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Abstract

This paper presents an investigation on the broadband noise produced by the interaction
of anisotropic turbulence with isolated aerofoils. Computational aeroacoustic simulations are
performed using a synthetic turbulence method with a linearised Euler solver. A compre-
hensive and fundamental parameter study on leading edge noise is presented to assess the
effects of aerofoil thickness, mean flow Mach number, and angle of attack in the presence of
moderately anisotropic turbulence. To this end, the streamwise-to-transverse length scale
ratio is varied from 0.33 to 3, which can be representative of the anisotropy in the fan
wakes from aero-engines, grid-generated turbulence in open-jet wind tunnel experiments,
and rotors ingesting turbulent boundary layers. Anisotropic turbulence presents a signifi-
cant redistribution of the energy in the turbulence spectra in comparison with an isotropic
baseline, which affects the resulting noise spectra. It has been found that the noise spectra
are mainly influenced by the transverse velocity component for the examined anisotropic
flows. The frequency at which the noise spectrum is at a maximum only relies on the mean
flow speed and the axial length scale of the anisotropic turbulent flow. Noise reduction
due to aerofoil thickness at high frequencies follows a linear trend, but the amount of noise
reduction is sensitive to the anisotropy in the flow. It is shown that the contribution of the
streamwise disturbances and length scale become increasingly important for thick aerofoils
at high Mach numbers and for aerofoils at non-zero angle of attack.

1 Introduction

Leading edge noise, which is also known as turbulence-aerofoil interaction noise, has been ex-
tensively investigated from analytical [1,2], numerical [3–5] and experimental [6–8] perspectives,
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assuming isotropic turbulence. Thus, the effects of aerofoil thickness, angle of attack and cam-
ber are well documented. An increase in the aerofoil thickness and nose radius leads to a
noise reduction at high frequencies [3–6,8]. However, variations in angle of attack and camber
have a reduced impact on the leading edge noise from aerofoils interacting with isotropic turbu-
lence [3,7]. To date, few works have studied the effects of anisotropic turbulence on leading edge
noise, which may be a relevant subject for aero-engine noise. For conventional turbofan engines,
anisotropic turbulence can be found at the fan intake [9,10], fan wakes [11,12], and boundary
layers interacting with the fan tip. For installed contra-rotating open rotors and boundary layer
ingesting propulsion systems, rotor blades interact with the boundary layer developed on the
aircraft fuselage, which may present highly anisotropic turbulence [13]. Atmospheric turbulence
ingested by helicopter rotors also presents a certain degree of anisotropy [14].

In the current generation of commercial aircraft, broadband noise from turbofan engines
is a major source of noise during take-off and landing [15]. The dominant mechanism of fan
broadband noise is associated with the interaction between the fan wakes and the Outlet Guide
Vanes (OGVs), as shown by Ganz et al. [16]. Anisotropic turbulence has been reported exper-
imentally in hot-wire measurements from fan wakes. For example, Podboy et al. [11] found
a streamwise-to-transverse integral length scale ratio, L

(1)
11 /L

(1)
22 , that varies between approx-

imately 1.2 and 3.5 depending on the radial location, whereas L
(1)
11 /L

(1)
22 = 2 is expected for

isotropic turbulence [17]. Jenkins [12] found that the averaged ratios L
(1)
11 /L

(2)
22 and L

(2)
22 /L

(3)
33

along the span were 0.9 and 0.6, respectively. These ratios are unity for isotropic turbulence.
Anisotropic turbulent flows are also encountered in other parts of the engine that contribute
to broadband noise emissions. In static test conditions, variations of the order of 102 between
streamwise and transverse length scales were reported at the fan intake by Hanson [9] with-
out using a Turbulence Control Structure (TCS). Although the level of anisotropy is notably
reduced when using a TCS to reproduce in-flight conditions [10,18], the ratio of streamwise-to-
transverse length scales remains important. In experimental tests of turbulent boundary layer
ingestion, reported values of L(1)

11 /L
(2)
22 vary between 2 close to the rotor tip and 6 close to the

rotor hub [13].
Previous works in the field suggest that anisotropic turbulence at the fan intake [18], fan

wakes [11] and boundary layers interacting with rotor blades [13,19] can be modelled as ax-
isymmetric turbulence. This type of turbulence corresponds to a simple representation of an
anisotropic flow, in which the root-mean-square velocity and length scale vary in a prevailing
direction [20], such as the engine axis. Atassi and Logue [21] used an axisymmetric turbu-
lence model that is based on rapid distortion theory [22] to study turbulence ingestion noise
from the fan intake. For turbulence that is stretched in the axial direction, it was found that
the maximum noise level moved to lower frequencies, followed by a decrease in noise in the
mid-frequency range. A different turbulence modelling was used by Hanson [23] and Posson et
al. [24] in analytical flat plate cascade models, who employed the homogeneous axisymmetric
turbulence model of Kerschen and Gliebe [18]. This model corresponds to a modified Liepmann
spectrum to account for variations in axial and lateral turbulence statistics. For turbulence
that is stretched in the axial direction, Posson et al. [24] found the acoustic power spectra to
be highly sensitive to the input turbulence spectra through a comparison between isotropic and
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anisotropic turbulence. For example, it has been reported that turbulence stretched in the axial
direction can lead to noise variations of up to 16 dB at high frequencies, and shifts the maximum
noise level towards lower frequencies, which is consistent with the observations of Atassi and
Logue [21]. The axisymmetric turbulence model of Kerschen and Gliebe [18] has recently been
adopted by Karve et al. [13] to study the noise produced by a boundary layer interacting with a
rotor. Paterson and Amiet [14] studied the noise radiated by a scaled helicopter rotor ingesting
grid-generated and atmospheric turbulence. The experimental measurements were compared
with predictions from Amiet’s simplified rotational model. They modelled the anisotropy in the
turbulence using a modified von Kármán spectrum. It was shown that the isotropic turbulence
model produced discrepancies of up to 25 dB while the anisotropic turbulence model produced
predictions that were within 5 dB of the measurements.

Based on the observations discussed above, it can be inferred that analytical models for the
prediction of broadband noise from rotor blades and stator vanes interacting with anisotropic
turbulence are highly sensitive to the input turbulence spectrum [13,14,23,24]. Therefore, the
effects of anisotropic turbulence should be studied on simplified configurations, such as isolated
aerofoils, to improve current understanding.

There are few experimental studies that are intended for anisotropic turbulence-aerofoil
interaction noise, although grid-generated turbulence in wind tunnel facilities normally presents
a certain level of anisotropy. For example, Paterson and Amiet [6] reported a L

(1)
11 /L

(1)
22 ratio of

1.25. Unlike the majority of experiments on turbulence-aerofoil interaction noise, which use grid-
generated turbulence, Olsen and Wagner [25] tested a number of thick symmetrical aerofoils at
zero angle of attack interacting with a jet shear layer, where anisotropy is more pronounced. The
study showed a significant reduction in noise levels at high frequencies, which is consistent with
findings in experiments using nearly isotropic turbulence (for example, see Refs. [6,8]). Hall et
al. [26] measured the noise from thick aerofoils with various leading edge geometries interacting
with anisotropic turbulence from a boundary layer. The scaling law of Gershfeld [27] to predict
aerofoil thickness effect on noise showed an acceptable agreement with experimental results,
despite the fact that the scaling law was applied by assuming isotropic turbulence. Devenport
et al. [28] assessed the angle of attack effect on leading edge noise due to anisotropic turbulence
by means of a panel method [29]. This study was performed on a NACA 0015 aerofoil by
using the axisymmetric turbulence spectra proposed by Kerschen and Gliebe [18]. Devenport
et al. [28] reported a significant increase in noise levels with increasing angle of attack for
turbulence stretched in the axial direction. However, the study was limited to low frequencies
and incompressible Mach numbers. To overcome these limitations, Gea-Aguilera et al. [30]
performed leading edge noise predictions from isolated aerofoils at moderate Mach numbers
using anisotropic synthetic turbulence and a Computational AeroAcoustic (CAA) solver. Initial
results showed that noise reduction due to aerofoil thickness follows similar trends for both
isotropic and moderately anisotropic turbulent flows, and variations in angle of attack might
have a limited impact. Recently, Zhong and Zhang [31] and Shen and Zhang [32] have studied the
effect of the streamwise velocity fluctuations on leading edge noise from isolated aerofoils at zero
angle of attack using CAA simulations. Although these studies were limited to small variations
in lateral length scales, it was found that the contribution of the streamwise component to the
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noise levels can be relevant in the upstream direction at high Mach numbers.
The motivation of this work is to present an extensive investigation on the effects of moder-

