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Abstract
We give a concise presentation for the group of pure symmetric outer automor-
phisms of a given splitting of a free product Gy * --- * G,,. These are the (outer)
automorphisms which preserve the conjugacy classes of the free factors GG;. This
is achieved by considering the action of these automorphisms on a particular sub-
complex of ‘Outer Space’, which we show to be simply connected. We then apply a
theorem of K. S. Brown to extract our presentation.

Introduction

The study of group presentations, especially finite ones, is a core part of geometric
group theory, dating back to the work of M. Dehn in the 1910’s. Providing such group
presentations is not only necessary for such study, but interesting in and of itself. Au-
tomorphism groups of free groups, and more generally, of free products, are natural
objects to consider in this area. Different presentations may display various desirable
properties, such as having few generators or relations, or highlighting some structure of
the group.

In 2008, H. Armstrong, B. Forrest, and K. Vogtmann [2]| gave a finite presentation
for Aut(F,), the automorphism group of a free group of rank r. They achieved this by
applying a theorem of Brown [6, Theorem 1] to a subcomplex of a version of M. Culler
and K. Vogtmann’s ‘Auter Space’ [9] on which Aut(F}) acts ‘nicely’.

While finite presentations for Aut(F,) were already known (for example, see the
works of J. Nielsen [19] from 1924, whose presentation demonstrates the surjectivity of
the map to GL,(Z), and B. Neumann [18| from 1933, whose presentation had only 2
generators, but many relations), Armstrong, Forrest, and Vogtmann [2] gave a presen-
tation whose generators are all involutions, with a relatively small number of relations,
making it straightforward to comprehend and apply.

In 1986, J. McCool [16] gave a concise presentation for the subgroup of Aut(F;)
comprising automorphisms which map each generator to a conjugate of itself. McCool’s
presentation comprised 72 — r generators, but only three (families of) relations.

There is a longstanding trend of generalising results from automorphisms of free
groups to automorphisms of free products. In the 1940’s, D. I. Fouxe-Rabinovitch
[10], [11] gave a finite presentation for the automorphism group of a free product G =
G # -+ % Gy * Fy, where F}, is the free group of rank k£ and where each G; is non-trivial,
freely indecomposable, and not infinite cyclic (i.e. G; % Z). N. D. Gilbert |12, Theorem
2.20] gave an equivalent presentation for Aut(G) in 1987 with fewer relations, using
‘peak reduction’ methods of J. H. C. Whitehead [21] adapted to the free product case
by D. J. Collins and H. Zieschang [8].
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Main Result

We follow the methods of Armstrong, Forrest, and Vogtmann [2] to give a concise
presentation for the group of pure symmetric outer automorphisms of a given splitting
Gy * -+ % G, of free product G, denoted Out(G;G1,...,Gy). In our case, we have a
‘strict fundamental domain’ for the action of Out(G;Gy,...,Gy), so can apply a more
straightforward theorem of Brown [6, Theorem 3] to extract our presentation, given
below:

Theorem 4.1.1. Let G1 = --- = G, be a free splitting of a group G where each G; is
non-trivial and n > 5. For i€ [n] := {1,...,n} and j € [n] — {3}, let fi, : G; — G;, be
group isomorphisms, and for g € G; let Adg,(g) be the inner automorphism x > grg~!
of Gi. Then the group Out(G; G, ...,Gy) is generated by the n(n—1) groups G;;, = G
and ® = [, Aut(G;), subject to relations:

. [flj(g)aflk(h)] =1 v.gvh € Gi: fOT all i € [n]7 ]ak € [’I’L] - {Z}
- Lfi;(9), fr, ()] = 1 Vg € Gy, h € G, for all distinct i, j, k,1 € [n]

~

[fir(9), fi;(h) fi, (h)] = 1 Vg € Gj, h € Gy, for all distinct i, j, k € [n]

f’Lvl(g)"'f’ivn_l (g) = AdGi(g_l) v.g € Gi7 fOT’ all i € [n] and {Ulw"avnfl} =
[n] —{i}

. go‘lfij (9)e = fi,(gp) Vg € Gi, for all distinct i,j € [n] and all p € ®

>~ Lo o

v

As well as all relations in G and ®.
Note that here we assume Aut(G) acts on G on the right.

Corollary 4.1.2. If a group G splits as a free product where the factor groups are non-
trivial, freely indecomposable, not infinite cyclic, and pairwise non-isomorphic, then
Theorem gives a presentation for Out(G).

Observation 0.0.1. In the case where some of the factor groups may be isomorphic,
one may choose to study the symmetric automorphisms of the splitting. Then a finite
direct product of symmetric groups, II, acts on the splitting by permuting all possible
isomorphic factors. The group of symmetric outer automorphisms of the splitting is
then given by Out(G; Gy, ...,Gy) x II. While this is hard to see geometrically using the
methods of this paper, it may be deduced algebraically.

The cases n = 4 and n = 3 are similar, and are given in Theorems and in
Section Ml

If each of the groups G; and Aut(G;) is finitely presented, then one may extract a
finite presentation for Out(G; Gy, ...,G,) from this theorem by replacing each group
Gi; with a set of elements {f;.(g1),..., fi;(gm,)} such that the g.’s generate G;, and
replacing the group ® with a generating set {1, ..., @ms}. For conciseness, we do not
make this more formal.

Our result may be considered to be a generalisation of McCool’s presentation for the
group of pure symmetric automorphisms of a free group.

Theorem 0.0.2 (McCool [16]). Let F, = {z1,...,x,) be the free group on r generators.
The group of pure symmetric automorphisms of F, is generated by r(r — 1) elements
(xi;x5) (fori,je{l,...,r} and i # j), subject to commutation relations:



1 (s 25) (wr; 25) = (ks 25) (245 25)

2. (wiymj)(xns ) = (z;20) (w45 25)

3. (@i wj) (wns ) (s o) = (263 20) (265 25) (w5 75)
(where i, 7, k,l are assumed to be distinct).

Observe by comparing indices that these relations directly translate to our Relations
1-3. Our Relation 4 is an ‘outer’ relation so is not present in the automorphism group,
and our Relation 5 describes automorphisms within a given factor, which are trivial in
McCool’s case.

In the case n = 3, we recover a special case of Gilbert’s result |12, Theorem 2.20],
given by D. J. Collins and N. D. Gilbert [7] in 1990, for three freely indecomposable,
non-trivial, not infinite cyclic, pairwise non-isomorphic factors:

Theorem 0.0.3 (Collins-Gilbert [7, Proposition 4.1]). For G = X =Y = Z where each
of X,Y,Z is freely indecomposable, non-trivial, not infinite cyclic, and where none of
X,Y, Z are isomorphic to each other, we have that Out(QG) is generated by

{(Y,2),(Z,y),(X,2),plre X,yeY,ze Z, o ®}
where ® is the set of factor automorphisms (see Definition m, subject to relations:
o (Yiz1)(Y,22) = (Y,z122)
(Z,y1)(Z,y2) = (Z, y192)
(X, 21)(X, 22) = (X, z122)
! (Yz)p = (Y,2p)
o v (Zy)y = (Z,yp)
o o (X, 2)p = (X, 2p)

o All relations from ®

In particular, Out(G) = G x .

Collins and Gilbert’s result may be thought of as a presentation for the pure sym-
metric outer automorphisms preserving a free splitting structure G * G2 * G5 where the
only condition on the G;’s is that they are non-trivial. Thus our result may also be seen
as both a special case of Gilbert’s presentation |12, Theorem 2.20] and a generalisation
of Collins and Gilbert’s presentation |7, Proposition 4.1].

In future, we hope to generalise this further to free splittings of the form Gy *- - - %Gy, =
Fj. where automorphisms need not preserve the conjugacy classes of the generators for
Fy.. However this greatly increases the number of cells in our chosen subcomplex of Outer
Space. Moreover the fundamental domain of the action ceases to be strict, meaning we
can no longer apply the simplified version of Brown’s theorem. These complications
increase the complexity of the problem, though we hope that the end result will still be
a pleasing presentation.



Methods and Techniques

To achieve our presentation, we choose a particular subcomplex of the ‘Outer Space’
for a free product introduced by Guirardel and Levitt in [13]. In order to study the
symmetric automorphisms, we use the version where there is no free rank, so the Outer
Space is similar to the poset complex introduced by D. McCullough and A. Miller
in [17]. We work with the definition of the space provided by Guirardel and Levitt [13],
since this interpolates between the Outer Spaces of Culler and Vogtmann [9] and of
McCullough and Miller [17], which lends itself well to future work in the case of a
splitting G * - - - % G, * F},.

We call our chosen complex C,,, discussed in Section[2] In the cases n = 3 and n = 4,
C,, is precisely the barycentric spine of Guirardel and Levitt’s Outer Space for a free
product whose Grushko decomposition has four non-isomorphic free factors and no free
rank (see Section [1.3]). Definition details the construction of the complex C,, for
n = 5.

In order to apply Brown’s theorem [6, Theorem 3|, we require that Outg(G) acts
cellularly on our complex C,, and with a strict fundamental domain, and that the complex
Cy, is both connected and simply connected. We will also need suitable presentations for
Outg(G)-stabilisers of vertices (graphs of groups) in C,.

The action of Outg(G) on C,, and its fundamental domain are studied in Section
and the connectedness of the complex C,, is Corollary of Section

Vertex stabilisers are studied in Section[2.4] where we combine techniques of Guirardel
and Levitt |13] with those of H. Bass and R. Jiang [4] to procure presentations which
are both concise and precise (Propositions [2.4.1} [2.4.2| and [2.4.3]).

Showing that the complex C, is simply connected is highly non-trivial and is delayed
until the second half of the paper, comprising Sections[5]and [6] We give a brief overview
of the idea of the proof below.

In 1928, P. Alexandroff [1] introduced the notion of a ‘nerve complex’ associated to a
cover of a space. In ideal conditions, this shares many of the same topological properties
as the original space, while often being a much simpler object to understand.

We apply a similar concept in Section [5| introducing the ‘Space of Domains’ (see
Definition as a way of recording intersection patterns of Outg(G)-images of the
fundamental domain in C,,. Unlike Alexandroff’s nerve complex, we are only interested
in 2-way and 3-way intersections.

We show in Proposition that in order to prove simple connectivity of the com-
plex C,, it suffices to show that the Space of Domains is simply connected (having
already shown that our fundamental domain of the Outg(G)-action on C,, is simply
connected in Theorem of Section .

Finally in Section [6] we apply ‘peak reduction’ techniques as used by Collins and
Zieschang [§] and Gilbert [12] to deduce that the Space of Domains is simply connected

(Theorem [6.3.2)).
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1 Preliminaries

1.1 Some Useful Definitions and Notation

We adapt the notation for automorphisms used by Gilbert [12, Section 1]. Throughout,
we consider a group G which splits as a free product Gy * - - - * G,,, where each Gj is
non-trivial and n = 3. We refer to each G; as a factor group. Note that throughout,
we adopt the convention for conjugation that ¢ = zgx~!. Recall then that ¢"¥ =
(zy)g(zy) " = x(ygy "z~ = (¢¥)".

Notation 1.1.1. Let G be a group. We denote by Aut(G) the group of automor-
phisms of G, that is, isomorphisms from G to itself. We say ¢ € Aut(G) is an inner
automorphism if there exists € G so that for all g € G, ¥(g) = ¢ = zgr~!. The
collection of inner automorphisms forms a normal subgroup, Inn(G), of Aut(G). We

then define Out(G) := Aut(G) J/ Inn(G)’ and call this the outer automorphism group of
G.

Definition 1.1.2 (Pure Symmetric Automorphism). Let G = Gy * - - - * G, be a group
which splits as a free product. We say ¢ € Aut(G) is a pure symmetric automorphism
of the splitting Gy # - - - * Gy, if for each i there is some g; € G such that (G;) = GY' =
9:Gig; L We say @ZA) € Out(G) is a pure symmetric outer automorphim of the splitting if

there is some ¥ € 1,/} which is a pure symmetric automorphism of the splitting.

Remark. It is easy to see that if ¢ is a pure symmetric automorphism of some free
splitting, and ¢ is an inner automorphism of the free product, then 1) is also a pure
symmetric automorphism of the splitting. Thus the concept of ‘pure symmetric outer
automorphisms’ is well-defined. It is not hard to verify that the collection of pure
symmetric (outer) automorphisms forms a subgroup of Aut(G) (respectively, Out(G)).

Notation 1.1.3. We denote by Out(G; G *- - -*G,,) the subgroup of Out(G) comprising
pure symmetric outer automorphisms of the splitting Gy = --- * G,, of G. Given such
a splitting, we may set & to be the tuple (Gy,...,G,) and let Out(G; Gy, ...,Gy) =:
Outg(G), for brevity. We may similarly define Aut(G;G,...,Gy) and Autg(G). We
will sometimes refer to & itself as the splitting, as opposed to the product Gy # - - - G,,.

Observation 1.1.4. Given a splitting G = Gy * --- % Gy, with & = (Gy,...,Gy), it is
clear that Inn(G) € Autg(G). Since Inn(G) < Aut(G) then Inn(G) < Autg(G), and it

follows that AUtG(G)/Inn(G) ~ Outg(G), as one would expect.
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Definition 1.1.5 (Factor Automorphism). We say ¢ € Aut(G; Gy, ...,G,) is a factor

automorphism if for each i € {1,...,n}, ¢|g, (that is, ¢ with domain restricted to
the embedding of G; in G) is an automorphism of G; (ie. ¢|g, € Aut(G;)). We
will say ¢ € Out(G;Gy,...,Gy) is a factor automorphism if ¢ has a representative

¢ € Aut(G;Gy,...,G,) which is a factor automorphism. We will denote the set of
factor automorphisms in Out(G; Gy, ...,G,) by ®.

The set of factor automorphisms ¢ forms a subgroup of Out(G;Gy,...,G,), with
O =~ [ [Aut(G)).
i=1

Notation 1.1.6. We write Adg,(g) for the inner automorphism of G; which conju-
gates each element of G; by g (with g € G;), that is, Adg,(g) : * — gxg~'. Since
Adg,(g9) € Inn(G;) < Aut(G;), then Adg,(g9) € & < Out(G; Gy, ..., G,). Note however

that Adg,(g) is not in Inn(G).

We will often abuse notation by writing ¢ for both an automorphism in Aut(G) (or
Aut(G; Gy, ...,Gy)), and for the class it represents in Out(G) (or Out(G; Gy, ..., Gy)).

Definition 1.1.7. Let & = (Gy,...,G,) be the tuple associated to a group G which
splits as a free product G; # - -- * G, and let T be a finite tree on at least n vertices.
A free product Hy * --- % H, is an & free factor splitting for G = Gy * --- * G,, if for
each i, there exists g; € G so that H; = GY*, and the subgroups G{',...,G}" generate
the group G. Note that by assumption Hy *---* H, < G.

An G-labelling of T is an assignment of n vertex groups H, to vertices v € V(T') so that
Hy#---% H, is an & free factor splitting for G.

Given an G-labelling (Hi,...,H,) of T, we may consider the graph of groups T =
(T, (Hy,...,H,)) formed by associating the trivial group {1} to any remaining vertices
of T, and setting all edge groups to also be trivial.

Lemma 1.1.8. Let G be a group with splitting & = (G1,...,Gy) and let Hy = --- % Hy,
be an & free factor splitting for G. Then there exists 1 € Autg(G) with (G;)Y = H; for
each .

Proof. Since Hy = --- = H, is an & free factor splitting for G, for each ¢ there exists
gi € G so that H; = GY'. Let ¢; : G; — H; be the map (z)¢; = gixgi_l Vo € G;. Clearly,
1); is an isomorphism of (sub)groups. By the universal property of free products, these
isomorphisms ; extend to an endomorphism ¢ : G — G. Since Hy * ---* H, is an &
free factor splitting of G = - - - * G, then G is generated by the subgroups Hy, ..., Hy,
and so v is surjective. Repeating this process on the maps wi_l : H;, — G;, we recover a
surjective homomorphism ¢ : G — G, which composes with ¥ to give the identity map.
Thus ¢ is an inverse for 1, and so ¢ € Aut(G). Moreover, v restricts to 1; on each Gj,
that is, (Gi)y = GY* = H;, and so ¢ € Aute(G), as required. O

Definition 1.1.9 (Whitehead Automorphism). An automorphism in Aut(G; G, ...,Gy)
which, for each j, either pointwise fixes G5, or pointwise conjugates G; by a given x € G
is called a Whitehead automorphism. Given z € G; and A < {G1,...,G,} — {G;}, we
write (A,x) for the Whitehead automorphism which pointwise fixes any G; ¢ A, and
pointwise conjugates by = any G; € A.

Given finite sequences x = (z1,...,x;) with z1,...,2r € G; and A = (Ay,..., Ag)
with Ay,..., Ay € {G1,...,Gp}—{G;} (with the A;’s pairwise disjoint), we write (A, x)




for the composition (Aj,z1)...(Ak, zr) (which should be read from left to right, since
we consider the action of Aut(G) on G to be a right action). We call such a map a
multiple Whitehead automorphism.

An element ¢ € Out(G; Gy, ...,Gy) will be called a (multiple) Whitehead auto-
morphism if it has some representative » € Aut(G;G1,...,G,) which is a (multiple)
Whitehead automorphism.

Remark. Our notation differs from that of Gilbert [12] in that we decide not to include
the operating factor G; (see below) in the set A.

More detail on Whitehead automorphisms, including relative Whitehead automor-
phisms, can be found in Section [5.5)

Notation 1.1.10. Given factor groups G; and G, we will write G;, (sometimes abbre-
viated as i;) for the group generated by automorphisms (G, z) where z € G;. We call
G; the operating factor and G; the dependant factor. Additionally, given factor groups

Gi and Gy, , . .., Gy, , we will write i,, ., (or Givlmvk) for the subgroup of i,, x -« x4y,
generated by the Whitehead automorphisms ({Gy,, ..., Gy, }, z) where x € G;. We think
of this as the diagonal subgroup, and denote this by iy, v, iy, X -+ X iy, .

Observation 1.1.11. We have a natural isomorphism f;, : G; — Gj; given by f; (z) =
(Gj,x). Indeed, G- fi, (x) fi,(y) = Gj+(Gj,2)(Gj,y) = 2Gja~(Gj,y) = ayGy~ et =
G2V = Gj - fiy (ay).

1.2 Key Theorems

We will later make repeated use of the Seifert—van Kampen Theorem. As our simplicial
complexes are all closed, and we usually only care about closed subcomplexes of these,
we will use a ‘closed version’ of the theorem. Such a theorem can be found in some
undergraduate Algebraic Topology notes, such as [22| delivered by H. Wilton at the
University of Cambridge.

Theorem 1.2.1 (Seifert—Van Kampen (Closed Version)). For closed sets A and B with
A, B, and A n B path-connected and such that there exist open sets U < A and V < B
with A n B a (strong) deformation retract of both U and V', we have that the diagram:

m(AnB) —2 4 ()
liB* le*
m1(B) oy (Au B)

is a pushout, where ip : An B — A, ig : AnB — B, ja: A— AuB, and
jB : B — A u B are inclusion maps. We will abuse notation and abbreviate this by
writing:

(A v B) = m1(A) #7,(anB) T (B)
Remark. This closed version follows by noting that the diagram:

m(UuV) —— m(AuV)

| J

m(UuB) —— m(Au B)



is a pushout by the standard Seifert-van Kampen Theorem, where the corresponding
components in the closed version are neighbourhood deformation retracts of those here,
and hence have the same fundamental group.

Since our sets A, B, A u B, and A n B will always be (finite) simplicial complexes,
we will always have that A n B is a neighbourhood deformation retract in both A and
B. Indeed, we can take a union of open subsets of each simplex of A containing A N B,
and similarly for B, and we will have open sets U and V satisfying this requirement.
We illustrate this with an example:

Example 1. Let A = <] and B = ]> be two (closed) simplices, and X =

AuB= a simplicial complex. Then in X we have that An B = | . We

can then take oursetsU € Aand V € BtoU = and V = . Then A—-U = <I

which is a closed set, hence U is open in A. Similarly, V' is open in B, and it is clear
that A n B is a deformation retract of both U and V.

In [6], Brown presents a method for extracting a group presentation from its action
on a CW complex. A streamlined version of this is given as Theorem 3 in [6] which
holds when the action of the group on the complex has a strict fundamental domain:

Theorem 1.2.2 (Brown [6, Theorem 3]). Let G act on a simply connected G-CW com-
plex X (without inversion on the 1-cells of X ). Suppose there is a subcomplex W of
X so that every cell of X is equivalent under the action of G to a unique cell of W.
Then G is generated by the isotropy subgroups G, (v € V(W)) subject to edge relations
bo(e) (g) = li(e) (g) for all g € Ge (6 € E<W)) (where for any e € E(W)7 lo(e) * Ge — go(e)

and ty(e) : Ge — Gy(e) are inclusions).

It is this theorem that forms the basis of Section [4] in which we give a presentation
for Outg(G).

1.3 Outer Space for Free Products

In [13], Guirardel and Levitt give a description of a deformation space for certain free
products G = Gy * - - - % G,, * Fj, on which Out(G) acts, allowing us to study properties
of the outer automorphism group of a free product. They call this space O, the ‘Outer
Space’ (for a free product), and the projectivised space PO.

The space PO, while cellular, is not simplicial, due to ‘missing’ faces (faces ‘at
infinity’). To resolve this, we consider a construction called the barycentric spine of PO
(denoted ‘S’). This is obtained by taking the first barycentric subdivision of PO, and
then linearly retracting off the missing faces, to give a simplicial complex. This equates
to taking the geometric realisation of the poset on the cells of PO given by A < B if
and only if A is a face of B.

Whilst their construction is defined for a Grushko decomposition (i.e. each factor
group G; is non-trivial, freely indecomposable, and not infinite cyclic), by considering
instead the subgroup Out(G; Gy, ..., Gy, Fx) of Out(G) which preserves a given splitting
of GG, we can loosen these conditions. We may refer to this as a ‘relative’ Outer Space.




Since we are going to be interested in subcomplexes of the barycentric spine S, we
will now give an explicit description for it. We will restrict ourselves to the case where
every factor group in the splitting of G acts elliptically (i.e. k = 0).

Points in the Barycentric Spine of Projectivised Outer Space

Let G be a group which splits as a free product Gy #- - - * G,, where each G is non-trivial,
and let & = (Gy,...,Gy) be the tuple associated to the splitting.

The barycentric spine S of PO is a simplicial complex whose 0-cells are graphs of
groups I' (with m1(I") = G), as follows:

e The underlying graph structure of I' is a tree
e [ has one vertex with vertex group conjugate to G; for each ¢

e All other vertex groups are trivial (vertices with trivial vertex group will be called
‘trivial vertices’)

e Any trivial vertex has valency at least 3
e All edge groups are trivial

e The vertex groups GY',...,Go" generate the group G (that is, GJ' = --- = G5 is a
free fractor splitting for G)

Note that two graphs of groups are equivalent if and only if they are isomorphic in
the sense of Bass |3, Definition 2.1].

Via Bass—Serre Theory, we could equally consider points of & to be certain actions
of G on trees T, up to equivariant isometry.

Structure of the Barycentric Spine S of PO

Given two 0-cells I'; and I’y in our barycentric spine, we have a 1-cell [I'1,T's] whenever
I’y can be achieved by collapsing an edge or edges of I'1 (or vice versa).

Whenever a collection of 0-cells I'y, ..., I',, form an m-clique in the 1-skeleton (that
is, whenever the restriction of the 1-skeleton to the vertices I'y, ..., I, forms a complete
graph), we have a unique (m — 1)-cell [I'y,...,T,].

Since the maximum number of edges such a graph of groups can have is 2n—3 (when
all non-trivial vertices have valency 1 and all trivial vertices have valency 3), and the
minimum number of edges is n—1 (when there are no trivial vertices), then the dimension
of the barycentric spine of projectivised Outer Space is (2n —3) — (n—1) = n— 2. Since
PO is contractible |13, Theorem 4.2 and Corollary 4.4], and PO deformation retracts
onto S, then so too is S.

Action of Outg(G) on S

If we consider points of S to be actions p : G — Isom(T"), p(g) = pg : T — T, pg(x) = g1
x on G-trees T, then for ¢ € Autg(G), the action on S is given by (T, p) - = (T, ¢ !p),
that is, g ‘7o, * = gp~ ' -p x. This extends to a cellular action on S. Since inner
automorphisms act trivially on S then this defines an action of Outg(G), where for any
cell C of S and ¢ € Outg(G), C - ¢ = C - ¢ for any automorphism ¢ € ¢. In Section

we give a description of the action of Outg(G) on our chosen subcomplex of S in



terms of graphs of groups. Note that we have chosen notation so that G always acts on
the left and Aut(G) always acts on the right.

We will be interested in finding Outg(G)-stabilisers of vertices in the barycentric
spine. Considering points as actions of G on trees T, the stabiliser of a point T is
precisely the group of automorphisms acting trivially on the quotient graph of groups
r="T /- This is the subgroup denoted by Guirdardel and Levitt as Outg (G).

If the vertex v; of I' = T / ¢; represents the orbit of the vertex in T" whose stabiliser
is G4, and p; is the valency of v; in ', then Outg (@) is isomorphic to the direct product
H?:l(GfFl x Aut(G;)) (where Aut(G;) is identified with its projection in Autg(G) (or
Outg(G))). The precise details of this are found in [13| Section 5]. We explore this more
explicitly in Section

2 The Complex C,

From now on, we fix a splitting & = (Gy,...,Gy) of a group G = Gy * - - - * G, where
each G is non-trivial. We will consider graphs of groups of G which respect the splitting
G — note that these will all be trees, as each factor group acts elliptically in the relative
Bass—Serre tree.

The barycentric spine of the projectivised relative Outer Space for G with respect to
S has a ‘reasonably sized’ quotient under the action of Outg(G) when n = 3 and n = 4
(4 vertices contributing to a total of 7 cells, and 32 vertices contributing to a total of
159 cells, respectively). As n grows, this quotient space quickly becomes unwieldy.

Definition 2.0.1. For n = 3 or n = 4, we define C, to be the barycentric spine of
Guirardel and Levitt’s projectivised relative Outer Space associated to the splitting &
of G.

That is, C3 and C4 are the geometric realisations of the posets whose elements are
simplices in the projectivised relative Outer Spaces for the splittings G * Go * G5 and
G1# G # G3 = Gy, respectively, where A < B if the simplex A is a face of the simplex B.

Lemma 2.0.2. C3 and C4 are contractible. In particular, they are simply connected.

Proof. This follows from contractibility of projectivised Outer Space, proven by Guirardel
and Levitt |13 Theorem 4.2 and Corollary 4.4] , since projectivised Outer Space defor-
mation retracts onto its spine. O

Our goal now is to construct a simplicial complex C,, for each n > 5 whose quotient
under the action of Outg(G) remains ‘reasonably sized’.

2.1 Restricting to a Subcomplex of Outer Space

For the rest of this section, we assume n > 5. In general, the barycentric spine of the
Outer Space for n factors will be (n — 2)-dimensional.

Since our graphs of groups are all trees, we will find that the stabilisers of higher-
dimensional simplices in Outer Space are contained in the stabilisers of their faces.
Hence restricting ourselves to lower dimensional simplices will not sacrifice information
gathered from vertex stabilisers in the barycentric spine. We will thus restrict ourselves
to the three lowest possible dimensions of simplex; then when we take the barycentyric
spine of this restricted space, we will recover a 2-dimensional complex.

10



The lowest dimension of a simplex in Outer Space for n factors is n — 1 (since our
trees will have the minimal possible number of vertices, n, leading to n — 1 edges). Thus
we are interested in graphs of groups with n — 1, n, or n + 1 edges.

For n = 5, this means we just drop the top-dimensional simplices, which represent

J T /l
the graphs of groups of the form \ , where the labelled (red) vertices

<\

have vertex groups conjugate to the free factors of G, and the unlabelled (yellow) vertices
have trivial vertex group (and all edge groups are trivial).

