models presented in Chapters 7 and 8, we examined the analysis of Sidery
and Alpar (2009), which constitutes the most relevant study of non-axisymmetric inter-
actions between vortices and flux tubes. We explored this study in detail to understand
how such non-axisymmetric interactions influence the rotational dynamics of the neu-
tron star and the formation of mountains. Our observations on this analysis are sum-
marised in the following section.

9.2.1 Rotational dynamics of neutron stars

We began by considering a symmetric distribution of vortices without any inetraction
with flux tubes and crustal nuclei. In this case, we reproduced the expression for the
coupling timescale, td, of the neutron star’s core superfluid to the crust, as given in Al-
par and Sauls (1988), in the absence of angular momentum conservation. We then stud-
ied the time evolution of the superfluid angular velocity, Ωn(t), the charged-component
angular velocity, Ωc(t), and the lag, ω(t), incorporating angular momentum conserva-
tion and accounting for both symmetric and non-axisymmetric drag forces acting on
the vortices. The calculation including the non-axisymmetric drag force is presented
here for the first time.
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Next, we examined the effect on the dynamical coupling timescales when both mag-
netic flux tubes and superfluid vortices are present in the neutron star interior. We con-
sidered a simple configuration, as presented in Sidery and Alpar (2009), in which flux
tubes are aligned along the x-axis, while vortices are oriented along the z-axis, which
we also take to be the rotation axis of the star. We then studied the case of perfect pin-
ning of the vortices to the flux tubes in one direction and calculated the corresponding
dynamical coupling timescale. Our analysis reproduced, and independently verified,
the result obtained in Sidery and Alpar (2009): namely, that the coupling timescale, τpin,
associated with absolute pinning in one direction is 10−7–10−10 times smaller than the
coupling timescale in the weak-drag limit in the absence of flux tubes. This result ap-
pears counterintuitive, as one might expect that absolute pinning in a single direction
would restrict the motion of the vortices and therefore increase the coupling timescale.
However, the analysis shows the opposite behaviour. Furthermore, we found that τpin

differs by only a factor of 2 when compared with the coupling timescale in the strong-
drag limit with no flux tubes present.

We then investigated axisymmetric and non-axisymmetric creep of vortices, with pin-
ning to crustal nuclei and flux tubes respectively, in the absence of drag forces and de-
rived the corresponding dynamical coupling timescales. For non-axisymmetric creep
without drag, we obtained an expression for the time evolution of Ωn whose form dif-
fers from that given in Sidery and Alpar (2009).

Although Sidery and Alpar (2009) considered the non-axisymmetric interaction of vor-
tices and flux tubes, their analysis, which relies on rigid-body dynamics in the case
of perfect pinning in one direction, is valid only at t = 0. Beyond t = 0, rigid-body
dynamics no longer applies because the vortices deviate from their initial axisymmet-
ric distribution, and the neutron superfluid ceases to rotate rigidly with the charged
component. Consequently, it is not possible to obtain an analytic expression for the
non-axisymmetric average superfluid velocity, which would act as the source of the
non-axisymmetric Magnus force on the pinning sites responsible for mountain forma-
tion. While it is possible to extend the analysis of Sidery and Alpar (2009) beyond t = 0,
this would require a detailed microphysical numerical study, which I intend to pursue
as part of future work, but it lies beyond the scope of this thesis.

9.2.2 Model for Magnus mountain

In Chapters 7 and 8, we constructed a simple model for the formation of a Magnus
mountain, in which the non-axisymmetric Magnus force acting on pinned superfluid
vortices serves as the source of a non-zero quadrupolar ellipticity. This non-axisymmetric
Magnus force arises from the non-axisymmetric global average superfluid velocity field
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associated with the non-axisymmetric distribution of pinned vortices. Due to the ab-
sence of an analytic expression for this non-axisymmetric superfluid velocity field de-
rived from first principles, we manually introduced an m = 2 velocity field and applied
it within our model to estimate the size of the resulting mountain.

