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1 Introduction

The K-theoretic Farrell-Jones conjecture [15] predicts that for any discrete group G and any ring R, the

assembly map
(1-1) 1 HE (EveyeG. KRr) — K+ (R[G])

is an isomorphism. The right-hand side denotes the algebraic K-theory groups of the group ring R[G] and
is of great interest for many problems in algebraic topology. The conjecture implies several other famous
conjectures such as the Bass conjectures and Kaplansky’s idempotent conjecture. It has been verified
for a large class of groups including all hyperbolic groups [4], CAT(0)-groups [3], and mapping class
groups [1]. All these groups satisfy a more general K -theoretic Farrell-Jones conjecture with coefficients
[6, Conjecture 3.2], which says that for any additive category .A with G-action, the assembly map

(1-2) 1 HE (EveyeG, K 1) — Kx(AXG)

is an isomorphism. The right-hand side denotes the algebraic K-theory groups K« (A x G) (see Section 2
for the definition of A x G) where K; (—) = 7; (K®(—)) (i € Z) for the nonconnective algebraic K-theory
functor K°° for additive categories [24, Definition 4.1]. This paper is devoted to computing the algebraic
K-theory of certain (twisted) group rings, using the Farrell-Jones conjecture as an assumption. We refer
to [23; 27] for surveys on the Farrell-Jones conjecture and to [8; 16] for the closely related Baum—Connes
conjecture about topological K-theory of group C *-algebras.
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The left-hand side of (1-1) is given by equivariant homology groups of the classifying space EycycG
for the family of virtually cyclic subgroups with respect to an equivariant homology theory satisfying
HS(G/H,KRg) = K+«(R[H]) for all subgroups H C G. These homology groups are still much more
difficult to compute than just computing K« (R[H]) for all virtually cyclic subgroups H C G since they
also depend on the equivariant CW-structure of EvcycG. The functoriality properties of the assembly map
however imply a very useful principle which is analogous to the going-down-principle [10] in the context

of the Baum—Connes conjecture: !

Lemma (going-down-principle) Assume that G satisfies the Farrell-Jones conjecture with coefficients.
If F : A— B is an equivariant additive functor between additive categories with G -action such that

(1-3) Ki(FxH): Ki(AxH)=> K«(BxH)
is an isomorphism for every virtually cyclic subgroup H C G, then

Ki(FxG):Ki(AxG)=> Kyu(BXxG)

is an isomorphism.

When assuming that the categories A and B are sufficiently regular, the above situation even reduces
to all finite subgroups H C G instead of all virtually cyclic subgroups (see Section 4).

We use this principle to compute the algebraic K-theory of categories of the form A®Z x G where A
is an additive category and .A®Z is the infinite tensor product taken over a G-set Z. We moreover treat
the more general situation where A is linear over a commutative base ring R and the tensor products
are taken relative to R (see Section 2 for the definitions). Our main strategy is to replace .4 by a more
tractable category B which is K-theoretically equivalent to .4 in the following sense:

Definition A (Definition 2.9) A virtual equivalence between R-linear categories is an R-linear functor
F : A — B such that there exist R-linear functors Q1 : B — A and natural equivalences

FO4~idg® FO_, Q4+F ~id & Q_F.

Virtual equivalences induce isomorphisms at the level of K-theory: in the notation above, the inverse
of K«(F) is given by K« (Q+) — K«(Q-). Our definition can be viewed as an additive analogue of
universal K -equivalences from [7, Definition 4.4).2

Our definition allows us to prove an analogue of Izumi’s theorem [19, Theorem 2.1] which says that
the Bernoulli shifts of a finite group G on two KK-equivalent C *-algebras are KK @ -equivalent in the
sense of [20]. Our substitute for the C *-algebraic KK-equivalences are precisely the virtual equivalences:

1 Although the going—down-principle is a triviality in the Davis—Liick framework [12], it is a nontrivial theorem in the original
Baum—Connes—Higson framework [10]. In fact, it is the key ingredient in identifying these two frameworks.

2 A subtle difference is that we don’t allow for stabilization by additional functors S, T such that FQ . &S ~idg® FO_® S
and Q4+ F®T ~idg® Q—F & T asin [7, Definition 4.4]. We decided on this simplification in favor of shorter proofs rather
than conceptual reasons.
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Theorem B (Theorem 3.1) Let F : A — BB be an R-linear virtual equivalence, let G be a finite group and
let Z be a finite G-set. Then
F®Z 4G : A% xG - B®? %G

is an R-linear virtual equivalence as well.

Under sufficient regularity assumptions on the underlying categories, the going-down principle allows
us to upgrade the above theorem from finite groups to groups satisfying the Farrell-Jones conjecture. We
apply this strategy to group rings associated to wreath products by realizing them as crossed product rings
R[H ?G] = R[H]®C x G associated to the natural shift action:

Theorem C (Theorem 4.6) Let G be a group satistying the K -theoretic Farrell-Jones conjecture with
coefficients and let H be a finite group. Let R be a regular commutative ring such that the orders of H
and of every finite subgroup of G are invertible in R. Denote by FIN(G) the set of finite subsets of G and
by I gr[H] the augmentation ideal of R[H ], which is an R-algebra with unit by assumption. Then we have
an isomorphism
K+(RIH:G) = D KuUR[H]®T % Gp).
[F]eG\FIN(G)
Here G acts on FIN(G) by left translation and G g denotes the stabilizer of F € FIN(G).

The above result is an algebraic K-theory analogue of the results in [22]; see also [11]. The commuta-
tivity assumption on R can be dropped (see Remark 4.7). The formula becomes much more concrete for
algebraically closed fields of characteristic zero:

Corollary D (Corollary 4.8) Let G be a group satistfying the K -theoretic Farrell-Jones conjecture with
coefficients, let H be a finite group, and let R be an algebraically closed field of characteristic zero. Then
we have an isomorphism

K.(R[H:G)= P P K« (R[Gs])

[F1eG\FIN(G) [S1eGr\({1,...,n}F)

=K.RGhe P D @D  K«(RICs).
[Clec [X]eNC\F(C) [S]eC\(1,....n}C-X

Here, n denotes the number of nontrivial conjugacy classes of H, C denotes the set of all conjugacy
classes of finite subgroups of G, F(C) the nonempty finite subsets of C\G which are not of the form
7~ 1(Y) for a finite subgroup D € G with C € D and Y € D\G where 7 : C\G — D\G denotes the
projection, Nc = {g € G : gCg~! = C} the normalizer of C in G, and Cs = Gg N C the stabilizer of
Sin C.

As another application of the going-down principle, we compute the algebraic K-theory of Bernoulli
shifts on many semisimple algebras. We do this by carefully analyzing the A(G)-module structure of
K« (AxG) where A(G) denotes the Burnside ring. These results are inspired by the C *-algebraic results
in [11; 21].
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Theorem E (Theorem 5.8) Let G be a group satisfying the Farrell-Jones conjecture with coefficients.
Assume that R is a regular commutative ring, and that the orders of all finite subgroups of G are invertible
in R. Let Z be an infinite G -set and let A be an R-algebra of the form A = M, ,(R) @ ---® My, (R).2
Write n = ged(no, . . . ,ny) and denote by FIN(Z) the set of finite subsets of Z equipped with the left
translation action of G. Then we have an isomorphism

K.(4%% %G = P D K«(R[Gs])[1/n].
[F]eG\FIN(Z) [S]eG F\{1,....k}F
Most of the results in this paper are algebraic K-theory analogues of results in [11; 19; 22; 21]. The
two main obstacles in proving these results are

(1) the necessity to deal with virtually cyclic subgroups instead of finite subgroups,
(2) the lack of Kasparov’s equivariant KK-theory for algebraic K-theory.

