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Abstract

We present a strongly convergent Halpern-type proximal point algorithm with
double inertial effects to find a zero of a maximal monotone operator in Hilbert
spaces. The strong convergence results are obtained without on-line rule of
the inertial parameters and the iterates. This makes our proof arguments dif-
ferent from what is obtainable in the literature where on-line rule is imposed
on a strongly convergent proximal point algorithm with inertial extrapolation.
Numerical examples with applications to image restoration and compressed
sensing show that our proposed algorithm is useful and has practical advan-
tages over existing ones.
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1 Introduction

Let H be a real Hilbert space with inner product (.,.) and induced norm || - .
Suppose a maximal monotone set-valued operator A : H — 2/ is given, let us study
the inclusion problem:

find z € H such that 0 € A(z). (1)
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We shall denote the set of zeros in (1) by A7'(0). It is known that fixed point
problem, variational inequality problem, minimization of closed proper convex func-
tions, and their variants are special cases of inclusion problem (1).

Previous Results. The proximal point algorithm (PPA) introduced by Martinet
and developed further by Rockafellar and others (see, for example, [18,39,11,412 19])
has been a popular algorithm for solving inclusion problem (1): zo € H,

Tny1 = J3 (), 2)

(where the operator Ji! := (I +AA)~! is the so-called resolvent operator, introduced
by Moreau [11]) which is equivalent to

0e AA(ZL'»,H_l) + Tpnt+1 — Ty (3)

where A > 0 is called proximal parameter. The PPA (2) is a very powerful algo-
rithmic tool and contains many well-known algorithms as special cases, including
the classical augmented Lagrangian method [27,18], the Douglas-Rachford splitting
method [21,34] and the alternating direction method of multipliers [23,24]. Interest-
ing results on weak convergence and rate of convergence of PPA have been obtained
in [22,25,10]. The equivalent representation of the PPA (3) can be written as

Tn4+1 — Tn

0
Y

+ A(zny1)- (4)
This can be viewed as an implicit discretization of the evolution differential inclusion

problem
dx

0e — + A(x(t 5
€ =+ AG() 9
It has been shown that the solution trajectory of (5) converges to a solution of (1)
provided that A satisfies certain conditions (see, for example, [11]).

One of the open problems proposed by Rockefellar [50]: Is the sequence generated
by PPA (2) strongly convergent?

Giiler provided a counter example in [20] to show that PPA (2) does not necessarily

converge strongly even if A in PPA (2) is the subdifferential of a convex proper lower
semicontinuous function. Since then several modifications of PPA (2) have been
proposed and studied in the literature. Xu [56] and Kamimura and Takahashi [29]
introduced a Halpern-type proximal point algorithm which guarantees the strong
convergence. Their results were extended by He et al. [28], Xu [57], Marino and
Xu [38], Yao and Noor [55], Boikanyo and Morosanu [7—10], Wang and Cui [55],
Khatibzadeh and Ranjbar [30] and host of other authors.

Xu [56] and Kamimura and Takahashi [29] introduced the following regularization
of PPA (2) (which is a Halpern-type PPA):

Tn+1 = Qplo + (1 - O‘n)‘];l(mn)v (6)



where «,, € (0,1) satisfying some conditions. Boikanyo and Morosanu [7] showed
that Halpern-type PPA (6) is equivalent to the following iterative method suggested
by Xu [56]:

Loyt = Ji(anzo + (1 — ) my,). (7)

Recent strong convergence results of Halpern-type PPA can be found in [32,33, 14,

]

To speed up convergence of PPA (2), the following second order evolution differential
inclusion problem was introduced in the literature (see, e.g., [1,5]):
d*z dz
0c — — 4+ A(z(t 8
4 % 1 A() 0
where 5 > 0 is a friction parameter. An implicit discretization of (8) was studied
in [2,3] as

:L‘n - an + mn— xn - x?’b
= % L+ 8 +1h + A(@n41), (9)

which is consequently proximal point algorithm with one-step inertial extrapolation:

0c

Top1 = I (xn + 0(zy — 1,_1)), (10)
with A = 5 f;h and 0 = ﬁ Weak convergence properties of (10) have been studied
in [2—1,35,306,42] under some assumptions on the parameters 6 and \.

The strongly convergent proximal point algorithm with one-step inertial extrapola-
tion proposed in the literature is of the form:

Yn = Tn + gn(xn - xn—l)y (11)
Tni1 = I (anzo + (1 — an)yn),
where the inertial extrapolation step y, = x, + 0, (2, — p_1), 0, >0 (which we call
hereafter, one-step inertial extrapolation) is such that 0 < 6,, < 6,, and

g — { min {9, M}’ Tn F Tn-1 (12)

0, otherwise,

where lim < =0 and § > 0. The condition (12) is called the on-line rule and (12)

n—oo "
has been used extensively in the literature by several authors whenever strongly
convergent inertial PPA (11) is considered (see, for example, [15,16,19,53,54,59]).

Limitations of proximal point algorithm with one-step inertial extrapolation have
been discussed in [16, 17], using example from feasibility problem with Douglas-
Rachford splitting algorithm and ADMM both with one-step inertial extrapolation.
Consequently, replacing one-step inertial extrapolation with the following two-step
inertial extrapolation

Yn = Ty + e(lﬁ - xnfl) + 5(337171 - xan)a (13)



where 6 > 0 and § < 0 could be more beneficial numerically and provide accelera-
tion over the one-step inertial extrapolation. This alluded to the observation made
by Polyak in [15] that multi-step inertial extrapolation can boost the speed of op-
timization algorithms even though neither the convergence results nor the rate of
convergence of such is established by Polyak [15]. Recent results on algorithms with
multi-step inertial extrapolation can be found in [17,20]. Weak convergence results
of PPA with two-step inertial extrapolation was recently obtained in [13].

Based on trend of results obtained so far in the literature for PPA with inertial
extrapolation step, the following question arises:

Question: Can we obtain strongly convergent proximal point algorithm with two-
step inertial extrapolation without assuming on-line rule (12)?

