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Two-Way Capture-Recapture Methods with

Emphasis on the Bootstrap

Abstract

The Chapman estimator is widely used in dual system estimation for estimating
the size of an elusive target population. Two independent sources are required,
delivering a two-by-two table of those units identified by both sources, of those
identified only by the first, and those only by the second source. Interest is in
the frequency of those identified by neither source that remain hidden. While
asymptotic variance estimates exist for the Chapman estimator, they often per-
form poorly with small sample sizes. In addition, the Chapman estimator may
be biased for small sample sizes. This study explores the bias of the Chapman
and a bias-corrected Chapman estimator by investigating both imputed and non-
imputed (simple) bootstrap methods as alternatives for estimating variance and
constructing confidence intervals. Through simulation studies, we assess the reli-
ability of these methods by analyzing confidence interval coverage probabilities.
Our findings show that the imputed bootstrap consistently delivers better per-
formance, yielding coverage probabilities closer to the nominal level, even under
moderate dependence between sources. We demonstrate the practical application
of these methods with two case studies: suicide data in Cambodia and heroin use

in Thailand.
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1 Introduction

The capture-recapture (CR) method is a powerful statistical technique used to quantify
the total population sizes and unobserved units that are missing or difficult to fully
observe. It is frequently used in many fields, such as biology, ecology, epidemiology, and
social sciences (see McCrea and Morgan 2014; Bohning et al. 2018; Seber and Schofield
2019). For example, scientists in ecology use CR approaches to estimate the population
size of animal species or wildlife in a given area (Borchers et al. 2002; 2004; Foley et
al. 2025). Social scientists apply CR methods to estimate the population size of illicit
drug users, drug offenders, and perpetrators of domestic violence (Bohning et al. 2004;
Roberts and Brewer 2006). They are also key for epidemiologists in determining how
many people are affected by diseases and estimate the incidence of many diseases and
health-related problems, including cancer, stroke, and homeless people (Sukrat et al.
2020; Lerdsuwansri et al. 2022; Domitz et al. 2024). Since the accuracy of population
size estimation is an important aspect of the purposes, various methodologies have
been developed, depending on count data distributions, inflation in count frequencies,
and heterogeneity problems.

The simplest and most frequently used CR method uses two trapping sources (or
lists) of data to estimate the unobserved count, leading to an estimate of the total
population size. We refer to this as dual system estimation. Under this method, it is
important to note that the duration of the survey is typically conducted over a short
period of time, so it is unlikely that the evolution of new cases or the extinction of
existing cases will occur during the study. The population of interest must be closed (no
changes in the population size during the time period). All members of the population
must be independent of each other. Furthermore, all observational occasions must be
independent of each other. For details on fundamental and important assumptions in
CR studies and their applications, see Bohning et al. (2004); Brittain and Bohning
(2009); Mukem et al. (2014); Harris et al. (2016) for example.
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Due to the two sources used in dual system estimation, the lists refer to different
but overlapping populations and one empty, unknown cell. Estimating the unobserved
cell counts, leading to an estimate of the population size, is therefore a matter of
interest. The following subsections are detailed and extensive explanations of the tra-
ditional types of two-source CR estimation corresponding to this work. They include
the Lincoln-Petersen estimator and the Chapman estimator for population size. These

are provided to motivate our approaches, which will be described in detail in Section 2.

1.1 Settings and notations

Assume that the unknown size N of a population remains unchanged during the study
period and also suppose that there are two sources of the identification mechanism.
Both sources can be linked, and each covers some part of the same population. Accord-
ing to the settings shown in Table 1, it leads to the following data constellation: nq;
is the frequency of individuals identified by the two sources, nig is the frequency of
those identified by source 1 only but not by source 2, ng; is the frequency of those
identified by source 2 only but not by source 1, and ngg is the frequency of individ-
uals identified by neither source. In the marginal of the 2 x 2 contingency table, ni.

is the number observed at source 1, n; is the number observed at source 2. If all

Table 1 The capture-recapture setting for two-source situation

Source 2
Observed (1) Not observed (0)
Source 1 Observed (1) ni1 n10 ni.
Not observed (0) no1 100
ni N

cell frequencies are given, the population size is simply calculated as N = n + nqo,
where n = n11 +n19 +n01 (Bishop et al. 2007; Baffour et al. 2013). However, the cases

known would be n and an estimate of the quantity ngg, the number of missing cases,
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is required. So, if ngg is accurately estimated using the appropriate CR methodology,

so would be N.

