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Aspects of entanglement entropy, the information paradox and physics-informed

deep learning

by Filip Landgren

This thesis explores entanglement entropy, the black hole information paradox, and
applications of physics-informed deep learning, with the Anti-de Sitter/conformal
field theory (AdS/CFT) correspondence serving as a central framework.

The first part examines entanglement islands as a possible resolution to the
information paradox. Islands are surfaces in spacetime that contribute to purifying
Hawking radiation in semi-classical gravity. We derive the entanglement entropy for
annular entangling regions on d-dimensional AdS black hole backgrounds, and show
that islands are highly sensitive to the underlying field theory modeling radiation -
not only in details but in their very existence. Furthermore, we show how
inhomogeneous transformations of entanglement entropy, via the replica trick, encode
details about island formation, reflected in the stress tensor on both replica and base
manifolds. We also introduce a framework for computing replica corrections to the
thermal stress tensor, with intrinsic interest. To make contact with islands in positively
curved spacetimes, we construct a multiverse model using T2-deformed dS wedge
holography with dS Jackiw–Teitelboim gravity on infrared end-of-the-world branes,
where finite-cutoff observers recover Page curves via islands.

The second part investigates physics-informed neural networks (PINNs), which
embed physical laws into the loss function. Motivated by the challenge of evaluating
holographic entanglement entropy with sparse boundary data, we apply Bayesian
PINNs (B-PINNs) to solve the corresponding nonlinear PDEs. The latter exemplifies
high-energy theory complexities, extending PINNs beyond traditional engineering
uses. We examine overconfidence in these models, attributing it to physical priors in
the loss rather than miscalibration, and introduce diagnostic tools to assess this effect.
Further, Hessian decomposition reveals how constraints hierarchically influence
network behavior and shape the solution space, in a non-trivial way when varying
with loss weight adjustments.
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Chapter 1

Introduction and background

1.1 Origins of AdS/CFT

Central to this thesis is the Anti-de Sitter/conformal field theory (AdS/CFT)

correspondence [2]. This section provides a brief overview of its string theory origins,

followed by key developments. String theory reimagines fundamental physics by

replacing point particles with one-dimensional vibrating strings at the Planck scale.

These strings’ oscillations produce observed particles and forces, resolving

inconsistencies in quantum field theories (QFTs), especially those involving gravity.

String theory originated in the late 1960s to describe the strong nuclear force, with

Gabriele Veneziano’s 1968 amplitude [3] later interpreted as string vibrations by

Yoichiro Nambu [4], Holger Bech Nielsen [5], and Leonard Susskind [6]. After

quantum chromodynamics (QCD) explained the strong force, string theory shifted in

the 1970s to quantum gravity, led by Joel Scherk and John Schwarz [7]. The 1984

Green-Schwarz anomaly cancellation [8] enabled consistent ten-dimensional

superstring theories, sparking the ”first superstring revolution.” The mid-1990s

”second revolution”, driven by Edward Witten, revealed dualities (T-duality,

S-duality) unifying five theories into eleven-dimensional M-theory, including

membranes [9]. One of string theory’s key advantages over conventional QFT lies in

how it handles ultraviolet divergences. One possible way to frame it is as follows: In

QFT, Feynman diagrams represent particle interactions occurring at point-like

vertices, which lead to problematic ultraviolet (UV) divergences arising from

short-distance infinities that require renormalization procedures to resolve. Intuitively,

string theory addresses these UV singularities by fundamentally ”smearing out”

interactions through extended strings rather than point particles. In this framework,

worldsheets join and split smoothly, naturally eliminating the UV divergences that

plague point-particle theories (as illustrated in figure 1.1).
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FIGURE 1.1: Left: Scattering in particle physics. Right: Sketch illustrating how the
singularities from the point-like interactions are smeared out in the stringy picture.

A key development came in 1997 when Juan Maldacena conjectured the Anti de

Sitter/conformal field theory correspondence [10], proposing that type IIB superstring

theory on AdS5 × S5 spacetime is mathematically dual to four-dimensional N = 4

super Yang-Mills (SYM) theory, a CFT living on the boundary of the AdS space. This

correspondence, rooted in the physics of D-branes and black brane geometries,

establishes a remarkable holographic duality that equates a bulk gravitational theory

to a boundary non-gravitational quantum field theory. The AdS/CFT correspondence

embodies the holographic principle and has found wide-ranging applications such as

in condensed matter physics [11], finite-temperature QCD [12], black hole physics

[13], and the fluid-gravity correspondence [14].

1.2 The AdS/CFT dictionary

The AdS/CFT correspondence establishes a duality between gravitational theories in

in the negatively curved (d + 1)-dimensional anti-de Sitter (AdS) spacetime and

conformal field theories (CFTs) living on the d-dimensional boundary of that

spacetime (see figure 1.2 for an illustration). This holographic duality provides a

precise mapping between quantities in the bulk gravitational theory and those in the

boundary CFT, which means that certain results on the CFT side, can be obtained from

computations on the gravitational side, and vise versa. The latter forms what is

commonly referred to as the AdS/CFT dictionary. The following provides a review of

well-known and key concepts in AdS/CFT. The main sources used in the discussion

below includes [2, 15–18].

1.2.1 Basic Structure of the correspondence

The fundamental statement of the correspondence equates the generating functional

of correlation functions in the CFT with the partition function of the gravitational

theory in AdS. Specifically, for a CFT with operators Oi of conformal dimension ∆i,
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FIGURE 1.2: An illustration of the holographic principle, where a three-dimensional
theory with gravity (e.g., AdS) resides in the bulk, and a conformal field theory with-
out gravity exists on the two-dimensional boundary. The principle encodes bulk quan-

tities onto the surface, and vice versa. Image credit: H. Ooguri [1].

the generating functional with sources Ji(x) is given by

ZCFT[J
i] =

〈

exp

(

∫

ddx Ji(x)Oi(x)

)〉

CFT

, (1.1)

where the integral extends over the d-dimensional boundary spacetime. According to

the AdS/CFT correspondence, this equals the bulk partition function:

ZCFT[J
i] = Zbulk[ϕ

i], (1.2)

where ϕi are bulk fields in AdSd+1 with asymptotic boundary conditions

ϕi(z → 0, x) → zd−∆i Ji(x), where z is the radial AdS coordinate and ∆i is the

conformal dimension of the dual CFT operator Oi.

The correspondence is conjectured to hold exactly for all values of the parameters.

However, its most practical applications emerge in the semiclassical limit where the

bulk theory reduces to classical supergravity. This limit corresponds to the regime

where the rank N of the gauge group in the CFT is large, and the ’t Hooft coupling

λ = g2
YMN is strong. In this limit, the bulk partition function can be approximated by

the saddle-point evaluation, leading to the celebrated

Gubser-Klebanov-Polyakov-Witten (GKPW) relation [19, 20]:

ZCFT[J
i] ≈ exp

(

−Sgrav[ϕ
i
cl]
)

, (1.3)

where Sgrav[ϕi
cl] is the on-shell Euclidean action evaluated on the classical solution ϕi

cl.

This action includes the bulk Einstein-Hilbert term, matter field actions, and crucially,

appropriate boundary terms, such as the Gibbons-Hawking term [21, 22], needed to

ensure a well-defined variational principle with fixed boundary data.
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1.2.2 Bulk-boundary correspondence for fields

To consider the dictionary concretely, we work in Poincaré coordinates where the

AdSd+1 metric takes the form

ds2 =
L2

z2

(

dz2 + ηµνdxµdxν
)

, (1.4)

where L is the AdS radius, z > 0 is the holographic radial coordinate, and ηµν is the

flat Minkowski metric on the boundary. The conformal boundary is located at z = 0.

1.2.2.1 Example: Scalar fields

For a scalar field ϕ of mass m in the bulk, the equation of motion in AdSd+1 is

(

□AdS − m2
)

ϕ = 0, (1.5)

where □AdS is the d’Alembertian in AdS spacetime. The mass m is related to the

conformal dimension ∆ of the dual CFT operator through

m2L2 = ∆(∆ − d). (1.6)

This quadratic equation has two solutions:

∆± =
d

2
±
√

(

d

2

)2

+ m2L2. (1.7)

Unitarity of the CFT requires ∆ ≥ d−2
2 for scalar operators, while the

Breitenlohner-Freedman bound [23] allows masses as negative as m2L2 ≥ − d2

4 .

Near the boundary z → 0, the general solution to the scalar equation of motion

behaves as

ϕ(z, x) = zd−∆+
[

J(x) +O(z2)
]

+ z∆+
[

⟨O(x)⟩+O(z2)
]

, (1.8)

where we have chosen the standard quantization with ∆ = ∆+. The coefficient J(x) of

the non-normalizable mode acts as the source for the dual operator O, while the

coefficient of the normalizable mode determines the vacuum expectation value

⟨O(x)⟩. This boundary expansion exemplifies the AdS/CFT dictionary: correlation

functions in the CFT are obtained by solving bulk equations of motion and extracting

the normalizable mode coefficients.
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1.2.2.2 Gauge fields and the stress energy tensor

The correspondence extends beyond scalar operators to conserved currents and the

stress-energy tensor [19, 20]. These cases illustrate both the universality of the

correspondence and introduce technical tools essential for practical applications.

A bulk gauge field AM, where M runs over all AdS coordinates, corresponds to a

conserved current Jµ in the CFT. Conservation of the current fixes the conformal

dimension to be ∆ = d − 1. In the gauge Az = 0, the near-boundary expansion takes

the form

Aµ(z, x) = A
(0)
µ (x) + z2A

(2)
µ (x) + · · ·+ zd−2⟨Jµ(x)⟩+O(zd), (1.9)

where A
(0)
µ sources the current, and the coefficient of the zd−2 term yields the current

expectation value.

One of the most important entries in the dictionary relates metric perturbations hMN

in the bulk to the stress-energy tensor Tµν of the CFT, since this encodes the

correspondence between bulk gravitational dynamics and boundary

energy-momentum flow. The conformal dimension is fixed by conservation and

tracelessness in the conformal limit to be ∆ = d.

To analyze metric fluctuations systematically, it is convenient to work in

Fefferman-Graham coordinates [24]. In these coordinates, the most general

asymptotically locally AdS spacetime has the metric

ds2 = gMNdxMdxN =
L2

4ρ2
dρ2 +

L2

ρ
g̃µν(ρ, x)dxµdxν, (1.10)

where ρ = z2/4 for convenience when solving the equations of motion. Here, the

conformal boundary is located at ρ = 0.

The induced metric g̃µν(ρ, x) on constant-ρ slices admits an asymptotic expansion

whose form depends on whether the boundary dimension d is odd or even. In odd

boundary dimensions d, g̃µν(ρ, x) is given by the expansion

g̃(ρ, x) = g(0) + ρg(2) + · · ·+ ρ(d−1)/2g(d−1) + ρd/2g(d) + . . . (1.11)

and in even boundary dimensions d, g̃µν(ρ, x) is given by the expansion

g̃(ρ, x) = g(0) + ρg(2) + · · ·+ ρd/2g(d) + h(d)ρd/2 log ρ + . . . (1.12)

The coefficient g
(0)
µν represents the conformal structure on the boundary and acts as the

source for the stress-energy tensor. The expectation value ⟨Tµν⟩ is extracted from the

coefficient g
(d)
µν (up to contributions from the conformal anomaly in even dimensions).

Thus, this framework enables the holographic computation of CFT stress-energy
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tensor correlators via bulk metric fluctuations, exemplifying how gravitational

dynamics in AdS encode boundary conformal symmetries.

1.2.3 Correlation functions and Witten diagrams

CFT correlation functions are obtained by functional differentiation of the generating

functional:

⟨O1(x1) · · · On(xn)⟩ = (−1)n δnZCFT[J]

δJ1(x1) · · · δJn(xn)

∣

∣

∣

∣

J=0

. (1.13)

In the semiclassical limit, these correlation functions are computed using Witten

diagrams [20], the AdS analogue of Feynman diagrams. The building blocks are

bulk-to-boundary propagators K∆(z, x; x′) and bulk-to-bulk propagators

G∆(z, x; z′, x′), which replace the familiar momentum-space propagators of flat-space

field theory.

For example, the two-point function of a scalar operator is completely fixed by

conformal symmetry:

⟨O(x)O(0)⟩ = C∆

|x|2∆
, (1.14)

where the normalization constant C∆ = Γ(∆)
πd/2Γ(∆−d/2)

can be determined from the bulk

calculation. Higher-point functions involve bulk integrals over interaction vertices

and exhibit the rich dynamics of the theory. Witten diagrams translate CFT correlation

functions into geometric computations in the AdS bulk, although near-boundary

divergences require the holographic renormalization procedure detailed below.

1.3 Holographic renormalization

The evaluation of the on-shell action and correlation functions in AdS/CFT

generically leads to divergences as one approaches the conformal boundary. These

divergences correspond to the UV divergences of the dual CFT. The procedure of

holographic renormalization [17, 25–28] (see also [18] for a review) provides a

systematic method to regulate and renormalize these divergences, establishing a

precise connection between the radial coordinate in AdS and the energy scale in the

CFT, which we will summarize below.

1.3.1 UV/IR Connection

The holographic nature of the AdS/CFT correspondence manifests a UV/IR

connection [29]: the near-boundary region of AdS (small z) corresponds to the UV
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regime of the CFT, while the deep interior (large z) maps to the IR. This can be

understood from the symmetries of the theory.

Under a dilatation xµ → axµ in the CFT, which rescales energies as E → E/a, the bulk

isometry acts as

xµ → axµ, z → az. (1.15)

This identifies the radial coordinate with the inverse energy scale: z ∼ 1/µ.

Consequently, the limit z → 0 corresponds to µ → ∞, i.e., the UV regime of the CFT.

1.3.2 The procedure

Here we present a concise version of the systematic procedure of holographic

renormalization.

Step 1: Asymptotic analysis

First, one solves the bulk equations of motion with general Dirichlet boundary

conditions, obtaining the asymptotic behavior of all fields near the boundary. For pure

gravity, one works with the Fefferman-Graham expansion of the metric. With these

asymptotic solutions determined, the procedure proceeds by evaluating the on-shell

action in a regulated manner to isolate the divergences.

Step 2: Regulated action

The on-shell action is evaluated with a radial cutoff at z = ϵ. For the Einstein-Hilbert

action with a negative cosmological constant,

S[g] =
1

16πGN

[

∫

M
dd+1x

√

−g

(

R +
d(d − 1)

L2

)

+ 2
∫

∂M
ddx

√−γK

]

, (1.16)

where the second term is the Gibbons-Hawking-York boundary term [21, 22], with K

the trace of the extrinsic curvature and γµν the induced metric on the boundary.

The regulated action becomes

Sreg[g; ϵ] =
1

16πGN

[

∫

z≥ϵ
dd+1x

√

−g

(

R +
d(d − 1)

L2

)

+ 2
∫

z=ϵ
ddx

√−γK

]

. (1.17)

Step 3: Divergence structure

Having defined the regulated action, the asymptotic expansions are substituted into it

to reveal the explicit form of the divergences. For odd boundary dimension d, one

finds

Sreg =
∫

ddx
√

−g(0)
( a0

ϵd
+

a2

ϵd−2
+ · · ·+ ad−1

ϵ

)

+ Sfinite +O(ϵ), (1.18)
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where the coefficients ak are local functionals of the boundary metric g
(0)
µν and its

curvature invariants.

For even d, additional logarithmic divergences appear:

Sreg =
∫

ddx
√

−g(0)
( a0

ϵd
+

a2

ϵd−2
+ · · ·+ ad−2

ϵ2
+ ad log ϵ

)

+ Sfinite +O(ϵ). (1.19)

Now when the divergent structure is ”unpacked”, thee divergences can be treated

accordingly with counterterms.

Step 4: Counterterm

One constructs a counterterm action Sct as a local functional of the induced metric at

the cutoff surface:

Sct[γ; ϵ] = −
∫

z=ϵ
ddx

√−γLct[γ], (1.20)

where Lct is chosen to cancel all divergences in Sreg. The key insight is that these

counterterms can be expressed covariantly in terms of the induced metric and its

intrinsic curvature.

Step 5: Renormalized action

The renormalized action is obtained by adding the counterterms and removing the

cutoff:

Sren[g
(0)] = lim

ϵ→0

(

Sreg[g; ϵ] + Sct[γ; ϵ]
)

. (1.21)

This limit is finite by construction and defines the renormalized on-shell action of the

gravitational theory.

1.3.3 Holographic stress-energy tensor

A key outcome of holographic renormalization is the ability to compute the

expectation value of the CFT stress-energy tensor, which encodes the

energy-momentum response of the boundary theory to gravitational perturbations in

the bulk. This value is obtained by varying the renormalized on-shell action with

respect to the boundary metric:

⟨Tµν(x)⟩ = 2
√

−g(0)

δSren

δg(0)µν(x)
. (1.22)

By performing a careful analysis of the variational principle within the regulated

framework, including the contributions from both the bulk action and boundary
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terms, one arrives at the explicit expression [26]

⟨Tµν⟩ = lim
z→0

1

zd−2

(

T
reg
µν [γ] + Tct

µν[γ]
)

, (1.23)

where T
reg
µν and Tct

µν are the contributions from the regulated action and counterterms,

respectively.

In odd boundary dimensions d, where no logarithmic divergences appear, the

stress-energy tensor takes a particularly clean form that manifestly satisfies

conservation and, in the conformal limit, tracelessness:

⟨Tµν⟩ =
dLd−1

16πGN
g
(d)
µν + Xµν[g

(0)
µν ],

⟨Tµν⟩ =
dLd−1

16πGN
g
(d)
µν + Xµν[g

(0)
µν ], (1.24)

where Xµν represents scheme-dependent contact terms constructed from the

boundary metric and its curvature. This expression highlights how the holographic

dictionary maps the subleading term in the Fefferman-Graham expansion to the CFT’s

energy-momentum operator, providing a direct probe of boundary dynamics through

bulk geometry.

1.3.4 Holographic Weyl anomaly

The procedure of holographic renormalization also yields important insights into

quantum anomalies in the dual CFT, serving as a non-trivial consistency check for the

AdS/CFT correspondence. A particularly stringent test arises from the Weyl anomaly,

which quantifies the breaking of classical scale invariance at the quantum level [25].

Consider a Weyl transformation of the boundary metric,

g
(0)
µν → e2σg

(0)
µν , (1.25)

under which the variation of the renormalized action is

δσSren =
∫

ddx
√

−g(0) σ A, (1.26)

where A is the Weyl anomaly. The form of A depends on the boundary dimension d.

For odd d, the absence of logarithmic divergences implies Weyl invariance at the

quantum level, so A = 0. In even d, however, the anomaly is non-vanishing and

determined by the coefficient of the logarithmic term in the divergence expansion:

A = − Ld−1

8πGN
ad. (1.27)
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where ad is a local functional of the boundary curvature invariants. Notably,

holographic computations reproduce the exact Weyl anomaly expected in the dual

CFT; for example, in d = 4, this matches the known anomaly for N = 4 super

Yang-Mills theory in the large-N limit, highlighting the precision of the duality in

capturing quantum effects.

1.4 Entanglement entropy: Foundations and holographic

perspectives

Quantum entanglement stands as one of the most profound and counterintuitive

features of quantum mechanics. First brought to prominence through the

Einstein-Podolsky-Rosen paradox [30], entanglement describes quantum correlations

between subsystems that persist regardless of spatial separation. These non-local

correlations, have evolved from philosophical curiosity to cornerstone of modern

quantum information theory [31], quantum many-body physics [32], and our

understanding of quantum gravity [33].

In the context of QFT and quantum gravity, entanglement has emerged as a

fundamental organizing principle. The entanglement structure of quantum states not

only characterizes phases of matter [34, 35] but also appears intimately connected to

the emergence of spacetime geometry itself (see, for instance, [36, 37]). This deep

connection finds a concrete realization in the holographic principle, where

entanglement entropy in boundary theories computes geometric quantities in bulk

gravitational theories.

To quantify entanglement in a bipartite quantum system, we consider a Hilbert space

with tensor product structure

H = HA ⊗HB (1.28)

where A and B denote two subsystems. For a pure state |Ψ⟩ of the composite system

with density matrix ρ = |Ψ⟩⟨Ψ|, the reduced density matrix of subsystem A is

obtained by performing a partial trace over the degrees of freedom in B:

ρA = TrBρ = ∑
i

⟨iB|ρ|iB⟩ (1.29)

where {|iB⟩} forms an orthonormal basis for HB. The entanglement entropy of

subsystem A is then defined as the von Neumann entropy of the reduced density

matrix:

SA = −TrA(ρA log ρA) = −∑
i

λi log λi (1.30)
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where λi are the eigenvalues of ρA. This quantity measures the mixedness of the

reduced state and quantifies the information about the full state that is inaccessible to

an observer confined to subsystem A.

1.4.1 Fundamental Properties

The entanglement entropy satisfies several important properties that constrain the

structure of quantum correlations (see, for instance, [38]):

1. Non-negativity: SA ≥ 0, with equality iff ρA is pure (i.e. the state is

unentangled).

2. Symmetry: For a pure state of the composite system, SA = SB, reflecting that

entanglement is shared.

3. Subadditivity: For any two subsystems A1 and A2,

SA1∪A2
≤ SA1

+ SA2
.

4. Strong subadditivity: For any three subsystems A, B, and C,

SABC + SB ≤ SAB + SBC.

5. Araki–Lieb inequality: For a bipartite system,

|SA − SB| ≤ SAB.

These properties, derived from the mathematical structure of von Neumann entropy,

impose rigorous bounds on entanglement in quantum systems and prove essential in

both quantum information theory and field-theoretic contexts, where they underpin

inequalities used in holographic calculations and the analysis of quantum states.

1.4.2 Rényi Entropies and the Replica Trick

While the von Neumann entropy provides the standard measure of entanglement, the

Rényi entropies [39] offer a one-parameter family of generalizations that prove

particularly useful for computational purposes:

S
(q)
A =

1

1 − q
log TrA(ρ

q
A) (1.31)

for q ≥ 0, q ̸= 1. These entropies recover the von Neumann entropy in the limit q → 1:
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FIGURE 1.3: Illustration of the replica trick used to compute Rényi and entanglement
entropies. The spatial region A is divided by its entangling surface ∂A, with A+ and
A− denoting the two infinitesimally displaced sides of this boundary (the upper and
lower edges of the cut in the Euclidean path integral). The path integral is performed
on q replicated sheets labeled by the replica index q, which are cyclically glued together
along ∂A by identifying A+ on one sheet with A− on the next. The resulting geometry
is the q-fold branched cover M̂q, whose partition function Z[M̂q] encodes the Rényi

entropies.

SA = lim
q→1

S
(q)
A = − d

dq
TrA(ρ

q
A)

∣

∣

∣

∣

q=1

(1.32)

For integer values of q, the quantity TrA(ρ
q
A) can be computed using the replica trick

[40, 41], a powerful technique that has found applications across quantum field theory,

condensed matter physics, and holography.

Direct computation of the von Neumann entropy without the replica trick is

challenging for QFTs, primarily because obtaining the reduced density matrix ρA

explicitly requires tracing over an infinite-dimensional Hilbert space associated with

the complement region B, and evaluating −TrA(ρA log ρA) lacks a straightforward

path-integral representation. The replica trick circumvents these difficulties by instead

computing TrA(ρ
q
A) for integer q > 1, which admits a natural geometric interpretation.

The replica trick proceeds as follows: To compute TrA(ρ
q
A) for integer q, one constructs

q copies, i.e. replicas, of the original system and introduces appropriate boundary

conditions that cyclically glue the copies together across the entangling region, as

depicted in figure 1.3. In path integral language, if Z is the partition function of the

original theory, then:
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TrA(ρ
q
A) =

Zq

Zq
(1.33)

where Zq is the partition function on the q-sheeted Riemann surface obtained by the

gluing procedure. The analytic continuation to q → 1 then yields the von Neumann

entropy. Equivalently, taking the logarithm yields

log TrA(ρ
q
A) = log Zq − q log Z, (1.34)

from which the entanglement entropy follows as

SA = log Z − ∂

∂q
log Zq

∣

∣

∣

∣

q=1

. (1.35)

This technique has proven invaluable for exact calculations in conformal field theories

and forms the basis for many holographic derivations.

1.4.3 Entanglement Entropy in Quantum Field Theory

For QFTs, where degrees of freedom are distributed continuously in space,

entanglement entropy exhibits distinctive scaling behaviors. A fundamental result is

the area law [42, 43]: for a spatial region A with boundary ∂A, the leading

contribution to the entanglement entropy for that region, SA, scales with the area of

the boundary rather than the volume of the region:

SA = α
Area(∂A)

ϵd−2
+ subleading terms (1.36)

where d is the spatial dimension, ϵ is a UV cutoff regulator, and α is a non-universal

constant that depends on the specific theory and regularization scheme.

The UV divergence arises from quantum fluctuations localized near the entangling

surface and reflects the infinite density of degrees of freedom in the continuum limit.

While the leading area term is non-universal, subleading contributions often encode

universal information about the QFT.

In odd spatial dimensions, for a CFT, logarithmic divergences appear with universal

coefficients. For instance, in 3+1 dimensions for a spherical entangling surface [44]:

SA = α
Area(∂A)

ϵ2
− a log(ϵ/R) + finite (1.37)

where a is related to the conformal anomaly and R is the radius of the sphere.

CFT provide a particularly rich arena for studying entanglement entropy due to their

enhanced symmetry. In 1+1 dimensional CFTs, exact results can be obtained using
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conformal invariance and the replica trick [40]. For a single interval of length ℓ in an at

zero temperature, the entanglement entropy reads:

SA =
c

3
log

ℓ

ϵ
+ c′1 (1.38)

where c is the central charge of the CFT and c′1 is a non-universal constant.

1.4.4 The RT formula

The landmark proposal by Ryu and Takayanagi [45] states that for a boundary region

A in a holographic CFT, the entanglement entropy is computed by:

SA =
Area(γA)

4G
(d+1)
N

(1.39)

where γA is the minimal area codimension-2 surface in the bulk that is homologous to

A (i.e. ∂γA = ∂A). Here, G
(d+1)
N is the Newton constant in the (d + 1)-dimensional

bulk spacetime (as depicted in figure 1.4).

A∂A ∂A

γA

Ac

z
AdS time slice

FIGURE 1.4: Shaded Ryu-Takayanagi surface γA of an entangling region A situated at
the conformal boundary z = 0. γA is anchored at ∂A.

This formula resembles the Bekenstein-Hawking entropy formula for black holes

[46, 47], suggesting a deep connection between entanglement and geometry. The

homology constraint ensures that γA divides the bulk into two regions, naturally

associated with the boundary subsystems A and its complement, Ac.

Holographic entanglement entropy satisfies all the inequalities obeyed by

entanglement entropy in quantum field theory, plus additional constraints arising

from the geometric nature of the computation such as monogamy of mutual

information, where for three disjoint boundary regions A, B, and C,

I(A : BC) ≥ I(A : B) + I(A : C), (1.40)

where the mutual information is defined as I(A : B) = SA + SB − SAB.
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The RT formula provides a geometric tool for computing entanglement entropy in

strongly coupled CFTs, reproducing field-theoretic results like the area law and

universal subleading terms while imposing additional structure from the bulk gravity.

Generalizations, such as to time-dependent spacetimes via the

Hubeny-Rangamani-Takayanagi (HRT) prescription [48] or incorporating quantum

corrections for the information paradox, extend its applicability and will be crucial in

the discussions that follow.

1.5 The information paradox and quantum corrections to

entanglement entropy

In 1974, Hawking demonstrated that black holes emit thermal radiation due to

quantum effects near the event horizon [47, 49] (see also e.g. [50] for a review). This

phenomenon, known as Hawking radiation, originates from the quantum mechanical

creation of particle-antiparticle pairs in the vacuum near the horizon. In the

semiclassical approximation, one particle of the pair falls into the black hole, reducing

its mass, while the other escapes to infinity as observable radiation. The black hole

thus loses energy and evaporates over time.

The temperature of this radiation for a Schwarzschild black hole is given by

TH =
h̄c3

8πGN MkB
, (1.41)

where M is the black hole mass, GN is Newton’s constant, h̄ is the reduced Planck’s

constant, c is the speed of light, and kB is Boltzmann’s constant.

In the semiclassical framework, gravity is treated classically, while matter fields are

placed and quantized on top of the fixed curved spacetime background. The outgoing

radiation is thermal, with a blackbody spectrum, and appears to be in a mixed state.

The entanglement entropy of the radiation is computed by tracing over the degrees of

freedom inside the horizon. For the reduced density matrix of the radiation ρrad(t) at

time t, the von Neumann entropy is

Srad(t) = −Tr[ρrad(t) log ρrad(t)]. (1.42)

In this approximation, each emitted Hawking pair is maximally entangled between

the interior and exterior, causing Srad(t) to increase monotonically with the number of

emitted particles. For large black holes in asymptotically flat space, the entropy grows

roughly as Srad(t) ∝ t/r2
s , where rs = 2GN M/c2 is the Schwarzschild radius, until the

black hole fully evaporates [51].
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Hawking’s semiclassical calculation leads to the famous black hole information

paradox that manifest the inconsistency where general relativity and quantum

mechanics crash. If a black hole forms from the gravitational collapse of matter in a

pure quantum state, unitary quantum evolution requires that the final state, consisting

solely of the outgoing radiation after complete evaporation, must also be pure, with

zero von Neumann entropy. The semiclassical result yields a final thermal state with

entropy

Srad(t → ∞) ∼ A0

4GN h̄
, (1.43)

where A0 is the initial horizon area, which is nonzero and proportional to the initial

black hole entropy.

This implies a transition from a pure initial state to a mixed final state, violating

unitarity in quantum mechanics, which mandates reversible, information-preserving

dynamics. The thermal spectrum of the radiation is independent of the detailed initial

state of the collapsing matter, suggesting that quantum information is destroyed or

lost behind the horizon. As evaporation proceeds, early radiation becomes entangled

with late radiation via the black hole interior, but the monotonic increase in Srad

exceeds bounds set by the finite-dimensional Hilbert space. The paradox highlights

the failure of semiclassical effective field theory near horizons when backreaction and

quantum gravitational effects become significant.

Significant efforts has been made to incorporating quantum corrections to gravity and

entanglement entropy, which we will elaborate on throughout this thesis.

1.5.1 Page’s theorem and the Page curve

In his work on the black hole information paradox, Don Page framed the issue of

information loss using the concept of entanglement entropy for quantum fields far

away from the black hole [52]. According to Stephen Hawking’s findings [47], these

quantum fields are in a thermal state, causing their entanglement entropy to increase

continuously as the black hole undergoes evaporation. Page proposed that the

recovery of information during this process can be understood through the behavior

of entanglement entropy: it rises to a maximum value and then gradually decreases to

zero as the black hole completely evaporates, signaling that all information initially

contained within the black hole is fully recovered. For there to be no information loss

or conflicts with unitarity, the entanglement entropy of an evaporating black hole

must follow the so called Page curve. Deriving or recovering the Page curve for an

evaporating black hole is regarded as tantamount to resolving the black hole

information paradox, at least within the specific construction or toy model under

consideration.
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Let H = HA ⊗HB be a bipartite finite-dimensional Hilbert space with dimensions

dA = dimHA and dB = dimHB, and assume without loss that dA ≤ dB. For a

uniformly random pure state |ψ⟩ ∈ H, we denote the the reduced density on

subsystem A as ρA = TrB|ψ⟩⟨ψ|. Page conjectured and later proved that the mean von

Neumann entropy of A is [53]

⟨SA⟩ =
dAdB

∑
k=dB+1

1

k
− dA − 1

2 dB
. (1.44)

Equivalently, in terms of the digamma function Ψ(x) = d
dx ln Γ(x),

⟨SA⟩ = Ψ(dAdB + 1)− Ψ(dB + 1) − dA − 1

2 dB
. (1.45)

Asymptotic regimes

For small subsystems, (dA ≪ dB), using Ψ(x) ≈ ln x − 1
2x +O(x−2), we have

⟨SA⟩ ≈ ln dA − dA − 1

2 dB
+O

(

d−2
B

)

(1.46)

so the entropy is almost maximal, ln dA, with a finite-size correction of order dA/(2dB).

For balanced subsystems, (dA = dB), the exact formula gives

⟨SA⟩ =
d2

∑
k=d+1

1

k
− d − 1

2d
, (1.47)

which for large d behaves like 2 ln d − 1 +O(1). Under the symmetry A ↔ B, one

simply swaps dA and dB in the formula.

For fluctuations, the variance of SA is bounded by

Var(SA) ≤
1

dAdB + 1
, (1.48)

so that the relative fluctuations satisfy ∆SA/⟨SA⟩ = O
(

1/ ln dA

)

≪ 1 for large

dimensions. Almost every state is therefore close to the mean.

Application to black hole evaporation

Consider a bipartite quantum system undergoing unitary evolution, where:

• Subsystem B represents the interior degrees of freedom of an evaporating black

hole, with initial Hilbert space dimension dB.
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• Subsystem A corresponds to the emitted Hawking radiation, with Hilbert space

dimension dA that increases as more radiation quanta are emitted.

Assuming that the combined system evolves unitarily and exhibits maximal

scrambling through a random Haar unitary (i.e. maximal delocalization or mixing),

Page’s theorem yields the expected behavior of the entanglement entropy SA of the

radiation as follows:

1. Pre-Page time (dA < dB):

In this regime, the entanglement entropy of subsystem A increases

approximately as

SA ≈ ln dA, (1.49)

which tracks the number of emitted quanta. The radiation is highly entangled

with the remaining interior.

2. Page time (dA ≈ dB):

This marks the point when the radiation entropy reaches its maximum value. It

occurs when the dimensions of the two subsystems become comparable, i.e.,

SA ≈ SBH/2, (1.50)

where SBH denotes the initial Bekenstein–Hawking entropy of the black hole.

3. Post-Page time (dA > dB):

After the Page time, the entanglement entropy of the radiation begins to

decrease. Due to the symmetry of entanglement in a pure bipartite system, later

emitted quanta purify earlier ones, leading to a decline in SA as the system

approaches a pure final state.

This yields the characteristic Page curve, in stark contrast to semiclassical Hawking

calculations where the entropy never decreases, in violation with unitarity, as

illustrated in figure 1.5.

1.5.2 Corrections to the entanglement entropy

The semiclassical approximation treats spacetime as classical, with possible

backreaction from the expectation value of quantum stress tensors of the quantum

fields, corresponding to the leading order in an expansion in h̄, or equivalently in GN ,

with the classical result recovered as h̄ → 0.

The holographic entanglement entropy SA admits a perturbative expansion of the

form

SA =
1

GN
S(0) + S(1) + GNS(2) + · · · , (1.51)
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FIGURE 1.5: Page curve depicting the radiation entropy SA(t) of Hawking radiation.
The entropy grows until the Page time tPage and decreases thereafter, approaching zero

as the black hole evaporates.

where the leading term S(0) is the classical contribution, and the higher-order terms

captures quantum corrections.

The RT formula neglects quantum corrections at finite GN , which are essential for

capturing higher-order perturbative effects from quantum fluctuations in the bulk.

These corrections modify the geometric interpretation of entanglement and take us

beyond the semiclassical regime.

Lewkowycz and Maldacena derived the Ryu-Takayanagi (RT) formula using the

gravitational replica trick [54], which computes the von Neumann entropy through

analytic continuation of Rényi entropies. Recall that

SA = lim
q→1

1

1 − q
log

Zq

Z
q
1

, (1.52)

where Zq is the gravitational partition function on an q-fold replicated bulk geometry

with conical singularities along the entangling surface. The dominant saddle point in

the path integral yields the RT surface as the fixed point of the replica symmetry,

localizing the conical deficit.

This framework naturally extends to quantum corrections by including the full

quantum path integral over geometries, beyond the classical saddle, allowing for

contributions from quantum fields and higher topologies. Subsequent work by

Faulkner, Lewkowycz, and Maldacena (FLM) [55] incorporated leading quantum

corrections to the holographic entanglement entropy as

SA =
⟨Area(γA)⟩

4GN
+ Sbulk[ΣA] + Sct, (1.53)

where ⟨Area(γA)⟩ is the quantum-corrected expectation value of the area operator,

Sbulk[ΣA] is the von Neumann entropy of bulk quantum fields across the entanglement

wedge ΣA bounded by A ∪ γA, Sct includes counterterms for UV divergences.
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This accounts for O(1) terms in the 1/GN expansion, corresponding to one-loop

quantum effects from bulk matter and gravitons. The bulk entropy term Sbulk captures

entanglement of quantum fluctuations, refining the classical RT result.

A further generalization was introduced by Engelhardt and Wall through the concept

of quantum extremal surfaces (QES) [56]. Their prescription tells us that the

generalized entropy should be extrimized. Consider the generalized entropy

Sgen[X] =
Area(X)

4GN
+ Sbulk[X]. (1.54)

X is some surface, homologous to A, that has to be picked such that the generalized

entropy is extremized:
δSgen

δX
= 0. (1.55)

If multiple choices for X exists, the one that minimized the generalized entropy

should be selected.

The QES proposal reproduces the perturbative FLM result at leading order in

quantum corrections (in the absence of graviton fluctuations), where the classical and

quantum extremal surfaces differ by O(
√

h̄) - entropy differences arise only at higher

orders.

1.5.3 Black hole evaporation and the island formula

The QES framework found a pivotal application in resolving the black hole

information paradox for evaporating black holes, particularly in two-dimensional

models where an anti-de Sitter (AdS2) spacetime is coupled to a non-gravitating bath

that absorbs Hawking radiation, as first considered in [57]. Furthermore, there is a

phase transition in the dominant QES configuration that allows the entanglement

entropy of the radiation to follow the unitary Page curve. Before the Page time, the

trivial (empty) QES dominates, reproducing Hawking’s semiclassical result of

monotonically increasing entropy, as the generalized entropy of the empty surface is

lower.

After the Page time, a non-trivial QES emerges inside the black hole horizon,

delineating an ”island” region in the gravitating interior that contributes to purifying

the radiation state, thereby causing the entropy to plateau and eventually decrease.

The transition occurs when Sgen[empty] = Sgen[island], enabling the entropy to follow

the unitary curve.

In 2019 it was proposed that ”entanglement islands”, ”quantum extremal islands”, or

simply ”islands” could be used to derive the Page curve for evaporating black holes
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FIGURE 1.6: A Penrose diagram of an evaporating black hole, featuring sketched ingo-
ing modes (red curves) and outgoing modes (blue curves). The entanglement entropy
is correctly evaluated over the union of the island (I) and the radiation region (R),

thereby purifying the entanglement.

[58, 59], and allow the black hole interior to be reconstructed from late time Hawking

radiation. This ”solves”1 the black hole information paradox. These models are

typically studied in the context of JT gravity, where a flat heat bath is coupled to the

gravitating region to collect the Hawking radiation modeled as a CFT2 coupled to the

background.

The entropy of the radiation region (R), typically far from the black hole, is computed

as

S(R) = min

{

extI

[

Area[∂I]

4GN
+ Smatter[R ∪ I]

]}

, (1.56)

where R is the radiation region, I is a possible island in the gravitating region, ∂I is the

QES, and Smatter is the matter entropy in the union.

The non-vanishing island is the region bounded by the QES and the spacetime

boundary. The prescription involves extremizing over island configurations and

minimizing among saddles, including the vanishing island. The island, is a region in

spacetime allow the entanglement wedge of radiation to include interior regions,

purifying the state and thus recovering unitarity (see figure 1.6 for an illustration).

One might intuitively seek to maximize the island size, as this would encompass more

ingoing modes and thereby purify a larger portion of the radiation. However,

enlarging the island also increases the contribution from the area term in (1.56),

imposing a penalty on the generalized entropy. The extremization procedure identifies

the optimal configuration that balances these effects and yields the minimal value.

1in this specific construction, under a number of assumptions which we elaborate on in the next sub-
section.
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FIGURE 1.7: The right half of an eternal black hole, an AdS2 region glued together to
a flat heatbath serving as a reservoir collecting the conformal fields (orange curved)

modeling Hawking radiations, preventing thermal equilibrium to be reached.

It has been argued that corrections to Hawking’s results, including the island

proposal, can never resolve the information paradox in the semiclassical limit due to

the small corrections theorem [60, 61]. On the other hand, it has also been argued that

the island proposal is not subject to the small corrections theorem as it captures

physics beyond the semiclassical limit.

Example: 2d island calculation

The Page curve was recovered in a two-dimensional toy model of an evaporating

black hole, as demonstrated in [62, 63].

Here, we present a simple illustrative calculation. The setup involves a semiclassical

model where Jackiw-Teitelboim (JT) gravity [64, 65] in AdS2 is coupled to a

two-dimensional CFT representing Hawking radiation, with the AdS2 region joined to

a flat non-gravitating bath via transparent boundary conditions to simulate radiation

collection (see figure 1.7).

The JT gravity action is

IJT =
1

4π

∫

d2x
√

−g [ΦR + 2(Φ − Φ0)] , (1.57)

where Φ is the dilaton and Φ0 is a constant related to the extremal entropy. We have

set 4GN = 1 for simplicity. The total action of the system is given by

Itot = IJT + ICFT (1.58)

where ICFT is the action of the conformal fields. The background action splits as

Ibg = IAdS + Iflat. In Poincaré coordinates for AdS2 (x<0), the metric reads

ds2 =
−dt2

p + dx2
p

x2
p

, (1.59)
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with dilaton profile Φ0 +
Φr
x

The flat bath region (σ > 0) has metric

ds2 = −dt2 + dσ2. (1.60)

Transparent boundary conditions are implemented to allow fields propagate freely

into the flat heatbath.

Consider an interval in the bath, from the boundary: σ = b ≫ 1. The island

prescription instruct us to find the QES, by letting the endpoint vary. The island is at

some position x = 1/ax in AdS2 (with a > 0), and the generalized entropy is

Sgen(a) = Φ0 + Φra +
c

6
log

[

(a + b)2

aϵ2

]

+ constant, (1.61)

where the bulk term uses the Calabrese-Cardy formula [66] for the CFT entropy across

the union, adapted for the warp factors (Ω = 1 for the flat heatbath, and 1
xp

in the

gravitating region).

Extremizing Sgen w.r.t a,

dSgen

da
= Φr +

c

6

(

1

a
− 2

a + b

)

= 0, (1.62)

yields the QES location

a =
1

2

(

1 + b̃ +
√

1 + 6b̃ + b̃2
) 6Φr

c
, (1.63)

where b̃ = bc
6Φr

. For large b ≫ Φr
c , a ≈ b, while for small b, a ≈

√

6Φr
c . This positions

the island behind the horizon, and evaluating Sgen at this point yields the entropy that

follows the Page curve, with the island contribution dominating post-Page time.

Subtleties and remarks

There are a number of subtleties with toy models in the JT + CFT2 regime including,

• There are conceptual issues with coupling a flat heatbath to the spacetime, as

well as technical issues: matching the AdS and flat metric at the boundary

discontinuities in the field derivatives.

• The conformal fields are coupled to an already reduced gravitational theory:

Itot = Ibg + ICFT, where Ibg is the action of the background and ICFT the action of

the conformal fields. However, the conformal fields does not respect the

symmetries of the background which has a scale.
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• Entanglement entropy has special features in d = 2, so it is unclear if results

obtained generalizes to higher dimensions. For instance, the structure of the

divergence for d = 2 completely obscures if the entropy is a renormalized or

regulated, which are two fundamentally different quantities.

• For double holographic models, there are some long standing subtleties, in part

responsible for why the field was abandoned about two decades ago, which has

still not be resolved, such as if a CFT with a cutoff has a dual, and how to deal

with geodesic incompleteness.

Motivated to resolve some of these subtleties, we introduce, in chapter 2, a different

model starting with a non-conformal action [67], restricting symmetry breaking to the

quantum scale, and let the dimensionally reduced action capture the background as

well as the fields. In other words, the fields are inherited from the parent theory (pure

AdS) and not coupled to an already reduced gravitational theory.

We perform a circular uplift of nearly AdS2 à la Kaluza Klein, where we get AdS3 with

a compact direction. We then place this spacetime on the boundary of AdS4. We

consider an annular entangling region and place conformal fields on the AdS3

background, to model the Hawking radiation. Transparent boundary conditions are

imposed at the boundary of the spacetime so that excitations are free to propagate

across it, avoiding a thermal equilibrium to be reached. In contrast to the previous

studies, we will remain agnostic about what is behind this boundary, and our

construction does not necessitate a flat heat bath. Accordingly, we will only be

considering entangling regions in the non-gravitating region. The latter is justified

from the perspective of microstates where there is no reason to go beyond the AdS

region to encode information about the black hole. Islands in these types of

constructions have also been argued to hold in the gravitating region by parallel work

in [68, 69].

In chapter 3, we define a restricted space of CFTs that admits islands, that would lead

to the generalized entropy having finite extremal points. Using the replica trick, we

can express an inhomogeneous transformation of the entanglement entropy with

respect to the QES (i. e. the endpoint we vary, while the other one is kept fixed) in

terms of the metric, stress-tensor and conformal anomaly, on both the original and

replica manifold. However, computing the stress tensor on the replica manifold is an

interesting problem on its own. We use the fact that the stress tensor on the replica

and original manifold only differ at a co-dimension two singular hypersurface up to

order (q − 1), where q is the replica index. Provided a stress tensor on the original

manifold, the stress-energy momentum contribution from the co-dimension two

singular hypersurface, in our construction, can then be obtained from the conservation

condition by solving a set of divergence equations. We comment on how to further

explicitly unpack the replica stress tensor.
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1.6 Double holography and wedge holography

While there are subtle issues concerning double holography, particularly regarding

whether a cutoff CFT possesses a well-defined gravitational dual, this framework has

been used as a tool in exploring quantum extremal surfaces, islands and addressing

the information paradox, as first done in [70–72]. In the following, we briefly outline

the core ideas behind wedge holography.

Concepts of double holography traces back to Karch-Randall (KR) braneworlds

[73, 74] and refers to the general theoretical framework where a single physical system

admits two distinct holographic descriptions. One key insight is that certain

holographic systems admit not two but three equivalent descriptions, providing a

crucial bridge between purely gravitational and non-gravitational theories.

Wedge holography [75, 76] is a specific geometric realization of double holography

that employs a wedge-shaped AdS region bounded by dynamical branes. The term

”wedge” refers to the particular geometry where two or more branes meet at an angle,

creating a corner or defect where the boundary field theory lives.

Wedge holography [75] describes systems where:

• Bulk Description: Classical Einstein gravity in a (d + 1)-dimensional

wedge-shaped region W with specific boundary conditions. The bulk geometry

typically involves AdS spacetime with dynamical end-of-the-world (ETW)

branes that can move in response to the dynamics.

• Brane Description: A theory of quantum gravity living on d-dimensional branes

Q = Q1 ∪ Q2, where the gravitational dynamics on the branes can be either

massive (as in traditional KR models) or massless. The brane theory includes

both gravitational and matter degrees of freedom, with the gravitational sector

potentially exhibiting different characteristics depending on the specific

construction.

• Boundary Description:A conformal field theory on the (d − 1)-dimensional

defect Σ located at the corner where the branes meet. This CFT can be viewed as

living on a dynamical boundary whose position is determined by the brane

dynamics.

This ”triality” of descriptions, depicted in 1.8, makes wedge holography particularly

suited for studying systems where gravitational and non-gravitational degrees of

freedom interact.

The geometry is typically described by metrics of the form:

ds = dr + cosh2(r)hi j(y)dyidyj (1.64)
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FIGURE 1.8: Schematic representation of wedge holography in AdS spacetime. The
wedge region W ⊂ AdSd+1 is bounded by two dynamical end-of-the-world branes Q1

and Q2 with AdSd geometry. The dual conformal field theory CFTd−1 resides on the
defect Σ at the asymptotic boundary.

where the branes are located at r = ±ρ1,2 and hij satisfies Einstein equations on the

brane. In these setups, the entanglement entropy follows a generalized formula:

SEE(R) = min (ext[A(V)/4Gbulk + A(V ∩ brane)/4Gbrane]) . (1.65)

This formula naturally incorporates contributions from both the bulk and the brane,

providing a geometric realization of the island rule. The appearance of the brane

contribution is crucial for understanding how entanglement islands emerge in higher

dimensions.

In standard double holography, gravity on the brane Q acquires a mass due to its

coupling to a non-gravitational system on the AdS boundary, enforced by Dirichlet

boundary conditions there. As shown in [77], massless gravity requires Neumann

conditions on both boundaries, though the resulting mode is non-normalizable since

M lies at infinity. Wedge holography sidesteps this by placing both boundaries at

finite positions in the bulk, yielding a normalizable massless graviton. Explicit

recovery of massless entanglement islands in this framework, with higher derivative

gravity on the branes, appears in [78].

