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A family of double-quantum excitation schemes is described for the solution nuclear magnetic resonance
(NMR) of near-equivalent spin-1/2 pairs. These new methods exploit the spinor behaviour of 2-level systems,
whose signature is the change of sign of a quantum state upon a 2π rotation. The spinor behaviour is used
to manipulate the phases of single-quantum coherences, in order to prepare a double-quantum precursor
state which is rapidly converted into double-quantum coherence by a straightforward π/2 rotation. One set
of spinor-based methods exploits symmetry-based pulse sequences, while the other set exploits SLIC (spin-
lock-induced crossing), in which the nutation frequency under a resonant radiofrequency field is matched
to the spin-spin coupling. A variant of SLIC is introduced which is well-compensated for deviations in the
radiofrequency field amplitude. The methods are demonstrated by performing double-quantum-filtered 19F
NMR on a molecular system containing a pair of diastereotopic 19F nuclei. The new methods are compared
with existing techniques.

I. INTRODUCTION

In high-field nuclear magnetic resonance (NMR), the
term double-quantum coherence (DQC)1 refers to a co-
herent superposition of spin states with quantum num-
bers for the angular momentum along the magnetic field
differing by ±2. Signals passing through double-quantum
coherence are easy to distinguish from other signals, due
to their characteristic double-angle dependence on the
radio-frequency phase. Double-quantum coherence is of-
ten used for signal selection and filtration2,3, for de-
termining the connectivity of spin systems4,5, and for
improving the resolution and phase properties of two-
dimensional spectra6. Double-quantum relaxation is sen-
sitive to cross-correlation effects, which convey motional
and geometrical information7.

Many different methods have been proposed for gen-
erating double-quantum coherence in both solid-state
NMR5,8,9 and solution NMR2–4,6, starting from a spin
ensemble in thermal equilibrium. The standard method
for double-quantum excitation in solution NMR is a se-
quence of three strong radiofrequency pulses and two
equal delays, as follows:(π

2

)
y
− τ1 − (π)x − τ1 −

(π
2

)
y
. (1)

This pulse sequence is generally known as IN-
ADEQUATE (Incredible Natural Abundance Double-
Quantum Technique), since it was first used for the
double-quantum filtration of 13C NMR signals, allowing
selective detection of the small signals from rare 13C2

isotopologues2–4.
Consider an ensemble of homonuclear spin-1/2 pairs in

isotropic solution. The system may be characterized by
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Figure 1. Double-quantum filtering amplitude for the INAD-
EQUATE sequence of Equation 1. The square magnitude of
the double-quantum excitation amplitude, |aINADQ

DQ |2, is plot-
ted against the singlet-triplet mixing angle θST (horizontal)
and the interpulse delays τ1 (vertical), using the expression
in Equation 3. The top axis shows the values of the ratio
∆/J . Near-ideal double-quantum excitation is achieved for
τ1 = (4J)−1 (horizontal dashed line), but only in the weakly-
coupled regime θST ≳ 70◦. Note the weak double-quantum
excitation in the near-equivalence regime (θST ≲ 30◦).

the parameters ∆δ (the chemical shift difference between
the members of the pair), and the isotropic coupling J
between the spins. The chemical shift frequency differ-
ence is given in angular units by ω∆ = ω0∆δ, where
the Larmor frequency in the magnetic field B0 is given
by ω0 = −γB0, and γ is the magnetogyric ratio. The
chemical shift frequency difference is given in Hz by
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∆ = ω∆/(2π).
The coupling regime of the spin-1/2 pair is conve-

niently defined by the singlet-triplet mixing angle θST,
defined by10:

θST = arctan(ω∆/ωJ) = arctan(∆/J). (2)

Systems with θST ≳ 70◦ are said to be weakly coupled.
Systems with θST ≲ 70◦ are said to be strongly coupled.
The extreme strong-coupling regime θST ≲ 30◦ is the
main focus of the present article. This is called near-
equivalence11,12.

The three-pulse INADEQUATE sequence of Equa-
tion 1 operates well in the weak-coupling regime θST ≳
70◦, where setting the delays to τ1 = (4J)−1 leads
to good double-quantum excitation, independent of the
shift difference ∆. However, the INADEQUATE se-
quence lives up to its self-deprecating moniker outside the
weak-coupling regime. Several authors13–16 have inde-
pendently derived an expression for the double-quantum
excitation amplitude of INADEQUATE in the general
case. This may be written as follows:

aINADQ
DQ = i cos(θST) sin(ΩSTτ1) cos(ωJτ1)

− i
(
sin2(θST) + cos2(θST) cos(ΩSTτ1)

)
sin(ωJτ1), (3)

where:

ωJ = 2πJ,

ω∆ = 2π∆,

ΩST = (ω2
J + ω2

∆)
1/2. (4)

Figure 1 shows a density plot of the squared double-
quantum excitation amplitude |aINADQ

DQ |2 as a function of
the angle θST and the interpulse delay τ1. Ideal double-
quantum excitation is achieved in the weak-coupling
case θST ≳ 70◦ by setting the interpulse intervals to
τ1 = |4J |−1 (horizontal dashed line in Figure 1). How-
ever, double-quantum excitation is poor in the strong-
coupling case (θST ≲ 70◦), unless the interpulse delays τ1
are greatly extended and carefully chosen13,15. In prac-
tice, relaxation losses usually lead to poor efficiency, es-
pecially in the case of near-equivalence (θST ≲ 30◦).

Geometric double-quantum excitation (GeoDQ)
provides efficient double-quantum excitation in the
near-equivalence regime, by exploiting the geometric
Aharanov-Anandan phase17 in a zero-quantum sub-
space18. Geometric double-quantum excitation has been
used to selectively detect the signals from near-equivalent
13C2 pairs in 13C NMR spectra19.

However, despite its efficiency, the set-up of the
GeoDQ sequence requires detailed knowledge of the spin-
system parameters, and it is not easy to optimise for an
unknown spin system.

In this article, we introduce a set of methods which are
based on a different principle to the GeoDQ technique,
but which also achieve efficient double-quantum excita-

tion in the near-equivalence regime. We call these meth-
ods Spinor-DQ excitation since they exploit the spinor
property of two-level quantum systems – namely that
the rotation of a quantum state by 2π restores the orig-
inal state, but with a sign change20,21. Several mag-
netic resonance experiments have demonstrated spinor
behaviour22–27. In the current work, we exploit spinor
behaviour to generate double-quantum coherence in en-
sembles of spin-1/2 pairs, in the near-equivalence regime.

We demonstrate two different implementations of
Spinor-DQ excitation: One implementation, shown in
Figure 2(a), uses the PulsePol sequence, which was orig-
inally developed for electron-nucleus polarization trans-
fer in diamond nitrogen-vacancy systems28. It has been
shown that the PulsePol sequence may also be used for
the solution NMR spectroscopy of spin-1/2 pairs29–33,
and that its operation may be understood in terms of
symmetry-based recoupling theory, as originally devel-
oped for magic-angle-spinning solid-state NMR9,34–36.
The notation R413, used in Figure 2(a), emphasises this
connection, which is explained further below.

A second implementation of Spinor-DQ excitation uses
the spin-lock-induced crossing (SLIC) method, in which
a resonant radiofrequency field is applied such that the
nutation frequency of the nuclear spins matches the J-
coupling between the members of the spin pair: ωnut =
ωJ

37–54.
The general scheme for the SLIC implementation of

double-quantum filtering is shown in figure 3. In this

a

b

Figure 2. (a) Double-quantum-filtering pulse sequence, using
PulsePol/R413 for double-quantum excitation, including a z-
filtering step before signal acquisition. The phases ΦA, ΦB,
and Φrec are cycled in 4 steps to implement double-quantum
filtering. (b) Structure of the R413 sequence, as shown in Equa-
tion 38.
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Figure 3. Double-quantum-filtering pulse sequence, using
SLIC for double-quantum excitation. A z-filtering step is in-
cluded before acquisition. The phases ΦA, ΦB and Φrec are
cycled in 4 steps to implement double-quantum filtering. The
SLIC element is applied with phase ϕ = 0, such that the
SLIC field has the same phase as the subsequent 90◦ pulse.
The compensated cSLIC sequence may be used as the SLIC
element, as described in Section IVC3.

case, note the unusual absence of an initial 90◦ pulse
before the SLIC pulse is applied to a state of longitudi-
nal magnetization. Furthermore, note that the 90◦ pulse
which follows the SLIC pulse has the same phase as the
SLIC field. This contrasts to the use of SLIC to generate
singlet order, and for similar applications, where an ini-
tial 90◦ pulse, with a 90◦ phase shift relative to the SLIC
field, is included37–54.

As described below, the use of SLIC to generate
double-quantum coherence, using the pulse sequence
shown in Figure 3, is particularly sensitive to small de-
viations in the rf field amplitude. In Section IVC 3,
we introduce a compensated variant called cSLIC, which
employs radiofrequency pulses with two different ampli-
tudes. cSLIC is much more robust than standard SLIC,
with respect to deviations in the radiofrequency field am-
plitude.

The rest of this paper is organized as follows: The
general quantum theory of near-equivalent spin-1/2 pair
systems is given in section II. Section III reviews the
principles of geometric DQ excitation, since an appre-
ciation of how this method works is informative for
the Spinor-DQ techniques. Section IV describes the
principles of Spinor-DQ excitation, including both the
PulsePol/Symmetry-Based and the SLIC implementa-
tions. The rf-compensated cSLIC method is also de-
scribed here. Sections V and VI present results for a
demonstration of double-quantum excitation using the
19F solution NMR of a molecular system containing a
diastereotopic pair of 19F nuclei. Both Spinor-DQ and
GeoDQ procedures are shown to excite double-quantum
coherence in the ensemble of near-equivalent 19F spin
pairs, with much higher efficiency than the conventional
INADEQUATE sequence. The paper concludes by dis-
cussing some possible applications of double-quantum ex-
citation in the solution NMR of near-equivalent spin sys-
tems.

II. THEORETICAL BACKGROUND

A. Spin Hamiltonian

The rotating-frame spin Hamiltonian for a homonu-
clear spin-1/2 pair in the absence of a radiofrequency
field is as follows:

H0 = Ω1I1z +Ω2I2z +HJ , (5)

where the J-coupling Hamiltonian is given by:

HJ = ωJ I1 · I2, (6)

and the resonance offset frequencies for the two spins are
defined as follows:

Ω1 = ω0(δ1 − δref),

Ω2 = ω0(δ2 − δref). (7)

The terms {δ1, δ2, δref} are the chemical shift of spins I1,
spin I2, and the rf reference frequency, respectively. The
other symbols are specified in Equation 4.

The spin Hamiltonian may be written as the sum of
two commuting terms, as follows:

H0 = HΣ + (H∆ +HJ). (8)

where:

HΣ = ωΣ
1
2 (I1z + I2z) ,

H∆ = ω∆
1
2 (I1z − I2z) . (9)

The sum and difference of the resonance offset frequencies
are defined as follows:

ωΣ = Ω1 +Ω2,

ω∆ = Ω1 − Ω2. (10)

The singlet and triplet states of the spin-1/2 pair are
defined and numbered as follows:

|1⟩ = |S0⟩ =(|αβ⟩ − |βα⟩) /
√
2,

|2⟩ = |T+1⟩= |αα⟩ ,
|3⟩ = |T0⟩ =(|αβ⟩+ |βα⟩) /

√
2,

|4⟩ = |T−1⟩= |ββ⟩ . (11)

Here α and β denote the two spin angular momentum
projections ±(ℏ/2) along an external axis, and the sub-
scripts MI ∈ {+1, 0,−1} refer to the value of the mag-
netic spin quantum number. The numbering system of
Equation 11 is used throughout the rest of this article.