1.2 Overview of estimators

As a simple method for dual system estimation, an estimate N of N can be constructed
by N = n—+ngg, where n is the observed sample size and ngg is an estimator to estimate
the unknown value ngg. Lincoln (1930) and Petersen (1896) derive the estimator for
ngp using maximum likelihood estimation. It is given as figg,, = n1ono1/n11. The

Lincoln-Petersen estimator for the true population size N is then formulated by

nina

NLP :TZ—F’flooLp =
ni1

with the estimated variance

ST ¢ niono1M1.M.1
Var(Npp) = ———=——
N
The Lincoln-Petersen estimators given above are often used in applications, as they

provide the simple closed-form solutions and are straightforward. However, this

method requires the following essential conditions:

1. Both sources must be independent. In other words, the odds ratio (OR) between
the sources must be equal to 1. This can be written as OR = ny1ngo/n10n01 = 1,
leading to ngo = n10n01/n11-

2. The frequency n1; must be greater than 0 to avoid the undefinable ngg,, of the

denominator.
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According to condition 2, if there is no overlap between sources (n1; = 0), 7o, »
cannot be defined. Chapman (1951) proposed the nearly unbiased modification
(n1. +1)(ng+1)

n107M01
frd — 1 =N + 5 1
“ ni +1 ny +1 S

>

with the implied estimator of the missing cell

A n10M01

Noo~ = .
c ni + 1

A standard large-sample variance estimator is

. (n1. +1)(n.q + 1) nig noa
Var(N¢) =
ar( C) (7111 + 1)2 (nll + 2) ,

leading to the usual (1 — a)100% two-sided Wald interval

Ne £ 2102\ Var(Ne), (2)

where z1_,/5 is the (1 — a/2)100th percentile of the standard normal distribution.
Chapman’s estimator is exactly unbiased whenever the combined sample size meets
or exceeds the population size (n1.+n.; > N); otherwise it has a slight downward bias
whose magnitude decreases as n1; grows. Moreover, the usual variance estimator above
is unbiased when ny. +mn.1 > N (Seber 1970). Normal-approximation intervals can
undercover when ny; is small. Alternatives are thus required (Sadinle 2009). Moreover,

small sample sizes can bias N¢, so that:

E(Ng)=N—-NA=N(1-A7),
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where A = exp{—(n1. +1)(n.1+1)/N}. According to this performance, the potential
small-sample bias of the Chapman estimator can be constructed. As given in Seber

(2002), it is denoted as the bias-corrected estimator and given by

Npo = —,
BC 2

where A = exp{—(n1. + 1)(n1 + 1)/NC} is an approximation of A.

The Chapman estimator N¢ corrects for bias in the Lincoln-Petersen estimator
N p. We have outlined above the conditions under which the Chapman estimator
is unbiased. If these conditions are violated, the Chapman estimator can experience
a negative bias, in other words provides a lower bound for the true population size.
This bias-corrected Chapman estimator Nzc might be viewed as a small-sample-bias-
corrected Chapman estimator, although we keep the name bias-corrected Chapman

estimator for simplicity.

1.3 Owur ultimate objective

The sole use of the asymptotic variance for statistical inference might be problematic,
particularly, in the case of a small observed sample size. Hence, we are interested
in exploring alternative ways to provide uncertainty assessment for the dual systems
estimator. In doing so, we will focus on estimating the population size using the
resampling technique. Since the Chapman estimator has some advantages, it will be
used to perform bootstrap estimates and confidence intervals. Several versions of the
bootstrap are considered. One is the simplest non-parametric bootstrap, in which data
are resampled based on the observed sample. However, as pointed out by Buckland and
Garthwaite (1991), Rivest et al. (1995), and Zult et al. (2025), the bootstrap should
be applied with an imputed population size to account for the uncertainty introduced

by imputation. The imputed bootstrap and double bootstrap were discussed, but
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the procedures were described somewhat vaguely. Therefore, they are studied and
explained in depth in the next section. A simulation study with different scenarios is
then used to investigate the methods. We expect that bootstrapping can address the

limitation of existing estimators.

2 Uncertainty assessment of the Chapman estimator

using bootstrap

The bootstrap method is a powerful statistical tool to estimate the parameter of
interest based on a resampling technique. The main idea of this method is to use
sampling with replacement to sample new sets of samples from existing data. The
percentiles of the sample statistics of interest then produce the point estimate and
the confidence limits (Efron 1988; DiCiccio and Efron 1996). To be more precise,
we introduce three types of bootstrap approach for estimating N. These include the
imputed bootstrap, the double bootstrap with imputation, and the simple bootstrap
without imputation. Since the bootstrap approach can provide the standard error of
the statistics, uncertainty estimates can be derived. The following subsections provide

details of these bootstraps and their computation procedures.