1.6.0.1 End-of-the-world branes and de Sitter extensions

In double and wedge holography, end-of-the-world (ETW) branes are dynamical

boundaries that terminate the bulk geometry instead of letting it extend to asymptotic

infinity [73, 79–81]. They act as physical “caps” in the higher-dimensional bulk, often
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obeying Neumann boundary conditions for metric perturbations. The brane tension T

determines the extrinsic curvature at the brane via

Kab − hab(K − T) = 0 (1.66)

where Kab is the extrinsic curvature and hab the induced metric. In KR braneworlds,

ETW branes can localize gravity or make it massive on the brane (see, for instance,

[82] for a review).

From the holographic viewpoint, ETW branes correspond to boundaries or defects in

the dual field theory that connect gravitational and non-gravitational sectors. They

implement transparent boundary conditions, enabling information exchange while

preserving the quantum extremal surface prescription and the island rule.

While double holography is usually formulated in AdS, recent work has extended it to

settings with positive cosmological constant [83–87]. A key ingredient is the TT̄

deformation, originally defined in 2D CFTs as an irrelevant deformation driven by the

composite stress tensor operator [88] (see also [89, 90])

(TT̄) =
1

8

(

TabTab − (Ta
a)

2
)

, (1.67)

with the flow equation

dI(µ)

dµ
= −2π

∫

d2x (TT̄)µ. (1.68)

In braneworld setups, TT̄ deformations implement a finite radial cutoff by replacing

the asymptotic AdS boundary with a finite hypersurface under Dirichlet conditions,

while ETW branes keep Neumann conditions, providing a controlled way to model

gravitational systems with a finite observational region [91, 92].

For dS realizations, an AdSd+1 bulk is bounded between two accelerated dS branes:

one acting as a UV cutoff (dual to a TT̄-deformed CFT) and the other as an IR ETW

brane. A representative metric is

ds2 = ℓ
2
d+1

[

H2 sinh2 σ ds2
dSd

+ dσ2
]

, (1.69)

where H is the dS Hubble parameter and σ the radial coordinate.

In two dimensions, the IR brane can carry dS JT gravity, e.g.

IJT =
1

16πGb

[

∫

d2x
√
−h Φ0R̃ +

∫

d2x
√
−h Φ (R̃ − 2ΛJT)

]

, (1.70)

capturing near-Nariai black hole dynamics in an expanding cosmology.
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For finite-cutoff observers in these dS double holographic models, the entanglement

entropy shows Page curve–like behavior: an initial growth followed by saturation,

driven by the formation of entanglement islands bridging the UV cutoff brane and the

IR brane. Unlike in AdS, these islands emerge from coarse-graining over regions

beyond the observer’s cosmological horizon, ensuring compatibility with unitarity

and no-cloning.

The relevant entropy prescription is the defect extremal surface (DES) formula [70],

SEE = min
ΓA,X

[

Area[ΓA]

4GN
+ Sdefect(D)

]

, (1.71)

with X = ΓA ∩ D the intersection between the extremal surface and the defect/brane.

This unifies bulk and brane contributions and extends the island rule to these

cosmological braneworlds.

In chapter 4, a double holographic construction based on T2 dS wedge holography is

employed to study entanglement islands in a de Sitter multiverse braneworld model.

Islands in dS braneworld setups were initially explored in [93], where gravity was

fixed using Dirichlet boundary conditions on the brane, but the topic remains

relatively underexplored. A concrete multiverse realization using Karch-Randall

branes was introduced in [94], featuring black holes localized on multiple branes. This

chapter expands on that framework by incorporating a T2 deformation for the UV

cutoff, gluing multiple AdS wedges periodically along UV and IR branes, and for

d = 2 including dS JT gravity on IR branes to mimic near Nariai black hole dynamics.

In this double holographic setting, we show how entanglement islands connect UV

and IR regions to produce a Page curve.

1.7 Physics-informed neural networks

Physics-informed neural networks (PINNs) [95] represent a hybrid approach that

combines machine learning techniques with physical laws to solve differential

equations. Traditional neural networks are universal function approximators that

learn mappings from input to output data through layered architectures. The

parameters of the network are optimized via gradient descent to minimize a loss

function measuring prediction error against training data.

In physics applications, where data may be sparse or noisy, purely data-driven models

can fail to respect underlying conservation laws or symmetries. PINNs address this by

incorporating differential equations directly into the training process. Consider a

general partial differential equation (PDE) of the form N [u(x)] = f (x) in domain Ω,

subject to boundary conditions B[u(x)] = b(x) on ∂Ω and initial conditions
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u(x, t = 0) = c(x), the PINN loss function includes residuals penalizing deviations

from the governing equations, evaluated at collocation points across the domain:

L = wNLN + wbLb + w0L0, (1.72)

where

LN =
1

NN

NN

∑
i=1

∥N [ûθ(xi)]− f (xi)∥2 , (1.73)

and similarly for Lb and L0, with weights wi balancing the terms. This acts as a form

of regularization, guiding the network toward physically consistent solutions.

Boundary and initial conditions are enforced as soft constraints in the loss, though

hard enforcement via network architecture modifications is also possible. Automatic

differentiation enables efficient computation of the required derivatives, making

PINNs computationally tractable for complex, nonlinear problems.

Extensions of the framework, such as domain-decomposed (extended) PINNs [96] and

Bayesian variants (B-PINNs) [97], enhance robustness for challenging cases. The

former partitions the solution domain into subregions with dedicated subnetworks,

facilitating learning in problems with multiscale or discontinuous behavior. The latter

treats network parameters probabilistically, typically assuming Gaussian priors over

the weights θ, yielding uncertainty estimates alongside predictions through posterior

sampling or approximations like variational inference. We will partly combine the two

in chapter 5.

In our setup in chapter 2 and 3, the entanglement entropy in d > 2 on a curved

background at zero temperature was obtained using a flat limit argument,

circumventing the need to solve the corresponding ODE explicitly. However, this is

not always possible. This, in part, motivated using physics-informed deep learning, to

make progress towards solving non-smooth surfaces typical in high energy physics.

In chapter 5 we thus consider PINNs, generally only applied to engineering problems

and PDEs with a well-behaved solution, to benchmark how well they do for problems

in high energy theory, and RT or entangling surfaces in particular. For entangling

surfaces, we found that B-PINNs accurately can determine the full solution from only

limited training data from near the boundary domain, which we obtained with

asymptotic analysis. However, generating even this limited training data can often be

as challenging as finding the full solution. Nonetheless, the study demonstrates that,

given such data, B-PINNs are capable of inferring the solution for entangling surfaces.

Beyond their practical performance, our analysis explicitly demonstrates that physical

constraints do more than regularize training on the level of the loss function, they

actively reshape the geometry of the solution manifold. Understanding this interplay

between constraints, uncertainty, and the loss landscape not only clarifies the

reliability of PINN-based methods, but also opens avenues toward extracting

physically interpretable insights from neural networks themselves.
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Chapter 2

Islands and entanglement entropy in

d−dimensional curved backgrounds

2.1 Introduction

A large part of the discussion on entanglement islands has explored the specific setup

of 2d JT gravity with a flat heatbath coupled to a 2d CFT. In this chapter, we consider a

more general setup and treatment of islands in a d−dimensional AdS black hole

background. The quantum fields modeling the Hawking radiation have a scale and

are consistently inherited from a conformal parent theory; their symmetries are

compatible with those of curved backgrounds. We demonstrate explicitly that the

existence of islands is sensitive to the choice of CFT used to model the Hawking

radiation. We compute the renormalised entanglement entropy of conformal fields on

a negatively curved background in d dimensions at zero temperature as well as the

thermal regulated entropy of an entangling region near the UV boundary. Using the

latter quantity as the entropy of the Hawking radiation, we find that islands never

emerge for d > 2.

Entanglement entropy has been well studied in two dimensions but is still much less

understood in higher dimensions; see, for instance, the works of [66, 98].

Entanglement entropy is typically studied by quantum field theory methods for

vacuum states of quantum field theories at zero temperature. Entanglement is of

course subtle at finite temperature since quantum and thermal effects mix [99–101].

Computation of entanglement entropy for generic excited states using standard

quantum field theoretic methods such as heat kernels is often intractable. For free

massive quantum fields one can explore entanglement entropy in curved backgrounds

using heat kernel techniques [102] but such methods are not applicable in the massless

limit.
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The goal of this chapter is to explore entanglement entropy in specific types of curved

backgrounds, namely those related to black holes. Our motivations derive from the

recent discussions of islands in the context of the black hole information loss paradox.

The key idea of the islands proposal [58, 59] is the following: it is not sufficient to use

the classical Bekenstein-Hawking formula to compute the entropy of a black hole

spacetime, but one instead needs to use the generalized entropy formula. There are

hence two distinct contributions that need to be taken into account to compute the

entropy of the black hole SBH:

SBH = ExtQ

[A(Q)

4G
+ Smatter(B)

]

. (2.1)

Here A(Q) denotes the area of a quantum extremal surface and B denotes the region

between the quantum extremal surface and the spacetime boundary. Smatter(B)

denotes the entanglement entropy of quantum fields in the region B. The generalized

entropy is obtained by extremising the surface Q such that the entropy is minimised.

Many of the papers discussing quantum extremal islands have explored the specific

setup of two-dimensional JT gravity with the quantum fields being described by a

two-dimensional conformal field theory. The use of a two-dimensional conformal field

theory leads to a number of conceptual and technical simplifications, which we

summarize in table 2.1. Technically, the required computations of the quantum field

theory entanglement entropies make use of well-studied and well-known results for

two dimensional CFTs, for single and multiple intervals. Entanglement entropy for a

conformal theory in two dimensions also has a number of conceptual simplifications.

Firstly, a two-dimensional metric can always be parameterised in terms of a single

conformal factor; this means that we can characterise entanglement in a background

with a generic metric in terms of the conformal factor. Secondly, in two dimensions a

black hole horizon is of dimension zero and one can use coordinate transformations to

relate spacetimes with and without horizons. Accordingly, one can obtain the finite

temperature entanglement from the zero temperature results using such coordinate

transformations. In appendix 2.3 we also elaborate on the gluing rendering geodesic

paths incomplete.

Another important conceptual and computational aspect of the two dimensional

computations relates to the regularisation of the quantum field theory contribution. In

the condensed matter literature it is standard to work with regulated entanglement

entropy, rather than renormalise; the UV regulator is related physically to the lattice

scale of the system of interest. Much of the literature computing entanglement entropy

therefore focuses on regulated expressions. In a two-dimensional conformal field

theory the regulated divergences are logarithmic, related to the conformal anomaly;

the coefficients are proportional to the central charge and these contributions are

therefore often termed universal.
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The expression (2.1) is however a semi-classical gravity expression and in

semi-classical gravity one usually works with renormalised quantum field theory

contributions of regulated expressions. It was noted in [103] that finite contributions

to the entanglement entropy can be obtained through differentiation with respect to a

scale of the entangling region (see also [104] for a review). For example, for a region of

scale l in a two-dimensional conformal field theory, the expression

l
∂SCFT

∂l
(2.2)

is automatically finite because the (local) regulated UV divergences are independent

of the (non-local) entangling region scale. There are analogous expressions for

higher-dimensional CFTs involving higher numbers of derivatives. Separately,

systematic renormalisation of quantum field entanglement entropy has been

developed in [105]; in this approach the renormalisation of the entanglement entropy

is inherited from the renormalisation scheme of the partition function.

When one applies (2.1) in the context of JT gravity and two-dimensional conformal

field theory, one determines the quantum extremal surface by extremising with

respect to the scale of the region B. This extremisation is independent of the regulator

because of (2.2) (although the value of the actual extremised entropy in (2.1) does still

depend on the regulator). This property is however specific to two-dimensional CFT:

the first derivative of the entanglement entropy in a conformal field theory in d > 2 is

in general not finite.

Models of islands in higher dimensions were first discussed [70] and later in

[71, 72, 106]. These are known as double holographic models (see also [107]) where

gravity in an AdSd+1 region bounded by a pair of end-of-the-world branes is dual to a

CFTd−1 theory living on the interception between the branes. These are examples of

Karch-Randall braneworld models [73, 74, 108–110]. Despite the renewed interest in

these models and their recent success, there are persistent challenges that arise when

doing holography with AdS with a cutoff. These models will however not be explored

in this chapter.

Explicit realization of islands in higher dimensions, without resorting to braneworld

models, stems in part from the lack of analytical control over entanglement entropy of

the quantum fields in d > 2.

In our construction, we will perform a circular uplift of NAdS2 à la Kaluza Klein,

which results in AdS3 with a compact direction. The two-dimensional dilaton

becomes a dimensionful parameter in the AdS3 metric. We then place the AdS3

spacetime on the boundary of AdS4. Using the Ryu-Takayanagi (RT) formula [45]

entanglement entropy can be computed holographically by computing the area of a

co-dimension two surface homologous to the entangling region. Since the fields
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inherited from the parent action in this model have a scale, they respect the

symmetries of the background. In the setup where JT gravity with a bath is coupled to

a 2d CFT, the explicit and spontaneous breaking of the symmetries in JT gravity

renders the background incompatible with the symmetry of the 2d conformal fields.

We consider an annular entangling region that naturally captures the circular extra

dimension and due to the isometry in the circular direction, the entanglement entropy

will only depend on one coordinate (the width of the annulus).

We generalize this construction to d dimensions and explicitly evaluate the

renormalised entanglement entropy for zero temperature states in a black hole

background. This quantity has interesting applications on its own to condensed

matter physics and cold atom systems in particular (see [111] for a review). In the

context of islands, we are interested in the thermal entanglement entropy1. Near the

UV boundary, the regulated entanglement entropy is dominated by the divergent

piece whose structure is the same in the zero and finite temperature case, so we may

use the covariant counterterm of the zero temperature renormalised entropy as the

thermal regulated entropy. We place the entangling region near the UV boundary and

demonstrate the non-generic existence of islands in higher dimensions.

2.1.1 Organization of chapter and summary of results

In section 2.2 we perform a consistent uplift of NAdS2 to pure AdS3 for a

non-conformal Dp brane background.

In section 2.3 we use dimensional analysis and symmetry arguments to constrain the

form of the renormalised entanglement entropy at zero and finite temperature for an

annulus entangling region. On a flat background, we have translational invariance

and the entropy takes the form Sren ∼ c
Ly

∆x , where c corresponds to the central charge

and Ly is the circumference of the compact angular direction. On an AdS3

background, the entropy takes the form Sren ∼ c
Ly

x1,2
g
(

ℓ3
x2

, x1
x2

)

where g
(

ℓ3
x2

, x1
x2

)

is some

function of dimensionless ratios.

In section 2.4 we compute the renormalised entanglement entropy on a flat

background in three dimensions to

Sren = −π2Γ
(

3
4

)2

G4Γ
(

1
4

)2

2ϕcℓ
2

L
(2.3)

1As Hawking originally pointed out [112], an observer would need to collect measurements over an
infinite time scale at spatial infinity to differentiate between a mixed or pure initial state of the black hole.
In the quasi-stationary regime (on timescales small in comparison with the evaporation scale, or when
the entangling region is far away from the horizon) the Hawking radiation is described by an out-of-
equilibrium process and we may work with the near thermal state approximation.
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where L is the width of the annulus, ℓ is the curvature length of the ambient space and

ϕc is the periodicity of the compact direction.

We see in section 2.5 that the entanglement entropy area functional for a curved

background in Poincaré coordinates has no explicit dependence on the

three-dimensional curvature length, ℓ3. In the flat limit, where ℓ3 → ∞, we should

thus recover the flat result. But since ℓ3 is only an implicit parameter inside of the

Poincaré coordinates, the entanglement entropy on a curved background in these

coordinates must have the same functional form as the entanglement entropy on a flat

background. Thus, in the zero temperature case, one can effectively take the flat result

and swap the flat coordinates to Poincaré coordinates. In this way, we recover the

result from the flat limit without having to explicitly compute the minimal area of the

RT surface of the curved background. This can also be seen from the perspective that

all the entanglement structure is localized to a point of the 3d conformal boundary.

The results are generalized to d−dimensions in section 2.6.2. We take the background

geometry to be a d-dimensional AdS black hole background. Using a similar analysis

as in the AdS3 case, we compute the renormalised entanglement entropy on a curved

background to

Sren =
ℓd+1ϕd−2

c Ωd−2

4Gd+1
ρ

1− d
2

0

Γ
[

2−d
d(d−1)

]

Γ
[

1
2

]

Γ
[

1
d(d−1)

] (2.4)

where ρ0 specifies the turning point of the minimal RT surface and the divergence is

manifestly removed with the covariant counterterm

Sct = − Ωd−2

4Gd+1

(

ℓ4ϕc√
ϵ

)d−2
(

1

xd−2
2

− 1

xd−2
1

)

. (2.5)

In section 2.7 we conclude by considering islands in d dimensions by placing the edge

of the entangling region sufficiently close to the UV boundary so that the regulated

thermal entanglement entropy is dominated by the divergent piece.

It is expected that the renormalised entropy should be the quantity of choice when

considering evaporating black holes (see, for instance, [113–115]). However, the

renormalised results in this chapter is obtained at zero temperature. Thus, we are

resorting to the regulated quantity. The regulator of the regulated entropy remembers

that we are working with an effective field theory and could characterize the scale

beyond which heavy modes emitted by the evaporating black hole become important.

However, we find that islands are absent near the conformal boundary for d > 2 when

using this contribution as the entanglement entropy of the conformal fields.
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Islands in the 2d JT gravity setting Islands in AdSd≥3

The matter fields are added to an already re-

duced gravitational theory. It is assumed that

they do not couple to the dilaton:

IJT[Φ, gµν] + ICFT2
[gµν].

The matter fields are inherited from the pure

AdSd≥3 action and do couple to the dilaton:

I [gµν, Φ].

The matter fields are scale-invariant and do not

respect the symmetries of the background.

The matter fields has generalized conformal

structure and do respect the symmetries of the

background.

The structure of the divergence obscures if en-

tropy is renormalised or regulated as it coin-

cides with the logarithmic Weyl anomaly term.

Clear distinction between regulated and renor-

malised quantities. For d > 2 the divergence

follows a power law: S ∼ ϵd−2
UV Ad−2 where Ad−2

is the area of the boundary of the entangling re-

gion.

Black holes with horizons can be mapped to

black holes without horizons. Entropy at finite

and zero temperature is thus related via a coor-

dinate transformation.

The background has an inherent temperature

in quasi-thermal equilibrium with the tempera-

ture of the thermal fields, over small timescales

relative to the evaporation process.

Heat baths collecting the Hawking radiation

are required, in which an entangling region can

be consistently defined due to the enhanced

diffeomorphism invariance and topological na-

ture of 2d gravity.

An entangling region can be consistently de-

fined in the AdS region. We impose transparent

boundary conditions at the conformal bound-

ary but remain agnostic about what is on the

other side. As elaborated on in [116], all infor-

mation should be retrievable within the AdS re-

gion.

The first derivative of the entanglement en-

tropy with respect to the scale of the entangling

region, l, say: l ∂SCFT
∂l is always finite as the reg-

ulated UV divergences are independent of the

(non-local) entangling region scale.

The first derivative of the entanglement en-

tropy with respect to the scale of the entangling

region is in general not finite.

Parent theory is a 4d near extremal black hole,

with an AdS2 × S2 near horizon region.

Parent theory is pure AdS.

TABLE 2.1: Summary of conceptual and computational differences between working
with a 2d CFT placed on JT gravity and circularly uplifted AdSd≥3.

2.2 Uplifting NAdS2 to AdS3 and beyond

Holography for AdS2 has gone through thorough investigation in recent years but

remains less understood than its higher dimensional siblings. The main reason is that
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pure AdS2 is over-constrained by its symmetries and there is no consistent notion of

energy excitations above the vacuum [117–120]. This problem was partly resolved by

Almheiri and Polchinski [121] by considering the leading order correction away from

pure AdS2 which gives ’nearly’ AdS2 or just NAdS2. This leading order correction

away from AdS2 has a universal form in the sense that the gravitational backreaction

can be described by a universal AdS2 dilaton gravity. This two-dimensional dilaton

gravity matches the leading non-conformal effects in the low energy limit of the SYK

model [122, 123].

The two-dimensional dilaton gravity with a Maxwell field describes the very near

horizon effective theory of five dimensional nearly extremal black holes [120], and can

be obtained by a consistent circle reduction from pure AdS3. By letting the Maxwell

field consistently vanish gives us Jackiw–Teitelboim (JT) gravity [124, 125] (see [126]

for a review) which locally has AdS2 geometry with a running dilaton.

An important aspect of the holography of JT gravity is the breaking of conformal

symmetry. The asymptotic symmetries of AdS2 are time reparametrizations of the

boundary and are also explicitly broken in JT gravity when we consider small

deformation away from pure AdS2
2.

There is an inherent relationship between NAdS2 with a dilaton and pure AdS3 in

which the dilaton becomes a parameter in the metric.

The realization of a holographic description of AdS2 × S2 or AdS2 × S3 requires a

consistent Kaluza-Klein reduction of an uplifted theory over the compact manifold.

This was shown for Dp branes asymptotically conformal to AdSp+2 × S8−p in [127].

We will consider an entangling region on a non-conformal Dp-brane background,

whose 10-dimensional action in the dual frame takes the form [128]

I10 = − N2

(2π)7α′4

∫

d10x
√

GNγeγϕ

(

R(G) + β(∂ϕ)2 − 1

2(8 − p)!N2
|F8−p|2

)

. (2.6)

This action admits an AdSp+2 × S8−p (d + 1)-dimensional Euclidean dilaton gravity

action given by

Id+1 = −N
∫

dd+1√geγϕ
(

R + β(∂ϕ)2 + C
)

(2.7)

that admits AdSd+1 solutions with a d-dimensional running scalar

ds2
d+1 =

1

ρ2

(

dρ2 + dxdxD

)

, eϕ = ρ2α (2.8)

2JT gravity is topological and has no propagating degrees of freedom so the gravitational backreaction
is governed by its symmetries.



38
Chapter 2. Islands and entanglement entropy in d−dimensional curved

backgrounds

where [67]

α = − γ

2(γ2 − β)
(2.9)

C =

(

d(γ2 − β) + γ2
)(

d(γ2 − β) + β)
)

(γ2 − β)2
(2.10)

N =
(dpN)(7−p)/(5−p)g

2(p−3)/(5−p)
d R(9−p)/(5−p)

64π(5+p)/2(2π)(p−3)(p−2)/(5−p)Γ
(

9−p
2

) . (2.11)

In the context of M-theory compactifications, the scalar field term plays the role of the

warp factor and promoting it to be massive, to account for the lack of observation of

this gauge field, is what is referred to as moduli stabilization.

With a unit AdS radius, the radial coordinate ρ has dimensions of (length)2 while the

dilaton eϕ has dimensions (length)2α. For a general β, d and γ, the equations of motion

for the dilation and metric becomes [127]

− Rµν + (γ2 − β)∂µϕ∂νϕ + γ∇µ∂νϕ − γ2 + d(γ2 − β)

γ2 − β
gµν = 0 (2.12)

∇2ϕ + γ(∂ϕ)2 − γ
(

d(γ2 − β) + γ2
)

(γ2 − β)2
= 0 (2.13)

R + β(∂ϕ)2 +

(

d(γ2 − β) + γ2
) (

d(γ2 − β)− β
)

(γ2 − β)2
= 0. (2.14)

The action (2.7) can always be written in terms of a reduction of an AdS theory in

(2σ + 1) dimensions with

2σ = (d − 2αγ) (2.15)

where σ can take non-integer values. This reduction is over a (2σ − d) torus,

ds2
2σ+1 = ds2

d+1 + e2γϕ(dz.dz)2σ−d (2.16)

where the first term on the RHS is (2.8) and the second term is the torus metric. For a

Dp brane background, the constants are fixed to [127]

d = 1, 2αγ = −1 (2.17)

β = 0, C = d(d + 1). (2.18)

Since we don’t have a canonical kinetic term for the scalar field, it can be arbitrarily

rescaled, so for β = 0, we can put γ = 1. This gives us NAdS2, from a circle reduction

of AdS3 using the Kaluza-Klein ansatz

ds2
3 = ds2

2 + e2ϕ
(

dy + Aµdxµ
)2

(2.19)
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where along with the circle we have included Aµ, an induced Kaluza-Klein gauge

field. The scalar field ϕ controls the radius of the circle and from here on we will

denote the dilaton eϕ as Φ. The pure AdS3 parent action takes the form

I3 = −N
∫

d3x
√

gΦ

(

R + 2 − 1

4
Φ2FµνFµν

)

+ I (3)
ct (2.20)

where N is the normalization and where I (3)
ct are the counterterms including the

Gibbson-Hawking-York boundary terms. Fµν is the Maxwell term from the

Kaluza-Klein gauge field. We will work in the Aµ = 0 limit so that the metric does not

have any off-diagonal components on the circle. We thus get a simple diagonal

uplift↔reduction. With the AdS3 metric normalized to have radius one, we get

ds2
3 = ds2

2 + Φ2dy2 (2.21)

where

ds2
2 =

1

x2

(

−dt2 + dx2
)

; Φ =
ϕr

x
. (2.22)

When reducing AdS3 over a circle, we take the periodicity of the y-direction to be ϕc,

which is dimensionful and will automatically appear in all thermodynamic quantities.

Integrating over the circular direction gives the reduced action of the form

I2 = −N̂
∫

d2x
√

gΦ (R + 2) + Sct (2.23)

where N̂ = N ϕc i. e. 1
G2

= ϕc

G3
. As a boundary condition, we fix the value of the dilaton

Φ at infinity and define the circumference of the circle via the periodicity of y. At

conformal infinity ϵ → 0 we thus have

Φ2 =
ϕ2

c

ϵ2
. (2.24)

All dependence of the periodicity ϕc will thus be absorbed into an overall prefactor of

the action.

Making the change of coordinates x+ = t + x and x− = t − x, we have

ds2
2 =

−4dx+dx−

(x− − x+)2
; Φ =

2ϕc

x− − x+
(2.25)

with a unit curvature length. Now letting x± = tanh
πy±

β we get

ds2
2 = −





4π2

β2

dy+dy−

sinh2
[

π
β (y

− − y+)
]



 ; Φ =
2πϕc

β

1

tanh π
β (y

− − y+)
. (2.26)
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This is the familiar two-dimensional metric considered in [58]. Now, let

y = σ + iτ, ȳ = σ − iτ (2.27)

with the Lorenzian time t = −iτ. Taken together, we can write the uplifted

three-dimensional metric as

ds2
3 =

(

2π

β

)2




dσ2 + dτ2

sinh2
(

2πσ
β

) +
ϕ2

c dy2

tanh2
(

2πσ
β

)



 , Φ = −2π

β
ϕc

1

tanh
(

2πσ
β

) . (2.28)

We can also move to the more familiar Schwarzschild coordinates via

σ =









β

2π
log

r
√

r
(

r + 4π
β

)









(2.29)

in which the metric becomes

ds2
3 = r

(

r +
4π

β

)

dτ2 +
dr2

r
(

r + 4π
β

) +

(

2πϕr

β

)2 (

r

(

r +
4π

β

)

+ 1

)

dy2. (2.30)

This is a metric for an eternal black hole. The horizon is at r = 0, where the radius of

the y circle remains finite. In two dimensions, going between Poincaré to global

Schwarzschild coordinates corresponds to going from zero to finite temperature.

However, in higher dimensions, this is not the case.

2.3 Dimensional analysis

We will be studying a cylindrical entangling region with topology Rt × Rx × S1 where

the circumference of S1
y is Ly. This cylinder is topologically equivalent to an annulus.

Flat Background: Consider first a CFT3 on the flat background

ds2
3 = −dt2 + dx2 + Φ2dy2. (2.31)

At zero temperature we have translational invariance in the x-direction i. e. the

entanglement entropy only depends on ∆x and not on x1 and x2 individually. We also

have isometry along the y-direction, so the entanglement entropy must be

proportional to the circumference Ly. This constrains the zero temperature

renormalised entanglement entropy to be of the form

Sren ∼ c
Ly

∆x
(2.32)
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where the dimensionless constant c measures the number of degrees of freedom

although it is not exactly a central charge.

At finite temperature, the renormalised entanglement entropy should take the form

Sren ∼ c
Ly

∆x
f

(

∆x

T

)

(2.33)

where f
(

∆x
T

)

is a function of dimensionless ratios which will reduce to (2.32) as

T → 0. For large T, the expression will asymptote to some power law:

Sren ∼ cLy
Tα

(∆x)α+1
. (2.34)

AdS3 Background: Now consider the case of a CFT3 on an AdS3 background which in

Poincaré coordinates can be written as

ds2
3 =

ℓ2
3

x2

(

−dt2 + dx2 + ϕ2
r dy2

)

(2.35)

with the conformal factor Ω(x) = (ℓ3/x). This is a local conformal transformation as

it depends on the position x and hence we have now lost the inherent translational

invariance so the entanglement entropy generally depends explicitly on x1 and x2
3.

The entangling region geometry has parameters (Ly, x1, x2), as well as the implicit

parameter ℓ3. We still have isometry along the y-direction so the entanglement

entropy is proportional to Ly. Hence, at zero temperature we have

Sren ∼ c
Ly

x1,2
g

(

ℓ3

x2
,

x1

x2

)

(2.36)

where g
(

ℓ3
x2

, x1
x2

)

is a function of dimensionless ratios.

2.4 Entanglement entropy on a flat background

The renormalised entanglement entropy for a CFT3 living on a flat background was

studied in general dimensions in [105] for a disk entangling region, see also appendix

2.2. In the case at hand, we will have an annulus entangling region, and our metric is

parametrized by Φ controlling the radius of the circular direction and becomes the

dilaton in two dimensions. The metric is given by

ds2
4 = ℓ

2 dρ2

4ρ2
+

1

ρ
(−dt2 + dx2 + ϕ2

c dy2) (2.37)

3It might still be the case that there is a translational invariance, but it is not something we can assume
from this stage.
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where ρ is an auxiliary bulk direction into which the RT surface propagates. Consider

the entangling region of an annulus with width L along the x direction spanning all

values of y: 0 ≤ x ≤ L, 0 ≤ y ≤ 2π, as illustrated in figure 2.1.

FIGURE 2.1: A slice of the annular entangling region (brown), in the circular y-
direction, at the constant time. The RT surface (blue) propagates into the bulk di-
rection. The equation of motion x(ρ) is the minimal surface minimizing the area func-

tional.

We work with a static gauge in which the time coordinate is constant and the RT

surface is spanned by the worldvolume coordinates xα = {ρ, y}, with the AdS4

embedding xm = {t, ρ, x(ρ), y}. The RT surface is symmetric along the y direction due

to the isometry along y. It is also symmetric about the inflection point x(ρ0) = L/2.

When computing the minimal surface, we can thus consider only the area

corresponding to 0 ≤ x ≤ L/2 and then double it. The induced metric on the RT

surface is

hρρ =
ℓ2

4ρ2
+

1

ρ
(∂ρx)2 , hyy =

ϕ2
c

ρ
. (2.38)

The area functional to be minimized becomes

Sreg =
1

4G4

∫ 2π

0
dy × 2

∫ ρ0

ϵ
dρ

√
h =

1

2G4

∫ 2π

0
dy
∫ ρ0

ϵ
dρ

√

ϕ2
c x′(ρ)2

ρ2
+

ℓ2ϕ2
c

4ρ3
(2.39)

where ϵ is a UV-cutoff and the factor of 2 in front of the ρ-integral is due to the

symmetry around the inflection point. Now let us define

L =

√

ϕ2
c x′(ρ)2

ρ2
+

ℓ2ϕ2
c

4ρ3
. (2.40)
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Since there is no explicit x(ρ) dependence the equation of motion simply takes the

form
d

dρ

(

∂L
∂x′(ρ)

)

= 0 (2.41)

which gives us
ϕcx′(ρ)

ρ2
√

ℓ2

4ρ3 +
x′(ρ)2

ρ2

= k (2.42)

where k is the integration constant. Solving for x′(ρ)2 gives

x′(ρ)2 =
k2ℓ2ρ

4 (ϕ2
c − k2ρ2)

. (2.43)

At the turning point, ρ0, we have the boundary condition x′(ρ0) → ∞ which fixes k as

k =
ϕc

ρ0
. (2.44)

Solving further for x(ρ) we get

x(ρ) = c1 +
ℓρ3/2

2F1

(

1
2 , 3

4 ; 7
4 ;

ρ2

ρ2
0

)

3ρ0
(2.45)

where c1 is an integration constant. Imposing the boundary condition x(0) = 0 fixes

c1 = 0. Further, imposing the boundary condition x(ρ0) =
L
2 gives

ρ0 =
4L2Γ

(

5
4

)2

ℓ2πΓ
(

3
4

)2
. (2.46)

Now, substituting (2.43) along with (2.44) into (2.39) we get

Sreg =
πϕcℓ

2G4

∫ ρ0

ϵ

1
√

ρ3

(

1 −
(

ρ
ρ0

)2
)

dρ. (2.47)

By letting x = ρ
ρ0

the above integral can be rewritten as

Sreg =
πϕcℓ

2G4

∫ 1

ϵ̃

1√
ρ0

x−
3
2√

1 − x2
dx (2.48)

which evaluates to

Sreg = −πϕcℓ 2F1

(

− 1
4 , 1

2 ; 3
4 ; x2

)

G4
√

ρ0x

∣

∣

∣

∣

∣

1

ϵ

(2.49)

=
π3/2ϕcℓΓ

(

− 1
4

)

4G4
√

ρ0Γ
(

1
4

) +
πϕcℓ 2F1

(

− 1
4 , 1

2 ; 3
4 ; ϵ2

)

G4
√

ρ0
√

ϵ
. (2.50)
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We could also obtain the upper limit by employing the formula

∫ 1

0
dxxµ−1(1 − xλ)ν−1 =

B( µ
λ , ν)

λ
, B(x, y) =

Γ(x)Γ(y)

Γ(x + y)
. (2.51)

When ϵ → 0, Sreg has a divergent piece which can be removed by adding the local

covariant counterterm

Sct = − πϕcℓ

G4
√

ρ0
√

ϵ
. (2.52)

We will verify that this indeed is the correct counterterm in section 2.5.1. The

renormalised entropy thus takes the form

Sren = −π2Γ
(

3
4

)2

G4Γ
(

1
4

)2

2ϕcℓ
2

L
. (2.53)

2.5 Entanglement entropy on a curved background

We will start by considering the AdS4 C-metric, from the Plebanski–Demianski family

of type D metrics which is a class of exact solutions to the Einstein field equations

with many applications, first studied in [129]. It describes two black holes of opposite

charge and equal mass, connected by a non-traversable wormhole. A cosmic string

passes through the wormhole which pulls the black holes, causing them to accelerate

from each other at a constant rate (see also [130] for a further interpretation of the

C-metric). We can write down the C-metric as

ds2 =
ℓ2

(ℓ+ r̂ρ)2

(

−H(r̂)dt2 +
dr̂2

H(r̂)
+ r̂2

(

dρ2

G(ρ)
+ G(ρ)dỹ2

))

(2.54)

where

H(r̂) =
r̂2

ℓ2
3

+ κ − µℓ

r̂
, (2.55)

G(ρ) = 1 − κρ2 − µρ3. (2.56)

κ = ±1, 0 gives different background geometries and the AdS4 radius given by

ℓ4 =

(

1

ℓ2
+

1

ℓ2
3

)−1/2

(2.57)

via the Brown–Henneaux holographic formula relating the central charge of the

boundary theory with the bulk properties of the black hole [131].
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We set µ = 0 and note that with the change of coordinates (x, r̂) → (σ, r)

cosh σ =
ℓ3

ℓ4

√

1 + r̂2x2

ℓ2
3

∣

∣1 + r̂x
l

∣

∣

, r = r̂

√

√

√

√

1 − κx2

1 + r̂2x2

ℓ2
3

(2.58)

the geometry can be written as

ds2
4 = ℓ

2
4dσ2 +

ℓ2
4

ℓ2
3

cosh2 σ





dr2

r2

ℓ2
3
+ κ

−
(

r2

ℓ2
3

+ κ

)

dt2 + ϕ2
c dỹ2



 . (2.59)

The conformal boundary is at σ → ∞ and the boundary metric is AdS3 expressed in

global coordinates i. e.

ds2
3 =

ℓ2
4

ℓ2
3





dr2

r2

ℓ2
3
+ κ

−
(

r2

ℓ2
3

+ κ

)

dt2 + ϕ2
c dỹ2



 . (2.60)

Transforming the conformal AdS3 boundary from global to Poincaré coordinates (see

appendix 2.1) gives us

ds2
4 = dσ2

ℓ
2
4 + ℓ

2
4 cosh2 σ

(

dx2 − dt2

x2
+

ϕ2
c dy2

x2

)

. (2.61)

The boundary metric (at σ → ∞) is the uplifted AdS2 metric we have been

considering:

ds2
3 = ℓ

2
4

(

dx2 − dt2

x2
+

ϕ2
c dy2

x2

)

. (2.62)

Next, we let the RT surface of the annulus be parametrized by the worldvolume

coordinates xα = {σ, y} and the embedding coordinates are xm = {t, σ, x(σ), y}. This

gives the area functional for the regulated entropy as

Sreg =
1

4G4

∫ 2π

0
dy

(

∫ σ0

1
ϵ

dσL
(

(xb(σ), x′b(σ), σ
)

+
∫ 1

ϵ

σ0

dσL
(

(xa(σ), x′a(σ), σ
)

)

(2.63)

where

L
(

(x(σ), x′(σ), σ
)

=
ℓ2

4ϕc cosh σ

x(σ)

√

cosh2 σx′(σ)2

x(σ)2
+ 1. (2.64)

Here the RT surface does not enjoy a reflection symmetry about the inflection point

and we thus get two branches of the solution for the equation of motions: xa(σ), xb(σ).

However, solving the differential equation to obtain the equation of motion will be a

daunting task. To bypass the difficulty of obtaining explicit equations of motions from

the RT surface, we will in section 2.5.2 present a method to recover the entanglement

entropy of a CFT on an AdS3 background from the flat limit.
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2.5.1 Explicit computation of covariant counterterms

In this section, we explicitly compute the covariant counterterms of the entanglement

entropy, using holographic renormalization. Similarly to the disk entangling region

considered in [105], the divergence for an annulus entangling region is manifestly

removed by the covariant counterterm

Sct = − 1

4G4

∫

∂A
d2x
√

h̃ (2.65)

where ∂A is the boundary of the entangling region and h̃ is the determinant of the

induced metric on ∂A. We have two disconnected circles at the boundary of the

entangling region, one at x1 and the other one at x2. The embedding coordinates are

xm = {t, y, x} and ∂A simply has one coordinate: xα = {y}. Thus, the induced metric

takes the form

h̃yy =
(

∂y(y)
)2

gyy = ℓ
2
4 cosh2 σ

ϕ2
c

x2
. (2.66)

The covariant counterterm thus becomes

Sct = − 1

4G4

∫

∂Σ
ℓ4 cosh σ

ϕc

x
dy = − ℓ4π

4G4

ϕc√
ϵ

(

1

x2
− 1

x1

)

(2.67)

where we in the last line have used that limσ→∞ cosh σ → 1
2
√

ϵ
4. The minus sign in the

parentheses on the RHS comes because the circle intersecting x1 (x2) is integrated

counterclockwise (clockwise).

2.5.2 Entanglement entropy from the flat limit

Here we will recover the full explicit solution of the entanglement entropy on a curved

background by studying the flat limit. We have from (5.14) that the area functional

takes the form

Sreg =
ℓ2

4

4G4
(2πϕc)

[

∫ σ0

1
ϵ

dσL
(

(xb(σ), x′b(σ), σ
)

+
∫ 1

ϵ

σ0

dσL
(

(xa(σ), x′a(σ), σ
)

]

(2.68)

where

L(x(σ), x′(σ), σ) =

√

√

√

√

cosh2 σ
(

cosh2 σx′(σ)2

x(σ)2 + 1
)

x(σ)2
. (2.69)

By adding the counterterm (2.67) the renormalised entropy becomes

Sren =
ℓ2

4

4G4
(2πϕc)lim

ϵ→0

[(

∫ σ0

1
ϵ

dσL|xb(σ) +
∫ 1

ϵ

σ0

dσL|xa(σ)

)

− 1

2
√

ϵ

(

1

x1
− 1

x2

)

]

. (2.70)

4it might seem peculiar that the cut-off here is dimensionless but this is because we have used ϵ = u =
e−2σ so for physical purposes dimensionality for the regulator can easily be reinstated.
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From the dimensional analysis, we had that the renormalised entanglement entropy

should take the form

Sren ∼ c
Ly

x1
g

(

ℓ3

x2
,

x1

x2

)

. (2.71)

Comparing with (2.70) we make the identifications

c =
ℓ2

4

4G4
(2.72)

Ly = 2πϕc (2.73)

1

x1
g

(

ℓ3

x2
,

x1

x2

)

= lim
ϵ→0

[

Sreg −
1

2
√

ϵ

(

1

x1
− 1

x2

) ]

. (2.74)

We notice that g
( x1

x2

)

has no explicit ℓ3 dependence in Poincaré coordinates, which

allows us to recover the renormalised entanglement entropy of a CFT3 on an AdS3

background from the flat limit.

We can make the above point more explicit by transforming the bulk coordinate in the

metric (5.12) with σ = 1
2 log ρ, ρ ∈ [1, ∞) which gives

ds2
4 = ℓ

2
4

dρ2

4ρ2
+ ℓ

2
4

f (ρ)2

x2

(

−dt2 + dx2 + ϕ2
c dy2

)

(2.75)

where

f (ρ)2 =
(1 + ρ)2

4ρ
. (2.76)

The metric (2.75) now looks conformally flat as ρ → ∞. Since the curvature radius ℓ3 is

only an implicit parameter, the Poincaré coordinates should reduce to flat coordinates

in the flat limit ℓ3 → ∞: x → x f , t → t f , y → y f and ℓ4 → ℓ. Up to the conformal-like

factor
f (ρ)2

x2 , the metric (2.75) takes the same form as the flat metric (2.37) that was used

in calculating the entanglement entropy of a CFT on a flat background. Consequently,

the entanglement entropy on a curved background must have the same functional

form as the flat entanglement entropy. In other words, the function g in (2.36) must

reduce to

1

x1
g

(

x1

x2

)

ℓ3→∞−−−→ N

x f 1





x f 1

x f 2

1 − x f 1

x f 2



 =
N

(x f 2 − x f 1)
(2.77)

where N is a numerical prefactor which we recover from the flat limit: N = −2π
Γ( 3

4 )
2

Γ( 1
4 )

2 .

The renormalised entanglement entropy on an AdS3 background then takes the form

SAdS3
ren = −2π

Γ
(

3
4

)2

Γ
(

1
4

)2
cLy

1

(x2 − x1)
. (2.78)

Remarks on conformal-like transformations and the curved boundary of AdS4
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When placing a non-compact space on a conformal boundary one in general has to be

careful. The AdS4 C-metric is plagued with conical singularities in the deep exterior

owed to the string threading through the wormhole connecting the two black holes.

An entangling region can always be sufficiently small so that it is not in casual contact

with these conical singularities from the cosmic string. We are only interested in the

parametric behavior of the minimal RT surface and only the coordinates of the AdS3

boundary dictates if it is in casual contact with the singularity. In the context of the

island rule when extremizing the entangling region it could in principle be that its

minimal RT surface comes in casual contact with the singularities of the bulk

manifold. It is not well understood what the implications of this would be and we

leave this for future work. In either case, such a discrepancy would be expected to

manifest itself in the calculation.

Note that we in general have done an ”illegal” conformal transformation in (2.75) with

a long-distance scaling, which is why we call the overall pre-factor to the boundary

metric ’conformal-like’. When going to Poincaré coordinates in (5.12) we have done

hyperbolic slicing in such a way that only the Poincaré patch of the conformal

boundary is considered. All the zero-temperature states live in this patch and since the

parent theory is inherently conformal5 the bulk curvature radius would only appear

in an overall factor to the entropy; and so, we may use this conformal-like

transformation in the case at hand.

2.5.3 Area terms

So far we have studied the contribution from the conformal fields to the entanglement

entropy, on a flat and curved background. However, we also have geometrical

contributions to the entanglement entropy which we will compute for the respective

cases for our annulus entangling region.

Flat case: Consider again the flat metric

ds2
3 = −dt2

f + dx2
f + ϕ2

c dy2 (2.79)

where as usual 0 < y ≤ 2π. If we now consider a surface at point x taking all values of

y, the induced metric on the boundary of the entangling region, ∂Σ, is ds2
1 = ϕ2

c dy2.

The area of this surface is

Sarea =
1

4G3

∫ 2π

0
dy
√

ϕ2
c =

πϕc

2G3
. (2.80)

5not to be confused with the 3d fields that enjoy generalized conformal structure.
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AdS3 case: With the metric in Poincaré coordinates

ds2
3 =

ℓ2
3

x2
(−dt2 + dx2 + ϕ2

c dy2) (2.81)

the induced metric on the boundary of the entangling region is ds2
1 =

(

ϕcℓ3

x

)2
dy2. The

area term in this case becomes

Sarea =
1

4G3

∫ 2π

0
dy

√

ϕ2
c ℓ

2
3

x2
=

πϕcℓ3

2G3x
. (2.82)

2.6 Generalization to higher dimensions

2.6.1 d-dimensional static uncharged black holes in AdS

We can generalize our analysis to higher dimensions by considering a class of static

black hole solutions to Einstein’s equations in d dimensions with a negative

cosmological constant and a (d − 2)− dimensional horizon topology of positive, zero

or negative curvature [132–134]

ds2
d = − f (r)dt2 + f−1(r)dr2 + r2hij(y)dyidyj (2.83)

f (r) = k − ωdm

rd−3
+

r2

l2
(2.84)

with the coordinates labeled as xµ = {t, r, yi}, (i = 1, ..., (d − 2)) and hij(y
i) being the

horizon metric. The horizon is taken to be a compact orientable manifold Md−2 with

Vol(Md−2) =
∫

dd−2x
√

h, and

ωd =
16πG

(d − 2)Vol(Md−2)
. (2.85)

With this form of f , one can check that the metric in (3.8) satisfies

Rµν = − (d − 1)

l2
gµν (2.86)

with the horizon metric satisfying

Rij(h) = (d − 3)khij. (2.87)

As pointed out in [132], the metric solves Einstein’s field equations for any value of k6

and black hole solutions restricted to horizons with constant curvature are

asymptotically locally AdS for all values of m.

6as long as the horizon metric is Einstein, it could have positive, negative or zero curvature.
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2.6.2 Entangling region in higher dimensions

We will consider a higher dimensional version of an annulus spanning all values of

the (d − 1) isometric directions, instead of just one. Thus, the entanglement entropy

will still only functionally depend on one coordinate. At a constant time Cauchy slice,

our entangling region is a d-dimensional manifold, A = Md−2 × [r1, r2], as depicted in

figure 2.2, where all directions in the submanifold Md−2 are isometric. If we did not

have complete isometry along the directions of Md−2, we would have to consider our

entangling region to also depend on the finite length in the corresponding yi

directions.

FIGURE 2.2: Annular entangling region (brown) at the constant time Cauchy slice Σ.
The RT surface (blue) propagates into the bulk direction. Here y captures the (d − 2)

isometric direction.

2.6.3 Structure of the area term in general dimensions

The geometrical contribution to the generalized entropy is given by the area of the

QES i. e. the boundary of the entangling region, ∂A:

Sarea =
1

4Gd

∫

∂A
dd−2x

√

h̃ (2.88)

where h̃ij is the induced metric on ∂A. We consider the black hole solutions in the

previous section given by the metric ansatz (3.8) so

h̃ij = r2hij. (2.89)

Evaluating the area term (2.88) gives

Sarea =
1

4Gd

∫

∂A
dd−2x

√

r2(d−2)h =
Ωd−2

4Gd
rd−2; d > 2 (2.90)



2.6. Generalization to higher dimensions 51

where Ωd−2 is the volume of the compact orientable manifold capturing the horizon

i. e. an Einstein space with an arbitrary constant curvature. We note that the area

entropy term is monotonic in r.

In two dimensions, the boundary of the entangling region is a point and the

entangling region is a one-dimensional interval. In three dimensions, the entangling

region is circularly uplifted to an annulus, the topology is that of a circle times an

interval: S1 × I, with the QES being the circle. In this case, the extra dimension is an

angular coordinate running between [0, 2π), so here we would have Ω = 2π. Since the

circle is intrinsically flat we will only get one type of horizon in this case. However, for

d > 3 we could have spherical, toroidal (of genus ≥ 1) or hyperbolic horizons.

