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H I G H L I G H T S

• Global heat release rate spectra in turbulent flames exhibit a −5th power decay.

• Classical −2.5-power scaling appears only in canonical jet-in-cross-flow flames.

• The higher decay rate is due to the faster decay of the correlation volume spectra.

• Local heat release rate spectra are modelled using non-reacting flow velocity.
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A B S T R A C T

Direct combustion noise arises from pressure fluctuations caused by the unsteady heat release rate (HRR) and its 

spectral content is influenced by the spectral behaviour of HRR, which is investigated in this study. The unsteady 

HRR is either directly obtained from large eddy simulations (LES) or approximated using OH∗ chemilumines­

cence measurements for various flames in three configurations: a lean direct injection hydrogen combustor, a 

single-injector hydrocarbon-spray burner with swirling air, and a jet-in-cross-flow hydrogen burner. The volume-

integrated HRR spectra exhibit a high-frequency scaling of 𝑓−5 in all the cases except for the jet-in-cross-flow 

flames. These results are explained using the spectral characteristics of local HRR and its correlation volume. 

Furthermore, the validity of a model for volume-integrated HRR spectra based on non-reacting flow turbulent 

kinetic energy spectra is evaluated.

1 . Introduction

Aircraft noise negatively impacts frequent flyers and communities 

near airports, causing long-term hearing damage and sleep disruption 

[1]. These impacts will become more detrimental as the global air traf­

fic increases [2]. While jet, fan and external aerodynamic noise have 

reduced in the last few decades, combustion noise remains a major 

contributor to overall aircraft noise [1,3]. Therefore, further reduc­

tion in total aircraft noise requires a closer understanding and accurate 

modelling of combustion noise.

Direct combustion noise arises from pressure fluctuations caused by 

unsteady heat release rate (HRR) [4]. The direct noise spectra depend 

on the local HRR spectrum and the Green’s function that relates acoustic 

fluctuations to HRR fluctuations [5]. If the spatio-temporal variation of 

the Green’s function is negligible then, the noise spectrum is determined 

solely by the volume-integrated (global) HRR spectrum [4]. This condi­

tion is satisfied under the assumptions of a compact flame and far-field 

acoustics [6]. The global HRR spectrum shows negligible frequency vari­

ation below a frequency given by 𝑈𝑏∕𝐿, with 𝑈𝑏 and 𝐿 representing the 

bulk-mean velocity and a typical flame length, respectively [7]. A past 

theoretical study [8] showed that the HRR spectrum decayed as 𝑓−5∕2 for 

𝑓 > 𝑓𝑐 . Rajaram and Lieuwen [9] showed that the global HRR spectra of 

Bunsen flames had a similar decay (∼ 𝑓−2.2). However, Kumar et al. [10] 

showed that this HRR spectrum decayed as 𝑓−5 in swirl-stabilised, bluff 

body and jet-in-cross-flow (JICF) flames computed using large eddy sim­

ulations (LESs). Experimental evidence for this scaling is lacking, and its 

dependence on flame configuration and fuel remains unclear. This scal­

ing plays a critical role in predicting sound pressure level (SPL) spectra 
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and past studies showed 𝑓−5∕2 in premixed flames or steeper decay in 

non-premixed, ranging from 𝑓−10∕3 to 𝑓−4 [11–13].

Compressible reacting flow LES captures the spectral characteristics 

of HRR quite well and offers reasonable estimates of SPL when combined 

with a far-field computational aeroacoustic (CAA) method [14]. Large 

computational overheads for this combined approach make it unsuitable 

for parametric evaluations of SPL. Using acoustic network models with 

LES or Reynolds averaged Navier Stokes (RANS) simulations overcomes 

these challenges [15–18]. Additionally, low order models (LOM) allow 

low-cost estimates of SPL [19], but rely on a modelled HRR spectrum, 

which dictates their accuracy. The HRR spectra are often modelled using 

Kolmogorov’s turbulence spectrum [20]. However, this model has severe 

limitations as discussed by Kumar et al. [10], who propose an alternative 

model that is physically motivated, uses fewer parameters and accounts 

for different spectral decay rates of HRR and velocity spectra.