Our contribution. Our contribution in this paper is to answer the above question
in the affirmative.

e We propose a Halpern-type proximal point algorithm with two-step inertial
extrapolation and obtain strong convergence results without assuming on-line
rule (12). Our method of proof is different from the approach used in the
literature while employing the on-line rule (12), which is of independent in-
terest.

e Numerical tests including applications to image restoration and compressed
sensing are given to emphasize the usefulness and practical advantages of our
algorithm over existing related ones in the literature.

Outline. In Section 2, we give some basic definitions and lemmas which will be
needed in our convergence analysis. In Section 3, we introduce a Halpern-type proxi-
mal point algorithm with two-step inertial extrapolation and give strong convergence
results without on-line rule assumption. Numerical tests including applications to
image restoration and compressed sensing are given in Section 4 while final remarks
are given in Section 5.

2 Preliminaries

In this section, we give some definitions and basic results that will be used in our
subsequent analysis. The weak and the strong convergence of {z,} C H to x € H
is denoted by x, — x and z,, — x as n — oo respectively.

Definition 2.1. A mapping T : H — H s called
(1) nonexpansive if |Tx — Ty|| < ||z —y||, for all x,y € H;

(i) firmly nonexpansive if |[Tx — Ty|* < |z —y||> = || — T)z — (I — T)y|?
for all z,y € H. Equivalently, T is firmly nonexpansive if |Tx — Tyl||*> <
(x —y,Tx —Ty) for all z,y € H,;



(111) averaged if T' can be expressed as the averaged of the identity mapping I and a
nonezpansive mapping S, i.e., T = (1—a)l+aS with o« € (0,1). Alternatively,
T is a-averaged if

1—04”

|72 — Tyl < llz = yl? — —2I(I = T)a — (I - T)y|P, Y,y € H.

o

Definition 2.2. A multivalued mapping A : H — 2 is said to be monotone if for
any x,y € H,

<x_y7f_g> 207
where f € Ax and g € Ay. The Graph of A is defined by

Gr(A) ={(x,f) e Hx H: f € Azx}.

If Gr(A) is not properly contained in the graph of any other monotone mapping,
then we say that A is mazximal. It is well-known that for each x € H, and A > 0,
there is a unique 2 € H such that x € (I + AA)z. The single-valued operator J(z)
is called the resolvent of A (see [27]).

Lemma 2.3. The following identities hold for all u,v € H:
2(u, v) = [ull® +[Jvl* = [lu = o> = [l +v]]* = lul* = [jv]|*.
Lemma 2.4. Let x,y,z € H and a,b € R. Then

I(1+a)z = (a = by —bz[|* = (L+a)|z|* = (a—b)]yll* — bl]=||*
+(1+a)(a—b)llz =yl +b(1 + a) ||z — 2|
—bla—0)lly — 2|1*

Lemma 2.5. [72] Suppose that {t,} is a sequence of nonnegative real numbers,
{on} is a sequence of real numbers in (0,1) satisfying Y -, 0, = 00, and {h,} is a
sequence of real numbers such that

tni1 < (1 —op)tn + ophy, n>0.

If limsup h,,, <0 for each subsequence {t,,} of {t,} satisfying iminf (¢, 1 —t,,) >
1—00 100
0, then lim t, = 0.
n—oo

Lemma 2.6. [77, Lem. 3.1] Suppose that {t,} and {r,} are sequences of nonneg-
ative real numbers such that

Zfn—i—l S (1 - Un)tn + Sn + Tn, M 2 07

where {o,} is a sequence in (0,1) and {s,} is a real sequence. Lety ~ r, < oo
and s, < o, M for some M > 0. Then {t,} is bounded.



3 Main Results

In this section, we propose a Halpern-type proximal point algorithm with two-step
inertial extrapolation and obtain strong convergence results.

In the sequel, we assume that the following conditions are satisfied:
Assumption 3.1. (i) A: H = H is set-valued maximal monotone;
(ii) The solution set A~(0) of inclusion problem (1) is nonempty.
We furthermore assume the following conditions on iterative parameters are satisfied.

Assumption 3.2.

i) Choose 6 € (0, 2| and then choose § such that max 6 30-1 L < §<0;
3

20 3(20+1)

ii) With the choices of 6§ and ¢ in (i) above, compute _020+)  Now choose

20—205—6—2

3

{an} in <0> 1- %) such that nh_g)lo a, =0, > 7 a,=oc.
Remark 3.3. Observe that by the choices 6 € (0, %} and max{ - g, %} <6<
0, we have
5(20+1)
0< < 1.
20 — 2600 — 6 — %

We now present our proposed method as follows:

Algorithm 1 (Strongly Convergent 2-Step Inertial PPA)

1: Choose parameters {a,},0 and 6 satisfying Assumption 3.2. Choose
r_1,%0,Yo € H arbitrarily, A > 0 and set n = 0.
2: Given x,_1,x, and y,, compute x,,, as follows:

{ Tpt1 = J:\L‘(O‘nxO + (1 - an)yn)7 (14)
Yn+1 = Tp+1 + e(anrl - xn) + (5(3771 - xnfl)

3: Set n < n+ 1, and go to Step 2.

Remark 3.4. (i) Our proposed Algorithm 1 reduces to (11), which has been stud-
ied in [15,16,19,53,54,59]), when § = 0 in Algorithm 1. Similarly, when § =§ =0
in Algorithm 1, we obtain (7) studied in [7].

(ii) Our Assumption 3.2 is different from on-line rule (12) which is used to obtain
strong convergence results of (11) in [15,16,19,53 54, 59]).



3.1 Convergence Analysis

We present the weak convergence analysis of sequence of iterates generated by our

proposed Algorithm 1 in this subsection.