Single-transition operators for an arbitrary two-level
subspace of the states |r⟩ and |s⟩ are defined as fol-
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lows55,56:

Irsx = 1
2 (|r⟩ ⟨s|+ |s⟩ ⟨r|) ,

Irsy = 1
2i (|r⟩ ⟨s| − |s⟩ ⟨r|) ,

Irsz = 1
2 (|r⟩ ⟨r| − |s⟩ ⟨s|) ,

1rs = |r⟩ ⟨r|+ |s⟩ ⟨s| . (12)

Rotation operators for single transitions are defined as
follows:

Rrs
µ (β) = exp

(
−iβIrsµ

)
, (13)

where µ ∈ {x, y, z} denotes the axis of rotation. The
operator for a cycle, i.e. a rotation through an angle
of 2π, is particularly relevant. A cycle in the {|r⟩ , |s⟩}
subspace is independent of the axis, and is described by
the operator:

Crs = Rrs
µ (2π), (14)

which may be written as follows:

Crs = −1rs +
∑

u̸={r,s}

|u⟩ ⟨u| , (15)

where the second term involves a summation over all
states which are outside the rotated 2-level system. For
example, the cycle operator for the {|1⟩ , |2⟩} subspace of
the 4-level system is given by:

C12 = −112 + 134. (16)

The negative sign of the first term is a consequence of
spinor behaviour.

The theory of Spinor-DQ excitation is developed most
conveniently by expressing the spin Hamiltonian H0 in
terms of single-transition operators, as follows:

H0 = −ΩSTR
13
y (−θST)I

13
z R13

y (+θST) + ωΣI
24
z

+ 1
4ωJ(1

24 − 113), (17)

where ΩST and θST are given in Equations 2 and 4.

B. Double-Quantum Excitation and Double-Quantum
Filtering

1. Double-quantum excitation amplitude

All double-quantum excitation schemes considered
here act upon a spin-pair ensemble in thermal equilib-
rium, in the presence of a strong magnetic field B0 along
the z-axis of the laboratory coordinate frame. This equi-
librium state is described by a spin density operator with
excess population in the |2⟩ = |T+1⟩ state, and depleted
population in the |4⟩ = |T−1⟩ state (assuming positive
gyromagnetic ratio γ). The thermal equilibrium density

a

b

c

Figure 4. Double-quantum excitation schemes for spin-1/2
pairs. (a) The INADEQUATE three-pulse method. (b) The
geometric double-quantum method. The element R13

z (π) in-
dicates a π rotation about the z-axis of the zero-quantum sub-
space, as described in Refs.18,19. (c) The PulsePol/symmetry-
based
implementation of the spinor double-quantum-excitation
method. The element C12 indicates a 2π rotation in the

{|1⟩ , |2⟩} singlet-triplet subspace, generated by a
symmetry-based pulse sequence.

operator may be written as follows (omitting the unim-
portant 1 operator component, and numerical factors):

ρ1 = Iz = 2I24z . (18)

If dissipative losses are ignored, double-quantum exci-
tation generates a unitary transformation U of the den-
sity operator, where U† = U−1. The double-quantum
excitation amplitude aDQ for a particular scheme is de-
fined as follows:

aDQ = ⟨2|Uρ1U
† |4⟩ . (19)

This may also be written as follows:

aDQ =
〈
Iz

U→ |2⟩ ⟨4|
〉
, (20)

where the transformation amplitude41 is defined as fol-
lowing:

⟨A U→ B⟩ = (B|UAU†)

(B|B)
(21)
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The Liouville bracket57 is given by:

(B|A) = Tr{B†A}. (22)

The transformation amplitude ⟨A U→ B⟩ represents the
amplitude for conversion of operator A into operator B
by the unitary transformation U . The SpinDynamica58

routine TransformationAmplitude implements this def-
inition.

2. Double-quantum filtration amplitude

Double-quantum coherence is not associated with net
magnetization and does not generate an observable NMR
signal. In most double-quantum experiments, the ex-
cited double-quantum coherence is reconverted into ob-
servable magnetization by applying a repeat of the ex-
citation sequence, in some cases in reverse chronologi-
cal order. Signals which do not pass through double-
quantum coherence at the junction of the excitation and
reconversion sequences are suppressed by a standard 4-
step phase cycling procedure, as described in Section V C.
This method is called double-quantum filtration (DQF).
In most cases, the overall signal amplitude, after double-
quantum filtration, is equal to the square magnitude of
the double-quantum excitation amplitude (apart from a
possible sign change)41,59:

aDQF = |aDQ|2 = | ⟨2|Uρ1U
† |4⟩ |2 = |

〈
ρ1

U→ |2⟩ ⟨4|
〉
|2.

(23)

Although aDQ is a complex number in general, the DQ
filtering amplitude aDQF is real and positive. The am-
plitude |aDQF| approaches 1 for a scheme of maximum
efficiency.

For all the schemes discussed below, the symbol T is
used for the total duration of the double-quantum excita-
tion sequence. In most cases, T should be as small as pos-
sible, in order to minimize relaxation losses. In practice,
the performance of a sequence is a compromise between
higher theoretical efficiency in the absence of relaxation,
and relaxation losses associated with a large value of T .
This is particularly the case for near-equivalent systems,
where large values of aDQF require large values of T .

3. INADEQUATE

The INADEQUATE method is given by Equation 1,
as shown in Figure 4(a). The total duration is T = 2τ1
in the limit of infinitely short radiofrequency pulses. IN-
ADEQUATE leads to the double-excitation amplitude
of Equation 3, which is plotted in Figure 1. The theo-
retical dependence of aDQF on excitation duration T for
INADEQUATE is shown by the blue line in Figure5(a),
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Figure 5. Dependence of double-quantum-filtered signals on
sequence duration T for different excitation schemes: Analyt-
ical functions neglecting relaxation (blue curves), simulated
points neglecting relaxation (open circles), and experimen-
tal data for the solution of I (solid black lines). (a): IN-
ADEQUATE (blue curve: |aINADQ

DQ (T )|2, where aINADQ
DQ (T ) is

given by equation 3); (b): PulsePol-DQ sequence (blue curve:
equation 70); (c): SLIC-DQ sequence, using the implemen-
tation in Figure 9(b) (blue curve: equation 99); (d): cSLIC-
DQ sequence (blue curve: equation 104). All simulations use
J = 255.94 Hz and ∆ = 17.8 Hz. The experimentally opti-
mised values of T are shown by vertical dashed lines.

using the spin-system and experimental parameters de-
fined in sectionV. This illustrates the very slow build-up
of double-quantum coherence for INADEQUATE in the
near-equivalence regime.

Although the standard INADEQUATE sequence per-
forms well for weakly-coupled spin-1/2 pairs, significant
double-quantum excitation is only achieved in the near-
equivalence regime when the total duration T of the IN-



6

1 2

+

+

43

Figure 6. Geometric double-quantum excitation. An ensem-
ble of spin-1/2 pairs is at thermal equilibrium in a strong
magnetic field (pane 1). In-phase single-quantum triplet-
triplet coherences are generated by a π/2 y-pulse (pane 2).
This is converted into a double-quantum precursor state of
antiphase triplet-triplet coherences (pane 3). A final π/2 y-
pulse generates double-quantum coherence between the states
|T±1⟩ (pane 4). The transformation from the state in pane 2
to that in pane 3 is achieved by generating a cyclic trajec-
tory with geometric phase π in the zero-quantum subspace
spanned by the singlet state |S0⟩ = |1⟩ and the central triplet
state |T0⟩ = |3⟩. This transformation corresponds to a rota-
tion through π about the z-axis of the zero-quantum subspace.

ADEQUATE is of the order of the inverse of the inner
peak splitting:

T ∼ |π/∆ωinner| ≃ |J/∆2|. (24)

This leads to a large value of T in the near-equivalence
limit, and correspondingly large relaxation losses.

Much faster double-quantum excitation is achieved in
the near-equivalence regime by two different approaches:
geometric double-quantum excitation and spinor double-
quantum excitation.

III. GEOMETRIC DOUBLE-QUANTUM EXCITATION

A. General principles

The principles of geometric DQ excitation18 are re-
viewed here, using a different theoretical approach to that
taken in Ref.18. This allows a direct correspondence to
be drawn between GeoDQ and Spinor-DQ excitation.

A general scheme for geometric DQ excitation is shown
in figure 4(b). Figure 6 depicts the corresponding density
operator transformations in graphical form.

1. Initial state

The initial state ρ1 (equation 18) is depicted in pane
1, using darker balls to represent enhanced population,
and lighter balls to represent depleted populations.

2. Single-quantum excitation

The GeoDQ sequence starts with the application of a
strong, resonant, π/2 pulse along the rotating-frame y-
axis, as shown in figure 4(b). This pulse generates single-
quantum coherences between adjacent pairs of triplet
states:

ρ2 = Ry(π/2)ρ1Ry(π/2)
† = Ix. (25)

This operator may be written in terms of the triplet
single-transition operators as follows:

ρ2 = Ix = 21/2(I23x + I34x )

= 2−1/2
{
|2⟩ ⟨3|+ |3⟩ ⟨2|+ |3⟩ ⟨4|+ |4⟩ ⟨3|

}
.

(26)

The single-quantum triplet-triplet coherences
|T0⟩ ⟨T−1| = |3⟩ ⟨4|, |T+1⟩ ⟨T0| = |2⟩ ⟨3|, |T−1⟩ ⟨T0| =
|4⟩ ⟨3| and |T0⟩ ⟨T+1| = |3⟩ ⟨2| are all generated with the
same sign. This is depicted by the four arrows in pane 2
of Figure 6, and the adjacent "+" signs.

3. Preparation of the double-quantum precursor

In order to excite double-quantum coherence, the state
ρ2, which has the same signs for all single-quantum
triplet-triplet coherences, must be converted into a state
ρ3 with opposite signs for pairs of single-quantum triplet-
triplet coherence. This antiphase single-quantum state is
called here the double-quantum precursor state.

In the near-equivalence limit, the key transformation
is accomplished as follows: A sequence of π pulses with
carefully selected timings generates a cyclic trajectory in
the zero-quantum (ZQ) subspace spanned by the singlet
state |1⟩ = |S0⟩ and the central triplet state |3⟩ = |T0⟩,
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as depicted in the central pane of Figure 6. As discussed
in Ref.18, the cyclic trajectory encloses a solid angle of
π about the origin of the zero-quantum subspace, which
leads to a geometric Aharanov-Anandan phase of π/2 for
the states |1⟩ and |3⟩. The net effect is equivalent to a
R13

z (π) rotation, as shown in figure 4(b).
The triplet-triplet coherences |3⟩ ⟨4| and |2⟩ ⟨3| ac-

quire opposite phase shifts of ±π/2 upon completion of
the cyclic zero-quantum trajectory, leading to a double-
quantum precursor state with triplet-triplet coherences
of opposite sign (see pane 3 of Figure 6):

ρgeo3 = R13
z (π) ρ2 R

13
z (π)†

= 21/2R13
z (π)

(
I23x + I34x

)
R13

z (π)†

= 21/2
(
I23y − I34y

)
= 2−1/2 i

{
− |2⟩ ⟨3|+ |3⟩ ⟨2|

+ |3⟩ ⟨4| − |4⟩ ⟨3|
}
. (27)

This transformation follows from the commutation rela-
tionships of single-transition operators55,56:

[I13z , I23x ] = 1
2 iI

23
y ,

[I13z , I23y ] = −1
2 iI

23
x ,

[I13z , I34x ] = −1
2 iI

34
y ,

[I13z , I34y ] = 1
2 iI

34
x . (28)

The density operator of Equation 27 may be written in
terms of Cartesian product operators15 as follows:

ρgeo3 = 2I1yI2z + 2I1zI2y. (29)

4. Double-quantum excitation

The double-quantum precursor state ρgeo3 is converted
into double-quantum coherence by a second π/2 pulse
with phase π/2, as shown in figure 4(b).

