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Abstract—This paper considers the interconnection of a con-
tinuous time linear time-invariant system and a multivariable
magnitude nonlinearity. A number of different quadratic con-
straints are established for the magnitude nonlinearity and then
used to derive stability criteria based on quadratic and Lurie-
type Lyapunov functions. The new stability criteria are cast as
matrix inequalities and in some cases solved using semi-definite
programming. Connections are made between the magnitude
nonlinearity and neural network activation functions, such as the
rectified linear unit (ReLU) and leaky ReLU, effectively allowing
the stability criteria derived here to be used to analyse inter-
connections of dynamical systems and neural networks. Using
the positive homogeneity property, shared by the (leaky) ReLU
and magnitude functions, mild conditions are also established to
show that the existence of a unique equilibrium point is sufficient
for local and global stability to be equivalent. Finally, the new
global stability criteria are tested on several numerical examples,
including a Hopfield network with 100 states and neurons, and
compare favourably with competing criteria from the literature.

Index Terms—Lyapunov methods, neural networks, semi-
definite programming, stability of nonlinear systems

I. INTRODUCTION
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Fig. 1. Lurie system with static nonlinearity

Lurie systems are feedback interconnections involving a
linear time-invariant (LTI) system and a, normally static,
nonlinear element (Fig. 1). They have been studied extensively
in the control systems literature due to their relevance to a
number of practical problems and because there are several
elegant and computationally efficient ways of analysing their
stability: the Circle and Popov Criteria [1]-[3] are routinely
taught to students of nonlinear control and the techniques
of Zames and Falb [4], Park [5] and others [6], [7] are
natural successors to these approaches. Over recent years, a
resurgence of interest in Lurie systems has occurred, due to the
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recognition that dynamical systems involving neural networks
(NNs) can often be modelled in the Lurie framework [8].
Indeed recent analyses of such systems have either adopted
established approaches [9]-[13] or have derived new but
related theoretical results [14]—-[19]. Furthermore, in [20], [21],
piecewise affine systems have been written in Lurie form,
significantly expanding the class of systems covered.

The assumptions normally made in the study of Lurie
systems are that the nonlinearity, ®(-), is sector bounded
and/or slope-restricted. Many NN activation functions satisfy
one or more of these assumptions (e.g. tanh, sigmoid), so
many approaches to Lurie system analysis can be adopted
without modification. An approach for handling activation
functions which invalidate the slope-restricted assumption was
detailed in [22]. Alternatively, it is possible to focus on cer-
tain activation functions and, by deriving additional quadratic
constraints (QCs), obtain stability criteria dedicated to the
particular activation function. This was the approach taken
n [15], [16] where strengthened Circle and Popov Criteria
were derived for Lurie systems in which the nonlinearity was
of the ReLU type. This line of research was continued in
[17], [18] where a more detailed analysis of the QCs was
given. In [15], [16], which treated continuous and discrete-time
systems respectively, it was observed that a dramatic decrease
in conservatism could be achieved without a large increase in
computational complexity which is often associated with other
more advanced criteria [4], [6], [23], [24].

In this paper, the normal assumptions above are replaced
with the assumption that the nonlinearity is the repeated
(applied element-wise) magnitude function. This makes the re-
sults relevant to systems where the magnitude naturally arises
such as electronic circuits containing full-bridge rectifiers, and
a class of systems able to produce chaotic behaviour [25].
Furthermore, it is noted that some activation functions, such as
the ReLU and leaky ReLU, can also be represented using the
magnitude nonlinearity. Therefore, the results introduced here
can also be used to analyse the stability of systems containing
such activation functions (e.g., neural networks) and can be
considered a more general alternative to the results of [15].

Contribution: Novel loop transformations are presented in
Section II which enable systems with (leaky) ReLLU nonlineari-
ties to be represented as systems with magnitude nonlinearities
and vice versa. New QCs for the repeated magnitude, which
generalise existing QCs, are presented in Section III. These
are leveraged to establish new stability criteria with poten-
tially lower conservatism (Section IV). Similar, but different,
relaxations to those used in [15] are presented in Section V
to convexify one of the main results. Section VI presents



some simple conditions for when global and local stability are
equivalent; the proof is different but analogous to the discrete-
time result presented in [16, Theorem 19]. Finally, Section
VII compares numerically the conservatism and complexity
of the new criteria against existing methods, including on NN
examples which are of practical significance.