ately anisotropic turbulence on leading edge noise. To this end, anisotropic synthetic turbulence
is combined with a Linearised Euler Equation (LEE) solver to model the turbulence-aerofoil
interaction noise. To reduce the computational expense, two-dimensional CAA simulations
are performed by using anisotropic synthetic turbulence with the key statistics of the homoge-
neous axisymmetric model of Kerschen and Gliebe [18]. Variations of streamwise-to-transverse
length scales ranging from 0.33 to 3 are considered for the anisotropic turbulent flows. Far-
field noise predictions have been obtained from the two-dimensional aerofoil response using a
three-dimensional Ffowcs Williams and Hawkings (FW-H) solver. This approach, which is able
to capture the main physics of turbulence-aerofoil interaction [5,32,38], has been used to in-
vestigate noise variations due to anisotropy from a number of isolated aerofoil configurations
with straight leading edge, including variations in freestream Mach number, aerofoil thickness,
and angle of attack. This paper is organised as follows. Section 2 presents the CAA solver
that has been used in this work. In Section 3, a synthetic turbulence method is presented and
validated to reproduce the homogeneous axisymmetric spectra of Kerschen and Gliebe [18] from
the superposition of anisotropic Gaussian spectra with various length scales. Section 4 presents
the computational setup of the CAA simulations. A detailed parameter study and discussion
on the effects of anisotropic turbulence on leading edge noise is presented in Section 5. Finally,
the main findings are summarised in Section 6.

2 CAA Solver

In the current work, a high-order accurate finite difference CAA solver has been used to perform
all numerical simulations. This CAA solver has successfully been used in previous numerical
studies of turbulence-aerofoil/cascade interaction noise [3,5,33]. The CAA code solves the LEEs
in the time-domain by using a 4th-order implicit spatial scheme [34]. The numerical stability
is preserved by filtering the numerical solution after each time step [35]. A 4–6 stage low
dispersion and dissipation Runge-Kutta numerical method is used as the time marching scheme
[36]. Implicit buffer zones [37] are used as a non-reflecting condition at the domain boundaries,
and a slip-wall condition is applied on the aerofoil surface. All CAA simulations presented in
the current work were performed at freestream density ρ0 = 1.2 kg/m3 and speed of sound
c∞ = 340 m/s. The reference values for the sound PoWer Level (PWL) and Sound Pressure
Level (SPL) are Pref = 1× 10−12 W and p ′

ref = 2× 10−5 Pa, respectively. The reference length
and speed are Lref = 1 m and Uref = 1 m/s, respectively.

3 Anisotropic Synthetic Turbulence

Synthetic turbulence for CAA simulations of leading edge noise predictions can be generated
through a summation of Fourier modes [3,38], synthetic eddies [39], or digital filters [5,40].
In this section, a digital filter method [5] is adapted to generate two-dimensional anisotropic
synthetic turbulence with the key statistics of the homogeneous axisymmetric model of Kerschen
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and Gliebe [18]. To this end, a number of anisotropic Gaussian spectra with various length scales
are superimposed to reproduce a target velocity spectrum.

3.1 Generalised anisotropic turbulence from Gaussian superposition

The superposition of Gaussian-like spectra is common practice to expand the spectral content
of synthetic turbulent flows, and has successfully been used in methods based on a summation
of Fourier modes [41,42] and digital filters [5,43]. An advantage of using a superposition of
Gaussian spectra is that it avoids the development and implementation of a specific set of
equations for each type of turbulence spectrum to be reproduced.

In this work, two-dimensional synthetic turbulence with the statistics of a target velocity
spectrum is generated by superimposing Ne anisotropic Gaussian velocity spectra, such that

Φsum
ij =

Ne∑
n=1

Φ
(2D)
ij,n , (1)

where Φsum
ij is the resulting velocity spectra and Φ

(2D)
ij,n corresponds to the nth two-dimensional

Gaussian velocity spectra, which are given by

Φ
(2D)
11 (kx, ky) =

2

π3
u′ 20 l2xl

2
yk

2
y exp

(
− l2xk

2
x

π

)
exp

(
−
l2yk

2
y

π

)
, (2)

Φ
(2D)
22 (kx, ky) =

2

π3
u′ 20 l2xl

2
yk

2
x exp

(
− l2xk

2
x

π

)
exp

(
−
l2yk

2
y

π

)
, (3)

for streamwise and transverse disturbances, respectively. In Eqs. (2) and (3), (kx, ky) are
the vortical wavenumber components and u′0 is a characteristic velocity term. The root-mean-
square velocities are obtained through integration of the velocity spectra in Eqs. (2) and (3)
over the whole range of wavenumbers, which leads to u′x,rms = u′0

√
lx/ly and u′y,rms = u′0

√
ly/lx,

respectively. To simplify the notation, the streamwise and transverse length scales are written
here as lx = L

(1)
11 and ly = L

(2)
22 , respectively. The L

(m)
ij term corresponds to the integral length

scale of the ith and jth fluctuating velocity components in the mth spatial direction, i.e.

L
(m)
ij =

∫ ∞

0

〈u′i(x+ rem)u′j(x)〉
〈u′i(x)u′j(x)〉

dr , (4)

where u′i represents the ith fluctuating velocity component, r is the separation between two
points in the mth direction, em is a unit vector in the mth direction, and 〈.〉 is the ensemble
average operator.

Synthetic turbulence with a target anisotropic turbulence spectrum can be obtained from
the superposition of anisotropic Gaussian eddies, each of them being related to a given Gaussian
spectrum. To this end, the governing equations of a two- dimensional isotropic Gaussian eddy
(see Eqs. (11) and (12) in Ref. [5]) are extended here to account for spatial variations in length
scales, taking advantage of the properties of the exponential function to vary the length of the
filter in each spatial direction. Thus, the fluctuating velocity field generated by the summation
of Ne anisotropic Gaussian eddies from the pth eddy centre is defined as
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u′x,p(x) = −
√
2π∆e,x∆e,y (y − yp)

Ne∑
n=1

εp,nu
′
0,n

l2y,n
exp

[
−π(x− xp)

2

2l2x,n

]
exp

[
−π(y − yp)

2

2l2y,n

]
, (5)

u′y,p(x) =
√
2π∆e,x∆e,y (x− xp)

Ne∑
n=1

εp,nu
′
0,n

l2x,n
exp

[
−π(x− xp)

2

2l2x,n

]
exp

[
−π(y − yp)

2

2l2y,n

]
, (6)

where x = (x, y) is a point in the flow field, (xp, yp) corresponds to the pth eddy centre, εp,n
is a random number that takes ±1 and define the direction of rotation of the eddies, and ∆e,x

and ∆e,y correspond to the separation between eddy centres along the injection plane. Each
eddy introduces a divergence-free fluctuating velocity field around its centre (∇ · u′ = 0). It
should be noted that the governing equations for isotropic Gaussian eddies are recovered by
setting lx,n = ly,n and ∆e,x = ∆e,y in Eqs. (5) and (6).

Fig. 1 shows a schematic of the numerical implementation and contours of an anisotropic
Gaussian eddy. Synthetic eddies are directly injected into the CAA domain through a local
injection plane to generate anisotropic turbulence. Based on the limiting values presented by
Gea-Aguilera et al. [5] for isotropic turbulence, the correct statistics of the anisotropic turbulent
flow are recovered provided that the eddy spacing and the eddy radii satisfy

∆e,x ≤ min{lx,n}
2

, ∆e,y ≤ min{ly,n}
2

, for n = 1, . . . , Ne , (7)

re,x ≥ 3 max{lx,n}
2

, re,y ≥ 3 max{ly,n}
2

, for n = 1, . . . , Ne , (8)

respectively. The eddy radii define the area of influence from each eddy centre in which the
fluctuating velocity field needs to be computed. Since the eddies are convected as frozen turbu-
lence by the mean flow, a new set of eddies is injected into the CAA domain every ∆e,x/(U∞∆t)

time steps, where ∆t is the numerical time step of the simulation and U∞ is the mean flow speed.
The frozen turbulence assumption has been shown to be valid for leading edge noise predictions
in the context of aero-engine broadband noise [44]. Nevertheless, synthetic turbulence that is
injected into the CAA domain should have the statistics of the anisotropic turbulent flow near
the aerofoil leading edge, as the return to isotropy is not modelled by the LEEs.