The 𝑓−5 decay in global HRR spectra has so far been observed only 

for gaseous fuels [10], and its applicability to liquid fuels and other 

flame configurations remains an open question. This is particularly im­

portant since aviation engines use liquid fuels. Recent studies on SPL 

of spray flames in an axially-controlled stoichiometry (ACS) combustor 

[21] showed the 𝑓−2.5 decay, whereas a steeper (≈ 𝑓−5) decay for SPL 

was observed in a rich-quench-lean (RQL) combustor [22]. Thus, further 

investigations of HRR spectra in spray flames are needed for SPL predic­

tion. The universality of 𝑓−5 scaling in HRR allows quick and easy noise 

estimation when the Green’s function spectrum varies negligibly. If the 

Green’s function spectrum varies appreciably with frequency and spatial 

location, combustion noise depends on the local HRR spectra, which can 

be modelled using easily obtained non-reacting flow turbulent kinetic 

energy (TKE) spectrum [10]. However, the model for local HRR spectra 

requires the HRR variance, which is unknown a priori. Hence, this study 

aims: (i) to propose a model for the unclosed HRR variance and (ii) to 

present experimental evidence supporting an 𝑓−5 decay in the global 

HRR for a variety of flames.

A theoretical background is presented in the next section. Section 3 

outlines the experimental cases analysed, along with a description of 

the numerical setup and computational methodology. The results are 

discussed in Section 4 and the conclusions are summarised in Section 5.

2 . Background

In low-Mach number turbulent combustion, where the material 

derivative of pressure is small and the ratio of specific heat capacities 

depends weakly on temperature, the pressure perturbation generated by 

HRR fluctuation per unit volume 𝑞̇′ is given by [5,19] 

𝑝′(𝒙, 𝑡) = ∫

∞

−∞ ∫𝑉𝑓
𝐺(𝒚,𝒙, 𝑡 − 𝜏) × 𝜕

𝜕𝜏
(

𝑞̇′(𝒚, 𝜏)
)

d3𝒚 d𝜏, (1)

where 𝐺 is the Green’s function that quantifies the pressure perturbation 

at (𝒙, 𝑡) due to an impulse 𝑞̇′ = 𝛿(𝒙 − 𝒚, 𝑡 − 𝜏) and 𝜏 is the retarded 

time given by 𝜏 = 𝑟∕𝑐𝑜 with 𝑐𝑜 being the mean speed of sound. The 

Power Spectral Density (PSD) of pressure fluctuations is derived using 

the Fourier transform of the two-point correlation of pressure and its 

complex conjugate yielding 

℘̂(𝒙, 𝑓 ) = 𝑓 2
∫𝑉𝑓 ∫𝑉𝑓

𝐺̂(𝒚𝑎,𝒙, 𝑓 )𝐺̂∗(𝒚𝑏,𝒙, 𝑓 ) × 𝜓𝑞̇(𝒚𝑎, 𝒚𝑏, 𝑓 ) d3𝒚𝑎 d3𝒚𝑏, (2)

where 𝜓𝑞̇  is the PSD of 𝑞̇′. Since the Green’s function spectrum varies 

negligibly over the combustor volume [19], Eq. (2) can be approximated 

as 

℘̂(𝒙, 𝑓 ) ≈ 𝑓 2
∫𝑉𝑓

|𝐺̂(𝒚,𝒙, 𝑓 )|2 ⋅ 𝜓𝑞̇(𝒚, 𝑓 )𝑉cor d3𝒚, (3)

where 𝑉cor is the correlation volume for 𝑞̇′, which is the product of cor­

relation length scales in three spatial directions [7]. A measure of this 

length scale is obtained using [9] 

𝛾2 (𝑥, 𝑥 + Δ𝑥, 𝑓 ) = exp
(

− Δ𝑥
𝑙cor (𝑓 )

)2
, (4)

where Δ𝑥 is the distance between the maximum HRR location and an 

arbitrary point 𝑥 in the flame region. The coherence, 𝛾2, is 

𝛾2 (𝑥, 𝑥 + Δ𝑥, 𝑓 ) =
|𝜓̌𝑞̇ (𝑥, 𝑥 + Δ𝑥, 𝑓 ) |2

𝜓̌𝑞̇ (𝑥, 𝑥, 𝑓 ) 𝜓̌𝑞̇ (𝑥 + Δ𝑥, 𝑥 + Δ𝑥, 𝑓 )
, (5)

where 𝜓̌𝑞̇ = ∫ ∫ 𝜓𝑞̇ d𝑦 d𝑧. The correlation lengths in the other two di­

rections are obtained similarly. If the Green’s function spectrum varies 

negligibly with frequency and spatial location [19], Eq. (3) indicates 

that the PSD of pressure fluctuations depends directly on the PSD of the 

volume-integrated HRR, 𝜓𝑄̇, rather than the local HRR. Otherwise, the 

local spectral characteristics of the HRR influence ℘̂. This study primar­

ily examines the volume-integrated HRR spectra and also considers the 

local HRR spectra when they are available.

