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Abstract

Small area estimation methods are generally based on models which assume normal errors, but many types of
data do not follow a normal distribution. Several approaches have been suggested to deal with skewed data,
including transformations (with and without bias correction), robust models which are less affected by the tails
of the distributions and building models directly with skewed error distributions. We investigate the properties
of models for transformed data with a real dataset which mimics a structural business survey. This contributes
to the understanding of which tools are best for small area estimation with skewed data. We investigate the
sensitivity of results to different shift parameters (used to make methods practical when data contain zeroes)
and transformation parameters. The empirical best predictor (EBP) approach is found to be a flexible way to fit
transformation-based models without the need for development of bias adjustments in back transformation.
We prefer the EBP log-shift and EBP dual power which have good performance in our example (noting that the
variables affecting the weighting are included in the model) because of their adaptability to new datasets. The
bias-corrected empirical best estimator has similar performance in our example but is tailored to the log
transformation.

1 Introduction

Small area estimation (SAE) is a well-established methodology with many adaptations to particu-
lar situations and topic areas. The application of small area estimation to business surveys has
however lagged behind its use in other topic areas for two main reasons. First, the main approach
to SAE is through the use of multilevel models which assume that the errors are normally distrib-
uted, whereas variables in business surveys are characterized by skewed distributions (Cox &
Chinnappa, 1995; Riviére, 2002) which often give rise to skewed distributions of residuals in fitted
models. Therefore, the model assumptions are violated, and the skewed distributions generate out-
liers with respect to the model which affect the fits. Secondly, sampling in business surveys is in-
formative, because the largest units are completely enumerated, and larger units have a higher
probability to be included than smaller units. However, most model-based approaches assume
that sampling is noninformative.

Business surveys, however, also have some characteristics which are helpful in SAE, at least from
the perspective of a national statistical office (Riviére, 2002). There is a business register which
contains some auxiliary variables at the unit level which can be used for modelling, and these aux-
iliary variables are known for all the units in the population. Here, we focus on unit level models
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2 Bocci and Smith

which can make use of this detailed information. There are relatively few applications of unit level
small area estimation in business surveys, and a short overview is given in Smith et al. (2021).

Several strategies are available for unit level small area modelling with business survey data,
with papers describing a range of modelling approaches within each strategy. These are:

1. Transformation-based approaches. Transformations can often reduce the effect of extreme
values, but present an additional set of challenges because modelling with transformed
data and then back-transforming generally results in biased estimates. These kinds of ap-
proaches have been investigated in practice by Krieg et al. (2012), but there has also been
some subsequent development, particularly by Rojas-Perilla et al. (2020).

2. Robust modelling approaches. The effectiveness of different robust models was investigated by
Smith et al. (2021) with a dataset based on tax data from the Netherlands. They found that the
naive M-quantile estimator was the best practical approach (even though it is not a consistent
estimator because it does not use the survey weights). The weighted M-quantile estimator which
does use the weights and is consistent is nearly as good. And the best estimator overall is the
bias-adjusted M-quantile method (using the approach of Welsh & Ronchetti, 1998) if the op-
timum value of the second tuning constant is known. However, it is normally unknown in prac-
tice, and the difference from the naive M-quantile method is small, so that the additional effort
required for this kind of model seems not worthwhile, at least in the given example.

3. Dealing directly with skewed distributions of residuals in multilevel models. Models with residuals
having generalized Beta distributions, skew normal distributions, and mixtures of normal distri-
butions have all been proposed. We expect to review and evaluate these approaches in the future.

4. Using tree-based models (Krennmair & Schmid, 2022; Krennmair et al., 2026) rather than
directly fitting a parametric model. It is known that trees can capture complex data structures,
particularly if there is a sufficiently large number of predictor variables, though the number of
predictors is often quite small in business surveys. We leave an investigation of these ap-
proaches for further research.

5. If the extreme values from different businesses tend to cancel out in aggregation (that is, high
values of the outcome of interest are balanced by low values within the same domains of inter-
est), then changing to an area level model may also be an effective strategy for robustifying
small area estimation. However, since our main focus is on unit level models, and since we
suspect that this kind of cancellation does not happen often within the small domains of inter-
est, we do not consider this approach further.

In this article, we examine in detail the transformation-based approaches, and use a real data ex-
ample, where the outcomes are known, to evaluate the performance of the different approaches
within this broad strategy. Our intention is to produce a counterpart for the assessment of robust
approaches in Smith et al. (2021). We investigate two classes of methods. One is the empirical best
predictor (EBP) of Molina and Rao (2010), and extensions to this allow different transformations
to be plugged in; in this article, we consider the log, log-shift, Box—-Cox, and dual power transfor-
mations. The second class of models is fitted to the transformed data, and here attention has been
restricted to the log transformation; a bias correction is needed in back transformation from these
models, and we investigate different forms of the bias correction. Both classes of estimators can
also be extended to use survey weights to deal with informative sampling, and we additionally con-
sider these weighted estimators.

In business surveys, 0 is a common response for some variables, and we therefore need to add a
shift to the responses to obtain admissible values from the transformations. We therefore investi-
gate the sensitivity of the different approaches to the shift parameter in the transformation. In
some cases the shift parameter can be fitted, in others it has to be assumed.

This range of estimators and transformations leads us to compare 23 strategies. In Section 2, we
present all these transformation-based approaches, with a unified notation consistent with Smith
et al. (2021). In Section 3, we describe the dataset to which these methods will be applied, and the
approach to repeated sampling simulation which we use to evaluate the estimators. In Section 4,
we give the results of the design-based simulation from the data and examine the properties of the
estimators. In Section 5, we discuss the results.
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2 Transformation-based approaches to small area estimation for
skewed data

A number of approaches based on transformations have been proposed in the literature, accom-
panied by procedures designed to maintain the unbiasedness of the estimators under back-
transformation. Lyu et al. (2020, Section 1.3) give a brief overview of the methods developed
for small area estimation based on transformations. We follow their approach, but provide
more detail of the different estimators, presented with a standard notation based on estimating
a population total, which is one of the most important target parameters for business surveys
(and which is also consistent with Smith et al., 2021).

We begin by setting out direct estimators in Section 2.1 and then introduce the range of
transformation-based estimators in Section 2.2, starting with EBP (Section 2.2.1), and then mov-
ing to models fitted directly to the transformed data (Section 2.2.2). The form of the bias correc-
tion for these models is investigated in Section 2.2.3. Then weighted versions of both the EBP and
the models for the transformed data are introduced in Section 2.3.

2.1 Estimators on the original scale

We follow the strategy of Smith et al. (2021) in choosing design-based direct estimators as a base-
line for the evaluation of the different approaches. In the simulation application below, we use the
industrial classes as the domains of interest, so we use ind to represent them in the equations; the
equations are, however, general. Design-based and direct estimators are often preferred by
National Statistical Institutes (NSIs) because of their unbiasedness and objectivity (Rao, 2011).
However, they often also have large variances for estimates in small areas, so comparing them
with SAE methods will generally demonstrate the mean squared error gains to be made by using
small area methods. The simplest direct estimator is the Horvitz—Thompson (HT) estimator:

=Y diyi (1)

i€indns

where d; = 1/x; is the inverse of the selection probability, y the variable of interest, s represents the
sample, and ind labels the industrial classification stratum. Note that throughout we provide es-
timators for the population fotals in small domains, in line with typical targets of inference in busi-
ness surveys (and consistent with Smith et al., 2021), which differs from most of the small area
literature which uses domain means as the target.

Auxiliary information is typically very valuable in estimation in business surveys, and although
the HT estimator is used, it is unusual; therefore we also consider the generalized regression
(GREG) estimator (Sarndal et al., 1992, Chapter 6):

9$§EG AHT ﬁGREG (de _ )'\(5;113;) (2)

where X;,4 is a vector of known totals of auxiliary variables, and %17 is the vector of HT estimates
of these variables from the sample calculated using Equation (1) Wlth y; replaced by the appropri-
ate auxiliary variables. It is possible to write such estimators in the same form as Equation (1) as
JOREG = 3. indns Wivi with modified weights w; and then domain estimation can be used to obtain
the required industry level estimates. Direct estimation approaches fail in the case that there are no
sample units in the domain of interest.

We also consider a standard application of the unit level model (Battese et al., 1988)

y=Xp+Zu+e (3)

with untransformed y, where # ~ N(0, ¢2) and e ~ N(0, o2). Let B and @ denote estimates of the
fixed and random effects in Equation (3). Then, the EBLUPs of the totals for industry classifica-
tions are given by

AEBLUP Z yi+ Z Tﬁ-I-Z;rﬁ), (4)

i€indns i€indnr
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4 Bocci and Smith

where s and 7 denote the sample and nonsample units, respectively. When y has a skewed distri-
bution, the assumptions of normally distributed errors for this model are violated, and we expect
that estimates will be biased. Naive application of this model will also provide a point of reference
in the assessment of models that do account for the skewed distributions of the data.