2.6.4 Flat background

We start with a (d + 1)-dimensional flat metric

ds2
d+1 = ℓ

2
d+1

dρ2

4ρ2
+

1

ρ

(

−dt2 + dr2 + ϕ2
c dΩ2

d−2

)

. (2.91)

The regulated entanglement entropy becomes

Sreg =
1

4Gd+1
Ωd−2

∫

dρ

√

l2
d+1

4ρ2
+

r′(ρ)2

ρ

(

ϕ2
c

ρ

)

d−2
2

. (2.92)

Next, the equation of motion for the minimal surface is given by

r′(ρ)2 =
ℓd+1

4ρ
(

ρ1−dϕ2d−4
c

k2 − 1
) (2.93)

where k is an integration constant. Using that r′(ρ) → ∞ as ρ → ρ0 fixes k:

k2 = ϕ
2(d−2)
c ρ1−d

0 . (2.94)

The solution for r(ρ) is

r(ρ) = c1 +
ikρ

d+1
2 ϕ2

c

√

1 − k2ρd−1ϕ4−2d
c

d
√

k2ρdϕ4
c − ρϕ2d

c

.2F1

[

1

2
,

d

2(d − 1)
, 1 +

d

2(d − 1)
, k2ρd−1ϕ4−2d

c

]

(2.95)

where similarly to before, we get that c1 = 0 from the boundary condition r(0) = 0.

Imposing r(ρ0) =
L
2 gives

ρ0 =
L2

ℓ2
d+1

Γ
[

1
2(d−1)

]2

Γ
[

d
2(d−1)

]2
. (2.96)
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Substituting (2.93) and (2.94) back into the integrand of the area functional (2.92) gives

Sreg =
1

4Gd+1
Ωd−2

∫

1

2
ℓd+1ϕd−2

c

1

ρd/2

√

ρ

ρ − ρdρ2
0

. (2.97)

This elliptic integral can be evaluated analytically using the identity

∫

1
√

ω3(a2 − ω2)
dω = 2

2

a2
√

ω

√

a2 − ω2

+
2√
a3

(

F
(

sin−1
(ω

a

)

∣

∣− 1
)

− E
(

sin−1
(ω

a

)

∣

∣

))

(2.98)

where F(ϕ|k2) and E(ϕ|k2) are incomplete elliptic integrals of the first and second

kinds, respectively. We get that (2.97) evaluates to

Sreg =
ℓd+1

3 − 2d

√

1 − ρ1−d

ρ2
0

√

ρd−1

ρ − ρ0ρd
ϕd

c 2F1

[

1

2
,

3 − 2d

2 − 2d
,

5 − 4d

2 − 2d
,

ρ1−d

ρ2
0

]

. (2.99)

Next, using (2.51) the renormalised entropy becomes

Sren =
ℓd+1ϕd−2

c Ωd−2

4Gd+1
ρ

1− d
2

0

Γ
[

2−d
d(d−1)

]

Γ
[

1
2

]

Γ
[

1
d(d−1)

]

=
ℓ

d−1
d+1ϕd−2

c Ωd−2

4Gd+1
L2−d

2d−2π
1
2 (d−1)Γ

[

1
(d−1)

− 2
d

]

Γ
[

1
d(d−1)

]







Γ
[

1
2(d−1)

]2

Γ
[

d
2(d−1)

]2







1− d
2

.

(2.100)

In the last line we substituted the turning point (2.96) where the divergence was

removed with the (d + 1)−dimensional counterterm

Sct =
1

4Gd+1

∫

∂A
dd−1x

√
h. (2.101)

2.6.5 Curved background

The AdSd+1 metric with a boundary covering the Poincaré patch is given by

ds2 = dσ2
ℓ

2
d+1 + ℓ

2
d+1 cosh2 σ

1

x2
(−dt2 + dx2 + ϕ2

c dΩd−2). (2.102)

Here, the area functional becomes

Sreg =
Ωd−2

4Gd+1

(

∫ σ0

1
ϵ

dσL
(

(xb(σ), x′b(σ), σ
)

+
∫ 1

ϵ

σ0

dσL
(

(xa(σ), x′a(σ), σ
)

)

(2.103)
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with

L = ℓd+1

√

1 + x′(σ)2
cosh2 σ

x(σ)2

(

ℓ2
d+1 cosh2 σϕ2

c

x2

) d−2
2

. (2.104)

By letting u = e−2σ so that the conformal boundary is at u = 0 we can write the above

integrand as

L = ℓ
2
d+1

ϕc

x(u)

1

4u3/2

√

(u2 + 1) (1 + u(u2 + 1))
x′(u)2

x(u)2

(

ℓ
2
d+1

(u2 + 1)

4u

ϕ2
c

x(u)2

)

d−3
2

.

(2.105)

Just as in the three-dimensional example in section 2.5.2, there is no explicit ℓd

dependence, and so, the functional dependence on the non-isometric direction, here

the Poincaré coordinate x, must be the same as the entropy on the flat background

(2.100), with the counterterm from (2.101) as

Sct = − Ωd−2

4Gd+1

(

ℓd+1ϕc√
ϵ

(

1

xd−2
2

− 1

xd−2
1

))

. (2.106)

We could also consider the global metric

ds2 = ℓ
2
d+1dσ2 +

ℓ2
d+1

ℓ2
d

cosh2 σ







(

r2

ℓ2
d

+ κ

)

dt2 +
dr2

(

r2

ℓ2
d

+ κ
) + r2h̃ij






. (2.107)

The regulated entropy now becomes

Sreg =
Ωd−2

4G4

(

∫ σ0

1/ϵ
L
∣

∣

r1(σ)
dσ +

∫ 1/ϵ

σ0

L
∣

∣

r2(σ)
dσ

)

(2.108)

where

L = ℓd+1

√

√

√

√

(

1 + cosh2 σ
r′(σ)2

(

r(σ)2 + κℓ2
d

)

)(

ℓ2
d+1

ℓ2
d

cosh2 σr(σ)2

) d−2
2

. (2.109)

The counterterm here becomes

Sct =
Ωd−2

4Gd+1

(

ℓd+1√
ϵℓd

)d−2
(

rd−2
2 − rd−2

1

)

. (2.110)

The Poincaré class of solutions corresponds to the κ = 0 class of solutions while letting

yi → ℓdyi. We again find that the explicit ℓd dependence drops out.
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By again letting u = e−2σ as well as r → 1
x in (2.108) we get

L = ℓ
2
d+1

1

x(u)

1

4u3/2

√

(u2 + 1)(1 + u(u2 + 1))
x′(u)2

(x(u)2 + κℓ2
dx(u)3)

(

ℓ
2
d+1

(u2 + 1)

4u

1

x(u)2

)

d−3
2

.

(2.111)

It is clear that this reduces to (2.104) when κ = 0 up to a factor of (ϕc)
d−27. The

entanglement entropy again has the same functional form as the flat result:

Sren =
ℓd+1Ωd−2

4Gd+1
ℓ

d−2
d ρ

1− d
2

0

Γ
[

2−d
d(d−1)

]

Γ
[

1
2

]

Γ
[

1
d(d−1)

] . (2.112)

2.7 Islands in higher dimensions

The island rule (2.1) can be written as

SEE = min

[

ext
r2

(

Sgen = SCFT(r1, r2) + Sarea(r2)
)

]

(2.113)

where r1 is being fixed and we are extremizing over r2 such that SEE is minimized.

We showed that the entanglement entropy of conformal fields can be evaluated

explicitly in any dimension in the κ = 0 class of solutions. This is the entanglement

entropy at zero temperature. However, beyond two dimensions the thermal behavior

sits differently in the entanglement entropy i. e. one cannot move between zero and

finite temperature via a coordinate transformation. In the context of islands, we will

thus work with the thermal regulated entropy.

For an entangling region near the UV boundary, the regulated entanglement entropy

is dominated by the divergent piece whose structure is the same in the zero and finite

temperature case. Working with the divergent piece could allow us to see if there is a

bound on the regulator that would admit islands i. e. probing the regime of validity of

the UV cutoff that admits islands and beyond which new physics may have to be

considered.

To see whether or not there exists an island with an edge located at a finite point: Let

x∗2 be a local minimum of Sgen(x2, x1 = fixed). A small neighborhood test implies

SCFT(x2) > Sgen(x∗2)− Sarea(x2) ∀ x2 ̸= x∗2 (2.114)

S′
CFT(x2) ⋚ −S′

area(x2), x2 ⋚ x∗2 (2.115)

7The presence (absence) of ϕc corresponds to black hole solutions sourced with (without) a running
scalar.
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with S′
area(x2) > 0 for x2 ≥ 0 due to the monotonicity of Sarea. If x∗2 instead is a local

maximum the inequality between S′
CFT and −S′

area is flipped.

Poincaré coordinates: In this case, the generalized entropy Sgen = −Sct + Sarea

becomes

Sgen =
Ωd−2

4Gd+1

(

ℓd+1ϕc√
ϵ

)d−2
(

1

xd−2
2

− 1

xd−2
1

)

+
Ωd−2

4Gd

(

ϕcℓd

x2

)d−2

. (2.116)

For a fixed x1 it is clear that (2.116) does not have any extremal points in x2 in any

parameter space. Thus, the boundary of the island x∗2 can never be at a finite location.

Global coordinates: In this case, we have

Sgen = − Ωd−2

4Gd+1

(

ℓd+1√
ϵℓd

)d−2
(

rd−2
2 − rd−2

1

)

+
Ωd−2

4Gd
rd−2

2 . (2.117)

Similarly, Sgen(r2) has no extremal points and is minimized at r2 = 0(∞) for

d = even (odd). Thus, no non-trivial islands can form in this case either.

Since we are working with the divergent piece, and assume the entanglement region is

placed sufficiently close to the UV boundary, island formation away from the UV

boundary is not ruled out.

We may remain agnostic about the existence of an explicit heatbath beyond the

transparent boundary conditions. In two-dimensional gravity, an entangling region

cannot be consistently defined without a (flat) heatbath. For d > 2 the conceptual and

technical issue of defining an entangling region in a gauge-invariant way would

remain with or without the presence of a heatbath as the factorization of the Hilbert

space is a local property and does not dependent on what is going on at or beyond the

boundary. A potential inconsistency would be expected to manifest itself in the

explicit calculation and making contact with it would be interesting on its own.

2.8 Discussion

In this chapter, we study islands by placing fields on an AdSd≥3 black hole background

to model an evaporating black hole. The action of this system is obtained by circularly

uplifting NAdS2 gravity. In the island literature, it is often the case that the action of

the conformal fields (modeling the Hawking radiation) is supplemented to the

gravitational action. Our construction is more general in the sense that the fields are

inherited from the parent theory as opposed to coupled to an already dimensionally

reduced gravitational theory. The fields in our construction have a scale (they enjoy

generalized conformal structure as opposed to being just conformal) and their
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symmetries are thus compatible with those of curved backgrounds. If we reduce our

higher dimensional construction to d = 2 we do not reproduce the familiar JT gravity

setting coupled to a CFT2 [58]; our fields will instead be a CFT3 reduced over a circle.

The presence of islands in [58] is owed to the boundary of the spatial entangling

region in 2d being a zero-dimensional surface where the leading UV divergence

coincides with the logarithmic term arising from the Weyl anomaly. It is this

logarithmic piece that drives the island formation in the sense that it provides the

generalized entropy with a local minimum, specifying the finite location of the

quantum extremal surface. At the same time, it is also this logarithmic piece that

obscures if the entropy is regulated or renormalised. We point out that the non-generic

characteristics of the entanglement entropy of a 2d CFT obscures how and if the JT

gravity setting should generalize to higher dimensions.

As a first step in the direction of exemplifying a realization of islands in higher

dimensions, we considered the thermal entanglement entropy of a CFTd≥3 on an

AdSd≥3 black hole background and take the entangling region to be a

(higher-dimensional) annulus. The consequence of working with this entangling

region is that when we circularly uplift NAdS2 to higher dimensions, the

entanglement entropy will still only depend on one scale: the width of the annulus, as

the angular directions are isometric. If we place a part of the entangling region near

the UV boundary it will be dominated by the divergent piece given by the covariant

counterterms we obtained. Using this as the thermal entropy of the fields, we observe

that the generalized entropy will never have any extremal points which means that

there cannot exist any non-trivial islands near the UV boundary.

The non-generic feature of islands naturally poses the question of what field theories

will admit islands. In chapter 3 we make further progress towards specifying the

space of CFTs that will admit islands. The relevant piece to consider that captures the

details of the island is the variation of the entanglement entropy under an

inhomogeneous transformation of the entangling region i. e. a generalization of (2.2).
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Appendix 2.1: Coordinate transformations

Global coordinates: Consider the global metric

ds2 = −
(

1 +
r2

ℓ2
3

)

dτ2 +

(

1 +
r2

ℓ2
3

)−1

dr2 + r2dθ2 (2.118)

where −π ≤ θ < π. By putting r = ℓ3 sinh(ρ) we obtain the metric

ds2 = − cosh2(ρ)dτ2 + ℓ
2
3dρ2 + ℓ

2
3 sinh2(ρ)dθ2 (2.119)

Now, letting ρ = sinh−1(tan(ρ̃/ℓ3)) and θ = θ̃/ℓ3 we get

ds2 =
1

cos2
(

ρ̃
ℓ3

)

(

−dτ2 + dρ̃2 + sin2

(

ρ̃

ℓ3

)

dθ̃2

)

. (2.120)

Poincaré coordinates: The metric in Poincaré coordinates reads

ds2 =
ℓ2

3

x2
(−dt2 + dx2 + dy2) (2.121)

and can be achieved via the transformations

√

ℓ2
3 + r2 cos (ℓ3τ) =

ℓ3α2 + ℓ3(−t2 + x2 + y2)

2αx
, (2.122)

√

ℓ2
3 + r2 sin (ℓ3τ) =

ℓ3t

xp
, (2.123)

r sin θ =
ℓ3y

x
, (2.124)

−r cos θ =
−ℓ3α2 + ℓ3(−t2 + x2 + y2)

2αx
(2.125)

where α is an arbitrary real number corresponding to a particular isometry of AdS.
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Appendix 2.2: Entanglement entropy of a disk and annular

region on flat boundary of AdS4.

Example 1: Disk region

Here we work through an instructive example and compute the entanglement entropy

of a CFT3 living on a disk in AdS3, following [105]. Consider the metric

ds2
4 =

dρ2

4ρ2
+

1

ρ
(−dt2 + dr2 + r2dy2) (2.126)

The disk entangling region is 0 ≤ r ≤ R and 0 < y ≤ 2π. The entropy of the CFT in

the entangling region is the minimal area of a co-dimension two surface, extending

into the ρ direction, homologous to the entangling region in units of 4G4. This surface

is the Ryu-Takayanagi (RT) surface [45]. In the case of a disk entangling region, we

have a symmetry in the angular isometric y direction and the RT surface can be

spanned by the world volume coordinates ξa = {ρ, y} and the embedding in AdS4 is

given by xm = {t, ρ, r(ρ), y}. The induced metric on the RT surface is given by

hab = gmn∂axm∂bxn (2.127)

where gmn is the metric from (2.126). The induced metric becomes

hρρ =
1

4ρ2
+

1

ρ
(∂ρr)2; (2.128)

hyy =
r2

ρ
. (2.129)

We have the following area functional

Sreg =
1

4G4

∫ 2π

0
dϕ
∫ ρ0

ϵ
dρ

√
h =

1

4G4

∫ 2π

0
dϕ
∫ ρ0

ϵ
dρ

√

r(ρ)2r′(ρ)2

ρ2
+

r(ρ)2

4ρ3
(2.130)

where ϵ is a UV cut-off. Now we want to find the minimal surface in the limit ρ → 0

subject to the disk boundary conditions (identifying the boundary of the RT surface

with the boundary of the disk at ρ = 0):

r(ρ = 0) = R, r(ρ = ρ0) = 0 (2.131)

where ρ0 is the turning point (also called the inflection point) of the RT surface.

Finding the minimal surface of (2.130) amounts to solving the Euler-Lagrange

differential equation:

− r(ρ)3
(

4ρr′(ρ)2 + 2r(ρ)
(

−2ρr′′(ρ) + 8ρr′(ρ)3 + r′(ρ)
)

+ 1
)

2ρ6
(

r(ρ)2(4ρr′(ρ)2+1)
ρ3

)3/2
= 0. (2.132)
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In the limit ρ → 0 this simplifies to

−r(ρ)3
(

2r(ρ)r′(ρ) + 1
)

= 0 (2.133)

which with the boundary conditions (2.131) admits the solution

r(ρ)2 = R2 − ρ. (2.134)

At the turning point we have r(ρ0) = 0. Using (2.134) we thus get ρ0 = R2.

Substituting the minimal surface and ρ0 back into (2.130) the regulated entropy

becomes

Sreg =
1

4G4

∫ 2π

0
dy
∫ ρ0=R2

ϵ
dρ

1

2

√

R2

ρ3
=

π

(

R
√

1
ϵ − 1

)

2G
. (2.135)

By adding the appropriate counterterms we get the renormalized entropy

Sren = − π

2G4
. (2.136)

Example 2 : Annular region

Now we consider the example of an annular entangling region living on the

boundary of the AdS4 metric (2.126). In this case, the RT surface is spanned by

the worldvolume coordinates ξα = {ρ, y} and the embedding coordinates

xm = {t, ρ, y, r(ρ) = (r1(ρ) + r2(ρ) cos(u))} where u = {0, π}. For a fixed ρ

and y we have a point on the inner circle of the RT surface given by

(r1(ρ)− r2(ρ)) and a point on the outer circle of RT surface given by

(r1(ρ) + r2(ρ)). Since our worldvolume and induced coordinates are of the

same functional form as the example of the disk entangling region, we get the

same induced metric as (2.128) and the same entropy functional as (2.130).

However, now we have the boundary conditions

r1(ρ = 0) = R1, r2(ρ = 0) = R2, r2(ρ0) = 0. (2.137)

Substituting the parametrization r(ρ) = (r1(ρ) + r2(ρ) cos(u)) where

u = {0, π} in (2.133) and solving we get

(r1(ρ) + r2(ρ) cos(u))2 + 2r1(ρ)r2(ρ) cos(u) = −ρ + c. (2.138)

The annulus must reduce to a disk in the limit R1 → 0 and R2 → R. In the RT

surface this translates to r1(ρ) → 0 and r2(ρ) → r(ρ). In the case of a disk, we

had the solution given by (2.134). Imposing that our solution (2.138) smoothly
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goes to (2.134) in these limits implies:

r2(ρ) =
√

−ρ + R2
2 (2.139)

r1(ρ) =
√

c − ρ − cos(u)
√

R2
2 − ρ. (2.140)

Imposing the boundary conditions (2.137), we get

c = (R1 + cos(u)R2)
2, ρ0 = R2

2. (2.141)

Now, we have the solution

r(ρ) = r1(ρ) + r2(ρ) cos(u) =
√

(R1 + cos(u)R2)2 − ρ. (2.142)

Substituting this in our entropy functional (2.130) and evaluating the

regularized entropy becomes

Sreg = −π(R1 + cos(u)R2)

2G4R2
+

π(R1 + bR2)

2G4
√

ϵ
. (2.143)

By adding the appropriate counterterms the renormalized entropy becomes

Sren = −π(R1 + cos(u)R2)

2G4R2
. (2.144)

Appendix 2.3: Matching spacetimes at boundary

In the JT gravity + flat heat bath setting, we glue the gravitating region to the

reservoir along a boundary. This gluing ensures continuity of the metric but

introduces discontinuities in its derivatives, i.e. jumps in the extrinsic

curvature tensor across the boundary, implying the affine connection Γ has

distributional contributions like delta functions. Such discontinuities make

geodesic paths ill-defined in the sense that they do not smoothly continue

across the boundary without refraction or additional boundary conditions, as

the parallel component of the geodesic velocity is conserved, but the normal

component adjusts based on the jump.

Consider the curved metric

ds2 =
ℓ2

x2

(

−dt2 + dy2 + dx2
)

(2.145)

and the flat metric

ds2 = −dT2 + dY2 + dX2. (2.146)
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Both of these metrics are periodic in y and Y, respectively. Suppose we match

these at x = ϵ (with the AdS region at x < ϵ and flat bath at X > 0), respecting

the preserved symmetries and periodicity in y, Y.

Continuity of the induced metric requires rescaling the boundary coordinates:

Y =
ϵ

ℓ
Y′, T =

ϵ

ℓ
T′, (2.147)

but to avoid clutter, we drop the primes and understand T, Y as the rescaled

versions such that the induced metrics match: ℓ2

ϵ2 (−dt2 + dy2) = −dT2 + dY2,

implying the identification T = ℓ

ϵ t and Y = ℓ

ϵ y.

To see the discontinuity in derivatives, consider the expansion near the

boundary. Let x = ϵ + x̄ with x̄ < 0, |x̄| ≪ ϵ on the curved side. The

transverse components expand as

gtt ≈ − ℓ2

ϵ2

(

1 − 2x̄

ϵ
+O

(

(

x̄

ϵ

)2
))

, (2.148)

gyy ≈ ℓ2

ϵ2

(

1 − 2x̄

ϵ
+O

(

(

x̄

ϵ

)2
))

, (2.149)

gxx ≈ ℓ2

ϵ2

(

1 − 2x̄

ϵ
+ O

(

(

x̄

ϵ

)2
))

. (2.150)

On the flat side (X > 0), the components are constant: no x̄-dependence if we

align the normal coordinate appropriately. To match the leading (continuous)

part of gxx at x̄ = 0, we may rescale the flat normal as X = ℓ

ϵ X̄ (with X̄ > 0), so

ds2
normal,flat =

(

ℓ

ϵ

)2
dX̄2, matching ℓ2

ϵ2 dx̄2 at the boundary. However, identifying

X̄ = −x̄ across the boundary, to have a common normal coordinate, the flat

transverse metric remains constant, i.e. no linear term in X̄, while the curved

side has linear terms ∝ x̄/ϵ. Thus we cannot match metric derivatives as

∂x̄hij|curved ∝ −2ℓ2

ϵ3
ηij ̸= 0 = ∂x̄hij|flat. (2.151)

Appendix 2.4: The BTZ Black hole and entangling regions

Here we consider the BTZ geometry, following [x,y,z] that islands could be

studied in. Consider the three-dimensional theory of gravity with a negative
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cosmological constant (Λ < 0)

S =
1

16πG3

∫

d3x
√

−g(R(3) − 2Λ); Λ = −1/l2
3 . (2.152)

If we restrict our attention to the class of metrics with a rotational killing

vector ∂/∂ϕ and a timelike killing vector ∂/∂t, we have

ds2 = −(N⊥)2dt2 + f−2dr2 + r2(dθ + Nθdt)2; 0 ≤ θ < 2π (2.153)

A solution to the action (2.152) is (2.153) with

N⊥ = f =

(

−M +
r2

l2
3

+
J2

4r2

)1/2

, Nϕ = − J

2r2
, M > 0, (|J| ≤ Ml3)

(2.154)

which is the BTZ black hole. The horizon r+ and the cauchy horizon r− where

f is zero is given by,

r± = l3





M

2



1 ±
√

1 −
(

J

Ml3

)2








1/2

. (2.155)

When the angular momentum of the black hole J = 0 we have

r+ =
√

Ml3; r− = 0 (2.156)

In the extremal case we have |J| = Ml3 where both the horizons coincide. The

BTZ black hole has a Hawking temperature given by

TH =
1

2πr+

(

r2
+

l2
3

− J2

4r2
+

)

∼ r+

l2
3

. (2.157)

In quasi thermal equilibrium the temperature of the black hole coincides with

the temperature of the thermal fields.

Appendix 2.4.1: Dimensional reduction

It is possible to construct an effective two-dimensional theory that arises from

the dimensional reduction of the non-zero J solutions of BTZ. Suppose that the

three-dimensional gravity has a metric independent of a single coordinate, say

θ, which can be written in the form

ds2
3 = hijx

idxidxj + Φ2(xi)(dθ + Ai(xi)dxi)2; i, j ∈ {1, 2}. (2.158)
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The action now reduces to a two-dimensional one involving the three fields hij,

Ai, Φ. If we wish to consider spacetimes of fixed spin, we have from the field

equation for Ai

Φ3ϵij∂i Aj√
−h

= constant. (2.159)

The constant is precisely the spin J of the metric, or the charge corresponding

to asymptotic rotational invariance. Using this identity, the action for

spacetimes of spin J dimensionally reduces to

S =
2π

16πG3

∫

d2x
√
−hΦ

(

R(2) − 2Λ − J

2Φ4

)

; Λ = −1/l2
2 . (2.160)

Here we have identified l3 = l2 and G3 = l2G2. Any solution hij, Φ to (2.160)

corresponds to a solution to (2.152) of spin J, of the form (2.159). In particular

the t, r section of the BTZ black hole of spin J

ds2 = −
(

−M +
r2

l2
3

+
J2

4r2

)1/2

dt2 +
dr2

(

−M + r2

l2
3
+ J2

4r2

)1/2
; Φ = r (2.161)

is a solution to (2.160).

However the equation of motion obtained from varying Φ is

R − 2Λ +
3J

2Φ4
= 0 (2.162)

so R does not need to be a constant.

J=0 BTZ:

Now consider the case where J = 0. Suppose the three-dimensional metric is

independent of θ and is of the form

ds2
3 = hij(xi)dxidxj + Φ2(xi)dθ2; i, j ∈ {1, 2}. (2.163)

We see that the dimensionally reduced action (2.160) is precisely the JT action

S =
2π

16πl2G2

∫

d2x
√
−hΦ

(

R(2) − 2Λ
)

. (2.164)

The equations of motion for hij and Φ are

R(2) − 2Λ = 0 (2.165)

(∇i∇j − hij)Φ = 0. (2.166)
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We reiterate that any solution hij, Φ to the JT action corresponds to a solution

of form (2.163) to the three-dimensional action (2.152). For instance, the BTZ

metric with J = 0

ds2 = −
(

−M +
r2

l2
3

)

dt2 +
dr2

(

−M + r2

l2
3

) + (Φ = r)2dθ2; 0 ≤ θ < 2π (2.167)

is of the form (2.163), hence

ds2 = −
(

−M +
r2

l2
3

)

dt2 +
dr2

(

−M + r2

l2
3

) ; Φ = r (2.168)

is a solution to the JT action above.

The dimensional reduction has significantly changed the properties of the

metric. For a 3d BTZ solution with J = 0, the point r = 0 is singular whereas

the 2d metric is well-behaved at r = 0. This is because the singularity in 3d

J = 0 BTZ geometry is a weak delta function singularity, in contrast to the case

of a Schwarzchild or non-zero J solution where the Ricci scalars have a power

law divergence. We can analytically extend the two-dimensional metric

corresponding to J = 0 BTZ beyond r = 0.

To interpret the 2d solution as a black hole we must look at the behavior of the

dilaton, which is the θθ component of the 3d metric. The 3d solution is singular

where the dilaton vanishes hence we need to cut off the 2D spacetime at this

point (called the ”strong coupling” region) if we wish to use the JT theory to

model 3D physics. In this case, the two-dimensional metric corresponding to

J = 0 BTZ geometry does indeed represent a black hole.

Appendix 2.4.2: J = 0 BTZ as a quotient space of AdS3

AdS3 can be defined as a space embedded in a four dimensional flat space of

signature (−−++)

ds2 = −dU2 − dV2 + dX2 + dY2; (2.169)

where

−U2 − V2 + X2 + Y2 = −l2
3 . (2.170)

With the coordinates

x =
l3

U + X
, y =

Y

U + X
. τ =

−V

U + X
(2.171)
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we get the Poincaré patch

ds2 =
l2
3

x2
(−dτ2 + dx2 + dy2). (2.172)

For U + X > 0 one has x > 0 and for U + X < 0 one has x < 0. Analogous

Poincaré coordinates for U − X having a definite sign can be found.

The relevant region of the universal covering space of AdS may be covered by

an infinite set of coordinate patches of two types separated by U2 − X2 = 0.

Region I. r ≥ r+ :

U =l3
r

r+
cosh

(

r+θ

l3

)

(2.173)

X =l3
r

r+
sinh

(

r+θ

l3

)

(2.174)

Y =l3

√

r2

r2
+

− 1 cosh

(

r+t

l2
3

)

(2.175)

V =l3

√

r2

r2
+

− 1 sinh

(

r+t

l2
3

)

. (2.176)

Region II. 0 < r < r+ :

U =l3
r

r+
cosh

(

r+θ

l3

)

(2.177)

X =l3
r

r+
sinh

(

r+θ

l3

)

(2.178)

Y =− l3

√

1 − r2

r2
+

sinh

(

r+t

l2
3

)

(2.179)

V =− l3

√

1 − r2

r2
+

cosh

(

r+t

l2
3

)

. (2.180)

In the coordinates t, r, ϕ the metric becomes

ds2 = −(N⊥)2dt2 + f−2dr2 + r2dθ2; −∞ < θ < ∞, −∞ < t < ∞. (2.181)

By making the identification

θ → θ + 2kπ (2.182)

one gets the black hole spacetime. Thus the BTZ black hole can be viewed as

the quotient space of AdS3. The identification in θ corresponds to making

relevant identification in the Poincaré coordinates.
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Previously we worked out the entanglement entropy of a CFT in AdS3 in

Poincaré coordinates. We could use a similar approach to find the

entanglement entropy in each of the three regions of the BTZ black hole, since

each of them has a corresponding Poincaré coordinate (with identification).

We may then express the entanglement entropy in the Schwarzchild

coordinates using (2.171) and equations (2.173)-(2.180). Since the entanglement

entropy in Poincaré patch of AdS3 depends only on the coordinate x, we will

focus our attention on x. From (2.171) and equations (2.173)-(2.180) we have

Region I. r ≥ r+ :

x =
l3

U + X
=

r+
r

e
−
(

r+θ
l3

)

(2.183)

y =
Y

U + X
=

√

r2 − r2
+

r2
cosh

(

r+t

l2
3

)

e
−
(

r+θ
l3

)

(2.184)

τ =
−V

U + X
=−

√

r2 − r2
+

r2
sinh

(

r+t

l2
3

)

e
−
(

r+θ
l3

)

. (2.185)

Region II. 0 < r < r+ :

x =
l3

U + X
=

r+
r

e
−
(

r+θ
l3

)

(2.186)

y =
Y

U + X
=−

√

r2
+ − r2

r2
sinh

(

r+t

l2
3

)

e
−
(

r+θ
l3

)

(2.187)

τ =
−V

U + X
=

√

r2
+ − r2

r2
cosh

(

r+t

l2
3

)

e
−
(

r+θ
l3

)

. (2.188)

We see that r ≥ r+ corresponds to U2 − X2 ≥ 0 and 0 < r < r+ corresponds to

U2 − X2 < 0. In both cases for U + X > (<)0 the Poincaré coordinate

x > (<)0. The identification θ → θ + 2π now corresponds to

{x, y, z} → e
−2πr+

l3 {x, y, z} (2.189)

in both regions.

Entangling region: For r ≥ r+, we will consider the entangling region

(r1 ≤ r ≤ r2, 0 ≤ θ < 2π, t constant). For this region the corresponding ranges

of the identified Poincaré coordinates are



2.8. Discussion 67

r+
r2

e
−2πr+

l3 <x ≤ r+
r1

, (2.190)

√

1 − r2
+

r2
1

cosh

(

r+t

l2
3

)

e
−
(

r+2π
l3

)

<y ≤
√

1 − r2
+

r2
2

cosh

(

r+t

l2
3

)

(2.191)

−
√

1 − r2
+

r2
2

sinh

(

r+t

l2
3

)

≤τ < −
√

1 − r2
+

r2
1

sinh

(

r+t

l2
3

)

e
−
(

r+2π
l3

)

.

(2.192)

For t = 0 slice we have τ = 0.

The metric components in the Schwarzchild like coordinates is independent of

θ, hence ∂θ is a killing vector. Similarly in the identified Poincaré coordinates

∂y restricted to its range is a killing vector. There are subtleties with restricted

Poincare patches as we move up and down in dimension, and evaluating the

entanglement entropy in this setup is something we leave for future work.
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Chapter 3

Higher dimensional islands and the

thermal stress tensor in curved

backgrounds

3.1 Introduction

In the previous chapter we constructed a setting for higher dimensional islands to be

studied in and demonstrated that the existence of islands is not a generic feature; the

existence of islands is sensitive to assumptions and choices of the underlying

construction, and in particular the field theory used to model the Hawking radiation.

Here we will further show how the formation of islands critically depend on the QFT

employed to describe Hawking radiation. A central challenge in extending island

studies beyond two dimensions, without relying on braneworld holography

[70, 71, 135–137], lies not only in constructing suitable toy models but also in the

computational intractability of evaluating entanglement entropy for generic CFTs on

curved spacetimes (see, for instance, [41, 66, 138–143]), particularly for non-symmetric

RT surfaces. As articulated in the last chapter, two-dimensional analyses, while

foundational, obscure several conceptual nuances due to their inherent non-generic

features. For instance, the logarithmic term in the entanglement entropy of 2d CFTs,

arising from the Weyl anomaly, drives island formation but conflates regulated and

renormalized entropies, a distinction that is vital in higher dimensions. Moreover,

results in 2d do not straightforwardly generalize, as thermal effects and UV

divergences manifest differently when quantum and geometric contributions

interplay in even or odd spatial dimensions. The goal of this chapter is to further

unpack conditions under which islands emerge in higher dimensions by examining

how the entanglement entropy responds to an inhomogeneous rescaling of the

entangling region.
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We will show that explicitly computing the thermal entanglement entropy of the

quantum fields is not necessary. Instead, one can look at how this quantity changes

under a rescaling of the entanglement region (or equivalently by deforming the

background metric). This quantity offers more analytic control and completely

characterizes the CFT in question and captures the explicit formation of islands.

We use the replica trick to express this variation, and by extension the condition of

existence for islands, in terms of the metric, stress-energy tensor, and trace anomaly

across both the base manifold and the replica manifold. This yields a bounded space

of field theories capable of admitting islands in this setting: those where the variation

ensures a minimizing extremum in the generalized entropy. The condition reduces to

constraints on the thermal stress tensor of the fields, allowing us to assess island

viability without explicit entropy calculations.

A central part of this chapter is the analysis of replica-corrected stress tensor, which

deviates from its base-manifold counterpart only to first order in (q − 1)1 where q is

the replica index, and solely near the codimension-two singular hypersurface (or locus

surface) at the QES:

Tµν = T
(0)
µν + (q − 1)T

(1)
µν +O

(

(q − 1)2
)

(3.1)

where T
(1)
µν = (∂qT

(q)
µν )|q=1 and T

(0)
µν is the stress tensor on the base space.

Assuming a given stress tensor on the base manifold, we derive the replica corrections

by solving conservation equations that enforce divergence-free conditions. This

framework not only parametrizes the admissible CFTs but also highlights the role of

non-local dynamics in odd dimensions, where Weyl anomalies are absent, contrasting

with even-dimensional cases dominated by anomalies. The framework can however

be used to compute corrections to any state on any background.

As an example we will consider the stress tensor of fields modeled as a relativistic

fluid in thermal equilibrium. We will consider a slab entangling region, bounded by

two radii (r1, r2). One end-point will be fixed while the other one is varied and

determined by the island rule:

SEE = min

[

ext
r2

(

Sgen = SQFT(r1, r2) + Sarea(r2)
)

]

. (3.2)

Throughout, we adopt a near-thermal state approximation for the Hawking radiation,

valid in the quasi-stationary regime far from the horizon, without backreaction and

where timescales are short compared to evaporation timescale. In this regime, the

temperature of the fields coincides with that of the background This approximation

1see [144–147], where expansions in (q-1) has been used to formulate curvature invariants on the replica
manifold.
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aligns with the microscopic stringy picture of black hole microstates, where pure

heavy states mimic thermal ensembles to high precision in the large-N limit.

The remainder of this chapter is organized as follows: In Section 3.2, we review the

general setup in which the island can be studied in, together with the replica

corrections to the replica stress tensor. In Section 3.2.2, we comment on the

near-thermal state approximation from the perspective of the microscopic picture. In

Section 3.3, we introduce the replica trick, carefully distinguishing quantities defined

on the base manifold from those on the replica manifold, and discuss the rescaling of

the entangling region. In Section 3.53, we formulate the variation and inhomogeneous

transformation of the entangling region in the context of the island bound. In Section

3.6, we study the stress tensor on the replica manifold, illustrating the construction

with an explicit example involving a relativistic fluid. Finally, in Section 3.7, we

summarize and discuss the main results of this chapter.

3.2 The setup

Here we summarize and revisit the construction we consider when studying islands

for d ≥ 2, which is similar yet fundamentally different from the typical 2d JT gravity

construction [58, 59, 148], where one uses a 4d near extremal black hole, with an

AdS2 × S2 near horizon region, with the corresponding action

I = − Φ0

16πGN

(

∫ √
gR + 2

∫

bdy
K

)

− 1

16πGN

(

∫

d2xΦ
√

g (R + 2) + 2
∫

bdy
ΦbdyK

)

+ Imatter[g, χ] +O(Φ2). (3.3)

If GN is the 4d Newton’s gravitational constant, the constant Φ0 fixes the extremal

entropy and is interpreted as the area of the 2d horizon of the 4d black hole. In this

picture, the boundary conditions fix the value of the dilaton at the asymptotic

boundary of the 2d gravity region and it is assumed that the matter fields governed by

the action Imatter[g, χ] do not couple to the dilaton. This is because the 2d CFT is being

coupled to the already reduced gravitational theory. The consequence of this is that

the CFT does not have any knowledge about the parent theory and does not respect

the symmetry of the background it is put on.

The metric of a flat heatbath coupled to a region with JT gravity is given by

ds2 = − 1
Ω(x+,x−)2 dx+dx− in the light cone coordinates x± = t ± x where Ω(x+, x−) is

the conformal factor. The von Neumann entropy of the conformal fields for on a line

interval [a, b], at a fixed time, is given by [149]

SCFT =
c

6
log

(

(x+a − x−b )(x−a − x+b )

ϵa
UVϵb

UVΩ(x+a , x−b )Ω(x+b , x−a )

)

(3.4)
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where c is the central charge and the ϵ’s are UV regulators corresponding to

short-distance cutoffs. The presence of an island in this setup is due to the logarithmic

term in the 2d entropy which is responsible for the local minimum in the generalized

entropy giving QES at a finite value outside the horizon [58].

Recall that in 2d only, all computations can be done at zero temperature, as moving to

the thermal case can be achieved with a coordinate transformation. However, for

d > 2 the thermal behavior sits differently in the entanglement entropy.

3.2.1 Going to higher dimensions

In higher dimensions d > 2, or D > 1 where D are the spatial dimensions, there is no

conceptual ambiguity in distinguishing between regulated and renormalized entropy

as the divergence in the regulated entropy follows a power law:

S ∼ ϵD−1
UV SD−1(∂A) (3.5)

where SD−1 is the area of the boundary of the entangling region.

It is more appropriate to model Hawking radiation with a field theory enjoying a

generalized conformal structure [67] in which the fields come from the parent action

of the theory and respect the symmetry of the background. In the two-dimensional

example, this would mean that the fields would be that of CFT3 reduced over a circle,

S1. With a circular uplift à la Kaluza Klein, NAdS2 would be uplifted to pure AdS3. In

[150], we considered such a setup; islands were computed using the regulated entropy

and bound on the regulator admitting islands were found. The regulator remembers

the fact that we are working with an effective field theory and the bound could signal

the scale at which heavy fields and string modes start to play an important role. This

scale should agree with the scale at which the near thermal state approximation breaks

down as discussed in section 3.2.2.

With a scalar field ϕ controlling the radius of the circle, the pure AdS3 parent action for

a non-conformal background takes the form

I3 = −N
∫

d3x
√

gΦ

(

R + 2 − 1

4
Φ2FµνFµν

)

+ I (3)
ct (3.6)

where N is the normalization and where I (3)
ct are the counter terms including the

Gibbson-Hawking-York boundary terms. When reducing AdS3 over a circle, we take

the periodicity of the y-direction to be ϕc, which is dimensionful and will

automatically appear in all thermodynamic quantities. Integrating over the circular
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direction gives the reduced action of the form

I2 = −N̂
∫

d2x
√

gΦ (R + 2) + Sct (3.7)

where N̂ = N ϕc i.e. 1
G2

= ϕc

G3
. As a boundary condition, we fix the value of the dilaton

Φ at infinity and define the circumference of the circle as the periodicity of y. At

conformal infinity ϵ → 0 and we have Φ2 = ϕ2
c

ϵ2 . All the dependence of the periodicity

ϕc will be absorbed into an overall prefactor of the action.

An annular region arises as a natural choice of entangling region in the NAdS2 setup,

since compactifying AdS3 on a circle reduces the entangling region to a line. The

NAdS2 theory (3.7) can be circularly uplifted to AdSd with (D − 1) isometric

directions where the entangling region is a manifold A = Md−2(yi)× [r1, r2] spanning

the range of Md−2(yi).

Furthermore, the entangling region lives on a d-dimensional AdS black hole

background

ds2
d = − f (r)dt2 + f−1(r)dr2 + r2hij(y)dyidyj (3.8)

f (r) = k − ωdm

rd−3
+

r2

ℓ2
(3.9)

where xµ = {t, r, yi}, (i = 1, ..., (d − 2)) and hij(y
i) is the horizon metric.

The horizon is taken to be a compact orientable manifold Md−2 with

Vol(Md−2) =
∫

dd−2x
√

h, and

ωd =
16πG

(d − 2)Vol(Md−2)
. (3.10)

The black hole solutions are Riemannian manifolds R × R
+ × Md−2, where Md−2 is a

compact orientable manifold capturing the topology of the horizon2. Restricting the

horizon to constant curvature can provide a subclass of solutions that are

asymptotically locally AdS. Our entangling region will capture the dynamics of

evaporation of the black hole owing to the spherical or toroidal symmetries in

Md−2(yi). The consequence of this is that the entanglement entropy only has

functional dependence on r. For d = 3 the entangling region is circularly uplifted to an

annulus and the topology is that of a circle times an interval: S1 × I, with the QES

being the circle. Since the circle is intrinsically flat we will only get one type of horizon

in this case. However, for d > 3 we could have spherical, toroidal (of genus ≥ 1),

hyperbolic horizons.

2the general manifold of the horizon has a topology of positive, zero or negative curvature (see [132–
134] for more details).
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The geometrical contribution to the generalized entropy is given by the area of the

QES i.e. the boundary of the entangling region, ∂A:

Sarea =
1

4Gd

∫

∂A
dd−2x

√

r2(d−2)h =
Vol(Md−2)

4Gd
rd−2; d > 2 (3.11)

which is monotonic in r.

In higher dimensions, we will not couple our AdS spacetime to a flat reservoir,

however, for complete generality we remain agnostic about what is beyond the AdS

boundary.

The entropy of the conformal fields will not be computed explicitly. The CFTs that

allow islands to form can be inferred from studying how the entropy varies under an

inhomogeneous transformation of the entangling region as seen in section 3.4.

3.2.2 Remarks on the mixed state approximation from the microscopic

picture

Hawking’s original calculation suggested that the final state of the Hawking radiation

is in a thermal state [47], which is in conflict with the fact that the black hole started

from an initial pure state and results in information loss. When the entanglement

entropy is computed in the context of islands, it is assumed that the conformal fields

modeling the Hawking radiation are in a thermal mixed state, although the island

purifies radiation. This is just an approximation where it is easier to have control over

the calculation.

The evaporation of a black hole is a dynamic non-equilibrium process. However, the

near thermal state approximation is valid in the quasi-stationary regime, over

timescales that are small relative to the evaporation timescale, where the temperature

of the quantum fields coincides with the inherent temperature of the background.

In string theory, it is notoriously difficult for probes to differentiate between

microstates of a black hole. Pure heavy states in gravity appear to be mixed to almost

all precision measurements and can be treated as such to good approximation. In other

words, atypical operators are exponentially suppressed in the large N-limit where

probe correlation functions can’t distinguish between typical states [151]. Physics at

the semiclassical approximation can thus be consistent with the stringy microscopic

picture of underlying pure heavy states where there is no information loss.

Following [152], we will here briefly review at what scale microscopic effects become

important for black hole physics. A black hole can be seen as the universal effective

low-energy description of an underlying state with a highly complicated structure.

Moreover, to talk about a black hole, it is important that the conformal dimension of
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FIGURE 3.1: Conformal diagram of the gravitating region illustrating the scale rm

(green line) at which the black hole starts to differ from the typical microstate. The
dotted line is the boundary of the throat region with transparent boundary conditions.

the probe is large. Otherwise, the probe would not interact with the heavy states,

which is seen as a gravitational effect and differentiate a black hole from an ordinary

thermal gas through which a probe would pass through without incident. In the

large-N limit, operators with a low conformal dimension are polynomials of traces

and approximately orthogonal due to the small overlap of the states they create.

Typical black hole microstates are best understood in AdS3/CFT2 [152], i.e. black

strings in five and six dimensions. From the CFT point of view, a pure underlying

black hole microstate is described as

|Microstate⟩ = O|0⟩; ∆(O) ≈ N2. (3.12)

Only when the conformal dimension is large (∆ ∼ N2) will the trace basis mix so that

the probe strongly interacts with heavy states. For a large conformal dimension,

almost all operators will belong to a typical set characterized by the statistical

randomness of the sequence of fields in the polynomial. Another characteristic of a

black hole is the challenge of precisely determining its underlying state causally

disconnected from the infinite boundary in the classical limit, as ∼ eN2
probe

operators would be required to admit any specific information about the structure of a

black hole microstate.

Consider the thermal ensemble characterized by ρT. The fundamental difference

between a microstate and an ensemble lies in the level of knowledge regarding their

respective states. In the case of a microstate, one possesses complete knowledge of its

state, whereas with an ensemble, some information is lost.

A typical state in the ensemble will have operator expectation values that are

parametrically similar to those of the ensemble average. In the thermal average, only

the conserved currents have non-trivial values i.e.
〈

Tij

〉

ρT
̸= 0, but not generic
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operators ⟨O⟩3. From AdS/CFT we know that for each stable state in the CFT, there

exists a corresponding regular asymptotically AdS geometry. These geometries

encode the gauge-invariant operator values, or vacuum expectation values (vevs), of

the corresponding CFT state in their asymptotic regions. Each CFT state involved in

calculating black hole entropy corresponds to a specific asymptotically AdS geometry.

These solutions exhibit stringy behavior close to and beyond the horizon and are

effectively described in the supergravity limit.

The distinction between the inner horizon region of the fuzzball solutions (see also

[153] for a review of the fuzzball proposal) and the black hole plays a pivotal role in

obtaining different results compared to Hawking’s original computation. By

reattaching the asymptotically flat region, it becomes evident that eS regular solutions

share similarities with the original black hole up to a certain scale which we will

denote rm.

The scale rm where the typical microstate differs from the black hole is obtained from

the vev of the lowest dimension operator in the state4 [152] (see 3.1 for an illustration).

In the island proposal, the black holes are asymptotically flat, but have a throat region

with transparent boundary conditions so that the radiation will not reflect back at the

boundary to cause thermal equilibrium at large time scales. The stress tensor of

quantum fields in the deep exterior is local, but casually affected by the ”boundary”

conditions at r = rm.

After having translated the radial scale rm from the vev of the lowest dimensional

operator, one can compute the area of this surface, which is the stretched horizon and

should approximately be that of the black hole horizon. This was explicitly

demonstrated for a two-charge D1-D5 system [152] where a 2d CFT is dual to a type

IIB string theory on an AdS3 ×S3 × T4 space. Here the vev of the most relevant gauge

invariant operator is expressed in terms of a typical curve that characterizes the

fuzzball solution, from which one finds that rm is of the order

rm ∼
√

Q1Q5

Ry

√
N

(3.13)

where Ry is the radius of S1 in the y direction and Q is the charge of the corresponding

brane.

For a general microstate, the vevs of the lowest dimensional operator were

systematically computed in [154–159]. For a black hole with a throat region, we have

that
〈

Tij

〉

−
〈

Tij

〉

ρT
∼ 1

Sk
(3.14)

3O can be a scalar or have non-zero spin.
4while solutions corresponding to different states are distinguished by the vevs of higher dimension

operators.
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where S is the entropy of the thermal state and k is a dimensional-dependent constant.

We also have that O ∼ 1
Sk′ and in the context of AdS/CFT, S ∼ Np where p is

dimension dependent and N ≫ 1. The holographic dictionary implies that only close

to the horizon can a typical microstate differ from the black hole. The one-point

function of the state corresponds to the three-point function in the vacuum. Moreover,

we have that

⟨O⟩ ∼ ℓ∆

Sk
(3.15)

where ℓ is the curvature scale. We can rewrite this as

( ⟨O⟩
ℓ

) 1
∆

∼ 1

S
k
∆

(3.16)

where the LHS is the dimensional scale and the RHS fixes the distance from the

horizon in dimensionless units, at which the microstate starts to differ from the black

hole.