II. PRELIMINARIES

A. Notation

The field of real numbers, the space of m dimensional real
vectors and the space of real m x n matrices are indicated
by R, R™ and R™*" respectively. The sets of real numbers,
m-dimensional vectors and m X n matrices each with non-
negative entries are respectively denoted by R>q, RZ, and
RZ'™. The set of m x m real symmetric matrices with non-
negative elements and positive definite symmetric matrices are
respectively denoted by ST, and S''. The diagonal subset of
S'* is represented by D'*. The set of square matrices which
have non-negative off diagonal elements is denoted M™ (also
called Metzler matrices). The notation M < (>) 0 indicates
the matrix M is negative (positive) definite and the sum of a
matrix M with its transpose is defined as He(M) := M + M.
The space of real rational transfer function matrices, analytic
in the right-half complex plane is represented by RH .
Finally, the repeated magnitude function is expressed as the
component-wise application of the magnitude function, see
definition below for u € R™.

Ju| := [Ju] fuml]” il = { (1)

—u; u; <0

B. Problem formulation

The Lurie system in Fig. 1, with P(s) € RH, has the
following state-space realisation

&= Az + B®(y)

2

y=Cx+ D®(y) &
where A € R"*" B ¢ R"*™ (C ¢ R™*" D € R™*™ and
®(-) : R™ +— R™. In this paper, a special case of Lurie system
is studied, where ®(y) = |y|. That is

i = Ax

& + Bly| 3)
y = Cz + Dly|

It is assumed throughout that (A, B) is stabilisable and (C, A)

is detectable. The following assumption is also made.

Assumption 1 (Well-posedness): A unique solution z(t)
exists to (3) for all 2(0) € R™ and all ¢ > 0.

As the magnitude function is globally Lipschitz, Assump-
tion 1 will hold unconditionally for D = 0; when D # 0,
sufficient conditions are discussed in Section II-D. The main
problem addressed in the remainder of the paper is stated next.

Problem 1: Find tractable Lyapunov conditions which en-
sure the origin of (3) is globally asymptotically stable (GAS).

C. Loop transformations between magnitude and ReLU

Prior work, such as [15], has shown that many NN stability
problems can be expressed as a Lurie system (2), where ®(-)
contains the NN activation functions. When the popular leaky
ReLU is chosen as the NN activation function, such problems
can be framed in the form (3), as shown below. Consider the
repeated leaky ReLU function, ®pr(-), defined by

)

o =
Lr(u) u; <0

PLr(ui) ==

€Uy

¢LR (u1) {

(ZSLR&UTTL)

where 0 < € < 1 is typically assumed. For the special case
e =0, Eq. (4) defines the repeated ReLU function, Preru(-).
Since all functions can be written in terms of their odd and
even components, it is easy to see that

Drp(u) = 1;L€u+ ! —ul )
where the leaky ReLU is a sum of a linear term and magnitude
term. Hence, it is clear that NN stability problems involving
the repeated leaky ReLU can be written as problems involving
the repeated magnitude by leveraging (5). To simplify the
exposition, € is set to € = 0 and transformations between (3)
and (6) are derived; this could easily be extended to the leaky
ReLU where € # 0.

$' = A]} + B(I)RELU(Q)
y=Cx+ DPperu(y)
The following two results capture the relationships between
the systems (3) and (6). ~
Proposition 1: Assume E = I — %D € R™*™ is nonsin-
gular. Then the feedback system (6) can be expressed in the
form (3) via the following relationship

(6)

A|B] _[A+iBE"'C|iB(UI+3E7'D) o
Cl[D | E71C | 1E-1D
Proof: Using (5), with € = 0, (6) can be rearranged as
1~ ~ 1~
I—-D)y=C -D
(I = 5D)y = Ce+5Dly|
From the definition of F and its assumed nonsingularity
L 1~ =~
y=E"'Cr+ 5E—1D|y\ (8)

The state equation of (6) can be re-written using (5) and (8)
0l e 1~ 1~ 4=

b= (A+ 5BE—lc)ac + 5B+ 5E—1D)|y| )

Defining (7) based on (8) and (9) leads to the equivalent

representation of (6) in the form (3). O

Conversely, magnitude feedback systems (3) can be ex-
pressed in terms of ReLU feedback systems (6).