2.1 Bootstrap I (Bootstrap with imputation)

From the two-source CR setting, it is reasonable to assume that the sampling distri-
bution of the data follows a multinomial distribution with size parameter N and a
2 x 2 probability parameter. However, observing only three of the four cells in the
two-way table makes it impossible to define the full probabilities. We then employ the
following method to estimate this unknown value.

In this section, the imputed bootstrap (or semiparametric bootstrap method) uses
a simple imputation method to estimate the probability parameter of the missing cell.

It is modified from the imputation method given in Norris and Pollock (1996) and



O©CoO~NOOOITA~AWNPE

the parametric bootstrap approach introduced in Zwane and van der Heijden (2005).
Although the imputed bootstrap in the CR setting has been applied to estimate the
population size in several works (see Anan et al. 2017; Bohning et al. 2023; Bohning and
Friedl 2024), the previous works have not been available for the two-source situation.

Therefore, we provide the algorithm for the imputed bootstrap method as follows:

1. According to the settings in Table 1, calculate the event probability vector

. (m11 m1o no1 Moo
- (w3
where NC = n + Moo is the Chapman estimator for N and n = n; + nio + no1.
2. Draw nj,,njy,no;, and ng, from a multinomial distribution with size parameter
N¢ and parameter vector p. We have attached a * to the four frequencies to indicate
that they are sampled from the observed/imputed sample.

3. Ignore ng, and calculate the bootstrap estimates

* *
N10"M01
—~ 1
nyj; +1

A

00 —

and

* ok * * A~ x
N™ = nj; + njy + ng; + Ngo-

4. Repeat steps 2 and 3 B times and yield B Chapman estimates

O K@ L B),

5. Calculate the (1 — «)100% percentile bootstrap confidence interval for N.
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2.2 Bootstrap II (Double bootstrap with imputation)

In Bootstrap I, the estimated, unobserved frequency estimate is kept fixed throughout
the process. We think this may ignore the uncertainty involved in estimating the
unobserved frequency. In a different approach, we try to incorporate this element in a
further step. This approach is referred to as the double bootstrap method. We provide

the bootstrap algorithm to compute uncertainty measures for the estimator as follows:

1. From the available data, calculate the event probability vector

2. Draw nj;,njg,n{; from a multinomial distribution with size parameter n and event
parameter p.

3. Calculate the bootstrap estimate

* *
N10M01
—.
nj; +1

7;\7/*

00 —

4. Then, calculate

sk
s _ (M11 Mio Mo1 T
p = N*,N*’N*’N* )
where N* = n11 + nig + no1 + 7g-

5. Draw nij,nij, nii,ngy from a multinomial distribution with size parameter N*
and probability parameter p*.

6. Ignore ng; and compute bootstrap estimates

* 3k ok

AR — N10M01
00 —
nj; +1

and

NTRE kK *x *x Aok
N™ =mniy +njg + 1oy + Ngo-
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7. Repeat steps 2 to 6 B times to get B Chapman estimates

N**(1)7 N**(Q)’ . ,N**(B).

8. Calculate the (1 — «)100% percentile bootstrap confidence interval for N on the

basis of estimates given in step 7.

2.3 Bootstrap III (Bootstrap without imputation)

In this subsection, we consider a bootstrap that is solely based on the resampling
approach, conditional on the observed data of size n. The major distinction between
the bootstrap given in this section, called Bootstrap III, and the previous two boot-
straps is that n is fixed, and there is no imputation involved. Therefore, Bootstrap
IIT is just based on the observed data, which is similar to the simple non-parametric
bootstrap (Zwane and van der Heijden 2005). Again, each individual is generated from

a multinomial distribution. We outline the process for Bootstrap III as follows:

1. From the available data, calculate the event probability vector

2. Draw nj;,njy,n5; from a multinomial distribution with size parameter n and
probability parameter p.

3. Compute the bootstrap estimates

* *

_ Nyonps
ES

nj; +1

and

* % * * ~
N™ =nj; + njy + ng, + Ngo-

10
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4. Repeat steps 2 and 3 B times and yield B Chapman estimates

O K@) L B),

5. Calculate the (1 — «)100% percentile bootstrap confidence interval for N.

The algorithms described in the previous subsections are not limited to the Chapman
estimator, which uses ]\7(;, but can be readily extended to other estimators. In the
application and simulation sections, they are applied to calculate the population size

using the bias-corrected estimator, which is based on Nge.

