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The cavitation activity within a tube transducer
subject to a linearly increasing drive amplitude is
studied experimentally, via high-speed imaging
and parallel acoustic detection. A spectrogram
of the cavitation emission signal collected over
the duration of the ramped sonication, confirms
a subharmonic route to chaos; the progression
from harmonic emissions to broadband noise via a
period-doubling bifurcation. Stroboscopic mapping
demonstrates that the emergence of broadband signal
is due to increasingly asynchronous bubble collapse
across the population. Particular attention is given
to a region of sudden broadband clearing in the
spectrogram, coincident with strong subharmonic
lines, approximately halfway through the sonication.
The clearing is due to phase synchronization of the
bubble oscillations. Broadband noise gradually
re-emerges, often with further bifurcation to
include period-quadrupled emissions, as oscillations
dephase again following synchronization. Numerical
modelling investigates the influence of amplitude
ramping, inter-bubble distance and bubble dispersity
on the oscillations and emissions from a 12-bubble
system, based on an experimental observation.
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For a polydisperse system, it is found that a single bubble responding with period-2 oscillations
initiates period-2 synchronization for the population, offering explanation for the consistent
observation that prominent subharmonic emissions at half the driving frequency coincide with
broadband clearing.

1. Introduction

Lauterborn & Cramer published their seminal work on the Subharmonic Route to Chaos Observed in
Acoustics, more than 40 years ago. The paper describes the evolution of the emission signal from
cavitation within a cylindrical tube transducer during a sonication of increasing drive amplitude
(0-60V, over 262 ms), figure 1, [1].

At lower voltages early in the sonication, nfy harmonics at integer multiples 1, of the
drive frequency fy, were detected. As the voltage amplitude increased, subharmonics and
ultraharmonics at nfy/2 appeared [2], which Lauterborn and Cramer referred to as a period-
doubling bifurcation. Further bifurcations to higher-order subharmonics nfy/3, nfy/8 and nfy/4
were detected as the driving amplitude continued to increase.

At a threshold value of input voltage (approx. 38 V), the emission signal became dominated
by broadband noise, which was termed ‘acoustic turbulence” in Lauterborn and Cramer’s report,
although harmonic and subharmonic lines were still perceptible. On still further increasing of
the drive amplitude, this acoustically chaotic system exhibited regions of ‘reverse bifurcation’
(approx. 52-55V), back to period-doubled nfy/2 emissions (including nfy). Here, a reduction
or clearing of broadband noise was apparent, before acoustic chaos returned at the highest
amplitudes towards the end of the sonication, figure 1. Lauterborn & Koch [3] subsequently
used holographic high-speed imaging to observe subharmonic oscillations of the ‘whole bubble
field’, driven by the same (or similar) cylindrical tube transducer employed to demonstrate the
subharmonic route to chaos [1].

This general trend for the development of acoustic cavitation emissions with increasing drive
amplitude has since been reported for a variety of experimental configurations and ultrasonic
sources; including contrast agent microbubble cavitation driven by focused ultrasound at several
hundred kHz [4-7], and the cavitation at the vibrating tip of a sonotrode device, operating at
20kHz [7]. Physically, cavitating bubbles oscillate in response to the pressure fluctuations of the
driving. As the amplitude increases, the size of the bubbles (or densely packed bubble clusters) at
maximum inflation, becomes sufficiently large that the inertia of the host liquid prevents collapse
and shock wave generation, for every successive compressive phase of the driving. The number
of compressive phases ‘skipped” increases with the larger bubble sizes reached in response to
higher negative pressure amplitudes [4,6,7]. These studies differ from Lauterborn and Cramer’s,
however, in that they employ sonications at various single-drive amplitude values, rather than a
continuously increasing, or ramped amplitude sonication.

For cavitation-mediated tissue disruption and enhanced drug delivery in medical therapy,
acoustic emissions are often monitored for safety and efficacy purposes [8-10]. For the specific
application of blood-brain barrier opening with transcranial focused ultrasound, currently
undergoing extensive clinical trials [11,12], real-time monitoring provides an active control
feedback loop to avoid overtreatment [13]. In that work, 10ms bursts of focused ultrasound at
incrementally increasing pressure amplitudes (from 0.1 to 0.28 MPa, over several tens of seconds)
were administered in vivo. The emergence of ultraharmonics (at 1.5fp and 2.5fp) within the
emission signal as the driving increased, was used as an indication that a safety threshold had
been reached, following which the amplitude was reduced to some percentage value to avoid
long-term irreversible damage.

It has also been shown that periodic bubble collapse shock waves [6] are responsible for
many of the spectral features within the cavitation emission signal described above, for a
range of ultrasonic configurations and drive frequencies [4,5,7,14]. At lower driving amplitudes,
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Figure 1. Lauterborn & Cramer’s spectrogram [1] demonstrating the evolution of the cavitation emission signal during a
sonication of increasing amplitude (0—60V, over 262 ms). Reprinted figure with permission from [1] Copyright © (1981) by
the American Physical Society.

bubble collapse shock waves with a periodicity of Ty (=1/fp) contribute to harmonic emissions
at nfy [4]. At higher amplitudes, period-multiplied bubble oscillations generate shock waves
with periodicities of mTy (for m > 1) forming sub- and ultraharmonic emissions (nfp/m) in
the cavitation emission spectra [4,6,7]. Here, m denotes the order of period-multiplication or
subharmonic response, which generally increases with the amplitude of the driving and m — 1
is the number of ‘skipped’ compressive phases, not resulting in full deflation to collapse or shock
wave emission. Moreover, variations in the timings and amplitudes of shockwave emissions
[4,14], and multi-fronted shockwaves from larger cavitation clusters collapsing non-uniformly
[6], have been shown to constitute broadband noise, redistributing power from frequency-specific
peaks to across the spectral floor. The regions of reverse bifurcation, or broadband clearing,
within the noisy chaotic emissions at the higher driving amplitudes of Lauterborn and Cramer’s
spectrogram (figure 1, approx. 52-55V), however, have eluded corroborated explanation.

In this study, we reconstruct Lauterborn and Cramer’s experimental configuration as closely as
possible, with the addition of high-speed imaging and enhanced acoustic detection, to investigate
the broadband clearing phenomenon, in particular. Modelling of a multi-bubble system based
on experimental observation and driven with a linearly increasing driving pressure amplitude,
provides insight into the cavitation activity and the synchronization behaviour alluded to in
previous studies [15,16]. Additional bifurcation analyses on excitation pressure amplitude, inter-
bubble distance and bubble size deconstructs the complex dynamics into distinct mechanisms
that each influence the underpinning effects.

The sections of the paper are organised as follows; first, §2 (Experimental Arrangement)
is reported and sample high-speed imaging presented, followed by §3 (Theoretical Methods)
along with justification for parameter selection. Post-Processing approaches applied to both the
experimental and numerical data are then described §4, followed by Results from each (§5-§6),
§7 (Discussion) and §8 (Conclusions).