The relevant transformation is as follows:

ρ4 = Ry(π/2) ρ
geo
3 Ry(π/2)

†

= Ry(π/2) (2I1yI2z + 2I1zI2y)Ry(π/2)
†

= 2I1xI2y + 2I1yI2x. (30)

The resulting double-quantum state may be expressed
as follows:

ρ4 = 2I1xI2y + 2I1yI2x

= −i(I+1 I+2 − I−1 I−2 )

= −i(|2⟩ ⟨4| − |4⟩ ⟨2|) = 2I24y . (31)

A graphical representation is shown in pane 4 of Figure 6.
The final state corresponds to double-quantum excita-

tion of maximal amplitude:

aDQ = ⟨2| ρ4 |4⟩ = −i,

a∗DQ = ⟨4| ρ4 |2⟩ = +i. (32)

The analysis above shows that, assuming that the key
transformations are implemented perfectly, and that dis-
sipative losses and experimental imperfections are negli-
gible, double-quantum coherence is generated with max-
imum amplitude.

B. GeoDQ: Implementation

The GeoDQ procedure requires an implementation of
the key element shown as R13

z (π) in Figure 4(b). This
element implements a cyclic trajectory in the {|1⟩ , |3⟩}
zero-quantum subspace. The trajectory subtends a solid
angle about the origin of the subspace, which induces
a geometric phase for the rotated quantum states. The
geometry of the trajectory is chosen such that the prop-
agator corresponds to a π rotation about the z-axis of
this subspace, corresponding to the operator R13

z (π), as
depicted in Figure 6. Some concrete implementations of
this element, which involve spin echo trains of strong π
pulses separated by delays, are given in refs.18,19. The
experimental implementation used for the current work
is specified in Section VI.

IV. SPINOR DOUBLE-QUANTUM EXCITATION

A. General principles

1. Single-quantum excitation

The first two steps in the Spinor-DQ excitation scheme
are the same as for geometric DQ excitation. In-phase
single-quantum coherence is excited by applying a π/2
pulse to a system in thermal equilibrium. This leads to
the state ρ2 given in equation 26, and depicted graphi-
cally in the second pane of figure 7.

2. Preparation of the double-quantum precursor

Spinor-DQ prepares the double-quantum precursor
state by a different method to that used in GeoDQ. In-
stead of implementing a π rotation in the {|1⟩ , |3⟩} sub-
space, Spinor-DQ implements a 2π rotation in an outer
singlet-triplet subspace. There are two such subspaces;
the lower one, spanned by the states {|S0⟩ , |T+1⟩} =
{|1⟩ , |2⟩}, and the upper one, spanned by the states
{|S0⟩ , |T−1⟩} = {|1⟩ , |4⟩}. The following discussion as-
sumes that a cycle is implemented in the {|1⟩ , |2⟩} sub-
space, as shown by the central pane in Figure 7.
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Figure 7. Spinor double-quantum excitation. An ensemble
of spin-1/2 pairs is at thermal equilibrium in a strong mag-
netic field (pane 1). In-phase single-quantum triplet-triplet
coherences are generated by a π/2 y-pulse (pane 2). This
is converted into a double-quantum precursor state of an-
tiphase triplet-triplet coherences (pane 3). A final π/2 x-
pulse generates double-quantum coherence between the states
|T±1⟩ (pane 4). This method uses a rotation through 2π
in the single-quantum subspace spanned by the singlet state
|S0⟩ = |1⟩ and the outer triplet state |T+1⟩ = |2⟩. The ro-
tation corresponds to the single-transition cycle operator C12

(Equation 16).

The relevant transformation of the spin density oper-
ator is as follows:

ρspinor3 = C12 ρ2 C
12†

= 21/2C12
(
I23x + I34x

)
C12†

= 21/2
(
−I23x + I34x

)
= 2−1/2

{
− |2⟩ ⟨3| − |3⟩ ⟨2|

+ |3⟩ ⟨4|+ |4⟩ ⟨3|
}
. (33)

This transformation follows from the properties of the

single-transition cycle operator in Equation 16:

C12 |2⟩ = − |2⟩ ,
C12 |3⟩ = + |3⟩ ,
C12 |4⟩ = + |4⟩ , (34)

The change of sign of |2⟩ by the cycle operator C12 is a
manifestation of spinor behaviour. A graphical represen-
tation of ρspinor3 is shown in pane 3 of Figure 7.

The density operator ρspinor3 may be written in terms
of Cartesian product operators1,15 as follows:

ρspinor3 = −2I1xI2z − 2I1zI2x. (35)

3. Double-quantum excitation

The double-quantum precursor state ρspinor3 is con-
verted into double-quantum coherence by a final π/2
pulse. In the Spinor-DQ procedure, the pulse phase is
0, leading to the following result:

ρ4 = Rx(π/2) ρ
spinor
3 Rx(π/2)

†

= −Rx(π/2) (2I1xI2z + 2I1zI2x)Rx(π/2)
†

= 2I1xI2y + 2I1yI2x. (36)

This is exactly the same final state as for geometric
double-quantum excitation (equation 31). A graphical
representation is shown in pane 4 of Figure 7.

Hence, in the absence of imperfections and dissipa-
tive losses, both GeoDQ and Spinor-DQ generate double-
quantum coherence with maximum amplitude.

B. Spinor DQ: PulsePol/Symmetry-Based Implementation

The Spinor-DQ procedure requires an implementation
of the key element shown as C12(π) in Figure 4(c). This
element implements a 2π rotation in the {|1⟩ , |2⟩} single-
quantum subspace, as depicted in the central pane of Fig-
ure 7. The PulsePol/symmetry-based implementation of
Spinor-DQ is now discussed.

1. PulsePol as a Symmetry-Based Pulse Sequence

PulsePol is a repeating sequence of six strong pulses
and four delays28, as follows:

PulsePol = 9090 − τ2 − 1800 − τ2 − 9090−
90180 − τ2 − 18090 − τ2 − 90180 (37)

As shown in Ref.30, PulsePol is closely related to the
symmetry-based sequence denoted here as R413, which
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has the following explicit form:

R413 =
[
90135 − τ2 − 18045 − τ2 − 90135−

90−135 − τ2 − 180135 − τ2 − 90−135

]2 (38)

where the superscript denotes 2 repetitions. When ap-
plied to spin-1/2 pairs in solution NMR, the sequence in
Equation 38 conforms to R413 symmetry, if the pulse se-
quence intervals τ2 are given, in the strong-pulse limit,
by:

τ2 = 3
8τJ . (39)

where the J-coupling period is given by:

τJ =
2π

|ωJ |
= |J |−1. (40)

In general, pulse sequences with the symmetry desig-
nation RNν

n are constructed by starting with a “basic
element”, denoted R0, and applying a set of transforma-
tions which depend on the values of three integers, called
symmetry numbers, and denoted N , n and ν. For the
implementation of R413 in Equation 38, the basic element
is as follows:

R0 = 9090 − τ2 − 1800 − τ2 − 9090 , (41)

This is a standard composite π pulse60, but with de-
lays inserted between the pulses. For R413, the symme-
try numbers are {N,n, ν} = {4, 3, 1}. This implies that
the complete R413 sequence consists of four R-elements,
spanning the same duration as three J-periods, with the
phases of the R-elements alternated between the values
±ϕ, where ϕ = πν/N = π/4 in the case of R413. The
total duration of the R413 sequence is given by:

TR4 = 3τJ . (42)

Other combinations of symmetry numbers are also pos-
sible, as specified in Table 1 of Ref.30. This rational,
symmetry-based, construction procedure leads to well-
defined selection rules for the average Hamiltonian H

(1)
,

which governs the dynamical properties of the pulse se-
quence, within certain approximations35,36.

The R413 and PulsePol sequences are related as follows:

R413 =
[
(PulsePol)ϕ=π/4

]2
, (43)

implying that R413 is a two-fold repetition of a phase-
shifted PulsePol sequence. The following discussion con-
siders the R413 sequence in Equation 38, rather than
the closely-related PulsePol sequence in Equation 37,
since this allows the direct application of symmetry-based
pulse sequence theory9,34–36. Furthermore, the phase be-
haviour of R413 is more convenient than that of PulsePol,
as discussed below.

The sequence in Equation 38 uses a variant construc-

tion procedure, in which two basic elements are alter-
nated in a “riffling” scheme, in order to improve robust-
ness30. Nevertheless, in the limit of short rf pulses, the
symmetry properties and selection rules for R413 symme-
try still apply.

2. Cycle Propagator

The PulsePol/Symmetry-Based implementation of
Spinor-DQ excitation uses the sequence shown in Fig-
ure 4(c), with a central element C12 given by m repeti-
tions of a R413 sequence (and hence 2m repetitions of a
phase-shifted PulsePol sequence):

C12 =
[
R413

]m
. (44)

The total duration of the PulsePol/Symmetry-Based
double-quantum excitation sequence is therefore given
by:

T = mTR4 = 3mτJ = 24mτ2. (45)

The choice of repetition number m is discussed below.
As described in Ref.30, the theory of R413 in the cur-
rent context proceeds by describing the chemical shift
Hamiltonians H∆ and HΣ in the interaction frame of the
J-coupling and rf fields:

H̃∆ = Urf(t)
†UJ(t)

†H∆UJ(t)Urf(t),

H̃Σ = Urf(t)
†UJ(t)

†HΣUJ(t)Urf(t), (46)

where Urf(t) is the propagator under the rf fields of the
pulse sequence. The propagator under the J-coupling
Hamiltonian is defined as follows:

UJ(t) = exp{−iHJ t}. (47)

The propagator for the spin system, at any time point t,
may be approximated as follows:

U(t) ≃ UJ(t)Urf(t)× exp{−iH
(1)

t}, (48)

where H
(1)

is the average Hamiltonian61–63 of the chem-
ical shift terms over a single R413 sequence:

H
(1)

= H
(1)

∆ +H
(1)

Σ , (49)

with:

H
(1)

∆ = T−1
R4

∫ TR4

0

H̃∆(t) dt, (50)

and similarly for H
(1)

Σ . The numbering convention used
here for the average Hamiltonian terms is that of Hohwy
et al.63, superseding an earlier convention61,62.