2.2 Transformation-based estimators

There are different strategies available for transformation. One is to generate multiple simulated da-
tasets using errors generated from the distributions on the transformed scale, then back-transform
and calculate the estimates with the simulated data on the original scale, thereby avoiding any bias
through back-transforming estimates calculated on the transformed data; this approach is covered in
Section 2.2.1. A second approach is to calculate the estimates with the transformed data, an ap-
proach which has been developed principally with the log transformation; however, simply taking
the exponential of the fitted values is known to give biased estimates (Finney, 1941) because this
gives a geometric mean which is always smaller than the target arithmetic mean behaviour (condi-
tional on explanatory variables). A suitable bias correction can be made to obtain (approximately)
unbiased estimates on the original scale, and this approach is addressed in Section 2.2.2. Both ap-
proaches require a unit level model fitted to the transformed data y*

v =Xpg" +Zu* + ¢*; (5)

throughout we use a * in equations to designate a transformed response or a model parameter fitted
to a transformed response.

The bias correction can take several forms (Flewelling & Pienaar, 1981; Zeng & Tang, 2011).
Flewelling and Pienaar (1981) consider six different bias corrections, and deduce that for sample
sizes >30 the maximum relative difference between estimates made with these corrections is
exp ( %) in most situations, where s* is the sum of the area-level and unit-level variances from

(5). Zeng and Tang (2011) give two types of first-order correction, 1 +% and exp(%), and a
second-order correction from Finney (1941), but find negligible differences between them.

The bias correction is derived from the fitted model, so the sample size applying to the correction
will be the sample size across all parts of the data which contribute to the model. Therefore, the
equivalence of the different bias adjustments is not called into question through small sample sizes
even in the case of small area estimation. In order to check this conclusion empirically, we check
this with the Karlberg-type estimation in Section 2.2.3.

The corrections require information on the values of the auxiliary data in the population. In
business surveys, these data are often available from the business register from which the survey
is sampled. But, there may be situations in which only aggregate information about the population
is available, and Wiirz et al. (2022) propose an approach for this situation based on kernel density
estimation to derive the appropriate distribution for use in the correction.

2.2.1 Empirical best prediction

The basic idea of EBP comes from Molina and Rao (2010), where the expected value of the con-
ditional distribution of the unobserved data given the sample data is approximated efficiently by a
numerical procedure. This approach is extended for transformations by Guadarrama et al. (2016)
and Rojas-Perilla et al. (2020), and the stages are:

1. select a transformation, fitting the shift or shape parameter 1 if necessary, and obtain
yi = T;(yi)
2. use the transformed data in the unit level model (5) to estimate #*, and the variance compo-
nents &7 and 67%; calculate §7 , = 672 /(6% + n;,,67%)
3. forlinl, ..., L
ok Axd

(a) takerandom draws v} ; from N(0, (1 —5%,,)6;

*2) for each value of ind included in the sam-

ple, or from N(0, #*?) for any out-of-sample values of ind
(b) take random draws of e} from N(0, 5%
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(c) obtain pseudopopulation [ as y:-“(l) =x/p + i}, + vk, + e when ind is included in the
sample, choosing ind such that i € ind, and as y:-‘(l) =xIp + v}, + ¢ when i belongs to
an out-of-sample value of ind

(d) back-transform the pseudopopulation values to obtain yf-l)

(e) calculate the estimate of interest for each ind with pseudopopulation /, 5/i3 4

4. take the average of the statistic of interest for each ind over the I replicates, y£BF =13~ 5/52 -

Steps 3(b-d) can either be undertaken on the whole population (the ‘census EBP’), or with the
out-of-sample units only, with the observed data being used to complete each pseudopopulation
I. The implementation of the EBP in emdi and povmap is a census EBP (Edochie et al., 2023;
Skarke et al., 2021). However, we demonstrated that using the real values where they are available
is better with robust estimators (Smith et al., 2021, Section 5.5) and expect that this result will con-
tinue to hold with the EBP. We therefore modify the implementation to predict only for
out-of-sample units in the population.

Here, we follow Rojas-Perilla et al. (2020) in considering four transformations (Table 1),
although others are available. First is the standard log transformation (EBP log). Since zero
values are present in the dataset, we need to shift the data by an amount s, deterministically
chosen so that y; + s> 0; it is important that min (y; +s) is not too small to avoid creating
high leverage points on the transformed scale. Second is the log-shift transformation (Yang,
1995) (EBP log-shift) which is basically the same except that the shift parameter, labelled 4
in line with the data-driven transformation notation above, is fitted from the data (for details,
see Rojas-Perilla et al., 2020 ).

The third transformation is the Box—Cox transformation (Box & Cox, 1964) (EBP Box—Cox),
where the shape of the transformation is driven by the data. The deterministic shift is again needed
to ensure that the data are positive. Under the Box—Cox transformation, y; is bounded below by
1/Aif 4> 0 and above by —1/4if 1 < 0. The inverse transformation can then be impossible if a value
beyond the bound is obtained from the linear predictor. The fourth transformation, the dual
power transformation (Yang, 2006) (EBP dual power) was developed to avoid the bounds of
the Box—Cox transformation, but otherwise is rather similar in its behaviour; it too needs a deter-
ministic shift to ensure strictly positive inputs. All four transformations are available with the EBP
methodology in the R package emdi (Kreutzmann et al., 2019). The povmap extension to emdi
additionally includes rank-order and arcsin transformations (Edochie et al., 2023), but we do not
consider these in this research.

The log, Box—Cox, and dual power transformations require a deterministic shift s when the
data contain zero or negative values; s should not be too small, because small values generate
outliers in log (s). With the example data below, we use the reasonably standard s = 1, the default
value in povmap and emdi, but we note that the results may be sensitive to this value, and ex-
plore this in more detail by comparing estimates across a grid of values s ={0.0001, 0.5, 1, 2, 5}
in Section 4.2.2.

The implementations in emdi and povmap involve fitting 4 together with #* so that there is
some interdependence between the transformation parameter and the model fitting (rather than
the two step approach outlined in the algorithm above which suggests that the estimation of 1
is done independently first). We return to this in Section 2.3.1 below.

2.2.2 Models fitted to the transformed data

A more traditional approach is to produce estimates (directly) from the model fitted to the trans-
formed data, which is expected to conform better with the distributional assumptions on the er-
rors. All these estimators, fitted on the transformed data, need to be transformed back to the
original scale, and this may result in complicated functions of the mean and variance on the trans-
formed scale (Sugasawa & Kubokawa, 2019). Here, we consider only the log transformation; oth-
er transformations could be used, with suitable functions for the back-transformation. Y. Li and
Lahiri (2007) initiated this with a proposal for the Box-Cox transformation (noting that the back-
transformation may be impossible for some values, since the transformation does not cover the
whole real line), and Sugasawa and Kubokawa (2019) have extended this for the dual power
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6 Bocci and Smith

Table 1. Transformations considered for use with the EBP for
business survey data and their corresponding functions

Transformation T,
Log? log (y; +s)
Log-shift log (y; + 1)
i S) -1
Box-Cox*® { QT ifA£0
log (y,+s) if 1=0

Dual power? { (y,+s)‘£/()/,+s)" if 2>0

log(yi+s) ifA=0

Note. Those labelled # require a deterministic shift parameter s
in the case of zero and/or negative values in order to ensure that
the functions are defined on the range of the data. Parameters 1
are fitted from the data.

and sin-arcsin transformations, which both span the real line, although the small area estimators
do not have closed form solutions. H. Li et al. (2019) propose a different transformation y*(1) =
sign(y)|y|* and develop small area estimators which do have a closed form. We do not consider
these transformation estimators here.

We focus on the log transformation y* =log (y + s), for which small area estimators have been
developed by several authors (and in fact we use s = 0 for simplicity of notation; substituting a dif-
ferent value is straightforward). The complex function for back-transformation for the log is
handled with a bias correction. Chandra and Chambers (2011) already note that a first-order cor-
rection is not sufficient, and propose a second-order correction. The developed estimators for the
log transformed data are analogues for three strategies for the linear model—the synthetic estima-
tor, the model-based direct estimator and the EBLUP (see Berg et al., 2016, Section 15.3 for a de-
scription of these estimators and how the analogues are developed).

The first of these estimators on the log-transformed data is a synthetic estimator, which Chandra
and Chambers (2011) call a Karlberg-type estimator because it extends the work of Karlberg
(2000), so we label it K (rather than the somewhat cumbersome SYN-EP used by Chandra &
Chambers, 2016). It is given by

- 2+ Ak2
ymd Z yi + Z 2) CXp(Xﬁ +T> (6)

i€indns i€indnr
with

ek =exp 5 (xI VG 4 Vet 407 )| 7)

(corrected from Chandra and Chambers (2016, below equation (2)), but in line with Berg et al. (2016,
equation (15.10))) where the form of the conditional mean of y; given x; and #* is based on the mo-
ment generating function of a normal distribution, and &K is a second-order correction for back trans-
formation bias. V(#*) and V(6*2 + 6*2) are estimates of the variances of #* and 6*2 + &*2, respectively
(Berg et al., 2016). Note that #* is the same as that obtained in Section 2.2.1 with the log transformed
data, since the transformation is the same, and therefore the modelling process is the same.