Proposition 2: Assume E = [+ D € R™*™ is nonsingular.
Then the feedback system (3) can be expressed in the form
(6) via the following relationship

A|B) _[A-BE"!'C|2B(I-E"'D)
C|D | E7TC | 2E7'D

Proof: Reversing (5), the output equation of (3) becomes

(I + D)y =Cz + QD@RQLU(y)

(10)




Noting the definition and nonsingularity of E then gives

y=E"'Cz+2E 'DP®geLu(y) (11)

The state equation of (3) can also be re-written using the
reversal of (5) and (11)

i=(A—BE'C)x +2B(I — E'D)®geruly) (12)

Thus, defining (10) based on (11) and (12) leads to the
equivalent representation of (3) in the form (6). ([

Propositions 1 and 2 show that systems with ReLU non-
linearities (6) can be analysed with the results derived here;
and systems with magnitude nonlinearities (3) can be analysed
with the results of [15]. Both Propositions assume the exis-
tence of an inverse matrix. For an L-layer feed-forward NN,
the D-matrix in (6) has a sparse strictly triangular structure
[15, Eq. 3], in which case F exists. There are many cases when
E exists, for example, if D in (3) is positive definite or strictly
triangular. The loop transformations used in Propositions 1 and
2 are illustrated by Fig. 2.
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Fig. 2. Loop transformations from (a) ReLU to magnitude (Proposition 1)
and (b) magnitude to ReLU (Proposition 2).

Remark 1: The loop transformations in Fig. 2 resemble
those in [26, Fig. 5] for illustrating the equivalence between
the Small Gain Theorem and Passivity Theorem. The key
difference is that each block in Fig. 2 only requires one
feedback or feed-forward connection; in [26], each block
requires both. Loop transformations are used extensively in
absolute stability problems and have been used in [11] and [27]
to, respectively, modify the representation of a NN controller
and compute the upper bound of a NN Lipschitz constant. []

D. Well-posedness

Traditionally, absolute stability problems assume D = 0.
This is true for recurrent neural networks (RNNs) e.g., [28];
however, systems involving feed-forward NNs can sometimes
be expressed as (2) where the NN weights form a sparse, non-
zero D matrix [15]. To handle such systems, well-posedness
of (2) must be addressed for D # 0. When ®(:) is an
incrementally sector bounded nonlinearity in the Sector|0, I],
it has been shown in [29] that well-posedness is guaranteed if
there exists a matrix Y € D' satisfying the following linear
matrix inequality (LMI)

2Y - YD-D'Y =0 (13)

Since ®pr(-) is incrementally in the Sector|0, I], it follows
that satisfaction of (13) guarantees (6) is well-posed. Thus,
using Proposition 2, it is clear that (3) will be well-posed if
(13) is satisfied with D = 2E~1D = 2(I + D)~!'D. That is

Y-YE'D-(E'D)Y -0 (14)

Applying the identity E~'D = I — E~!, followed by a
congruence transform with transformation matrix FE, it can
be seen that this inequality is equivalent to

Y-D'YD =0 (15)

Fact 1: Let E = I + D € R™*™ be nonsingular. If there
exists a Y € D" satisfying (15), then Assumption 1 holds.

It was noted in [15] that many feedback loops involving NNs
naturally ensure that (13) is satisfied and thus are well-posed.

III. QUADRATIC CONSTRAINTS

Quadratic constraints (QCs), which characterise the non-
linearity of the Lurie system, are the key ingredient in the
derivation of many absolute stability results. They are adjoined
to the derivative of the Lyapunov candidate to obtain matrix
inequalities. This is exploited in the standard Circle/Popov
Criteria, but also other QCs have been established for different
activation functions in [12], and specific QCs for the ReLU
function were derived in [15]. In this section, new QCs
are derived for the magnitude nonlinearity, which generalise
existing QCs such as the “small gain” bound.

There are three obvious properties the scalar magnitude
function satisfies, for all u; € R

|ui| > 0 (16)

Since these hold component-wise, it is easy to assemble these
as the following QC, characterising the repeated magnitude.