The selection rules associated with the symmetry num-
ber combinations given in Table 1 of Ref.30 lead to an
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average Hamiltonian with the following form:

H
(1)

= H
(1)

1111 +H
(1)

1−11−1, (51)

where:

H
(1)

1111 = 1
2κ1111ω∆ |2⟩ ⟨1| ,

H
(1)

1−11−1 = − 1
2κ1−11−1ω∆ |1⟩ ⟨2| . (52)

Note that the R413 symmetry causes all terms derived
from HΣ to vanish. The scaling factors κ1±11±1 depend
on the symmetry numbers {N,n, ν} of the pulse sequence
and the details of the basic element R0. General expres-
sions are given in Ref.30. In the limit of infinitesimally
short pulses, the scaling factors κ1±11±1 for the basic
element of Equation 41 are given by:

κ1111 = −κ1−11−1 = (−1)p
√
2N

πn
sin2

( πn
2N

)
,

p =
n− ν

N
− 1

2 ; p ∈ Z, (53)

where Z is the set of all integers.
In the case of the R413 sequence, {N,n, ν} = {4, 3, 1},

the scaling factors evaluate to:

κ1111 = −κ1−11−1 =
2(1 +

√
2)

3π
≃ 0.512 , (54)

again assuming infinitesimally short pulses.
The first-order average Hamiltonian for the R413 se-

quence is therefore given by:

H
(1)

= ω12
nutI

12
x , (55)

where the single-transition nutation frequency is propor-
tional to the chemical shift difference frequency ω∆:

ω12
nut = κ1111ω∆ ≃ 0.512ω∆. (56)

The selection rules imposed by R413 symmetry ensure
that the average Hamiltonian is selective for the {|1⟩ , |2⟩}
transition. The real values of the scaling factors κ1±11±1

indicate that the R413 sequence generates a rotation about
the x-axis of the {|1⟩ , |2⟩} subspace. In contrast, the
effective rotation axis of the PulsePol sequence (Equa-
tion 37) is rotated away from the x-axis by 45◦.

From Equation 48, the propagator for a single R413
sequence is given by:

U(R413) ≃ UJ(TR4)Urf(R413)R
12
x (ω12

nutTR4), (57)

where the single-transition rotation angle is:

ω12
nutTR4 = 8ω12

nutτ2, (58)

assuming strong pulses of infinitesimal duration, sepa-
rated by intervals τ2, as shown by Equation 38. The
single-transition rotation operator R12

x is defined in Equa-

tion 13.
The propagators UJ and Urf are both unity operators,

when taken over a complete R413 sequence. Hence the
propagator for a complete R413 sequence is given by a
rotation around the x-axis of the {|1⟩ , |2⟩} subspace:

U(R413) ≃ R12
x (ω12

nutTR4). (59)

If the R413 sequence is repeated m times, the total dura-
tion of the entire sequence is given by:

T = mTR4 = 3mτJ = 24mτ2. (60)

The overall spin propagator is given by:

U(
[
R413

]m
) ≃ R12

x (β12), (61)

where the total rotation angle in the {|1⟩ , |2⟩} subspace
is:

β12 = ω12
nutT. (62)

The transformation of the density operator ρ2, as given
by Equation 26, takes the following form:

ρ3(T ) ≃ R12
x (β12) ρ2 R

12
x (β12)†

= 21/2R12
x (β12)

(
I23x + I34x

)
R12

x (β12)†

= 21/2
(
I23x cos

(
1
2β

12
)
+ I13y sin

(
1
2β

12
)
+ I34x

)
.

(63)

The last equation follows from the commutation relation-
ships55,56:

[I12x , I23x ] = 1
2 iI

13
y ,

[I12x , I13y ] = − 1
2 iI

23
x ,

[I12x , I34x ] = 0. (64)

Note the 4π-periodicity with respect to β12 in Equa-
tion 63. This is a signature of spinor behaviour.

3. Double-Quantum Excitation

The total rotation angle β12 may be set to ≈ 2π by
choosing the repetition number m as follows:

m = round

(
2π

8|κ1111 ω∆|τ2

)
≃ round

(
0.651

J

∆

)
. (65)

With this choice of repetition number m, the propagator
for the repeated R413 sequences approximates a cycle:

U(
[
R413

]m
) ≃ R12

x (2π) = C12. (66)

Under these conditions, the transformations of Equa-
tions 33 and 36 follow to a good approximation. Double-
quantum coherence is generated with large amplitude by
the final (π/2)x pulse, as sketched in Figure 7.
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Note that the sequence duration T required to achieve
Spinor-DQ excitation is twice that needed to achieve the
generation of singlet order30. This because Spinor-DQ
excitation requires a 2π rotation in the {|1⟩ , |2⟩} sub-
space, while the generation of singlet order by PulsePol
only requires a π rotation.

In general, the spin density operator at the end of the
complete sequence has the following form:

ρ4(T ) = Rx(π/2)ρ3(T )R
†
x(π/2)

≃ 2I24y sin2( 14β
12) + . . . (67)

which shows the excitation of double-quantum coherence
as well as other orthogonal terms, in the general case
(omitted for simplicity).

In general, the double-quantum amplitude is given in
terms of the total pulse sequence duration T as follows:

aPulsePol
DQ (T ) ≃ −i sin2

(
1
4ω

12
nutT

)
, (68)

where the effective nutation frequency ω12
nut of the

{|1⟩ , |2⟩} transition is given by Equation 56.
A numerical simulation of PulsePol/symmetry-based

double-quantum excitation is shown in Figure 8(a). This
shows the trajectory of the transformation amplitude
⟨Ix

U→ QDQP⟩ (see Equation 21) for conversion of the
state ρ2 (Equation 26) into the desired double-quantum
precursor state, defined as follows:

QDQP = 21/2(I34x − I23x ). (69)

Since the double-quantum precursor operator QDQP is
completely converted into double-quantum coherence by
the final π/2 pulse, the quantity ⟨Ix

U→ QDQP⟩, defined
in equation 21, provides the double-quantum excitation
amplitude of the full pulse sequence, including the last
π/2 pulse.

Figure 8(a) also shows a comparison with the analyt-
ical result of Equation 68. Agreement is good for an
integer number of complete R413 cycles, as expected from
average Hamiltonian theory.

4. Double-Quantum Filtration

The double-quantum filtration amplitude by the
PulsePol/Symmetry-Based scheme is given, in the ab-
sence of relaxation, by the square magnitude of Equa-
tion 68:

aPulsePol
DQF (T ) ≃ sin4

(
1
4ω

12
nutT

)
. (70)

This function is compared with numerical simulations of
the double-quantum filtering amplitude, and experimen-
tal results, in Figure 5(b).

The requirement to complete an integer number of R413
cycles can be overly restrictive on the excitation time T .
In practice, it is possible to truncate the double-quantum

0 0.1 0.2 0.3 0.4
-1.0

0.0

1.0
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T / s

0 0.1 0.2 0.3 0.4
-1.0

0.0

1.0
0 20 40 60 80 100

T / s
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b

Figure 8. Excitation trajectories for spinor double-quantum
excitation schemes applied to isolated 2-spin-1/2 systems. (a):
A PulsePol R413 sequence is applied to transverse magnetiza-
tion Ix, converting it to the double-quantum precursor state
QDQP. The plotted amplitude < Ix → QDQP > is defined
in equations 21 and 69. (b): A SLIC pulse, as shown in
Figure 9(a), is applied to longitudinal magnetization Iz, con-
verting it to the double-quantum state 2I24y . Solid blue lines:
predictions from average Hamiltonian theory (Equations 68
and 94). Solid gray lines: predictions from average Hamilto-
nian theory multiplied by functions cos(ωJ t) (for SLIC-DQ) or
cos

(
1
3
ωJ t

)
(for PulsePol-DQ). Open circles: simulated points.

All simulations use J = 255.94 Hz and ∆ = 17.8 Hz.

excitation before an integer number of R413 cycles is com-
pleted, providing that precautions are taken. This topic
is discussed further in the Supporting Information.

C. Spinor DQ: SLIC implementation

This section discusses the principles of double-
quantum excitation in near-equivalent spin-1/2 pairs by
SLIC and its variants. We call this approach SLIC-DQ.
As explained below, SLIC-DQ is an example of a Spinor-
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a

b

c

Figure 9. SLIC-DQ sequences. (a) Double-quantum excita-
tion is induced by a weak rf field satisfying the SLIC condition
ωSLIC
nut = ωJ for a total duration T . (b) A strong 90◦ pulse is

appended to the SLIC pulse, without a change of phase. The
SLIC pulse is subdivided into a series of nJ 360◦x pulses to
ensure stroboscopic evolution. Optimal double-quantum ex-
citation is achieved when the repeat number nJ satisfies equa-
tion 98. (c) Double-quantum excitation scheme using cSLIC,
with compensation against rf amplitude errors. A strong cen-
tral pulse with a 180◦ phase shift is inserted at the centre
point of the SLIC pulse. The flip angle multiplier α, with
α ≲ 1, is defined in equation 101 and takes into account the
finite duration of the central compensation pulse. For an in-
finitely short central pulse, α = 1, and the central pulse has
a flip angle of 360◦.

DQ excitation scheme, albeit disguised by an implicit
frame transformation.

1. SLIC-DQ: Single Pulse Implementation

The simplest SLIC implementation of Spinor-DQ exci-
tation is shown in Figure 9(a). This is a single, unmod-
ulated, resonant radiofrequency pulse with phase ϕ = 0
and duration T . The amplitude of the pulse is such that
the nutation frequency under the pulse matches the J-

coupling between the members of the spin-pair:

SLIC condition : ωnut = ωJ . (71)

This spin-lock-induced crossing (SLIC) condition causes
a level anticrossing between a pair of rotating-frame en-
ergy levels, in the presence of the resonant radiofre-
quency field37. SLIC pulses are useful devices for ma-
nipulating nuclear singlet order37–54, for enhancing the
contrast in MRI38, for estimating J-couplings64, and in
parahydrogen-enhanced NMR41. Here, we show that
SLIC may also be used to excite homonuclear double-
quantum coherence, albeit with a high degree of sensi-
tivity to variations in the radiofrequency field amplitude.

Note that the single SLIC pulse in Figure 9(a) is not
preceded by a 90◦ pulse, and not followed by one either.
The single unadorned SLIC pulse has phase ϕ = 0 and
is applied directly to thermal equilibrium magnetization,
and generates double-quantum coherence without further
manipulations, under the conditions discussed below.

Although the SLIC phenomenon has been widely ex-
ploited in NMR, especially for the preparation and study
of long-lived states37–54, the spin dynamics occurring
during the SLIC pulse has mainly been discussed in terms
of spin population transfers. The use of SLIC for directly
exciting double-quantum coherences, of relevance here,
requires a more detailed theoretical treatment.

To avoid potential confusion, the excitation of double-
quantum coherence by application of a SLIC-matched ra-
diofrequency field does not exploit the double-quantum
level-anticrossing conditions which have been identified
in systems of more than 2 coupled spins48. The methods
under discussion here achieve double-quantum excitation
by SLIC pulses which conform to the conventional single-
quantum level anti-crossing condition of Equation 71.

The spin Hamiltonian in the presence of the SLIC pulse
is given by:

H = HΣ +H∆ +HJ + ωnutIx. (72)

The individual Hamiltonian terms are specified in Equa-
tion 9.