2. Experimental arrangement

A piezoceramic tube (PZT4, F3260008, CTS Ferroperm) of 25 mm length, 40 mm inner diameter
and 4 mm wall thickness was submerged in deionized water and driven at its radial resonance
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Figure 2. A schematic of the full experimental set-up, including the tube transducer and drive electronics, the high-speed
imaging and illumination and the cavitation emission collection, based on a needle hydrophone.

frequency, fo = 15.5 kHz. This piezoceramic geometry results in a lower resonance than that used
in Lauterborn & Cramer’s study (at fy =23.56kHz, [1]). A custom in-house built transformer
provided an electrical impedance matching network to maximize the power received by the
transducer. The transducer was coated in a non-conductive resin epoxy (AbleStik 45, Loctite,
USA) to ensure electrical isolation. A three-dimensional printed mount was designed such that
the tube sat on a wedge to ensure consistent boundary conditions while minimizing the contact
area and thus also its damping effect. The piezoceramic was excited to generate an acoustic field
of increasing amplitude within the bore, over 250ms. The tube transducer was driven with a
single burst of 15.5kHz sinusoid of linearly increasing voltage amplitude, provided by a signal
generator (AFG31052, Tektronix, UK) from 0 to 450 mV peak-to-peak via a power amplifier with
55dB gain (1040L, Electronics and Innovation, USA).

The acoustic cavitation emission signals were recorded using a 4 mm polyvinylidene fluoride
needle hydrophone, with a flat sensitivity (=4 dB) of 8 V/MPa from 0.8 to 8 MHz and a lower
sensitivity extending to 10 kHz, according to manufacturer specification. The hydrophone,
with an inline 20 dB attenuator (Precision Acoustics, UK), transmitted the recorded data to an
oscilloscope (MSO56, Tektronix, UK) at a sampling frequency of 125 MHz (a significant increase
on Lauterborn & Cramer’s sampling of 500 kHz [1]). The needle hydrophone was positioned
40mm beneath the tube transducer, angled towards the geometric centre of the bore, to avoid
obstructing the imaging field-of-view (FOV), as depicted in figure 2. The cavitation development
over the entire sonication was captured via high-speed imaging (Fastcam SA-Z 2100 K, Photron,
UK) at 80000 frames per second, figure 3. Imaging was undertaken through a macro lens
(100 mm {2 Makro-Planar Milvus ZE.2 lens, Zeiss, Germany) providing a spatial resolution of
38.5 um per pixel. lllumination was supplied by 10ns collimated laser pulses (CAVILUX Smart,
Cavitar, Finland), synchronous to frame acquisition.

Figure 3 presents a coarse overview of the cavitation development within the bore of the tube
transducer at approximately 10 ms intervals, during the ramped sonication. Clearly, a rapidly
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Figure 3. Representative frames at full FOV extracted from a sample high-speed image sequence captured at 80 000 frames per
second, of the cavitation development over an entire 250 ms ramped sonication. The tip of the needle hydrophone, detecting the
cavitation emission signal is apparent (arrowed at t = 0.00 ms). The central cluster of the acoustic Lichtenburg figure, which
defines a region of interest (ROI), is also arrowed at 210 and 230 ms. Five millimetre scale bar provided, top-left.

developing, complex system involving many bubbles and bubble structures evolves. By 100 ms,
bubbles have organized into filament structures that further develop into what is often referred to
as an acoustic Lichtenburg figure [17]; a central large and densely packed cluster, most apparent
in the latter stages of the sonication (arrowed at 210 and 230 ms), surrounded by dynamic bubble
filaments or streamers. It is this central cluster that defines a region of interest (ROI), figure 5,
which is the focus of the analysis for §5, along with the acoustic emissions collected during this
sonication. A segment of the high-speed imaging sequence, available as Video 1 in the electronic
supplementary material, shows the movement of bubbles along the streamers of the Lichtenberg
figure.

3. Theoretical methods

Several attempts have been made to simulate multi-bubble systems with interacting bubbles,
such as Lagrangian-based and Hamiltonian-based methods [18] and volume-averaged models
[19]. Moreover, two-phase flow models are commonly used to study bubbly liquids, leveraging
advanced numerical techniques [20]. Nigmatulin ef al. proposed a model based on the Rayleigh—
Plesset equation where a cluster of bubbles is represented as a sphere of bubbly liquid [21]. This
model simplifies the problem by focusing on a single bubble, using average system parameters
and disregarding interactions between bubbles. Li et al. furthered this work by setting up a model
that contained one central cloud of bubbles, with the addition of a train of single bubbles to
emulate a streamer [22,23]. Efforts have also been made to track the behaviour of each individual
bubble within a multi-bubble system [24]. Recently, a unified theory for bubble dynamics,
combining Rayleigh-Plesset, Gilmore and Keller-Miksis equations, has been developed and
experimentally validated [25]. Although direct simulations of multi-bubble dynamics remain
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computationally demanding and are typically confined to systems with a small number of
bubbles, modelling multi-bubble systems with ordinary differential equations (ODEs) could
reveal the bifurcation behaviour of bubbles [26].

Theoretical bubble modelling to date has used constant pressure amplitude to study steady-
state behaviours. Exploring the transient behaviour of a multi-bubble system through excitation
with a linearly increasing pressure amplitude has yet to be undertaken. To model the reverse
bifurcation of a multi-bubble system under a ramping excitation amplitude, the model from
Nasibullaeva & Akhatov [27] was extended leading to equation (3.1). Specifically, [27] uses a
single second-order ODE applied to all bubbles, while in equation (3.1) separate ODEs are applied
to each bubble. The model assumes spherical oscillations within an incompressible liquid, for
an ideal gas at uniform pressure within each bubble, under adiabatic conditions. Heat and
mass transfer across the gas-liquid interface is not accounted for. The simulations also assume
stationary and non-fragmenting bubbles.

Np
- 3-2 R; d Pri = Pamp — Pa 1
Rl + R = (1 b ) () fﬂijﬂpw, (3.1)

where any subscript i (j) indicates the ith (jth) bubble in the multi-bubble system, R is bubble
radius, p =998 kg m~2 is the water density, Py, is the liquid pressure acting on the bubble wall by
the surrounding liquid outside the bubble, Payp, = 101 kPa is the ambient pressure, c = 1484 ms~!
is the speed of sound in water. The term in equation (3.1) involving the speed of sound represents
energy dissipation due to inter-bubble acoustic interactions [28]. Following the same rationale as
in [27] when treating the effect of the speed of sound on the pressure terms, the bubble wall speed
is negligible comparing with the speed of sound. Py, is the pressure contribution caused by the
radial oscillations of all other bubbles, and P4 is the acoustic excitation pressure, which is given
by equation (3.2).