We overcome the first obstacle by imposing regularity assumptions on the underlying categories and
by combining the results from [5; 13] to reduce the problems to finite subgroups. This reduction is
the main reason why we did not extend our results to L-theory. We overcome the second obstacle by
introducing our notion of virtual equivalences between additive categories and proving Theorem B. We
moreover substitute the representation-theoretic arguments from [21] that use the representation ring
R(G) =KK9(C,C) by combinatorial arguments using the Burnside ring A(G). A possible alternative
approach to the second obstacle could be to set up an equivariant version of Blumberg, Gepner and
Tabuada’s co-category of noncommutative motives [9] as a replacement of KK© and to prove Theorem B
using this framework. If one is only interested in computing homotopy K-theory rather than algebraic
K-theory, one may moreover use Ellis’ equivariant algebraic kk-theory [14] to prove such a result. While
these approaches would certainly be more conceptual, our approach has the advantage of being elementary
and of avoiding the use of heavy machinery such as stable co-categories. We hope that this choice
makes our paper accessible to a broader audience. We moreover refer the reader to the recent work of
Hilman [18] and to upcoming work of Bartels and Nikolaus for possible definitions of the co-category of
G-equivariant noncommutative motives.

2 R-linear categories

Throughout this paper, let R be a commutative ring with unit. All tensor products appearing in this paper
will be taken over R and will be denoted by M ® N rather than M @ g N. An R-linear category is a
category which is enriched over R-modules. An R-additive category is an R-linear category which is
additive. An R-linear functor between R-linear categories is a functor which is R-linear on morphism
sets. Note that R-linear functors between R-additive categories preserve direct sums. A basic example of
an R-linear category is the ring R itself considered as a category with one object. A basic example of an
R-additive category is the category F f (R) of finitely generated free R-modules.

3 Any finite-dimensional semisimple algebra over an algebraically closed field is of this form.
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Remark 2.1 In order to avoid set-theoretical issues, we assume the existence of sufficiently many
Grothendieck universes which we call small sets, large sets, huge sets, etc. (see [26, §1.2.15] for this
standard procedure). In this way, the collection of all small sets becomes a large set, the collection of all
large sets becomes a huge set, and so on. If nothing else is said, ordinary sets are assumed to be small
and ordinary categories are assumed to have large object sets and small morphism sets. This framework
allows us to rigorously talk about the (huge) category of all (ordinary) categories, the (large) category
of all functors between two (ordinary) categories, or (large) direct sums indexed over the objects of an
(ordinary) category.

For a finite set (A;);e; of R-linear categories, we define their tensor product ®i€ 1 Ai as follows:
Objects of ),y A; are tuples (A4;);es of objects A; € A; and morphisms (A4;);e; — (Bj)ier are given
by elements of Q);; Homy, (4;. B;). We also write A®! := ®,c; A for a single R-linear category A.
We use the suggestive notation ®;cy A; := (A;);ier. The tensor product of R-additive categories is not
necessarily additive.

Let G be a group and let A be an R-linear category. An action o : G ~, A assignstoeach g € G a
functor ag : A — A such that oy = id and agay, = gy, for all g,h € G. We also call (4, &) (or A if o is
understood) a G- R-linear category. An R-linear functor F : (A, «) — (B, B) is called equivariant if we
have F oag = g o F for all g € G. A natural transformation 7 : F1 = F> between equivariant functors
is called equivariant if it satisfies ag (14) = 7, () for all g € G and A € A. In these definitions we insist
on equalities rather than equivalences. The standard example for a G- R-linear category is the following:
Let S be an R-algebra with a left G-action by R-algebra automorphisms. We define an action « of G on
the category Mod-S of right S-modules by mapping for each g € G any right S-module M to the right
S-module ag (M) which is given by M as a set and equipped with the multiplication (m, s) = m-g~1(s).

We introduce an equivariant version of preferred direct sums (see [25, Section 1.3]) which is a functorial
way of adjoining direct sums. Let A be an R-linear category with G-action «z. We fix an infinite cardinal x
and a G-set U such that U x U = U and such that I/ contains isomorphic copies of all G-sets of cardinality
at most k. For instance, we can take k = |N x P(G)| where P(G) denotes the power set of G and

ux= ||| |e/H.

H<G ne€k

where H runs over all subgroups of G. Choose an invariant base point u € U/ and a G-equivariant
bijection 7 : U x U — U satisfying t(u,u) = u. We denote by A the category whose objects are
tuples (A;);ez, where Z C U is a G-set and A; € A are objects. Morphisms (A4;);ez — (By)yey
are given by column-finite matrices (fz,, : Az — By);ez,yey and composition is given by matrix
multiplication. We equip .A* with the induced G-action & given by dg(A4z)zez := (ag(Ag-1,))zez for
(A7);ez € A and g € G. For a collection {Z;};c; of G-sets indexed over a G-set I, we define the
graph G({Z;}ier) :=1(z,i) €U XU |z € Z;}. Then (Az7)z=1(z,i)er(G({Z; }i<;)) 1S @ concrete model for
the direct sum €D, c;(Az);ez;. We also use the suggestive notation P, A, := (Az);ez. We denote
by A/ C A¥ the full subcategory of all objects (4;),ez where A, ~ 0 for all but finitely many z € Z.
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The inclusion A — A/ induced by the choice of base-point u € U is an equivalence of categories if and
only if A is additive.

We call A/ the additive completion of A. Our primary motivation for introducing A~ is its use in
Section 3. There, given any G-set Z and a G-equivariant family of functors (F;),ecz from A to B, we
will need a naturally defined G-equivariant functor €9, ., F- from A to B/,

For a G- R-linear category (A, ), we define an R-linear category A Xy G (or Ax G if « is understood)
as follows. Objects of A x G are objects of .A. A morphism from A4 to B in A x G consists of a finite
formal sum deG Jfeg where each fg : ag(A) — B, g € G is a morphism in A. The composition of
morphisms is determined by the rule

(fg)o(f'g) = (foag(f))gs

for g.g' € G, f € A(ag(B).C) and f’ € A(ag’(A), B). This category was denoted by A *¢ pt in
[6, Definition 2.1]. If the G-action on A is trivial, we also use the notation A[G] instead of A x G.

Remark 2.2 (see [6, Remark 2.3]) Any G-equivariant R-linear functor F' : A — B between G- R-linear
categories induces an R-linear functor

FxG: AxG— BxG,

A F(A),
Y fegr Y F(foe.
geG geG

Moreover, F — F x G maps equivalences of categories to equivalences of categories. More generally, if
F,F’: A— B are G-equivariant R-linear functors that are equivalent via some G-equivariant natural
transformation 1 : F = F’, then F x G and F’ x G are equivalent.