Lemma 3.5. Assume that Assumption 3.1 and Assumption 3.2 are fulfilled. Then

{z,} generated by Algorithm 1 is bounded.
Proof. By 2p11 = Ji (oo + (1 — ay)yn), we obtain
anxo + (1 — )y — Tpy1 € AT,
Let 2* € A71(0). Then by the monotonicity of A, we obtain
(anzo+ (1 — p)Yn — Tpgt1, Tnp1 — %) > 0.
Thus,

0 < 2<-77n+1 - (anmo + (1 - an)yn)ax* - xn-l-l)
= 2<xn+1 — Qnp, T — l‘n—i—l)
= lan — 2*|* = [[engr — 21> = [|zns1 — anll?,
where a,, := a,xo + (1 — ay,)y,. Therefore,
|Zni1 — x*Hz <lla, — :L‘*||2 — |71 — an||2-
By Lemma 2.3, we have

lan — 2> = |loawwo + (1 — a)yn — =2
= [l(yn = 27) = anlyn — 20)|?
= |lyn — x*HQ + O‘iHyn - x0||2 — 200, (Yn — 2", Yn — T0)
= lyn — 21> + @2 llyn — wol* — nllyn — 2ol®
—apllyn — 2| + anllmo — 2.

Similarly,

[Zns1 = anl® = lan — o ?
= Hyn - xn+ll|2 + ai“yn - CCOH2 - an||yn - $0||2

_O‘nHyn - xn+1H2 + aonO - $n+1||2-

Putting (19) and (18) in (17), we have
[nes — 21 < (1= an)llyn — 271 + anllzo — 27|
—(1 = ap)lyn = Znra||* = anllzngs — @ol1?
< (1= an)llyn — 2" + awllwo — 27

_(1 - Oén)Hyn - xn+1||2'

From Lemma 2.4, we have

lyn — 21 = 1+ O) (20 — &%) = (0 = ) (@01 — 27) = O(wn—2 — 27)|?

7

(15)

(16)

(17)

(18)

(19)

(20)



= (14 0)|lzn — 2" = (0 — 0)[|wns — 27||* = 8|22 — 2""
A+ 0)(O0 = 0)llwn — 2pa|* + 6(1 + )|z — 2

(0 — 8|01 — s (21)
Note that
- 2‘9<xn+1 — Tp, Tp — an—l) > _2‘9”3%4—1 - an ||$n - an—1||, (22)
— 25<$n+1 — Tpy Tp—1 — xn—2> Z _2|5|||$n+1 - an”xn—l - xn—2”7 (23)
and
25‘9<xn — Tp-1,Tp-1 — xn—2> = _250<xn—1 = Tn; Tp—-1 — mn—2>
> =200|0(|zn — woall[|on-1 — znall. (24)

Using (22)- (24), we have

201 =yl = Ntns1 — (@0 + 020 — 2p1) + (201 — T02))?
= |[Tny1 — 20 — (2 — 2p_1) — 0(wp1 — xn—2)||2
|Znt1 — anQ — 20(Tp41 — Ty Tny — T—1)
—20(Zps1 — Ty Tn-1 — Tp_o) + 02|20 — 201 ||?

+260(xp — Tn_1, Tp_1 — Tp_2) + 6%||Tn1 — Tn_s|

> @4 — an2 = 20||xp41 — ol 20 — To |
2|01 — zallllwn—1 = @n-all + |2 — wpoa|®
—=2[60[0[|xn, — Tpa|[|Tn—1 — Tpof| + 52||xn—1 - In—2||2
> |[zpi1 = za]* = Ollznia — za]* = Ol — 21 |2

—10llZn+1 = zall® = [0l @0 — Zaall* + O%l2n — 20a |)®

—1610llzn — znall® = 1010]lz01 — Za2l® + 8|20t — Tna®
= (1= 0] = O)llznss — @all* + (0% = 0 = [010) |20 — z0a ||*

+(0% = [0 = [010) lzn—1 — 2ol |*. (25)

Using (21) and (25) in (20), we get

lonss =2 1P < (1= ) [(1+ O)lfen — 2| = (0 = )zt — 7|
—S|| T — 2P+ (L +0)(0 — 6)||2n — Tner||* + (1 + 0) |2 — 2psl|?
=0(0 = 6) 01 = T2 |?] + awllzo — 2*
(1= ) [(1 = 18] = O)l|nss = 2l + (62 = 0 = 1316) |n — a1
(6% = 10] = 1610) 201 — w02l

= (1= an) L+ 0z, — 22 = (1 = a,)(8 — ) s — 2|
31 = an)llnms — 2|+ (1= ) (1 +0)(8 — O)l| — s
FS(L+0)(1 = )|ty — 2na® = 50 — )(1 — @) [0t — 2as?
gl — 22 = (1= aa)(1 = 18] = 0)[ns1 — 2



~(1 = a,)(6> — 0 1610) |0 — 2o

—(1 = @,)(8 = [3] ~ 816) |0t — sl

(1= an)(L+ )|z, — 2| = (1 = an)(6 = 8) |2y — 2°?

31 = an)llnms — 2|+ (1= ) (1 +0)(8 — O)l| — 2o

—~3(60 = 8)(1 — an)[et — asll? + o — |

~(1 = @) (148 = 0)[2ars — 2P

~(1 = )6 — 0+ 00|, — 2o

—(1— an)(52 + 18] + 00)||zp_1 — xn_2||2. (26)

IN

This implies that

a1 = 2** = Ollzn — 2" |1 = dllwn—1 — 2"

< ﬂ—%mﬂwm—xWZ—ﬂmma—$W2—&Wma—$w2
+(1 = an) (1 +0)(0 = 0) |2y — 2nall? = 60 — 0)(1 — o) |20y — Tpall”
el — I — (1= @) (146 — )| nps —
—(1 — ) (0% — 0+ 00)||zp — 20 ||?
—(1 — ) (0% 4+ 16| + 00)||Zn-1 — T2
= ﬂ—%mﬂwm—$wz—ﬂumd—$W2—&Wma—xﬂ2
(1 — ) (20 — 206 — 6) || — Tp1]|® + a0 — 72
—(1 = an)(1+0 = )| xnis — 2
—(1 — ) (280 + 6)||2p_1 — Tp_ol|*. (27)
Thus,

2041 = @[ = Ollzn — 2°1° = Ollwnr = &°° + Sllznss — za’

IN

(1—amﬂun—xw2—mum4—xWQ—ﬂmma—xWZ
2 2 2 2
2l = zua 2] + (1= an) (20 = 206 = 6 = 3 )l — 20
2
Falleo =2 = (1= @)L 46— 8) = 3 ) ns —
—(1 = ) (200 + 0)||Tn_1 — Tn_a||>. (28)
Observe that

liminf<(1—04n)(1+(5—9)—§> :1+5—9—§>o,

n—o0

since ?’QT_I < 0. Observe that %T_l < % <0 when 0 <0< % Therefore, there

exists n; € N such that Vn > n;, we have

(1—an)(1+5—9)—§>0.



