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ABSTRACT11

This study investigates the challenge of accurately upscaling the friction source term of the12

2D Shallow Water Equations in computational simulations using nested meshes (also known as13

dual-meshes) for large-scale flood inundation problems. This work employs a recently developed14

dual-meshes sub-grid (SG) model, which performs runtime computations on a coarse computational15

mesh while incorporating high resolution information from a fine mesh at the pre-processing stage.16

Four approaches proposed in the literature to approximate the friction source term are compared.17

They are formulated based on assumptions such as constant friction slope and constant water depth18

over a computational cell. The models are evaluated using two 1D idealized test cases covering19

a wide range of flow regimes, water depths, and discharges, and two large-scale 2D real-world20

test cases. Methods that upscale the solution to compute frictional effects on a coarse-resolution21

mesh deliver 2-5x speedup relative to approaches performing friction computations on a fine-scale22

mesh. However, the speedup varies depending on the specific case. The approach delivering the23
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best trade-off between accuracy and computational performance upscales friction by assuming a24

constant flow direction over each coarse cell. A detailed discussion is provided on the impact of25

various assumptions in the approximation of the friction source term on solution accuracy, and the26

limitations of the approach are explained.27

PRACTICAL APPLICATIONS28

The numerical solution of the two-dimensional shallow water equations is an essential tool29

in flood risk management. However, obtaining accurate solutions using conventional methods30

typically requires finely resolved computational meshes, which often translates into computing31

times that are prohibitively long. This paper deals with dual-mesh methods to improve the accuracy32

of coarse-grid simulations, leading to fast flood inundation models. These methods incorporate33

important topographic and roughness features, while the main computations are performed at34

coarse resolution. In this paper we show that the specific way they include these features into the35

computations, and in particular, into friction estimations, plays an important role in the solutions.36

The paper presents a detailed assessment of methods recently proposed to model friction in dual-37

mesh models, linking the results of our tests to key assumptions adopted in each case. The findings38

provide insights into the strengths and limitations of each method and will guide practitioners in39

choosing appropriate approaches for reliable and efficient flood modeling in real-world scenarios40

involving multi-resolution grids.41

INTRODUCTION42

Computational simulation of flood inundation has evolved through the last decades to become43

a vital tool supporting flood risk assessment, emergency response, and engineering design. So-44

lutions to such problems often require the analysis of numerous scenarios through multiple runs45

of numerical models. Approaches developed by industry and research institutions that leverage46

numerical solutions of the shallow water equations (SWE) are particularly relevant to these tasks,47

as they incorporate terrain and land cover data to provide realistic computational simulations (e.g.,48

Alcrudo and García-Navarro 1993, Guinot and Soares-Frazão 2006, Toro and Garcia-Navarro 2007,49
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Sanders et al. 2008,Kesserwani and Liang 2015, Shaw and Kesserwani 2020, Xing et al. 2022,50

Kesserwani and Sharifian 2023, Horváth et al. 2020, and Qi et al. 2024 among many others).51

However, incorporating high-resolution data into large-scale flood models is crucial but challeng-52

ing, as it significantly increases computational demands. This dilemma has motivated research53

on developing efficient models that can support real-time urban flood forecasting, catchment-wide54

analyses, and interactive risk communication tools (Sanders and Schubert 2019; Dewals et al.55

2021). Although recent advancements have improved computational efficiency, current models56

still fall short of the performance needed for large-scale, detailed flood simulations essential for57

decision-making (Wijaya et al. 2023).58

Extensive research has been devoted to the development of modeling techniques that balance59

computational speed and accuracy. These techniques include parallel computing (e.g., Neal et al.60

2009; Kesserwani and Sharifian 2023), adaptive meshes (e.g., Rogers et al. 2001; Kirstetter et al.61

2021), coupled 1D–2D models (e.g., Morales-Hernández et al. 2016; Kang and Kubatko 2024),62

simplified SWE models (e.g., Horritt and Bates 2001; Wang et al. 2011), and more recently also63

solutions leaveraging machine-learning techniques (e.g., Qi et al. 2024; Yin et al. 2025) to name only64

a few. One interesting alternative involves using sub-grid parameterizations within the governing65

equations, offering flexibility to complement other techniques. This strategy aims to approximate66

some physical processes operating within a large computational cell (e.g. influenced by sub-grid67

scale topography) without performing high-resolution computations, thereby improving simulation68

accuracy at lower resolutions. Given that explicit numerical schemes for solving 2D SWE are highly69

sensitive to grid resolution [typically, 𝐶 ∼ Δ𝑥−3, where 𝐶 is the computational cost and Δ𝑥 the70

grid size], grid coarsening can significantly enhance model performance. However, coarsening the71

grid may compromise numerical accuracy due to increased truncation errors, by misrepresenting72

topographical features crucial for flood propagation (Begnudelli et al. 2008; Yu and Lane 2006).73

Since its initial proposal by Defina et al. 1994, sub-grid models have largely focused on concept74

porosity to model the effects of sub-grid topography on the storage within cells and momentum75

fluxes across its edges (Sanders et al. 2008; Soares-Frazão et al. 2008; Guinot et al. 2017). More76
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recently, nested-mesh models have gained attention (Volp et al. 2013; Hénonin et al. 2015; Sanders77

and Schubert 2019; Shamkhalchian and de Almeida 2021; Shamkhalchian and de Almeida 2023).78

These models use a coarse mesh as a base, with a high-resolution mesh nested within to integrate79

fine-scale topography and roughness data. They are defined to offer a dynamic interpretation80

—dependent on water surface elevation— of cell volume and edge length contributions to storage81

and conveyance. Additionally, the high-resolution data aids in approximating the friction and bed82

slope source terms in the SWEs. Sub-grid models utilizing low-resolution computational meshes83

are designed to mitigate errors typically associated with grid coarsening by incorporating high-84

resolution data. However, these models are limited in addressing the loss of accuracy in problems85

involving steep gradients or discontinuities in the solution.86

Specific approaches proposed in the literature to represent the physics operating at small scale87

to coarse cells (i.e. upscaling), as well as the numerical methods employed, vary significantly88

across models. For example, Volp et al. 2013 used the Finite Volume (FV) method to solve SWEs,89

upscaling depths and velocities by spatially averaging variables over the wet portion of coarse90

cells, assuming constant friction slope and uniform flow direction. In contrast, Hénonin et al.91

2015 averaged water depths similarly but assumed a piecewise constant free surface elevation,92

using the ADI Finite Difference scheme. Sanders and Schubert 2019 applied the Finite Volume93

method, averaging water depth and unit width discharge over wet cell portions and computing94

fluxes along coarse cell edges at fine resolution using downscaled depths and local topography.95

The models by Shamkhalchian and de Almeida 2021 and Shamkhalchian and de Almeida 202396

adopted a similar approach, computing fluxes along coarse edges at fine resolution while solving97

the Riemann problem with downscaled depths and velocities. In Shamkhalchian and de Almeida98