We will call such a graph (i.e. associated to a top-dimensional simplex) a maximal
graph. Note that in our case, these are characterised by having precisely n leaves (all
with non-trivial vertex group) and with all other vertices (each having trivial vertex
group) having valency exactly 3.

As n increases, so too does the number of maximal graphs associated to ‘top’ sim-

/

— N
N/
N

c\ PN /o . For n = 7 there are also two types of maximal graph, for n = 8

plices. For n = 6, there are two maximal graph structures, and

there are four, for n = 9 there are six, for n = 10 there are twelve, and for n = 11 there
are eighteen. E| Collapsing edges (passing to faces in the associated simplex in Outer
Space) in each of these leads to a variety of structures.

Definition 2.1.1. In a graph of groups, we say that an edge is collapsible if it has at
least one trivial endpoint (that is, at least one endpoint whose vertex group is the trivial
group).

The process of replacing a collapsible edge (including its endpoints) by a single vertex
whose vertex group is the free product of the vertex groups of the endpoints of said edge
is called collapsing.

Given two graphs of groups T and 15, we will say 15 is a collapse of 17 if T5 can be
achieved as the result of successively collapsing edges of T7.

Remark. Since a collapsible edge has at least one trivial endpoint, then one may think
of the edge as collapsing to its other (potentially non-trivial) vertex.

That is, if v {isa collapsible edge, with u being the trivial vertex and v having

vertex group G, (possibly also trivial), then in collapsing é——=¢ , we replace it with

a vertex whose vertex group is equal to {1} * G, = G,. Thus we may think of collapsing

Y9 as replacing it with the vertex v. Note that the new valency of v is equal to

the old valency of v plus the valency of v minus 2.

!This is somewhat analogous to alkane chains in organic chemistry, and the various isomers for these
(if we were to pretend that carbon could make only three bonds, and not four).

11



Alternatively, the collapse of such an edge o % in 77 may be thought of as a

map f : T} — Tb sending e——=¢ to e and acting as the identity on the rest of T}.

Collapses of multiple edges can be achieved by composing these maps.

Recall that we have already decided to limit ourselves to graphs with n — 1, n, or
n + 1 edges. So we will restrict ourselves further to collapses of graphs of groups of

j \ ;& Zg‘ _},z j\ \ /z
the form .\ Vi , which we will ‘abbreviate’ as _no_

(where the ‘n — 4’ means we have suppressed n — 4 leaves). We will use this method
of abbreviation on a frequent basis. We will often refer to the blue-ringed vertex (with
valency dependent on n) as the ‘basepoint’ of the graph.

For n = 5 this is exactly as we have described, and results in taking the barycentric
spine of the 3-skeleton of Outer Space. This graph shape provides a natural way to
generalise to n > 5, without having to worry about the varying maximal graphs. Note
that this means that for n > 5 there will be graphs of groups representing simplices of
the ‘correct’ dimension (i.e. n —1, n, or n+ 1) in Outer Space which we do not include
in our chosen complex.

Our complex C,, will be the geometric realisation of the poset whose elements are
the graphs of groups we have selected above, where the order is given by collapsing. We
formalise this in the following subsection.

2.2 Points in the Complex

Table [[| summarises the graph shapes we will encounter, as well as a naming convention,
the number we expect to see in a fundamental domain of the subcomplex we choose, and
associated colours which are useful in drawing diagrams (though can largely be ignored).

In general, subscripts separated by a comma are ordered, whereas subscripts not sep-

]\_naz
o/

whereas (3 and Sy ; refer to distinct trees, l::_._o and e—e—0O ,

arated by a comma are not ordered. So pj;; and py; both refer to the tree

respectively.

There is some additional symmetry from our trees, so we also have that o; jrim =
Oiim,jks Ejkdm = Elmgk, ad Cijirim = Cipmjk- 1t is always assumed that, for
example, {i,7,k,[,v1,...,vp—4} = {1,...,n} as sets.

Recall from Definition that an G-labelling is an assignement of vertex groups
Hy,...,H, toatree T so that m(T) = G which respects the splitting & of G. For trees
in Table [} vertex groups are only assigned to named (red) vertices.

Definition 2.2.1. Let H = (H,,, ..., H,,) and H' = (H,_,..., H, ) be two &-labellings
of a tree T from Table [1| with {vi,...,v,} € V(T). Then H and H' are equivalent as
labellings (with respect to T") if for each v € V(T") (including trivial vertices) there exists
gv € G and (if v is not a trivial vertex) ¢, € Aut(H,) so that H) = g,(H,)pyg, ', and

moreover, for any edge e € E(T) we have g;é) Gi(e) € Ho(ey (where o(e) is the endpoint

12



Tree Name | No. per Domain | Colour

/—O Pik 2 '
k

—o— O, jk,Im 8x(n—5)

];—;—O— \ Tk lm 2% (n—4)! [ )
m
n
(o) « 1 ‘
n—2
l;—;—o Bjk n(n —1) o
J
\ n—3 n!
/ —? Yi,jk 2x (n—3)!
k
/ {
n—>5 1
m
n—4 nl
—o—(O—eo—o ; -
n—1
° Ai n o
7
n—3 n!
m Bijk =)
n—2> nl
._.._._._. Ci:jszym 2X(T’L*5)'

Table 1: Points in the Subcomplex for n > 5

of e closest in T' to the ‘basepoint’, and t(e) is the further endpoint). If o(e) does not
have a vertex group assigned (i.e. o(e) is a trivial vertex) then gy(c) = go(e)-

Two graphs of groups T; and Tg are equivalent if they each have underlying graph
isomorphic to some graph T, and their labellings are equivalent (with respect to T'). We
denote this equivalence by T ~ Ts.

Considering the fundamental group of a labelled tree T = (7', H) to be >7ll< H,,, this
i=1

=
equivalence induces an isomorphism H,, * --- % H, — Hj % ---% H . Some basic

manipulation of notation shows that this notion of equivalence corresponds to taking

13



isomorphism classes of graphs of groups described by Bass [3], Section 2].
When considering C,,, we assume a given splitting & of our group G, and may simply
refer to ‘labellings’ of trees.

Observation 2.2.2. If Ty ~ Tg are equivalent graphs of groups and f is a collapsing
map of the underlying graph 7', then f(T1) ~ f(T1) are also equivalent.

Example 2. Consider the labelled graph of groups T := ——
Gr G G .

The following labelled graphs of groups are all equivalent to T":

G%l
g -1 _
Gg Gg where g € G — since gg 1 e G, for any v.
ng 3
Gi?
. where each ¢, € G, — since for each v, G, —
g g gz )
Gy G J G gvn73
'Un 3

gvGugy ! is an element of Aut(G,).

Z»Ul
zjkTo%—<: where iy,... %, 5,15 € G; and jp € G; — since
Z'Un 3

'Un3

i€Gi=1"YieG; and ij,~(ijrjx) € Gj.

J
G'Ull

ij G, G]Z where ji, j; € G; — this is achieved by combining
G%; 5

(with g = j;), (conjugating G;l by Jz_l € G;), and (conjugating Gii by

jrj; t € G;) above.

In general, elements in the equivalence class of T all have the form shown in Figure [I]
where g € G, g, € G, for each v, iy,,... %, 5,9k € G, and ji € Gj.

Ggivl 9uq

9ijkIkgk (399 v1
Gk 1 @
Ggijng NN
J GgZ”n—Bg”n—S

Un—3

Figure 1: Equivalence Class of G-Labellings of T’

We are now ready to define our complex.

Definition 2.2.3 (The Complex C,). We build a (2-dimensional simplicial) complex
called C,, as follows:

14



e Take one O-simplex for each equivalence class of G-labellings of each tree in Table
(equivalently, take one 0-simplex for each equivalence class of G-labellings of
each tree which is achieved by collapsing at least one edge of one of the trees

U2ee0
1

. Un—5
Vg
v for each of the 1 (}) (”_2) unordered pairs of subsets {7, k}

VAR 2

and {l,m} of {1,...,n}).

e Given O-simplices [T1] and [T%], insert a 1-simplex joining [T7] and [75] if and only
if some representative Ty of [T3] is a collapse of some representative T} of [T}] or
vice versa.

e Insert a 2-simplex wherever there is a 3-clique [11]—/[T5] —[73]—][71] in the
1-skeleton.

We will often refer to simplices of C,, as cells. We will use these terms interchangeably.
Additionally, we will sometimes refer to 0-cells as ‘vertices’; 1-cells as ‘edges’, and 2-cells
as ‘faces’.

Note that C, is the barycentric spine of the subspace of Outer Space obtained by
restricting to only simplices representing the above graph shapes. As such, we will
sometimes refer to it as ‘the/our complex’, or ‘the/our subcomplex’.

2.3 The Action of Outg(G) on C, and its Fundamental Domain D,

By considering the action of Outg(G) on our complex C,, there is a natural idea of a
quotient of C,, (two points are equivalent if they are in the same Outg(G)-orbit). We can
then pick a ‘fundamental domain’ D,, for the action by choosing a lift of this quotient
in C,.

Recall from Section that Outg(G) acts on the Spine of Outer Space. We restate
this action in terms of graphs of groups (rather than G-trees), and verify that this is
indeed an action on C,, when restricted to our chosen graphs. We begin by stating the
action of Outg(G) on the 0-skeleton CT(LO) of C,,, and then show this extends to an action
on the full complex C,,.

Definition 2.3.1 (Action of Outs(G) on C,(LO)). Let [¢] € Outg(G) have representative
1 € Auts(G) and let T be a point in ¢ with G-labelling (Hy, ..., H,). Then T-[¢] is a
graph of groups with the same underlying graph as 7" and labelling ((H1)v, ..., (Hy)vY)
(where (H;)v is given by the usual action of Aut(G) on G, noting that H; < G).

Remark. Given [1] = [¢2] € Outg(G), there is some ¢y : z — gzg~! € Inn(G) so
that ¥ = 1t. Then for any point T € Cq(zo) with labelling (Hy,...,H,), we have
(Hi)y2 = ((Hi)y1)?. As noted in [I] of Example [2 (((H1)¥1)?, ..., ((Hn)¥1)?) and
((H1)Yn,...,(Hpyn)) are equivalent as labellings. So we really do have that T - [¢1] =
T - [¢2] — that is, the action here is well-defined. As such, we will often write 7" - ¢ (or
even T) for T - [¢].

Lemma 2.3.2. Let S,T € C7(10) such that S is a collapse of T, and let f : T — S be the
collapsing map. Let 1 € Outg(G). Then f(T - ) = f(T) - 4.

15



Proof. Suppose T' as a graph has labelling (Hy,..., Hy). Recall from Definition m
that permitted collapses do not alter vertex groups in any way. Thus (Hq, ..., H,) must
also be a labelling for S. Now T -1 is a graph of groups with the same underlying graph
as T, and labelling ((H1)1, ..., (Hy,)®). Similarly, S -1 has the same underlying graph
as S, with labelling ((H1)v,...,(Hy)¥). Since T -9 has the same underlying graph as
T, applying f to T - yields a graph of groups whose underlying graph is the same as
that of S, and has ((H1)v,...,(Hy)®) as a labelling. But this exactly describes the
graph of groups S -1. That is, f(T-¢) =S -9 = f(T) - . O

Since C, is a simplicial complex, then any cell is uniquely determined by its vertices
(0-cells). We will thus denote a cell by [Ty,...,Tx] where Tp,..., T} are its vertices.
Note that for us we will only ever have k =1 or kK =2 (or k = 0).

Proposition 2.3.3. Let ¢ € Outs(G). If [To,...,Tx] is a cell in C,, then so is
[T0¢a7Tk¢]

Proof. This is true by definition of the action for k£ = 0.

Let [Ty, T1] be an edge in C,,. Then Ty and T} are graphs of groups with 77 a collapse
of Ty — say f : Ty — T is the collapsing map. We know that Tj - ¢ is a point in 67(10)7
and since it has the same underlying graph as Tp, then so is f(7p - ¥). So we have an
edge [Tp - ¢, f(To - ¥)] € Cn. But by Lemma 2.3.2 f(Tp-v) = f(To) - ¢ = Ty - . So if
[Th, T1] is a cell in Cy,, then so is [Ty - ¢, T - ).

Now suppose [Ty, 11, T3] is a 2-cell in C,,. Then we must have a 3-clique
[To] —[T1] —[T2] —[Tb], so [Tv,T1], [T1,T2], and [Tp, T>] are 1-cells in C,. Then
[To -, Th -], [Th -, T - 9], and [Ty - ¢, T - ] are 1-cells in C,, forming a 3-clique,
hence by Definition we must have a 2-cell [Ty - ¢, Ty - ¢, To - ¢]. O

Definition 2.3.4 (Action of Outg(G) on C,,). The action of an element ¢ € Outg(G)
on a k-cell [Tp,...,Ty] of C, is defined to be:

[T(Ja"'aTk]'w:: [TOT/)aka:T/)]

We now construct a fundamental domain for this action. The quotient space obtained
from the action has one cell for each orbit of cells in C,,. The obvious choice to make
here is to take the lift to be the subcomplex supported by vertices which are all the
graphs of groups (as listed in Table whose vertex groups are precisely the factor
groups G, ...,Gy,. This is formalised below:

Definition 2.3.5 (Construction of D,,). We take the 0-skeleton DY) of D, to be the
set of graphs of groups T' whose underlying graph is a tree from Table [I| so that, up

to permuting the indices, T has a labelling (G1,...,G,). We now define D,, to be the
(0)

subcomplex of C,, made up of all cells whose vertices are in D, .
Example 3. Note that in our selection of graphs of groups, we still allow permutation

Gj\ n—2 Gj\ n—2

—0 and —0

o ol

G;”’\
-2
are both in D&O), while —no is not (for x ¢ Gj, ie. G; # G as sets).

Gk/

of the vertex labels, just not conjugation. So
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n—2 n—2
Note however that (for y € G;) GOy—é—O is in D&O), since GOy—é—O is
kI ko

n—2

equivalent to ~ e——0 under Definition [2.2.1

Gr Gj

Notation 2.3.6. Given a vertex T in C,,, we denote by Stab(7T') the Outg(G)-stabiliser

of T', that is, the set {1 € Outg(G)|T ~ T -1}, where ~ is the equivalence described in
Definition 22,71 We will often abuse notation and write 7' = S for T ~ S.

Lemma 2.3.7. Let T be a vertex in C,, (so T is a graph of groups) and let S be achieved
by collapsing edges of T. Then Stab(T') < Stab(S5).

Proof. Let f : T — S be the collapsing map, and let ) € Stab(T) < Outg(G). By

Lemma Sy = f(T) - = f(T ). Since ¥ € Stab(T) then T -1 = T, hence
S = f(T)=S. That is, ¢ € Stab(5). O

Proposition 2.3.8. The subcomplex D,, of C, described above is indeed a fundamental
domain for the action of Outg(G).

Proof. We need to show that every orbit of cells in C, is represented in D,,. That is,
if C € C, is a k-cell of C,, (for k € {0,1,2}), then there is some 1) € Outg(G) so that
C-y~teD,.

Let (T,(Hi,...,H,)) be a point in ¢, Since Hy # -+ Hy, is an & free factor
splitting of Gy * -+ * G}, then by Lemma there exists 1 € Autg(G) so that for
each i, (Gi)v = H;. Then (T,(Hy,...,H,))  [v~'] = (T,(Gy,...,Gy)) € Dy, with
[v~1] € Outg(G) as required.

Now let [T, S] be an edge in C,, (so S is a collapse of T), and choose 1) € Outg(G)
so that T -9~ € D,. Then (Gy,...,G,) is an &-labelling for T -¢~!, and by Lemma
S -4 is a collapse of T - +~! and hence (Gy,...,Gy,) is also an G-labelling for
S-+~!. Thatis, [T -v~!,S -4~ is an edge in D,.

Similarly, if [To, T1, T2] is a face in C,, then T2 is a collapse of T, which in turn
is a collapse of Tg. Choosing 1 € Outg(G) with T - v~ € D,,, the above argument
then yields that [To - ™!, Ty -9~ Ta-~1] is a face in D,,. O

Proposition 2.3.9. The fundamental domain D,, described above is strict. That is, it
contains precisely one representative of each vertez, edge, and face (2-cell) orbit.

Proof. First, note that for two vertices to share an Outg(G)-orbit, they must have
the same underlying graph structure. Moreover, since our automorphisms are pure
symmetric (i.e. do not permute factor groups), they must have the same indexing of
vertices. Since our fundamental domain was chosen to allow only one labelling for each
distinct graph structure, this precisely means that each vertex of D, is in a distinct
orbit.

Now suppose we have two faces in the fundamental domain, [Ty, 71, T2] and [Sp, S1, S2],
which are in the same orbit. Then their vertices are also in the same respective orbits
(i.e. T; and S; share an orbit for each ). Since our fundamental domain contains only
one representative of each vertex orbit, we must have that T; = S; for each i = 1,2, 3.
But when we constructed C,, we inserted only one 2-cell for each 3-clique. That is, a
face is uniquely determined by its vertices, so [Ty, T1,T2] = [So, S1, S2].

The same argument applies to edges (cells with the form [Tp,71]). Hence no two cells
of our fundamental domain are in the same orbit, that is, we have a strict fundamental
domain. O
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2.4 Stabilisers of Vertices in D,,

To move through our complex C,,, we consider ‘collapse—expansion’ paths, since two
vertices (graphs of groups) are adjacent in C, if and only if one is a collapse of the other.
If Ty —1T5—1T3 is a path in C, such that 75 is a collapse of both T7 and T3, and T}
and T3 have the same underlying graph structure, then we will have that T35 = T} - ¢
for some v € Stab(73). Thus understanding vertex stabilisers is key to understanding
adjacency in C,. We will also need to understand vertex stabilisers in order to apply
Brown’s Theorem (Theorem .

Recall that given a point T' = (T, (Hy,...,Hy,)) € ¢ we have that 1 € Outs(G)
is in the stabiliser Stab(T") of T if and only if T4 = T , that is, (Hy,...,H,) and
((H1)Y,...,(Hp)y) are equivalent as labellings of 7'. Recall from Definition that
this means for each i = 1,...,n there exists g; € G and ¢; € Aut(H;) so that (H;)y =

wi(H;)%, and moreover, for every edge 10L—>—10] of T we have g, 'g, € H,.
We will only compute stabilisers of vertices in D,,. However, if T - x € C, (with
T € D, and y € Outg(@)), then Stab(T - x) = x ! Stab(T)y = Stab(T)X . As such,
we will assume for now that any graph of groups 7" has (G1,...,G,) as a labelling.
We will present several viewpoints on the stabiliser of a vertex, from Guirardel—
Levitt |13] and Bass—Jiang [4], respectively. Note that Levitt [15] shows how these
results are equivalent, and demonstrates how to translate between them.

The Guirardel-Levitt Approach

Recall from Definition that ® < Outg(G) is the group of factor automorphisms of
Gy # - % Gy, with ® =[], Aut(G;).

Given a vertex v; of a point (graph of groups) T' € C,, with vertex group G,, (as-
suming G,, # {1}, that is, v; is not a trivial vertex), let p; be the valency of v; in
T.

In [13, Section 5], Guirardel and Levitt give the stabiliser of 7' in Outg(G) as being

isomorphic to:
n

n
(Grgi_l i Aut(GZ)) = (H Gé”_1> x O
i=1 i=1
where the semidirect product relation is given by the natural action of ® on each G;.
Using this, we recover Table 2| showing the stabilisers (up to isomorphism) of points
in D,,. Recall that the graph structures of these points are shown in Table
This point of view corresponds to fixing a particular edge of a graph of groups 7',

and then twisting the remaining edges (outwards from the fixed edge). We demonstrate

thls Wlth an example:
C J Gl

Example 4. Consider the graph of groups o: /W\ (the graph
Gy

/
leo o0 Gvn75 Gm

O jkim With labelling G = (G1,...,Gy)). We will compute the stabiliser of o by
‘fixing” an edge in the graph of groups.

Let H = (G}fl, . ,Gﬁ“) be an arbitrary labelling in the equivalence class of G of
labellings of o. Note that by Definition @ we must also have elements hji, him € G
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Vertex Stabiliser
Pik P
Oi,5k,lm G?_4 X O
Tj.k,lm Gj X O
« P
Bjk Gjx®
Vi,jk G %
5i,j,k,lm (G?_4 X G]) x P
Ejkedym (Gj xG) x @
A; G2 xd
Bijk (G} 7? % G
Cijkim | (G}

) x ®
G xG) XD
)

Table 2: Vertex Stabilisers (up to isomorphism) using Guirardel-Levitt

corresponding to the two trivial vertices of o, and that h; = hy, = hj, and hy = hy, = hyp,.
As noted in [I] of Example [2] inner automorphisms of G preserve equivalence classes
of labellings. Thus the labelling H' achieved by replacing each G''s by (GZ“)h[T; =

—1 N
GZlmha is equivalent to H. Note that in this labelling, the conjugator of G; is h; Th; =
(hi_lhlm)*1 € G; by Definition Since this is an (inner) factor automorphism of

-1
Gi, then the labelling H” achieved by replacing G?ih“” in H' with simply G; is also
equivalent to H. We have now essentially ‘fixed’ the edge i—Im (i.e. the edge which
separates G; and Gy, from G; and all the other vertex groups) in o.

Note that for any a we have hl_niha = (h;lhlm)*l(hflha) € G;. So aside from
factor automorphisms (i.e. replacing G, with (G,)¢ for ¢ € @), the only freedom we
have left is to ‘twist’ along the remaining edges incident to i (the vertex in o whose
vertex group is G;); that is, given each remaining edge e incident to i, to conjugate all
vertex groups separated from ¢ by e by an element of GG;. Note that for g; € G; and
@ € &, we have (GF)p = (Gap)9i)¥ = G99 We will let G;, denote the group of
Whitehead automorphisms which conjugate the vertex group G, by elements of G; (for
v =u1,...,U,—5), and similarly denote by G, the group of Whitehead automorphisms
which conjugate the vertex groups G; and Gy simultaneously by elements of G;. Note
that G;,, = G;, = G; (for v = v1,...,v,—5). Since twists along edges from ¢ happen
independently of each other, we then have that Stab(c) = (G, x Gi,, x -+ x Gy, )
b =~ G?*‘l x @, as listed in Table

7:1)1

Note that by choosing an edge to ‘fix’ in a graph of groups 7T and indexing the
remaining edges as in the above example, we can similarly expand all the stabilisers
listed in Table While this works well for some graphs, it does lead to a lack of
symmetry, and in graphs such as A;, such a choice can feel entirely arbitrary.

Even in the above example, we could have chosen to fix the edge from G; leading
to G; and Gy, (or even an edge G;— G,) instead of the edge from G; leading to G
and Gy, . This means we must have that Stab(o) = (Gi;, x Gj,, x --- x G;, )@ ® =

(G Gim XKoo X Givnfs) X P (: (Gijk x G
of Outg(G).

To see why this holds, let g; € G;, let ¢4, be the element of Inn(G) which conjugates
every element of G by g;, and for groups Gy, ,...,Gw, ({wi,...,we} € {1,...,n}) let

Yk 5

% GZ.U2 N Givnfs) X @) as subgroups

im
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({Guw,»- .-, Guw,}, gi) be the Whitehead automorphism which conjugates each G, by g;
(for w = wy,...,wg). Then for ({G;, Gy}, gi) an arbitrary element of Gj;, , we have that
{G1, G}, 9i) = ({Gi},gi_l) ({Gj, Gi,Goyys - -, Gvn%}, gz-_l) Lg;, Where ({Gi},gi_l) € Inn(G))
< Awt(G;) < @ and ({G}, Gk, Guys - Gu, 5,97 1) € Giy, x G, x -+ x Gy, . That
is, Giy,, < (Giy, x Gy, x --- x Gy, ) x ®. One can similarly show that G;, <
(Giy,,, X Gy, X -+ x Gy, ) x @, as well as the inclusions required for the third claimed
equality.

Thus while correct, and simple to write down, this method of determining stabilisers
can obscure subgroups and other structure. To remedy this, we may consider initially
fixing just a vertex, rather than an edge, in our graph of groups, or more generally, not
‘fixing’ anything at all.

The Bass—Jiang Approach

Given a vertex v; of a point (graph of groups) T € C,SO), with vertex group G; (assuming

G; # {1}, that is, v; is not a trivial vertex), let E(v;) be the set of edges of T with
v; as an endpoint. We will index these edges by the vertices they separate from wv;

]\ n—3

(so for example in —0 , the edges incident to the vertex i are indexed by
i
o/
v1,...,0n—3 and (jk)).

Bass and Jiang |4, Theorem 8.1] give a filtration explicitly describing the Out(G)
stabiliser of a graph of groups. Since we are restricting to pure symmetric (outer)
automorphisms, we have trivial edge stabilisers in our graphs of groups and no graph
automorphisms (as our graphs of groups are trees, and we do not permit permutation
of the vertex groups). So this filtration simplifies to a short exact sequence:

n 1_[ Gie n
L[| \eertv) )/ z(c;) | — Stab(T) —— [ [Out(Gi) —— 1
1=1 i=1

where f;, : G; — G, is an isomorphism and G;_ is the group of Whitehead automor-
phisms which conjugate the vertex groups of vertices separated from v; by e by elements
of the vertex group G;, and Z(G;) is the centre of G;, with diagonal embedding. For

brevity, given T" € D%O) we will write My for the [ [} (HCEE(”) Gie)/Z(Gi)> term

of the above short exact sequence. This term corresponds to ‘twisting’ along each edge
incident to each vertex in T.

Writing v for the vertex group Gy, and v for the automorphism group G,,, (with the
indexing described above), we recover Table 3| showing the Mp term of the Bass—Jiang
short exact sequence for each tree 1" of Table

Observe that for any a = 2,...,n — 1 we can embed the group i,, ,, diagonally
into the direct product iy, X -+ X iy,. We write iy, 4, & iy, X -+ X iy, to indicate
that we consider i,, ,, to be the diagonal subgroup of @, x --- x 4,,. If g € G;

then fi, ., (9i) € iv. v, , and Lyt 18 the inner automorphism which conjugates all

7

elements of G by gl-_l. Now fi, . | (gi)Lg_fl conjugates all elements of G; by gi_1 and
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Pik [ [Ton(v)
O jkeim Hlnn(v) % (foy X - X gy, X Gk X ilm)/Z(i)
Tj ke, lm H Inn(v) x (Jorecvm—alm X jk)/Z(j)

! H Inn(v)

Bi k HInn(v) X (Jv1.vm_n X jk)/Z(j)

Yige | [[Im(e) x G X Xy X dgx) Z(i)
)
57j,j,k,lm H IDH(U) X (Zvl X oo X 'Lvn_5 X ij‘ X Zlm)/Z(Z) X (]vl...vnfsilm X ]k‘)/Z( )
EIN
.v v_mx. . lv...v_'le
5j,k,l,m Bllnn(v) X (] 1--Un—al ]k)/Z(]) X ( 1 n—aJk )/Z(l>
v j7
bog X oDy
A; glnn(v) x (i, 2% 1)/2(2)
'v Xoee .v, j 'iv...v, X j
Bi7j7k- UIDH(’U) X (Z 1 X1 n—3 x Z]k)/Z(Z) X (j 1 n—3 ]k)/Z(j)
EIN

Ci,j,k,l,m H Inn(v) % (ivl X oo X ivn,5 X ijk X Zlm)/Z(Z) X (ji'ul.“vn,g,lm X ]k)/Z( )

U7éi’j’l

x(lim---vn—sjk x lm)/Z(l)

J

J

Table 3: Mp Terms of Vertices T' from Bass—Jiang Short Exact Sequence

fixes all other elements of G. That is, fi, .,  (gi)tg; € Inn(G;). So we have that
tvy..v,_, INn(G) = Inn(G;) Inn(G) as cosets in Outg(G).
More generally, if A 1 B partitions {1,...,n} — {i} then G;, = Gj,, in Outg(G).

G'Unfl le

Example 5. Consider the graph of groups A: .7/ \\. (the graph A; with

Gy,
J
labelling G := (G4, ...,Gy)). We explore two ways of determining Stab(A).