Fact 2 (Positivity QC): If Q € ]Ri’gxgm then the following
inequality holds

ul TQin Qi Qis ul
|U| +u le Q22 Q23 |u| +u|>0VueR™ (19)
lu| —u| | Qs1 Q32 Qs | lu| —u

Q

For any a € R a further property satisfied by the scalar
magnitude function is

af|ui] +ug)(Jui| —ui) = a(lug®> —u?) =0 Yu; €R (20)

This, combined with (17) and (18) yields the following fact.
Fact 3 (Metzler QC): If V. € M™, then the following
inequality holds

(Ju| +u)V(ju| —u) >0 YueR™ (21)
Note that Fact 3 affords substantially more freedom in the
choice of V than a “small gain” bound on |u|. In the small gain
approach, see for instance [30, Section 4.2.4], one observes
that |u;|? < u? and then obtains a QC of the form (21) with
V diagonal. In Fact 3, V needs only to be Metzler, providing
more freedom when solving the resulting matrix inequalities.



FQ() _ He (PA — C/(V — QQQ)C)

PB—C'V'(I+D)+C'V(I —
* He ((I + D)/V(I — D) + Q22 + Q13 + D/QQQD + D/(2Q22 — Q13))

D)+ C'Qa2D + C'(2Q22 — Qu3) 26)

Remark 2: Other, seemingly less useful, QCs also exist
for the repeated magnitude; for example if W € DT, it is
straightforward to observe that

WW(u+|ul) >0 VYueR™
WW(u—|ul) >0 VueR™

These inequalities do not contain negative definite terms in |- |
which hampers the derivation of useful LMIs. (]

A. Simplifying the Positivity QC

Fact 2 provides nine different QCs and Fact 3 presents
an additional one. While it is possible to incorporate all ten
constraints into the stability criteria, each constraint is associ-
ated with an extra m? decision variables, so it is desirable to
consolidate these constraints.

Lemma 1 (Simplified Positivity QC): If Q satisfies Fact 2
and Qa2 € ST, then the following inequality holds

Mies

Proof: The first step is to note the following observations

e The QCs involving Q21, Q31 and Qs2 can be omitted
since they duplicate those involving Q2, Q13 and Qas.
o Secondly, the QC involving Qa3

2Q22 — Qi3 || u m
Ho(Gr s +Q22)M|“J >0 YueR™ (22)

(Jul + u)' Qas(Ju] —u) >0

can also be removed since it is a more restrictive version
of the QC presented in Fact 3. That is, Qa3 € R’Z"OX’”
whereas V € M™.

o Note that the matrices Q11, Q22 and Qs3 can, without
loss of generality, be taken as symmetric since

1
wiQiiw; = §w§(Qu‘ + Qi) w;

where ¢ € {1,2,3} and w; represents the associated term
|u| or |u| £ wu.

« Finally, it is also possible to remove the QC involving
Qi1 (|u|'Qq1|u| > 0). When adjoined to the derivative
of the Lyapunov candidate, this QC does nothing to assist
in making the derivative negative definite.

Applying each of these observations, condenses (19) to

[U}IQ22+Q33 2(Qi2 — Qis) + Q22 — Qs3 [u}>0
ul * %HG(Q12+Q13)+Q22+Q33 lul] =

Yu € R™

This can be further simplified, with the loss of some generality,
by noting that Qs3 plays the same role as Q22 in the (1,1) and
(2,2) entries. In the off-diagonal blocks, Q33 plays the same
role as Q13 and Q12 plays the same role as Q2. Finally, Q12
plays the same role as Q3 in the (2,2) entry. Therefore, the
above inequality can be replaced by (22). (W

B. Sector-like Lemma for magnitude nonlinearities

The following Lemma will be a useful addition to the
previous QCs.

Lemma 2: Suppose that H € RZ™ is invertible. Define
U(H,u) := H™}|Hul, then the following inequality holds

U(H,u)W(|lu| —¥(H,u)) >0 YueR™ (23)
for all W = H'MH where M € RT ™.
Proof: Denoting each row of H € RZ;™ by H],
m m m
Hju| = | > Hijus| <Y [Hyus| = Hyjlu,| = Hjju|
j=1 j=1 j=1
As this applies to each row of H, one can conclude
[Hu| < H]u 24)

Next we introduce H to define a generalised form of the QC
involving Q13, from Fact 2, in terms of W.

