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 a b s t r a c t

Strategic placement of alternative-fuel refuelling stations is a critical challenge for energy and transportation 
planners, who must navigate conflicting objectives, such as minimising capital costs and maximising service 
coverage. This paper presents a decision support system for the bi-objective Flow Refuelling Location Problem 
(FRLP) built upon the Sub-path Flow Refuelling Location Model (SPFRLM). This formulation distinguishes itself 
by enabling continuous facility siting along edges, managed through a dynamic separation procedure for sub-path 
constraints. To generate solutions efficiently, the system incorporates the Smoothest Descent Algorithm (SDA), 
a bi-objective method that approximates the Pareto front by dynamically switching between minimization and 
maximization strategies. The SDA relies on a Two-Phase Hybrid (TPH) algorithm that integrates Cut-and-Solve 
and Branch-and-Cut to solve the underlying sub-problems. We validate the system on a newly introduced library 
of 26 real-world test instances. The results demonstrate that the proposed approach captures approximately 97%
of the optimal hyper-volume while requiring less than 10% of the computational time of exact methods. These 
findings confirm that the system is a powerful tool for stakeholders, providing rapid and accurate guidance for 
the strategic deployment of future energy infrastructure.

1.  Introduction

The remarkable growth of alternative fuel vehicles (AFVs) in recent 
years has created an urgent need for expanded refuelling station (RS) in-
frastructure. While electric and hydrogen-fueled vehicles offer a promis-
ing pathway to decarbonize road transport and reduce dependence on 
fossil fuels (Anjos et al., 2020), their widespread adoption hinges criti-
cally on the availability of convenient refuelling options. Consequently, 
the strategic placement of this infrastructure has emerged as a critical 
management challenge for government and industry stakeholders, with 
the lack of stations identified as a primary barrier to market penetration 
(Yildiz et al., 2016).

Formally known as the Flow Refuelling Location Problem (FRLP), 
the problem of locating these facilities is not merely a logistical puzzle 
but a complex decision-making process involving significant economic 
risk. For instance, strategically placed stations—situated in high-density 
areas or along major highways—can accelerate adoption by enhancing 
convenience. Conversely, poorly sited facilities represent a waste of cap-
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ital and can actively discourage potential buyers (Zhang et al., 2019). 
Navigating this complexity requires intelligent systems capable of pro-
viding expert guidance to address the following key challenges:

• Data Scarcity: In many regions, detailed data on travel patterns and 
demand for AFV refuelling is unavailable. Effective systems must 
therefore derive robust insights from limited, publicly accessible 
datasets.

• Competing Objectives: Decision-makers face a classic conflict be-
tween minimizing high capital investments and maximizing ser-
vice coverage. Balancing these trade-offs is essential for sustainable 
project management.

• Computational Complexity: The sheer scale of real-world road net-
works precludes manual planning. Expert systems must leverage 
powerful algorithms to search the vast solution space efficiently.
This paper explicitly addresses the challenges of limited data avail-

ability and financial constraints. To overcome data scarcity, our ap-
proach relies on minimal inputs: a road network topology and an
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$C$


$|s|$


$R$


$RSs$


$x$


$a$


$y$


$b$


\begin {align}\sum _{ a \in A^{od}_{i}} \chi ^{s}_{a} = 2 \gamma ^{s}_{i} && \forall i \in N^{ab} \setminus \{a,b\} \label {eqB4} \\ \sum _{ a \in A^{od}_{i}} \chi ^{s}_{a} = 1 && \forall i \in \{a,b\} \label {eqB5} \\ \sum _{\overline {ij} \in A, \, i,j \in T, \, i \neq j} \chi ^{s}_{\overline {ij}} \leq \Psi (T) - 1 && \forall T \subseteq N^{ab}, \Psi (T) \geq 3 \label {eqB6}\end {align}


$G^{ab}$


$G^{ab} = \{ N^{ab},A^{ab} \} \subseteq G$


$N^{ab} := \{h | h \in N, \ D^{\min }_{ah} + D^{\min }_{hb} \leq D^{\max }_{od} \}$


$A^{od} := \{ (i,j) | (i,j) \in A, \ i,j \in N^{od} \} \setminus \{ \overline {a} | C_{\overline {a}}>0 \}$


$K^{ab}_i$


$K^{ab}_i = 1$


$i=a$


$i=b$


$0$


$|\overline {a}|$


$\overline {a}$


$\chi ^{s}_{\overline {a}} = 1$


$\overline {a}$


$s = \{ \overline {a} | \chi ^{s}_{\overline {a}} = 1 \}$


$a$


$b$


$\gamma ^{s}_{i} = 1$


$i$


$s$


\begin {align}D^{min}_{oe} + |\overline {ea}| + \sum _{\overline {a} \in A^{ab}} |\overline {a}|\chi ^{s}_{\overline {a}} +|\overline {bj}| + D^{min}_{jd} & \leq D^{max}_{od} & \label {eqB7} \\ \sum _{\overline {a} \in A^{ab}} |\overline {a}|\chi ^{s}_{\overline {a}} + |\overline {\overline {ea}_1a}| + |\overline {b\overline {bf}_{1}}| & > R & \label {eqB8} \\ \sum _{\overline {a} \in A^{ab}} |\overline {a}|\chi ^{s}_{\overline {a}} & \leq R & \label {eqB9}\end {align}


\begin {align}\chi ^{s}_{\overline {a}}, \in \{0,1\} & \forall \overline {a} \in A^{ab} \label {eqB10} \\ \gamma ^{s}_{i} \in \{0,1\} & \forall i \in N^{ab} \label {eqB11}\end {align}


$s = \{ (\overline {a} | \chi ^{s}_{a} = 1 \}$


$a$


$b$


$(e,a)$


$(b,f)$


$o$


$d$


$\pi _{jp} = D^{\min }_{oe}+|\overline {ea}|+|s|+|\overline {bf}|l_{\overline {bf}_{1}}$


$\pi _{ip} = D^{\min }_{oe}+|\overline {ea}|l_{\overline {ea}_1}$


$D^{\min }_{ab}$


$|s|$


$G^{ab}$


$|\overline {xa}|=min(R,|\overline {ia}|)$


$|\overline {by}|=min(R,|\overline {bj}|)$


$G^{ab}$


$|\overline {xa}|$


$|\overline {by}|$
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estimated Origin-Destination (OD) matrix. Both can be sourced from 
public repositories or derived using population-based gravitational mod-
els (Hodgson, 1990a). To address conflicting objectives, we present bi-
objective optimal curves that quantify the trade-offs between coverage 
and installation costs. These visualizations provide decision-makers with 
the clear insights needed to balance service levels against investment 
limits.

This study advances the literature on the Flow Refuelling Location 
Problem (FRLP) through contributions in three primary areas: mathe-
matical modeling, solution algorithms, and experimental validation.

First, regarding modeling, we propose the Sub-path Flow Refuelling 
Location Model (SPFRLM). Unlike traditional formulations that often 
restrict facilities to discrete nodes or require network expansion (Capar 
and Kuby, 2012; Capar et al., 2013; Kuby and Lim, 2005; MirHassani 
and Ebrazi, 2013; Wang and Lin, 2009; Yildiz et al., 2016), our approach 
enables continuous siting along edges. This is achieved through a set 
of sub-path constraints that ensure valid refuelling intervals along any 
candidate path. To address the combinatorial magnitude of these con-
straints, we introduce a separation process that validates solution feasi-
bility and generates cuts dynamically without requiring full constraint 
enumeration.

Second, in the algorithmic aspect, we develop the Smoothest De-
scent Algorithm (SDA), a bi-objective method that efficiently approxi-
mates the Pareto front. The novelty of the SDA lies in its timeline struc-
ture and switching-trigger logic, which dynamically alternates between 
minimizing capital costs and maximizing coverage depending on the 
density of the solution space. This is complemented by a Two-Phase Hy-
brid (TPH) cover algorithm, which integrates the dual-bound efficiency 
of Cut-and-Solve with the primal precision of Branch-and-Cut to solve 
each underlying 𝜖-constrained sub-problem effectively.

Third, regarding the experimental component, we introduce a new 
library of 26 large-scale, real-world instances derived from the Brazilian 
national road network. These instances significantly exceed the scale of 
many common benchmarks found in the FRLP literature and are made 
publicly available to foster reproducibility and future benchmarking. 
Through these experiments, we present a rigorous bi-objective analysis, 
demonstrating that the proposed system can capture the vast majority 
of the optimal Pareto curve performance-cost trade-off while requiring 
only a fraction of the computational time of an exact method.

This paper is organized as follows. Section 2 reviews the related 
literature. Section 3 formally defines the problem and the proposed 
mathematical model. Section 4 presents the solution methods with the 
SDA, formulation solution methods, and separation procedure. Section 5 
follows the computational results and the accompanying discussion in
Section 6. So, we conclude the study in Section 7. 

2.  Literature review

The Flow Refuelling Location Problem (FRLP) is a distinct category 
within the broader family of facility location problems (FLP), which 
boasts extensive literature (Church and Drezner, 2022; Farahani et al., 
2019; Melo et al., 2009). Given the specificity and importance of refu-
elling infrastructure, a specialized body of work has emerged focusing 
on flow-capturing objectives (Kchaou-Boujelben, 2021).

The FRLP is a problem within a broader family of AFV refuelling sta-
tion location problems. Although similar to this work, multiple authors 
have presented solutions from a decision-making perspective, mostly 
using the same input data. Most models for solving it are adapted from 
the flow-capturing location model, proposed by Hodgson (1990b), to 
alternative-fuel refuelling stations, given the limited vehicle range, and 
are referred to as the flow refuelling location model (FRLM). Starting 
with Kuby and Lim (2005), with pre-calculation of refuelling station 
combinations, Kuby and Lim (2007) studied multiple algorithms for the 
dispersion of candidate sites on arcs, and Wang and Lin (2009) added 
binary variables for fuel depletion simulation.

Later, Kuby et al. (2009) expanded the Kuby and Lim (2005) formu-
lation to more cases and presented heuristics at Lim and Kuby (2010) to 
solve larger instances. The same formulation was extended in Kim and 
Kuby (2012) to yield flow deviation paths per OD trip, referred to as 
the deviation-flow refuelling location model (DFRLM), which provides 
more granular flow coverage per path but requires path enumeration. 
This work was extended in Kim and Kuby (2013), which introduced net-
work transformation heuristics that significantly improved the ability to 
solve larger instances.

Followed up by Capar and Kuby (2012) and Capar et al. (2013), 
which proposed more efficient formulations that did not require refu-
elling station combination calculations per path. MirHassani and Ebrazi 
(2013) presented an FRLM that ensures complete coverage by adding ar-
tificial nodes and edges to create an extended network. This formulation 
was generalized by Chung and Kwon (2015) by adding multiple periods, 
and Arslan and Karaşan (2016) adapted it to hybrid vehicles and multi-
ple vehicle ranges, presenting a series of valid inequalities and showing 
that it is more efficient than previous FRLMs. The location with flow 
deviations was also addressed in Yildiz et al. (2016), which presented 
three new formulations that improved prior models. The most efficient 
one, called PS, is based on column generation and solved with a branch-
and-price algorithm. Lee and Han (2017) proposed a model to solve the 
problem with uncertainties and a Benders and Price method to obtain 
better solutions than the other two models, and use a commercial solver.

More recently, Arslan et al. (2019) proposed a q-node-cuts-based 
model (QNC-FRLM) with multiple branch-and-cut algorithms; their 
best branch-and-cut algorithm significantly outperformed prior solution 
methods. Göpfert and Bock (2019) introduced another cut-based formu-
lation, inspired by the duality between max flow and min cut, for vehi-
cles with limited driving ranges, and a branch-and-cut approach that, for 
the first time, enables the efficient solution of some large-scale instances 
to optimality. Finally, Kinay et al. (2021) presented a full-cover mod-
elling framework for locating fast-charging stations for battery-electric 
vehicles, ensuring that all origin-destination trips are covered while op-
timizing routes and minimizing recharging needs. It proposed two model 
variants and significantly outperforms previous full-cover approaches.

Despite these advancements, a gap remains in the effective handling 
of continuous location decisions in large-scale networks without exces-
sive preprocessing or network expansion. Most existing approaches rely 
on node-based restrictions or simplified assumptions about deviation 
that may not capture the granular reality of long-distance travel. The fol-
lowing section defines the specific problem environment and premises 
adopted in this study to address these limitations.

Other studies consider specific data and problem characteristics to 
locate electric RSs. Yang et al. (2017) presented a model that uses GPS 
data collected from the city’s taxi fleet of Changsha, means of regres-
sion, and logarithmic transformations. Anjos et al. (2020) solved the 
problem in a multi-step deployment scenario using a rolling-horizon-
based heuristic that obtained better solutions than the MIP solver. And 
there are also approaches that prioritize deploying RSs along designated 
corridors to better serve high-demand areas (Chen et al., 2016; Erdoğan 
et al., 2022).

Regarding the location of hydrogen RSs, Greene et al. (2020) re-
viewed the challenges of designing, planning, and deploying hydrogen 
refuelling infrastructure, and the life-cycle environmental effects of hy-
drogen vehicles, depending on how hydrogen is produced and delivered 
to refuelling stations. Kim et al. (2020) proposed a three-step approach, 
with one model per step, to develop a strategic deployment plan over 18 
years for the South Korean case. Their approach accounts for demand 
estimates, each RS’s capacity, and sequential deployment. Finally, Seo 
et al. (2020) studied the construction of a hydrogen supply chain model 
using a centralized storage system to efficiently supply the RSs in the 
South Korean case.