1. We will first deduce Stab(A) from the Bass—Jiang filtration. Note that this filtra-
tion allows us to compute the M4 term of the Bass—Jiang short exact sequence,
rather than the stabiliser of A itself.

We begin by considering ‘twisting’ from a vertex v; (with vertex group Gy,) for
some j = 1,...,n — 1. Since this is a vertex of valency 1, we conjugate all other
vertex groups by the same element g; of Gy,, to achieve a labelling (up to ap-
propriate reordering) (Gv]., ij LGY L ,Gﬁg’H). However, by applying the inner

automorphism ¢ g1 E Inn(G) which conjugates all elements of G by gj_l, we see
J
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—1
that this is equivalent to the labelling Ggﬁ ,Gi, Gy, ..., Gy, , |, which equates

to having applied the inner factor automorphism which conjugates G, by an ele-
ment of itself. Thus twisting from a valency 1 vertex v; simply yields Inn(G,,) at
this stage of the Bass—Jiang filtration.

We now consider twists from the vertex ¢ with vertex group G;. This has valency
n — 1, and so we get n — 1 groups i,; = G;, which equate to conjugating the
vertex group G,; by elements of G;. Since twisting along edges incident to i is
independent of the order in which we twist them, this forms a direct product of
groups. Note that if we were to twist all edges by the same element g; of Gj,
this is equivalent (up to an inner automorphism of G) to just conjugating G;
by gi_l. That is, Inn(G;) = iy,..0, 1 & Gy, X --+ X iy, ,, the diagonal subgroup.
Moreover, if g; € Z(G;) is central in Gy, then conjugation of G; by g; ' is the
identity map on G, and so twisting along all edges incident to i by g; is equivalent
to the identity automorphism. Thus we must quotient out by the centre of G,

embedded diagonally into iy, 4, ; &y, X -+ X Gy -

Hence we have the short exact sequence:

1— HInn(v) x (tuy % ---ivnq)/Z(i) — Stab(A) — HOut(v) x Out(i) — 1
v v
We deduce from this that Stab(A) is generated by ® = [[/'_; Aut(G,) and groups
Gi, = G, for a € {1,...,n} — {i}, so that [G;,,G;,] = 1 (each element of Gj,
commutes with each element of Gj;,) for every a,b € {1,...,n} — {i}, and where
G ) <& Gi,, % -xG;, _ isthe diagonal subgroup, we have Glivy. oy /Z(Gi)
= Inn(G;). We observe that for a,b # i, [Aut(G,), G, ] = 1. However, for a # i,

({Ga},9i) € Gi,, and p; € Aut(G;), we have ({Ga},9:) i = @i ({Ga}, i(9i))-
These relations on the given generators are enough to fully determine Stab(A) as
a subgroup of Out(G).

iv14.41)n7

. Alternatively, we can calculate Stab(A) from Definition by considering equiv-
alent labellings on A and the automorphisms which lead to these. This corre-
sponds to ‘twisting outwards from ¢’. Note that in this method, we implicitly
‘fix’ the ‘basepoint’ i. Recall that A has labelling G := (Gy,...,Gy), and let
H = <Gi”, ceey GZ") be an arbitrary labelling in the equivalence class of G of
labellings of A.

Observe that as in [I] of Example ﬂ we can apply the inner automorphism ¢, -1 €
Inn(G) which conjugates each element of G' by hl-_l. Thus we obtain the labelling

- h  he hi ' hy ) ) o .
H = (G, Gyi ... Gy, "‘1> which (up to appropriate reordering) is equiv-

alent to H.

By Definition we have that for each a € {1,...,n — 1}, h; 'h,, € G;. Hence
(aside from factor automorphisms) our only freedom in labellings is to conjugate
each non-G; vertex group by an element of G;, i.e. to ‘twist’ along each of the
edges incident to the vertex i (with vertex group G;) in A.

Thus Stab(A) is generated by ® and by n — 1 groups G;, =~ G;. Note that this is
exactly as determined above, and the same arguments can be made to determine
relations, resulting in the same presentation for Stab(A).
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While the Bass—Jiang approach deals with the removal of symmetry which occurs by
making specific choices in the Guirardel-Levitt approach, we lose the ability to concisely
write down stabilisers. As such, we do not wish to replace the Guirardel-Levitt approach
with this one, but rather enhance it.

Vertex Stabilisers for Common Use

We will now detail presentations for the stabilisers of vertices in D,, (graphs of groups
with structure listed in Table|l|and labelling (G, ..., G;)) which will be useful through-
out the paper, but especially in Sections and For brevity, we write i; for the
group G;; = G; of Whitehead automorphisms which conjugate the factor group G by el-
ements of the factor group G;. Recall that there is an isomorphism f;, : G; — i; given by
fi;(9) = ({G}},9). When the isomorphism is relevant, we may write f;, (G;) for the group
ij. We will consider the centre Z(G;) of G; to be embedded in iy, 4, S Gy, X -+ X iy,
via the isomorphisms f;..

We divide the vertices of D,, into three categories, according to which method(s) we
will use to compute their stabilisers.

First, are vertices which have graph structure well-suited to the Guirardel-Levitt
approach:

Proposition 2.4.1. As subgroups of Outg(G) we have:
e Stab(pji) = Stab(a) = @
o Stab(7jxm) = Stab(B; k) = jr x ®
o Stab(gjkim) = (i X ly) x @

where the semidirect relation is given by ({Gr},g;) o ¢ = ¢ o ({Gk}, (9)p) for any j, k
with ({Gx}, g) € jr and @ € ®. In other words, o~ f;,(9)p = f;.((9)p) for g€ G;.

Proof. These are lifted directly from Table [2 utilising Example [4] which follows it to
index the groups of automorphisms by the vertices they act on. O

Our second category is that of vertices whose graph structures are well-suited to the
Bass—Jiang approach. We write 4,, ,, for the group of automorphims

{({GU17‘ . ~ank}vg) |g € Gz}

Proposition 2.4.2. As subgroups of Outg(G) we have:

o Stab(o; jkim) is generated by (ke X g X gy X <o+ X ivn—s)/Z(Gi) and ®

X e

e Stab(v; ;i) is generated by (ijk X iy X ivn—:ﬂ)/Z(Gi) and P

e Stab(A;) is generated by (g X -+ X iUn—l)/z(Gi) and ®

each subject to the relations fi, (9)... fi, ,(9) = Adg,(g7Y) (with Adg,(g7") as in

Notation and 1 fi (9)¢ = fi,((9)¢), where {w1,...,wp_1} = {1,...,n} — {i},
ve{w,...,wp_1}, and p € ®. That is, Zwlwwn—l/Z(Gi) = Inn(G;) and f;, ((G;)p)¥ =

Ty.
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Proof. These are deduced from the M7 terms of the Bass—Jiang short exact sequences
listed in Table |3} Example [5|explicitly details how to recover relations for Stab(A4;), and
the others follow similarly. O

Finally, our third category is that of vertices whose graph structures are not well-
suited to either approach, and we thus work directly from Definition [2.2.1

Proposition 2.4.3. As subgroups of Outg(G) we have:

o Stab(d; jkim) s generated by ji, (kX Gt X Goy X -+

subject to the relations:

X Z'vnfs)/Z(Gi)} G/ﬂd (I),'

1. Ljktmor.on_s / 2(Gy) = In(Gy)

2 [jk,(iﬂf X i Xy X X ivn—s)/Z(G»)] =1

3. [ ((Gj)e)? = ji and fi,((Gi)p)? = iy for each x € {jk,Im,v1,...,vp_5}
o Stab(B; ) is generated by jy, (kX Toy X+
the relations:

X ivn—s)/Z(Gi), and ®, subject to

1 ijkvl...vn_g/Z(Gi) = Inn(G;)

o ) ]

3. fi.((Gj)e)? = ji and fi,((Gi)p)? = iy for each x € {jk,v1,... ,vp—3}
o Stab(C; j k1m) is generated by ji, lm, (& X X Ty X -
D, subject to the relations:

X iv”_s)/Z(Gi)’ and

1. ijklmvl"'U"*‘r’/Z(Gi) = Inn(G;)

2. I:ab? (Z]k X Uym X iv1 X oo X Zvn,5)/Z(GZ):| =1 for each Of ap = ]k and ap =
Im

3. i ((G)@)? = Jir J1.((GD@)? = lm, and [fi,((Gi)p)? = iy for each x €
{gk,Im,v1,... ,vp_5}

4o Ukslm] =1

Proof. We calculate these using Definition [2.2.1] The equivalence class of labellings for
B; ;1 is explicitly described in Example The classes for 6; j xim and Cj j . 1,m follow
similarly. From here, deduction of the Outg(G) stabilisers follows in much the same
way as in the second part of Example ]

3 Properties of the Fundamental Domain D,,

Before proving any structural statements about the fundamental domain D,,, we provide
some illustrations to aid in understanding this subcomplex. We describe some of the
substructures found within the 1-skeleton DS) of the fundamental domain of C,,. These
will be particularly useful in determining edge inclusion relations in Theorem as
well as in showing that D,, is simply connected in Section
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The subcomplex of the fundamental domain obtained by restricting to collapses of
J l
NI
_O_

a given graph will be referred to as a ‘spike’ of the fundamental

domalin.

Figure 2: The a-A-Star

Figure [2] shows the a-A—Star. The circle with label ‘4’ represents the vertex A;. The
circle with label ‘ny’ represents the vertex A,, ,. Where the 3 small dots at the back
are, one should imagine “many”, that is, that there are in fact n — 4 A-vertices there.
This structure appears precisely once in the fundamental domain, and is present in every
‘spike’ (of which there are s(nni—!zl)!)'

Figure 3: The p-Book

Figure 3| shows a p-Book (the p-Book associated to the graph pj;). The circle with
label ‘1’ represents the vertex -, jr. The circle with label ‘jk’ represents the vertex
pjk, and the circle with label ‘j, £’ represents the vertex (3, ;. The orange circle adjacent
to both 8 and 7y, jk represents B, ;. This structure appears @ times in the
fundamental domain. There are two p—Books per ‘spike’, and each p—Book appears in
w spikes. Two distinct p—Books appear in only one spike together, and only if
they are associated to p;i and pp, where j, k, [, m are all distinct.

Figure [4 shows a 7-e-Box. It appears precisely once in each spike, and is unique to
its spike. It has n — 4 layers, each associated to a o-vertex. A given layer will be called
a o—Slice. The cycle left when removing all o—Slices is called a T7-e-Square. The yellow
circle with label ‘ns’ represents o, . jkim- The blue circle with label ‘jk’ represents

Tjk,lm, and the pink circle with label ‘jklm’ represents €; i m.

The remainder of this section will be spent proving connectivity results (namely path
connectivity and simple connectivity) for the fundamental domain D,,, which will be key
to proving respective theorems for the complex C,.
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Figure 4: The 7-e-Box

3.1 Connectedness of the Fundamental Domain

We first show that the fundamental domain D,, is (path) connected. We will do this
by finding a path from an arbitrary vertex T € D,, to the vertex a € D,, (see Table .
Then any two arbitrary vertices of D,, will be connected via a.

Lemma 3.1.1. The fundamental domain D, of C,, is path connected.

Proof. We refer to Table |1 for the naming convention of vertices in D,, (where each
vertex group is precisely one of the factor groups G, ...,G,). Note that « is adjacent
to every pji and every A; in D,. Every 8 and «y graph is a collapse of some p graph,
hence any [ or 7 vertex in D, is path connected to . Additionally, every B graph
is the collapse of some [ graph, so B vertices are also connected. Note that o; jkim
and 7j . m collapse to A; and Aj, respectively (which are both adjacent to ). Any C
graph is the collapse of some ¢ graph, and every § and € graph is the collapse of some
7 graph. Hence any vertex in D,, has a path in the fundamental domain to o. Thus the
fundamental domain is (path) connected. Explicit paths are listed in Table O

«

Pjk — &

Ai —
Bik—pjk—a
Yigk — Pjk &

Bijk—Bjk—pir—0a
Tijkim — Ai —

Tjhim —Aj —

Cijkelm — Oijkim— Ai —a

Oiygie,bm — Tjedm — Aj —
Ejedym — Tjeim —Aj —«

Table 4: Paths Between Vertices in the Fundamental Domain

Corollary 3.1.2. Any vertex T in the complex C,, is connected via an edge path to some
a graph.

Proof. This follows by noting that T sits in at least one copy of the fundamental domain,
and that the action of Outg(G) preserves adjacency, so the above argument applies. [
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In [12, Section 4], Gilbert gives a summary of Fouxe-Rabinovitch’s presentation for
Aut(G) described in [10] and [11]. Restricting to the pure symmetric automorphisms
Autg(G) of a splitting & of G, this states that Auts(G) is generated by factor auto-
morphisms and Whitehead automorphisms only (see Definitions [1.1.5] and [1.1.9). We
can use this to give a quick proof that our full complex C, is path connected.

Proposition 3.1.3. Any two a-graphs in the complex C,, are connected via a path which
travels only via o and A graphs.

Proof. Let ap be the a-graph in the fundamental domain D,, and let ag - 1[1 be an
arbitrary a-graph in C, (with = Outg(G) and 1 € Autg(G) a representative for
¥). By [10] and [11], transcribed in [12, Section 4], we can write ¢ as Yot ... by for
some m € N where 19 € ® is a factor automorphism, and for each 1 < ¢ < m, 1; is a
Whitehead automorphism of the form (S;, z;) with z; € Gj(;) for some j(i) € {1,...,n}
and S; € {Gl, Ce Gn} — {GJ(Z)}

By Proposition 1o € Stab(ayg), that is, ap -9 = ap. We now write 91 ... 1, =
%(%”11)(%”5“”’”) . (¢§Z)3"'wm)(wqu"'wm). Observe that for each 1 < i < m, 1/);/)”1“'%1
acts on ag - ;41 ... Ym to produce the graph ag - v; ... ¢, (and ¥, acts on ag = g - Yo
producing ag -y, ). Moreover, if 1; has operating factor G(; and A;(;) is the A-graph in
D,, whose central vertex has stabiliser G ;), then by Proposition i € Stab(A;(;)
and thus w;ﬁ“l"'wm € Stab(A¢) - Yit1---¥m) (and Yy, € Stab(Aj(,))). Thus both the
graphs ag - ¥ ... ¥Ym and ag - Pit1 . .. Yy, collapse to the graph Aje) - Yit1 .. .

We therefore have a path ag — Ajn) — a0 Vm — Ajm—1) Ym — 0 Ym-1¥Ym—...—
o Y2 Pm—Ajay Y2 Um0 Y1 = o Yor. . Y = ap - 1), as Te-
quired. O

We give an alternative proof of this in |14], which does not rely on already having a
presentation for Autg(G) or Outs(G), and rather uses the geometry of C,,.

Corollary 3.1.4. The complez Cy, is (path) connected.

Proof. This follows immediately by combining Corollary with Proposition
O

3.2 Simple Connectivity of the Fundamental Domain

We will now show that the fundamental domain D,, of the space C, (and hence each
Outg (G)-image of D,,) is simply connected. This will be the main result of this section,
and is given as Theorem [3.2.11

We will consider nested subcomplexes of D,,, adding ‘types’ of 0-cell at each stage.
We will show that the first of these subcomplexes is simply connected, and then apply
a corollary of the Seifert—van Kampen Theorem to see that each successive subcomplex
is also simply connected.

Corollary 3.2.1. Let X and Y both be simply connected (simplicial) complexes. If we
(suz’tablzﬂ) glue X and'Y together along a path connected collection of edges, then X UY
s simply connected.

Proof. Note that in the complex X U Y, the subset X n'Y is precisely the collection of
edges we have glued along. Since this is stipulated to be path connected, then by the

%j.e. so that X U 'Y is still a simplicial complex
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Seifert-van Kampen Theorem (Theorem |1.2.1)), we have m1 (X UY) = m1(X) #,(x~v)
WI(Y) = {1} *r(XAY) {1} = {1} O

Recall that we describe a vertex [T'] of C,, as ‘collapsing’ to another vertex [S] if a
graph represented by [T'] has an edge (or edges) which can be collapsed to form a graph
associated to [S]. That is, the vertices [T'] and [S] are adjacent in C,.

Definition 3.2.2. Let T be a subset of the graph structures shown in Table [T} Denote
by D,[T] the subcomplex of the fundamental domain of C,, obtained by restricting to
simplices whose O-cells are those associated to graph structures in 7T .

Lemma 3.2.3. D, [{«, p, A}] is simply connected.

J
\ n—2

n
—0 collapses to ¢, O (by collapsing the

v

edge whose endpoints are both trivial), and that « in turn collapses to any A-vertex

Proof. Note that any p-vertex

n—1
° (including ¢ = j or ¢ = k). According to how we constructed the space
i
Cp, this means that for each pair (p, A) we have a 2-cell [p, a, A]. So the subcomplex
Dn[{a, p, A}] comprises these 2-cells, glued along ‘matching’ edges. Given a particular
pij-graph, we have a cone on a star at « (where the leaves of the star are the various A

graphs). As we vary p, we get copies of this cone, all glued along the star formed by the

o« and A vertices.
Pk Pik
/ \ Plm Pij
A Ay
7 N

AN a VA

Clearly each cone is simply connected. Since the intersection of these cones is (the star
based at o with leaves the A vertices, which is) path connected, we can iteratively apply
Corollary to ‘add in’ each cone (of which there are finitely many). Hence the
structure D, [{c, p, A}] is simply connected. O

Lemma 3.2.4. D,[{«a,p, A, 3,7}] is simply connected.

Proof. By the previous lemma, we have that 71 (Dy[{a, p, A}]) = {1}. We will (itera-

tively) apply Corollary to Dpl{a, p, A, B,7}] taking X to be D,[{«, p, A}] (or the
union of this with successive Y’s) and Y to be the neighbourhood in D, [{«, p, 4, 5,7}]
of 5 or 7.

Each p graph collapses to 2 8 graphs, and n — 2 ~ graphs. These s and s are
unique to the given p (that is, two distinct p graphs cannot both collapse to the same
B or . Specifically, p;, collapses to (j, Br; and v; i for ¢ # j, k. In turn, Bj
collapses to Aj, Bk ; to Ag, and 7; ;i to A;. Thus the neighbourhood of 8; (or 7 jx)
is a 2-cell [pjk, Bjk, Aj] (or [pjk,Vijks Ai], respectively). Note that any 2-cell is simply
connected. The intersection of each of these neighbourhoods with any of the spaces
X is an edge p— A (which is, in particular, path connected). So by Corollary
Dnl{a, p, A, B,7}] is simply connected.
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‘We now consider how to attach the B-vertices.
Lemma 3.2.5. D,[{«a,p, A, 5,7, B}] is simply connected.

n—3 n—2
Proof. Each B; ; ];—0—. grows to a unique f; ];—O—O , a unique
J J

7
J J
\ n—3 \ n—2

Yi,jk _. ) and a unique Pik —0 . So Dn[{avvavﬁvfy)B}]
2
v v

is the subcomplex D,[{a, p, A, 3,~}] with the addition of 2-cells [pj, Bk, Bi k] and
[pjks Vi jks Biji] for all possible values of i, j and k (by gluing along the p-8 and p-y
edges that already exist, and additionally gluing our two 2-cells along the p-3 edge they

both share):
f&”ﬁm
A |

2%)i, 5k
| \
AN

;’1,‘

Aj Ay

That is, given a specific p-vertex in our structure, for every g and + we see adjacent

to said p, we glue in a ‘fin’ P along the dotted line. The edge path
— p—+ is path connected, so by repeated applications of Corollary [3.:2.1] we see that
Dul{a, p, A, 3,7, B}] is simply connected. O

Lemma 3.2.6. D, [{«a,p, A, 3,7, B,0}] is simply connected.

Proof. Given a vertex o; jim in Dp[{c, p, A, 8,7, B,c}], with associated graph

J l
\ / . o n1
, we see there is precisely one A-vertex it is adjacent to, ]
v

\m i

We also see that o; jim collapses to two ~y-vertices, 7; jx and ;. Further, +; 1
collapses to both B; ;;, and B i ; (similarly for 7; ;). To create Dy[{cv, p, A, B,7v, B, c}],

n—>5
L4
7
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in Dy[{a,p, A, 8,7, B}] at any Aj;-vertex we attach two 2-cells [0} jk.im, Vi jk, Ai] and
[04,jk,im» Vi.im Ai] (glued to each other along the shared edge A;— 0 jk 1m) Wherever we
see two vertices ; jr and 7, adjacent to A; with j, k, [ and m (and 7) distinct. We
then glue in additional 2-cells of the form [o,~, B] wherever we see a path o —~— B.

I
A; Plm

.

That is, each oy jm has a simply connected neighbourhood, and the intersection of
this neighbourhood with D, [{c, p, A, 3,7, B}] is the collection of edges v; jr — Bi j k-
Yijk — Bik,js Yigm — Bijtms> Yiim— Bimy, Vijk— Ai, and ;1 — A, which is path
conected. The result follows from Corollary O

ik

The process of adding in 7-vertices to our structure will be very similar to that for
o-vertices.

Lemma 3.2.7. D,[{«a,p, A, 5,7, B,0,7}] is simply connected.

Proof. The vertex Tll]k in Dy[{a,p, A, 5,7, B,o,7}] with graph

J
n—4 / \ n—3 n—2
collapses to v; jk —e and f3;; ;—o—o . In
k k

turn, B;; and ~; jr both collapse to A;. Additionally ; ;. collapses to B; ; and B, ;,
and f3;; collapses to n — 2 vertices of the form B, ;; (for v # 4,1). and in our structure
so far, wherever we see a path ; j, — A; — B;; with 4, j, k, [ distinct, we glue in a pair
of 2-cells of the form [7,v, A] and [, 3, A] (glued together along their common edge
A—7). As before with o, we must also glue in all possible 2-cells of the form [7,~, B]
and [7, 3, B] as determined by the relative collapses of v and £.

I
\

Plm

We have then identified the neighbourhood of 7;; ;i inside D,[{c,p, A, 8,7, B,0,1}],
and found the intersection of this neighbourhood with D,[{«, p, 4, 5,7, B,c}]. By the
previous lemma, D,[{«,p, A, B,7, B,o}] is simply connected, and clearly the neigh-
bourhood of 7 (shown in pale blue) is simply connected. Moreover, the intersection of
these subsets is the collection of edges v; jx — As, Vi jk — Bi j ks Vijk — Bik,j» Big— Ai,
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Bij— By, (for v # 4,5, k,1). Since this is path connected, then by Corollary
Dunl{c, p, A, 3,7, B, o,7}] is simply connected. O

Lemma 3.2.8. D, [{«a,p, A, 3,7, B,0,7,0}] is simply connected.

Proof. Each ¢ in D,[{a, p, A, 8,7, B,o,7,d}] collapses to a unique B and ‘grows’ to a
unique ¢ and a unique 7.

n—2> / n—3
Precisely, 0; j kim o—eo—@— collapses to B; j, e—e—=@ and grows
k

ji\ R T
s

J l l
\ n—>5 / n—4 /
to Oi,jk,Im —— and Tj klm —eo—0O0—
/0 \. F N
k m

that a given o; ji im and 7; 4 ;m are both adjacent to B; j (and share no other common
B adjacency). So whenever we see a path ; jk im — Bj j.x — Tjkim i our structure, we
will glue in 2-cells [o, 0, B] and [T, d, B] (gluing them along their shared §-B edge).

y'3

)l

That is, each 0;; % im has a neighbourhood in D,[{«,p, A, B,v,B,0,1,6}] comprising
two 2-cells glued along a single edge. The intersection of this neighbourhood with
Dyl{c, p, A, B,7v,B,0,7}] is the edge path 0; i im—Bi jk— Tjkim- SO0 successive ap-
plications of Corollary tells us that D,[{«a,p, A, 5,7, B,0,7,6}] is simply con-
nected. O

. As such, we see

Lemma 3.2.9. D, [{a,p, A, 3,7, B,0,7,0,C}] is simply connected.

n—>5

Proof. Each Cjx1m ®—o—@—o—=  grows t0 0;j k im> Oilm.jks Tlm,jk> Tjklms

k) 7 I m
and 04, jk,lm-
So the neighbourhood of Cj k. m inside Dy[{c, p, A, B,v,B,0,7,6,C}] is four 2-cells
[T1m,jks 00, mojks Cigikgomls [Oijkims Oigm,jks Cijkedim])s [Tjkims 0 jkeims Cijem), and
[0,k ims Oi j kim > Cij.klm]» glued along their common edges.
The intersection of this neighbourhood with D, [{«, p, 4, 8,7, B, o, 7,0}] is the edge path
TLm,jk — 96,0m ik — Od jk,im — 04 j klm — Tj k,Im-
By repeated applications of Corollary (and by the previous lemma),
Dul{c, p, A, B,v,B,0,7,0,C}] is simply connected.
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Finally, we add e-vertices to our complex.
Lemma 3.2.10. D,[{«a,p, A, 3,7, B,0,7,6,C,e}] is simply connected.

Proof. Note that the subcomplex neighbourhood around €4 ;,, in our fundamental
domain (equal to D,[{a, p, 4, 5,7, B,0,1,9,C, e}]) is:

Tj.klm

Tl,m,jk

That is, €j1m grows to 7jim and 7, ik and collapses to Bjj.m, Bk, and n — 4
vertices of the form Cy j . 1m (for v # j,k,1,m).

The intersection of this neighbourhood with D,[{«, p, A, 8,7, B,o,7,0,C}] is the
boundary of the neighbourhood.

Bj,l,m
OU] .k, l,m Tj,k,lm
Cijeom
CUH,74 j,k,l,m
Bijk
Ti,m,jk

Since this is path connected, Corollary applies, and D, [{a, p, A, 8,7, B,0,7,0,C, e}]
is simply connected. O
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Finally, we have proved:
Theorem 3.2.11. The fundamental domain D,, of the complex C, is simply connected.

Proof. By Lemma (3.2.10, D, [{«,p, A, 3,7, B,0,7,6,C,e}] is simply connected. But
{a, p, A, B,v,B,0,7,d,C, e} covers all of the graph structures in Table

So by Definitions and Dul{a, p, A, B,v,B,0,7,0,C,e}] is precisely the funda-
mental domain D,, of C,,. ]

4 A Presentation for Outg(G)

This section is the main result of the paper.

We recall from Section (1| the theorem of Brown [6] which we will use to determine
a presentation for Outg(G) (where G = Gy % -+ % G, 6 = (G1,...,Gy), and G =
Oute(G)):

Theorem 1.2.2 (Brown [6, Theorem 3]). Let G act on a simply connected G-CW com-
plex X (without inversion on the 1-cells of X ). Suppose there is a subcomplex W of
X so that every cell of X is equivalent under the action of G to a unique cell of W.
Then G is generated by the isotropy subgroups G, (v € V(W)) subject to edge relations
bo(e) (g) = li(e) (g) forall g€ Ge (e€ E<W)) (where for any e € E(W>7 lo(e) * Ge — go(e)

and ty(ey : Ge — Gu(e) are inclusions).

The complex X we will use is C,,, and the subcomplex W is D,,. Since C3 and C4 are
just the barycentric spine of Guirardel and Levitt’s Outer Space (for n = 3 and n = 4
respectively), results satisfying the restrictions on X and W are assumed from [13]. It is
highly non-trivial to show that C, is simply connected for n = 5, so we delay the proof
of this to Sections [§] and [6] The required result here is:

Corollary 6.3.3. The space C,, (for n = 5) is simply connected.

That D,, for n > 5 satisfies the strictness condition on W is the result of Propositions
238 and 2.3.9

The isotropy subgroups G, here are the vertex stabilisers Stab(7") for T" € Déo), which
are detailed in Propositions [2.4.1] [2.4.2 and [2.4.3|

Note that Lemma [2.3.7] implies that the edge relations in Brown’s Theorem become:
‘g = Lg(le) ((,t(e) (9)) forall g € Go(e)’ (that is, that vertex stabilisers Stab(7") are identified
with their natural images under inclusion in the stabilisers Stab(S) of any vertices S to
which the original vertex T' collapses).