The second estimator is a version of the model based direct (MBD) estimator, originally developed for
the linear model by Chandra and Chambers (2009), and adapted to the log-transformed data by
Chandra and Chambers (2011) . MBD estimators derive weights (different from the sampling weights,
which are not considered as sampling is assumed to be ignorable) which are used with the observed re-
sponses y;, i € s to generate optimal predictors of population totals. The MBD estimator with the log
transformed data uses model calibration to define the set of weights. This process needs predictions of
the population values under a model, and we use the bias-corrected predictions from the Karlberg-type
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synthetic estimator in equation (6), X = (X )~ Lexp (x T,B 4 Bt M* ); since these already have a second-
order bias correction, the MBD is also second-order corrected. We therefore have the MBD as
«MBD _ MBD
Td = Y w"Pyi (8)
i€indns

Note that this is a direct estimator, so a sample of > 1 unit is needed in each small domain to generate an
estimate. The weights can be derived for a nonlinear model through model calibration (Wu & Sitter,
2001), a calibration process on the predicted values from the model. The weights are given by

P =1, + Al (M{1y - 71 + (L - ATMT ) V1, 9)

with Hy = (MIVIM)T'MIVE, My = MI, MOT =[5, 15T, (57, 357", a two-column
matrix with the first column with all the elements 1 and the second column with elements $X, of which
the first s rows (submatrix M;) represent the sample units and the remaining » rows (submatrix M,) the
Ve Vo > . For full details, see Chandra and

Chambers (2011), Berg et al. (2016), or Chandra and Chambers (2016).

The third estimator is the empirical best (EB) predictor, which is developed by Berg and Chandra
(2014) as the minimum mean squared error predictor under the lognormal model (that is, the mod-
el for the log-transformed data):

Ya= D> v+ Y. exp{x?ﬁ*w;;d@:;d XpaB") + f‘*z(y”‘dﬂ)} (10)

i€indns i€indnr Pind

nonsample units. V and V, are components of V(yU) =

where y%, =113 00 Jog (i) is the sample mean of log (y) in ind, Xjq =154 > icians Xi is the

corresponding sample mean of x and §%,, = 672/(6%> + 1;,,63%) as in Section 2.2.1.

Equation (10) contains only a first-order correction, and Berg and Chandra (2014) demonstrate
that the estimator is biased. Therefore, they develop a multiplicative bias correction (the estimator
is labelled EBbc) derived from a second-order Taylor expansion:

PR = Ny 3 (P) g (11)

i€indns i€indnr
.1 AE Ay L onk (= =T 7 2 ( Vi
with 5% = exp (X[ 5" + 75,4 (35,q = X,48°) + 3677324 + 1)} and
: 1 A N _
~EB ~ ~ oY) ~ py) ~ ~Ax) Ak
&P = exp [5 (& + 21 V(632 + E210a V(532) + 283 aCov(e22, &, ))] (12)

Here,

. e \Te
4= (X;r - yindxi”d) V( )( dexmd)
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8 Bocci and Smith
and, writing d;,,q = ¥%,; — Xjnaf",

P +5’Tnzd 1 diwa Dt | —2dind
R PR VI Y A R 52

U=350)"  Fa(1=950)din
22,ind={( ;’”d) +y’"d( aj’;nd) d]

u

Ak _ A>.k A’!‘ ~ .
- [W [(l = 9%) + ”’;ﬁf’”"] ]

e 3 px \2 ax 3
Caig= 1 + ymzd 1 di?ld (1 - yind) + yind( ymd)d
3,ind = 2 it 2 6‘;2 P U;;z

[ymd(l M) (1 - Z&z‘nd)c?ind}

2 4
Nind U* Nipd O—Z

(Berg & Chandra, 2014; Chandra & Chambers, 2016).

Molina (2009) considers a simpler version of equation (10) based on estimating the exponen-
tials of mixed effects, which do not account for the individual errors in estimating the values
of unobserved units in the population. Molina and Martin (2018) examine this estimator in
a small simulation study in which it performs poorly compared to (10), so we do not consider
it further here.

2.2.3 Forms of the bias correction
Different forms of the first-order bias correction are available (Flewelling & Pienaar, 1981;

Zeng & Tang, 2011), and we implement an alternative in the Karlberg estimator (6) based on
Zeng and Tang (2011) as

o= 3 ot Y (@) e(al)(1+ 2*"2) (13)
ind 7 1 1 2 :

i€indns i€indnr

We follow the approach in Chandra and Chambers (2011) to derive a second-order bias correction
for use with this adjustment, which turns out to be

EK—exp[l( ;FV(ﬁ )X, )], (14)

that is, without the second term in the second-order correction (7).

Returning to the standard first-order bias correction in the Karlberg estimator (6), we note that
Chandra and Chambers (2011) derive a different form of the second-order correction, its relation
to (7) analogous to the two forms of the first-order correction noted in Section 2.2. As an example
of the sensitivity of the results to the form of the bias correction, we also use this correction in the

K

Karlberg estimator, which replaces ¢; in equation (7) by

I 1.
g =145 (xiTV(,B*)x,-+ZV(&;2+&jZ)). (15)

2.3 Weighted estimators

The stratified designs commonly employed in business surveys often give rise to situations where the
response is not independent of the selection probability, a situation known as nonignorable sam-
pling. Under nonignorability the model for the sampled units (only) does not apply to the rest of
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the population, and we need further adaptation. The ignorability actually depends on which varia-
bles are included in the model, and including weights when the sampling is ignorable is not desirable
as it may inflate the variance. One strategy therefore is to test for ignorability before deciding
whether to employ a weighted model. We present the options for weighted approaches below.

2.3.1 Pseudo-empirical best prediction

A weighted EBP estimator is proposed by Guadarrama et al. (2018), who call it the
pseudo-empirical best predictor (PEBP); the basic procedure as described in Section 2.2.1 is
retained, but

e the estimates are conditioned on the weighted means. Skarke et al. (2021) say that this means
that the procedure does not correct for nonignorable sampling in out-of-sample areas, but we
did not find any evidence for this and consider that it does make this correction; and
o the parameters are derived from a weighted unit level model. Weighted estimators may be fit-
ted directly using maximum likelihood (Pfeffermann & Sverchkov, 2007), or using the meth-
od of moments of You and Rao (2002). The latter approach is implemented in the emdi
package (Kreutzmann et al., 2019; Skarke et al., 2021) in R (R Core Team, 2021); these
are labelled PEBP MM below, with the appropriate transformation appended. povmap
(Edochie et al., 2023), which builds on emdi, additionally allows the weights to be used in
the model fitting procedure. This is a maximum likelihood procedure, so this is likely to be
analogous to the approach of Pfeffermann and Sverchkov (2007). We do not have sufficient
information about the implementation to assess whether it is exactly the same approach.
These estimators are labelled PEBP ML below, with the appropriate transformation
appended.
The specific changes in the steps in Section 2.2.1 are that §%, , is replaced by §3%= %2 /(5% + 521622,
where 02, = icinine W2/ icindne wi)'; and there is an extra step between steps 2 and 3 where
weighted versions of the fixed effects parameters are estimated as

-1
R st o \T
g = < E E Wind i Xind i(Xindj — Vipd Xind) )

ind i€indns

X (Z Z Windi(Xind,i = 5/%5‘%)3’;(1,1) >
ind i€indns

where X =" 10 Wind Xind i/ ( D icindns Wind,i)-Vet and X2 | are used in step 3. We denote the re-
sulting estimator by §*EF. Guadarrama et al. (2018) develop the PEBP methodology only for un-
transformed data and the log transformation, and these are implemented in emdi (Skarke et al.,
2021). In povmap, Edochie et al. (2023)’s maximum likelihood procedure additionally incorporates
the PEBP for the log-shift, Box-Cox, and dual power transformations. The maximum likelihood
procedure also allows the 1 parameter in these transformations (Table 1) to be estimated taking ac-
count of the survey weights, and we denote this estimate by 2. The implementation in povmap al-
lows the unweighted or weighted transformation parameter in conjunction with the PEBP.

As described in Section 2.2.1, the transformation parameter / is fitted with the optimization of
the £, so to the extent that these parameters are correlated, the fitting of A will be influenced. We
therefore denote the fitted (unweighted) transformation parameter from the (weighted) PEBP as /,
and expect that, even though the underlying data is the same, the influence of the fitting of the other
parameters means that 1 # /.