Among studies that located RSs with zone centroids for specific cities 
or metropolitan zones, we have Liu (2012) that used the city of Beijing as 
a case study, proposed an assignment model to locate the RSs, simulated 
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the impact of the new RSs on the current power grid, and studied bat-
tery swap strategies. Chen et al. (2013) assigned RSs to park spots with a 
model with site accessibility, average parking time and costs, local jobs, 
population densities, trip attributes, travel surveys, and several other 
data from Seattle. Dong et al. (2014) proposed an activity-based assess-
ment model, power grid impacts, heterogeneous RSs with their costs 
and capacities, and GPS-based travel survey data collected in the Seat-
tle metropolitan area to justify the infrastructure investment. Tu et al. 
(2016) presented a spatial-temporal demand coverage approach with 
massive GPS data from Shenzhen and analyzes the trade-off between 
minimizing RSs queues and the cost of RSs installed. A continuum-
approximation model was proposed, and its deployment was simulated 
in Li et al. (2016). Zhu et al. (2016) proposed a region-based model for 
electric RSs and a genetic algorithm, and studies the deployment im-
pacts in Beijing. More recently, Kınay et al. (2023) presented a stochas-
tic model for capacitated charging stations using bi-level optimization, 
where the network planner or leader minimizes the total infrastructure 
cost while ensuring a probabilistic service requirement on the waiting 
time to charge.

Beyond the location-specific and methodological studies discussed 
above, the landscape of alternative fuel infrastructure is well doc-
umented in several comprehensive surveys. For more literature on 
hydrogen-fueled vehicles, we refer the reader to Lin et al. (2020). Sim-
ilarly, studies for electric vehicle charging networks are thoroughly 
reviewed by Zhang et al. (2019), Majhi et al. (2021), and Kchaou-
Boujelben (2021).

3.  Problem definition and modelling

The Flow Refuelling Location Problem (FRLP) is defined as the op-
timization challenge of siting refuelling facilities to intercept vehicles 
traveling between Origin-Destination (OD) pairs, thereby maximizing 
total flow coverage (Arslan and Karaşan, 2016; Kim and Kuby, 2012; 
Yildiz et al., 2016). Addressing the FRLP is crucial, as the strategic 
availability of Refuelling Stations (RSs) is a primary determinant of 
widespread AFV adoption. Site selection must account for critical factors 
such as accessibility, proximity to demand centers, and the availability 
of power or hydrogen infrastructure (Lin et al., 2020; Majhi et al., 2021). 
To address these requirements, we present a formulation grounded in 
three key operational premises:

• Boundary Charging: We assume every origin and destination is 
equipped with charging capabilities. Consequently, all vehicles de-
part fully charged, and a trip is considered feasible if the vehicle can 
reach its destination or an intermediate RS before depletion. Accord-
ingly, all RSs must be spaced at intervals no greater than the vehicle’s 
range.

• Bidirectional Service: RSs are assumed to serve traffic in both direc-
tions of a road segment, implying a network model with undirected 
edges.

• Path Deviation: Drivers do not always choose the absolute shortest 
path; they may prefer routes offering better scenery, road quality, or 
lower tolls. To capture this behavior, our model considers all “de-
viation paths” within a specified threshold of the shortest route as 
potential trajectories for an OD pair.

A critical distinction of our work lies in how we treat these devi-
ation paths. Most existing literature assumes that an OD pair is cov-
ered if at least one valid path is traversable. This “single-path” assump-
tion implicitly requires drivers to identify and select the specific route 
with infrastructure, sacrificing convenience for lower initial investment 
costs. In contrast, our framework adopts a robust coverage criterion: 
an OD pair is considered covered only if all candidate paths within the 
deviation threshold are covered. This approach prioritizes driver con-
venience, ensuring that users can select any reasonable route without 
“range anxiety” or the need for strict route planning. While this may 

require a higher investment and is suitable for mature or well-funded 
deployments, it significantly enhances the network’s robustness.

Formally, we define a candidate path as any path between an OD 
pair whose length does not exceed the minimum path length by more 
than a specified tolerance. A candidate path is considered covered if ev-
ery segment (or sub-path) exceeding the vehicle’s range contains at least 
one RS. Our objective is to simultaneously maximize the number of cov-
ered trips (coverage) and minimize the required number of RSs (cost), 
providing decision-makers with a comprehensive view of the trade-offs 
involved.

Fig. 1 illustrates a small road network with five OD nodes (𝑎, 𝑏, 𝑐, 𝑑, 𝑒) 
with a Trip Table. To better understand this description of candidate 
paths and sub-paths, consider a maximum deviation of 20% more than 
the shortest path and a range of 30 for the AFVs. For example, OD pair 
𝑑𝑏 (or 𝑏𝑑) has a shortest distance of 65, with path 𝑑𝑘𝑗𝑏, leading to a max-
imum deviated path between 𝑑 and 𝑏 of distance 78. Therefore, candi-
date path 𝑑𝑘𝑓𝑖𝑗𝑏 has a length of 76 (10 + 15 + 6 + 20 + 25), and it is one 
of the sub-paths that needs to be covered to cover 𝑑𝑏. Fig. 2 illustrates 
this path with the proportional distances of each edge. If an AFV uses 
this path, it must refuel twice to complete it. Consequently, RSs must 
be located along this path to ensure coverage. However, if both are lo-
cated between 𝑑 and 𝑘, it would leave portions of the path with lengths 
greater than 30 without any RS. Thus, the condition to cover paths only 
is too weak to solve the FRLP. Therefore, we must cover all sub-paths 
with lengths greater than 30, such as 𝑘𝑓𝑖𝑗 (41) requires at least one RS, 
𝑖𝑗𝑏 (45) one, and 𝑘𝑓𝑖𝑗𝑏 (66) two RSs. A possible solution to cover this 
candidate path is to locate one RS in each edge 𝑓𝑖 and 𝑗𝑏.

Here, we introduce a new mathematical model, the Sub-path Flow 
Refuelling Location Model (SPFRLM), to solve the FRLP as a bi-objective 
problem, aiming to maximize coverage (total number of trips) and min-
imize costs (total number of RSs). An optimal bi-objective curve be-
tween cost and coverage clearly shows the trade-offs between the objec-
tives, inflexion points, and zones of opportunity a given network may 
have, helping a decision-maker make more informed decisions. We also 
present the Smoothest Descent Algorithm (SDA), an 𝜖-constraint-based 
algorithm to solve this model. For each 𝜖-constrained case, we propose 
and evaluate multiple solution methods as an Enumerated Cover (EC), 
a Branch-and-cut (B&C), a Cut-and-solve (C&S), and a hybrid approach 
called Two-Phase Hybrid (TPH). The SPFRLM is easy to adapt to solve 
different variants of the FRLP.

3.1.  Mathematical model

Let 𝐺 = (𝑁,𝐴) be a road network, where 𝐴 is the set of bi-directional 
roads, and 𝑁 = 𝑇

⋃

𝐼 is the set of nodes. Set 𝑇  represents OD nodes, and 
set 𝐼 indicates all network intersections. Set 𝑊 = {(𝑜, 𝑑) | 𝑜, 𝑑 ∈ 𝑇 , 𝑜 ≠
𝑑} is the set of OD pairs. For each 𝑤 = (𝑜, 𝑑) ∈ 𝑊 , 𝑡𝑤 is the number of 
trips for 𝑤, set 𝑃𝑤 denotes all candidate paths between origin 𝑜 and des-
tination 𝑑 shorter than 𝐷max

𝑤 ∶= 𝛿 ×𝐷min
𝑤 , with 𝐷min

𝑤  being the shortest 
distance from 𝑜 to 𝑑, and 𝛿 a proportion constant. Each candidate path 𝑝
has a set of sub-paths 𝑝 containing all sub-paths longer than 𝑅, which 
is the vehicle’s range. Formally, to cover any path or sub-path 𝑠, given 
that |𝑠| is the total length of 𝑠, the condition to cover 𝑠 is to have at least 
𝐾𝑠 RSs located in 𝑠. Considering every trip starts with a fully charged 
vehicle, in this paper, 𝐾𝑠 is calculated as 

⌊

|𝑠|−𝜖
𝑅

⌋

. Table 1 guides the 
reader with this notation with definitions, sets, attributes, parameters, 
and model variables.

Applying this notation to Fig. 1, this small road network is composed 
of |𝐴| = 23 edges, |𝑁| = 17 nodes, with 𝑇 = {𝑎, 𝑏, 𝑐, 𝑑, 𝑒} as the OD nodes, 
and the remaining |𝐼| = 12 are the intersection nodes. The OD pairs are 
𝑊 = {(𝑎, 𝑏), (𝑎, 𝑐), (𝑎, 𝑑), (𝑎, 𝑒), (𝑏, 𝑐), (𝑏, 𝑑), (𝑏, 𝑒), (𝑐, 𝑑), (𝑐, 𝑒), (𝑑, 𝑒)}, and 
there are several paths connecting them.

For example, looking at the OD pair (𝑎, 𝑑) and let 𝛿 = 1.2, 𝐷min
𝑎𝑑 = 50

(from path 𝑎𝑓𝑑), 𝑅 = 30, paths 𝑎𝑓𝑑 (50) and 𝑎𝑓𝑘𝑑 (55) connect origin 
𝑎 to destination 𝑑 belong to set 𝑃𝑎𝑑 , but 𝑎𝑙𝑞𝑑 does not as |𝑎𝑙𝑞𝑑| = 120, 
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Fig. 1. Example of a road network with five OD nodes, 12 connectors, and an expected number of trips between OD pairs.

Fig. 2. Path coverage example.

Table 1 
Notations.

 Definitions
 Edge  Sorted pair of connected nodes with a length
 Sub-path  Sorted set of connected nodes or edges
 Path  Sub-path whose first and last edge contains OD nodes
|𝑠|  Total length of sub-path or segment 𝑠
𝑎𝑏𝑐  Connected segment from node 𝑎 to 𝑏 and 𝑐
 Sets
𝐺  Network Graph
𝑁  Nodes
𝐴  Edges
𝑇  OD nodes
𝐼  Intersection nodes
𝑊  OD pairs
𝑆  Sub-paths
𝐿  Continuous locations
𝑃𝑤  Candidate paths for pair 𝑤
𝑆𝑤  Sub-paths to cover pair 𝑤
𝑊𝑆  OD pairs from the sub-paths of 𝑆
𝐴𝑆  Edges from the sub-paths of 𝑆
 Attributes
𝑡𝑤  Amount of trips for pair 𝑤
Γ  Total amount of trips
𝐷max

𝑤  Maximum distance a trip for pair 𝑤 is likely to take
𝐷min

𝑤  Minimum distance trip for OD pair 𝑤
𝐾𝑠  Amount of RSs necessary to cover sub-path 𝑠
𝐾𝐴′𝑊 ′  Amount of RSs on 𝐴′ necessary to cover 𝑊 ′

𝐶min  Minimum amount of RSs to cover all trips
|𝑃𝑆|  Number of calculated Pareto solutions
 Parameters
𝜖  Smallest positive number
𝛿  Maximum distance threshold
𝑅  AFV range
𝑡𝑙1  Time limit per Pareto point
𝑡𝑙2  Time limit per Cut & Solve step
 Model Variables
𝑥𝑎  Number of refuel stations on edge 𝑎
𝑦𝑤  1 if OD pair 𝑤 is covered, 0 otherwise

that is greater than 𝐷max
𝑎𝑑 = 1.2 ⋅ 50 = 60. Moreover, set 𝑆𝑎𝑑 contains 𝑎𝑓𝑑

and 𝑎𝑓𝑘 (from path 𝑎𝑓𝑘𝑑), but none on 𝑎𝑓 , 𝑓𝑑 and 𝑘𝑑 since they are 
smaller or equal than the range 𝑅.

For the decision variables, 𝑥𝑎 ∈ ℤ+ is an integer variable indicating 
how many RSs should be located on edge 𝑎 (𝑥𝑎 ≥ 1) or not (𝑥𝑎 = 0), 
and 𝑦𝑤 ∈ {0, 1} is a binary variable that indicates if OD pair 𝑤 was cov-
ered (𝑦𝑤 = 1) or not (𝑦𝑤 = 0). In this paper, we propose a bi-objective 
model called the Sub-path Flow Refuelling Location Model (SPFRLM). 
The objective function (1) minimizes the number of RSs, and the objec-
tive function (2) maximizes the number of covered trips. Constraints (3) 
ensure that any sub-path if covered, has at least 𝐾𝑠 =

⌊

|𝑠|−𝜖
𝑅

⌋

 RSs.Con-
straints (4) ensure that any set of edges 𝐴′ and set of OD pairs 𝑊 ′, if 
covered, requires at least 𝐾𝐴′𝑊 ′  RSs. Finally, Constraints (5) - (6) define 
the domain of the decision variables.
Minimize 𝑧1 =

∑

𝑎∈𝐴
𝑥𝑎 (1)

Maximize 𝑧2 =
∑

𝑤∈𝑊
𝑡𝑤𝑦𝑤 (2)

Subject to:
∑

𝑎∈𝑠
𝑥𝑎 ≥ 𝐾𝑠𝑦𝑤 ∀𝑠 ∈ 𝑆𝑤, 𝑤 ∈ 𝑊 (3)

∑

𝑎∈𝐴′
𝑥𝑎 ≥ 𝐾𝐴′𝑊 ′ (

∑

𝑤∈𝑊 ′
𝑦𝑤 − |𝑊 ′

| + 1) ∀𝐴′ ⊂ 𝐴,𝑊 ′ ⊂ 𝑊 (4)

𝑥𝑎 ∈ ℤ+ ∀𝑎 ∈ 𝐴 (5)

𝑦𝑤 ∈ {0, 1} ∀𝑤 ∈ 𝑊 . (6)

Additionally, Constraints (7) and (8) are used alternatively in con-
junction with the opposing objective for the proposed 𝜖-constraint 
method, where 𝛼 is a positive integer that limits the number of RSs, usu-
ally described as a budget, 𝛽 ∈ [0, 1] states the minimal coverage level, 
and Γ ∶=

∑

𝑤∈𝑊 𝑡𝑤 is a constant to normalize 𝛽.
1
Γ
𝑧2 ≥ 𝛽 (7)

𝑧1 ≤ 𝛼 (8)

One attribute of the SPFRLM (1) - (6) is the number of constraints (3) 
(sub-paths) that grow very fast depending on instance sizes, such as this 
drove our approaches to solve the problem, as detailed in the following 
subsection.