The SLIC pulse is applied to a thermal-equilibrium
spin system in high magnetic field, described by the den-
sity operator ρ1 = Iz in Equation 18. If the SLIC pulse
has duration T , the final density operator is given by:

ρf (T ) = U(T ) Iz U
†(T ) , (73)

where the SLIC propagator is:

U(T ) = exp{−iHT}, (74)

and relaxation effects have been omitted.
The analysis is facilitated by transforming the Hamil-

tonian into a periodic interaction frame, defined by the
following unitary transformation of spin operators:

Q̃ = W (t)† QW (t), (75)
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where the time-dependent transformation operator is de-
fined here as follows:

W (t) = Ry(−π/2)UJ(t)Rz(−ωJ t), (76)

where UJ is given by Equation 47 and 0 ≤ t ≤ T . This
frame is periodic, with a period τJ = |J |−1, since the fol-
lowing property holds for all time-independent operators
Q and times t:

Q̃(t+ kτJ) = Q̃(t) ; k ∈ Z. (77)

The equation of motion of the spin density operator in
the interaction frame is given by:

d

dt
ρ̃ = −i

[
H̃, ρ̃

]
, (78)

where the interaction-frame spin Hamiltonian is given by:

H̃(t) = W (t)† HW (t)− iW (t)†
( d

dt
W (t)

)
. (79)

The second term in Equation 79 corrects for the non-
inertial motion of the frame, playing a similar role to the
Coriolis force in classical mechanics65–67.

These equations may be combined to obtain the inter-
action frame Hamiltonian:

H̃(t) = W (t)†HW (t)−HJ + ωJIz

= H̃∆(t) + H̃Σ(t)− (ωnut − ωJ)Iz

= H̃∆(t) + H̃Σ(t)− ϵrf ωJIz, (80)

where the fractional rf amplitude mismatch is defined as
follows:

ϵrf =
ωnut − ωJ

ωJ
. (81)

The fractional rf mismatch ϵrf goes to zero for exact SLIC
match (eq. 71).

The interaction-frame chemical shift terms are given
by:

H̃∆(t) =
1
2ω∆ W (t)† (I1z − I2z)W (t),

H̃Σ(t) =
1
2ωΣ W (t)† (I1z + I2z)W (t). (82)

The interaction-frame Hamiltonian terms may be writ-
ten in terms of single-transition operators, as follows:

H̃∆(t) = 2−1/2ω∆

(
− I12x + I14x cos(2ωJ t) + I14y sin(2ωJ t)

)
,

H̃Σ(t) =
1
2ωΣ

(
Ix cos(ωJ t) + Iy sin(ωJ t)

)
. (83)

In the case that the chemical shift frequencies ω∆ and ωΣ

are small compared to ωJ , and also |ϵrf | ≪ 1, the period-
icity and cyclicity of the interaction frame (Equation 77)
may be exploited to estimate the propagator for the spin
system over the total interval T from the average of the

interaction frame Hamiltonian over one period:

U(T ) ≃ W (T ) exp{−iH
(1)

T}W (0)†. (84)

The average Hamiltonian for SLIC, in the interaction
frame, is given by:

H
(1)

= τ−1
J

∫ τJ

0

H̃(t) dt

= −2−1/2 ω∆I
12
x − ϵrf ωJIz

= −κSLIC ω∆I
12
x − ϵrf ωJIz. (85)

This shows that, on exact match, SLIC induces a rotation
in the {|1⟩ , |2⟩} subspace at a nutation frequency given
by minus the shift frequency difference ω∆ multiplied by
a scaling factor, given by:

κSLIC = 2−1/2. (86)

The time-average over one period removes the oscilla-
tory terms in Equation 83. The approximation is valid
for spin-1/2 pair systems in the near-equivalence limit, ir-
radiated with a SLIC pulse close to resonance, and with
an amplitude close to exact SLIC match. Higher-order
corrections to Equation 85 are discussed in Appendix A.

The first term in Equation 85 shows that, to a good
approximation, a SLIC pulse generates a rotation in the
{|1⟩ , |2⟩} subspace of the 2-spin-1/2 system, in the inter-
action frame. This has the same form as that generated
by a R413 sequence in the ordinary rotating frame (Equa-
tion 55).

The second term in Equation 85 represents the devia-
tion of the rf field amplitude from the exact SLIC con-
dition. Since these two terms do not commute, the rf
mismatch term readily interferes with the desirable sub-
space rotation.

Now consider double-quantum excitation by a single
on-resonance SLIC pulse, as shown in Figure 9(a), as-
suming exact SLIC match (ϵrf = 0). The pulse is applied
to thermal equilibrium magnetization along the magnetic
field, as described by the density operator ρ1 = Iz of
Equation 18. Equation 73 may be implemented in three
steps. Application of the right-most operator in Equa-
tion 84 gives:

W (0)† Iz W (0) = Ry(π/2) Iz R
†
y(π/2) = Ix

= 21/2(I23x + I34x ). (87)

Note that this is identical to the density operator in pane
2 of the general scheme for Spinor-DQ excitation (Fig-
ure 7).

From Equation 85, the propagator under the average
Hamiltonian H

(1)
for an interval T , in the case ϵrf = 0,

is given by:

exp{−iH
(1)

T} = R12
x (β12), (88)
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where the rotation angle in the {|1⟩ , |2⟩} subspace is
given for SLIC by:

β12 = −κSLICω∆T, (89)

with the SLIC scaling factor κSLIC = 2−1/2. Hence, the
transformation under the average Hamiltonian is given
by:

R12
x (β12)IxR

12 †
x (β12) =

21/2
(
I23x cos

(
1
2β

12
)
+ I13y sin

(
1
2β

12
)
+ I34x

)
. (90)

This expression is 4π-periodic in the angle β12, a signa-
ture of spinor behaviour. This transformation is similar
to that given by a R413 sequence (Equation 63).

The total rotation angle β12 may be set to ≈ −2π by
choosing the interval τ as follows:

T ≃ round

(
2πJ

|κSLIC ω∆|

)
τJ ≃ round

(∣∣∣∣∣
√
2J

∆

∣∣∣∣∣
)
τJ . (91)

With this choice of T , the evolution under the SLIC av-
erage Hamiltonian approximates a cycle, the spinor be-
haviour is activated, and Equation 90 evaluates to:

R12
x (β12)IxR

12 †
x (β12) ≃ 21/2

(
− I23x + I34x

)
. (92)

The opposite signs indicate the generation of the double-
quantum precursor state (antiphase single-quantum co-
herence), which corresponds to panel 3 of Figure 7.

In general, the spin density operator at the end of the
SLIC pulse may be calculated by applying the operator
W (T ) to the right-hand side of Equation 90. This leads
to

ρf (T ) = −2I24y sin(ωJT ) sin
2( 14β

12) + . . . (93)

which shows the excitation of double-quantum coherence
as well as other orthogonal terms, in the general case
(omitted for simplicity).

This gives the following expression for the double-
quantum excitation amplitude by the simplest implemen-
tation of SLIC given in Figure 9(a):

a
SLIC(a)
DQ (T ) = ⟨2| ρf (T ) |4⟩

≃ i sin(ωJT ) sin
2( 14β

12). (94)

where the SLIC rotation angle is given by Equation 89.
This compact analytical expression is compared with

numerical calculations in Figure 8(b). The SLIC double-
quantum excitation amplitude is the product of two os-
cillating functions with different frequencies: A “fast" os-
cillation with frequency ωJ , and a “slow" oscillation with
frequency 2−1/2ω∆. Optimal double-quantum excitation
requires setting τ to satisfy Equation 91, which max-
imises the value of the “slow" oscillation, while simulta-
neously maximising the value of the “fast" oscillation, by
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Figure 10. Double-quantum excitation as a function of rf
amplitude error ϵrf for the standard SLIC-DQ implementa-
tion shown in Figure 9(a) as well as the cSLIC-DQ sequence
shown in Figure 9(c). The total duration of the conven-
tional SLIC-DQ sequence is T = 79.12ms, corresponding to
T = (20+ 1

4
)τJ . For the compensated SLIC-DQ sequence, the

total duration is T = 78.14ms, corresponding to T = 20τJ .
The nutation frequency of the hard pulses in the cSLIC-DQ
sequence was 25.0 kHz. The resonance offset is set to zero
in both cases, ωΣ = 0. Solid lines: analytical expressions,
as given by Equations 102 and B.4. Open markers: numer-
ical simulations. All simulations use J = 255.94 Hz and
∆ = 17.8 Hz.

satisfying the condition:

SLIC-DQ(a) : T = (k ± 1
4 ) τJ ; k ∈ Z. (95)

In general, the conditions of Equations 91 and 95 cannot
simultaneously be satisfied exactly. A good compromise
is to use a value of T which satisfies Equation 95 exactly,
while also satisfying Equation 91 reasonably well.

Note that double-quantum excitation is not achieved
when the duration T is equal to a whole multiple of the
period τJ ; On the contrary, T should be a whole multiple
of τJ , plus or minus one extra quarter of a period - a
rather unusual constraint.

The derivation above shows that double-quantum ex-
citation by SLIC is a disguised form of Spinor-DQ exci-
tation. Instead of the explicit π/2 pulses shown in Fig-
ure 4(c) and 7, the π/2 rotations involved in SLIC are
concealed in the interaction frame transformation. Nev-
ertheless, the basic principles of Spinor-DQ excitation are
evident.

Equations 94 and figure 8(b) show that although a bare
SLIC pulse does generate DQ coherence with high effi-
ciency when applied to longitudinal magnetization, the
dependence on the SLIC pulse duration is highly oscilla-
tory.

Note that the sequence duration T required to achieve
SLIC-DQ excitation is twice that needed to achieve the
generation of singlet order by SLIC37.
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2. SLIC-DQ: Two-pulse implementation

The condition on the excitation duration T given in
Equation 95 is somewhat awkward. The version of SLIC-
DQ shown in Figure 9(b) corrects this minor problem.
The SLIC pulse is followed by a strong π/2 pulse, with
the same phase as the SLIC pulse. In this case, the DQ
excitation amplitude is given by:

a
SLIC(b)
DQ (T ) ≃ i cos(ωJT ) sin

2( 14β
12), (96)

where the SLIC rotation angle is given as usual by Equa-
tion 89.

In this implementation, optimal double-quantum exci-
tation is achieved when T is an integer multiple of the
period τJ = |J−1|, while being as close as possible to the
optimum value given in Equation 91. The SLIC duration
is given by

SLIC-DQ(b) : T = nJτJ ; nJ ∈ Z, (97)

where the optimal number of cycles may be estimated as
follows, in the absence of relaxation:

nJ ≃ round

(∣∣∣∣∣
√
2J

∆

∣∣∣∣∣
)
. (98)

The double-quantum filtering amplitude by SLIC-DQ
is given by the square magnitude of Equation 96:

a
SLIC(b)
DQF (T ) = |aSLIC(b)

DQ (T )|2

≃ cos2(ωJT ) sin
4( 14β

12). (99)

Rf amplitude dependence. Appendix B gives a treat-
ment of double-quantum excitation by SLIC, in the case
that the rf amplitude deviates from the exact match con-
dition (ϵrf ̸= 0). Figure 10 compares analytical results
with numerical simulations of the double-quantum exci-
tation, as a function of the rf field amplitude. A strong
oscillatory dependence is superposed on the typically nar-
row excitation profile of SLIC. This renders SLIC-DQ ex-
tremely sensitive to small deviations of the rf amplitude
from the exact SLIC match condition - even more sen-
sitive than other applications of SLIC. As shown below,
this hypersensitivity to the rf field amplitude strongly
degrades the experimental performance of SLIC-DQ.