3 Case studies

Two real data examples are used to illustrate the methods introduced in this work. The
first example is related to the suicide rate in Cambodia, obtained from Harris et al.
(2016). Since there are no adequate Cambodian suicide statistics, the work focusses on
estimating the population size of suicides in this country. The reported suicides were
collected in 2012 from the two newspapers, including the Raksmey Kampuchea Daily
News and the Koh Santepheap Daily News, which were the two largest newspapers in
the native language (Khmer language) of Cambodia. The frequency counts of suicides
from these two sources are shown in Table 2. Here, a total of 158 suicide deaths are
observed. However, there are likely hidden units due to their non-reporting in published
news or other media. Therefore, the total number of suicides in the population needs
to be estimated.

The second example is related to heroin users in Thailand. Although Thailand is
not a heroin-producing country, heroin and narcotic abuse have long been a distress-

ing issue in the country and increased in use among age groups (Centre for Addiction

11
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Table 2 Number of suicides in Cambodia obtained from two newspapers in year 2012 (n = 158)

Source 2 (Koh Santepheap News)
Observed (1) Not observed (0)

Source 1 (Raksmey Kampuchea News) Observed (1) 12 94
Not observed (0) 52 -

Studies 2023). Question: How many hidden heroin users? To demonstrate, we look at
data of heroin users in Pathum Thani province of Thailand to estimate the number
of hidden users. The Princess Mother National Institute on Drug Abuse Treatment
(PMNIDAT) (see http://www.pmnidat.go.th/thai/), which is organized under the
Department of Medical Services, collected data on heroin addicts who attended the
treatment facility during Thailand’s fiscal year 2023, which started in October 2022
and ended in September 2023. Repeated counts occurred over a given period, leading
to a total number of 1447 heroin users observed with their visits. As the context of this
work is concerned with the two-source situation and the contribution is built upon the
Chapman estimator, we divide the data into two distinct lists: Source 1, representing
the first half of the fiscal year (October 2022 to March 2023), and Source 2, which
represents the second half of the fiscal year (April to September 2023). The number

of heroin users on two occasions is provided in Table 3.

Table 3 Number of heroin users from the health support in Pathum Thani, Thailand, obtained
from the fiscal year 2023 (n = 1447)

Source 2 (Second half year)

Observed (1) Not observed (0)
Source 1 (First half year) Observed (1) 121 747
Not observed (0) 579 -

The approximate number of cases that are never captured from both sources (799 =

N —n) and estimated population sizes (N) from two examples are given in Table 4.

12
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Note that the numbers in brackets in Table 4 refer to the bias-corrected Chapman
estimator. Due to the large sample size, there is almost no difference between Ne
and Npc. The formula method refers to parameter estimation based on N¢ and the
asymptotic normal confidence interval given in (1) and (2), respectively. Since the
variance formula for Npc is not available in a closed form, the confidence interval is
then only based on the bootstrap method. The bootstrap estimate in each approach
is averaged from the median of 10000 bootstrap samples. The statistical analysis is
done through the R programming language (R Core Team 2024). From the results, the
point estimates from the formula method are similar to those of bootstraps. However,
interval estimation reveals an effect. For suicide data, where n is small, the confidence
intervals of all methods are different. For heroin users data, where n is larger, the
confidence intervals based on the formula and Bootstrap III methods behave quite
similarly, but are different from Bootstraps I and II. We note that the formula and
Bootstrap III methods do not allow imputation of missing cells. Meanwhile, the rest

are imputed bootstraps.

Table 4 Estimated number of suicides in Cambodia and heroin users in Pathum Thani, Thailand
using Chapman estimator (and bias-corrected Chapman estimator in bracket) with confidence
interval (CI) and length of interval from the formula and bootstrap methods

(n =1447) Bootstrap I 3542 (3543) 4989
Bootstrap II 3553 (3552) 5000
Bootstrap III 3548 (3547) 4995

4999
4994

4341-5868 (4344-5843) 1527 (1499)
4296-5745 (4364-5795) 1449 (1431)

Dataset Method noo N 95% CI for N Interval length
Suicide Formula 376 (376) 534 (534) 300-769 469
(n = 158) Bootstrap 1 380 (376) 538 (536) 360-941 (361-935) 581 (574)
Bootstrap 11 376 (381) 534 (539) 358-941 (364-929) 583 (565)
Bootstrap 111 379 (379) 537 (537) 377-926 (374-932) 549 (558)
Heroin Formula 3545 (3545) 4992 (4992 4248-5735 1487
( (
( (
( (

)

4990)  4338-5849 (4338-5841) 1511 (1503)
)
)

The results of all population estimators seem to be realistic, as the lower and upper
limits for N are greater than the observed sample size. However, to investigate the

performance of these methods, especially the uncertainty of estimation in terms of

13
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confidence interval, we provide a simulation study on the basis of several scenarios in

the next section.