3.2.  Constraints

Constraints (3) are our main set of constraints that can be naturally 
read. For example, taking the road network from Fig. 1 and the pair 
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Fig. 3. Multi-Path location conflict example.

𝑤 = (𝑏, 𝑑), the shortest path is 𝑏𝑗𝑘𝑑 (65). Considering 𝛿 = 1.1 and 𝑅 =
30, we have four candidate paths (𝑃𝑤 = {𝑏𝑗𝑘𝑑, 𝑏𝑗𝑚𝑘𝑑, 𝑏𝑗𝑖𝑓𝑑, 𝑏ℎ𝑖𝑓𝑑}), 
with distances equal to 65, 70, 71, and 71, respectively. All other paths 
exceed the maximum distance threshold 𝐷max

𝑏𝑑 = 𝛿𝑅 = 71.5. Therefore, 
these candidate paths require at least 𝐾𝑝 =

⌊

65
30

⌋

=
⌊

71
30

⌋

=
⌊

71
30

⌋

= 2 RSs 
if OD pair (𝑏, 𝑑) is covered. Considering just 𝑝 = 𝑏ℎ𝑖𝑓𝑑, the sub-paths 
longer than 𝑅 and shorter than 𝐷max

𝑏𝑑  are {𝑏ℎ𝑖, 𝑏ℎ𝑖𝑓 , 𝑏ℎ𝑖𝑓𝑑, ℎ𝑖𝑓𝑑} with 
their respective lengths 45, 51, 71 and 60, more over, each respective 
𝐾𝑠 is 

⌊

45
30

⌋

= 1, 
⌊

51
30

⌋

= 1, 
⌊

71
30

⌋

= 2 and 
⌊

60−𝜖
30

⌋

= 1. Hence the respective 
constraints (3) for pair 𝑤 = (𝑏, 𝑑) and path 𝑝 = 𝑏ℎ𝑖𝑓𝑑 are: 
𝑥𝑏ℎ + 𝑥ℎ𝑖 ≥ 𝑦𝑏𝑑
𝑥𝑏ℎ + 𝑥ℎ𝑖 + 𝑥𝑖𝑓 ≥ 𝑦𝑏𝑑

𝑥𝑏ℎ + 𝑥ℎ𝑖 + 𝑥𝑖𝑓 + 𝑥𝑓𝑑 ≥ 2𝑦𝑏𝑑

𝑥ℎ𝑖 + 𝑥𝑖𝑓 + 𝑥𝑓𝑑 ≥ 𝑦𝑏𝑑
The constraints on the other candidate paths are generated in the 

same manner. While constraints (3) ensure the coverage for individual 
sub-paths to cover multiple sub-paths, constraints (4) are required to 
ensure a continuous location. Constraints (4) can be read similarly to 
constraints (3): the sum of the selected RSs in 𝐴′ must be greater than 
𝐾𝐴′𝑊 ′  if all OD pairs from 𝑊 ′ are covered. Constraints (4) must be 
dealt with care given two important points: 𝑖) the total amount grows 
very quickly, and 𝑖𝑖) it may not ever be necessary, given the network 
topology.

Fig. 3 illustrates its occurrences. Considering 𝑅 = 30, 𝑇 = {𝑎, 𝑏, 𝑐, 𝑑}
and we only wish to cover the pairs (𝑎, 𝑏) and (𝑐, 𝑑) (i.e. 𝑦𝑎𝑏 = 𝑦𝑐𝑑 = 1
and 𝑦𝑎𝑐 = 𝑦𝑎𝑑 = 𝑦𝑏𝑐 = 𝑦𝑏𝑑 = 0). Following the reasoning in the previous 
paragraph, we have only two valid sub-paths: 𝑎𝑒𝑓𝑏 and 𝑐𝑒𝑓𝑑. Each one 
only requires one RS, and the only edge in common is 𝑒𝑓 ; naturally, the 
optimal solution that minimizes the budget spent is to locate one RS in 
𝑒𝑓 satisfying all constraints (3).

However, there is no point in 𝑒𝑓 that installing one RS generates 
a spacing shorter than 𝑅 between the travels for (𝑎, 𝑏) and (𝑐, 𝑑) (Sec-
tion 4.3.2). In order to generate the appropriate constraint (4), given 
the graph 𝐺 and a current cover 𝐶 = {𝑒𝑓}, the algorithm called Network 
Compression (A) has as output the needed sets (𝑊 ′ = {(𝑎, 𝑏), (𝑐, 𝑑)} and 
𝐴′ = {𝑐𝑒, 𝑒𝑓 , 𝑓𝑏}) and the constant 𝐾𝐴′𝑊 ′ = 2. Then, we can now affirm 
that for ODs 𝑊 ′ = {(𝑎, 𝑏), (𝑐, 𝑑)} to be covered, edges 𝐴′ = {𝑐𝑒, 𝑒𝑓 , 𝑓𝑏}
require at least 𝐾𝐴′𝑊 ′ = 2 RSs, leading to the corresponding constraint
(4): 
𝑥𝑐𝑒 + 𝑥𝑒𝑓 + 𝑥𝑓𝑏 ≥ 2(𝑦𝑎𝑏 + 𝑦𝑐𝑑 − 1)

To exemplify a case of point (𝑖𝑖), if edge 𝑒𝑓 is split in the middle in 
𝑒𝑥 and 𝑥𝑓 , the new solution that covers all sub-paths is one RS on 𝑒𝑥
and another on 𝑥𝑓 , generating a feasible continuous location. Thus, no 
constraint (4) would need to be added to the formulation. We address 
points (𝑖) and (𝑖𝑖) by considering only those continuous locations that 
do not violate any constraints specified in (3).

3.3.  Model adaptations

Our model can be adapted to replicate previous models’ results. The 
first and most common occurrence in other literature is the RS location 

on nodes, and the second is the split flow per OD, to change the trip 
coverage per OD to per path once we have multiple paths per OD pair. 
The third is the different initial or final AFV charge states. Most of the 
literature so far locates the RSs under the premise that an AFV leaves 
the origin with half of its total charge and must reach the destination 
with at least 50% charge. These are simple modifications as stated:

• Location on Nodes: Only additional variables are required for this 
adaptation, one binary variable for each node in the network, indi-
cating if an RS is located in such a node or not. The sum of all new 
variables is added to 𝑧1, since 𝑧1 represents the total number of RSs 
located. Analogously, each Constraint (3) has the left side added one 
node variable to each node on sub-path 𝑠, excluding the origin and 
destination ones, and to locate on nodes of carnality equals 2 would 
be unnecessary;

• Flow captured by a single covered path: Some authors, when 
dealing with deviation paths, consider an OD coverage rule. Since 
the driver is aware of the refuel stations ahead, it is only neces-
sary to cover one path to capture the OD path flow. Our model 
can be adapted to this premise by adding a variable for each path 
indicating whether it is covered, and a constraint for each OD 
pair that ensures the corresponding OD is covered if any path is 
covered. And another sub-path violation procedure needs to be
written.

• Split Flow: The same changes applied at Kim and Kuby (2012) are 
applicable with the same logic, moving from covering a flow (trips) 
per OD to a flow per path, this requires a 𝑦 variable per path and 
that all paths are enumerated;

• Different initial or final charge states: Many papers in literature 
have 50% of charge as an initial and final condition; this is the same 
approach as ours with half of the range. Initial or final charge con-
ditions would only change the 𝐾𝑠 calculation rules during the sub-
problem (4.3). Using the 50% initial and final condition as an exam-
ple, all sub-paths containing the origin or destination would have a 
𝐾𝑠 equal to 

⌊

|𝑠|+𝑅∕2−𝜖
𝑅

⌋

.
• Known routes: If the decision maker already has fixed routes be-
tween the ODs, one or many, there is only a need to change the sub-
problem (4.3). With known paths, separating any violated sub-paths 
with a simple quadratic algorithm per path is possible.

• Non-installable segments: It is expected for any real road network 
to have multiple road segments not available for RS installation. For 
example, any edge 𝑎𝑏 of length 1, if the segment between 0.3 and 
0.5 is not available, 𝑎𝑏 must be split into 3 segments, 𝑎𝑥 with length 
0.3, 𝑥𝑦 with length 0.2 and 𝑦𝑏 with length 0.5 and a corresponding 
constraint of the forbidden segment 𝑥𝑦 must be added to the model 
𝑥𝑥𝑦 = 0.

4.  Solution methods

Our approach is a bi-objective problem with two conflicting ob-
jectives that must be optimized simultaneously. Mathematical models 
can be used to solve such problems, and several methods are available. 
Multi-objective problems have a Pareto front, a set of non-dominated so-
lutions that represent the trade-offs among the objectives. Solutions on 
the Pareto front are considered optimal if no solution can be improved 
in one objective without degrading another (Deb and Deb, 2014).

A solution of the SPFRLM is a cover 𝐶 = {𝑥𝑎|𝑎 ∈ 𝐴} and a set of 
positive integer values representing the number of RSs for each edge 
𝑒 ∈ 𝐴 and, consequently, a set of OD pairs that 𝐶 claims to cover 𝑊𝐶 ∶=
{(𝑜, 𝑑)|𝑦𝑜𝑑 = 1}. Thus, 𝑧1(𝐶) is the total number of RSs suggested by 𝐶, 
and 𝑧2(𝐶) is the total number of trips covered by 𝐶.

One notable number that appears multiple times when solving this 
problem is 𝐶min ∶= 𝑧1(𝐹1(𝛽 = 1.0)), the minimum number of RSs to cover 
all trips, which is the first number to be computed when solving an 
instance, it is used as a reference for the hyper-volume, and has one 
important proprety for computing a true pareto front.
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Fig. 4. Smoothest Descent Algorithm timeline.

Proposition 1. A true Pareto front can not have more than 𝐶min points. 

Proof.  Let 𝑆 be the set of Pareto-optimal solutions in the objective space 
(𝑧1, 𝑧2), where 𝑧1 minimizes the number of RSs and 𝑧2 maximizes cover-
age. First, we observe that 𝑧1 is strictly integer-valued (𝑥𝑎 ∈ ℤ+). For any 
specific integer value 𝑘 of 𝑧1, there can exist at most one non-dominated 
point in 𝑆. If two solutions exist with 𝑧1 = 𝑘 and coverages 𝑧𝑎2 and 𝑧𝑏2
where 𝑧𝑎2 > 𝑧𝑏2, the latter is dominated. If 𝑧𝑎2 = 𝑧𝑏2, they map to the same 
point in the objective space. Second, by definition, 𝐶min is the mini-
mum number of RSs required to cover all trips (the maximum possible 
value of 𝑧2). Any solution with 𝑧1 > 𝐶min cannot achieve higher cov-
erage than the total number of trips Γ. Consequently, a solution with 
cost 𝐶min + 𝛿 (where 𝛿 ≥ 1) and coverage Γ is dominated by the solution 
(𝐶min,Γ). Therefore, the feasible domain for 𝑧1 in the Pareto set is lim-
ited to the integer set {1, 2,… , 𝐶min}. The cardinality of this set is 𝐶min. 
Thus, |𝑆| ≤ 𝐶min. ∎

Next, we propose a bi-objective algorithm (Section 4.1) to solve the 
FRLP. Furthermore, we propose four cover methods to solve each 𝜖-
constrained case in Section 4.2, in which some solution methods require 
a separation problem detailed in Section 4.3.

4.1.  Smoothest descent algorithm

We propose and implement the Smoothest Descent Algorithm (SDA), 
which we can classify as a bi-objective heuristic 𝜖-constraint algorithm 
for the FRLP, with a maximum number of Pareto solutions 𝑛𝑃 . If 𝑛𝑃 =
+∞, our proposed algorithm is an exact 𝜖-constraint method. It is called 
SDA since it starts to solve the FRLP from the point with the smallest 
𝑧1 required to maximize 𝑧2 (highest point if you visualize the solutions 
plane 𝑧1 × 𝑧2 with 𝑧2 as the vertical axis - Fig. 4) and only descents 
towards the origin (0,0) minimizing the 𝑧2 variation with a 𝑧1 step in-
versely proportional to 𝑛𝑃 .

An 𝜖-constraint method places a constraint (7) or (8) on one of the 
objectives (1) or (2), respectively, and the other objective is optimized 
subject to that constraint. The constraint is then relaxed, allowing for 
a more flexible trade-off between the objectives. The SDA exploits the 
FRLP characteristics to heuristically solve fewer 𝜖-constrained problems 
more efficiently than the exact method. For example, for each test prob-
lem, 𝛿, and 𝑅, there is a corresponding 𝐶min. Fig. 4 illustrates an SDA 
timeline from right to left. It calculates first 𝐶min. Then it computes the 
remaining Pareto points with a step size of 1∕𝑛𝑃 . If the number of re-
maining points exceeds the number of non-dominated points, the ob-
jective, 𝜖-constraint, and steps are swapped, thereby saving CPU time 
and maximizing the hyper-volume. Fig. 4 also highlights that each solu-
tion can be calculated with any coverage method. We test four coverage 
methods: EC, B&C, C&S, and TPH, further detailed in Section 4.2.