2.3.2 Weighted models fitted to the transformed data

Zimmermann and Miinnich (2018) consider three approaches for informative sampling for use
with log transformation: one is based on including the design (eg stratification) variables as pre-
dictors in the models, and a second strategy involves augmenting the fitted model with a variable
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which is a function of the selection probabilities (Verret et al., 2015). Both of these approaches
require that the model variables (either the design variables or the augmenting variable) are avail-
able for all the non-sampled units in the population; this will often be true because of the availabil-
ity of a business register, and the privacy constraints which mean that it is often the organization
designing the survey which undertakes the estimation. Nevertheless, Verret et al. (2015)’s proced-
ure requires the selection probabilities for non-sample units, which are not typically stored, so we
do not consider this approach further here.

The third procedure needs only the weights for sampled observations, and follows the approach
of You and Rao (2002) adapted to the log-transformed data by Zimmermann and Miinnich
(2018), independently developing almost the same model as Guadarrama et al. (2018) used in
the PEBP in Section 2.3.1. First estimate the weighted model parameters f*5VEE
weighted estimation equation (and the estimator is therefore labelled SWEE):

using a survey

-1
H+SWEE w10 —10 \T
s = (Z Z Wind,iXind,i(Xind,i = Vipd Xind) )

ind i€indns

X <Z > wind,i(xind,i—??ﬂiﬁd)yfnd,i),

ind i€indns

where the last component of the last bracket on the right hand side has been corrected from
Zimmermann and Miinnich (2018, equation (9)). Then estimate the random effect accounting
for the survey weights using:

i3 = T (i = (Riog) BV ) (18)

where yj =30 Wind Vgl ( Xies,, Windi) and 777 is as before. Finally, the weighted small area
estimator using predictions for the out-of-sample units is

- 1
Tod = D Vit exp[x?ﬂ*SWEE+it?nd+5r‘r:2(?;%5?nd+1)] (19)

i€indns i€indnr

3 AIDA dataset and SBS design

3.1 A population of retail businesses

Smith et al. (2021) used data from the retail sector in the Netherlands; these data were not available
for further research, so we have used a similar population of retail businesses in Italy derived from
the AIDA database (Bureau van Dijk, 2015). AIDA stands for ‘Analisi Informatizzata delle Aziende
Italiane’ (which can be translated as ‘Italian company information and business intelligence’). AIDA
is a database of information on Italian companies, now created and distributed by Moody’s,
containing the balance sheets, registry and product data of all active Italian companies, excluding
banks, insurance companies, and public bodies (https:/www.moodys.com/web/en/us/capabilities/
company-reference-data/orbis/aida-orbis-for-italy.html). It therefore covers many, but not all, of
the businesses in Italy. Such companies have a higher number of employees on average than sole pro-
prietors or partnerships, so AIDA probably does not completely reflect the true distribution of all
Italian businesses, although we have not attempted a formal comparison with ASIA, the Italian
Business Register, which is not publicly available. Although it is a subgroup, it contains very
many micro businesses, and is composed of a wide range of company types. Therefore, we believe
that it provides a realistic business population with which to evaluate small area estimation methods.

The AIDA database is not publicly available but is available by subscription. It contains 10 years
of data at any given time and is regularly updated. In using it, we have therefore needed to take a
snapshot at a particular moment, which does not necessarily reflect the live information in the
database. To continue the investigations from Smith et al. (2021), we looked for a similar dataset,
so have extracted the information for retail businesses in Italy in operation in 2018-2020 (92,123
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observations in total). A wide range of variables is available in the dataset, but we focus our atten-
tion on ‘revenue’ (which we take to approximate the statistical definition of turnover).

We make some modifications to obtain a known population with complete information, which
is needed in order to have ‘the truth’ against which to compare the estimates from the different
small area procedures described in Section 2. We are interested in the values of turnover and num-
ber of employees in 2020, so we first exclude any businesses with missing values on any of these
variables (16,324 observations deleted). Businesses are classified according to NACE Rev. 2
(Eurostat, 2008), and retail businesses fall within the two-digit NACE code 47 ‘Retail trade’.
Upon further investigation we discover that petrol retailers (NACE 4730) have unusual character-
istics, specifically (because of their structure) no or almost no employees and very high turnover, so
we exclude this industry from our dataset, reasoning that their activity is not typical and would
generally be completely known in any business survey (2220 are removed). We also remove the
businesses with more than 50 employees in all the remaining industries, since these would be com-
pletely enumerated in a survey and therefore fully known, in line with the approach we previously
took with the Dutch dataset (1305 observations deleted).

It is necessary to do a light-touch editing of the population, and specifically, we remove busi-
nesses with a NACE code at the two- or three-digit level only (there are only 485 such businesses),
and improbable cases—businesses which are extremely large in 2018 and very small in 2020 (there
are only 221 such businesses).

We also need some auxiliary information on which to base a sample design and sample selection,
and in keeping with practices for Structural Business Surveys in several countries (including UK,
Netherlands) we use the information from 2 years previously (2018) as the basis of the sample design
(see below). The sample is drawn from strata defined by NACE X size class in 2020. The revenue
from 2018 is then used as an explanatory variable in the model. There are records in our dataset,
however, which do not have a matching record in 2018 (14,754 businesses). To avoid missing values
in the auxiliary information (due to nonresponse or nonexistence, which are not distinguished), we
impute 0 for all businesses that were nonexistent in the database before 2019 (13,955 observations,
the great majority of them missing units) and for those existing but with revenues equal to zero in the
previous years (118 observations). For the remaining units with missing values (681 businesses), the
revenue value is imputed with the average of revenue in 2019 and 2017.

The net result is a dataset of 71,568 businesses, with no missing values for the outcome variables
from 2020, or in the auxiliary variables from 2018. At the end of this process, we treat the resulting
list of businesses as if it were the complete population, from which we will subsample to simulate
the survey process. The characteristics of the population are summarized in Table S1 in the online
supplementary material.

The resulting dataset includes the following variables, with which to construct models to predict
the 2020 turnover:

turnover in 2018, #2018

¢ working persons in 2020 (that is the number of actual employees, not full-time equivalents),
wp

¢ size class in 2020, based on the number of employees in the business in bands 1, 2-4, 5-9, 10—
19, 20-49, sc

¢ industrial classification, ind.

The choice of 2018 and 2020 for our analysis dataset means that the response variable is affected
by the period of COVID disruption and lockdowns, when the predictive performance of the mod-
els might be expected to be more uncertain than usual (Smith & Lorenc, 2021). A summary of cor-
relations between the numeric variables is given in Table 2.

3.2 A SBS-like design

Once the population is defined, we subset the 2018 information on ‘revenue’ within strata defined by
industrial classification (NACE 4-digit code) and number of employees, using fixed values 1, 2—4, 5—
9, 10-19, and 20-49 of the latter in line with the previously used Dutch SBS design (Krieg et al.,
2012, Appendix A; Smith et al., 2021). This gives 36 industries and 3 size strata. We then calculate
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Table 2. Correlation between turnover in 2020 and 2018, its log-transformed versions and employment in 2020

2018 log (12020 4+ 1) log (12018 4+ 1) wp
$2020 0.871 0.657 0.547 0.622
12018 0.567 0.627 0.576
log (#2020 + 1) 0.790 0.722
log (£2°18 + 1) 0.626

Note. The symbols are defined in the text.

estimates of the population variance of revenue from 2018 in each stratum. Several of these estimates
are missing (usually because the population size in stratum b, Nj, <2), and one estimate (for the
smallest size stratum in NACE 4740) is extreme because it is affected by outliers, so we also set
this value to missing. We impute the missing variances using a simple linear model with fixed effects
for industries and size classes. Because we are estimating variances from the population we may do
better in design than in a real-life situation where they are estimated from a previous sample. We do
not concern ourselves overmuch with optimizing the design, however, since allocation in stratified
samples is known to have a flat optimum (Brewer & Gregoire, 2009, p 28).

The population variances (estimated using 2018 revenue) and the population sizes within strata
defined in the same way, but using 2020 classification and employment information, are then used
as inputs to a Neyman allocation (Cochran, 1977; Neyman, 1934) with a sample size of 5,000,
again similar to the previous study. We impose a minimum sample size of 5 in each stratum (or
N, if N;, < 5). This generates a design with sampling fractions realistically similar to those actually
used in SBS. The resulting allocation is used in all our repeated sampling; a summary of the sample
design is given in Table S2 in the online supplementary material.

4 Application to example data with known outcomes

The simulation is design-based, with each replicate a probability selection from the AIDA dataset
described in Section 3.1 using the stratified design from Section 3.2 and online supplementary
material Table S2. We use 1,000 replicates. The design ensures that some sample observations
are obtained in every industry ind, so the pseudopopulation generation in the EBP uses only the
in-sample approach in step 3(a) in Section 2.2.1. We briefly assess the out of sample approach
(the ‘census EBP’) in online supplementary material Section S5.2.