4 Simulation study

4.1 Simulation scenarios

A simulation study is performed to investigate the performance of the confidence
intervals for N. We design the study to cover scenarios in CR studies with two
sources. The parameter settings are given as follows. The population sizes N are
10, 25, 50, 100, and 250. The capture probabilities are varied as shown in Table 5,
where in case A, we choose populations with increasing pgg to study this effect, while
in case B populations are chosen with increasing dependency, so that the estimator
becomes more conservatively biased. The case B simulation is designed with increasing
levels of positive dependency, which is the most likely case in reality. See also Brit-
tain and Bohning (2009). The odds ratio can be calculated as OR = p11poo/P1oPo1-
Since the odds ratio between sources plays a crucial factor in the behaviour of the
Chapman estimator, we study the cases where two sources are independent (OR =
1) and positive dependent (OR > 1). For each of the populations, the frequencies
f = (n11,n10,m01,n0o) are generated from a multinomial distribution with parameters
(N,p), where p = (p11, P10, Po1,Po0)- Then, the unobserved count ngg is ignored as
the CR data.

The formula method and three bootstrap approaches are used to estimate N. Each
scenario is repeated 10000 times, and 5000 bootstrap samples are used. All are done
using R (R Core Team 2024). On average, N obtained from the formula method is

computed by

1 N
EZNM

14
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Table 5 Capture probabilities of event occurrence in two-source CR studies and odds ratio (OR)
for simulations

Case Population P11 P1o Po1 Poo OR
A Al 0.320 0.480 0.080 0.120 1
A2 0.250 0.250 0.250 0.250 1
A3 0.125 0.125 0.375 0.375 1
A4 0.050 0.050 0.450 0.450 1
A5 0.040 0.160 0.160 0.640 1
A6 0.020 0.080 0.180 0.720 1
B B1 0.200 0.150 0.350 0.300 1.143
B2 0.200 0.120 0.380 0.300 1.316
B3 0.300 0.200 0.250 0.250 1.500
B4 0.250 0.200 0.200 0.350 2.188
B5 0.300 0.150 0.200 0.350 3.500
B6 0.350 0.100 0.200 0.350 6.125

where N, is the estimated population size in the r-th replication. Furthermore, N

based on the bootstrap approach is calculated by

R
1 A A .
= Z [median (N*(l), N*®) ... ’N*(B))L
r=1
where N*®) are the bootstrap estimates in the b-th sample, forb =1,2,--- | B, depend-

ing on Bootstrap I, I, or III. The performance of the estimator is evaluated in terms

of relative bias, approximated by

1[(1&
(i)

We investigate the performance of the 95% confidence interval by evaluating how often
the confidence limits cover the true N. Therefore, the estimated coverage probability

of the confidence interval from simulation is calculated by

=

1 R
> oa,
r=1
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where C) is an indicator variable defined as 1 if C'I; , < N < Cly, and 0 otherwise.
CIy , and Cly,, are the lower and upper limits of N in the 7-th iteration. In conclusion,
the confidence interval with a coverage probability close to the nominal level of 0.95,
or the confidence interval that has the largest coverage probability, is more efficient

than the other comparator.

4.2 Simulation results

The simulation results show the relative biases of estimated population size and the
coverage probabilities of the confidence intervals for N using the data generated in
case A and case B. They are presented in Tables 6-9. The coverage rates are also
shown by graphs displayed in Figures 1 and 2.