Mainly, we work with two mathematical formulations: 
𝐹1 ∶=(1),(7),(3)−(6), a partial set cover formulation, and 
𝐹2 ∶=(2),(8),(3)−(6), a max cover formulation. Hence, formula-
tion 𝐹1 has 𝛽 and is independent of 𝛼, and reciprocally, formulation 𝐹2
has 𝛼 as a parameter and is independent of 𝛽.

Algorithm 1 details the SDA. First, it receives the input data defined 
at Section 3.1 and a maximum number of Pareto points 𝑛𝑃 . Then, it 
starts by calculating 𝐷min

𝜔  (𝜔 = (𝑖, 𝑗)|∀𝑖, 𝑗 ∈ 𝑁) from and to all nodes in 
the network using a standard shortest path algorithm (Line 1), initialize 
the constant 𝑠𝑡𝑒𝑝 (Line 2), the scalar variables 𝛼, 𝛽 (Line 3), the current 
formulation 𝐹  and the 𝑃𝑎𝑟𝑒𝑡𝑜 set 𝑃𝑆 (Line 4).

Then, the main loop occurs between Lines 5 - 11, in each iteration of, 
a 𝐶𝑜𝑣𝑒𝑟 algorithm is used to find solutions 𝐶 for the current formulation 
𝐹  (Line 6), where multiple possible 𝐶𝑜𝑣𝑒𝑟 algorithms are presented in 
Section 4.2. The amount of RSs of 𝐶 is stored in 𝛼, and 𝐶 is added to the 
set of Pareto solutions 𝑃𝑆 (Line 7). In line 8, the current formulation 
can change if the current formulation is 𝐹1 and 𝛼 ≤ 𝑛𝑃 . This fact means 
the number of solutions to be calculated is higher than the total number 
of selected RSs and is more effective to calculate 𝛼 − 1 solutions with 
𝐹2 as the current formulation. If the current formulation is 𝐹1, 𝑛𝑃  and 
𝛽 are decremented (Line 9), otherwise 𝛼 is decremented (Line 10). The 
main loop ends if 𝛼 or 𝛽 reaches zero (Line 11). At Line 12, the resulting 
𝑃𝑎𝑟𝑒𝑡𝑜 set is returned, and the algorithm ends.

Algorithm 1: Smoothest Descent Algorithm.
Data: Maximum number of Pareto solutions 𝑛𝑃 .
Result: A set 𝑃𝑆 of Pareto solutions.

1 Calculate all 𝐷min
𝜔 ;

2 𝑠𝑡𝑒𝑝 ∶= 1
𝑛𝑃 ;

3 𝛼 ← +∞; 𝛽 ← 1.0;
4 𝐹 ← 𝐹1(𝛽); 𝑃𝑆 ← ∅ ;
5 repeat
6 𝐶 ← 𝐶𝑜𝑣𝑒𝑟(𝐹 , 𝛼, 𝛽) ;
7 𝛼 ← 𝑧1(𝐶); 𝑃𝑆 ← 𝑃𝑆

⋃

{𝐶} ;
8 if 𝐹 = 𝐹1 and 𝛼 ≤ 𝑛𝑃  then 𝐹 ← 𝐹2(𝛼) ;
9 if 𝐹 = 𝐹1 then 𝑛𝑃 ← 𝑛𝑃 − 1; 𝛽 ← 𝛽 − 𝑠𝑡𝑒𝑝 ;
10 if 𝐹 = 𝐹2 then 𝛼 ← 𝛼 − 1;
11 until 𝛼 = 0 or 𝛽 = 0;
12 return 𝑃𝑆

Proposition 2. The SDA generates a true Pareto front if 𝑛𝑃 ≥ 𝐶min and all 
Pareto solutions are optimal. 
Proof.  Let 1 be the domain of the objective function 𝑧1 (number of 
RSs). Since 𝑧1 represents a count of discrete facilities, 1 ⊂ ℤ+. The 
true Pareto front is defined by the set of non-dominated solutions 
{(𝑧∗1 , 𝑧

∗
2) ∣ 𝑧

∗
1 ∈ [1, 𝐶min] ∩ ℤ}. The SDA is initialized by solving formu-

lation 𝐹1(𝛽 = 1.0), yielding the solution with complete coverage and
minimum necessary cost, such that the initial 𝑧1(𝐶) = 𝐶min. Given the 
condition 𝑛𝑃 ≥ 𝐶min, the switching criteria 𝛼 ≤ 𝑛𝑃  (Line 8) is satis-
fied immediately after the first iteration. Consequently, the formulation 
switches to 𝐹2(𝛼), which maximizes coverage 𝑧2 subject to a budget con-
straint 𝑧1 ≤ 𝛼. In subsequent iterations, the algorithm decrements 𝛼 by 
exactly 1 (Line 10) until 𝛼 = 0. Since the solver is assumed to return 
optimal solutions for each sub-problem 𝐹2(𝛼), the algorithm explicitly 
computes the optimal coverage 𝑧∗2 for every possible integer budget 𝛼
in the feasible range {𝐶min, 𝐶min − 1,… , 1}. By exhaustively evaluating 
the optimal 𝑧2 for every feasible discrete value of 𝑧1, the resulting set 
𝑃𝑆 necessarily contains all non-dominated points in the solution space. 
Thus, 𝑃𝑆 constitutes the true Pareto front. ∎

4.2.  Cover algorithms

The SDA uses a decoupled coverage algorithm to generate each 
Pareto solution for a given formulation 𝐹  and for each value of 𝛼 or 
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𝛽. This algorithm solves it and returns a cover 𝐶, which can be gener-
ated using either a heuristic or exact method. In our paper, all proposed 
algorithms are exact methods that utilize a mixed-integer programming 
(MIP) solver and a total time limit (𝑇𝐿1). By using these algorithms, 
we can generate lower bounds and prove if the resulting cover is opti-
mal. The MIP solver is a 𝑆𝑜𝑙𝑣𝑒𝑟 function that receives a formulation 𝐹
(𝐹1(𝛽) or 𝐹2(𝛼)), a set of constraints (3) and (4) 𝐷, a time limit 𝑇𝐿, and 
returns a cover 𝐶. We provide a detailed explanation of our proposed 
cover algorithms in the following subsections.

4.2.1.  Cut-and-Solve
The Cut-and-Solve (C&S) algorithm has two main steps: Solving and 

Cutting. Algorithm 2 formally describes our proposed C&S. It starts a 
current formulation with no constraints (3) or (4) (Line 1). In Solving, 
the MIP solver solves a static formulation with a smaller time limit 𝑇𝐿2
(Line 3), and Cutting solves the separation problem, which will be de-
tailed in Section 4.3, for the best solution found during the Solving step 
(Line 3). If feasible (𝐷2 = ∅, i.e. 𝐶 does not violate constraints (3) or (4)), 
C&S terminates (Line 2), otherwise the returned constraints are added to 
the current formulation (Line 5), and the Solving step is repeated. C&S 
has a disadvantage in finding feasible solutions for the more challenging 
instances as it terminates with none if 𝑇𝐿1 is reached (Line 7).

Algorithm 2: Cut-and-Solve.
Data: Formulation 𝐹  and time limit 𝑇𝐿1.
Result: A cover 𝐶.

1 𝐷 ← ∅;
2 repeat
3 𝐶 ← 𝑆𝑜𝑙𝑣𝑒𝑟(𝐹 ,𝐷,min(𝑇𝐿2, 𝑇𝐿1 − 𝑇 𝑖𝑚𝑒));
4 𝐷2 ← 𝑆𝑒𝑝𝑎𝑟𝑎𝑡𝑖𝑜𝑛𝑃 𝑟𝑜𝑏𝑙𝑒𝑚(𝐶);
5 𝐷 ← 𝐷 ∪𝐷2;
6 until 𝐷2 = ∅ or 𝑇 𝑖𝑚𝑒 ≥ 𝑇𝐿1;
7 if 𝑇 𝑖𝑚𝑒 ≥ 𝑇𝐿1 then 𝐶 ← ∅;
8 return 𝐶

4.2.2.  Branch-and-Cut
Branch-and-Cut (B&C) combines two methods for solving MIP prob-

lems: branching and cutting (Nemhauser and Wolsey, 1988). The 
branching step involves dividing the problem into smaller sub-problems 
by making decisions about the integer variables. In contrast, the cutting 
step involves adding valid inequalities to the problem that further re-
strict the feasible region. In our case, the MIP solver handles the branch-
ing, while the separation problem solves the cutting step (Section 4.3). 
Hence, our branch-and-cut implementation gradually adds the violated 
constraints of each new cover found. If the new cover does not separate 
any constraint, the cover becomes the current one. Otherwise, the new 
constraints are added to the model and the new cover is discarded.

The B&C implementation runs the separation procedure for valid so-
lutions during the MIP Solver execution. Algorithm 3 starts the MIP 
solver with a set of constraints 𝐷 (Line 1), and Lines 2 - 7) occurs si-
multaneously to Line 1 execution. Lines 3 - 7 are executed each time the 
MIP solver finds a cover 𝐶1 with the best objective than the current best 
cover 𝐶, 𝐶1 is verified by the 𝑆𝑒𝑝𝑎𝑟𝑎𝑡𝑖𝑜𝑛𝑃 𝑟𝑜𝑏𝑙𝑒𝑚 (Line 3), if 𝐶1 is valid 
(𝐷2 = ∅), 𝐶1 becomes the new best cover found 𝐶 (Line 5), otherwise 
the set of constraints is updated with the ones violated by 𝐶1 (Line 7) 
and 𝐶1 is discarded.

4.2.3.  Enumerated coverage (EC)
This method is the simplest approach, usually employed by most 

FRLP studies (Kim and Kuby, 2012). Algorithm 4 presents the Enu-
merated Coverage pseudo-code, which enumerates all valid constraints 
(Line 1, Algorithm 5) and then solves the resulting formulation with 
a MIP solver (Line 3). For the SPFRLM, the procedure first runs Algo-
rithm 5 to enumerate all candidate paths, then applies all constraints

Algorithm 3: Branch-and-Cut.
Data: Formulation 𝐹 , a set of constraints 𝐷 and time limit 𝑇𝐿1.
Result: A cover 𝐶.

1 𝐶 ← 𝑆𝑜𝑙𝑣𝑒𝑟(𝐹 ,𝐷, 𝑇𝐿1));
2 for Each 𝐶1 better than the best 𝐶 found  do
3 𝐷2 ← 𝑆𝑒𝑝𝑎𝑟𝑎𝑡𝑖𝑜𝑛𝑃 𝑟𝑜𝑏𝑙𝑒𝑚(𝐶1);
4 if 𝐷2 = ∅ then
5 𝐶 ← 𝐶1;
6 else
7 𝐷 ← 𝐷 ∪𝐷2;

8 return 𝐶

(3) and stores the resulting set in 𝐷. The MIP solver solves the resulting 
set of constraints 𝐷 using 𝐹  and the remaining CPU time.

Algorithm 4: Enumerated Coverage.
Data: Formulation 𝐹  and time limit 𝑇𝐿1.
Result: A cover 𝐶.

1 𝐷 ← 𝑆𝑢𝑏 − 𝑝𝑎𝑡ℎ𝐸𝑛𝑢𝑚𝑒𝑟𝑎𝑡𝑖𝑜𝑛();
2 if 𝑇 𝑖𝑚𝑒 ≤ 𝑇𝐿1 then
3 𝐶 ← 𝐵𝑟𝑎𝑛𝑐ℎ − 𝑎𝑛𝑑 − 𝑐𝑢𝑡(𝐹 ,𝐷, 𝑇𝐿1 − 𝑇 𝑖𝑚𝑒)
4 else
5 𝐶 ← ∅

6 return 𝐶

Algorithm 5: Sub-path Enumeration.
Data: Global parameters and problem data
Result: Set with all constraints (3) 𝐷.

1 𝐷 ← ∅;
2 for (𝑜, 𝑑) ∈ 𝑊  do
3 for 𝑝 ∈ 𝑃𝑎𝑡ℎ𝑠(𝑜, 𝑑)| |𝑝| ≥ 𝑅 and |𝑝| ≤ 𝐷max

(𝑜𝑑) do
4 for 𝑠 ∈ 𝑆𝑢𝑏𝑝𝑎𝑡ℎ𝑠(𝑝)| |𝑠| ≥ 𝑅 do
5 𝐷 ← 𝐷 ∪ {Constraint (3) of (𝑠, (𝑜, 𝑑))}

6 return 𝐷

Complexity Analysis. The computational complexity of the Sub-path 
Enumeration algorithm (Algorithm 5) is determined by the topology of 
the network and the density of the constraints. Let |𝑊 | denote the num-
ber of OD pairs, and let Λ represent the maximum number of edges in 
any feasible candidate path (bounded by |𝑁|).