In the quasi-stationary regime, the stress tensor of the quantum fields in the deep

exterior should be to a good approximation that of a thermal fluid in the curved

background:

TQFT
µν = Tµν (βBH) +O

(

1

S#

)

(3.17)

where βBH is the inverse temperature of the black hole and S# characterizes the

specific state. While the details of the subleading terms in TQFT do not contribute to

the calculations, it is conceptually important that these terms are present as they carry

information about the details of the microstate in the region r < rm and how the

specific state is encoded in the outgoing radiation.

It is these subleading terms that capture the deviation from an exact thermal state, that

otherwise would prohibit us from using the replica trick in the next section when

studying the entanglement entropy. Thus, our approximation is valid for the excited

states that are part of a specific thermal ensemble, with high entropy. By definition,

the approximation cannot be self-consistent for low entropy ensembles at low

temperatures. Thus, these approximations should not be used at late stages of the

black hole evaporation or when the rate of Hawking radiation is low.

3.3 Entanglement entropy and the replica trick

To find an explicit bound on the stress tensor of the conformal fields in the

semiclassical setting that admits islands, we will consider a general CFT and use the

replica trick to see how the entanglement entropy varies under an inhomogeneous

rescaling. This position-dependent deformation is crucial, as it probes the local

curvature variations and non-local stress tensor dynamics.
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The replica trick allows us to write down the von Neumann entropy in terms of the

Euclidean partition function Zq over a replica manifold Mq, which contains q copies of

the manifold M1 which are sewn together cyclically along the entangling region A.

Furthermore Mq is a q-fold branched cover of M1 with Zq symmetry i.e. symmetry

under cyclic permutation of the q replica manifolds. Starting from the first sheet, one

needs to circulate the boundary of the entangling region, ∂A, q times before finally

arriving at the initial position (see e.g. [40, 41, 54, 160–164]). The entanglement

entropy reads

SCFT = lim
q→1

1

(1 − q)

(

log Zq − q log Z1

)

= lim
q→1

− ∂

∂q

(

log Zq − q log Z1

)

. (3.18)

The replica manifold Mq can be replaced with a single-sheeted manifold M̂q which is a

bulk quotient space M̂q = Mq/Z topologically equivalent to Mq. The replica

symmetry does not act smoothly in the bulk so Mq is regular everywhere except at the

fixed points of the partition function at the replica manifold, Zq, which in our case is

∂A = Σ.

We have a geometry with a conical singularity. The conical singularity appears

because the manifold M̂q is smooth if the periodicity is 2πq. Since the solutions are

invariant under time translation we have Z[Mq] = Z[M̂q]q.

3.3.1 Entanglement entropy from the Weyl Anomaly

Since SCFT is directly related to the Euclidean partition function in the limit where the

manifold on which the QFT is defined becomes regular, it is sensitive to Weyl

transformation. Let us denote the length scale of our submanifold defining the

entangling region A by l (l = ∆r = r2 − r1 in our case). The scaling of l is locally

equivalent to the variation under the infinitesimal conformal transformation

δgµν = 2σ(x)gµν for an arbitrary deformation σ(x)) [104, 165]. The local variation

reads

l
d

dl
log(TrAρ

q
A) = 2

∫

ddxσ(x)gµν(x)
δ

δgµν(x)
(log Zq − q log Z1) (3.19)

=

(

−
〈

∫

ddxσ(x)
√

gT
µ
µ (x)

〉

Mq

+ q

〈

∫

ddxσ(x)
√

gT
µ
µ (x)

〉

M1

)

(3.20)
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where ⟨Tµν⟩ = −2√
g

δS
δgµν

with S being the quantum effective action. For the

entanglement entropy we thus have,

l
d

dl
SCFT = lim

q→1

1

(1 − q)

(

−
〈

∫

ddxσ(x)
√

gT
µ
µ (x)

〉

Mq

+ q

〈

∫

ddxσ(x)
√

gT
µ
µ (x)

〉

M1

)

(3.21)

= lim
q→1

1

(1 − q)

(

−
∫

ddx
√

gqσ(x)AMq +
∫

ddx
√

gσ(x)AM1

)

(3.22)

with the well-known trace anomaly A =
〈

T
µ
µ

〉

.

For a theory defined on a flat background (M1 = R
d), the second term in (3.21) always

vanishes, while the first term has a nontrivial contribution from the conical singularity

Σ. It is a simple exercise to see that the (3.21) reproduces the correct entanglement

formula on a flat background in d = 2 and d = 4 [104].

However, generally (3.21) will not capture the variation of the endpoint in r2 and we

will instead have to consider a more general transformation of the entangling region.

For instance, in odd dimensions Weyl anomalies are absent.

3.4 Entanglement entropy and general inhomogeneous

transformations

A more general variation of (3.19) can be considered when not imposing δgµν ∝ gµν.

We will be interested in keeping one of the endpoints r1 fixed, while rescaling the

other endpoint r2 with an inhomogeneous transformation. We will denote the

operator capturing the inhomogeneous transformation of the entangling region δr2
δ

δr2
,

given by 5

δr2
δ

δr2
SCFT = lim

q→1

1

(1 − q)

(

− 1
2

∫

Mq

ddx
√

gq δg
(q)
µν ⟨Tµν⟩Mq

+ q
2

∫

M1

ddx
√

g δgµν ⟨Tµν⟩M1

)

. (3.23)

where all quantities with the label q belong to the replica manifold, Mq. To evaluate

this further we will have to unpack the stress tensor, the metric as well as its variation

on the replica manifold.

5Here we have restricted our attention to CFTs. For a general QFT, we would have to make contact
with the RG flow and general local renormalization group, acting on general local operators, capturing
the variation with respect to the energy scale of the theory, inversely related to our length scale r. CFTs
have no intrinsic energy scale due to scale invariance.
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3.4.1 The metric on the replica manifold

The metric and stress-tensor on the replica manifold will differ from that on the

original manifold due to the singular hypersurface (or locus surface), Σ, located at ∂A

on Mq.

We will have two such surfaces, located at the two endpoints of the entangling region

r1 and r2: Σ = ∂A = Σ1(r1) ∪ Σ2(r2). Furthermore, we will have q copies of these for

the replica manifold Mq.

Let us look at the metric around Σ located at (τϵ, r0) in Schwarzschild coordinates. We

will adopt polar coordinates to describe a local neighborhood around this surface:

rϵ ≡ (r − r0) = ρ cos ψ and τϵ ≡ ρ sin ψ, as depicted in figure 3.2. The Euclidean

coordinate ψ now is the Euclidean angular coordinate defining the monodromy

around Σ.

The deformation of the manifold can be written in terms of a tangential part and a

normal part to Σ. If we expand around Σ, the metric can, to leading order, be written

in terms of Riemann normal coordinates around ρ = 0 as [144]

ds2 =
(

dρ2 + ρ2dψ2
)

+
(

γij + 2Kr
ijρ cos ψ + 2Kτ

ijρ sin ψ
)

dyidyj (3.24)

with the extrinsic curvature defined as

Km
ij = ĥα

i ĥ
β
j ∇αnm

β |Σ (3.25)

with m = (τ, r) labelling the orthornormal basis. ĥij is the induced metric on Σ,

ĥij = gij − ∑
2
m=1 nm

i nm
j with the unit normal vector nm

i = δm
i orthogonal to Σ. If we

consider the AdS black hole background (3.8) we have γij = r2hij.

FIGURE 3.2: The polar plane around Σ at ρ = 0.

Consider a two-dimensional cone Cq that comes from removing the deficit angle from

the plane at the boundary of Σ, which locally looks like R
2 × Σ around Σ (see figure

3.3). For static spacetimes, we have a symmetric cone with O(2) symmetry. For this
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cone to be smooth at the singular hypersurface, while having the same geometry as Cq

away from Σ we regularize it by deforming the metric.

FIGURE 3.3: A sketch of the conical singularity (yellow dot) in the Euclidean plane
orthogonal to the boundary of Σ, that comes from removing the excess angle ∆ψ. Lo-

cally, the cone looks like the warped product Σ × R.

Now we want to introduce a regularization parameter, a, via a regulating function

U(ρ, q, a) for the gρρ component in (3.24), to ”roll out” the tip of the cone that

otherwise has a singularity at ρ = 0, as illustrated in figure 3.4. The metric on the

replica manifold around Σ becomes

ds2 =
(

Udρ2 + ρ2dψ2
)

+
(

γij + 2Kr
ijρ cos ψ + 2Kτ

ijρ sin ψ
)

dyidyj. (3.26)

FIGURE 3.4: An illustration of the regularized cone where the tip has been ”rolled out”
with the regulating function U(ρ, q, a).

The regularization parameter a has to be introduced such that

U(ρ → 0, q, a) = q2, U(ρ → ∞, q, a) = 1 (3.27)
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which assures that the conical singularity is removed around ρ = 0. The replica metric

(3.26) is valid for ρ ∈ [0, a). For now the conditions (3.27) are sufficient. However,

when integrating quantities that only have support in the vicinity of Σ, more analytic

considerations are required (see section 3.6). A simple example of a regulating

function with the defining features above was presented in [144]:

U =
ρ2 + a2q2

ρ2 + a2
=

r2
ϵ + τ2

ϵ + a2q2

a2 + r2
ϵ + τ2

ϵ

. (3.28)

With this choice, indeed the metric in the polar plane collapses to ds2 = q2dρ2 + ρ2dψ2

and the conical singularity is absent.

The cone for a general entangling region (without U(1) symmetry) on non-static

spacetimes does not enjoy O(2) symmetry. Here, we will also have a curvature

singularity at r = 0 even with the regulating function U present, as can be seen from

the behavior of the Ricci scalar R ∼ 1
r . This is also a manifestation of the fact that the

squashed conical singularity is a warped product of the cone and the singular

hypersurface, as supposed to a direct product. In [144] an additional regularization

parameter is introduced in the metric on the replica space by changing the power of ρ

in the gij component:

(

2Kr
ijρ cos ψ + 2Kτ

ijρ sin ψ
)

→
(

2Kr
ijρ

p cos ψ + 2Kτ
ijρ

p sin ψ
)

. (3.29)

As shown in the regularization parameter p does not need to be an independent one

when integrating curvature invariants. Instead, p is considered as a dependent

function p(q) = q +O
(

(q − 1)2
)

. The metric can thus be written as (see also [162] for

the use of this metric)

ds2 =
(

Udρ2 + ρ2dψ2
)

+
(

r2hij + 2Kr
ijρ

q cos ψ + 2Kτ
ijρ

q sin ψ
)

dyidyj. (3.30)

If there is explicit ψ dependence, the U(1) symmetry is broken and the extrinsic

curvature in that basis vanishes.

There exist many regularization schemes and it would be interesting to further study

the advantages of different schemes, which we leave for future work. The analyticity

in (3.30) is inherently lost due to the logarithmic piece that follows from expanding the

ρq term. From here on, we will opt for (3.26).

We will now comment on the order of limits for a → 0 and q → 1. The latter becomes

important when we eventually have to integrate quantities over the replica manifold

that only has support in the vicinity of Σ, i.e. over the domain for each endpoint:

Ω : 0 < ψ ≤ 2πq, 0 < ρ ≤ ρ0, ρ0 → 0. (3.31)
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If we make the substitution ρ → az the regulating function U becomes independent of

the regularization parameter a: U = z2+q2

z2+1
. Instead, the integrand and integration

intervals now depend on a. Consider the integral of the curvature invariant R6[144] :

∫

Ω
ddx

√
gR =

∫ 2πq

0
dψ
∫ ρ0/a

0
dz

√
U

z

∫

Σ
dd−2y

√
γ. (3.32)

In the limit a → 0 we can write this as a m order polynomial [144]

∫

ddx
√

gR =

(

Ak

ak
+

Ak−1

ak−1
+ . . . + A0

)

+

(

A′
k

ak
+

A′
k−1

ak−1
+ . . . + A′

0

)

+O(a). (3.33)

When the spacetime on M1 is static, the m order polynomial holds for any value of q.

As shown in [147], all the terms A
(′)
k , k > 0 is of order O

(

(q − 1)2
)

while

A
(′)
0 ∝ (q − 1). Thus, A

(′)
0 is the interesting piece when considering physical results7 .

Moreover, since ρϵ is small, A
(′)
0 is capturing the backreaction of the singular

hypersurface and how the curvatures differ across M1 and Mq. When integrating over

the replica manifold (quantities that only have support on the replica manifold) we are

thus instructed to take the limit a → 0 before taking the limit q → 1.

When expanding in q, it is not being treated as a continuous parameter, as is the case

when considering gravity in a holographic setup [54]. In particular, due to the cos ψ

term in the metric on M̂q cannot take arbitrary non-integer values as there is a jump in

extrinsic curvature on the hypersurfaces ψ = 0 and ψ = 2πq8. We will follow the

prescription in [144, 147] and do computations for integer q and then analytically

continue to q → 1.

A breakdown of this analytic continuation would indicate the presence of replica

anomalies (or replica symmetry breaking). Such anomalies are poorly understood;

they were first encountered in spin glass systems [166–170], where brute-force lattice

computations of the density matrix logarithm revealed unexpected non-analytic

behavior [171]. In our context, identifying situations where the replica expansion fails

would be an interesting result in its own right.

By doing a Taylor expansion of the metric on the regular points at M̂q around q = 1

we can write the metric on the replica manifold as

g
(q)
µν = g

(0)
µν + (q − 1)g

(1)
µν +O

(

(q − 1)2
)

. (3.34)

6We changed notation from [144] introducing the new coordinate as z as opposed to x avoiding confu-
sion as x on the LHS and RHS of (3.32) would not be the same.

7From another point of view: the replica trick SA = limq→1
1

1−q (log Zq − q log Z1), only the coefficient

linear in (q − 1) contributes, since dividing by (1 − q) and taking q → 1 kills all higher-order terms.
8Because of the cos ψ dependence, the geometry glues smoothly only when q is an integer (cos 2πq =

cos 0 = 1); for non-integer q there is a discontinuity in the extrinsic curvature, so one computes at integer
q and analytically continues to q → 1.
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where g
(1)
µν = (∂qg

(q)
µν )|q=1 and g

(0)
µν is the metric on the base space. Since Σ contributes

with energy-momentum that backreacts on the spacetime Mq to deform it to M̂q, we

similarly expand the stress tensor on the replica space as

Tµν = T
(0)
µν + (q − 1)T

(1)
µν +O

(

(q − 1)2
)

. (3.35)

The only geometric difference between Mq and M1 is the conical defect with deficit

angle 2π(1 − q); its curvature is a delta-function localized on the entangling surface

and proportional to (q − 1), so the associated stress tensor likewise differs from the

base manifold only at linear order in (q − 1).

3.4.1.1 Remarks on thermal periodicity

The replica trick is typically implicitly employed at zero physical temperature. Here

we will comment on the periodicity in physical time. In circumstances where the

modular Hamiltonian is local, as in the case of the thermofield double, or Rindler

spacetime, then there is a natural identification of the angular coordinate, ψ, with

Euclidean time, which is manifest in the 2d CFT calculations (see e.g. [98, 172]). In

particular, as long as we consider a 2d CFT and assume the subsystem A to be an

interval, there is always a conformal map into the case where A is a half-line.

The modular Hamiltonian is a generator of the translation in the angular Euclidean

coordinate and is, for a Rindler observer, conjugate to Rindler time. If we do a

Wick-rotation to physical time, we have that the modular Hamiltonian generates the

boost K = ∂τ in the Rindler Wedge and the density matrix takes the form [98]

ρ ∼ e−K. (3.36)

By Neother’s theorem, the modular Hamiltonian can be written as an integral over the

Rindler wedge [98]

K = 2π
∫

dd−1xx1T00 (3.37)

which is the boost operator times 2π.

However, outside these scenarios, there is generally no reason for the angular

Euclidean coordinate to be a physical time, since the gluing in the path integral

around the entangling surface is only performing the role of matrix multiplication of

the density operators which can be local operators but at different positions.

We can also think about this in terms of ensemble averages. The thermal ensemble ρT

does not have thermal periodicity. As discussed in section 3.2.2, if the state were to be

exactly thermal, then there would have been exact periodicity in imaginary time; in

order to use the replica trick, the temperature must have a time-like isometry. When
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studying thermal ensembles and fuzzballs, one has time-like isometry far away from

the horizon scale where the emergent geometry from coarse-graining over all the

fuzzball solutions precisely mimics that of the corresponding CFT which is in an exact

thermal state.

Even in the exact thermal state, where one does want to identify 2πβ periodicity in τ,

one can use a regulating function U(ρ, q, a) if the regularization parameter a is such

that U(ρ >> a, q, a) → 1. So, as long as a << β the periodicity in τ will be respected.

This is due to the local flatness of the (τ, r) plane in figure 3.2 which one could

continue and roll as a cylinder to compactify the τ-direction.

The works of, for instance, [173–175] consider the Renyi entropies of quantum systems

at finite temperature and compute the exact periodicity in imaginary time using

Monte-Carlo and other stochastic computational methods.

3.4.2 Rescaling the entangling region

For entanglement entropy on a curved background, translational invariance in r is

inherently lost and in general, the entanglement entropy will depend on the endpoints

r1 and r2 and not just their difference.

We want to see how the entanglement entropy changes with an inhomogeneous

transformation in r2 for a fixed r1, as illustrated in figure 3.5. The rescaling we are

interested in is r2 = |r − r1| → r′2 = eλ|r − r1| which acts trivially at the fixed point r1.

We take λ to be a small positive constant so that δr2 = δ|r − r1| ≈ λ|r − r1|. So in the

analysis of how the entanglement entropy changed as we vary r2, it will only depend

on this coordinate i.e. the argument of the metric on the original and replica manifold

in (3.50) will be r2.

The metric transformation we are considering is

δr2 gµν(r2) = g′µν(r
′
2)− gµν(r2) (3.38)

where we have not explicitly written out the t and xi dependence in the metric. Let’s

consider an example in the (rr)-component explicitly. We have

δr2 grr(r2) = grr(r
′
2)dr′2 − grr(r2)dr2 = grr(r

′
2)dr′22 − grr(r2)dr2

2 (3.39)

= e2λgrr(e
λr2)dr2

2 − grr(r2)dr2
2 (3.40)



86
Chapter 3. Higher dimensional islands and the thermal stress tensor in curved

backgrounds

FIGURE 3.5: A 2d projection of our entangling region, ∆r. We fix r1 while rescaling r2.

where again r2 depends on r and r1 and we have used that dr = dr2. Now, since λ is

small we can Taylor expand the scale factor and grr(eλr2) around the unscaled point as

δr2 grr(r2) = (1 + 2λ) (grr(r2) + (1 + λ)r2 − r2) ∂r2 grr(r2) (3.41)

= λ (r2∂r2 + 2) grr(r2) (3.42)

= λ (|r − r1|∂r2 + 2) grr(r2). (3.43)

This expression does not change if the argument of the metric would be written as r

instead of r2. We can write the transformation of the metric in all the components as

δr2 grr(r2) = λ (r2∂r2 + 2) grr(r2) (3.44)

δr2 grt(r2) = λ (r2∂r2 + 1) grt(r2) (3.45)

δr2 gri(r2) = λ (r2∂r2 + 1) gri(r2) (3.46)

δr2 gtt(r2) = λr2∂r2 gtt(r2) (3.47)

δr2 gij(r2) = λr2∂r2 gij(r2). (3.48)

3.5 The condition for islands

Recall that the existence of a non-trivial island requires a local minimum of the

generalized entropy [150]

δr2 SCFT ⋚ −S′
area(r2), r2 ⋚ r∗2 (3.49)
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with S′
area(r2) > 0 for r2 ≥ 0 due to the monotonicity of Sarea. A similar analysis

follows when Sgen is a local maximum except that the inequality between S′
CFT and

−S′
area is flipped. If there are multiple extrema, the island rule (3.2) instructs us to take

the one that minimizes Sgen to get SEE.

Consider the variation of the entanglement entropy with respect to r2

δr2
δ

δr2
SCFT = lim

q→1

1

1 − q

(

−1

2

∫

Mq

ddx
√

gq δg
(q)
µν ⟨Tµν⟩Mq

+
q

2

∫

M1

ddx
√

g δgµν ⟨Tµν⟩M1

)

. (3.50)

By using the expansion of the metric (3.34) and stress tensor (3.35) on the replica

manifold, as discussed in the previous section, we get

δr2 SCFT = lim
q→1

1

(1 − q)

{

− 1

2

∫

Mq

ddx
√

gq

(

δgµν + (q − 1)δ(∂qg
(q)
ρσ )|q=1

)

(⟨Tµν⟩M1

+ (q − 1) ⟨Tµν⟩Σ δΣ) +
q

2

∫

M1

ddx
√

g(δgµν) ⟨Tµν⟩M1

}

+ . . . (3.51)

where the ellipsis corresponds to higher-order terms in (q − 1) which henceforth will

be dropped. Using the expansion of the metric (3.34) again the determinant of the

metric on the replica manifold to first order in (q − 1) becomes

√
gq =

√

det|g(0)µν + (q − 1)g
(1)
µν | =

√
g

(

1 +
(q − 1)

2
gµν
(

∂qg
(q)
µν

)

|q=1

)

. (3.52)

The variation of the entanglement entropy can then be written as

δr2 SCFT = lim
q→1

1

2

{

∫

Mq

ddx
√

g ⟨Tµν⟩M1

(

1

2
gρσ(∂qg

(q)
ρσ )|q=1δgµν + δ(∂qg

(q)
µν )|q=1

)

+
1

(q − 1)

∫

Mq

ddx
√

g
(

δgµν

)

(

⟨Tµν⟩Mq
− φ ⟨Tµν⟩M1

)

}

(3.53)

where we have made use of

∫

Mq

ddx
√

g(δr2) ⟨Tµν⟩ = q
∫

M1

ddx
√

g(δr2) ⟨Tµν⟩ . (3.54)

In the first integral, ∂qg
(q)
µν only has support around Σ, the domain should thus be

restricted to (3.31). The discussion around (3.32) and (3.33) instructed us to first take

the limit a → 0 before the limit ρ → 0 which is an important point. Since there is no a

dependence in g
(q)
µν when letting ρ = az, while there is always a term of order O(a)

coming from the measure when doing the change of coordinates, the first integral will
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vanish. Using this, while adding and removing the trace anomaly on the respective

manifold, the variation of the entanglement entropy can now be written as

δr2 SCFT = lim
q→1

1

2

1

(q − 1)

{

∫

Mq

ddx
((√

g
(

δgµν

)

− 2σ
√

gqg
(q)
µν

)

⟨Tµν⟩Mq
+ 2σ

√
gqAq

)

−
∫

Mq

ddx

((√
g
(

δgµν

)

− 2σ
√

ggµν

)

⟨Tµν⟩M1
+
√

gA
)

}

. (3.55)

Using (3.52) and (3.34) we have

√
gqg

(q)
µν =

(

gµν + (q − 1)(∂qg
(q)
µν )|q=1

)√
g

(

1 +
(q − 1)

2
gσρ
(

∂qg
(q)
σρ

)

|q=1

)

+O
(

(q − 1)2
)

=
√

g

(

gµν + (q − 1)(∂qg
(q)
µν )|q=1 + gµν

(q − 1)

2
gσρ
(

∂qg
(q)
σρ

)

|q=1

)

+O
(

(q − 1)2
)

.

(3.56)

We showed above that the terms (∂qg
(q)
µν )|q=1 and gσρ

(

∂qg
(q)
σρ

)

integrated around the

endpoints of the entangling region will vanish, so we get

∫

ddx
√

gqg
(q)
µν =

∫

ddx
√

ggµν. (3.57)

Using this and letting σ = λ we can write (3.55) as

δr2 SCFT = lim
q→1

1

2(q − 1)

{

∫

Mq

ddx
√

g
(

δgµν − 2λgµν

)

(⟨Tµν⟩q − ⟨Tµν⟩)

+ 2λ
∫

Mq

ddx
√

g
(

Aq −A
)

}

. (3.58)

Implementing the transformations (3.44)-(3.48) we get

δr2 SCFT = lim
q→1

λ

2(q − 1)

{

∫

Mq

ddx
√

g

[

(|r − r1|∂r2 gττ − 2gττ)
(

⟨Tττ⟩Mq
− ⟨Tττ⟩

)

+ |r − r1|∂r2 grr

(

⟨Trr⟩Mq
− ⟨Trr⟩

)

]

+ 2
∫

Mq

ddx
√

g
(

Aq −A
)

}

. (3.59)

Notice that the ij component of the stress tensor vanishes as σ = λ as expected due to

the isometry in those directions. Using the expansion (3.35) again we get

δr2 SCFT = lim
q→1

λ

2

{

∫

Mq

ddx
√

g

[

(|r − r1|∂r2 gττ − 2gττ) ⟨Tττ⟩Σ δΣ + |r− r1|∂r2 grr ⟨Trr⟩Σ δΣ

]

+ 2
∫

Mq

ddx
√

g
(

Aq −A
)

}

. (3.60)

The delta functions δΣ fixes the integration domain to (3.31).
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The island-bound (3.49) with (3.59) specifies the space of all CFTs that admit islands.

To see whether a specific CFT belongs to this space one has to compute the

energy-momentum contribution from Σ i.e. the replica correction to the stress tensor.

We show how to do this in section 3.6. It is clear that islands are not a generic feature

for CFTs. In general, we have to ask about the scaling transformation of the

entanglement entropy of the quantum fields. In even dimensions, the Weyl anomaly

plays a key role whereas in odd dimensions there is no anomalous scale invariance

and the existence of islands is instead dictated by the dynamics of the theory i.e. the

non-local behavior of the expectation value of the stress tensor.

3.6 The stress tensor on the replica manifold

The stress tensor of a thermal system, in a curved background remains relatively

unexplored due to the difficulty of evaluating this quantity. In (conformally) flat 2d

backgrounds the infinite-dimensional Virasoro algebra allows us to determine the

thermal correlators of the stress tensor. The structure of these holographic correlators

has also been considered in various settings to study the dynamics of quantum fields

on curved backgrounds (see e.g. [176–180]) as well as Casimir energies (see, for

instance, [181], [182]).

In 4d, Don Page approximated the thermal stress tensor on a static black hole

background, in terms of the Weyl-rescaled stress tensor, using the Bekenstein-Parker

Gaussian path-integral approximation [52]. For Weyl flat backgrounds, the vacuum

stress tensor for a CFT can be constructed from trace anomalies as demonstrated in

[183].

Here we will present a framework to determine the replica corrections to any state on

any background. Generally, the stress tensor can be split into two contributions (see

e.g. [184])
〈

Tµν

〉

= tµν + χµν[gµν] (3.61)

where the first term characterizes the specific state of the QFT and is traceless. We

cannot expect to characterize all possible tµν as this would correspond to knowing all

possible quantum states in the theory. The second term characterizes the Casimir

energy and has a trace anomaly: χ
µ
µ[gµµ] = A[gµν]. The geometrical contributions are

obtained from the Weyl anomaly; see for instance [25]. In odd dimension, they vanish.

For d = 2 we have

χµν[gµν] = − c

24
Rgµν (3.62)

and for d = 4 we have

χµν[gµν] = −N2

π2
(E(4) + I(4))gµν (3.63)
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where

E(4) =
1

64

(

Rijkl Rijkl − 4RijRij + R2
)

, (3.64)

I(4) = − 1

64

(

Rijkl Rijkl − 2RijRij +
1

3
R2

)

. (3.65)

In flat space at zero temperature, we simply have
〈

Tµν

〉

= 0 as we can choose a

renormalization scheme such that χµν[gµν] = 0. At finite temperature, we have

〈

Tµν

〉

= cTdδ̄µν (3.66)

where c characterize the degrees of freedom and δ̄µν = ηµν + dδ00 is traceless and

conserved. In curved spacetime in the vacuum state, we simply have
〈

Tµν

〉

= χµν[g].

Recall from section 3.4.1 that the stress tensor on the replica manifold can be expressed

as T
(q)
µν = T

(0)
µν + (q − 1)T

(1)
µν to first order in (q − 1), where T

(0)
µν is the stress tensor in an

excited state on an arbitrary background. The excitations can be modeled as a

relativistic fluid9, as we will see in the next section, but for now, we will keep T
(0)
µν

general. In this section, we will look for solutions for T
(1)
µν , provided T

(0)
µν in

d−dimensions. T
(1)
µν can be reconstructed order by order from the trace identity and

conservation condition:

∇(q)
µ Tµρ(q) = 0 (3.67)

∇(q)
µ Tµψ(q) = 0 (3.68)

∇(q)
µ Tµi(q) = 0 (3.69)

T
µ(q)
µ = A[g

(q)
µν ] (3.70)

where ∇(q)
µ is the covariant derivative with respect to the replica metric g

(q)
µν , which is

non-trivial in the polar coordinates.

Terms that depend on the choice of regularization function are non-universal and we

do not expect them to contribute to any physical result.

Furthermore, from these conditions, we could solve for the Tττ(1) and Trr(1)

components in (3.49) to see whether a theory with a given stress tensor will admit

islands.

9By perturbing the background, we can recast the solution in the form of a modified fluid (see section
3.6.3).
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3.6.1 Replica space

Now we will write down the explicit divergence equations for a general q on the

replica space. Consider the conservation condition

∇(q)
µ T

µ(q)
σ = ∂µT

µ(q)
σ + Γ

µ(q)
µη T

η(q)
σ − Γ

η(q)
µσ T

µ(q)
η = 0. (3.71)

The non-vanishing Christoffel symbols with (ρ, ψ) indices of the replica space are

Γ
ψ

ψρ(q)
=

1

ρ
(3.72)

Γ
ρ

ρρ(q)
=

1

2
U−1(∂ρU) (3.73)

Γ
ρ

ψψ(q)
= −ρU−1 (3.74)

whereas the non-vanishing Christoffel symbols with (ij) indices that can contribute to

the divergence equations are

n=d

∑
i=1

Γ
i(q)
in

n−1

∑
i=1

Γ
i(q)
nn

n−1

∑
i=1

Γ
n(q)
ii . (3.75)

Using (3.71) the divergence equations become

1. σ = ρ

∂ρ

(

gρρ(q)T
(q)
ρρ

)

+ gψψ(q)∂ψT
(q)
ψρ + gρρ(q)T

(q)
ρρ

(

Γ
ψ(q)
ψρ + Γ

i(q)
ρi

)

+ gψψ(q)T
(q)
ρψ Γ

i(q)
iψ − gψψ(q)T

(q)
ψψ Γ

ψ(q)
ψρ − gii(q)Γ

i(q)
iρ T

(q)
ii = 0.

(3.76)

2. σ = ψ

∂ρ

(

gρρ(q)T
(q)
ψρ

)

+ gψψ(q)∂ψT
(q)
ψψ + gρρ(q)T

(q)
ψρ

(

Γ
ρ(q)
ρρ + Γ

i(q)
iρ

)

+ gψψ(q)T
(q)
ψψ Γ

i(q)
iψ − gψψ(q)T

(q)
ψρ Γ

ρ(q)
ψψ − gii(q)T

(q)
ii Γ

i(q)
iψ = 0.

(3.77)

3. σ = i

∂i

(

gii(q)T
(q)
ii

)

+ T
(q)
ii Γ

i(q)
ii = 0. (3.78)

For the regularization scheme (3.26) the Chritoffel symbols with i indices are the same

for any i and thus a factor of (d − 2) can replace the implicit sum over these indices.

Note that all the T
(q)
iµ ̸=i drops out from the third divergence equation which is a

reminder that we have homogeneity in the µi-directions due to the isometry in the

directions transverse to ρ and τ10.

10Notice: Γi
ii ̸= 0 even for vanishing extrinsic curvature. It only vanishes when there is no yi dependence

in the boundary metric γij(yi) which is the case for a flat background only.



92
Chapter 3. Higher dimensional islands and the thermal stress tensor in curved

backgrounds

3.6.2 First order

Now consider the expansion

∇µT
µ
σ =

(

∇(0)
µ + (q − 1)∇(1)

µ

) (

T(0)µ
σ + (q − 1)T(1)µ

σ

)

+ . . . . (3.79)

where the ellipsis are higher order terms in (q − 1). These divergence equations can be

solved order by order in (q − 1). The divergence equations in first order take the form

∇(0)
µ T(1)µ

σ = J
(0)
σ (3.80)

T(1)µ
µ = H(0). (3.81)

We are only working with the state-dependent part (no χ
(0)
µi and χ

(1)
µi ) and the trace

identity to first order in (q − 1) becomes

gµν(0)T
(1)
µν + gµν(1)T

(0)
µν = 0. (3.82)

Note that the trace identity would have an anomaly if the geometrical contributions to

the stress tensor would be present. To obtain the first-order solutions, we will use the

expansions

U = U(0) + (q − 1)U(1) + . . . , U(0) = U|q=1 = 1 (3.83)

U−1 = 1 − (q − 1)U(1) + . . . (3.84)

Γ
λ(q)
µν = Γ

λ(0)
µν + (q − 1)Γ

λ(1)
µν + . . . (3.85)

Γ
ρ(q)
ρρ =

1

2
(q − 1)∂ρU(1) + . . . (3.86)

Γ
ρ(q)
ψψ = −ρ(1 − (q − 1)U(1)) + . . . (3.87)

along with the expansion of the metric (3.34) and the stress tensor (3.35). At this stage,

we will not unpack the Christoffel symbols with i indices as they are more sensitive to

the choice of regularization scheme as discussed in section 3.4.1. In first order, the first

divergence equation becomes

∇µT
µ(q)
ρ =

(

∂ρ +
1

ρ
+ (d − 2)Γ

i(0)
iρ

)

T
(1)
ρρ − 1

ρ3
T
(1)
ψψ +

1

ρ2

(

∂ψ + Γ
i(0)
iψ

)

T
(1)
ψρ

+

(

−U(1)

(

1

ρ2
+ (d − 2)Γ

i(0)
iρ

)

− U(1)
(

∂ρ + 1
)

)

T
(0)
ρρ = 0.

(3.88)

Since we have been working with the regularized metric (3.26) we have made use of

the fact that there is no q-dependence in the Riemann normal coordinates components

so Γ
λ(1)
µν =

(

∂qΓ
λ(q)
µν

)

∣

∣

q=1
that does not capture g

(0)
µν or g

(1)
µν will vanish. We have also

used that the only non-zero component of g
(1)
µν in the expanded metric is

g
(1)
ρρ = U′(q)|q=1. Using this with g(1)ρρ = −U′(q)|q=1 gives the first-order trace
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identity (3.82) on the form

−U(1)T
(0)
ρρ + T

(1)
ρρ +

1

ρ2
T
(1)
ψψ = 0. (3.89)

Combining the trace identity with the first divergence equation (3.88) gives

∇µT
µ(q)
ρ =

1

ρ2

(

∂ρ + Γ
i(0)
iψ

)

T
(1)
ψρ − 1

ρ2

(

dρΓ
i(0)
iρ

)

T
(1)
ψψ

(d − 2)Γ
i(1)
iρ T

(0)
ρρ +

1

ρ2
Γ

i(1)
iψ T

(0)
ψρ .

(3.90)

The second divergence equation in first order becomes

∇µT
µ(q)
ψ =

1

ρ2

(

∂ψ + Γ
i(0)
iψ

)

T
(1)
ψψ +

(

∂ρ + Γ
i(0)
iρ +

1

ρ

)

T
(1)
ψρ

− U(1)

(

∂ρ +
1

ρ
− Γ

i(0)
iρ − 1∂ρU(1)

2U(1)
− 1

U(1)
Γ

i(1)
iρ

)

T
(0)
ψρ

+
1

ρ2
Γ

i(1)
iψ T

(0)
ψψ = 0.

(3.91)

The two divergence equations (3.90) and (3.91) are now two coupled PDEs for T
(1)
ψψ and

T
(1)
ψρ . After having solved for these components, the third component T

(0)
ρρ can be

obtained from the trace identity. In appendix 3.2 we give the general first-order

divergence equations with complete independence of the regularization scheme, for

arbitrary spacetimes.

3.6.3 Relativistic fluid

At finite temperatures in gravity, the stress tensor can effectively be expressed as an

equilibrium relativistic fluid tensor, with a conformal equation of state. Generally, it

can be written in the coordinate-independent form [14, 185]

Tµν = ρuµuν + P(gµν − ûµûν) = P(duµuν + gµν) (3.92)

where ρ is the energy density, P is the pressure and the second equality follows from

the equation of state for a conformal fluid: (ρ + P) = dP. ûµ is the fluid velocity and

corresponds to the normal to the horizon with ûµûµ = 1 in Lorenzian signature. For a

static fluid, the only non-zero component of the fluid velocity is ût = ∂t. Thus, using

(3.92) the off-diagonal components of the Euclidean stress tensor vanishes and the
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diagonal components become

Ttt = p(g
(0)
00 − 1) (3.93)

Trr = p
1

g
(0)
00

(3.94)

Tij = pg
(0)
ij . (3.95)

We can write T
(1)
µν as a modified fluid i.e. it can be interpreted as

T
(1)
µν =

[

p
(

gµν − d
)](1)

= p(1)
(

g
(0)
µν − dû

(0)
µ û

(0)
ν

)

+ p(0)
(

g
(1)
µν − dû

(0)
µ û

(1)
ν − dû

(1)
µ û

(0)
ν

)

. (3.96)

This has the three independent functions p(1), û
(1)
µ and û

(1)
ν which can all be fixed from

the trace identity and conservation equations.

3.6.4 Replica corrections to thermal stress tensor on flat background

Here we will reconstruct the thermal stress tensor contribution from the singular

hypersurface Σ for a slab region, a plane situated at r0 and extending to infinity. In this

case, the boundary metric γij in the replica metric (3.26) becomes δij so we get

ds2 = Udρ2 + ρ2dψ2 + δijdyiduj (3.97)

where we have also used the fact that there is no extrinsic curvature in this case. The

only non-zero component of the fluid velocity is again ût = ∂t. Using (3.92) we get

Ttt = −(d − 1)p (3.98)

Trr = p (3.99)

Tij = pδij (3.100)

which in our locally flat polar coordinates becomes

Tρρ = p(1 − d sin2 ψ) (3.101)

Tψψ = p(1 − d cos2 ψ)ρ2 (3.102)

Tρψ = −dρp sin ψ cos ψ. (3.103)

The above is taken as the T
(0)
µν components of the stress tensor. In verifying the

conservation of the stress tensor on the base space we let Tττ = ε and Trr = p where ε
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is energy and p is pressure and

Tρρ = ε cos2 ψ + p sin2 ψ (3.104)

Tρψ = p cos ψ sin ψ(p − ε) (3.105)

Tψψ = ρ2(ε sin2 ψ + p cos2 ψ) (3.106)

where we have not imposed any equation of state. From the divergence equation

(3.71) we get for σ = ρ:

∇νT
µ
ρ = ∂ρT

ρ
ρ + ∂ψT

ψ
ρ + Γ

ψ
ψρT

ρ
ρ − Γ

ψ
ψρ

= ∂ρTρρ +
1

ρ2
∂ψTψρ +

1

ρ
Tρρ −

1

ρ3
Tψψ

(3.107)

where we used the non-vanishing Christoffel symbols Γ
ψ
ψρ = 1

ρ and Γ
ρ
ψψ = −ρ.

Substituting (3.104)-(3.106) gives

1

ρ2
ρ(ρ − ε)(cos2 ψ − sin2 ψ) +

1

ρ
(ε cos2 ψ + p sin2 ψ)− 1

ρ
(ε sin2 ψ + p cos2 ψ) = 0.

(3.108)

Similarly, for the σ = ψ divergence equation we get

∇µT
µ
ψ = ∂ρT

ρ
ψ + ∂ψT

ψ
ψ + Γ

ψ
ψρT

ρ
ψ − Γ

ψ
ρψ − Γ

ρ
ψψT

ψ
ρ

= ∂ρTρψ +
1

ρ2
∂ψTψψ = 0.

(3.109)

The stress tensor on the locus surface, T
(1)
µν will be viewed as a modified fluid (3.96).

The non-vanishing Christoffel symbols are (3.72)-(3.74). Similar to before we will

perturb the background out of equilibrium and use the expansions (3.83)-(3.87). In the

case of the flat slab, the Christoffel symbols with i indices contributing to the

divergence equations vanishes. The divergence equations (3.90) and (3.91) thus reduce

to

∇µT
µ
ρ =

(

−U(1)∂ρ −
(

∂ρU(1)
)

− U(1)

ρ

)

T
(0)
ρρ +

(

∂ρ +
1

ρ2

)

T
(1)
ρρ

+
1

ρ2
∂ψT

(1)
ψρ − 1

ρ3
T
(1)
ψψ = 0.

(3.110)

and

∇µT
µ
ψ =

(

−U(1)

ρ
− 1

2

(

∂ρU(1)
)

− U(1)∂ρ

)

T
(0)
ψρ +

(

∂ρ +
1

ρ

)

T
(1)
ψρ +

1

ρ2
∂ψT

(1)
ψψ = 0.

(3.111)
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Again using the trace identity (3.89) in the first divergence equation (3.110) we can

rewrite this as

∂ψT
(1)
ψρ − ∂ρT

(1)
ψψ = 0. (3.112)

The equations (3.112) and (3.111) are now the two coupled PDEs that together with the

trace identity allow us to solve for any T
(1)
µν provided T

(0)
µν .

To obtain an explicit solution for small ρ, we will expand U(1) in even powers of ρ:

U(1) = ∑
n≥0

U
(1)
n ρ2n. (3.113)

In the limit ρ → 0 we had by definition that U → q2 as ρ → 0. Expanding the metric

around q = 1 gives

U = 1 + 2(q − 1) +O
(

(q − 1)2
)

. (3.114)

Thus, we get that U
(0)
0 = 2 and ∂ρU(1) = ∂ρU

(1)
1 . Using the leading order terms

U
(0)
0 + ρ2U

(1)
1 gives us solutions of the form

T
(1)
ψψ = Aρ4 p

(

cos2 ψ − sin2 ψ
)

U
(1)
1 (3.115)

T
(1)
ψρ = Bρ3 p (cos ψ sin ψ)U

(1)
1 . (3.116)

Substituting these solutions into (3.112) and (3.111) gives

A =
B

4
= − d

12

(

4

U
(1)
1 ρ2

+ 3

)

. (3.117)

Finally, from the trace identity (3.89) we get

T
(1)
ρρ = U

(1)
1 T

(0)
ρρ − 1

ρ2
T
(1)
ψψ (3.118)

=
1

12
dp
(

4 + 3U
(1)
1 ρ2

)

cos 2ψ + p
(

1 − d sin2 ψ
)

U
(1)
1 . (3.119)

3.6.4.1 The vacuum solution

Consider the source free vacuum solutions with T
(0)
µν = 0. Here the first-order trace

identity (3.89) reduce to

T
(1)
ρρ +

1

ρ2
T
(1)
ψψ = 0 (3.120)

and the first-order divergence equations become

∂ψT(1)ψρ − ∂ρT
(1)
ψψ = 0 (3.121)

(

∂ρ +
1

ρ

)

T
(1)
ψρ +

1

ρ2
∂ψT

(1)
ψψ = 0. (3.122)
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Differentiating (3.121) w.r.t ψ and substituting into (3.122) differentiated w.r.t. ρ gives

us a single PDE for T
(1)
ψρ :

(

1 + 3ρ∂ρ + ρ2∂2
ρ + ∂2

ψ

)

Tρψ = 0. (3.123)

Using the ansatz T
(0)
ψρ = Aρ∆m(ψ) gives

∂2
ψm(ψ) = −k2m(ψ) (3.124)

k2 = (∆ + 1)2 (3.125)

which implies

m(ψ) = c1 cos kψ + c2 sin kψ (3.126)

∆ = ±k − 1. (3.127)

The general solution to T
(1)
ψρ can thus be expressed as

T
(1)
ψρ =

(

Aρ−(k+1) + Bρ(k−1)
)

(c1 cos kψ + c2 sin kψ) . (3.128)

Next, using the first divergence equation (3.121) we get

T
(1)
ψψ =

∫

dρ∂ψT
(0)
ψρ

=
(

Bρk − Aρ−k
)

(c2 cos kψ − c1 sin k psi) + c3(ψ).
(3.129)

Using the trace identity (3.120) the last component becomes

T
(1)
ρρ = − 1

ρ2
T
(1)
ψψ

=
(

Aρ−(k+2) − Bρ(k−2)
)

(c2 cos kψ − c1 sin kψ) +
c3(ψ)

ρ2
.

(3.130)

Now, imposing the matching condition and requiring the conical singularities at the

two endpoints at the entangling region to backreact on the replica manifold equally

i.e. contribute with the same amount of local energy-momentum allows us to fix the

integration constants. We use the matching condition and find that c1 = c2 = 0. Our

replica corrections thus reduce to

T
(1)
ψρ = 0 (3.131)

T
(1)
ψψ = c3(ψ) (3.132)

T
(1)
ρρ = − c3(ψ)

ρ2
. (3.133)
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Transforming to Euclidean coordinates and basis gives

T
(1)
rr = c3

(

t2
ϵ

(r2 + t2
ϵ)

2
− (r − r0)2

((r − r0)2 + t2
ϵ)

2

)

(3.134)

T
(1)
tt = c3

(

r2

(r2 + t2
ϵ)

2
− t2

ϵ

((r − r0)2 + tϵ)
2

)

(3.135)

T
(1)
rt = c3tϵ

(

− r

(r2 + t2
ϵ)

2
+

r0 − r

((r − r0)2 + t2
ϵ)

2

)

. (3.136)

3.7 Discussion

This chapter has addressed several interconnected issues. We first summarized the

setting in which it is meaningful to study islands. In particular, we considered a

general inhomogeneous transformation of the entanglement entropy, which extends

the island bound. A key insight is that one does not need to compute the full

entanglement entropy to determine whether islands form. Instead, it suffices to

evaluate the stress tensor of the theory modeling the Hawking radiation. We showed

explicitly that in even dimensions the formation of islands is driven by Weyl

anomalies, while in odd dimensions it is instead governed by the dynamics of the

stress tensor itself.

A central challenge is the evaluation of the stress tensor on the replica manifold. The

difference between the base manifold and the replica manifold arises from the

backreaction of the singular hypersurface at the entangling surface, appearing at order

(q − 1).

Although computing replica corrections explicitly is technically demanding, we

outlined the framework and equations required to carry out such a computation. As a

concrete illustration, we considered the case of a fluid in a slab-shaped entangling

region on flat space. Looking ahead, it would be valuable to extend this analysis to

more general geometries and backgrounds, and to evaluate the integrated

contributions. The latter requires particular care in implementing the matching

conditions across the locus surfaces on each replica sheet.

We also included remarks on the replica trick itself, especially regarding its relation to

thermal periodicity. While the thermal state approximation makes the replica

construction geometrically tractable, we stressed that exact thermal periodicity is

subtle and not universally valid. From the perspective of string theory, one can even

identify a characteristic scale beyond which pure microstates and thermal ensembles

begin to differ appreciably. At this scale the thermal approximation breaks down, and

computations of entanglement entropy must be treated with greater care. It would be
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interesting to further analyze what happens when placing the entangling region in

this scale.
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Appendix 3

Appendix 3.1: Curvatures on the replica manifold

The singular hypersurface Σ at the endpoints of the entangling region contributes

with energy-momentum that backreacts on the spacetime Mq to deform it to M̂q. From

the regularized metric on the replica manifold (3.26) the Riemann curvature

corrections on the replica manifold are captured by the interals

∫

M̂q

R = q
∫

M
R+ 4π(1 − q)

∫

Σ
(3.137)

∫

M̂q

R2 = q
∫

M
R2 + 8π(1 − q)

∫

Σ
R (3.138)

∫

M̂q

R2
µν = q

∫

M
R2

µν + 4π(1 − q)
∫

Σ

[

Raa −
1

2
K

aµ
µ

]

(3.139)

∫

M̂q

R2
µνρσ = q

∫

M
R2

µνρσ + 8π(1 − q)
∫

Σ

[

Rabab − Ka
µνKaµν

]

. (3.140)

where only the first integral (3.137) is exact while the other integrals are shown up to

O(1 − q). The subleading integral are performed over Σ and RΣ. The curvatures with

latin indices are the curvatures on the induced metric h: Raa = ∑a=1,2 na
muRµν and

Rabab = ∑a,b=1,2 na
µnb

µna
ρnb

σRµνρσ.

The Euler density in 2m dimensions is defined by

E2m =
1

22(m+1)πmm!
ϵµ1µ2···µ2m−1µ2m ϵν1ν2···ν2m−1ν2mRµ1µ2

ν1ν2
· · · Rµ2m−1µ2m

ν2m−1ν2m
. (3.141)

The topologically invariant Euler number can now be obtained by integrating the

Euler density over a manifold: χ[M] ≡
∫

M E2m. Substituting (3.137)-(3.140) into the

Euler density and integrating while using the fact that the regularized q−fold cover

M̂q is topologically the sas M one arrives at [172]

χ[M̂q] = χ[M] + (1 − q)χ[Σ] +O
(

(1 − q)2
)

. (3.142)
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In two dimensions the Euler density is E2 = R
4π while there are no Weyl invariants.