Resonance offset dependence. Figure 11 shows the per-
formance of the SLIC-DQ sequence as a function of reso-
nance offset ∆ω = 1

2ωΣ. Exact SLIC match is assumed,
ϵrf = 0. The simulation shows that double-quantum ex-
citation by SLIC is strongly frequency-selective, with an
excitation bandwidth roughly equal to 0.3 times the J-
coupling.
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Figure 11. Numerical simulations of the performance of SLIC
double-quantum excitation as a function of ∆ω/ωJ , where the
resonance offset is defined as ∆ω = ωΣ/2. The total duration
of the conventional SLIC-DQ sequence is T = 79.12 ms, cor-
responding to T = (20+ 1

4
)τJ . For the compensated SLIC-DQ

sequence, the total duration was T = 78.14 ms, correspond-
ing to T = 20τJ . The nutation frequency of the hard pulses
in the compensated SLIC-DQ sequence was 25.0 kHz, while
the nutation frequency of the SLIC pulse was set to the nom-
inal value ωnut = ωJ . All simulations use J = 255.94 Hz and
∆ = 17.8 Hz.

3. cSLIC-DQ: Amplitude-Error Compensation

The high sensitivity of SLIC to deviations in the rf
field amplitude from the exact SLIC condition is a serious
impediment to its practical use, especially in the context
of double-quantum excitation. Fortunately, an effective
scheme for rf error compensation is available.

In many NMR experiments, pulse sequences are com-
pensated for rf amplitude errors by introducing a π phase
shift of the rf field, so that a net positive nutation under
the resonant field is compensated by an equal net nega-
tive rotation. For example, cross-polarization sequences
may be compensated this way68,69. However, the same
method does not work in the context of SLIC, since a
π phase shift in the SLIC irradiation field switches the
single-transition rotation from the {|1⟩ , |2⟩} subspace to
the {|1⟩ , |4⟩} subspace. The operation of the SLIC se-
quence is therefore completely disrupted by a π phase
shift of the SLIC-matched rf field.

An alternative method, which compensates SLIC for rf
amplitude variations without disruption, is shown in Fig-
ure 9(c). This method, which is called here compensated-
SLIC (cSLIC), uses an rf pulse sequence employing two
different amplitude levels: a weak rf field matching the
SLIC condition, and a much stronger rf field which pro-
vides a compensating counter-rotation in the centre of
each repeating element.

The general form of the cSLIC sequence, taking into
the finite duration of the central strong pulse, has the
form:

cSLIC = (απ)x − (α2π)strong−x − (απ)x, (100)
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where the factor α is close to 1 and is given by:

α =
ωstrong
nut

ωstrong
nut + ωJ

. (101)

The total duration of the cSLIC element is τJ = |J |−1.
Here ωstrong

nut is the nutation frequency of the strong pulse,
ωstrong
nut ≫ ωJ . The nutation frequency of the two weak

outer pulses matches the SLIC condition, ωnut = ωJ .
Consider the limit where the duration of the central

compensating pulse is negligible compared to that of the
SLIC pulse elements. In this limit, α = 1, and each of
the nJ cycles shown in Figure 9(b) is divided into two
equal intervals, each of duration τJ/2. In this limit, the
two weak pulses each have a flip angle of π, while the
strong and short central pulse has a flip angle of 2π. The
phase of the strong 2π pulse is shifted by π, with respect
to the phase of the weak SLIC-matched field.

The sequence of two SLIC-matched π pulses, bracket-
ing one strong 2π pulse with a phase shift of π, has a
total duration of τJ = |J−1|. This cycle is repeated nJ

times, where nJ may be estimated through Equation 98,
ignoring relaxation.

The cSLIC sequence is compensated for any excess nu-
tation caused by a misset rf field amplitude. Under ideal
conditions, the weak SLIC field generates an exact 2π ro-
tation upon every cycle, and the central pulse generates
an equal and opposite 2π rotation. When the rf field
amplitude is larger than expected, the excess rotation
induced by the misset SLIC field is compensated by the
equal and opposite excess rotation caused by the misset
strong pulse – and similarly when the rf field is weaker
than nominal. This compensation mechanism assumes
that the weak and strong rf fields experience the rf ampli-
tude errors in the same proportion. This is the case when
both fields are generated by the same radiofrequency coil,
and when the deviations are caused by spatial variations
in the rf field strength. This is the usual experimental
situation.

As discussed in Appendix C, the cSLIC scheme of Fig-
ure 9(c) removes the second term (the rf error term) from
the average Hamiltonian of Equation 85. The depen-
dence of the cSLIC-DQ excitation amplitude on the total
sequence duration T and rf amplitude error ϵ is given by:

acSLICDQ ≃ +i cos θϵ sin
2
(
1
4κ

′ω∆T
)
, (102)

where the parameters θϵ and κ′ are defined as follows:

θϵ = 2 arctan

(
ϵrf

2 + ϵrf

)
,

κ′ = 2−1/2sinc (πϵrf) sec (θϵ) . (103)

In the case of exact SLIC match (ϵrf → 0), these parame-
ters tend to the values θϵ → 0 and κ′ → κ, so that cSLIC
has the same behaviour as SLIC.

This leads to the double-quantum-filtered signal am-

Table I. The molecular system used for the experiments, tert-
butyl (2,2-difluoro-2-phenylacetyl)-L-alaninate, referred to as
I, and associated parameters. The values of ∆ and θST assume
a field of 14.1 T.

 t-BuO
N
H

FO

O

Ph

F

Me

Parameter Value
2JFF /Hz 255.9± 0.3

∆δ /ppb 32± 2

∆ /Hz 18 ±1

θST/
◦ 4.1± 0.1

plitude:

acSLICDQF (T ) = |acSLICDQ (T )|2 ≃ cos2(θϵ) sin
4( 14κ

′ω∆T ).

(104)

The strong-pulse limit with α = 1 can only be ap-
proached if the duration of the central pulse is negligible,
which requires a very strong radiofrequency field ampli-
tude. A compromise for the finite-pulse case, which works
well in practice, is to slightly reduce the durations, and
hence the flip angles, of the two outer pulses, while si-
multaneously reducing the flip angle of the central strong
pulse, in order to match the sum of the flip angles of the
outer pulses. The overall duration of the three pulses re-
mains fixed at τJ . This leads to the compromise solution
in equation 100 and figure 9(c).

The greatly improved robustness of cSLIC-DQ with
respect to rf amplitude errors is shown by the numerical
simulations in Figure 10. The resonance-offset depen-
dence of uncompensated SLIC-DQ and cSLIC-DQ are
similar, as shown by the simulations in Figure 11.

V. MATERIALS AND METHODS

A. Calculations

All numerical simulations, and analyti-
cal results, were generated by SpinDynamica
(www.spindynamica.soton.ac.uk)58.



17

B. Sample Preparation

19F NMR experiments were performed on the
compound tert-butyl (2,2-difluoro-2-phenylacetyl)-L-
alaninate, referred to here as I. The molecular structure
of I, and the relevant NMR parameters, are shown
in Table I. This compound contains a diastereotopic
pair of 19F nuclei. The spin-system parameters were
estimated from the NMR response to J-synchronized
pulse sequences44,70.

The synthetic procedure for I is given in the Supple-
mentary Material.

The experiments used 400 µL of a ∼0.15 M solution of
I in CDCl3, loaded into a susceptibility-matched Shigemi
tube.

C. NMR Instrumentation

19F spectra were acquired at a magnetic field strength
of 14.1 T using a Bruker Avance NEO spectrometer and

Table II. Pulse sequence parameters used for the double-
quantum filtering experiments on the solution of I. The
GeoDQ parameters {τGeo

1 , τGeo
2 , n} correspond to Figure 14.

The factor α for cSLIC is defined in Equation 101. The uncer-
tainties in the nutation frequencies were estimated from the
experimental nutation spectrum.

Pulse Sequence Parameter Value

Hard pulses ωnut/(2π) / kHz 25.0± 0.3

INADEQUATE τ1 / ms 145.00

T / ms 290.00

GeoDQ

τGeo
1 / µs 926.0

τGeo
2 / µs 1852

n 22

T / ms 85.88

PulsePol-DQ
τ2 / µs 1407.5

m 9

T / ms 105.66

SLIC-DQ ωSLIC
nut /(2π) / Hz 256± 3

T / ms 70.866

cSLIC-DQ

ωSLIC
nut /(2π) / Hz 256± 3

nJ 19

τJ / µs 3916

T / ms 74.404

α 0.990

Figure 12. Pulse sequence for double-quantum filtering using
the refocussed INADEQUATE scheme, with a z-filtering step
before acquisition. The phases ΦA, ΦB and Φrec are cycled in
4 steps to implement double-quantum filtering.

a custom Bruker 5 mm TBO iProbe with four channels
(1H/2H/3He/BBF).

Unless otherwise specified, the pulse powers were cal-
ibrated to provide a 19F nutation frequency of ωnut =
2π × 25kHz corresponding to a 90◦ pulse length τ90 of
10 µs.

No 1H decoupling was used throughout the experi-
ments.

The 19F T1 relaxation time of the I solution was esti-
mated by inversion recovery to be 746 ± 3 ms at 14.1 T
field strength, as shown in the Supporting Information.

All double-quantum-filtering pulse sequences consisted
of a double-quantum excitation block with overall phase
ΦA, followed by a double-quantum reconversion block
with overall phase ΦB . Quadrature detection of the sig-
nal was conducted with a receiver/digitizer phase Φrec.
Double-quantum coherence at the junction of the exci-
tation and reconversion blocks was selected by cycling
the phases of the blocks in a standard four-step cycle:
ΦA = {0, 0, 0, 0}, ΦB = {0, π/2, π, 3π/2} and Φrec =
{0, 3π/2, π, π/2}. For the PulsePol-DQ scheme, an ad-
ditional phase shift of π was applied to ΦB. All spectra
were processed identically.

In all double-quantum filtered experiments, an addi-
tional magnetic field gradient pulse was inserted, in the
form of a z-filter, to suppress residual coherences before
the final readout pulse. The gradient pulse strength was
20 G cm−1.

An empirically calibrated phase adjustment of −1.4◦

was applied when switching between the strong and weak
pulses of the cSLIC sequence.

VI. RESULTS

A set of experimental 19F NMR spectra of the solution
of I is shown in Figure 13. The corresponding pulse
sequence parameters are given in Table II.

Figure 13(a) shows the ordinary pulse-acquire spec-
trum obtained by a Fourier transform of the free-
induction decay generated by a 90◦ excitation pulse. This
spectrum shows only a single strong peak, without any
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INADEQUATE GeoDQ PulsePol-DQ SLIC-DQ cSLIC-DQ

Figure 13. 19F spectra of a solution of I in CDCl3, acquired at 14.1 T, 298 K, and averaged over 4 transients. 1H decoupling
was not used. The frequency axis is centred around −102.931 ppm. All spectra have the same vertical scale. All pulse sequence
parameters are given in Table II. Double-quantum-filtering amplitudes are given below in parentheses. (a) A 90◦ pulse-acquire
spectrum. (b) Double-quantum-filtered spectrum obtained using the refocused INADEQUATE pulse sequence (Figure 12)
[5.4%]. (c) Double-quantum-filtered spectrum obtained using the GeoDQ pulse sequence (Figure 14) [66.6%]. (d) Double-
quantum-filtered spectrum obtained using the PulsePol-DQ pulse sequence (Figure 2) [56.5%]. (e) Double-quantum-filtered
spectrum obtained using the SLIC-DQ pulse sequence (Figure 3) [15.0%]. (f) Double-quantum-filtered spectrum obtained using
the cSLIC-DQ pulse sequence (Figure 3) [56.2%].

obvious sign of magnetic inequivalence for the 19F pair.
Figures 13(b-f) show double-quantum-filtered 19F

spectra of I for a variety of double-quantum excitation
schemes. Control experiments were also performed us-
ing the same pulse sequences on a sample with a mag-
netically equivalent 19F pair. As expected, the double-
quantum-filtered signals are of negligible intensity in this
case (see Supporting Information). This proves that the
signals shown in figures 13(b-f) did indeed pass through
a double-quantum state.