3 . Description of burner configurations, experimental and 

numerical setup

The operating conditions of the sixteen cases studied are listed in 

Table 1. Three cases are in the single-nozzle LDI burner (SNB301, 

SNB402, and SNB405), two from the LDI multi-burner cluster (MBC30 

and MBC60), eight from SICCA (S1 to S8) and three from JICF (JICF1 to 

JICF3). All the cases are operated at atmospheric pressure with various 

gaseous and liquid fuels as noted in the table.

3.1 . Lean direct injection (LDI) burners

Fig. 1(a) shows the schematic of the single-nozzle burner (SNB) from 

University College London (UCL). The injector comprises a 6.7 mm diam­

eter air nozzle and two 0.9 mm diameter fuel nozzles placed diametrically 

opposite to each other in a JICF configuration. The central nozzle is 

surrounded by twelve 1 mm diameter pilot holes that stabilise a stoi­

chiometric H2–air pilot flame at a bulk mean velocity of 95 m/s. More 

details on the experimental setup can be found in Ref. [23].

The SNB cases are studied only using LES [24,25] by solving the 

fully compressible Favre-filtered transport equations for mass, momen­

tum, and total enthalpy. The dynamic Smagorinsky model is used for the 

eddy viscosity required for the sub-grid residual stress tensor [26,27]. A 

presumed joint probability density function (PDF) approach with tabu­

lated chemistry [28–30] is used to model the filtered reaction rate. The 

look-up table is generated using freely propagating laminar premixed 

flame solutions obtained using the SkeleCHy mechanism [31]. For this 

approach, the mixture fraction 𝜉 is defined using Bilger’s definition [32] 

and the reaction progress variable is defined as 𝑐 = 𝑌H2O∕𝑌
eq

H2O
, with the 

superscript “eq” representing the equilibrium value for the local mix­

ture fraction. Thermochemical quantities are functions of 𝜉, 𝑐, and their 

respective sub-grid scale (SGS) variances. These four control variables 

and the total enthalpy are obtained from their transport equations as 

described in Refs. [29,30].

Fig. 1(a) shows that the computational domain comprises of an ad­

ditional domain downstream of the combustion chamber that mimics 

the pressure far-field conditions in the ambient room. The simulations 

are performed using OpenFOAM v7 with its PIMPLE algorithm for the 

pressure-velocity coupling. Second-order central difference and first-

order implicit Euler schemes are used for the spatial and temporal 

derivatives, respectively with a time step of Δ𝑡 = 50 ns to ensure nu­

merical stability. The maximum Courant-Friedrichs-Lewy (CFL) number 

is 0.4 in the whole domain.

Fig. 1(b) shows the schematic of the multi-burner cluster (MBC) 

which is similar to the single-nozzle counterpart except that the former 

has 9 air-channels and no pilot flames. In each air channel, hydrogen 

is injected through two diametrically opposite 0.9 mm nozzles. A photo­

multiplier with an OH∗ filter (centred at 310 nm) measures the intensity 
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Table 1 

Operating conditions for the cases studied, where 𝑈𝑏 is the bulk mean air velocity, 𝜙𝑔  is the global 

equivalence ratio, 𝑙𝑐  is the length of the combustion chamber, 𝑓𝑝 are the peak frequencies, 𝑓𝑡 is the 

threshold frequency and 𝑆 is the swirl number.

Case Fuel 𝑈𝑏 (𝑚∕𝑠) 𝜙𝑔 (−) 𝑙𝑐 (𝑚𝑚) 𝑓𝑝 (Hz) 𝑓𝑡 (Hz) 𝑆 (−) Results

SNB301 H2 30 0.12 120 – 1500 – LES

SNB402 H2 40 0.2 120 – 1500 – LES

SNB405 H2 40 0.5 120 – 700 – LES

MBC30 H2 30 0.2 120 128 & 791 791 – Exp.

MBC60 H2 60 0.2 120 94 & 820 820 – Exp.

S1 C7H16 42.7 0.85 115 322 534 0.60 Exp.

S2 C7H16 42.7 0.85 165 585 1122 0.60 Exp.

S3 C3H8 37.7 0.95 165 383 984 0.70 Exp.