With each replicate sample we fit a model (the same as used by Smith et al., 2021) to turnover in
2020, 2920 which we treat as the survey response, with the ith component of Xf* in equation (5)
given by

2018

T 2018
X = Bo + Pitimg + PBaSCiind + P3wpiina + Ba(t7° X WP)i,ind (20)

t2018)

when 2018 turnover ( is used directly as a predictor or

X, B = Po+Pr10g (65,7 + 1) + Br5Ciina + P3twbiina + Pa(log (F01F + 1) xwp) 0 (21)

when log (#2018 + 1) is used. In the AIDA dataset, revenue (‘turnover’) is given in €, but in (20) and
(21) we divide by 100,000, as this makes the estimation procedure much more stable. In particular
this means that when we use eg log (218 + 1), the +1 represents +€100,000 (see also Section S5.4
in the online supplementary material). sc represents the dummy variables of size classes of the busi-
nesses, which are the same as the strata set up in Section 3.2, with classes 1-5 defined by 1, 2—4, 5—
9, 10-19, and 20-49 working persons wp, respectively. Although it seems odd to include both wp
and sc based on the same underlying variable, using both variables improves the quality of the
small area estimates. It seems likely that this is because sc is a design variable, so adding it means
that the design variables are fully included in the model (and this applies equally to Smith et al.
(2021) where this point was not made).
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We make estimates for domains which are industries. Although these are designed domains
(part of the sample design), they still suffer from small sample sizes (sample sizes range from 12
to 905, with 44% with a sample of 30 or fewer), so there is a strong case for using small area es-
timation. Our primary aim is to illustrate the performance of the various estimators on realistic

data and estimation scenarios. We use the relative bias 7b(3;,,) = 1% [ 1555 S (5, ke = Vind)]

and relative root mean square error rrmse(y;, ;) = 100 [ 1000 Ziooo (¥ ke — Vind) ]7, where j; , repre-

sents any of the estimators of the total for industry md, to evaluate the performance of the different

transformations and estimators. The estimators are compared by Computing their empirical effi-
mse 2100() —y; d
ciency relative to the HT estimator, as - ’”d 7100 = =i Yt "Vt 0

HT 2
Vind) te1 Vindpe = Yind)

4.1 Comparison of the estimators

The estimators used in the repeated sampling simulations are summarized in Table 3. For all the
transformations except the log-shift a deterministic shift parameter is required, initially taken as
s=1(=€100,000), though we explore the sensitivity to this in Section 4.2.2.

Some pairs of estimators are based on the same underlying model, but fitted in a different way.
The EB with log transformed data and the EBP with log transformation both use the same model,
but the EBP draws from the posterior distribution of the parameters given the data, and the EB
relies on a model fitted to the transformed data and a back transformation. The PEBP and
SWEE estimators are similarly closely related versions of the same model (as demonstrated in
Sections 2.3.1 and 2.3.2). We find that the results with these pairs differ only in very minor ways.

The diagnostic plots for model (20) (Figures 1a and S4a (in the online supplementary material))
show that the residuals do not have a normal distribution, particularly deviating in the tails.
Across many of the estimators, there are some domains where the use of 1218 as a predictor
(that is, model (20)) results in extreme outliers in some samples, leading to very large mean squared
error estimates. We present a summary of the relative bias and relative root mean squared error
(rrmse) results for these in Table S3 in the online supplementary material. By contrast, model
(21), using log (218 + 1) as a predictor, has stable behaviour for repeated samples in all the do-
mains, and is therefore strongly preferred. We focus mainly on this model for the remaining re-
sults, though reverting occasionally to model (20). Summary information on the relative bias
and rrmse of the different estimators when using model (21) are presented in Tables 4 and 5.
Note that the mean and median are sometimes quite different (eg for the MBD), reflecting extreme
relative bias or rrmse estimates in some industries.

The relative bias and relative rmse (rrmse) from the simulations are presented in Figures 2 and
3, respectively. We investigated many minor variants of the PEBP (Table 3), and these are
discussed in more detail in Section 4.3.2. The bias is a major component of the rrmse, so that
methods with better bias performance are also likely to have the lowest rrmse’s. The estimators
in Figures 2 and 3 fall into seven groups based on their performance. This relates closely to their
definitions in Section 2, with variants of the same approach behaving more similarly than differ-
ent underlying approaches. The plots show that the HT estimator is unbiased but rather
variable, as expected, and the average rrmse is larger than would be desirable for publication
of estimates. The GREG is already a substantial improvement, remaining essentially unbiased
and with smaller rrmse than the HT estimator, even though it is potentially affected by the out-
liers in the data.

Naive application of the EBLUP estimator (3), widely used for small area estimation, clearly
produces estimates with large biases and hence large rrmse’s, and this situation is repeated
(with very minor differences) using the EBP with untransformed data (EBP linear). The inclusion
of the weights in the PEBP ameliorates the effect of the skewed data when using the untransformed
predictor (PEBP linear). In fact, this model has the lowest mean and median rrmse across the in-
dustry estimates of any of the tested approaches, including the PEBP with the transformed data,
and this is largely because the bias in some estimates is reduced. The most extreme rrmse is how-
ever larger for this approach than for some other models. We discuss the impact of weights further
in Section 4.3.2.

Of the unweighted estimators, the Karlberg-type and model-based direct estimators both
suffer from large biases in some industries which give them poor rrmse performance overall.
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Table 3. Overview of the estimators used in the repeated sampling simulations

Estimator Transformation Acronym Symbol Description Weighted
HT None HT FHT (1) Yes
GREG None* GREG JOREG (2) Yes
EBLUP None* EBLUP HEBLUP (4) No
EBP None* EBP linear Section 2.2.1 No
EBP Log EBP log No
EBP Log-shift EBP log-shift gpp  Section 2.2.1 No
EBP Box-Cox EBP Box-Cox Yind & Table 1 No
EBP Dual power EBP dual power No
Karlberg-type  Log K Ky (6) No
synthetic
Model-based Log MBD HMBD (8) No
direct
EB Log EB $EE (10) No
EB bias Log EBbc JEBbe (11) No
corrected
PEBP MM None* PEBP MM linear Yes
PEBP MM Log PEBP MM log Yes
PEBP ML None* PEBP ML linear Yes
PEBP ML Log PEBP ML log Yes
PEBP ML ) Log-sh%ft PEBP ML {og-shift ‘ SPEBP Section 2.3.1 }\/Iodel only
PEBP ML-A* Log-shift PEBP ML-/* log-shift A% & model
PEBP ML Box-Cox PEBP ML Box-Cox Model only
PEBP ML-1“  Box-Cox PEBP ML-1* Box-Cox 2 & model
PEBP ML Dual power PEBP ML dual power Model only
PEBP ML-i*  Dual power PEBP ML-1* dual power 2 & model
SWEE Log SWEE §SWEE (19) Yes

Note. For abbreviations, see text. No transformation (‘none’) is described as a linear transformation in the figures. With
PEBP, MM indicates the method of moments estimator of You and Rao (2002) as implemented in emdi and ML indicates
maximum likelihood estimation as implemented in povmap. * indicates a model using 2°'® as the predictor; otherwise
log (2918 4+ 1) is used.

The EBP has good performance, comparable with the PEBP, but the industries where the esti-
mator is worst are not so extreme as in the PEBP. The EBP shows similar performance with all
the transformations considered, largely because the fitted transformations are close to the log
transformation for this dataset (see Table 7). The EB and EBbc estimators have similar perform-
ance to the EBP (again because the log transformation seems to be appropriate for these data),
and the second-order bias correction of the EBbc gives a minor improvement in the mean and
median rrmse.

Table 6 shows the effect of the small area estimation. Our example includes a range of area sizes.
The small area estimates may not be an improvement where the sample size is adequate for direct
estimation, and this is reflected in high maximum empirical efficiencies and consequent high values
for the mean empirical efficiency. The median and (in the best performing approaches) third quar-
tile of the empirical efficiencies are, however, <100. Therefore, for most of the small areas the
small area estimation approaches result in reduced rmses as expected. The relationship between
the empirical efficiency and sample size is shown for the EBP dual power and PEBP linear in
online supplementary material Figures S1 and S2.
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Figure 1. QQ plots of the enterprise-level (level 1) residuals from fitted models of the form of (3) with (a) the
untransformed response and original (untransformed) predictors, (b) log-transformed response (log (12920 + 1)) and
using log (1218 + 1) in the predictors. All the plots are derived from the same sample, which is typical.