Example 2.3 [6, Example 2.6] Let S be an R-algebra with unit and let G ~, S be a group action by ring
automorphisms. We denote by S x G the R-algebra of finite formal sums gecG S¢& With sg € S and
multiplication determined by

(sg)-(s'g) :=5-g(s")gg’
fors,s’ € Sand g, g’ € G4
The action G ~, S induces an action & : G ~, F/ (S) of G on the category finitely generated free
S-modules by mapping a module M to the module ag (M) whose underlying abelian group is that of M
and whose S-module structure is given by (m, s) = mag—1(s). Then we have an equivalence
FISxG)~F (S)xG

of R-additive categories.

4Note that S x G is precisely the result of applying the functor x G to the R-linear category with one object and S as
endomorphisms.
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Example 2.4 Let S, T be R-algebras with unit. Then we have equivalences of R-additive categories
F S eF (1) =F(s&T).
where S ® T' denotes the tensor product of R-algebras.

By a based category, we mean a category .4 with a preferred object 1 4 € A. A functor F : A — B
between based categories is called based, if it satisfies F(14) = 1. The strict identity condition is not
essential and could be relaxed to isomorphism with minor adjustments to the subsequent discussion.
However, we chose to retain the strict condition for convenience.

Definition 2.5 If A is a based R-linear category and if Z is a (possibly infinite) set, we define the tensor
product A®Z or more precisely (A, 1.4)®Z, as the filtered colimit

lim A®F.
—>
Fez

Here F ranges over all finite subsets of Z and the connecting functors
.A®F N .A®F !

are given by A> A ® 1§F/\F on objects and by f — f ® idi@AF/\F on morphisms.

The colimit is taken inside the category of R-linear categories with R-linear functors as morphisms.
Infinite tensor products of based R-linear categories are functorial with respect to based R-linear functors.

Example 2.6 Let S be an R-algebra and let Z be a (possibly infinite) set. With respect to the rank-one
module S € F7/(S) as a base point, we have an equivalence
(]:f(S)(X)Z)f ~ ]:f(S®Z)’

determined by the functors
FI($)®F - F/($%%), MM eSO\,

The idempotent completion Idem(A) of an R-additive category A is the R-additive category whose
objects are pairs (A4, p) with A € A and p = p? € A(A, A) and whose morphisms (4, p) — (B, q) are
given by morphisms f : A — B satisfying f = gfp. We call an R-additive category A idempotent
complete if the canonical functor A — Idem(A), A — (A, id), is an equivalence. If A is a not necessarily
additive R-linear category, we define Idem(.A) := Idem(A7).

Example 2.7 Let S be an R-algebra with unit. Denote by F?(S) the category of finitely generated
projective S-modules. Then the functor

Idem(F/ ($)) — FP(S), (M, p)+> pM,
is an equivalence.

The following lemma tells us that we can perform additive and idempotent completion at various stages
of our constructions or at the end, without changing the result.
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Lemma 2.8 (1) Let A, B be R-linear categories. Then the natural functor
(A®B) — A @B/
is an equivalence.
(2) Let (A;); be a filtered diagram of R-linear categories and R-linear functors. Then the natural functor
(lim A1)/ — (lim 4/
is an equivalence.
(3) Let G be a group and let A be a G -R-linear category. Then the natural functor
UxG) - U xG)f
is an equivalence.

(4) Let A, B be R-linear categories. Then the natural functor

Idem(A ® B) — Idem(Idem(A) ® Idem(B))
is an equivalence.
(5) Let (A;); be a filtered diagram of R-linear categories and R-linear functors. Then the natural functor
Idem(lim A; ) — Idem(lim Idem(A4;))
is an equivalence.

(6) Let G be a group and let A be a G-R-linear category. Then the natural functor

Idem(A x G) — Idem(Idem(A) x G)
is an equivalence.

Proof It is routine to check that all the appearing functors are fully faithful and essentially surjective.
We leave the details to the reader. |

For a finite set / and a set of R-linear functors F; : A — B, we define their direct sum as the functor
F=@, Fi:A— B/ by A+ (F;(A));es- If B is additive, we may identify F with a functor 4 — B.
If I ={1,...,n}, we may also write ' = F| & --- P F,, well-aware that this notation is imprecise and
does not specify the choice of direct sums. The following definition is our key substitute of C *-algebraic
KK-equivalences in the world of additive categories and algebraic K-theory.

Definition 2.9 An R-linear functor F : A — BB between R-additive categories is called a virtual equiva-
lence, if there are R-linear functors

Q+,Q_iB—>A

and natural equivalences
n:FQy ~idp® FQ—, &§&:04+F ~ids Q_F.
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In this case, we call (Q+, O_,&,n) a quasi-inverse to F. An equivariant R-linear functor between
G- R-linear categories is called an equivariant virtual equivalence if it has a quasi-inverse (Q 4+, O—,&, 1)
such that O+, O_, £ and n are equivariant. More generally, an R-linear functor between R-linear
categories is called a virtual equivalence if it is a virtual equivalence after additive completion.

Any virtual equivalence induces an isomorphism on K-theory.

Remark 2.10 Let F : A — B be an equivariant virtual equivalence of G-R-linear categories. Then
FxG: AxG — BxG is a virtual equivalence.

For the next example, recall that for two unital rings S, S’, a right S-module M, and a (not necessarily
unital) ring homomorphism f : S — S’, we denote by Inds M the right S’-module M ®g f(1)S’ where
f(1)S" is considered as an S-S’-bimodule via f. Note that Inds preserves finitely generated projective
modules and that Inds may not preserve free modules if f* is not unital.

Example 2.11 Let G be a finite group and suppose that ﬁ € R. We denote by

¢: R[G] = R, E(Z fgg) = Z fe

geG geG

the augmentation map, by I/g[G] := kere the augmentation ideal, and by p := %' deG(l —g)
its unit. Note that we have an algebra isomorphism R @ Ig[G] =~ R[G], and thus an equivalence
FP(R)®FP(IR[G]) = FP(R[G]). Below, we give a different functor F?(R)®F? (Ir[G]) — FP(R[G])
which is not necessarily an equivalence but a virtual equivalence. Denote by j : IR[G] — R[G] the
inclusion, by 7 : R[G] — Ir[G], x — px, the projection and by ¢ : R — R[G] the unital inclusion.
The functor

F :=1Ind, @ Ind; : FP(R) ® F?(Ir[G]) - FP(R[G])

sends the rank-one free R-module R to the rank-one free R[G]-module R[G], and the rank-one free
IRr[G]-module IR[G] to the projective R[G]-module IR[G] ®;,[6] R[G] = Ig[G]. The functor F is a
virtual equivalence with quasi-inverse

(Ind; ® Ind,, 0@ Indy,.).

3 Izumi’s theorem

This section is devoted to an algebraic K-theory analogue of Izumi’s theorem [19, Theorem 2.1] which
says that if A and B are KK-equivalent separable C *-algebras and G is a finite group, then the Bernoulli
shifts A®C and B®C are KK -equivalent. Our substitute for KK-equivalences between C *-algebras is
the notion of virtual equivalences between additive categories introduced in Definition 2.9. For a group G,
a G-set Z, and a (based) R-linear category A, we always equip the tensor product A®Z with the G-action
given by shifting the tensor factors.
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Theorem 3.1 (Izumi’s theorem) Let G be a finite group, let Z be a finite G-set, and let F : A — B be an
R-linear virtual equivalence of R-additive categories. Then

]7@925 . Jiébif N ngQZZ
is an equivariant virtual equivalence. In particular,

F®Z %G : A®%2 G — B®Z2 xG

is a virtual equivalence.

