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Abstract—Deep learning based channel prediction has gar-
nered significant attention to mitigate channel aging in high-
mobility multiple-input multiple-output (MIMO) systems. How-
ever, existing channel prediction methods extract the temporal
correlations from the channel sequences estimated at uniform
pilots, which require dense pilot configuration to mitigate Doppler
aliasing in high-mobility scenarios and incur substantial estima-
tion overhead. To tackle this problem, we propose a channel
prediction method based on continuous-time transformer with
the non-uniform pilot pattern, thereby enabling accurate pre-
diction across arbitrary time scales with only a small number
of pilots. Specifically, we first design the non-uniform pilot
pattern based on Chebyshev polynomial roots and then prove
its optimality under Doppler-dominated channel variations with
relatively stable user velocity, wherein a subset of pilots are
densely configured to provide a finer resolution of Doppler phase
estimation. To adapt to the non-uniform pattern, a continuous-
time transformer is further proposed, which integrates the
superior feature extraction capability of transformer with the
continuous-time modeling strength of neural ordinary differential
equation (ODE) for flexibly processing the estimated channel
sequences with non-uniform time scales. More concretely, the
attention mechanism is extended to the continuous-time domain
by incorporating neural ODE, while a high-frequency tempo-
ral encoding is designed to fit rapidly time-varying channels.
Besides, an element-wise prediction mechanism is proposed to
efficiently capture temporal correlations and prevent overfitting.
Simulation results demonstrate that our proposed method can
realize accurate continuous-time channel prediction in high-
mobility scenarios, and significantly outperforms existing channel
prediction methods.

Index Terms—Multiple-input multiple-output, channel predic-
tion, high-mobility scenario, Doppler aliasing, deep learning.

I. INTRODUCTION

Multiple-input multiple-output (MIMO) is one of the fun-
damental technologies in the 5G, 6G and beyond wireless
communication systems [1]. To fully leverage the poten-
tial benefits of MIMO for downlink transmission, wireless
channels need to be accurately estimated at the base station
(BS). However, as the number of user equipments (UEs) and
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antennas grows exponentially [2], [3], channel estimation can
lead to substantial pilot overhead. Besides, to mitigate channel
aging in mobile scenarios [4], channel estimation is required to
be performed periodically, which further exacerbates the pilot
overhead issue. To solve the above issues, channel prediction
has been widely adopted to predict the future channel sequence
by exploiting the temporal correlations between the historical
and future channels [5].

The conventional channel prediction methods mainly in-
clude the autoregressive (AR) model [6], [7], the sum-of-
sinusoids model [8], and the linear extrapolation model [9].
Specifically, the study [6] designed a vector Kalman filter with
AR parameter estimation, while the work [7] improved the
performance of AR model by utilizing the channel sparsity
in the angle-delay domain. The work [8] proposed a sum-of-
sinusoids model with estimation of signal parameters via ro-
tational invariance technique (ESPRIT). A Prony based linear
extrapolation predictor was derived in [9]. Nevertheless, these
conventional methods usually rely on strict assumptions, such
as the number of paths, which may not match the complex
multi-path channels in practical scenarios and could cause
severe performance degradation.

To solve this problem, deep learning based channel predic-
tion has been extensively studied [10]-[17], benefiting from
the capability of deep learning to extract the sophisticated
intricate correlations within channel sequences in a data-driven
manner. Specifically, the classic recurrent neural network
(RNN) was utilized to capture the temporal correlations of
channel sequences in [10], while the study [11] proposed
RNN variants, long short-term memory (LSTM) and gated
recurrent unit (GRU), to achieve more accurate prediction.
However, these RNN-like neural networks predict the future
channel sequence in a sequential manner, which may struggle
to accurately capture long-term dependencies [18] and suffer
from error accumulation issues [19]. In contrast, owing to the
capability to effectively extract long-term dependencies via
attention mechanisms and avoid error accumulation through
parallel prediction, transformer has been extensively applied
in channel prediction [12]-[14], channel estimation [20]-[23],
and predictive beamforming [24]-[27]. For instance, the work
[12] proposed a generative transformer with parallel prediction
framework, while a hybrid prediction model that integrates
transformer with GRU was employed in [13]. The work [14]
designed a linear based lightweight transformer with encoder-
only architecture. The prediction performance of different
neural networks was compared in [15]. Besides, the position
information of UEs was utilized in [16], and a physics-inspired
model named C-GRBFnet was proposed to achieve efficient
channel representation and prediction. The work [17] derived



TABLE I
COMPARISON BETWEEN PROPOSED AND EXISTING DEEP LEARNING BASED CHANNEL PREDICTION METHODS.

Methods Attention mechanism Continuous-time modeling Pilot pattern Prediction mechanism
RNN-like [10], [11] X X Uniform Vector-wise
Transformer [12]-[14] \/ X Uniform Vector-wise
Neural ODE [28]-[31] X V4 Uniform Vector-wise
Proposed 4 4 Non-uniform Element-wise

a novel channel deduction framework, where the information
of historical channel sequences is fused with the coarse esti-
mation of current channels to enhance prediction robustness.
Nonetheless, since the above methods do not model the
specific time interval, they are restricted to predict the future
channel sequence with uniform time scales. In other words, the
periods of the historical and predicted channel sequences need
to be strictly equal. Therefore, to mitigate severe channel aging
in high-mobility scenarios, channel estimation needs to be
frequently executed to obtain the future channel sequence with
a short prediction period, which inevitably imposes enormous
pilot overhead.

In order to achieve finer time-scale prediction without addi-
tional channel estimation, continuous-time channel prediction
has gained widespread attention in recent years [28]-[32],
which reconstructs the underlying continuous-time channels
from the channel sequence estimated at uniform pilots. As a
widely adopted method for continuous-time modeling, neural
ordinary differential equation (ODE) fits channel dynamics by
neural networks and applies numerical integration to imple-
ment arbitrary time-scale prediction. The work [28] proposed
to use RNN to capture the temporal correlations from the
historical channel sequence, whose output is utilized by neural
ODE for continuous-time channel prediction. The integrations
of neural ODE with LSTM and GRU were respectively
designed in [29] and [30]. The physics-inspired neural ODE
was proposed in [31] to effectively learn channel dynamics.
A very recent work [32] proposed ODE-Former to support
continuous-time prediction from channel sequences sampled at
arbitrary time slots. This work integrates the transformer-like
structure with neural ODE to enhance the learning capability,
and utilizes the integration length instead of the attention
mechanism to directly determine temporal relationships.

However, these existing neural ODE based methods
face three problems, which may significantly degrade the
continuous-time prediction performance. Firstly, the most cru-
cial issue is Doppler aliasing. The temporal channel variations
primarily originate from the rotation of Doppler phase, which
is proportional to the UE velocity [12], [33]. As the UE
velocity increases, the Doppler phase may rotate beyond
one full cycle (27) between adjacent channel estimations. In
this case, Doppler aliasing occurs according to the Nyquist
criterion, which implies that the accurate estimation of Doppler
phase for reconstructing continuous-time channels becomes
infeasible. To avoid Doppler aliasing, existing neural ODE
based methods are required to densely insert a large number
of uniform pilots, resulting in substantial estimation over-
head. Secondly, existing neural ODE based methods generally
rely on RNN-like neural networks to extract the temporal

correlations within channel sequences, which makes them
difficult to precisely capture long-term dependencies and leads
to error accumulation issues. Thirdly, existing neural ODE
based methods transform the channel vector into the angle
domain, and subsequently predict all of its elements at once by
simultaneously exploiting the spatial and temporal correlations
of channels, called vector-wise prediction mechanism. This
mechanism imposes a shared temporal correlation compo-
nent (e.g., attention weights of transformer) across different
elements within the angle-domain channel vector. However,
considering that different elements generally correspond to
distinct propagation paths and exhibit diverse Doppler shifts
[7], the temporal dynamics of the elements within one angle-
domain channel vector are usually inconsistent. Therefore,
enforcing a shared temporal correlation component across dif-
ferent elements in the vector-wise prediction mechanism could
impair the prediction performance. Besides, since an element
can contain redundant information for other elements, the
vector-wise prediction mechanism may inadvertently hamper
the precise extraction of temporal correlations for each element
and increase the risk of overfitting.

