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We develop general methods to compute the algebraic K-theory of crossed products by Bernoulli shifts
on additive categories. From this we obtain a K-theory formula for regular group rings associated to
wreath products of finite groups by groups satisfying the Farrell–Jones conjecture.
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1 Introduction
The K-theoretic Farrell–Jones conjecture [15] predicts that for any discrete group G and any ring R, the
assembly map

(1-1) � WHG
� .EVCycG;KR/!K�.RŒG�/

is an isomorphism. The right-hand side denotes the algebraic K-theory groups of the group ring RŒG� and
is of great interest for many problems in algebraic topology. The conjecture implies several other famous
conjectures such as the Bass conjectures and Kaplansky’s idempotent conjecture. It has been verified
for a large class of groups including all hyperbolic groups [4], CAT(0)-groups [3], and mapping class
groups [1]. All these groups satisfy a more general K-theoretic Farrell–Jones conjecture with coefficients
[6, Conjecture 3.2], which says that for any additive category A with G-action, the assembly map

(1-2) � WHG
� .EVCycG;KA/!K�.AÌG/

is an isomorphism. The right-hand side denotes the algebraic K-theory groups K�.AÌG/ (see Section 2
for the definition of AÌG) whereKi .�/D�i .K1.�// .i 2Z/ for the nonconnective algebraicK-theory
functor K1 for additive categories [24, Definition 4.1]. This paper is devoted to computing the algebraic
K-theory of certain (twisted) group rings, using the Farrell–Jones conjecture as an assumption. We refer
to [23; 27] for surveys on the Farrell–Jones conjecture and to [8; 16] for the closely related Baum–Connes
conjecture about topological K-theory of group C �-algebras.
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The left-hand side of (1-1) is given by equivariant homology groups of the classifying space EVcycG

for the family of virtually cyclic subgroups with respect to an equivariant homology theory satisfying
HG
� .G=H;KR/Š K�.RŒH�/ for all subgroups H � G. These homology groups are still much more

difficult to compute than just computing K�.RŒH�/ for all virtually cyclic subgroups H �G since they
also depend on the equivariant CW-structure of EVcycG. The functoriality properties of the assembly map
however imply a very useful principle which is analogous to the going-down-principle [10] in the context
of the Baum–Connes conjecture:1

Lemma (going-down-principle) Assume that G satisfies the Farrell–Jones conjecture with coefficients.
If F WA! B is an equivariant additive functor between additive categories with G-action such that

(1-3) K�.F ÌH/ WK�.AÌH/ Š�!K�.BÌH/

is an isomorphism for every virtually cyclic subgroup H �G, then

K�.F ÌG/ WK�.AÌG/ Š�!K�.BÌG/
is an isomorphism.

When assuming that the categories A and B are sufficiently regular, the above situation even reduces
to all finite subgroups H �G instead of all virtually cyclic subgroups (see Section 4).

We use this principle to compute the algebraic K-theory of categories of the form A˝Z ÌG where A
is an additive category and A˝Z is the infinite tensor product taken over a G-set Z. We moreover treat
the more general situation where A is linear over a commutative base ring R and the tensor products
are taken relative to R (see Section 2 for the definitions). Our main strategy is to replace A by a more
tractable category B which is K-theoretically equivalent to A in the following sense:

Definition A (Definition 2.9) A virtual equivalence between R-linear categories is an R-linear functor
F WA! B such that there exist R-linear functors Q˙ W B!A and natural equivalences

FQC ' idB˚FQ�; QCF ' idA˚Q�F:

Virtual equivalences induce isomorphisms at the level of K-theory: in the notation above, the inverse
of K�.F / is given by K�.QC/�K�.Q�/. Our definition can be viewed as an additive analogue of
universal K-equivalences from [7, Definition 4.4].2

Our definition allows us to prove an analogue of Izumi’s theorem [19, Theorem 2.1] which says that
the Bernoulli shifts of a finite group G on two KK-equivalent C �-algebras are KKG-equivalent in the
sense of [20]. Our substitute for the C �-algebraic KK-equivalences are precisely the virtual equivalences:

1Although the going–down-principle is a triviality in the Davis–Lück framework [12], it is a nontrivial theorem in the original
Baum–Connes–Higson framework [10]. In fact, it is the key ingredient in identifying these two frameworks.

2A subtle difference is that we don’t allow for stabilization by additional functors S , T such that FQC˚S ' idB˚FQ�˚S
and QCF ˚T ' idA˚Q�F ˚T as in [7, Definition 4.4]. We decided on this simplification in favor of shorter proofs rather
than conceptual reasons.
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Theorem B (Theorem 3.1) Let F WA! B be an R-linear virtual equivalence , let G be a finite group and
let Z be a finite G-set. Then

F˝Z ÌG WA˝Z ÌG! B˝Z ÌG

is an R-linear virtual equivalence as well.

Under sufficient regularity assumptions on the underlying categories, the going-down principle allows
us to upgrade the above theorem from finite groups to groups satisfying the Farrell–Jones conjecture. We
apply this strategy to group rings associated to wreath products by realizing them as crossed product rings
RŒH oG�ŠRŒH�˝G ÌG associated to the natural shift action:

Theorem C (Theorem 4.6) Let G be a group satisfying the K-theoretic Farrell–Jones conjecture with
coefficients and let H be a finite group. Let R be a regular commutative ring such that the orders of H
and of every finite subgroup of G are invertible in R. Denote by FIN.G/ the set of finite subsets of G and
by IRŒH � the augmentation ideal of RŒH�, which is an R-algebra with unit by assumption. Then we have
an isomorphism

K�.RŒH oG�/Š
M

ŒF �2GnFIN.G/

K�.IRŒH �
˝F ÌGF /:

Here G acts on FIN.G/ by left translation and GF denotes the stabilizer of F 2 FIN.G/.

The above result is an algebraic K-theory analogue of the results in [22]; see also [11]. The commuta-
tivity assumption on R can be dropped (see Remark 4.7). The formula becomes much more concrete for
algebraically closed fields of characteristic zero:

Corollary D (Corollary 4.8) Let G be a group satisfying the K-theoretic Farrell–Jones conjecture with
coefficients , let H be a finite group , and let R be an algebraically closed field of characteristic zero. Then
we have an isomorphism

K�.RŒH oG�/Š
M

ŒF �2GnFIN.G/

M
ŒS�2GF n.f1;:::;ngF /

K�.RŒGS �/

ŠK�.RŒG�/˚
M
ŒC �2C

M
ŒX�2NC nF.C/

M
ŒS�2Cnf1;:::;ngC �X

K�.RŒCS �/:

Here, n denotes the number of nontrivial conjugacy classes of H , C denotes the set of all conjugacy
classes of finite subgroups of G, F.C/ the nonempty finite subsets of CnG which are not of the form
��1.Y / for a finite subgroup D �G with C ¨D and Y �DnG where � W CnG!DnG denotes the
projection, NC D fg 2G W gCg�1 D C g the normalizer of C in G, and CS DGS \C the stabilizer of
S in C .

As another application of the going-down principle, we compute the algebraic K-theory of Bernoulli
shifts on many semisimple algebras. We do this by carefully analyzing the A.G/-module structure of
K�.AÌG/ where A.G/ denotes the Burnside ring. These results are inspired by the C �-algebraic results
in [11; 21].
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Theorem E (Theorem 5.8) Let G be a group satisfying the Farrell–Jones conjecture with coefficients.
Assume that R is a regular commutative ring , and that the orders of all finite subgroups of G are invertible
in R. Let Z be an infinite G-set and let A be an R-algebra of the form ADMn0

.R/˚ � � �˚Mnk
.R/.3

Write n D gcd.n0; : : : ; nk/ and denote by FIN.Z/ the set of finite subsets of Z equipped with the left
translation action of G. Then we have an isomorphism

K�.A
˝Z ÌG/Š

M
ŒF �2GnFIN.Z/

M
ŒS�2GF nf1;:::;kgF

K�.RŒGS �/Œ1=n�:

Most of the results in this paper are algebraic K-theory analogues of results in [11; 19; 22; 21]. The
two main obstacles in proving these results are

(1) the necessity to deal with virtually cyclic subgroups instead of finite subgroups,

(2) the lack of Kasparov’s equivariant KK-theory for algebraic K-theory.