3.2 Homogeneous axisymmetric turbulence

For a turbulent flow with an axisymmetric axis that is aligned with the mean flow in the x-
direction, the axial and transverse velocity spectra are defined according to Kerschen and Gliebe
[18] as

Φ11(kx, ky, kz) =
2 la l

4
t u

′2
a

(
k2y + k2z

)
π2
[
1 + l2ak

2
x + l2t

(
k2y + k2z

)]3 , (9)

and
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Figure 1: Computational setup to synthesise anisotropic turbulence. (a) Injection plane. (b)
Example of fluctuating velocity contours and streamlines of a single anisotropic Gaussian eddy
with lx = 3ly.

Φ22(kx, ky, kz) =
2 la l

4
t u

′2
a

π2
[
1 + l2ak

2
x + l2t

(
k2y + k2z

)]3 [k2x + k2z

(
2
u′2t
u′2a

− l2t
l2a

)]
, (10)

respectively, where la, u′a and lt, u′t are the length scale and root-mean-square fluctuating
velocity in the axial and transverse directions, respectively. The length scales in the model of
Kerschen and Gliebe [18] are related to the integral length scales as follows

L
(1)
11 =

π

u′2a

∫ ∞

−∞

∫ ∞

−∞
Φ11(kx = 0, ky, kz)dkydkz = la , L

(2)
22 = L

(3)
33 = lt , (11)

L
(1)
22 =

π

u′2t

∫ ∞

−∞

∫ ∞

−∞
Φ22(kx = 0, ky, kz)dkydkz =

la
2

u′2a
u′2t

(
2
u′2t
u′2a

− l2t
l2a

)
. (12)

It should be noted that the ‘a’ and ‘t’ subscripts are preferred here for the turbulence length
scales and root-mean-square fluctuating velocity to refer to the axial and transverse components,
respectively, when using the homogeneous axisymmetric turbulence spectrum [18], instead of
‘x’ and ‘y’, which are reserved to the use of anisotropic Gaussian spectra in Section 3.1. The
isotropic turbulence model proposed by Liepmann et al. [45] is recovered from Eqs. (9) and (10)
by setting u′a = u′t and la = lt, which satisfy L

(1)
11 /L

(1)
22 = 2 as expected for isotropic turbulence.

For two-dimensional CAA simulations, synthetic turbulence with the key statistics of homo-
geneous axisymmetric turbulence is generated from a summation of Ne Gaussian spectra. To
this end, Φsum

ij in Eq. (1) is set to reproduce the velocity spectra of homogeneous axisymmetric
turbulence with kz = 0 m−1, where kz corresponds to the spanwise wavenumber in this work.
This assumption is based on the analytical flat plate model of Amiet [1], in which the spanwise
wavenumber of the turbulence does not contribute to the broadband noise for an observer at
the mid-span plane in the far-field. This result was proved to be valid if the turbulence length
scales are small in comparison to the aerofoil span, which is satisfied in practical cases if the
span-to-chord ratio is approximately d/c ≥ 3 [38]. The kz = 0 m−1 assumption has been used in
previous CAA studies with different synthetic turbulence methods [3,5,32,38]. This type of tur-
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bulence is often referred to as ‘pseudo three-dimensional turbulence’. It should be noted that u′t
is not explicitly defined in Eqs. (9) and (10) if kz = 0 m−1. Nevertheless, u′t is assumed to take
a value that satisfies the constraint 2(u′t/u′a)2 ≥ (lt/la)

2, which ensures that the velocity spectra
are positive when using the homogeneous and axisymmetric turbulence model of Kerschen and
Gliebe [18].

Isotropic turbulence according to Liepmann et al. [45] is obtained by setting la = lt = 0.008

m and u′a = 0.017U∞. These values have been obtained from the Fundamental Case 1 of the
Fan Broadband Noise Workshop organised at the AIAA aeroacoustics conference in 2014 [46].
From this baseline configuration, streamwise-to-transverse length scale ratios, la/lt, are varied
between 0.33 and 3 in this work. These values are representative of the anisotropic turbulence in
the fan wakes from aero-engines [11,12] and grid-generated turbulence in open-jet wind tunnel
tests [6]. Furthermore, these la/lt values partially cover the anisotropy reported in dedicated
experiments of boundary layers interacting with rotors [13]. The reader is referred to Appendix
A for information on the specific values for u′0,n, lx,n and ly,n that have been used to reproduce
homogeneous axisymmetric turbulence spectra from the superposition of anisotropic Gaussian
spectra.

To validate the synthetic turbulence approach, a monitor point has been placed within the
CAA domain. The freestream Mach number, M∞ = U∞/c∞, was set to 0.6, and 3×104 velocity
samples were collected every 283 non-dimensional time steps, c∞∆t/Lref = 4 × 10−6. The
multitaper spectral analysis of Thomson [47] is used to calculate the numerical one- dimensional
spectra from collected velocity samples over a frequency range from 80 Hz to 8080 Hz every
160 Hz. It should be noted that one-dimensional spectra for the fluctuating velocity can be
obtained analytically from

Eij(f, kz = 0) =
4π

U∞

∫ ∞

−∞
Φij(kx, ky, kz = 0)dky , (13)

where f is the frequency. Fig. 2 shows one-dimensional spectra of anisotropic turbulence
for various degrees of anisotropy in the flow as a function of the chord-based Strouhal number,
where the aerofoil chord, c, is set to 0.15 m in this work. Differences of less than 1.5 dB can be
found between analytical and numerical turbulence spectra for most frequencies, showing the
effectiveness of the anisotropic Gaussian superposition methodology.

Overall, the use of axisymmetric turbulence redistributes the energy of the velocity spectra
in the wavenumber space, as shown in Fig. 3. The redistribution of the energy, which is caused
by the different length scales involved, changes the amount of energy that could potentially
contribute to the leading edge noise. This can be relevant for analytical models, which are quite
sensitive to inflow turbulence data [24]. The implications of these observations on leading edge
noise from isolated aerofoil configurations are discussed in Section 5.

4 Computational Setup for Leading Edge Noise Predictions

This section presents the CAA methodology and computational setup that have been used for
the leading edge noise predictions. The isolated aerofoil configurations that are investigated in
this study include a NACA 0001 aerofoil at zero angle of attack, AoA = 0◦, and a NACA 0012
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Figure 2: One-dimensional spectra of homogeneous axisymmetric turbulence. (a) Streamwise.
(b) Transverse.

Figure 3: Normalised anisotropic velocity spectra in wavenumber space from Eqs. (9) and (10).
(a) Streamwise. (b) Transverse.
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aerofoil at AoA = 0◦ and 6◦. For NACA 4-digit aerofoils, the maximum aerofoil thickness, tA, is
given by the last 2 digits as a percent of the chord. For example, the maximum aerofoil thickness
corresponds to tA = 0.12c for a NACA 0012 aerofoil. A low-cost CAA methodology has been
adopted here to combine the two-dimensional aerofoil response from CAA simulations with a
three-dimensional FW-H solver for the far-field noise propagation. This approach is similar to
that proposed by Gea-Aguilera et al. [5]. Fig. 4 presents a schematic of the methodology steps.

Figure 4: Schematic of the methodology steps. (a) Two-dimensional CAA simulation, where
colour contours represent the vorticity field from anisotropic synthetic turbulence and grey
contours represent the fluctuating pressure field. (b) Reference frame for three-dimensional far-
field noise propagation.

Table 1: Order of magnitude of mesh design parameters in this work. ∆LE corresponds to the
cell size at the leading edge.

Aerofoil AoA [◦] Grid points ∆LE/c c∞∆t/Lref max{fc/U∞}

NACA 0001 0 318,890 7.0× 10−5 4× 10−6 6
NACA 0012 0 1,101,552 1.6× 10−3 8× 10−5 12
NACA 0012 6 1,425,214 1.1× 10−3 7.5× 10−5 12

Two-dimensional CAA simulations using three-dimensional homogeneous and anisotropic
spectra with kz = 0 m−1 are performed to compute the aerofoil response. Synthetic turbulence
is introduced into the CAA domain through an injection plane that is located at least re,x

upstream of the aerofoil leading edge. Such a distance is required to allow for the convection
and distortion of the synthetic turbulence before interacting with the aerofoil leading edge. The
length of the injection plane has been set to approximately 2re,y + tA at AoA = 0◦.

In this work, the size of the CAA domain extends about 4c in all directions around the
aerofoil centre, and the length of the buffer zone is set to 1c at the domain boundaries. The
required grid resolution is at least 8 points-per-wavelength for the smallest vortical waves that
are correctly propagated by the CAA code. Table 1 summarises the main characteristics of the
CAA meshes, including information on the number of grid points, cell size at the leading edge,
time step of the CAA simulations, and maximum frequency resolution. All structured grids
were designed following the recommendations of Fattah et al. [48] for finite difference solvers.
Fig. 5 shows details on the two-dimensional CAA mesh of a NACA 0012 aerofoil at AoA = 6◦

that has been used in Section 5. On an indicative basis, the time per time step per grid point
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of a two-dimensional CAA simulation using a NACA 0001 aerofoil is approximately 6 × 10−8

s on 128 processors. The mesh of the NACA 0001 aerofoil has 3.19 × 105 grid points and the
CAA simulations were run for 8.5× 106 time steps, such that the total time of each simulation
was approximately 45h on 128 processors.