Time Complexity: The algorithm iterates over all 𝑤 ∈ 𝑊 . The function 
𝑃𝑎𝑡ℎ𝑠(𝑜, 𝑑) utilizes a Depth-First Search (DFS) to enumerate all simple 
paths satisfying the length constraint 𝐷max

(𝑜𝑑). In the worst case, the num-
ber of simple paths between two nodes is 𝑂(|𝑁|!). The DFS procedure 
requires 𝑂(𝜂 ⋅ Λ) time to generate these paths. Subsequently, the func-
tion 𝑆𝑢𝑏𝑝𝑎𝑡ℎ𝑠(𝑝) performs a quadratic forward analysis on each path 𝑝, 
generating 𝑂(|𝑝|2) sub-paths. Since the worst-case scenario for a sub-
path is to traverse all edges (|𝑝| = |𝐸|), the worst-case time complexity 
is dominated by the number of paths and is given by:
𝑂
(

|𝑊 | ⋅ |𝑁|! ⋅ |𝐸|2
)

(9)

Space Complexity: The space complexity is dominated by the storage 
of the constraint set 𝐷. For every path 𝑝, up to 𝑂(|𝐸|2) sub-path con-
straints are generated. In the worst case, assuming all generated sub-
paths are unique and stored, the size of 𝐷 grows linearly with the total 
number of enumerated sub-paths. Thus, the space complexity is:
𝑂
(

|𝑊 | ⋅ |𝑁|! ⋅ |𝐸|2
)

(10)
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4.2.4.  Two-Phase hybrid (TPH)
We also propose a Two-Phase Hybrid (TPH) algorithm that combines 

the strategy of a Cut-and-Solve phase followed by a Branch-and-Cut 
phase. The C&S is very efficient in finding good dual bounds, and the 
B&C is more effective in finding better primal bounds when it starts the 
branching process from a set of constraints with a higher dual bound. Al-
gorithm 6 details our TPH implementation. Lines 1 - 7 are the C&S phase, 
differs from Algorithm 2 at stopping criteria (Line 8) and the added Line 
4 that stores the previous lower bound (𝐿𝐵𝑝𝑟𝑒𝑣) found at Line 5. The cur-
rent lower bound (𝐿𝐵𝑐𝑢𝑟𝑟) and 𝑆𝑜𝑙𝑣𝑒𝑟 execution time 𝑇𝑠𝑜𝑙𝑣𝑒𝑟 are stored 
at Line 5. The added stopping criterion is if the lower bound does not 
change between iterations. If 𝑇𝑠𝑜𝑙𝑣𝑒𝑟 reaches the time limit 𝑇𝐿2, the same 
is compared against the stopping criteria if the lower bound does not 
improve between iterations. After the C&S phase ends, the TPH starts a 
B&C (Line 9) with the resulting set of constraints 𝐷 and the remaining 
CPU time available if the C&S phase did not generate an optimal result 
(𝐷2 ≠ ∅). 

Algorithm 6: Two-Phase Hybrid.
Data: Formulation 𝐹  and time limit 𝑇𝐿1.
Result: A cover 𝐶.

1 𝐷 ← ∅;
2 𝐿𝐵𝑐𝑢𝑟𝑟 ← 0;
3 repeat
4 𝐿𝐵𝑝𝑟𝑒𝑣 ← 𝐿𝐵𝑐𝑢𝑟𝑟;
5 𝐶, 𝑇𝑠𝑜𝑙𝑣𝑒𝑟, 𝐿𝐵𝑐𝑢𝑟𝑟 ← 𝑆𝑜𝑙𝑣𝑒𝑟(𝐹 ,𝐷,min{𝑇𝐿2, 𝑇𝐿1 − 𝑇 𝑖𝑚𝑒)};
6 𝐷2 ← 𝑆𝑒𝑝𝑎𝑟𝑎𝑡𝑖𝑜𝑛𝑃 𝑟𝑜𝑏𝑙𝑒𝑚(𝐶);
7 𝐷 ← 𝐷 ∪𝐷2;
8 until 𝐷2 = ∅ or 𝑇 𝑖𝑚𝑒 ≥ 𝑇𝐿1 or 𝑇𝑠𝑜𝑙𝑣𝑒𝑟 = 𝑇𝐿2 or 𝐿𝐵𝑝𝑟𝑒𝑣 = 𝐿𝐵𝑐𝑢𝑟𝑟 ;
9 if 𝐷2 ≠ ∅ then 𝐶 ← 𝐵&𝐶(𝐹 ,𝐷, 𝑇𝐿1 − 𝑇 𝑖𝑚𝑒) ;
10 return 𝐶

4.3.  Separation problem

When a model has too many constraints to enumerate, a separation 
problem is used to determine whether a solution is feasible. It takes 
a solution as input, and either returns a set of violated constraints or 
validates the input solution as feasible (Dantzig and Wolfe, 1960).

Fig. 5 shows the chain of decisions of the separation problem. Given a 
cover 𝐶, the separation problem first checks for a violated sub-path (Sec-
tion 4.3.1); if any is found, the paths are stored, and the violated con-
straints (3) are returned, otherwise a continuous location (Section 4.3.1) 
is verified; if negative, at least a constraint (4) is returned, otherwise 𝐶
is a feasible solution and has a continuous location.

4.3.1.  Sub-path violation
Given a cover 𝐶, for each OD pair (𝑜, 𝑑) ∈ 𝑊𝐶 that 𝐶 claims to cover 

(𝑊𝐶 ∶= {(𝑜, 𝑑)|𝑦𝑜𝑑 = 1}), a Formulation (11)-(24) is solved to check if 
there is a valid sub-path from a valid path from 𝑜 until 𝑑 that 𝐶 does not 
cover. If such a sub-path 𝑠 exists, it returns 𝑠; otherwise, it returns an 
empty set. The separation problem does not need to search for sub-paths 
in the original graph 𝐺. To optimize the search, it searches on sub-graph 
𝐺𝑜𝑑 = {𝑁𝑜𝑑 , 𝐴𝑜𝑑} ⊆ 𝐺, with set of nodes 𝑁𝑜𝑑 ∶= {𝑖|𝑖 ∈ 𝑁, 𝐷min

𝑜𝑖 +𝐷min
𝑖𝑑 ≤

𝐷max
𝑜𝑑 } and set of edges 𝐴𝑜𝑑 ∶= {𝑖𝑗|𝑖𝑗 ∈ 𝐴, 𝑖, 𝑗 ∈ 𝑁𝑜𝑑}. For each node 𝑖, 

we have 𝐴𝑜𝑑
𝑖 ∶= {𝑘𝑙|𝑘𝑙 ∈ 𝐴𝑜𝑑 , 𝑘 = 𝑖 ∨ 𝑙 = 𝑖}, the set of edges that contains 

𝑖. And Ψ(𝑇 ) is the number of elements of set 𝑇 .
Let 𝐾𝑜𝑑

𝑖  be constants where 𝐾𝑜𝑑
𝑖 = 1 if 𝑖 = 𝑜 or 𝑖 = 𝑑, and 0 otherwise. 

Additionally, |𝑎| represents the length of edge 𝑎, and 𝐶𝑎 indicates the 
number of RS located on edge 𝑎. For binary variables, 𝜒𝑝

𝑎 = 1 indicates 
that edge 𝑎 is part of a candidate path 𝑝 = {𝑎|𝜒𝑝

𝑎 = 1} between 𝑜 and 𝑑. 
Likewise, 𝜒𝑠

𝑎 indicates if edge 𝑎 is part of a valid sub-path between 𝑜
and 𝑑. Variables 𝛾𝑝𝑖  and 𝛾𝑠𝑖  equal 1 if 𝑖 is an intermediary node on path 
𝑝 or sub-path 𝑠, respectively. Finally, 𝜔𝑖 = 1 indicates that node 𝑖 is the 

Fig. 5. Separation problem flowchart.

origin or destination, respectively, of the selected sub-path, 0 otherwise, 
as the selected sub-paths do not contain a fixed origin or destination.

∑

𝑎∈𝐴𝑜𝑑
𝑖

𝜒𝑝
𝑎 = 2𝛾𝑝𝑖 ∀𝑖 ∈ 𝑁𝑜𝑑 ⧵ {𝑜, 𝑑} (11)

∑

𝑎∈𝐴𝑜𝑑
𝑖

𝜒𝑝
𝑎 = 1 ∀𝑖 ∈ {𝑜, 𝑑} (12)

∑

𝑖𝑗∈𝐴, 𝑖,𝑗∈𝑇 , 𝑖≠𝑗

𝜒𝑝
𝑖𝑗
≤ Ψ(𝑇 ) − 1 ∀𝑇 ⊆ 𝑁𝑜𝑑 ,Ψ(𝑇 ) ≥ 3 (13)

∑

𝑎∈𝐴𝑜𝑑

|𝑎|𝜒𝑝
𝑎 ≤ 𝐷𝑚𝑎𝑥

𝑜𝑑 (14)

𝜒𝑝
𝑎 ≤ 𝜒𝑠

𝑎 ∀𝑎 ∈ 𝐴𝑜𝑑 (15)
∑

𝑎∈𝐴𝑜𝑑
𝑖

𝜒𝑠
𝑎 = 2𝛾𝑠𝑖 + 𝜔𝑖 ∀𝑖 ∈ 𝑁𝑜𝑑 (16)

𝛾𝑠𝑖 + 𝜔𝑖 ≤ 1 ∀𝑖 ∈ 𝑁𝑜𝑑 (17)
∑

𝑖∈𝑁𝑜𝑑

𝜔𝑖 = 2 (18)

∑

𝑎∈𝐴𝑜𝑑

𝐶𝑎𝜒
𝑠
𝑎 − 𝑘 ≤ −1 (19)

∑

𝑎∈𝐴𝑜𝑑

|𝑎|𝜒𝑠
𝑎 − 𝑅𝑘 ≥ 0 (20)

∑

𝑎∈𝐴𝑜𝑑

|𝑎|𝜒𝑠
𝑎 − 𝑅𝑘 ≤ 𝑅 (21)

𝜒𝑝
𝑎 , 𝜒

𝑠
𝑎 ∈ {0, 1} ∀𝑎 ∈ 𝐴𝑜𝑑 (22)

𝛾𝑝𝑖 , 𝛾
𝑠
𝑖 , 𝜔𝑖 ∈ {0, 1} ∀𝑖 ∈ 𝑁𝑜𝑑 (23)

𝑘 ∈ ℤ+ (24)

Formulation (11)-(24) can be observed in three parts, the first 
one (11)-(14) searches for a path 𝑝 = {(𝑎|𝜒𝑝

𝑎 = 1} between 𝑜 and 𝑑.
Constraints (11) manage the cardinality of each node 𝑖, which can be 
an intermediary, for the path. Constraints (12) force 𝑜 and 𝑑 cardinality 
as 1. Constraints (13) ensure no sub-tours. And Constraint (14) fixes the 
maximum path size as 𝐷max

𝑜𝑑 .
The second part (15)-(18) searches for a sub-path 𝑠 = {𝑎|𝜒𝑠

𝑎 = 1} be-
tween 𝑖|𝜔𝑖 = 1 and 𝑗|𝜔𝑗 = 1 (Constraints (16)-(18)). Constraints (15) en-
sure any edge selected for the sub-path is selected on the path. Con-
straints (16) manage the cardinality of each node 𝑖 for the sub-path. 
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Constraints (17) ensure no intermediary node is an origin or destination. 
Constraint (18) ensures that the sub-path has two origin and destination 
nodes.

The third and last part is (19)-(21), Constraint (19) ensures that the 
selected sub-path 𝑠 violates Constraint (3) with 𝐶. Constraints (20) and
(21) ensure that 𝑘 =

⌊

|𝑠|−𝜖
𝑅

⌋

. Finally, Constraints (22)-(24) define the 
domains of the variables. If feasible, 𝑠 separates a constraint (3) and 𝑝
is stored for future continuous locations.

Complexity. For a given O-D pair, we can characterize the complex-
ity of the separation problem by decomposing it based on the feasible 
number of refuelling intervals 𝑘, such that 𝐷min

𝑜𝑑 ≤ 𝑘𝑅 ≤ 𝐷max
𝑜𝑑 . For each 

fixed 𝑘, a sub-problem is a K Single Resource Constrained Shortest Path 
(SRCSP) problem. In this formulation, the “resource” is defined by the 
edges equipped with RSs, which are limited to at most 𝑘 − 1 traver-
sals. Additionally, the path must satisfy duration (or length) constraints, 
specifically being strictly greater than 𝑘 × 𝑅 and less than or equal to 
𝐷max

𝑜𝑑 , which is solved by finding the 𝑘 shortest ones. As established in 
the literature, the SRCSP is NP-complete (Festa, 2015), and the problem 
of finding its k shortest solutions was studied in Mehlhorn and Ziegel-
mann (2000) and Liu and Ramakrishnan (2001).

Computational optimizations. Given that Formulation (11) - (24) is a 
difficult problem to solve, and we did some computational optimizations 
to make the sup-problem solution more efficient:

• As previously described by using sub-graph 𝐺𝑜𝑑 ;
• For each 𝑜𝑑 ∈ 𝑊 , Formulation (11)-(24) is mostly static, except for 
Constraint (19), therefore each model per 𝑜𝑑 is stored in memory 
after loading the instance and Constraint (19) is updated for each 
cover 𝐶;

• Whereas each separation model is stored in memory and reused, all 
enumerated sub-tours 𝑠𝑡 ⊆ 𝑁𝑜𝑑 stay in the model for the following 
covers 𝐶.

4.3.2.  Continuous location
In analyzing a cover 𝐶 that satisfies all sub-path constraints, ensuring 

a continuous location is the final validation step for 𝐶 to be considered 
a feasible solution. A continuous location is deemed feasible when the 
RSs specified by 𝐶 are positioned such that, for any candidate path 𝑝
covered by 𝐶, the distance between successive RSs along 𝑝 does not 
exceed the threshold 𝑅. The formulation (11)-(24) is used to verify the 
existence of valid continuous locations. A positive outcome confirms the 
validity of cover 𝐶, and a set of located RSs, denoted as 𝐿 = 𝑙𝑎𝑘 , is iden-
tified. Conversely, if no valid continuous location is found, Algorithm 7 
is employed to separate a constraint, as defined in (4).