2021 and Shamkhalchian and de Almeida 2023, the friction upscaling method was defined by first99

analytically integrating the flow resistance equation over coarse cells under the assumption of a100

constant flow direction across the cell. Further details about the approaches above can be found in101

the respective articles, while specific information relevant to this paper is provided in the following102

sections.103
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The fundamentally different approaches proposed in the literature to upscale friction in nested-104

mesh models raises the question of how the underlying assumptions of each method impact solution105

accuracy. Answering this question is crucial for guiding researchers and model developers in106

selecting appropriate friction models, by recognizing their limitations, and may also prompt future107

development of improved models to address existing limitations. The aim of this paper is to108

comparatively examine various friction approximation techniques that have been proposed for109

nested-mesh models.110

To enable a rigorous comparison of solutions, friction models were implemented within the111

same SG model, ensuring that the solution methods for the homogeneous SWEs and bed slope112

terms remain consistent, with friction models as the only variable. The models are tested in both113

idealized and real-world scenarios, and the paper provides technical discussions on the results,114

especially regarding the constant friction slope assumption within a cell.115

The paper is organized as follows: the first section introduces the governing equations and116

numerical methods used by the SG model, detailing its treatment of all terms except the friction117

source term. This is followed by a section describing the various approaches previously proposed118

for upscaling the friction source term in nested-mesh models. In the third section, friction approx-119

imation methods are tested using both real-world and artificial cases. The last section synthesizes120

the study’s main insights and conclusions.121

THE SG MODEL CONSTRUCTION122

This section outlines the SG model used in this paper to solve the governing equations. A123

comprehensive description of the model can be found in Shamkhalchian and de Almeida 2021, and124

Shamkhalchian and de Almeida 2023.125

Governing Equations and Structured Meshes126

The SG model predicts water surface level and unit width discharge in time and space by solving127

the integral form of the 2D shallow water equations at computational cells with area Ω boundary128
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Γ, respectively:129

𝜕

𝜕𝑡

∫
Ω

UdΩ +
∮
Γ

[E(U) · e]dΓ =

∫
Ω

S(U)dΩ, (1)130

where,131

U =


𝜂

𝑞𝑥

𝑞𝑦


, E = [F,G], F(U) =


𝑞𝑥

𝑞2
𝑥

ℎ
+ 𝑔

2ℎ
2

𝑞𝑥𝑞𝑦
ℎ


, G(U) =


𝑞𝑦

𝑞𝑥𝑞𝑦
ℎ

𝑞2
𝑦

ℎ
+ 𝑔

2ℎ
2


, (2)132

133

S(U) = S𝑏 (U) + S𝑟 (U), S𝑏 (U) =


0

𝑔ℎ𝑆0𝑥

𝑔ℎ𝑆0𝑦


, S𝑟 (U) =


0

−𝑔ℎ𝑆 𝑓𝑥
−𝑔ℎ𝑆 𝑓𝑦


, (3)134

t denotes time, e = [𝑒𝑥 , 𝑒𝑦] is the outward unit vector normal to the boundary Γ, Ω denotes the area135

of the subdomain of integration, 𝜂 denotes water surface elevation, h is water depth and 𝑔 represents136

the gravitational acceleration, q =
[
𝑞𝑥 , 𝑞𝑦

]T is the unit width discharge vector, S0 =
[
𝑆0𝑥 , 𝑆0𝑦

]T
137

and S 𝑓 =
[
𝑆 𝑓 𝑥 , 𝑆 𝑓 𝑦

]T are the bed and friction gradients, respectively. Friction is modeled using138

Manning’s equation, i.e., S 𝑓 =
q∥V∥𝑛2

𝑀

ℎ7/3 , ∥𝑉 ∥ =
√
𝑢2 + 𝑣2, where 𝑢 and 𝑣 are the 𝑥 and 𝑦 components139

of the velocity vector of magnitude ∥V∥ . The conserved variable ℎ in the vector U(𝑥, 𝑦, 𝑡) is140

replaced with 𝜂 to enable the model to reconstruct the water surface elevation as piecewise constant141

or piecewise linear, as required as part of the FV solution described next. The water depth is then142

distributed as ℎ = 𝜂 − 𝑧 assuming a non-erodible bed (i.e., 𝜕𝑧
𝜕𝑡

= 0).143

The computational domain of the SG model is defined as a rectangular region that is discretized144

by two sets of nested Cartesian meshes, as depicted in Fig. 1. The low-resolution mesh (also145

referred to as the "coarse mesh" or "computational mesh") is employed to solve the governing146

equations, while the high-resolution mesh (the "fine mesh") contains detailed topographic and147

roughness data. Information such as velocity, depth, bed elevation, and roughness at the fine148

resolution is defined as a piecewise constant within each small cell. The high-resolution data is149

used to improve the accuracy of the solutions by applying upscaling methods, as explained in the150
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following sections. These methods aim to reduce errors that typically occur when computations151

are performed at coarse resolution by ensuring that fine-scale information is accounted within the152

coarse-resolution model, thus maintaining computational efficiency and accuracy.153

The 𝑥 and 𝑦 axes are defined along the horizontal and the vertical coordinates of the domain,154

the dimensions of which along the same axes are 𝐿𝑑 and𝑊𝑑 , as shown in Fig. 1. The dimensions155

of large and small cells in the 𝑥 and 𝑦 directions are denoted by Δ𝑥,Δ𝑦 and 𝛿𝑥, 𝛿𝑦, respectively.156

Each large cell consists of four edges Γ1 to Γ4 labeled anticlockwisely as shown in Fig. 1. Large157

cells are indexed by 𝑖 ranging from 1 to 𝑁 , where 𝑁 corresponds to the total number of large cells158

within the study domain (i.e.𝑁 =
𝑊𝑑𝐿𝑑
Δ𝑥Δ𝑦

). Within each large cell, the indices 𝑗 and 𝑘 are used to159

define the position of small cells within large cells along the 𝑥 and 𝑦 directions, respectively. The160

values of 𝑗 and 𝑘 satisfy 1 ≤ 𝑗 ≤ 𝐽 and 1 ≤ 𝑘 ≤ 𝐾 , where 𝐽 = Δ𝑥
𝛿𝑥

and 𝐾 =
Δ𝑦

𝛿𝑦
. As an example,161

𝑧𝑖 | 𝑗 ,𝑘 denotes the bed elevation at the 𝑗 th column and 𝑘 th row of small cells within the 𝑖th large cell.162

SG Model Solution Process163

The methodology used by the model to upscale each term in the governing equations from fine164

to coarse resolution is comprehensively explained in Shamkhalchian 2021, Shamkhalchian and165

de Almeida 2021 and Shamkhalchian and de Almeida 2023. In this paper, only a concise overview166

of the process is presented. The model upscales the equations through integration over the coarse-167

resolution cell. While the quantities vary within a large cell of the SG model, their integrated form168

is denoted by the overbar symbol. For example, the upscaled vector of these variables is defined as169

U =
1
Ω

∫
Ω

UdΩ, (4)170

The tilde symbol is used to define quantities averaged over the wet portion of the area (i.e., Ω𝑤),171

i.e.:172

Ũ =
1
Ω𝑤

∫
Ω𝑤

UdΩ =
1
𝑟

U, (5)173
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where, 𝑟 = Ω𝑤

Ω
. As an example, consider the unit-width discharge:174

q =

∫
Ω

qdΩ
Ω

=

∫
Ω𝑤

qdΩ +
∫
Ω𝑑

0 dΩ
Ω

= q̃
Ω𝑤

Ω
= q̃𝑟, (6)175

where Ω𝑑 represents the dry fraction of a computational cell.176

Time integration is performed by advancing the solution from time level 𝑛 to 𝑛 + 1 using a177

time step Δ𝑡 through a fractional step (e.g., Lions and Mercier 1979; LeVeque 2002; Toro 2013),178

whereby the solution is first computed at an intermediate state denoted by *. In the first operation,179

the solution is updated for all terms of the governing equations, except for the bed resistance source180

term S𝑟 , to prevent numerical instabilities (Liang and Marche 2009). This is done using a first-order181