Pg = —pamp sin(2rfot), (3.2)
where t is time, fo = 15.5kHz is the excitation frequency in experiment and pamp is the linearly
increasing excitation pressure amplitude starting from 70 kPa with a gradient of 0.429 kPa ms~ L.
It should be noted that a ramp initiating from zero excitation pressure amplitude leads to a
spectrogram dominated by nfy emissions at excitation amplitudes below 78.6 kPa. These are not
the main focus for this study, therefore, 70 kPa was selected as the starting pressure amplitude, to
skip this regime and focus on the more interesting dynamics such as the route to chaos and reverse
bifurcation. Similarly, to optimize computational resources, the excitation ramp was stopped at
94.5kPa after observing the return of acoustic chaos, as described by Lauterborn & Cramer [1]
and reproduced here, experimentally.

Assuming zero mass for bubble wall and according to pressure balance, the liquid pressure,
pri, at the wall of bubble i is given by equation (3.3). The bubble wall is modelled as a sharp
massless interface without thickness, ensuring that the pressure balance at the interface remains
valid regardless of acceleration.

20 4uR;
PLi = Pgi R R, ' (3.3)

where o = 0.072Nm™! is the surface tension coefficient, n=0.001Pa s is the dynamic viscosity
of water and p,; is the gas pressure of bubble i, which can be expressed by equation (3.4) with

adiabatic law. sk
20 Ry,
(Pt ) o) (3.4)
pgl ( aml R()i ( R?

where « =4/3 is the polytropic exponent of air and Ry; is the equilibrium bubble radius of bubble
i, indicating the amount of air contained within the bubble.

As shown in figure 4a, the spatial distribution of 12 selected bubbles observed in the high-
speed imaging frame determined the locations of the bubbles used in the numerical simulation,
the coordinates for which are listed in the electronic supplementary material, §5.5. Figure 4b
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Figure 4. (a) The spatial distribution of the 12-bubble system used in the simulation was determined from the region of interest
(ROI) of the high-speed imaging frame at t = 128.7875 ms. (b) Superpositioned frames of the bubble field captured around the
time of reverse bifurcation from 127.2 to 129.7 ms, with the migration paths for each of the 12 bubbles indicated by coloured
crosses (available in movie format as Video S2, electronic supplementary material). (c) The variation of the inverse of pressure
emitted by a bubble in the multi-bubble system along the propagation distance.

induced cavitation field

«—PZT4 tube
transducer

4-mm needle hydrophone

Figure 5. Schematic representation of the experiment with a representative frame of the high-speed imaging, capturing the
bubble distribution at t = 128.7875 ms after the start of the sonication. The nine coloured boxes indicate the region of interest
(ROI), with total dimensions of 6 x 6 mm?, used in the stroboscopic mapping analysis.

is a superposition of high-speed imaging frames of the bubble field from 127.2 to 129.7ms,
representing the local bubble structure around the time of the reverse bifurcation phenomenon.
The high-speed imaging sequence, available as Video S2 in the electronic supplementary material,
shows the bubble dynamics within this structure in movie form. The sampled positions of the
12 selected bubbles are overlaid on the superposition image to show that the migration of
these bubbles track the filament structures, and can therefore be taken as representative of the
bubble field around the time of interest. For the purpose of the simulations, all bubbles are
assumed to occupy the same two-dimensional plane throughout the sonication. The experimental
observations represented by figure 7, for which the cavitation activity remains well focused within
the imaging, at least for several tens of milliseconds around the moment of synchronization,
would suggest this assumption is reasonable. In any case, bubble locations at varying depths
along the cylindrical axis of the tube transducer, would not be expected to significantly affect
the findings reported in §6. Clearly, the needle hydrophone of §2, figures 2 and 5, will detect the
combined emissions from many more than just 12 bubbles. This limitation is further addressed
in §85 and 6, but a 12-bubble system is found to be sufficient for investigating the underpinning
cavitation phenomenon, within reasonable computational requirements.

The computations were conducted on a dual-socket AMD EPYC 7352 system with 96 logical
processors at 2.3 GHz, supported by 503 GiB of RAM, of which 486 GiB was available during
the simulations. The workload was GPU-accelerated using an NVIDIA Quadro RTX 4000 with
8 GiB of memory. The system’s NUMA architecture consists of two nodes, with 96 logical
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processors distributed. The model involved solving equation (3.1) for the 12 bubbles with an
error tolerance of 10~? in MATLAB. The simulation under the ramped excitation amplitude, §6a,
required approximately half an hour to complete, and the bifurcation analysis in §6b required a
total computational time of approximately 300 hours for all scenarios.

The bubble pressure emission attenuates as the wave propagates. With consideration of
spherical spreading loss, the pressure emission of bubbles can be described by equation (3.5) [29].

d . 2RR? + RR? 1. R
Pyss = 2 & R2R) = p R REE <H+ 7R2> (7) , (35)
r dt r 2 r

where 7 is the distance from the bubble centre and H = RR? + %R2 is the difference between the
ambient enthalpy and the enthalpy at the bubble wall [25]. With the Tait equation of state for water
and Kirkwood-Bethe approximation, researchers have suggested that the pressure attenuation
predicted by equation (3.5) is not sufficient for cavitating bubbles, and the pressure emission is
given by equation (3.6) [30,31].

_ (n—1)pso n/(n=1) R\“
Ppxp = ((poo +B) [Hm + 1] -B <?) , (3.6)

where B=_314MPa, n =7 and « = 1.6 are empirical parameters for water [24]. However, applied
in the Kirkwood—-Bethe approximation, the Tait equation of state introduces a finite variation
in wave propagation speed and requires a state-dependent delay differential equation system.
By contrast, assuming an incompressible liquid for wave propagation leads to an immediate
interaction between bubbles, allowing for an ODE system. This significantly simplifies the system
and reduces computational cost while still capturing the key bubble interaction mechanisms
relevant to this study. This work seeks to find a balance between the two models. Noticing the
inverse proportionality between Pjss and r in the spherical spreading model, a simplification of
the Kirkwood-Bethe model, equation (3.6), is obtained from the following linear regression of
1/Pygp regarding r with a coefficient, Cp.

Py=p <H+ %R2> (%) . (3.7)

The spherical spreading and Kirkwood-Bethe model, as shown by the blue line and red curve
in figure 4c, respectively), increasingly diverge with propagation distance, r. In a multi-bubble
system, bubble emissions propagate between bubbles to influence bubble behaviours. While this
model accounts for pressure emissions from all bubbles, emissions from neighbouring bubbles
are stronger and exert a greater influence on bubble dynamics than those from non-neighbouring
ones. The largest neighbouring inter-bubble distance, as shown in figure 4a, is approximately
2mm, and the smallest is approximately 0.3 mm. As shown in the orange line of figure 4c,
the regression balances the inter-bubble distance between 0.3 and 2 mm, much better than the
spherical spreading model. At the same time, it mitigates the computational strain associated
with the Kirkwood-Bethe model.

To obtain an acoustic emission signal from the multi-bubble system, a virtual hydrophone is
placed underneath the bubble plane, in a location equivalent to that of §2, figure 2.