We keep the notation of Theorem 3.1 and divide its proof into several lemmas. Let (O, Q_, &, 1) be
a quasi-inverse for F. We will construct a pair of functors P+ : B®Z — (A®Z)/ and a G-equivariant
natural equivalence of functors

PLF®% ~ @ P_F®Z . A®Z _ (4%%)/

where 1 A®Z — (A®Z )f is the inclusion. The proof of the equivalence F ®Zp, ~ @ F®ZP_is
analogous and left to the reader.

Definition 3.2 For any subset 7 C Z and for any subgroup H C G7 of the setwise stabilizer group of T,
we define G-equivariant functors

Onr:= @ 0%V 0% .p%% - (4®%)7,
gHeG/H

Ryr:= @@ id®¥T g (Q_F)®T: 4®% - (4®%)/,
gHeG/H

where the G-action on the index set G/H is given by left translation.

These formulas may initially appear overwhelming, so we explain their origins. Considering the
informal expression Q4+ — Q_ as the quasi-inverse of F', and leveraging the binomial formula, an initial
guess for the quasi-inverse of F®Z could be constructed by expanding (Q+ — Q_)®Z. Specifically,
using a combinatorial perspective, we might propose

(04— 0% — ( D 029 g Qe_as) _ ( @ 029 g Qo_®S)’

ScZ ScZ
even odd

where the sums are taken over subsets S C Z with even and odd cardinalities, respectively.

However, this expression turns out not to be a valid (G -equivariant) quasi-inverse of F®Z. The simplest
counterexample arises when G is the cyclic group C; of order 2, Z = G, F =id, Q4+ =id ®id, and
O_=idon A= (@f , for example. In this case, the expansion does not satisfy the required properties
of a quasi-inverse.

The core issue lies in two subtleties: the binomial formula in this setting must account for G -equivariant
indices, which introduces additional complications when we consider the product of such formulas; and
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the power functor (—)®Z is not linear, meaning it does not distribute over sums or differences in the
straightforward way that one might expect.

Thus, while the proposed expansion might appear intuitive at first glance, we need a more careful
treatment to correctly handle the G -equivariance and the nonlinearity of the power functor. The previously
defined Q g, 7 accounts for a more general summand of the binomial formula, whose suitable combinations
provide the correct quasi-inverse of F®Z.

Lemma 3.3 For any subset T C Z and for any subgroup H C Gr, we have a G -equivariant natural
equivalence of functors

QH,TF®Z ~ @ id®Z\S®(Q_F)®S :A®Z —>(.A®Z)f,
(gH,S)eG/HxP(Z),
SogT
where P(Z) denotes the power set of Z. Here the G-action on G/H x P(Z) is induced by left translation
on G/H and the given G-action on Z.

Proof We have an equivariant natural equivalence of functors
@ T wid® T oprF® > @ (de0-F)®VT o (0-F)®T,
gHeG/H gHeG/H

where £ is the given equivalence Q + F ~ id4 & Q_ F from the quasi-inverse of F. Using that the direct
sum is both a product and a coproduct, we construct for every gH € G/H a natural equivalence

3-1) nerr: @ 1d®2\S®(Q_F)® ~ (ide 0_F)®%\¢T @ (0_F)®8T.
SDgT
given by

NgH 1= P (id@O)‘X’Z\S@(O@id)@S\gT ®id®gT.
SOgT

Forge G and A = Q,cz A4, € A%Z, we get

&g( S nhH(A)) =62g( © & (id@0)®z\s®(0@id)5\”®ith)
hHeG/H hHeG/H SOhT

= P D w(([den®? e S oaeids S\ T gigs T
hHEeG/H SShT

= @D nhH( (39 Ag—lz)

hHeG/H zeZ
= @ num(agA)),
hHeG/H

where o denotes the shift action on .A®Z. In particular, the induced natural equivalence

D nen:QurF® ~ P id®Z2\S g (0_F)®S
gHeG/H (g,5)eG/HxP(Z),
SogT
is equivariant. O
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Remark 3.4 Our main reason for introducing nontrivial G-actions on the index sets in (A®% )f was to
ensure that Lemma 3.3 holds equivariantly.

Lemma 3.5 For any subset T C Z and for any subgroup H € Gt, we have an equivariant natural
equivalence

OurF®% ~ Ry ® Ro.
where Ry is a direct sum of finitely many functors of the form Ry 1+ with |T'| > |T|.

Proof By Lemma 3.3, we have

QH,TF®Z ~ @ id®Z\S ® (Q_F)®S
(¢H, S)eG/HxP(Z)
SOgT
=Ry @ D id®%\S @ (0_F)®S .
(gH,S)eG/HXP(Z)
S2¢T

=:R()
By decomposing the G-set {(gH,S) | gH € G/H, S 2 gT} into orbits we can find S1,...,5, 2T
such that
n
{(gH.S)|gH € G/H. S 2¢T} = | G -{(H. S}
i=1
We write H; := H N Gg, and conclude that

Ro = Ryy,5, @ ® Ry, 5, 0

Proof of Theorem 3.1 We construct equivariant functors P4 : B2Z — (A®%)/ and an equivariant
natural equivalence Py F®Z ~ @ P_F®Z where  : A®Z — (A4®%)/ is the natural inclusion. An
analogous argument will produce a natural equivalence F®Z P, ~ @ F®Z P_. The theorem then
follows by applying — x G to these equivalences and composing everything with the equivalence between

(A%%)f % G) ~ (A®Z x G)/ and (B®4)! xG)/ ~ (B®Z x G)/ from Lemma 2.8.
By Lemma 3.5, we have a G-equivariant natural equivalence
(3-2) 06,6F® ~Rez® R,
where R is of the form RV = @7;1 RHgl)’Sgl) with |Sl-(1)| >1.Foreachi =1,...,n1, Lemma 3.5
gives us a G-equivariant natural equivalence

(3-3) 0y s FO% = Ry g0 @ R,

where each REZ) is a direct sum of functors of the form Ry g with |S| > 2. We write

R® — @R(z) @RH(z)S(z)

i=1 i=1
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By summing up (3-3) overi =1,...,n1, we get

ny
(3-4) @ QHgl) Sgl)F®Z ~RD @ R,

i=1
We now add R@ to (3-2) and apply (3-4) to get an equivariant natural equivalence

ni

(3-5) QG,QF(X)ZEBR(Z) ZRG’QGB@QHQ),SQ)F@Z.

i=1

In the same way as in (3-4), we get

ny
(3-6) @ QH.Q) S.(2)F®Z ~ R(Z) ® R(3),
=1
where R is a direct sum of functors of the form R H.,s with |[S| > 3. We again add R® to (3-5) and
apply (3-6) to get

ny ni
(3-7) QG,®F®Z ©® @ Qng)’ng)F®Z ~ RG,o ® @ Qym S_(I)F®Z ® R®.
i=1 i=1
We continue this process inductively and construct R(k), ng, Hl.(k) and Sl.(k) asabovefork =1,2,...,|Z|.