Notation 4.0.1. We summarise the notational shorthand we have adopted thus far:

[A, B] = 1: For subgroups A and B, ‘A commutes with B’, in the sense that for all
a € A and for all b € B we have ab = ba.

Gi,;+ The group of (outer) automorphisms which act by conjugating all elements of the
factor group G; by an element of the factor group G;.

fij: The isomorphism fz-j G — Gl-j which maps an element g € G; to the element in
Gi; which conjugates each element of G by g.

33



Gz’vl...uki The group { (fiv1 (9i),- - ,fz'vk (gi>> gi € Gi} which is the diagonal subgroup of
f’ivl(Gi) X oo X flvk(Gl) = Givl x X G
We often denote this by G;,, , & G

oy, *

v ile.”XGivk'

Z(G;): The centre of the group G, i.e. the subgroup {g € G;| gh = hg Vh e G;}. We
will often identify Z(G;) with its images fi, (Z(G})).

Aut(G;): Often considered to be the subgroup {(1,...,1,Aut(G;),1,...,1)} of & =
H?:l Aut(Gj).

Adg,(g9): The element of Inn(G;) which conjugates each element of G; by g (where
gE Gz)

foj: The group of automorphisms {¢ o f; (g) o ™! |g € G;} (where ¢ € ®).
¢(Gy,): The group of automorphisms { f;; (¢ (9))| g € Gi} (where ¢ € ®).
We now split into cases dependent on the number n of factors in our splitting G =

G- %Gy

4.1 The Casen =5

We have all the pieces required to build our presentation for Outg(G).

Theorem 4.1.1. Let Gy % --- % Gy, be a free splitting of a group G where each G; is
non-trivial and n > 5. For i€ [n] :={1,...,n} and j € [n] — {i}, let fi, : G; — G, be
group isomorphisms, and for g € G; let Adg,(g) be the inner automorphism x +— grg~*
of Gi. Then the group Out(G; G, ...,Gy) is generated by the n(n—1) groups G;; = G;
and ® =[], Aut(G;), subject to relations:

. [fzj(g)7flk(h’)] =1 Vg,h € Gi} fOT’ all i € [n]; jvk € [n] - {Z}
- [fi;(9); fr,(h)] = 1 Vg € Gi, h € Gy, for all distinct i, j, k,l € [n]

~

[fi: (9), fl-j(h)fik(h)] =1Vge Gj,he Gy, for all distinct i, j, k € [n]

fin, () fi,,_(9) = Adg,(g7Y) Vg € Gy, for all i € [n] and {vi,...,vn—1} =
[n] — {3}

. go_lfij (9)p = fi,(gp) Vg € Gi, for all distinct i,j € [n] and all p € ®

> L

[

As well as all relations in G and ®.

Proof. We apply Brown’s Theorem (Theorem to the fundamental domain D,, of
the action of Outs(G) on C,. As previously noted, Proposition states that the
strictness requirement on D,, to apply Brown’s Theorem is satisfied. We also require C,
to be simply connected. We delay the proof of this until after this section. The desired
result here is Corollary

We now have that Outg(G) is generated by {Stab(T) ’T e DY }, such that if [S, T

is an edge in Dg) (ie. S, T € DS{’) with 7" a collapse of S) then we have inclusions

Stab(.S) < Stab(T"). We use the descriptions of Stab(T") from Propositions
and We proceed by examining the structure of Dﬁll). Recall that graph shapes for
0

T € Dy, are listed in Table

34



We first observe that every p;; collapses to a. Since abstractly, Stab(p;;) = Stab(c)
(Proposition [2.4.1), then each Stab(p;;) is identified with Stab(a) = ® in Oute(G).
Similarly, for each i,j we have that every Stab(7; ;) (k,1 € [n] — {i,7}) is identified
with Stab(5; ;) in Outs(G).

Since pji collapses to Bjr, 7Vijks Av, and Bjjj (for any v € {1,...,n} and any
i ¢ {j,k}), we immediately deduce that the ® contribution from any Stab(/3), Stab(~),
Stab(A), or Stab(B) is identified with Stab(a).

We now consider the 7-e-Square (Figure 4f). Note that for each €; ;1 there are
precisely two 7 graphs, 7; j x and 7y ;;, which collapse to g; j ;. We may ‘replace’ 7; ; i
with 3; ; and 7 ;; with S, and recalling that p;; collapses to 3; ; and pg; to B, also
‘replace’ p;; and py; with o. We thus have a diagram:

Stab(7;jk1) < Stab(e; ki) < Stab(7ku,ij)
H T |

[>2 ~

Stab(8; ;) Stab(B,1)
]\ ﬁ\\\\\\ ////,/? ’[
Stab(pi;) :\) Stab(a) V: Stab(pg)

where the dashed inclusions are naturally induced by the ‘replacements’ we made. Note
that Stab(3;;) and Stab(8;) ‘cover’ Stab(e;;x;) in the sense that Stab(e;;ri) <
Stab(fB;,;) x Stab(Bk;). Since Stab(f;;) n Stab(8y;) = ® = Stab(a), the dashed
inclusions form something akin to a pushout diagram, and we may conclude that
Stab(e) = Stab(f; ;) x& Stab(Bk,).

Next, we consider Stab(A;). Observe that given i € [n], every f; ; for j € [n] — {i}
collapses to A;, thus we have n—1 inclusions Stab(f; ;) < Stab(4;). Then the G;; contri-
bution from Stab(A;) is identified in Outg (G) with the Gy; contribution from Stab(8; ;),
and we can consider Stab(4;) to be generated by Stab(S;,, ) xo - -+ x¢ Stab(8;, ) sub-
ject to the relations in Proposition as well as the relation Z(G =
(since the f; ;’s ‘cover’ A;).

A similar principle applies to Stab(v; jx). Given i,j,k € [n], we have that for any
l € [n] —{i,7j,k}, the graph 7; j;, collapses to ~; ji. Noting that Stab(7; i) is identified
in Outg (G) with Stab(/; ;), we have n—3 inclusions of the form Stab(f;;) < Stab(v; jx).

Recall from Proposition that abstractly, Stab(v; ji) is generated by
G X Gil X oo
1

iy oy )

ik X Giln_g J/ Z(Gy) and ®. However, by manipulation of relations in
Stab(v; k) (or by considering the Guirardel-Levitt approach to computing stabilis-
ers), we have that the Gi,, component is redundant as a generator. Specifically, for
Tijk (9i) € Gijp (with g; € G;), we have that Tijn (9i) = Lgifizl...ln_;; (g;l)fi(g;l), where
tg, € Inn(G) conjugates every element of G by g;, and f; : G; — Inn(G;) is the canonical
homomorphism. Thus we can consider Stab(v; ;1) to be generated by Stab(8;, ) xo
- X Stab(8;, ) (with relations similar to Stab(4;)).

Given a ‘top’ vertex in DT(ZO) (i.e. a p, o, or 7 graph), we can reach a ‘bottom’
vertex (A, B, or C graph) by successively collapsing two edges. By changing the
order in which we collapse these edges, we produce square (or ‘diamond’) diagrams

W

YN

N
Z

of inclusions y y- where so long as X and Y ‘cover’ Z (in the sense that
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Stab(Z) < Stab(X) x Stab(Y')), we will have Stab(Z) = Stab(X) xgtanmw) Stab(Y),
where Stab(W) = Stab(X) n Stab(Y"). Figure [5| illustrates some such diagrams which
are of particular use.

Oi,jk,Im / Pik \
'Yi,jk/ \%,zm Bk ik
G | - N
7

03,5k, lm 04 5k,lm

’Yi,jk/ 04 j ke, lm 03 j k,lm i 1m.jk

B; ik Cijklm

Figure 5: Inclusion Diagrams in Dg)

Bi jk

Diagram may be thought of as akin to a pullback diagram, in that o; ji im is
uniquely determined by ~; jr and ;. Since Stab(A;) < Stab(v; k) x Stab(7;im),
we deduce that Stab(o; jkim) = Stab(vi k) N Stab(7y;1m) in Outg(G). The remaining
diagrams are more akin to pushouts than pullbacks.

Diagram is from the p—Book of Figure |3| and is enough to uniquely determine
a given B; ;. Recalling that Stab(p;r) = Stab(a) = ® in Outg(G), we conclude
that Stab(B,; ;i) = Stab(8;k) xo Stab(y; ji). Diagram implies that Stab(B; ;) =
Stab(&id’k’lm) X Stab(0 j.im) Stab('yi’jk), thus Stab(ﬁj,k) X & Stab(’yi’jk) =
Stab(0; ; k.im) X Stab(o: jk.1m) Stab(v; jk). From this, we deduce that Stab(d; ;i im) =
Stab(ﬂj,k) X & Stab(ai7jk’lm).

Diagram is from the o—Slice of Figure 4, and is enough to uniquely determine a
given C; j k1.m- We then have that:

Stab(C; jik,i,m) = Stab(d; jkim) X Stab(o; 4.1m) StAD(i 1m,jk)
= (Stab(Bjk) X o Stab(0i,jk,im)) X stab(o; juim) (StaD(Bim) x @ Stab(o jk,im))
= Stab(8jk) x& Stab(B8m) x& Stab(o; jk,im)

We have now shown that any Stab(7T') for T' € DY) can be written in terms of
® = Stab(a) and Stab(f; ;) (allowing i and j to vary over {1,...,n}). Thus Outg(G)
is generated by {Stab(3;;)|i € [n],j € [n] — {i}}, that is, Outg(G) is generated by
{Gi,lie{l,...;n},je{l,....n} —{i}} L @.

From Stab(A;) (Proposition|2.4.2), we see that [G;;, G;,] = 1 and Gy, ooy /Z(Gi) =

Inn(G;) = Gi / Z(Gy): Using the isomorphisms f;; for preciseness, we recover Relations
1 and 4. Note that if g € Z(G;) then Relation 4 gives f;, (9) ... fi, _,(9) = 1. We deduce
from Stab(e; jx,) (Proposition [2.4.1) that [G};, Gx,] = 1, from Stab(B; ;x) (Proposition
2.4.3)) that [Gj,, G, ] = 1, and from Stab(f; ;) (Proposition [2.4.1]) that G;-’jl = o(Gy;).

Jk>
We now recover Relations 2,3, and 5 by substituting the appropriate isomorphisms f;;

into the above formulae. All other relations found in vertex stabilisers are subsumed by
these five. O
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Remark. Note that n of these generators are ‘redundant’, in that for each i € [n] and
jenl—{i}, Gi; < (Gi,, x -~ x G, _)x®. However, consistently choosing generators
to remove without overcomplicating the relations is tricky, so we elect not to do this.

Corollary 4.1.2. If a group G splits as a free product where the factor groups are non-
trivial, freely indecomposable, not infinite cyclic, and pairwise non-isomorphic, then
Theorem gives a presentation for Out(Q).

Proof. Note that the splitting G * - - - % GG, described is a Grushko decomposition for G,
and so every automorphism must preserve the conjugacy classes of the factor groups.

That is, Out(G; Gy, . ..,Gy) = Out(G). O

4.2 The Case n =4

Let G = G1 *G9 %G5+ Gy be a free splitting of a group G, and let & = (G, G2, G3, Gy).

By Definition our complex Cy is the barycentric spine of Guirardel and Levitt’s
Outer Space relative to &, which we build by taking only the graph shapes from Table
which have at most four non-trivial (red) vertices. This leaves us with graph shapes
p, a, B, 7, A, and B. Note however that for {7, j,k,{} = {1,2,3,4}, we have v; i = Bi ;.
Also, pij = pr and B; j, = B;;;. Note additionally that we did not take 7 or € graphs
(despite these only displaying four non-trivial vertices) since the trivial ‘basepoint’ must
have valency at least three here, implying at least one suppressed non-trivial vertex in
each case.

Thus the vertex set of the fundamental domain Dflo

)

vertices, 1 « vertex, 4 x 3 = 12 [ vertices, 4 A vertices, and 45! = 12 B vertices. These
form three p;; ‘spikes’ (for {i,j} < {1,2,3,4}) in DS), shown in Figure |§|, which are

of C4 consists of %(3) =3p

Figure 6: A ‘Spike’ in D"

Ay A

identified along the a-A-Star \a/

A:s/ \Az

Proposition 4.2.1. We have the following for {i,j, k,l} = {1,2,3,4}:
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1. Stab(p;j) = Stab(a) = ®
2. Stab(ﬁﬁj) = Gi]- x O

3. Stab(A4;) is generated by (Gi; x Giy, % Gil)/Z(Gi) and ® with relations Gijkl/Z(Gi) =

Inn(G;) and ({Ga}, gi) o ¢ = ¢ o ({Ga}, (9:)¢p) for ¢ € @ and ({Ga},g:) € ia for
each a € {j, k,1}

4. Stab(B@kJ) = (Gl] X le) x P

Proof. The first three items are the same as the presentations listed for the n > 5 case.
The arguments there also hold for n = 4. We use the Guirardel-Levitt approach (see

Example to compute Stab(B; ), noting that B;;; = Co;j—qi—qk—ql and fixing

the edge between vertex groups G; and Gy. O

Theorem 4.2.2. Let G1 *Go « Gs+ G4 be a free splitting of a group G where each G; is
non-trivial, and let & = (G1,Ga,G3,Gyq). Writing f;, for the isomorphism G; — G,
Oute (G) is generated by the twelve groups Gy, for i,j € {1,2,3,4} distinct, and ® =
Hi:l Aut(Gy), subject to relations:

1. [fi;(9), fi,(h)] =1 Vg, h e G;

2. [fij(g),fkl(h)] =1VYgeG;,he Gy

3. fi;(9)fir(9) fir(9) = Adg,(97") Vg € G;

4. o fi;(9)p = fi,((9)p) Vg € G for all p € @
where {i,j,k,1} = {1,2,3,4}

Proof. We apply Theorem to the complex C4. Note that Lemma tells us
Cy4 is simply connected, and it is not hard to deduce that the fundamental domain Dy
meets the strictness requirements here. Then Outs(G) is generated by the stabiliser
groups described in Proposition for each combination of {i,7, k, I} = {1,2,3,4}.
We now consider the edge relations from D4. Since each p;; collapses to «, we have
that Stab(p12), Stab(p13), Stab(p14), and Stab(a) all generate the same subgroup ® of
Out(G). Moreover, since every vertex is a collapse of some p;; then the ® contribution
from each stabiliser in Proposition is identified with Stab(«). Each ‘spike’ of Dy
gives a diagram of inclusions:

Gk ><1(I)—>G XleNq)<— i~

| \T/ T

(Gj, x le ¢ X le

>4<1>—> (G, xle R — le ) % @

l

and each A; neighbourhood gives a further diagram of inclusions:
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GZ‘ZNCI)

Stab(A,-)

RN

G, x® G

%]

x O

i

Hence any Gj; contribution from Stab(A;) or Stab(B;y;) is identified with the G,
contribution from f; ;. Thus Outg(G) is generated Stab(p; ;) for each pair (7, ) and «,
with the ® contribution from each Stab(f; ;) identified with Stab(ca). That is, Outg(G)
is generated by G, for each pair (4,7) and ®. The Relations 1-4 come from the groups
in Proposition [4.2.1] (specifically, 1 and 3 are from Stab(A4;), 2 is from Stab(Bj k), and
4 is from Stab(f;;)). O

Observe that the Relation ‘[ f;, (9), fi,(h) fi, (k)] = 1’ from the case n > 5 may be
deduced from Relations 2 and 3 here (since writing kj, for Inn(k) yields k;; = ky;). Thus
Theorem in fact holds for n > 4.

One should note that one of each of the groups G;;, = G is ‘redundant’ in the sense
that only any 2 of the groups G;;, G;,, G;, are independent of each other. It is possible
to consistently choose 4 such groups to eliminate from the list of generators, but doing
so would somewhat complicate the relations.

4.3 The Case n =3

For G = G * Gy * 3, the only graphs which respect the splitting & = (G, G2, G3) are
a and A graphs. Thus the fundamental domain D3 of our complex Cs is the following
tripod:

As As

Ay

r—o—9
where A; is the graph Gy, G; G; fori=1,2,3 and {j,k} = {1,2,3} — {i}.

As before, we have that Stab(a) = ® = Aut(G1) x Aut(Gz) x Aut(Gs), and that for
eachi € {1,2,3} with {j, k} = {1,2,3}—{i}, Stab(A;) is generated by (G x Gik)/Z(Gi)
and ® such that Gi”‘/Z(Gi) = Inn(G;) and ({Ga},gi) o v = ¢ o ({Ga}, (g:)p) (for
a = j,k) for all ({Ga},gi) € G;, and ¢ € ®.

Theorem 4.3.1. Let G = Gy *Ga = G3 be a free splitting of a group G where each G; is
non-trivial, and let & = (G1,G2,G3). Then writing fij for the isomorphism G; — G,-j,

Oute (G) is generated by the siz groups G, fori,j € {1,2,3} distinct, and ®, subject to
relations:

1. [flg(g)7flk(h)] =1 ngh € G
2. fij (g)flk(g) = AdGi(g) Vg e G;
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3. o7 fi,(9) = fi;((9)®) Vg € Gi for all p € ®
foralli=1,2,3 and {j,k} = {1,2,3} — {i}.

Proof. By Theorem Outg(G) is generated by Stab(a), Stab(A;), Stab(As2), and
Stab(Ag). The structure of D3 means that the ® contribution from each Stab(4;) is
identified with Stab(«). That is, Outg(G) = Stab(A1) ¢ Stab(Asg) *¢ Stab(Asz). The
result then follows by examining each Stab(A4;). O

Note that Gijk/Z(i) = Inn(G;) means G;, Inn(G;) = Gj, Inn(G;) as cosets in
Stab(A;). Thus we can write Stab(A;) = Gi; x ® = G;, x ® (using the Guirardel-
Levitt approach to computing stabilisers demonstrated in Example . Since the only
relation between vertex groups here is the amalgamation over ®, we can in this case
obtain a much simpler presentation:

Corollary 4.3.2. For G = G1 * G2 = G3 as above, we have:
Outg(G) = (G12 * G23 * Ggl) NP =G xd

Proof. As noted above, in this case we have that Outg(G) = Stab(A7) ¢ Stab(As) *¢
Stab(A3). We now observe that (G, X @) ¢ (G2, % @) #¢ (G, @ @) = (G1, * Ga, *
G31) x P, D

If each of GG1, G2, and (3 is additionally freely indecomposable, not infinite cyclic,
and pairwise non-isomorphic, then we have that Outg(G) = Out(G). In this case, this
is exactly the presentation for Out(G) given by Collins and Gilbert [7, Propositions
4.1,4.2).

5 The Space of Domains

The rest of the paper will be spent proving that for n > 5, C, is simply connected.

In order to study global properties of our complex C,, we will define a new space,
akin to a nerve complex (first introduced by Alexandroff in [1]).

A nerve complex is an abstract simplicial complex built using information on the
intersections within a family of sets. The sets we will choose are copies of the funda-
mental domain D,,, which form a (closed) cover of C,. However, in order to keep the
dimension low, we will only consider k-wise intersections of sets for k < 3.

It is not necessary to have background knowledge of nerve complexes in order to
understand our space or arguments.

5.1 Defining the Space of Domains

We will call a subset of our complex a domain if it is of the form D, - ¥ for some
1 € Outg(G), where we think of D,, as a set and D,, - ¢ = {z - ¢|x € D,}. Since the
action of Outs(G) on C,, preserves adjacency, then D, - ¢ has the same topological
structure as D,,.

Definition 5.1.1. The Graph of Domains is a graph whose vertex set contains one
vertex for every domain in our complex, and whose edge set contains an edge joining
distinct vertices v and v if and only if the intersection of the domains associated to u

and v is non-empty.
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n
Since the graph O (denoted «) occurs precisely once per domain, taking one vertex

per domain equates to taking one vertex for every point of the form g in our complex
Cn. We will thus often denote vertices in the Graph of Domains by a. Now any two
distinct vertices a; and «g in the Graph of Domains are joined by an edge precisely
when the intersection of the domain containing the graph a7 and the domain containing
the graph ag is non-empty.

Note that the action of Outg(G) on C,, induces a natural Oute(G)-action on the
Graph of Domains.

Definition 5.1.2. The splitting associated to a domain D, - ¢ is the labelling
((G1)Y,...,(Gn)¥), which is equivalent to any labelling (Hi,...,H,) of the a-graph
contained within the domain D,, - .

Note that 1 € Outg(G) is only unique up to factor automorphisms — that is, if
p e ®then D, - =D, - prp.

Corollary 5.1.3. The Graph of Domains is (path) connected.
Proof. This follows immediately from Proposition [3.1.3 O

Remark. Note that the Graph of Domains is not locally finite.

To show our complex C, is simply connected, we will need the following construction:

o9
Definition 5.1.4. Wherever we have a 3-cycle / \ in our Graph of Do-
o] ———

3
29
mains, we will insert a 2-simplex / \ if and only if a1 N e N ag # I (in
o]— Q3

the complex C,). We call the resulting CW-complex the Space of Domains.

Note that given a cycle a;j—...—ap_1—a, = a1 with a; n - nay_1 # I,

o
we can split this up into 3-cycles / \ for i = 2,...,n — 2, with each
O ———— Q41

a1 N a; N a1 # &, so any such loop is contractible in our Space of Domains.

The idea behind this definition is that, since we have shown that the fundamental
domain D, is simply connected, then if we had that any pairwise intersection of domains
is either empty or path-connected, then any non-trivial loop in C,, would be projected
to a non-trivial loop in the Space of Domains.

In particular, if a3 U ae were simply connected (assuming a; N ag # &) then there
would be no non-trivial loops in C, which would appear as a forwards-and-backwards
traversal of an edge when projected to the Space of Domains, and similarly for a; u
ag U ag (or the 2-cell o — ay— a3 —a in the Space of Domains).

Then to show that our space C, is simply connected, it would suffice to show that
our Space of Domains is simply connected.

Unfortunately, it will not be quite this simple, but the general idea will remain the
same. We will formalise (and resolve) this in Sections and

41



5.2 Pairwise Intersections

Here we would hope to show that the intersection of two adjacent domains is path-
connected.

Then we could deduce using the Seifert—van Kampen Theorem that the union of two
adjacent domains is simply connected. This would ensure, for example, that there are
no non-trivial loops in C, of the form a; —A—as— A—ay, and would justify the
use of a single edge between adjacent vertices in our Graph of Domains.

As it turns out, not quite all such intersections are path-connected, but we show that
the case where this does not hold can be circumvented. This is deduced in Propositions
[5.2.10] and [5.2.11], the main results of this subsection.

To avoid confusion regarding domains and graphs within domains, we will temporar-
ily break from the convention of naming domains a. So let N; and Vg be two arbitrary
domains. Assume Ny N Ny # ¢F. Without loss of generality, we may assume ¥; is the
fundamental domain D,,.

Observation 5.2.1. Note that if No = Ny -9 then for T' € Ry, we have T € Ny if and
only if T'= T" - 1) for some T’ € ¥;. But each domain contains precisely one element
of each orbit, so we must have " = T”. Then v € Stab(T"). Moreover, for T' € X; and
Y € Stab(T'), we have T' =T -9 € 8y -1). That is, for T € Ny, we have T € Ny if and only
if Ng = Ny - ¢ for some ) € Stab(T).

Lemma 5.2.2. Let T, 1>, and T3 be vertices in the complex C,. If T1,T5 € Ny N Ny
and T3 € Ry with Stab(T}) n Stab(Ty) < Stab(T3) then T3 € Xy N No.

Proof. By Observation [5.2.1} T € 8y n Ry if and only if Ry = N; -9 for some 1) € Stab T'.
Thus if Tl,TQ € Nl N Ng then NQ = Nl : ¢1 = Nl : IpQ for some 1/)1 € StabT1 and
19 € StabTp. Note then that Ry = Ry - 11¢h5 ", s0 Y10, 1 € Stab(Ry) = Stab(a) = ® <
Stab(T1) n Stab(T3). In particular, ¢ = (wlwz_l)wg € Stab(Ty), so Ng = N; - ¢); with
11 € Stab(Ty) n Stab(T3). Additionally, if for some T3 € R we have i, € Stab(T3),
then T3 € Xy N Ng. This last condition holds if (but not only if) Stab(77) n Stab(T») <
Stab(Tg). L]

Corollary 5.2.3. Let T1 and Ty be wvertices in the intersection Ny N Ny < Cp. If
Stab(Tl) N Stab(Tg) =&, then Ny N Ny = Ny = Ny,

Proof. Recall from Proposition that Stab(a) = ®. Thus if Stab(77) nStab(73) = ®
for some T1,T5 € Xy N Ny, then a € X1 N Ny, But each a vertex appears in exactly one
domain, hence ¥; = N,. ]

Suppose T} and T5 are distinct vertices in the complex C,,. By Lemma [2.3.7] if T} is
a collapse of Ty, then Stab(Th) < Stab(7}), so To € Xy "Ny = T7 € By N Ny. Since
every graph collapses to at least one of A;, B j i, or C; j r1m (for some 4, j, k,1,m), then
to show path connectivity of intersections, it suffices to find paths in the intersection
N1 N Ny with endpoints as the following six cases:

1. A,—A,
3. Bi,j,k‘_Bp,q,r

4‘ Cia.j’k’l7m _ Ap
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5‘ Cia.j’k’l7m _ Bp7q7’r

6‘ Ci7j7k’l7m _ Cp,q,?"787t

(where 14,7, k,l,m,p,q,r, s,t need not be distinct, unless appearing together as indices
of a single vertex.) In our proofs, we will assume the ‘left’ vertex has fixed indices, and
allow the indices of the ‘right’ vertex to vary.

Writing i; for the group G;;, we recall that the stabiliser of A; is a quotient of
(py X+ Xy, ,)x P, the stabiliser of B; j 1 is a quotient of (75 X ji X1y, X -+ Xy, ;) X P
, and the stabiliser of C; j .1 m is a quotient of (ig,, X Ly, X @5 X ji X ip; X+ Xy, o) x®. In
the group of automorphisms G;;, we call G; the operating factor and G; the dependent
factor. We say a graph has operating and dependent factors if the same is true of its

stabiliser. So A; has one operating factor, B; j x has two, and C; j x 1.m has three distinct
operating factors. In each case, only one operating factor has more than one dependent
factor. We now proceed through the Cases 1-6:

Lemma 5.2.4 (Case 1). If A; and A, are vertices in ¥y N Ny, then there is a path in
Ry N Ry from A; to Ay.

Proof. We have Stab(A;) nStab(A,) # ® if and only if ¢ = p. But each domain contains

only one A;-graph for each i € {1,...,n}. So either a € Ry " Ny (in which case a1 = aw),
or A; = A,.

So if A; and A, are points in X; N Ny for any 4,p € {1,...,n} then there is a path in
N1 N Ny connecting them. ]

Lemma 5.2.5 (Case 2). If B; j; and A, are vertices in Ry N No, then there is a path
in Ry N Ny from B; ;1 to Ap.

Proof. If p ¢ {i,j} then B; ;) and A, share no common operating factors, hence
Stab(B; ;) N Stab(A4,) = ® and o € R N Ny,

If p = i then Stab(B; ;i) n Stab(A,) contains only one operating factor, with
n — 3 dependent factors. That is, Stab(B; ;i) N Stab(A4;) = (fy; X =+ X 4y, 5) ¥ P
for {vi,...,vn—3} = {1,...,n} — {i,4,k}. This is precisely the stabiliser of 7; ji, hence
Yijk € V1 N Vo, Moreover, v; i collapses to both A; and B 1, so we have a path
Bi j e — ik — Ai-

For p = j, we have Stab(B; ;i) n Stab(4;) = ji x ® = Stab(5; ), and so
B; jr—Bjr—Aj is a path in 8y n Ry,

So if B; j, and A, are points in 81 n Xy for any 4,j,k,1 € {1,...,n} then there is a
path in N; n Ny connecting them. O

Lemma 5.2.6 (Case 3). If B jr and By, 4. are vertices in Ry N Ny, then there is a path
in Ry N Ny from B; j 1 to By g

Proof. In order to have Stab(B; j ) NStab(By4,) # ®, we must have that {7, j}n{p, ¢} #
. We will thus assume this holds.