4. Post-processing

To allow comparison between the experimental and numerical results, equivalent post-processing
was applied to both datasets. The numerical data are non-uniformly sampled, making a
conventional short-time Fourier transform (STFT) spectrogram difficult. While it is possible to
enforce uniform time sampling, adaptive time-stepping is crucial to accurately resolve bubble
collapse, where state variable gradients are much higher than those for other parts of the
oscillation phases. Enforcing equidistant sampling or interpolating data would either lead to
excessive data points or compromise the accuracy of the solution by disregarding the solver’s
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Figure 6. (a) The spectrogram of the emission signal generated by cavitation within the tube transducer, driven with a linearly
increasing voltage signal, showing features comparable with Lauterborn and Cramer’s results. (b) A 27y stroboscopic map of
bubble area obtained from dark pixel counting within each ROl subsection, to track the degree of oscillation synchrony. Inset:
the A-t curve of 84 indicating that the bubble oscillations transition to the period-doubled regime approximately 1ms prior to
synchronization.

optimization of time-step distribution. Resampling to a lower uniform sampling rate could
result in the loss of critical spectral features in the STFT spectrogram. Without resampling, a
Lomb-Scargle periodogram can directly process non-uniformly sampled data by employing a
least-squares method of constructing a periodogram, using x? goodness of fit calculated per
frequency. For the needle hydrophone data, there are no significant discernible differences in
the spectral features of interest between the spectrograms generated using short-time Fourier
transforms and Lomb-Scargle periodograms. The Lomb-Scargle periodogram is compatible with
uniformly sampled data and is therefore applied to both the experimental, figure 6a, and the
numerical data, figure 9a, [32-34]. The spectrograms presented are generated from 200 spectra
that overlap by 65%.

The selected ROI in the high-speed imaging data (as described in §2) was split into nine
subsections each with dimensions of 50 x 50 pixels (as indicated by the coloured squares in
figure 5), to analyse the relative phase of oscillation for bubbles between subsections. The
subsections throughout the entire image sequence were binarized and the number of black
pixels in each frame counted. The nine resulting area-time (A-f) curves were superimposed in
a stroboscopic map [35] of period 2T to track the degree of synchrony, figure 6b. The uncertainty
is determined by half the sampling intervals of the stroboscopic mapping, i.e. Ty. For the purpose
of this work, the bubble oscillations are considered to be synchronized when the difference in
bubble areas after 2T remains constant, within an error of 33 pixels for the experimental data.
The stroboscopic map of the ROI was compared with a stroboscopic map of the whole FOV,
figure S4 in the electronic supplementary material, §5.4, and therefore deemed representative
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of the oscillation phases for the entire bubble population, further validating the adequacy of the
chosen bubble configuration in §3. For the numerical data, which assumes spherical oscillations,
the bubble area stroboscopic map was calculated from the radius—time (R-t) curve for each bubble,
as shown in figure 9b. The bubbles are considered synchronized when the difference in bubble
areas after 2T remains constant, within an error of 0.02 mm?.

5. Experimental results

The spectrogram of the emission signal collected from the cavitation activity represented by
figure 3, is presented as figure 6a. We note some variation in the feature details for each
spectrogram obtained from each experimental run, with a selection presented in the electronic
supplementary material, §5.1, by way of overview. We attribute these variations to the many
factors that can influence how the cavitation field develops during each sonication, in particular,
the initial distribution of cavitation nuclei within the tube transducer bore (which is also a
function of prior sonications). Figure 6a was selected as it contains features that compare
reasonably with those in Lauterborn & Cramer’s spectrogram, figure 1, [1].

Figure 6a (and the spectrograms in the electronic supplementary material, §5.1, generally)
shows that the cavitation field generates strong nfy and intermittent nfy/2 emission lines during
the first approximately 115ms of the ramped sonication. As the driving voltage continues to
ramp up, there is an increase in broadband noise from 115 to 128 ms (green arrow, figure 6a).
This is attributable to increasingly asynchronous bubble collapse shock wave emissions from
across the bubble population. Figure 7a shows the ROIs of the cavitation field, from the imaging
around this stage of the sonication, at full temporal resolution (80000 frames per second). These
show that bubbles are collapsing with a periodicity close to Ty, relative to the grey dash lines,
which indicate the 0.0645 ms period of the acoustic driving. Sub-millisecond variations in collapse
times, however, will result in the observed redistribution of power that would otherwise be
contained within nfy lines, to across the spectral floor [4]. This To-desynchronization behaviour
is well captured by the growth of the stroboscopic map signal over this time interval, figure 6b.
Lauterborn & Cramer termed this increase in broadband noise as acoustic turbulence/chaos and
noted that it should not be sustained [1].

Within the noise, ‘drifting spectral features’, the frequency of which appear to vary over
time, are also perceptible. These features were not apparent in Lauterborn and Cramer’s
spectrogram and we did not consistently observe them in the data collected for this study.
We include other sample spectrograms collected under identical sonication parameters in
the electronic supplementary material, §5.1, along with other investigations undertaken to
interrogate these features, electronic supplementary material, §5.2 and S.3, and speculate as to
their occurrence in §7.

At approximately 128 ms, there is a sudden reduction in broadband noise across all presented
frequencies (red arrow, figure 6a). Frames from the high-speed imaging sequence for this part of
the sonication, figure 7b, indicate that a phase synchronization (see §7 for a description, within
the context of the results obtained) of the cavitation bubble and bubble cluster oscillations has
occurred. The phase synchronization of the bubble population can also be observed in Video S1
of the electronic supplementary material, for the whole FOV. The stroboscopic map, figure 6b,
verifies this with a sharp drop in the signal from 127.4 to 127.8 (£0.0645) ms. The synchronization
of the cavitation activity is seen to occur as bubble /bubble cluster oscillations transition to period-
doubled oscillations in figure 7c, relative to the Tp-grey dashed lines. The A-t curve of §4 in the
ROI, figure 6b inset, indicates a transition into period-doubled oscillations approximately 1 ms
prior to synchronization, with a corresponding emergence of strong nfp/2 emission lines in the
spectrogram, figure 6a.

While the cavitation emission spectrograms from equivalent sonications show that
the development of spectral features can vary from sonication-to-sonication (electronic
supplementary material, §S5.1), the clearing of broadband noise always coincides with the
emergence of strong subharmonic emissions. This could suggest that the transition to a
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Figure 7. The region of interest (ROI) from sequential frames of the high-speed image sequence (each with dimensions of
6 x 6 mm?), (a) before synchronization of the bubbles, showing quasi-periodic oscillation at Ty = 0.0645 ms, (b) during the
synchronization showing the bubble clouds entering simultaneous collapses as they transition into a period-doubled regime at
127.825 ms (this section of the image sequence is also available in movie format, as Video S2 of the electronic supplementary
material), (c) sometime after the synchronization event, as the synchronicity of the bubbles, responding in the period-doubled
regime, has started to degrade. The grey dashed lines indicate the period of acoustic driving, Ty = 0.0645 ms.
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period-doubled regime creates suitable conditions under which synchronization can occur, which
is investigated further in §6.