We began with a two-component, incompressible, infinitely long star with both compo-
nents co-rotating, adopting the Cowling approximation. We specified an m = 2 neutron
superfluid velocity perturbation. First, we calculated the current multipole associated
with this velocity perturbation, which unexpectedly turned out to be zero. In general,
a non-zero current multipole is expected for an m = 2 velocity perturbation because
the current multipole moment is sourced by non-axisymmetric mass currents inside
the star. An m = 2 perturbation corresponds to a quadrupolar azimuthal structure,
which produces a time-varying, non-axisymmetric flow pattern. Such a flow naturally
generates a quadrupolar current distribution, and therefore a non-zero S22. However,
our result indicates otherwise.

Next, for the same stellar configuration described in the preceding paragraph, we solved
the coupled fluid and elastic perturbed equations of motion (EOMs). In the fluid com-
ponent, the Magnus force acting on the neutron superfluid was found to be balanced
by the Coriolis force, while in the elastic component it was balanced by the gradient of
the perturbed chemical potential of the charged component. No shape change of the
star was observed, as indicated by a vanishing displacement field in both the fluid and
elastic components. Thus, no mountain was formed in this configuration.

The fluid and elastic components are coupled not only through the Magnus force but
also via the common gravitational potential. To investigate whether this coupling al-
ters the results obtained under the Cowling approximation, we removed the Cowling
approximation and solved the coupled perturbed EOMs for the fluid and elastic com-
ponents again. The displacement field remained zero, indicating no shape change.

We then considered a compressible, infinitely long cylindrical star with co-rotating
components under the Cowling approximation. We specified an m = 2 velocity pertur-
bation throughout the star, which again yielded a zero current multipole. This suggests
that the vanishing current multipole is unrelated to the compressibility or incompress-
ibility assumption and may instead result from the form of the velocity perturbation
we have specified. It is possible that a velocity perturbation derived from first princi-
ples would yield a non-zero current multipole, or that the zero result is a consequence
of the infinite cylindrical geometry, which might not hold in a spherical configuration.
Haskell et al. (2022) considered a spherical star and obtained a zero current multipole.

To evaluate shape changes, we numerically solved the coupled perturbed EOMs for
both components. This time, we obtained a non-zero displacement field, whose am-
plitude is controlled by a free parameter in the velocity perturbation that sets the mag-
nitude of the source term. Using estimated values of the average superfluid velocity



9.2. Mountain formation under the vortex pinning model 185

in neutron stars, ∼ 104 cm/s, we found that the resulting surface radial displacement
field amplitude ∼ 10−5, agrees to within an order of magnitude with the back-of-the-
envelope estimate of ∼ 10−4 cm.

The numerical solutions for the displacement field were smooth across the radial profile
of the star. To verify their validity, we performed a consistency check by varying the
shear modulus of the star over a wide range (10−4 to 102 times the baseline value) and
examining the effect on the displacement field at a representative point in the star, r =

R/2. Increasing the shear modulus should make the crust harder to deform, resulting
in a monotonically decreasing value of the displacement. We indeed observe this result.

After checking that the solutions behave as expected, we plot the variables z1 and z3 at
the midpoint of the crust and at the stellar surface as functions of the spin frequency, up
to the break-up spin frequency. The behaviour of z1 is broadly consistent with physical
expectations. At the surface, z1 remains linear over most of the spin-frequency range,
but deviates from linearity as the break-up frequency is approached. This deviation
occurs because, near break-up, the centrifugal force increasingly balances gravity, leav-
ing no effective restoring force. In contrast, z1 evaluated at the midpoint of the crust
remains linear over almost the entire range of spin frequencies, even close to the break-
up limit, since pressure gradients continue to provide a restoring force in this region.

The behaviour of z3 is more counterintuitive. At the surface, z3 remains approximately
linear across nearly the entire range of spin frequencies. However, at the midpoint, it
deviates from linear behaviour as the break-up spin frequency is approached.

In this work, we are primarily interested in the surface value of z1, as z1 can be inter-
preted as a rough measure of the stellar ellipticity. For a spin frequency of approxi-
mately 700 Hz, corresponding to the fastest known spinning neutron star, the surface
value of z1 is found to be of order 10−7. This value therefore provides an estimate of
the upper limit on the ellipticity achievable within the Magnus-mountain formation
model.

We repeated the analysis of mountain formation with the tidal force acting as the de-
forming agent. Since the qualitative behaviour of solutions in the tidal case is well
understood, running the numerical code with the tidal force as the source term pro-
vided an important validation check and increased our confidence in its correctness.