If {i,j} = {p, ¢} and additionally = k, then either B, ., = B, ;1 and we are done,
or we have B, ,, = Bj;, in which case Stab(B; ;) n Stab(Bp,,) = ®. So we may
assume 7 # k in this case.

If p=jand ¢ = i (with r # k) then Stab(B; ;i) N Stab(Bpq,) = (i X ji) X ® =
Stab(€i7r7j7k), and B; jr—€;rjk— Bjir is a path in Ny n Ng.

If p=iand ¢ = j (with 7 # k) then Stab(B; jx) N Stab(By ) = (iy, X+ Xy, ,) ¥ P
where {iy,, ..., 0, . ={1,...,n} —{3,j,k,r}. This is contained within Stab(A;), hence
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A; € 8y N N9, Then by Case 2 (Lemma , there is some path from B; ;; to A; and
some path from A; to B; j, in Ny N No.

We will now consider {i,j} # {p,q}. Then [{i,j} n {p,q}| = 1 and so Stab(B; ;) N
Stab(Bj qr) has at most one operating factor (with at most n —4 dependent factors). If
there is no common operating factor, then Stab(B; ;) N Stab(B, 4,) = ®. Otherwise,
Stab(B; ;) N Stab(B, q,r) < A, for some v € {i, j,p,q}. Then we are reduced to Case 2.

So if B;;x and By 4, are points in Xy n Xy for any i, j,k,p,q,r € {1,...,n} then
there is a path in ¥; N Ny connecting them. O

Lemma 5.2.7 (Case 4). If C; j i 1.m and Ay, are vertices in N1 N Ry, then there is a path
in Ry N Ny from C; j k1m to Ap.

Proof. In order to satisfy Stab(Cj jxim) N Stab(Ay,) # ®, we require that p € {7, 7,1}
Note that by symmetry, C; jx1m = Ciim,jk, 50 we only need to consider one of p = j
and p = [.

If p = j then Stab(Cj jxim) N Stab(Ay) = jx x ® = Stab(7jkim). We have that
Tj.kim collapses to both A; and C; j k.1.m, 50 C j k1.m — Tjkim — A;j is a path in Ry NNy,

If p = i then Stab(Cjjkm) N Stab(Ap) = (ijk X Gy, X -+ X @y, 5) @ © (where
{vi,...,vn—s} ={1,...,n} = {i, 4, k,I,m}). This is contained in the stabiliser of o; jx im.,
which is a graph that collapses to both A; and C; ; i.1.m, hence C; j x1.m — 04 jkim — Ai
is a path in Ny N Ny,

So if Cj jkim and A, are points in 8y N Wy for any 4, j, k,l,m,p € {1,...,n} then
there is a path in ¥; N Ny connecting them. O

Lemma 5.2.8 (Case 5). If C; jpim and By g, are vertices in Xy N Vo, then there is a
path in N1 N No from C; j g 1.m to By gr.

Proof. To satisfy Stab(C; jx1m) N Stab(Byq,r) # ®, we require {p, ¢} n {i,j, 1} # &.

Suppose p = j and ¢ = [. If r = k then Stab(C; j y1m) N Stab(Bpq,r) = ®. If r =m
then Stab(C jx1m) N Stab(Bp ) = (jk X lm) x ® = Stab(gj x1,m), and € 1, collapses
to both Bj;,, and C;;xim, so these points are connected by a path in Ny n Ny, If
r ¢ {k,m} then Stab(Cm’k’l’m) N Stab(Bp,qu) = ]k x P Stab(Aj). Thus Aj € Nl () Ng.
By Case 2 (Lemma there is a path in Xy N Ny from B;;, to A;, and by Case 4
(Lemma there is a path in Ny N Ry from A; to T j k,1m-

By symmetry of C; j x1.m = Ci1m,jk, we do not need to consider the case p = [ and
q=7

We may now assume {p,q} # {j,l}. Again by the symmetry of C-vertices, we need
only consider {p,q} n {i,j} # &.

Suppose p = i and ¢ = j (or ¢ = [ by symmetry). If » = k then Stab(C; jx1m) N
Stab(Bp,q,r) is either (ji X Gy, X -+ X 4y, _5) ¥ P oOr (Ji X Gjk X oy X -+ X @y, ) X ®, in
either case this is contained in Stab(d; jxim). Since d; jxm collapses to both B ;. and
C; j k,1,m then this provides a path in 8y N Ry. If  # k then the only operating factor in
Stab(Cj jk1,m) N Stab(By q.r) is 4, hence A; € Ry N Ry and thus by Cases 2 and 4 there
is a path from Ci,j,k,l,m to Bi,j,r in Nl N Ng.

Suppose ¢ = i and p = j (or p = | by symmetry). If r = k then Stab(Cj jiim) N
Stab(Bpg,) = ® and o € ) n Ry, If r € {I,m} then Stab(C; jr1m) N Stab(Bpq,,) =
Jr @ ® < Stab(A;), hence we are reduced to Cases 2 and 4. If r ¢ {k,[,m} then
Stab(C; .k 1,m) N Stab(Bp.qr) = (ir X ji) x ® < Stab(B, ;). In the previous paragraph
we showed there is a path in 8y N Ny from C; ; 1.1.m to B; i via a d-graph, and by Case
3 (Lemma , there is a path in Ny N Ny from B ;1 to Bj;, = Bpgr-
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If {p,q} n{i,4,1}| = 1 then Stab(C; j ki.m) N Stab(Byq) has at most one operating
factor (with at most n — 6 dependent factors). So either a € X; n Ny, or there is some
A-vertex in N; N Ny, and we are reduced to Cases 2 and 4.

So if C; j k1m and By 4, are points in 8y n Ny for any 4, j,k,l[,m,p,q,r € {1,...,n}
then there is a path in N; n Ro connecting them. O

Lemma 5.2.9 (Case 6). If C; jrim and Cpqrst are vertices in Xy N N, then there is
a path in Ny N Ny from C; jg1m to Cpgrst if and only if r # k = t # m.

Proof. Suppose we have C; j 11.m € 81 N Ry and Cp 454 € N1 N Vo,

If {p,q,s} n{i,4,1} = & then Stab(C; j r1m) N Stab(Cp grs:) = P and a € Xy N Ny,

If [{p, q, s} {3, j, 1}| = 1 then we have at most one operating factor in Stab(C; j y.1.m)N
Stab(Cy.qg,rs,t) (With at most n — 7 dependent factors), so either av € 8y N Ny (and we
are done) or there is some A-vertex in 8y N Ny, and we are reduced to Case 4 (Lemma
5.2.7)).

Suppose [{p,q, s} N {i,j,1}| = 2. Then Stab(C; j x1m) N Stab(Cpq,rs,:) has at most
two operating factors. If p # 4 then all of these operating factors have at most one
dependent factor. Since any B-vertex has two operating factors, each with at least one
dependent, then Stab(Cj jkim) N Stab(Cpqrs¢) < Stab(B) for some B-vertex. Then
we are reduced to Case 5 (Lemma . If p = ¢ then we have at most one operating
factor with at most n —5 dependent factors, and the possible other operating factor has
at most one dependent factor. So again there is some B-vertex in N; n RNo, and by Case
5, there must be some path between our two C-vertices.

Now suppose {p,q,s} = {i,7,l}. If p = i then by symmetry of C-vertices we may
assume g = j and s = [. If in addition we have r = k and t = m then C, 4.5t = Ci j k.1,m-
So suppose {r,t} # {k,m}. If |{r,t} n{k,m}| = 1 then either B, j or B;m is in X; NNy,
which reduces us to Case 5. If [{r,t} n{k,m}| = 0 then A; € N; "Ny, and we are reduced
to Case 4.

Finally, suppose p = j, ¢ = i, and s = [. By permuting indices in accordance with
the symmetries of Cj jkim and Cp 4 s, this covers all cases where {p,q,s} = {i,7,1}
and p # i. If r = k then Stab(C; j i 1.m) N Stab(Cp g,r.s,¢) < ¢ x ® < Stab(A4;), so by Case
4 we are done. If r # k and t # m then Stab(C; j r.1.m) N Stab(Cp g.rst) S (Jr X i) X P C
Stab(B; 1), so by Case 5 we are done.

A problem arises when r # k but t = m. Then Stab(C; j k1m) N Stab(Cp grst) =
Stab(Ci jk1m) N Stab(Cjirim) = (Jk X I X i) x ®. The only graph 7" in our complex
(besides C; j ki.m and Cj; r1m) With (ji X Ly, x 4,) x ® < Stab(T') is Cp; k- So in this
case N1 N Ny consists of three distinct non-adjacent points. Note that this is the only
case where N; N Ny is not path-connected.

So if Cjjkim and Cpqrs¢ are points in Ny n Ny for any 4, j,k,l[,m,p,q,r,s,t €
{1,...,n}, and we don’t have that r # k and ¢t = m, then there is a path in N; n R
connecting C, g st t0 Ci j k1m- O

Having dealt with all six cases, we may now conclude:

Proposition 5.2.10. If Xy and Ny are two domains with Ny N Ry # F such that X1 NNy
contains some vertex which is mot of the form C; j . 1.m, then 1 N Ry is path-connected.

Proof. Note that in the proof of Lemma we showed that if C;jrim € N1 N Ny
and Cp 4,5t € N1 N Vo then there exists some non-C' vertex in 8y n Ny if and only if
r # k = t # m. The result then follows from Lemmas [5.2.4] [5.2.5], [5.2.6] [5.2.7], [5.2.8]
and (£.2.9 O
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Remark. Note that this statement is not saying that X; n Ny cannot contain a vertex
Ci jk1,m if it is to be path connected, just that it must also contain some other vertex
as well which is not a C-vertex.

While it is not ideal that such an intersection containing only C-vertices is not
path-connected, this can be handled via the following:

Proposition 5.2.11. If Ry and Ry are two domains with X1 NNy # & such that Ny NNy
contains only vertices of the form C; i 1.m, then X1 N Vo = {C; j k.1.m> Cjimip Clipik}
for some (distinct) i,j,k,l,m,p € {1,...,n}. Moreover, there ezists a domain N3 with
Ny N Ny < N3, such that Xy U Ny U N3 is simply connected.

Proof. As noted in Case 6 (Lemma above, if 81 N Ny does not contain any vertices
except C-vertices, then there exist some distinct 4, j,k,l,m,p € {1,...,n} such that
Ry N Ry = {Csin1m>Cilmip Clipjk}. Further, we have that Xy = N9 for some
€ (ip X jp X ly) X @ (and ¥ ¢ (ip x ji) X @ U (g X L) X U (L X ip) ¥ D).
That is, ¥ = (Gp,i0)(Gk,J0)(Gm,lo)¢ for some ig € G, jo € Gj, lo € Gy, and ¢ €
®. Define R3 to be Ny (Gp,ip). Note that (Gp,ip) € i, x & = Stab(A;), so we have
Ai € Nl N Ng. Then Ng = Nl(Gp,io)(Gk,jo)(Gm,lo)gb = Ng(Gk,jQ)(Gm,lo)gf). Note that
(Gk,730)(Gmsl0)9 € (i X L) ¥ @ < Stab(B;m), so we have B}, € Xa N N3. Moreover,
(Gpy10); (Gis J0) (G, lo) @ € (ip X jr X Im) @ @. So Cijkims Cjimip Clipjk € N3.

By Proposition [5.2.10] we have that both R; N N3 and Ny n N3 are path-connected,
and by Theorem [3.2.T1] Ry, No, and N3 are each simply connected. Then by the Seifert—
Van Kampen Theorem (Theorem , N1 UN3 and Ny U N3 are both simply connected.
Then we can again apply the Seifert—Van Kampen Theorem to the sets A = Xy U N3 and
B = XyUN3. Since we have that m(4) = m(B) = {1}, and AnB = (R;nRy)UN3 = N3 is
path-connected by Corollary [3.1.2] then we get that m (R; UR; UR3) = m (AU B) = {1}.
That is, N; U N9 U N3 is simply connected. O

In plain language, this means if there is an edge in the Space of Domains which
does not represent a simply connected subset of the complex C,,, then it must be in the
boundary of a 2-cell which does represent a simply connected subset of C,.

Observation 5.2.12. In fact, the proof of Proposition shows that if 8; and Ry are
two domains with Ry N Ny # & such that Xy n Ny contains only vertices of the form
Ci.jk,l,m, then there exists a domain N3 with N; n N3 containing a vertex of the form
A; and Ry N V3 containing a vertex of the form B, ,, such that 8; U Ny U N3 is simply
connected.

Corollary 5.2.13. Let Xy and Ny be two domains so that Ny N No # F. Then there
exists U < Cp, with Xy U Vg € U such that U is simply connected.

Proof. Note that any pair of domains with non-empty intersection fall under precisely
one of Proposition or Proposition In the second case, we take U = Ny U
Ny U N3 with N3 as in Proposition In the first case, we take U = 8y U Ny. By
Theorem [3.2.T1] we have that each of Ny and Ny is simply connected, and since in this
case N; N Ny is path connected, then by the Seifert—van Kampen Theorem (Theorem
, we must have that N; U Ny is simply connected. O

5.3 A Map from the Space of Domains to the Complex C,

In this subsection, we will define a (continuous) map from the Space of Domains to
the complex C,. This will allow us to conclude that simple connectivity of C, can be
deduced from simple connectivity of the Space of Domains, as desired.
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Remark. If we had that pairwise intersections of domains were always path connected,
then since each domain is simply connected, a theorem of Bjorner [5, Theorem 6] would
tell us that if the Space of Domains is simply connected then so too is C,. However,
since we do not have this, we must do some extra work to deduce this.

Definition 5.3.1. We define a map F from the 1-skeleton of the Space of Domains
(equivalently, from the Graph of Domains) to C,, as follows:

e A vertex N in the O-skeleton of the Space of Domains is mapped under F' to the
a-graph contained in the domain X < C,,.

e Let Ny —Ny be some edge in the Space of Domains, and set a3 = F(X;) and
ag = F(Ng). Choose an edge path Aj2 : [0,1] — N; U Ny < C,, with A\2(0) = oy
and A2(1) = ag and let |A12| be its image. We define F'(R; —Ng) := |A12].

e Given A9, we require that Ag; (the chosen path in 8y UNg from s to aq) be defined
by )\21(75) = )\12(1 — t) for all t e [0, 1]; that is, that F(Nl—Ng) = F(Nz—Nl).

Observation 5.3.2. Note that by Definition if N — Ny is an edge in the Space of
Domains, then we have that Xy n Ny # (F as a subset of C,,. By Lemma each of
N7 and Ny is a path-connected subset of C,, hence so too is ¥y U Ny < C,,. Thus there
must exist some path in N; U N9 connecting F'(R1) and F'(Rs).

Remark. If one wishes to be more explicit, given an edge N; —Ny, one may choose
T e X NNy c Cp and ¥, p € Outg(G) with X; = D,, - ¢ and Ny = D, - ¢ so that
1p~tp € Stab(T), where D,, is the fundamental domain. Denote the path in Table
from T -9~' = T - ¢~ to ag by p, where aq is the unique a-graph contained in D,,,
and set A2 := (p~1- ) (p- ). Then F(R;—N3) = |p| - U |p| - ¢. It may well be that
this construction leads to an Outg(G)-equivariant map, but one would need to carefully
handle the choice of T' € X1 N Ny to make it so.

Lemma 5.3.3. Any loop in C,, is homotopic to a loop which is the image under F of a
loop in the Graph of Domains.

Proof. Let N = T —T| —---—T' ,—T¢ be a loop in the complex C,. By Corollary
we can write down a path p in C,, from T} to the « graph in our fundamental domain
(which we call ag). By setting A = p~'\p we now have a based loop in C, (i.e. a loop
containing the ‘basepoint’ o) which is homotopic to \'. Say A = To— T4 — - - —Tpn,
where T, = Ty = «p.

We will now describe how to associate a domain N; to each vertex T; in A with
T; € N;. This will allow us to construct a path in the Graph of Domains whose image
under F' we will show to be homotopic to A.

First set Ry to be D,,, the fundamental domain. If T; is associated to N; and T;,1 € N;,
we set N; 1 := N;. In particular, this is the case whenever T}, is a collapse of T;. Note
that for any edge S—7T in C,, we have that either S is a collapse of T, or T' is a collapse
of S. Now suppose we have a domain N; 3 T; and T;,1 ¢ ¥;. We must then have that T;
is a collapse of T;11. Choose any domain N;;; containing 7;;1. Then T; € N;;1, hence
Ti—Tip1 S N1, and T; € Ny 0Ny,

For a given domain N;, let «; € C, be the unique a-graph contained in ¥;. Since
N; "N, 1 # F, then either N; = N;,1 or N; — N, 1 is an edge in the Graph of Domains.
We define paths p; ;41 as follows: if N; = N;q, set p;;41 to be the constant path
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at a; = «a;41; otherwise, set p;;41 to be the path A;;11 from o; to a;11 such that
FR;—Ri1) = [Nt

Then the concatenation p := o 1441,2 - - - flm—1,m is equal to the concatenation
F(NJ(O) 7NU(1))F(NU(1) 7Na(2)) ce F(Na(k) 7NU(0)) which is
F(NU(O) — Na(l) — NO’(Q) — e Ng(k) — NU(O)), where 0’(0) = 0, and given O'(i), O'(i—l—l)
is the next index such that ag1) # Qo ()-

We now prove that A (and hence also \') is homotopic in C,, to p.

Given T; and its associated domain N; with graph «;, let v; be a path contained in
R; from T; to a; (to be explicit, one may take the correct Out(G)-image of the relevant
path listed in Table . Additionally, let e; denote the (oriented) edge (path) T; —T;41.
By Corollary there exists a simply connected neighbourhood U; < C,, containing
N, U N (if Ny = Ny, instead set U; = N;, and note that by Theorem this is
simply connected).

Then the loop wuw;ﬁa is contained in Uj;, hence said loop is contractible in C,.
In other words, the edge T; —T;.1 is homotopic in C,, to the path ViMiV;rll- Since this
holds for all i, it follows that A is homotopic in C,, to i, the image under F' of a loop in
the Graph of Domains. O

Lemma 5.3.4. The map F' described in Definition [5.3.1] extends to a continuous map
F from the Space of Domains to Cy.

Proof. Let [R1,Rg, N3] be a face (2-cell) in the Space of Domains. Then as subsets of Cy,,
we have that Ry n N N N3 # . Let A1z, A23, and A3; be paths such that each A;; is an
edge path in ¥; U X; from «; to o with FI(8; —X;) = |X\;;| (for 7,5 € {1,2,3} distinct).
To show that F' extends to a map F, it will suffice to show that the concatenated path
A12A23A31 is the boundary of some simply connected subset of C,, that is, that the loop
A12A23A31 is contractible in C,. We illustrate the following process in Figure

Step 1: Since [N, Ng, N3] is a 2-cell in the Space of Domains, then by Definition
there must exist some point x € Xy N Ny N N3 = C,,. Let g3 be a path in N3 < C,, from
x to ag and let A9 = Ag3 be its reverse path (i.e. the same set of edges, but read from
ag to z). By Theorem each domain is simply connected, so A1a2A23A30A03A31 is a
path in C,, which is homotopic to the image Ai12A23A31 of the loop Ny — Ng — N3 — N,
in the Space of Domains.

Step 2: By Corollary there exists a simply connected neighbourhood in C,
containing Ng U N3. Thus the subpath Ao3A3g from ao to z is contained within a simply
connected subset of C,, containing No, hence is homotopic to some path Ay from as to x
fully contained in Ns.

Step 3: By the same reasoning as in Step 2, the subpath AgsA3; from x to ap is
homotopic in C, to some path A\; from x to a; fully contained in N;. We have so far
shown that Ai2Xo3A31 is homotopic in C,, to the loop A1aA2A;.

Step 4: We have that AjoXo)\1 is a loop contained in Ny U No. Again, by Corollary
the loop A\i2A2)\1 is contained within a simply connected subset of C,, hence it
must be contractible. ]

Proposition 5.3.5. Suppose that the Space of Domains is simply connected. Then so
too is the complex Cy,.

Proof. Let A : S — C,, be an arbitrary loop in C,. We temporarily denote the Space
of Domains by S, and its 1-skeleton (the Graph of Domains) by S(). By Lemma
A is homotopic in C, to some loop p : St — F(SM) which lifts to a loop M : S' — S
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Figure 7: Hlustration Contracting the Image Under F' of a 3-Cycle

in the Space of Domains with p = F o M, where F : S& — €, is the map described
in Definition If S is simply connected, then the loop M is contractible. That
is, there exists a continuous map f : D? — S so that f|s1 = M. By Lemma [5.3.4, F
extends to a continuos map F : S — C,. Now F o f : D? — C, is a continuous map, and
Foflst =FoM =p:S'—C,. Thus u is contractible, and hence \ is as well. O]

5.4 Edges in the Space of Domains

Here we will consider adjacency in the Graph/Space of Domains. We will use a to
represent both a vertex in the Space of Domains (i.e. a domain, as a subspace of C,),

and a graph in a domain (i.e. a vertex in Cr(lo)).

Let oy — as be an edge in the Space of Domains, that is, let a; < Cp, and ag < C,
be two domains such that aq n as # . Then there is some vertex T' € C, in the
intersection a1 N ay < C, and, as noted in Section some ¢ € Stab(T') such that
ag = (aq)e.

Thus the edge oy — g in the Space of Domains can be described in two ways:
according to some vertex T' € o N g, or according to some (pure symmetric outer)
automorphism ¢ € Outg(G) satisfying as = (a1)p (and hence also a; = (ag)p~t). We
may then label the edge a; — a9 by either ay i Qg or aq £ a9, depending on our
viewpoint.

This subsection considers the former viewpoint, i.e. points in the intersection a; Nnas.
As such, this subsection can be considered the Space of Domains analogue to Section
The latter viewpoint (automorphisms satisfying as = (a1)¢) will be discussed in
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Section

Definition 5.4.1. We will say an edge a; — g in the Graph/Space of Domains is of
Type T if there is some tree T in the intersection a; N a9 in the complex C,.

Note that edges can be of more than one Type. In particular, if an edge is of Type
Ty, and T is a collapse of T1, then the edge is also of Type T5. However an edge can be
of Type T7 and Type T3 even if neither is a collapse of the other. Recall from Section
that if T' € a1 N g, then at least one of A;, B; j i, or C; j1m is in a3 N ag for some
i,7,k,l,me {1,...,n}, hence every edge in the Space of Domains is at least one of Type
A, Type B, or Type C.

Some earlier results may be summarised using this new terminology:

Proposition Any two vertices in the Graph of Domains are connected via a
path whose edges are all of Type A.

Proposition [5.2.10} If an edge a3 — o in the Graph of Domains is of Type A or
Type B, then a3 n a9 is path connected in the complex C,.

Proposition If an edge oy — a9 in the Graph of Domains is of Type C but
not of Type A or Type B, then a; n a3 is not path connected in the complex C,,.
However, there exists a domain oz 2 a1 N ag so that [ag, ag, as] is a 2-cell in the
Space of Domains and a1 U ag U a3 is simply connected in the complex C,.

We will now deduce that simple connectivity of the Space of Domains can be proved
considering only edges of Type A.

Proposition 5.4.2. Suppose a; — a9 is an edge in the Space of Domains of Type B
but not of Type A. Then there exists some domain as and edges oy — a3 and asz — g
of Type A such that oy — g is homotopic to oy — g — g in the Space of Domains.

Proof. Suppose B; ;. is a B-graph in the intersection a; N ag < Cp,.
Let {i,7,k,v1,...,vp—3} = {1,...,n} and let (Hi, H; Hy, H,,,..., an_s) be an &-
labelling for the a-graph in the domain oy of C,,. Then (Hi, H; Hy, Hy, ..., an73) is an

G-labelling for B; ; ., and by Example any equivalent labelling for B; ; ;, must be of the
form (Hlfqg", Hfijkgj,H,gijkjkgk,Hgf”g” e ngv_"g_sgv"_3> for some g€ G = Hy *... Hy,
g; € H;, g; € Hj, g, € Hy, jp € Hj, ij, € H;, with g, € H, and 7, € H; for each
V=7V1y...,Un-3.
We may now assume that the a-graph in as has an G-labelling of the form
H;, H;J " H ,ij Fie HO L Hf)ffi‘g‘"’) (since both inner automorphisms and relative factor
automorphisms stabilise «/). Since the edge oy — vy is stipulated to not be of Type A,
then we must have that jx # 1 and i, # 1 for some a € {jk,v1,...,v,—3}. '
Let a3 be the domain whose a-graph has G-labelling (Hi7 H;jk, H,ijk, Hf,’;l ey H;:;ZgB) ,
and let A; and A; be the A-graphs in a3 with central vertex H; and H;j'“, respectively.
Observe that A; € az n a1, thus ag—ag is an edge of Type A in the Space of Do-
mains. Further, note that since (Hi, H;jk, H,ijk, Hf;il e ,Hzi’if) is an G-labelling for

;. » ]Z]k> 3 i
Aj;, then by Definition [2.2.1} so too is | Hj, H;J’“, (H;J’“) < SV S H:,;‘_g?’ . But
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N j"jk> U o
<H;J" < M- HIEZJ’“ It ik = H;Jk]k. Thus A; € ag N ag, and so ag — a3 is an edge
of Type A in the Space of Domains.

Finally, since B; j 1 € a1 naanas then [, ag, az] is a 2-cell in the Space of Domains,

and so o — g is homotopic to the path oy — a3 — as whose edges are both of Type
A. O

Proposition 5.4.3. Suppose a; — o is an edge in the Space of Domains of Type C),
but which is not of Type A or Type B. Then there exist domains ag and ag and edges
a1 —ag, az —ay and ag —ao of Type A such that aqp — ao 18 homotopic in the Space
of Domains to oy —ag — g — Q2.

Proof. By Proposition (or rather, Observation , there exists a domain a3
so that a3 — ao is homotopic to oy — ag— a9, where oy — a3 is an edge of Type A
and ag— g is an edge of Type B. Then by Proposition there exists a domain ay
with ag — g homotopic to a3 — ay — ag, where ag —ay and ay — o are both edges
of Type A. Now a1 — s is homotopic to a3 — ag— ag — as. O

Corollary 5.4.4. Any path in our Graph of Domains is homotopic (in the Space of
Domains) to a path whose edges are all of Type A.

Proof. This follows from Propositions [5.4.2] and [5.4.3] recalling that any edge in the
Graph of Domains is at least one of Type A, Type B, or Type C. 0

5.5 Relative Whitehead Automorphisms

In this subsection, we consider how to move through the Graph of Domains (i.e. how to
move along edges in the Space of Domains). By Corollary we need only consider
edges of Type A.

In Definition we define Whitehead automorphisms and multiple Whitehead
automorphisms, which provide a convenient way to discuss elements of the stabilisers of
vertices in the fundamental domain D,,. These are the same (differing only in notation)
as those used by Gilbert [12] and Collins and Zieschang [8]. However, to examine
domains other than the fundamental domain (i.e. vertices in the Space of Domains),
it will prove useful to discuss ‘relative’ Whitehead automorphisms, which may act on
groups beyond just the factor groups G; of the splitting &.

We will find that moving along edges of Type A in the Space of Domains is achieved
by applying ‘relative multiple Whitehead automorphisms’, or equivalently, by collapsing
and expanding edges of graphs of groups in C,, (i.e. travelling along a— A — « paths
in Cy,).

Definition 5.5.1 (Relative Whitehead Automorphism). Let Hy - - - H,, be an & free
factor splitting for G = Gy - - -*G,,. A relative Whitehead automorphism (with respect
to the splitting Hy * --- % H,) is a map ¢ for which there exists x € H; for some i and
Ac{Hy,...,H,} — {H;} so that ¢ pointwise conjugates H; by z for each H; € A, and
pointwise fixes Hy, for each Hy, ¢ A. We denote such a map ¢ by (A,x). If |[A| =1, i.e.
A = {H;} for some j, we may abuse notation and write (H;, z) for ({H;},z).