To address the aforementioned problems, we propose
the element-wise continuous-time transformer with the non-
uniform pilot pattern for channel prediction in this paper.
Specifically, a non-uniform pilot pattern according to Cheby-
shev polynomial roots is proposed, where a subset of pilots
are configured with high density. In this way, compared to
the uniform pattern, the proposed non-uniform pattern can
achieve a significantly finer estimation resolution of Doppler
phase under the same pilot overhead. Furthermore, under
the conditions of Doppler-dominated channel variations with
relatively stable UE velocity, we prove that the proposed non-
uniform pilot pattern optimally facilitates the precise recon-
struction of continuous-time channels in terms of the maxi-
mum norm. Besides, we design a continuous-time transformer
tailored for accurate arbitrary time-scale prediction, harnessing
the powerful feature extraction capability of transformer in
conjunction with the continuous-time modeling strength of
neural ODE. Different from ODE-Former [32] that directly
determines temporal relationships by the integration length, the
proposed continuous-time transformer explicitly extends the
attention mechanism to the continuous-time domain via neural
ODE, thereby realizing adaptive extraction of continuous-time
correlations. More concretely, the queries, keys, and values in
the attention mechanism are generalized to their underlying
continuous-time trajectories via neural ODE and closed-form
interpolation functions. Then, the correlations between these
trajectories are solved by numerical integration, thereby re-
alizing the continuous-time attention. Meanwhile, we design



a high-frequency temporal encoding to replace the standard
positional encoding in transformer, which explicitly embeds
the time information into the network input and enables the
effective fitting of rapidly time-varying channels in high-
mobility scenarios. In addition, inspired by the well-known
channel-independent framework in the area of time series
modeling [19], [34], we propose to predict each element of the
channel vector at once instead of the whole channel vector,
while the prediction of different elements shares the same
network parameters. This prediction mechanism is termed as
element-wise prediction, which can generate element-specific
attention weights to effectively capture temporal correlations
and mitigate overfitting. Simulation results demonstrate that
our proposed method can realize accurate continuous-time
channel prediction in high-mobility scenarios and remarkably
surpasses its conventional counterparts. Our code has been
made publicly available in [35] to facilitate reproduction. The
main contributions of this paper can be summarized as follows.

o We theoretically analyze that continuous-time channel
prediction faces the issue of Doppler aliasing in high-
mobility scenarios according to the Nyquist criterion.
To solve this issue, a non-uniform pilot pattern based
on Chebyshev polynomial roots is proposed, which can
provide a significantly finer estimation resolution of
Doppler phase compared to the uniform pilot pattern.
Moreover, we prove that the proposed non-uniform pilot
pattern is optimal for the reconstruction of continuous-
time channels in the sense of maximum norm.

o« We propose the continuous-time transformer, wherein
the attention mechanism is integrated with neural ODE
to accurately extract the correlations across arbitrary
time scales, and a high-frequency temporal encoding is
designed to effectively track the fast time-varying chan-
nels. On this basis, we further propose an element-wise
prediction mechanism, which enables the continuous-time
transformer to pay attention to efficiently extracting the
temporal correlations of each element and reduce the risk
of overfitting.

Table I briefly compares our proposed method with existing
deep learning based channel prediction methods. In contrast to
these existing methods, our method utilizes the non-uniform
pilot pattern to effectively address Doppler aliasing, integrates
transformer with neural ODE for accurate arbitrary time-scale
prediction, and adopts the element-wise prediction mechanism
to efficiently capture the temporal correlations.

This paper is organized as follows. Section II presents
the system model. In Section III, the issue of Doppler
aliasing for continuous-time channel prediction is analyzed
and the proposed non-uniform pilot pattern is elaborated.
The proposed continuous-time transformer and element-wise
prediction mechanism are presented in Section IV. Section V
provides the simulation results, and finally the conclusions are
summarized in Section VI.

Notations: C"*™ and R™*™ represent the m x n complex
and real spaces, respectively. C™ ([a, b]) denotes the space
of N-times continuously differentiable real-valued functions
defined on the closed interval [a, b]. j = \/—1 represents the

imaginary unit. Vectors and matrices are separately denoted
by boldface lower-case and capital letters. [-]; denotes the -
th element of a vector, while [-]; ; is the (¢, j)-th element of
a matrix. ()T denotes the transpose. || - ||2 represents the 2-
norm of a vector. | - | denotes the modulus operator, while
[-] represents the ceiling function. || f||oc = max,c(q,p | f(2)]
denotes the uniform norm of function f. a ocb means that a
is proportional to b. mod(x, 27) represents x modulo 2. N
is the set of positive natural numbers, and 7 denotes the set
of time slots.

II. SYSTEM MODEL

We consider a BS serving one single-antenna UE in this
paper for simplicity, whereas our proposed channel prediction
method can be directly extended to the scenario of multiple-
antenna UEs. We further assume that the BS is equipped with
dual-polarized antennas in the uniform planar array (UPA)
with the numbers of antennas in the horizontal and vertical
directions being My and M,, respectively. Consequently, the
total antenna number at the BS is given by M =2M;, M,.

A. Channel Model

The 3D time-varying multi-path channel model [36] is
considered, which has been extensively adopted in existing
channel prediction works [37], [38]. Specifically, let us denote
the channel vector at time slot ¢ as h(t) € CM*!, Then its
m-th element [h(t)],, can be expressed as

(7,10 i, m

Lp
[h(t)]m= Z g T P apte izl (1)
!

p=1

where L, denotes the number of paths, oy, fDJp and 7, are
the corresponding complex gain, Doppler shift and delay of
the I,-th path, respectively, A is the wavelength and f, denotes
the carrier frequency, while dix ., represents the location vector
of the m-th BS antenna, and 7, denotes the spherical unit
vector at azimuth departure angle ¢, and elevation departure
angle 0y, which can be written as

. . . T
Tix,l, = [Sln Otx,1, COS Prx 1, , SN Orc 1, SIN Py 1, COS 9tx,lp} . @)

In (1), the temporal channel variations stem from the
rotation of Doppler phase 27 fp ; t, and the Doppler shift fp ;,
can be further written as [7], [12], [33]

_ fc ("'rx,lp )Tv

fog, = ———, (3)

c

where c is the light speed, 7, is the spherical unit vector at
azimuth arrival angle ¢ ;, and elevation arrival angle Gmlp,
which can be expressed by substituting {gﬁrup , GFXJD} for
{qﬁtx,lp, 9tx,zp} in (2), and v is the UE speed vector at azimuth
angle ¢, and elevation angle 6,, which is given by

v="v [sin 0y cos ¢y, sin 0y, sin ¢y, cos GV] T .

“4)

In (4), v is the UE velocity. According to (3) and (4), as the UE
velocity v increases, the Doppler shift fp; becomes larger,
thereby leading to more drastic temporal channel variations.
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pattern; (c) continuous-time prediction with non-uniform pilot pattern. Current time slot is defined as 0 ms, estimation time slots of uniform and non-uniform

pilot patterns are set to {—80 ms, —70 ms, —60 ms, —50 ms, —40ms, - - -

B. Problem Formulation

Let us define the estimated channel vector at time slot
t as h(t) € CM*! To mitigate channel aging in mobile
scenarios, channel prediction is essential to obtain the future
channel sequence by utilizing the historical estimated channel
sequence. Most existing channel prediction works [10]-[17]
focus on the uniform time-scale prediction gy, (-) as presented
in Fig. 1 (a). By defining the current time slot as 0, the uniform

time-scale prediction gy (-) can be formulated as

{/ﬁ(pTe)}P = guni({ﬁ((j — J)Te)}i] )7 5)

— j=1

wherein 7 represents the period of channel estimation, .J
and P are the lengths of estimated and predicted channel
sequences, respectively, while h( ) € CMX1 denotes the
predicted channel vector at time slot ¢. Since the specific time
interval is not modeled in the uniform time-scale prediction,
only the channel sequence with period 7, can be accurately
predicted. However, in high-mobility scenarios, channel aging
becomes severe. To tackle this problem, the estimation period
T, needs to be shortened in the uniform time-scale prediction,
which can cause enormous pilot overhead.

To handle this issue, recent works [28]-[31] investigated
continuous-time channel prediction, which reconstructs the
underlying continuous-time channels from the historical chan-
nel sequence, thereby realizing arbitrary time-scale prediction.
Specifically, considering the estimation time slots {¢; }jzl with
t; < 0 and prediction time slots {tp}f:1 with ¢, > 0, the
continuous-time prediction geon(+) can be formulated as

(B} = a( (B0} ) ©

where the time information is embedded into the network
input for reconstructing continuous-time channels. For these
existing continuous-time prediction works, the uniform pilot
pattern is assumed in the estimated channel sequence, as
shown in Fig. 1(b), i.e., t; = (j — J)T. for j € {1,2,..., J}.
However, continuous-time channel prediction in high-mobility
scenarios may require to insert numerous uniform pilots with
high density, with the reasons detailed in the next section.