Figure 5: CAA mesh of a NACA 0012 aerofoil at AoA = 6◦in the leading edge region.

Unsteady data are collected from at least 459 points that are distributed along the aerofoil
surface from the two- dimensional CAA simulation. Then, unsteady data are copied 61 times
along the aerofoil span, d = 0.45 m, to produce a three-dimensional aerofoil with straight leading
edge that can be used as a solid surface in the FW-H solver. Thus, the span-to-chord ratio is
set to d/c = 3, which is suitable for the kz = 0 m−1 assumption, as discussed in Section 3.2.
Another implication of the kz = 0 m−1 assumption is that the CAA predictions do not consider
any effects of spanwise correlation. The FW-H solver, which is based on the formulation 1A of
Farassat and Succi [49], radiates the sound to the far-field in a uniform mean flow at a distance
of r0 = 20c in the mid-span plane from the aerofoil semi-chord. Time-dependent pressure
fluctuations are radiated from θ = 0◦ to 360◦ with an angle resolution of 1◦. The unsteady
pressure in the far-field is used to compute the acoustic power by assuming cylindrical noise
radiation [2],

P(f) =
dr0

2ρ∞c∞

∫ 2π

0
Spp(r0, θ, f)

β4A(θ,M∞)

[A(θ,M∞)−M∞ cos θ]2
dθ , (14)

where Spp is the pressure spectral density, β =
√

1−M2
∞, and A(θ,M∞) =

√
1−M2

∞ sin2 θ.
The PWL spectrum is computed as PWL(f) = 10 log(P(f)/Pref).

5 Effects of Anisotropic Turbulence on Leading Edge Noise

This section presents a comprehensive study on the effects of moderately anisotropic turbulence
on leading edge noise from isolated aerofoil configurations. Variations in freestream Mach
number, aerofoil thickness, and angle of attack are examined in CAA simulations using the
anisotropic turbulence spectra of Kerschen and Gliebe [18] for la/lt varying between 0.33 and 3,
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as discussed in Section 3.2. Table 2 presents a summary of the turbulence length scales for the
various anisotropic turbulence cases in comparison with characteristic lengths of each aerofoil
configuration, such as the aerofoil chord and thickness. It should be noted that turbulence
length scales are small compared to the aerofoil chord in this work, where la/c and lt/c can vary
between 0.053 and 0.16 here. These values are consistent with available experimental data for
fan wakes.

Table 2: Comparison of turbulence length scales for the various anisotropic turbulence cases.

la [m] lt [m] la/lt la/c lt/c lt/la (NACA 0001) lt/la (NACA 0012)

0.024 0.008 3 0.16 0.053 5.3333 0.4444
0.016 0.008 2 0.107 0.053 5.3333 0.4444
0.008 0.008 1 0.053 0.053 5.3333 0.4444
0.008 0.016 0.5 0.053 0.107 10.6667 0.8889
0.008 0.024 0.33 0.053 0.16 16 1.3333

5.1 Flat plates and thin aerofoils at zero angle of attack

CAA simulations of a NACA 0001 aerofoil in a M∞ = 0.6 flow at AoA = 0◦ are presented here.
The mean flow is assumed to be uniform in the CAA simulation, which is convenient for direct
comparisons of noise results from the analytical flat plate model of Amiet [1]. Fig. 6 shows SPL
and PWL spectra, where the flat plate results have been obtained from the analytical model of
Amiet [1] by using the transverse velocity spectrum in Eq. (10). For further details on the flat
plate model, the reader is referred to Appendix B.

Figure 6: PWL and SPL spectra for a NACA 0001 aerofoil and a flat plate in anisotropic
turbulence. (a) PWL spectra. (b) SPL spectra at θ = 90◦.

The agreement between numerical and analytical predictions is within 1.5 dB for most
frequencies, which validates the current CAA methodology. Axisymmetric turbulence stretched
in the streamwise direction with la/lt > 1 produces a decrease in noise levels and a shift of the
maximum noise amplitude towards lower frequencies in comparison with isotropic turbulence
cases. This suggests that the effects of anisotropic turbulence on isolated flat plates and thin
aerofoils are similar to those reported for cascade noise [21,24].
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PWL spectra in Fig. 6 (a) closely follow the shape of the transverse velocity spectra in Fig.
2 (b), reaching the peak value at approximately the same chord-based Strouhal number for each
anisotropic turbulence case. Thus, it can be inferred from Fig. 6 that leading edge noise due
to the interaction of anisotropic turbulence with a thin aerofoil, tA/c = 0.01, only depends on
the transverse velocity spectrum. To further investigate the relationship between the transverse
velocity and PWL spectra, Fig. 7 shows the effect of varying the turbulence length scales from
the flat plate model of Amiet [1].

Figure 7: Analytical E22 and PWL spectra (using Amiet’s theory [1]) for a flat plate for varying
axial and transverse length scales. The black solid line and circles are a locus of the maxima of
E22 and PWL, respectively. (a) E22 with la varying, (b) E22 with lt varying, (c) PWL with la
varying, (d) PWL with lt varying.

Variations in the axial integral length scale have a twofold effect, as shown in Fig. 7 (a)
and (c). Firstly, the frequency at which the maximum E22 occurs, decreases as the axial length
scale is increased. Secondly, as la/lt is increased with constant lt, the amplitude of the spectra
at low frequencies becomes relatively larger than at high frequencies. The first result can be
explained from the one-dimensional spectrum of the transverse velocity fluctuations, which can
be obtained analytically from Eqs. (10) and (13),

E22(f, kz = 0) =
3 l3t u

′2
a

la U∞

l2ak
2
x

(1 + l2ak
2
x)

5/2
, (15)
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where kx = 2f/U∞ from the frozen turbulence assumption. In Eq. (15), the lakx term can be
seen as a scaling factor applied to the streamwise wavenumber and therefore, changing la can
be thought of as elongating the eddies in the streamwise direction resulting in a subsequent
redistribution of energy. However, the transverse length scale is only acting as a multiplicative
constant and thus changing lt would result in an increase in the amplitude of E22. This is a
consequence of setting the spanwise wavenumber kz to zero. The frequency at which E22 from
Eq. (15) is at a maximum can be written as,

fmax =

√
2

3

U∞
2πla

, (16)

which corresponds to lakx =
√
2/3 in Fig.3 (b). These maximum frequencies are shown

by black solid lines in the E22 and PWL spectra in Fig. 7. For a fixed mean flow speed, Eq.
(16) implies that the E22 maxima will only change if the axial length scale is changed. This
result is confirmed in Fig. 7 (b) and (d), where the frequencies at which the maximum in the
transverse velocity and PWL spectra occurs does not change. The frequencies at which the
PWL spectrum is at a maximum are shown by black circles in Fig. 7 (c) and (d). The aim
of the black solid lines and the circles is to show that the maxima in PWL occur close to the
maxima in the upwash velocity spectrum. Nevertheless, some discontinuities in the frequencies
at which the PWL is at a maximum can be observed in Fig. 7 (c). These are related to the
presence of small lobes in the PWL spectra, which are a consequence of the loss of compactness
at high frequencies, and whose amplitudes change with varying la. From these figures, it can be
inferred that Eq. (16) provides a good estimation of the frequencies at which broadband noise
from anisotropic turbulence-aerofoil interaction could be dominant.

The maximum PWL for various length scales is shown in Fig. 8. It can be seen that the
maximum PWL increases about 28 dB as the transverse length scale is increased from 0.0026

m (lt/c = 0.017) to 0.024 m (lt/c = 0.16) and decreases by approximately 10 dB as the axial
length scale is increased from 0.0026 m to 0.024 m. From Eq. (15) it is also observed that the
power should scale as 1/la for a constant transverse length scale and as l3t for a constant axial
length scale. These scaling laws are shown in Fig. 8. It should be noted that the maximum
sound power deviates slightly from the 1/la trend for the larger length scales. This is likely due
to the mean flow effects that are accounted for in Eq. (14). It should be noted that similar
conclusions can be achieved by using a different anisotropic turbulence spectrum. For example,
it can be shown that Eqs. (15) and (16) can be rewritten for the modified von Kármán spectrum
proposed by Glegg and Walker [19] as,

E22(f, kz = 0) =
16 l3t u

′ 2
a

9 la U∞K2
e

l2ak
2
x/K

2
e

(1 + l2ak
2
x/K

2
e )

7/3
, fmax =

√
3

π

Γ(5/6)

4 Γ(1/3)

U∞
la

, (17)

respectively, where Ke = [
√
πΓ(5/6)]/Γ(1/3), when assuming homogeneous axisymmetric

turbulence with kz = 0 m−1.
For further validation of the CAA simulations, directivity patterns at fc/U∞ = 3 and 6 are

shown in Fig. 9. The agreement of the numerical results with the flat plate model of Amiet
[1] is better than 2 dB at most observer angles. The location of the lobes due to the loss of
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Figure 8: The maximum PWL at various axial and transverse length scales. The baseline for
the scaling law corresponds to the maximum in PWL for isotropic turbulence with la = lt.

compactness at high frequencies is correctly predicted by the numerical simulations.