Rescaling the type A central charge to follow the canonical convention in CFT2 and

subsitituting the trace of the stress tensor we get

〈

T
µ
µ

〉

= − c

24π
R. (3.143)

We also have

χ[Σ] =
∫

Σ
E2 =

1

4π

∫

Σ
RΣ. (3.144)

The integral of curvatures over the replica manifold can be written in terms of

integrals on the regular manifold M̂q and the singular hypersurfaces to order

O ((q − 1)) as [144]

∫

Mq

d4x
√

gR2 =
∫

M̂q

d4x
√

gR2 + 8π(1 − q)
∫

Σ
d2x (RΣ + 2Raa − Rabab) (3.145)

∫

Mq

d4x
√

gRµνρσRµνρσ =
∫

M̂q

d4x
√

gRµνρσRµνρσ + 8π(1 − q)
∫

Σ
d2xRabab (3.146)

∫

Mq

d4x
√

gRµνRµν =
∫

M̂q

d4x
√

gRµνRµν + 4π(1 − q)
∫

Σ
d2xRaa (3.147)

The curvatures with Latin indices are projected onto the directions normal to Σ and Σ′:

Raa = ∑a=1,2 na
µna

νRµν and Rabab = ∑a,b=1,2 na
µnb

µna
ρnb

σRµνρσ. The components of the

Riemann tensor on the replica manifold are given in terms of those on the original

manifold plus corrections [144]:

R
µν(q)
αβ = R

µν
αβ + 2π(1 − q)

(

(nµnα)(n
νnβ)− (nµnβ)(n

νnα)
)

δΣ (3.148)

R
µ(q)
ν = R

µ
ν + 2π(1 − q)(nµnν)δΣ (3.149)

R(q) = R + 4π(1 − q)δΣ. (3.150)

Appendix 3.2: Regularization scheme-independent divergence

equations

We worked with the regularized metric on the replica manifold (3.26). This is however

just one out of many schemes and it would be interesting to further study the

advantages of different schemes. The divergence equations from conservation in

section 3.6 use the fact that there is no q-dependence in the Riemann normal

coordinates in (3.26). However, we saw in the case of a non-symmetric cone (3.24) that

q is introduced as a parameter. Without making any assumptions about the general

form of the expanded metric on the replica manifold, the first-order divergence

equations become
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1. σ = ρ

∇(q)
µ T

µ(q)
ρ = (d − 2)gψψ(0)Γ

i(0)
iψ T

(1)
ρρ − gψψ(0)Γ

ψ(0)
ψρ T

(1)
ψψ − gii(0)Γ

i(0)
iρ T

(1)
ii

(

gρρ(0)
(

Γ
ψ(0)
ψρ + Γ

i(0)
iρ +

(

∂ρgρρ(0)
))

+ ∂ρ

)

T
(1)
ρρ + gψψ(0)∂ψT

(1)
ψρ = J

(0)
ρ .

(3.151)

2. σ = ψ

∇(q)
µ T

µ(q)
ψ = gψψ(0)

(

Γi(0) + ∂ψ

)

T
(1)
ψψ − Γ

i(0)
iψ T

(1)
ii

+
(

−gψψ(0)Γ
ρ(0)
ψψ + gρρ(0)

(

Γ
ρ(0)
ρρ + Γ

i(0)
iρ + ∂ρ

)

+
(

∂ρg(0)ρρ
))

T
(1)
ψρ + J

(0)
ψ

(3.152)

3. σ = i

∇(q)
µ T

µ(q)
i =

(

Γ
i(0)
ii +

(

∂ig
ii(0)
))

T
(1)
ii + J

(0)
i (3.153)

where

J
(0)
ρ = (d − 2)

(

gii(1)Γ
i(0)
iρ + gii(0)Γ

i(1)
iρ

)

T
(0)
ii

+
(

gψψ(1)
(

Γ
i(0)
iψ + ∂ψ

)

+ gψψ(0)Γ
i(1)
iψ

)

T
(0)
ψρ −

(

gψψ(1)Γ
ψ(0)
ψρ + gψψ(0)Γ

ψ(1)
ψρ

)

T
(0)
ψψ

+
(

gρρ(1)
(

Γ
ψ(0)
ψρ + Γ

i(0)
iρ + ∂ρ

)

+ gρρ(0)
(

Γ
ψ(1)
ψρ + Γ

i(1)
iρ

)

+
(

∂ρgρρ(0)
))

T
(0)
ρρ

(3.154)

J
(0)
ψ = −Γ

i(1)
iψ T

(0)
ii +

(

gψψ(1)
(

Γ
i(0)
iψ + ∂ψ

)

+ gψψ(0)Γ
i(1)
iψ

)

T
(0)
ψψ +

(

− gψψ(1)Γ
ρ(0)
ψψ

+ gρρ(1)
(

Γ
ρ(0)
ρρ + Γ

i(0)
iρ + ∂ρ

)

− gψψ(0)Γ
ρ(1)
ψψ + gρρ(0)

(

Γ
ρ(1)
ρρ + Γ

i(1)
iρ

)

+
(

∂ρgρρ(1)
) )

T
(0)
ψρ

(3.155)

and

J
(0)
i = Γ

i(1)
ii T

(0)
ii . (3.156)

Without making any assumptions about the spacetime nor regularization scheme,

these are the general first-order divergence that together with the trace identity

completely fixes the replica corrections to the stress tensor, T
(1)
µν , provided a specific

state T
(0)
µν .
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Chapter 4

A multiverse model in T2 dS wedge

holography

4.1 Introduction

We construct a multiverse model where empty AdSd+1 space is cut off by a pair of

accelerated dSd space universes, at a finite AdS boundary cutoff which we treat as a T2

deformation in the holographic dual, and one in the AdS interior, the IR brane; and

denote the construction as T2 dS wedge holography. We glue together several copies

of this configuration along the UV cutoff and the IR branes in a periodic matter. To

provide the model with dynamics similar to those of near Nariai black holes used in

other multiverse toy models, we specialize to d = 2 and add dS JT gravity as an

intrinsic gravity theory on the IR branes. We then study the entanglement entropy

with respect to a finite cutoff observer, who finds a Page curve transition due to an

entanglement island connecting the UV cutoff and IR brane. This process involves the

coarse-graining of information outside the causally accessible region to the observer.

Our model provides an explicit realization of entanglement between IR and UV

degrees of freedom encoded in the multiverse.

Recently, there has been a lot of attention on double holographic models with the

development of wedge holography [75, 76, 186], where gravity on a (1+d)-dimensional

anti-de Sitter (AdSd+1) space region bounded by a pair of end-of-the-world (ETW)

branes is dual to a CFTd−1 theory living on the interception between the branes. This

is realized within the Karch-Randall (KR) braneworld models [73, 74, 108–110].

Perhaps one of the most exciting prospects in this program is to learn lessons that can

be applied to spacetimes relevant to cosmology. The KR-type models have allowed

the development of different cosmological models [187–195], as well as several

applications for studying quantum information observables with braneworld
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holography [63, 71, 72, 84, 93, 106, 137, 196–210] and formal aspects of higher

curvature gravities [77, 211, 212].

Since the ETW branes can have arbitrary cosmological constants, this has led to

different realizations of wedge holography, and importantly for us, to the

development of de Sitter (dS) wedge holography [84]. Here, one employs a dSd space

ETW branes near the asymptotic boundary of AdSd+1 space and in the interior bulk

geometry, denoted as the ultraviolet (UV) and infrared (IR) branes respectively.1 By

placing the UV brane sufficiently close to the boundary to effectively render the

gravity non-dynamical, [84] studied the holographic entanglement entropy

[45, 48, 56, 215, 216] and holographic complexity [217–220] with respect to an observer

living in the UV cutoff universe to be studied2. In particular, for AdS3 ambient space,

one can analytically reproduce a Page curve with respect to a UV observer. Given that

pure Einstein gravity is topological in 3-dimensions, one normally either introduces

fluctuations in the braneworld location [207, 208], or intrinsic gravity theories on the

brane. The latter approach has allowed progress in different areas, such as for

providing new hints in the context of the information paradox [71, 72, 221, 222], and

developing bounds the intrinsic gravity couplings on the ETW branes based on

consistency with entanglement velocity [223]. The higher curvature corrections to the

intrinsic gravity on the brane render the gravity dynamical, as opposed to purely

topological. This allows for a more consistent holographic treatment of branes with

intrinsic gravity and sharp formulations of quantum information observables [223]. It

has been found that introducing the intrinsic gravitational theory reproduces a Page

curve with massless gravitons in AdS wedge holography [221], and cone holography

[222].

Our work aims at exploring the coarse-graining of information encountered in

semi-classical quantum cosmology [224, 225] by proposing an extension to dS wedge

holography, where instead of a second ETW brane near the asymptotic AdS boundary,

we locate a finite boundary cutoff generated by a T2 deformation [226] in the dual

CFT, which is kept very close to the asymptotic AdS boundary - we refer to this as T2

dS wedge holography. We perform this step in order to impose Dirichlet boundary

conditions at a finite radial location3 In the context of eternal inflation in quantum

cosmology, such as false vacuum eternal inflation4, one expects that meta-observers in

1There are also notions of flat/dS space wedge holography; see [213, 214] for recent developments.
2Other approaches to quantum information on dS braneworlds can be found in [93, 94, 198].
3 Different works of wedge holography with non-trivial observables consider that at least one of the

ETW branes is connected with a non-gravitating bath, such as a boundary CFT [204, 206, 227–232]. Here,
we will instead treat the regulated UV brane as a T2 deformation, with a well-defined Dirichlet boundary
at a finite fixed radial distance [89, 226, 233], and evaluate quasi-local diffeomorphism invariant observ-
ables; where the closeness of the finite cutoff region to the asymptotic boundary allows us to neglect the
effect of non-localities, at scales of the deformation parameter [90], in the dual QFT [234–238].

4False vacuum decay refers to a tunneling event from a local minimum in an inflaton potential to
the global minimum. The reader is referred to [239] for a pioneering publication in vacuum decay in
semiclassical gravity, and [240] for original work on false vacuum eternal inflation.
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ρ
τ

τ = π/2

τ = −π/2

Qc

Qb

Wd+1

. . . . . .

FIGURE 4.1: “dS wedge holographic” multiverse model formed with a pair of dSd

branes, labeled by Qb (in purple) and Qc (gray) embedded in AdSd+1 space (or-
ange), and ending on a pair of codimension-two Euclidean defects at global AdS time
τ = ±π

2 . The region between the branes (blue) is denoted as the wedge Wd+1. We glue
together different copies of the same system along the UV cutoff and IR brane (repre-
sented by the red arrows) to form a double-sided brane wedge configuration for both
the UV cutoff and IR brane. From the brane perspective, there is a junction between
dSd universes on opposite sides. The respective Penrose diagram is shown in Fig. 4.2.

a given universe have access to the information available in other universes given a

large amount of redundancy in the theory [224, 225], and yet they cannot interact with

those (spacelike separated) universes. This coarse-grained information shares

similarities with the fine-grained von Neumann entropy computed with entanglement

islands [57, 241], as both are determined from the saddle points from the semi-classical

gravitational path integral i.e. a coarse-graining over the allowed geometrical

configurations of the theory.

In this work, we study this situation within a multiverse dS-braneworld toy model, to

gain access to holographic tools that allow us to evaluate the holographic

entanglement entropy of a subregion in a multiverse through the

Hubeny-Rangamani-Takayanagi (HRT) formula [45, 48, 215]. This will help us

interpret the information a UV observer has access to in terms of CFT degrees of

freedom. To carry out this task, we introduce the braneworld model illustrated in Fig

4.1.5 This model can be viewed as an extension of dS wedge holography [84]. A

technical difference with [84] is that besides connecting different bulk spacetimes

through the dS branes, we also add an intrinsic gravity theory in the IR ETW branes;

besides generating the UV cutoff through a T2 deformation in the dual CFT, as

mentioned above. This allows for the effective braneworld description to contain

dynamics even for (2 + 1)-dimensional bulk space with a dS2 space brane in the IR

5Throughout the letter, we employ latin indices for braneworld coordinates.
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region of the bulk and a UV cutoff. We adopt dS Jackiw-Teitelboim (JT) gravity [64, 65] 6

as the intrinsic theory on the IR branes, while keeping the UV cutoff. This is achieved

by imposing Dirichlet (Neumann) boundary conditions on the UV (IR), and it allows

us to fix the cosmological constant in both the finite cutoff region and IR brane to be

dS space. Having intrinsic gravity on the brane modifies the gravitational observables

anchored to the UV boundary, such that we can study the consequences for the

properties in the multiverse model.

Our main point of interest is the evolution of holographic entanglement entropy with

respect to the T2-deformed CFT degrees of freedom in the UV cutoff within this

model.7 On the technical level, in order to have well-defined notion of holographic

entanglement entropy, we need to restrict the analysis to a quasi-local description of

the dual field theory (see e.g. [234, 235]), which is realized when the length of the

entangling region in the HRT formula is much larger than the length scale set by the

deformation parameter. Under this restriction for the entangling region, our

construction has an apparent black hole-like information loss paradox. Based on [84],

we consider a UV observer collecting Hawking radiation. The von Neumann entropy

with respect to the UV cutoff observer describes two phases; at early times, it is a

monotonically increasing function of time during the so-called Hawking phase. The

observer could access more Hawking modes than the total number of degrees of

freedom on the IR brane union with the entangling region in question. However, later

there is a phase where it decreases and then saturates, which is an example of the

entanglement islands [57, 241]. In the connected phase, we find that the entanglement

entropy is non-vanishing and depends on degrees of freedom in both the IR and the

UV; the minimal surface after the Page transition is anchored to both of the branes.

Our results suggest that the information available to each observer living in a given

UV cutoff completely encodes that of the other universes, as a consequence of the

Israel junction conditions [247] in the configuration (see Sec. 4.3). This observation

confirms that the braneworld multiverse model explicitly realizes the coarse-graining

of information for observables in quantum cosmology [224, 225]. Moreover, the island

configurations we encounter show that the different observers cannot transmit nor

decode messages between universes. This result is consistent with the central dogma

[248] and the no-cloning theorem for cosmological horizons discussed in [243]. The

central dogma in this context refers to encoding information of the spacetime beyond

the cosmological horizon, with respect to a given observer, from the interior region. In

[243], it was noticed in a multiverse toy model that observers in spacelike separated

regions could in principle encode regions of spacetime with some overlap, such that

6This theory can describe the perturbations around the near horizon region of arbitrary dimensional
near extremal Schwarzschild-de Sitter (SdS) black holes, known as the near Nariai limit, or from the di-
mensional reduction of pure dS3 space. We will consider only the near Nariai perspective. See, for in-
stance, [242] and references therein for general aspects of these theories.

7See [94, 225, 243–246] for closely related previous studies.
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they could reconstruct information from those regions without affecting the ability of

the other observer to do the same. This would then enter into tension with the

no-cloning theorem. However, the authors also find additional non-overlapping

island saddles with respect to meta-observers on a non-dynamical gravity region. The

dominance of these saddles implies that the apparent paradox simply does not arise.

The model in [243] has many similarities to ours. The non-dynamical region in our

setting refers instead to the UV cutoff where one collects Hawking radiation. The

island transitions show that the RT surfaces will be confined to a single dS wedge

universe. The main new observation, explicit in our model, is the entanglement

between the UV and IR degrees of freedom present in the multiverse model, and in

the coarse-graining of information with respect to different UV observers, who take

the role of the meta-observers in the false vacuum eternal inflation models.

Lastly, our proposal for a system with a UV and IR cutoff region also relates to recent

works where double-trace TT deformations in a CFT dual to pure AdS3 space with an

ETW brane allow for a new realization of the Page transition [92]. In contrast to this

other approach, the dS cutoff regions do not overlap with each other, except at

particular time slices (see Fig. 4.1) which modifies considerably the analysis, with

consequences for the Page curve transition, and the quantum cosmology

interpretation, which we persuade in Sec. 4.3.

The rest of this chapter is organized as follows. We start by reviewing the geometric

construction and we introduce our multiverse braneworld model in Sec. 4.2. In Sec.

4.3, we present an information recovery protocol and compute the holographic

entanglement entropy of spacetime subregions using the HRT formula, which results

in a page curve transition with respect to a UV observer. In Sec. 4.3.5 we comment on

the connection between our model with the central dogma and non-cloning theorem

in the context of quantum cosmology. We conclude in Sec. 6.5 with a discussion of our

findings and important questions to be addressed in the future.

4.2 Braneworld (multiverse) model

To formulate the multiverse model, we start constructing its building block as a single

AdSd+1 bulk geometry with an ETW brane inside the bulk, denoted the IR brane, and

the finite cutoff (produced by a T2 deformation in the dual theory). This simple model

is a modification of dS wedge holography that appeared in [84]. Importantly, instead

of considering an ETW brane very close to the asymptotic boundary,we will consider a

T2 deformation of the original CFTd theory living on a dSd background dual to pure

AdSd+1 with the appropriate foliation. This allows for consistency at the moment of

imposing Dirichlet boundary conditions at a finite boundary location, which will

allow us to find a Page curve transition in the multiverse toy model in Sec. 4.3.. In this
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section, we specify the geometric construction, including an IR brane without intrinsic

gravity, and later, we introduce multiple ETW branes with an intrinsic dS JT gravity

theory on them.

4.2.1 De Sitter wedge holography, and T2 deformations

The original proposal in dS wedge holography [84] considered a double holographic

AdSd+1 space bounded by a single pair of dSd space near the asymptotic boundary

(denoted as the UV region, where gravity decouples) and an arbitrary location in the

bulk interior (the IR region). The configuration was interpreted as the Hartle-Hawking

preparation of state corresponds to a tunneling instanton describing membrane

creation [84] in the IR. Our configuration, however, considers an important

modification, where the finite cutoff UV region is instead due to a T2 deformation in

the dual CFT (see Sec. 4.2.2).

There are 3 equivalent ways to describe the system (see Fig. 4.1):

a. A pair of codimension-two Euclidean conformal defects on S1×Sd−2-spaces that

are timelike separated from each other.

b. A pair of entangled dSd universes with CFTd matter connected during the

infinite past and future via transparent boundary conditions.

c. AdSd+1 bulk space with a pair of dSd cutoff region, where the IR corresponds to

a Randall-Sundrum brane [74]8 that overlap at global AdS time τ = ±π
2 , while

the UV region corresponds to a T2 deformation [226] in the dual CFTd.

The system is described by the following action

I =
∫

M̂
dd+1x

√

−ĝ[
1

16πGd+1
(R̂ − 2Λd+1) + L̂bulk] +

1

8πGd+1

∫

∂M̂
ddx

√
−h K

+ ∑
i=b, c

(
∫

Qi

ddx
√

−h(i)L(i)
intrinsic + I

(i)
matter) ,

(4.1)

where

Λd+1 = −d(d − 1)

2ℓ2
d+1

. (4.2)

In the above hµν is the induced metric on ∂M; L̂bulk is the bulk field Lagrangian

density; Qc is the UV cutoff region, and Qb denote (the worldvolume) of the IR ETW

brane, where we consider both regions to be double sided; L(i)
intrinsic is the intrinsic

8As noticed in an alternative Randall-Sundrum multiverse model [94], the dS branes would have a
finite lifetime. In our configuration the accelerating branes produce a singularity at the location where the
branes nucleate [249, 250] (a big bang), as well as where they decay (a big crunch) [199], where the lack of
unitary on the codimension-two dS conformal defects is manifest.
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gravity theory on the Qi regions; h
(i)
ij the respective induced metric (where i, j are

2-dimensional indices); I
(b)
matter is the matter field theory on Qi; and Gd+1 is Newton’s

gravitational constant.

We describe this spacetime with AdS global coordinates

ds2 = dρ2 − cosh2 ρ dτ2 + sinh2 ρ(dα2 + cos2 α dΩ2
d−2) . (4.3)

In this foliation, dS branes of arbitrary tension can only be found in the range

−π
2 ≤ τ ≤ π

2 [251].9

We can also employ a change of coordinates from global AdSd+1 space to AdSd+1 with

dSd space foliations to place the ETW branes, which will have an effective positive

cosmological constant. In general, the metric has the form [250],

ds2 = ℓ
2
d+1[H

2 sinh2 σ ds2
dS + dσ2] . (4.4)

where dsdS is a d-dimensional line element for dS space in any coordinate system, and

H is the Hubble rate. In these coordinates, we locate the finite IR and UV cutoff

regions at σ = σb and σ = σc respectively, such that

Wd+1 : σb < σ < σc . (4.5)

To describe the evolution with respect to the global time of an observer living in the dS

finite UV cutoff, it is most convenient to use a Rindler-AdSd+1 background with global

coordinate dSd foliation with the explicit mapping

tan τ = sinh t tanh σ ,

sinh ρ = sinh σ cosh t ,
(4.6)

and recover the metric

ds2 = ℓ
2
d+1[dσ2 + H2sinh2 σ(−dt2 + cosh2 t (dα + cos2 α dΩ2

d−2)] . (4.7)

From now on we use a rescaling of coordinates where ℓd+1 = 1 and H = 1.

4.2.2 Incorporating T2 deformations

T2 deformations were defined by [226]10 as a generalization of the finite cutoff

interpretation of TT for CFTd in arbitrary dimensions. The definition is based on the

9The UV cutoff region and the IR ETW brane overlap at global AdS time τ = ±π/2 as seen from (4.6)
for t → ±∞ and ρ → ∞ in both regions.

10See also [89, 252].
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AdSd+1/CFTd dictionary relating the bulk gravity and CFT partition functions, which

is taken to hold at finite bulk radial cutoff rB

ZEFT[rB; γij, J] = Zgrav[h
B
ij = r2

Bγij, ψB = r∆−d
B J] . (4.8)

The left-hand side is the generating function for the (assumed holographic) effective

field theory, which need not be a CFT itself, hij is the metric describing the field theory

geometry, and J is, for simplicity, taken to be a source for a scalar operator O of

dimension ∆. On the right-hand side is the (on-shell) gravitational partition function

in an asymptotically AdS background with metric

ds2 = gµνdxµdxν =
dr2

N(r)
+ r2γijdxidxj , (4.9)

where N(r) → r2 near the conformal boundary; the bulk metric and bulk scalar field ψ

are taken to obey Dirichlet boundary conditions, i.e. fixing the boundary-induced

metric hij(rB, x) ≡ hB
ij(x); and bulk fields ψ(rB, x) ≡ ψB(x). The standard dictionary is

recovered in the limit rB → ∞. As mentioned in [226], Dirichlet boundary conditions

might be problematic in higher dimensions in the sense of a well-posed initial valued

problem [253, 254]; while the QFT is not guaranteed to exist; however, [226] provided

evidence in favor of (4.8), which we treat as our working assumption.

Following this line of work, we consider a sharp radial cutoff in global AdSd+1 space,

with a geometry (4.9) for N(r) = r2 + 1, where we can identify the coordinate change

with respect to (4.7) for our choice ℓd+1 = 1, H = 1,

r = sinh σ . (4.10)

Meanwhile, the T2 deformed CFTd theory corresponding to an AdSd+1 bulk dual in

Einstein gravity, is described by the action

Iλ =
∫

ddx
√

h[(Tij +
αd

λ
d−2

d

Gij)
2 − 1

d − 1
(Ti

i +
αd

λ
d−2

d

Gi
i)

2] , (4.11)

where λ is the T2 deformation parameter, Gij is the Einstein tensor on the surface

where the deformed CFT is located, and αd is a constant which only scales with Gd+1
11

11Explicitly:

αd =











0 , d = 2
1

8πGd+1(d−2)
( 4πGd+1

d )1/d , d = 3, 4

(d1− 2
d (d − 2)(πGd+1)

2
d 21+ 4

d )−1 , d > 4 .

(4.12)
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. . . . . .

FIGURE 4.2: Penrose diagram of the AdS3 space (in gray) cutoff by UV and IR dS
regions (in red). We prepare the state with the Hartle-Hawking construction, consid-
ering a thermal density matrix for each brane ρTFD purified by a maximally entangled
partner (UV or IR region respectively) with an empty bulk in between (white) and
glue them together (red arrows), as shown in the figure. Although the UV and IR re-
gions within a single universe are initially unentangled, as the branes accelerate and

exchange Hawking modes.

Using the coordinate change (4.10), we can identify the holographic dictionary relating

the finite radial cutoff of AdSd+1 at r = sinh σc, and the T2 deformation parameter λ as

λ =
4πG

d(sinh σc)d
. (4.13)

4.2.3 Multiverse models from the (JT) dS wedge holography

We now describe a multiverse model by gluing n-copies of dS wedge universes. The

different UV and IR regions are pairwise glued together in the configuration

illustrated in Fig. 4.2.

Double holography provides three descriptions of the system:

a. n pairs of Euclidean CFTd−1 defects timelike separated from each pair.

b. n double-sided IR and n UV dSd regions with a matter theory entangled with

each other.

c. n double-sided AdSd+1 bulk space cutoff in the UV and IR region that glued

along pairs of UV/UV or IR/IR regions periodically.

In the simplest case, d = 2, gravity would be topological. To generate a dynamical

evolution with respect to a braneworld observer, we add an intrinsic gravitational

theory, namely dS JT gravity, on the IR brane.12 We now analyze the conditions for

this configuration to be realized.

12Alternatively, we could have added dS JT gravity on both the UV and IR regions. One can immediately
see that adding JT on the UV region would modify the phases for the entanglement in (4.28, 4.29) by the
same additive (time-dependent) constant. Since only the relative entropy difference enters in the physical
analysis, we do not consider this possibility, although it can be straightforwardly included.
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IR branes

To set the stage, consider dS JT gravity as intrinsic theory on the IR branes, so that the

system is described by

∫

Qb

d2x
√
−hLintrinsic =

1

8πG3

∫

Qb

d2x
√
−hK + IJT (4.14)

with the JT action given by

IJT =
1

16πGb
[
∫

d2x
√
−h Φ0R̃ +

∫

d2x
√
−h Φ

(

R̃ − 2ΛJT

)

] . (4.15)

Here, ΛJT is the cosmological constant on the brane; Gb is Newton’s gravitational

constant on the brane; R̃ the Ricci scalar; Φ is the dilaton, and Φ0 a topological term,

which we will not consider in the subsequent discussion.

The brane equation of motion translates to the Israel junction conditions [247]

∆Kij − hij∆K = 8πG3Tij (4.16)

where Tij is the effective stress tensor on the brane; while ∆Kij = K
(+)
ij − K

(−)
ij = 2K

(+)
ij

is the extrinsic curvature difference between opposite sides, denoted by ±, in the

double-sided Qb brane.

On the other hand, the dilaton equation of motion fixes the background geometry on

the ETW brane to be

R̃ = 2ΛJT . (4.17)

Using the induced metric at the location of either brane, where σ is fixed, (4.4) with

(4.17) gives

sinh2 σb = 1/ΛJT , (4.18)

which implies that ΛJT fixes the brane location; i.e. it plays the role of the brane

tension.

One can also find the effective stress tensor in the brane with dS JT gravity by

performing the variation of (4.15) with respect to hij, resulting in the relation:

−∇i∇jΦ + hij∇2Φ + hijΛJTΦ = 8πGbTij . (4.19)

Matching (4.19) and (4.16) now gives

∇i∇jΦ + ΛJTΦhij =
Gb

G3
∆Kij , (4.20)

with the covariant derivative ∇i taken with respect to the induced metric hij on the

brane.
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Next, we look for solutions of the form

Φ = φ0 + φ , (4.21)

with φ being the homogeneous solution, i.e.

∇i∇j φ + ΛJT hij φ = 0 ; (4.22)

while φ0 is a constant term, determined as

φ0 =
Gb

2ΛJTG3
∆K . (4.23)

Thus, the junction conditions in ETW branes with dS JT gravity can be absorbed into

an overall constant term in the dilaton on the branes being glued together.

One can find solutions for (4.22) in global dS2 coordinates (4.7)

ds2 = sec2 t(−dt2 + dα2) , (4.24)

φ = φ1 tan t + φ2
cos α

cos t
+ φ0 (4.25)

with φ1, φ2, φ0 ∈ R being constants. We notice that for φ1 = 0, (4.25) reproduces the

dilaton in the full-reduction model dS JT gravity [255]. It follows that the

thermodynamics on the ETW brane also satisfy the relations found for dS JT gravity

[242].

As last remark, note that unlike the original formulation of dS wedge holography in

[84], since we consider a single ETW brane in the bulk, there is no longer issue about

perturbative stability due to fluctuations of the ETW brane location.

4.3 Coarse-graining of information in the multiverse

In this section, we study the coarse-grained information that can be collected by a UV

observer in the multiverse model in 4.2.3 using holographic entanglement entropy

and compare it with the island formula in false vacuum decay models in quantum

cosmology [225, 243] and the cosmological central dogma [248].

As mentioned in Sec. 4.1, we stress that having the UV cutoff very close to the

asymptotic boundary allows for suppressing non-local effects on the dual QFT (where

the scale of non-locality depends on the deformation parameter, as
√

λ [256]). The

Ryu-Takayanagi (RT) formula [45, 215] is generically not applicable due to the

non-locality of the field theory, but it remains well defined at the perturbative level in

the deformation parameter λ [235], or at the non-perturbative one, considering that
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the deformation parameter is the smallest length scale in the system [234]. For this

reason, we place the UV cutoff very near the conformal boundary, meaning that we

keep the deformation parameter λ ≪ 1 (i.e. the cutoff location σc ≫ 1 in (4.13)), where

the theory accepts a quasilocal description, and the holographic entanglement entropy

is well-defined [234–238].

4.3.1 Information recovery protocol

Our protocol, based on [84], considers an observer collecting Hawking radiation in a

single double-sided cutoff region Qc with Dirichlet boundary conditions. Gravity

decouples and the effective theory of the UV region is thus described by a dS QFT

with a mass gap [257, 258]. We work in the framework of IR/UV entanglement,

where, as explained in [84, 259], the total Hilbert space factorizes as13

H = HUV ⊗HIR , (4.26)

where HUV is the Hilbert space of the dS QFT (with a gap) and HIR represents the

Hilbert space of the IR degrees of freedom, geometrized by Qb. Also, note that,

although there is no gravity localization in the IR brane, this does not alter the

evaluation of the HRT formula from the UV boundary.

Let R represent the subregion accessible to the UV observer, such that R ⊂ ∂M̂. For

simplicity, we will consider an entangling region with disk topology partitioning the

Sd−1 internal space. We thus study a generic entangling region R = I × Sd−2, with

I = {α ∈ [α1, α2]}. However, given the presence of the dS JT couplings in the IR brane,

the maximal area surfaces do not need to appear at a fixed (global) time (denoted by τ)

slice.

In general, if the brane contains an intrinsic gravitational theory, the HRT formula

describing the von Neumann entropy with respect to a boundary subregion R can be

expressed by,

SEE(R) = Min Ext[
A(ΣR)

4Gd+1
+

A(σR = ΣR ∩ brane)

4Gb
] (4.27)

where ΣR is the bulk HRT surface (homologous to R), and σR is its intersection with

the brane. The interpretation from the brane perspective is seen as a version of the

“island” rule [71, 72, 106, 137, 203, 204].

We now proceed with the evaluation in (4.27) within a single T2 dS wedge

holographic universe, meaning a single AdS3 space capped off by the UV and IR

13The argument employs a Fock space decomposition, H = ⊗ p⃗H p⃗ with H p⃗ the Hilbert space for mo-
mentum modes p⃗, so that the notion of entanglement between UV and IR degrees of freedom in the dual
theory are described at different momentum scales [259].
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regions. We evaluate the HRT surfaces anchored at the finite UV region, whose cutoff

surface σc → ∞ corresponds to ρc → ∞.

Our interest is to dress the dS braneworlds with dS JT gravity to model false vacuum

eternal inflation as in [225] (a periodic dS2 spacetime with multiple inflationary and

black hole patches). We have the option to either add intrinsic gravity on the UV

and/or IR regions. In the first case, given that the UV region represents a region with

Dirichlet boundary conditions, this choice would only amount to a shift in the entropy

(4.37) both before and after the Page transition. Since we are only interested in the

entropy difference between the two phases, which is unaffected by adding JT on the

UV region, we will only include JT on the IR brane, which has a nontrivial

modification in the variational problem.

We then need to search for minimal-length surfaces, corresponding to the functional

Sbef PT =
1

4G3

∫ ρc

ρt

√

1 − cosh2 ρ τ′(ρ)2 + sinh2 ρ α′(ρ) dρ , (4.28)

where ρt is the turning point, in which ρ′(α) = 0.

Meanwhile, when the RT surfaces land on the IR brane, we consider the entropy

functional (where we absorb the constant Φ0 in φ0)

Saft PT =
1

4G3

∫ ρc

ρb

√

1 − cosh2 ρ τ′(ρ)2 + sinh2 ρ α′(ρ) dρ +
1

2Gb
[φ2

cos αb

cos tb
+ φ0] .

(4.29)

Here the overall factor of 2 in the contact comes from the two interceptions of the RT

on the branes (see Fig. 4.5).

4.3.2 Before the Page transition

We proceed to determine the conserved charges from (4.28, 4.29) related to the angular

momentum and energy in the ambient AdS3 space

Eα = Lα′ , Eτ = Lτ′ , (4.30)

which allows to solve α(ρ) and τ(ρ). Since the configuration is empty AdS space and

the Qb brane does not play a role before the Page transition, the minimal area surfaces

must exist within τ = constant slices.

For the boundary condition of α(ρ), we take a fixed subregion

α(ρ → ∞)− α0 = ∆αc , (4.31)
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from some reference location α0. The solution becomes

α(ρ)− α0 = arctan

√
2 tan ∆αc cosh ρ

√

cosh 2ρ − sec2 ∆αc

, (4.32)

and we can derive that Eα = tan ∆αc. This result allows for the explicit evaluation of

(4.28) as

Sbef PT =
1

4G3

∫ ρc

ρt

√

1 + α′(ρ)2 sinh2 ρ dρ ,

(4.33)

where there is implicitly (asymptotic boundary) time dependence via the coordinate

map between AdSd+1 with a dSd foliation and global AdSd+1, (4.6), given by

sinh ρc = sinh σc cosh tc , (4.34)

which grows monotonically with tc as the global dS2 time with respect to the UV

observer (which then grows unbounded). From (4.31) and (4.34), we find

ρt = arccosh(sec(∆αc)) , (4.35)

where ∆αc ∈ [−π/2, π/2]. Then, (4.3.2) is reduces to

Sbef PT =
1

4G3
log

√

sinh2 σc cosh2 tc + 1 +
√

sinh2 σc cosh2 tc − tan2 ∆αc

sec ∆αc
, (4.36)

where we employed the map in (4.6). Notice that this thermal entropy grows

monotonically with tc and is unbounded.

In the following, we show that an observer in a given (double-sided) finite cutoff UV

region will detect an increase in the von Neumann entropy until reaching a Page

transition.

4.3.3 Transition without JT couplings

Given the presence of the IR brane at σ = σb, there will be a cut-off scale for the

growth in the von Neumann entropy detected by the UV observer. The corresponding

entanglement entropy should be evaluated with Neumann boundary conditions on

the IR brane, which determines the type of ansatz to be used. Without the JT

couplings, one finds a constant entropy from (4.29), which is expressed in global dS2

coordinates as

Saft PT =
1

2G3
(σc − σb) . (4.37)
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There is an entanglement phase transition between the island (4.29) and the

disconnected phase, which is determined by both σb and α(σc). To see that, notice that

the disconnected phase in (4.3.2) has a minimum at t = 0, and that when σc ≫ 1, we

get

Sbef PT =
1

4G3
(σc − log sec ∆α) . (4.38)

Then, comparing with (4.29), we require

σb < log sec ∆α (4.39)

in order to have a transition. Thus we have an avatar of the picture in [260] relating

the UV and IR cutoffs of the effective field theory (EFT) (i.e. the multiverse

braneworld model in our case) from the entropy transition.14

One can straight-forwardly include boundary time dependence in the previous

argument at late times, where ρc ≃ σc + tc from (4.6). In that case, one finds a Page

time at

tP = log sec ∆α − σb . (4.40)

The result indicates that the time to produce a transition is enhanced by increasing the

size of the region where radiation is collected, and there is a threshold given by the

location of the IR brane. We then require ∆α ≃ π
2 for the late time assumption to be

valid.

4.3.4 De Sitter JT gravity on the IR brane

We will now perform the extremization in (4.29) again, but now the conserved charge

Eα no longer vanishes at the brane location. We start with the global AdS coordinates

(4.3), with two conserved charges in d = 2. One can then use the variation of the total

action and the solutions to the EOM to evaluate the charge with Neumann boundary

conditions. We find,

Saft PT =
1

2Gb
[φ1 tan tb + φ2

cos αb

cos tb
+ φ0] +

1

16G3
log

(1 + ∆(σc, tc))(1 − ∆(σb, tb))

(1 − ∆(σc, tc))(1 + ∆(σb, tb))
,

(4.41)

where

∆(σ, t) =
E2

τ − E2
α + 1 + 2 sinh2 σ cosh2 t

2
√

(E2
τ − E2

α + 1) sinh2 σ cosh2 t − E2
α + sinh4 σ cosh4 t

. (4.42)

14We thank Dominik Neuenfeld for discussions on this point.
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Next, we would like to find out the boundary conditions for the system with JT

couplings. For that, notice:

δSaft PT =
∫ ρc

ρb

ds(∂αL− Ėα + ∂τL− Ėτ) + Eαδα
ρc
ρb
+ Eτδτ

ρc
ρb

+
1

2Gb
[φ1 sec2 tbδtb + φ2

sin αb

cos tb
δαb + φ2

cos αb sin tb

cos2 tb
δtb] .

(4.43)

Imposing Dirichlet boundary conditions at the finite UV cutoff region, the vanishing

of the variation above gives us

δα(ρc) = 0, δτ(ρc) = 0 . (4.44)

Using the map (4.6) and considering that the location of the branes is fixed (i.e.

δσbrane = 0); we can deduce the boundary conditions at the location of the IR brane as:

δtb : Eτ =
1

2Gb

tanh2 σb sinh2 tb + 1

tanh σb cosh tb
[φ1 sec2 tb + φ2

cos αb sin tb

cos2 tb
], (4.45)

δαb : Eα =
φ2

2Gb

sin αb

cos tb
. (4.46)

We may now evaluate the functional Saft PT in (4.41) subject to (4.45, 4.46). However,

we need to express tb in terms of the physical parameters measured by the UV

observer, namely the angular distance for collecting the radiation α(σc), and the

physical time tc. We will then have to solve the equations of motion of the extremal

area surfaces and impose boundary conditions at σc, to determine those that minimize

Safter PT.

Solving the equations of motion resulting from (4.29) in terms of the conserved

charges Eτ and Eα in (4.30) leads to the solution

tan (2 (α(ρ)− α0)) =

(

1 − E2
α + E2

τ

)

sinh2(ρ)− 2E2
α

2Eα

√

(1 − E2
α + E2

τ) sinh2(ρ)− E2
α + sinh4(ρ)

(4.47)

tan(2(τ(ρ)− τ0)) =

(

E2
τ − E2

α − 1
)

cosh2 ρ − 2E2
τ

2Eτ

√

(E2
τ − E2

α − 1) cosh2 ρ − E2
τ + cosh4 ρ

(4.48)

where α0 and τ0 are an arbitrary angular reference point and an arbitrary reference

time at which we start measuring the Hawking radiation, respectively.

We may use the transformation to dS global coordinates (4.7) to express (4.47) as

tan (2 (α(σ)− α0)) =

(

−E2
α + E2

τ + 1
)

sinh2(σ) cosh2(t)− 2E2
α

2Eα

√

(−E2
α + E2

τ + 1) sinh2(σ) cosh2(t)− E2
α + sinh4(σ) cosh4(t)

.

(4.49)
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Evaluating (4.49) at σc → ∞, we find a relation between the angle measured by the UV

observer and the conserved charges:

2Eα tan(2∆α) = −E2
α + E2

τ + 1 (4.50)

where ∆α = αc − α0.

Next, we simplify (4.48) with the dS global coordinates (4.7):

tanh(2∆τ) =

(

E2
τ − E2

α − 1
)

(

sinh2 σ cosh2 t + 1
)

− 2E2
τ

2Eτ

√

(E2
τ − E2

α − 1)
(

sinh2 σ cosh2 t + 1
)

− E2
τ +

(

sinh2 σ cosh2 t + 1
)2

.

(4.51)

where ∆τ = τ(ρ)− τ0. At the location of the UV region, we get

2Eτ tanh(2∆τc) = E2
τ − E2

α − 1 . (4.52)

Let us now solve (4.50, 4.52) to determine two branches of solutions for Eα and Eτ:

E
(±)
τ = tan 2∆τc

sec2 2∆αc ± sec 2∆αc sec 2∆τc

tan2 2∆αc − tan2 2∆τc
, (4.53)

E
(±)
α =

tan 2∆αc sec2 2∆τc ± sec 2∆αc sec 2∆τc

tan2 2∆αc − tan2 2∆τc
. (4.54)

Moreover, we have a relation between the charges above with the brane coordinates

tb, αb in (4.45, 4.46), which is enough to determine the solution to the extremization

problem.

To solve the above relations we will consider perturbative solutions in αb ≪ 1, tb ≪ 1,

while keeping σb arbitrary. In that case, combining (4.45, 4.46) and taking φ1 = 015

gives:

tb =
2Gb

φ2
tanh σbEτ +O(

G2
b

φ2
2

) , (4.55)

αb =
2Gb

φ2
Eα +O(

G2
b

φ2
2

) . (4.56)

Notice that this approximation becomes increasingly better as
φ2

Gb
≪ 1, which

corresponds to the semiclassical regime of dS JT gravity.

Using the trigonometric identity

tan(2(τ − τ0)) = 2
tan τ

(

1 − tan2 τ0

)

− tan τ0

(

1 − tan2 τ
)

(1 − tan2 τ)(1 − tan2 τ0) + 4 tan τ0 tan τ
, (4.57)

15This choice is required for the dS JT gravity dilaton to have SdS asymptotics [225].
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FIGURE 4.3: Comparison between Saft PT (4.59) for the different root of the conserved

charges E
(±)
τ , E

(±)
α in (4.53) and (4.54) respectively. We have used ∆αc = π

6 , tc, 0 = 0,
ϵc = 1, G3 = 1/16, σb = 5, Gb = 1/2, φ0 = 1, φ1 = 0 and φ2 = 1000. Notice that the

generalized entropy for the E
(−)
τ, α roots (in blue) dominates over the E

(+)
τ, α roots (red).

and the map to global dS space coordinates (4.6), we can express ∆τc purely in terms

of tc and tc, 0 (the reference time for the Page curve, at which the UV observer starts

collecting the Hawking radiation):

tan 2∆τc = 2
sinh tc

(

1 − sinh2 tc, 0

)

− sinh tc, 0

(

1 − sinh2 tc

)

(1 − sinh2 tc)(1 − sinh2 tc, 0) + 4 sinh tc, 0 sinh tc

. (4.58)

With all tools at hand, we can evaluate the island transition using (4.41, 4.42) as

Saft PT =
1

2Gb
[φ2

cos αb

cos tb
+ φ0] +

1

16G3
log

2

ϵc

1 − ∆(σb, tb)

1 + ∆(σb, tb)
, (4.59)

where ϵc is a UV regulator, and we have set φ1 = 0. Since there are two roots in (4.53)

and (4.54), we must explore the one that produces the minimum entropy to identify

the island contribution. The comparison between the roots is displayed in Fig. 4.3,

which shows that the dominating saddle is the one determined through E
(−)
τ , E

(−)
α in

(4.53, 4.54). Moreover, one can notice that the entropy for both curves starts decreasing

until it reaches an asymptotic late time value, which we deduce below. The decrease

in von Neumann entropy can then be used for information recovery using protocols

such as [255].

We now deduce the late-time expression for the entropy with the above relations.

Using the ansatz (4.55, 4.56), one finds

Saft PT =
1

2Gb
(φ2 + φ0) +

1

16G3
log

2

ϵc

1 − ∆b

1 + ∆b
. (4.60)
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FIGURE 4.4: Page curve in a braneworld model with intrinsic dS JT gravity couplings,
where the black curve indicates the Hawking phase Sbef PT (4.36), and the blue curve

Saft PT (4.59), with the same parameters as Fig. 4.3.

In the limit tc ≫ 1, (4.58) gives

tan 2∆τc =
2 sinh tc, 0

1 − sinh2 tc, 0

, (4.61)

while when tc, 0 = 0 and τc → ∞, we have ∆τc → 0. Therefore, from (4.42), one

recovers

∆(tb, σb) ≃
E2

τ − E2
α + 1 + 2 sinh2 σb

2
√

(E2
τ − E2

α + 1) sinh2 σb − E2
α + sinh4 σb

(4.62)

and therefore, the von Neumann entropy collected by a UV observer at tc ≫ 1 for

generic ∆αb is just the constant given in (4.60).

Meanwhile, the late-time asymptotics of the Hawking entropy (4.36) can be deduced

as

Sbef PT ≃ 1

4G3
log

2

ϵc′
cos ∆αc cosh tc ∼

tc

4G3
, (4.63)

where ϵc′ is a UV regulator when σc → ∞, and in the last expression we have

discarded tc independent additive terms. The plot of the Page curve, displaying the

dominating island and the Hawking phase is shown in Fig. 4.4.16

4.3.5 Central dogma and quantum cosmology interpretation

The previous calculation shows a non-trivial island between the UV and IR region

from the perspective of a single observer. A natural possibility is to have an island

16The resulting island phase differs from other approaches in the literature to model multiverses from
Karch-Randall branes [94], where instead, it was suggested that the total entropy should be the sum of the
individual contribution from each brane and its bath. The difference with respect to our model is that the
UV and IR regions intercept only at two boundary times (see Fig. 4.1), while the latter approach patches
them all together in a codimension-two conformal defect.
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FIGURE 4.5: Island saddles for the multiverse model, where R1 (blue dot) and R2

(orange dot) represent different codimension-one bath regions in the finite cutoff UV
at a given global time τc when the observers are collecting information in each brane
universe. Top: Islands (I1, I2, blue and orange solid curves with the same color scheme
as the corresponding bath regions) connecting a single side of the UV region to an
IR brane, and producing the dominant contribution to the entropy (4.59). Bottom: A

different possibility where I1 and I2 always overlap.

that crosses multiple patches, as shown in Fig. 4.5 (bottom). In that case, the von

Neumann entropy is the NSaft PT found above, with N the number of patches.

However, the dominating saddle is the one where the island only intercepts the IR

brane at a single time, see Fig 4.5 (top), which is given by (4.59). In contrast, the island

saddle encompassing different universes would allow for overlapping HRT surfaces

once we introduce another observer on a different double-sided UV region, shown

also in Fig. 4.5 (bottom). Then, the theory might be in tension with bulk

reconstruction, as there would be causally disconnected UV observers sharing a

common entanglement wedge, corresponding to the bulk AdS space, as this would

modify the commutation relations between the observables accessible to the different

UV regions. This could lead to a violation of the no-cloning theorem in quantum

mechanics as two observers could reconstruct the same information simultaneously.

A similar paradox in the context of dS JT gravity and the connection with the central

dogma for cosmological horizons and the no-cloning theorem was discussed in [243],

as we mentioned in the introduction. We can view the island transitions in our model

through the lenses of quantum cosmology, which shares several similarities to

[225, 243] 17. The information available to a single universe where gravity is

17A technical difference with these other models is that our multiverse configuration does not have
conical singularities.
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non-dynamical (i.e. the finite UV cutoff region) and includes the observers at other

universes due to the gluing conditions requiring that all the universes are completely

symmetric.. The microscopic degrees of freedom can be probed by observers on the

UV cutoff region. Yet, the observers can only probe the regions available through the

islands due to the coarse-graining of information in dS wedge holography, which

prohibits communication between observers at different branes.

Thus, the proposed extension of dS wedge holography provides a conceptually new

insight into this problem in the sense that the coarse-graining of information in

quantum cosmology, at least within our setting, involves entanglement between the

UV and IR energy modes. It would be of interest to see whether this observation

occurs in an explicit higher dimensional model of false vacuum decay in eternal

inflation, such as [240].

4.4 Discussion

In this work, we have constructed a multiverse toy model based on the dS wedge

holography proposal in [84], and T2 deformations [226]. The multiverse arises by

generating several copies of global AdS3 space with a finite radial cutoff in the UV

arising from turning a T2 deformation in the dual theory, and a dS2 ETW brane cutting

off the interior, which are glued together in a periodic matter through the Israel

junction conditions. To have an interesting evolution that resembles false vacuum

eternal inflation, while keeping the model exactly solvable, we “dressed” the IR brane

as a near Nariai black hole using the dS JT gravity as the intrinsic gravity theory on it.