III. NON-UNIFORM PILOT PATTERN FOR
CONTINUOUS-TIME CHANNEL PREDICTION

In this section, we first introduce the challenge of Doppler
aliasing faced by continuous-time channel prediction in high-

,0ms} and {—80 ms, —78 ms, —60 ms, —42 ms, —40 ms, - - -

,0ms}, respectively.

TABLE II
DEFINITIONS OF NOTATIONS.
Notations Definitions
J /j Estimation length of channel sequence
before/after inserting additional pilots
Te Estimation period before inserting additional pilots
Te, min Minimum estimation period

Minimum estimation period of
Tche,min/Tuni,min . . .
non-uniform/uniform pilot patterns

N Number of inserted additional pilots
Nmin Minimum number of inserted additional pilots
(n) (n) Time slot of n-th inserted pilot in time intervals
fehe/ Lo [—1, 1] and [(j = /)Te, ( + 1 — J)Te]

Time slot of j-th pilot
tehe,j

after inserting non-uniform pilot pattern

mobility scenarios. Next, we propose a non-uniform pilot
pattern as shown in Fig. 1(c), which offers a finer estimation
resolution of Doppler phase to address the problem of Doppler
aliasing. Then in the sense of maximum norm, we prove the
optimality of our proposed non-uniform pilot pattern for the
reconstruction of continuous-time channels. To improve the
readability, the definitions of notations used in Section III are
listed in Table II.

A. Doppler Aliasing in High-Mobility Scenarios

Reconstructing the underlying continuous-time channels
from the estimated channel sequence is key to achieving
accurate prediction across arbitrary time scales. However, this
reconstruction imposes constraints on the minimum period of
channel estimation T, i, according to the Nyquist criterion,
which is elaborated in the following theorem.

Theorem 1. 7o avoid Doppler aliasing, the minimum period
of channel estimation T¢ in needs to satisfy

c
Te min < 57— 7
’ fev @
Proof: According to (1) and (3), the time-varying part of
fe(r, zp) v

channels is an analytic signal 612“ ¢, and its maximum
rotation of Doppler phase is o {7t when the spherical unit
vector, Ty, and the UE speed vector in (4), v, are aligned.
Based on the Nyquist criterion for analytic signals [39], the
minimum period of channel estimation 7T i, needs to satisfy

fev

2m —T¢ min < 2, (8)
c
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Remark 1: Fig. 2 illustrates the time-varying part of channels

. fc(TrxL ) v
el?m *—1 to better understand Doppler aliasing. Due to

the per10d1c1ty, only the rotation of Doppler phase in one
fc("’rxl ) v t ot

full cycle rnod (27r
—, the maximum rotation of Doppler phase satisfies

Te min 2

o L “”Te min > 27. In this case, the actual rotation of Doppler
fe(rex zp)
C

) can be estimated. When

phase 27 t may not be recovered from the estimated

rotation of Doppler phase mod (2wwt 277)

Remark 2: Doppler aliasing is a commonly encountered
issue in practical scenarios. For instance, considering the
widely used carrier frequency f. = 3.5GHz and the UE
velocity v = 60 km/h, T i, needs to satisfy T¢ nin < 5.14ms
to avoid Doppler aliasing. However, according to the 3rd
generation partnership project (3GPP) specifications [40], the
maximum period of channel estimation can be set to 160 ms,
and thus Doppler aliasing may occur in this scenario.

B. Chebyshev Polynomial Roots Based Non-Uniform Pilots

To address Doppler aliasing in high-mobility scenarios, ex-
isting uniform pilot based continuous-time prediction methods
need to shorten the estimation period to satisfy Tt i, < ﬁ
based on Theorem 1, which incurs considerable pilot overhead.

Fortunately, UE typically does not suddenly and drastically
change its velocity in practical scenarios, and the correspond-
ing Doppler shift remains relatively stable during several
channel estimations according to (3). Consequently, we can
insert a small number of non-uniform pilots within the original
estimation period 7T,, such that the minimum time interval
between pilots satisfies Te min < ﬁ to accurately estimate
the Doppler phase rotation within 7§ ,in. Note that in order
to simplify notation, we slightly abuse the definition of T,
as the original estimation period prior to inserting additional
pilots in the sequel. Then due to the stationary nature of
Doppler shift, the Doppler phase rotation within the original
estimation period 7, can be obtained by extending the accu-
rately estimated Doppler phase rotation within T¢ min, thereby
effectively overcoming Doppler aliasing.

Furthermore, under the constraint of T¢ 1yin < f , the time
distribution of the pilot pattern should facilitate the accurate
reconstruction of continuous-time channels. Inspired by the
successful application of Chebyshev polynomial roots in the
field of function interpolation [41], we propose a non-uniform
pilot pattern in the following lemma and theorem.

G+1-DTe

3
tche,j

@ Original pilot
¢ Inserted pilot

2 —
tche J

. . . Te

Circle with radius —

@ 2
che,j

(j _])Te

t

Fig. 3.  Illustration of Chebyshev based non-uniform pilot pattern

N
{ éﬁlj} , where number of inserted additional pilots is assumed to
Il n=1
be N = 3, and {3F, 3% Z1 correspond to the angles %ﬂ' of

1 2 3
{tc(:hze Y tf:h?s ]’t((:h)e j} in (12)

Lemmjz\lf 1. Among all choices of N distinct time slots T =
{t(")}n:l C [-1, 1], Chebyshev polynomial roots,

. ON —2n+1
A0 _ OS(H

che ™

SNt )

5N 7r>,n€{1,2

are optimal for reconstructing continuous-time functions in
CN([~1, 1]) under the criterion of maximum norm.

Proof: Let h(t), ( ) € CN([~1, 1]) denote the objective
function and reconstructed function, respectively. Since A(t)
is unknown in practical scenarios, the specific h(t) cannot be
determined by theoretical analysis. In contrast, the time slots
T can be preset, and the works [42], [43] have proved

N
[R(t) = h(t)]|so o max, (t—tM)|, t € [-1, 1]. (10)
te
n=1
Furthermore, it can be derived [41]
N N
{tgfi} = argmin max (t —t(")) , 11
n=1 {t( )}" lte[ 1 1]
which means that the choice of 7 = {tgﬁg optimally
facilitates the reconstruction of h(t). - [ |

Theorem 2. Within the time interval between the j-th and
(j +1)-th channel estimations T; = [(j — J)Te, (j+1 I)Te),

¢ }n:1 with

che,j
7T>, (12)

are optimal for the continuous-time channel reconstruction
under Doppler-dominated channel variations with relatively
stable UE velocity, where the minimum number of inserted
pilots Nin to avoid Doppler aliasing needs to satisfy

the time slots of inserted pilots Tehe,j = {

27 —2 N1, To

2N —2n+1
che,j — 92 ? S

2N

(13)

Nszin: ’V

s
2 arccos (1 — vaT ) '



Proof: (12) is the affine transformation of (9) from
[—1, 1] to T;, thereby preserving the optimality in reconstruct-
ing continuous-time functions. Due to the curve shape of the
cosine function used in (12), the pilots are densely configured
at both ends but relatively sparsely deployed in the middle of
7T;. An illustration of tfﬂl ; 1s presented in Fig. 3. The specific
minimum time interval is

T, T, T
Tehe,min = = — & PYNSE 14
be, 2 ~ 2% <2N) (14)
which is the time interval from (j — J)T, to tii)e ; or from

tghNe{j to (j +1 — J)T,. Based on Theorem 1, the minimum

number of inserted pilots Vi, needs to satisfy (13) to avoid
Doppler aliasing. ]

Remark 3: The optimality of the Chebyshev based non-
uniform pilot pattern relies on the assumption of Doppler-
dominated channel variations with relatively stable UE ve-
locity, which is generally realistic for the short estimation
interval 7. Specifically, when considering a typical estimation
interval in 3GPP specifications, e.g., T, = 40 ms [40], the UE
velocity of v = 60 km/h, and a high acceleration of a = 4 m/s?
[44], [45], the maximum variation of UE velocity is around
aT. = 0.16 m/s, which is negligible, demonstrating that the
UE velocity is relatively stable within a short estimation
interval T,. Besides, the maximum UE displacement is around
vT, = 0.67m, which is very small compared to the typical
distance between base station (BS) and UE. Therefore, the
birth-death process of multiple paths and the changes in
scattering environments can be ignored, and the dominant
factor for channel variations is the Doppler shift [7], [12], [14],
[46]. In brief, when considering a short estimation interval
T,, the assumption of Doppler-dominated channel variations
with relatively stable UE velocity is usually satisfied, and our
optimality derivation in Theorem 2 holds. Nevertheless, when
the estimation interval T is long, the scattering environment
may experience rapid changes, or the UE velocity may vary
abruptly. In these scenarios, the optimality of the Chebyshev
based non-uniform pilot pattern may not strictly hold, and the
pilot pattern should instead be configured according to the
sensed scattering environment complexity and the UE velocity.