For the continuous location of cover 𝐶, let continuous variable 𝑙𝑎𝑘 ∈
[0, 1] with 𝑘 ∈ {1,… , 𝐶𝑎} for each corresponding RS located on edge 𝑎, 
that indicates the relative position of RS 𝑎𝑘 on 𝑎. Let 𝐿𝑃𝑝,𝐶 be the set of 
consecutive pairs of RS nodes along path 𝑝 with cover 𝐶. For each path 𝑝
and RS node 𝑖, 𝜋𝑖𝑝 is the relative position of 𝑖 along path 𝑝, and variable 
𝑟𝑤 indicates the amount of relaxation in OD pair 𝑤 for a continuous 
location to exist. Each edge 𝑎 and OD pair 𝑤 have consistent starting 
and final points that determine each 𝜋𝑖𝑝 calculation, thus each 𝜋𝑖𝑝 can 
take three different forms: (i) if 𝑖 is 𝑜 or 𝑑 (a pre-existent RS location) 
or; (ii) if 𝑖 is on an edge parametrized in the same way as 𝑝 or; (iii) if 𝑖
is on an edge parametrized in the opposite way as 𝑝. In case (i), 𝜋𝑖𝑝 is a 
constant, and cases (ii) and (iii) will be exemplified below.

The objective function (25) is the sum of all OD relaxations; 𝑧3 = 0 in-
dicates a feasible continuous location, otherwise unfeasible. Our only set 
of constraints (26) ensures a distance ≤ 𝑅 for each pair of RSs along all 
covered paths, given no relaxation. Since not all paths may be enumer-
ated. For each feasible location 𝐿, it is necessary to check for violated 
constraints (26) with the Separation problem for continuous location B. 

Minimize 𝑧3 =
∑

𝑤∈𝑊𝐶

𝑟𝑤 (25)

Fig. 6. Continuous location - example of variables.

Subject to:
𝜋𝑗𝑝 − 𝜋𝑖𝑝 + 𝑟𝑤 ≤ 𝑅 ∀(𝑖, 𝑗) ∈ 𝐿𝑃𝑝,𝐶 , 𝑝 ∈ 𝑃𝑤, 𝑤 ∈ 𝑊𝐶 (26)

𝑟𝑤 ∈ ℝ+ 𝑤 ∈ 𝑊𝐶 (27)

𝑙𝑎𝑘 ∈ [0, 1] ∀𝑘 ∈ {1,… , 𝐶𝑎},∀𝑎 ∈ 𝐴. (28)

Fig. 6 takes the path example of Fig. 2, with a suggested location 
of an RS on edge 𝑓𝑘 and another on 𝑖𝑗 on path 𝑝 = 𝑑𝑘𝑓𝑖𝑗𝑏, 𝐿𝑃𝑝,𝐶 is 
then {(𝑑, 𝑓𝑘1), (𝑓𝑘1, 𝑖𝑗1), (𝑖𝑗1, 𝑏)}. Let the location of edge 𝑖𝑗 follow the 
same direction of path 𝑝 and edge 𝑓𝑘 the opposite one. This implies 
𝑙𝑓𝑘1  being the relative position of the suggested RS from 𝑓 to 𝑘 and the 
same for 𝑙𝑖𝑗1  from 𝑖 to 𝑗, therefore the 𝜋𝑓𝑘1 ,𝑝 = |𝑑𝑘| + |𝑓𝑘| × (1 − 𝑙𝑓𝑘1 )

and 𝜋𝑖𝑗1 ,𝑝 = |𝑑𝑘𝑓𝑖| + |𝑖𝑗| × 𝑙𝑖𝑗1 .

5.  Experimental results

All the algorithms are coded in C and compiled with GCC. The MIP 
solver used is Gurobi 11.02 (Gurobi Optimization, 2024). The computer 
used in all experiments is an AMD Ryzen 7950X 16-core/32-thread pro-
cessor, 96GB of DDR5 RAM, and ran Ubuntu 24.04 x64.

We evaluate the performance of our models and algorithms on a com-
prehensive set of 26 real-world instances derived from a road transporta-
tion network. This network is extracted from a georeferenced database 
publicly available via the Brazilian National Department of Transport In-
frastructure, dated 2021. Each instance corresponds to a state, with the 
origins and destinations represented by cities within that state. We de-
liberately select these instances because they reflect plausible scenarios 
encountered by government policymakers seeking to implement carbon-
neutral initiatives that facilitate road travel using AFVs. Additionally, 
these instances are relevant to private decision-makers seeking to opti-
mize refuelling strategies for road trips. The instances are named based 
on difficulty after most of our testing. Table 2 presents the number of 
nodes, edges, OD nodes, and OD pairs with the number of trips greater 
than zero. These instances are available at a Github repository1.

Our hyper-volume indicator uses the point (𝑧01, 𝑧02) = (𝐶min, 0) as the 
reference. For any given cover 𝐶, the area dominated by 𝐶 is defined as 
the rectangle bounded by the vertices (𝑧1(𝐶), 𝑧2(𝐶)) and (𝑧01, 𝑧02). Conse-
quently, for any set of solutions 𝑃𝑆 = {𝐶1, 𝐶2,… , 𝐶𝑛} returned by the 
SDA, the hyper-volume 𝐻𝑉 (𝑃𝑆) corresponds to the area of the poly-
gon formed by the union of the dominated rectangular regions defined 
by every 𝐶 ∈ 𝑃𝑆. As a visual aid, Fig. 7 later in this section shows the 
representation of each polygon for a particular instance.

For all test, 𝑇𝐿1 and 𝑇𝐿2 are fixated at 14400 and 2000 sec-
onds, respectively, 𝑅 = 100𝑘𝑚, 𝛿 ∈ {1.01, 1.05, 1.10, 1.15} and 𝑛𝑃 ∈
{+∞, 100, 50, 25, 10}. The impact of multiple 𝑅 values was studied by 
most FRLM literature, whereas there are fewer ones with deviation paths 
(Kim and Kuby, 2012; Yildiz et al., 2016), which implies that the param-
eter 𝛿 and its values were based on them. The 𝑛𝑃  tested values are based 
on initial internal testing, and we found them to be representative of the 
expected 𝑆𝐷𝐴 behaviour.

5.1.  Comparison of cover algorithms

As presented in Section 4.2, for each 𝜖-constrained case, there is a 
formulation 𝐹  paired with a value of 𝛼 or 𝛽 and all other parameters to 

1 https://github.com/brunosalezze/frlp-instances
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Table 2 
Instance data.
 Instance  #Nodes  #Edges  #ODs  #OD Pairs  Instance  #Nodes  #Edges  #ODs  #OD Pairs
 p01  32  32  14  91  p14  357  449  178  6775
 p02  145  145  43  194  p15  273  313  178  9604
 p03  73  76  15  105  p16  429  548  217  9640
 p04  48  50  22  231  p17  432  604  182  9162
 p05  132  139  51  1134  p18  471  594  277  22,607
 p06  160  211  74  1564  p19  332  373  133  6910
 p07  167  207  99  3763  p20  1015  1243  141  5954
 p08  380  500  136  2183  p21  838  1076  404  19,445
 p09  614  761  92  1838  p22  776  957  406  45,163
 p10  303  410  78  2051  p23  888  1146  389  36,220
 p11  366  452  217  9438  p24  1108  1516  244  17,049
 p12  330  420  165  5299  p25  1749  2060  805  84,233
 p13  435  576  78  1641  p26  1296  1669  612  91,295

Table 3 
Results for formulation 𝐹1, 𝛿 = 1.15 and 𝛽 = 0.9.

 TPH  C&S  B&C  EC
 Instance  UB  LB  Time (s)  UB  LB  Time (s)  UB  LB  Time (s)  UB  LB  Time (s)
 p01  11  11  0.19  11  11  0.31  11  11  3.30  11  11  1.69
 p02  72  72  0.63  72  72  0.30  72  72  6.51  72  72  8.75
 p03  11  11  0.34  11  11  0.22  11  11  8.92  11  11  10.82
 p04  16  16  14.29  16  16  10.38  16  16  1.18  16  16  11.26
 p05  16  16  19.52  16  16  12.26  16  16  415.78  16  16  458.44
 p06  7  7  13.969  7  7  17.96  7  7  456.64  7  7  745.17
 p07  14  14  11013.73  14  14  8236.92  14  14  13354.92  14  14  13743.56
 p08  62  62  2061.80  62  62  2624.35  62  62  6755.13  62  62  7564.68
 p09  31  31  433.133  31  31  1254.14  33  29  14400.00  35  26  14400.00
 p10  25  25  829.30  25  25  12846.19  26  25  14400.00  -  -  14400.00
 p11  38  38  6450.97  -  38  14400.00  38  34  14400.00  50  32  14400.00
 p12  25  25  11006.55  -  25  14400.00  25  21  14400.00  41  25  14400.00
 p13  47  47  1820.02  47  47  11385.09  52  45  14400.00  61  45  14400.00
 p14  29  28  14400.00  -  28  14400.00  36  23  14400.00  -  -  14400.00
 p15  70  70  13006.37  -  70  14400.00  75  61  14400.00  78  60  14400.00
 p16  88  88  13016.71  -  88  14400.00  92  85  14400.00  92  74  14400.00
 p17  65  58  14400.00  -  60  14400.00  70  55  14400.00  70  45  14400.00
 p18  68  64  14400.00  -  66  14400.00  73  55  14400.00  -  -  14400.00
 p19  101  95  14400.00  -  95  14400.00  110  85  14400.00  -  -  14400.00

be solved. We conduct experiments to compare the proposed coverage 
methods: Enumerated coverage (EC), Branch and Cut (B&C), Cut and 
Solve (C&S), and Two-phase hybrid (TPH). Table 3 shows the best ob-
jective, in this case, the upper bound (UB) found by the SDA with each 
method, the dual bound, in this case, the lower bound (LB), and the total 
CPU time (Time) in seconds. We test these methods on 19 instances with 
formulation 𝐹1, 𝛿 = 1.15, and 𝛽 = 0.9. These results indicate how well the 
proposed cover algorithms performed in other tests we conducted with 
different values of 𝛿, 𝛽, or with formulation 𝐹2 and multiple values of 𝛼. 
Tests that are optimally proven are highlighted in bold.

To statistically compare the performance of the algorithms presented 
in Table 3, we split the tested instances in two main groups, the ones 
with the same lower and upper bounds comparing time and the renam-
ing for solution quality. For the computational efficiency analysis (in-
stances 𝑝01–𝑝08), we define test the null hypotesis for equality, upon 
rejecting it, using a Friedman test (𝛼 = 0.05), we apply a one-tailed Ne-
menyi post-hoc test to evaluate the hypothesis of superiority in pairs. 
The results confirm that C&S is significantly superior in speed for small-
scale instances. For the solution quality analysis (instances 𝑝09–𝑝19), 
we focus on the Upper Bound (UB) values. After rejecting the null hy-
pothesis of equal means, we test the superiority hypothesis in pairs. A 
Wilcoxon signed-rank test confirms the superiority of TPH (𝑝 < .01), as 
it consistently finds better upper bounds and is the only method to op-
timally solve several instances, such as 𝑝11 and 𝑝12, within the time 
limit. Furthermore, TPH demonstrates superior robustness compared to 
C&S and EC, which frequently fail to return any feasible solution for the 
hardest instances.

5.2.  Bi-objective results and analysis

In this section, we analyze the SDA results, beginning with the 
tests in which all calculated Pareto points were optimal, as shown 
in Tables 4 and 5. Fig. 7 presents multiple 𝑛𝑃  configuration results 
and their effects. Figs. 8 and 9 visually analyze the expected diffi-
culty for targeted coverage or RSs. With the results of Section 5.1, all 
SDA tests in this section are obtained using the TPH as the coverage
method.

In Tables 4 – 7, we only show the results for the instances in which 
SDA was able to obtain the optimal Pareto fronts with multiple 𝛿 and 
𝑛𝑃  values. Each table has a fixed 𝛿, and we compare the calculated 
number of Pareto points, the relative hyper-volume (HV), and the CPU 
time to the exact Pareto value for each 𝑛𝑃  configuration. We can observe 
Proposition 1 implications since all results are optimal, 𝑛𝑃 = +∞ implies 
#𝑃𝑜𝑖𝑛𝑡𝑠 = 𝐶min, and for any 𝑛𝑃 ≥ 𝐶min, the execution time and hyper-
volume are the same as the optimal one.

Out of the 26 test instances, the SDA calculates the Pareto optimal for 
19 instances with 𝛿 = 1.01 (Table 4), 16 instances with 𝛿 = 1.05 (Table 5), 
14 instances with 𝛿 = 1.10 (Table 6), and 11 instances with 𝛿 = 1.15 (Ta-
ble 7). Other authors also show that the difficulty overgrows with higher 
values of 𝛿 (Lin et al., 2020; Zhang et al., 2019).

However, we observe that the SDA is highly efficient, achieving most 
of the hyper-volume with a fraction of the CPU time required for a 
Pareto-optimal (𝑛𝑃 = +∞). The large-scale instance results show that, 
for 𝑛𝑃 = 25, the SDA achieves > 97% of the optimal hyper-volume and, 
in most cases, spends < 10% of the CPU time. The 𝑛𝑃 = 10 results show 
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Table 4 
Instances with optimal results for 𝛿 = 1.01.