1. Refocused INADEQUATE

Figure 13(b) shows a double-quantum-filtered 19F
NMR spectrum obtained using the refocused INADE-
QUATE pulse sequence, as illustrated in Figure 12. Even
after optimisation of the pulse sequence delays τ1, only
≈ 5% of the magnetization is retained after passing
through the double-quantum filter.

Figure 5(a) shows the experimental dependence of
the double-quantum filtered signal intensity on the se-
quence duration T for the INADEQUATE pulse se-
quence. Whereas the theoretical curve (blue line) and
simulated points (open symbols) continue to increase
at large T values, the experimental amplitudes (black
line) are heavily damped, shortening the optimal τ1, and
greatly reducing the optimal double-quantum signal. As
shown in table III, the experimental optimum duration
for INADEQUATE is much shorter than the theoretical
optimum in the absence of relaxation.

2. GeoDQ

Figure 13(c) shows the double-quantum filtered spec-
trum obtained via the GeoDQ pulse sequence, given in
Figure 14, with the parameters given in table II. In this
case, approximately 60% of the magnetization is retained

a

b

=

Figure 14. (a) Double-quantum filtering pulse sequence, using
GeoDQ for double-quantum excitation, with a z-filtering step
before acquisition. (b) Structure of the ΠZQ

z block. Theoreti-
cal expressions for τGeo

1 , τGeo
2 and n are given in Ref.18. The

phases ΦA, ΦB and Φrec are cycled in 4 steps to implement
double-quantum filtering.
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Table III. Total pulse-sequence durations T for double-
quantum excitation in strongly-coupled 2-spin-1/2 systems.
The theoretical values are given in the near-equivalence limit
|∆| ≪ |J |, using the spin system parameters for I, and ne-
glecting relaxation. The last column shows the experimentally
optimised values for the solution of I.

Sequence T (theory) T (exp)

INADEQUATE J/∆2 = 808.00ms 290.00ms

GeoDQ 1.571/∆ = 88.25ms 85.88ms

PulsePol-DQ 1.952/∆ = 109.66ms 105.55ms

SLIC-DQ 1.414/∆ =
79.44ms

70.9ms

cSLIC-DQ 74.4ms

after passing through the double-quantum filter. This is
roughly 12 times more than that generated by INADE-
QUATE. The improved efficiency may be attributed to
the much faster double-quantum excitation by GeoDQ,
compared to that achieved by INADEQUATE.

3. PulsePol-DQ

Figure 13(d) shows the double-quantum filtered spec-
trum obtained using the PulsePol-DQ pulse sequence,
as shown in Figure 2. The double-quantum-filtered sig-
nal amplitude is again much greater than for INAD-
EQUATE, but is slightly less than that achieved by
GeoDQ. This is attributed to PulsePol-DQ having a
longer excitation duration T than GeoDQ (see Table III).

Figure 5(b) compares the experimental T -dependence
of the double-quantum-filtered signal intensity for the
PulsePol-DQ pulse sequence (black curve) with the an-
alytical formula (blue line) and simulated values (open
symbols). There is a good correspondence between the-
ory and experiment, except for the obvious damping of
the curves by T2 relaxation. The experimentally opti-
mized value of T is shown by a dashed line. This corre-
sponds closely to the theoretical optimum (see Table III).

4. SLIC-DQ

The pulse sequence shown in Figure 3 implements
double-quantum-filtered NMR using SLIC. Figure 13(e)
shown the double-quantum filtered spectrum obtained,
when the uncompensated SLIC sequence in Figure 9(b)
is used. The double-quantum-filtered signal is clearly
present, but its amplitude is small, even after experi-
mental optimization.

Figure 5(c) shows the experimental dependence of the
double-quantum filtered signal intensity on the sequence
duration T for the SLIC-DQ pulse sequence. Although
SLIC-DQ is faster than GeoDQ and PulsePol-DQ, the
final DQF spectrum only retains approximately 15% of
the magnetization, in the best case. The strong losses are
attributed to the extreme sensitivity of uncompensated
SLIC-DQ to the rf amplitude deviations, as illustrated
by the simulations in Figure 10. Small variations of the
rf field amplitude across the sample lead to premature
decay of the double-quantum-filtered signal.

5. cSLIC-DQ

The large signal loss of SLIC-DQ due to rf inhomogene-
ity is partially recovered by the compensated cSLIC-DQ
sequence of Figure 9(c). The optimised double-quantum-
filtered cSLIC-DQ spectrum is shown in Figure 13(f) and
has a comparable intensity to that achieved by PulsePol-
DQ. The double-quantum excitation time T for cSLIC-
DQ is the shortest of all the sequences explored here (see
table III).

The experimental T -dependence of the double-
quantum-filtered signal for cSLIC-DQ is shown by the
black solid line in Figure 5(d). The initial part of this
curve corresponds well to the analytical theory (blue
curve) and the simulated points (open symbols), when
the obvious damping of the curves due to relaxation is
taken into account. However, at longer times T , the ex-
perimental curve deviates appreciably from theory, even
going negative for T ∼ 0.25 s.

The reasons for this deviation are currently unknown.
Instrumental droop in the amplitude of the strong com-
pensation pulses over a long pulse train may be responsi-
ble. The operation of the sequence depends critically on
the exact balance of the strong compensation pulses and
the weak SLIC-matched field. If the power of the com-
pensation pulses declines as the sequence proceeds, with
the weak SLIC-pulse amplitudes remaining constant, a
small net rotation would accumulate on each cSLIC rep-
etition. This could explain the observed behaviour. An-
other possibility is the accumulating effect of phase or
amplitude transients at the leading or falling edges of
the pulses. Such effects are well-documented, especially
in the context of solid-state NMR71–74. Compensation
strategies have been devised75–82.

VII. DISCUSSION

Double-quantum excitation and double-quantum fil-
tering are widely-used techniques in solution NMR, al-
lowing the simplification of NMR spectra, the suppres-
sion of undesired signals from isolated nuclei2,3, and
the correction of phase errors in multidimensional spec-
tra6. Although most existing double-quantum excitation
methods are well-adapted for the case of widely sep-
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arated chemical shifts (the “weak coupling") case, the
work in this paper and our previous one18 has shown
that techniques may also be developed for the case of
near-equivalence or extreme strong coupling. Both sets
of methods explore special features of quantum dynam-
ics. The method of geometric double-quantum excita-
tion, described in Ref.18 exploits the Aharanov-Anandan
geometric phase. This is a phase factor acquired by quan-
tum states when they are taken around a cyclic trajectory
that subtends a finite solid angle at the origin of the Bloch
sphere. The current paper, on the other hand, exploits
spinor behaviour, which implies that a quantum state
changes sign when rotated by 2π in a two-dimensional
subspace. As described above, either one of these phe-
nomena may be leveraged to manipulate strongly coupled
spin-1/2 pairs, such that double-quantum coherence is
excited in a time much shorter than is possible by stan-
dard methods.

Two main varieties of spinor double-quantum excita-
tion have been described. In the first method, repetitions
of the PulsePol sequence, which is interpreted here using
symmetry-based recoupling theory30, is used to gener-
ate a single-transition rotation through an angle of 2π,
which realizes the spinor property and allows the efficient
excitation of double-quantum coherence. In the second
method, a single radiofrequency pulse matched to the
SLIC condition37 is used. As shown above, this method
may be interpreted as a disguised form of Spinor-DQ ex-
citation.

As far as we know, the direct excitation of double-
quantum coherence by SLIC has not been described be-
fore, although related multiple-quantum excitation ef-
fects have been noted when double-frequency radiofre-
quency fields are applied to coupled spin systems83–88.

Some variants of SLIC-DQ excitation were introduced.
These include a repeating three-pulse sequence, using
two different radiofrequency field amplitudes, which we
call cSLIC. This is a variety of SLIC which is well-
compensated for deviations of the rf field amplitude from
the exact SLIC condition, although effects such as ra-
diofrequency droop and phase transients remain prob-
lematic after multiple repetitions.

These methods were demonstrated by the 19F NMR of
a molecular system containing a diastereotopic CF2 moi-
ety, where a small chemical shift difference between the
19F nuclei is induced by a stereogenic centre elsewhere
in the same molecule. In this case, the chemical shift
difference is too small to induce a resolved splitting in
the 19F NMR spectrum, which has the appearance of a
single peak. Nevertheless, all of the methods explored
here provided good double-quantum excitation, even in
this unfavourable case, with two exceptions. The first ex-
ception was the conventional three-pulse INADEQUATE
method, which performed poorly, as expected for this ex-
treme strong-coupling case. The second exception was
uncompensated SLIC-DQ, which also performed poorly,
presumably because of its extreme sensitivity to radiofre-
quency field inhomogeneity; the SLIC-DQ method per-

formed as well as the others when this defect was cor-
rected by using the cSLIC-DQ scheme.

The geometric double-quantum excitation method has
already been used for the selective detection of 13C2

signals while suppressing much larger signals from iso-
lated 13C nuclei19. Further applications of this kind may
be anticipated for the GeoDQ and also the Spinor-DQ
methods. For example, diastereotopic 1H pairs are com-
mon in the NMR of biomolecules such as proteins. The
glycine residues in flexible peptide backbones, such as
found in flexible termini or loops, contain inherently di-
astereotopic CH2 groups. In some cases, the chemical
shift difference between the diastereotopic 1H nuclei are
too small to give a resolved spectral splitting. Neverthe-
less, the methods described here are capable of generat-
ing double-quantum coherence even in this regime, as is
attested by the results shown in Figure 13.

The performance of GeoDQ is similar to that of
PulsePol-DQ for the molecular system studied here,
with GeoDQ having a slight edge in signal amplitude.
PulsePol-DQ is somewhat more straightforward to im-
plement, since the sequence is repetitive, which permits
ready optimization of the overall sequence duration, as
shown by the experimental results in fig. 8(b).

The cSLIC-DQ sequence is another viable alterna-
tive. cSLIC-DQ provides faster double-quantum excita-
tion than the other sequences, which is advantageous in
situations with rapid transverse relaxation. Its strong de-
pendence on resonance offset, shown in figure 11, may be
an advantage or a disadvantage, depending on the con-
text. One point of concern is that cSLIC-DQ is suscep-
tible to accumulating pulse errors over many repetitions,
as shown by the experimental results in figure 5(d).

Double-quantum-filtering using the methods described
above could allow the editing of NMR spectra, as an
alternative to techniques that exploit long-lived singlet
states38,89. In vivo and MRI applications are conceiv-
able54,90–92.

The sequences described here are also likely to be ap-
plicable to systems of more than 2 coupled spins. For
example, various implementations of SLIC have been ap-
plied successfully for the study of long-lived states in sys-
tems of the kind AA′XX′ and AA′MM′XX′48–52.