We solved the system with the tidal force as the source term and found that the solu-
tions behaved smoothly, as expected. As the shear modulus was varied, both z1 and z3,
evaluated at a representative point r = R/2, decreased monotonically, consistent with
physical expectations. For sufficiently small values of the shear parameter εµ, both z1

and z3 approached finite limiting values, in contrast to the behaviour observed in the
Magnus-mountain case.
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This difference arises because, in the tidal case, a well-defined fluid limit exists. The
tidal force can be balanced purely by hydrostatic forces, allowing the elastic contribu-
tion to vanish in the limit of zero shear modulus. In contrast, no such fluid limit exists
for the Magnus-mountain scenario. The Magnus force cannot be balanced solely by hy-
drodynamic forces, and as a result an elastic contribution to the equations of motion is
always required. Consequently, the displacement continues to grow as the shear mod-
ulus is decreased in the Magnus-mountain case.

As a final analysis, we repeated the study of Magnus mountain formation for an annu-
lar stellar configuration consisting of a fluid core, an overlying elastic crust extending
from 0.9R to 0.99R, and a thin outer ocean. This configuration is closer to a realis-
tic model of a neutron star. In this case, we obtained four explicit boundary condi-
tions—two at the inner crust–core interface and two at the outer crust–ocean inter-
face—consistent with the approach of Ushomirsky et al. (2000). The velocity perturba-
tion was confined entirely to the crustal region.

We again solved the coupled perturbed equations of motion numerically for both com-
ponents. The solutions were smooth and well behaved. Taking r = 0.95R as a repre-
sentative point within the crust, we find that increasing the shear parameter εµ leads to
a monotonic decrease in both z1 and z3, as expected.

Next, we plot z1 and z3 at the outer crustal boundary (r = 0.99R) and at the midpoint of
the crust (r = 0.95R) as functions of the spin frequency, up to the breakup frequency. At
both locations, z1 and z3 remain approximately linear over most of the spin-frequency
range and deviate from linear behaviour only near the breakup frequency.

At the outer boundary, for a spin frequency of approximately 700 Hz, we find z1 ∼
10−7. Since z1 can be interpreted as a rough measure of the stellar ellipticity, this
value provides an estimate of the maximum ellipticity achievable within the Magnus-
mountain formation model. This constitutes our key result.

9.2.3 Future Directions

Several open questions remain to be addressed in future analyses, along with potential
modifications and enhancements to the proposed setup. These are outlined below:

1. In this study, we specified a m = 2 perturbed neutron superfluid velocity field
by hand. A key direction for future work is to evaluate this velocity field from
first principles by considering the microphysical interaction of the vortices with
the pinning potentials associated with flux tubes and crustal nuclei. This would
allow us to investigate how the system evolves over time to generate such a non-
axisymmetric velocity field. In Chapter 6, we examined the non-axisymmetric
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interaction of vortices with flux tubes as described in Sidery and Alpar (2009).
Their rigid-body analysis is valid only at t = 0; however, this analysis can be
extended numerically to study the time evolution of the vortex distribution. A
recent study by Cheunchitra et al. (2024) observed a non-axisymmetric distribu-
tion of vortices after multiple glitches. While they did not calculate the velocity
field corresponding to this distribution, it is certainly feasible to do so in future
work.

2. The analysis should be extended to a realistic spherical configuration of the star.
The infinite cylindrical configuration was chosen for simplicity, as it aligns with
the natural geometry of the vortices, with no perturbations along the z-axis. How-
ever, in a spherical geometry, this assumption no longer holds. Moreover, it is
necessary to consider a spherical configuration to determine whether it may give
rise to a non-zero current multipole. A spherical configuration of the star would
require careful investigation, particularly in terms of boundary conditions.

3. Once the model is extended to the spherical configuration, a further refinement
could involve conducting the analysis within the framework of General Relativ-
ity (GR) instead of Newtonian mechanics. This would provide a more accurate
description of the star’s behavior, particularly under extreme gravitational fields.