We overcome the first obstacle by imposing regularity assumptions on the underlying categories and
by combining the results from [5; 13] to reduce the problems to finite subgroups. This reduction is
the main reason why we did not extend our results to L-theory. We overcome the second obstacle by
introducing our notion of virtual equivalences between additive categories and proving Theorem B. We
moreover substitute the representation-theoretic arguments from [21] that use the representation ring
R.G/D KKG.C;C/ by combinatorial arguments using the Burnside ring A.G/. A possible alternative
approach to the second obstacle could be to set up an equivariant version of Blumberg, Gepner and
Tabuada’s1-category of noncommutative motives [9] as a replacement of KKG and to prove Theorem B
using this framework. If one is only interested in computing homotopy K-theory rather than algebraic
K-theory, one may moreover use Ellis’ equivariant algebraic kk-theory [14] to prove such a result. While
these approaches would certainly be more conceptual, our approach has the advantage of being elementary
and of avoiding the use of heavy machinery such as stable 1-categories. We hope that this choice
makes our paper accessible to a broader audience. We moreover refer the reader to the recent work of
Hilman [18] and to upcoming work of Bartels and Nikolaus for possible definitions of the1-category of
G-equivariant noncommutative motives.

2 R-linear categories
Throughout this paper, let R be a commutative ring with unit. All tensor products appearing in this paper
will be taken over R and will be denoted by M ˝N rather than M ˝R N . An R-linear category is a
category which is enriched over R-modules. An R-additive category is an R-linear category which is
additive. An R-linear functor between R-linear categories is a functor which is R-linear on morphism
sets. Note that R-linear functors between R-additive categories preserve direct sums. A basic example of
an R-linear category is the ring R itself considered as a category with one object. A basic example of an
R-additive category is the category Ff .R/ of finitely generated free R-modules.

3Any finite-dimensional semisimple algebra over an algebraically closed field is of this form.
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Remark 2.1 In order to avoid set-theoretical issues, we assume the existence of sufficiently many
Grothendieck universes which we call small sets, large sets, huge sets, etc. (see [26, §1.2.15] for this
standard procedure). In this way, the collection of all small sets becomes a large set, the collection of all
large sets becomes a huge set, and so on. If nothing else is said, ordinary sets are assumed to be small
and ordinary categories are assumed to have large object sets and small morphism sets. This framework
allows us to rigorously talk about the (huge) category of all (ordinary) categories, the (large) category
of all functors between two (ordinary) categories, or (large) direct sums indexed over the objects of an
(ordinary) category.

For a finite set .Ai /i2I of R-linear categories, we define their tensor product
N
i2I Ai as follows:

Objects of
N
i2I Ai are tuples .Ai /i2I of objects Ai 2Ai and morphisms .Ai /i2I ! .Bi /i2I are given

by elements of
N
i2I HomAi

.Ai ; Bi /. We also write A˝I WD ˝i2IA for a single R-linear category A.
We use the suggestive notation ˝i2IAi WD .Ai /i2I . The tensor product of R-additive categories is not
necessarily additive.

Let G be a group and let A be an R-linear category. An action ˛ W GÕ A assigns to each g 2 G a
functor ˛g WA!A such that ˛1 D id and ˛g˛h D ˛gh for all g; h 2G. We also call .A; ˛/ (or A if ˛ is
understood) a G-R-linear category. An R-linear functor F W .A; ˛/! .B; ˇ/ is called equivariant if we
have F ı˛g D ˛g ıF for all g 2G. A natural transformation � W F1) F2 between equivariant functors
is called equivariant if it satisfies ˛g.�A/D �˛g.A/ for all g 2G and A 2A. In these definitions we insist
on equalities rather than equivalences. The standard example for a G-R-linear category is the following:
Let S be an R-algebra with a left G-action by R-algebra automorphisms. We define an action ˛ of G on
the category Mod-S of right S -modules by mapping for each g 2G any right S -module M to the right
S -module ˛g.M/ which is given by M as a set and equipped with the multiplication .m; s/ 7!m �g�1.s/.

We introduce an equivariant version of preferred direct sums (see [25, Section 1.3]) which is a functorial
way of adjoining direct sums. Let A be an R-linear category with G-action ˛. We fix an infinite cardinal �
and a G-set U such that U �U Š U and such that U contains isomorphic copies of all G-sets of cardinality
at most �. For instance, we can take � D jN �P.G/j where P.G/ denotes the power set of G and

U Š
G
H<G

G
n2�

G=H;

where H runs over all subgroups of G. Choose an invariant base point u 2 U and a G-equivariant
bijection � W U � U ! U satisfying �.u; u/ D u. We denote by A� the category whose objects are
tuples .Az/z2Z , where Z � U is a G-set and Az 2 A are objects. Morphisms .Az/z2Z ! .By/y2Y

are given by column-finite matrices .fz;y W Az ! By/z2Z;y2Y and composition is given by matrix
multiplication. We equip A� with the induced G-action z̨ given by z̨g.Az/z2Z WD .˛g.Ag�1z//z2Z for
.Az/z2Z 2 A� and g 2 G. For a collection fZigi2I of G-sets indexed over a G-set I , we define the
graph G.fZigi2I / WD f.z; i/ 2 U �U j z 2Zig. Then .Az0/zD�.z0;i/2�.G.fZi gi2I // is a concrete model for
the direct sum

L
i2I .Az/z2Zi

. We also use the suggestive notation
L
z2Z Az WD .Az/z2Z . We denote

by Af �A� the full subcategory of all objects .Az/z2Z where Az ' 0 for all but finitely many z 2Z.
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The inclusion A!Af induced by the choice of base-point u 2 U is an equivalence of categories if and
only if A is additive.

We call Af the additive completion of A. Our primary motivation for introducing Af is its use in
Section 3. There, given any G-set Z and a G-equivariant family of functors .Fz/z2Z from A to B, we
will need a naturally defined G-equivariant functor

L
z2Z Fz from A to Bf .

For a G-R-linear category .A; ˛/, we define an R-linear category AÌ˛G (or AÌG if ˛ is understood)
as follows. Objects of AÌG are objects of A. A morphism from A to B in AÌG consists of a finite
formal sum

P
g2G fgg where each fg W ˛g.A/! B; g 2 G is a morphism in A. The composition of

morphisms is determined by the rule

.fg/ ı .f 0g0/D .f ı˛g.f
0//gg0

for g; g0 2 G; f 2 A.˛g.B/; C / and f 0 2 A.˛g 0.A/; B/. This category was denoted by A �G pt in
[6, Definition 2.1]. If the G-action on A is trivial, we also use the notation AŒG� instead of AÌG.

Remark 2.2 (see [6, Remark 2.3]) Any G-equivariant R-linear functor F WA! B between G-R-linear
categories induces an R-linear functor

F ÌG WAÌG! BÌG;

A 7! F.A/;X
g2G

fgg 7!
X
g2G

F.fg/g:

Moreover, F 7! F ÌG maps equivalences of categories to equivalences of categories. More generally, if
F;F 0 W A! B are G-equivariant R-linear functors that are equivalent via some G-equivariant natural
transformation � W F ) F 0, then F ÌG and F 0 ÌG are equivalent.

Example 2.3 [6, Example 2.6] Let S be an R-algebra with unit and let GÕ S be a group action by ring
automorphisms. We denote by S ÌG the R-algebra of finite formal sums

P
g2G sgg with sg 2 S and

multiplication determined by

.sg/ � .s0g0/ WD s �g.s0/gg0

for s; s0 2 S and g; g0 2G.4

The action G Õ S induces an action ˛ W G Õ Ff .S/ of G on the category finitely generated free
S -modules by mapping a module M to the module ˛g.M/ whose underlying abelian group is that of M
and whose S -module structure is given by .m; s/ 7!m˛g�1.s/. Then we have an equivalence

Ff .S ÌG/' Ff .S/ÌG
of R-additive categories.