As the driving amplitude of the sonication continues to increase, the synchrony of the period-
doubled oscillations is not sustained and the system starts to dephase, as previously seen for the
To-oscillations. Figure 7c indicates that by 135 ms, dephasing of the collapse times for individual
bubbles has occurred, with a corresponding ‘gradual” increase in both the stroboscopic map
signal, figure 6b, and the broadband emission component of the spectrogram (yellow arrow,
figure 6a). Post-clearing re-emergence of the broadband signal is initially most prominent at
higher frequencies, due to the sensitivity of the needle hydrophone, §2.

We have also conducted stroboscopic mapping of the cavitation activity across the full FOV
(figure S.4), as detailed in the electronic supplementary material, §5.4) and verified that figure 6b is
broadly representative of the entire bubble population. As well as allowing for the interpretation
of the broadband noise behaviour within the spectrogram, in terms of emergence, clearing and
re-emergence, this also provides some justification for limiting the numerical investigations to
a 12-bubble system. Further validation may be taken from comparison of the experimental
spectrogram to that generated numerically, as described in §6a.

6. Numerical results

There are limited theoretical studies investigating the synchronization effect of oscillating
bubbles. In the model from Nigmatulin et al. [21], one ODE is necessary to model the radial
oscillation of the spherical, monodisperse system, while another governs that of the individual
bubbles within the system. Some numerical studies using this model [27], have compared the
response of two separate monodisperse systems, each with different equilibrium radii, with a
polydisperse system comprising a combination of two monodisperse systems. Nasibullaeva &
Akhatov showed that oscillating bubbles in a polydisperse system collapse simultaneously, while
two monodisperse systems exhibit a shift in collapse phase [27]. Tervo et al. confirmed this with
an additional observation that if one monodisperse system exhibits period-1 oscillations while
the other is in a period-doubled regime, the combined polydisperse system synchronizes to a
period-doubled regime [36]. This is the only theoretical model currently available in the literature
that addresses multi-bubble synchronization. However, the bubbles in the monodisperse system
from this model artificially synchronize because, except for the equation of system radius, the
bubble radius is modelled by only one equation. Bubbles in a monodisperse system experience
different pressure contributions due to the radial oscillations of the other bubbles. This could
result in significant differences in the bubble responses because of the chaotic dynamics (which
is observed in bifurcation diagrams, figure 11). Therefore, the synchronization of monodisperse
systems avoiding artificial synchronization, requires investigation.

This Numerical Results section is presented as follows; first, in §6a, a Monodisperse System under
a ramped excitation amplitude is simulated and compared with the experimental spectrogram
and stroboscopic map, figure 6. Second, in §6b, Bifurcation Analysis is conducted on a single bubble
and the monodisperse system at four different inter-bubble distances, to explore the steady-
state contribution to synchronization. Third, in §6c, a Polydisperse System is simulated under a
ramped excitation amplitude, to investigate synchronization of different bubble sizes. Finally, the
period-doubling that precedes synchronization is studied, with a further bifurcation study on
equilibrium bubble radius.

(@) Monodisperse system

A monodisperse system with 12 bubbles is simulated as described in §3. The spatial distribution
of the 12 bubbles is as shown in figure 4a, and the equilibrium bubble radius is Rg = 53.25 pm.
This selection of equilibrium bubble radius results in maximum radii of the same order as those
observed experimentally according to [30], as detailed in §S5.5 of the electronic supplementary
material.
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Figure 8. (a) The radial oscillation of the 12 bubbles in the numerical simulation and (b) the acoustic emissions from each
bubble in the system, collected by a virtual hydrophone at an equivalent location to the needle hydrophone in the experiment.

The numerical results demonstrate bubble synchronization similar to the experimental
observations. Figure 8a,b show the radial oscillations and pressure emissions of the 12 bubbles
as recorded by the virtual hydrophone. Figure 8a indicates that all 12 bubbles synchronize at
46.17 ms. A study by Song et al. in 2019 reported the period-doubling of experimental shock wave
signals [4]. Figure 8 shows that the pressure emissions before synchronization resolve into nfy/2
emissions at the point of synchronization, which is the result of period-2 oscillation of the 12
bubbles.

It is important to note that the experimental signal collected by the needle hydrophone was
the combined pressure signal from all the bubbles in the FOV; in this paper, a small subset of
12 bubbles is modelled. However, the spectrogram based on the combined pressure emission
signal from the 12-bubble system simulation, figure 9a, shows comparable observations to the
spectrogram of the experimental emission data presented in figure 6, namely the emergence,
clearing and re-emergence of the broadband noise.

In figure 9a, only nfy emissions are present at lower amplitudes (less than 82 kPa). Broadband
emissions emerge at 28.16 ms in figure 9a, due to dephasing of bubble-collapse times, as shown in
figure 9c. Preceded by nfy/2 emissions, a clearing of the broadband noise is shown by the R-t curve
of figure 9a at 46.17 ms, which is caused by the in-phase collapsing of all the bubbles, as shown in
figure 8a. Faint nfy/4 emissions emerge with the post-clearing re-emergence of broadband noise
in the spectrogram as bubble oscillations dephase, figure 9d at 49.68 ms.

The stroboscopic map for the numerical results, as described in §4, is presented in figure 9b.
Bubbles 2 and 5 are first to synchronize with each other as their stroboscopic A-t signals become
coincident at 34.17ms. The other bubbles sequentially join the synchronized state, and the
synchronization of all bubble oscillations is confirmed at 46.17 ms, where a sudden drop in the
signal can be observed (marked as the red dashed line in figure 9b). This is also demonstrated by
the synchronization error, obtained by the standard deviation of the stroboscopic map, as shown
by the black dashed curve in figure 9b. The synchronization error in figure 9b helps to track the
desynchronization, which is not easily perceived from R — t or P — t curves, such as figures 9d and
8. The timing of the phase synchronization coincides with the broadband clearing indicating that
the “acoustic chaos’ is reduced by the synchronization of bubble oscillations, as was also observed
for the experimental spectrogram and confirmed by the stroboscopic map, figure 6a,b.