Table 4. Summary information on the relative bias (from online supplementary material Tables S4 and S5) for the

models listed in Table 3

Estimator Relative bias
Min. 1st Qu. Median Mean 3rd Qu. Max. Mean

abs(rb)
HT -0.9113 —-0.2332 -0.1147 0.0049 0.2443 1.3500  0.3850
GREG* -5.6826 -1.3926 -0.2970 -0.3501 -0.0195 7.4605 1.5378
EBLUP* -95.9123 -51.6444 -26.9159 -29.5224 -14.1188 84.6590 35.8382
EBP Linear* -95.3930 -51.5722 -26.9163 -29.5045 -14.2220 84.6420 35.8220
Log -17.3265  —-3.9598 3.4005 2.2144 9.2117  21.7481 7.8448
Log-shift -17.3259  -3.9572 3.3930 2.2132 9.2078  21.7432  7.8438
Box-Cox -18.5211 -3.0907 3.5429 2.6517 9.2999  20.7777  8.2642
Dual -17.3291 -3.9592 3.4021 2.2128 9.2090  21.731$ 7.8429

power
K —-37.4524 -10.3724 4.4645 7.6107 20.9458 81.6673 18.9938
MBD -11.1641 -7.3472 -0.6744 15.8435 8.5725 243.0725 22.4253
EB -17.3243 -3.9630 3.3832 2.2120 9.2284  21.6684  7.8404
EBbc -17.3357  -3.9678 3.3354 21711 9.2186  21.4127  7.8200
PEBP MM  Linear* -11.3908 -1.9310 0.0711 2.8821 6.8037  27.0054 6.2846
Log —-22.6906 —-0.0814 7.3507 6.7280 12.5928  42.0591 10.9370
PEBP ML Linear* -10.3718 —1.2437 0.9249 4.1416 8.0965  39.8806  6.5609
Log —-24.4002  —-2.8648 3.3759 3.3766 10.9408  37.6324  9.2163
Log-shift —24.3988 -2.8665 3.3833 3.3760 10.9472  37.6291 9.2162
Box—Cox -24.1796  —-0.5940 5.2995 5.4318 13.1991 35.4517 10.2556
Dual —24.4028 -2.8636 3.3817 3.3769 10.9439  37.6199  9.2171

power
PEBP X Log-shift -23.2886  —4.8675 1.1904 1.6720 7.0143  41.5010  8.8870

ML-A*

Box—Cox -22.3000 -5.3214 1.2807 3.2196 8.0862  48.1940 9.6037
Dual —22.2239  —4.6653 2.2394 4.0959 9.0204 49.4219 10.0154

power
SWEE -22.6885 —0.0694 7.3284 6.7247 12.6050  41.9644 10.9310

Note. * indicates a model using £2°'8 as the predictor; otherwise log (£2°'% + 1) is used. The best-performing models are

indicated in bold.
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Table 5. Summary information on relative rmse (from Tables S6 and S7 in the online supplementary material) for the
models listed in Table 3

Estimator Relative rmse
Min. 1st Qu. Median Mean 3rd Qu. Max.
HT 2.7191 10.2471 14.9788 15.9882 20.0971 39.2614
GREG* 1.6916 5.8467 10.6431 12.3899 15.2088 40.4484
EBLUP* 4.3965 20.1616 29.8129 38.7345 56.9779 97.2907
EBP Linear* 4.3933 20.2698 30.1418 38.9980 57.0768 98.7193
Log 2.6073 6.8213 11.1612 11.0608 14.1698 25.4700
Log-shift 2.6085 6.8203 11.1543 11.0602 14.1727 25.4688
Box—Cox 2.8242 7.8534 10.9051 11.5834 14.4741 22.7288
Dual power 2.6072 6.8240 11.1585 11.0607 14.1728 25.4540
K 1.8149 8.3213 16.3445 19.3313 24.6323 81.8067
MBD 3.7768 10.7936 14.3537 30.1459 19.0184 250.8476
EB 2.6004 6.8039 11.1509 11.0345 14.1422 25.3358
EBbc 2.5979 6.8096 11.1286 11.0263 14.1208 25.1259
PEBP MM Linear* 1.6848 5.9647 8.6978 10.3777 12.5745 35.4960
Log 2.6812 8.0585 12.3098 14.0707 16.9809 44.4042
PEBP ML Linear* 1.6308 5.5431 8.3767 10.3252 12.1076 42.2580
Log 2.3820 9.0740 12.1454 13.0585 15.5052 40.0942
Log-shift 2.3816 9.0782 12.1404 13.0586 15.5100 40.0933
Box—Cox 3.6529 8.4648 13.1001 14.4017 18.4613 38.1119
Dual power 2.3831 9.0775 12.1480 13.0600 15.5109 40.0828
PEBP ML-1* Log-shift 3.5108 8.2663 10.2779 12.3523 14.6613 43.8365
Box—Cox 3.5369 7.8787 10.8167 12.8102 15.2398 50.1551
Dual power 4.0371 7.6026 11.4195 13.1071 15.3426 51.3172
SWEE 2.6785 8.0517 12.2524 14.0390 16.9688 44.2692

Note. * indicates a model using #2°1% as the predictor; otherwise log (#2218 + 1) is used. The best-performing models are
indicated in bold.

4.2 Transformation and the distributions of data and residuals

One of the assumptions behind the multilevel models used within the unit model in small area es-
timation is that the residuals (at both unit and area levels) follow normal distributions. The basic
idea behind transformations is to produce data which more nearly have a normal distribution of
residuals from the unit level model. Note that the transformation is aimed at the residuals and not
at the original data. It is not always necessary for the empirical distribution of the residuals to be
specifically normal, as the models are reasonably robust to departures, but approximate symmetry
of the empirical distribution is important (as suggested by Rojas-Perilla et al., 2020).

4.2.1 Fitted transformations and their effects

First, we consider the effect of the fitted transformation parameters. Figure 4a&b show the fitted
values of 2 and 1% for the Box—Cox and dual power transformations. The fitted 1 are close to 0 and
therefore indicate that the distribution is most suitably transformed with something very close to
the log. Although in Section 2.3.1, we expected that the influence of the fitting of the other param-

eters would mean that 1 would differ from /, in practice we discover that this is not so, and the

fitted values 1 = 1, so they are not shown separately. 2 are however different from zero in both
transformations, indicating that the weighting has an influence on the shape of the distribution
of the response variable leading to a transformation different from the standard logarithmic one.

920z |udy g1 uo 1senb Aq 991 158/9106e[b/osssIl/e60 L 0L /10p/3[01E-20UBAPR/OSSSI[/W 09 dno-olwapeoe//:sdyy wol) papeojumoq


http://academic.oup.com/jrsssc/article-lookup/doi/10.1093/jrsssc/qlag016#supplementary-data
http://academic.oup.com/jrsssc/article-lookup/doi/10.1093/jrsssc/qlag016#supplementary-data

J R Stat Soc Series C: Applied Statistics, 2026, Vol. XX, No. XX 17

HT — L]
GREG* — e
EBLUP* — . e m o0 wixinemme @ o .
EBP linear* — . e ® @¢ wimesmme ws o .
EBP log o commimam o
EBP log-shift — * crmpimem o
EBP Box-Cox — ® ecmeiimun e
EBP dual power — * commimum o
K — o -es emie aee » o [ .
MBD — e X0 © ° o . . .
EB — o commimum o
EBbc o commimam o
PEBP MM linear* — camismms oo
PEBP MM log — * o ounpsnese o
PEBP ML linear* — commiimum o o
PEBP ML log — ¢ ®miiman o .
PEBP ML log-shift —| ¢ ®miiman o .
PEBP ML Box-Cox — oo coompan o o
PEBP ML dual power — oo »miiman o .
PEBP ML log-shift | o wommens o
PEBP ML Box-Cox | o0 cmmttmeas
PEBP ML-A dual power oo cmmitmcms o
SWEE — e o mumpemese o
T T T T T T T T
-100 -50 0 50 100 150 200 250

Relative bias (%)

Figure 2. Linear scatterplots of the relative bias of the different estimators by industry; the mean bias across all
industries is shown by a cross. The labels are summarized in Table 3. The detailed results can be found in Tables S4
and S5 in the online supplementary material. * indicates a model using t2°'8 as a predictor; otherwise log (t29'8 + 1) is
used.
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Figure 3. Linear scatterplots of the relative rmse of the different estimators by industry; the mean rrmse is shown
by a cross. The labels are summarized in Table 3. The detailed results can be found in Tables S6 and S7 in the online
supplementary material. * indicates a model using t2°'8 as a predictor; otherwise log (t29'8 + 1) is used.
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Table 6. Summary information on the empirical efficiency (from online supplementary material Tables S8 and S9) for
the models listed in Table 3