S4 C7H16 42.7 0.85 165 965 1572 0.70 Exp.

S5 C7H16 37.7 0.95 165 331 961 0.70 Exp.

S6 C12H26 37.7 0.95 165 502 817 0.70 Exp.

S7 C7H16 42.7 0.85 115 653 1550 0.59 Exp.

S8 C7H16 42.7 0.85 165 970 1588 0.59 Exp.

JICF1 H2 3.7 0.044 50 – ≈ 100 – Exp.

JICF2 H2 3.7 0.107 50 – ≈ 100 – Exp.

JICF3 H2 3.7 0.107 50 – ≈ 120 – Exp.

Fig. 1. Schematics of (a) the computational domain for single-nozzle burner, (b) multi-burner cluster, (c) SICCA-spray combustor and (d) JICF combustor. The 

orientation of the coordinate axes is identical for all configurations. Time-series data for HRR and reacting and non-reacting velocity are extracted from nine probe 

locations shown using grey coloured markers in (a). All dimensions are in mm.

of OH∗ chemiluminescence (CL) at an acquisition rate of 10 kHz. Further 

details of the MBC experimental setup are discussed in Ref. [33].

3.2 . SICCA combustor

A schematic of the experimental setup of the single-injector swirl-

spray SICCA combustor from the EM2C laboratory is shown in Fig. 1(c). 

Air enters through the plenum at a mass flow rate of 2.6 g/s and flows 

into the combustion chamber through a clockwise-oriented six-channel 

tangential swirler. Three swirlers are used, each with a different swirl 

number listed in Table 1 [34,35]. When operating with heptane, the fuel 

enters through a central tube in the plenum and passes through a simplex 

atomiser which delivers a hollow-cone fuel spray into the combustion 

chamber. With propane, the fuel and air are fully premixed before en­

tering the plenum. Quartz combustor walls provide optical access, with 

their lengths for various operating conditions noted in Table 1. The OH∗

CL intensity is measured using a photomultiplier with an OH∗ filter (cen­

tred at 308 nm) at an acquisition rate of 16.4 kHz. Additional details of 

this experimental setup can be found in Ref. [35].

3.3 . JICF burner

The jet-in-cross-flow burner is shown schematically in Fig. 1(d) [36]. 

Air passes through a square cross-section plenum with a side length of 

25 mm and 335 mm in length. Three sides of the combustion chamber are 

made of quartz plates which provide optical access, and the fourth side 

consists of a metal plate that houses the hydrogen injection assembly. 

This metal plate consists of three injection holes located at a distance of 

7 mm from the inlet of the optically accessible chamber with a spacing of 

5 mm between the holes. The hydrogen injection plate includes a small 

settling chamber at its rear to ensure uniform flow rates through all three 

injection holes.

For case JICF1, fuel is injected at 𝑈𝑗 = 78 m/s through a single 1 mm
port. In JICF2 and JICF3, the fuel is delivered at 𝑈𝑗 = 255 m/s and 

𝑈𝑗 = 64 m/s through three ports, each with diameters of 0.5 and 1 mm
respectively. A CMOS high-speed camera equipped with an optical filter 

centred at 320 nm is used to capture the OH∗. The OH∗ CL is used here as 

a reliable marker for HRR, based on recent findings in diffusion hydro­

gen flames [37]. Discrepancies between OH∗ and HRR in regions where 
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Fig. 2. Normalised volume-integrated HRR (for SNB cases) or OH∗ intensity (for all other cases) frequency spectra for (a) LDI burners, (b) SICCA-spray combustor 

and (c) JICF combustor, where 𝜓+
𝑄̇

 is normalised by the variance of the volume-integrated HRR (or OH∗ intensity) given by ∫ ∞
0 𝜓𝑄̇ d𝑓 . Solid and dashed blue lines 

mark the plenum and chamber mode frequencies for case MBC60, respectively. The spectra for the SICCA cases are shown in normalised frequency space, where 𝑓𝑝
corresponds to the quarter wave mode frequency in the chamber. (For interpretation of the references to colour in this figure legend, the reader is referred to the 

web version of this article.)

the flame burns in a rich premixed mode affect time-averaged values 

[38]. However, these discrepancies are not expected to affect the spec­

tral decay rates of species mass fractions and HRR, which are governed 

by the turbulence cascade [39]. The camera is operated at 4 kHz with 

an acquisition time of 1.36 s.