(b) Bifurcation analysis

The response of a nonlinear bubble system under a ramped excitation amplitude with a constant
gradient is a superposition of the transient and steady-state responses [37]. To get numerical
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Figure 9. (a) A spectrogram of the combined emission signal collected from the 12-bubble system, by the virtual hydrophone,
(b) the corresponding stroboscopic map (with period 2T,) of the area-time curve from the 12 bubbles, with the black dashed
curve representing the standard deviation and the synchronization point marked by a red dashed line. The inset figures (c and
d) on the right are the radial bubble oscillations.

insights, the contributions of transient and steady-state response should be distinguished.
Transients are consistently introduced into the system response due to the ramping of the
excitation amplitude. When the ramping gradient tends to zero, the excitation amplitude
approaches a constant value at any given moment, effectively resembling a constant signal. In
this case, the transient contribution is very small because the system amplitude of excitation
is changing very gradually, and the steady-state behaviour closely approximates the system’s
response under this very small gradient ramping excitation. By contrast, when the excitation
amplitude gradient is steep, the transient contribution becomes very prominent, leading to
larger deviations from the system’s steady-state behaviour. For a typical excitation ramp (with
gradient between the above extremes), the excitation amplitude changes continuously, but it
can be approximated with a series of incremental steps. If the steps are long enough (almost
corresponding to the low-gradient case), for each step the system will settle in a steady-state
response. It should be noted that true steady-state dynamics are never reached. Nonetheless,
most studies focus on the steady-state behaviour because it reveals important characteristics
of the system dynamics [24,38]. In this paper, the steady-state behaviour under step-increasing
excitation amplitude is investigated. Each step is designed so that the steady-state response is
reached and only then, the response recorded. This is essential to clarify the relation between the
amplitude of excitation and the steady-state behaviour of the system. Once a clear understanding
of this relation is obtained, a direct comparison with the response to a ramping signal will
highlight the effect of the transient behaviour in the response.
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Since the system is nonlinear, in some cases, more than one steady-state response can be
achieved. Bifurcation diagrams provide a representation of all the possible solutions that the
system can reach for a given level of excitation. Therefore, the bifurcation analysis will be
conducted using the steady-state responses obtained under constant excitation amplitude values.
Increasing excitation amplitude values were considered, with the final conditions of the state
variables (i.e. bubble radius and wall speed) to the last excitation level being used as initial
conditions to the next simulation. It is important to note that different initial conditions for
each bubble could determine different steady-state responses; in this paper, a single set of initial
conditions for each bubble is considered. Nonetheless, by characterizing the bifurcation diagrams
of single and multi-bubble systems obtained in this manner, some insights to the underlying
reason for bubble synchronization are gained.

(i) Single-bubble bifurcation diagram for excitation amplitude

First, the single bubble steady-state response is obtained to enable comparisons with the steady-
state response of the multi-bubble system. The bifurcation analysis was done on a bubble with
the same equilibrium radius (Rg = 53.25 um) as that of the monodisperse system, §6a, stepping
through excitation amplitudes from 70 to 95kPa in 1125 sonications. For a given constant
excitation pressure amplitude, we first identify the steady-state regime in the bubble radius—
time curve. The first local maximum of the bubble radius is recorded as the initial Poincaré
section. After this point, following the sampling of Poincaré section described in [39], we continue
sampling one local maximum per excitation period until a total of 10 points are collected.
This process is repeated for a range of excitation pressure amplitudes, allowing observation
of how the bubble dynamics change, as the driving amplitude varies. Finally, a scatter plot is
constructed with the excitation pressure amplitude on the x-axis and the Poincaré sections on
the y-axis, forming the steady-state Poincaré plot. This plot reveals the bifurcation structure of
the system, showing how steady-state bubble oscillations transition between different periodic
states and chaotic behaviour as the excitation amplitude varies. As shown in figure 10a, the
bubble oscillation is periodic when the excitation amplitude is below 80.4 kPa and above 84.8
kPa with a chaotic region between these two excitation levels. To verify that this response is
chaotic and not simply the result of a transient behaviour, Lyapunov analysis was undertaken, an
example of which (at 84.5 kPa, indicated by the orange dashed line) is shown in figure 10b. A non-
negative Lyapunov exponent indicates that the bubble oscillator is exhibiting chaotic behaviour
as described in [40].

(if) Parametric analysis on inter-bubble distance

Following the single-bubble system studied in the last section, this section will focus on multi-
bubble systems. In multi-bubble systems, bubble-bubble interactions need to be considered. The
strength of bubble interaction increases with decreasing inter-bubble distance. Therefore, the
influence of inter-bubble distance on the bifurcation diagram of the bubbles was investigated. To
adjust the inter-bubble distance while preserving the relative spatial distribution of the bubbles,
a scaling factor (Sp) was applied to the bubble locations shown in figure 4a. The scaling factor
is a multiplier applied to the bubble centre coordinates, ensuring that the spatial configuration
remains unchanged while adjusting the overall bubble spacing. Specifically, if a bubble i is
originally positioned at coordinates (0jy, 0j), then after applying a scaling factor Sg # 1, its new
position is given by (Sf - 0jx, S - 0j). For this analysis, the same parameters used in the single
bubble bifurcation analysis were applied to all 12 bubbles.

Figure 11 illustrates the evolution of the synchronization error under four different scaling
factors. Following the post-processing procedure used in figure 9b where the synchronization
error is shown as a black dashed curve, here for each steady-state response in figure 11 the
synchronization error is shown.

In all four panels of figure 11, it can be observed that as the excitation amplitude increases,
the synchronization error remains small due to synchronized periodic oscillations. As the
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system undergoes a period-doubling bifurcation, bubbles transition into a non-synchronized
chaotic regime, causing the synchronization error to increase. The synchronization error
then decreases as bubbles return to synchronized periodic oscillations at higher excitation
amplitudes. In figure 11b—d, an increase in synchronization error is observed again as the system
builds up non-synchronized chaotic behaviour through further period-doubling bifurcations.
As the scaling factor decreases from 100 to 1 in figure 11a—d, the excitation amplitude that
initiates synchronization increases, the region of period-1 after synchronization gets smaller
and disappears at Sp=1. On the other hand, the synchronization error increases, namely,
de-synchronization occurs at lower excitation amplitude values, as S decreases from 100 to 1.

Figure 11 also illustrates the evolution of the bifurcation diagram; by comparing figures 11a
and 10a, evident similarities in the bifurcation diagrams can be noted. This suggests that the
bubble response in a multi-bubble system converges to the response of a single bubble for large
inter-bubble distances, or, in other words, when the influence of the surrounding bubbles is
limited. This also confirms why knowledge of the bifurcation diagram for single bubble systems
is important for understanding the dynamics of multi-bubble systems.

Similarities between the synchronization errors in figures 11d and 9b, where the response to
the ramped excitation amplitude is shown, indicates that the transient contribution in the ramped
case is small, that is, the effect of the ramping gradient on synchronization is limited.

Finally, from figure 11d, it can be deduced that a decrease in the synchronization error only
occurs if all the bubbles in the system exhibit periodic behaviour; it is sufficient that only some
of the bubbles exhibit chaotic behaviour for the synchronization error to increase. This is directly
related to the raising of the noise floor in the acoustic emissions, which is mentioned earlier in §5
and confirmed in §6a.

(c) Polydisperse system

Experimentally observed bubble clusters are usually polydisperse as bubble size is typically
not controlled. So far, only monodisperse systems with an equilibrium radius of Ryp =53.25 um
have been considered, to reduce complexity. However, it is important to determine how
synchronization is affected by a polydisperse system. Using the model from Nasibullaeva &
Akhatov [27], Tervo et al. reported that a polydisperse system can reach synchronization under
a constant excitation amplitude because of bubble interaction [36]. To determine whether this is
also observed under a ramped excitation amplitude, the radial bubble oscillations for three cases
are simulated and compared:

— Case A: A single bubble with equilibrium radius of 54.3 pm (see the dashed blue curve in
figure 12a).