We first examine the simulation results under case A (see Tables 6 and 7), which
assumes the independence between two sources. The main findings are summarized
as follows. The estimates of N obtained from the three bootstraps are quite close to
those of the formula method. They underestimate if N < 50 and the probability of
any individual not appearing in either source (pgo) is large, corresponding to popula-
tions A5 and A6. However, all approaches provide a small estimation bias when N is
increased. The Chapman and biased-corrected estimators show similar behaviour in
terms of relative bias, except when the population size is small (N = 10). As can be
seen in Figure 1, the confidence intervals for N from Bootstrap I and Bootstrap II have
similar coverage probabilities. They are also close to the target probability of 0.95 for
N > 50 and show better coverage than the comparators in all cases of the study. The
difference in coverage probability of the confidence intervals from Bootstraps I and 11
to Bootstrap III and the confidence interval using the variance formula is particularly
pronounced if pgg becomes large (see populations A4-A6). In conclusion, Bootstraps

I and II perform equally well in general cases where two sources are independent.

16
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However, Bootstrap II is computationally more expensive as it takes time in the cal-
culation. More specifically, a complete simulation run for one setting of the simulation
design takes approximately two minutes for Bootstraps I and III, whereas it requires
approximately five minutes for Bootstrap II. Bootstrap I is then recommended in this
situation.

We then consider the situation in which the odds ratio between two sources is
greater than 1 (case B). This allows for dependence between sources, which can
often occur in applications. In this case, we use the expected value of the Chapman

estimator, called the estimand, as the true parameter. It is defined by

- 0Po
E(N)~ N (]912))101 + p11 + P1o +Po1) .
11

Tables 8 and 9 show the relative biases of estimates and 95% coverage probabilities
for £ (N ) from simulations. All methods provide relative biases close to zero in all sit-
uations. The coverage probabilities of the confidence intervals are then evaluated and
shown in Figure 2. Most importantly, the confidence intervals based on Bootstraps I
and II provide coverage probabilities very close to 0.95 when OR < 3.5 (see popula-
tions B1-B4). For the higher values of the OR (populations B5 and B6), all interval
estimators have low performance, as their coverage probabilities are lower than 0.95.
However, the confidence intervals from Bootstraps I and II still outperform those of
Bootstrap III and the asymptotic normal confidence interval, in particular for small
N. The confidence interval based on the biased-corrected estimator provides coverage
rates smaller than that based on the Chapman method when N = 10. As N increases,
the two become increasingly similar.

Finally, we consider a simulation study on the performance of the estimation meth-

ods. The variances of the Chapman estimates from the three bootstrap methods are

provided and compared to the true variance. The results given in Figure 3 show that
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with increasing N the variances of all bootstrap methods increase and behave simi-
larly to the true variance. If the OR increases (population B6 has the largest OR), the
variances of the bootstrap methods increase much less than the true variance, with
strong underestimation for large OR. In particular, they are much lower variance than
the true variance when OR > 3.5 (see populations B5 and B6). This could lead to a
confidence interval which is too narrow and, consequently, has too low level of cover-
age probability. To clarify, we show in Table 10 the simulated percentiles of Chapman
estimates for the true and bootstrap distributions under the three situations: N = 250
for population A1, N = 250 for population B6, and N = 1000 for population B6.
Under the first situation (independence of sources), the medians of the estimates of
the bootstrap distributions are close to the true N. This is in contrast to the latter
two situations (dependence setting). The medians of the estimates of the bootstrap
distributions are still correctly estimating the estimand E(N ). However, the other rel-
evant percentiles of the estimates from the true and bootstrap distributions clearly
differ, the more the further in the tails of the distribution. Here, the bootstrap meth-
ods have interval lengths narrower than the true distribution. This point corresponds
to the simulation study given in Figure 2, where the bootstrap variance is less than
the true variance, leading to a small interval length and low coverage probability of
confidence interval for the extremely large dependency situation. The reason for this
performance lies in the fact that in case of high association of the two sources, the
imputed bootstrap will consistently sample from a population with a potentially much
smaller population size (the estimand) rather than the true (potentially imputed) N,
and hence underestimate the variability of the Chapman estimator. There is no way
that this can be corrected, as the true odds ratio would need to be known to do so.
Therefore, undercoverage of confidence intervals will occur in dependence situations

even if the estimand is used instead of the true population size.
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5 Concluding remarks

The Lincoln-Petersen estimator (1896; 1930) is the simplest tool in capture-recapture
studies with two sources used to estimate the hidden population size. Due to a limi-
tation of a zero frequency count of individuals identified at both sources (no overlap
between sources), Chapman (1951) modifies the estimator of Lincoln-Petersen and
shows that it is less biased than the original one, under certain conditions even being
unbiased. Hence, it can be viewed as a bias-corrected Lincoln-Petersen estimator. We
have outlined the conditions under which the Chapman estimator is unbiased. If these
conditions are violated, the Chapman estimator can experience a negative bias, in
other words provides a lower bound for the true population size. We have seen in the
simulation work that this underestimation bias is mainly relevant for population sizes
below 50. In these cases, one might apply the bias-correction as worked in Section 1.2.
Uncertainty assessment of these estimators requires knowledge of their variances, and
estimates have been developed based on asymptotic normality. However, these turn
out to be poor for small and moderate sample sizes. Hence, an alternative approach
based on bootstrapping has been explored here.