Figure 9: Directivity plots for a NACA 0001 aerofoil in anisotropic turbulence. (a) fc/U∞ = 3.
(b) fc/U∞ = 6.

5.2 Thick aerofoils in a low-subsonic Mach number flow

The effects of anisotropic turbulence on leading edge noise from thick aerofoils are studied for
a NACA 0012 aerofoil in a M∞ = 0.3 flow at AoA = 0◦. An inviscid mean flow was computed
by using the Euler equations in a second-order finite volume CFD solver (FLUENT v14.5),
and used as a background flow in the CAA simulation. It should be noted that the effect of
mean flow viscosity was found to be negligible on leading edge noise [50], and can produce
hydrodynamic instabilities near the trailing edge in CAA simulations [38], which are related to
strong velocity gradients in the boundary layer region.

Fig. 10 shows instantaneous contours of non-dimensional vorticity magnitude and fluctu-
ating pressure from CAA simulations with anisotropic turbulence stretched in the streamwise
and transverse directions. In both cases, acoustic pressure is generated at the aerofoil leading
edge and radiated to the far-field with a dipole-like directivity. However, pressure contours
due to anisotropic turbulence with la/lt = 0.33 present a broader frequency content than with
la/lt = 3. This observation is related to the spectral content of one-dimensional spectra in Fig.
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2, in which the small amplitude difference between high and low frequencies in the la/lt = 0.33

case results in a wide frequency content in the contours of fluctuating pressure. In contrast,
most energy concentrates at low frequencies in one-dimensional spectra with la/lt = 3.

Figure 10: Instantaneous contour plots of a NACA 0012 aerofoil interacting with anisotropic
synthetic turbulence at M∞ = 0.3. A black solid line highlights the aerofoil surface. (a)
Non-dimensional vorticity magnitude, ||∇ × u′||Lref/c∞, with la/lt = 3. (b) Non-dimensional
fluctuating pressure, p′/(ρ∞c2∞), with la/lt = 3. (c) Non-dimensional vorticity magnitude with
la/lt = 0.33. (d) Non-dimensional fluctuating pressure with la/lt = 0.33.

Normalised values of root-mean-square fluctuating pressure, p′rms, along the aerofoil chord
are shown in Fig. 11. Overall, the aerofoil response presents a similar shape for the different
degrees of anisotropy investigated. The maximum p′rms is localised in the leading edge region,
as expected when turbulence-aerofoil interaction is the dominant noise mechanism. However,
some differences can be observed in the location of the maximum p′rms, which moves towards
the stagnation point at x/c = 0 as la/lt increases. This suggests that the streamwise component
of the fluctuating velocity field could become increasingly important for thick aerofoils.

Although the turbulence is convected as frozen turbulence upstream of the aerofoil, strong
mean flow gradients around the aerofoil leading edge can produce the distortion of turbulent
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Figure 11: Normalised root-mean-square pressure fluctuations on the surface of a NACA 0012
aerofoil at M∞ = 0.3 and AoA = 0◦. (a) x/c varying from the leading edge (x/c = 0) to the
trailing edge (x/c = 1). (b) Close-up of the leading edge region, x/c ≤ 0.04.

structures. This mechanism can partially explain the differences in the aerofoil response and
leading edge noise between thick aerofoils and flat plates [3,51]. Fig. 12 shows the distortion
of the turbulence spectra along the stagnation line at various locations upstream of the aerofoil
leading edge (x/c = 0). The distortion of the turbulence spectra are small at x/c = −0.2, as
10 log10(Eij/Eij,∞) ≈ 0 dB. However, significant variations in the spectral content can be found
at x/c = −0.02. This location corresponds to a distance upstream of the aerofoil that is of the
order of the leading edge radius, which can be calculated as rLE/c = 1.1019(tA/c)

2 for a NACA
4-digit aerofoil. In this work, rLE/c ≈ 0.016 for the NACA 0012 aerofoil. For all cases, the
trends are relatively similar. E22 presents a significant increase at low frequencies in the vicinity
of the aerofoil leading edge, particularly for turbulence stretched in the streamwise direction.
However, E11 tends to decrease at all frequencies, which is more pronounced for turbulence
stretched in the transverse direction. These observations suggest that the transverse turbulence
intensity increases and the streamwise turbulence intensity decreases near the stagnation point
for all cases. These results are consistent with the findings of Hainaut et al. [51] for isotropic
turbulence and Shen and Zhang [52] for anisotropic turbulence with small variations in la/lt.

To study the relationship between the distorted turbulent structures and the unsteady pres-
sure response on the aerofoil surface, the magnitude-squared coherence is defined as

γ2uip(f) =
|Suip(f)|

2

Suiui(f)Spp(f)
, (18)

where Suiui is the spectral density of a fluctuating velocity component, u′i, in the vicinity
of the leading edge, and Suip is the cross-spectral density between u′i and p′ on the aerofoil
surface. Fig. 13 shows the coherence between velocity fluctuations collected at x/c = −0.02

along the stagnation line and pressure fluctuations on the surface of a NACA 0012 aerofoil in
the leading edge region. The streamwise velocity fluctuations are mainly responsible for the
noise radiated from the stagnation point (location A) for all cases, as can be inferred from
Fig. 13, in which γ2uxp ≈ 0.9 and γ2uyp ≈ 0.1 at all frequencies. When moving away from the
stagnation point (locations B and C), the transverse velocity fluctuations become increasingly
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Figure 12: Distortion of one-dimensional spectra along the stagnation line upstream of the
leading edge of a NACA 0012 aerofoil in a M∞ = 0.3 flow.

coherent with the unsteady pressure response, particularly at high frequencies. The maximum
in p′rms, which occurs at location C approximately for isotropic turbulence, is mainly due to the
transverse fluctuating velocity component, which is consistent with the flat plate response.

Figure 13: Magnitude-squared coherence between pressure fluctuations at three different lo-
cations, A (x/c = 0, black lines and circles), B (x/c ≈ 0.001, red lines and squares) and C
(x/c ≈ 0.005, blue lines and triangles) on the aerofoil surface and velocity fluctuations at lo-
cation D, which corresponds to x/c = −0.02 along the stagnation line. (a) Coherence between
pressure fluctuations and streamwise velocity fluctuations. (b) Coherence between pressure
fluctuations and transverse velocity fluctuations. (For interpretation of the references to colour
in this figure legend, the reader is referred to the web version of this article.)

Fig. 14 (a) shows ∆PWL = PWL|flat plate − PWL|NACA0012 as a function of the thickness-
based reduced frequency, ftA/U∞, which is a useful parameter to quantify the noise reduction.
It should be noted that PWL|flat plate is computed using the analytical model of Amiet [1],
PWL|NACA0012 is obtained from the CAA methodology for far-field noise predictions presented in
Section 4, and tA corresponds to the maximum aerofoil thickness of the NACA 0012 aerofoil. A
significant noise reduction due to aerofoil thickness can be observed in all anisotropic turbulence
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cases at high frequencies. Furthermore,∆PWL spectra follow the same trends as the isotropic
turbulence baseline. This implies that the amount of noise reduction due to thickness is nearly
independent of the anisotropy in low speed flows.

Figure 14: Thickness effect on leading edge noise from a NACA 0012 aerofoil in a M∞ = 0.3
flow at AoA = 0◦. (a) ∆PWL = PWL|flat plate − PWL|NACA0012 spectra with varying la/lt. (b)
Directivity of ∆SPL = SPL|flat plate − SPL|NACA0012 at fc/U∞ = 9.