189

Appendix A

Bessel’s Function

In this appendix, we discuss the general solution of the Bessel differential equation
and list useful identities for the differentiation and integration of Bessel functions. The
general Bessel differential equation of order n is given by:

x2 d2y
dx2 + x

dy
dx

+
(︁
x2 − n2)︁ y = 0. (A.1)

For n = 0, this reduces to the Bessel differential equation of zeroth order:

x2 d2y
dx2 + x

dy
dx

+ x2y = 0, (A.2)

which can be rewritten as:
d2y
dx2 +

1
x

dy
dx

+ y = 0. (A.3)

The general solution of the Bessel differential equation is:

y = C1 J0(x) + C2Y0(x), (A.4)

where J0(x) and Y0(x) are the Bessel functions of the first and second kinds of order
zero, respectively. The series expansion for J0(x) is:

J0(x) =
∞

∑
k=0

(−1)k

(k!)2

(︂ x
2

)︂2k
, (A.5)

and for Y0(x):

Y0(x) =
2
π

(︂
ln
(︂ x

2

)︂
+ γ

)︂
J0(x)− 1

π

∞

∑
k=0

(−1)k

(k!)2

(︂ x
2

)︂2k
(ψ(k + 1)− ln(x)) , (A.6)

where γ is the Euler-Mascheroni constant, and ψ(k + 1) is the digamma function.
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For small values of x, the functions behave as:

J0(x) ≈ 1 − x2

4
+

x4

64
− · · · , (A.7)

and
Y0(x) ≈ 2

π

(︂
ln
(︂ x

2

)︂
+ γ

)︂
. (A.8)

At x = 0, J0(x) is finite, but Y0(x) diverges. Therefore, in our analysis, we consider only
the finite solution:

y = C1 J0(x). (A.9)

The differentiation identity for the Bessel function of the first kind, Jn(x), is:

d
dx
[︁

Jn(x)
]︁
=

n
x

Jn(x)− Jn+1(x). (A.10)

For n = 0, this simplifies to:
d

dx
[︁

J0(x)
]︁
= −J1(x). (A.11)

We used this identity in our calculations.

The integration identity for xJn(x) is given by:∫︂
xJn(x) dx = xJn+1(x)− nJn(x) + C, (A.12)

where C is the constant of integration. For n = 0, this becomes:∫︂
xJ0(x) dx = xJ1(x) + C. (A.13)

We also used this specific identity in our analysis.
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Appendix B

Estimate of Kn and Kp.

For a rough estimate of the values of Kn and Kp, we fix the radius of the star as R =

10 km. Using the ratio of λn to λp, we write:

λn

λp
=

∫︁ R
0 ρnr dr dϕ∫︁ R
0 ρpr dr dϕ

=
2π m2

n
Kn

∫︁ R
0 µ̃0r dr

2π
m2

p
Kp

∫︁ R
0 µ̃0r dr

=
m2

nKp

m2
pKn

. (B.1)

In a typical neutron star, we assume the following ratio of neutron mass density to
proton mass density ( Lattimer and Prakash (2004)):

λn

λp
= 9. (B.2)

Using this ratio, we get:
9
1
=

m2
nKp

m2
pKn

. (B.3)

Assuming mn ≈ mp, this simplifies to:

Kp

Kn
= 9, (B.4)

Kp = 9Kn. (B.5)

Now, using the expression of chemical potential in the absence of rotation:

µ̃0 =
2Gλ

R
√

AJ1(
√

AR)
J0(

√
Ar), (B.6)
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we impose the surface condition µ̃0 = 0:

2Gλ

R
√

AJ1(
√

AR)
J0(

√
AR) = 0. (B.7)

Since the prefactor is non-zero, we require:

J0(
√

AR) = 0, (B.8)

where

A = 4πG

(︄
m2

n
Kn

+
m2

p

Kp

)︄
. (B.9)

Using the first root of the Bessel function (Weisstein (2024)):

√
AR ≈ 2.4048, (B.10)

and squaring both sides gives:
AR2 ≈ 5.78. (B.11)

Substituting A:

4πG

(︄
m2

n
Kn

+
m2

p

Kp

)︄
R2 ≈ 5.78. (B.12)

Given R = 10 km = 106 cm, and using Kp = 9Kn, we get:

4πG

(︄
m2

n
Kn

+
m2

p

9Kn

)︄
1012 ≈ 5.78. (B.13)

With mn ≈ mp ≈ 1.67 × 10−24 g, we obtain:

Kn ≈ 4.49 × 10−43 g · cm5 · s−2, (B.14)

Kp ≈ 4.04 × 10−42 g · cm5 · s−2. (B.15)

These values of Kn and Kp are then used to plot the density profiles ρn and ρc of the
background star.
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Appendix C

Regularity conditions around the
origin

In this appendix, we derive the regularity conditions at the origin by Taylor expanding
the ODEs (8.112) to (8.115) up to r2. To achieve this, we systematically expand all the
coefficient functions appearing in the four ODEs.

Taylor Expansion of α1(r)

We begin by expanding the function α1(r), defined as:

α1(r) =
µ(r)
Ψ0

. (C.1)

From Eq. (8.76), we know that µ(r) is proportional to the reduced chemical potential
µ̃c(r), given by:

µ̃c(r) = C1 J0(
√

Ar) + C2, (C.2)

where C1 and C2 are constants defined in Eqs. (8.31) and (8.91), respectively.

To obtain the Taylor expansion of α1(r), we expand the Bessel function J0(
√

Ar) around
r = 0. Using the series expansion for the Bessel function of the first kind of order zero,
we get:

J0(
√

Ar) = 1 − Ar2

4
+O(r4). (C.3)

Substituting Equation (C.3) into Equation (C.2), we get:

µ̃c(r) = (C1 + C2)−
C1Ar2

4
+O(r4). (C.4)
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Define:
M = C1 + C2, N =

AC1

4
, (C.5)

then
µ̃c(r) = M − Nr2 +O(r4). (C.6)

Substituting into µ(r):
µ(r) = C∗(M − Nr2)4/3, (C.7)

which expands via the binomial theorem:

µ(r) = C∗M4/3
(︃

1 − 4
3
· Nr2

M
+O(r4)

)︃
. (C.8)

Thus,

µ(r) ≈ C∗M4/3 − 4
3

C∗M1/3Nr2 +O(r4). (C.9)

Given that

Ψo =
ac M2

2
, (C.10)

we obtain:

α1(r) =
2C∗

ac M2/3 − 8C∗Nr2

3ac M5/3 +O(r4). (C.11)

Substituting N = AC1
4 and M = C1 + C2,

α1(r) =
2C∗

ac(C1 + C2)2/3 − 2C∗AC1r2

3ac(C1 + C2)5/3 +O(r4). (C.12)

Taylor Expansion of
1

α1(r)
up to r2

We begin by rewriting the expression for α1(r), as obtained in Eq. (C.12), in the form of
a Taylor series around r = 0. Let us define:

α10 =
2C∗

ac M2/3 , α20 = − 2C∗AC1

3ac M5/3 , (C.13)

where M = C1 + C2. Then, the function α1(r) can be written as:

α1(r) = α10 + α20r2 +O(r4). (C.14)

To obtain the reciprocal of α1(r), we use the standard expansion for the inverse of a
function expanded around a small parameter:

1
α1(r)

=
1

α10 + α20r2 +O(r4). (C.15)
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Applying the binomial expansion to Eq. (C.15), we find:

1
α1(r)

=
1

α10

(︃
1 − α20r2

α10
+O(r4)

)︃
. (C.16)

Substituting the expressions from Eq. (C.13) into Eq. (C.16), we obtain:

1
α1(r)

=
ac M2/3

2C∗ +
AacC1r2

6C∗M
1
3
+O(r4). (C.17)

Finally, by replacing M with its explicit expression M = C1 + C2, we arrive at:

1
α1(r)

=
ac(C1 + C2)2/3

2C∗ +
AacC1r2

6C∗(C1 + C2)
1
3
+O(r4). (C.18)

This completes the Taylor expansion of 1
α1(r)

up to order r2.

Taylor Expansion of
6α5(r) + 1
3α5(r) + 2

,
3α5(r)− 1
3α5(r) + 2

and
1

3α5(r) + 2
.