S(W,H,u) := ¥ (H,u)W(ju| — ¥(H,u))
= (H™'|Hul)'W (Ju| — H™' [Hul)

Expanding the terms leads to

S(W,H,u) = [Hul| (H)"'WH "H|u|
— |Hu| (H)""WH ™ '|Hu|
Substituting for M and leveraging (24)
S(W,H,u) = [Hu|MH|u| — |Hu|" M|Hu|
> |Hu|M|Hu| — [Hu| M|Hu| = 0

It should be noted that this QC has the same form as the sector
QC, so it is referred to as the “sector-like” inequality. [0

IV. GLOBAL STABILITY CRITERIA

This section reports global stability conditions based on
quadratic and Lurie-type Lyapunov candidates.

A. Quadratic Lyapunov function

Theorem 1 (Quadratic Criterion): Consider the feedback
system (3) and let Assumption 1 be satisfied. If there exists
PeSt, VeM” Qi€ Rgoxm and Q22 € ST such that

Fo(P,V,Qi3,Qa2) <0 (25)

where F(+) is defined in (26), then the origin of (3) is GAS.

Proof: Consider the quadratic Lyapunov function Vg (x) =
2'Px and consider its derivative along the trajectories of (3).
Appending the QCs from Fact 3, denoted by M(y, V), and
Lemma 1, denoted by SP(y, Q13, Q22), is equivalent to the
final quadratic inequality below.

Vo(z) = 2¢'P(Az + Bly|)
< 2z'P(Ax + Bly|) + 2M(y, V) + SP(y, Q13, Q22)

_ [x}/FQ(RV’Ql?”QQz) L;J

0o
]



He (PA + C'H' (A1 + A2)HCA — C'(V — Q22)c) * X

FL()=|B'P + B'C'H' (A1 + A2)HC — VC + V'C + (2Qaz — Q13)'C

H'(A, — A2)HCA

. 31)
— He(H'MH)

He(V + Q22 + Qu3)
H'(A; — A2)HCB + H'MH

Remark 3: Theorem 1 is in the form of an LMI and bears
some resemblance to the LMI associated with the Small Gain
Theorem (SGT) [1]. In the small gain approach, which for the
magnitude nonlinearity is equivalent to considering diagonal
norm-bounded constraints as described in [30, Section 5.1],
one has the matrix V simply being diagonal and constraints
associated with the matrices Q;; do not exist; that is Q;; = 0.
In this case, Theorem 1 simply reduces to

PA+A'P-C'VC PB-C'V'D

* v-_pvp | <V

27
This is in the same form as the matrix inequality in [30, Eq.
5.15] and is clearly a special case of (25). Therefore, Theorem
1 is less conservative than the Small Gain Theorem for systems
of the form (3). Satisfying (27) also automatically implies
well-posedness of (3) since the well-posedness condition (15)
naturally arises in the (2,2) block. O

B. Lurie-type Lyapunov function

The Popov Criterion (see, for instance [3], [31]) uses the
following Lurie-type Lyapunov function to derive a stability
criterion y

Vo(z) = 2'Px + 2/ AD(0) - do
0
with A € D''. However, when ®(o) = |o|, it is clear that
such a choice is not appropriate. As shown by the scalar case,

the integral term
Yy
2 [ Jolds = 1ul v
0

is not guaranteed to be non-negative. Instead, the following
alternative choice of Lyapunov function could be made
Hy
V() :x'PerQ/ A(lo| +0)-do (28)
0

again with A € D7'. The second term can be directly
integrated to get

VE,((E) =2'Px + 22/ A”(|O'l| -+ Ji)dO'Z'
i=170

=a'Pr+ Y Aifloil (i + o)
P+ > Al (o + o)),

i=1

where each row of H is denoted by H/. The final term is
positive by virtue of inequality (17). In fact, positivity of the
Lyapunov function (28) is not surprising as (5) implies
Hy
Vo(z) = 2’Px + 4 A Dreru(o) - do