The scaling law proposed by Gershfeld [27] to account for aerofoil thickness effects on leading
edge noise has also been included in Fig. 14 (a), and takes the form

∆PWL = 10 log10

[
exp

(
πftA
U∞

)]
= log10 [exp (10π)]

ftA
U∞

. (19)

The scaling law of Gershfeld [27] shows an over-prediction on the noise reduction in com-
parison with numerical ∆PWL, especially at high frequencies. Similar results were reported by
Chaitanya et al. [8] in open-jet wind tunnel experiments of a NACA 0012 aerofoil interacting
with nearly isotropic turbulence.

Paterson and Amiet [6] found experimentally a 5 dB noise reduction on a NACA 0012
aerofoil at ftA/U∞ = 1, which is often used as a reference value for the breakdown of the flat
plate assumption. An earlier onset of thickness effects on noise from a NACA 0012 aerofoil has
been reported in recent experimental and numerical studies [8,50]. In Fig. 14 (a), a reduction
of 5 dB in PWL due to aerofoil thickness is found at approximately ftA/U∞ = 0.9 for both
isotropic and moderately anisotropic turbulence at M∞ = 0.3. This corresponds to a slightly
lower frequency than that reported by Paterson and Amiet [6].

Fig. 14 (b) shows the directivity of the noise reduction at fc/U∞ = 9, which corresponds
to ftA/U∞ ≈ 1.08. ∆SPL = SPL|flat plate − SPL|NACA0012 exhibits a more pronounced noise
reduction at downstream observer angles, θ < 45◦,for both isotropic and anisotropic turbulence.
It can also be observed that anisotropic turbulent flows do not modify the directivity of the
leading edge noise from thick aerofoils, as the location of the lobes is similar for la/lt ranging
between 0.33 and 3.
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5.3 Thick aerofoils in a high-subsonic Mach number flow

The effects of thickness and various mean flow Mach numbers on PWL are shown in Fig. 15
for NACA 0012 aerofoils at AoA = 0◦. ∆PWL spectra appear to scale linearly with ftA/U∞ at
M∞ = 0.6 in Fig. 15 (a). The trends are consistent with the results for M∞ = 0.3 in Fig. 14 (a).
Nevertheless, the increase in the mean flow Mach number leads to more significant deviations
in ∆PWL spectra for the different degrees of anisotropy, as cases with la/lt > 1 tend to be
about 2− 3 dB louder at all frequencies than cases with la/lt < 1. This result is confirmed by
examining the variations in OverAll PWL (OAPWL) in Fig. 15 (b). In this work, the OAPWL
for each aerofoil configuration is obtained from the integration of the sound power in Eq. (14)
for frequencies between fc/U∞ = 0.3 and fc/U∞ = 12, i.e.

OAPWL = 10 log10

(∫
P(f)df

Pref
.

)
(20)

Figure 15: Effects of thickness and mean flow Mach number on leading edge noise from a NACA
0012 aerofoil at AoA = 0◦. (a) ∆PWL = PWL|flat plate − PWL|NACA0012 at M∞ = 0.6. (b)
∆OAPWL = OAPWL|flat plate − PWL|NACA0012 for various Mach numbers.

Gill et al. [3] showed that leading edge noise from thick aerofoils at zero angle of attack
is mainly generated by the transverse disturbances in isotropic turbulence. This is related to
the aerofoil response, which increases for kx → 0 m−1 (low frequencies) and ky → 0 m−1 (gusts
that are perpendicular to the aerofoil chord) at AoA = 0◦ [3,28]. However, the streamwise
disturbances become increasingly important in anisotropic turbulence with la/lt > 1, which
delay the onset of aerofoil thickness effects on leading edge noise and can have a negative
impact in terms of ∆OAPWL at high Mach numbers, as shown in Fig. 15 (b). This is likely
because as la increases, the energy in the wavenumber spectra moves towards lower kx values
(e.g. Fig. 3), for which the aerofoil response is expected to be amplified. Additionally, it can
be seen in Fig. 2 that the streamwise turbulence spectrum, E11, presents a larger amplitude
than that of the transverse spectrum, E22, for turbulence stretched in the streamwise direction,
which reinforces the role of the streamwise disturbances.

In order to better understand the trends in ∆PWL spectra at high Mach number, Fig. 16
shows variations in ∆SPL with frequency and observer angle. Leading edge noise from the
NACA 0012 aerofoil can be up to 20 dB louder than the flat plate response in the upstream
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direction, which can be attributed to the aerofoil thickness and the streamwise disturbances.
This can be observed in some areas where ∆SPL < 0 dB for θ > 90◦, and it is particularly
pronounced at low frequencies, ftA/U∞ < 0.6, and for turbulence stretched in the streamwise
direction, la/lt > 1. This result is consistent with the work of Zhong and Zhang [31] when
studying the influence of the streamwise component on leading edge noise at transonic mean
flow speeds. In the downstream direction, θ < 90◦, there is a significant noise reduction at most
observer angles and frequencies. Larger noise reductions are found for turbulence stretched in
the transverse direction, la/lt < 1, especially at high frequencies.

Figure 16: Contours of ∆SPL = SPL|flat plate − SPL|NACA0012 in a M∞ = 0.6 flow at AoA = 0◦.
(a) la/lt = 3. (b) la/lt = 0.33.

5.4 Thick aerofoils at non-zero angle of attack

In this section, the NACA 0012 aerofoil is rotated around its leading edge at AoA = 6◦, as
shown in Figs. 4 and 5. An inviscid mean flow with freestream Mach number M∞ = 0.3 is used
in CAA simulations. This aerofoil configuration presents an attached subsonic flow around the
aerofoil, and therefore it is convenient to study possible effects of angle of attack on leading
edge noise.

Fig. 17 shows normalised p′rms along the aerofoil chord. The aerofoil response shows a
similar distribution on the suction side for different degrees of anisotropy. It can also be seen
that noise is mainly generated on the suction side near the leading edge, where the maximum
in p′rms occurs for all the cases. However, some differences can be found on the pressure side.
The asymmetry in the p′rms distribution on both sides of the aerofoil is due to angle of attack,
and becomes more pronounced with low values of la/lt. For example, cases with turbulence
stretched in the transverse direction show low p′rms/max{p′rms} values and a new peak appears
to develop between x/c = 0.01 and x/c = 0.02. This suggests that noise generated from the
pressure side becomes increasingly important for aerofoils at AoA 6= 0◦ when la/lt < 1.

Fig. 18 (a) shows PWL spectra of a NACA 0012 aerofoil at non-zero angle of attack
compared against simulations at AoA = 0◦ from Section 5.2. PWL spectra show that an increase
in angle of attack reduces the leading edge noise of a thick aerofoil in anisotropic turbulence
with la/lt < 1, especially at high frequencies. It is well known that synthetic turbulence that
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Figure 17: Normalised root-mean-square pressure fluctuations on the surface of a NACA 0012
aerofoil at M∞ = 0.3 and AoA = 6◦. (a) Suction side. (b) Pressure side.

only enforces the transverse velocity disturbances (ky = 0 m−1) under-predicts the leading edge
noise from thick aerofoils at non- zero angle of attack [3,5]. This phenomenon may also occur in
anisotropic turbulence with la/lt < 1, since the transverse velocity disturbances become notably
larger than the streamwise disturbances and are thus the dominant disturbances. The physical
mechanism behind this behaviour is related to a shift in the energy of the velocity spectra,
which moves towards low ky values as lt increases (e.g. Fig. 3). However, the maximum in the
aerofoil response follows opposite trends, and shifts towards ky > 0 m−1 as the angle of attack
increases [3,28], particularly at high frequencies.

Figure 18: Noise spectra from anisotropic turbulence interacting with a NACA 0012 aero-
foil at M∞ = 0.3 and AoA = 6◦. (a) PWL spectra. (b) ∆OAPWL = OAPWL|AoA=6◦ −
OAPWL|AoA=0◦ .

In anisotropic turbulence with la/lt > 1, PWL spectra present an increase of about 1 dB
at all frequencies. Such an increase is within the level of accuracy of the current simulations,
however the result indicates that a moderate increase in the angle of attack has a reduced impact
on the PWL spectra from thick aerofoils. This contrasts with the work of Devenport et al. [28],
who showed an increase in 1/3rd octave band SPL of approximately 5 dB for every 4◦ increment
at low frequencies for a NACA 0015 aerofoil in a M∞ = 0.08 flow with la/lt = 2, suggesting
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a stronger effect of anisotropy on noise. The noise predictions of the current work have been
successfully validated by using an analytical flat plate model [1] in Section 5.1 and agree with
the trends reported in experimental measurements. For example, Paterson and Amiet [6] found
that the effect of angle of attack on leading edge noise was negligible for a NACA 0012 aerofoil,
despite correcting the von Kármán isotropic spectrum with a contracted spanwise correlation
length to account for some anisotropy in the flow.