4Note that S ÌG is precisely the result of applying the functor ÌG to the R-linear category with one object and S as
endomorphisms.
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Example 2.4 Let S , T be R-algebras with unit. Then we have equivalences of R-additive categories

.Ff .S/˝Ff .T //f ' Ff .S ˝T /;

where S ˝T denotes the tensor product of R-algebras.

By a based category, we mean a category A with a preferred object 1A 2 A. A functor F W A! B
between based categories is called based, if it satisfies F.1A/D 1B. The strict identity condition is not
essential and could be relaxed to isomorphism with minor adjustments to the subsequent discussion.
However, we chose to retain the strict condition for convenience.

Definition 2.5 If A is a based R-linear category and if Z is a (possibly infinite) set, we define the tensor
product A˝Z , or more precisely (A; 1A/

˝Z , as the filtered colimit

lim
��!
FbZ

A˝F :

Here F ranges over all finite subsets of Z and the connecting functors

A˝F !A˝F
0

are given by A 7! A˝1˝F
0nF

A on objects and by f 7! f ˝ id˝F
0nF

1A
on morphisms.

The colimit is taken inside the category of R-linear categories with R-linear functors as morphisms.
Infinite tensor products of based R-linear categories are functorial with respect to based R-linear functors.

Example 2.6 Let S be an R-algebra and let Z be a (possibly infinite) set. With respect to the rank-one
module S 2 Ff .S/ as a base point, we have an equivalence

.Ff .S/˝Z/f ' Ff .S˝Z/;
determined by the functors

Ff .S/˝F ! Ff .S˝Z/; M 7!M ˝S˝ZnF :

The idempotent completion Idem.A/ of an R-additive category A is the R-additive category whose
objects are pairs .A; p/ with A 2A and p D p2 2A.A;A/ and whose morphisms .A; p/! .B; q/ are
given by morphisms f W A! B satisfying f D qfp. We call an R-additive category A idempotent
complete if the canonical functor A! Idem.A/, A 7! .A; id/, is an equivalence. If A is a not necessarily
additive R-linear category, we define Idem.A/ WD Idem.Af /.

Example 2.7 Let S be an R-algebra with unit. Denote by Fp.S/ the category of finitely generated
projective S -modules. Then the functor

Idem.Ff .S//! Fp.S/; .M; p/ 7! pM;

is an equivalence.

The following lemma tells us that we can perform additive and idempotent completion at various stages
of our constructions or at the end, without changing the result.
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Lemma 2.8 (1) Let A;B be R-linear categories. Then the natural functor

.A˝B/f ! .Af ˝Bf /f

is an equivalence.

(2) Let .Ai /i be a filtered diagram of R-linear categories and R-linear functors. Then the natural functor

.lim
��!

Ai /f ! .lim
��!

Afi /
f

is an equivalence.

(3) Let G be a group and let A be a G-R-linear category. Then the natural functor

.AÌG/f ! .Af ÌG/f

is an equivalence.

(4) Let A;B be R-linear categories. Then the natural functor

Idem.A˝B/! Idem.Idem.A/˝ Idem.B//

is an equivalence.

(5) Let .Ai /i be a filtered diagram of R-linear categories and R-linear functors. Then the natural functor

Idem.lim
��!

Ai /! Idem.lim
��!

Idem.Ai //

is an equivalence.

(6) Let G be a group and let A be a G-R-linear category. Then the natural functor

Idem.AÌG/! Idem.Idem.A/ÌG/

is an equivalence.

Proof It is routine to check that all the appearing functors are fully faithful and essentially surjective.
We leave the details to the reader.

For a finite set I and a set of R-linear functors Fi WA! B, we define their direct sum as the functor
F D

L
i2I Fi WA! Bf by A 7! .Fi .A//i2I . If B is additive, we may identify F with a functor A! B.

If I D f1; : : : ; ng, we may also write F D F1˚ � � �˚Fn, well-aware that this notation is imprecise and
does not specify the choice of direct sums. The following definition is our key substitute of C �-algebraic
KK-equivalences in the world of additive categories and algebraic K-theory.

Definition 2.9 An R-linear functor F WA! B between R-additive categories is called a virtual equiva-
lence, if there are R-linear functors

QC;Q� W B!A

and natural equivalences

� W FQC ' idB˚FQ�; � WQCF ' idA˚Q�F:
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In this case, we call .QC;Q�; �; �/ a quasi-inverse to F . An equivariant R-linear functor between
G-R-linear categories is called an equivariant virtual equivalence if it has a quasi-inverse .QC;Q�; �; �/
such that QC, Q�, � and � are equivariant. More generally, an R-linear functor between R-linear
categories is called a virtual equivalence if it is a virtual equivalence after additive completion.

Any virtual equivalence induces an isomorphism on K-theory.

Remark 2.10 Let F W A! B be an equivariant virtual equivalence of G-R-linear categories. Then
F ÌG WAÌG! BÌG is a virtual equivalence.

For the next example, recall that for two unital rings S , S 0, a right S -module M , and a (not necessarily
unital) ring homomorphism f W S! S 0, we denote by Indf M the right S 0-module M ˝S f .1/S 0 where
f .1/S 0 is considered as an S -S 0-bimodule via f . Note that Indf preserves finitely generated projective
modules and that Indf may not preserve free modules if f is not unital.

Example 2.11 Let G be a finite group and suppose that 1
jGj
2R. We denote by

" WRŒG�!R; "

�X
g2G

fgg

�
D

X
g2G

fg ;

the augmentation map, by IRŒG� WD ker " the augmentation ideal, and by p WD 1
jGj

P
g2G.1 � g/

its unit. Note that we have an algebra isomorphism R ˚ IRŒG� Š RŒG�, and thus an equivalence
F p.R/˚Fp.IRŒG�/ŠFp.RŒG�/. Below, we give a different functorF p.R/˚Fp.IRŒG�/!Fp.RŒG�/
which is not necessarily an equivalence but a virtual equivalence. Denote by j W IRŒG�! RŒG� the
inclusion, by � W RŒG�! IRŒG�, x 7! px, the projection and by � W R ! RŒG� the unital inclusion.
The functor

F WD Ind�˚ Indj W Fp.R/˚Fp.IRŒG�/! Fp.RŒG�/

sends the rank-one free R-module R to the rank-one free RŒG�-module RŒG�, and the rank-one free
IRŒG�-module IRŒG� to the projective RŒG�-module IRŒG�˝IRŒG�RŒG�Š IRŒG�. The functor F is a
virtual equivalence with quasi-inverse

.Ind"˚ Ind� ; 0˚ Ind��"/:

3 Izumi’s theorem

This section is devoted to an algebraic K-theory analogue of Izumi’s theorem [19, Theorem 2.1] which
says that if A and B are KK-equivalent separable C �-algebras and G is a finite group, then the Bernoulli
shifts A˝G and B˝G are KKG-equivalent. Our substitute for KK-equivalences between C �-algebras is
the notion of virtual equivalences between additive categories introduced in Definition 2.9. For a group G,
a G-set Z, and a (based) R-linear category A, we always equip the tensor product A˝Z with the G-action
given by shifting the tensor factors.
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Theorem 3.1 (Izumi’s theorem) Let G be a finite group , let Z be a finite G-set , and let F WA! B be an
R-linear virtual equivalence of R-additive categories. Then

F˝Z WA˝Z! B˝Z

is an equivariant virtual equivalence. In particular ,

F˝Z ÌG WA˝Z ÌG! B˝Z ÌG
is a virtual equivalence.

We keep the notation of Theorem 3.1 and divide its proof into several lemmas. Let .QC;Q�; �; �/ be
a quasi-inverse for F . We will construct a pair of functors P˙ W B˝Z! .A˝Z/f and a G-equivariant
natural equivalence of functors

PCF
˝Z
' �˚P�F

˝Z
WA˝Z! .A˝Z/f ;

where � W A˝Z ! .A˝Z/f is the inclusion. The proof of the equivalence F˝ZPC ' �˚F˝ZP� is
analogous and left to the reader.

Definition 3.2 For any subset T �Z and for any subgroup H �GT of the setwise stabilizer group of T ,
we define G-equivariant functors

QH;T WD
M

gH2G=H

Q
˝ZngT
C

˝Q˝gT� W B˝Z! .A˝Z/f ;

RH;T WD
M

gH2G=H

id˝ZngT ˝ .Q�F /˝gT WA˝Z! .A˝Z/f ;

where the G-action on the index set G=H is given by left translation.