(in time) Euler method:182

U
∗
𝑖 = U

𝑛

𝑖 −
Δ𝑡

Ω𝑖

∑︁
(𝑝,𝑞)∈𝐷𝑖

|Γ𝑝𝑞 |E′(U𝑛
𝑝,U𝑛

𝑞, e𝑝𝑞) + Δ𝑡S
𝑛

𝑏𝑖
, (7)183

where 𝐷𝑖 is the set of indices referred to small neighboring cells 𝑝 sharing a side with a small cell184

𝑞 contained within the large cell 𝑖 (Ω𝑝 ⊂ Ω𝑖 and Ω𝑞 ⊄ Ω𝑖), |Γ𝑝𝑞 | is the length of the edge between185

cells 𝑝 and 𝑞 (i.e. 𝛿𝑥 or 𝛿𝑦), E′ is the numerical flux vector, and e𝑝𝑞 is the unit outward vector. The186

time step Δ𝑡 is dynamically computed using the Courant–Friedrichs–Lewy (CFL) condition (e.g.,187

LeVeque 2002; Shamkhalchian 2021; Toro 2001). S
𝑛

𝑏𝑖
is defined as188

S
𝑛

𝑏𝑖
=


0

𝑆𝑏𝑥

𝑆𝑏𝑦



𝑛

𝑖

(8)189

This term is approximated at the level of small cells and then extended to cover the larger cells,190

with the specific treatment of the SG model detailed in the subsequent sections.191

The solution at time level 𝑛 + 1 is then obtained by adding the effect of frictional forces S𝑟192

through a semi-implicit method (Liang and Marche 2009; de Almeida et al. 2018; Sanders and193
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Schubert 2019). This is achieved by solving the following equation, which constitutes the focus of194

investigation in this study:195

d
d𝑡

∫
Ω𝑖

UdΩ =

∫
Ω𝑖

S𝑟dΩ, (9)196

which is numerically approximated as:197

U
𝑛+1
𝑖 = U

∗
𝑖 + Δ𝑡S𝑟𝑖 . (10)198

In Eq. (7), the mass and momentum fluxes are approximated by solving the Riemann problem199

using the method adapted for the SG model, as detailed in the following sections. This method200

solves the Riemann problem at the high-resolution mesh and then integrates the computed fluxes201

along each edge of large cells. The Riemann solver of Harten, Lax, and van Leer Contact (HLLC)202

developed by Toro et al. 1994 (e.g., Erduran et al. 2002; Kong 2011) is used by the SG model.203

Flux Computations204

The SG model implements a first-order accurate solution in time and includes both first-order205

(Shamkhalchian and de Almeida 2021) and second-order (Shamkhalchian and de Almeida 2023)206

spatial accuracy solutions. In this work, the second-order accurate model is used. To achieve the207

second-order spatial accuracy akin to conventional FV models, the three components of U
𝑛

𝑖 (i.e.,208

water surface level and unit width discharges in the 𝑥 and 𝑦 directions) within coarse cells are209

defined using a piecewise linear reconstruction of variables. To ensure numerical stability, (i) the210

slope of the piecewise linearization is constrained using the minmod method (LeVeque 2002) and211

(ii) at the wet-dry front the spatial order of accuracy is reduced to first order. Specifically, when212

a fully- or partially-wet large cell approaches a fully-dry cell, the reconstruction of variables is213

piecewise constant.214

Dual-mesh models typically use information at fine-resolution to improve the accuracy of215

computations. One crucial step of such an approach is the specific method used to downscale the216

averaged values of U
𝑛

𝑖 along the edges of large cells. The SG model downscales the flow depth by217

assuming a constant free surface 𝜂𝑛
𝑖
|Γ𝑚 , which implies that ℎ𝑛

𝑖
|Γ𝑚= max(𝜂𝑛

𝑖
|Γ𝑚 −𝑧𝑖 |Γ𝑚 , 0) along218
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the edge varies according to the bed elevations only (see Fig. 2). The other two components of219

U
𝑛

𝑖 (i.e. 𝑞𝑥 , 𝑞𝑦) are downscaled under the assumption of a constant friction slope, which is also220

modeled using Manning’s expression (Chow 1959; Cunge et al. 1980; Burguete et al. 2007; Viero221

and Valipour 2017). The procedure used to downscale the 𝑥-component of unit width discharge222

𝑞𝑛𝑥𝑖 |Γ𝑚 is illustrated here as an example (the same approach is used for the 𝑦-component 𝑞𝑛𝑦𝑖 |Γ𝑚223

and the other edges Γ1 to Γ3), as follows (refer to Fig. 2 for further details):224

𝑞𝑛𝑥𝑖

��1,𝑘 =


(

1
𝑛𝑀
ℎ

5
3

)
1,𝑘[

(𝜂 − 𝑧)
5
3 𝑇1 + 5

3 (𝜂 − 𝑧)
2
3 𝑇2 + 5

9 (𝜂 − 𝑧)
−1
3 𝑇3

]
Γ4


𝑛

𝑖

𝑞𝑛𝑥𝑖 , 1 ≤ 𝑘 ≤ 𝑁𝑛Γ4
, (11)225

where, 𝑞𝑛𝑥𝑖 |1,𝑘 denotes the 𝑥-component of unit width discharge at time level 𝑛 and for the 𝑘th small226

cell, 𝑁𝑛
Γ4

is the number of submerged small cells adjacent to edge Γ4 (which may vary in time if227

the large cell is partially wet), 𝑧𝑛
𝑖
|Γ4 represents the average bed level of submerged small cells in228

the vicinity of Γ4 at the 𝑖th large cell and at time level 𝑛 . The variables 𝑇𝑛1𝑖
��
Γ4

, 𝑇𝑛2𝑖
��
Γ4

,and 𝑇𝑛3𝑖
��
Γ4

are229

defined (Shamkhalchian and de Almeida 2021) as follows:230

𝑇𝑛𝑑𝑖

��
Γ4

=


1
𝑁Γ4

𝑁Γ4∑︁
𝑘=1

[ (
𝑧 |Γ4−𝑧

) (𝑑−1)

𝑛𝑀

]
1,𝑘


𝑛

𝑖

, 𝑑 = 1, 2, 3. (12)231

The downscaled values of U along both sides of the edges of large cells define the fine-resolution232

Riemann problem, which is solved by the HLLC solver. Integration of these fluxes along each edge233

of large cells yields the overall flux, which is subsequently used in Eq. (7).234

Bed Slope Source Term235

The bed slope source term is approximated in the model by an approach similar to that proposed236

by Valiani and Begnudelli 2006, which was adapted in Shamkhalchian and de Almeida 2021 for the237

SG model. The method assumes a constant water surface elevation 𝜂 within each large cell, which238

yields an expression that is a function of 𝜂 and the bed elevations near the edges of computational239

cells. That is, the topography between edges (or between an edge and a wet-dry front in the case240
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of partially wet cells) does not influence the bed slope approximation. For the sake of brevity,241

we present the discretization of the 𝑥-component of 𝑆𝑏 only (refer to Shamkhalchian 2021 and242