In principle, we could add JT couplings to the finite UV cutoff region as well (after

performing the dual deformation), but as we showed this would not qualitatively

change our study in any way.

We studied the coarse-graining of local measurements expected in false vacuum

eternal inflation [225] within our toy model, by evaluating the fine-grained von

Neumann entropy (and islands) with the HRT formula. Double holography allowed

us to determine the entanglement entropy of Hawking radiation collected by an

observer in the UV cutoff, which we associated with this coarse-graining.

The presence of dS JT gravity on the IR brane modifies the Page curve transition and

allows for information recovery with respect to a given dS braneworld observer.

Interestingly, we find an avatar of a previous proposal [260], where a generic effective

field theory in curved spacetime is expected to involve a relation between UV and IR

cutoffs, in order to satisfy consistency relations in the effective field theory description.

With our model, one arrives at a similar conclusion, as the Page time depends on both

UV and IR quantities. Furthermore, the interplay between UV and IR degrees of

freedom is clear from the the RT surfaces connecting these regions, giving a
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non-vanishing entanglement entropy; the existence of the IR brane is what allows the

appearance of the connected RT surfaces and the Page transition. Finally, the resulting

entanglement of Hawking modes captured by a UV cutoff observer also shows

agreement with previous arguments about the central dogma for cosmological

horizons and consistency with the no-cloning theorem [243]. Namely, there are no

overlapping island saddles when we allow for multiple Dirichlet brane observers.

There are some obvious questions to be addressed in the (near) future.

Firstly, most of our work on entanglement in the multiverse model has been focused

on the AdS3 bulk perspective, and the experience of the UV observers. However, it

would be interesting to have an interpretation of the coarse-graining in quantum

cosmology from the time-like separated codimension-two defects on the interception

between the branes (see the brane interceptions at τ = ±π
2 in Fig. 4.1), as this might

provide a dS/CFT holographic perspective [261] for the coarse-graining of the UV and

IR degrees of freedom.

Secondly, to study the coarse-graining of information in quantum cosmology we have

focused on evaluating the von Neumann entropy of spacetime subregions; however,

the case with a single universe previously studied in [84] also considered the

evolution of holographic complexity using the C=Volume [217, 218] and C=Anything

[219, 220] proposals in codimension-one slices, where it was observed that the

hyperfast growth of complexity previously found in pure dS space also occurs in dS

wedge holography. Moreover, it was recently studied in [262] that holographic

complexity in asymptotically dS spacetimes with multiple inflating and black hole

patches can lead to a drastic modification in the evolution of different

codimension-one and codimension-zero proposals. Given that the setting considered

in [262] is supposed to be a toy model of eternal inflation as ours, it would be

interesting to study the universality of their observations within our setting, to see if

the complexity observables also capture a large redundancy of information, as we

have argued in our work.

Thirdly, there have been recent discussions about causality violations due to

faster-than-light communication in AdS braneworld models with an effective theory

in the IR brane [263], where it has been shown that the apparent violations in the

braneworld EFT are not visible above its cutoff length scale. It is unclear how these

arguments would be modified for the dS braneworlds, in particular in the presence of

(dS) JT couplings. Studying the candidate regions replacing the domain of

dependence proposed in [263] for our model could confirm that the EFT description of

Karch-Randal models is consistent with causality in double holography.

Lastly, adding an observer in dS space [264–270] has led to many developments

regarding algebraic studies physical observables and to define generalized entropies.

It might be useful to rigorously investigate the algebra of observables within our
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model to provide a better understanding of the different entropy transitions found in

our work and their connection with coarse-graining in quantum cosmology.
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Chapter 5

Predictions with limited data:

Bayesian (X)PINNs, entanglement

surfaces and overconfidence

5.1 Introduction

Solving differential equations from limited or noisy data remains a key challenge for

physics-informed neural networks (PINNs), which are typically applied to already

known and smooth solutions. In this chapter, we explore Bayesian PINNs and

extended PINNs, (B-(X)PINNs), to solve non-linear second order differential equation

typical for high energy theory, where data is only available from the boundary

domain, to benchmark suitable approaches to PINNs in this category. In particular, we

consider an entangling surface; a differential equation typical in holography. We

perform asymptotic analysis to generate analytical training data from the boundary

domain. We also explore the meaning of overconfidence in models that are

constrained by physical priors and argue that standard overconfidence metrics are not

suitable to consider when dealing with B-PINNs. Overconfidence can be a natural

feature and not a bug in systems with soft or hard constraints on the loss function; one

have to look at when the overconfidence is an artifact of the model adhering to the

physical constraints. To diagnose this effect, we introduce an information density

quantity, and a local physics-constraint coupling (PCC) metric, to capture locally to

what extent the enforced physics collapses the posterior distribution. We also consider

these quantities for a Liouville-type equation and the Van der Pol equation to probe

apparent overconfidence further.

Machine learning and neural networks have been rapidly integrated into various

domains in physics where data plays a crucial role [271]. Neural networks are

promising for solving differential equations where traditional numerical methods fail,
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such as in the cases with high non-linearity. Their expressive power stems from their

capacity to model non-linear relationships between inputs and outputs. Neural

networks are purely data driven and learn from examples making connections with

weights and biasses between modes to represent a function approximating the

solution to the problem at hand, as illustrated in figure 5.1. Physics-Informed Neural

Networks (PINNs) [95], introduces a ”symbolic” element into the learning in terms of

physical constraints in the loss function, typically in terms of penalizing deviations

from boundary conditions and the residual.

However, significant challenges remain when applying PINNs to problems where the

solution is unknown or, for instance, where it is ill-behaved, non-unique or when

training data is sparse [272]. In such cases, a naive PINN, without further guidance,

may converge to an arbitrary solution branch.

Extended PINNs (XPINNs) augments ordinary PINNs by partitioning the domain

into subdomains, each with its own separate network [96]. This eases the learning in

all sub-regions, and overall produces a better prediction, at the expense that the model

is more prone to overfitting, due to potentially sparse data in the subdomains, and its

inability to learn global features. In [273], the authors investigate how well XPINNs

generalize, and use Barron space theory to find a trade-off condition when XPINNs

generalize better than ordinary PINNs. XPINN’s inability to learn global features is

partly addressed by APINNs [274], which allow flexible sharing of parameters

between subnetworks, and by iPINNs [275], which learn incrementally by training

each subnetwork sequentially, pruning over all previous subnetworks, and merging

them into a single network.

Using XPINNs to solve ODEs and PDEs, with limited or noisy training data remains

an active research area. In this work, we will focus on a complex ODE with two

branches of solutions, with limited training data only near the domain boundaries.

The data is multivalued, and we will do a mild partitioning and let the model train on

the two branches separately, but not divide the domains for each branch further. Since

we are working with limited data, we will explore Bayesian physics-informed

learning [97], a B-XPINN, that uses stochastic learning and replaces the fixed weights

in the network with (Gaussian) distributions. Through Bayesian inference, the model

learns a posterior distribution over the network weights, which in turn induces a

distribution over solutions. B-PINNs have proven particularly advantageous when

working with limited and or noisy data [97, 276, 277]. Furthermore, the probabilistic

treatment allows the model to quantify epistemic uncertainty from limited data,

providing not just point estimates but also credible intervals for predictions. Such

epistemic uncertainty estimates are crucial when working with sparse data, as they

flag where the model is less certain and might benefit from additional data or

refinement (see also e.g. [278] for a review of Bayesian statistics in machine learning).
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We show that using domain decomposition and Bayesian inference, leads to more

accurate and robust solutions compared to a standard PINN that lacks these features,

when inferring the the solution from data only around the domain boundaries.

Central to this work is also the study of overconfidence and what it means for

Bayesian physics-informed learning. Accurate measures for uncertainties were

explored in [279] and while the B-PINNs provides uncertainty estimates, interpreting

and trusting these uncertainties requires care. An important question we investigate is

how to ensure the model’s confidence is well-founded when it generalizes beyond the

training region. In prediction tasks, a model is said to be overconfident if it estimates

its uncertainty to be too low (or equivalently, is too certain in its predictions) in

regions where it could actually be wrong. Overconfidence is a well-known issue in

purely data-driven models, and often signals that the model is miscalibrated or

overfit, failing to account for its lack of knowledge. In the context of physics-informed

learning, however, the notion of overconfidence becomes more nuanced. A B-PINN

heavily constrained by physical laws might appear overconfident even when it is

correct, simply because the physical constraints eliminates degrees of freedom in the

solution space. In other words, the model’s uncertainty can be very low not due to

overconfidence in the usual sense, but because the physical prior confidently dictates

the solution. It is thus crucial to distinguish between warranted confidence and

misleading overconfidence in B-PINNs. In [280] it was recognized that conventional

B-PINNs merge measurement noise, parameter dispersion and equation error into a

single posterior, masking the origin of the model’s certainty. They compensate by

adding a pseudo-aleatoric variance term proportional to the PDE residual, which

widens credible bands wherever the network violates the governing equation.

Although this alleviates under-dispersion, it does not reveal why the model becomes

confident, whether that confidence is earned from data or simply inherited from a

physics prior. A parallel body of work has studied error propagation and coverage

guarantees in PINNs [281–284]. These approaches tighten or calibrate prediction

intervals, but they likewise leave unexplored the explicit contribution of the physical

constraints to overconfidence.

Rather than treating all instances of high confidence as a flaw, regardless of origin, one

should ask: when is the model’s confidence an artifact of limited data, and when is it a

justified result of enforced physical laws? To diagnose overconfidence in

physics-informed models, we introduce two metrics. The first is a gradient based

information density measure (6.6), which assesses how much the observed data or

physical constraints inform the posterior uncertainty of the model in different regions

of the domain, by measuring sensitivity when varying the predicted output.

The second is the PCC metric (6.8), which captures the degree to which the enforced

physical constraints collapse the model’s posterior distribution. Moreover, the

information density and local PCC evaluate how strongly the solution is determined
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by the physical prior relative to the data. A high local PCC can indicate that the

physics conditions have tightly constrained the solution manifold, leaving little room

for variation. By examining these metrics, we can better pinpoint regions where the

model’s uncertainty is artificially low due to physics-driven constraints. A high

confidence with low information density would raise a red flag, whereas regions with

a high information density signals that the overconfidence is not necessarily bad and

can even be expected.

The differential equation considered throughout this work is a non-linear second

order ODE, corresponding to a non-trivial entangling surface on a negatively curved

background. This is a typical differential equation in high energy theory, as thus serves

as a good example to benchmark approaches to PINNs for these types of problems.

The motivation also stems from the fact that the study of entangling surfaces and

regions are typically restricted too smooth surfaces with low dimensionality [66, 98],

and here we aim to make progress towards solving entangling surfaces with limited

training data, that one can typically obtain with asymptotic analysis.

An entangling surface is defined by the Euler–Lagrange equations one obtains when

extremizing the area functional whose value computes the holographic entanglement

entropy of a chosen boundary region. In static geometries, the Ryu-Takayanagi (RT)

prescription [45] picks out the co-dimension-2 minimal entangling surface. The

extremality condition leads to a second-order, nonlinear PDE (or, under sufficient

symmetry, an ODE) that admits closed-form solutions only in the simplest geometries,

making these surfaces notoriously difficult to compute.

Moreover, we will solve the annular entanglement surface considered in [285],

homologous to an annular entangling region in a three-dimensional negatively curved

spacetime (AdS3) residing on the boundary of AdS4.

Physics-informed learning has been widely utilized in engineering to address

well-understood differential equations, such as those in fluid dynamics or heat

transfer, where solutions are typically smooth and describe equilibrium or

near-equilibrium states [95]. In contrast, high-energy physics problems, like the

entangling surfaces explored in this work, generally involve non-smooth processes

with complex behaviors, such as singularities and rapid gradient changes, common in

quantum field theory and holography. The unpredictable nature of non-smooth or

out-of-equilibrium high-energy physics pushes PINNs to their limits, requiring robust

methods to ensure physically meaningful predictions; small parameter variations can

lead to drastically different physical outcomes. The loss landscape of PINNs is in

general not well understood [286, 287], which stems from the inherent difficulty of

taking gradients of complicated differential equations; differential operators can even

be ill-defined in certain domains. This complexity demands heightened caution when

extending PINNs beyond the realm of well-behaved differential equations.
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The remainder of this chapter is organized as follows: In section 5.1.1, we review

physics-informed learning and in section 5.2, we expand on entangling surfaces and

present the ODE we are focusing on. In section 5.2.1, we generate the analytical

training data from asymptotic analysis near the boundary. As a consistency check, we

show that the divergent piece agrees with the covariant counterterm computed in

[285]. In section 5.3, we prepare the model with numerical data and the boundary

conditions. B-PINNs are reviewed in section 5.4, where we also show the predicted

solution of the entangling surface. In section 5.5.1 we diagnose overconfidence for the

entangling surface and in section 5.5.2 we also consider the Liouville-type equation

and the Van der Pol equation. Finally, we discuss our work in section 6.5.

5.1.1 Review of PINNs

Consider a network, N L+1, where (L + 1) is the number of layers, where the input

layer is N 0(x) = x. Each layer ℓ is represented by the weight matrix

Wℓ ∈ RMℓ−1 × RMℓ and the bias vector νℓ ∈ RMℓ where Mℓ is the output size of N ℓ.

The output of each hidden layer is computed as (see, for instance, [140]):

N ℓ(x) = σ
(

WℓN ℓ−1(x) + νℓ
)

(5.1)

where σ is the activation function1. The outputs in the final layer L is given by

N L(x) = ûθ(x) = WLN L−1(x) + νL = (N L ◦ N L−1 · · · N 0)(x) (5.2)

where the rhs is the sequence of non-linear functions and ◦ is the function

composition and θ = {Wℓ, νℓ}ℓ=1,L is the learning parameter, representing the weights

or parameters of the model.

PINNs [95] enhance neural network training by incorporating underlying physical

constraints directly into the loss function.

L = wiLi (5.3)

where Li is any (normalized) physical constraint or information we have about the

solution, and wi the corresponding weight. Consider, for instance, a general PDE of

the form N [u(x)] = f (x) where N is some differential operator, with the boundary

condition B[u(x)] = b(x) and the initial condition u(x) = c(x). Let the predicted

network output be denoted as û(θ, x), then the total loss function takes the form

L = LN + Lu0 + Lb (5.4)

1popular choices include tanh(x), ReLU(x), LeakyReLU(x).
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FIGURE 5.1: Illustration of a two layer neural network where xi represent the input

and û the predicted output. w
(ℓ)
ij represents the weights connecting the neurons, h
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across layers.

where

LN =
1

NN

NN

∑
i=1

||N [û(θ, xi)]− f (xi)||2 (5.5)

Lu0 =
1

Nu0

∑
j=1

||û(θ, xj)− c(xj)||2 (5.6)

Lb =
1

Nb

Nb

∑
k=1

||B[û(θ, xk)]− b(xk)||2. (5.7)

Here, NN represents the number of points used to fit the predictions of the neural

network to the observed data. Nu0 and Nb represent the number of collocation points

where the initial and boundary conditions are enforced, respectively. We may add

more constraints other than initial conditions, boundary conditions and the residual,

such as enforcing the solution or gradient values at more points, monotonicity

conditions or any other insights from the the solution.

The neural network is now physics-informed through effective regularisation in the

sense that deviations from the initial conditions, boundary conditions as well as the

residual of the physical system, are penalized during learning as we minimize the loss

function with respect to the learning parameter θ. θ will not appear explicitly in the

neural network as it is implicitly represented by the weights. As the network updates

the model parameters to minimize the loss function during training, the weights are

computed recursively:

θ j+1 = θ j − lr∇θ L(θ j) (5.8)

where L is the j-th iteration that we call an epoch and lr is the learning rate. At its core,

PINNs computes gradients with the chain rule. Although the idea of PINNs have
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been around since the 80s, they have only been practical since the development of

libraries such as PyTorch and TensorFlow, making automatic differentiation to

compute ∇θ more tractable. In this work we use PyTorch, due to its versatile nature,

combining ease of use with powerful modules.

Ordinary PINNs or ”vanilla PINNs” have been useful for solving a host of differential

equations ranging from Helmholtz equations to Laplace equations [288–292] (see also

[293] for a review). While PINNs are cutting edge methods of obtaining a solution to a

differential equation, their naive application is sensitive to numerical instabilities. In

particular, cases with high-frequency behaviors, casps, sudden steep changes in the

gradients, or multi-valued data, for instance, can quickly cause their performance to

deteriorate; training is hindered by the complexity and non-convexity of the loss

function. In this work we investigate the optimal approach to PINNs for typical

holography equations. While traditional numerical methods like the finite element

method (FEM) suffer from the curse of dimensionality, with costs scaling

exponentially in spatial dimensions, PINNs are mesh-free and advantageous for

high-dimensional problems [294]. However, in low dimensions, PINNs require 5 to 6

orders of magnitude longer training times than FEM for comparable accuracy, with

FEM scaling as O(Nα) (α ≈ 1.5 − 3) and PINN training as O(Nw2de), where N is the

number of discretization points, w network width, d depth, and e epochs [294].

x

t

Inputs

Hidden Layer 1 Hidden Layer 2

û(x, t)

Output

Physics Loss: ∇θ L → 0

PDE Constraint

FIGURE 5.2: Schematic sketch of a PINN architecture illustrating that the connections
are made such that the loss function, with any underlying PDE constraints, is mini-

mized.

5.2 Entangling surfaces

As a illustrative example of a typical ODE that arises in high-energy theory and

holography, we consider an entangling surface. Entangling surfaces generally satisfy

highly non-linear PDEs, but in the symmetric setup we consider the problem reduces
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to an ODE, which remains notoriously difficult to solve. Consequently, most studies

restrict attention to cases with simple, smooth symmetries [285].

Recall that in the Anti–de Sitter / conformal field theory correspondence (AdS/CFT)

[2], an entangling surface is the co-dimension-2 hypersurface in the bulk that

extremizes an area functional and is homologous to a given boundary region [105] of

the entangling region in question. In static spacetimes [48] this extremal surface is

known as the Ryu–Takayanagi (RT) surface [45].

The holographic entanglement entropy of a static entangling region A of a CFTd, with

an asymptotically AdSd+1 dual, is given in terms of the area of the the

(d − 1)-dimensional RT surface, γ, with ∂γ = ∂A, as:

SvN =
AA[γϵ]

4GN
(5.9)

where AA[γϵ] is the area of the regularized co-dimension two hypersurface γϵ and GN

is the (d + 1)-dimensional Newton’s constant.

More generally, the study of (dynamical) surfaces governed by an area functional has

applications throughout physics, such as in fluid phases, small deformations of elastic

membranes at the mesoscopic scale, cosmic strings [295], the coupling between

quantum field theories and defects [296–298], and D-brane dynamics [299], just to

name a few. In this work, we will focus on entangling surfaces situated on a

hypersurface of constant time, although we in principle could consider time

dependence by evaluating the Hubeny-Rangamani-Takayanagi (HRT) surfaces [48],

the covariant counterpart to RT surfaces.

For an entangling surface A in asymptotically AdS4 spacetimes, the entanglement

entropy can be written as [142]

A[γϵ] = c−1
L
ϵ
+ c0 + . . . (5.10)

where c−1 and c0 are dimensional constants and L is the length of the boundary and

requires complete knowledge of the entangling surface. In condensed matter theory,

where ϵ is a lattice cutoff, c−1 might be physical, whereas in QFT ϵ just serves as a

regulator. In the limit ϵ → 0, c0 is the first non-trivial term depending on the entire

entangling surface allowing the IR geometry to be probed for a sufficiently large

entangling region [142]. For finite entangling regions, the analytical expressions of the

c0 term is known only in symmetrical cases like that of a disk [105] or an annulus, on

flat backgrounds (see, for instance, [300]). In the limit ϵ → 0, the shape dependence of

higher order terms in the entanglement entropy has been widely studied (see e.g.

[140–142, 301–303]). Even obtaining numerical solution often poses a great challenge.

In [142], a closed-form expression for c0 was obtained for a finite entangling region, in

an asymptotically AdS4 bulk spacetimes whose boundary is a three-dimensional
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Minkowski spacetime boundary, using the Willmore energy formula [304] for the

minimal surface. The authors of [142] used the Surface Evolver program2[306], to

numerically compute the entangling surface to cross-check their results.

In the study of entanglement entropy from the QFT side, Monte Carlo simulations,

machine learning, and deep learning techniques have primarily been applied to

condensed matter lattice systems (see, for example, [173, 175, 307–309]). In

holographic setups, particularly within the context of AdS/CFT, machine learning has

largely been utilized for reconstructing isotropic bulk spacetimes given a dual

quantum field theory and corresponding entanglement entropy data [310–312].

However, the application of machine learning to directly solve for entangling surfaces

or holographic entanglement entropy remains largely unexplored.

In this work, we will use Bayesian physics-informed learning towards solving the

extremization problem, in terms of minimizing the area functional representing the

entanglement entropy on non-trivial curved backgrounds. Furthermore, we will

consider the entangling surface of an annular entangling region in AdS3, residing on

the non-compact boundary of AdS4
3, studied in [285] which we summarize below.

This annular setup provides a nontrivial benchmark for our Bayesian

physics-informed learning approach: the minimal surface equation admits no known

closed-form solution because the curved background, which brakes translational

invariance and symmetry about the inflection point. In [285], the entanglement

entropy was obtained indirectly, via a flat-space limit of the holographic construction,

circumventing a direct solution of the governing ODE. Despite this complexity, the

resulting entangling surface is expected to be smooth, without cusps or singularities.

Since only one physical scale appears, the annulus width, with all other directions

being isometric, the analysis generalizes straightforwardly to higher dimensions, and

the governing PDE simplifies to an ODE.

We will construct our model to function with limited minimal training data, namely

analytical data from asymptotic analysis near the conformal boundary, supplemented

with a small sample of numerical data around the inflection point, and infer the

solution in the intermediate data-absent regions. Challenging features of our solutions

are multi-valued data, large gradient values, and a tightly confined domain and range.

We now proceed to the setup of the differential equation to be analyzed. The AdS4

geometry can be described in terms of the C-metric. The AdS4 C-metric describes two

black holes accelerating in opposite directions under the tension of a cosmic string

that threads the wormhole between them. This string introduces conical singularities

2The Surface Evolver program was built to generally understand energy-minimizing surfaces, and was
first applied in the context of holography and entropy in [305] to better understand the shape dependence
of holographic mutual information.

3Since only one scale in the problem, the width of the annulus, with the rest of the dimensions being
isometric circular directions, the study can straight forwardly be generalized to arbitrarily dimensions.
For more details on this see [285].
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into the global geometry, so any RT surface must avoid plunging too deeply into the

bulk to remain causally disconnected from those singularities. By choosing a

sufficiently small boundary region, one ensures the corresponding extremal surface

stays close to the AdS boundary. In entanglement island constructions [313, 314], one

endpoint of the RT surface is anchored to the boundary while the other is fixed by the

island rule, which might in principle pull the surface deeper into the bulk. However,

as suggested in [285], even in that setup the extremal surface does not venture far

enough to encounter the conical singularities. Although the precise effects of causal

contact with the singularities remain unclear, any resulting discrepancies should

become apparent in the calculation.

Recall that in global coordinates the C-metric can be expressed as:

ds2
4 = ℓ

2
4dσ2 +

ℓ2
4

ℓ2
3

cosh2 σ





dr2

r2

ℓ2
3
+ κ

−
(

r2

ℓ2
3

+ κ

)

dt2 + ϕ2
c dỹ2



 . (5.11)

In these coordinates, the conformal boundary is located at σ → ∞. On transforming

the conformal AdS3 boundary from global to Poincaré coordinates we have

ds2
4 = dσ2

ℓ
2
4 + ℓ

2
4 cosh2 σ

(

dx2 − dt2

x2
+

ϕ2
c dy2

x2

)

. (5.12)

The boundary metric (at σ → ∞) is the uplifted AdS2 metric [285]:

ds2
3 = ℓ

2
4

(

dx2 − dt2

x2
+

ϕ2
c dy2

x2

)

. (5.13)

By parameterizing the RT surface with worldvolume coordinates xα = {σ, y}, with the

embedding coordinates xm = {t, σ, x(σ), y}, the area functional for the regulated

entropy becomes

Sreg =
1

4G4

∫ 2π

0
dy

(

∫ σ0

1
ϵ

dσL
(

(xb(σ), x′b(σ), σ
)

+
∫ 1

ϵ

σ0

dσL
(

(xa(σ), x′a(σ), σ
)

)

(5.14)

where

L
(

x(σ), x′(σ), σ
)

=
ℓ2

4ϕc cosh σ

x(σ)

√

cosh2 σx′(σ)2

x(σ)2
+ 1. (5.15)

As noted above, the RT surface lacks reflection symmetry about its inflection point, so

the equations of motion yield two distinct solution branches, xa(σ), xb(σ).

The area functional (5.14) is extrimized by solving the differential equation

cosh(σ)x(σ)2
(

cosh(σ)x′′(σ) + 3 sinh(σ)x′(σ)
)

+ 2 sinh(σ) cosh3(σ)x′(σ)3 + x(σ)3 = 0. (5.16)
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The RT surface is the solution x(σ) that has a turning point at (x0, σ0) in the bulk and

intersects the boundary at (σ → ∞, x1) and (σ → ∞, x2 = x1 + L). We expect two

branches of solution corresponding to whether the solution intersects the boundary at

x1 or x2: xa(σ) and xb(σ). Hence, we have the boundary conditions

xa(∞) = x1, xb(∞) = x2 (5.17)

xa(σ0) = xb(σ0) = x0 (5.18)

x′a(σ0) = x′b(σ0) = ∞. (5.19)

Carrying out a change of coordinates ξ = e−2σ, we can write (5.16) as

(ξ − 1)u(ξ + 1)3x′(ξ)3 +
1

2
(ξ + 1)x(ξ)2

(

2ξ(ξ + 1)x′′(ξ)

+ (5ξ − 1)x′(ξ)
)

+ x(ξ)3 = 0 (5.20)

where the conformal boundary is now at ξ = 0. Further changing coordinates to

x(ξ) = e f (ξ) we get,

ξ(ξ + 1)2 f ′′(ξ) +
1

2

(

5ξ2 + 4ξ − 1
)

f ′(ξ) + (ξ − 1)ξ(ξ + 1)3 f ′(ξ)3

+ ξ(ξ + 1)2 f ′(ξ)2 + 1 = 0. (5.21)

We can immediately notice that the resulting differential equation depends only on

f ′′(ξ) and f ′(ξ). Hence we can now split the second-order ODE into two first-order

ODEs:

f ′(ξ) = g(ξ) (5.22)

ξ(ξ + 1)2g′(ξ) +
1

2

(

5ξ2 + 4ξ − 1
)

g(ξ) + (ξ − 1)ξ(ξ + 1)3g(ξ)3

+ ξ(ξ + 1)2g(ξ)2 + 1 = 0.

(5.23)

Equivalently, (5.16) can be written as

4ξ(x)4 − 2ξ(x)5 + x2ξ ′(x)2(1 − 2xξ ′(x)) + 2x2ξ(x)3ξ ′′(x)

+ ξ(x)
(

2 − 4x2ξ ′(x)2 + 2x2ξ ′′(x)
)

+ ξ(x)2
(

4 − 5x2ξ ′(x)2 + 4x2ξ ′′(x)
)

= 0
(5.24)

using

σ′(x) = − ξ ′(x)

2ξ(x)
, σ′′(x) =

1

2

(

ξ ′(x)2

ξ(x)2
− ξ ′′(x)

u(x)

)

. (5.25)

At the point ξ = 0, we have from (5.23) that

g(0) = 2 (5.26)

x′(0) = 2x(ξ = 0) = 2x1,2 (5.27)
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where x1,2 are the endpoints at the conformal boundary where the RT surface is

homologous to the entangling region. The function g(ξ) determines x(ξ) up to some

overall scaling i.e., x(ξ, ξ0, x0) = λx(ξ, ξ0, λx0). Furthermore, at the inflection point,

we observe from (5.23) evaluated at the inflection point ξ0 that the range of the surface

is bounded by 0 < ξ0 < 1 from the fact that g′(ξ0) → ∞ if g(ξ0) → ∞. We will use

asymptotic analysis around the boundary σ → ∞ to generate training data near the

conformal boundary, to feed the deep networks.

5.2.1 Asymptotic analysis

Solving (5.23) we get the implicit relation for g(ξ)

√

ξ−1
ξ







(2(ξ+1)ξg(ξ)−ξ+1) 2F1

(

1
4 ,1; 3

2 ;− (−2(ξ+1)g(ξ)ξ+ξ−1)2

ξ((ξ2−1)g(ξ)+2)2

)

(ξ2−1)g(ξ)+2
+ ξ − 1







2
√

1 − ξ 4

√

− (−2(ξ+1)ξg(ξ)+ξ−1)2

ξ((ξ2−1)g(ξ)+2)
2 − 1

= C1 (5.28)

where C1 is the integration constant. Reinstating the coordinates x(ξ) we have

g(ξ) = f ′(ξ) =
∂(log[x(ξ)])

∂u
=

x′(ξ)
x(ξ)

(5.29)

Substituting this back in (5.28) and imposing the boundary condition at the turning

point x′(ξ0 = e−2σ0) = ∞ we fix C1 in terms of ξ0 = e−2σ0 :

C1(ξ0) = −

√

ξ0−1
ξ0

(

2ξ0 2F1

(

1
4 , 1; 3

2 ;− 4ξ0

(ξ0−1)2

)

+ (ξ0 − 1)2
)

2(1 − ξ0)3/2 4

√

− (ξ0+1)2

(ξ0−1)2

(5.30)

encoding information about the turning point. Now considering (5.28) and (5.29), we

have the general relation

g(ξ) =
x′(ξ)
x(ξ)

= P(ξ, C1(ξ0)) (5.31)

for a general function P(ξ, C1(ξ0)). Solving for x(ξ) gives us

x(ξ) = C2e
∫

duP(ξ,C1) (5.32)

where C2 is the second integration constant that acts as an overall scaling. This can

also be observed from the differential equation for x(ξ) (5.20) where we see that

C2x(ξ) is a solution if x(ξ) is a solution. We see that the asymptotic analysis of ξ → 0

shows that e
∫

duP(ξ,C1) → 1 as ξ → 0.
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Now, imposing the boundary condition x(0) = x1, x2 along with x′(ξ0) = ∞, we get

two branches of solutions, one with C2 = x1 and the other with C2 = x2. C2 is

independent of the choice of C1. In other words, C2 only captures where the curve

intersects the boundary and is independent of C1 which only captures information

about the turning point ξ0.

Close to the boundary, we can write down the following ansatz for a particular g(ξ):

g(ξ) =
∞

∑
n=0

anξn. (5.33)

Using this ansatz and solving perturbatively order by order for an we get

g(ξ) =
∞

∑
n=0

2ξ2n =
2

1 − ξ2
. (5.34)

This is a particular solution for g(ξ). Reinstating the coordinates x(ξ) = e
∫

dξg(ξ) we

get a one-parameter family of solutions for x(ξ)

x(ξ) = C3

(

1 + ξ

1 − ξ

)

. (5.35)

From our previous analysis of the full solution for x(ξ) we see that this particular

solution corresponds to a choice of the integration constant C1(ξ0). C3 in this

particular solution is the scaling constant. Since C3 is independent of C1, we could

plug in the derivative of the particular solution for x(ξ) (5.35) into (5.29) and (5.28), to

get an implicit full solution for x(ξ). Combining this with the results we got for C1(ξ0)

we get,

√

ξ−1
ξ















(

4C3(ξ+1)ξ

(ξ−1)2x(ξ)
−ξ+1

)

2F1







1
4 ,1; 3

2 ;−

(

− 4(ξ+1)C3ξ

(ξ−1)2x(ξ)
+ξ−1

)

2

ξ

(

2(ξ2−1)C3
(ξ−1)2x(ξ)

+2

)

2







2C3(ξ2−1)
(ξ−1)2x(ξ)

+2
+ ξ − 1















2
√

1 − ξ 4

√

√

√

√−
(

− 4C3(ξ+1)ξ

(ξ−1)2x(ξ)
+ξ−1

)

2

ξ

(

2C3(ξ2−1)
(ξ−1)2x(ξ)

+2

)

2
− 1

= C1(ξ0) = −

√

ξ0−1
ξ0

(

2ξ0 2F1

(

1
4 , 1; 3

2 ;− 4ξ0

(ξ0−1)2

)

+ (ξ0 − 1) 2
)

2 (1 − ξ0) 3/2 4

√

− (ξ0+1)2

(ξ0−1)2

. (5.36)

This implicit solution for x(ξ) is still difficult to unpack and we will instead analyze

the behavior close to the boundary.

Consider expanding the particular solution (5.34) near the boundary.

Since 0 < ξ ≤ ξ0 < 1 a natural expansion parameter for a perturbative series is any
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function f (ξ) such that 0 < f (ξ) < 1. We choose the expansion parameter

f (ξ) = q =
√

ξ and consider an ansatz for g(ξ) of the form

g(ξ) =
2

1 − ξ2
+ q

order

∑
n=0

hnqn. (5.37)

We can plug this ansatz into the differential equation for g(ξ) and solve for hn order

by order perturbatively. We have listed hn up to h6 below:

h0 = k, (5.38)

h1 = 0, (5.39)

h2 = 5k, (5.40)

h3 = (10k2)/3, (5.41)

h4 = k(28 + k2)/2, (5.42)

h5 = (80k2)/3, (5.43)

h6 = 30k + (305k3)/18 (5.44)

where k is the integration constant. Reinstating the coordinates x(ξ) = e
∫

dug(ξ) we get,

x(ξ; k, C2) = C2
1 + ξ

1 − ξ
e

2
3 kξ3/2

(

1+3
order

∑
n=2

hn
k ξn/2

)

(5.45)
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FIGURE 5.3: Plot of analytical data for two values for C2 and k for the two branches
of solutions. As expected this data is only accurate for small ξ near the conformal

boundary ξ = 0.

In figure 5.3, we plot the analytical asymptotic solution, which is reliable only close to

the boundary at ξ = 0. As one moves away from the boundary, the curve rapidly

departs from the true behavior, signaling the breakdown of the asymptotic

approximation.We see that there is a turning point for the yellow curve where the

derivative switches from negative to positive rendering ξ(x) multi-valued. Since C2 is

just the scaling constant and x(ξ) → C2 as ξ → 0, therefore C2 = x1, x2. These two

choices along with corresponding choices for the constant k = k1, k2 gives two

branches of solutions, xa(ξ; x1, k1) and xb(ξ; x2, k2), on which the matching boundary

conditions at the turning point have to be imposed to fix k1(x1, x2) and k2(x1, x2).

The divergent contributions to the area functional (5.14) originate near the boundary.

To isolate and extract these divergences, we consider the asymptotic expansion of x(ξ)

around the boundary, retaining terms up to the order necessary to capture the

complete divergent structure. In x(ξ) coordinates the area functional (5.14) takes the

form

Sreg =
1

4G4

∫ 2π

0
dy

(

∫ ξ0

ϵ
duL(ξ, xa(ξ; k1, x1)) +

∫ ϵ

ξ0

dξL(ξ; xb(ξ; k2, x2))

)

(5.46)
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with

L(ξ) = −1

4ξ

√

ℓ4
4(ξ + 1)2ϕ2

c (ξ(ξ + 1)2x′(ξ)2 + x(ξ)2)

ξx(ξ)4
(5.47)

where xa(ξ; k1, x1) and xb(ξ; k2, x′2) are the two branches intersecting the boundary at

x1, x2 respectively.

Substituting the asymptotic series solution of x(u; k, C2) around the boundary (5.45)

into L(ξ), and expanding around ξ = 0 gives

L(ξ; k, C2) =
ϕcℓ

2
4

C2

( −1

4ξ3/2
− 1

4ξ1/2
− k

3
− k2

8
ξ1/2 − 4y

3
ξ − 125k2

72
ξ3/2

)

+O(ξ2). (5.48)

Only the first term
ϕℓ2

4
C2

(

−1
4ξ3/2

)

in L(ξ; k, C2) contributes to the divergence in the

entanglement entropy. Since we are considering the series solution of x(ξ) around the

boundary from where the divergent contributions reside, more terms in the

asymptotic series for x(ξ) will not give additional contributions to the divergence.

Plugging L(ξ) back into the entropy functional (5.46), we get the divergent

contribution to the entanglement entropy in full generality given by

Sdiv =
πϕcℓ

2
4

4G4

√
ϵ

(

1

x2
− 1

x1

)

(5.49)

which completely agrees with covariant counterterm computed in [285] derived with

the formula

Sct =
1

4Gd+1

∫

∂A
dd−1xα

√

h̃ (5.50)

where h̃ is the induced metric on the boundary of the entangling region.

5.3 Preparing the data

For training data, we will use analytical data obtained from asymptotic analysis near

ξ ∼ 0. Numerical data are generated via a Taylor-expansion algorithm: starting from

the prescribed inflection point, both solution branches are constructed (see [150]). This

approach is most accurate in the immediate vicinity of the inflection point. The data

develop a second turning point where (ξ ′(x) → −∞), exactly where the numerical

solver breaks down. This divergence occurs close enough to the boundary that the

analytical asymptotic expansion remains valid there. By anchoring our numerics to

the analytic solution, we bridge the gap and capture the behavior around this second

turning point.
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FIGURE 5.4: Overlay of the numerical solution (dashed line) with the asymptotic ana-
lytical expansion (solid blue/red curves) for both branches, illustrating that there is a

match near the boundary.

We will work with an inflection point situated at x0(ξ0 = 1
4 ) = 1 and endpoints, where

ξ = 0: x1 = 0.424878 and x2 = 1.660046. The second turning point is located at

{x = 1.7025, ξ = 0.03778}.

The boundary conditions we will implement into our loss function are

x1(ξ = 0) = 0.424878, x2(ξ = 0) = 1.660046 (5.51)

x(ξ =
1

4
) = 1 (5.52)

x(ξ = 0.0377816) = 1.7025 (5.53)

x′(ξ = 0.03778) = 0. (5.54)

The data training regions, physical collocation points in the loss function as well as the

region where the residual is enforces is showed in figure 5.5. In principle, we could

enforce the residual everywhere. Our residual weight has been fine tuned to approach

zero in the regions rich with training data, whose loss is orders of magnitude smaller

than that of the residual.

We will be working with the Tanh activation function, Adam optimizer [315], and

2000 epochs around which the mean squared error (MSE) converges. 50 numerically

obtained training points are used near the boundary ξ < 0.1, 10 near turning point

0.24 ≤ ξ ≤ 0.26 for the respective branches (see figure 5.5 for he the regions the

numerically obtained training points has been used). The hyper-parameters and

number of residual sampling points in the intermediate regions are fine-tuned and

computed over a grid. The two branches will be trained on separately, each with its
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(A)

(B)

FIGURE 5.5: (a) Branch 1 and (b) Branch 2: true solution curves x(ξ) with shaded blue
regions indicating points used for training data and yellow regions where the PDE

residual is enforced in the loss.

own network. We employ a fully connected B-PINN consisting of three hidden layers

with widths 128, 128, and 64, respectively.
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5.4 B-PINNs

Bayesian neural networks (BNNs), first considered in [316] introduce a probabilistic

approach to modeling by treating the network weights as random variables with

specified prior distributions, illustrated in figure 5.6. In short, Bayes’ theorem provides

a way to calculate the conditional probability of a hypothesis given observed data:

P(A|B) = P(B|A)P(A)

P(B)
. (5.55)

The l.h.s. is the posterior probability specifying the uncertainty due to absent or noisy

data; the updated belief about A after observing data B. P(B|A) is the likelihood or

the probability of observing B given that A is true and specifies the uncertainty owed

to noisy data. P(A) is the prior i.e. the initial belief about A before observing B and

P(B) is the marginal probability - the total probability of observing B, also called the

evidence. Bayesian statistics extends Bayes’ theorem into a framework to model the

probability of an event provided prior knowledge. The prior distributions are updated

with observed data and used to form the posterior distributions.

x, t

Inputs

N (µ, σ2)

Hidden Layers

û(x, t)

Output

Multiple Passes E[u]

Ensemble Avg.

Physics Loss ∇θ L → 0

PDE

FIGURE 5.6: Schematic of a simple Bayesian Physics-Informed Neural Network (B-
PINN). Gaussian-distributed weights (N (µ, σ2)) enable multiple stochastic forward
passes (dashed arrows) which may be used to compute an ensemble average (E[u])

for uncertainty quantification, while a physics loss enforces a constraint.

BNNs provide a systematic way to capture the inherent uncertainties and may offer

insights into the confidence of the solutions obtained, thereby facilitating more

informed decision-making in real world applications [277].

Furthermore, in the context of B-PINNs, Bayes’ theorem (5.55) can be expressed as

[278]

p(θ|D,P) =
p(D|θ)p(P|θ)p(θ)

p(D,P)
(5.56)

where θ label the weights of the neural network, D is the training data and P labels

the physical constraints in the loss function.
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The domain on which our solution is supported is given by

Ω = Ωu + Ωb + Ωψ (5.57)

where Ωb are the collocation points at the boundaries, Ωψ the collocation points

enforced in the loss function not at the boundary and Ωu the remainder of the training

points not subject to constraints in the loss function. With noisy data, the

measurement is taken to have a Gaussian distribution centered around the real value

[97]: ūi = u(xi) + ϵi, where ϵi labels zero-mean independent Gaussian noise, with a

standard deviation σi4. The likelihood in the program is computed as5 [97]

p(Ω|θ) = ∏
k

p(Ωk|θ), k = u, b, ψ (5.58)

where

p(Ωk|θ) =
Nk

∏
i

1

2πσi
k

exp

(

− (û(xi)− ūi)2

2(σi
k)

2

)

(5.59)

where Nk is the number of points in each subdomain. Weights are learned by

maximum likelihood estimation (MLE) [317]:

θMLE = arg maxθ log P(Ω|θ). (5.60)

and the final parameters, ν, of the model are those of a distribution q(θ|ν) minimizing

the Kullback-Leibler (KL) divergence:

ν∗ = arg minνKL[q(θ|ν)||P(θ|Ω)] (5.61)

where

KL[q(θ|ν)||P(θ|Ω)] =
∫

q(θ|ν) log
q(θ|ν)

P(θ)P(Ω|θ)dθ. (5.62)

To make the weight parameters of our B-PINNs probabilistic (Gaussian) distributions

we use BayesianLinear layers from the blitz-bayesian-pytorch library [318], as

opposed to e.g. nn.Linear layers typically used for ordinary PINNs. Furthermore our

PINN class uses the @variational estimator to enable automatic handling of variational

inference during training. The loss function is adjusted to include the KL divergence

between the approximate posterior and the prior distributions over the weights. The

KL divergence acts as a regularization term, penalizing complex models and

preventing statistical overfitting, especially important when data is sparse or clustered

non-uniformly.

4we assume that the standard deviation is the same for all subdomains.
5Since the measurements are taken to be independent the likelihood of the data domain is the product

of the likelihood of the subdomains.
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Our training loop performs multiple stochastic forward passes per batch, which

approximates the expected loss over the distribution of weights. Each sample

representing a different possible realization of the network weights according to their

posterior distributions. A higher number of forward passes leads to a better

approximation of the posterior but increases computational cost. The KL divergence

term is weighted by a factor 1 × 10−6 in the case of our entangling surface, to balance

its contribution relative to the data fitting and physics-informed components of the

loss function. This results in a predictive distribution characterized by a mean and

variance, providing a measure of uncertainty in the predictions.

(A)

(B)

FIGURE 5.7: R2 score heatmap showing the impact of different values of w1 (y-axis)
and wres (x-axis) on model performance for Branch 1 (top) and Branch 2 (bottom).
Lighter colors indicate higher R2 scores, with optimal scores occurring for lower val-

ues of wres (0.1 and 0.5) and moderate values of w1 (0.1 to 1).

The learning of the solution to (5.20) is in particular sensitive to changes in the residual

weight, wres, whose value dictates how much weight the residual loss contributes to
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the loss function (and by extension how much weight the model puts on accurately

computing the residual). The model is not as sensitive to the relative difference in the

weights for condition (5.51)-(5.53); in figure 5.7 they have been put equal to each other.

Higher values of wres generally result in lower R2 scores, shown by the dark purple

shading on the right side. Lighter colors (higher R2) are concentrated in the top-left

area of the heat map for the first branch, where wres values are lower (0.1 or 0.5) and

w1 values are moderate (0.1 to 1). Similarly, the second branch shows a similar trend,

with the highest R2 scores obtained with lower wres values and moderate w1 values).

The R2 scores for the second branch are generally higher than those for the first one, as

indicated by the lighter overall color. The second branch does not have a turning point

and is easier to fit.

We plot the predicted result in figure 5.8 and compare it with a traditional (X)PINN. In

figure 5.9 we show the deviation from the true data, and in figure 5.10 we display the

residual loss in the intermediate regions. As expected, the deviation increases around

the inflection point where the gradients are large.

5.5 B-PINNs and confidence

In purely data-driven machine learning, overconfidence often suggests model

misspecification or inadequate uncertainty quantification methods. However, for

physics-informed learning, physical knowledge is incorporated into the loss function

which can justifiably constrain the solution space so tightly that the posterior

distribution collapses around a physically consistent solution. Thus, the model being

overconfident by traditional metrics can in some cases be seen as a feature rather than

a bug; apparent overconfidence is attributed to the model adhering to the physical

constraints. It was noted in [280] that there are multiple sources of overconfidence in

B-PINNs that should no be mixed and an uncertainty quantification framework for

Bayesian PINNs that explicitly accounts for the gap between the B-PINN’s prediction

and the (unknown) true solution, to mitigate non-justified overconfidence.

Our approach does not introduce auxiliary error bounds but instead defines a local

physical information density and a physics-constraint coupling (PCC) ratio to

diagnose where the model’s existing confidence is driven by its physical constraints

versus data, even in complex nonlinear settings where analytical error estimates are

unavailable.

The posterior distribution, given data D, and a physics constrain P can be expressed as

p(θ|D, P) ∝ p(D|θ)p(P|θ)p(θ) (5.63)
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(A)

(B)

FIGURE 5.8: (a) Branch 1 and (b) Branch 2: error between model predictions and true
data for regular XPINN (blue) versus Bayesian XPINN (red), highlighting reduced

bias of the Bayesian approach.

and assuming that the prior p(θ) is a uniform distribution we have

p(D|θ) ∝ e(−L data(x)/T) (5.64)
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(A)

(B)

FIGURE 5.9: (a) Branch 1 and (b) Branch 2: plotted residual vs u, showing increased
residual near steep-gradient regions around the inflection point.

where T should be interpreted as some temperature scale or noisy variance, and Ldata

is the data component of the loss function. Similarly,

p(P|θ) ∝ e−λLODE (5.65)

where LODE is the physics part of the loss function and λ the corresponding weight.

When the physical constraints are enforced in the learning, the feasible set of

parameter configurations, θ, that minimize the terms in LODE forms a low-dimensional

manifold in parameter space. As LODE → 0, the posterior collapses to

p(θ|D,P) ∝ e−(Ldata(θ)+0)/T (5.66)

and the physics effectively prunes the search space of θ, making the posterior sharply

concentrated around physically consistent solutions. Near a well-fit solution, θ∗, we

have

∇θ Ltot|θ∗ ≈ 0. (5.67)

Using the Hessian, quantifying the local curvature, to assign error bars for a neural

network output was first explored in [319]. In [320], the Laplace approximation was
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(A)

(B)

FIGURE 5.10: Residual error across the intermediate region for (a) the first branch and
(b) the second branch. As expected they increase in regions with steep gradients.

implicitly used to obtain a Gaussian centered at the maximum a posteriori (MAP)

estimate for a BNN, and below we will use a similar prescription.

We could expand the loss function into a second-order Taylor series around the MAP

estimate θ∗:

Ltot = L(θ∗) +
1

2
(θ − θ∗)⊥H(θ − θ∗) + . . . (5.68)

where

H = ∇2
θ Ltot(θ

∗) =
∂2Ltot(θ)

∂θ∂θ⊥
|θ=θ∗ (5.69)

is the Hessian encoding the local curvature. Expanding around θ∗ gives us

p(θ|D, P) = exp

(

− 1

T
Ltot(θ

∗)
)

exp

(

− 1

2T
(θ − θ∗)H(θ − θ∗)

)

+ . . . (5.70)

leading to the Laplace approximation

p(θ|D,P) ≈ N
(

θ∗,

(

1

T
∇2

θ Ltot(θ
∗)
)−1

)

= N (θ∗, Σθ) (5.71)
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where Σθ ≈ TH−1.