If x = (x1,...,25) < H; for some ¢ and A = (Ai,...,A;) where each A; <
{Hi,...,H,} — {H;} and Aj, n Aj, = J for ji # jo, then we denote by (A,x) the
composition (Aj,x1)...(Ag,xE). Such a map is called a relative multiple Whitehead
automorphism. We denote the union A; U --- U Ay by A, or, for longer expressions, by

UA.
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The Whitehead automorphisms of Definition [[.1.9] may be thought of as relative
Whitehead automorphisms with respect to the initial splitting Gy *- - -#G), of G. However
it should be noted that they behave quite differently under composition.

Lemma 5.5.2. Let Hy = --- = H, be an & free factor splitting for Gy * --- « Gy. If
P € Out(G) is a relative Whitehead automorphism (with respect to Hy * --- = Hy ), then
'Lﬂ € Outg(G).

Proof. By Lelrn]fnam7 there exists ¢ € Outg(G) with (G;)¢ = H; = GY' for each i ( for
some g; € G). Since 1) is a relative Whitehead automorphism for Hj #- - -« H,,, for each i
there exists h; € G such that (H;)y = Hl}“ Now let x € Outg(G) be such that for each
i,x g~ g"?" for all g € G;. Then for each i, ((G;)x)p = ((h)1Gi(hi M )p™t) ¢ =
hi(Gi)phyt = higiGigi thit = GM9 | and the following diagram commutes:

(2

Gix- %G, . SN G{ll*...*gﬁn ——— Hy*---xH,
h I b
Gghl)ip—l . . GT(lhn)lp—l ¥ Gfll1g1 - Gann H{Ll oo HZLL"

Thus in Out(G) we have ¢ = ¢~ lxp and since o,y € Outg(G) < Out(G) then o €
Out@(G). O

Lemma 5.5.3. If a1 —aq is an edge in the Space of Domains of Type A, then there
exists some relative multiple Whitehead automorphism (A,x) such that ag = oy - (A, x).

Proof. If a — g is an edge of Type A, then there is some A-graph A; € a1 nas < Cy,.
Suppose the a-graph in the domain «; has G-labelling (Hy,..., H,) = (G{',...,G%")
for some g1, ..., g, € G. Then so too does A;, and the a-graph in ary must have labelling
((H1)X, - -, (Hpn)x) for some [x] € Stab(A;).

Let [¢] € Outg(G) be such that Hy = (Gg)vy for all k (that is, a1 = Dy, -v). If A; is
the A;-graph in D, the fundamental domain, then Stab(4;) = ¢! Stab(A,;)1y. Recall
from Proposition and Example [5| that Stab(4;) comprises elements of the form
(Goiry1) - (Gop_ iy Yn—1)p where y1,...,yn—1 € Gy and p € & = [[}_, Aut(G).

Since ¢ € Stab(a) (where a is the a-graph in D,, ), then we may assume that ag-1p~! =
Dy - (Gyyyy1) .- (Gy, 1, yn—1) for some y1,...,yn—1 € G;. Now for a given factor group

, _ N (v
Gy (with j # i), we have (G))(Gyou)¥ = (G20 = ((Gyw) @) = (c2))
(Hj) (Hj, y§i>. Observe that since y; € G; then yj' € GY' = H;.

Thus setting z; = y?i for all j # i, we have ag = a1 (G, 1)« - - (Goy s Yn—1)Y =
ai - (Hyy,21) ... (Hy, 1, %y, ;). Grouping together terms for which z; = xj, we may
then write this in the form ay = o - (A, x) with A = (JA < {H,...,H,} — {H;} and
x € H;, as required. Moreover, (A, x) € Stab(A4;), as one would expect. O

Example 6. Let «; be the a-graph with &-labelling (Hy,..., Hy), and let hy € Hj.
Then s := «3 - (Hs,hy) is the a-graph with &-labelling (Hl,Hg,Héll,H4,...,Hn).
Moreover, a; — ap is an edge in the Space of Domains of Type A (writing «; for the
domain containing the a-graph «;). We demonstrate this via the following collapse—
expansion path in C,:
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H
Hy Hy Hy H,

It is not hard to see using this example how to extend Lemma to an “if and only
if” statement. Additionally, we see that relative (multiple) Whitehead automorphisms
must obey the relations of the stabiliser of the relevant A-graph in C,.

Observation 5.5.4. In order to apply this kind of geometric argument, we must ensure
that all automorphisms are written relative to the domain on which they act. This
includes automorphisms written within a composition. Thus, continuing Example [0} if
hy € Hy say, we have (Hz, hohy) = (Hz, hy)(HY, hy).

Lemma 5.5.5. Let (Hy, ..., Hy) be an &-labelling for some a-graph o € Cy,. Suppose x €
H; for some i, and A)B< H = {Hy,...,H,} with H;¢ AuB. If A={H,,,...,H,,,},
set A :={H7 ,...,H] }.

1. For x1,x9 € H;, we have a- (A, x1)(A™, x9) = a- (A, x911).
2. We have a - (A, z)(A% 27 1) = a. We will thus write (A%, x71) = (A, z)~ L.

3. If An B =, then a- (A, z)(B,z) = a- (B,z)(A,x), which we may write as
a-(Au B, x).

Proof. Let « be the a-graph in C, with (Hi,...,H,) as a labelling. We partition
{Hy,...,Hp} as {Hq,,...,Hq,,} V{H;,,...,H;,} where m +s =n and H, € A for each
a€fay,...,am}.

1. By Definition we have that « - (A, x1) is the a-graph, say a1, with labelling
(HyY,...,H  Hip,...,H;). Then oy - (A", x2) is the a-graph, say az, with

labelling ((Héfll)m?, e (H(f;)m, H;,...,H;) = (Hfllm, oo HPY2 O Hy JHi,).
On the other hand, we clearly have that o - (A, z1x2) = ao.

2. This follows immediately from 1 by setting z; = = and 25 = 2! and noting that
rr~! =1 and (4,1) is the identity for any A.

3. Since AnB = J, we will partition {H1, ..., Hy} as {Hq,, . .., Hap }O{Hpy, .. ., Hy, JU
{H;,...,H; } where p+q+r =n, H, € A for each a € {a1,...,ap}, and H, € B
for each b € {b1,...,b4}. Set a1 := - (A4, z) and o := - (B, z). Then «; is the a-
graph in C,, with labelling (H7 , ..., Hy  Hy,,....,Hy,, Hiy, ... ,H;.), and ao is the
a-graph in C, with labelling (Hq,, . . ., Ha,, Hj , - . - ,Hg‘q, H;,...,H;). Now ag :=
a1+(B, x) is the a-graph in C,, with labelling (Hg, ..., Hg , Hy ..., Hy  Hi, ... JH;).
But a4 := as - (A,z) is also an a-graph in C,, with the same labelling as as.
Thus a3 and ay belong to the same Out(G)-orbit of the fundamental domain, D,,.
Since D,, contains a unique a-graph, then we must have that ag = a4. That is,
a-(Az)(B,x) =a- (B,z)(A,x).

O]
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Remark. Let H = {Hy,...,H,}. For I = H— (AU B u {H;}) with An B = & and
H; ¢ AU B, we can ‘partition’ the a-graph with labelling (Hq, ..., Hy)

o A
Hn H2
as [ H,; . One should think of this still as an
Hn—l H3
/ | AN
[ ] [ ] B

[ ]
a-graph, but ‘abbreviated’ — instead of drawing individual edges for each leaf H; of A,
we draw one wider edge (similarly for B and I).

Lemma 5.5.6. Let Hy #---% Hy be an & free factor splitting for G, and let a be the a-
graph (and the domain containing it) with S-labelling (Hy, ..., Hy). Suppose there are
elements x € H; and y € H; for some i # j, and subsets A, B < {Hy,...,H,}—{H;, H;}.
If AnB =, then a- (A, z)(B,y) = a- (B,y)(A,x).

H,
H, o
Proof. We have that « is the graph of groups . For I =
Hn—l H3
71N
[ ] [ ]
[ ]
A
H;
{Hi,...,H,} — (Au Bu{H;, H;}), we ‘partition’ a as I , noting that by
Hj
B

construction Au B u{H;, H;} 1l forms a disjoint partition of the labelling (Hy, ..., Hy)
for @. Then the diagram in Figure [§] commutes.

A
a—4D . (A, x)
That is, in the Space of Domains there is a loop +(B,y) +( B.y)
(A)

Oé(B,y)+Oé(A,$)(B,y)
which can be seen algebraically by considering the labellings of each a-graph. Thus we
haveoc-(A,:r)(B,y) :Oé'(B,y)(A,iL‘). O

Remark. With notation as in Lemmal5.5.6] if instead we have Hj € A, then o-(A, z)(B, y)
is not well-defined geometrically — we would instead need to write « - (A, z)(B, y").
On the other hand, if An B # ¢, say B € A, then a - (A, z)(B,y) would also not
be well-defined geometrically. Instead, we would write « - (A4, z)(B*,y). Note that this
differs from the notation used for non-relative Whitehead automorphisms, where if oy is
the a-graph in D,, (i.e. with labelling (Gi,...,G,)) and z,y € G,, we would have that
ao - (G1,7)(G1,y) is the a-graph with labelling (GY*,Ga,...,G,). For the remainder
of the paper, all automorphisms will be assumed to be relative (multiple) Whitehead
automorphisms, unless otherwise specified.

Despite our relative (multiple) Whitehead automorphisms being different objects
than the Whitehead automorphisms used by Gilbert [12], we borrow some notation
introduced in [12, Section 2J:
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Notation 5.5.7. Let Hy * - --
{Hq,...

A

A

— {H;}, let z1..., 24,y € H; (where H; ¢ A) and set x = (z1,...

A AJI,'
H;
I I
H;
B B
A A
H; H;
I I
H; H;
B B
A AJI,'
H;
I I
Hj
BY BY

Figure 8: Commuting Diagram of o and A Graphs

+* H, be an & free factor splitting for G and set H =
,H,}. Given subsets Aj,..., Ay < H where A; n A; = F for i # j, set
(Aq,...

,Ar) and let A:= Ay U---U Ay Suppose B is an arbitrary subset of

(H—A) - {H } We will adopt the following notation:
AN B,x):= (A1 nB,x1)...(Ax n B, zy)

(
(A — B,x) = (A —
(A +; B,X) (Al B :L‘l)
(
=(4

B,l‘l) — B wk)

(A
(Aj-1 — B,xj-1)(4; v B, zj)
Ajy1—B 333+1) (Ak — B, xy)
B,:Iil) (A UB :13]) (Ak—B,.CUk)

(A,yX) (Alvyxl) (Akvyxk)

(A,xy) (Alaxly) (Ak7$k‘y)

(Aj,x) :==(A1,21)... (A dj—1, 25— (A, 25) (A1, 2541) - (Ag, k)
=<A1,I‘1) ( ) Ak,.ili'k)

(A, %)) :==(Ar, 1) . (Aj1, 1) (A, D) (Ajen, i) - (Ag, 2p)
=(A1,21) -(A 1) ... (Ag, 1)

[A]; == Ay, [x]; := zj, and [(A,x)]; := (45, 7))

If A={H,,,...,H,,} then A® := {H? ,...,H7 } and we define

AX = (AT, LAY
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Note that (A n B,x) and (A — B,

x) may still be defined when H; € B.

We find that similar (though not identical) properties hold for us as are used by

Gilbert [12].
Lemma 2.10].

Proposition 5.5.8. With the above notation, we have that:

1. (A,x)=(A—-B,x)(AnB,x)=(AnB,x)(A - B,x)

2. (A+; B,x) = (A - B,x)(B, ;)

3. (Aj,x; ; %) = (A,x;lx)(f_l,:z:j_l) and (A, X,z ; D = (A, XT;

/(A >=<A+jBx><<AmB>%,f<j] )= (A A By %) (
where [((A+; B)]le = [(A+; B)ls = As — B for a € {1,
(A -+ B));: = (A + B - A 0 B) o (A +,

=4 -B) o JAnB)" *u (B4
Proof. 1. Given arbitrary sets A and B, we have A = (A— B) u

disjoint partition of the set A. Now
(A,x) = (A1, 21) ... (Ag, zk)
=((A1—B)u (A1 nB),z1)...
(Al — B,a:l)(Al M B, 1‘1) .
= (Al —B,le)...
(A - B,
Moreover, we also have A =
(A,X) =

((Ax —B) v

(Ak — B,xk)(A1 M B,xl) e

x)(A N B, x).

(AnB)u

(A n B,x)(A — B,x).

2. Given arbitrary sets A and B, we have A u B =
partition of the set A u B. Now

(Ap N B),
(Ax — B,xr)(Ap 0 B, xy)
(Ak ﬂB,SEk)

In particular, part 4 of the following Proposition is adapted from [12}

DAz

(A +; B),x)
1,...,k} — {j} (md
)] (AjnB))"Y

(A n B), which is a

)

(A — B), and a similar argument yields

(A — B) u B, which is a disjoint

(A+;B,x)=(A1—B xl) (Aj U B,zj)...(Ay — B, zy)
= (A1 —B,z1)...((Aj — B) u B,zj)...(A; — B, xy)
= (A — B 1‘1) (Aj — B,z;)(B,xj)...(A; — B,xy)
= (A1 —B,x1)...(Aj — B,zj)... (A — B,xy)(B, zj)
= (A - B,x)(B, zj)
3. We have
(A;, x;lij) (Aq, x;lxl) (A, a:;ll) oo (Ag, x;lxk)
= (A4, x;lxl) (A 1)(A, x;l) oo (Ag, x;lxk)
= (Al,xj*lxl)...(Aj,l). (Ak,x x1) (A, :cfl)
= (A4, x;lxl) - (Aj,x;lx]) (Ak,x xk)(f_l,xjfl)
= (A,x;lx)(/_l, x;l .
Similarly,
(A;, )ijjfl) = (A4, xla:;l) (A, a:;l (A, xkafl)
= (Al,xlaz;l) (A iy DA, xil) ..(Ak,:zkx]71)
= (A4, xla:;l) (Aj,xjxjfl) .. (Ak,a:kx;l)(fi,xjfl)
= (A,xx;l)(/_l, x;l)
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4. By 2. and 3. above, we have
(A +; B,x)((A; n B)",%X;x -_1)

= (A-B,x)(BnA,z;)(B-A x])((AmB)xJ,X:Ej 1)((B—A)xj,x;1)

(B,

(

(AnB 25) (A n B)mﬂ,xxj_l)(B — A, z;)((B — fl)xﬂ',wj_l)
(

(

= A—B,x A~ B,xz; ') (B — Az a))
= (A - B,x)(A n B,x)

= (A, x)

Similarly,

(A, n B,z '%;)((A +; BY,x)
= (AnB,z;'x)(B—Aa;)(A - Bx)(((_J(AnB)" ) u(B-4)7),)
A — B,x)(A n B,a:j_lx)(B — A,x;l)(U(A N B)xglx,xj)(B — A" xj)

A — B, x)(A n B,x)

(

= (

(A —B,x)(An B,mj_lx)(U(A N B)x;lx,xj)(B - A,w;l)(B — A" xj)
(

= (A,x).

6 Peak Reduction in the Space of Domains

In this section we will prove that the Space of Domains is simply connected. We will do
this via ‘peak reduction’. The idea of this is that given a (based) loop in the Space of
Domains, any ‘peaks’ in the loop can be reduced, until the loop is just the basepoint.
This is roughly illustrated in Figure [9]

Figure 9: The Idea of ‘Squashing Loops’ by Reducing Peaks

We will follow the outline below, which is largely based on the method used by
Gilbert [12, Section 2] (which in turned is based on the work of Collins and Zieschang [8,
Section 2] )ﬁ

e Define a concept of ‘height’ of a vertex/domain «, and define a ‘peak’ of a loop in
the Graph/Space of Domains

e By Corollary we may solely consider loops comprising edges of Type A, so

a ‘peak’ looks like « Aada

3Note however that the objects Gilbert as well as Collins and Zieschang study are words in a group,
as opposed to geometric objects, thus while the overall structure of the idea is similar, the details vary
greatly.
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A;

o Aj . " ) .
e Split into four cases of &« — o — « for various conditions on 4 and j

e For a given path o = av — « show there is either a 4-cycle or 5-cycle in the Graph

A
of Domains (whose edges are all of Type A) with « A qasa subpath

e Given such a loop in the Graph of Domains, show that it is contractible in the

Space of Domains (that is, that o =~ o —~ « is homotopic to a path of length 2
or 3 with the same endpoints)

. Ai A . . .
e Show that if @« =~ o —~ a was a peak in some loop in the Space of Domains, then

o . . . A, A
it is homotopic to a path whose ‘middle’ is ‘smaller’ than that of « a—ra

Note that we are only interested in loops in the Space of Domains whose endpoints
are vertices and who strictly follow edge paths (with no backtracking etc.). This is
permissible, as any loop can be deformed into such a loop quite easily. It also means we
can easily consider the loop in the Graph of Domains (which is just the one-skeleton of
the Space of Domains).

6.1 Defining Height

Notation 6.1.1. Let « be an a-graph g in C, with G-labelling (Hy,...,H,). We
denote by & the G-tree which is the universal cover relative to « (according to Serre [20]),
that is, the G-tree satisfying (up to equivariant isometry) a /G = « viewing a here as
a quotient graph of groups (via Bass—Serre theory). We will label vertices of & by their
stabiliser in G, so, for example, g - G; = GY for g € G and G; € &. When edges in & are
given labels, we will write the action of G multiplicatively, so, for example, g - e = ge.

Remark. Note that each labelling (H7,..., H,) in the equivalence class of (Hi,..., Hy,)
of labellings of o determines a lift of « in & (by taking the convex hull of the vertices in
& with stabilisers Hi, ..., H}). Since this lift has the same ‘shape’ as a (deduced from
equivalence of the labellings), we may consider o with its labelling (Hy, ..., H,) to be

a subgraph of &, acting as a fundamental domain for the action of G.

Let o be the fundamental domain D,, (the domain with the graph in Figure [10] at
its centre). Let o be an arbitrary domain (with the graph in Figure 11| at its centre).

G, I e
anl G3

./‘\.

Figure 10: The a Graph at the Centre of the Fundamental Domain

Let W be the set of pairs {G;, G;} of (distinct) elements of {G1,...,G,}. Note that
Wl = (3) = gn(n—1).

Set |[{G}, G}, to be the length of the edge path from the vertex labelled G; to the
vertex labelled G; in & (note that this is symmetric, so we don’t need to worry about
the order of our pair).
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H, Hy G G2
Hn_ 1M H. 3 = Gin_llx Gg5
/ | AN / | AN
[ ] [ ] [ ] [ ]
[ ] [ ]

Figure 11: An Arbitrary o Graph

Definition 6.1.2. We define the height of the domain « to be

ladl == (lwla —2)

wew

Note that this can only take (non-negative) integer values.
Lemma 6.1.3. We have ||a|| = 0 if and only if o = «.

Proof. On the one hand, in ap we have that |w|a, = 2 Yw € W, so clearly ||ayg|| = 0.
On the other hand, observe that for any w € W, |w|, = 2 Va. So

lall = [laoll = > (lwla—2) =0
weWw
— D [wla=2W|
wew
= |wlag =2 YweW

We claim that this implies a = ag. Indeed, if there is some « such that for all ¢, 5 €
{1,...,n} we have |[{G;,G}}|o = 2, then the path in & between the vertex labelled G;

and the vertex labelled G; must be G;—e——G; (for each pair {G;,G;}). Suppose
G;

for some 4,7,k € {1...,n} that & does not contain the tripod /L . Then &
Gk Gj

Gi—e—=G;

must contain the path . But the only way for the length of (G;, Gy)

to be 2 now is to have a cycle . But & is a tree, so this cannot happen.

G
G

Hence & must contain every tripod of the form /L for all 4,5,k €
G G
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G

G, Gy
{1,...,n}. But this precisely means that & contains as a subgraph the star 1
7N
Thus if |w|o = 2 Yw € W, then we must have o = «p.
U

Note that we think of {G;, G;} as both a pair of groups, and a pair of vertices in
the universal cover of the graph of groups. Since the universal cover is a tree, there is a
unique path from the vertex whose stabiliser is GG; to the vertex whose stabiliser is G,
so we may also use {G;, G} to refer to the edge path connecting them (in a given &).

Definition 6.1.4. Let w be a sequence of edges forming a path in a G-tree &, and let
u be any subpath of w. Denote by Ay (u) the number of times the subword u (or some
G-translation z - u, or inverse z-u) appears in w. Define |w|, to be the reduced path
length of w in &.

Convention 6.1.5. Let a; be the a-graph with &-labelling (Hy,..., Hy), let ¢ €
Outg(G), and set ag := ag - 1. Recall that &; and &g are the G-trees associated
to a1 and ag, respectively, with vertices labelled by their G-stabiliser. Call the vertex
with trivial stabiliser in the convex hull of the vertices Hy,...,H, in &; ‘v’, and the
vertex with trivial stabiliser in the convex hull of the vertices (Hi), ..., (Hy)® in ao
‘v"”. We equivariantly label the edges of &; by assigning an edge v +— H; the label ‘e;’,
and its G-images ‘ve;* where x € G. Similarly, we label the edges of dg of the form
v/ - (H;)v¢ ‘f;’, and equivariantly extend this to a labelling of all the edges of d&s. We
now define an equivariant map ¢y, : & — do with (v)@y = v’ so that the vertex in &y
whose stabiliser is H; is mapped to the vertex in & whose stabiliser is H;.

Gs *

Hl ° Hl °
H, / ° Hy, / .
Example 7. Let a; be * — - . andap = a1 (Hg,x) (withx € H;) be ® — el
/ /
/D, AN
Hi ° HZ )

to Convention

Consider (the subgraphs of) &; and &g as illustrated in Figure labelled according
Observe that (eq)p(p, ) = file~1fi)(# " fa), where z71 f; is the

: v e 1),
€T o
Ha . Ca 1 v _lf‘ fa
X o 7: AL V7 VR
T€q xre; a fz a®
o> Hi H,  H;

Figure 12: Subgraphs of &; (left) and &s (right)

image in & of f; under the action of 271, and z—1J; is its inverse edge (the same 1-cell,
with opposite orientation), and for j # a we have (e;)¢(g, ) = fj. Moreover, we see
that (e;(7e;)(veq))(H,,2) = fao- Thus ¢(g, ») expands some edge paths, contracts some
edge paths, and does not change the length of other edge paths.

We now prove some technical lemmas. Unless otherwise stated, A, will always
concern the word w relating to a;. The following lemmas (and proofs) are similar in
structure to a lemma (and proof) of Collins and Zieschang [8, Lemma 1.5], in that we
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count ‘subwords’ to determine how an automorphism changes the height of a domain.
However, since our arguments are applied to different objects, we recover quite different
formulae.

Lemma 6.1.6. Let oy and ag = a1(Hgy,x) be as in Example@ and let w be an edge
path in &1. Then

|(w)‘P(Ha,x)|a2 = [wla, +2Aw(ea) — 2Au(Eieq) — 2Aw((xilei)éiea)

Proof. Given any word u, let I(u) be its unreduced length. We may assume that w is
a reduced word, that is if w = didz...d,, then for any d;, we have that d; 1 # dj
Then l(w) = Y0, Aw(exr) = |wla, = m. Since w is an edge path in @&, then given a
letter (edge) d;, there is some k € {1,...,n} and some y € G so that either d; = yey,
or dj = yeg. Equivariance of ¢(g, ,) means that (yex)P(m, ) = Y(ex)P(H, ), and
(k) P(Har) = (€R)P(Hqz)-

Let w’ be the unreduced word (w)¢(, ») in 2. That is, w' = (d1)@(H, 2) - - - (dm)P(H, 2)
and l(w') = 1((d1)P(H, ) + - + U(dim)P(Ha ) We will say dj ~ ey, if dj = yey, or
d; = yey, for some k € {1,...,n} and some y € G. If d; ~ e for some k # a then
(dj)P(Haz)y = fr and U((dj)¢(H,,2)) = 1(d;) = 1. If on the other hand d; ~ e,, then

(d)P(Ha ) = filz™Lfi)(x “1f.), and 1((dj)p P(Hq,z)) = 3l(dj). Thus:

= Z Ay(er) + 3A(eq) = l(w) + 2A(eq) = |wla, + 2A(eq)
k#a

We now consider reductions to w’. Note that (&)@ (g, 2)(€a)(H, 2) = fifi(x= 1) (@1 fo),

which reduces to (z=1f;)(z~'f,). Let w” be the result of applying all such reductions
to w’ (including inversions and G-translations of the subword f; f; resulting from images
(€i€a)®(H,,z))- Then the length of (€ieq)¥(m, ») (and its inversions and G-translations)
is 2 less in w” than it is in w’. Hence I(w”) = l(w") — 2\, (Ejeq).

We also have that (z7'e;)p(n, »)(€ca)o(t, o) = (@ fi) (@1 fi) (™! fa), which re-
duces to 271 f,. Let w” be the result of applying all such reductions to w” (including
inversions and G-translations of the subword ((z~'e;)&i€a)p(p, »))- Then the length of
(7 'es)eiea) o, ) (and its inversions and G-translations) is 2 less in w” than it is in
w”. So l(w") = l(w") —2A,((z7Le;)Eie,). Since w was assumed to be reduced, there are
no further reductions we can apply to w”, hence [(w") = |(w)@(H, 2)|ay- We therefore
have:

(W)t ) laz = Uw™) = 1(w") = 280 ((z7"e;)Ereq)
= (W) — 2Ay(Eeq) — 2A, (27 1)) Eey)
= |wl|a; + 2A0(eq) — 2M 4 (Eieq) — 200 (27 tes)Eey).
O
Lemma 6.1.7. Let oy be the a-graph with &-labelling (Hy, ..., H,), let x € H; for

some i, and let A < {Hy,...,H,} —{H;}. Set as := a1(A,x), label &1 and &g according
to C’onventz’ and let p(az) @ G1 — Gg be the equivariant map described in

Convention . Given an edge path w in &1, we have:

‘( ) P(A,x) ’a2 ’w‘al + 22 Aw(ea) - Aw(giea) - Aw(( ezea ZA €aeb
a:HqeA b:Hye A— {Ha}
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Proof. As in Lemma we let [(u) be the unreduced length of a given word u, and
we assume that w is a reduced word w = dids . . . dp, with [(w) = m = |w|a,.