Shamkhalchian and de Almeida 2021 for the complete derivation):243

𝑆
𝑛

𝑏𝑥𝑖
=

𝑔

Δ𝑥𝐾

𝐾∑︁
𝑘=1

{(
𝑧 |1,𝑘 −𝑧 |𝐽,𝑘

) [
𝜂 − 1

2
(
𝑧 |1,𝑘 +𝑧 |𝐽,𝑘

) ]}𝑛
𝑖

, (13)244

where 𝐾 = Δ𝑦/𝛿𝑦 represents the number of rows of the small cells in the large cell, and 𝑧(𝑧, 𝜂),245

defined as 𝑧(𝑧, 𝜂) = min(𝑧, 𝜂), ensures that in partially wet cells, negative water depths do not occur246

in dry areas when calculating the term ℎ = 𝜂 − 𝑧 to approximate the integral of Eq. (13).247

ALTERNATIVE METHODS TO UPSCALE THE FRICTION TERM248

This section describes the different approaches that have been proposed in the literature to249

approximate the friction term [i.e. Eq. (9)], which will later be compared in this paper. Since the250

first component of the vector S𝑟 is zero-valued by definition, the problem of updating the solution251

to account for friction is reduced to252

d
d𝑡

q = −𝑔ℎS 𝑓 (U) , (14)253

which can be integrated over the area of a large cell to advance the solution from the initial condition254

q∗ to time level 𝑛 + 1 through:255

d
d𝑡

∫
Ω𝑖

qdΩ =

∫
Ω𝑖

−𝑔ℎS 𝑓 dΩ. (15)256

Several discretization techniques have been proposed in the literature to integrate this source term,257

including explicit, implicit, and semi-implicit schemes. In this paper, all friction approaches are258

based on a widely-used semi-implicit technique (e.g., Liang and Marche 2009; Kesserwani and259

Liang 2012; Cea and Bladé 2015; de Almeida et al. 2018; Sanders and Schubert 2019). This choice260

is supported by its successful application to a wide range of flood inundation problems, as well as261
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its time efficiency, where262

S 𝑓 =
q𝑛+1 ∥ q∗ ∥(

ℎ
10
3

𝑛2
𝑀

)∗ . (16)263

In dual mesh models, within a computational cell (i.e., at the level of small cells), variables264

are distributed, and their upscaled quantities replace the corresponding variables in Eq. (16). The265

upscaling procedure is not unique and depends on the adopted set of assumptions, which are detailed266

in the following sections. Across all the upscaling techniques discussed, a common assumption is267

that the water surface elevation, 𝜂𝑖, remains constant across large cells.268

Friction solution based on cell-averaged (AVG) values of variables269

The first approach to approximating Eq. (15) involves substituting values of variables that270

are averaged over the wet part of large cells. This method is hereafter referred to as AVG and271

formulated based on the assumptions utilized in the work of Hénonin et al. 2015. The method272

accounts for partially-wet cells by defining variables integrated over the wet portion of partially-wet273

cells. Discretizing Eq. (15) for the wet portion of a cell, by applying a first-order forward finite274

difference to the LHS and using averaged variable values on the RHS in combination with Eq. (16),275

yields:276

q̃𝑛+1
𝑖 − q̃∗

𝑖

Δ𝑡
= −𝑔

q̃𝑛+1
𝑖 ∥ q̃∗

𝑖 ∥
(𝜂−𝑧)

7
3

𝑛̃2
𝑀

(17)277

Including Eq. (6), i.e., q = q̃𝑟 gives:278

q𝑛+1
𝑖 =


q

1 + 𝑔∥q∥Δ𝑡

𝑟

(
(𝜂− 𝑧̃)

7
3

𝑛̃2
𝑀

)1



∗

𝑖

. (18)279

The main advantage of this approach is that expensive fine-scale computations of averaged values280

can be performed at pre-processing, thus incurring no additional runtime cost.281
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The constant friction slope (CFS) approach282

A popular method adopted to upscale the effects of friction over a large region of the domain283

(e.g. the computational cell) is to assume a constant value of the friction slope (e.g., Volp et al.284

2013; Sanders and Schubert 2019). The particular approach described here is similar to that used285

by Sanders and Schubert 2019, which in addition also assumes a constant value of q over the large286

computational cell,
(
q 𝑗 ,𝑘

)
𝑖
= q̃𝑖. The RHS of Eq. (15) equals −𝑔 ℎ̃S 𝑓 . In this method, the term287

ℎ̃S 𝑓 is approximated by the product of the averaged variables, i.e., ℎ̃S 𝑓 ≈ ℎ̃ S̃ 𝑓 . Using Eq. (16),288

and under the assumption that �1(
ℎ

5
3

𝑛𝑀

)2 = 1�©­«
ℎ

5
3
𝑖

𝑛𝑀

ª®¬
2 ,289

S̃f =
q̃∥ q̃ ∥�( ℎ5/3

𝑛𝑀

)2 , (19)290

where,291 �( ℎ5/3

𝑛𝑀

)
=

1
Ω𝑤𝑖

∫
Ω𝑤𝑖

(
ℎ5/3

𝑛𝑀

)∗
dΩ𝑤 ≃


1
𝑁𝑤

𝐽∑︁
𝑗=1

𝐾∑︁
𝑘=1

(
ℎ5/3

𝑛𝑀

)
𝑗 ,𝑘


∗

𝑖

, (20)292

where 𝑁𝑤 is the number of wet small cells in the large cell 𝑖. Using Eq. (19), Eq. (6), and the same293

approach as described for the AVG method, yields:294

q𝑛+1
𝑖 =


q

1 + 𝑔(𝜂−𝑧)∥q∥Δ𝑡

𝑟

�(
(𝜂−𝑧)

5
3

𝑛𝑀

)2



∗

𝑖

. (21)295

The term
�( ℎ5/3

𝑛𝑀

)
in Eq. (19) is used to approximate the aggregated effects of variable topography296

on the frictional force. Values of this term (which require fine-resolution computations) can be297

obtained at pre-processing time and stored in lookup tables. Conceptually, the assumption of298

constant values for 𝜂 and q over a bed with non-uniform elevations implies that velocities increase299

in shallow flow regions (tending to infinity as the depth tends to zero). This assumption contradicts300

the typical characteristics of flow observed in open channels.301
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The Friction Model Based on the Parallel Flow (PF) Distribution Assumption302

Shamkhalchian and de Almeida 2021 proposed an alternative method to upscale the effect303

of friction over large computational cells where the velocity, topography and roughness are non-304

uniform. The approach does not assume constant values of any of the variables involved, and305

instead, only assumes that the velocity vectors within the large cell are parallel (which in many306

scenarios may be a more realistic approximation). The following paragraphs provide a detailed307

description of the approach. First, by combining Eqs. (14) and (16), yields:308

d
d𝑡

(
q 𝑗 ,𝑘

)
𝑖
=

−𝑔
[
𝑛2
𝑀

q𝑛+1 ∥ q∗ ∥

(ℎ∗)
7
3

]
𝑗 ,𝑘

𝑖 . (22)309

The central premise of this upscaling approach rests on the assumption that, across a large310

cell, the flow direction remains constant, although the magnitudes may vary. Thus, q 𝑗 ,𝑘 (𝑥, 𝑦) |𝑖=311 [
𝜑 𝑗 ,𝑘 (𝑥, 𝑦) q̃

]
𝑖
, where 𝜑𝑖 (𝑥, 𝑦) is a scalar function representing the distribution of unit width312

discharge within the large cell. This interpretation transforms Eq. (22) into the form:313

d
d𝑡

(
𝜑 𝑗 ,𝑘 q̃

)
𝑖
=

−𝑔q̃𝑛+1 ∥ q̃∗ ∥
[
𝜑∗𝜑𝑛+1𝑛2

𝑀

(ℎ∗)
7
3

]
𝑗 ,𝑘

𝑖 . (23)314

In addition, we assume that the flow distribution [thus, the function 𝜑𝑖 (𝑥, 𝑦)] remains time-315

independent during each time step (therefore also from the intermediate state * to 𝑛 + 1), i.e.,316 (
𝜑∗
𝑗 ,𝑘