4 . Results

This section discusses the volume-integrated HRR spectra, the fre­

quency dependence of its correlation volume and a simple empirical 

model for local HRR spectra.

4.1 . Characteristics of global and local HRR spectra

Fig. 2 presents the volume-integrated (or global) HRR spectra, 𝜓+
𝑄̇

, 

with the superscript + denoting the spectrum normalised by the HRR 

variance given by ∫ ∞
0 𝜓𝑄̇ d𝑓 , for the four configurations discussed in 

Section 3. The HRR variance is obtained by integrating the HRR PSD 

over the entire frequency range. Equivalently, it can be computed as 

the time-average of 
(

𝑄̇′)2. The global HRR is deduced from the LES for 

SNB cases and approximated using OH∗ CL intensity for the other three 

configurations. Unlike SNB cases, the MBC cases exhibit multiple nar­

rowband peaks in the global HRR spectra. The two peak frequencies 

marked in Fig. 2(a) correspond to the plenum and chamber acoustic 

modes, while the other narrowband peaks arise from quasi-periodic 

oscillations due to nonlinear interactions between these modes [40]. 

Fig. 2(b) shows the variation of the normalised global HRR spectra with 

𝑓∕𝑓𝑝 for the SICCA cases, where 𝑓𝑝 is the peak frequency corresponding 

to the quarter-wave chamber mode in each case. Normalising by 𝑓𝑝 pre­

vents overlap in the decay region (𝑓∕𝑓𝑝 > 1), as some cases share similar 

threshold frequencies (see Table 1). The threshold frequency 𝑓𝑡 for the 

SICCA and JICF cases is defined as the frequency at which 𝜓+
𝑄̇

 falls be­

low 5% of 𝜓+
𝑄̇
(𝑓𝑙), where 𝑓𝑙 is the reciprocal of the total signal duration. 

In the MBC cases, 𝑓𝑡 is defined by the chamber mode frequency. Since 

the SNB cases have limited low-frequency resolution, the threshold fre­

quency is determined visually at the onset of the steep spectral decline. 

Across the SICCA and JICF cases, most of the spectral content remains 

within one decade for 𝑓∕𝑓𝑝 < 1. Beyond 𝑓𝑡, the spectra decay as ≈ 𝑓−5

for all cases except the JICF case, which decays as ≈ 𝑓−2.5.

The slopes, standard deviations and corresponding frequency inter­

vals of the linear fits to the high-frequency spectra are shown in Fig. 3 for 

the cases presented in Fig. 2. The lower bound of the frequency interval 

is given by 𝑓𝑡. The upper bound of the frequency interval in LES is de­

termined by the Nyquist criterion. In the experiments, this upper bound 

is chosen as the frequency at which the spectra plateau as the signal 

strength approaches the noise level. It can be seen that apart from the 

JICF case, the spectral decay slopes for most cases are close to −5. In 

cases other than JICF, the largest deviations from the −5 slope occur for 

cases with limited data length (SNB cases), quasi-periodic thermoacous­

tic oscillations (MBC cases) and cases where the frequency interval is 

narrow (S1 and S2).

The normalised volume-integrated HRR and filtered OH∗ mass frac­

tion spectra are compared in Fig. 4 for case SNB405. The filtered OH∗

mass fraction is obtained directly from the look-up table, which is con­

structed using the first moment of OH∗ mass fraction obtained from 

freely propagating one-dimensional laminar premixed flames. It is ob­

served that both spectra decay as 𝑓−5 despite some small differences. 

This result suggests that OH∗ CL serves as a reliable HRR marker in par­

tially premixed hydrogen flames, at least for the spectral information. 

The spectral decay rate of reactive scalars is governed by the underlying 

energy cascade, which depends on the relative chemical and turbulence 

time scales[41]. Therefore, even though there may be large scale spatial 

discrepancies in different reactive scalars, their spectral decay rates are 

expected to be similar [39]. For spray flames, the OH∗ CL signal can 

be considered to be a reasonable marker for HRR if they are premixed. 

It was previously reported that these flames have low levels of equiva­

lence ratio fluctuations, measured using the relative intensity deviation 

between OH∗ and CH∗ [35,42]. Furthermore, the fluctuations of HRR 

and OH* CL signal are proportional to each other with the quantita­

tive discrepancies arising only at low-frequencies [43]. Therefore, past 

studies have used fluctuations in OH∗ CL signal as a reliable marker for 

HRR fluctuations [9,44–46], even though the spatial distribution of their 

mean values may not necessarily be identical.