Hence, (28) becomes

2
i1 = 2"l = Ollzn — 21° = Ollnr = 2°° + Sllznsn — zal?

< (1—an) [Hxn — 2| = Ollzp—y — 2" = Ollwns — 27|

2 2 2 2
2l = zua 2] + (1= an) (26 = 208 = 6 = 3 )l — 20
+an||To — x*HQ — (1= 0)(200 + 0)||2p—1 — xn—QHQv (29)

which then implies that
* (2 * |2 *(|2 2 2
|1 = @7 = Ollzn — 27|17 = dllzn—1 = 27" + Sllnss — @l

(1~ ) (20 205 — 5 - ;) 2 — 20|

IN

(1 —an) [Haﬁn = 2[]* = Oflwny — 27| = dllzn— — 27"

2
2l = 2ua |2 = (200 4+ 0) -1 = 20l
Fan|zo — 2% (30)

: L 8(26+1)
Since a,, < 1 29205527 W€ have that

2
—(260 +6) < —(1— an)<29 205 — 5 — §>'
We then obtain from (30) that

* * * 2
21 = 2"l = Ollzn — 21° = Ollnr = 2°° + Sllznss — 2l
—(260 + 8) |2 — 201

(1= an){llzn — 2" = Oz — 27|* = Ol — 2"||"

IN

20 = n sl = (200 -+ 6) 701 — 2ol

+o||lzg — 27|, (31)
Define for each n > ng,
tn = ||$n—96*Hz—elll’n—l—l’*||2—5||$n—2—$*H2+§IIxn—fvn—lHz—(259+5)Hﬂcn—l—xn—2ll2-
We show that t, > 0, Vn > n;. Observe that

|zt = 2*|* < 2llen — zaal® + 2|20 — 27| (32)
So,
tn = |lzn — 2" = Ollwns — 27| = dllwn—s — 2"?

2
+§||xn - xn—1”2 — (200 + 5)”9371—1 - xn—2“2

10



> e — 2" = 260 — 0| = 260, — 27
—6||Tp — 2*|* + g]lxn — Tp1]?
—(260 + 6)||xp_1 — Tp_s|?
= (1= )z — 2 + 5 — 20)lla — 0
2z — I = (260 + 8) 71 — 2|
> 0, (33)

since 0 < 0 < % and 6 < 0. We then obtain from (31) that
tnr < (1 — an)ty, + aplzo — 2% (34)

By Lemma 2.6, we have that the sequence {t,} is bounded. Consequently, from
(33) that {z,} is bounded. O

We give our strong convergence result in the next result.

Theorem 3.6. Suppose {z,} is generated by Algorithm 1. Then, {x,} converges
strongly to Pa-1(g)(x0) when Assumption 3.1 and Assumption 3.2 are satisfied.

Proof. Suppose x* = Ps-1(g)(20). Then by Lemma 2.3, we have

lan —2*|* = llanzo + (1 — an)yn — |
= llew(zo — 2%) + (1 — ) (g — 27) |
= opflzo — 2" + (1 = a)|lyn — 27|

+200, (1 — ) (xg — 2%,y — T¥). (35)
Also,
21 = anl®* = apllzo = zasl® + (1 = n)?[[yn — i ||
+20n (1 — ) {(To = Tnt1, Yn — Tnt1)
> opllzo — @npa | + (1= o)l — 2
—2an(1 — an)l[zo = Tt || lyn — Tl
> opllznes — 2ol + (1= o) [lzns — yal®
=20, (1 = an) Mi||Z 11 — ynll, (36)
where M) := sup,,-,, [|[Zn41 — 2o|| < 00, since {z,} is bounded. Using (35) and

(36) in (17)
[2n1 — 2> < alllag — 2P + (1 — o) lyn — 2*|?
+20 (1 — o ){zo — 2°, Yy — %)
—a |24 — zol|? = (1 — o) |2ng1 — ynll?
+2a,(1 — an)MIHmn—&-l - yn”

(1= an) g = 2|12 + an (allro — o

+2(1 — an){(xo — 2",y — T¥)

IN

11



+2(1 — ) My ||2ps1 — yn”)
—(1 = )| Tns1 — vl (37)

Using (21) and (25) in (37) gives us

ot =7 < (1= an) |1+ )l — 2|2 = (0 = 9)l|s — 2"
+(140)(0 = )|y — pa]]® + (1 + 0) |2 — T a]|?
—8(0 = 6) 01 = 02 |* = Ollan2 — 2]
+ay, <an||l’0 — :1c*||2 +2(1 — ) (wo — 2",y — T°)
+2(1 = ) M1 = pall) = (1= )2 [(14+ 8 = O)lznar = 2
+(0% — 0+ 60) ||z, — 201 ])?
(02 + 8+ 80) |z s — zall?] (38)