)
𝑖
≈

(
𝜑𝑛+1
𝑗 ,𝑘

)
𝑖
or d

d𝑡
(
𝜑 𝑗 ,𝑘

)
𝑖
� 0. This assumption readily leads to the inference that

(
q̃ d

d𝑡𝜑 𝑗 ,𝑘

)
𝑖
≪317 (

𝜑 𝑗 ,𝑘
dq̃
d𝑡

)
𝑖
yielding:318 [

(ℎ∗)
7
3

𝑛2
𝑀

]
( 𝑗 ,𝑘)𝑖

d
d𝑡

q̃𝑖 =
[
−𝑔q̃𝑛+1 ∥ q̃∗ ∥ 𝜑𝑛+1

𝑗 ,𝑘

]
𝑖
. (24)319

Integrating Eq. (24) over the wet region of the large cell and considering that q̃∗ and q̃𝑛+1 are320

constant within it, yields321

d
d𝑡

q̃𝑖
∫
Ω𝑤𝑖

[
(ℎ∗)

7
3

𝑛2
𝑀

]
𝑗 ,𝑘

dΩ𝑤 = −𝑔q̃𝑛+1 ∥ q̃∗ ∥
∫
Ω𝑤𝑖

𝜑𝑛+1
𝑗 ,𝑘 dΩ𝑤 . (25)322
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However, since by definition q̃𝑛+1
𝑖 = Ω−1

𝑤𝑖

∫
Ω𝑤𝑖

q𝑛+1
𝑗 ,𝑘

dΩ𝑤 = Ω−1
𝑤𝑖

∫
Ω𝑤𝑖

𝜑𝑛+1
𝑗 ,𝑘

q̃𝑛+1dΩ𝑤, it follows that323 ∫
Ω𝑤𝑖

𝜑𝑛+1
𝑗 ,𝑘

dΩ𝑤 = Ω𝑤𝑖
, and324

d
d𝑡

q̃𝑖 =


−𝑔q̃𝑛+1 ∥ q̃∗ ∥�(

ℎ
7
3

𝑛2
𝑀

)∗
 𝑖
, (26)325

where,326 �(
ℎ

7
3

𝑛2
𝑀

)∗
𝑖

=
1

Ω𝑤𝑖

∫
Ω𝑤𝑖

[
(ℎ∗)

7
3

𝑛2
𝑀

]
𝑗 ,𝑘

dΩ𝑤 ≃


1
𝑁𝑤

𝐽∑︁
𝑗=1

𝐾∑︁
𝑘=1

(
ℎ

7
3

𝑛2
𝑀

)
𝑗 ,𝑘


∗

𝑖

. (27)327

Applying the same discretization approach as in the previous sections—namely, a first-order328

forward-time finite difference scheme for the derivative in Eq. (26), together with Eq. (6)—yields:329

330

q𝑛+1
𝑖 =


q

1 + 𝑔∥q∥Δ𝑡

𝑟

�(
(𝜂−𝑧)

7
3

𝑛2
𝑀

)1



∗

𝑖

=


q

1 + 𝑔∥q∥Δ𝑡

𝑟

�(
ℎ

7
3

𝑛2
𝑀

)1



∗

𝑖

. (28)331

Updating friction through Eq. (28) could significantly increase the computational load of the332

model during runtime, since Eq. (27) requires computations at fine resolution. To avoid this,333

Shamkhalchian 2021 and Shamkhalchian and de Almeida 2021 proposed an efficient approximation334

to Eq. (27), whereby the term
(
ℎ∗
𝑖

) 7
3
𝑗 ,𝑘

is expressed using a Taylor series centered about ℎ̃∗
𝑖
, while335

terms of order higher than two in the Taylor series are neglected. This methodology (for further336

details referrer to Shamkhalchian 2021) results in the following friction expression337

q𝑛+1
𝑖 =

q∗
𝑖

𝜎∗
𝑖

, 𝜎∗
𝑖 =

[
1 + 1

𝑟

𝑔 ∥ q ∥ Δ𝑡
(𝜂 − 𝑧)

7
3 𝑇4 + 7

3 (𝜂 − 𝑧)
4
3 𝑇5 + 14

9 (𝜂 − 𝑧)
1
3 𝑇6

]∗
𝑖

, (29)338

where339

𝑇∗
𝑑𝑖
=


1
𝑁𝑤

𝐽∑︁
𝑗=1

𝐾∑︁
𝑘=1

[
(𝑧 − 𝑧)𝑑−4

𝑛2
𝑀

]
𝑗 ,𝑘


∗

𝑖

, 𝑑 = 4, 5, 6. (30)340
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The parameters 𝑇4, 𝑇5 and 𝑇6 depend on roughness and topography only. They are pre-processed341

as a function of the number of submerged small cells, stored in a table, and are readily retrieved342

during runtime at negligible cost.343

The friction model in this section (i.e., PF) offers two alternatives. The first, detailed in Eq.344

(28), involves updating 𝑞 for friction at a high-resolution mesh, computed small cell by small345

cell. The second alternative, provided in Eq. (29), is an approximation of Eq. (28). These two346

alternatives are denoted as PFE and PFA, respectively wherein the "E" and "A" suffixes to PF stand347

for "Exact" and "Approximation".348

APPLICATIONS AND RESULTS349

In this section, a set of selected idealized and real-world test cases are used to compare the350

accuracy and computational efficiency of models built using each of the friction upscaling methods351

described in the previous section. These models are also compared against a high-resolution352

benchmark solution (BMS), which is obtained using a conventional (i.e., single-mesh) Godunov-353

type FV model that uses the HLLC Riemann solver to solve the 2D SWE over regular quadrilateral354

cells. This model is a specific case of the SG model for Δ𝑥 = 𝛿𝑥 and Δ𝑦 = 𝛿𝑦. The focus on the355

comparison against a fine-resolution model is justified by the very objective of upscaling, which is356

to provide an accurate approximation to such model. To ensure that the proposed models are well-357

balanced, various tests have been conducted to verify C-property compliance (see e.g., Bermudez358

and Vazquez 1994; Duran and Marche 2014). While these results are omitted here for brevity, they359

confirm that the models maintain stability and accuracy in line with well-balanced conditions.360

Results presented in the following sections are labeled using the acronym of the friction up-361

scaling method followed by the resolutions of the coarse and fine-resolution meshes. For instance,362

AVG (50/5) denotes the solution by the AVG model with a large cell resolution of 50 m and a small363

cell resolution of 5 m.364

The performance of the friction models is evaluated using two 1D test cases and one large-365

scale real-world test case. An additional 2D real-world test case is presented and discussed in the366

supplemental material.367
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Test Case 1: Unsteady Non-Uniform Flow in a Prismatic Channel with an Undulated Bed368