Now note that Ry, z = Of z F ®Z for any subgroup H C G and that Rg o = t. If we conveniently

write 0G,z = Q o g and apply the above procedure until k = [Z], we therefore get an equivariant
1 °~1

natural equivalence

ng ng
@ @QH,‘,S,‘F@)Z:L@ @ @QH,‘,S,‘F@)Z-

0<k<|Z|i=1 0<k<|Z|i=1
even odd

The desired functors P+ may thus be chosen as

ni ni
Pr:= P Pous. P-= P Pou.s- O

0<k<|Z]|i=1 0<k<|Z|i=1
even odd

4 K -theory of wreath products

Recall that a ring S is called Noetherian if every submodule of a finitely generated S-module is finitely
generated, regular coherent if every finitely presented S-module has a finite projective resolution, and
regular if it is Noetherian and regular coherent. Analogous definitions were introduced in [5, Definition 6.2]
for any additive category .A. We recall these for the reader’s convenience. A right Z.A-module (or simply
Z.A-module) is a contravariant Z-linear functor A — Ab. We denote the category of Z.A-modules with
Z-linear transformations as morphisms by Mod-Z.A. A Z.A-module M is called finitely generated free
if it is isomorphic to a direct sum ;.; Hom 4(—, 4;), and finitely generated if it is isomorphic to the

Algebraic € Geometric Topology, Volume 26 (2026)



334 Julian Kranz and Shintaro Nishikawa

quotient of a finitely generated free Z.A-module. A Z.A-module A is called finitely presented if there
is an exact sequence F; — Fyp — M — 0 where Fy and F; are finitely generated free Z.4-modules.
A Z.A-module is finitely generated projective if it is a retract of a finitely generated free Z.4-module.’
A finite projective resolution of a Z.A-module M is an exact sequence 0 — P, — -+ — Pg > M — 0
where each P; is a finitely generated projective Z.A-module. We call A Noetherian if every submodule
of a finitely generated Z.A-module is finitely generated, regular coherent if every finitely presented
Z.A-module has a finite projective resolution, and regular if it is Noetherian and regular coherent. A ring
is Noetherian (resp. regular, resp. regular coherent) if and only if the category of finitely generated free
(or equivalently projective) modules is [5, Corollary 6.5].

The following lemma is well-known for rings. We adapt the proof of [17, Lemma 5.7] to the
setting of additive categories. Recall that a functor between abelian categories is called exact if it
preserves exact sequences. We call a functor ¢ : A — B of additive categories flat if the induction functor
tx : Mod-Z A — Mod-ZB is exact.

Lemma 4.1 Let G be a finite group such that ﬁ € R and let A be a regular G -R-additive category. Then
Ax G is regular as well.

Proof We denote by ¢ : A — A x G the canonical inclusion and by
* :Mod-Z(AxG) —Mod-ZA, M+ Mou,
tx : Mod-ZA — Mod-Z(AxG), M+ M(?) ®z4Hom g (—,t(?)),

the canonical restriction and induction functors. Here, M (?) ® 7z 4 Hom 4% (A4, t(?)) is the quotient of

@ M(B) ®z Hom 4G (4, L(B))
BeA

by the submodule generated by elements of the form

ffX)®y—x® ful(y)

for f € Homy4(B1, B2), x € M(B3), and y € Hom 4G (A4, t(B1)).
The restriction functor ¢* is exact. The induction functor ¢, is exact as well, i.e., ¢ is flat (see below).

Claim 1 Every Z(A x G)-module M is a summand of t,.* M in Mod-Z(A x G).
The desired inclusion j : M — 1xt* M is given by
1
M(A)>x > — Z () ® g7 e * M(A),

|G| ey
where

g () ®g™" € M(ag—1(A4)) @z Hom G (4, ag—1(A)).

SWe encourage the reader to verify that this characterization is indeed equivalent to the definition of projectivity in the sense
of abelian categories.
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To see that j is a module map, let f € Hom4(A4, B) and x € M(B). Then we have

£ = i| S e @glof

|G geG

- i| 3 () ® g (f)og !

|G geG

1
=G D a() )@

geG

- i| S ) e gt

G geG
= j(f*(x)).
The desired retraction is given by the counit 7 : txt* M(A) — M(A) which is given by
M(B) ®z Hom 4G (A4, B) 3 x ® [+ f*(x) € M(A).
It is easy to see that 7 o j = id. This verifies Claim 1.
Claim 2 (* preserves finitely generated free modules.

For any object A € A, we have a canonical isomorphism of Z.4-modules
(4-1) *Hom 4G (—. 4) = @) Homa(og (-). 4) = @) Homa(—. a1 (A4)).
geG geG

This proves Claim 2.
We now explain why ¢ is exact. Since ¢ is essentially surjective, it is enough to see its restriction ¢* (4
is exact. For any Z.A-module M, we have a natural isomorphism

(FtaM)(A) = Bgeg M(ag(A))
for any object 4 in .A. This is obtained by sending
x® fgg € M(B) @z Hom 4G (1(A). L(B))
for f; € Hom 4(ag (A), B) to
fex € M(ag(A)).

We leave it to the reader to verify that this is well-defined and natural, establishing the natural isomorphism
14 M = ®gec M(ag—). With this in hand, it follows that ¢4 is exact.

To see that A x G is Noetherian, let N € M be a submodule of a finitely generated Z (A x G)-module.
Then * N C (* M is finitely generated by Claim 2 and by the exactness of ¢(*. Since A is Noetherian by
assumption, we find an epimorphism F —» (* N where F is a finitely generated free Z.A-module. Since (4
is right exact (being a left adjoint) and preserves finitely generated free modules (being a left Kan extension,
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see also the comments at the end of [5, Section 5.A]), we get an epimorphism tx F —> tx* N — N, where
t« F is a finitely generated Z (A x G)-module. This implies that N is finitely generated and therefore that
A x G is Noetherian.

To see that M is regular coherent, let M € Mod-Z(.Ax G) be finitely generated. Since t* M € Mod-Z.A
is finitely generated by Claim 2, we can find a finite projective resolution Pe — t* M. Then (4 P — t4* M
is a finite projective resolution of Z (A x G)-modules. Since M is a summand of ¢¢* M by Claim 1, it has
a finite projective resolution as well. Indeed, such a projective resolution can be constructed by iteratively
taking the pullback of the resolution tx Pe — t+t* M, starting with the split inclusion M — (,* M. The
exactness of the resulting sequence can be verified directly, pointwise. |

Lemma 4.2 Let H be a finite group such that |17| € R and let ¢ € Aut(H) be an automorphism. Let Z be
aG-set, where G = H x4, Z. Let F : A — B be a based R-linear functor of based R-additive categories
which is furthermore a virtual equivalence. Assume further that A®" and B®" are regular for every n > 1
and that for every inclusion of finite H -invariant subsets Y C Y’ C Z, the functors

A®Y>4H—>A®Y/><1H, B®Y wH - B wH
are flat inclusions. Then the induced map
K+«(F®Z xG): Ki(A®? xG) — K+(B®Z % G)
is an isomorphism.

Proof We prove the lemma by reducing it to Theorem 3.1. Denote by x € G = H x, Z the generator
of Z so that xhx~! = @(h) for all h € H. We denote the shift actions on A®Z and B®Z by « and B,
respectively. We define an automorphism ® € Aut(A®Z x H) by A > a,(A) on objects and by

> fuh Y ax(feh)

heH geG

on morphisms. Then there is a natural isomorphism of R-additive categories
(4-2) A®Z 5 (H %, Z) ~ (A®? x H) xg Z,

given by the identity on objects and by

S funlim) e Z( )3 f,,,nh)n

(h,n)eHx,Z neZ ~heH
on morphisms. We have an analogous automorphism ¥ € Aut(8%4 x H) and an isomorphism
(4-3) B®Z x (H %, 7) ~ (B%% x H) xy Z.