Remark 4: The works [47], [48] proposed the deep learning
based joint design of pilot signal and channel estimation,
where the channel is compressed into the low-dimensional
received signal by a fully-connected (FC) layer, and its learn-
able weights are regarded as the pilot signal. Furthermore, the
least significant pilots are removed over different orthogonal
frequency division multiplexing (OFDM) symbols and sub-
carriers by neural network pruning in [48], which can reduce
the pilot overhead at the cost of only marginal estimation
performance degradation. However, the above pilot design
and pruning aim at estimating the channel at a given time
slot, and cannot be directly generalized to our work, as our
focus is pilot allocation over different time slots to accurately
capture the temporal correlations within channel sequences.
On the other hand, considering the capability of deep learning
to sense temporal channel variations in a data-driven manner,
the integration of adaptive pilot allocation over different time

slots is worthy of investigation in future works. The proposed
Chebyshev based non-uniform pilot pattern can serve as an
effective initialization for the adaptive pilot allocation, since
it mitigates Doppler aliasing and facilitates accurate channel
prediction.

According to Theorem 2, the finally designed non-uniform
pilot pattern is Tope = { (1—J)T, tgl)e,p tﬁl’l, e ,tghNe)yl, (2—
J)To,---,0} with length J = J + (J — 1)N. For
convenience, the elements of 7. are renumbered as
Tehe = 4tchelstche2s " slene,7(» and we present the
following corollary to show that 7., can provide the
finer estimation resolution of Doppler phase than the uni-
form pilot pattern with the same overhead as Tyy;

{0= DT, 32 - DT, (3 - T 0},

Corollary 1. Given the same length of channel estimations J,
the minimum time intervals of Tene and Tyn; satisfy

Tche,rnin S Tuni,miru VN ¢ N-i—a (15)
where the equality holds if and only if N = 1.
Proof: See Appendix A. [ ]

In summary, the choice of 7., is optimal for the recon-
struction of continuous-time channels based on Theorem 2,
and enjoys stronger capability to mitigate Doppler aliasing
than 7T,y; of the same overhead according to Corollary 1.

IV. ELEMENT-WISE CONTINUOUS-TIME TRANSFORMER

Utilizing the historical channel sequence estimated at Tche,
the continuous-time channel prediction in (6) can be further
reformulated as

{ht)} = gen ({E(tche,j), tche,j}j_l, {tp}ff_l). (16)

In this section, we focus on the design of geon(-). First, we
introduce the continuous-time attention mechanism, which ex-
tends the standard attention mechanism to the continuous-time
domain by incorporating neural ODE. Next, a high-frequency
temporal encoding is proposed to accurately fit the rapidly
time-varying channels. Then, the overall architecture of the
proposed continuous-time transformer based on the element-
wise prediction mechanism is presented. For clarification,
the definitions of notations used in Section IV are listed in
Table III.

A. Continuous-Time Attention Mechanism

As the fundamental component of transformer, the atten-
tion mechanism enables the efficient extraction of temporal
correlations within the sequence data. Specifically, let the
input sequence be X = [Xl,x27"' 7XL] € R&*L with
input feature dimension d; and sequence length L. The corre-
sponding sampling time slots are {7, 7, -, 71 }. Given the
output feature dimension d,, we further define the queries,
keys, and values observed at {m,72,---,7} as {ql}lel,
{k;},, and {v;}/_,, where q;,k;,v; € R%*! represent
the query, key, and value observations at the time slot 7,
respectively. They can be obtained by q; = W9, k; =Wkx,
and v; = WVx; with the corresponding trainable matrices



TABLE III
DEFINITIONS OF NOTATIONS.
Notations Definitions
{tche,j };.]:1 /Htp }5:1 Estimation/Prediction time slots
X/Xiok/Xpos Input/Token embedding/Position embedding
{'rl}lL:1 Sampling time slots for query/key/value
q;/ki /vy Query/Key/Value observations at 7;

a(t)/ki(t)/vi(t)

Query/Key/Value trajectories based on q;/k;/v;

Standard attention weight

“hala at key time slot 7;; and query time slot 7y,
Continuous-time attention weight
(M1, 7a) at key time slot 7;, and query time slot 7y,
_ Average temporal influence exerted by vy, (t)
Via (7i2) from value time slot 77, to query time slot 7,
Output of standard attention
Otz at query time slot 7,
Output of continuous-time attention
O(le )

at query time slot 7y,

W9 WX WY cRdxdi Then, the standard attention weights
{Cll,lz}le:p which denote the temporal correlations between

all key time slots {Tll}izl to a given query time slot 7,
loe{1,2,---, L}, can be calculated by [12]

L
L (ki)
{ennt,—1=0 {2 , (17)
pehE Vd, li=1
where o(-) denotes the softmax operation, and —— is the

. o . Vi, 7
scaling factor for normalization. Finally, the output at the given

query time slot 7,, 07, € R%*1 can be formulated as

L
0, = § Vi, Clylas

l1=1

(18)

which is the linear combination of the values {v;, }llel based
on the corresponding attention weights {c;, , }lLl:l’ According
to (17) and (18), as the alignment between q;, and ki,
becomes closer, the attention weight c;, ;, increases, indicating
that output o;, has stronger correlation with value vy,.
However, since the standard attention mechanism does not
model the specific time interval, it is restricted to the prediction
with uniform time scales. To overcome this limitation, a
continuous-time attention mechanism is designed by intro-
ducing neural ODE [49]-[52]. Specifically, the discrete-time
observations in the standard attention mechanism {ql}le,
{k;},, and {v;}/_, are extended to their correspond-
ing continuous-time trajectories {ql(t)}lL:l, {k; (t)}lel, and
{wi (t)}lel, where q;(t) €R%*! represents a query trajectory
at time slot ¢ based on the observation q;, while k;(¢) and v, (¥)
follow the similar formulation. Taking q;(¢) as an example,
its continuous-time modeling can be implemented using two
distinct schemes. One scheme is to adopt the closed-form
interpolation function finterp (), Which can be expressed as

q;(t) = finterp ({% Tz}lel)>

where fingerp() can be realized by linear interpolation,

19)

spline interpolation, or other interpolation methods. The other
scheme is based on neural ODE, which can be written as
t
q(t) = / fope(q(2), 2)dz + qp, (20)
TI

where fopgr(-) is the neural network that fits the derivative of
q;(t), i.e., fopr(q(2),2) = %, and the integration can be
approximated by numerical methods, such as Euler and Runge-
Kutta methods. On the one hand, neural ODE can adaptively
approximate the dynamics of q;(t), offering superior capabil-
ity in continuous-time modeling. On the other hand, neural
ODE suffers from high computational complexity due to the
integral operations [51], whereas the closed-form interpolation
function based modeling allows the rapid calculation of q;(t)
at arbitrary time slots. In the attention mechanism, queries
and keys only need to capture the temporal correlations,
while values are responsible for directly modeling the complex
relationships between the input and output according to (17)
and (18). Consequently, we use the interpolation function
finterp(+) in (19) to efficiently construct q;(¢) and k;(¢), and
utilize neural ODE in (20) to accurately fit v;(¢).

To sense the variations of time scales, we extend the
standard attention in (17) to the continuous-time domain by
explicitly embedding time information, which is given by

L
{C(Tll ) 7—12)}11:1 =

L
T =T T
Jo'27 ™ (ko (t471))  ay, (—t4y)dt £
(115 =71, )Vdo 1 7'127&7'[17
L 11:1
<kzl>qu2} .
— 2 otherwise
/do b )
{ I1=1
21

where {c(nl,nz)}i:l denote the continuous-time attention

weights between all key time slots {7, }{‘1:1 to a given query
time slot 7,, I3 € {1,2,---,L}. When 7, # 7,, c(71,,71,)
quantifies the degree of alignment between the query trajectory
q,, (t) and the key trajectory k;, (¢) within the time interval be-
tween 0 and (7;,—7;, ). The normalized factor = inl is utilized
to ensure that the continuous-time attention concentrates on
modeling the alignment between the query and key trajectories
rather than the time interval. When 7, =7, ¢(7,, 71, ) is equal
to ¢;,,7, in (17) to maintain its continuity. The integration in
¢(71,,T1,) can be solved by classical numerical approximation
schemes, such as trapezoidal integration or Gauss—Legendre
quadrature, which can be written as

‘I’lzf‘rll T
/ (kgl(t—‘rTll)) qlz(—t—‘rTlQ)dt%
0

E
T

Z%(kll(m +7,) a, (-7 + 7)),  (22)

e=1

where E is the number of integration points, 7. is the
integration coefficient, and 7, is the integration point within
the time interval between 0 and (7, —7,). The specific 7.
and 7;, depend on the selection of numerical approximation
schemes [53], while q;,(—7;, +7,) and k;, (7, +7;,) can be



obtained by respectively setting t=—7;, +7, and t =7, +7,
in (19).