Using Eqs. (8.89) and (C.4), we can write the following expression for α3(r):

α3(r) =
µ̃c(r)

µ̃o
= 1 − C1Ar2

4(C1 + C2)
+O(r4), (C.19)

α2
3(r) = 1 − C1Ar2

2(C1 + C2)
+O(r4). (C.20)

We now use the definition of α5(r), given as α5(r) =
α2

3(r)
α1(r)

. Substituting the expressions

for α2
3(r) (C.20) and α1(r) (C.14) into this definition, we obtain:

α5(r) =
(︃

1 − C1Ar2

2(C1 + C2)

)︃(︄
ac(C1 + C2)2/3

2C∗ +
AacC1r2

6C∗(C1 + C2)
1
3

)︄
+O(r4). (C.21)

Expanding the product in the above expression yields:

α5(r) =
ac(C1 + C2)2/3

2C∗ − AacC1r2

12C∗(C1 + C2)
1
3
+O(r4). (C.22)
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Let us define:

α50 =
ac(C1 + C2)2/3

2C∗ , (C.23)

α52 = − AacC1r2

12C∗(C1 + C2)
1
3

. (C.24)

With these definitions, the function f (r) becomes:

f (r) =
6α5(r) + 1
3α5(r) + 2

=
6α50 + 1 + 6α52r2

3α50 + 2 + 3α52r2 +O(r3). (C.25)

Using the binomial expansion to simplify the above expression, we get:

f (r) =
6α50 + 1
3α50 + 2

+
6α50 + 1
3α50 + 2

(︃
6α52

6α50 + 1
− 3α52

3α50 + 2

)︃
r2 +O(r3). (C.26)

Substituting (C.22) into (C.26) and simplifying gives,

6α5(r) + 1
3α5(r) + 2

=
2C∗ + 6ac(C1 + C2)

2
3

4C∗ + 3ac(C1 + C2)
2
3
− 3acC∗AC1r2

(C1 + C2)
1
3 (4C∗ + 3ac(C1 + C2)

2
3 )2

+O(r3).

(C.27)

Similarly, we can expand the function
3α5(r)− 1
3α5(r) + 2

using the same definitions:

3α5(r)− 1
3α5(r) + 2

=
3α50 − 1
3α50 + 2

+
3α50 − 1
3α50 + 2

(︃
3α52

3α50 − 1
− 3α52

3α50 + 2

)︃
r2 +O(r4). (C.28)

Substituting (C.22) into (C.28) and simplifying give

3α5(r)− 1
3α5(r) + 2

=
3ac(C1 + C2)

2
3 − 2C∗

4C∗ + 3ac(C1 + C2)
2
3
− 3acC∗AC1r2

(C1 + C2)
1
3 (4C∗ + 3ac(C1 + C2)

2
3 )2

+O(r3).

(C.29)

Finally, we also expand the reciprocal function
1

3α5(r) + 2
:

1
3α5(r) + 2

=
1

3α50 + 2
− 1

3α50 + 2

(︃
3α52

3α50 + 2

)︃
r2 +O(r4). (C.30)

Substituting (C.22) into (C.30) and simplifying give
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1
3α5(r) + 2

=
2C∗

4C∗ + 3ac(C1 + C2)
2
3
− acC∗AC1r2

(C1 + C2)
1
3 (4C∗ + 3ac(C1 + C2)

2
3 )2

+O(r3).

(C.31)

Taylor Expansion of f (r) =
1

3α2
3(r) + 2α1(r)

To expand the function f (r) =
1

3α2
3(r) + 2α1(r)

about r = 0, we use the earlier Taylor

expansions for α2
3(r) from Eq. (C.20) and α1(r) from Eq. (C.12). Substituting these into

the expression for f (r), we obtain:

3α2
3(r) + 2α1(r) =

(︃
3 +

4C∗

a(C1 + C2)2/3

)︃
−
(︃

3C1A
2(C1 + C2)

+
4C∗AC1

3a(C1 + C2)5/3

)︃
r2 +O(r4).