Note that A®Z x H equals the increasing union Uy A®Y 5 H where Y ranges over all finite H -invariant
subsets of Z. Each A®Y x H is regular by Lemma 4.1. Since the inclusions A®Y x H — A®Y' x H are
flat, [5, Lemma 11.2] implies that A®Z x H is regular coherent. Combined with [5, Theorem 10.1], this
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argument even shows that (A®Z x H )[Z™] is regular coherent for any m >0, and similarly (B%% x H)[Z™].
It then follows from [5, Theorem 7.8] together with (4-2) and (4-3) that we only need to prove that the
induced map

K+«(A®Z x H) - K+(B®Z x H)

is an isomorphism. By compatibility of K-theory with filtered colimits (see [24, Corollary 7.2]), we may
even replace Z by a finite H-set Y. But now the statement follows from Theorem 3.1. O

The following theorem is an immediate consequence of [13, Corollary 1.2, Remark 1.6].

Theorem 4.3 [13] Let G be a group satisfying the K -theoretic Farrell-Jones conjecture with coefficients.
Let F : A— B be a G-equivariant additive functor between additive categories with G -action. Assume
that for every finite-by-cyclic® group V C G, the induced map

Ki(FXV): Ki(AXV)— Ky (BxV)
is an isomorphism. Then the induced map
K«(AXxG) — Ky (BxG)
is an isomorphism as well.

Corollary 4.4 Let G be a group satisfying the K -theoretic Farrell-Jones conjecture with coefficients, let
H be a finite group, and let Z be a G -set. Assume that R is regular and that the orders of H and of all
finite subgroups of G are invertible in R. Denote by

F:=1Ind, ®Ind; : F?(R) ® F?(Ig[H]) — FP(R[H])

the virtual equivalence from Example 2.11, viewed as a based virtual equivalence with respect to the
rank-one modules R € FP(R), R[H] € F?(R[H]). Then the induced map

K+(F&Z % G): Ko((FP(R) ® FP(IR[H])®Z x G) — Ky(FP(R[H])®Z x G)
is an isomorphism.

Proof By Theorem 4.3 we may assume that G is either finite or a semidirect product K x Z for a finite
group K. In the first case, the corollary follows from Theorem 3.1. We now treat the second case. By
Lemma 2.8, we have an equivalence of categories

Idem(F?(R[H]) ® FP(R[H])) ~ F?(R[H] ® R[H]) ~ FP(R[H x H)).

This category is regular by Lemma 4.1 and thus 7?7 (R[H]) ® F?(R[H]) is regular by [5, Lemma 6.4]. By
induction, 7?7 (R[H])®" is regular for every n > 1. The direct sum decomposition R[H] = R @ Ig[H]

SRecall that a group V is called finite-by-cyclic if there is a short exact sequence 1 - H — V — C — | with H finite and
C cyclic.
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induces an equivalence’ of categories F?(R[H]) ~ F?(R) ® FP(Ig[H]). In particular, the category
(FP(R)® FP(IR[H]))®" ~ FP(R[H])®" is regular for every n > 1 as well. Moreover, the functors

FP(R[IH])®Y x K — FP(R[H])®Y x K,
(FP(R)® FP(IR[H])®Y x K — (FP(R) @ FP(IR[H])®Y x K

induced by inclusions of finite K-invariant subsets Y C Y’ C Z are clearly flat inclusions since they are
given by taking tensor products with a fixed finitely generated projective module. Now the corollary
follows from Lemma 4.2. m

Lemma 4.5 Let G be a group, let Z be a G-set and let A = P, ., A; be an R-linear category with
G-actiona : G ~ A such that forevery g € G and z € Z, « restricts to an isomorphism ag : A, = Agz.
Then we have an equivalence of R-linear categories

AXG >~ @ A; x Gy,
[z]leG\Z

where G, denotes the stabilizer of z € Z.

Proof By decomposing both sides as direct sums over the orbit space G\ Z, we may assume that Z is
transitive. Pick zg € Z. Then the natural inclusion functor

Azo X Gzy > AXGzy > AXG
is fully faithful by construction. It is essentially surjective since Z is transitive. |

Theorem 4.6 Let G be a group satisfying the K -theoretic Farrell-Jones conjecture with coefficients and
let H be a finite group. Assume that R is regular and that the orders of H and of every finite subgroup of
G are invertible in R. Then we have an isomorphism

K«RH:G)= (P  K.Ur[HI®F xGF).
[F]eG\FIN(G)

where FIN(G) denotes the set of finite subsets of G.

Proof There is a canonical isomorphism
R[H:G]~ R[H]®?® xG
of R-algebras. Using Lemma 2.8, we obtain an equivalence
(4-4) FP(R[H ! G]) ~ Idem(F?(R[H])®® x G).

"This equivalence is different from the virtual equivalence F.
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Equipping F?(R) & F?(Ir[H]) with the rank-one module R € F?(R) as a base point, we have an
equivariant equivalence (see the binomial formula)

F (R oF UHN®C = P F/UrH)®".
F eFIN(G)
By Lemmas 2.8 and 4.5, this induces an equivalence

4-5)  Idem((FP(R)® FP(Ir[H])®C % G) ~ Idem(( P Fruxr [H])®F) X G)
F €FIN(G)

~ Idem( B FPUrHD®F % GF).
FeG\FIN(G)
Combining Corollary 4.4 with (4-4) and (4-5), we obtain the desired isomorphism
K.RIH:G)= @  K«Ur[HI®F xGp). O
[F]eG\FIN(G)
Remark 4.7 Theorem 4.6 generalizes to an isomorphism
K. AH:G)= P K(A®IRH]®F xGF).
[F1eG\FIN(G)

for any regular (noncommutative) R-algebra A with unit such that the orders of H and of every finite
subgroup of G are invertible in A. Here, without loss of generality, we may let R be a suitable localization
Z[S™'] of Z where S contains the orders of H and of every finite subgroup of G. Indeed, under
these assumptions, the proof of Corollary 4.4 generalizes to show that K, (id4 ® F®Z x G) induces an
isomorphism

K«(A® (FP(R)® FP(IR[H])®% % G) = K+(A ® FP(R[H])®Z x G).
The right-hand side is naturally identified as K«(A[H ? G]), and the left-hand side decomposes as in the
proof of Theorem 4.6.

For algebraically closed fields of characteristic zero, we obtain a much more concrete K -theory formula
analogous to the results in [22].

Corollary 4.8 Let G be a group satistying the K -theoretic Farrell-Jones conjecture with coefficients and
let H be a finite group. Assume that R is an algebraically closed field of characteristic zero. Then we
have an isomorphism

K«RH:GD= P &b K«(R[Gs])

[F]eG\FIN(G) [S]eGr\({1,...,n}T)

=K.RGhe P D @D  K«(RICs).

[CleC [X]eNC\F(C) [S]eC\{1,...,n}C X
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Here, n denotes the number of nontrivial conjugacy classes of H, C denotes the set of all conjugacy
classes of finite subgroups of G, F(C) the nonempty finite subsets of C\G which are not of the form
7~ 1(Y) for a finite subgroup D € G withC € D andY € D\G where 7 : C\G — D\G denotes the
projection, Nc ={g € G : gCg~! = C} the normalizer of C in G, and Cs = Gs N C the stabilizer of S
inC.