Similarly, the continuous-time values can be calculated by
S22 vy (1)t )
ﬁ7 if Ty 7é Ty s

Vi, otherwise,

Vi, (1,) = (23)

where vy, (7;,) denotes the average temporal influence exerted
by the value trajectory vy, (t) from its sampling time slot
7, to the query time slot 7;,. Utilizing {Vh(le)}le:1 and
the corresponding attention weights {c(7,, le)}izl, the final
output of continuous-time attention mechanism at the query
time slot 7;,, o(7;,) € R%*1 can be expressed as

L
o(r,) = > _ Vi, (,)e(m,, 7,)-

l1=1

(24)

It should be noticed that since the calculation of the proposed
continuous-time attention at distinct query time slots are
mutually independent, we can adopt parallel processing similar
to the standard attention for efficient computation [12].

Remark 5: According to (22), the calculation of continuous-
time attention in (21) contains two steps. Firstly, both
q;,(—m, +7,) and k;, (7, +7,) are modeled via closed-
form interpolation functions (e.g., linear interpolation), and
thus they can be rapidly obtained in O(d) computational
complexity from the observations {q; 2}2:1 and {kll}i:p
respectively [42]. Furthermore, since 7;, is a function of both
71, and 7, [53], and the attention mechanism is required
to obtain {q12(771e+n2)}f:1 and {kll(Tlg+Tll)}f:1 for
Viy,ls € [1, L], the corresponding computational complexity
is O(L%dE) + O(L?*dE) = O(L*dE). Secondly, by utilizing
the calculated {ql2(—na+n2)}f=1 and {kll(Tlc+Tll)}f:1
for Viy,lo € [1,L], the computational complexity of the
dot-product formulation in (22) is O(L?*dE). In summary,
the overall complexity of these two steps for calculating the
continuous-time attention in (21) is O(L2dE) + O(L?*dE) =
O(L?dE), which is larger than O(L2d) of the standard
attention in (17) due to incorporating integral operators.

Remark 6: When the sequence length L and the fea-
ture dimension d are large, the computational complexity of
continuous-time attention O(L2dE) becomes high. To solve
this issue, some potential techniques, such as low-rank kernel
approximation [54], [55], sparse attention [18], and patching
[34], can be used to alleviate the computational burden.

B. High-Frequency Temporal Encoding

Since the time slots are incorporated into the computation
of queries, keys, and values, the continuous-time attention has
the potential capability to sense the variations of time scales.
However, this capability is usually insufficient to achieve
accurate continuous-time prediction for two reasons. Firstly,
similar to the standard attention, the continuous-time attention
remains permutation-invariant [19], which implies that the
order information of sequences is not utilized by attention
mechanisms, thereby limiting prediction performance. Sec-
ondly, wireless channels exhibit the features of rapidly periodic

variations in high-mobility scenarios, which are difficult for
attention mechanisms to directly learn [16], [56], [57].

To solve the first problem, existing transformer models
adopt the positional encoding to retain the order information
of sequences. Specifically, the input of attention mechanism
is given by X = X¢ok + Xpos, Where Xiok € R%XL s the
token embedding from the sequence data and X ¢ € R%*L
is the position embedding from the positional encoding. The
standard positional encoding utilizes the sine and cosine
functions to represent the order information, which can be
expressed as [12]

. -1 P
sin (()>, if ¢ is even number,

10000%/4i
[Xpos]i,l = (25)
cos <10g002di), otherwise,
with ¢ € {0,1,--- ,d; — 1}. It can be seen that the fixed order
information [ € {1,2,---, L} is encoded into X to break

the permutation-invariant property of attention mechanisms.
However, the standard positional encoding cannot sense the
variations of time scales in continuous-time prediction.

In contrast, we propose the temporal encoding to explicitly
embed the time slot 7;, 7; € {71, 72, -+, 71}, instead of the
order [, thereby effectively modeling the variation of time
scales. Besides, in order to efficiently learn the features of
rapidly periodic channel dynamics in high-mobility scenarios,
we further extend the temporal encoding to the high frequency,
and the corresponding temporal embedding X, € R4*E
can be written as
sin (10(0;(;)07/(%) if 4 is even number,

[Xtem}i,l = (26)

woTy ]
cos (10000i/di ) , otherwise,

where wq denotes the frequency hyperparameter, and is set to
a relatively large value. In this manner, [Xey,];,; varies rapidly
with 7;, and can be regarded as a predefined, rapidly periodic
temporal component that drives the attention mechanism to
effectively capture the corresponding channel dynamics [58],
[59].

C. Continuous-Time Transformer Architecture with Element-
Wise Prediction

In this subsection, we present how to utilize the aforemen-
tioned continuous-time attention mechanism with the high-
frequency temporal encoding to construct the continuous-time
transformer based on the element-wise prediction.

First, in order to fully exploit the powerful feature extraction
capability of deep learning, the estimated channel vector
h(tche,;) needs to be transformed to the angle domain via
discrete Fourier transform (DFT), which can be expressed as

B (tene ;) = Fah(tene ), 27)

where 7LA (tehe,j) € CMx1 denotes the corresponding angle-
domain channel vector, and Fp = diag(Fprr,Fprr) €
CMxM represents the angle-domain unitary matrix for dual-

polarized directions with the DFT matrix Fppr € C¥*¥.



Multi-scale
transformer encoder

Generative
transformer decoder

Output one element at once

Concatenate along
sequence dimension
1 / 1 ‘t\ 1
Sequence Sequence
halving halving

_______ Nencz

\& {[Ratn)] }:

Input one element at once

i {tche,j }]:
{[ateane],, ), -

‘ 4 |
i i l FFN l:
I 0 ]
! : T |
i i : s
! H I Standard attention I: Contmuogs t1m€]
' ' \ attention
1 ! 1
WY WY x| whx| wax| ! wY x| wkx| wax
X
X
puiiti o= Iy
X . J
tok

ngh—frequency
temporal encoding

t

High-frequency
temporal encoding

Input one element at once

{[hA(tche])] }
t

{{tche,j}j;]-_a_,_l' {tlﬂ}:=1}

j=Jj-G+1

Fig. 4. Overall architecture of proposed continuous-time transformer with element-wise prediction mechanism, including multi-scale transformer encoder and

generative transformer decoder.

The existing channel prediction methods typically feed the
entire channel vector ha (tche ;) into the network at once and
jointly predict all of its elements by leveraging spatial and
temporal correlations, which is called vector-wise prediction
mechanism [28]-[31]. Under this mechanism, the prediction
of different elements in ha (tche,;) is forced to share the same
attention weights. However, due to the varying Doppler shifts
across paths caused by their different azimuth and elevation
arrival angles in (3), the temporal variations for the elements of
the angle-domain channel vector ha (fche ;) corresponding to
different paths may differ significantly. This mismatch between
the shared attention weights and the element-specific dynamics
may severely impair the extraction of temporal correlations.
Besides, with the growth of antenna number in massive MIMO
systems, the spatial correlations among different elements in
ha (tche,j) become weaker [7]. Therefore, utilizing the spatial
correlations may inadvertently introduce excessive irrelevant
information from other elements into the target element and
lead to overfitting.

Motivated by the effectiveness of the channel-independent
framework in time-series modeling [19], [34], we propose
an element-wise prediction mechanism to resolve the above
issues. Specifically, instead of the whole vector ha(tche,j),
each element [ha(tehe,j)|m for m € {1,2,---, M} is fed
into the neural network separately. In this way, each ele-
ment can generate its own attention weights to accurately
capture temporal correlations, while the risk of overfitting can
be mitigated. Moreover, the prediction of [ha (tche,j)]m for
mée{1,2,--- M} in our element-wise mechanism shares the
same network parameters, which has two advantages. Firstly,
the model storage overhead can be significantly reduced.
Secondly, the computation of M elements can be parallelized
by extending the batch dimension from B to BM, thereby
improving computational efficiency.