These formulas may initially appear overwhelming, so we explain their origins. Considering the
informal expression QC�Q� as the quasi-inverse of F , and leveraging the binomial formula, an initial
guess for the quasi-inverse of F˝Z could be constructed by expanding .QC �Q�/˝Z . Specifically,
using a combinatorial perspective, we might propose

.QC�Q�/
˝Z
D

� M
S�Z
even

Q
˝.ZnS/
C

˝Q˝S�

�
�

� M
S�Z

odd

Q
˝.ZnS/
C

˝Q˝S�

�
;

where the sums are taken over subsets S �Z with even and odd cardinalities, respectively.
However, this expression turns out not to be a valid (G-equivariant) quasi-inverse of F˝Z . The simplest

counterexample arises when G is the cyclic group C2 of order 2, Z D G, F D id, QC D id˚ id, and
Q� D id on AD .C/f , for example. In this case, the expansion does not satisfy the required properties
of a quasi-inverse.

The core issue lies in two subtleties: the binomial formula in this setting must account forG-equivariant
indices, which introduces additional complications when we consider the product of such formulas; and
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the power functor .�/˝Z is not linear, meaning it does not distribute over sums or differences in the
straightforward way that one might expect.

Thus, while the proposed expansion might appear intuitive at first glance, we need a more careful
treatment to correctly handle the G-equivariance and the nonlinearity of the power functor. The previously
definedQH;T accounts for a more general summand of the binomial formula, whose suitable combinations
provide the correct quasi-inverse of F˝Z .

Lemma 3.3 For any subset T � Z and for any subgroup H � GT , we have a G-equivariant natural
equivalence of functors

QH;TF
˝Z
'

L
.gH;S/2G=H�P.Z/;

S�gT

id˝ZnS ˝ .Q�F /˝S WA˝Z! .A˝Z/f ;

where P.Z/ denotes the power set of Z. Here the G-action on G=H �P.Z/ is induced by left translation
on G=H and the given G-action on Z.

Proof We have an equivariant natural equivalence of functorsL
gH2G=H

�˝ZngT ˝ id˝gT WQH;TF˝Z '
L

gH2G=H

.id˚Q�F /˝ZngT ˝ .Q�F /˝gT ;

where � is the given equivalence QCF ' idA˚Q�F from the quasi-inverse of F . Using that the direct
sum is both a product and a coproduct, we construct for every gH 2G=H a natural equivalence

(3-1) �gH W
L

S�gT

id˝ZnS ˝ .Q�F /˝S ' .id˚Q�F /˝ZngT ˝ .Q�F /˝gT :

given by
�gH WD

L
S�gT

.id˚ 0/˝ZnS ˝ .0˚ id/˝SngT ˝ id˝gT :

For g 2G and AD˝z2ZAz 2A˝Z , we get

z̨g

� L
hH2G=H

�hH .A/
�
D z̨g

� L
hH2G=H

L
S�hT

.id˚ 0/˝ZnS ˝ .0˚ id/SnhT ˝ idhT
�

D
L

hH2G=H

L
S�hT

˛g..id˚ 0/˝Zng
�1S
˝ .0˚ id/g

�1Sng�1hT
˝ idg

�1hT /

D
L

hH2G=H

�hH

� N
z2Z

Ag�1z

�
D

L
hH2G=H

�hH .˛g.A//;

where ˛ denotes the shift action on A˝Z . In particular, the induced natural equivalenceL
gH2G=H

�gH WQH;TF
˝Z
'

L
.g;S/2G=H�P.Z/;

S�gT

id˝ZnS ˝ .Q�F /˝S

is equivariant.
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Remark 3.4 Our main reason for introducing nontrivial G-actions on the index sets in .A˝Z/f was to
ensure that Lemma 3.3 holds equivariantly.

Lemma 3.5 For any subset T � Z and for any subgroup H � GT , we have an equivariant natural
equivalence

QH;TF
˝Z
'RH;T ˚R0;

where R0 is a direct sum of finitely many functors of the form RH 0;T 0 with jT 0j> jT j.

Proof By Lemma 3.3, we have

QH;TF
˝Z
'

M
.gH;S/2G=H�P.Z/

S�gT

id˝ZnS ˝ .Q�F /˝S

DRH;T ˚
M

.gH;S/2G=H�P.Z/
S¥gT

id˝ZnS ˝ .Q�F /˝S

„ ƒ‚ …
DWR0

:

By decomposing the G-set f.gH; S/ j gH 2 G=H; S ¥ gT g into orbits we can find S1; : : : ; Sn ¥ T
such that

f.gH; S/ j gH 2G=H; S ¥ gT g D
nG
iD1

G � f.H; Si /g:

We write Hi WDH \GSi
and conclude that

R0 'RH1;S1
˚ � � �˚RHn;Sn

:

Proof of Theorem 3.1 We construct equivariant functors P˙ W B˝Z ! .A˝Z/f and an equivariant
natural equivalence PCF˝Z ' �˚ P�F˝Z where � W A˝Z ! .A˝Z/f is the natural inclusion. An
analogous argument will produce a natural equivalence F˝ZPC ' �˚ F˝ZP�. The theorem then
follows by applying �ÌG to these equivalences and composing everything with the equivalence between
..A˝Z/f ÌG/f ' .A˝Z ÌG/f and ..B˝Z/f ÌG/f ' .B˝Z ÌG/f from Lemma 2.8.

By Lemma 3.5, we have a G-equivariant natural equivalence

(3-2) QG;¿F
˝Z
'RG;¿˚R

.1/;

where R.1/ is of the form R.1/ D
Ln1

iD1RH .1/

i
;S

.1/

i

with jS .1/i j � 1. For each i D 1; : : : ; n1, Lemma 3.5
gives us a G-equivariant natural equivalence

(3-3) Q
H

.1/

i
;S

.1/

i

F˝Z 'R
H

.1/

i
;S

.1/

i

˚R
.2/
i ;

where each R.2/i is a direct sum of functors of the form RH;S with jS j � 2. We write

R.2/ D

n1M
iD1

R
.2/
i D

n2M
iD1

R
H

.2/

i
;S

.2/

i

:
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By summing up (3-3) over i D 1; : : : ; n1, we get

(3-4)
n1M
iD1

Q
H

.1/

i
;S

.1/

i

F˝Z 'R.1/˚R.2/:

We now add R.2/ to (3-2) and apply (3-4) to get an equivariant natural equivalence

(3-5) QG;¿F
˝Z
˚R.2/ 'RG;¿˚

n1M
iD1

Q
H

.1/

i
;S

.1/

i

F˝Z :

In the same way as in (3-4), we get

(3-6)
n2M
iD1

Q
H

.2/

i
;S

.2/

i

F˝Z 'R.2/˚R.3/;

where R.3/ is a direct sum of functors of the form RH;S with jS j � 3. We again add R.3/ to (3-5) and
apply (3-6) to get

(3-7) QG;¿F
˝Z
˚

n2M
iD1

Q
H

.2/

i
;S

.2/

i

F˝Z 'RG;¿˚

n1M
iD1

Q
H

.1/

i
;S

.1/

i

F˝Z ˚R.3/:

We continue this process inductively and constructR.k/, nk ,H .k/
i and S .k/i as above for kD 1; 2; : : : ; jZj.