The first test case aims to assess the performance of the proposed upscaling friction techniques369

in solving problems involving conditions ranging from partially to fully wet computational cells and370

containing significant variations in the averaged water depth of computational cells during the simu-371

lation and along the channel. The test simulates unsteady flow in a 3000-meter-long, prismatic one-372

dimensional channel with a sinusoidal bed profile, defined by 𝑧 = 0.5−0.05 sin( 𝜋
500𝑥) −0.000166𝑥,373

and a Manning roughness coefficient of 0.05. The cross-section of the channel comprises a semi-374

circular main channel and two 8.5-m wide symmetrical floodplains, each exhibiting an average375

lateral bed slope of 16%, as illustrated in Fig. 3. The cross sections are bounded by vertical walls376

on each side. The boundary conditions (time series of flow discharges upstream and water levels377

downstream) are depicted in Fig. 4. The initial condition is derived from the output of a steady-state378

flow simulation using the flow characteristics at 𝑡 = 0 s. A digital elevation model (DEM) with379

a resolution of 1 meter is utilized to represent this topography. All friction models are simulated380

at resolutions of 100/1, 200/1, and 300/1, and their performances are compared with benchmark381

solutions obtained by BMS (1).382

Fig. 5 presents the water surface profiles produced by each of the models tested in this paper at383

t=2, 7, and 17 days, alongside the bed level profile. As expected, analysis indicates that the simple384

averaging approach of AVG exhibits the lowest accuracy across all resolutions, while other more385

sophisticated methods incorporating additional details of topography and roughness to upscale the386

friction source term yield more accurate results. To further examine errors, the Root Mean Square387

Errors (RMSE) of each 𝜂 solution relative to the BMS at the center of computational cells was388

computed at specific time instants (𝑡 = 2, 5, 7, 9, and 13 days). Table 1 displays the range of RMSE389

for the adopted models at various resolutions. Results in Table 1 show that the most accurate390

simulations are achieved with PFE, followed by PFA, which offers comparable accuracy relative391

to PFE. CFS ranks third, while the AVG results show RMSEs one order of magnitude larger than392

those by PFE. Table 2 lists the runtimes of each model for simulating 17 days of flooding. The393

data indicates that the fastest model is AVG, closely followed by PFA and CFS, which have similar394
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runtimes to AVG. However, PFE is approximately three times slower than the other three models.395

Considering the trade-off between accuracy and speed, PFA emerges as the best-performing model.396

Test Case 2: Steady Transcritical Flow Analysis in a 1D Rectangular Channel with a Varying397

Bed Profile398

The second test case aims to assess how different friction models perform under various flow399

conditions. It involves a 1D prismatic rectangular channel with a steady transcritical flow (i.e.,400

supercritical flow upstream and subcritical flow downstream) and a variable bed profile. It is401

important to note that the current generation of sub-grid models does not include methods to402

specifically model the transition from supercritital (upstream) to subcritical flow (i.e. hydraulic403

jumps). Modelling such problems would require specific algorithms to infer the position of the404

hydraulic jump within the large cells. For this reason, such tests are not included in this and405

other papers on sub-grid models. This test case follows the inverse solution approach outlined by406

MacDonald 1996, where the channel’s bed profile is derived from a predefined water depth profile407

for steady, non-uniform flow. The channel is 3000 m long and 10 m wide, with a uniform Manning’s408

roughness coefficient of 0.025. A steady discharge of 𝑄 = 100 m3s−1 is applied. The water depth409

follows the formula ℎ = 3 + 0.8 sin
(
𝜋

2000 (𝑥 − 4000)
)
, leading to spatially varying Froude numbers410

along the channel, as shown in Fig. 6. The inverse solution yields the corresponding bed profile,411

illustrated in Fig. 6. Simulations for this test case were carried out on computational grids with412

resolutions of 100 m, 200 m, 300 m, and a refined mesh of 1 m.413

The numerical solutions for water surface elevation generated by each friction model at various414

resolutions are presented in Fig. 6. Overall, all models effectively replicate the analytical solutions.415

However, Table 3 offers a more comprehensive assessment of the models’ accuracy by comparing the416

RMSE values of the solutions relative to the analytical solution at the center of the computational417

mesh. Consistent with the previous test case, PFE delivers the most accurate results, followed418

closely by PFA and CFS, while AVG ranks lowest in terms of accuracy.419

Table 4 summarizes the runtimes for all friction models across different resolutions. As observed420

in the previous test case, AVG, CFS, and PFA demonstrate similar time costs, whereas PFE incurs a421
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60%–80% additional time burden due to the computational demands of friction calculations on the422

high-resolution mesh. Based on the combined evaluation of time cost and accuracy, PFA emerges423

as the model that strikes the best balance between these two factors.424

Test Case 3: Red River Flood Event425

This test case aims to evaluate the performance of the friction upscaling methods in simulating426

a real-world flood inundation scenario. The test replicates a severe flood event that occurred on the427

Red River over a 7-day period starting from May 4, 2022. Originating at the confluence of the Bois428

de Sioux and Otter Tail rivers between the U.S. states of Minnesota and North Dakota, the Red429

River flows northward through the Red River Valley before reaching Lake Winnipeg. With a gentle430

slope (about 0.01% - 0.02%), the Red River spans 885 kilometers in length, with approximately431

two-thirds of its length in the United States and the remainder in Canada (Minnesota Department432

of Natural Resources 2019).433

The computational domain for this study covers an area extending 24 kilometers east and west,434

and 60 kilometers north and south, as illustrated in Fig. 7. The domain includes a primary reach435

from south to north, marked in blue, along with several tributaries (indicated in beige) that join the436

main reach. Along the domain edge, a closed boundary condition is set except for the 10 points437

shown in Fig. 7, where inflow/outflow boundary conditions (BC) are applied. All BCs introduce438

inflow, except for BC 9, located at the northern extent of the domain, which acts as an outflow439

point. The applied boundary conditions for BCs are provided in Fig. 8. The initial condition is440

derived from the outcomes of a steady-state flow simulation using the flow characteristics at 𝑡=0441

s. The distribution of Manning roughness is inferred from the land cover maps, as illustrated in442

Fig. 9. High-resolution gridded topographic data at 5 m resolution, as shown in Fig. 10, is used443

as the base mesh for the computational meshes at resolutions of 200, 300, 400, 500, and 600 m to444

establish the friction upscaling methods in the SG model. In this test case, the performance of the445

models at different resolutions is evaluated against BMS (50).446

Fig. 11 displays the time series of water surface levels at two distinct points, P1 and P2, located447

respectively in the floodplain and main channel of the Red River, at the points depicted in Fig. 10.448
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While solutions were successful across all models and resolutions, for clarity, only the results of the449

BMS (50), along with the highest and lowest mesh solutions for all friction models, are depicted.450

The results indicate that resolution plays a more critical role than the specific upscaling method451

used, with higher resolution meshes yielding solutions closer to the BMS (50). This is likely due452

to the impact of resolution on the approximation of various terms in the equations, beyond just453

friction. Notably, the AVG model demonstrates the poorest accuracy among all solutions, exhibiting454

a substantial underestimation of depths. For example, the difference between AVG (600/5) and CFS455

(600/5) at 𝑡 = 168 hr is approximately 0.4 m and 0.2 m at points P1 and P2, respectively. Except for456

AVG, prior to 𝑡 = 40 hr, other solutions at the presented mesh resolutions tend to overestimate the457

free-surface elevation, followed by underestimation for the remainder of the simulation. In terms458

of accuracy, the models can be ranked as follows: PFE, PFA, CFS, and AVG.459

Fig. 12 provides a conventional analysis of model convergence (adapted here to the problem460

of dual-mesh modeling) through a log-log graph illustrating the RMSE of model solutions as a461

function of the resolution of the coarse mesh. This analysis focuses on 𝑡 = 168 hr, i.e. at the462

end of the simulation at the peak inundation within the domain. Each model solution at every463

resolution is post-processed to obtain water depth consistent with a 5 m resolution, facilitating464

comparison with the benchmark model solution [i.e., BMS (50)]. The graph reveals consistent465

patterns among the RMSE of model solutions across all models, which display approximately466

parallel trends. The RMSE range for CFS, PFA, and PFE is notably narrow, differing by only a few467

centimeters. However, for AVG, this difference is more pronounced. For instance, at resolutions of468