Proof Since R is algebraically closed of characteristic zero and since H is finite, we have a Morita-
equivalence /gr[H] ~ R®" and therefore an equivalence of categories

(4-6) FP(IR[H]) = FP(R®").

We obtain isomorphisms

(4-7) K«RH:G)= @  K«Ur[HI®F xGp)
[F]eG\FIN(G)

(4-8) = P K(RFN®F xGp)
[F]eG\FIN(G)

(4-9) = D ) K+(R[Gs)).

[F1eG\FIN(G) [S]eG r\({1,...,n}F)
Here we have used Theorem 4.6 in (4-7), (4-6) and Lemma 2.8 in (4-8), and Lemma 4.5 in (4-9). This
proves the first isomorphism of the corollary. The second isomorphism can be derived using the same
combinatorial arguments as in [22, Proposition 2.4]. O

5 Bernoulli shifts on semisimple algebras

This section is devoted to the computation of K ((A ® Mn®Z ) X G) where G is a group, A is an R-
linear category with G-action, Z is a G-set and M, denotes the R-algebra of nxn-matrices over R
for some n > 1. We use this to calculate the K-theory of A®Z x G where A = My, ®--- & My, is
a semisimple R-algebra that decomposes into a finite sum of matrix algebras. This is mainly done by
analyzing the A(G)-module structure of K4« (A x G) where A(G) is the Burnside ring of G, given by
the Grothendieck group of the monoid of isomorphism classes of finite G-sets. The addition in A(G) is
given by disjoint union and the multiplication is given by cartesian product. The Swan ring SW'(G; Z)
of G is the Ky-group of the exact category of Z[G]-modules that are finitely generated and free as
Z-modules, equipped with the tensor product as multiplication. Explicitly, Sw'(G; Z) is generated by
finitely generated Z-free Z[G]-modules with the relation [X]+[Z] = [Y] whenever0 > X - Y — Z —0
is a short exact sequence. There is a canonical homomorphism A(G) — Sw'(G; Z) given by X — Z[X].

Lemma 5.1 [6, Lemma 9.1] Let G be a group and let A be an additive category with G -action. Then the
algebraic K -theory K«(A x G) is a module over Sw' (G Z) in a natural way. In particular, K+(Ax G)
is a module over A(G).
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Proof The main idea is to associate to a Z[G]-module M =~ Z4 the functor Ax G — A x G which
maps an object A to the object @?:1 A =: A®yz M and a morphism deG f¢ g to the morphism
deG(fg ®z lg)g where lg : M — M denotes the action by g. See [6, Lemma 9.1] for the details. O

Lemma 5.2 Let G be a group, let X be a finite G -set, and let A be a G-R-linear category. Then there is
an equivalence of R-linear categories

@ : Idem((A ® Endg(R[X])) ¥ G) ~ Idem(A x G)

such that the induced map

K*(AXIG) (id®1)xG

K+ ((A®Endg(R[X])) X G) => K+(AXG)
agrees with the action of the element [X] € A(G) from Lemma 5.1.

Proof The Endgr(R[X])-R-bimodule R[X] implements an equivalence of categories
F: ]:p(EndR(R[X])) — ./—"p(R), M—M ®EndR(R[X]) R[X]
This equivalence is not strictly equivariant, but equivariant in the sense of [2, Definition 2.1], mean-
ing that there are compatible natural isomorphisms Ty : F o g = Bg o F for every g € G where
a:G ~ FP(Endr(R[X])) and B : G ~ FP(R) are the natural actions. Concretely, T is given by
Tg rag(M) Qgnag(rix]) RIX] = Bg(M Qgnar(rix)) RIX]D, a®br>a®y,-1(D),
where y : G ~ R[X] denotes the natural action. We obtain an equivalence of categories
V: (A® FP(Endg(R[X])) xG => (A® FP(R))x G
givenby AQ M — A ® F(M) on objects and by

Y feg Y (da® F)(fy)o(da® T, g
geiG geG

on morphisms.
Using Lemma 2.8, we can identify Idem(W¥) with an equivalence

@ : Idem((A ® Endg(R[X])) ¥ G) => Idem(A x G).
By spelling out the explicit construction of the Sw'"(G; Z)-action in [6, Lemma 9.1], it is easy to see that
® induces the desired isomorphism on K-theory. a
The following proposition is the algebraic K-theory analogue of [21, Proposition 2.1].

Proposition 5.3 Let G be a finite group, let Z be a finite G-set and let n € N be an integer. Denote by
[n%] € A(G) the element represented by the finite G-set {1, . ..,n}%. Then there are elements a, B € A(G)
and integers [, r > 1 such that

(1) %) =n-a € A(G),
(2) [n4]-B=n" € A(G).

Furthermore, a can be represented by a G -set.
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Proof Denote by A : A(G) — Endg(A(G) ® Q) the representation given by left multiplication. Let
(H;)1<i<k be a collection of subgroups of G containing each conjugacy class exactly once. Then
(IG/H;])1< <k is abasis for A(G) so thatany x € A(G) can uniquely be writtenas x =) | _; -4 1;[G/H;]
with n; € Z. By reordering the H; according to the maximal length of any chain of pro_pe_r subgroups
contained in H;, we may furthermore assume that i < j whenever H; is subconjugate to H;. We make
the following observations:

(1) The coefficients n; of an element x = Zi n;[G/H;] may be recovered as the last column of the matrix
representing A(x) with respect to the basis ([G/H;])1<; <k of A(G)q. In particular, A is injective.

(2) Let X be any finite G-setand 1 <i <k. Then the stabilizers of X xG/H; are all subconjugate to H;. In
particular, the matrix representing A ([X]) with respect to ([G/H;])1<; <k is an upper triangular matrix.

(3) Forany 1 <i <k, the G-set {1,...,n}% x G/H; has n!4/Hil_many orbits of type G/H,.

The second and the third condition imply

k
[[(n#) —n#/Hil) = 0 € Endg (4(G) @ Q),

i=1
while the first condition implies

k
[ [(n#1-n#/Hi)y =0 € 4(G).
i=1

Now the proposition follows by letting o and f8 be suitable polynomials in [nZ]. The equality [n%]' =n-«
implies that all the coefficients of « are positive. In particular « can be represented by a G-set. O

Lemma 5.4 Let A be an R-linear category. Then the canonical inclusion
de@1: A0 M®N - A MEN @ M®N
induces an isomorphism on K -theory.

Proof The proof is an algebraic version of an Elliott intertwining which is used in [28, Examples 1.14(i)]
to prove that UHF-algebras of infinite type are strongly self-absorbing. Let / > k > 1 be integers. For an
embedding o : {1,...,k} — {1,...,[]}, we call the map
ME* > M8 4@ Qar>b Q- Qb
_fai, o@)=],

bj = 1, jé¢odl,....k}),

a standard embedding. Note that any two embeddings M®* — M®" induced by different embeddings
{1,...,k} = {1,...,1} are conjugate via permutation matrices. From this it follows that any two
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“standard” embeddings A ® MBK — A® M®' are equivalent as functors. Now consider the diagram

AM;, ————— s AQME? —————— s AQMP ——— -
AQMy @My —— AQME?QMP? —— AQME*Q MP+ —— ...

where the upper horizontal arrows and the vertical arrows are induced by id ® 1, the lower horizontal
arrows are induced by (id ® 1) ® (id ® 1), and the diagonal arrows are the canonical isomorphisms.
This diagram commutes up to equivalence of functors. Since K-theory preserves filtered colimits (see
[24, Corollary 7.2]) and is invariant under equivalence of functors, the colimit of the vertical functors
induces an isomorphism on K-theory. |

Lemma 5.5 Let G be a finite group, letn > 1 be an integer and let Z be an infinite G -set. Then for any
additive category A, the canonical inclusion

ide1: MB% > M®%2 @ MEN
induces an isomorphism
Ki((A® MP%) % G) =5 Ky ((A® MEZ @ MEN) % G).