Now note that RH;Z D QH;ZF˝Z for any subgroup H � G and that RG;¿ D �. If we conveniently
write QG;¿ DQH .0/

1 ;S
.0/
1

and apply the above procedure until k D jZj, we therefore get an equivariant
natural equivalence M

0�k�jZj
even

nkM
iD1

QHi ;Si
F˝Z ' �˚

M
0�k�jZj

odd

nkM
iD1

QHi ;Si
F˝Z :

The desired functors P˙ may thus be chosen as

PC WD
M

0�k�jZj
even

nkM
iD1

QHi ;Si
; P� WD

M
0�k�jZj

odd

nkM
iD1

QHi ;Si
:

4 K -theory of wreath products
Recall that a ring S is called Noetherian if every submodule of a finitely generated S -module is finitely
generated, regular coherent if every finitely presented S-module has a finite projective resolution, and
regular if it is Noetherian and regular coherent. Analogous definitions were introduced in [5, Definition 6.2]
for any additive category A. We recall these for the reader’s convenience. A right ZA-module (or simply
ZA-module) is a contravariant Z-linear functor A! Ab. We denote the category of ZA-modules with
Z-linear transformations as morphisms by Mod-ZA. A ZA-module M is called finitely generated free
if it is isomorphic to a direct sum

L
i2I HomA.�; Ai /, and finitely generated if it is isomorphic to the
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quotient of a finitely generated free ZA-module. A ZA-module A is called finitely presented if there
is an exact sequence F1 ! F0 !M ! 0 where F0 and F1 are finitely generated free ZA-modules.
A ZA-module is finitely generated projective if it is a retract of a finitely generated free ZA-module.5

A finite projective resolution of a ZA-module M is an exact sequence 0! Pn! � � � ! P0!M ! 0

where each Pi is a finitely generated projective ZA-module. We call A Noetherian if every submodule
of a finitely generated ZA-module is finitely generated, regular coherent if every finitely presented
ZA-module has a finite projective resolution, and regular if it is Noetherian and regular coherent. A ring
is Noetherian (resp. regular, resp. regular coherent) if and only if the category of finitely generated free
(or equivalently projective) modules is [5, Corollary 6.5].

The following lemma is well-known for rings. We adapt the proof of [17, Lemma 5.7] to the
setting of additive categories. Recall that a functor between abelian categories is called exact if it
preserves exact sequences. We call a functor � WA! B of additive categories flat if the induction functor
�� WMod-ZA!Mod-ZB is exact.

Lemma 4.1 Let G be a finite group such that 1
jGj
2R and let A be a regular G-R-additive category. Then

AÌG is regular as well.

Proof We denote by � WA!AÌG the canonical inclusion and by

�� WMod-Z.AÌG/!Mod-ZA; M 7!M ı �;

�� WMod-ZA!Mod-Z.AÌG/; M 7!M.‹/˝ZA HomAÌG.�; �.‹//;

the canonical restriction and induction functors. Here, M.‹/˝ZA HomAÌG.A; �.‹// is the quotient ofM
B2A

M.B/˝Z HomAÌG.A; �.B//

by the submodule generated by elements of the form

f �.x/˝y � x˝f�.y/

for f 2 HomA.B1; B2/, x 2M.B2/, and y 2 HomAÌG.A; �.B1//.
The restriction functor �� is exact. The induction functor �� is exact as well, i.e., � is flat (see below).

Claim 1 Every Z.AÌG/-module M is a summand of ����M in Mod-Z.AÌG/.

The desired inclusion j WM ! ���
�M is given by

M.A/ 3 x 7!
1

jGj

X
g2G

g�.x/˝g�1 2 ���
�M.A/;

where

g�.x/˝g�1 2M.˛g�1.A//˝Z HomAÌG.A; ˛g�1.A//:

5We encourage the reader to verify that this characterization is indeed equivalent to the definition of projectivity in the sense
of abelian categories.
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To see that j is a module map, let f 2 HomA.A;B/ and x 2M.B/. Then we have

f �.j.x//D
1

jGj

X
g2G

g�.x/˝g�1 ıf

D
1

jGj

X
g2G

g�.x/˝˛g�1.f / ıg�1

D
1

jGj

X
g2G

˛g�1.f /�g�.x/˝g�1

D
1

jGj

X
g2G

g�.f �.x//˝g�1

D j.f �.x//:

The desired retraction is given by the counit � W ����M.A/!M.A/ which is given by

M.B/˝Z HomAÌG.A;B/ 3 x˝f 7! f �.x/ 2M.A/:

It is easy to see that � ı j D id. This verifies Claim 1.

Claim 2 �� preserves finitely generated free modules.

For any object A 2A, we have a canonical isomorphism of ZA-modules

(4-1) ��HomAÌG.�; A/Š
M
g2G

HomA.˛g.�/; A/Š
M
g2G

HomA.�; ˛g�1.A//:

This proves Claim 2.
We now explain why �� is exact. Since � is essentially surjective, it is enough to see its restriction ����

is exact. For any ZA-module M , we have a natural isomorphism

.����M/.A/Š˚g2GM.˛g.A//

for any object A in A. This is obtained by sending

x˝fgg 2M.B/˝Z HomAÌG.�.A/; �.B//

for fg 2 HomA.˛g.A/; B/ to

f �g x 2M.˛g.A//:

We leave it to the reader to verify that this is well-defined and natural, establishing the natural isomorphism
����M Š˚g2GM.˛g�/. With this in hand, it follows that �� is exact.

To see that AÌG is Noetherian, let N �M be a submodule of a finitely generated Z.AÌG/-module.
Then ��N � ��M is finitely generated by Claim 2 and by the exactness of ��. Since A is Noetherian by
assumption, we find an epimorphism F� ��N where F is a finitely generated free ZA-module. Since ��
is right exact (being a left adjoint) and preserves finitely generated free modules (being a left Kan extension,
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see also the comments at the end of [5, Section 5.A]), we get an epimorphism ��F� ���
�N�N , where

��F is a finitely generated Z.AÌG/-module. This implies that N is finitely generated and therefore that
AÌG is Noetherian.

To see thatM is regular coherent, letM 2Mod-Z.AÌG/ be finitely generated. Since ��M 2Mod-ZA
is finitely generated by Claim 2, we can find a finite projective resolution P�! ��M . Then ��P�! ���

�M

is a finite projective resolution of Z.AÌG/-modules. Since M is a summand of ����M by Claim 1, it has
a finite projective resolution as well. Indeed, such a projective resolution can be constructed by iteratively
taking the pullback of the resolution ��P�! ���

�M , starting with the split inclusion M ! ���
�M . The

exactness of the resulting sequence can be verified directly, pointwise.

Lemma 4.2 LetH be a finite group such that 1
jH j
2R and let ' 2Aut.H/ be an automorphism. Let Z be

a G-set , where G DH Ì' Z. Let F WA! B be a based R-linear functor of based R-additive categories
which is furthermore a virtual equivalence. Assume further that A˝n and B˝n are regular for every n� 1
and that for every inclusion of finite H -invariant subsets Y � Y 0 �Z, the functors

A˝Y ÌH !A˝Y
0

ÌH; B˝Y ÌH ! B˝Y
0

ÌH

are flat inclusions. Then the induced map

K�.F
˝Z ÌG/ WK�.A˝Z ÌG/!K�.B˝Z ÌG/

is an isomorphism.

Proof We prove the lemma by reducing it to Theorem 3.1. Denote by x 2G DH Ì' Z the generator
of Z so that xhx�1 D '.h/ for all h 2H . We denote the shift actions on A˝Z and B˝Z by ˛ and ˇ,
respectively. We define an automorphism ˆ 2 Aut.A˝Z ÌH/ by A 7! ˛x.A/ on objects and byX

h2H

fhh 7!
X
g2G

˛x.fh/'.h/

on morphisms. Then there is a natural isomorphism of R-additive categories

(4-2) A˝Z Ì .H Ì' Z/' .A˝Z ÌH/ÌˆZ;

given by the identity on objects and byX
.h;n/2HÌ'Z

fh;n.h; n/ 7!
X
n2Z

� X
h2H

fh;nh

�
n

on morphisms. We have an analogous automorphism ‰ 2 Aut.B˝Z ÌH/ and an isomorphism

(4-3) B˝Z Ì .H Ì' Z/' .B˝Z ÌH/Ì‰ Z:

Note that A˝ZÌH equals the increasing union
S
Y A
˝Y ÌH where Y ranges over all finite H -invariant

subsets of Z. Each A˝Y ÌH is regular by Lemma 4.1. Since the inclusions A˝Y ÌH !A˝Y 0 ÌH are
flat, [5, Lemma 11.2] implies that A˝Z ÌH is regular coherent. Combined with [5, Theorem 10.1], this
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argument even shows that .A˝ZÌH/ŒZm� is regular coherent for anym�0, and similarly .B˝ZÌH/ŒZm�.
It then follows from [5, Theorem 7.8] together with (4-2) and (4-3) that we only need to prove that the
induced map

K�.A˝Z ÌH/!K�.B˝Z ÌH/

is an isomorphism. By compatibility of K-theory with filtered colimits (see [24, Corollary 7.2]), we may
even replace Z by a finite H -set Y . But now the statement follows from Theorem 3.1.