To effectively process [71, Altche )], the network architec-
ture of our continuous-time transformer is shown in Fig. 4,
which consists of two parts: the multi-scale transformer en-
coder and the generative transformer decoder. The motivation
behind our network architecture design lies in the charac-
teristics of estimation and prediction time slots. Specifically,
the estimation time slots {tche, J} _, remain fixed in the
proposed non-uniform pilot pattern, whlle the prediction time
slots {tp};::l are arbitrary for continuous-time prediction.
Therefore, instead of the encoder-only structure [14], the
encoder—decoder structure is adopted to explicitly separate the
extraction of temporal correlations at fixed estimation time
slots {tche,j }'3'1:1 and arbitrary prediction time slots {tp};::1
into the encoder and decoder, respectively. In this way, the
encoder can pay attention to consistently and efficiently learn-
ing temporal dependencies from the fixed estimation time
slots {tche,j}}]:l. The specific details are elaborated in the
following.

1) Multi-Scale Transformer Encoder: [71, A (tehe, j)]m is first
processed by token embedding, which is composed of linear
layers. As described in Subsection IV-B, the output of token
embedding is added to the result of high-frequency temporal

encoding at the estimation time slots {tche, J}] 1> serving as
the input to the standard attention. After extracting the tem-
poral correlations via (17) and (18), a feed-forward network
(FFN), which consists of multi-layer perceptrons (MLPs),
residual connections, and layer normalization, is subsequently
employed to refine and aggregate the features. This cascaded
structure of standard attention and FFN is repeated Ny 1
times to fully capture features. However, it should be noticed
that although {tche ; }}]:1 is fixed, the nature of its non-uniform
distribution necessitates the extraction of temporal features
across multiple scales. To extract these multi-scale features, we



do not employ the continuous-time attention. This is because
the estimation length .J is usually long to ensure the acquisition
of comprehensive historical information, which results in sub-
stantial computational overhead for continuous-time attention
as discussed in Remark 6. In contrast, considering that the

estimation time slots {tche,j}jzl are fixed, the multi-scale
encoder stacking strategy with the standard attention [18] is
sufficient to capture multi-scale temporal features with low
computational cost. Specifically, we further stack the above
cascaded structure with stack number S, where the s-th stack
uses the latter half slice of the output sequence from the
(s — 1)-th stack as the input. This design facilitates a shift in
the extraction of temporal correlations from the full sequence
to the finer-scale subsequence. Finally, the output sequences
of S stacks are concatenated along the sequence dimension,
which contain multi-scale time information, enabling the ef-
fective representation of temporal features at the non-uniform
estimation time slots {¢che ; };.]:1.

2) Generative Transformer Decoder: The input of genera-
tive transformer decoder is the combination of historical chan-
nel sequence with length G and zero padding with length P,

{ [hA(tche,ffGJrl)} m?’ T [hA(tche,j)] m’ 0’ e ’0 ° where
the objective is to generate the prediction output at the time
slots of these zero values in parallel. Specifically, similar
to the encoder, the decoder input is processed by token
embedding, and its output is summed with the output of high-
frequency temporal encoding. Furthermore, since the decoder
needs to extract the temporal features at arbitrary time scales
for continuous-time prediction, the continuous-time attention
as detailed in Subsection IV-A is utilized. The corresponding
output is used to query the correlations between the future
prediction and the historical information captured from the
multi-scale transformer encoder, while a FFN is subsequently
cascaded to integrate features. The above cascaded structure
is repeated Ngec times, and the final output is the prediction

- P
result in the angle domain { [ha(tp)] } .

After predicting all M elements, our objective {/f;(tp)}
=1
can be obtained by applying the inverse transform in (27)1.)

D. Model Training and Performance Evaluation

The normalized mean squared error (NMSE) is widely
used to optimize channel prediction models and evaluate their
performance [12], [30], which can be formulated as

PH\I E H“’(tp) A‘L(tP)H%
< < P
5 (tp) ||h'(tp)||% b= ’

P
1
NMSE = pz:; NMSE(t,). (28)

To facilitate performance comparison in the model test
stage, given the prediction period T},, the prediction time slots
{tp}5:1 are set to ¢, = pT}, forp € {1,2,---, P}. Conversely,
in the model training stage, the prediction time slots {tp};;l
are uniformly sampled from (0, PT},], enabling the prediction
capability across arbitrary time scales [29], [30].

TABLE IV
CHANNEL PARAMETERS OF 3GPP TR 38.901 DATASET.
Parameters Values
Cell radius 7. 300 m
BS height hpg 25m
Minimuny/maximum UE heights AUE min/RUE max 1.5/22.5m
Center frequency f. 3.5GHz

Number of paths Ly 12

Delay spread T 98.3ns
Number of BS horizontal /vertical antennas M, /My 4/4
Number of BS antennas M 32
TABLE V
STRUCTURES OF PROPOSED CONTINUOUS-TIME TRANSFORMER.
Models Layers Structures
Token embedding di =2,do, =64

Nhead = 8,5 =2,
Nenc,l = 27Nenc,2 = 17
di = 64,do = 64,
FFN, LayerNorm

di =2,do =64
Nhead =3, Ndec =2,
d; = 64,d, = 64,
FFN, LayerNorm
diy = 1,d; s = 64,
do, = 64, LayerNorm, Tanh

Multi-scale

transformer encoder  Standard attention

Token embedding

Continuous-time

Generative X
attention

transformer decoder

Neural ODE

V. SIMULATION STUDY
A. Simulation Setup

The channel model of 3GPP TR 38.901 for urban
macro-cell scenarios is adopted to generate the data set
in our simulations [36]. This channel model contains both
line-of-sight (LOS) and non-line-of-sight (NLOS) scenarios,
where the LOS probability is determined by the UE height
hug and the 2D distance dop between the BS and UE. The
specific channel parameters are listed in Table IV. Unless
otherwise stated, the UE velocity is set to v = 60km/h,
and the signal-to-noise ratio (SNR) of channel estimation
is 10dB. Before inserting additional pilots to address
Doppler aliasing, the original length and period of historical
channel estimations are set to J = 8 and T, = 40ms. The
number of additionally inserted pilots within T, is N = 3.
Thus, the final length of estimated channel sequence is
J=J+(J—1)N =29, where the corresponding estimation
time slots of non-uniform and uniform pilot patterns are 7o, =
{—280 ms, —278 ms, —260 ms, —242 ms, —240ms, - - - , 0 ms}
and Tyni = {—280 ms, —270 ms, —260 ms, —250 ms, —240 ms,
.-+ ,0ms}, respectively. The prediction length P is set to
8, and the prediction period in the stage of model test is
T,=5ms.

The structures of the proposed continuous-time transformer
are presented in Table V. Here, d; and d, represent the
dimensions of input and output features, respectively. The
well-known multi-head attention is adopted to concurrently
focus on distinct input aspects [60], where the number of
heads is denoted as Npeaq. We utilize the layer normalization
to accelerate convergence, and exploit the dropout strategy
to mitigate the risk of overfitting. As outlined in Subsec-
tion IV-A, the continuous-time modeling for queries and keys
adopts linear interpolation, while that for values is conducted
via neural ODE with Runge-Kutta method. To construct the
derivative in neural ODE, MLP based on hyperbolic tangent



TABLE VI
NMSES OF DIFFERENT ATTENTION MECHANISMS,
wo, AND ENCODING CONFIGURATIONS.

Methods NMSE (dB)
Standard attention [12], wg = 30 —5.45
Continuous-time attention, wg = 1 —5.52
Continuous-time attention, wg = 10 —6.60
Continuous-time attention, wg = 30 —6.77
Continuous-time attention, wg = 50 —6.71
Continuous-time attention w/o any encoding —4.76
Continuous-time attention w/ positional encoding —5.32

(tanh) activation is employed, wherein d;¢ and d; denote
the input dimensions for embedding time slots and features,
respectively. Trapezoidal integration with the number of inte-
gration points £ = 2 is used to approximate the calculation
of continuous-time attention in (22). The default frequency
hyperparameter wp in (26) is set to 30. The training data
set and the test data set contain 12,800 and 2,560 samples,
respectively. The batch size is set to B = 128, and the
entire training process contains 300 epochs using the Adam
optimizer with the learning rate Ir = 5 x 10~*. The source
codes of our simulations have been released at [35].

B. Simulation Results

1) Validation of Continuous-Time Attention and High-
Frequency Temporal Encoding: Table VI presents the NMSE
performance of continuous-time channel prediction under dif-
ferent attention mechanisms, frequency hyperparameters wy,
and encoding configurations, where the bold value indicates
the best performance with its corresponding setting. It can be
seen that the continuous-time attention significantly outper-
forms the standard attention, implying that our continuous-
time attention can accurately model the correlations across
arbitrary time scales. When wy is set to 1, the NMSE per-
formance of continuous-time prediction degrades significantly,
because the corresponding temporal encoding has difficulty in
tracking the rapidly time-varying channels in high-mobility
scenarios. In contrast, the high-frequency temporal encoding
with wy=10/30/50 can effectively address this issue, where
the setting of wy =30 achieves the best NMSE performance. In
addition, we can see that the performance with high-frequency
temporal encoding is superior to that without any encoding
or with positional encoding, confirming its strong capability
in capturing rapidly periodic channel dynamics. Thus, the
continuous-time attention and the high-frequency temporal
encoding with wg = 30 are appropriate for our continuous-
time transformer.