Therefore,

2
lnss = 212 = Bllan = 27|12 = Bllans = 2712 + S nss — 2l

—(200 + 6) ||z, — xn_1||2

< (1= an) [l = o2 = Bt — 2 = Sllzns — 2"
2
2l = -2 = (200 + 8)l|w-1 — w0l
—|—O./n (O[TLH:L‘O - x*HQ + 2<1 - an)<x0 - x*ayn - ZL’*>
+2(1 = an) M|t — gl ) — el — 7|
* |2 2 2
—datallras = a2+ (1= an) (L+6)(0 = 8) = 3 ) llzw — 2o
—(200 + 6) ||z, — xn_1||2 - (1- ozn)2(92 — 0+ 00)|x, — avn_1||2
(1 - ay) ((259 +6)—6(0— 5)) 201 — zn_s|?
(]. O./n)Q((SQ —|—5—|—50)“l’n_1 —ZL‘n_2||2
2
+(5 = (1= w2146 = 0) sy — 2
< (1 —ap)tn + anhy,
2
(1—an)(( 1+9)(9—5)—§)

—(260 + 8) — (1 — an)2(6 — 0+ 60) — 25%} n — Zps)?
+(1- ){259” 50— (5)—(1—an)((52+5+(59)“xn_1—a:n_QHQ
+(5-
(—

+

(1= an)*(1+6 = 0)) [ ns1 —
200t — Oa,)||x, — 2*|)?, (39)

OJIL\D

12



where

Bt = anllzo — 2>+ 2(1 = an){(mo — 2%, Y — 2%)
+2(1 — o) Mi || @41 — Y-

Since —g < ¢, we have
—20a, — Oa,, <0, Vn > ny. (40)
Observe that

lim [2—(1—an)2(1+5—9) :g—(1+5—9)§0,

n—oo L3

since 397’1 < 6. Also,

lim [259 Y660 -0)— (1 — )8+ 0+ 50)]

n—0o0

= 26046 —0(0 —6) — (0% + 0+ 66) = 0. (41)

Furthermore,

lim (1~ a,) ((14+0)(0 ) - 2)

n—oo 3
(200 +6) — (1 — a,)2(6% — 0 + 66) — 25%}
= (1+0)(6—6)— > — (200 +0)
—(6% -0+ 66) <0, (42)

since % < § because % < —% <5 when 0 <6 < i Using (40)- (42) in

(39), there exists ny > n; € N such that for all n > ny > ny,
tn—i—l S (1 - an)tn + anhn
2
|1 —an) (@ +0)0 -0 -3)
(260 + 8) — (1 — an)2(6> — 0 + 59)} ln — Zpoi |2 (43)

To conclude the proof, it suffices to show, in view of Lemma 2.5 that limsup h,,, <0
1—00
for each subsequence {t,,} C {t,} such that liminf (¢,,.1 —t,,) > 0. To this end,
1—00
let {t,,} be a subsequence of {t,} such that iminf (t,,,41 — ¢,,) > 0. From (43), we
1—00
obtain

lim sup [— (1-— ozm.)((l +6)(0 —6) — 2)

(200 + 6) + (1= ) X(6% = 0+ 60)] [z, = 20, 1]
lim sup [(tm - tnﬁ-l) + anz(hnz - tm)]

1—00

IN

IN

—liminf(¢,,41 —t,,) <O0.

1—00

13



Since

2
lim [ (- am)<(1 1 0)(0—6) — —)
(260 +8) + (1 — an,)2(6% — 0 + 59)]
> 0,
we obtain
71— 00
Consequently,
”yni — Tn; < (9||an - xni_lH + |(5H|£Um_1 - xni—QH — 0,7 — o0. (45)

Also, we obtain

By Lemma 3.5, {z,,} is bounded. Therefore, we can choose a subsequence {xn]} C
{xn,} which converges weakly to some z € H such that

liririsogp(xg — "z, —x") = Jli}rgo(aro — 2", Ty, — T°)
= (xog—a",z—21"). (47)

Let (z,y) € G(A). Then y € Az. So, we have from (15) that
<)‘y - (anij Zo + (1 - Oém.j )ynij - xnij—i-lal' - xnz‘j-i-l) Z 0

which implies that

<y7 T — xnij+1> > <anij To + (1 - am‘j ym'j - xni]-"l‘l? T — 'Tnij+1>

i o

= X(O‘nij (zU - ynij) + ynij - xm‘j+17 T — xn¢j+1>' (48)

As j — oo in (48), we get from (48) (using (46)) that (y,z — z) > 0. Since A is
maximal monotone, we have that 2 € A71(0).

Since & = P4-1(0)(zy), We have from (47) that

lim sup(xg — 2™, z,, — ") = (xg — 2", 2 — 2*) < 0. (49)
i—00
Therefore,
lim sup(xg — 2%, y,, — ") <0
1—00
by (45) and (49). Hence,
limsup A, <0.

1—00

Since > «, = 0o, we obtain by Lemma 2.5 in (39) that lim ¢, = 0. Using (33),
n=1 n—00

we have that {z,} converges strongly to Ps-1(g)(20). This completes the proof. [

14



Remark 3.7. The on-line rule (12) assumed in [15,16,19,53,54,59] in order to obtain
strong convergence of (11) was imposed so that one can have lim 0,,||z,—x,_1| =0,
n—oo

which is necessary for the convergence of (11). However, in our convergence analysis,
we obtain a much weaker (44) without assuming on-line rule (12). Therefore, the
new step-size rule given in Assumption 3.2 is useful. This is one of the state-of-the
art contributions of our results.

4 Numerical Tests

The focus of this section is to provide some computational experiments to demon-
strate the effectiveness, accuracy and easy-to-implement nature of our proposed
algorithm. We further compare our proposed algorithm with some existing related
methods in the literature. All codes were written in MATLAB R2020b and per-
formed on a PC Desktop Intel(R) Core(TM) i7-6600U CPU @ 3.00GHz, RAM 32.00
GB.

Numerical comparisons are made with the algorithms proposed in [7,19,31].