— Case B: A monodisperse system of interacting bubbles with equilibrium radii of 52.5 um
(see the solid curves in figure 12a).

— Case C: A polydisperse system combining the bubbles from case A and case B (see
figure 12b).

The same excitation ramp used for driving the monodisperse system, for the data of figure 9,
is applied. The spatial distributions of the bubbles in the multi-bubble systems are the same as
figure 4a. Figure 12 illustrates the radial oscillations of bubbles in the three cases A—-C.

In figure 12a, the oscillations of the bubbles with different equilibrium radii are not
synchronized without the interaction between the single bubble (case A) and the synchronized
monodisperse system (case B). However, figure 12b demonstrates that when bubble interaction is
included, the resultant polydisperse system (case C) synchronizes.

Furthermore, figure 12 shows that combining a single bubble oscillating at period-2 with
a monodisperse system synchronized at period-1, results in a polydisperse system that
synchronizes at period-2. This finding generalizes the work of Tervo et al. [36], who demonstrated
a similar outcome when mixing two monodisperse systems with the same number of bubbles
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Figure 13. (a) Bifurcation diagram for equilibrium bubble radius (Rp) at an excitation amplitude of 91kPa, where the single
bubble radius is sampled every forcing cycle. Green dashed line: Ry = 52.5 pum, purple dashed line: Ry = 54.3 pum. (b) Radius—
time curves of a monodisperse system with equilibrium radius of 5.5 pum. (c) Radius—time curves of a polydisperse multi-
bubble system with Ry = 543 umand Ryy =525um (N =2,3, ... ,12).

synchronized at period-1 and period-2, respectively. Although a monodisperse system can be
synchronized at period-1 after the chaotic region, as demonstrated in case B, the experimental
observations of figure 6a, indicate period-doubling at the onset of broadband noise clearing.
This could be explained by the polydispersity of experimental bubble systems, which is further
explored in a bifurcation analysis conducted using the equilibrium radius as the free parameter,
i.e. the changing parameter in the bifurcation diagram. Considering the close relation existing
between the bifurcation diagram of a monodisperse system and a single bubble system, this
analysis is carried out considering a single bubble system.

Figure 13a shows the bifurcation diagram for the equilibrium bubble radius with the excitation
amplitude of 91 kPa. This corresponds to 49 ms in the ramping case, figure 13b,c, for which the
same excitation ramp as described in §3 was applied. The bubble radius is plotted as Poincaré
sections for 10 consecutive forcing periods. In total, 1391 equilibrium radii were uniformly
sampled in the vicinity of 53.25um. As seen in figure 13a, the bubbles with Rg=>52.5um
(green dashed line) and Rg=54.3 um (purple dashed line) are responding with period-1 and
period-doubled oscillations, respectively.

Case B shows an 11-bubble monodisperse system, while figure 13b presents a 12-bubble
monodisperse system. Figure 13c illustrates the corresponding 12-bubble polydisperse system
from case C. In figure 13b, all bubbles have an equilibrium radius of 52.5 um, corresponding to
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the green dashed line in figure 13a. To introduce polydispersity into this initially monodisperse
system, bubble 1 is given an equilibrium radius of 54.3 um, corresponding to the purple dashed
line in figure 13a, while bubbles 2-12 retain an equilibrium radius of 52.5. This distinction
is visually indicated in figures 13b,c, where the figure labels (b) and (c) are coloured green
and purple, respectively, matching the dashed lines in figure 13a. The spatial distributions of
bubbles in both systems are the same as figure 4a. The resulting bubble oscillations are shown
in figure 13b,c, where the black curve is the equivalent radius calculated by taking the third-
order root of the summation of the volume of all bubbles, at a specific time during oscillation,

i.e. Reyym = \7 Ri’ + Rg + Rg +...+ R%Z, for consistency with the dark pixel calculation used in the
experimental post-processing which is also an integral measure from several bubbles. As shown
in figure 13a, a bubble with an equilibrium radius of 52.5 pm oscillates with period-1, while a
bubble with an equilibrium radius of 54.3 um oscillates with period-2. Therefore, by modifying
the size of a single bubble from 52.5 to 54.3 um within the monodisperse system, figure 13b,
we investigate the impact of this period doubling bubble on the oscillation period of the new
polydisperse system, figure 13c. Figure 13b shows the monodisperse system synchronizes at
period-1. Figure 13c, however, shows the synchronized polydisperse system with overall period-
2 oscillations. This illustrates that the existence of only one period-doubled bubble (namely
the 54.3 um bubble) can result in the period-doubled synchronization of a polydisperse system.
Experimentally, the system is always polydisperse. Bubbles with a range of equilibrium radii that
allow for periodic responses can synchronize, and even if only some have a period-2 oscillation,
this will result in a combined response that shows period-doubled oscillations.

7. Discussion

The main experimental finding of this study is that synchronization of bubble and bubble
cluster oscillations within a cavitating population driven by an acoustic field of linearly ramped
amplitude, causes a sudden reduction in the broadband emissions generated by the population.
Stroboscopic mapping measures the synchrony of bubble oscillations across subsections of a
selected ROI from the high-speed imaging of the cavitation activity, for the duration of the
sonication. This confirms that the rise in broadband emissions is attributable to dephasing of
initial T oscillations (with associated nfy emissions) across the bubble population. The moment of
broadband clearing in the hydrophone detection coincides with a marked drop in the stroboscopic
map signal, with cavitating bubbles synchronizing to period-doubled oscillations, apparent in the
imaging and preceded by strong emissions at 1fy/2 in the spectrogram that are sustained for the
remaining duration of the sonication.

The numerical results suggest that the synchronization of the entire bubble population is
observed only when all bubbles are responding periodically; leading to the conclusion that just
a few bubbles exhibiting chaotic behaviour is enough to result in a high synchronization error.
For a polydisperse system, it is also shown that bubble interaction can result in synchronization
between bubbles with different equilibrium radii, and that a period-doubled response of some
bubbles can trigger synchronization to period-2 oscillations across the population. These findings
are consistent with the experimental observation that strong nfy/2 spectral lines precede the
broadband clearing, in all experimental spectrograms (in figure 6, see the spectrogram between
127.6 and 128 ms, and in §S.1 in the electronic supplementary material, figures S.1(a-d), and
the spectrogram of Lauterborn & Cramer [1]). The nfy/2 spectral lines that are observed in the
region 30-75 ms in figure 6a—well before the increase in broadband noise—do not coincide with
broadband clearing, suggesting that transition between period-1 and period-2 is possible even
without passing through regions characterized by high broadband noise. This suggests that the
signal remains periodic during this transition.