Let w' be the unreduced word (w)p(4 4 in d2. That is, w' = (d1)@(az) - - - (dm)P(a,2)
and I(w') = I((d1)pae)) + - +1((dm)P(am). Extended from Lemma we have
that (ea)@(ae) = filz71fi)(z ~1£,) for any a such that H, € A, and (e ©(Az) = fi for
any k such that Hy, ¢ A. Thus if d; ~ e, where H, € A then I((d;)pa,q)) = 3 = I(dj) +2
and if dj ~ ej, where Hj, ¢ A then 1((dj)¢(am) =1 =1(d;). Now:

i Ar _BZA ea +ZA ek —l -I-QZAGQ

aHaEA ka$A aHaeA

We now consider reductions to the word w’. As in Lemma we have that for
any a where Hy € A, (&)@(a.0)(€a)pae) = fifilz=1fi)(z 7 fo) = (71 fi)(z7 fo) and

(7 e))p (A2)(EiCa)P(az) = (T L)) (e f) = 271 f,. Let w” be the result of
applying all such reductions to w’. Then:

[(w") = l(w —22 w(€ea) + Ay((z 161')67;6:1))

a:H,eA

Contrary to Lemma w” is not yet fully reduced. Indeed, observe that for any
distinct @ and b with H,, Hy € A, we have that (€aep)p(a2) =

(= 1f) @ ) Fifi@ 1) (™ f) = (x=Lf,) (2= fy). Let w” be the result of applying all
such reductions to w” (including inversions and G-translations). Then for each distinct
a and b with H,, Hy € A, the length of (€aep)@ (4 ) is 4 less in w” than it is in w”. Note
that for any a and b we have A (égep) = Ay (€qep) = Ay(Epeq). Thus:

I(w™) 2 Z4A eaey) = l(w") — 22 ZAw(ejeb)
aH €EAb:H,eA—{H,} a:Ho€Ab:Hye A—{H,}
Since w was assumed to be reduced, there are now no further reductions we can

apply to w"”, hence I[(w") = [(w)p(a,z)las- We therefore have:

‘(w)gp A x)‘OZQ
_ (w///)

=l(w") — 22 ZA €a€p)

a:Hq,eAb: HbEA {H }

=] —22 w(€ea) + Ay((z7 7€) Eieq) —22 ZA €atl)

a:HaeA a:Ho€Ab:HyeA—{H,}

=l(w) +2ZA(ea) —22 A (Eieq) + Aul((z7es)Eeq) —|—ZA (€atp)

a:Hq,eA a:Hq,eA b:HyeA—{Hy}
=|wl|a, + 22 A(eq) — Ay (Eieq) — Ay ((x7 7€) E€4) Z Ay (Eqep)
a:HgeA b:HyeA—{Ha}

O]

Lemma 6.1.8. Let ay be the a-graph with &-labelling (Hy,...,Hy), and let (A, x)
be a relative multiple Whitehead automorphism with respect to ay, where x < H; for
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some i. For brevity, we will write ZHaeAJ- for Za:HaeAj (etc.). If oy = a1 (A, %), then
llaal| = [|a|] is equal to:

2 Z Z Z Ap(eq) — Ap(€ieq) — Aw((z 7€) €5e4) ZA (aep) — fZA (€ace)

weW AjeA HyEA, HyeAj—{Ha} HCEA Aj

Proof. We have that (A, x) = (A1,21) ... (Ak, zk) for some disjoint subsets Ay, ..., Ax <

{Hy,...,H,} — {H;} and some distinct z1,...,2x € H;. We consider a word w =

di...dp in & and its unreduced image w' = (d1)@(ax) - - - (dm)Pax) in G2. For any

word u, let [(u) be its unreduced length. As in Lemmas [6.1.6| and [6.1.7, we have that

for any a with H, € Aj € A, (eq)p(a x) = fl(:n]_lfl)(xj_lfa), and for any k with Hj, ¢ A,

(ex)ax) = fi- Thus {(w') = l(w)+23 4 Aw(ea) = [Wlay +224,ca Di,en, Awlea).
As in Lemmal6.1.7, each (A;, z;) leads to reductions of the forms:

() (Fea)pian = Jifi(x; i) (@ fa) = (25 i) (25 ),
(i) (=7 eq)eica) pian = (x5 i) @y fi) (25" fa) = 27! fa, and
(i) (Caer)p(an) = (x; fa) (@} fi) Fifi(ay i) (2 o) = (27 fa) (27 o),

where a and b are such that H, and H, are distinct elements of A;. Let w” be the result
of applying all such reductions to w’, and observe then that:

l(w") = 1(w') —2 2 Z Ay (Eiea) + Aw((2} Lei)eieq) —i—EA (€atp)

AjeA HueAj HyeA;j—{Hu}

= |w|ay + 2 Z Z Ay(eq) — Aw(Eieq) — A ((z 7€) Eeq) ZA (€aep)

AjEA HaeAj HbEA] {Ha}

We now consider further reductions to w” which come from interactions between
distinct (A;,z;) and (Ag, zx). Suppose that H, € Aj and H. € Ay, and observe that

(Cate)p(ax) = (€a)P(ax) (€c)Pax)
(_lfa)(x_le)foZ( le)( fC)
(x_lfa)( _lfl)(xk fz)(iU;; fe).

Let w” be the result of applying all such reductions to w”, and note that the length of
€ate is 2 less in w” than it is in w”. Recall that for any a and ¢, Ay (€ge.) =
P(A,x)

Aw(gcea)' Thus l(wm) = l(w”) - %ZA]-GA ZHaeAj ZHCeAfAj 2Aw(67160)'
Since w was assumed to be reduced, we now have that there are no further reductions
to w”. Thus:

[(w)e(ax)las
l(’ll)/”)

S -2 Y NS hu(ee)

AjeA HaeAj HoeA—A;
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=|w|q, + 2 Z Z Ay(eq) — Ay (Eeq) — Aw( i)€i€q) ZA (€aep)

AjEA HaEAj HbEAJ {H }

2% NN he(eed

AjeA Ha€Aj HoeA—A;

=|wl|a, + 22 2 Ay(eq) — Ay (Eieq) — Aw( i)€i€a) ZA €ath)

AjeA HueAj HyeA;—{H.}

—fEA €atc)

HceA Aj
Now:
ezl =D ([w]az) = 2)W)

wewW

=Z |wla, + 22 Z Ay (eq) — Aw(Eieq) — Aw((z "ei)Eieq) ZA (€aep)
wew AjeA HqeAj HyeAj—{H,}

1 _
—§ZAw(eaec) —2|W|
HCEAAfA]'

:22 Z Z Aw(€a) = Aw(@ia) — Aw((z} €;)€ieq) ZA €ath)
weW AjeA Hy,eAj HyeA;—{H,}
_*ZA eaec +Z(‘w’a1)_2‘W’

HCeA Aj wew

:22 Z 2 Aw(ea)_Aw(giea)—Aw( i)€i€a) ZA €ah)
wEWAjeAHaeA]- HbEAJ {Ha}
—fZA (€aee) | + ||aall-

HCeA Aj

O]

Remark. Since an edge path w in &; is uniquely defined by its endpoints, which are
preseved by the map (A x), we will often write [w|a, for [(w)p(a x)las-

6.2 Reducible Peaks

Definition 6.2.1. We will say a path a; — s — a3 in our Graph/Space of Domains is
a peak if ||azs|| = ||a1]|| and |[|ag|| = ||as||, and either [|as|| > ||a1]| or ||az|| > ||as]| (or
both). Equivalently, a; —ag — a3 is a peak if ||as|| = max (||aa]], ||as]|) and ||as|] >
min ([|a|], [Je]])-
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In this section, we claim that given a path oy —ag—ag, there exist domains ay

< \ or / \03 forms a loop in the
/ \a4_a5 /
Graph of Domains.

Moreover, we claim that this loop is contractible in our Space of Domains. Further,
we claim that if a«q — g — a3 was a peak, then oy —ay—ag or oy —ay—as—ag
is a reduction; that is, ||aa|| < ||az2|| and (if we are in the second of these cases) ||as|| <
[|az||- In other words, we are claiming that the peak is reducible.

Later in this section we will encounter many lemmas, divided into multiple cases.
The series of lemmas in each case will roughly follow the structure outlined above.
These will often correspond to lemmas used by Gilbert [12, Section 2], but as Gilbert
is reducing (cyclic) words of G and we are reducing domains in C,, the proofs are quite
different. Recall as well that the notation we use differs subtly to that used by Gilbert.

and a3 such that o

Definition 6.2.2. We say a peak a; — as—ag is reducible (or ‘can be reduced’) if

the path oy —as—ag is homotopic (in the Space of Domains) to some path «; =

Xo—X1— " —Xk—1—Xk = 3 where ||x;|| < ||az|| for every 1 <i <k — 1.

p . (Ax) By) , ‘ ‘
roposition 6.2.3. Suppose oy —— as —— a3 is a peak in the Space of Domains

(whose edges are both of Type A), where the a-graph in the domain ag has &-labelling

(Hy,...,Hy). If thereis somei € {1,...,n} so that x,y < H;, then this peak is reducible.

This proposition corresponds to |12, Lemma 2.4].

Proof. If (A,x) = (B,y), then a1 = a3(A,x) = a2(B,y) = as. Then our peak is really
the loop oy — a9 — 1. Since this is a forwards and backwards traversal of a single edge
in the Space of Domains, then this is clearly contractible to the point «;. By Definition
6.2.1] we must have that ||a;|| < ||az||. Thus the constant ‘path’ at «; is a reduction of
the peak a1 —as—aj.

Now suppose (A,x) # (B,y). Since x,y < H;, then the A-graph in the domain
ay with central vertex group H; (call it A;) belongs to both ae n a1 and ag N a3. In
particular, A; € a1 N ag, so there is an edge [a, a3] between a1 and ag in the space of
domains. Moreover, A; € a1 N ag N as, so there is a 2-cell [a1, ag, as] in the Space of
Domains. Hence the path a; — ag — a3 is homotopic in the Space of Domains to the
single edge path a; — a3. The condition in Definition [6.2.2] is vacuously satisfied here,

thus a1 — a3 is a reduction of the peak a; —agy—as. ]
From now on, we will be considering peaks of the form a; — as — ag where i # j,
(Ax) (B,y)

that is, paths a3 ——~ as —— a3 where x and y belong to different factor groups of
the splitting associated to . If the a-graph contained in the domain as has G-labelling
(Hy,...,Hy), let i and j be the (distinct) elements of {1,...,n} such that x < H; and
y © Hj. Recall from Definition “ 1| that A = (A4,..., Ag), a disjoint partition of a
subset of {Hy,...,H,},and A := A U--- U A. Similarly, B = (By,..., B;) is another
disjoint partition of some subset of {Hl, ...H,} and B:=Byu---uB,.

Observation 6.2.4. Note that we necessarily have H; ¢ A and H i ¢ B. We adopt the
four cases used by Gilbert |12, Lemma 2.12]:
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Case 1: Hi¢Band ngéfl
Case 2: Hieéande¢A
Case 3: HigéBandeeA
Case 4: HieBandeefl

As Cases 2 and 3 are symmetric, we will not consider Case 3 (since after renaming,
this will be identical to Case 2). Additionally, if H; € A then there exists Ap € A with
H; € Ap, and if H; € B, then there exists B, € B with H; € B;. As Gilbert does
in [12, Lemma 2.12], we further split the remaining cases as follows:

Case 1(a): H; ¢ B and H; ¢ A, with AnB =g

Case 1(b): H;¢ Band Hj ¢ A, with An B # &

Case 2(a): H; € B (say H; € B;) and H; ¢ A, with A < B,
Case 2(b): H; e B (say H; € B,) and H; ¢ A, with A & B,
Case 4: H; € B and H; € A (say H; € B, and H; € A,)

We now present a series of lemmas in order to prove that in each of the above cases,

A B
the peak a; ﬁ a9 ﬂ ag is reducible.

Case 1(a): H; ¢ B and H; ¢ A, with An B =
The lemmas for this case are adapted from |12, Lemma 2.6].

Lemma 6.2.5. If H; ¢ B and H; ¢ A with An B = &, then (A,x)"'(B,y) =

(B,y)(A,x)" "
a2
(Aﬁ/ \(\B7y)

That is, there exists a vertex ay in our Graph of Domains such that a1 a3

(B,>>\ /(/A,x)
(071

Proof. By assumption, we have a1 = a2(A,x). Since H; ¢ A, then the G-labelling for
the a-graph o7 contained in the domain oy contains the group H;. Thus as vertices of
Cp, we can collapse an edge of a1 to achieve an A-graph with the group Hj at its centre.
Then (B,y) is in the stabiliser of this A-graph, meaning there is an edge in the Graph
of Domains from a; to a;(B,y) = a2(A,x)(B,y), which we will call ay.

Now by Definition [5.5.1|we can write (A, x)(B,y) as (A1, 21) ... (A, 2%)(B1,v1) - - . (Bi, y1)
for some k and [ in N. So by repeated applications of Lemmal5.5.6 we have (A, x)(B,y) =
(B,y)(A,x), noting that each A, and By are pairwise disjoint.

Hence a3 - (A,x) = az - (B,y)(A,x) = as - (A,x)(B,y) = a4. O

is a loop.
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(B)y)

Qg p Qopp1 — - —— QoL
(B»Y)\bﬂ

S i
Lo

éya,b aa,b-%—l > CAZ(LL
(Ax) | | | (Ax)
Gat1p Gaq1b41 — "+ — Qay1L

L :
Lol

axp Qg pr1 — - —— QKL

(Byy)

Figure 13: Lattice Describing (A, z)(B,y) = (B,y)(A,z) in Case la

a2

(A,>>/ \(\Bm

Lemma 6.2.6. The loop o1 a3 described in Lemma|6.2.5 (with x < H;,

(B,>>\ /</A x)
(0%}

yc Hj, Hi ¢ B, H; ¢ /Al, and A~ B = ) is contractible in our Space of Domains.

Proof. Let A = {Hy,,...,Ha,} and B = {Hp,,...,Hp,}. Fora e {1,...,K}, write
(A,x)|q := (An{Ha,},%). Set &g, := a2, and recursively define Gy 41 1= Qg p(A, X)|a41
and &g pi1 = é‘a,b(BaY)‘b-&-l- Note then that a1 = &g, a3 = &o 1, and g = G 1. We
can now build the lattice depicted in Figure
Note that for each a € {0,..., K — 1} and be {0,..., L — 1}, the square
~ (BY)les1r .

Qg,b Qg b+1
(Al | ARl . o
is such that the B-graph B;;p,., in the domain ¢
Qat1,b, 5 Cgilpt1
OB y)py, @ T

(and similarly the graph Bj; a,.,) lives in the intersection N Ga41,6N G b1 NGt 1,541,
hence this intersection is non-empty. By Definition this means that the square is

contractible in the Space of Domains. In the same way, loops &gp — -+ — Gk — Qop
are contractible via the A-graph A; in &g, and similarly &0 — -+ — Gq — Gap Via
A;. Since every ‘cell’ in our lattice is contractible in our Space of Domains, then so too
is our initial loop (for which the lattice is akin to a tiling). O

Note that we only actually needed the first and last columns (or rows) of this lattice,
since the graph Bj; 4, (or B; ; p,) lies in the intersection of all the domains in row a (or
column b).
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o)
(Haﬂ/ \(&,y)

Lemma 6.2.7. Suppose we have a loop 1 a3 where x € H;, y € Hj,

(H,,>,)\ /é)
oy

H, # Hy, and {H,, Hy} n {H;,H;} = . Then for any edge path w in az, we have

W], —|w|a, = lwla:s — [w]ay-

Proof. Let w be a reduced edge path in &g, the G-tree associated to the a-graph as
contained in the domain ay. By assumption, ay is the (domain containing the) a-graph
with &-labelling (Hy, ..., Hy) = (Hq, Hy, H;, Hj, Hy,, ..., Hy, ,). It follows that ay is
the (domain containing the) a-graph with &- labelhng (HY, H/,H;,Hj,Hy,,...,Hy, ,),
where z € H; and y € Hj;. Suppose the edges in ao are labelled W1th e’s, and the edges
in &y are labelled with h’s. Let @24 1 & — 4 be the equivariant map described in
Convenmon Then (eq)p24 = hi(z=1h;) (27 hy), (ep)2a = hi(y=1h;)(y~'hy), and
(ek)g024 = hk fOI“ any k # a, b.

Utilising the ideas from the proof of Lemma we will let [(u) be the unreduced
length of a word u, and let w’ be the unreduced word (w)pa4 in éy. Then [(w') =
l(w) 4+ 2Ay(€eq) + 2Ay(€p) = |w]ay + 2 (Ay(eq) + Ay (ep)).

Let w” be the result of applying all reductions of the forms

(€iea)p = hihi(zThi) (2™ he) = (27 hi) (™" ha)
((eix™NEiea)p = (27 hy) (wThy) (™ ha) = 27 By
(&5ep) o = hjhy(y=hy)(y~ " he) = (y~Thy) (" he)
((ejyMegen)e = (v hy) (y=hy) (y~ ) =y~ b,

as in the proof of Lemma Then:

Hw") =l(w') = 20 (Eiea) — 20 (2 ei)Eieq) — 200 (Ejen) — 200 ((y™ " ej)Eje0)
=|w|a, + 2 (A (€q) + Aw(ep) — Aw(Eieq) — Aw(Ejep) — Aw((z7te;)Eeq)
—Aw((y~ ej)ejeb))

Since H;, Hj, H,, and Hj, are all distinct, then there are no possible ‘cross-reductions’
to w” as found in the proofs of Lemmas [6.1.7] and [6.1.8] Since w was assumed to be
reduced in @z, this now implies that w” is reduced in dy, hence |wly, = l(w”).

Thus by Lemma we have:

lwlotl + lwla3 - lwlaz
:|w|042 + 2Aw(€a) - 2Aw(e_iea) - 2A (( -1 i)e_iea)

+ |wlay + 200 (en) — 28 (€jes) — 200 ((y " €5)€jen) — [w]ay
=|wla, + 2 (Aw(ea) — Ay(€iea) — Aw((z™ 1€i)eiea) + Aw(en) — Aw(ejep) — Aw((yilej)éjeb»

:lw|a4'
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Obsematz’on 6.2.8. Recall from the proof of Lemma [6.2.6] that we can write the loop
o e
,>\ //A S

6.2.7 Usmg the notation from Lemma[6.2.6] for any edge path w in ay = Go,0, We have
that:

as a lattice, each ‘cell” of which has the form of the loop in Lemma

[W|ay — |wla,

:|w‘dK,L - ‘w|dx,o

:|w‘dK,L - ‘w|dK,L—1 + ‘w|dK,L—1 - |w’&K,1 + |w‘5lK,1 - ’w|d1<,o

:|w‘dK—1,L - ’w|@K—1,L—1 + ’w‘dK—l,L—l - ‘w|0?1<—1,1 + ‘w’@K—l,l - ‘w’dK—l,O
:|w‘d0,L - |w‘d0,L—1 + ’w|d0,L—1 - ’w‘&og + |w‘do,1 - ‘w’&o,o

:|w|do,L - |w|do,o

=|wlag = [wl]a,-

Lemma 6.2.9. If H; ¢ B and H; ¢ A and AnB = & then ||ou|| —[|ea|| = ||as]| —||az]],
where ay = a1(A,x)(B,y).

Proof. By Lemma and the Observation [6.2.8

laall = lleall = 3 (1wl =2) = 5 (Jwlos — 2)

wew wew
= Y (Wl =2 = ooy +2)
wew
= > (1l — wlas)
wew
= > (lwlay =2) = X (Jtwlas — 2)
wew wew
= llasll = [[asl |

d

A x
Lemma 6.2.10. If oy (Hi Qs Lﬁ a3 1s a peak in the Graph of Domains, where

H; ¢ B and H; ¢ A with An B = &, then ||az - (A, x)(B,y)|| < ||az||-

Proof. By Lemma [6.2.9, [|az(A,x)(B,y)l| = [leul| = [les]| + |laa]| — [laz||. Since
a1 m Qs EL) ag is a peak, then ||as|| = max(||aa]|, [|as|]) and ||az|| > min(||aq ]|, ||as]]).
Now:
|laal] = max(||ax|], [Jes]]) + min([laa|], [Jes]]) — [Joz]]
< laz|| + [fez|| — [loz]]
= |laz]l.
O
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Proposition 6.2.11. Let Hy = --- = H,, be an & free factor splitting for G. Let (A,x)
and (B,y) be relative multiple Whitehead automorphisms with x < H; and'y < H; and
A, B c {Hy,...,H,} — {H;, H;} such that An B = &. Let ag be the domain whose
a-graph has S-labelling (Hy, ..., Hy), and let an = as(A,x) and ag = a2(B,y). If

A B
a1 (Hﬂ as Lﬁ as s a peak, then it is reducible.

A B
Proof. By Lemmas |6.2.5| and |6.2.6} the path oy ﬂ 2 LL) a3 is homotopic in the

B A
Space of Domains to the path a; (By) az(A,x)(B,y) (A az , and by Lemma|6.2.10}

[laa(A,x)(B,y)|| < ||az||]- Thus by Definition [6.2.2, the peak ay Bx) % By) ag is

reducible. 0

Case 1(b): H; ¢ B and H; ¢ A, with An B # &

Lemma 6.2.12. If H; ¢ B and H; ¢ A with An B # &, then (A,x)"!(B,y) =
(AN B,x)"'(B,y)(A - B,x)"! and (A,x)"'(B,y) = (B-4,y)(A,x)"'(Bn A,y).

That is, there exist vertices au, as, o), af in our Graph of Domains such that

o o
e ey
o1 f/(A ~Bx) o3 and oL (B- ‘i'yf)\f *3 are both
(Amz?»}\ /ﬁ—f?,x) (B—A,y\>\ /ﬁsm&,y)
Qg———0Qs5 a——ag
(B,y) (A, x)
loops.

Proof. By Proposition |5.5.8] (1), (A,x)(A n B’,X)’1 = (A — B,x). Note that A — B
and B are disjoint, and we have H; ¢ B and H; ¢ A — B. Thus by Lemma (A —
B,x)(B,y) = (B,y)(A—B,x). The second statement follows similarly, by appropriately

switching A and B and z and y. O

Lemma 6.2.13. The loops

«}w/f”\(ﬂ\y) <}x>/a2\<’3\y>

! y(A—B.x) Q3 and A (B-4y)~ X3 are con-
(AM?J}’\// /ﬁ—é,m (B—A,y\>\ \/ﬁami,w
Qg———Qr5 a——ag
(B,y) (A,x)

tractible in our Space of Domains.

Proof. Note that the aj—ag—ay triangle can be ‘filled” with an A; graph (that is to say,
since (A, x), (A n B,x) and (A — B, x) all live in the stabiliser of the A;-graph with H;
at its centre in the domain ag, then by Definition we have a 2-cell [aq, ag, ay]).

Similarly, the ao—az—af triangle can be ‘filled’ with an A; graph. Now (A — BYnB-=

@ = An (B—A), so by Lemma [6.2.6 (Case 1a) the squares ay — oy — a3 — a5 — g
and a; — ag — af — oy — o are both contractible. O

Lemma 6.2.14. Let H' = (H{,...,H)}), and suppose u ¢ H], v C H]’~, C,D c H
with C = D and H/,H} ¢ C. If |o(C,u)| — |a| < 0 and (D, V)| — |a] < 0 then

|e(C, )| = [le = [e(D, V)| = ] = 0.
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Proof. Suppose |a(C,u)|| — o] <0 and |a(D,v)| — |«f < 0. By Lemma

la(Cou)| = af =2), > > | Awlee) — Auw(@iee) — Aw((uy 'er)Eiee)

weW CreC H.eCy

— > Aw(Eaee) — %ZAw(@ec)
H.eCr—{H.} Ho,eC—Cy,
Note that we can write C'—{H.} = (C—C})u(Cp—{H.}). Thus ZHae(Z’—{HC} Ay (Egee) =
ZHaeé—Ck Ay (Egec) + ZHaeck_{Hc} Ay (€ge.) for all ¢ such that H. € C.
Since A, counts occurrences of subwords of w, we must have that Aw((u,;lei)aec) <

Ay (Eec) < Ay(e) for every k such that Cy € C and every ¢ such that H. € Cj. Since
ei, €j, and e, (where H, € C) are distinct, we must also have that

Ay (@iee) + Aw(Ejec) + ZAw(eTlec) < Aw(ee) (1)
H,eC—{H.}

holds for every ¢ such that H, € C. By assumption, |a(C,u)| — |la] < 0, that is:

DI Aw(eC)_ZAw(aec)—%ZAw(%ec)

weW CreC H.eCl, HoeC—C), H.eCp—{H.}

<3 Y N (Aw(a—ec)+Aw((u,;1€,-)e7-ec)).

weW CyeC H.eCy,

We now deduce the following system of inequalities:

Z Z (Aw(QC) - ZAw(eaQC)) (2)

weW g eC H,eC—{H.}

= Z 2 Z Aw(ec) _ZAw(QQC) (3)
weW CreC HeCy, HoeC—{H.}

=3 T DT [ Awlee) = Y. Aw(Eaee) — Y Aw(Eaee) (4)
weW CeC H.eCy, HoeC—Cy H.eCr—{H.}

<3N S [ Aule) - DAl — 5 X Aulenee) (5)
weW CreC H.eCl H,eC—C, HoeCr—{H.}

< Z Z Z (Aw(560)+Aw((eiulgl)€iGC)) (6)

weW CreC H.eCy,

< 2 2 Z (2Aw (Eiece)) (7)

weW CeC H.eCy,

=2Z Z Ay (Eiee). (8)

weW f.eC

The same argument yields that > ., ZHdeD (Aw(ed) — ZHbeD—{Hd} Aw((?bed)) <
22 wew 2 ep Mw(€jeq). Since it is assumed that D = C', we can rewrite this to give

ZWEW ZHCEC' (Aw(ec) B ZHQEC‘*{HC} Am(e*aec)) <2 ZwEW ZHCEC' Aw(éjec)-
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a2
(A x) (B.y)
/UeX)
« « B.y) o o
1 (W,x) 4 5 (U,x)
(V\
(Vvy) (W/ \

%
Oé4 ) OéS

Figure 14: Commuting Diagram for Case 1b

Now Zwew ZHCGC‘ Ay (Eiec) = % ZweW ZHCeC* (Aw(66) - ZHaeé—{Hc} Aw(éﬁc)) and

Ywew 2p.ec Mw(Ejec) = 3 e Y.l <Aw(ec) = XH,eC— (1.} Aw(ejec)) . Summing
these terms, and comparing with the inequality (1), gives that > 1, > H.el Ay (Eiee) +
Diwew ZHCGC’ Au(Ejec) = Dpew ZHCEC* <Aw (ec) _ZHaeé—{Hc} Aw(‘Ta€C)> . We must then
in fact have that > ZHCGC‘ Aw(Eiee) = Dpew ZHCEC’ Aw(Ejee)

= 3D wew Y.l (Aw(ec) — ZHaeC‘—{HC} Aw(ejec)). This in turn forces each line of
(2)—(8) to be an equality. In particular,

Diwew 2iCheC 2l eCy (Aw(ec) - ZHaeé—ck Aw(Eaee) — % ZHaeCkf{HC} Aw(eiec))

= Ywew 20ye0 Decy, (Mw(@iee) + Aw((ue)ie)). That is, [a(C,u)| — af = 0.

The same argument applies to see that we must also have ||a(D, v)|| — ||a|| = 0. O

Lemma 6.2.15. Suppose oy (Hx—) a9 EH) as is a peak. If H; ¢ B and H; ¢ A with
A~ B# @, then either ||az(A,x)(A n B,x)7|| < ||az|| and ||az(B,y)(A — B,x)|| <

llazl|  or [laz(A,x)(B — A, y)|| < [laz|| and [laz(B,y)(B n A,y) || < [laz| -

That is, ||az|| > max(||al], [las|]) or [laz|| > max([laj|], [|as]]).

Proof. Let ag = az(A — B,x)(B — A,y). For brevity, set U = A — B, V = B - A,
WzAmB,andW‘zBmA. Note that W = W' =An B, U = A é_ /lml%,_and
V=B-A=BnA. Observethat UnV = (A—B)n(B-A)=(AnB)n(BnA) =

AnAnBnB= BN = We leave it to the reader to verify that we also have
UnB=UnW=V~AW =V nA=; these follow in much the same way. Then by
Proposition [5.5.8] (1), the diagram in Figure [14] commutes.

By applying Lemma to each of the squares oy — vy — ag—aj —a; and
a3—af—ag—as—a; (which both fall under Case la), we recover that [aq| —

laa| = || — || and |as| — |ak]l = |as]l — [|as].- By considering the triangles

ap —ag—ay— a1 and ag— g — o — a3, we see that [aq | —[laz|| = (|a1| —[oal) +

(aa] = [az]) and [as]| — [az] = (Jes| — [a5]) + (lag]| — llaz])). By Lemma [6.2.14

either max([|a}| — [ag|, [as| — |as]) > 0 or [ay] — [las| = [as| — [ae| = 0. Since
A B

a1 -2 0y BY) oy is a peak, then max(Jas | - Jas. Jas| - [as]) < 0 and minjas | -

72



lez; las| = flaz]) < 0.

We claim that min([aa| = [laz], [ag] = [ez]) < 0. If oy = flas| = |las] — || =0,
then:
min(|laaf — fozl, 5] — foz])
=min ((Joa | = Jaz]) = (leal = leal), (las] = fez]) = (Jes] = as]))
=min ((Joa | = Jaz]) = (le4] = lesl), (las]| = lez]) = (Jes] — |as]))
=min(far| = [z, |as] — laz])
<0.