Example 4.1. Let us consider the following problem [0, 1/,71]:

(50)

: 1 2

min max =||Fz — bl|* + ||z

iy ma | Fe = bl + 5|2
st.Dr—2=0

where v > 0. This problem 1is associated with the total-variation-regularized least

squares problem

1 2
min o f|Fz =]+ ]| D]y, (51)

where F € RPN b € RP, and a matriz D € RM*N s given as

-1 1 0 0 0
0o 1 -1 0 0
D =
0O 1 -1 0
0 0o 1 -1
Let us take f(z) := 3||Fx —b|?, g(z) := y|z|li. Then using similar ideas as in
[91,3], we can convert Algorithm 1 to

15



Algorithm 2 (Modified Strongly Convergent 2-Step Inertial PPA)

1: Choose parameters § and 6 satisfying Assumption 3.2. Choose zg € R, 2, €
RM 5y € RM X > 0. Set n = 0.
2: Compute as follows:

(

— (FTF + AD"D)" (D" (A2, — (cnfio + (1 — cvn)n)) + FTb),

ﬁn - @mn = 0717

ﬁn = Up + 0(@1 - @n—l + )\D(In+1 - xn)) + 5({)71—1 - @n—Q + /\D($n - mn—l))
n=23,...

nir = g min {7121 + i Do = 2) + 1D — 2 |
— 1n

@n—&-l - ’f]n + )\(ngn—&—l - Zn+1)>

\

3: Set n <~ n+ 1, and go to 2.

where S;(z) := max{|z| — 7,0} © sign(z) is the soft-thresholding operator, with the
element-wise absolute value, mazximum and multiplication operators, |.|, max{.,.}
and ®, respectively.

4.1 Effects of parameters (0,9, a;,)

In this subsection, we investigate the effects of the parameters 0,46, o, on the perfor-
mance of the proposed algorithm. The choice of the parameter are carefully chosen
such that Condition 3.2 is satisfied. Moreover, we fixed some of the parameters and
vary the others in order to determine the optimal choice for the performance of the
algorithm. The numerical results of the algorithm is presented in Table 1. We used
the size N = M =5,p =3, =0.1,7v = 0.9 and |11 — 2| < 107¢ as stopping
criterion. In the numerical table, "Iter” denotes number of iteration, "CPU” de-
notes time taken for running the computation, ”Err” denotes the residual value, i.e.,

Err = ||xp41 — ||, 7IRE” denotes the relative error, i.e., IRE = m and

7Obj” is the optimal objective function vale, i.e., Obj = f(x*) + g(x*), where x* is
the value of x,, at the last iteration. The maximum iteration is set as 2000 and the
initial points xg,x_1,yo are generated randomly. The algorithm is tested run with
the following choices of parameters and the numerical results are shown in Table 1
and Figures 1-5:

(1) We choose 6 = —0.0001, o, = Wlﬂ and varies 0 between 0.01 and 0.3. Note
that —0.0208 < Ib < —0.005 where Ib = maX{ ¢ 3(3299—;11)} and 0.9976 < ub <
0.9998 where ub = 1 — 22 which ensured that Assumption 3.2 (i) and

20—206—5—2
(i1) are satisfied.

(i1) Also, we considered 6 = 0.1 + 0, a,, = and varies ¢ between -0.05 and

_L
10n+1

16

Tpy1 = arg min {%HFx — b||% + (o + (1 — o), Dz — 2,) + 3| Dz — anQ}
zeRN
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-0.001. Note that in this case, —0.0495 < [b < —0.0250 and 0.1298 < ub <
0.9974. Hence Assumption 3.2 (1), (ii) and (iii) are satisfied.

(11i)) We choose 6 = —0.01, 6 = 0.01 and o, =

1
(1on+1)1/9?

where ¢ =1,...,5.

From the numerical results in Table 1 and Figures 1-3, we observed the following

e The proposed algorithm performs better with fixed and small values of 6, § and

Ay,

e [In optimization, optimal points which provide minimal objective function val-
ues are preferred. Though varying the values of 0 and § yield smaller value
of objective function evaluation, the number of iteration and CPU time are

higher which makes such choice not preferable.

relative error value for varying choice of 0 and o is very high.

Also, we observed that the

Parameters Iter CPU Err IRE Obj

Case 1: (6 = —0.01, a, = 577)
6 =0.01 35 0.0123 7.8885E-7 6.9822E-5 0.5132
6 =0.03 97 0.0374 9.7502E-7 6.4824E-5 0.5363
6 = 0.08 49  0.0170 8.8155E-7 3.8903E-4 0.4291
6 =0.1 109 0.0325 9.3124E-7 9.2642E-4 0.5811
6=0.3 66 0.0205 7.4914E-7 5.3055E-6 0.6588

Case 2: (6 = 0.1+ 0,0, = 1577)
§ = —0.001 83 0.0762 9.7316E-7 1.4850E-6 0.9394
§ = —0.005 248 0.0385 9.2249E-7 2.6475E-6 0.6327
§ = —0.009 336 0.0447 9.9406E-7 1.4947E-6 0.4450
5 =—0.01 64 0.0271 9.8790E-7 2.8061E-6 0.4927
§=—0.05 127 0.0356 9.5202E-7 3.2598E-5 0.5521

Case 3: (6 =0.01,6 = —0.01,,, = m)

g=1 83 0.0220 8.0047E-7 2.3593E-6 0.6125
q="2 135 0.0517 9.7278E-7 4.5206E-5 0.6574
q=3 51 0.0106 9.8897E-7 8.6457E-6 0.9525
g=4 274 0.1538 9.7814E-7 9.1106E-6 0.5435
q=>5 590 0.8869 9.9865E-7 1.00 0.2543

Table 1: Numerical results of the proposed algorithm for various choices of ¢, and
Q.

4.2 Comparing with other methods

Now, we would compare the performance of the proposed algorithm with algorithm
proposed in [71], denoted by Kim Algorithm and the algorithm proposed in [7], de-
noted by BM algorithm for different cases for the choices of N, M, and p. A true

17
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Figure 1: Comparison of parameters for the proposed algorithm; Case 1
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Number of iterations

Figure 2: Comparison of parameters for the proposed algorithm; Case 2.
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Figure 3: Comparison of parameters for the proposed algorithm; Case 3.
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vector x* is constructed such that a vector Dx* has few nonzero elements. A matrix
F 1s randomly generated and a noisy vector b is generated by adding randomly gen-
erated (noise) vector to Fx*.