The following theorem is an immediate consequence of [13, Corollary 1.2, Remark 1.6].

Theorem 4.3 [13] Let G be a group satisfying the K-theoretic Farrell–Jones conjecture with coefficients.
Let F WA! B be a G-equivariant additive functor between additive categories with G-action. Assume
that for every finite-by-cyclic6 group V �G, the induced map

K�.F ÌV / WK�.AÌV /!K�.BÌV /

is an isomorphism. Then the induced map

K�.AÌG/!K�.BÌG/

is an isomorphism as well.

Corollary 4.4 Let G be a group satisfying the K-theoretic Farrell–Jones conjecture with coefficients , let
H be a finite group , and let Z be a G-set. Assume that R is regular and that the orders of H and of all
finite subgroups of G are invertible in R. Denote by

F WD Ind�˚ Indj W Fp.R/˚Fp.IRŒH �/! Fp.RŒH�/

the virtual equivalence from Example 2.11, viewed as a based virtual equivalence with respect to the
rank-one modules R 2 Fp.R/;RŒH� 2 Fp.RŒH�/. Then the induced map

K�.F
˝Z ÌG/ WK�..Fp.R/˚Fp.IRŒH �//˝Z ÌG/!K�.Fp.RŒH�/˝Z ÌG/

is an isomorphism.

Proof By Theorem 4.3 we may assume that G is either finite or a semidirect product K ÌZ for a finite
group K. In the first case, the corollary follows from Theorem 3.1. We now treat the second case. By
Lemma 2.8, we have an equivalence of categories

Idem.Fp.RŒH�/˝Fp.RŒH�//' Fp.RŒH�˝RŒH�/' Fp.RŒH �H�/:

This category is regular by Lemma 4.1 and thus Fp.RŒH�/˝Fp.RŒH�/ is regular by [5, Lemma 6.4]. By
induction, Fp.RŒH�/˝n is regular for every n� 1. The direct sum decomposition RŒH�ŠR˚ IRŒH �

6Recall that a group V is called finite-by-cyclic if there is a short exact sequence 1!H ! V ! C ! 1 with H finite and
C cyclic.
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induces an equivalence7 of categories Fp.RŒH�/' Fp.R/˚Fp.IRŒH �/. In particular, the category
.Fp.R/˚Fp.IRŒH �//˝n ' Fp.RŒH�/˝n is regular for every n� 1 as well. Moreover, the functors

Fp.RŒH�/˝Y ÌK! Fp.RŒH�/˝Y
0

ÌK;

.Fp.R/˚Fp.IRŒH �//˝Y ÌK! .Fp.R/˚Fp.IRŒH �//˝Y
0

ÌK

induced by inclusions of finite K-invariant subsets Y � Y 0 �Z are clearly flat inclusions since they are
given by taking tensor products with a fixed finitely generated projective module. Now the corollary
follows from Lemma 4.2.

Lemma 4.5 Let G be a group , let Z be a G-set and let A D
L
z2Z Az be an R-linear category with

G-action ˛ WGÕA such that for every g 2G and z 2Z, ˛ restricts to an isomorphism ˛g WAz '�!Agz .
Then we have an equivalence of R-linear categories

AÌG '
M

Œz�2GnZ

Az ÌGz;

where Gz denotes the stabilizer of z 2Z.

Proof By decomposing both sides as direct sums over the orbit space GnZ, we may assume that Z is
transitive. Pick z0 2Z. Then the natural inclusion functor

Az0
ÌGz0

!AÌGz0
!AÌG

is fully faithful by construction. It is essentially surjective since Z is transitive.

Theorem 4.6 Let G be a group satisfying the K-theoretic Farrell–Jones conjecture with coefficients and
let H be a finite group. Assume that R is regular and that the orders of H and of every finite subgroup of
G are invertible in R. Then we have an isomorphism

K�.RŒH oG�/Š
M

ŒF �2GnFIN.G/

K�.IRŒH �
˝F ÌGF /;

where FIN.G/ denotes the set of finite subsets of G.

Proof There is a canonical isomorphism

RŒH oG�ŠRŒH�˝G ÌG

of R-algebras. Using Lemma 2.8, we obtain an equivalence

(4-4) Fp.RŒH oG�/' Idem.Fp.RŒH�/˝G ÌG/:

7This equivalence is different from the virtual equivalence F .
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Equipping Fp.R/˚ Fp.IRŒH �/ with the rank-one module R 2 Fp.R/ as a base point, we have an
equivariant equivalence (see the binomial formula)

.Ff .R/˚Ff .IRŒH �//˝G '
M

F 2FIN.G/

Ff .IRŒH �/˝F :

By Lemmas 2.8 and 4.5, this induces an equivalence

(4-5) Idem
�
.Fp.R/˚Fp.IRŒH �//˝G ÌG

�
' Idem

�� M
F 2FIN.G/

Fp.IRŒH �/˝F
�
ÌG

�

' Idem
� M
F 2GnFIN.G/

Fp.IRŒH �/˝F ÌGF
�
:

Combining Corollary 4.4 with (4-4) and (4-5), we obtain the desired isomorphism

K�.RŒH oG�/Š
M

ŒF �2GnFIN.G/

K�.IRŒH �
˝F ÌGF /:

Remark 4.7 Theorem 4.6 generalizes to an isomorphism

K�.AŒH oG�/Š
M

ŒF �2GnFIN.G/

K�.A˝ IRŒH �
˝F ÌGF /;

for any regular (noncommutative) R-algebra A with unit such that the orders of H and of every finite
subgroup of G are invertible in A. Here, without loss of generality, we may let R be a suitable localization
ZŒS�1� of Z where S contains the orders of H and of every finite subgroup of G. Indeed, under
these assumptions, the proof of Corollary 4.4 generalizes to show that K�.idA˝F˝Z ÌG/ induces an
isomorphism

K�
�
A˝ .Fp.R/˚Fp.IRŒH �//˝Z ÌG

�
ŠK�.A˝Fp.RŒH�/˝Z ÌG/:

The right-hand side is naturally identified as K�.AŒH oG�/, and the left-hand side decomposes as in the
proof of Theorem 4.6.

For algebraically closed fields of characteristic zero, we obtain a much more concreteK-theory formula
analogous to the results in [22].

Corollary 4.8 Let G be a group satisfying the K-theoretic Farrell–Jones conjecture with coefficients and
let H be a finite group. Assume that R is an algebraically closed field of characteristic zero. Then we
have an isomorphism

K�.RŒH oG�/Š
M

ŒF �2GnFIN.G/

M
ŒS�2GF n.f1;:::;ngF /

K�.RŒGS �/

ŠK�.RŒG�/˚
M
ŒC �2C

M
ŒX�2NC nF.C/

M
ŒS�2Cnf1;:::;ngC �X

K�.RŒCS �/:
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Here , n denotes the number of nontrivial conjugacy classes of H , C denotes the set of all conjugacy
classes of finite subgroups of G, F.C/ the nonempty finite subsets of CnG which are not of the form
��1.Y / for a finite subgroup D �G with C ¨D and Y �DnG where � W CnG!DnG denotes the
projection , NC D fg 2G W gCg�1 D C g the normalizer of C in G, and CS DGS \C the stabilizer of S
in C .

Proof Since R is algebraically closed of characteristic zero and since H is finite, we have a Morita-
equivalence IRŒH �'R˚n and therefore an equivalence of categories

(4-6) Fp.IRŒH �/Š Fp.R˚n/:

We obtain isomorphisms

K�.RŒH oG�/Š
M

ŒF �2GnFIN.G/

K�.IRŒH �
˝F ÌGF /(4-7)

Š

M
ŒF �2GnFIN.G/

K�..R
˚n/˝F ÌGF /(4-8)

Š

M
ŒF �2GnFIN.G/

M
ŒS�2GF n.f1;:::;ngF /

K�.RŒGS �/:(4-9)

Here we have used Theorem 4.6 in (4-7), (4-6) and Lemma 2.8 in (4-8), and Lemma 4.5 in (4-9). This
proves the first isomorphism of the corollary. The second isomorphism can be derived using the same
combinatorial arguments as in [22, Proposition 2.4].