(C.32)

We define the following constants to simplify the notation:

D0 = 3 +
4C∗

ac(C1 + C2)2/3 , (C.33)

D2 =
3C1A

2(C1 + C2)
+

4C∗AC1

3ac(C1 + C2)5/3 . (C.34)

Then, the expression for f (r) becomes:

f (r) =
1

D0 − D2r2 +O(r4)
. (C.35)

Applying the binomial expansion to the reciprocal yields:

f (r) =
1

D0
+

D2r2

D2
0

+O(r4). (C.36)

Finally, substituting Eqs. (C.33) and (C.34) into Eq. (C.36), we obtain:
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1
3α2

3(r) + 2α1(r)
=

1

3 +
4C∗

ac(C1 + C2)2/3

+

3C1A
2(C1 + C2)

+
4C∗AC1

3ac(C1 + C2)5/3(︃
3 +

4C∗

ac(C1 + C2)2/3

)︃2 r2 +O(r4).

(C.37)

Simplifying (C.37) gives

1
3α2

3(r) + 2α1(r)
=

ac(C1 + C2)
2
3

4C∗ + 3ac(C1 + C2)
2
3
+

ac AC1(8C∗ + 9ac(C1 + C2)
2
3 )r2

6(C1 + C2)
1
3 (4C∗ + 3ac(C1 + C2)

2
3 )2

+O(r4).

(C.38)

Expansion of Γ

Using Eqs. (8.90) and (8.71) in Eq. (8.104), we obtain:

Γ = 2
rµ̃c

µ̃2
o

dµ̃c

dr
. (C.39)

To compute this, we first differentiate Eq. (C.4), which gives:

dµ̃c

dr
= −C1Ar

2
+O(r3). (C.40)

Substituting Eqs. (8.89), (C.4), and (C.40) into Eq. (C.39), we find:

Γ =
2r
(︂
−C1 Ar

2

)︂ (︂
(C1 + C2)− C1 Ar2

4 +O(r4)
)︂

(C1 + C2)2 , (C.41)

which simplifies to:

Γ = − C1Ar2

C1 + C2
+O(r4). (C.42)

Taylor Expansion of β

The expression for β is given in Eq. (8.116). To perform a Taylor expansion, we first
compute the first derivative of µ̃c(r). We have the following:

d
dr

µ̃c(r) = C1
d
dr

J0(
√

Ar) = −C1
√

AJ1(
√

Ar). (C.43)
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Differentiating once again gives the following.

d2

dr2 µ̃c(r) = −C1
√

A
d
dr

J1(
√

Ar). (C.44)

Using the identity for the derivative of J1:

d
dr

J1(
√

Ar) =
J0(

√
Ar)− J1(

√
Ar)

2

√
A, (C.45)

we obtain:
d2

dr2 µ̃c(r) = −C1A
(J0(

√
Ar)− J1(

√
Ar))

2
. (C.46)

We now expand the Bessel functions around r = 0. Using Eq. (C.3) and the expansion:

J1(
√

Ar) =
√

Ar
2

− Ar3

16
+O(r5), (C.47)

we find:

d2µ̃c

dr2 = −C1A
2

(︄
1 −

√
Ar
2

− Ar2

4
+

Ar3

16
+O(r4)

)︄
. (C.48)

Finally, substituting Eqs. (C.48) and (8.89) into Eq. (8.116) and simplifying, we obtain
the Taylor expansion of β as:

β =
−C1Ar2

2(C1 + C2)
+O(r3). (C.49)

Expansion of Ũ(r) and Ṽ(r)

We now derive the leading-order Taylor expansions of the functions Ũ(r) and Ṽ(r)
near the origin. These functions appear in the driving terms of the perturbed equations
of motion.

First, by substituting Eqs. (8.51), (8.90), (8.89), and (C.4) into Eq. (8.109), we obtain:

Ũ(r) =
4a2

nΩB∗
acR2 r2 +O(r4), (C.50)

which gives the leading-order behaviour of Ũ(r) up to O(r2).
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Similarly, inserting Eqs. (8.52), (8.90), (8.89), and (C.4) into Eq. (8.108) yields:

Ṽ(r) =
8a2

nΩB∗
acR2 r2 +O(r4). (C.51)

Thus, both Ũ(r) and Ṽ(r) scale as r2 near the origin.