2) Comparison of Different Architectural Variants for
Continuous-Time Transformer: Table VII compares differ-
ent architectural variants of the proposed continuous-time
transformer in terms of NMSE and floating-point operations
(FLOPs), with the original architecture denoted in boldface for
clarity. Specifically, we first compare interpolation and neural
ODE for the continuous-time modeling of queries, keys, and
values. It can be seen that the original hybrid version (i.e.,
neural ODE for values, interpolation for queries and keys)
significantly outperforms the all-interpolation variant with re-
spect to NMSE, which validates the necessity of neural ODE to

TABLE VII
NMSE AND COMPUTATIONAL COMPLEXITY OF
DIFFERENT VARIANTS OF CONTINUOUS-TIME TRANSFORMER.

Architectural NMSE  Computational complexity

variants (dB) (MFLOPs)
All-interpolation —6.12 103.28
Hybrid (Original) —6.77 395.59
All-ODE —6.80 986.72
Sparse attention [18] —6.57 179.82
Fixed step size At = 0.5 —6.59 307.50
Fixed step size At =1 —6.41 269.88
Doppler-adaptive step size At —6.69 279.27
Encoder-only [14] —4.85 1866.82
Continuous-time encoder —6.78 1486.50

adaptively model the continuous-time dynamics of values. The
all-ODE variant offers marginal prediction performance gains
but with significantly higher computational complexity com-
pared to our original hybrid version. Consequently, considering
its accurate prediction capability with moderate computational
cost, we adopt the hybrid version in the proposed continuous-
time transformer.

Next, we evaluate the sparse attention variant of our
continuous-time transformer. Concretely, sparse attention em-
ploys a probabilistic sparsity scoring mechanism to select
critical queries and construct the sparse attention matrix, which
can reduce the computational complexity of continuous-time
attention from O(L?dE) to O(Llog(L)dE) [18]. It can be
observed that sparse attention leads to a slight performance
drop compared to the original architecture, but significantly
reduces the computational complexity.

Furthermore, the performance impact of the step size At
in ODE solver is investigated. “Fixed step size At = 0.5”
and “Fixed step size At = 1” correspond to the fixed step
size of At = 0.5 and At = 1, respectively, while “Doppler-
adaptive step size At” refers to the assignment of fixed step
sizes At selected from the set {0.5,0.75, 1} based on Doppler
spectrum characteristics. Specifically, smaller At is used for
higher Doppler shifts to improve prediction accuracy, while
larger At is applied to the scenarios with lower Doppler shifts
to enhance computational efficiency. In contrast, our original
architecture adopts the standard ODE solver [49] incorporating
an error control mechanism, which compares the difference
between high-order and low-order solutions, and enables the
adaptive adjustment of At. We can see that “Doppler-adaptive
step size At” achieves better prediction performance compared
to “Fixed step size At = 0.5” and “Fixed step size At =17,
because it selects an effective At for ODE solving based
on Doppler spectrum characteristics. The original architecture
exhibits performance advantages compared to these fixed-step
variants, indicating that ODE solving based on error-control
adaptive At is more accurate. However, this error-control
adaptive At causes higher computational complexity. Linking
neural ODE with Doppler spectrum characteristics for accurate
and efficient ODE solving is worthy of investigation in future
works.

In addition, different network architectures are studied at the
bottom of Table VII. “Encoder-only” indicates that we replace
the decoder with a two-layer FFN [14], and substitute the
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TABLE VIII
NMSE OF VECTOR- AND ELEMENT-WISE PREDICTION MECHANISMS
UNDER DIFFERENT DEEP LEARNING MODELS.

Models Vector-wise  Element-wise

NMSE (dB) NMSE (dB)
GRU [11] —0.50 —1.12
Vanilla transformer [12] —0.77 —1.35
Neural ODE [30] —0.74 —2.69
Latent ODE [50] —1.07 —3.49
Continuous-time transformer —3.83 —6.77

standard attention in the encoder with the continuous-time at-
tention. “Continuous-time encoder” represents that the encoder
adopts the continuous-time attention, while the remaining
structure is identical to the original architecture. Firstly, we can
see that “Encoder-only” suffers from a significant performance
degradation compared to the original architecture. This is
because the encoder of “Encoder-only” needs to concurrently
model the temporal dependencies at fixed estimation time
slots and arbitrary prediction time slots. Since the latter are
randomly sampled during model training and differ across
training samples, such variability can impede the single en-
coder of “Encoder-only” from adequately learning temporal
correlations. In contrast, our original architecture explicitly
separates the extraction of temporal correlations at fixed esti-
mation time slots and arbitrary prediction time slots into the
encoder and decoder, respectively, thereby ensuring effective
learning of temporal dependencies. Secondly, “Continuous-
time encoder” achieves nearly the same NMSE as the original
architecture, yet with substantially increased computational
complexity. This implies that the multi-scale encoder stack
with the standard attention in our original architecture is
already sufficient for the accurate extraction of multi-scale
temporal features at fixed estimation time slots with relatively
low computational cost.

3) Comparison of Vector- and Element-Wise Prediction
Mechanisms: Fig. 5 investigates the convergence performance
of the proposed continuous-time transformer with vector- and
element-wise prediction mechanisms. It can be seen that the
performance of element-wise prediction mechanism is superior
to that of vector-wise prediction mechanism, indicating that
the element-wise prediction mechanism is more effective in
capturing temporal correlations. Furthermore, we can observe

TABLE IX
PILOT NUMBER AND NMSE FOR DIFFERENT PILOT PATTERNS.

Pilot patterns  Pilot number NMSE (dB)

29 —1.65
Uniform [30] 36 —2.03

43 —6.84

29 —1.99
Random [61] 36 —2.17

43 —2.26
Non-uniform 29 —6.86

a substantial gap between the test and training performance
with the vector-wise prediction mechanism, implying the
presence of severe overfitting. However, this performance gap
is significantly reduced under the element-wise prediction
mechanism, which means that the overfitting is alleviated.

We further compare the NMSE performance of vector- and
element-wise prediction mechanisms under various deep learn-
ing models in Table VIIL. It can be seen that the superiority of
element-wise prediction mechanism is consistently validated
across diverse models. Thus all subsequent simulations are
conducted under the element-wise prediction mechanism.

4) Investigation of Different Pilot Patterns in terms of
Pilot Number and NMSE: In Table IX, we investigate the
pilot number and NMSE performance for the uniform, ran-
dom, and Chebyshev-deterministic non-uniform pilot patterns.
The random pilot pattern [61] represents that the estimation
time slots are randomly selected from the whole duration
[—280 ms, 0 ms], with different samples corresponding to dis-
tinct estimation time slots. For fairness, we uniformly sample
the prediction time slots from (0ms,40ms]. At first, it can
be seen that compared to the non-uniform pilot pattern with
29 pilots, the uniform pilot patterns with 29 and 36 pilots
yield significantly inferior performance due to the Doppler
aliasing issue. When the pilot number increases from 36 to
43, the prediction performance of uniform pilot pattern realizes
remarkable enhancement. This is because the estimation period
280ms — 6.67ms is almost sufficient to meet the theoretical
minimum requirement for fully avoiding Doppler aliasing in
Theorem 1. However, under comparable NMSE, the proposed
non-uniform pilot pattern reduces pilot overhead by 434’329 =
32.56% compared to the uniform pilot pattern, indicating that
the non-uniform pilot pattern achieves higher pilot efficiency.
In addition, we can observe that the random pilot pattern
exhibits poor prediction performance, which verifies that the
channel prediction network relies on deterministic pilot pat-
terns to efficiently extract temporal correlations. The adaptive
pilot pattern learned jointly with the channel prediction net-
work has the potential to achieve more accurate prediction than
deterministic pilot patterns, as it can sense channel variations
in a data-driven manner. The design of adaptive pilot pattern
is worthy of investigation in future works.