Bootstrapping can be implemented in several ways. In fact, bootstrapping methods
have already been considered to estimate uncertainty in population size estimation
in recent papers including the simple bootstrap and the imputed bootstrap. Here,
we have also suggested a double bootstrap to cope with the uncertainty induced by
the imputation. The imputed bootstrap, the double bootstrap with imputation, and
the simple bootstrap (non-parametric bootstrap without imputation) have not yet
studied in depth in two-source CR estimation and compared through simulations. In
this paper, we provide novel insights on the behaviour of these methods.

A large-scale simulation study is used to evaluate the performance of our boot-
straps and the normal approximation-based variance formula approach in terms of the

confidence intervals. What works and what does not work? The findings are divided
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into two situations. Under the independence of sources situation (assumption holds),
the formula method and bootstrap without imputation do not perform well, as their
coverage probabilities of the confidence intervals are lower than those of the imputed
bootstrap and double bootstrap methods. From the results, the performances of the
imputed bootstrap and double bootstrap are similar. However, as we have noted, the
computational effort for the double bootstrap is larger by a factor of 2.5. We therefore
recommend using the imputed bootstrap in practice due to its reduced computational
effort compared to the double bootstrap. Under the violation of the independence
assumption, all methods do not work well when an extreme dependence between two
sources occurs, such as the odds ratios being 3 or more. For small and moderate depen-
dence between sources setting, the imputed bootstrap and double bootstrap perform
satisfactorily. They provide a coverage probability larger than the simple bootstrap
and the one based on the asymptotic normal approximation. Again, there are only
slight differences in the confidence intervals between these two imputed bootstrap ver-
sions. In conclusion, the imputed bootstrap seems to be the best choice among all the

methods considered here.
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(b) Bias-corrected Chapman estimator

(a) Chapman estimator
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Fig. 1 Coverage probability of the 95% confidence interval for N using two estimators under simu-

lations (Case A: OR = 1)
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Fig. 2 Coverage probability of the 95% confidence interval for estimand E(N) using two estimator

under simulations (Case B: OR > 1)
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Fig. 3 True variance of the Chapman estimator and bootstrap variances of three methods from
simulated data under Case B
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Table 10 Simulated percentiles of Chapman estimates from the true distribution and bootstrap

distribution based on Bootstrap I, II, and III

Bootstrap distribution

Percentile True distribution Bootstrap I Bootstrap II Bootstrap III
Situation: N = 250 and population Al
2.5th 231.6152 232.4173 232.3927 236.9602
5th 234.5968 235.0416 235.0408 238.6338
25th 243.1481 243.4503 243.4629 244.6365
50th 249.5747 249.6567 249.6667 249.3904
75th 256.0909 256.2191 256.1631 254.7612
95th 266.7746 266.6519 266.6709 263.8889
97.5th 270.5200 270.2577 270.3365 267.1757
Interval length of 95% CI 38.9048 37.8404 37.9438 30.2155
Situation: N = 250 and population B6 (Estimand E(N) = 177)
2.5th 159.7861 166.5509 166.5120 170.6292
5th 162.2846 168.1612 168.1526 171.4776
25th 170.6129 173.1921 173.1935 174.2000
50th 176.7826 176.7242 176.6844 176.4382
75th 182.8325 180.2871 180.3046 179.0000
95th 191.7146 185.7734 185.8120 183.4525
97.5th 194.7676 187.6952 187.7344 185.0580
Interval length of 95% CI 34.9815 21.1443 21.2224 14.4288
Situation: N = 1000 and population B6 (Estimand E(N) = 707)
2.5th 672.0109 686.5784 686.6159 690.1391
5th 677.2965 689.8878 689.9573 696.0588
25th 694.9621 700.1330 700.1367 702.3058
50th 706.9611 707.2899 707.2914 707.0318
75th 719.1297 714.5415 714.5897 712.1243
95th 736.5640 725.1644 725.2258 720.0085
97.5th 742.7284 728.7827 728.7849 722.7434
Interval length of 95% CI 70.7175 42.2043 42.1690 32.6043
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Authors' Response to Reviewers' Comments

Response to Reviewers

Manuscript No. SMAP-D-25-00164R 1
Title: Two-Way Capture-Recapture Methods with Emphasis on the Bootstrap

We sincerely thank the Associate Editor and reviewers for the valuable comments and suggestions. The
manuscript has been revised accordingly. Our detailed responses are provided below.