A strong constraint on the differential equation will increase the curvature as

deviations from the true solution rapidly increases Ltot and the Hessian at large θ∗,

indicating a sharply peaked posterior. Predictive variance from the predicted solution,

ûθ(x) at any point x is effected by how perturbations in θ translate into output

variations; if the posterior over θ is highly concentrated, ûθ(x) exhibits low variance.

Thus, as the physical constraints are satisfied, the parameter posterior collapses and

predictive uncertainty decreases, appearing as overconfidence.

Now, let fθ(x) be the neural network’s forward pass that approximates uθ(x).

Linearizing fθ(x), around θ∗, for small δθ = θ − θ∗ gives

fθ(x) = f |θ∗(x) +∇θ f |θ∗(x)δθ + . . . . (5.72)

where ∇θ f |θ∗(x) is the gradient of the output with respect to the parameters,

evaluated at θ∗. The predictive mean can thus be written as

µ(x) = E[ fθ(x)] = fθ∗(X) + . . . (5.73)

and the predictive variance can be written as

σ2(x) = Var[ fθ(x)] (5.74)

= ∇θ f |θ∗(x)⊥(TH−1)∇θ f |θ∗(x) + . . . . (5.75)

Hence, larger curvature in Ltot (i.e. larger H) leads to smaller variance in σ2(x). In

other words, strong physical constraints force the models posterior to collapse around

a solution satisfying the differential equation and boundary condition.

To illustrate how the residual link to the parameter space curvature, we may consider

a generic PDE operator6

R(x, ûθ(x)) = N (ûθ(x)) (5.76)

where we enforce R(x, ûθ(x)) = 0 for x ∈ Ω. We might write the PDE and boundary

terms in the loss functions as

LPDE(θ) =
∫

Ω
(R(x, u(x))) dx, LBC = ∑

i

(RBC(u(xi)))
2 . (5.77)

Taking the gradient w.r.t. θ gives

∇θ LPDE(θ) =
∫

Ω
2R(x, u(x))∇θ R(x, u(x))dx (5.78)

6assuming that the residual is enforced at the boundaries as well (which is not the case in our entan-
gling surface example).
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where

∇θ R(x, u(x)) =
∂R

∂u
∇θu(x). (5.79)

Strong PDE constraints imply that ||∂R/∂u|| is large near a valid solution, thus

inflating the Hessian ∇2
θ Ltot driving a sharply peaked posterior. Note that this analysis

considers only the direct dependence on u; for PDEs with higher-order derivatives,

one might also consider terms like ∂R/∂u′, ∂R/∂u′′, etc., which can also contribute to

the Hessian’s structure.

To diagnose the relationship between physical fidelity and predictive certainty, we

may define a physical information density, that takes all physical constraints into

account as

I(x) ≡ ∑
i

||∇i
ûχi(ûθ(x))||2 (5.80)

where χi is any local operator enforcing a physical constraint over some x (this could

for instance be the differential or boundary operator). The l.h.s gauges the sensitivity

of the physical constraints to perturbations in u, and should remain large as the

solution aligns more closely with the physical conditions.

We may think of I(x) as indicating how stiff the physics conditions are at point x.

When I(x) is high, even a tiny deviation in the solution u(x) significantly increases the

loss of the physical conditions, leaving little room for variation.

The epistemic predictive variance σ2(x) reflects how uncertain the model is about its

prediction at a point x. In other words, if I(x) is large, then any deviation δu impose a

large Hessian. As a consequence, small parameter perturbations, δθ that would

significantly change the predicted solution at points of high I(x) are penalized.

A strong local constraints (high I(x)) lead to a sharply peaks posterior and lower

variance, reflecting a local curvature effect near the solution manifold.

However, a high I(x) does not guarantee low uncertainty. In regions where physics is

complex, such as near sharp or fluctuating gradients, both I(x) and σ(x)2 can be large.

This complexity increases the network’s sensitivity to parameter changes, increasing

σ(x)2. Thus, while I(x) measures the stiffness of the physics, the predictive variance

depends on the interplay between the curvature H and the output’s sensitivity to

parameters, ∇θ f |θ∗(x), as evident in the variance expression. However, it is important

to note that even if the uncertainty and physical stiffness are high in the same regions,

uncertainty would be even higher without physical constraints. We will comment

more on this in section 5.5.1.

To diagnose the overall confidence and whether or not it is due to external constraints

on the loss functions, we may define a global physics-constraint coupling as
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PCCΩ ≡
∫

Ω
I(x)dx

∫

Ω
σ2(x)dx

(5.81)

where a higher PCC suggests that the model’s overconfidence can be driven by strong

physical constraints rather than by data abundance or calibration artifacts.

Furthermore, the governing equations and conditions have tightly constrained the

solution space, leaving little flexibility for variation. In particular, high confidence in

regions with low information density may signal overconfidence and should be

treated with caution, whereas high confidence in regions with rich information

content is more likely to be justified and expected.

It is important to note that different PDEs may benefit from alternative definitions of

the information density, as the specific structure of the differential operators can vary

significantly between problems. For instance, in the case of the Van der Pol equation

(5.94), the functional derivative of the residual with respect to the output, u, is

constant. For such equations, one may obtain richer insights by considering

constraints beyond the residual alone. For other PDEs, a more informative definition

may include derivatives with respect to higher-order terms:

I(x) = ∑
k∈Di

∣

∣

∣

∣

∣

∣

∣

∣

∂χi

∂u(k)

∣

∣

∣

∣

∣

∣

∣

∣

2

, (5.82)

where Di is the set of derivative orders that operator i depends on. However, applying

this particular definition to some PDEs, such as the Van der Pol equation, would cause

the residual contributions to dominate the boundary conditions, obscuring their effect.

The choice of definition should be guided by the specific structure of the PDE. If we

can demonstrate that epistemic uncertainty is low in regions where physics conditions

are present and, in particular, where these conditions have a strong impact on the

solution manifold, then apparent overconfidence in such regions can be expected. The

appropriate method to probe the strength of a physics condition’s impact may vary

from equation to equation. The information density is not intended to provide a

quantitatively precise ranking of how individual constraints compete in shaping the

solution manifold. Rather, it serves as a diagnostic tool to identify where the physics

most strongly influences the posterior distribution.

5.5.1 Probing overconfidence

To further understand apparent over-confidence, we may look at more calibration

metrics.
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For our B-XPINN the validation set is {xi, ui}N
i=1, and via our ensemble sampling,

obtained with M stochastic forward passes during learning, we have

ûi,1, ûi,2, . . . , ûi,M. (5.83)

The predictive mean is

µ(xi) ≈
1

M

M

∑
j=1

ui,j (5.84)

and the predictive standard deviation is

σ(xi) ≈
√

√

√

√

1

M

M

∑
j=1

(ûi,j − µ(xi))2. (5.85)

Consider a probabilistic model that, for each input xi, provides the predictive

distribution p(û|xi). In a Bayesian or ensemble-based neural network, this

distribution often take the form of a Gaussian approximation N (µ(xi), σ2(xi)), or a

collection of samples from which one can estimate prediction intervals. A coverage or

quintile-based definition of calibration examines how well the predicted intervals

match the empirical frequency with which that true target fall into those intervals.

Defining a nominal coverage level α ∈ [0, 1] (see e.g. [321] for a discussion on coverage

intervals and useful uncertainty in deep learning), with α = 0.9 corresponding to a 90

percent prediction interval, the α-coverage interval for each data point xi is

Iα(xi) = [µ(xi)− zασ(xi), µ(xi) + zασ(xi)], (5.86)

where zα is the quantile factor (e.g. z0.9 ≈ 1.645 for a one-sided Gaussian). More

generally, if the model is assumed to be Gaussian, one can directly compute the lower

and upper α-quantiles from the predictive samples. The observed coverage is the

fraction of data points whose true values ui lies within the α-coverage interval:

ObservedFrequancy(α) =
1

N

N

∑
i=1

{ui ∈ Iα(xi)} (5.87)

where N is the number of data points considered. A model is said to be perfectly

calibrated if ObservedFrequancy(α) = α, ∀α ∈ [0, 1]. In practice we visualize this in

a calibration plot (sometimes called reliability diagram), which plots

ObservedFrequancy(α) against α. If the curve lies below the diagonal line, the

intervals are too narrow, indicating overconfidence. If the curve lies below the

diagonal line, the intervals are too narrow, indicating overconfidence. If it lies above

the diagonal, the intervals are too wide, indicating underconfidence.

For the first branch of the solution of the entangling surface, we see in figure 5.11a that

the calibration curve is consistently below the diagonal line, indicating strong and
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consistent overconfidence, while for the second branch, in figure 5.11b shows a mostly

overconfident behavior, except in a small region near α = 0.45. The latter is not

unexpected as the second branch has fewer physics conditions that the first branch

(recall that the second branch has two conditions at the second turning point).

(A) Uncertainty calibration plot for
the first branch, showing consistently

overconfidence.

(B) Uncertainty calibration plot for
the second branch, indicating mostly
overconfidence with an oscillation

around α = 0.45.

FIGURE 5.11

For the entangling surface discussed in the previous section, we have tuned the

hyperparameters to optimize the R2 scores, while maintaining the highest prediction

interval coverage probability. The latter defines the fraction of validation data points

for which the true value falls within the predicted confidence interval prediction

interval [279]. The confidence band is plotted in figure 5.12 and despite their narrow

width, they follow a pattern that makes physical sense, with increased uncertainty

near the boundaries, regions of complex ODE behavior.

In figure 5.13a we still observe that the local PCC reaches its highest value about the

inflection point, where we have three boundary conditions clustered. This peak

confirms that, in that narrow region, the enforced physical constraints collapse the

posterior most strongly. In figure 5.13b we plot the normalized predictive variance

σ2(ξ) against the normalized information density I(ξ)7. The I(ξ) profile is very small

up to u ≈ 0.2 after which it climbs sharply as the residual constrains begin to carve out

the solution manifold, before slightly dipping in the band 0.24 ≲ u ≲ 0.25 where the

loss switches from a distributed residual to a point wise boundary-condition

enforcement. In contrast σ2(ξ) grows towards its maximum at the inflection point.

The dip in information density and local PCC about the inflection point does not

necessarily mean that physical constraints are weaker at the boundary point, but

7 I(x) is many orders of magnitude larger than σ(x)2 and to appropriately compare them, we deploy a

simple max-based normalization: I(x) → I(x)
max[I(x)]+ε

.



5.5. B-PINNs and confidence 159

(A)

(B)

FIGURE 5.12: (a) Branch 1 and (b) Branch 2: shaded uncertainty bands exhibiting
wider uncertainty near boundary regions with complex ODE behavior.

simply that a point wise constraint contributes less to the gradient-based stiffness than

the residual constraints.

5.5.2 Further examples

5.5.2.1 Liouville-type equation

We expand on the general analysis above by considering a simpler non-linear

Liouville-type differential equation, given by

u′′(x) + Keu(x) = 0, x ∈ [0, 1] (5.88)

with K = 1 and boundary conditions u(0)=0, u(1)=0. While the analytical solution is

sufficiently non-trivial, one can easily obtain a true numerical solution for reference.
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(A)

(B)

FIGURE 5.13: (a) PCC(ξ) vs ξ for Branch 1: physics-constraint coupling grows about
the inflection point, and decreases as we switch from residual constraints to point-wise
conditions. (b) Normalized information density I(ξ) (blue) and predictive variance

(yellow) for Branch 1, increasing monotonically.

In this simple example we have

N (u) = u′′(x) + eu(x), ∂uN (u) = eu(x), (5.89)

and the information density yields

I(x) = e2u(x). (5.90)

Here the B-PINN employs a fully connected feedforward neural network architecture

with three hidden layers each containing 50 neurons, utilizing Tanh activations after

each hidden layer, trained using the Adam optimizer with a learning rate of 0.001 over

4000 epochs on merely 5 numerically obtained training data points (plus 100

collocation points for physics-informed residuals).



5.5. B-PINNs and confidence 161

FIGURE 5.14: Normalized error distribution for the Liouville-type equation, revealing
a skewed, heavy-tailed distribution indicative of systematic under-estimation of un-

certainty (overconfidence).

In figure 5.14 we display the histogram of normalized prediction error:
1

σ(x)
(û(x)− u(x)). If the model’s predictive uncertainties are well-calibrated (i.e., the

predicted standard deviations truly reflect the variability and confidence levels), we

would expect a bell-shaped histogram centered at zero, resembling a Gaussian

distribution. However, the observed heavy concentration of negative normalized

errors indicates a systematic bias and an underestimation of uncertainty. This suggests

that the model’s posterior is excessively narrow i.e., a sign of overconfidence.

The probability integral transform (PIT) histogram is another diagnostic for

calibration. For each test point, x, the model produces a predictive distribution p(u|x)
with cumulative distribution function (CDF) F(u|x). For the true observed value, the

PIT value is defined as

pPIT(x) = F(utrue|x). (5.91)

For a Gaussian predictive function, p(u|x) = N
(

û(x), σ(x)2
)

, with the corresponding

CDF:

F(u|x) = Φ

(

u − û(x)

σ(x)

)

, (5.92)

where Φ is the CDF of the standard normal distribution. For a given test point, the PIT

value thus yields

pPIT(x) = Φ

(

utrue(x)− û(x)

σ(x)

)

. (5.93)

A well calibrated statistical model if pPIT(x) is uniformly distributed over [0, 1]. In

figure 5.15 would thus be expected to be flat. However, the distinct peaks strongly

indicates that the predictions are miscalibrated.

As can be seen in figure 5.16, the model performs well and the network resembles the

true solution. Here we get a high global PCC of order O(103), and in this simpler

example we have similarly demonstrated that the solution is heavily constrained by
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FIGURE 5.15: Distribution of PIT values for the Liouville example, displaying two
sharp peaks rather than uniformity, confirming miscalibration.

FIGURE 5.16: Predicted solution vs true solution, with the uncertainty band.

FIGURE 5.17: Parametric plot of information density vs uncertainty for the Liouville
type equation, illustrating a non-monotonic inverse trend punctuated by complex be-

havior..

the physics, with an overconfident posterior distribution and the model’s confidence

grows as it more strictly adheres to the physical laws.

Figure 5.17 displays a parametric plot: x → {I(x), σ2(x)}, showing a non-monotonic

and non-linear relationship between the information density and uncertainty; hence

the turning point behavior.
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FIGURE 5.18: True vs predicted Van der Pol solution. with boundary conditions only
around t = 0 : u(0) = 2, u′(0) = 0.

5.5.2.2 Van der Pol equation

As a next example, we consider a single period of the Van der Pol equation, which

exhibits more complex behavior than a simple harmonic oscillator. This equation is

widely used to model nonlinear dynamical systems in various fields, including

biology (e.g., cardiac rhythms) and electronics (e.g., vacuum tube circuits) [322].

Over a cycle, the solution exhibits structural features reminiscent of the entangling

surface discussed in section 5.2, particularly in terms of broken symmetry around

turning or inflection points.

The Van der Pol equation is given by:

u′′ − µ(1 − u2)u′ + u = 0 (5.94)

where µ controls the strength of nonlinearity.

The equation is sufficiently non-trivial while remaining analytically and numerically

well understood. Moreover, high-quality numerical solutions can be readily obtained

using standard ODE solvers. Its solution contains regions of varying dynamical

behavior, naturally leading to variations in the information density I(t).

We prepare the data and use the initial conditions u(0) = 2, u′(0) = 0. Here we use

three hidden layers each containing 50 neurons with the Tanh activations after each

hidden layer, and the Adam optimizer is employed with a learning rate of 0.001 over

1500 epochs on 20 numerically obtained training data points (plus 20 collocation

points for physics-informed residuals).

Similar to the previous example, the histogram in figure 5.19b shows that the model is

statistically overconfident, and the parametric plot in figure 5.19a shows that while

higher I(t) often corresponds to lower uncertainty, the dynamics of the Van der Pol
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(A) Parametric plot of I(x) and σ2, showing non-linear cou-
pling across dynamic regimes..

(B) Distribution of normalized prediction errors, again
showing signs of an overconfident model.

FIGURE 5.19

equation introduce regimes where the relationship between physical constraints and

predicted variance is more complex. Similarly to the previous example, we do not see

a straightforward inverse relationship between uncertainty and I(t) in figure 5.19a. In

figure 5.18 we see the true numerical solution vs the predicted solution. Although the

collocation points for the residual are enforced throughout the domain, we have only

enforced initial conditions around t = 0 and not around the boundary t = 7; it is

evident that the accuracy quickly can deteriorate when physics conditions are absent.

Notably, the true solution falls outside the estimated uncertainty band, underscoring

the limitations of conventional error quantification in B-PINNs.

In figure 5.20 we plot the local PCC over one period of the Van der Pol oscillator. The

coupling is maximal at t ≈ 0, where the initial-conditions are enforced, and again

around t ≈ 2.8 corresponding to the point of steepest nonlinear stiffness; a smaller

intermediate peak near t ≈ 1, while PCC falls to near zero wherever the epistemic

uncertainty is high relative to the information density. These results confirm that the
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strongest physics-driven posterior collapse occurs both at the enforced boundary and

at the regime of maximal nonlinear forcing, while the sustained rise in variance

thereafter signals accumulating epistemic uncertainty in unconstrained regions.

(A)

(B)

FIGURE 5.20: (a): Max normalized I(t) and σ2(t), comparing their behavior across the
entire domain. (b): Local PCC showing where physical constraints dominates.

5.6 Discussion and outlook

In this work, we have explored B-(X)PINNs to infer the solution to complex ODEs,

typical in high energy theory, from limited data. In particular, we have focused on the

equation describing the non-trivial entangling surface homologous to an annular

entangling region in AdS3, which resides on the boundary of AdS4. This example is

interesting because it provides a benchmark for our Bayesian physics–informed neural

network approach applied to equations common in high-energy theory, a domain that

has seen relatively little use of PINNs. Moreover, finding entangling surfaces in

non-trivial geometries is a challenging problem in its own right, and advancing our

methods here will bring us closer to tackling more complex physical systems.

We showed that, by combining asymptotic analytical data with limited numerical data

around the inflection point, the model is able to reconstruct the solution in

intermediate regions with high fidelity. This example is particularly interesting as the

study of entangling surfaces and regions are often restricted to simple surfaces where

the calculation are tractable. A limitation of this work is that the model still requires a

small sample of numerical data around the inflection point. In many cases, getting this

data may be as difficult as getting the full numerical solution. However, making
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progress towards solving these types of differential equations, with limited date

around the boundary, which we typically can obtain with asymptotic analysis, unlock

the study of more physically interesting surfaces. We show that a Bayesian approach

outperforms traditional PINNs.

We generally study the meaning of overconfidence in physics-informed Bayesian deep

neural networks. In purely data-driven models, overconfidence is a shortcoming,

regardless of origin, and typically stems from an underestimation of predictive

uncertainty due to limited data or high model capacity. However, our results suggest

that in the context of physics-informed learning, such overconfidence is not only

expected but also informative; PINNs incorporate physical constraints directly into

the loss function, thereby enforcing a tight adherence to known differential equations.

This has the effect of collapsing the posterior distribution around a physically

consistent solution. To diagnose this effect, we introduced the local physics

information density I(x), a measure of how “stiff” the physical constraints are, and

the local physics-constraint coupling (PCC) metric. Our experiments on both the

entangling surface as well as the simpler benchmark Liouville and Van der Pol

equation consistently yielded high global PCC values. This indicates that the physical

sensitivity far exceeds the predictive uncertainty, resulting in a posterior that is

sharply concentrated, a physically driven overconfidence.

In this work, we saw that the standard notion of overconfidence is not the same for

B-PINNs, as for BNNs. The overconfidence observed in our B-(X)PINNs is a natural

outcome of strong physical priors, and our PCC metric provides a useful diagnostic

tool for distinguishing between physically justified concentration of the posterior and

pathological miscalibration.

We have relied on the information density and the PCC as diagnostic tools: they

highlight where the PINN’s posterior is “pinched” by physics-based losses, and where

apparent overconfidence is therefore to be expected. They are not intended to provide

a quantitatively precise ranking of how much each individual constraint (e.g. residual

vs. boundary vs. pointwise operator) carves out the solution manifold in relation to

each other. In fact, the shape of I(x) can change, sometimes dramatically, depending

on whether one differentiates only with respect to the predicted output, or also with

respect to higher-order derivatives. Different PDEs, and different combinations of

differential, integral or boundary operators, will naturally call for different choices in

how one defines and computes I(x) to capture its effect on the network accordingly.

For future work, we could develop information density quantities that could capture

rich results for a generic family of PDEs.

A quantitative comparison of the relative strength of each constraint would require

examining the full local curvature of the solution manifold and loss landscape, i.e.the

Hessian (or a suitable low-rank approximation thereof) evaluated at each x. This
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would tell us exactly how each operator shapes the local geometry of the posterior.

Developing scalable Hessian-based diagnostics for PINNs is an important direction

for future work. For now, our information-density and PCC curves serve as first pass

indicators of where the model is most “locked down” by physics, and where epistemic

uncertainty remains.

We may further extend this analysis by considering overfitting in general, as opposed

to just overconfident Bayesian models considered in this work, by systematically

developing metrics to quantify and better understand the interplay between

data-driven overfitting metrics, physics-driven fidelity and how physical constraints

affects the geometry of the solution manifold, which we briefly discuss in appendix

5.1.





169

Appendix 5

Appendix 5.1: Towards understanding overfitting with physical

constraints

In traditional machine learning, overfitting is often diagnosed by comparing training

loss to test loss; a much higher loss on a test (or validation) set than on the training set

signals poor generalization. For PINNs, the loss landscape is more complicated, and

in some cases ill-defined [286]; we must consider that the loss has multiple

components (data loss and physics loss), and understand how they interact with each

other. PINNs are trained to minimize a composite loss consisting of a data

discrepancy term (e.g. mean squared error on observed or initial/boundary data) and

a physics term (e.g. the PDE residual). This raises the question of how to properly

define “training” vs. “test” loss in a physics-informed context. As discussed in [323], it

is often necessary to evaluate the generalization of PINNs by going beyond training

data; PINNs are typically evaluated by comparing the model’s predictions to a known

solution with metrics such as the L2 error on a fine grid (which serves as a test error).

The assumption for PINNs is that, if they generalize well, the error on unseen points

or a test set, remains low and not drastically larger than the training error, similar to

standard machine learning models.

Even for non Bayesian PINNs, the physics can be seen as a prior, and the output as a

posterior. Generalization has been well studied for PINNs and in bounds on the prior

and posterior has been found using Barron spaces [324, 325] and the Holder continuity

constant [326]. In [273] these bounds are extended to XPINNs to find tradeoff

conditions, when XPINNs generalize better than PINNs and vice versa. An abstract

formalism that considers stability properties of the underlying PDE, to derive a

generalization bound and error is derived in [327]. It is discussed in [323] that the

concept of overfitting is different for SciML than in more traditional models.

However, these studies do not address the interplay between traditional overfitting

and external constraints in the loss function, which remains poorly understood. One
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can separately track the data loss and the physics (PDE) loss on training vs. test points:

O =
Ltest

u

Ltrain
u

(5.95)

where Ltrain
u is the data loss on training points and Ltest

u is the loss on unseen test

points. A value of O ≫ 1 indicates overfitting; the model performs well on training

data but poorly on test data, a hallmark of capturing noise rather than generalizable

patterns. Similarly, consider the physics enforcement ratio, P :

P =
Ltest

f

Ltrain
f

(5.96)

where Ltrain
f is the PDE residual on training points and Ltest

f is the residual on test

points. A value of P ≪ 1 suggests that the physics is better satisfied on test data than

on training data, indicating strong generalization of the physical constraints. For

XPINNs, these ratios are simply defined per subdomain:

Oi =
Ltest

u,i

Ltrain
u,i

, P i =
Ltest

f ,i

Ltrain
f ,i

(5.97)

where i indexes the subdomain.

By sampling collocation points that were not used in training and computing the PDE

residual there, one can define a “physics test error”. If the physics test error remains

low (comparable to the training residual), it indicates the PINN has not merely

memorized the residual at the training points but truly learned a solution that

generalizes the PDE behavior. Similarly, we can hold out some measurement data (or

initial/boundary conditions) as a validation set to compute a standard data test loss.

A simple interplay between data and physics loss could be captured in the following

trade-off condition:

O ≫ 1 and P ≪ 1 (5.98)

would indicate that while the model might overfit the training data, the underlying

constraints are still strongly satisfied. This could mean that the modes ability to

generalize physics compensate for the lack on generalization on non-physics data.

Similarly, if

O ≫ 1 and P ≫ 1, (5.99)

this tells us that the model not only overfit the data but fails to generalize the physics.

In purely data-driven models, one might add an explicit regularization term ( weight

decay) to avoid overfitting:

minθ{Lu(θ) + λ||θ||2}. (5.100)
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For PINNs, we have a natural regularization from the physics loss:

minθ{Lu(θ) + λ f L f (θ)}. (5.101)

In classical machine learning, one often seeks to control overfitting by regularizing the

model. A common result in learning theory gives a generalization error bound of the

form [328, 329]

RD ≤ RS + C
∥ f ∥H√
N + λ

, (5.102)

where λ is a regularization parameter controlling complexity (nodes and depth of the

network), RD is the generalization error and Rs is the empirical error. | f ∥H is a

measure of the function complexity (a norm in some hypothesis space H) and N is the

number of training samples. The parameter λ effectively reduces the model’s capacity

and and a large value intuitively leads to less overfitting.

In [273], a generalization bound for PINNs is given by

RD(θ
∗) ≤ RS(θ

∗) + C1

|u∗|3
WL(Ω) log nr
√

nr
(5.103)

where RD(θ
∗) and RS(θ

∗) is the generalization error and empirical training loss for the

trained model, respectively. ||u∗||WL(Ω) measures the function complexity of the true

solution u∗ in the Sobolev space WL(Ω) and C1 is some constant.

For XPINNs we simply have

RXPINN
D (θ) ≤

nb

∑
i=1

nr,i

nr

(

RS,Ωi
+ C1

|u∗|3
WL(Ωi)

log nr,i
√

nr,i

)

(5.104)

However, (5.103)-(5.104) has been derived under a set of assumptions where the

weighting of the physics constraint was either fixed or implicitly incorporated into the

complexity measure of the solution space. If we do not assume that the training

procedure already balances the contributions of data and physics losses in a way that

does not require a separate parameter in the final bound, we might explicitly

introduce λ f into the bound, to bring it into the same form as (5.102):

Rmod
D (θ∗) ≤ RS(θ

∗) + C1

|u∗|3
WL(Ω) log nr
√

nr + λ f

. (5.105)

Now, if λ f increases, the generalization bound tightens, meaning that strong physical

constraints help counteract overfitting and constrain the solution or hypothesis space,

much like traditional regularization does by reducing model complexity.
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To illustrate the above concepts, we could consider a relatively simple non-linear ODE

of the form

u′′(x) + u(x)2 − sin(πx) = 0 (5.106)

with boundary conditions

u(0) = 0, u(1) = 0. (5.107)

We prepare an ordinary PINN with 40 data points generated across [0,1] and 3000

epochs. The ratio O,P and the modified generalization bound (5.105) is computed,

showed in figure 5.21.

FIGURE 5.21: Left: data overfitting ratio O vs. λ f . Center: P vs. λ f . Right: modified

generalization bound Rmod
D vs. λ f , illustrating how stronger physics regularization

reduces overfitting and improves generalization.

In the plots in figure 5.21 we consider large values for the residual weight λ f to

illustrate the intricate relationship between the physics loss weighting parameter and

overfitting in a PINN. While it seems like O would be independent of λ f , we see that

this is not the case; physics loss indirectly influences the model’s behavior on these

points. The connection between physics and O, being computed on non-physics

points, can be understood through the PINN’s optimization dynamics. As λ f

increases, the physics loss term forces the model to satisfy the PDE across the domain,

effectively acting as a regularizer that constrains the hypothesis space. This

regularization indirectly affects the model’s predictions on all points, which will

always be true if a physical condition is enforced on training data. The Physics

Enforcement Ratio P dropping from 1.025 to around 0.85 and the Generalization

Bound decreasing from 0.65 to 0.35 further support that a stronger physical constraint

improves the generalization. We leave understanding this further for future work.
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B-PINNs, Uncertainty, and the

Geometry of Physics Constraints

6.1 Introduction

Physics-Informed Neural Networks (PINNs) [95, 330] augmented with Bayesian

inference (B-PINNs) offer a pathway to quantify uncertainty in data-sparse physics

problems [277, 278]. However, conventional treatments of uncertainty in B-PINNs

often lump all sources such as data noise, model uncertainty, and physics residuals,

into a single posterior. Recent litterateur has made progress towards disentangling

sources of uncertainty for Bayesian systems [280, 331–337]. While it was showed in

[277] that when the physics itself is uncertain one must account for both aleatoric and

epistemic components, our focus is on the complementary scenario of exact, known

constraints, where the physics does not introduce further randomness.

Error-aware B-PINNs were introduced in [280], which explicitly augment the

predictive variance with an extra term for physics-related uncertainty. They treat the

”equation-related” physics loss as a pseudo-aleatoric variance term derived from the

physics residual, which is then added to the predictive uncertainty budget. This

approach effectively treats any mismatch in satisfying the PDE as if it were analogous

to measurement noise, a random term widening the output confidence intervals.

Model discrepancy terms are often added to account for deficiencies in a deterministic

simulator. However, as pointed out in [338] including an discrepancy (noise) term

could confound parameter inference, lead to more bias, and distort predictions; in

B-PINNs a “physics residual noise” term could soak up errors that should ideally be

reduced by improving the model.

In the last chapter, we argued that physics constraints is not a source of typical

uncertainty. The aim of this chapter is to make this statement more concrete.
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Moreover, physics-loss has an omnipresence on the neural network that collapses the

posterior distribution of solutions by imposing a specific geometry of the solution

manifold. Physical constraints also constrain other types of uncertainty. To quantify

how constraints deforms the solution manifold, we consider the Hessian

eigenstructure of the underlying equation. This also offers insight into its consistency

with the local physics-constraint coupling (PCC) analysis from chapter 5, supporting

PCC as a metric for diagnosing apparent overconfidence in B-PINNs. This geometric

perspective allows us to view physics constraints through the lens of loss landscape

curvature. We demonstrate this connection using the Van der Pol equation, showing

that regions of high PCC correspond to eigenmode-constraint alignment, while the

anisotropic posterior structure reflects the hierarchical organization of physics

constraints in parameter space.

To better understand how physical constraints fundamentally reshape the posterior

distribution, we connect the PCC framework to the Hessian perspective that

characterizes the local geometry of the loss landscape.

The Hessian matrix of the loss function, defined as

H = ∇2
θ Ltot(θ

∗) (6.1)

where Ltot is the total loss function and θ∗ represents the weights at which the loss

function is minimized. This provides a natural mathematical tool to characterize the

warping effect of the solution manifold due to physical constraints. The Hessian

perspective originates from early work on Bayesian neural networks by [319, 339],

who showed that in data-driven contexts, the posterior tends to concentrate uniformly

as data increases. However, in B-PINNs, the physics loss term creates selective

concentration along specific directions, leading to a warped posterior geometry that

standard calibration metrics cannot properly assess. This fundamental difference

explains why conventional metrics for detecting overconfidence often fail for

physics-informed models.

Recent progress on constrained Bayesian inference has introduced alternative

formulations such as the gradient-bridged posterior [340], which enforces constraint

satisfaction by penalizing the norm of the constraint gradient. While they do not

study PINNs, the framework shares conceptual similarities: it incorporates constraints

(analogous to physics laws in PINNs) via a regularization term on the gradient norm

of a sub-problem loss function, which promotes solutions near the exact minimizers

without requiring perfect optimization. While their formulation leverages gradient

norm shrinkage, we focus on second-order structure through Hessian

eigendecomposition, revealing the anisotropic compression induced by physics

constraints, and use this as a consistency check for the PCC-type diagnostic tools in
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[341], while also explicitly offering deeper insight into the hierarchical influence of the

constraints on the structure of the solution manifold.

Imposing a constraint in Bayesian inference can be viewed as adding a delta-function

or sharp indicator to the posterior density, a form of posterior regularization. This

concept was formalized in [342] through a general framework for constrained

Bayesian inference via posterior projection, wherein one first computes an

unconstrained posterior and then projects it onto the constraint surface. While their

work is abstract, the idea applies to B-PINNs; instead of inflating uncertainty by a

residual-based variance, one effectively projects the posterior onto the set of functions

that respect the physics. This fundamentally ”warps” the posterior; it becomes

non-Gaussian and lives in a curved subset of function space defined by the physics

constraints.

In this work, we examine whether regions with high local PCC correspond to

directions in parameter space where the Hessian exhibits eigenvalues aligned with the

physics gradient. This explores a link between physics-constrained inference and the

geometric warping of the posterior, assessing the extent to which standard Hessian

metrics can probe the deformation of the solution manifold by physical constraints.

To explore this connection empirically, we calculate both the PCC metric and metrics

such as the directional variance along the principal eigenvectors of the Hessian. These

results indicate that the physics constraints in the B-PINN framework for the Van der

Pol oscillator contribute to a moderately low-dimensional manifold by partially

aligning high-curvature directions with the physics gradients and restricting the

posterior to solutions that satisfy the governing equations and boundary conditions.

The remainder of this chapter is organized as follows: Section 6.2 reviews the

theoretical connection between Hessian geometry and physics constraints, section 6.3

presents our Van der Pol case study with detailed eigenmode analysis, section 6.4

validates the PCC-Hessian correspondence through landscape visualization, and

Section 6.5 discusses implications for future physics-informed machine learning

approaches.

6.2 B-PINNs

Here we will briefly recap B-PINNs. Recall that in a Bayesian PINN, we infer a

distribution over network parameters θ (weights and biases) given two sources of

information: observed data D (e.g. initial or boundary measurements, or any interior

data points) and the fact that θ should produce a function uθ(x) that satisfies the

physical law P[u] = 0 (e.g. a PDE operator) to a certain tolerance. We write the
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unnormalized posterior as

p(θ | D, P) ∝ p(D | θ)p(P | θ)p(θ), (6.2)

where p(θ) is the prior over parameters (often a broad Gaussian), p(D | θ) is the data

likelihood, and p(P | θ) encodes how well the parameters satisfy the physics.

For Gaussian observational noise with variance σ2 (temperature T = 2σ2),

p(D | θ) ∝ exp
(

− 1

2σ2
Ldata(θ)

)

= exp
(

− 1

T
Ldata(θ)

)

(6.3)

where Ldata is the loss due to data mismatch. We incorporate physics constraints via

an exponential term

p(P | θ) ∝ exp
(

− λLphys(θ)
)

(6.4)

where Lphys is the loss due to deviations from the soft or hard physics constraints, and

λ is a weight controlling the strength of the physics term relative to data.

Any additional regularization or prior (such as a KL-divergence term in variational

inference) is denoted Lreg(θ) and enters additively. Combining these contributions, the

total negative log-posterior is:

Ltot =
1

T
Ldata(θ) + ∑

ij

(

λiLphysi
(θ) + λjLregj

(θ)
)

(6.5)

where λi and λj is the weight corresponding to each physics and regulated component

of the loss function, respectively . This corresponds directly to our implementation

where we combine data loss, PDE loss, initial condition loss, and KL regularization in

our B-PINN. Minimizing Ltot(θ) corresponds to finding the Maximum A Posteriori

(MAP) estimate θ∗ given data and physics [320, 339, 343, 344]. Our B-PINN

implementation optimizes a loss that is the sum of data loss, PDE residual loss, any

other physics constraints (such as boundary conditions), and, if using variational

Bayes, a KL regularization term, matching the form of Ltot(θ) above.

The Bayesian framework provides several advantages over deterministic PINNs. It

naturally quantifies epistemic uncertainty, allowing practitioners to assess confidence

in predictions and identify regions where additional data or refined physics modeling

may be beneficial. The probabilistic treatment enables principled model comparison

and hyperparameter selection through evidence maximization. Furthermore, the

posterior distribution can reveal structural properties of the solution manifold; and in

this work, we are interested in how physics constraints geometrically constrain the

parameter space.
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6.2.1 Physics information density

Here, we summarize a method of measuring if overconfidence is warranted in

B-PINNs outlined in chapter 5, which introduce the physics information density

metric, quantifying the local sensitivity of physics constraints to perturbations in the

solution.

A fundamental question in physics-informed machine learning concerns how to

distinguish between regions where the model exhibits appropriate confidence due to

strong physics constraints versus regions where apparent confidence may be

misleading. The information density at a point x in the domain can be defined as:

I(x) ≡ ∑
i

∣

∣

∣∇ûC i(ûθ(x))
∣

∣

∣

2
(6.6)

where C i represents the i-th physics constraint operator (which could include

differential operators, boundary conditions, conservation laws, or other physical

principles), and ûθ(x) is the network’s predicted solution at point x. The gradient

∇uC i measures how sensitive the i-th constraint is to local changes in the solution.

As pointed out in [341], this definition must be tailored to the specific equation under

consideration. The nature of the PDE strongly influences which formulation of

information density is most informative. For example, different PDEs exhibit varying

structural characteristics in their differential operators, which can alter the

interpretability of the sensitivity metric. Some definitions may fail to capture

meaningful variations in constraint sensitivity. For such systems, it can be more

insightful to extend the information density to include higher-order derivatives,

where the information density can be defined as

I(x) = ∑
k∈Di

∣

∣

∣

∣

∣

∣

∣

∣

∂C i

∂u(k)

∣

∣

∣

∣

∣

∣

∣

∣

2

, (6.7)

where Di is the set of derivative orders that operator i depends on.

When I(x) is large, even small deviations in the solution u(x) lead to significant

violations of the physics constraints, indicating that the physics ”tightly constrains”

the solution in that region. Conversely, when I(x) is small, the physics constraints are

relatively insensitive to local solution variations, suggesting greater solution

flexibility. The information density concept connects directly to the geometric

properties of the constraint manifold. In regions where multiple physics constraints

intersect or where the constraints exhibit high curvature, we expect I(x) to be large.

To get a measure of the overall confidence and whether or not it is due to external

constraints on the loss functions, we may define a global physical-confidence-coupling
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(PCC), over some domain Ω:

PCCΩ ≡
∫

Ω
I(x)dx

∫

Ω
σ2(x)dx

(6.8)

where σ2(x) is the predictive variance of the B-PINN’s output uθ(x) at point x, under

the posterior. PCC is high in regions where the physics provides a lot of information

and the model’s uncertainty is correspondingly low, a sign that physics constraints are

the reason for the uncertainty reduction. Conversely, a low PCC might indicate either

that the physics residual is small, or not sensitive, at x or that the model still has high

uncertainty there, perhaps because that region is unconstrained by both data and

physics. In essence, PCC identifies regions where low predictive variance is “coupled”

to strong physics enforcement rather than just dense data. Our framework uses

PCC(x) to map out where the physics is effectively tightening the posterior.

The predictive uncertainty σ2(x) is estimated using the BLiTZ [318] package, which

applies mean-field variational inference. During inference, BLiTZ samples weights

from learned Gaussian distributions on each forward pass. By averaging multiple

stochastic outputs at the same input x, the sample variance approximates σ2(x).

6.2.2 Hessian geometry and the Laplace approximation

In training neural networks, including PINNs, the exact Hessian of the loss is often

expensive to compute. One approach is to use the Gauss-Newton (GN) or Generalized

Gauss-Newton (GGN) approximation, which ignores certain second-derivative terms

and uses the network’s Jacobians to approximate curvature [345]. For least-squares

objectives (as in physics-informed losses with residuals), the Hessian can be

approximated by the GN matrix H ≈ JT J, where J is the Jacobian of PDE constraints

w.r.t. parameters. This idea dates back to early Bayesian neural network work [339]

that estimated the full Hessian for a Bayesian neural network and noted that a GGN

matrix, the curvature of a linearized network (essentially a Laplace approximation),

can serve as a cheaper alternative.

Since then, GN approximations have become ubiquitous for large-scale problems (see,

for instance, [346]). In the PINN context, recent optimization methods explicitly

employ Gauss-Newton structure. For example, second-order optimizers like

NysNewton-CG [286] use Hessian sketches and GN structure to improve PINN

training conditioning. Kronecker-Factored Approximate Curvature (KFAC) [347] has

also been adapted to PINNs as a layer-wise GN approximation, scaling to

high-dimensional PDE problems while capturing second-order information. Overall,

GN-based Hessian approximations leverage the fact that PINN losses are

sum-of-squares, making curvature estimation tractable even for deep

physics-informed networks.
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At a local minimum θ∗ of Ltot, we can approximate the posterior by a Gaussian

centered at θ∗. This is achieved via a Laplace approximation, using the second-order

Taylor expansion of the loss around θ∗ [339, 348]:

Ltot(θ) = Ltot(θ
∗) +

1

2
(θ − θ∗)T H(θ − θ∗) + . . . , (6.9)

where H = ∇2
θ Ltot(θ∗) is the Hessian matrix of the total loss at θ∗, and the ellipses are

higher order terms. Because ∇θ Ltot(θ∗) = 0 at the optimum, the linear term vanishes.

Exponentiating the quadratic approximation gives a Gaussian posterior:

p(θ | D, P) ≈ exp (−Ltot(θ
∗)) exp

(

−1

2
(θ − θ∗)T H(θ − θ∗)

)

. (6.10)

Up to a normalization constant, this can be identified as a normal distribution

N (θ∗, H−1) [349, 350]. In other words, the posterior covariance in parameter space is

approximately Σθ = H−1, in units of the scaled loss defined above. If the temperature

T is explicitly factored out of Ltot, one finds Σθ ≈ TH−1, consistent with higher

observational noise yielding a broader posterior.

In the context of physics-informed learning, the Hessian naturally decomposes into

contributions from different loss components [351]:

H = Hdata + ∑
i

λi H
i
phys + ∑

j

µjH
j
reg (6.11)

where each component captures the curvature arising from data fitting, physics

constraints, and regularization terms respectively. The physics contribution to the

Hessian can be approximated using the Gauss-Newton (GN) formulation, which

leverages the sum-of-squares structure typical in physics-informed losses:

Hphys ≈ ∑
x∈X

∑
i

λi

(

∇θC i(x)
)T (

∇θC i(x)
)

(6.12)

where X represents the set of collocation points where physics constraints are

evaluated, and ∇θC i(x) is the gradient of the i-th constraint with respect to network

parameters. This Gauss-Newton approximation reveals that the eigenvectors of Hphys

correspond to parameter combinations that most strongly affect the satisfaction of

physics constraints across the domain.

The eigenvalues of the Hessian describe the local curvature of the loss landscape in

different parameter directions [348]. A large Hessian eigenvalue indicates a ”stiff” or

high-curvature direction; the loss changes rapidly along that weight combination,

whereas a small eigenvalue indicates a flat direction with low curvature [352]. The

ratio between the largest and smallest eigenvalues (λmax/λmin), the condition number,

quantifies ill-conditioning [353]. In PINNs, the Hessian can have a very broad
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spectrum, reflecting the multi-scale nature of physical constraints; the Hessian of a

PINN loss often has a few very large eigenvalues and many near-zero ones, meaning a

few stiff directions and many sloppy directions. This was shown by [286], who

visualized the Hessian spectral density for PINN training and found the loss in

general to be extremely ill-conditioned.

Notably, different components of the PINN loss (PDE residual, initial/boundary

terms) each contribute to ill-conditioning, e.g. high-frequency or higher-derivative

terms in the PDE residual yield especially large curvature, making some directions in

parameter space stiff. This behavior is analogous to stiffness in differential equations;

an ill-conditioned differential operator, one with widely varying eigenvalues in its

spectrum, induces an ill-conditioned PINN objective. It was showed in [354] that if the

underlying PDE operator’s Hermitian square is ill-conditioned, PINN training will be

slow or unstable, and they advocate preconditioning the operator to improve the

Hessian’s conditioning.

Applying quasi-Newton methods like L-BFGS [355] or other GN-based

preconditioners [356] greatly reduces the spread of the Hessian eigenvalues,

essentially ”flattening” the stiff directions. By improving the Hessian’s condition

number, one can accelerate convergence and avoid getting stuck in narrow ravines of

the loss landscape, an issue identified as a key challenge in training PINNs [357].

Thus, analyzing the Hessian eigenspectrum provides insight into which

physics-induced directions are causing training difficulty; large eigenvalues

correspond to sensitive combinations of weights that drastically affect the deviation

from the physical conditions, and it guides remedies like rescaling loss terms or using

second-order optimization to handle those stiff directions.

From a Bayesian perspective, the Hessian spectrum is also linked to uncertainty

quantification [358]. In a Bayesian neural network, a very large Hessian eigenvalue

means the posterior is extremely narrow in that direction, the model parameters are

well-constrained by data and or physics in that combination, whereas tiny

eigenvalues indicate directions of nearly flat loss where parameters are

underdetermined, leading to broad posterior uncertainty in those directions. In other

words, flat (high) curvature corresponds to high (low) epistemic uncertainty.

In the context of the Van der Pol oscillator considered in this chapter, the moderate

parameter count of the Bayesian PINN architecture enables the explicit computation

of the full Hessian matrix of the complete physics loss (PDE residual plus initial

conditions) via second-order automatic differentiation, a luxury not always feasible

for larger networks due to O(N2) time and space complexity. This full Hessian is

calculated post-training using PyTorch’s autodifferentiation to provide an exact

representation of the loss landscape’s curvature, which is then utilized for detailed

geometric analysis, such as eigenvector alignments and condition numbers. While the



6.2. B-PINNs 181

model’s training employs variational inference within the BLiTZ package to

approximate the posterior, the Laplace approximation is applied indirectly afterward:

it approximates the posterior as a Gaussian centered at the maximum a posteriori

(MAP) estimate with covariance given by the inverse Hessian, facilitating

interpretation without being the primary method during training. This distinction

arises because the Hessian supports the subsequent analytical exploration of the loss

landscape, whereas the variational approach drives the training process itself.

6.2.3 Modal decomposition of predictive uncertainty

The eigenstructure of the Hessian provides a natural coordinate system for

understanding how epistemic uncertainty propagates from parameter space to output

space. By decomposing the predictive variance into contributions from different

eigenmodes, we can identify which parameter directions most significantly influence

solution uncertainty and how this varies across the problem domain. Under the

Laplace approximation, the predictive variance for the network output uθ(x) at any

point x is given by (see, e.g. [280, 359]):

Var[uθ(x)] = ∇θuθ(x)TΣθ∇θuθ(x) (6.13)

where ∇θuθ(x) is the Jacobian of the network output with respect to parameters, and

Σθ ≈ H−1 is the posterior covariance matrix.

Diagonalizing the Hessian as H = QΛQT where Q contains the eigenvectors qi and

Λ = diag(λ1, λ2, . . . , λn) contains the eigenvalues in descending order, we can rewrite

the posterior covariance as Σθ = QΛ−1QT. Substituting this into the variance

expression yields:

Var[uθ(x)] =
n

∑
i=1

1

λi

(

qT
i ∇θuθ(x)

)2
. (6.14)

This decomposition offers three quantities that characterize uncertainty propagation

[319, 339, 360]: The output sensitivity, si(x) = qT
i ∇θuθ(x), measures how sensitive the

network output is to parameter changes along the i-th eigenmode direction. Large

values indicate that the i-th eigenmode strongly influences the solution at point x. The

modal variance, σ2
i (x) = 1

λi
si(x)2, represents the variance contribution from the i-the

eigenmode. This quantity balances the output sensitivity against the eigenvalue

directions with small eigenvalues (flat loss directions) contribute more to uncertainty

even if their output sensitivity is modest. The directional variance,

σ2
dir(x) =

k

∑
i=1

σ2
i (x) (6.15)
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captures the total variance contribution from the top k eigenmodes, typically chosen to

capture the dominant modes of variation.

The modal decomposition provides several key insights. First, it reveals that

uncertainty is not uniformly distributed across parameter space but is concentrated

along specific eigenmode directions [348, 361]. Second, it shows how the relative

importance of different eigenmodes varies spatially across the solution domain;

certain modes may dominate uncertainty in some regions while being negligible in

others [362]. Third, it connects uncertainty patterns to the underlying physics through

the eigenmode structure, which is shaped by physics constraints.

6.2.4 Alignment of physics-based gradients and posterior structure

An aspect of PINNs is that the multiple sources of loss in the loss function, can conflict

or pull the parameters in different directions. Using the Hessian, one can align these

multi-task gradients and improve training [363]. The key idea is that the Hessian’s

off-diagonal entries capture how changes in one parameter affect multiple loss terms

simultaneously. A central question in understanding B-PINN behavior concerns the

relationship between the geometric structure of the posterior (as encoded by Hessian

eigenmodes) and the physics constraints that shape this geometry. If physics

constraints preferentially constrain certain parameter directions, we expect the

principal eigenmodes to align with the gradients of physics constraint violations. To

quantify this alignment, we examine the relationship between Hessian eigenvectors qi

and the gradients of physics constraints ∇θC j(x) at different points x in the domain.