Taylor Expansion of z1, z2, z3, z4

We begin by expanding each function as a Taylor series about the origin r = 0, up to
second order in r:

The expansion of z1(r) is:

z1(r) = z1,0 + z1,1r +
z1,2

2!
r2 +O(r3), (C.52)

The expansion of z2(r) is:

z2(r) = z2,0 + z2,1r +
z2,2

2!
r2 +O(r3), (C.53)

The expansion of z3(r) is:

z3(r) = z3,0 + z3,1r +
z3,2

2!
r2 +O(r3), (C.54)

The expansion of z4(r) is:

z4(r) = z4,0 + z4,1r +
z4,2

2!
r2 +O(r3). (C.55)

Focusing on the zeroth-order terms (i.e., constant terms), we derive the following sys-
tem of algebraic equations:

0 = −z1,0(6 + α10) +
3
2

z2,0 + 4z3,0(3 − α10), (C.56)

0 = 2α10(6 + α10)z1,0 − 3α10z2,0 − 8α10(6 + α10)z3,0 + 4(3 + 2α10)z4,0, (C.57)

z4,0 = α10z1,0, (C.58)

0 = −2α10(6 + α10)z1,0 + (α10 − 3)z2,0 + 8α10(6 + α10)z3,0 − 2(3 + 2α10)z4,0. (C.59)

Solving the system given by Eqs. (C.56)–(C.59), we express z2,0, z3,0, z4,0 in terms of the
single free parameter z1,0 and the parameter α10:
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z2,0 = 2α10z1,0, z3,0 =
1
2

z1,0, z4,0 = α10z1,0. (C.60)

These relations provide the regularity conditions near the origin in terms of a single
free parameter z1,0.

Furthermore, substituting the series expansions into the system of differential equa-
tions governing z1, z2, z3, and z4, and collecting terms of equal powers of r, we find that
at first order

z1,1 = z2,1 = z3,1 = z4,1 = 0.
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Appendix D

Numerical Solution of Coupled
ODEs

In this section, we provide the details of the numerical method used to solve the sys-
tem of four coupled ordinary differential equations (ODEs), given in Equations (8.112)–
(8.115), subject to specific boundary conditions: Equations (8.117)–(8.121) for the case
where both elastic and fluid components coexist throughout the star (as discussed in
Section 8.4.2), and Equations (8.155), (8.164), (8.165), and (8.166) for the annulus case
discussed in Section 8.6.1.1. The implementation is done using Python’s scientific com-
puting libraries, including NumPy, SciPy, and Matplotlib. To simplify the analysis, we
introduce the dimensionless radial coordinate:

r̂ =
r
R

,

where r is the radial distance and R is the radius of the star.

Physical Constants and Parameters

The code begins by defining the fundamental dimensionless parameters necessary for
the computations. We assume an angular velocity of Ω = 100 rad s−1, which corre-
sponds to εΩ = 10−4 and εmag = 10−8. The relative critical velocity is set to 104 cm s−1.
We also adopt εµ = 10−5, which is representative of a realistic neutron star.

Once the parameters are fixed, we define the background functions α1(r), α3(r), α5(r),
Γ, and β, along with the source terms Ṽ(r) and Ũ(r) appearing in the ODEs (8.112)–
(8.115).
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To solve for the variables z1, z2, z3, and z4, we use the boundary value problem (BVP)
solver solve bvp from the scipy.integrate module. This method is suitable for prob-
lems with boundary conditions specified at more than one point. The boundary condi-
tions are implemented in the function bc(ya, yb).

Initial Guess and Mesh

An initial mesh for r is defined using np.linspace from rmin = 1 × 10−6 to rmax = 1,
with 10,000 points for adequate resolution. The range of rmin and rmax will change in
the annulus problem, where it is taken to be from 0.9 to 0.99.

The initial guess for the solution y is a zero array of shape (4, number of mesh points),
which helps the solver converge.

Solving the boundary value problem

The solve bvp function is called with the following inputs:

• system: the function defining the ODE system,

• bc: the function defining the boundary conditions,

• r vals: the radial mesh points,

• y guess: the initial guess for the solution,

• tol=1e-8: the convergence tolerance.

The solver returns an object sol containing:

• sol.x: the mesh points,

• sol.y: the solution values at those mesh points.

Post-processing and Visualisation

The solution components z1(r), z2(r), z3(r), and z4(r) are extracted from sol.y and
plotted against r̂ to visualise their behaviour, as shown in Figure 8.3.
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