200 m and 600 m, the RMSE for CFS, PFA, and PFE ranges between 0.05-0.07 m and 0.24-0.29469

m, respectively, whereas for AVG, it nearly doubles to 0.105 m and 0.39 m at the same resolutions.470

Among CFS, PFA, and PFE, PFE exhibits the most accurate solutions, followed by PFA and then471

CFS.472

Table 5 examines the computational cost and speedup relative to BMS (50) for all the simulations.473

The table reveals that PFE, which upscales the friction source term at high-resolution mesh scales474

during the simulation, exhibits a 2-5 times slower performance compared to CFS, PFA, and AVG.475
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This is because AVG performs computations at low-resolution mesh and CFS and PFA transfer a476

significant portion of computations to pre-processing. Increasing the Δ𝑋/𝛿𝑥 ratio (i.e., a larger477

number of small cells within each computational cell) reduces the speedup achieved by PFE but478

has minimal impact on the performance of the other friction models. For more details on the effects479

of Δ𝑋/𝛿𝑥 on model performance, see Shamkhalchian 2021 and Shamkhalchian and de Almeida480

2021. Fig. 13 provides additional insights into the efficiency of the different approaches. In Fig.481

13a, the variation of the time cost 𝐶 against the mesh resolution is illustrated in a log-log graph.482

As discussed in the introduction, the relationship between time cost and computational resolution483

follows 𝐶 ∼ Δ𝑥−𝑃, where 𝑃 = 3 for single mesh explicit models. In the case of AVG, CFS, and484

PFA, 𝑃 = 2.2, while for PFE, 𝑃 = 1.5. The values of 𝑃 less than 3 for the SG model primarily stem485

from the computation of fluxes at small cell resolutions along the cell edges (Shamkhalchian and486

de Almeida 2021; Shamkhalchian and de Almeida 2023). Fig. 13b directly examines the trade-off487

between computational performance and accuracy, enabling a comparison of the efficiency among488

the tested models. In this figure, the model results at the left-low corner are the best performers,489

delivering the most accurate solutions at a given computational time (or vice-versa). For instance,490

if targeting a simulation with a time cost of 20 hr, the models AVG, CFS, PFA, and PFE yield491

RMSE values of approximately 0.16, 0.11, 0.1, and 0.27 m respectively.492

An analysis of flood extension analysis was conducted for different solutions. No meaningful493

differences were detected between the solutions at different resolutions, which may reside in494

topographic features of the domain of study. In Fig. 14, for the sake of conciseness and clarification495

the maps based on the solutions BMS (50), AVG (600/5), and PFA (600/5) are presented.496

DISCUSSION AND CONCLUSION497

This research comparatively investigates methods proposed in the literature to approximate the498

friction source term of the 2D SWE in computational simulations using nested mesh models for499

large-scale flood inundation problems. To achieve this objective, the second-order accuracy SG500

model by Shamkhalchian and de Almeida 2023 is used. The SG model comprises coarse Cartesian501

computational meshes hosting fine Cartesian meshes that represent high-resolution topographic502
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and roughness data. To improve accuracy, a FV methodology has been developed to solve the503

governing equations at the fine mesh level and then upscale the solution for the coarse mesh. This504

approach aims to shift a significant portion of the computational burden to the pre-processing stage505

for efficiency purposes.506

Four specific approaches are investigated in this study to approximate friction, each based on507

different assumptions and methodologies as follows. (1) AVG, which utilizes averaged values of508

computational cells to approximate the friction source term. (2) CFS, whereby computations are509

performed at the high-resolution mesh using the methodology proposed by Sanders and Schubert510

2019. In this model, a portion of the computational cost is shifted to pre-processing, thereby511

improving the model’s efficiency. The main assumption in this model is that the friction slope512

remains constant within a large cell. While assuming a constant friction slope (S 𝑓 ) to approximate513

the distribution of flow at given cross-sections has been the subject of previous examination and514

is widely used (e.g., Hec-Ras), extending this idea to assume that S 𝑓 is constant over an area of515

flow is questionable and warrants further examination. For example, let us consider a hypothetical516

scenario of a 1D prismatic rectangular channel over irregular bed topography under steady-state517

flow. Assuming a constant value of Manning’s coefficient 𝑛𝑀 along the channel for simplicity, if518

both discharge (q) and S 𝑓 are assumed constant (q = constant since the flow is steady), it would519

imply that the water depth (ℎ) should also be constant along the channel. This contradicts the520

very assumption of a horizontal water surface over varied topography, which forms the basis of521

most models in approximating the friction source term. In general, assuming a constant value522

of S 𝑓 over a large computational area seems inaccurate, as the friction slope may significantly523

change due to the acceleration of flow induced by fine-resolution topography. (3) PFE, proposed by524

Shamkhalchian and de Almeida 2021 and Shamkhalchian and de Almeida 2023, was formulated in525

a bid to overcome the unrealistic assumption of a constant friction slope over a large computational526

cell. The method did not assume constant values of variables within the large cell, but instead527

introduced the simplifying assumption that the flow direction remains constant within a large cell.528

This approach is implemented at the high-resolution mesh level (i.e. friction estimated for each529
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small cell), which is computationally expensive. (4) PFA was developed by Shamkhalchian and530

de Almeida 2021 and Shamkhalchian and de Almeida 2023 to reduce the computational cost of531

PFE by approximating the solution of PFE using an innovative methodology that offloads many532

computations to the pre-processing stage. This enables the model to approximate the friction source533

term at the level of computational cells.534

All four models are evaluated using both idealized and real-world test cases. The results from535

these simulations indicate that AVG, CFS, and PFA have similar efficiency and are 2-5 times faster536

than PFE. Unlike PFE, which performs all computations during the simulation, AVG, CFS, and PFA537

can shift part of the computational load to preprocessing or handle it at larger cell scales. However,538

the accuracy of AVG is notably degraded at coarse mesh resolutions compared to the other three539

models. Our results indicate that PFA may represent an optimal balance between accuracy and540

speedup, making it the most suitable choice overall for practical applications. Nevertheless, the541

degree of accuracy can vary depending on specific test case characteristics. For instance, while542

AVG generally yields lower accuracy at low-resolution meshes, in scenarios with minimal bed level543

and roughness variation, its accuracy can be comparable to that of the other models.544
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SUPPLEMENTAL MATERIALS555

Figures S1–S3 and Table S1 are available online in the ASCE Library (www.ascelibrary.org).556

NOTATION557

The following symbols are used in this paper:558

𝐶 = computational cost, runtime and time cost (s or h);

e = unit outward vector normal to cells boundary (-, -);

𝑒𝑥 , 𝑒𝑦 = 𝑥 and 𝑦 components of e (-);

E = flux tensor (m2 s−1, m3 s−2,m3 s−2 | m2 s−1, m3 s−2,m3 s−2);

E′ = numerical flux vector (m2 s-1, m3 s-2, m3 s-2);

F, G = flux vectors in the 𝑥 and 𝑦 directions (m2 s−1, m3 s−2, m3 s−2);