COMMENTS TO THE AUTHOR:

AE: I am pleased with the responses and the revision. However, there are still a couple of comments from
Reviewer #2.

Thank you for your positive assessment of our responses and the revised manuscript. We have carefully

addressed the remaining comments from Reviewer #2. Only new changes to the paper are highlighted in
blue.

Reviewer #1: Recommendation

I have reviewed the authors' detailed responses and the revised manuscript. I am satisfied that all issues
raised in my original review have been addressed thoroughly and constructively. The authors provided
clear justifications for their methodological choices, and implemented the necessary corrections and
clarifications.

In particular:

* The discussion of the small-sample bias of the Chapman estimator is now much clearer, and the authors
appropriately contextualise the limitations of the estimator in scenarios where sample sizes are extremely
small.

* The clarification regarding the use of the estimand rather than the true population size in simulation B is
also clearly articulated, and the implications for interpreting coverage probabilities are now explicitly
stated. Although it would have been informative to report in the table the coverage rate with respect to the
true population size alongside that of the estimand, the additional explanation provided in the revised text
adequately clarifies the issue, and the presentation is satisfactory as it stands.

* The numerical corrections in Table 4 have been implemented correctly, and the bootstrap results have
been re-checked.

* The rationale behind the simulation settings has been expanded, and the additional remarks on the
computational burden of Bootstrap II provide useful guidance for

practitioners.

* Stylistic and terminological refinements have been incorporated, enhancing clarity and consistency.

Overall, the revised version is substantially improved. The authors have responded carefully and
transparently.

I have no remaining concerns. I recommend that the manuscript be accepted. explicitly stated.

Thank you very much for your explicit recommendation for acceptance. We sincerely appreciate your
careful assessment.



Reviewer #2:

General comment on the revised version of the manuscript with title:
Two-Way Capture-Recapture Methods with Emphasis on the Bootstrap
and number: SMAP-D-25-00164R1

In my opinion the author(s) did a good job in improving the content and readability of the paper, it has
seriously improved. Also, I am satisfied with the way they have responded to all my suggestions and
comments. For this version I only have one very small and one medium comment left. First, the formula of
delta on page 6 contains ‘nl.’ twice, while I suspect it should be ‘nl.” and ‘n.1’.

Thank you very much. The notation in the formula of A and A on page 6 has been corrected.

The second occurrence of N,, has been replaced by N .

My second comment refers to the names given to the “Chapman estimator” and the “bias-corrected
Chapman estimator”. To me this is slightly confusing, because (as the author(s) also mention(s), ) the
Chapman estimator is already a bias-corrected estimator, so the BC estimator basically corrects for bias
twice. If I understand Table 6 correctly, this may even lead to a slight overcorrection (for example for N =
250 in scenario A6), introducing some small bias. It would help me if both biases would be linked more
explicitly to each estimator. For example, by referring to the original Chapman estimator as the “finite-
sample-bias-corrected Chapman estimator” and the bias-corrected Chapman estimator as the “small-
sample-bias-corrected Chapman estimator”. The authors may also come up with another clearer way of
doing this.

The reviewer is right in saying that both estimators correct for bias. The original Chapman estimator
corrects for bias in the Lincoln-Petersen estimator. We have outlined the conditions under which the
Chapman estimator is unbiased. If these conditions are violated, the Chapman estimator can experience a
negative bias, in other words provides a lower bound for the true population size. We will see in the
simulation work that this underestimation bias is mostly relevant for population sizes below 50. In these
cases, one might apply the bias-correction as worked out above. (Some practitioners might be happy using
this lower bound.) This bias-corrected Chapman estimator might be viewed as a small-sample-bias-
corrected Chapman estimator. In our view, we would like to keep just the name Chapman estimator for the
original Chapman estimator, as it is a bias-corrected Lincoln-Petersen estimator. We think calling the
original Chapman estimator finite-sample-bias-corrected Chapman estimator would send out a confusing
message it seems to indicate that there is a bias-correction happening with the Chapman estimator. We
added a few sentences for clarification in the paper on page 6 and page 19.