Estimator Empirical efficiency
Min. 1st Qu. Median Mean 3rd Qu. Max.
HT 100 100 100 100 100 100
GREG* 14.7 38.1 49.6 61.0 75.3 243.0
EBLUP* 13.6 193.7 366.4 2045.0 1061.0 30021.5
EBP Linear* 14.6 200.2 368.8 2051.5 1073.9 30032.1
Log 11.8 24.3 42.0 100.2 91.0 661.3
Log-shift 11.8 24.4 41.9 100.2 91.0 661.3
Box—Cox 11.8 25.8 44.3 147.9 117.9 1263.9
Dual power 11.8 24.4 42.0 100.2 91.0 661.5
K 2.0 252 105.2 500.3 384.1 3544.7
MBD 15.5 57.6 89.0 920.3 167.1 18114.1
EB 11.8 24.3 42.1 100.0 90.7 661.2
EBbc 11.8 24.4 42.2 99.9 90.2 662.0
PEBP MM Linear* 4.6 28.8 38.7 552 50.5 385.4
Log 9.5 41.0 69.6 135.8 169.8 1126.9
PEBP ML Linear* 5.7 24.7 37.5 49.6 52.4 194.2
Log 10.1 32.1 71.5 125.3 111.5 1300.8
Log-shift 10.1 32.1 71.4 125.3 111.6 1300.7
Box—Cox 8.5 37.6 76.7 181.7 153.2 1867.1
Dual power 10.1 32.2 71.5 125.3 111.6 1301.1
PEBP ML-1* Log-shift 13.5 28.2 54.0 114.3 106.9 1185.6
Box-Cox 11.7 29.6 60.4 120.1 128.2 1088.1
Dual power 10.5 31.5 64.4 122.1 146.3 1080.9
SWEE 9.4 40.8 69.1 135.5 168.8 1126.7

Note. * indicates a model using #2°!% as the predictor; otherwise log (218 + 1) is used.

Table 7. Mean over repeated sampling simulations of the fitted value of the unweighted transformation parameter A
and weighted transformation parameter "

Transformation A Vit

Log-shift 1.000055 1.992512
Box-Cox -0.062347 0.178979
Dual power 0.000060 0.305633

Note. For the Box-Cox and dual power transformations, the shift is deterministically set at 1; see Section 4.2.2 for an
assessment of the sensitivity to this choice. Recall (Section 4) that a shift of +1 actually means +€100,000.

Since the target of the transformation is to make the residuals approximately normal, or at least
symmetric, we show example QQ plots in Figure 1, focusing on the element level (the area level
QQ plots are shown in online supplementary material Figure S4). These demonstrate that before
transformation the residuals are skewed and, particularly in the tails, very far from normally dis-
tributed. The models with log and other transformations still depart from normality in the tails,
but less than before transformation. Their distributions are still asymmetric, however; the excess
kurtosis in Figure 1a is 2.514 and in Figure 1b is 2.503, so the skewness before and after

920z |udy g1 uo 1senb Aq 991 158/9106e[b/osssIl/e60 L 0L /10p/3[01E-20UBAPR/OSSSI[/W 09 dno-olwapeoe//:sdyy wol) papeojumoq


http://academic.oup.com/jrsssc/article-lookup/doi/10.1093/jrsssc/qlag016#supplementary-data
http://academic.oup.com/jrsssc/article-lookup/doi/10.1093/jrsssc/qlag016#supplementary-data
http://academic.oup.com/jrsssc/article-lookup/doi/10.1093/jrsssc/qlag016#supplementary-data

J R Stat Soc Series C: Applied Statistics, 2026, Vol. XX, No. XX 19

S

@) — (b) | — (© —

0.20
I

0.15

A

fitted shape parameter A
A

fitted shape parameter A
A

0.10
I
fitted shift parameter A

0.05
I

0.00
I
0.10
I

-0.05
0.05
I

0.00
L
1.0
L

! T AW T T AW J T AW
EBP PEBP ML-1 EBP PEBP ML-1. EBP PEBP ML-1.

Estimation method Estimation method Estimation method

Figure 4. Boxplots of the fitted values of the unweighted transformation parameter 4 and weighted transformation
parameter 1% in (a) the Box=Cox, (b) the dual power, and (c) the log-shift transformation over the repeated samples.

transformation are practically indistinguishable. (The log, Box-Cox, and dual power transform-
ation QQ plots are practically indistinguishable because the Box-Cox (1= —0.062) and dual
power (4 =0.00006) transformations closely approximate the log transformation, which is at-
tained when 1=0. The QQ plots for Box-Cox and dual power are shown in online
supplementary material Figure S3.)

4.2.2 Sensitivity to the shift parameter in transformations

The transformations in Section 2.2.1 require that the input data are strictly positive, so the data
need to be shifted by adding a positive constant if there are zeroes and/or negative values. The shift
is fitted (with or without weights) in the log-shift model (Edochie et al., 2023), but otherwise it
needs to be provided as an input. With the AIDA business survey dataset, the unweighted estima-
tion in the log-shift model produces 1 ~ 1 (= €100,000) consistently across selected samples, and
the weighted estimation produces 1 ~ 2 (Table 7) with some variation between samples; the dis-
tribution over the simulations is summarized in Figure 4c.

But for other transformations where the shift is provided as an input, it is interesting to look at
the effects of the shifts. We consider a grid of values {0.0001, 0.5, 1, 2, 5}. The minimal constant
0.0001, naively aimed at having the smallest impact on the original data, creates a spike in the dis-
tribution of the transformed data (Figure 5b). All the values give a simple translation of the origin-
al data before transformation, but the impact of this on the distribution of the transformed data is
surprising—Figure 5b—f shows the distribution going from left- to right-skewed over our small set
of values. We might say that the transformed distribution is approximately symmetric for
s=0.5,1, and 2. The effect is relatively pronounced in our example population, because there
are about 8% zero values. An alternative approach might be to use a zero-inflated model as the
basis for small area estimation (Krieg et al., 2016); we leave this for further research.

The consequence of treating these zero values is that fitted shape parameters in the Box—-Cox and
dual power transformations are quite different with the different shift parameters. Figure 6 shows
the distributions of these fitted parameters over the simulations. Because the shape parameters are
fitted with the models, they differ for different choices of predictors (in this case with #2°18 or
log (218 + 1)), even though the transformation works on the response variable which is the
same in each case.

The Box—Cox shape parameter shows a monotonic decrease as the shift parameter increases,
similarly for the models with #2°'8 and log (£2°'® + 1). So the transformation changes from one
which adjusts the data less than logarithmically to one that makes a greater adjustment, which re-
duces the impact of the larger values (and increases the impact of smaller values) more. The pattern
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Figure 5. Examples from one simulation of the sample distribution (smoothed with a kernel density estimate) of the
AIDA turnover data (a) on the original scale; and log-transformed with deterministic shift (b) s = 0.0001, (c) s=0.5,
(d)s=1,(e) s=2,and (f) s=5.

for the dual power transformation is less easy to interpret. The model with 218 has a similar de-
crease in the shape parameter for s = 0.5, 1, 2, 5, but both s = § and s = 0.0001 have a shape par-
ameter 4 ~ 0 consistently across the repeated samples, indicating that the log transformation is
appropriate. With log (£2°18 + 1) the log transformation is consistently fitted for all the shifts ex-
cept for s =0.5.

All these effects are on the distribution of the data, but it is the distribution of the residuals which
affects the effectiveness of the small area models. We therefore present example QQ plots from the
models fitted with the transformed data with different shifts in Figure 7. The use of a minimal shift
parameter clearly induces a large departure from normality, but the other shifts produce better re-
sults, though still with some departures in the tails, which are more symmetric but show slightly
larger departures to the right. There is a small suggestion that the residuals are closer to normal as s
increases, but there is not enough information to turn this into a conclusion at this stage. The
standard s = 1 looks reasonable as a rule of thumb.

The effect of the different values of the shift parameter on the bias of the estimates from the EBP
is shown in Figure 8, and the resulting root mean squared errors (which are not very different as
they are dominated by the bias component) in Figure 9. There seems to be a risk to the models with
a shift parameter that is too large or too small, where some of the estimates may have large biases
and therefore large rrmse’s, whereas there seems little impact on the quality of estimates from val-
ues nearer to 1 in this dataset. It is not clear how far this can be generalized to other data, but the
differences are instructive.

4.3 Sensitivity

Smith et al. (2021) investigated the sensitivity of models to extreme outliers by using a population
with the most extreme outliers with respect to the model removed; this did not change their
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assessment of the relative performance of the different approaches, although there were some dif-
ferences of detail in the estimates. We therefore do not repeat that investigation with the current set
of models. There are, however, some further areas of sensitivity (in addition to the one already ad-
dressed in Section 4.2.2) where we do make an assessment—a comparison of the EBP with direct
modelling in Section 4.3.1, an examination of different variants of the PEBP in Section 4.3.2, a
comparison of bias correction approaches in Section 4.3.3, and a comparison of out-of-sample

predictions with the census EBP in Section S5.2 in the online supplementary material.
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represented by a cross. Note that many points and the mean relative bias are beyond the range of the plot for s=5

for the Box—Cox transformation.