Case 1: N =50, M =30, andp =5

Case 2: N =100, M = 150, and p = 10
Case 3: N = 300, M = 300, and p = 20
Case 4: N =400, M = 399, and p = 40

In order to compare the performance of the algorithms, we choose A\ = 0.4,y =
0.8,0 = —0.01,0 = 0.01, av, = ﬁ for our proposed algorithm, A = 0.1,y = 0.4 for
Kim Algorithm and «,, for BM algorithm. The initial points are generated randomly
and we use E,, = ||z,11 — z,|| < 107¢ as stopping criterion. The numerical results
are shown in Table 2 and Figure 4.

Methods ‘ Case 1 Case 2 Case 3 Case 4
‘ Iter CPU Iter CPU Iter CPU Iter CPU

Pro. Alg. ‘ 620 0.0349 202 0.1789 1945 12.0832 2189 9.2076
Kim Alg. ‘ 720 0.0485 281 0.2810 2673 15.4102 2710 16.1221
BM Alg. ‘ 1179 0.9912 325 0.2910 3203 18.4379 3650 26.1219

Table 2: Numerical results of comparison for Example 4.1.

Remark 4.2.

Noting from Figure 4, Table 1 and Table 2, it is clear that our proposed algorithm
is easy to implement for various choices of N, M and p.

Moreover, the proposed algorithm outperforms other algorithms considered in the
experiment in each case.

Example 4.3. Let H = L*([0,1]). Let A := 9||.|| in (1). Note that A=(0) since
0 € A71(0). Furthermore, the resolvent Ji' is given by the Moreau decomposition
L) = I+ (=)

X
= P?”O:L‘)\”“(.l’) =T — /\PBHAH* <X),

where Proxy . (z) = argmin,{||yll + 5xIly — =[*}. Pp, . is the projection operator
and By, is the norm unit ball(of the dual norm). Note that in this case, L*([0,1])
is self dual. Moreover, the projection Pg (see [15, Chapter 4]) is given by:

&l =1
P ={ T 2

Therefore,

JA(@:l’—)\PBH(X):{ 0, Il ||%||§1‘
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Figure 4: Numerical result for Example 4.1, Top Left: Case 1, Top Right: Case 2,
Bottom Left: Case 3, Bottom Right: Case 4.

In order to compare the methods, we choose X = 0.4,7 = 0.8,0 = —0.01,0 =
0.01,a, = ﬁ for our proposed algorithm, A = 0.8/L,a = 0.01,y = 1.2, for [19]
method, denoted as Dey algorithm and A\ = 0.04, o, = ﬁ for BM algorithm. We
used ||Tpi1 — zn|| < 1075 as stopping criterion and test the algorithms using the
following initial parameters:

Case 1: xog=t3+2t — 1, 2y =t* — 17, and yo = t3/7

Case 2: g = (t* —1)/4, v, = exp(2t), and yo = 2t exp(3t)

Case 3: xo = exp(4t)/8, xy = 3 — 2t, and yo = exp(2t)/5

Case 4: xg = 51>+ 7t)/7, 1 = exp(2t), and yo = t> — 9t + 1.

The numerical results are shown in Figures 5.

4.3 Application to Image Restoration

In this subsection, we demonstrate the application of the proposed algorithm to
image restoration problem and compare its performance with the algorithms in
[10,19,31]. The problem of image restoration can be modelled as the following
minimization problem:

1
min §||E$—b||3+ﬂ|lw|l1, (53)

where z represents the (vectorized) observed image, E € RM*¥ is the blur operator,
b € RM is an additive noise, p is a positive constant, ||z|, is the Euclidean norm of
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Figure 5: Numerical result for Example 4.1, Top Left: Case 1, Top Right: Case 2,
Bottom Left: Case 3, Bottom Right: Case 4.

x and ||z||; = Z |z;| is the [;-norm of z. Note that problem (53) is the same as

problem (51) and thus Algorithm 2, which is a special case of Algorithm 1 can be
adapted for this problem (53). In this experiment, we used the cameraman, tree,
pout and kids images which are inbuilt in MATLAB consisting of M pixels wide and
N pixel height given in Figure 6. Each image went through a Gaussian blur of size
9 x 9 and standard deviation 4 (applied by the MATLAB functions imfilter and
fspecial), see Figure 7. In our implementation, we used the following parameters:
for the proposed algorithm (Algorithm 2), we take o, = 100 —, 0 =10.04, 0 = —0.07
and A = 0.02; for Kim alg [31], A = 0.02; for BM alg [10], we take ozn = T5or5s n =
0.02,e, = +72 and Dey alg [19], we take v = 1.46, A, = 5=, o = 0.08. The
initial values in each algorithm is taken as zg,70 = 0 € R”, z_1,2; = 1 € R” where

D = M x N. We evaluate the quality of the restored image using the signal-to-noise
ratio (SNR) defined by
]l

SNR = 20log o=l

where x denotes the original image and z, is the debluring image. Typically, higher
SNR value indicate better restored image quality. We also compared the perfor-
mance of the algorithms with respect to the relative error given by

”xn—i—l - Iﬁ“

2]

Rel. Err =
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The restored images are shown in Figures 8, 9, 10, 11. From the figures, we see that
the proposed algorithm has the best CPU time for restoring the blurred images for
the four test images. Furthermore, the quality of the restored images is better than
that of Kim and Dey algorithms. Our proposed algorithm also has better Rel. Err
value than Kim and BM algorithms.

(a) Cameramen. (b) Tree . (c) Pout.

Figure 6: Original images of Cameraman, Tree, Pout and Kids.

(a) Cameramen. (b) Tree . (c) Pout. (d) Kids.

Figure 7: Blurred images of Cameraman, Tree, Pout and Kids.