The two different spectral decay rates can be explained using the 

relationship between global and local HRR spectra given by [10,47] 

𝜓+
𝑄̇

𝑉 2
𝐹

≃

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝜓+
𝑞̇ | O

(

𝑉cor

)

∼ O
(

𝑉𝐹
)

8𝜓+
𝑞̇
𝑉cor (𝑓 )
𝑉𝐹

+ O
(

𝑉cor (𝑓 )
𝑉𝐹

)2

| O
(

𝑉cor

)

≪ O
(

𝑉𝐹
)

,

(6)

where 𝑉cor is the correlation volume and 𝑉𝐹 = 𝑙𝑥𝑙𝑦𝑙𝑧, where 𝑙𝑥 is the 

distance between the fuel injection point and the axial locations where 

either ∫ ∫ 𝑞̇ d𝑦d𝑧 or ∫ ∫ OH∗ d𝑦d𝑧 crosses an arbitrarily chosen thresh­

old of 25% of the maximum value [9]. The length scales 𝑙𝑦 and 𝑙𝑧 are 

defined in a similar manner. Spectral characteristics of the local HRR 

are first discussed, followed by the correlation volume spectra.

The analysis in the following discussions is limited to JICF and SNB 

cases due to the unavailability of spatially resolved data for other cases. 

Furthermore, since the other cases follow 𝑓−5 scaling for global HRR 
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Fig. 3. Scatter plots of spectral decay slopes obtained from linear fits against the frequency interval in which the fit was obtained for all cases shown in Fig. 2. 

Horizontal and vertical error bars represent the frequency interval and the standard deviation (𝜎), respectively. The coefficients of determination for each case is 

> 0.95.

Fig. 4. Normalised volume-integrated HRR and OH∗ mass fraction (𝑌OH∗ ) 

frequency spectra for case SNB405.

(or OH∗), they are expected to behave similarly to SNB cases. Fig. 5(a) 

shows the normalised time-averaged line-of-sight (LOS) integrated OH∗

CL contours for JICF2. The PSD of OH∗ CL signals obtained from three 

probe locations are shown in Figs. 5(c). The spectral content near the jet 

exit (probe 1) and flame tip (probe 3) is weak, with decay rates varying 

as ≤ 𝑓−1. Two peaks appear in the HRR spectra at probe 2, with the 

spectra decaying as 𝑓−2.5 beyond the second peak. These peaks are close 

to the quarter-wave (232.3 Hz) and three-quarter-wave (695.2 Hz) res­

onance frequencies of the channel [48], computed using OSCILOS, an 

open-source solver for thermoacoustic eigenvalue problems [49]. The 

spectral decay at all probe locations in the JICF case follows approxi­

mately 𝑓−2. Figs. 5(b) and 5d show the normalised 𝑞̇ contours and the 

PSD of local HRR (𝜓+
𝑞̇ ) at three probe locations respectively for SNB405. 

Unlike the JICF case, 𝜓+
𝑞̇  spectra show the same 𝑓−2 scaling for all probe 

locations and no dominant peaks.

The frequency variation of the correlation volume and the respec­

tive correlation lengths (𝐿𝑥, 𝐿𝑦 and 𝐿𝑧) for cases SNB405 and JICF2 are 

shown in Figs. 6(a) and 6b, respectively. The JICF2 case exhibits a slower 

decay compared to the SNB405 case, which follows a 𝑓−3 decay similar 

to the partially premixed cases in [10]. The local HRR and 𝑉cor spec­

tra decay as 𝑓−2 and 𝑓−3, respectively, explaining the 𝑓−5 decay in the 

global HRR spectra, as described by Eq. (6). The frequency variation of 

𝜓+
𝑄̇
×𝑉cor shown in Fig. 7 further confirms that the local HRR spectra and 

𝑉cor spectra result in the 𝑓−5 decay. This is shown only for SNB405 as a 

representative case. However, based on previous studies, cases exhibit­

ing a 𝑓−3 decay in the 𝑉cor spectra are expected to show a 𝑓−5 decay in 

HRR [10,47]. The converse, that 𝑓−5 decay in HRR arises due to 𝑓−3 de­

cay in correlation volume, may not necessarily hold, especially in cases 

with spatially varying decay rates in HRR spectra [10]. Nevertheless, 

since the 𝑓−3 decay in correlation volume arises from large Reynolds 

numbers or spatial inhomogeneities [10], the converse may also hold for 

the SICCA cases and potentially for the MBC cases, which share similari­

ties with the SNB cases. Further measurements and analyses are required 

to confirm this.