𝑔 = acceleration due to gravity (m s−2);

ℎ = water depth (m);

𝐽, 𝐾 = number of columns and rows of the small cells in a large cell (-);

𝐿𝑑 = length of the study domain (m);

𝑛 = time level (s m-1/3);

𝑛𝑀 = Manning coefficient (-);

𝑁 = number of computational cells (-);

𝑁𝑤 = number of submerged small cells in a large cell (-);

𝑁Γ = number of submerged small cells adjacent to the cell boundary (-);

𝑞𝑥 , 𝑞𝑦 = 𝑥 and 𝑦 components of unit width discharge (m2 s-1);

q = vector of unit width discharge (m2 s-1);

𝑄 = flow discharge (m3 s-1);

𝑟 = ratio between the wet area and the whole area of a large cell (-);

𝑆0𝑥
, 𝑆0𝑦

= 𝑥 and 𝑦 components of bed slope (-);

𝑆 𝑓𝑥 , 𝑆 𝑓𝑦 = 𝑥 and 𝑦 components of frictional slope (-);

S = vector of source terms (m s-1, m2 s-2, m2 s-2);
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S𝑏 = vector of bed slope source term (m s-1, m2 s-2, m2 s-2);

S 𝑓 = vector of frictional slope (−,−);

S𝑟 = vector of friction slope source term (m s−1, m2 s−2, m2 s−2);

𝑡 = time (s or hr);

𝑇𝑝 = parameters in Eq. 12, 𝑝 = 1, 2, 3
(
m(𝑝−2/3) s−1

)
;

𝑇𝑝 = parameters in Eq. 30, 𝑝 = 4, 5, 6
(
m(𝑝−10/3) s−2

)
;

𝑢, 𝑣 = 𝑥 and 𝑦 velocity components (m s-1);

U = flow variable vector (m, m2 s-1, m2 s-1);

U+ = flow variable vector of the neighboring cell (m, m2 s-1, m2 s-1);

V = velocity vector (m s-1, m s-1);

𝑊𝑑 = width of the study domain (m);

𝑥, 𝑦 = Cartesian coordinates (m);

𝑧 = bed level (m);

𝑧 = a binary elevation function giving the minimum of bed and water surface level (m);

𝛤 = boundary length (m);

𝛤1 − 𝛤4 = four edges of a large cell as defined in Fig. 1 (-);

𝛿𝑥, 𝛿𝑦 = dimensions of small cells (m);

Δ𝑋,Δ𝑌 = dimensions of large cells (m);

Δ𝑡 = time step (s);

𝜂 = water surface elevation (m);

𝜎 = frictional correction coefficient of intermediate state unit width discharge (-);

𝜑 = coefficient of unit width discharge distribution (-);

𝜓𝑎 = approximated cross-section’s conveyance (m2 s-1);

𝛺 = cell area (m2);

𝛺𝑤 = wet area of a cell (m2);
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TABLE 1. Range of Variability in RMSE for the Models (m) in Test Case 1. The results represent
the analysis of errors observed at each resolution of every model in comparison to the Benchmark
Solutions (BMS) on days 2, 5, 7, 9, and 13.

Cell Zize Range of RMSE for the Models (m)
(m) AVG CFS PFA PFE

100/1 0.191-0.295 0.031-0.038 0.018-0.022 0.016-0.021
200/1 0.194-0.293 0.032-0.046 0.020-0.026 0.020-0.025
300/1 0.196-0.296 0.039-0.051 0.026-0.033 0.026-0.031
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TABLE 2. Runtimes of the models for the Test Case 1.

Cell Zize Runtime of Models (s)
(m) AVG CFS PFA PFE

100/1 258 291 287 751
200/1 230 238 238 679
300/1 180 190 188 737
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TABLE 3. RMSE of water surface elevation for the models, compared to the analytical solution at
the center of computational cells, across various mesh resolutions in Test Case 2.

Cell Zize Range of RMSE for the Models (m)
(m) AVG CFS PFA PFE

100/1 0.575 0.485 0.472 0.457
200/1 0.583 0.496 0.484 0.469
300/1 0.597 0.517 0.507 0.492
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TABLE 4. Runtimes of the models for the Test Case 2.

Cell Zize Runtime of Models (s)
(m) AVG CFS PFA PFE

100/1 22.00 22.42 22.60 37.01
200/1 19.02 20.10 19.71 34.50
300/1 17.02 16.80 17.66 30.03
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TABLE 5. Time costs (𝐶) of model solutions at various resolutions for the real-world test case.

Solution 𝐶 (hr) Speedup
AVG (200/5) 36.4 2.7
AVG (300/5) 13.9 7
AVG (400/5) 8 12.2
AVG (500/5) 5 19.4
AVG (600/5) 3.3 29.6
BMS (50/) 97 1
CFS (200/5) 33 2.9
CFS (300/5) 14 6.9
CFS (400/5) 7.9 12.3
CFS (500/5) 4.9 19.8
CFS (600/5) 3 32.3
PFA (200/5) 34.4 2.8
PFA (300/5) 13.7 7.1
PFA (400/5) 7.9 12.3
PFA (500/5) 4.8 20.2
PFA (600/5) 3.1 31.3
PFE (200/5) 83.7 1.2
PFE (300/5) 44.8 2.2
PFE (400/5) 28.7 3.4
PFE (500/5) 22.1 4.4
PFE (600/5) 15.9 6.1
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Fig. 1. Structure and symbols used to describe the nested meshes in the SG model
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Fig. 2. Redistributing averaged variable values at edge Γ4 of a large cell to reconstruct Riemann
problem states at the high-resolution mesh.
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Fig. 3. Cross-section for the Test case 1. While the actual geometry of the cross-section is smooth,
the 1-meter DEM represents it as a piecewise constant.
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Fig. 4. Time series of upstream discharge Q(t) and downstream water surface elevation 𝜂(𝑡) used
as boundary conditions in Test 1.
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Fig. 5. Longitudinal profile of the models at various resolutions. For clarity, only the results at t=2,
7, and 17 days are depicted.
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Fig. 7. Computational domain for Red River Flood Study.

45 Shamkhalchian, January 27, 2026



Fig. 8. Boundary conditions applied to the BCs: (a) Time series of discharge and water surface
elevation for BC1 and BC9, respectively. (b) Discharge hydrograph for the remaining BCs.
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Fig. 9. Map illustrating the spatial distribution of Manning roughness coefficients across the study
area for the real-world test scenario.
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Fig. 10. Topography employed for Test Case 2 at a resolution of 5m. Points P1 and P2, located
on the main channel and floodplain respectively, are utilized for comparing results obtained by the
friction models previously introduced.
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Fig. 11. Time series of water surface elevation solutions at points (a) P1 on the floodplain, and
(b) P2, in the main channel of the river. Computational cells at the highest and lowest resolutions
compared against the BMS (50) are shown for clarity.
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Fig. 12. Comparison of predicted water depth RMSE

at various resolutions relative to benchmark results at the end of simulation 𝑡 = 168), with
maximum inundation within the study domain observed in the real-world test case.
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Fig. 13. (a) Comparison of time costs (𝐶) for various model solutions at different computational
resolutions, and (b) Relationship between the variation in water depth RMSE of model solutions,
relative to the benchmark solution at the end of the simulation (𝑡 = 168 hr), and their corresponding
time costs for the real-world test case.
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Fig. 14. Flood extent in the study domain for different solutions at 𝑡 = 168 hr, with water depth
ranging from 0 to 21.5 m.
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