𝑛𝑃 +∞ 100 50 25 10

 #Points  Time(s)  #Points  HV(%)  Time(%)  #Points  HV(%)  Time(%)  #Points  HV(%)  Time(%)  #Points  HV(%)  Time(%)
 p01  11  0.01  11  100.00  100.09  11  100.00  99.18  11  100.00  99.54  7  93.44  64.95
 p02  151  16.16  75  99.68  82.29  39  99.32  60.25  21  98.69  2.04  10  93.70  1.53
 p03  13  0.04  13  100.00  99.60  13  100.00  99.03  13  100.00  99.73  7  98.11  35.55
 p04  25  0.34  25  100.00  100.61  25  100.00  99.37  25  100.00  100.09  10  95.59  33.86
 p05  27  108.08  27  100.00  100.46  27  100.00  100.28  11  96.93  96.00  8  92.61  1.59
 p06  6  0.01  6  100.00  99.60  6  100.00  100.12  6  100.00  100.85  6  100.00  100.48
 p07  16  2.74  16  100.00  99.28  16  100.00  100.07  16  100.00  100.31  5  92.32  35.16
 p08  112  144.99  75  99.46  12.06  31  98.86  6.20  18  97.36  3.44  9  92.37  0.62
 p09  26  2.58  26  100.00  99.32  26  100.00  100.44  18  96.01  85.37  6  92.68  18.46
 p10  33  17.52  33  100.00  100.96  33  100.00  99.71  12  97.68  45.80  9  93.61  19.77
 p11  42  1036.75  42  100.00  100.88  42  100.00  99.99  14  97.70  92.86  9  92.74  58.36
 p12  33  20.65  33  100.00  100.34  33  100.00  99.87  13  97.01  82.11  9  92.50  37.11
 p13  64  2805.50  64  100.00  99.34  26  98.96  8.50  17  97.78  6.55  9  93.48  0.15
 p14  37  130.6  37  100.00  99.95  37  100.00  100.26  21  98.41  57.13  10  91.78  15.85
 p15  79  6953.9  79  100.00  100.09  47  99.27  94.14  25  97.59  18.92  10  92.45  6.75
 p16  89  26150.6  89  100.00  99.98  48  99.25  14.66  25  97.58  3.39  10  92.44  0.86
 p17  69  23802.7  69  100.00  100.19  45  99.38  66.52  25  97.57  8.45  10  92.35  1.75
 p18  64  7992.2  64  100.00  100.07  38  99.22  73.69  24  97.69  47.5  10  92.93  14.38
 p19  140  35778.2  92  99.75  57.06  49  98.62  45.83  24  96.92  9.03  9  92.12  4.35
 Averages  99.98  96.89  99.65  80.56  98.65  56.55  94.18  30.96

Table 5 
Instances with optimal results for 𝛿 = 1.05.

𝑛𝑃 +∞ 100 50 25 10

 #Points  Time(s)  #Points  HV(%)  Time(%)  #Points  HV(%)  Time(%)  #Points  HV(%)  Time(%)  #Points  HV(%)  Time(%)
 p01  11  0.7  11  100.00  100.05  11  100.00  100.67  11  100.00  100.21  6  92.31  64.45
 p02  151  15  69  99.69  74.96  38  99.37  25.85  21  98.69  3.16  9  93.52  1.76
 p03  13  0.6  13  100.00  99.91  13  100.00  100.25  13  100.00  100.87  7  98.57  54.50
 p04  25  2.6  25  100.00  100.25  25  100.00  100.89  25  100.00  99.40  9  95.29  22.18
 p05  27  26.2  27  100.00  100.51  27  100.00  99.20  12  97.01  93.50  7  92.74  3.67
 p06  6  0.8  6  100.00  100.93  6  100.00  99.48  6  100.00  100.00  6  100.00  100.26
 p07  16  71.7  16  100.00  100.39  16  100.00  99.20  16  100.00  100.32  5  91.04  63.01
 p08  112  623.6  46  99.36  8.49  31  98.71  4.32  18  97.10  0.75  8  92.12  0.32
 p09  26  203.2  26  100.00  100.02  26  100.00  100.78  9  96.83  34.16  6  93.86  19.73
 p10  33  697  33  98.73  99.82  33  98.73  99.81  15  97.53  34.43  8  93.22  15.19
 p11  42  1441.9  42  100.00  99.67  42  100.00  99.37  16  97.50  38.72  8  92.33  17.15
 p12  33  416.8  33  100.00  99.81  33  100.00  100.63  14  96.55  31.76  7  91.37  15.34
 p13  81  2416.4  81  100.00  100.21  26  98.73  14.50  17  97.33  6.93  8  92.50  0.29
 p14  46  2456.5  46  100.00  100.47  46  100.00  100.57  22  98.07  25.12  9  92.75  8.26
 p15  89  27005.8  89  100.00  100.15  50  99.33  61.04  24  98.13  12.74  10  92.87  3.68
 p16  102  845231.7  93  99.55  99.95  46  99.11  9.57  22  96.41  5.42  10  93.38  1.78
 Averages  99.97  95.19  99.75  80.07  98.71  50.72  94.28  29.32

that the SDA achieves > ∕92% of the optimal hyper-volume and, in most 
cases, spends < 5% of the CPU time.

In most cases, 𝑛𝑃 = 100 did not significantly improve the CPU times 
since only a few cases have 𝐶min < 100, so most SDA runs are exact how-
ever for 𝑛𝑃 = 50 we can already observe significant CPU time savings 
like for instances with higher 𝐶min values like p08, p13, p16, and p19 
while retaining at least 98.5% of the optimal hyper-volume.

Previous FRLP literature, such as Kim and Kuby (2012) and Yildiz 
et al. (2016), show that the difficulty (the CPU time required to solve 
it optimally) grows very quickly as 𝛿 increases. We also observe this 
behaviour for the optimal Pareto front in all tested instances, primarily 
from 𝑝07 onward, which is expected to be higher than the cost of solving 
a fixed number of points.

Table 8 shows the results for the hardest instances in which the SDA 
was not able to obtain an optimal Pareto, Column #Optimal counts 
the number of optimal solutions out of 10, Max Gap is the maxi-
mum percentile optimally gap, Time is the CPU time in seconds, and 
#Paths is the maximum number of calculated candidate paths per so-
lution. These results show that the difficulty of solving it optimally 
can increase rapidly with the largest instances, since this is the easi-
est case possible; even then, four of the seven instances could not solve 

10 points optimally. In all instances, at least half of the points were
optimal.

Fig. 7 presents the Pareto fronts for instance 𝑝19 with 𝛿 = 1.01. The 
figure visualizes the hyper-volume of each tested 𝑛𝑃  configuration as the 
polygonal area formed by the union of the rectangular regions defined 
by the solution points and the reference (𝐶min, 0). Due to the heuristic 
nature of the SDA when 𝑛𝑃 < 𝐶min, the generated curves for lower 𝑛𝑃
values (e.g., 10 or 25) represent approximations of the optimal fron-
tier. Notably, the solution set for 𝑛𝑃 = 100 is virtually indistinguishable 
from the exact Pareto front (𝑛𝑃 = +∞), while the 𝑛𝑃 = 25 configuration 
closely follows the optimal trajectory, capturing approximately 97% of 
the optimal hyper-volume.

Figs. 8 and 9 present the relative difficulty to optimally solving each 
instance related to a target coverage (Fig. 8) or the target normalized RSs 
(Fig. 9). The relative difficulty is: for each optimal Pareto set resulting 
from an SDA execution with 𝑛𝑃 = +∞, the relative difficulty for each 
Pareto point is the normalized solution time for the Pareto set. The target 
RSs (%) values in Fig. 9 are related to 𝐶min and the target coverage (%) 
values in Fig. 9 are related to 𝛾.

Observing Fig. 8, we can note that the difficulty of solving it 
is higher for target coverage in the interval [80, 100]%, with a peak 
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Fig. 7. Algorithm 1 results for p19 with 𝛿 = 1.01 and multiple 𝑛𝑃  configurations and its hyper-volumes.

Fig. 8. Relative difficulty for 50 coverage intervals.

Fig. 9. Relative difficulty for 50 normalized targeted RSs intervals.
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Table 6 
Instances with optimal results for 𝛿 = 1.10.

𝑛𝑃 +∞ 100 50 25 10

 #Points  Time(s)  #Points  HV(%)  Time(%)  #Points  HV(%)  Time(%)  #Points  HV(%)  Time(%)  #Points  HV(%)  Time(%)
 p01  13  1.2  13  100.00  100.42  13  100.00  99.49  13  100.00  100.65  6  91.37  33.08
 p02  152  475.3  69  99.84  67.82  38  99.55  41.75  21  98.99  3.95  10  93.65  2.92
 p03  14  6.8  14  100.00  99.46  14  100.00  99.71  14  100.00  100.64  9  98.85  74.33
 p04  26  23.1  26  100.00  100.28  26  100.00  100.15  25  98.65  100.06  10  95.05  20.79
 p05  29  415.8  29  100.00  99.24  29  100.00  100.59  12  97.26  47.11  7  93.33  17.62
 p06  10  28.1  10  100.00  99.35  10  100.00  99.28  10  100.00  99.94  9  95.25  99.37
 p07  21  2622.9  21  100.00  99.36  21  100.00  100.02  21  100.00  99.24  6  91.95  25.78
 p08  135  55816.5  75  99.44  40.76  41  99.30  10.76  20  98.84  7.09  10  96.00  5.45
 p09  36  20473.6  36  100.00  100.99  36  100.00  100.44  12  97.82  14.90  7  92.91  5.75
 p10  42  63185.2  42  100.00  100.71  42  100.00  99.78  17  96.69  32.36  8  91.04  6.34
 p11  51  187614.1  51  100.00  99.17  27  98.94  58.11  19  97.71  36.40  8  92.37  13.49
 p12  44  56314.2  44  100.00  99.98  44  100.00  99.78  16  97.15  23.81  8  91.75  5.16
 p13  56  948901.5  56  100.00  100.00  27  99.14  24.16  17  97.80  9.57  8  93.03  1.22
 p14  63  145982.1  50  99.45  99.05  34  99.12  17.30  24  96.14  4.37  9  92.10  2.51
 Averages  99.97  93.31  99.74  76.28  98.39  47.71  93.94  28.55

Table 7 
Instances with optimal results for 𝛿 = 1.15.

𝑛𝑃 +∞ 100 50 25 10

 #Points  Time(s)  #Points  HV(%)  Time(%)  #Points  HV(%)  Time(%)  #Points  HV(%)  Time(%)  #Points  HV(%)  Time(%)
 p01  13  0.5  13  100.00  98.07  13  100.00  100.00  13  100.00  99.42  10  98.06  127.94
 p02  152  12.6  83  99.83  66.15  49  99.04  57.62  25  98.41  29.3  10  92.44  10.74
 p03  14  2.1  14  100.00  99.86  14  100.00  100.72  14  100.00  102.25  10  95.49  164.88
 p04  25  4.1  25  100.00  99.83  25  100.00  99.56  25  100.00  99.68  9  95.67  24.34
 p05  30  144.7  30  100.00  100.06  30  100.00  100.42  18  98.56  31.88  10  94.04  10.00
 p06  11  31.6  11  100.00  100.13  11  100.00  99.39  11  100.00  98.43  7  97.94  55.2
 p07  26  1000.6  26  100.00  100.45  25  100.00  98.45  25  100.00  98.65  10  94.19  29.55
 p08  172  97834.8  92  99.69  11.61  48  98.92  1.79  25  97.36  0.68  10  92.2  0.21
 p09  54  15117.6  54  100.00  100.02  49  99.85  99.95  23  97.98  12.9  10  93.97  9.12
 p10  61  53664.2  61  100.00  100.01  32  98.47  13.47  25  94.88  8.69  10  93.08  4.47
 p11  58  275071.7  58  100.00  99.99  38  99.24  23.99  24  97.34  4.95  10  89.36  1.12
 Averages  99.96  88.74  99.61  72.49  98.59  53.53  94.22  39.78

Table 8 
Hardest instances results for 𝛿 = 1.01 and 𝑛𝑃 = 10.

 Instance  #Optimal  Max Gap (%)  Time(s)  #Paths
 p20  10  0.00  1001.07  12,543
 p21  10  0.00  9374.86  36,424
 p22  9  1.96  29709.46  99,723
 p23  8  6.00  45158.68  135,408
 p24  10  0.00  4476.76  75,205
 p25  5  22.86  77750.31  258,696
 p26  6  28.13  63074.57  195,755

around 95%. On the other hand, it is the easiest for target cover-
age values below 50%. Also, the average difficulty in calculating 𝐶min

(100% coverage) is approximately 8%, which is not very high. Fig. 9 
shows that the difficulty related to a relative target #RSs is not pre-
dictable in the target coverage results. Still, we observe that the prob-
lem is straightforward to solve up to 16% and not very difficult from
82 − 100%.

6.  Discussions

The experimental results demonstrate that the proposed Smoothest 
Descent Algorithm (SDA), coupled with the Two-Phase Hybrid (TPH) 
method, successfully balances computational efficiency with solution 
quality. While the other tested methods, such as Branch-and-Cut, of-
ten find solutions on large-scale instances within the same time lim-
its, the SDA consistently approximates the Pareto front with high ac-
curacy. Specifically, we observed that with 𝑛𝑃 = 25, the system cap-

tures approximately 97% of the optimal hyper-volume while reduc-
ing computational time by over 50% on average and up to 96.5% 
on larger instances compared to the exact approach. This allows 
for strategic planning—where rapid scenario analysis is often more 
valuable than rigorous, exact ones, and the SDA provides a viable
alternative.