The cSLIC sequence retains the frequency-selectivity
of SLIC, while displaying high robustness with respect
to rf amplitude deviations. The cSLIC sequence might
be useful in other experiments which use SLIC, such as
the manipulation of long-lived nuclear spin order37–54,
and in parahydrogen-enhanced NMR54,92–94.

Another potential application of these techniques is
for molecular binding assays. It has been found that,
in some cases, the reversible association of an achiral
molecule with a chiral one induces diastereotopicity in
moieties of the achiral partner95. In principle, this phe-
nomenon could be detected by double-quantum-filtered
NMR experiments on the free achiral molecule in solu-
tion. As demonstrated above, double-quantum filtering
is discriminatory even when the ordinary NMR spec-
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trum displays no obvious symptom of diastereotopicity.
Double-quantum filtering, using GeoDQ or Spinor-DQ
methods, could therefore detect the reversible associa-
tion of some types of molecules in solution. In the con-
text of drug discovery, this could provide a complement
to existing NMR-based methods, which typically exploit
either transient magnetization transfer in the bound com-
plex, enhancements in the decay rates of magnetization
or long-lived spin order, or binding-induced perturba-
tions of diffusion rates and chemical shifts96–101. Double-
quantum filtering might provide a cleaner and less am-
biguous discrimination in some cases. This possibility is
under investigation.

APPENDICES

Appendix A: Higher order terms of the SLIC effective
Hamiltonian

In general, the SLIC average Hamiltonian H
(k)

SLIC (k ∈
Z) contains higher order terms, which play a role in spin-
1/2 pairs beyond the strong-coupling limit. The first few
terms may be written as a power series of the variable
ζ = ∆/(

√
2J):

H
(2)

SLIC =
ωJζ

2

4

(
I24x − I14z

)
H

(3)

SLIC =
ωJζ

3

16

(
I12x + I14x

)
H

(4)

SLIC =
ωJζ

4

256

(
4I12z − I14z − 8I24x + πI24y

)
(A.1)

The effective Hamiltonian terms have the following fea-
tures:

• The odd-order average Hamiltonian terms H
(2k+1)

SLIC

(with k ∈ Z) contain singlet-outer-triplet shift
operators within the subspaces {|1⟩ , |2⟩} and
{|1⟩ , |4⟩}.

• The even-order average Hamiltonian terms H
(2k)

SLIC

contain longitudinal singlet-outer triplet detuning
terms

{
I12z , I14z

}
, playing a role similar to that

of the Bloch-Siegert shift102, as well as double-
quantum terms

{
I24x , I24y

}
.

Appendix B: SLIC double-quantum excitation in the presence
of rf amplitude errors

Earlier in the paper, the effective Hamiltonian of the
conventional (or "uncompensated") SLIC sequence H

(1)

- including the rf amplitude error term ϵrf - was given
in Equation 85, but we only considered the case ϵrf =
0. We now examine the effect of ϵrf on double-quantum
excitation.

In the presence of ϵrf , the SLIC Hamiltonian of Equa-
tion 85 can be conveniently parametrized in the following
form:

H
(1)

= Ω12

(
cos (γϵ) I

12
x + sin (γϵ) Iz

)
(B.1)

where the detuning angle γϵ and the effective Rabi fre-
quency Ω12 are defined as follows:

γϵ = arctan
(√

2ϵrfJ/∆
)

Ω12 = 2−1/2ω∆ sec (γϵ) (B.2)

Examining the form of the detuning angle γϵ gives
some insight to the root cause of the poor performance of
the SLIC sequence: the term ϵrf is multiplied by the ra-
tio J/∆, such that strongly-coupled spin systems become
more sensitive to rf amplitude errors.

The Hamiltonian H
(1)

may be inserted into U(T ), the
propagator of Equation 84.

A good approximation for the double-quantum excita-
tion amplitude, for the scheme in Figure 9(a), may be
calculated by considering the effect of U(T ) on longitu-
dinal magnetization:

ρf (T ) = U(T )IzU(T )† (B.3)

This leads to the following DQ excitation amplitude, de-
noted a

SLIC(a)
DQ (T ):

a
SLIC(a)
DQ (T ) = ⟨2| ρf (T ) |4⟩ ≃

1
2 i

{
sin (ωJ (1 + ϵrf)T )

− sin
(
1
2ωJ (2 + ϵrf)T

)
cos
(
1
2Ω12T

)
− cos

(
1
2ωJ (2 + ϵrf)T

)
sin
(
1
2Ω12T

)
sin (γϵ)

}
(B.4)

The equation for aSLIC(a)
DQ (T ) is in good agreement with

the numerical simulations shown in Figure 10, but subtly
fails to reproduce some features such as the asymmetry
about ϵrf = 0, which generally requires a consideration
of counter-rotating Hamiltonian terms103,104.

Appendix C: Double-quantum excitation by cSLIC in the
presence of rf amplitude errors

Here we evaluate the performance of the compensated
SLIC sequence as a function of a fractional error ϵrf in the
rf field amplitude, causing a mismatch of the SLIC match
condition (Equation 71). Exact resonance is assumed
(ωΣ = 0). The repeating element of the cSLIC pulse se-
quence, as given in Equation 100, is a time-symmetric se-
quence of three pulses, with durations {τa, τb, τc}, phases
{0, π, 0}, and rf amplitudes denoted here by the nuta-
tion frequencies {ωa, ωb, ωc}. Taking into account the rf
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amplitude error, the nutation frequencies are given by

ωa = ωJ(1 + ϵrf)

ωb = ωstrong(1 + ϵrf)

ωc = ωa (C.1)

This assumes that the rf amplitude error ϵrf affects the
amplitude of all three pulses in equal proportion, which
is the case if the amplifiers are linear and all pulses are
generated by the same rf coil.

The durations are given by

τa = απ/ωJ

τb = α2π/ωstrong = (1− α)2π/ωJ

τc = τa (C.2)

where α is defined in Equation 101. The nominal pulse
flip angles are {απ, 2απ, απ}. The complete three-pulse
sequence has duration

τa + τb + τc = τJ (C.3)

Now consider an interaction frame defined by the time-
dependent operator W (t), which takes into account the
rf amplitude error ϵrf . For the cSLIC sequence, this may
be written as follows:

W (t) = Ry(−π/2)UJ(t)Rz(−φ(t)) (C.4)

where the angle φ(t) is a piecewise function taking into
account the angle accumulated by the three commuting
rotations, with the central rotation in opposite sense to
the others:

φ(t) =


ωa(t− t0a) ; t0a ≤ t ≤ t0b

ωaτa − ωb(t− t0b) ; t0b ≤ t ≤ t0c
ωaτa − ωbτb + ωa(t− t0c) ; t0c ≤ t ≤ τJ

(C.5)

The initial time points of the three intervals are given by

t0a = 0

t0b = τa

t0c = τa + τb (C.6)

The accumulated rotation angle is identically zero at
the end of the three-pulse sequence:

φ(τJ) = 0 (C.7)

Hence, the interaction frame is cyclic even for finite ϵrf ,
with a period τJ :

φ(t) = φ(t+ τJ) (C.8)

This important property allows the average Hamilto-
nian of the spin interactions, expressed in the interaction
frame, to be used for the analysis of an arbitrary number

of cSLIC repetitions.
The Hamiltonian for the chemical shift difference may

be expressed in the interaction frame as follows:

H̃∆(t) = W (t)†H∆W (t) (C.9)

In the limit of a negligibly short compensating pulse
(the condition τb/τa → 0, which is synonymous with α →
1), the average Hamiltonian H

(1)

∆ of the cSLIC sequence,
in the presence of rf errors, can be written as:

H
(1)

∆ = lim
α→1

∫ 1/J

0

H̃∆(t) dt

= −κω∆

[
sinc (f+) I

12
x − sinc (f−) I

14
x

]
(C.10)

where κ = 2−1/2, the sinc function takes the usual defini-
tion (sinc(x) = x−1 sinx), and the arguments of the sinc
functions are:

f+ = πϵrf

f− = π (2 + ϵrf) (C.11)

These represent a pair of counter-rotating frequency com-
ponents, centred at the resonances of the two nominal
SLIC matching conditions: ωSLIC

nut = +ωJ (ϵrf = 0), and
ωSLIC
nut = −ωJ (ϵrf = −2).

This suggests that H
(1)

∆ can be associated with a mod-
ified scaling factor κ′ and detuning angle θϵ, defined as
follows:

θϵ = 2arctan (f+/f−)

κ′ = κ sinc (f+) sec (θϵ) (C.12)

These expressions are equivalent to Equation 103. If
there is no rf amplitude deviation (ϵrf = 0), the detuning
angle vanishes (θϵ = 0) and the scaling factor becomes
κ′ = κ = 2−1/2.

With these definitions, H
(1)

∆ can be recast in terms
of a I12x single-transition operator that has been rotated
about the y-axis of the {|2⟩ , |4⟩} subspace by an angle
θϵ:

H
(1)

∆ = −κ′ω∆

[
cos
(
1
2θϵ
)
I12x − sin

(
1
2θϵ
)
I14x
]

= −κ′ω∆R
24
y (θϵ)

†
I12x R24

y (θϵ) (C.13)

This formulation of H
(1)

∆ permits the associated effec-
tive propagator, U∆(t), to be expressed as a product of
rotations in the {|1⟩ , |2⟩} and {|2⟩ , |4⟩} subspaces:

U∆(t) = exp{−iH
(1)

∆ t}

= R24
y (θϵ)

†
R12

x (−κ′ω∆t)R
24
y (θϵ) (C.14)

The effective propagator U∆(t), when applied for a to-
tal duration T and followed by a (π/2)x pulse, transforms
in-phase transverse magnetization Ix into a final den-



23

sity operator designated ρf (T ), which contains double-
quantum coherence:

ρf (T ) = Rx(π/2)U∆(T )IxU
†
∆(T )R

†
x(π/2) (C.15)

The double-quantum excitation amplitude may be ex-
tracted from ρf (T ) as follows:

acSLICDQ (T ) = ⟨2| ρf (T ) |4⟩
= −i cos (θϵ) sin

2
(
1
4κ

′ω∆T
)

(C.16)

The enhanced performance of the cSLIC sequence over
the SLIC sequence can be explained by comparing the
series expansions of their respective detuning angles θϵ
and γϵ:

θϵ ≃ ϵrf +O(ϵ2rf)

γϵ ≃
√
2ϵrfJ/∆+O(ϵ2rf)

This shows that the double-quantum excitation in-
duced by the cSLIC sequence is independent of the un-
desirable factor J/∆.

The performance of the cSLIC sequence, with respect
to the finite duration of the compensating pulse (i.e.
when α ̸= 1), is expected to be unaffected so long as
α ≥ 0.95, corresponding to the practical constraint that
the nutation frequency of the compensating pulse should
be at least roughly ∼ 20 times the J-coupling. This be-
havior is shown in simulations in the Supporting Infor-
mation.

SUPPLEMENTARY MATERIAL

The supplementary material contains: Details of the
synthesis of I; control double-quantum filtering experi-
ments; the theory of PulsePol/Symmetry-Based DQ ex-
citation using incomplete RNν

n cycles; finite pulse effects
on the cSLIC sequence; estimation of the 19F T1 relax-
ation time of I in solution.
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