Specifically, we have observed phase synchronization, described as the state that occurs
when individual oscillators within a population, shift in frequency to oscillate in phase with
each other, rather than complete synchronization, where phases of the oscillators align with
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identical amplitude [35]. Synchronization phenomena occur when individual oscillators are
coupled within a system, often in a way that allows energy transfer between the oscillators,
such as metronomes or inverted pendula that are coupled via a freely moving base [41] and
the natural pace making of the heart, which uses electrical signals emitted by the sinoatrial
node to synchronize the contraction of the heart muscles [42]. For the bubble synchronization
investigated in this study, the numerical simulations of monodisperse and polydisperse system
indicate that the coupling between bubbles leads to synchronization and therefore results in the
mechanism of bubble interaction via their pressure emissions. When one bubble oscillates, it
emits pressure waves that influence surrounding bubbles, altering their oscillatory behaviour.
The physical reason why this coupling results in synchronization is demonstrated in the work of
Tervo et al. [36], where it was shown that coupling shifts the timing of bubble collapse, aligning
them to occur in-phase. This mechanism is reproduced in this study where the phase alignment
stabilizes over time, leading to the observed synchronization.

Synchronization can also occur via non-physical interactions, with coupling mediated by
social or communal factors, for example, the synchronous flashing of male fireflies via the light
pulses from all other insects in the population as a courtship signal [43]. Another example, with
some similarities to the cavitation emission signal development described here, was found in
the applause of an audience following opera/theatre performances [44]. After a few seconds of
initially ‘tumultuous’ and incoherent clapping, a synchronization to period-doubled clapping was
reported. Here, the coupling is mediated by an audience-level desire to express its appreciation
by maximizing the average noise intensity of its applause. Interestingly, period-doubling was
found to be a condition for synchronizing, with the slower clapping reducing the clap frequency
distribution or dispersion, allowing synchronization to occur. The authors also noted that
synchronization is not sustained, the desire for increased clapping intensity reduces the clapping
period, which dephases the period-doubled clapping back to the faster asynchronous clapping.
The resulting conflict between increased intensity and synchronization generates a sequence of
synchronized and desynchronized regimes.

As noted in 85, what we have termed drifting spectral features within the pre-clearing
broadband noise of the spectrogram, figure 6a, are not apparent within Lauterborn and Cramer’s
original spectrogram. They did note, however, that single lines may visibly oscillate [1], which
although not described further, may have been in reference to comparable observations. In the
electronic supplementary material, initial results from several attempts to further investigate
these features are presented, in addition to the other experimental spectrograms which show
that they were not reliably generated. These include filtering and down-sampling of the data
of figure 6a in accordance with Lauterborn and Cramer’s report, electronic supplementary
material, §52. This reprocessing is seen to considerably suppress the appearance of the drifting
features in our spectrogram. Moreover, spectrograms from ‘ramp-to-plateau’ sonications are
presented, electronic supplementary material, §5.3, for which the amplitude was ramped up to
voltage values within the pre-clearing broadband noise emergence, and thereafter held constant,
electronic supplementary material, §5.3. These results indicate that the drifting features stabilize
to a constant frequency value, for the plateau phase of the sonication. While further investigations
are required to substantiate the mechanism responsible for these features, we would suggest
that they originate from individual bubbles responding to the transient nature of the ramped
excitation amplitude.

One application where cavitation synchronization may be an important consideration is that of
blood-brain barrier opening, in medical therapy. Here, many contrast microbubbles distributed
throughout that vasculature of the brain, are subjected to an effectively ramped sonication, as
described in §1. Although sub- and/or ultra-harmonics can be monitored for safety purposes
[10,45], cavitation dose, for which emissions are integrated over some bandwidth, can also be
used as a metric for determining optimal treatment duration [46,47]. Microbubble-cavitation
synchronization during the focused ultrasound sonication would therefore be expected to result
in an otherwise unexpected reduction of the signal being monitored. For a real-time control
feedback loop modulating the intensity of the driving through monitoring of broadband emission
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components, an algorithm may further increase the driving to compensate for the perceived
reduction in the level of cavitation activity. We note, however, that broadband re-emergence
following the synchronization event observed experimentally, occurs within a few tens of acoustic
cycles and therefore may not be a significant concern.

Another application where cavitation synchronization may occur is that of acoustic cleaning,
where the amplitude of the driving is often modulated at 50 or 100 Hz, such that the cavitation
is driven by a time-varying, or ramping, intensity [48]. Indeed, there are reports of cavitation
activity in cleaning bath-type configurations, with observations of bubble structures oscillating
subharmonically, both in and out of phase with each other [49,50], along with associated
subharmonic acoustic emissions [50,51]. In the current work, we demonstrate bubble oscillation
phase synchronization within the population of a cavitation structure, mediated by interactions
between the cavitating bubbles of that structure, associated clearing of broadband emissions and
the role of period-doubled oscillations in generating favourable conditions for synchronization to
occur.

8. Conclusion

This study presents a comprehensive investigation into the dynamics of bubble synchronization
in a cavitating system, leveraging experimental and numerical approaches to explore how
synchronization phenomena influence the acoustic emissions. Through the use of stroboscopic
mapping and spectrogram analysis, we have identified and characterized the transitions between
synchronized and desynchronized states. These transitions are marked by notable acoustic
features, including the clearing and re-emergence of broadband noise, revealing the intricate
interplay between bubble oscillation dynamics and acoustic emissions.

Our numerical simulations, based on an extension of the Nasibullaeva & Akhatov model
[27], demonstrate agreement with experimental observations, providing a robust framework
for modelling multi-bubble systems under ramped excitation. Importantly, the bifurcation
analysis highlights how system parameters, such as inter-bubble distance and equilibrium
radius, influence the synchronization behaviour, leading to distinct regimes of stability and
instability. These findings offer a detailed understanding of the underlying mechanisms driving
synchronization and their sensitivity to system properties.

The insights gained in this study have broad implications for cavitation-based applications. By
elucidating the conditions that promote synchronization, this work paves the way for enhanced
control strategies in technologies where cavitation plays a pivotal role, including therapeutic
ultrasound, sonochemistry and industrial cleaning. For instance, the ability to manipulate
synchronization dynamics could enable more precise targeting in medical treatments or improve
energy efficiency in chemical processing.

Future work should extend the current findings by addressing limitations in the
modelling framework. Incorporating bubble migration, liquid compressibility, coalescence
and fragmentation, non-spherical oscillations, higher-order hydrodynamic effects, a more
representative number of oscillating bubbles, and environmental factors such as dissolved
gas concentrations and temperature will be needed for refining the predictive capabilities of
numerical models. Heat and mass transfer in bubbles can also be incorporated. The numerical
method proposed by [52] models the processes of heat and mass transfer while accounting for
phase change and liquid compressibility. In addition, investigating the impact of more complex
excitation waveforms, such as modulated or pulsed signals, may uncover new pathways for
controlling cavitation dynamics.

In conclusion, this study provides a critical step forward in understanding bubble
synchronization and its influence on cavitation phenomena. By bridging experimental and
numerical methods, we have established a foundation for future research and innovation in
the control and application of cavitation. The methodologies and findings presented here hold
promise for advancing both scientific understanding and technological development across a
range of fields.
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