5 Bernoulli shifts on semisimple algebras

This section is devoted to the computation of K�..A˝M˝Zn / ÌG/ where G is a group, A is an R-
linear category with G-action, Z is a G-set and Mn denotes the R-algebra of n�n-matrices over R
for some n � 1. We use this to calculate the K-theory of A˝Z ÌG where A DMk0

˚ � � � ˚Mkn
is

a semisimple R-algebra that decomposes into a finite sum of matrix algebras. This is mainly done by
analyzing the A.G/-module structure of K�.AÌG/ where A.G/ is the Burnside ring of G, given by
the Grothendieck group of the monoid of isomorphism classes of finite G-sets. The addition in A.G/ is
given by disjoint union and the multiplication is given by cartesian product. The Swan ring Swfr.GIZ/

of G is the K0-group of the exact category of ZŒG�-modules that are finitely generated and free as
Z-modules, equipped with the tensor product as multiplication. Explicitly, Swfr.GIZ/ is generated by
finitely generated Z-free ZŒG�-modules with the relation ŒX�CŒZ�D ŒY � whenever 0!X!Y !Z! 0

is a short exact sequence. There is a canonical homomorphism A.G/! Swfr.GIZ/ given by X 7!ZŒX�.

Lemma 5.1 [6, Lemma 9.1] Let G be a group and let A be an additive category with G-action. Then the
algebraic K-theory K�.AÌG/ is a module over Swfr.GIZ/ in a natural way. In particular , K�.AÌG/
is a module over A.G/.
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Proof The main idea is to associate to a ZŒG�-module M Š Zd the functor AÌG ! AÌG which
maps an object A to the object

Ld
iD1Aµ A˝Z M and a morphism

P
g2G fgg to the morphismP

g2G.fg ˝Z lg/g where lg WM !M denotes the action by g. See [6, Lemma 9.1] for the details.

Lemma 5.2 Let G be a group , let X be a finite G-set , and let A be a G-R-linear category. Then there is
an equivalence of R-linear categories

ˆ W Idem
�
.A˝EndR.RŒX�//ÌG

�
' Idem.AÌG/

such that the induced map

K�.AÌG/
.id˝1/ÌG
������!K�

�
.A˝EndR.RŒX�//ÌG

� ˆ

Š
�!K�.AÌG/

agrees with the action of the element ŒX� 2 A.G/ from Lemma 5.1.

Proof The EndR.RŒX�/-R-bimodule RŒX� implements an equivalence of categories

F W Fp.EndR.RŒX�//! Fp.R/; M 7!M ˝EndR.RŒX�/RŒX�:

This equivalence is not strictly equivariant, but equivariant in the sense of [2, Definition 2.1], mean-
ing that there are compatible natural isomorphisms Tg W F ı ˛g ) ˇg ı F for every g 2 G where
˛ WGÕ Fp.EndR.RŒX�// and ˇ WGÕ Fp.R/ are the natural actions. Concretely, Tg is given by

Tg W ˛g.M/˝EndR.RŒX�/RŒX�! ˇg.M ˝EndR.RŒX�/RŒX�/; a˝ b 7! a˝ 
g�1.b/;

where 
 WGÕRŒX� denotes the natural action. We obtain an equivalence of categories

‰ W
�
A˝Fp.EndR.RŒX�//

�
ÌG '
�! .A˝Fp.R//ÌG

given by A˝M 7! A˝F.M/ on objects and byP
g2G

fgg 7!
P
g2G

.idA˝F /.fg/ ı .idA˝T
�1
g /g

on morphisms.
Using Lemma 2.8, we can identify Idem.‰/ with an equivalence

ˆ W Idem
�
.A˝EndR.RŒX�//ÌG

�
'
�! Idem.AÌG/:

By spelling out the explicit construction of the Swfr.GIZ/-action in [6, Lemma 9.1], it is easy to see that
ˆ induces the desired isomorphism on K-theory.

The following proposition is the algebraic K-theory analogue of [21, Proposition 2.1].

Proposition 5.3 Let G be a finite group , let Z be a finite G-set and let n 2N be an integer. Denote by
ŒnZ �2A.G/ the element represented by the finiteG-set f1; : : : ; ngZ . Then there are elements ˛; ˇ2A.G/
and integers l; r � 1 such that

(1) ŒnZ �l D n �˛ 2 A.G/,

(2) ŒnZ � �ˇ D nr 2 A.G/.

Furthermore , ˛ can be represented by a G-set.
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Proof Denote by � W A.G/! EndQ.A.G/˝Q/ the representation given by left multiplication. Let
.Hi /1�i�k be a collection of subgroups of G containing each conjugacy class exactly once. Then
.ŒG=Hi �/1�j�k is a basis forA.G/ so that any x2A.G/ can uniquely be written as xD

P
1�i�k ni ŒG=Hi �

with ni 2 Z. By reordering the Hi according to the maximal length of any chain of proper subgroups
contained in Hi , we may furthermore assume that i � j whenever Hi is subconjugate to Hj . We make
the following observations:

(1) The coefficients ni of an element xD
P
i ni ŒG=Hi �may be recovered as the last column of the matrix

representing �.x/ with respect to the basis .ŒG=Hi �/1�i�k of A.G/Q. In particular, � is injective.

(2) LetX be any finiteG-set and 1� i�k. Then the stabilizers ofX�G=Hi are all subconjugate toHi . In
particular, the matrix representing �.ŒX�/with respect to .ŒG=Hi �/1�i�k is an upper triangular matrix.

(3) For any 1� i � k, the G-set f1; : : : ; ngZ �G=Hi has njZ=Hi j-many orbits of type G=Hi .

The second and the third condition imply

kY
iD1

.�.ŒnZ �/�njZ=Hi j/D 0 2 EndQ.A.G/˝Q/;

while the first condition implies

kY
iD1

.ŒnZ ��njZ=Hi j/D 0 2 A.G/:

Now the proposition follows by letting ˛ and ˇ be suitable polynomials in ŒnZ �. The equality ŒnZ �l Dn �˛
implies that all the coefficients of ˛ are positive. In particular ˛ can be represented by a G-set.

Lemma 5.4 Let A be an R-linear category. Then the canonical inclusion

id˝ 1 WA˝M˝N
n !A˝M˝N

n ˝M˝N
n

induces an isomorphism on K-theory.

Proof The proof is an algebraic version of an Elliott intertwining which is used in [28, Examples 1.14(i)]
to prove that UHF-algebras of infinite type are strongly self-absorbing. Let l � k � 1 be integers. For an
embedding � W f1; : : : ; kg ! f1; : : : ; lg, we call the map

M˝kn !M˝ln ; a1˝ � � �˝ ak 7! b1˝ � � �˝ bl ;

bj D

�
ai ; �.i/D j;

1; j … �.f1; : : : ; kg/;

a standard embedding. Note that any two embeddings M˝kn !M˝ln induced by different embeddings
f1; : : : ; kg ! f1; : : : ; lg are conjugate via permutation matrices. From this it follows that any two
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“standard” embeddings A˝M˝kn !A˝M˝ln are equivalent as functors. Now consider the diagram

A˝Mn
//

��

A˝M˝2n //

��

A˝M˝4n //

��

� � �

A˝Mn˝Mn
//

Š

66

A˝M˝2n ˝M˝2n //

Š

55

A˝M˝4n ˝M˝4n //

Š

88

� � �

where the upper horizontal arrows and the vertical arrows are induced by id˝ 1, the lower horizontal
arrows are induced by .id˝ 1/˝ .id˝ 1/, and the diagonal arrows are the canonical isomorphisms.
This diagram commutes up to equivalence of functors. Since K-theory preserves filtered colimits (see
[24, Corollary 7.2]) and is invariant under equivalence of functors, the colimit of the vertical functors
induces an isomorphism on K-theory.