The different decay in the correlation volume spectra for cases 

SNB405 and JICF2 can be explained by the spatial coherence of HRR. 

Consider the transversely integrated HRR signals, ∫ ∫ 𝑞̇′ d𝑦d𝑧, evalu­

ated at the maximum HRR location and at another point separated by 

a streamwise distance Δ𝑥. The argument (angle) of the complex cross-

spectrum between these two signals, referred to as the cross-spectrum 

phase (CSP or 𝜑𝑞̇), indicates the spatial coherence of the above HRR. 

Figs. 8(a) and 8d show the frequency variation of CSP for different 

Δ𝑥 in cases SNB405 and JICF2, respectively. Unlike the SNB405 case, 

the CSP in the JICF2 case increases progressively with streamwise dis­

tance, reflecting convective effects [9]. Fig. 8(b, e) and (c, f) show 

the frequency variation of CSP along the 𝑦- and 𝑧-directions, respec­

tively. In SNB405, CSP exceeds 𝜋∕2 in all directions at high frequencies 

(> 3000 Hz), whereas in JICF2, it exceeds 𝜋∕2 only along the streamwise 

direction. However, the HRR signals contributing to CSP values above 

𝜋∕2 in JICF2 are very weak. Consequently, the HRR signals are in-phase 

(CSP ≤ 𝜋∕2) and strongly correlated across the entire JICF2 flame brush 

at all frequencies, producing slowly decaying correlation volume spec­

tra. In contrast, the faster decay of the correlation volume spectra in 

case SNB405 is due to the out-of-phase (CSP ≥ 𝜋∕2) HRR signals at high 

frequencies in every direction.

4.2 . Modelling aspects

When the Green’s function spectrum varies significantly with spatial 

location or frequency, the local HRR spectra are required for evaluat­

ing the PSD of pressure fluctuations, as per Eq. (3). Kumar et al. [10] 
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Fig. 5. The normalised time-averaged OH∗ and its local spectra are shown in (a) and (c) for JICF2 flame. The spatial distribution of time-averaged 𝑞̇ and its local 

normalised spectra obtained from LES are shown in (b) and (d) for case SNB405.

Fig. 6. Correlation length and volume spectra for cases (a) SNB405 and (b) JICF2.

Fig. 7. Frequency variation of the product between 𝜓+
𝑞̇  and 𝑉cor for case SNB405.

proposed Ψ+
𝑞̇ ≈ Ψ+

|𝒖|
(

1 + (𝑓∕𝑓 ∗)𝑙
)1∕2

, where Ψ+
𝑞̇  is the modelled geomet­

ric mean of the normalised local HRR spectrum, Ψ+
|𝒖| is the normalised 

geometric mean of turbulent kinetic energy obtained from different spa­

tial locations, 𝑓 ∗ is a characteristic frequency and 𝑙 is a scaling exponent. 

Here, this model is tested using LES results for the SNB402 flame. The 

unnormalised spectrum, Ψ𝑞̇ , requires the variance of 𝑞̇′ which can be 

related to the square of the time-averaged HRR following [44]. Hence, 

the local HRR spectrum is given by 

Ψ𝑞̇ ≈
(

B𝑞̇
)2

Ψ+
|𝒖|

(

1 +
(

𝑓
𝑓 ∗

)𝑙
)1∕2

, (7)

where 𝑓 ∗ = 2000 Hz is defined similarly to 𝑓𝑡 and the scaling exponent 

is chosen as 𝑙 = 2. The reaction intensity, B, is estimated as the slope 

of the linear regression between rms and time-averaged local HRR from 

the 𝑥-𝑦 midplane as shown in Fig. 9(a). For case SNB405, this slope 

is B = 1.31 with a high correlation coefficient, 𝑅2 = 0.96. Fig. 9(b) 

compares the model in Eq. (7) to the geometric mean of the local HRR 

spectrum obtained from nine LES probe locations marked in Fig. 1(a). 

The model, constructed using Ψ+
|𝒖| from reacting and non-reacting LES, 

compares well with Ψ𝑞̇ . The scaling exponent matches those cases in [10] 

with neither thermoacoustic instabilities nor spatially varying local HRR 

spectrum. A higher exponent (𝑙 = 3) would reduce the discrepancy be­

tween LES and model spectral decay rates but is avoided to ensure robust 
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Fig. 8. Frequency variation of the cross-spectrum phase 𝜑𝑞̇  (Eq. 4) of spatially integrated HRR (OH∗ CL for JICF2) for cases SNB405 (a–c) and JICF (d–f), respectively. 