The bi-objective nature of the results offers critical insights into the 
marginal cost of service coverage. Our “difficulty” analysis indicates 
that the financial and computational effort required to increase cov-
erage from 80% to 100% is disproportionately high compared to early 
gains. Consequently, decision-makers are advised to carefully evaluate 
the diminishing returns of targeting near-complete coverage. Moreover, 
by identifying inflection points in the Pareto curves, planners can pin-
point “zones of opportunity” in which small additional investments yield 
substantial improvements in coverage, thereby guiding them away from 
inefficient allocation zones.

While these insights are valuable for strategic planning, the model’s 
applicability rests on specific premises that define its current scope. We 
assume average vehicle ranges and driver behaviour, in which users are 
willing to deviate by up to a fixed threshold 𝛿. Although this simplifies 
flow-capture modeling, it may not fully capture real-world variability 
when driver preferences are heterogeneous. Additionally, our contin-
uous location relaxation assumes that stations can be built anywhere 
along an edge, and this is how we test it, limiting the location to only 
the segments to install is also feasible to the model without modifica-
tions besides splinting some edges and fixing some 𝑥𝑎 = 0; complying 
with local zoning laws or power grid constraints may impose strict fea-
sibility constraints in specific applications.
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Despite these limitations, the study advances the scale of solvable 
problems in the literature. The introduction of 26 new large-scale in-
stances based on the Brazilian road network can serve as benchmarks for 
other studies. The success of our separation procedure in handling the 
combinatorial explosion of sub-path constraints further indicates that 
this modeling approach is not limited to refuelling. And the possibility 
of continuous locations enables future deployments at lower infrastruc-
ture costs.

7.  Conclusions

This study addressed the strategic challenge of locating alternative-
fuel refuelling stations by proposing the Sub-path Flow Refuelling Lo-
cation Model (SPFRLM) and the Smoothest Descent Algorithm (SDA). 
Motivated by the need to navigate conflicting objectives—minimizing 
infrastructure costs while maximizing service coverage—we developed 
a decision support system capable of operating at scale on large real-
world road networks.

The experimental results on 26 new instances derived from the 
Brazilian national network validate the efficacy of this approach. We 
demonstrated that the SDA, particularly when coupled with the Two-
Phase Hybrid (TPH) cover method, can approximate the Pareto front 
with high precision, capturing over 97% of the optimal hyper-volume 
while requiring only a fraction of the computational time of exact meth-
ods. This efficiency is crucial for decision-makers, as it enables the rapid 
identification of “zones of opportunity” and the assessment of marginal 
returns on investment without the prohibitive computational costs of 
exact enumeration. Ultimately, the proposed system bridges the gap be-
tween theoretical optimization and practical, data-driven infrastructure 
planning.

In future work, we aim to enhance the solvability of the pre-
sented formulation by investigating advanced decomposition tech-
niques. Specifically, we intend to develop exact coverage methods 
based on column generation or Benders decomposition, as proposed 
in (Cordeau et al., 2019), to efficiently tackle more challenging in-
stances of the FRLP. Furthermore, the separation procedure can be opti-
mized by implementing specialized algorithms for the 𝑘 single-resource 
constrained shortest path problem (Festa, 2015). From a methodologi-
cal perspective, we plan to extend the current model to a dynamic or 
stochastic framework, similar to the approach proposed by (Chaieb and 
Ben Sassi, 2024). This will allow for the incorporation of plug-in hybrid 
vehicles and the simulation of heterogeneous ranges, thereby capturing 
the uncertainties inherent in the transition to AFVs. 
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Appendix A.  Network Compression

Given a cover 𝐶 that does not violate any sub-path and has an un-
feasible continuous location, Algorithm 7 finds a minimum set of edges 
𝐴′ that requires one more RS to cover the OD pairs from 𝑊𝐶 . It operates 
on a copy of the original graph 𝐺′ and initiates 𝐴′ with all edges from 
covered sub-paths (Line 1). The main loop tests each edge 𝑎 ∈ 𝐴′ (Line 
2) and compresses its length while saving the original value (Line 3). If 
the modified network generates a continuous location (Line 4), 𝑎 has its 
length restored (Line 5), otherwise 𝑎 is removed from 𝐴′ (Line 7). After 
the main loop, the resulting 𝐴′ is returned (Line 8).

Algorithm 7: Network Compression.
Data: A cover 𝐶 and graph 𝐺′.
Result: Minimal set of edges 𝐴′.

1 𝐴′ ← {𝑎|𝑎 ∈ 𝑠,∀𝑠 ∈ 𝑆𝑤,∀𝑤 ∈ 𝑊𝐶};
2 for 𝑎 ∈ 𝐴′  do
3 𝑙𝑎 ← |𝑎|; |𝑎| ← 0;
4 if 𝐶𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠𝐿𝑜𝑐𝑎𝑡𝑖𝑜𝑛(𝐶,𝐺′) is feasible then
5 |𝑎| ← 𝑙𝑎;
6 else
7 𝐴′ ← 𝐴′ ⧵ {𝑎};

8 return 𝐴′

Algorithm 7 is similar to linear row removal in a linear formulation 
to identify a minimum unfeasible system, i.e., the further removal of 
any other edge results in a feasible continuous location. Compressing 
one edge is equivalent to installing an RS at a continuous location. The 
resulting 𝐴′ from Algorithm 7 is a set such as the addition of any RS 
results in a feasible continuous location, therefore 𝐾𝐴′𝑊 ′ = 1 +

∑

𝑎∈𝐴′
𝐶𝑎

and 𝑊 ′ = {𝑤|𝑤 ∈ 𝑊𝐶 ∧ (∃𝑎 ∈ 𝐴′
|𝑎 ∈ 𝐴𝑤)}.

Taking Fig. 3 as an example for Algorithm 7, the compression of 
edges 𝑎𝑒 and 𝑓𝑑 still results in an infeasible continuous location, but 
the compression of 𝑐𝑒, 𝑒𝑓 or 𝑓𝑏 results in a feasible continuous location. 
Thus, the final 𝐴′ is {𝑐𝑒, 𝑒𝑓 , 𝑓𝑏} and 𝐾𝐴′𝑊 ′ = 2.

Computational Optimizations. This algorithm only generates one valid 
constraint 4 per given cover. More unique constraints are obtained by, 
at the end of the algorithm, picking one edge 𝑎 ∈ 𝐴′, permanently com-
pressing it (|𝑎| ← 0) and checking a continuous cover, if not feasible run 
Algorithm 7 again to generate a different valid constraint 4, this can 
be repeated until the permanently compressing of some edge make a 
continuous location feasible.

Appendix B.  Separation Problem - Continuous Location

Similar to the main separation problem (Section 4.3), the separation 
problem for continuous location is: given a cover 𝐶 and a set of contin-
uous locations 𝐿, for each OD pair (𝑜, 𝑑) ∈ 𝑊𝐶 , is there any valid path 
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Fig. B.10. General case of a continuous location separation problem.

that contains a segment longer than 𝑅 between two located RSs from 𝐿. 
If no, 𝐿 is feasible; otherwise, a violated path segment constraint (26) 
is returned.

Fig. B.10 shows the general version of the problem, having 𝑒𝑎1 on 
edge (𝑒, 𝑎) ∈ 𝐴 and 𝑏𝑓 1 on edge (𝑏, 𝑓 ) ∈ 𝐴. We search a candidate path 
𝑝 that goes from 𝑜 to 𝑒, has sub-path 𝑠 between 𝑎 and 𝑏, with (B.1), and 
goes from 𝑓 until 𝑑. Sub-path 𝑠 must (B.1) and not pass through any 
edge with a located RS to violate a constraint (26).

|𝑒𝑎1𝑎| + |𝑠| + |𝑏𝑏𝑓 1| > 𝑅 (B.1)

If such 𝑠 exists, we search a 𝑠 constraining 𝑝 to 𝐷max
𝑜𝑑 , the path seg-

ments between (𝑜, 𝑒) and (𝑓, 𝑑) can always be replaced by their respec-
tive minimal path segments that do not include edges 𝑒𝑎 and 𝑏𝑓 ; thus, 
there is no need to have an explicit 𝑝 leaving |𝑠| constrained by (B.2). 
Furthermore, as 𝐶 respects all Constraints 3, |𝑠| must also be equal or 
smaller than 𝑅 (B.3).

𝐷𝑚𝑖𝑛
𝑜𝑒 + |𝑒𝑎| + |𝑠| + |𝑏𝑓 | +𝐷𝑚𝑖𝑛

𝑓𝑑 ≤ 𝐷𝑚𝑎𝑥
𝑜𝑑 (B.2)

|𝑠| ≤ 𝑅 (B.3)

Given our network, four possible cases exist for each pair of edges 
and an OD pair. For edges with one or multiple 𝑅𝑆𝑠, the continuous 
location (4.3.2), 𝑥 is the closest RS to 𝑎, and 𝑦 is the closest RS to 𝑏, 
following the continuous location input.

Formulation (B.4) - (B.11), given a network 𝐺𝑎𝑏, solves the separa-
tion problem for continuous location. It searches on sub-graph 𝐺𝑎𝑏 =
{𝑁𝑎𝑏, 𝐴𝑎𝑏} ⊆ 𝐺, with set of nodes 𝑁𝑎𝑏 ∶= {ℎ|ℎ ∈ 𝑁, 𝐷min

𝑎ℎ +𝐷min
ℎ𝑏 ≤

𝐷max
𝑜𝑑 } and set of edges 𝐴𝑜𝑑 ∶= {(𝑖, 𝑗)|(𝑖, 𝑗) ∈ 𝐴, 𝑖, 𝑗 ∈ 𝑁𝑜𝑑} ⧵ {𝑎|𝐶𝑎 > 0}.
Let 𝐾𝑎𝑏

𝑖  be constants where 𝐾𝑎𝑏
𝑖 = 1 if 𝑖 = 𝑎 or 𝑖 = 𝑏, 0 otherwise. 

Additionally, |𝑎| is the distance of edge 𝑎. For binary variables, 𝜒𝑠
𝑎 = 1

indicates that edge 𝑎 is part a sub-path 𝑠 = {𝑎|𝜒𝑠
𝑎 = 1} between 𝑎 and 𝑏. 

And 𝛾𝑠𝑖 = 1 means 𝑖 is an intermediary node in sub-path 𝑠.
∑

𝑎∈𝐴𝑜𝑑
𝑖

𝜒𝑠
𝑎 = 2𝛾𝑠𝑖 ∀𝑖 ∈ 𝑁𝑎𝑏 ⧵ {𝑎, 𝑏} (B.4)

∑

𝑎∈𝐴𝑜𝑑
𝑖

𝜒𝑠
𝑎 = 1 ∀𝑖 ∈ {𝑎, 𝑏} (B.5)

∑

𝑖𝑗∈𝐴, 𝑖,𝑗∈𝑇 , 𝑖≠𝑗

𝜒𝑠
𝑖𝑗
≤ Ψ(𝑇 ) − 1 ∀𝑇 ⊆ 𝑁𝑎𝑏,Ψ(𝑇 ) ≥ 3 (B.6)

𝐷𝑚𝑖𝑛
𝑜𝑒 + |𝑒𝑎| +

∑

𝑎∈𝐴𝑎𝑏

|𝑎|𝜒𝑠
𝑎 + |𝑏𝑗| +𝐷𝑚𝑖𝑛

𝑗𝑑 ≤ 𝐷𝑚𝑎𝑥
𝑜𝑑 (B.7)

∑

𝑎∈𝐴𝑎𝑏

|𝑎|𝜒𝑠
𝑎 + |𝑒𝑎1𝑎| + |𝑏𝑏𝑓 1| > 𝑅 (B.8)

∑

𝑎∈𝐴𝑎𝑏

|𝑎|𝜒𝑠
𝑎 ≤ 𝑅 (B.9)

𝜒𝑠
𝑎 ,∈ {0, 1}∀𝑎 ∈ 𝐴𝑎𝑏 (B.10)

𝛾𝑠𝑖 ∈ {0, 1}∀𝑖 ∈ 𝑁𝑎𝑏 (B.11)

Formulation (B.4)-(B.11) can be observed in two parts, the first one
(B.4)-(B.6) searches for a sub-path 𝑠 = {(𝑎|𝜒𝑠

𝑎 = 1} between 𝑎 and 𝑏. And 
Constrains (B.7)-(B.9) mirror the conditions (B.1) - (B.3). Finally, Con-
straints (B.10)-(B.11) define the domains of the variables.

If Formulation (B.4) - (B.11) returns a feasible solution and assuming 
edges (𝑒, 𝑎) and (𝑏, 𝑓 ) are parameterized in the way as the path from 𝑜 to 
𝑑. The violated constraint (26) has 𝜋𝑗𝑝 = 𝐷min

𝑜𝑒 + |𝑒𝑎| + |𝑠| + |𝑏𝑓 |𝑙𝑏𝑓1
 and 

𝜋𝑖𝑝 = 𝐷min
𝑜𝑒 + |𝑒𝑎|𝑙𝑒𝑎1 .

Computational Optimizations. (i) Knowing that 𝐷min
𝑎𝑏  is a lower bound 

to |𝑠|, a violation to conditions (B.1) - (B.3) eliminates the need to com-
pute graph 𝐺𝑎𝑏 or the model. (ii) Using the upper bounds for |𝑥𝑎| =
𝑚𝑖𝑛(𝑅, |𝑖𝑎|) and |𝑏𝑦| = 𝑚𝑖𝑛(𝑅, |𝑏𝑗|), graphs 𝐺𝑎𝑏 and, consequently, model
(B.4) - (B.11) can be pre-computed and the values of |𝑥𝑎| and |𝑏𝑦| up-
dated on constraint (B.8) per execution.
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