5) Investigation of Pilot Patterns and Deep Learning Mod-
els: Fig. 6 compares the NMSE performance of different pilot
patterns and deep learning models at various prediction time
slots t,,, given UE velocities v=20km/h and 80 km/h, respec-
tively. Using the uniform and the proposed non-uniform pilot
patterns {7uni, Tehe} in Subsection V-A, the continuous-time
channel prediction remains unaffected by Doppler aliasing at
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Fig. 6. NMSE performance under different pilot patterns and deep learning models, given UE velocities v = 20km/h and 80 km/h.

v =20km/h in Figs. 6 (a) and 6 (b) based on Theorem 1. In
contrast, at v=_380km/h, Doppler aliasing arises in the uniform
pilot pattern of Fig. 6 (c), but is absent in the proposed non-
uniform pilot pattern of Fig. 6 (d).

It can be observed that the continuous-time prediction
models, including neural ODE [30], latent ODE [50] and
our proposed continuous-time transformer, significantly out-
perform GRU [11] and vanilla transformer [12], since
the continuous-time prediction models have the capabil-
ity to model the variation of time scales. Furthermore,
for the uniform pilot pattern 7., with v = 20km/h in
Fig. 6(a), it can be seen that the NMSE performance of
continuous-time prediction models at the prediction time slots
{10 ms, 20 ms, 30 ms, 40 ms} surpasses that at the prediction
time slots {5ms,15ms,25ms,35ms}, since the time slots
{10 ms, 20 ms, 30 ms, 40 ms} uniformly align with Tyyn;. This
performance gap between different prediction time slots is
considerably exacerbated with v = 80km/h in Fig. 6(c)
when Doppler aliasing occurs, indicating that Doppler aliasing
can severely impair the accuracy of continuous-time channel
prediction. Conversely, in Fig. 6 (d), the proposed non-uniform
pilot pattern enables the continuous-time prediction models to
maintain accuracy for all prediction time slots even at v =
80 km/h, validating that the proposed non-uniform pilot pattern
can enhance the resolution of Doppler phase estimation and
effectively overcome Doppler aliasing. We can also observe
that our continuous-time transformer consistently achieves
the best performance, demonstrating that the combination of
neural ODE and attention mechanism can efficiently capture
temporal dependencies across arbitrary time scales.

Furthermore, we focus on comparing the NMSE perfor-
mance of different pilot patterns and deep learning models
under varying UE velocities v in Fig. 7. First, it can be seen
that the proposed continuous-time transformer consistently
outperforms other deep learning models across various UE
velocities v, confirming its robust performance gains. Next,
when both uniform and non-uniform pilot patterns avoid
Doppler aliasing at v = 20 km/h, the non-uniform pilot pattern
achieves better NMSE performance, which verifies that using
Chebyshev polynomial roots to configure pilots can facilitate
the reconstruction of continuous-time channels. Moreover, a
substantial performance degradation can be seen as the UE
velocity v increases from 20km/h to 40km/h in Fig. 7 (a),
since Doppler aliasing occurs when v > 30.86 km/h for the
uniform pilot pattern according to Theorem 1. Conversely, we
can observe that the prediction performance of the proposed
continuous-time transformer degrades slowly with increasing v
in Fig. 7 (b), because the proposed non-uniform pilot pattern
prevents Doppler aliasing even when v = 80 km/h. Overall,
across all settings of v, the proposed non-uniform pilot pattern
achieves more accurate prediction than its uniform counterpart,
thereby confirming its robust performance advantages.

6) Explicit Illustration of Continuous-Time Prediction:
Fig. 8 depicts the predicted continuous-time channels in the
strongest angle index, generated by the continuous-time pre-
diction models of neural ODE [30], latent ODE [50] and our
continuous-time transformer under the proposed non-uniform
pilot pattern. It can be seen that neural ODE and latent
ODE fail to accurately fit the future continuous-time channels
when the prediction time slot ¢, becomes large, due to their
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TABLE X
MODEL PARAMETERS AND COMPUTATIONAL COMPLEXITY
OF DIFFERENT DEEP LEARNING MODELS.

Model Computational

Models parameters complexity

™M) (MFLOPs)
GRU [11] 50.24 58.84
Vanilla transformer [12] 173.51 100.02
Neural ODE [30] 66.88 64.09
Latent ODE [50] 83.52 122.81
ODE-Former [32] 169.84 305.66
Continuous-time transformer 176.13 395.59

reliance on RNN-like architectures that suffer from long-term
dependencies and error accumulation issues. In contrast, the
proposed continuous-time transformer demonstrates a precise
tracking of future continuous-time channels across all %,,.
It implies that the continuous-time attention mechanism can
accurately extract the temporal dependencies across arbitrary
time scales, and the parallel prediction framework can effec-
tively solve error accumulation issues.

7) Comparison of Model Parameters and Computational
Complexity: Table X compares the model parameters and
computational complexity of different deep learning models.
It can be seen that the proposed continuous-time transformer
has a comparable number of model parameters to vanilla

transformer. In contrast, due to the integration calculation
of continuous-time attention, the computational complexity
of continuous-time transformer is higher than that of other
deep learning models. However, as demonstrated in previous
simulations, our continuous-time transformer achieves much
more accurate prediction than other deep learning models.
In addition, when computational resources are limited, the
architectural variants of continuous-time transformer such as
the sparse attention and the all-interpolation versions in Ta-
ble VII can be adopted. Taking the all-interpolation version as
an example, its computational complexity is 103.28 MFLOPs,
which is close to that of vanilla transformer, yet it remains
a marked NMSE performance advantage over other deep
learning models.

8) Investigation in Ray-Tracing Channels: To provide a
more comprehensive and realistic evaluation, we further com-
pare the prediction performance of different deep learning
models in ray-tracing channels. Specifically, as a dataset
widely adopted for channel prediction [17], [62], [63], Deep-
MIMO [64] based on Wireless InSite is used to generate
ray-tracing channels. The channel parameters of DeepMIMO
dataset are largely consistent with those in Table IV of 3GPP
TR 38.901 dataset, while its additional channel parameters are
listed in Table XI.



TABLE XI
CHANNEL PARAMETERS OF DEEPMIMO DATASET.

Values

Scenario Outdoor 1
BS index 3
UE location Row 501 ~ 1400
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Fig. 9. NMSE performance under varying channel estimation SNRs for

different deep learning models in DeepMIMO dataset, given proposed non-
uniform pilot pattern and UE velocity v = 60 km/h.

Figure 9 depicts the NMSE performance of different deep
learning models as the function of channel estimation SNR.
It can be seen that the proposed continuous-time transformer
markedly outperforms other deep learning models under all
SNRs, which verifies its robust performance advantage to dif-
ferent SNR configurations and ray-tracing channel scenarios.

VI. CONCLUSIONS

We have studied continuous-time channel prediction in this
paper, and our contribution has been threefold. First, we have
analyzed the Doppler aliasing issue in continuous-time channel
prediction from the perspective of Nyquist criterion. To handle
this issue, a non-uniform pilot pattern based on Chebyshev
polynomial roots has been proposed to provide a significantly
finer estimation resolution of Doppler phase. Moreover, we
have demonstrated that the proposed pilot pattern optimally
facilitates the reconstruction of continuous-time channels in
the sense of maximum norm. Second, we have proposed
the continuous-time transformer, where the continuous-time
attention mechanism has been derived to effectively capture
the temporal correlations at arbitrary time scales, and a high-
frequency temporal encoding has been designed to accurately
track the rapidly time-varying channels in high-mobility sce-
narios. Third, an element-wise prediction mechanism has been
proposed to focus on the efficient extraction of temporal
dependencies for each element and mitigate overfitting. Sim-
ulation results have demonstrated that our proposed method
can implement accurate continuous-time channel prediction
in high-mobility scenarios and markedly outperforms existing
channel prediction methods.

APPENDIX
A. Proof of Corollary 1

Proof: The minimum time intervals of T, and Ty, are

. T, T. — _T
given by Tepe min = 5 —%* COS (ﬁ) and Tuni,min = NI Our

objective is to prove

Tche,min - Tuni,min
1 1 T 1
(2 2605(2N> N+1) e <0, VN € Ny (29)

With y = % the proof of (29) is equivalent to

1 1
Amin(y)=5 — 5 cos (2y) - L= <0, y € (0, 1], G0)

2 2 27)  y+1

where we have A, (0) =0 and Apin (1) = 0.
The second derivatives of Ay, (y) can be calculated as

2
" — l (I ) L 31
mm(y) ] COos 2y + (y+1)3 (31)

Due to cos (Fy) >0 for y € (0, 1], AL, (y) satisfies
glin(y) > 07 Y& (Oa 1] (32)

Therefore, Apin(y) is a strictly convex function for y €
(0, 1]. Based on the strictly convex property and A, (0)=
Amin(1)=0, (30) can be proved. [ |
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