The discrepancy with the conclusions made by Devenport et al. [28] can be due to the
different assumptions involved in the numerical methodologies. Devenport et al. [28] used
a panel method that is valid for leading edge noise predictions of aerofoils in incompressible
flows, i.e. low Mach numbers, whereas the LEEs can simulate compressible subsonic flows.
Furthermore, the panel method assumed the aerofoil to be acoustically compact, which implies
that the acoustic wavelength is significantly larger than the aerofoil chord. Consequently, the
noise predictions of Devenport et al. [28] are only valid for frequencies below 1000 Hz. The
validity of the results presented in the current work extends to frequencies up to fc/U∞ = 12 in
a M∞ = 0.3 flow, which corresponds to 8160 Hz. Furthermore, the loss of compactness, which
causes directivity lobes at high frequencies, is correctly modelled by the LEEs (e.g. Fig. 9).

Variations in ∆OAPWL = OAPWL|AoA=6◦ −OAPWL|AoA=0◦ for different la/lt are shown
in Fig. 18 (b). The ∆OAPWL calculation indicates that a moderate variation in angle of
attack has a small effect on aerofoils interacting with isotropic turbulence, as ∆OAPWL ≈ 0

dB. However, there is an increase (< 1 dB) in the noise when turbulence is stretched in the
streamwise direction, la/lt > 1, and a decrease as turbulence is stretched in the transverse
direction, la/lt < 1. It should be noted that the OAPWL is mainly dominated by low frequencies
with large sound levels. This can mask differences in the PWL spectra at high frequencies.
Overall, the effect of the angle of attack on leading edge noise due to moderately anisotropic
turbulence is small, with differences in ∆OAPWL smaller than 1 dB for la/lt ranging from 0.33
to 3.

Fig. 19 shows directivity plots of NACA 0012 aerofoils at various chord-based Strouhal
numbers and la/lt. The leading edge noise reduction that was identified for the aerofoil at
AoA = 6◦ in anisotropic turbulence with la/lt < 1 is mainly produced at downstream observer
angles above the aerofoil, θ < 90◦. Additionally, it can be observed that variations in angle of
attack have a limited impact for observers below the aerofoil, which may be attributed to the
peak in p′rms that appears on the pressure side when la/lt < 1, as shown in Fig. 17 (b). For
cases with anisotropic turbulence stretched in the streamwise direction, small variations in SPL
are found for mid-range and high frequencies, and similar noise levels can be observed above
and below the aerofoil at both AoA = 0◦ and AoA = 6◦.

5.5 Effect of turbulence length scales

In this work, leading edge noise predictions have been performed for aerofoils with small values
of turbulence length scale-to-chord ratio, as occurs in turbofan engines (see Table 2). Using
this assumption, this section presents simulations of a NACA 0012 aerofoil in a M∞ = 0.3 flow
at AoA = 0◦ and AoA = 6◦ with twice the baseline turbulence length scale (0.016 m instead
of 0.008 m). The objective is to assess whether variations in la/c and lt/tA can affect the
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Figure 19: Directivity plots for a NACA 0012 aerofoil at AoA = 0◦ and AoA = 6◦ in a M∞ = 0.3
flow. (a) fc/U∞ = 6. (b) fc/U∞ = 9.

conclusions drawn in the previous sections. The configurations studied are given in Table 3.

Table 3: Comparison of turbulence length scales for the various anisotropic turbulence cases
(Section 5.5).

la [m] lt [m] la/lt la/c lt/c lt/tA (NACA 0012)

0.032 0.016 2 0.213 0.107 0.889
0.016 0.032 0.5 0.107 0.213 1.778

Fig. 20 shows the PWL spectra for the CAA simulations with increased length scales. For
cases with la/lt = 2, a 10 dB noise reduction is found at fc/U∞ = 12 for the NACA 0012
aerofoils at AoA = 0◦ and 6◦ compared to the flat plate prediction, which is relatively similar
to the noise reduction shown in Fig. 18 (a). In this case, the effect of angle of attack on
leading edge noise is small. In contrast, a significant noise reduction is found for the angle of
attack configuration with la/lt = 0.5. These results suggest that variations in the turbulence
length scales do not significantly alter the conclusions of Sections 5.2 and 5.4 for the effects of
anisotropy on leading edge noise, if la/lt is kept constant and turbulence length scales are small
in comparison with the aerofoil chord.

6 Conclusions

This paper presents a number of CAA simulations to assess the effects of anisotropic turbu-
lence on leading edge noise, which is a dominant source of broadband noise in aero-engines.
The numerical methodology combines a synthetic turbulence method with a CAA code that
solves the LEEs. An anisotropic synthetic turbulence method is presented to reproduce ho-
mogeneous axisymmetric turbulence with kz = 0 m−1 for varying streamwise-to-transverse
ratios, la/lt, between 0.33 and 3. The aerofoil response is computed from two-dimensional CAA
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Figure 20: PWL spectra of NACA 0012 aerofoils (from CAA simulations) and flat plates (from
Amiet’s theory [1]) for increased values of la/c and lt/c.

simulations using inviscid mean flows. Then, far-field noise predictions are obtained from a
three-dimensional FW-H solver without including spanwise correlation effects. This numerical
methodology has successfully been validated using an analytical flat plate model and NACA
0001 aerofoils.

Anisotropic turbulence produces a redistribution of the energy in the velocity spectra, which
has a direct impact on the sound power spectra. This redistribution modifies the amount of
energy in the turbulent flow that can contribute to the leading edge noise. It has been shown
that increasing the axial length scale shifts the frequency at which the noise spectrum is at a
maximum. However, the transverse length scale acts as a scaling factor to the noise spectra,
and does not modify the frequency at which the maximum noise level occurs. These results can
explain the trends and observations made from cascade models when using anisotropic turbu-
lence. For thin aerofoils, tA/c < 0.01, the transverse velocity spectrum is the main contributor
to the leading edge noise for the various la/lt tested. Sound directivity remains unchanged by
anisotropy in the flow, as the location of the directivity lobes occurs at the same observer angles
for the frequencies examined.

A comprehensive parameter study has been performed to assess the effects of anisotropic
turbulence on leading edge noise, including variations in aerofoil thickness, mean flow Mach
number, and angle of attack. Noise reduction due to aerofoil thickness at high frequencies oc-
curs for all la/lt tested. Particularly, ∆PWL = PWL|flat plate−PWL|NACA0012 spectra vary as a
linear function of f/U∞. The scaling law of Gershfeld [27] has been found to over-estimate the
noise reduction, especially at high frequencies. Overall, there is a good overlap with anisotropy
in the amount of noise reduction at low speed, M∞ = 0.3, from numerical simulations of NACA
0012 aerofoils at AoA = 0◦. This suggests that the effects of moderately anisotropic turbulence
on the noise reduction due to aerofoil thickness are small at low Mach numbers. Nevertheless,
the contribution of the streamwise velocity disturbances appears to become increasingly impor-
tant for thick aerofoils. For example, the maximum in p′rms moves towards the stagnation point
as la/lt increases. This is due to the streamwise velocity fluctuations, as found from the anal-
ysis of the magnitude-squared coherence between pressure fluctuations and distorted turbulent
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structures in the leading edge region.
As the mean flow Mach number is increased (M∞ = 0.6), the onset of noise reduction due to

aerofoil thickness presents a certain la/lt dependency, which has an impact on the overall sound
power level. For example, ∆OAPWL = OAPWL|flat plate −OAPWL|NACA0012 varies from 2 dB
to 1.5 dB as la/lt varies between 0.33 and 3, respectively. A significant noise increase from thick
aerofoils has been found at upstream observer locations, which is particularly pronounced for
turbulence stretched in the streamwise direction, la/lt > 1, at low frequencies, ftA/U∞ < 0.6.
This is related to the streamwise disturbances and their spectral content, which present a larger
amplitude than that of the transverse spectrum when la/lt > 1 for most frequencies.

An angle of attack increase of 6◦ shows a small increase of approximately 1 dB on PWL
spectra of a NACA 0012 aerofoil in anisotropic turbulence with la/lt > 1. In contrast, PWL
spectra present a strong decay rate at high frequencies when la/lt < 1, which is due to the noise
reduction at downstream observer angles above the aerofoil. This phenomenon is attributed
to the shift in the energy of the velocity spectra towards ky → 0 m−1, for which the aerofoil
response is expected to be reduced when AoA 6= 0◦.