Proof Since G is finite and Z is infinite, it contains infinitely many orbits of the same type. Without loss of
generality we may thus assume that Z is of the form Z =| |y G/H for some subgroup H C G. It follows
from the first part of Proposition 5.3 that there is a G-set X, an integer / > 1 and an equivariant isomorphism

(MEGTH)®! ~ M, @ Endg(R[X]).
In particular, we have an equivariant isomorphism
M®BZ =~ M®N @ Endg(R[X])®N.
Observe moreover that there is a canonical isomorphism
(MEN @ Endg(R[X])®N) % G = M®N @ (Endgr(R[X])®N % G).
of R-linear categories. Now the lemma follows from Lemma 5.4. a

Lemma 5.6 Let G be a finite group, letn > 1 be an integer and let Z be a G -set. Then for any additive
category A, the canonical inclusion

MEN - MEN @ M2
induces an isomorphism
(5-1) K((A® MPEN)x G) => Ko (A0 MEN @ M%) % G).
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Proof Since K-theory preserves filtered colimits (see [24, Corollary 7.2]), we may assume that Z is
finite (the general case follows by taking the colimit over all finite subsets of Z). By Lemma 5.2, we can
identify the map (5-1) with the map

%] Kx(A®@ MPN) % G) - Kiu(A® MEN) % G),

where [nZ] € A(G) acts as in Lemma 5.1. By applying Lemma 5.2 repeatedly to the trivial G-set
{1,...,n}, this map can be identified with the map

%] : K«(Ax G)[1/n] > K+ (AxG)[1/n].
But this map is invertible by the second part of Proposition 5.3. |

Theorem 5.7 Let G be a group satisfying the Farrell-Jones conjecture with coefficients. Assume that the
orders of all finite subgroups of G are invertible in R. Let A be a regular G -R-linear category, let Z be
an infinite G-set and let n > 1 be an integer. Then the canonical maps

Ki((AR MEZ) % G) — Ki((AQ MPZ @ MPN) % G) < Ki((A® MEN) % G)
are isomorphisms. In particular, we have
Ki((AQ MB%) % G) = K« (AxG)[1/n).

Proof By Theorem 4.3 we may assume that G is finite-by cyclic. If G itself is finite, then the theorem
follows from Lemmas 5.5 and 5.6. If G is not finite, then G is a semidirect product H X, Z for some
finite group H. As in the proof of Lemma 4.2, we get canonical isomorphisms

ARMEL) %G = (AR MPZ)x H) %o Z,
(5-2) ARMPZ@MEN)%G = (A MBZ @ MEN) x H) x4 Z,

AQMPNY %G = (A MBN) x H) xgp Z.
Note that (A ® M®%) x H is the increasing union of the subcategories (A ® M®Y) x H where Y
ranges over all finite H -invariant subsets of Z. Each of these subcategories is regular by Lemma 4.18
and the inclusions (A ® M®Y)x H — (A® M®Y") x H for finite H-invariant subsets ¥ C Y’ C Z
are easily seen to be flat. Thus their union is regular coherent by [5, Lemma 11.2]. Combined with
[5, Theorem 10.1], this even shows that ((A ® M,;X’Z ) x H)[Z™] regular coherent for any m > 0. The
same argument shows that (A ® M,®Z @ M®N) x H)[Z™] and (A ® M2N) x H)[Z™] are regular

coherent for any m > 1. In view of the decompositions (5-2), [5, Theorem 7.8] now reduces the problem
to checking that the maps

K (A® MP?)n H) = Kx(A® ME? @ MEN) x H) < K« (A® MEN) x H)
are isomorphisms. But this case was already covered above. |
8Here we also use that regularity passes to matrix amplifications, which can be deduced, for instance, from [5, Lemma 6.4].
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As an application, we obtain K-theory formulas for Bernoulli-shifts on many semisimple R-algebras:

Theorem 5.8 Let G be a group satisfying the Farrell-Jones conjecture with coefficients. Assume that R
is regular and that the orders of all finite subgroups of G are invertible in R. Let Z be an infinite G -set
and let A be an R-algebra of the form A = My, (R) ® --- @& My, (R). Write n = gcd(no, ..., ng). Then

we have an isomorphism

K.(4%”xG)= P a K«(R[Gs])[1/n].

[F]eG\FIN(Z) [S]eG F\{1,....k}F

Proof Note that every (k+1)x(k+1)-matrix X with nonnegative integer entries defines a functor
Fx : F/(R)®k+1 5 7/ (R)®k+1 by sending the generator R € F/ (R) of the j-th direct summand to
the module R®Xi/ € F/(R) in the i-th direct summand. Now identify F?(R) ~ F?(M,,) using the
M,,-R-bimodule R®™ for m =n, ny, ... , ng. Using this identification, the functor

(5-3) Idem(Fy) : F2(Mp)®* ! = FP(My ) @ --- & FP (M)

is based with respect to the rank-one modules M, @ --- & M, and M, ® --- ® My, if and only if the
representing matrix X satisfies

n no

n n

By [11, Corollary 3.4] we can find such a matrix satisfying in addition X € SL(k + 1, Z). By writing
the inverse of X as a difference of two matrices with nonnegative integer entries, we conclude that the
functor (5-3) is a based virtual equivalence. Combining Lemmas 3.1 and 4.2 with Theorem 4.3, we
conclude that the induced map

(5-4) K (MPFFNHY®Z 34 G) — K(Myy @ -+ & My, )®Z % G)

is an isomorphism. Using the isomorphism M,ka 1~ M, ® R®**1 Theorem 5.7 moreover provides

us with an isomorphism
(5-5) Ko (ME*FT1)®Z 5 G) = Ko (R®FT1)®Z « G)[1/n].
Now note that the virtual equivalence

Fx . FFR & adF (R >F (R®---dF (R

induced by the invertible matrix
X = . 1 |eSL(k+1,Z)
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is based with respect to the base points 0@ --- 0@ R and R P --- @ R. Comparing the infinite tensor
products with respect to these different base points and applying the combination of Theorem 3.1 and
Lemma 4.2 with Theorem 4.3, we obtain an isomorphism

(5-6) Ko ((R®F+1H®Z y Gy~ K, (( &y (R®’<)®F) X G).

FeFIN(Z)

In combination with Lemma 4.5, we get an isomorphism

K (RFH®Z 56 = P Ke(RH®F % Gp)
[F1eG\FIN(Z)
= P KRB 4G
[F1eG\FIN(Z)

~ P P K+«(R[Gs]).

[F1eG\FIN(Z) [S]eGFr\{1,....k}F

Now the theorem follows from combining this isomorphism with (5-4) and (5-5). O
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