4.3.1 EBP vs. direct modelling

Where the same underlying models are used in (i) the EBP and (ii) directly modelling the trans-
formed data with an appropriate bias correction in the back transformation, the results are
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Figure 9. Linear scatterplots of the rrmse of the EBP with the Box—Cox (a) and dual power transformations (b) using
the deterministic shift parameter s € {0.0001, 0.5, 1, 2, 5}. The mean rrmse across industries is represented by a
cross. Note that many points and the mean rrmse are beyond the range of the plot for s =5 for the Box—Cox
transformation.

qualitatively indistinguishable. It therefore seems that the back transformation is working very
well in our dataset and introducing at most minimal error. It also suggests that EBP and PEBP pro-
vide a simple and practical approach to fitting the more complex models with a reduced need for
theoretical derivation. We do, however, note that the census EBP produces outcomes with larger
differences to the direct modelling of the transformed data, because of the process of replacing the
sample observations with estimates (see online supplementary material Section S5.2).

4.3.2 Weights

The PEBP with untransformed data is the best performing model (Tables 4-6, Figure 3, Section
4.1), which suggests that the weights are more important in compensating for the skewness of
the response variable than the transformations. We reason that this is because the weights are cali-
brated to known population totals on the original scale, so that they are less effective at adjustment
within the PEBP when used with the transformed data.

In the PEBP, we also have the choice of whether to use the weights in the calculation of either the
shift parameter of the logshift transformation or the shape parameters of the Box-Cox and dual
power transformations. Intuitively it feels appropriate that the weights should be applied consist-
ently in all the parameters of the model including the shift/shape parameters. The number of po-
tential combinations is quite large, and Figure S7 in the online supplementary material includes
some additional to Table 3. The results (see Tables 4 and 5, with more details in online
supplementary material Tables S5 and S7) are not easy to interpret, but we deduce that

o there is some evidence (in Table 5) that the maximum likelihood method (Edochie et al., 2023,
povmap) produces estimates with lower mean rrmse’s across industries than the method of
moments approach implemented in emdi (Kreutzmann et al., 2019; Skarke et al., 2021),
though this is not completely consistent (the PEBP with untransformed response has larger
outlying rrmse’s under the maximum likelihood approach).

e using the weighted 2 with the untransformed predictor #2°8 produces good results with the
Box—Cox and dual power transformations, but not with the log-shift which is affected by poor
results in several industries (results not shown, but available from the authors on request).

e using the weighted 1 is generally better (in mean rrmse) than using the unweighted /. when the
log predictor and transformations of the response variable are used (Table 5, though there is
one exception). But the biggest rrmse is larger when using 1.

o the log-shift with fitted weighted 2 produces the best results across the combinations with
log-transformed predictor and transformation of the response (Table 5). It suggests a larger
shift than the default of 1, with the average of the fitted shift parameter % = 1.9925 (Table 7).

4.3.3 Sensitivity to different bias correction approaches

Different forms of the bias adjustment for back-transforming the log transformed data are possible
(Flewelling & Pienaar, 1981; Zeng & Tang, 2011), and we implemented the Karlberg-type

920z |udy g1 uo 1senb Aq 991 158/9106e[b/osssIl/e60 L 0L /10p/3[01E-20UBAPR/OSSSI[/W 09 dno-olwapeoe//:sdyy wol) papeojumoq


http://academic.oup.com/jrsssc/article-lookup/doi/10.1093/jrsssc/qlag016#supplementary-data
http://academic.oup.com/jrsssc/article-lookup/doi/10.1093/jrsssc/qlag016#supplementary-data
http://academic.oup.com/jrsssc/article-lookup/doi/10.1093/jrsssc/qlag016#supplementary-data
http://academic.oup.com/jrsssc/article-lookup/doi/10.1093/jrsssc/qlag016#supplementary-data
http://academic.oup.com/jrsssc/article-lookup/doi/10.1093/jrsssc/qlag016#supplementary-data

24 Bocci and Smith

Table 8. Relative bias and rrmse properties of the best transformation-based estimators from Figures 2 and 3

Estimator Relative bias Relative rmse

Median Mean Median Mean
EBP log-shift 3.39 2.21 11.15 11.06
EBP dual power 3.40 2.21 11.16 11.06
EBbc 3.34 2.17 11.13 11.03
PEBP ML linear 0.92 4.14 8.38 10.33

estimator, equation (6), with two different forms of the first-order bias correction, both with a cor-
responding second-order correction (see Section 2.2.3). We find that there are small differences in
the rmse of the estimates, with the larger rmses increased and the smaller ones reduced using the
alternative estimator (13) (see online supplementary material Figure S6).

We also investigated the different forms of the second-order bias correction, equations (7) and
(15). The estimates and rmses are practically indistinguishable with these two different corrections
(results not shown).

We interpret that the form of the first-order bias adjustment is not important in the small area
models that we consider, and that the choice between the forms of the second-order adjustment
does not matter.

5 Discussion

With the turnover variable from the AIDA dataset, our results show that the log transformation is
effective, and using data-driven transformations based on the Box—Cox or dual power transform-
ation returns parameters which indicate a transformation very similar to the log transformation.
This conclusion is affected by the need to shift the data in order to accommodate a significant pro-
portion of zero values in the dataset but follows with a shift of +1 which is standard, and is also the
value suggested by an unweighted fit of the parameter in the log-shift transformation. The
weighted parameter is slightly larger (~ 2), but using this shift has only a small impact on the qual-
ity of the industry (‘small area’) estimates.

A summary of the bias and rrmse properties of the best transformation methods is given in
Table 8. The best of the approaches which we consider in this article is not in fact transformation-
based, but is the PEBP with untransformed auxiliary variables, which benefits from weights calcu-
lated on the same scale as the auxiliary variables to compensate for the skewed distributions of the
response. In the industries where this works least well, the rrmse’s are a little larger than for some
transformation based approaches. There is therefore also a case for the best of these—the un-
weighted EBP, which has essentially the same outcomes for any of the transformations considered.
One option would be to prefer the log transformation on the grounds of simplicity. However, in
the absence of further similar studies, we prefer the log-shift to assess the required shift and the
dual power transformation which is adaptive, which should provide some robustness to different
distributions in case other datasets require it. The bias corrected empirical best estimator, EBbc,
has the same performance in our example where the log transformation is appropriate, but it is
not adaptive, so should be used only when the form of the transformation has been assessed.

Among the transformation-based methods, we note that the EBP and PEBP are very flexible and
straightforward model-fitting procedures. They can be used to produce essentially the same esti-
mates as have been developed through careful derivation, but without requiring the theoretical de-
velopment (see Y. Li & Lahiri, 2007 and Sugasawa & Kubokawa, 2019 for examples of
theoretical approaches to the Box—Cox and dual power transformations. But such development
is not needed when the EBP accommodates the transformation directly).

It is interesting to consider the effect of informativeness and the weights. Models (20) and (21)
include all the design variables which we used in our stratified design, so we can expect that this
handles the informativeness, and therefore, it is not so surprising that the EBP (without weights) is
the best of the transformation-based approaches. It appears that additionally including the
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weights with the PEBP increases the variance, as might be expected. In a situation where the design
variables are not included in the model, we would expect the PEBP to perform relatively much bet-
ter. The same situation occurred in Smith et al. (2021), but there the weighted estimators per-
formed almost as well as the unweighted ones.

It is difficult to say how far these results generalize beyond the AIDA data. Bocci and Smith
(2023) find that a group of robust models have consistent performance across two different busi-
ness survey datatsets, so we think there is a good chance that the conclusions derived here are gen-
eralizable. But we do not at this stage have the evidence to support that. Similarly the conclusion
that the PEBP with untransformed data is better than using transformations is likely to hold across
datasets, but more investigation is needed to confirm this. For a review of small area estimation
approaches under informative sampling, see Parker et al. (2023a, 2023b).

Transformation is a well-known statistical procedure, and the log transformation is perhaps the
most widely used. Nevertheless, we find that the interaction of the shift parameter and the log
transformation can have unexpected effects on the transformed distributions. The effects of the
shift parameters on the shape of the transformed distributions are illustrated. The properties of
the small area estimators do not seem to be greatly affected by shift values around 1, which is com-
monly used, but this parameter can also be fitted. We do however note substantial effects for min-
imal (s =0.0001) and larger (s = 5) values, which suggest that it is important to choose the shift
parameter carefully, and not to rely on default behaviour. This is why we recommend using the
log-shift model, to fit this parameter. A possible strategy when a transformation different to the
log is appropriate would be to do some preliminary analysis to examine the distribution and
Q-Q plot of the residuals in the sample, with the aim of choosing a shift value to give at least a
symmetrical distribution of the errors, and something as close to normally distributed as possible.
We may consider modelling the 0 values directly with a zero-inflated small area approach (Krieg
et al., 2016), but since this is a distinct strategy for small area estimation with business data we
leave such a comparison for further investigation.
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