Future applications of the current CAA methodology could focus on modelling the anisotropy
in the fan wakes with a synthetic turbulence method, and the interaction of anisotropic turbu-
lence with aerofoil cascades. Fully three-dimensional aerofoils, such as swept or wavy leading
edge aerofoils, interacting with anisotropic turbulence may also be relevant for aerospace appli-
cations.
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Appendix A. Input parameters for anisotropic Gaussian super-
position

In this appendix, representative values of u′0,n, lx,n and ly,n are given for the anisotropic Gaussian
superposition presented in Section 3. These values were found by fitting Ne anisotropic Gaussian
velocity spectra from Eqs. (1) – (3) with the homogeneous axisymmetric spectra in Eqs. (9) and
(10). It should be noted that there is not a unique set of values for u′0,n, lx,n and ly,n that can be
used to reproduce a target anisotropic turbulence spectrum. Nevertheless, the values presented
in this appendix provide an accuracy better than 1.5 dB for frequencies up to fc/U∞ ≤ 12.

Table A.1 presents the parameters for Ne = 4 anisotropic Gaussian spectra to reproduce the
isotropic Liepmann spectrum with u′a = 0.017U∞ and la = lt = 0.008 m. This case corresponds
to the baseline configuration for the study of the effects of anisotropic turbulence on leading
edge noise. Tables A.2 and A.3 present parameters to generate anisotropic turbulence with
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la/lt > 1 using Ne = 5 anisotropic Gaussian spectra. It can be observed that only one length
scale is varied at a time from the baseline configuration for each case of study. Tables A.4 and
A.5 present parameters to generate anisotropic turbulence with la/lt < 1.

Table A.1: Parameters for Gaussian superposition to generate a two-dimensional fluctuating
velocity field with the statistics of isotropic turbulence [18] assuming kz = 0m−1 with u′a/U∞ =
0.017 and la = lt = 0.008m

nth Gaussian eddy lx,n = ly,n [m] u20,n [m2/s2] (M∞ = 0.3) u20,n [m2/s2] (M∞ = 0.6)

1 2.35× 10−2 7.38× 10−4 3.0× 10−3

2 1.3× 10−2 1.77× 10−3 7.0× 10−3

3 7.2× 10−3 7.1× 10−4 2.5× 10−3

4 5.0× 10−3 5.0× 10−4 2.0× 10−3

Table A.2: Parameters for Gaussian superposition to generate a two-dimensional fluctuating
velocity field with the statistics of axisymmetric turbulence [18] assuming kz = 0m−1 with
u′a/U∞ = 0.017, la/lt = 2 and lt = 0.008m

nth Gaussian eddy lx,n [m] ly,n [m] u20,n [m2/s2] (M∞ = 0.3) u20,n [m2/s2] (M∞ = 0.6)

1 4.7× 10−2 2.35× 10−2 3.9× 10−4 1.56× 10−3

2 2.6× 10−2 1.3× 10−2 9.0× 10−4 3.6× 10−3

3 1.42× 10−2 7.2× 10−3 4.2× 10−4 1.68× 10−3

4 8.0× 10−3 4.0× 10−3 7.2× 10−4 7.2× 10−4

5 4.4× 10−3 8.0× 10−3 4.5× 10−6 1.8× 10−5

Table A.3: Parameters for Gaussian superposition to generate a two-dimensional fluctuating
velocity field with the statistics of axisymmetric turbulence [18] assuming kz = 0m−1 with
u′a/U∞ = 0.017, la/lt = 3 and lt = 0.008m

nth Gaussian eddy lx,n [m] ly,n [m] u20,n [m2/s2] (M∞ = 0.3) u20,n [m2/s2] (M∞ = 0.6)

1 7.5× 10−2 2.5× 10−2 1.4× 10−4 6.5× 10−4

2 4.7× 10−2 1.65× 10−2 4.6× 10−4 1.91× 10−3

3 2.8× 10−2 9.5× 10−3 4.1× 10−4 1.45× 10−3

4 1.5× 10−2 5.1× 10−3 2.2× 10−4 8.5× 10−4

5 6.55× 10−3 4.0× 10−3 1.6× 10−5 6.4× 10−5

Appendix B. Analytical flat plate model for leading edge noise
prediction

This appendix presents the main equations of the analytical flat plate model that has been used
in this work. For further details, the reader is referred to the work of Amiet [1,6].

The power spectral density of far-field sound can be written as,

Spp(r0, θ, ω) =
πρ20b

2d sin2 θU∞κ20
2r20A(θ,M∞)4

Φ22(kx, kz = 0) |L(θ, kx)|2 , (B.1)
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Table A.4: Parameters for Gaussian superposition to generate a two-dimensional fluctuating
velocity field with the statistics of axisymmetric turbulence [18] assuming kz = 0m−1 with
u′a/U∞ = 0.017, la/lt = 0.5 and la = 0.008m

nth Gaussian eddy lx,n [m] ly,n [m] u20,n [m2/s2] (M∞ = 0.3) u20,n [m2/s2] (M∞ = 0.6)

1 2.1× 10−2 4.1× 10−2 4.7× 10−3 1.9× 10−2

2 1.05× 10−2 2.1× 10−2 7.8× 10−3 3.0× 10−2

3 4.7× 10−3 9.6× 10−3 2.5× 10−4 1.0× 10−4

4 5.3× 10−3 4.9× 10−3 1.8× 10−4 7.0× 10−4

5 5.0× 10−3 1.3× 10−2 1.0× 10−5 4.0× 10−5

Table A.5: Parameters for Gaussian superposition to generate a two-dimensional fluctuating
velocity field with the statistics of axisymmetric turbulence [18] assuming kz = 0m−1 with
u′a/U∞ = 0.017, la/lt = 0.33 and la = 0.008m

nth Gaussian eddy lx,n [m] ly,n [m] u20,n [m2/s2] (M∞ = 0.3) u20,n [m2/s2] (M∞ = 0.6)

1 2.5× 10−2 7.8× 10−2 4.0× 10−3 1.6× 10−2

2 1.65× 10−2 4.7× 10−2 1.15× 10−2 4.6× 10−2

3 9.5× 10−3 2.8× 10−2 1.2× 10−2 4.8× 10−2

4 5.1× 10−3 1.5× 10−2 6.0× 10−3 2.4× 10−2

5 4.0× 10−3 6.55× 10−3 4.8× 10−4 1.9× 10−3

where κ0 = ω/c∞, is the acoustic wavenumber, ω = 2πf is the angular frequency, b = c/2

is the aerofoil semi-chord.
The non-dimensional unsteady loading term, L(θ, kx), is given at low acoustic reduced fre-

quencies, µa = kxM∞b/β2 < π/4, by [53]

Llow(θ, kx) =
1

β
S(µh) exp[iµhf(M∞)]

{
J0

(
µaM∞ cos θ

A(θ,M∞)

)
− iJ1

(
µaM∞ cos θ

A(θ,M∞)

)}
, (B.2)

where J0 and J1 are Bessel functions of the first kind, µh = kxb/β
2 is the hydrodynamic

reduced frequency, f(M∞) = (1− β) ln(M∞) + β ln(1 + β)− ln(2) is a phase correction factor,
and S(µh) represents the Sears function, which is defined by means of the Hankel functions of
the second kind (H(2)

0 and H
(2)
1 ),

S(µh) =
2

πµh

[
H

(2)
0 (µh)− iH

(2)
1 (µh)

] . (B.3)

At high acoustic reduced frequencies, µa > π/4, the non-dimensional unsteady loading term
L(θ, kx) is split into two contributions [54].

Lhigh(θ, kx) = L1(θ, kx) + L2(θ, kx) , (B.4)

where L1(θ, kx) corresponds to the main leading edge scattering half-plane problem,
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L1(θ, kx) =

√
2E∗

f (2Θ1) exp(iΘ2)

πβ
√

µh(1 +M∞)Θ1

, (B.5)

which is corrected by the solution of the back scattering trailing edge problem,

L2(θ, kx) =

exp(iΘ2)

{
i
(
1− exp(−i2Θ1)

)
+ (1− i)

[
E∗

f (4µa)−
√

2
1+cos θ/A(θ,M∞)E

∗
f (2Θ3) exp(−i2Θ1)

]}
πΘ1β

√
2πµh(1 +M∞)

.

(B.6)

In Eqs. (B.5) and (B.6), the following terms have been introduced to simplify the notation

Θ1 = µa

(
1− cos θ

A(θ,M∞)

)
,

Θ2 = µa

(
M∞ − cos θ

A(θ,M∞)

)
− π

4
,

Θ3 = µa

(
1 +

cos θ

A(θ,M∞)

)
, (B.7)

and E∗
f represents the conjugate of the Fresnel integral, which is defined as

E∗
f (Θ) =

1√
2π

∫ Θ

0

exp(−iξ)√
ξ

dξ. (B.8)
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