The spatial integrations are performed along 𝑦, 𝑧 (a,d), 𝑥, 𝑧 (b,e), and 𝑥, 𝑦 (c,f) and different coloured lines represent different separation distances used while computing 

the cross-spectrum.

Fig. 9. (a) Correlation between rms and time-averaged HRR obtained from the 𝑥-𝑦 midplane of SNB405, with marker size and color indicating 𝑥 and 𝑦 locations and 

(b) geometric mean of local HRR spectra from 9 LES probe locations and model spectra from Eq. (7), constructed using LES-based reacting and non-reacting velocity 

spectra. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

model parameters. The time-averaged HRR, 𝑞̇, can be readily obtained 

from Reynolds-averaged Navier–Stokes (RANS) simulations [19,44].

Fig. 10 shows instantaneous filtered HRR contours normalised by 

their maximum for cases SNB301, SNB402, and SNB405. Despite differ­

ent flame shapes, sizes and structures, these cases have almost the same 

value for B although SNB301 has about 8% lower which is because of 

lower turbulence. SNB301 has a lower reaction intensity (B = 1.21) due 

to its lower turbulence intensity, which scales with air flow velocity. 

Additional single- and triple-jet JICF cases spanning two air flow rates, 

four fuel flow rates per jet and three fuel-port diameters are also consid­

ered. In the single-jet cases only the central nozzle of the three-jet cases 

is present. The reaction intensities for each of the additional cases are 

shown in Fig. 11 suggesting that B values are roughly constant for each 

single-jet case with increasing fuel or air flow rates, but decrease with 

increasing fuel-port diameter. This sensitivity arises because the fuel-jet 

velocity scales with the square of the inlet diameter, while it increases 
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Fig. 10. Contours plots of instantaneous normalised filtered HRR 𝑞̇∕𝑞̇max at arbitrary instants for the SNB cases.

Fig. 11. (a) Variation of reaction intensity B with fuel flow rate (𝑉̇𝑓 ) for different JICF cases. Filled and hollow markers correspond to air flow rates (𝑉̇𝑎) of 200 and 

250 lpm respectively. (b) Contours of 15%, 25% and 35% OH∗
max

 at arbitrary instants for the marked cases.

only linearly with the fuel flow rate. In the triple-jet case, reaction in­

tensity is highest for 𝑑𝑖 = 0.7 mm. Cases with more pronounced flame 

surface wrinkling exhibit higher B values, as shown by OH∗ contours 

in Fig. 11(b). The lowest value of B is for 𝑑𝑖 = 1 mm, corresponding to 

the lowest turbulence intensity due to the reduced jet velocity. Notably, 

triple-jet cases show lower reaction intensity than single-jet cases only 

at 𝑑𝑖 = 1 mm. For the triple-jet cases, this may result from reduced 

turbulence caused by suppressed entrainment, enhanced flame-induced 

dilatation or destructive interference between coherent structures in the 

jet interaction regions. The most dominant cause may be deduced using 

velocity measurements, which will be explored in a future study.

5 . Conclusions

The spectral characteristics of global and local HRR for different fuels 

are analysed in LDI, JICF, and swirl-stabilised flames. Practically rele­

vant cases in an LDI and a swirl-stabilised spray combustor, exhibit a 

universal 𝑓−5 decay in global HRR spectra, resulting from the 𝑓−3 de­

cay of the frequency-dependent correlation volume, 𝑉cor. In JICF, where 

HRR fluctuations remain coherent throughout the flame, 𝑉cor decays 

slowly, leading to a lower decay rate of 𝑓−2.5.

When the Green’s function spectrum varies negligibly (within one 

decade) across frequency and spatial location, the universality of global 

HRR spectra enables SPL estimation using empirical models instead 

of expensive reacting flow simulations or experiments. Otherwise, the 

noise spectrum depends on the local HRR spectrum, which differs from 

the global spectra. A previously proposed model for the local HRR spec­

trum based on the non-reacting flow velocity spectrum is validated for 

the single-nozzle burner. Moreover, directions for closing the unknown 

HRR variance term are provided. This model offers a cost-effective ap­

proach to deduce HRR spectral information using non-reacting LES and 

reacting RANS simulations.
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