The cosine similarity [363, 364] provides a measure of alignment:

cos(qi,∇θC j(x)) =
qi · ∇θC j(x)

|qi||∇θC j(x)| . (6.16)

High alignment values indicate that the i-th eigenmode corresponds to parameter

combinations that significantly affect the j-th physics constraint at point x.

Large eigenvalues should correspond to parameter directions that strongly affect

physics constraint satisfaction. Principal eigenmodes should align with physics

constraint gradients rather than being randomly oriented. Furthermore, spatial

variation in alignment should reflect the local importance of different physics

constraints across the domain. We may compute the alignment statistics across the

domain and examining their correlation with physics information density and

uncertainty patterns.

The framework above implies that for a B-PINN, we expect an anisotropic Hessian

with leading eigenvalues tied to physics constraints, dominant eigenmodes aligned

with constraint gradients, and predictive uncertainty concentrated in a few
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FIGURE 6.1: B-PINN prediction (red line with uncertainty bands) compared to the
numerical solution (black line) for the Van der Pol oscillator with µ = 1. The model
accurately captures the nonlinear dynamics while providing meaningful uncertainty

quantification that increases with distance from initial conditions at t = 0.

low-dimensional directions, reflecting confidence where physics is most strongly

enforced.

6.3 Implementation: The Van der Pol equation

Computing the Hessian spectra and posterior variances exactly is an expensive and

often intractable calculation. In practice, our code implements necessary

simplifications to make computations feasible, including efficient eigenvalue

computation algorithms and strategic approximations.

As an illustrative example, we consider the Van der Pol equation, a nonlinear

second-order ODE that exhibits rich dynamics. Its sensitivity to parameters and

distinct solution phases make it a good candidate for probing how physics constraints

affect uncertainty in B-PINNs. Recall that the Van der Pol equation is given by:

x′′(t)− µ[1 − x(t)2]x′(t) + x(t) = 0, (6.17)

with parameter µ controlling the nonlinearity. We have used µ = 1.

We implement a fully-connected feed-forward neural network with the same

experimental setup as in chapter 7. The system is initialized with the boundary

conditions x(0) = x0 = 2 and x′(0) = v0 = 0.

Independent Gaussian priors p(θ) = N (0, σ2
p) with σp = 1.0 are placed on all weights

and biases. Variational posteriors q(θ) are learned via Bayes-by-Backprop using the

BLiTZ library [318], which implements a mean-field variational inference algorithm.

We quantify predictive uncertainty via Monte Carlo sampling: drawing M = 100
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weight samples θ(s) ∼ q(θ) from the learned posterior and evaluating the model

output for each sample. This yields an ensemble of predicted trajectories, from which

we compute pointwise predictive means and variances. The predictive standard

deviation σ(t) provides credible intervals around the mean solution, reflecting the

model’s epistemic uncertainty.

Figure 6.1 shows the predicted solution with uncertainty bands compared to the

analytical solution, demonstrating excellent agreement in mean prediction while

capturing meaningful uncertainty evolution throughout the domain.

The network is trained for 5000 epochs using the Adam optimizer with learning rate

10−3, employing 200 collocation points uniformly distributed over t ∈ [0, 7] and

enforcing initial conditions at t = 0.

The variational objective combines data fidelity, physics residuals, and KL

regularization:

Ltotal = Ldata + λphysLphys + λICLIC + βKL[q(θ)||p(θ)] (6.18)

with weights λphys = 1.0, λIC = 1.0, and β = 10−3.

For the physics contribution to the Hessian, we use the Gauss-Newton approximation:

Hphys ≈ ∑
xj∈X

(

∇θR(xj)
)T (∇θR(xj)

)

+ λu0∇θ(u(0)− u0)
T∇θ(u(0)− u0)

+ λv0∇θ(u
′(0)− v0)

T∇θ(u
′(0)− v0) (6.19)

where X is the set of collocation points and R(xj) represents the PDE residual at point

xj.

6.4 Results and analysis

6.4.1 Physics information density and uncertainty evolution

Just as in chapter 5, figure 6.2 displays the temporal evolution of both the physics

information density I(t) and the predictive variance σ2(t) throughout the solution

trajectory. The uncertainty profile exhibits a clear minimum around t = 0, which is

expected given that we enforce two boundary conditions at this point: an initial value

condition u(0) = u0 and an initial derivative condition u′(0) = v0. As we move away

from the initial point, the uncertainty grows, reflecting the accumulation of epistemic

uncertainty in the absence of additional observational constraints. This behavior is

consistent with the theoretical expectation that uncertainty should increase with

distance from constraining information sources. The physics information density I(t)
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FIGURE 6.2: Temporal evolution of max-based normalized physics information den-
sity I(t) (red) and predictive variance σ2(t) (blue), and local PCC showing distinct
peaks around t ≈ 0, 2.7, and 7. High information density at t = 0 reflects boundary
condition enforcement, while later peaks correspond to regions of rapid solution tran-

sitions where PDE sensitivity is elevated.

exhibits a more complex spatial structure, with pronounced peaks at three distinct

locations: t = 0, t ≈ 2.7, and t ≈ 7. However, these peaks arise from fundamentally

different mechanisms, highlighting the importance of distinguishing between different

sources of constraint information. At t = 0, the high information density arises

directly from the enforcement of boundary conditions. The gradients of the boundary

constraint operators ∇u(u(0)− u0) and ∇u(u′(0)− v0) are non-zero, contributing to

the information density according to (6.6). This represents physics constraint

information that justifies reduced uncertainty. In contrast, the peaks around t ≈ 2.7

correspond to regions where the Van der Pol solution undergoes rapid transitions

with steep gradients. During these phases, the PDE residual becomes highly sensitive

to small perturbations in the solution, leading to large values of |∇uR(u(t))|2 where

R is the PDE residual operator. While this sensitivity does constrain the solution, it

reflects the mathematical stiffness of the differential equation rather than external

physical constraints. This distinction becomes crucial when assessing model

confidence. High information density due to boundary conditions represents

well-founded constraint information that should indeed lead to reduced uncertainty.

The sudden jump in local PCC and I(t) around t ≳ 0 is owed to the fact that the

boundary conditions are enforced exactly at t = 0, whereas the residual contribution

kicks in shortly thereafter. Enforcing the residual at t = 0 as well would simply shift

these jumps upwards.

To distinguish between these different sources of constraint information, we examine

the PCC metric shown in figure 5.13a. The PCC ratio I(t)/σ2(t) provides a normalized
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FIGURE 6.3: Hessian eigenvalue spectrum shows decay from λ1 ≈ 101 to λmin ≈
10−48, yielding a condition number of 6.13 × 101. The spectrum exhibits an initial
rapid decay followed by a plateau and further drop, indicating moderate anisotropy

with many near-zero eigenvalues that suggest flat directions in the loss landscape.

measure that accounts for both the strength of physics constraints and the model’s

expressed uncertainty. The local PCC analysis shows that B-PINNs assign high

confidence where physics constraints are strongest (e.g., near t = 0, adjust confidence

downward where uncertainty rises despite high sensitivity (e.g., at t ≈ 2.7 ), and

reduce it in smoother regions with weaker constraints. This highlights the model’s

ability to calibrate confidence based on true physics strength rather than just

mathematical sensitivity.

6.4.2 Hessian Eigenspectrum

The eigenvalue spectrum of the Hessian matrix provides direct insight into the

geometric structure of the loss landscape and the posterior distribution over network

parameters. Figure 6.3 displays the complete eigenvalue spectrum computed at the

converged MAP solution, revealing a structure characterized by moderate anisotropy.

The spectrum exhibits an initial decay from the largest eigenvalue on the order of 101

across approximately 10 orders of magnitude over the first few thousand indices,

followed by a plateau in the range 10−20 to 10−30, and a subsequent drop to values

approaching 10−48. The dominant eigenvalues span from λ1 ≈ 10 down to

near-numerical zero, yielding an effective condition number of 6.13 × 101. This

moderate condition number indicates that the posterior covariance Σθ ≈ H−1 has

some directional variation in scale, with parameter uncertainty more compressed

along the high-curvature directions but less severely ill-conditioned overall compared

to spectra with higher condition numbers.
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FIGURE 6.4: Cosine similarity between the top Hessian eigenvector q1 and physics
constraint gradient ∇θC(t) exhibits oscillatory behavior with an average value of ap-
proximately 0.77, indicating substantial time-dependent alignment and confirming
that principal curvature directions are influenced by physics constraints rather than

solely optimization artifacts.

The spectral decay follows a multi-stage pattern, with potentially the first few

eigenvalues accounting for a substantial fraction of the total Hessian trace, suggesting

a reduction in effective dimensionality but with many flat directions where curvature

is negligible. This structure has implications for optimization and uncertainty: the

moderate condition number may facilitate training with first-order methods by

avoiding extremely narrow valleys, while the presence of near-zero eigenvalues

implies broader uncertainty along those flat directions, where physics constraints

exert minimal influence on parameter combinations.

The effective condition number of the Hessian (6.13 × 101) is derived by considering

only significant eigenvalues above a numerical tolerance, treating smaller values as

artifacts of floating-point precision or overparameterization rather than true zeros;

Nevertheless, the overall spectral shape may still be studied: plateaus reveals clusters

of weakly constrained directions contributing to moderate posterior variance, and the

final drop delineates the transition to the null space, offering insights into

optimization stability, uncertainty propagation, and potential regularization strategies

for physics-informed neural networks.

6.4.3 Alignment and correlation between physics constraints and principal

curvature directions

Here we analyze the alignment between the Hessian eigenmodes and the gradients of

the physics constraints.
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FIGURE 6.5: Weak positive correlations between top eigenvector projections and
physics-based metrics: r = +0.122 with physics information density I(t), r = +0.050
with predictive variance σ2(t), and r = +0.058 with local PCC, indicating mild asso-

ciations in the time domain.

Figure 6.4 shows the cosine similarity between the top Hessian eigenvector q1 and the

physics constraint gradient ∇θCθ(t) at each point t in the domain. The alignment

profile displays a damped oscillatory pattern that correlates with the Van der Pol

dynamics, starting at approximately 0.8 near t = 0, dipping to near 0 at t ≈ 0.5, rising

sharply to nearly 1 at t ≈ 1.5, forming additional V-shaped dips (e.g., to 0.4 at t ≈ 2.5)

and peaks near 1, and stabilizing at high values (0.9-1) for t > 4. The mean alignment

cos(q1,∇C(t)) averaged over the domain is approximately 0.77, representing strong

correlation in the high-dimensional parameter space. This indicates that the principal

curvature direction aligns substantially with directions affecting physics constraint

satisfaction, consistent with the Hessian capturing physics-induced structure. The

temporal variation in alignment mirrors the dynamic regimes of the Van der Pol

system, with rapid changes during transition phases (e.g., around t ≈ 2.5) suggesting

that different parameter combinations along q1 become prominent as the solution

evolves. Higher-order eigenmodes may exhibit weaker alignments, potentially

reflecting a hierarchical organization where lower-curvature directions capture less

dominant constraint effects.

To quantify relationships between Hessian eigenmode structure and physics-based

metrics, we compute correlation coefficients between top eigenvector projections and

three quantities: physics information density I(t), predictive variance σ2(t), and local

PCC. Figure 6.5 summarizes these correlations. The correlations are uniformly

positive but not strong, with the strongest between the top eigenvector and physics

information density (r = +0.122), followed by local PCC (r = +0.058) and predictive

variance (r = +0.050). These low values suggest that linear associations are limited,

implying that the principal curvature direction captures only subtle shared variance
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FIGURE 6.6: Time evolution of output sensitivity magnitude |si(t)| = |qT
i ∇θuθ(t)| pro-

jected onto the top three Hessian eigenvectors, with eigenvalues λ1 = 6.01 × 102(EV1,
blue), λ2 = 1.01 × 102 (EV2, orange), and λ3 = 3.75 × 101 (EV3, green). The patterns
show monotonic increase for EV1, decay with a dip for EV2, and mild oscillation with

gradual rise for EV3.

with these metrics across the time domain. For the Van der Pol system, this may reflect

a more distributed influence of physics constraints, where multiple eigenmodes

collectively shape uncertainty and coupling rather than the top mode dominating. The

positive signs indicate a tendency for higher eigenvector projections to align with

slightly elevated metric values, but the weakness highlights potential nonlinear

interactions, warranting further decomposition for diagnostic purposes.

6.4.4 Output Sensitivity across Eigenmodes

Figure 6.6 displays the magnitude of output sensitivity |si(t)| = |qT
i ∇θuθ(t)| for the

top three Hessian eigenvectors as a function of time t. This metric quantifies how

perturbations along principal curvature directions affect the predicted solution u(t),

computed via the Jacobian ∇θu(t). Analyzing these projections reveals how the

Hessian’s eigenstructure organizes parameter-output dependencies, with EV1

showing increasing dominance over time, EV2 exhibiting a decay pattern, and EV3

mild variations. The purpose is to decompose uncertainty modes: in the Laplace

approximation, posterior variance σ2(t) ≈ ∑i
1
λi

si(t)
2, so sensitivities weighted by

inverse eigenvalues highlight which directions contribute most to epistemic

uncertainty at each t. The key takeaway is the hierarchical role of constraints in the

Van der Pol system: high-curvature EV1 (large λ1) suppresses variance despite

growing sensitivity, reflecting strong global PDE enforcement that accumulates

nonlinear effects over time; lower modes like EV2 and EV3 allow more variance in

transients, capturing local dynamics. This validates that physics constraints create
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FIGURE 6.7: Time evolution of directional variance σ2
i (t) = 1

λi
|si(t)|2 along the top

three Hessian eigenvectors, with eigenvalues λ1 = 6.01 × 102 (EV1, blue), λ2 = 1.01 ×
102 (EV2, orange), and λ3 = 3.75 × 101 (EV3, green), illustrating modal contributions

to predictive uncertainty.

anisotropic uncertainty, with no single mode dominating, implying distributed

constraint influence, and motivates modal decompositions for diagnosing confidence

in PINNs, where high sensitivity in stiff directions indicates warranted low variance

due to tight manifold restriction.

6.4.5 Directional Variance and the Loss Landscape

The directional variance σ2
i (t) =

1
λi
|si(t)|2 decomposes the predictive uncertainty into

contributions from individual Hessian eigenmodes, where si(t) is the output

sensitivity along eigenvector qi and λi weights by inverse curvature. Computing this

serves to quantify how the loss landscape’s geometry, via the Hessian’s eigenspectrum

modulates epistemic uncertainty at each time t, under the Laplace approximation

where total variance σ2(t) ≈ ∑i σ2
i (t). This analysis bridges local physics constraints

with global parameter structure, revealing whether uncertainty concentrates in high-

or low-curvature directions. Figure 6.7 shows EV1 (blue) starting around 0.005,

peaking near 0.018 at t ≈ 2, then declining to around 0.01; EV2 (orange) follows a

similar trajectory but peaks lower ( around 0.015); EV3 (green) begins low, rises to a

maximum around 0.025 at t ≈ 3, and plateaus high. Despite EV1’s large sensitivity

(from previous plots), its high λ1 yields suppressed variance, while EV3’s lower

curvature allows greater contributions, especially in mid-to-late domains.

The inverse relationship between curvature and variance: stiff modes (high λ)

compress uncertainty, reflecting strong constraint enforcement, whereas softer modes

permit more variance where sensitivities persist. This aligns with prior results, e.g.,
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high eigenvector alignments correlate with low variance in constrained regions, and

weak correlations with PCC or I(t) indicate that variance distribution arises from

modal interplay rather than direct linear ties to local metrics. Physically, for the Van

der Pol ODE, this distributed uncertainty could mirror nonlinear dynamics,

emphasizing that physics constraints warp the posterior nonuniformly without

single-mode dominance, informing diagnostic strategies for PINN reliability.

(A) Complete physics loss landscape in
the EV1-EV2 plane, displaying an elon-
gated low-loss basin (dark purple to teal)
centered near (0,0), with values ranging

from 10−1 to 103 on a log scale.

(B) Uncertainty landscape showing frag-
mented low-uncertainty regions (pur-
ple, 10−4) amid high-uncertainty areas

(orange, 10−2).

(C) Uncertainty landscape overlaid with
physics loss contours (black lines, levels
0 to 180), illustrating alignment between

dense contours and low uncertainty.

(D) PCC landscape with a central low-
PCC region (dark purple, 103) offset
along EV1, surrounded by high-PCC ar-

eas (orange, up to 107).

FIGURE 6.8: Local landscape analysis in the plane of the top two Hessian eigenvectors
(EV1: λ1 = 6.01 × 102, EV2: λ2 = 1.01 × 102).

To visualize the geometry of the loss landscape and posterior in B-PINNs, we

parameterize perturbations around the MAP estimate θ∗ as θ = θ∗ + αq1 + βq2, where

q1, q2 are the top Hessian eigenvectors (normalized unit vectors), and α, β range over
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[−0.4, 0.4] in eigenvector units (chosen to capture local structure without excessive

extrapolation). These slices are computed on a grid, evaluating the complete physics

loss Lphysics(θ) (PDE residual + initial conditions), predictive uncertainty σ2(θ) (via

Monte Carlo sampling from the Bayesian posterior), and the PCC at each perturbed θ.

The logarithmic color scales emphasize orders-of-magnitude variations, with the

origin (0,0) at θ∗. Mathematically, near θ∗, the loss approximates a quadratic form

L(θ) ≈ (1/2)(α2λ1 + β2λ2), revealing anisotropy via the eigenvalue ratio λ1/λ2 ≈ 6;

uncertainty relates via the Laplace covariance H−1, and PCC measures gradient

alignment with this covariance. The complete physics loss landscape (Figure 6.8a)

forms a smooth, elongated basin with low values (dark purple, ∼ 100) near the center,

transitioning to high values (green/yellow, ∼ 103) outward, narrower along EV1

(higher curvature) and broader along EV2, consistent with the quadratic

approximation and reflecting hierarchical constraint imposition by the PDE and initial

conditions. The uncertainty landscape (figure 6.8b) exhibits irregular, fragmented

low-uncertainty patches (purple, ∼ 10−4) within high-uncertainty regions (orange,

∼ 10−2), showing asymmetry not present in the symmetric loss basin. All cases still

have the similar elongated structure. Overlaying uncertainty with physics loss

contours (figure 6.8c, levels 0 to 180) reveals dense contours aligning with

low-uncertainty boundaries, demonstrating an inverse relationship: regions of steep

loss gradients (high curvature) correspond to compressed variance, as per σ2 ∝ H−1.

The PCC landscape (figure 6.8d) features a compact low-PCC blob (dark purple,

∼ 103) offset positively along EV1, encircled by high-PCC ridges (orange, up to 107),

quantifying where constraints strongly couple to posterior modes.

6.5 Discussion

This chapter articulates a geometric connection between the Hessian eigenstructure

and physics constraint enforcement in Bayesian PINNs, offering insight into the

structure of predictive uncertainty for the Van der Pol oscillator. The analysis reveals

that physics constraints shape the posterior through anisotropy, with implications for

interpreting confidence in physics-informed models. Empirical results indicate that

constraints influence high-curvature directions, yielding an effective Hessian

condition number of order O(10), reflecting hierarchical but not extreme posterior

compression. Principal eigenmodes exhibit time-dependent alignment with constraint

gradients (mean cosine similarity 0.77), while predictive variance arises from interplay

across modes, with no single direction dominating uniformly. This suggests a

reduction in effective dimensionality through constraint imposition, though the

moderate scale may imply that physics organizes parameter space without collapsing

it to a few modes entirely.
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The geometric perspective reframes apparent overconfidence in B-PINNs: strong

constraints create steeper loss gradients along certain directions, leading to

compressed variance that is mathematically justified by the manifold restriction,

rather than calibration error. PCC serves as a diagnostic, with high values indicating

regions of warranted low uncertainty due to tight coupling; however, the observed

weak correlations (e.g., r ≈ 0.05 − 0.12 between top eigenvector projections and

metrics like variance or information density) highlight limitations, suggesting

nonlinear interactions or contributions from lower modes that dilute linear

associations.

The decomposition of predictive uncertainty into Hessian eigenmodes shows that the

distribution of variance across the solution domain follows the intrinsic dynamics of

the ODE: modes with large eigenvalues (high curvature in the loss landscape) reduce

their contribution to variance, even in regions of high output sensitivity, whereas

modes with small eigenvalues (low curvature) dominate the variance in regions of

rapid solution changes (transients), in line with the nonlocal way information

propagates through the differential equation. The results show alignments and

correlations, with the Hessian eigenspectrum corroborating the PCC patterns and

exhibiting signs of deformations attributable to the physics constraints, such as the

observed time-dependent cosine similarities and directional variances that track

regions of elevated PDE sensitivity.

Although the observed correlations remain modest and the patterns in PCC and

information density do not align perfectly with the Hessian-derived metrics, this

discrepancy is expected given that PCC serves primarily as a diagnostic tool;

nonetheless, these findings highlight the opportunity to formulate more refined

metrics for capturing such effects, especially since the present study constitutes a

preliminary step in this analysis.

Future work could probe how the Hessian captures deformations in the solution

manifold due to physical constraints more precisely, by varying the strength of the

physics constraints and comparing the resulting changes in Hessian alignments,

eigenspectra, and correlations with PCC or information density metrics. Additional

directions include developing nonlinear extensions to PCC for enhanced local

coupling diagnostics, refining Hessian approximations through higher-order or

full-rank decompositions to better capture manifold geometry, or integrating both for

comprehensive quantification of distributed constraint effects imposed by physics,

ensuring tools more accurately reflect the underlying mathematical structure of the

solution space. Studying more equations would also give better insight into the

descriptive power of the metrics considered here, extrapolated from the Hessian.
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Chapter 7

Quantifying constraint hierarchies

in Bayesian PINNs via

per-constraint Hessian

decomposition

7.1 Introduction

As we saw in the previous chapters, interpreting uncertainty and overconfidence in

B-PINNs requires care due to the poorly understood effects the physical constraints

have on the network; overconfidence could reflect warranted precision, enforced by

the constraints, rather than miscalibration. Motivated by the need to further clarify

how (individual) constraints shape these networks, we introduce a scalable,

matrix-free Laplace framework that decomposes the posterior Hessian into

contributions from each constraint and provides metrics to quantify their relative

influence on the loss landscape. Applied to the Van der Pol equation, our method

tracks how constraints sculpt the network’s geometry and shows, directly through the

Hessian, how changing a single loss weight redistributes curvature and effective

dominance across the others.

Bayesian physics-informed neural networks (B-PINNs) integrate observational data

with physical laws under a probabilistic framework, enabling uncertainty

quantification (UQ) in solving differential equations (see [334] for a survey on UQ in

scientific machine learning, and [280] for a recent study of UQ for B-PINNs). However,

UQ in B-PINNs exhibits subtle pathologies: dominant constraints can induce apparent

overconfidence by restricting the solution manifold, while the emergent influence of

each constraint transcends its nominal loss weight due to curvature interactions. As
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emphasized in chapter 5 and 6, physical constraints in B-PINNs can collapse degrees

of freedom in the solution space, leading to, by design, regions of low predictive

variance that manifest as apparent overconfidence This phenomenon arises naturally

from enforcing the governing physics and differs fundamentally from typical sources

of overconfidence, such as overfitting or miscalibration in conventional neural

networks. A key challenge is to quantitatively understand how physical constraints

carve out the loss landscape, shaping the posterior curvature in specific directions. In

the present note, we build upon this by developing a per-component Hessian-based

framework that quantifies how individual constraints shape the loss landscape and

elucidates their influence on Bayesian uncertainty estimates.

Loss weights offer only crude control over the enforcement of the corresponding loss

term; if we want to more strictly enforce a physical constraint, we cannot necessarily

expect it to be achieved by just increasing the corresponding weights, as that might

break something elsewhere in the network with propagating effects. In this work we

explicitly demonstrate the non-trivial implicit relation between the physical

constraints. Furthermore, we demonstrate, through the lens of the Hessian, how

adjusting loss weights significantly alters the hierarchical influence of constraints on

the network.

The algorithmic pipeline builds on well-known ingredients: Laplace approximation

for Bayesian neural nets, Hessian-vector products (HVPs) [365], Lanczos for top

eigenpairs, conjugate-gradient (CG) solves, and optional Gauss-Newton surrogates,

applied in a new context and combination. Following standard Laplace practice

[366, 367], we freeze the B-PINN at its variational mean/MAP to obtain a

deterministic network and evaluate the posterior Hessian at that point; this step, is

essential for stable matrix-free curvature estimation.

Our contribution leverages this determinized Hessian to decompose posterior

curvature per constraint (data, PDE residual, initial condition (IC), and boundary

conditions (BC)) and to define four new metrics: Spectral Contribution (SC),

Alignment Score (AS), Variance Attribution (VA), and Condition-Number Ratio

(CNR), that probe how each physical condition carves the loss landscape and induces

physics-driven overconfidence. In other words, while the numerical primitives are

established (e.g., as in toolkits like PyHessian [368]), the Bayesian, per-constraint

attribution of posterior precision and the resulting hierarchy analysis are new, and the

freezing step is central because it makes these measurements coherent and

reproducible. We demonstrate this framework on the Van der Pol oscillator, revealing

how hierarchies shift with stiffness and weighting-insights not evident from weights

alone. This methodology addresses B-PINN subtleties, providing tools to diagnose the

effects physical constraints have on the surrogate model.



7.2. Methodology and experimental setup 197

In B-PINNs, the negative log-posterior is:

U (θ) = λdataLdata + λPDELPDE + λICLIC + λBCLBC + Lprior, (7.1)

where L are the loss weights of the corresponding source of loss L that the network

tries to minimize [369].

We employ a Laplace approximation N (θ̂, H−1) around the variational mean θ̂, with

H = ∇2U (θ̂) [366, 367]. This captures local curvature, linking to loss landscapes [370].

Taken together, the results offers a ranking that reveals when loss weights diverge

from information dominance, explicitly demonstrating from the point of the view of

the Hessian, as far as we are aware, for the first time, the non-trivial reallocation of

constraint influence under weight adjustments, where tweaking one term alters the

effective dominance of others through shared parameter subspaces and curvature

couplings.

Relation to prior work. Deterministic analyses of PINN loss landscapes document

ill-conditioning and, in some cases, per-component spectra to motivate optimizers

[371, 372], and complementary work visualizes high-dimensional landscapes

[370, 373]. In parallel, scalable Laplace methods for generic neural networks deliver

local posterior approximations but treat the objective monolithically [366, 367, 374].

UQ surveys and B-PINN formulations advance probabilistic treatments of

physics-informed models [334, 369, 375, 376] but do not decompose Hessians by

physics term. Work on gradient stiffness and weighting pathologies in PINNs

[377, 378] motivates going beyond nominal weights. Our contribution bridges these

threads by introducing a Laplace-based, per-cinstraint Hessian decomposition and

associated metrics (SC/AS/VA/CNR) that quantify constraint dominance and

cross-constraint coupling in B-PINNs.

7.2 Methodology and experimental setup

The approach builds on the Laplace approximation to linearize the posterior and

decompose the Hessian into per-constraint contributions, enabling the computation of

metrics that reveal ”impact” the individual constraints has on the loss landscape.

While the metrics are empirically motivated rather than formally derived, they are

designed to capture distinct aspects of how constraints shape the posterior geometry,

drawing inspiration from related concepts in neural network optimization and

Hessian analysis. A key subtlety in B-PINN UQ is that physical constraints can tighten

feasible parameter directions, elevating eigenvalues of the Hessian H along those

modes and thereby reducing predictive variance via terms like J⊤x H−1 Jx, where Jx is
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the Jacobian of the network output at point x. This manifests as apparent

overconfidence, which is desirable if the physics and noise models are accurate but can

otherwise obscure misspecification [366]. Our framework isolates which constraints

drive this precision boost. Exploiting the linearity of the Hessian, we decompose

Htot = ∑
c∈{data, pde,ic,bc}

λcHc + Hprior, (7.2)

where Hc = ∇2Lc(θ̂) at the variational mean θ̂. We never materialize dense matrices;

instead, each Hc is queried via matrix-free Hessian-vector products (HVPs) [365], with

leading eigenpairs estimated using Lanczos and linear solves via CG with Tikhonov

regularization (Hc + εI) for stability. In regimes where the full Hessian may be

indefinite, we optionally employ a positive semi-definite Gauss-Newton surrogate, as

commonly used in second-order optimization [379]. Let (λj, qj)j = 1k denote the top-k

eigenpairs (by absolute magnitude) of Htot. For each constraint c, we introduce four

diagnostics that quantify how individual constraints (data, PDE, IC, BC) shape the

local geometry of a trained B-PINN under a Laplace view. They are heuristic but

operational: each captures a distinct way a constraint can dominate curvature and, by

extension, local uncertainty.

• Spectral Contribution (SC):

SCc =
∑

k
j=1 λ

(c)
j

∑
k
j=1 λj

, (7.3)

where λ
(c)
j are the top eigenvalues of Hc, and {λj}k

j=1 those of Htot. SC measures

how much of the principal curvature budget comes from constraint c. High SC

signals that c is responsible for collapsing degrees of freedom in the stiff

directions, which is expected to coincide with reduced local predictive variance.

• Alignment Score (AS): With gc = ∇Lc(θ̂) and weights wj = λj/ ∑
k
i=1 λi,

ASc =
k

∑
j=1

wj

|⟨gc, qj⟩|
∥gc∥ ∥qj∥

. (7.4)

This quantifies how well the gradient of c aligns with the total Hessian’s

eigenvectors, indicating directional influence on optimization and uncertainty;

similar alignment metrics appear in gradient pathology studies for PINNs.

Weighting by wj prioritizes directions that most affect optimization and

posterior geometry. High AS means c effectively “steers” the principal

curvatures; this explains why a term with a modest weight can still dominate

uncertainty if it aligns with high-curvature modes. Practically, AS reveals

cross-constraint entanglement via overlapping gradient subspaces.
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• Variance Attribution (VA): For a grid X ,

VAc =
1

|X | ∑
x∈X

J⊤x (Hc + εI)−1 Jx, (7.5)

Under the Laplace approximation, predictive variance uses H−1
tot . VA is a,

diagnostic attribution: we ask how large the variance would be if we retained

only curvature from c. Low VA indicates that c confers high precision (large

curvature) along directions that matter for f (x) on X . Empirically, this connects

to our earlier “overconfidence can be warranted” observation: constraints that

meaningfully tighten the posterior manifold yield visibly lower VA.

• Condition-Number Ratio (CNR):

CNRc = κ(Hc)/κ(Htot), (7.6)

where κ(·) is the condition number (ratio of largest to smallest eigenvalue

magnitude). This compares the stiffness introduced by c relative to the full

problem.

These metrics, while not previously combined in this exact form, draw from

established tools in the literature. SC and CNR build on analyses of deep-network

Hessian spectra and and ill-conditioning [348, 371, 380, 381]. AS is motivated by

evidence that SGD gradients concentrate in the top Hessian eigenspace [348] and by

cosine-based gradient-conflict diagnostics [363], but here we weight by eigenvalue

magnitude and evaluate each constraint separately. VA follows the Laplace

predictive-variance formula J⊤x H−1
tot Jx and extends it by substituting H−1

c to attribute

variance to a single constraint, conceptually akin to inverse-Hessian influence

functions [382].

Their aggregation into a simple equal-weighted rank provides a visual hierarchy,

though the individual values offer the primary insights. Computationally, each HVP

incurs roughly one forward-backward pass cost. Lanczos requires O(k) HVPs for top

eigenpairs, while VA involves CG solves per Jacobian row on a modest grid (∼ 500

points here), rendering the pipeline scalable for mid-sized B-PINNs (e.g., ∼ 104

parameters). The process is summarized in Algorithm 1. For the experimental setup,

we apply this framework to the Van der Pol oscillator, a nonlinear ODE emblematic of

stiff dynamics:
d2u

dt2
− µ(1 − u2)

du

dt
+ u = 0, t ∈ [0, 7], (7.7)

with initial conditions u(0) = 2, du/dt(0) = 0. The solution is constrained by the PDE

residual across collocation points and sparse data (20 numerically obtained training

points, including t = 7 with u(7) ≈ 1.6978 interpolated from the true µ = 1 solution),

which serves as a soft endpoint anchor. This setup allows us to probe implicit
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constraint influences, especially in the no-BC case where λBC = 0. We generate sparse

data from the µ = 1 solution but train under varied regimes to probe hierarchy shifts

The B-PINN architecture comprises 3 hidden layers with 50 neurons each, using Tanh

activations and Bayesian linear layers implemented via the Blitz library [318], which

employs Bayes by Backprop for variational inference with a scale-mixture prior

(σ1 = 0.1, σ2 = 0.1, π = 0.5). Training uses Adam optimization (lr=10−3) over 2000

epochs, with 5 Monte Carlo samples and KL divergence scaled by 10−3.

Configurations include: base (µ = 1, all λ = 1), high-µ (µ = 10), high-λPDE (λPDE = 10),

low-λPDE (λPDE = 0.1), and no-BC (λBC = 0). Post-training, we freeze to the variational

mean for deterministic Hessian analysis, computing metrics and eigenspectra as

described.

Algorithm 1 Constraint-hierarchy analysis for a trained B-PINN

Require: Trained parameters θ̂; losses Lc; grid X ; top-k.

1: Freeze Bayesian layers to variational means (analysis-time only).

2: for each c ∈ {data, pde, ic, bc} do

3: Estimate top-k eigenpairs of Hc (or H) via Lanczos using HVPs.

4: Compute gc = ∇Lc(θ̂) and Jacobians Jx for x ∈ X .

5: Compute SCc, ASc, CNRc.

6: Compute VAc via CG solves of (Hc + ϵMI)z = Jx and average J⊤x z.

7: end for

8: Aggregate metrics to a rank for visualization (equal weights by default).

7.3 Results

We applied the proposed framework to five trained B-PINN configurations and

computed per-constraint metrics (SC, AS, VA, CNR), aggregating them into rank

scores for visualization. Figures 7.1 and 7.2 reveal coherent, physics-driven shifts in

the constraint hierarchy that match physical intuition while exposing effects that naive

loss-weighting cannot capture.

In the base model, ranks are balanced: PDE and data contribute comparably (≈ 0.3

each), with IC and BC slightly lower, providing a reference geometry. Increasing the

stiffness parameter (µ) sharpens the dynamics: the PDE constraint dominates (rank

≈ 0.4) and drives the steepest Hessian eigenvalues (Figure 7.1), consistent with the

stronger conditioning of stiff oscillators. Reducing the PDE weight (λPDE) redistributes

influence toward the IC (rank ≈ 0.4), demonstrating that boundary-like information

guides the posterior when physics is under-weighted. Even when λBC = 0, the BC

term retains non-trivial rank (≈ 0.25), indicating that the PDE implicitly enforces

boundary consistency, a coupling that is invisible to simple weight inspection.
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The high-λPDE explicitly shows how loss term weighting do not guarantee dominance

in curvature space. Despite the heavy PDE weighting, the data constraint achieves the

highest rank (≈ 1.0), and the PDE remains moderate (≈ 0.4). Our spectral and

alignment scores show that data gradients align more strongly with high-curvature

directions, outcompeting the PDE in principal Hessian modes.

We see explicitly in Figure 7.2 that constraints are non-linearly coupled through the

network parameters, so varying one loss weight alters the effective influence of the

others in a non-trivial way. Because the PDE, IC, and BC residuals all depend on the

same set of parameters, their gradients span overlapping subspaces of the parameter

space. Reducing, for example, λPDE, does not merely weaken the PDE term in

isolation, it changes the geometry of the optimization landscape so that directions

formerly constrained by the PDE become available to the IC or data terms, effectively

amplifying their curvature contribution. Conversely, strengthening the PDE loss can

indirectly suppress the gradient norms of the IC or data residuals by collapsing the

solution manifold, even if their explicit weights are unchanged. Our hierarchy metrics

capture this reallocation of influence: when one constraint’s weight is adjusted, the

spectral contribution and alignment scores of the others shift in a manner that cannot

be predicted by linear scaling alone. Typically, practitioners simply sweep over the

weight space and pick the combination that yields the lowest validation error,

remaining agnostic about how the constraints interact, but here we explicitly reveal

how those interactions unfold. This highlights that the B-PINN objective is more than

a weighted sum, the individual loss terms interact through shared Jacobians and

higher-order curvature, so the realized dominance of each term emerges from the

coupled geometry of the full system rather than from the loss weights themselves.

Across settings, steep leading eigenvalues coincide with suppressed predictive

variance (low VA), further clarifying the origin of apparent overconfidence. For

example, the high-µ case exhibits top eigenvalues exceeding 103, and the Laplace

variance J⊤x H−1 Jx contracts accordingly. Our per-constraint decomposition shows that

this low variance is not a failure of Bayesian calibration but the natural consequence of

physics-induced precision.

Prior PINN studies have visualized ill-conditioning or global spectra [371–373], but

have not separated curvature by physical constraint, nor linked these measurements

to Bayesian uncertainty. Our results demonstrate that the B-PINN posterior is shaped

by an emergent hierarchy that can diverge sharply from the chosen loss weights, and

that boundary effects can persist even when their loss terms are nominally absent.

These findings give practitioners more equipment for identifying when low variance

is physically warranted rather than an artifact of miscalibration.



202
Chapter 7. Quantifying constraint hierarchies in Bayesian PINNs via per-constraint

Hessian decomposition

FIGURE 7.1: Top eigenspectra of the total Hessian across configurations (log scale).
High-µ produces the sharpest curvature, reflecting stiff dynamics.

7.4 Conclusions and outlook

In this work, we have introduced a methodological framework for quantifying

constraint hierarchies in Bayesian physics-informed neural networks through

per-constraint Hessian decomposition and empirically motivated metrics. This

perspective may quantify known imbalances in PINN training, where adjusting

weights does not invariably ensure proportional dominance due to factors like

gradient scales and problem conditioning [377]. As illustrated in the Van der Pol

regimes, we can see explicitly how over-weighting the PDE term may still yield

data-dominated curvature, a phenomenon implicitly observed in prior parameter

variations and adaptive schemes. In the near future it would be interesting to

extrapolate more results from the Hessian, for a more families of PDEs.

Standard caveats of the Laplace approximation apply: its local nature captures

curvature within a single basin, potentially overlooking global effects that necessitates

sampling-based validation. Furthermore, stiff regimes may require further numerical

safeguards.

Understanding the effects of physical constraints on the network motivates

curvature-informed adaptive weighting to enhance UQ robustness. On a broader

level, advancing our grasp of the interplay between loss weights and physics-driven

influences may demystify the black-box nature of neural networks, paving the way for

future methods that extrapolate novel physical laws from trained models.
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(A) Base (B) High-µ

(C) High-λPDE (D) Low-λPDE

(E) No-BC

FIGURE 7.2: Constraint hierarchy ranks across configurations. Higher bars indicate
stronger curvature contribution after combining SC, AS, VA, and CNR.
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Discussion and outlook

This thesis has explored several interconnected themes at the intersection of quantum

gravity, holography, and machine learning, with a central focus on entanglement

entropy and its role in resolving longstanding puzzles in theoretical physics.

For a detailed discussion, we refer to the conclusion and discussion sections at the end

of each respective chapters. Here we will take a broader outlook on entanglement

entropy, the information paradox and PINNs.

Entanglement entropy is useful for exploring to the tension between quantum

mechanics and Einstein’s general relativity (GR). Black holes, as both quantum

systems and astrophysical entities, are ideal for studying this conflict, through the lens

of the black hole information paradox. This paradox highlights the incompatibility

between quantum mechanics and GR, in terms of entanglement entropy, making black

holes a natural testing ground for reconciling these frameworks. String theory

emerges as a promising candidate for their unification.

Beyond its foundational role in quantum field theories, entanglement entropy plays a

key part in condensed matter systems, where it describes quantum phases and

long-range correlations in strongly interacting materials. Entanglement entropy is also

central to quantum computing - it underpins quantum parallelism: entangled qubits

facilitate the simultaneous exploration of vast computational landscapes, yielding

exponential speedups in quantum algorithms.

Despite its ubiquity and importance, entanglement entropy remains notoriously

difficult to compute, both because of technical obstacles and because of conceptual

ambiguities that arise in curved spacetimes beyond two dimensions and zero

temperature. Because of this, the study of islands, which offers an avenue to resolve

the information paradox, is typically restricted to two-dimensional models. Our work

however explores them in three dimensions and beyond, adopting an approach that

addresses some critical limitations of the 2d toy model in which entanglement entropy
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exhibit non-generic features. In chapter 2 we leveraged a flat-space limit,

circumventing the traditional need to extremize area functionals directly. This

approach simplifies calculations in certain regimes, offering a more accessible

pathway to results that would otherwise require a second order non-linear ODE to be

solved. While the results are for curved backgrounds in d-dimensions, it is still limited

to zero-temperature scenarios. However, we evaluated the divergent part of the

regulated entropy, which dominate the full thermal contribution provided that the

entangling region is placed sufficiently close to the conformal boundary, to study the

finite temperature case. In future work, it would be interesting to study the island

formation with the full renormalized thermal result for the entanglement entropy. The

latter could also further highlight the conceptual difference between a regulated vs. a

renormalized quantity. One of the key things we found, is that not only are the details

of islands highly sensitive to how the underlying construction is set up, and in

particular what field theory one use to model the Hawking radiation, but their very

existence as well, contrary to previous discussions.

In Chapter 3, we expand on the existence of islands further. A key result is that the

explicit computation of the entanglement entropy is not required to determine the

formation of islands; instead, one can examine its scaling behavior under an

inhomogeneous transformation, facilitated by the replica trick. We present a bound on

the existence of islands that incorporates geometric information from the area term

(e.g., a d-dimensional black hole background) as well as contributions from the

stress-energy tensor of the underlying theory on both the base manifold and the

replica manifold. Computing the thermal stress-energy tensor is already challenging,

and determining its counterpart on the replica manifold even more so. In chapter 3,

we develop a fully general framework for evaluating the replica corrections to the

stress-energy tensor. Notably, the tensor on the replica manifold differs from the base

case only through replica corrections. Beyond its role in the island proposal, the study

of replica corrections is of intrinsic interest and broad applicability.

Moving beyond the AdS spacetimes examined in Chapters 2 and 3, exploring

entanglement islands in de Sitter backgrounds is a crucial step toward understanding

quantum gravity in regimes where positive vacuum energy governs the late-time

universe. Double holography offers a controlled framework for embedding de Sitter

physics into a holographic setting. Within this context, our multiverse construction in

Chapter 4, featuring an end-of-the-world brane in the IR and another near the UV

conformal boundary, reproduces the Page curve, as measured by a UV observer, via

brane entanglement and suggests deeper links between coarse-graining mechanisms

and the emergence of classical spacetime from quantum degrees of freedom shared

across the IR and UV branes.

Taking a step back, it would be interesting to incorporate the proper backreaction

effects arising from black hole evaporation in the study of islands. Current models
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typically rely on fixed background metrics, such as those of AdS black holes, while

some studies has investigated the effects of an backreaction parameter in certain

regimes. However, as the black hole evaporates, the spacetime geometry evolves

dynamically, particularly over long timescales toward the end of the evaporation

process, where the black hole ultimately disappears. Accounting for this backreaction

could lead to qualitative changes in the results, potentially altering the island

configurations and the resulting Page curve. Furthermore, given the effective duality

between strongly and weakly gravitating regions, wherein information about ingoing

modes captured by the island is encoded in outgoing modes far from the horizon, the

Hawking radiation ultimately reflects the complete microscopic structure of the black

hole. Bridging the description of black hole microstates with that of entanglement

islands could advance the ongoing debate regarding whether the entropy computed

via the island formula is coarse-grained or fine-grained, or whether the island results

can mimic microscopic ones, thereby possibly bridging the two different perspectives.

One potential avenue for this could involve pushing the island boundary to the scale

at which the mixed-state approximation breaks down, allowing a direct probe of the

transition regime.

In the latter part of this thesis, chapter 5 and 6, we investigate PINN approaches to

solve for the entangling surfaces. PINN tools are traditionally reserved for

engineering problems and well studied differential equations. However, here we

stress test PINNs in the high-energy theory realm, where differential equations exhibit

different behavior. Specifically, we use a Bayesian PINN (B-PINN) framework to infer

solutions for entangling surfaces using limited data from the boundary domain, often

obtainable through asymptotic analysis. This is particularly valuable in holography,

where boundary data can be analytically tractable while bulk solutions remain

elusive. While PINNs can prove powerful, they often require known conditions, that

may be as difficult to obtain as the full numerical solution itself. However, what we

have demonstrated in chapter 5 is that even relatively shallow Bayesian networks are

equipped to capture non-trivial behavior far away from the conformal boundary with

good accuracy. Looking ahead, we envision PINNs evolving into a robust toolkit for

solving entangling regions and broader high-energy problems, such as those in

quantum field theory or gravitational dynamics.

Currently, the mechanisms by which physics constraints influence training are not

fully understood in the broader machine learning community. We articulate that these

constraints fundamentally shape and deform the solution manifold, restricting the

space of possible network outputs. While this may be implicitly understood by some,

it is a common theme to treat physical constraints as independent sources of

uncertainty. In chapter 5, we introduce a number of metrics to diagnose in what

regions overconfidence by typical metrics are expected. In Chapter 6, we analyzed the

Hessian for the Van der Pol equation and examined the geometry of the associated
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loss landscape, identifying curved valleys in directions corresponding to the

implementation of physical constraints. In chapter 7, we further decompose the

Hessian, one for each constraint, and further introduce metrics that taken together

yields a score on how much impact each constraint has on the network. We explicitly

demonstrate that tuning the loss weights leads to a non-trivial redistribution of the

hierarchical influence that the constraints exert on the network. The latter reveals a

complex interplay between the physical constraints and their effect on the loss

landscape or solution manifold. If the loss landscape is curved, it directly influences

uncertainty metrics, an aspect that should be quantified and better understood. More

broadly, unpacking the structure of the solution manifold is essential for demystifying

the ‘black box’ nature of neural networks, potentially enabling the extraction of

interpretable physical insights from their weights and activations.
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REFERENCES 211

[25] M. Henningson and K. Skenderis. The Holographic Weyl anomaly. JHEP, 07:

023, 1998. .

[26] Vijay Balasubramanian and Per Kraus. A stress tensor for anti-de sitter gravity.

Communications in Mathematical Physics, 208(2):413–428, December 1999. ISSN

1432-0916. . URL http://dx.doi.org/10.1007/s002200050764.

[27] Sebastian de Haro, Sergey N. Solodukhin, and Kostas Skenderis. Holographic

reconstruction of space-time and renormalization in the AdS / CFT

correspondence. Commun. Math. Phys., 217:595–622, 2001. .

[28] Massimo Bianchi, Daniel Z Freedman, and Kostas Skenderis. How to go with an

rg flow. Journal of High Energy Physics, 2001(08):041–041, August 2001. ISSN

1029-8479. . URL http://dx.doi.org/10.1088/1126-6708/2001/08/041.

[29] L. Susskind and Edward Witten. The holographic bound in anti-de sitter space,

1998. URL https://arxiv.org/abs/hep-th/9805114.

[30] A. Einstein, B. Podolsky, and N. Rosen. Can quantum-mechanical description of

physical reality be considered complete? Phys. Rev., 47:777–780, May 1935. .

URL https://link.aps.org/doi/10.1103/PhysRev.47.777.

[31] Michael A. Nielsen and Isaac L. Chuang. Quantum Computation and Quantum

Information. Cambridge University Press, 6 2012. ISBN 978-0-521-63503-5. .

[32] Luigi Amico, Rosario Fazio, Andreas Osterloh, and Vlatko Vedral.

Entanglement in many-body systems. Rev. Mod. Phys., 80:517–576, 2008. .

[33] Mark Van Raamsdonk. Building up spacetime with quantum entanglement.

Gen. Rel. Grav., 42:2323–2329, 2010. .

[34] Alexei Kitaev and John Preskill. Topological entanglement entropy. Physical

Review Letters, 96(11), March 2006. ISSN 1079-7114. . URL

http://dx.doi.org/10.1103/PhysRevLett.96.110404.

[35] Michael Levin and Xiao-Gang Wen. Detecting topological order in a ground

state wave function. Physical Review Letters, 96(11), March 2006. ISSN 1079-7114.

. URL http://dx.doi.org/10.1103/PhysRevLett.96.110405.

[36] Brian Swingle. Constructing holographic spacetimes using entanglement

renormalization. 9 2012.

[37] Juan Maldacena and Leonard Susskind. Cool horizons for entangled black

holes. Fortsch. Phys., 61:781–811, 2013. .

[38] Karol Zyczkowski and Ingemar Bengtsson. An introduction to quantum

entanglement: a geometric approach, 2006. URL

https://arxiv.org/abs/quant-ph/0606228.



212 REFERENCES

[39] Misaki Ozawa and Nina Javerzat. Perspective on physical interpretations of
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