Proposed alg

Figure 8: Reconstructed Cameraman image by Proposed algorithm, Kim alg, BM
alg and Dey alg.

4.4 Application to LASSO Problem in Compressed Sensing

Compressed sensing is very important when it comes to the problem of efficiently
acquiring and reconstructing a signal. This signal processing technique has to do
with solving underdetermined linear systems which can be modeled as the mini-
mization problem in (53). In this case, where the number of unknowns is greater
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Proposed alg

Figure 9: Reconstructed Tree image by Proposed algorithm, Kim alg, BM alg and
Dey alg.

Proposed alg

Figure 10: Reconstructed Pout image by Proposed algorithm, Kim alg, BM alg
and Dey alg.

Proposed alg Dey alg

A Y

Figure 11: Reconstructed Kids image by Proposed algorithm, Kim alg, BM alg
and Dey alg.

than the number of equations, the linear system generates many solutions or could
result in no solution. The approach to solving such a system is known as the linear
least squares method (finding the minimum ls-norm solution). The model (53)
can be computed to recover z when x is sparse which is the case in most appli-
cations. The model given in (53) is most often referred to as LASSO. Standard
general algorithms such as an Interior Point Method (IPM), [2], can be used to
solve the LASSO problem by reformulating the problem as a second-order cone pro-
gramming. However, the computational complexity of such traditional methods is
too high to handle large-scale data encountered in many real-life applications. The
LASSO problem is a special case of a convex minimization which can be rewritten
as an inclusion problem. In our implementation, we consider a typical compressing
sensing problem with the ultimate goal of reconstructing a length-N sparse signal
from M observation, with M < N. A matrix E (partial DWT) whose M rows are
randomly selected from the N x N DWT matrix. This type of matrix £ requires
no storage and helps in speeding up the matrix-vector multiplications involving F
and ET. Our aim is to recover z from the nosiy experiment b. We choose N = 212
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Image ‘ Proposed alg  Kim alg BM alg Dey alg

Time (s) 48.4666 65.0012 52.2155 72.2947
Cameraman SNR 32.6153 32.5463 34.4465 24.6752
Rel Err 7.5208E-7 1.0791E-6 7.9288E-6 2.0662E-7
Time (s) 61.2082 68.7534 62.6111 85.4045
Trees SNR 33.2801 33.2525 34.2088 25.8542
Rel Err 7.3595E-7 1.03118E-6 7.0801E-6 1.7672E-7
Time (s) 45.2742 54.2742 48.0209 77.5505
Pout SNR 37.8125 37.3652 38.8312 26.0029
Rel Err 3.5218E-7 5.2772E-7 3.6858E-6 1.0576E-7
Time (s) 88.3103 90.0161 112.2526  116.3457
Kids SNR 35.8383 35.6683 36.1332 25.9380
Rel Err 8.5024E-7 1.1119E-6  7.9963E-6 1.2218E-7

Table 3: Time, SNR and Relative Error values for each images.

and M = 2% and the original signal contains 160 randomly nonzero elements for the
experiment. The vector b is randomly generated by the normal distribution. FE is
generated via the normal distribution with mean zero and variance one, and z € RY
is generated by a uniform distribution in [-2,2]. The quality of recovery is assessed
by the mean squared error to the original signal x where

1
MSE = NHxn — x|,

where x,, is an estimated signal of x and the signal-to-noise ratio given by

r — Tp

E is the Gaussian matrix generated by the command rand(m,n) in MATLAB.
Typically speaking, the lesser the MSE value, the better the quality of the signal
recovered. In our numerical experiments, we use the following parameters for the
algorithms: for Proposed Algorithm 1, we choose o, = 1/(n+1),60 = 0.06,§ = —0.05
and A = 0.01, for Kim alg, we take A\ = 0.04, for BM alg, we take «,, = %H,Bn =
0.003, e, = 0 and for Dey alg, we take v = 1, \,, = %, and a = 0.64. The starting
points of the algorithms are generated as the zero vector in each case by setting
o = yo = 2_1,21 = 0 € RY. The original and restored signal are shown in Figure
12. Also the time taken by each algorithm, the SNR values and the MSE values
for each algorithm are recorded in Table 4. From the numerical results in Figure 12
and Table 4, it is clear that the proposed method performs better than the other
methods used in the experiments. The values of the SNR of the proposed Algorithm
are higher than that of others while the MSE values are the lowest signifying a better
quality of restored signal than other methods. Furthermore, the time taken by the
proposed method is lower than the time taken by any other method. This highlights
the importance of the new algorithm in denoising problems.
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Figure 12: Algorithm performance for recovery sparse signals.

Time (sec) SNR values MSE values

Prop. Alg. 0.0117 7.49 dB 7.7146E-4
BM Alg. 0.0575 5.53 dB 9.7408E-4
Kim Alg. 0.0756 2.19 dB 1.5821E-3

Dey Alg.  0.1704 042 dB  1.4378E-3

Table 4: Numerical performance showing the Time of execution, SNR values and
MSE values for each algorithm.

Remark 4.4. A major novelty of our paper is the introduction of the new step-size
rule given in Assumption 3.2 and as can be seen from the numerical examples given
in Section 4, our proposed Algorithm 1 with Assumption 3.2 is more useful and has
more practical advantages in image restoration and compressed sensing than related
methods in [7,19,31].

5 Conclusion

We have introduced in this paper, a Halpern-type proximal point algorithm with
two-step inertial extrapolation to solve the monotone inclusion problem in Hilbert
spaces. We proved that the sequence of iterates generated by our proposed algo-
rithm converges strongly to a zero of the monotone inclusion problem under some
conditions on the iterative parameters without on-line rule assumption (12). Our
main novelty is the new step-size rule in Assumption 3.2 which is useful and has
practical advantages from the image restoration and compressed sensing problems
over existing ones with on-line rule assumption (12). As part of our future project,
we consider our proposed algorithm with errors and also give its rate of metastability.
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