On the other hand, if max([o| — |as], [|as| — [as]) > 0 (without loss of generality, say
||| — ||l > 0 — a symmetrically identical argument holds if |as| — g > 0), then:
leal = llea] = (leall = llazl) = (lea] = feal)

= (laa] = llaz]}) = (el = flevs )
< fea] = flaz]
< 0.

In either case, we have that min(|oy| — |az|, |af| — [az]) < O.

Without loss of generality, assume [lay|| — ||az| < 0. Then ay—as—as is a peak
falling under Case la, and by Lemma[6.2.10] o] < [az|. An identical (symmetric) ar-
gument holds if instead [|of | — |az] < 0. Thus min (max(|aq], [|as]), max(|a |, |o4])) <
|cva||, as required. O

Proposition 6.2.16. Let Hy ... H, be an & free factor splitting for G. Let (A,x)
and (B,y) be relative multiple thtehead automorphzsms with x © H; andy < H; and
A, B c {Hy,...,H,} — {H;, H;} such that An B # . Let ay be the domain whose
a-graph has G—Zabelling (Hi,...,Hy), and let a1 = az(A,x) and as = az(B,y). If

A B,
a1 (Hx—) a9 (—L) ag 1s a peak, then it is reducible.

A B
Proof. By Lemmas|6.2.12/and [6.2.13] the path oy ﬁ Qs ﬂ a3 is homotopic in the

Space of Domains to each of the paths

01 28 (A, %) (A~ Bx) T B ay(B,y) (A — B,x) A0y and

al(m)az(A x)(B —A ,Y) m az(B,y)(B n A y)~ 1(M)a3

By Lemma [6.2.15, either [[az(A,x)(A n B,x)7'|| < ||az|| and |2 (B,y)(A —
B,x)|| < |laz|| , or |las(A, X)(B Ayl < [laz]| and |laz(B,y)(B n A,y)~!|| <
[|aa|| Thus by Definition one of the above paths is a reduction for the peak

(Ax) (B.y)
o] —<— Qg —— Q3 . ]

Case 2(a): H; € B (say H; € B;) and H; ¢ A, with Ac B,
The lemmas for this case are adapted from |12, Lemma 2.7].

Lemma 6.2.17. If H; € B, and H; ¢ A with A < By, then (A, x)~ ( y) =
where [B']y == By for b e {1,...,1} — {q} and [B']; := (B; — A) U (B, n A)x =
(By — A) UUl;:l Age.
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(A, x

e
o, e

Proof. We have that B, = (B — A) U A. In particular, A n B, = & for any b # q.
By Lemma (3) we have that (By,v,) = (By — A,5,)(A,y,). By (1) and (2) of
Lemma we have that (AYes,xY1) = (qu - )(qu_lyq YeX) = (A, y) (A, ygX).
Now (A, x)(B',y) = (A, x)(B1,41) .- ((Bq )UA ' Yq) - (Bi,y1)

= (A, x)(Br,y1) - (By = A,yg) (A%, y,) .. -(Bi)
= (Bi,y ) (B = Ayg) - (Biy) (A, %) (A%, y,)
(B — A, y)(A, ygx)
(B
(B,

That is, there exists a vertex a4 in our Graph of Domains such that 1

is a loop.

¥)(A,yg) (¥, xV7)
)(qu xYa).

Q2
<A,>>/ \(\Bm

Lemma 6.2.18. The loop o a3 (where H; € B, and H; ¢ A with
EN
o7}

A < By, and B' is given by [B'], = By for b # q and [B'], = (B, — A) U A\X) is
contractible in our Space of Domains.

Proof. Let A = {Hy,,...,Ha,}. Recall from Lemma that we denote (A,x)|q :=
(A n{H,},x). Then there is some x4, € x so that (A, x)|, = (Hg,xa,). Let appo 1= a2
and for a = 1,..., K, recursively define &, := du—1,0(A,x)[,. Then for each a, &g is
the (domain whose) a-graph has G-labelling comprising the groups H Zfl yo. H fl:“ JHa, s
Hag,Hy,,...,Hy, ,. For each a, define B¥ by [B¥], := B; and [B¥], := (B; —
{HAI,...,HAG})U{Hifl,...,Hz’:“}. Note that B = B’. Again foreacha =0,..., K,
we define aq 1 1= Gq0(B¥,y). Then dg41,1 = &a,L(HZq, Qﬁf ). Observe that axo =
a1, apr = ag, and ai; = a4. Thus we have constructed a lattice as depicted in

Figure As in the proof of Lemma the loops qgo—...— ax,0— Goo and
&g, —...— G, — O, are contractible via A;-graphs living in domains &g and
&, 1, respectively. Also, for each a € {0,..., K — 1} the square
(Ba/ ) B
Qq ,0 4> Qg L
Ax)a Hy i) . . . .
(%) Hl l( Ao ) is contractible via the graph Bj;, in the domain d,p
Qa+1 O(BBT> )aa+1 L
n—3
(that is, the graph —o—0Q lives in the intersection g0 N &g, N Aat1,0 N
Ha Hz Hj
da+1,L)- O
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- By) .
Qoo ——7 QoL

i(A,x)h l
| l

~ (BB/ )
Qg 0 —>
(Ax) l(A x)|a+1 l (AYa xYq)
Qa1 O(BaT> )aa+1 L

A
l(Aax)lK l

OéKo 4>(B’ ) aKL

Figure 15: Lattice Describing (A, z)(B’,y) = (B, y)(AY%, z¥%) in Case 2a

a2
(Haﬁ/ \(&7 yq)

Lemma 6.2.19. Suppose we have a loop a1 a3 where By = {H7}

<B;,y\q>\ /éx)
(0%}

(By — {Ha}), and yg € H; # H,, v € H; € By, and H, € B,. Then for any edge path w
in G, we have |w|a, — [W]ay = |W]as — |W]ay-

Proof. Set B, := B, — {H;, H,}. By Lemma we have that
1W|a; = |W]ay + 2A0(€q) — 2A4(Eiea) — 2A0 (27 e;)Eeq).
By Lemma [6.1.7] we have that

[W]ay =[wlay + 2D | Awles) = Aw(EGen) — Aw((y, 'ej)EGen) — D Auw(Eees)
HyeB, H.€B,—{H}

=|wl|a, + 22 Ay (ep) — Aw(EGen) — Aw((y, ej)€jen) ZA (€cep)

HyeB, H.eB,—{H}
+ 2A(e;) — 2A 4 (E5e5) — 2Aw((y j)€jeq) 42 Ay (Ece;)
H.€B,
+ 2A(eq) — 2A 4 (Ejeq) — 2Aw(( i)€j€q) 42 Ay (Eceq)
Hcqu
— 4N (Eie,).

We will follow the methods used in Section [6.1| to compute |w|q,.

Let w24 1= ©(1,,2)( (Bywa) * : &ig — Gy be the equivariant map described in Convention
[6.1.5] If the edges of g are labelled by e’s, and the edges of dy4 are labeled by h’s, then
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we have:

)

) j<@><y;1m>
ev)p2a = hj(yg "hi)(yg "he)

)

for all b with Hy € Bq, and for all k with Hy, ¢ B,. In particular, since H; ¢ B,, we have

(€j)p21 = hj.
Given a word (edge path) w in &g, set w’ to be the unreduced word (w)pay in éy. If
I(u) is the unreduced length of a given word u, then I(w') = l(w) + 4A,(eq) + 2 (€;) +

2 m,e5, Muwles)-

Observe that for any b with H, € B, we have (&ep)p24 = hjh; (yq hi)(yg the) =
(yq '15) (yg ). We also have that (€jeq)aa = hjh(yq 'hy)(yg  hi) (x= yg thi) (2 "y ha)
= (yg "hy) (yg " ha) (z =y ") (27 g P ha) and (€5ei)paa = hjhy(yg "hy)(yg thi) =
(yq 1hj)(y; Lh;). Let w” be the result of performing all such reductions (i.e. of the form
€;€p)p24 where Hy, € By) to w'. Then for each b with Hj, € B, we have that the length
of (€5ep)p24 is 2 less in w” than it is in w’. Thus I(w") = [(w') — 2 men, Mw(Een) =
l(w’) — 2Aw(€j€i) — 2Aw(€jea) — 22Hb€]§q Aw(~€76b).

We now observe that for any b with Hj, € B, we have
(gt ej)Ejen)p2a = (yg ' hy) (yg i) (yg the) = (yg *hs), and similarly,
((yg 'es)Ejei)pas = (yq‘lh-)(yq‘lh-)(y;lh') = (yg 'hi). Also note that ((y, 'e;)&jeq)p21 =
(g ") (g ) (yg i) (2= Ly P ha) (2 T ha) = (ygtha) (27 g Hhi) (27 g M Ra). Let w”
be the result of applying all such reductions to w”, and note that for each b with
Hy, € By, the length of ((y, 'ej)ejes)pas is 2 less in w” than it is in w”. Now I(w") =

Ww") = 2 Yy, ep, Mo((yg Teg)EGen) = Hw") — 280 ((yg 'ej)Ejei) — 2 (( ‘ej)jea) —
2 ZHbqu Aw((@/glej)gjew-
We now consider ‘cross-reductions’ between elements of B,. Let b and ¢ be such that
Hy € By and H, e By — {Hy). Then (esen)pas = (5 he) (g (v ) (o) =
(yq "he)(yg the). Additionally, ()21 = (yg lh‘)(yq‘ hi)hih(yg ) (yg the) =
0 Ay 1), () = (1 ) o™, ) ), Py 0 )
= (z7lyq 'h )(aflyljlhi)(y;lhi)(yglhb). Finally, (€eq)p24 =
(yg i) (yg " hg) b (yg thy) (g ) (2= Yyg ) (@ g ha) = (27 yg Pha) (2 yg M ha). Let-
ting w" be the result of applying all such reductions to w"”, we see that for b and ¢ with
Hy, H. € B, distinct, the length of (€cep)p24 is 4 less in w" than it is in w”, the lengths
of (&ep)p24 and (eg6p)p24 are each 4 less in w” than in w”, and the length of (&;e,)p24
is 6 less in w” than it is in w”. Observe that Ay (€zep) = Ay (cep) = Aw(Epec). Thus
™) = ") =67 (@ica) =4 Xy, (Aw(@aen) + Mul@ien) + 5 Dy, ) AulEeen))-
Assuming w was reduced to begin with, then there is only one final type of reduction
we can apply to w”. We have that ((z~ el)elea)gp =
(27 ) (@~ ) (@ Vg ha) (2 g ) (27 g M ha) = (2 hy) (2 Yy M hy) (2 g ).
Letting w”” be the result of applying all such reductions to w”, we see that the length of
((z7'e;)Eeq)p is 2 less in w™ than it is in w”. Then I(w™") = I(w™) —2A,((z7 e;)Eey).

—
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Since w™" and w are both fully reduced, we have:

[wlay = [(w)p2a]ay = L(w™)
=1(w") = 27 ((z~ ez)ezea)

=l(w") — 6A,(Eieq) 42 ( (€aep) + A (Eiep) EA eceb> 20, ((z 7 e;)Eeq)

HbEBq HCEBq {Hb}
=1(w") — 200 ((y; 'ej)Gei) — 200 (7 e5)Ejea) — 2D Au ej)Eep) — 6My(Gey)
HbGBq
— 42 w(€aep) + N (Eiep) ZA €c€p) 2A . ((x lei)eﬁea)
HbEBq Hpqu {Hb}
=1(w') — 20 (Ejes) — 20(Fea) — 2 ) Au(EGes) — 28((y, 'ej)E5es) — 280 (v " ¢5)E5¢a)
Hbeéq
— QZAw((yglej)@eb) — 6Ay(Eieq) 42 ( (€aep) + Aw(Eiep) ZA €y )
HyeB, HyeB, Hcqu {Hp}
— 2Aw((:v_1e7;)<37-ea)
=l(w) + 4Ay(eq) + 2Ay(e;) + 22Aw(eb) —2Ay(Eje;) — 2A 4 (Ejeq) 2ZA g;ep)
Hbqu HyeB,
- 2Aw((yq_16j)€jei) — 20 ((y, €j)Ejea) — QEA ej)ejep) — 6Ay (€ieq)
HbEBq
— 42 w(€aep) + N (Eiep) ZA €c€p) 2A((x 1ei)€iea)
HbEBq HCEBq {Hb}

=|w]ay + 2Aw(ea) — 2Aw(Eieq) — 2A (27 e;)Eeq)

+ 22 (Aw(eb) — Ay (&5ep) — Aw((y, ej)Ejen) ZA €cp )

HyeB, H.eB,—{H}
+ 2A,(e5) — 2A4(Eje5) — 2Aw(( j)€j€ei) 42 Ay (Ece;)
H.eB,
+ 2A(eq) — 2Ay(Eje0) — 2Aw((y j)Ej€aq) 42 Ay (Eceq)
H.eB,
—4A,(Eieq)

:|w|041 + |w|a3 - |w|012'
O

Lemma 6.2.20. [fx ¢ H;e B, andy < H; ¢ A and A < B, then ||ou|| — ||as]| =
lles|| = [lazl], where ay = az(A,x), az = a2(B,y), and ay = az(B,y)(A%,x%).

Proof. By Lemma [6.2.19

loall = lleal] = 3 (feloy =2) = 3 (fvlon —2)

wew wewWw
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(Jeolas =2 = fw]ay +2)
wew

> (Iwlas = ltwlas)

wew

Y (wlas =2) = Y (Itwlas —2)
wew wew

las] = el

O
Lemma 6.2.21. If 1HAX—) QMag is a peak with H; € B, H; ¢ A, andACBq,
then [|az(B,y)(A¥, x¥) | < [|oz][.

Proof. By Lemma [6.2.20 ||a2(B,y)(AYe,xY%)|| = ||au|| = ||as|| + ||a1|] — ||ez||- Since

A, B,
a1 B2 oy B 1 ks a peak, then ||as|| = max(||aa|, ||as|]) and ||as|| > min(|jaa]], [[as]]).
Now:
|laa|| = max(||au|], [|es]]) + min(||es]], ||az|]) — [[az]]
< |aa|| + [|e2|| — [|az]|

= |[as]].
O

Proposition 6.2.22. Let Hy = ---x H, be an & free factor splitting for G. Let (A,x)
and (B,y) be relative multiple Whitehead automorphisms with x < H; and y < Hj,
A c {Hy,...,H,} —{H;,H;}, B c {Hy,...,H,} — {H;} such that {H;} U A c B,
for some q. Let ay be the domain whose a-graph has S-labelling (Hy, ..., Hy), and

A B
let a1 = as(A,x) and as = a2(B,y). If aj —— ( il o Lﬂag 1s a peak, then it is

reducible.

Proof. By Lemmas [6.2.17] and [6.2.18, the path aq M a9 @ a3 is homotopic in

. (By) (AYa xYq) /
the Space of Domains to the path oy —~= as(B,y)(AYs,x%1) ——<—— a3 where B’ =

(Bl,...,(Bq—fl)uA\x,...,Bk). By Lemma|6.2.21] ||a2(B,y)(AYe,xY%)|| < ||az||. Thus

A B
by Definition |6.2.2} the peak a; (Hx—) Qa9 M asg is reducible. O

Case 2(b): H; € B (say H; € B,) and H; ¢ A, with A ¢ B,

Lemma 6.2.23. If H; € B and H; ¢ A with A & B,, then (A, x)"1(B,y) = (A —
By, %)~ (B’,.Y)((AﬂB )a,xv0) ! and (A,x) 7' (B, y) = ((B+A),y) (A%, xV0) "} ((Byn
A)yq7yqu ), where [B'], := (B; — A) uJ ((A n ]?q)x) and [B]y := BkAfor k #q, and
(B +4 A)]y == ([(B +¢ A)ly — A) v U((B +4 A)lg 0 A)* = (B — A) v JA™ and
[(B +¢ A) ]k := [(B +¢ A)|x = By — A for k # q.

That is, there exist vertices au, a5, ¢, af in our Graph of Domains such that

e e

a1 /¢(A N By, x) 03 an a1’ (B4, Ay)«
(A — Bqﬂ}\ ,// //((A N By)¥a, xY7) (B +q ), y) \ //(B N A)yqa y(])yq
Qy—r—0Q o——al
(By) fam, )
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B)y) (Ryy)

a3

%)
(Ax) (
oz
o o (By) o
! (va) 4 (?Q‘/r]7x.’lz1)
(RH)\

(qu qu

/ y ;/X

(qu Uq

(R"y)

Figure 16: Commuting Diagram for Case 2b

are both loops.

Proof. By Proposition |5.5.8| (1), ( )(A By, x)7t = (A n By, x). Writing =
A, we have that UANn B q) = € B,. Similarly, by Proposition (4),
(B y)(Bg N A)yq,yqu )"t = (B —i-q A y) Note that [B 4+, A], = B,u A 2 A. We
have now reduced both problems to the form required by Case 2a, so the result follows

from Lemma [6.2.17 O
Lemma 6.2.24. The loops

e o

aq v(A N By,x) a3

) «
) and (B+,4,y) s 3
(A - 3117 )}’\ K //((A N Bq)yqv qu) ((B +q A)l7 }}\ \ //((Bq N A)yq7 yglyq)
Q4——as afj——ag
(B.y) (AYa, x1)

are both contractible in our Space of Domains.

Proof. Asin Lemmam 6.2.13], the a;—ag—ay triangle can be ‘filled’ with an A; graph, and
the g3 ar trlangle can be ‘filled” with an A; graph. Now An B, < B, and Ac
B+, A] = BquA so by Lemma(Case 2a), the squares oy —ag —as—as—ay
and a; — g — af — o)y — oy are both contractible. O
L (Ax) (B,y) ‘ : - - -

emma 6.2.25. If a1 —— ag —— a3 is a peak with H; € B, H; ¢ A, and A & B,
then either Hag(A x)(A — By, x) 71| < [|az|| and ||aa(A N Bq,x)(B’ vl < |lagl| , or
llaa(A, %) (B +4 A, y)l| < llas|| and [Jaz(B +4 A,y)|| < [lazl| -

That is, [|az|| > max(||aa|l, [|as|[) or [[ez|| > max(||aj|l, [|las]])-

Proof. Tt will suffice to show that either ||a4|| < [|az|| or ||ag|| < ||az||. The problem
then reduces to Case 2a (Lemma .

Let ag = az(A N By, x)(B 4+4 A,y). For brevity, let P = A — B;, Q = A n By,
R=B+,4,and S = B, n A For b # ¢ set [R"], = [R'] := By — A = [R],,
[R"], := (B, — A) L (B n A)* L (A — B,), and [R'], := (B, — A) L (A)*. Then the
diagram in Figure [16] commutes.
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A, B, . .
Since o 84X Qs By) ag is a peak, we have that min(||aq | —[|az|, [as]| —[az]) < 0
and max([lay | — |az], |ag| — az]) < 0.

Observe that qu ASvs = (AmBq)yq N (A—E)yq = . Additionally, S/qu_l €eH;¢ A
(soFqu; ' ¢ qu) and x¥1 € H/" € By (so xY1 ¢ @) Thus af — g — s — g — o is
a square falling under Case 1a, so by Lemma“7 we have that [as|—[az] = [as]—[as]-

Also observe that P = A — B, < [R"],, x€ H; e B,— A c [R"],, and y € Hj ¢
A-— B, = = P. So ay— g —aly—ap —ay is a square falling under Case 2a, and by
Lemma we have that |aq|| — [oull = ]| — [as]|-

Since P¥a = (A — B,)Vs = Sva (and H}", ijq ¢ IS?J\Q) then by Lemma we have

that either max([ajy]| —[asl, [os| —fas]) > 0 or a}] — o] = fas] — [as] = 0.
Finally, we note that |a4| — [lag| = (Ja1]| — |azl]) — (o] — |@4l), and similarly,
los) — ezl = (las| — lazl) = (les| — ez]).
As in the proof of Lemmal6.2.15 we now deduce from this information that min(|as|—
|aall, ok — [e2]) < 0, as required. O

Proposition 6.2.26. Let Hy = --- * H, be an & free factor splitting for G. Let (A X)
and (B,y) be relative multzple Whitehead automorphisms with x < H;, y < Hj, Ac
{Hi,...,H,} — {H;, Hj}, Bc{Hl,..., n} —{H;}, H; € By forsomeQ,cmdAd:B

Let ay be the domain whose a-graph has S-labelling (Hy, . . ., Hn), and let a; = (A, x)

and as = as(B,y). If aq (Ax 9 E& a3 is a peak, then it is reducible.

A B
Proof. By Lemmas|6.2.23|and [6.2.24] the path oy (fo) a9 M a3 is homotopic in the

Space of Domains to each of the paths
ar BT (AL x)(A — By x)t B ay(A B x) (B, yf AP,

S(Eq nA)va S’qu_l)
? a3

A ! ~ X ~
and al(m)ag(A, x)((B+44),y) (w)ag(B +q Ay
By Lemma6.2.25| either ||as(A, x)(A—DBy, x)~ Y < |lez|| and [|az2 (AN By, x) (B, y)|
< [laz|| , or [Jaz(A, x)((B+qA), y)|| < |laz|| and [Jaz(B+,A,y)|| < [|az||. Thus by Def-

B7
inition|6.2.2} one of the above paths is a reduction for the peak a; (Hi) %) ﬂ az. O

Case 4: H; € B and Hje A (say H; € By and Hj € A,)

Lemma 6.2.27. If H; € B, and Hj € Ap, then

(A,x)"'(B,y) = (A +, B))',x) ™ (B' y)(Ap 0 Bq) (2, 1%p)%) " and

(A,x)"'(B, .Y) (Byg n Ap)™, (Y, '¥q)P ) (A, x) ! ((B +q Ap)'y), where (A +, By)'
(and (B +4 Ap)') are as defined in Proposition |5.5.8 “ (4), and A’ and B’ are defined

stmilarly.
That is, there exist vertices au, as, oy, and of in our Graph of Domains such that
7 mn b(/ 1») and
((A +p By)', x) ((A A Bq)yq7($;1ip)yq)

oz4+0z5
(B,y)
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g

(B, n A, 1// 154) are both loops.
((By N Ap)*, (y; S’q)w”)\‘\ /«B +q4p)y)

OéHiOé
4(A, ) 5

Proof. By Propositionm(ll)7 (A,x) = (A,nBy,z,'x Xp)((A+pBy)', x). Now x; 1%, €
H; € By still, and as H; ¢ B then H; ¢ Ap N By. Also A N B, < By, so by Case 2a

(Lemma 6.2.17)), (A, N By, z,'%,)(B',y) = (B,y)((A, n Bq) , (2,1%,)¥). The second

loop is achieved by renaming A to B and x to y, and vice versa. O

Lemma 6.2.28. The loops (Ap @ Pq z,1%,)
((A +p By)' X\)’\ / ((Ap 0 By)¥, (x,'%,)¥)

_ 5 ( q'! 1/) (/q yz/)
((Bg 0 Ap)™, (g '§4)"™") / (B Ay)y)

8] 8]
Tanx) ?

and are both contractible in our

Space of Domains.

Proof. As in Lemma the a1—ag—ay triangle can be ‘filled” with an A; graph,
and the as—ag—a} triangle can be ‘filled’ with an A; graph. Now | J(A, n B,) < B,
and | J(B n A,) € A, so (after relabelling) by Lemma (Case 2a), the squares
ags—ay—az—as—oy and a —ay —af —a)y — g are both contractible. a
L (A x) (B,y) : . ~ A

emma 6.2.29. If oy —— oy —— a3 is a peak with H; € B and H; € A, then (up
to relabelling) ||aa(A,x)((A +, B,)',x) 71| < ||az|| and ||az(A, mBq,:vp %x,) (B, y)|| <
lasl .

Proof. First, note that inner automorphisms stabilise each point of C,, and hence each
domain in the Space of Domains. Writing 7(z) for the inner automorphism which
conjugates everything by z, we then see that a; = ag(A,x) = ag(A,x)y(xljl) =
QQ(AP,J};lip). Similarly, ag = ag(Bq,yq’ljrq). Note that A, = A, and B, = B,.
Since x € H; € By and y  Hj € Ay, then x;lip c H;¢ jip and yq_lyq cH;¢ f’;q.

If A, U B, + H then by Lemma either |aa(Ay — By, 2, '%p)| < |az| or [aa(By —
Ap,y'F9)l < ez, But given arbitrary sets C and D, C — D = C n D. Hence either
lou] < Jlaz] or fog] < [az].

If A,u B, = — H then ay = aj(A +, Bq,x) = alv(xyjl) = «;. Similarly, of = a3, and
since o) — g — a3 is a peak, then |aq| > min(|aq], [|a5]).

Now one of ay — g — g or a; — g — o is a peak satisfying Case 2a, and the result
follows from Lemma [6.2.211 O

Proposition 6.2.30. Let Hy = --- = H, be an & free factor splitting for G. Let (A,x)
and (B,y) be relative multiple Whitehead automorphisms with x < H; and 'y < H;
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and A c {Hy,...,H,} — {H;}, B < {Hy,...,H,} — {H;} such that for some p and q
we have H; € By and H; € A,. Let ag be the domain whose a-graph has &-labelling

(Hy,...,Hy), and let a1 = ag(A,x) and ag = a2(B,y). If oy (HA—) o EH) o3 is a

peak, then it is reducible.

Proof. By Lemmas|6.2.27 and [6.2.28], the path oy ﬂ Qs Eﬂ a3 is homotopic in the

Space of Domains to each of the paths

’ / — A,nBy)Ya (z;1%,)Y
al((AerBq) ) (A A Bq, mp p) (EFY) OéQ(Ap A Bq, l’;lip)(B/, yS( pNBg)Ye,(xp " Xp) q())é3
and
ﬁA / x _ /7
Oé(l(Bq 2)*P,(yq ytl) ) (B A Ap,yq yQ)(A ) (i;) OZQ(Bq A Ap’yq—lyq)((BJrqu) Y)ag

By Lemma [6.2.29] either |Jaz(A,x)((A +, By),x) Y| < ||az|| and

lla2(Ap N By, z, %) (B, y)l| < laz|| , or [laz(Bg 0 Ap,yy'54)(A',x)[| < |laz]] and
a9 N Ay 'y < ||ae2 us by Definition |6.2.2) one of the above paths is a
By n Ay, 'y, Thus by Definition [6.2.2 f the ab hs i
B
reduction for the peak aq (Hx—) a9 ﬂ asg . O

6.3 Simple Connectivity
We have now done all the required work to conclude:
(Ax) (B.y)

Proposition 6.3.1. Every peak oy —— ay —— a3 (whose edges are both of Type A)
in the Space of Domains is reducible (to a path of length 2 or 3 whose edges are all of
Type A).

A
Proof. Let aq ﬂ Q9 M a3 be a peak in the Space of Domains whose edges are
both of Type A. Suppose ay has G-labelling (Hq, ..., Hy,). Then for some i and j we
have x < H; and y < H;. By assumption, H; ¢ A and H; ¢ B. If i = j then by
Proposition [6.2.3] the peak is reducible. Otherwise, our peak falls into one of the Cases

1-4 as described in Observation [6.2.4] and by Propositions [6.2.11} [6.2.16] [6.2.22] mL
and [6.2.30] we are done (after renaming, if we fell under Case 3).

We can now use this Peak Reduction Proposition to argue that the Space of Domains,
and hence the complex C,,, is simply connected.

Theorem 6.3.2. Our Space of Domains is simply connected.

Proof. Let A be a loop in the Space of Domains. Note that any loop is homotopic to
a based loop, so without loss of generality, we assume A contains the basepoint ag. By
Corollary and Proposition A is homotopic (in the Space of Domains) to a
peak reduced loop N. But any peak reduced loop must have constant height (else it
would contain some ‘heighest’ point, i.e. a peak). Since the basepoint has height 0
(Lemma then every point in A\’ must have height 0. But again by Lemma
the only point with height 0 is the basepoint. Hence ) is actually the constant ‘loop’
at the basepoint, . Thus any loop A is homotopic to a constant loop, hence the Space
of Domains is simply connected. O

Corollary 6.3.3. The space C,, (for n =5) is simply connected.
Proof. This follows directly from Theorem and Proposition [5.3.5 O
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