Lemma 5.5 Let G be a finite group , let n� 1 be an integer and let Z be an infinite G-set. Then for any
additive category A, the canonical inclusion

id˝ 1 WM˝Zn !M˝Zn ˝M˝N
n

induces an isomorphism

K�..A˝M˝Zn /ÌG/ Š�!K�..A˝M˝Zn ˝M˝N
n /ÌG/:

Proof SinceG is finite andZ is infinite, it contains infinitely many orbits of the same type. Without loss of
generality we may thus assume thatZ is of the formZD

F
N G=H for some subgroupH �G. It follows

from the first part of Proposition 5.3 that there is aG-setX , an integer l�1 and an equivariant isomorphism

.M˝G=Hn /˝l ŠMn˝EndR.RŒX�/:

In particular, we have an equivariant isomorphism

M˝Zn ŠM˝N
n ˝EndR.RŒX�/˝N :

Observe moreover that there is a canonical isomorphism

.M˝N
n ˝EndR.RŒX�/˝N/ÌG ŠM˝N

n ˝ .EndR.RŒX�/˝N ÌG/:

of R-linear categories. Now the lemma follows from Lemma 5.4.

Lemma 5.6 Let G be a finite group , let n� 1 be an integer and let Z be a G-set. Then for any additive
category A, the canonical inclusion

M˝N
n !M˝N

n ˝M˝Zn

induces an isomorphism

(5-1) K�..A˝M˝N
n /ÌG/ ��!K�..A˝M˝N

n ˝M˝Zn /ÌG/:
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Proof Since K-theory preserves filtered colimits (see [24, Corollary 7.2]), we may assume that Z is
finite (the general case follows by taking the colimit over all finite subsets of Z). By Lemma 5.2, we can
identify the map (5-1) with the map

ŒnZ �� WK�..A˝M˝N
n /ÌG/!K�..A˝M˝N

n /ÌG/;

where ŒnZ � 2 A.G/ acts as in Lemma 5.1. By applying Lemma 5.2 repeatedly to the trivial G-set
f1; : : : ; ng, this map can be identified with the map

ŒnZ �� WK�.AÌG/Œ1=n�!K�.AÌG/Œ1=n�:

But this map is invertible by the second part of Proposition 5.3.

Theorem 5.7 Let G be a group satisfying the Farrell–Jones conjecture with coefficients. Assume that the
orders of all finite subgroups of G are invertible in R. Let A be a regular G-R-linear category , let Z be
an infinite G-set and let n� 1 be an integer. Then the canonical maps

K�..A˝M˝Zn /ÌG/!K�..A˝M˝Zn ˝M˝N
n /ÌG/ K�..A˝M˝N

n /ÌG/

are isomorphisms. In particular , we have

K�..A˝M˝Zn /ÌG/ŠK�.AÌG/Œ1=n�:

Proof By Theorem 4.3 we may assume that G is finite-by cyclic. If G itself is finite, then the theorem
follows from Lemmas 5.5 and 5.6. If G is not finite, then G is a semidirect product H Ì' Z for some
finite group H . As in the proof of Lemma 4.2, we get canonical isomorphisms

(5-2)

.A˝M˝Zn /ÌG Š ..A˝M˝Zn /ÌH/ÌˆZ;

.A˝M˝Zn ˝M˝N
n /ÌG Š ..A˝M˝Zn ˝M˝N

n /ÌH/ÌˆZ;

.A˝M˝N
n /ÌG Š ..A˝M˝N

n /ÌH/ÌˆZ:

Note that .A˝M˝Zn / ÌH is the increasing union of the subcategories .A˝M˝Yn / ÌH where Y
ranges over all finite H -invariant subsets of Z. Each of these subcategories is regular by Lemma 4.18

and the inclusions .A˝M˝Yn /ÌH ! .A˝M˝Y 0n /ÌH for finite H -invariant subsets Y � Y 0 � Z
are easily seen to be flat. Thus their union is regular coherent by [5, Lemma 11.2]. Combined with
[5, Theorem 10.1], this even shows that ..A˝M˝Zn /ÌH/ŒZm� regular coherent for any m � 0. The
same argument shows that ..A˝M˝Zn ˝M˝N

n /ÌH/ŒZm� and ..A˝M˝N
n /ÌH/ŒZm� are regular

coherent for any m� 1. In view of the decompositions (5-2), [5, Theorem 7.8] now reduces the problem
to checking that the maps

K�..A˝M˝Zn /ÌH/!K�..A˝M˝Zn ˝M˝N
n /ÌH/ K�..A˝M˝N

n /ÌH/

are isomorphisms. But this case was already covered above.

8Here we also use that regularity passes to matrix amplifications, which can be deduced, for instance, from [5, Lemma 6.4].
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As an application, we obtain K-theory formulas for Bernoulli-shifts on many semisimple R-algebras:

Theorem 5.8 Let G be a group satisfying the Farrell–Jones conjecture with coefficients. Assume that R
is regular and that the orders of all finite subgroups of G are invertible in R. Let Z be an infinite G-set
and let A be an R-algebra of the form ADMn0

.R/˚ � � �˚Mnk
.R/. Write nD gcd.n0; : : : ; nk/. Then

we have an isomorphism

K�.A
˝Z ÌG/Š

M
ŒF �2GnFIN.Z/

M
ŒS�2GF nf1;:::;kgF

K�.RŒGS �/Œ1=n�:

Proof Note that every .kC1/�.kC1/-matrix X with nonnegative integer entries defines a functor
FX W Ff .R/˚kC1! Ff .R/˚kC1 by sending the generator R 2 Ff .R/ of the j -th direct summand to
the module R˚Xij 2 Ff .R/ in the i-th direct summand. Now identify Fp.R/ ' Fp.Mm/ using the
Mm-R-bimodule R˚m for mD n; n0; : : : ; nk . Using this identification, the functor

(5-3) Idem.FX / W Fp.Mn/
˚kC1

! Fp.Mn0
/˚ � � �˚Fp.Mnk

/

is based with respect to the rank-one modules Mn˚ � � �˚Mn and Mn0
˚ � � �˚Mnk

if and only if the
representing matrix X satisfies

X

0B@n:::
n

1CAD
0B@n0:::
nk

1CA:
By [11, Corollary 3.4] we can find such a matrix satisfying in addition X 2 SL.kC 1;Z/. By writing
the inverse of X as a difference of two matrices with nonnegative integer entries, we conclude that the
functor (5-3) is a based virtual equivalence. Combining Lemmas 3.1 and 4.2 with Theorem 4.3, we
conclude that the induced map

(5-4) K�..M
˚kC1
n /˝Z ÌG/!K�..Mn0

˚ � � �˚Mnk
/˝Z ÌG/

is an isomorphism. Using the isomorphism M˚kC1n ŠMn˝R
˚kC1, Theorem 5.7 moreover provides

us with an isomorphism

(5-5) K�..M
˚kC1
n /˝Z ÌG/ŠK�..R˚kC1/˝Z ÌG/Œ1=n�:

Now note that the virtual equivalence

FX W Ff .R/˚ � � �˚Ff .R/! Ff .R/˚ � � �˚Ff .R/

induced by the invertible matrix

X D

0B@1 1
: : :

:::

1

1CA 2 SL.kC 1;Z/
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is based with respect to the base points 0˚ � � �˚ 0˚R and R˚ � � �˚R. Comparing the infinite tensor
products with respect to these different base points and applying the combination of Theorem 3.1 and
Lemma 4.2 with Theorem 4.3, we obtain an isomorphism

(5-6) K�..R
˚kC1/˝Z ÌG/ŠK�

�� M
F 2FIN.Z/

.R˚k/˝F
�
ÌG

�
:

In combination with Lemma 4.5, we get an isomorphism

K�..R
˚kC1/˝Z ÌG/Š

M
ŒF �2GnFIN.Z/

K�..R
˚k/˝F ÌGF /

Š

M
ŒF �2GnFIN.Z/

K�.R
˚f1;:::;kgF ÌGF /

Š

M
ŒF �2GnFIN.Z/

M
ŒS�2GF nf1;:::;kgF

K�.RŒGS �/:

Now the theorem follows from combining this isomorphism with (5-4) and (5-5).
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