0
This gives V;(x) the same form as the Lurie-type Lyapunov
function used in [15].

Unfortunately, the Lyapunov function (28) still requires the
matrix A to be positive definite, despite the extra freedom

afforded by the matrix H. For this reason, the following
Lyapunov function is proposed

Hiy
VL(x):x’Px+2/ Ai(lo| +0)-do
0

"Hay
+2/ Ay(o — o) -do (29)
0

with A, Ao € D'. These two integral terms are useful
because while Aj, Ao are both positive definite they lead to
terms A; — A in the resulting matrix inequality, potentially
inducing a reduction in conservatism. The same approach was
used in [3], [31] to, effectively, enable A to be indefinite. The
integrals in V7 (x) can be evaluated to obtain

m H/Yiy
Vi(z) = 2'Pz + ZAl,ii {|0i|(|0z‘| + ‘71‘)}0 1
=1

’

+ iAz,ii |:|0'7;|(|0‘i| _ O_i)i|:)_12,1‘,y

i=1

The final term is positive by virtue of inequality (18). Further-
more, this final expression verifies that the integrals in (29) are
path independent [32]. Using the Lyapunov function V7, (x),
the following result can be derived.

Theorem 2 (Lurie-based Criterion): Consider the feedback
system (3) and let D = 0. If there exists P € S7; Ay, Ay €
D7 Ve M™; Qo € S7; Qis, M,H € RT;™ with H
nonsingular such that

FL(P,H7A1,A27M7V7Q22,Q13) <0 30)
where F,(-) is given in (31), then the origin of (3) is GAS.

Proof: At the expense of some conservatism, it is assumed
that H := H; = H,, leading to the following derivative of
the Lyapunov function (29)

Vi(z) = 2x’Px’+2(y’H’(A1+A2)+|Hy|’(A1 —AQ))HCj;

Appending the QCs from Fact 3, Lemma 1 and Lemma
2, respectively denoted by M (y, V), SP(y,Q13,Q22) and
S(y, W, H) results in

Vi(z) < Vi(x) +2M(y, V) + SP(y, Qiz, Qa2)
+2S(y, W, H)

After some algebra, the above inequality can be expressed in
the quadratic form

!

. x x
Vi(z) < |lyl| Fr() |1yl 32)

U v
where U = U(H, y) and F(+) is defined in (31). 0o



He (PA +2C'XCA - C'(V — Q22)C) * *
G()=|pP +2B'C'XC - VC+V'C+(2Qa — Qi13)'C He (V + Qa2 + Q13) * (39)
0 pX — He(uX)
He (PA+O’(A1 FA)CA—C'(V — ng)c) *

J()

| B'P + B'C/(A1 + A3)C — VO + V'C + (2Qaz — Q13)'C + (A1 — A2)CA He (V Qoo+ Qus + (Ay — Ag)C’B)

(41)

Remark 4: Tt is possible to enhance Theorem 2 further by
noting that, since H is assumed positive and invertible, the
quadratic inequalities (16)-(18) can be used to obtain

HU(H, u) >0 33)
HY(H,u) + Hu >0 (34)
HY(H,u) — Hu >0 (35)

where W(H, u) is defined in Lemma 2. By application of Fact
2, this implies that for all R € R¥}”*™ and for all u € R™

HY ]'[Ri; Rz Rus HU
HY + Hu Ro1 Ros Ros|[HY +Hu| >0 (36)
HVY — Hu R31 R32 R33 HVY — Hu
R

where the shorthand ¥ = W(H, u) has been used. Simplifying
in the same way as Lemma 1, the reduced set of QCs become

m [QH’RmH H'(2Rs2 — Ri3)H ] {u

v % H'He(Rys + Ryp)H \II} 20 G0

Using the S-procedure, this constraint could additionally be
adjoined to (32), although at the expense of adding several
more decision variables to the arising matrix inequality.

Remark 5: For D = 0, Theorem 1 is a special case of
Theorem 2 with A; = Ao = W = 0. Hence, Theorem 2 will
always be less conservative under this condition. O

Remark 6: The key advantage of Theorem 1 over Theorem
2 is that it accounts for D # 0 and can be applied to systems
involving feed-forward NNs. When D = 0, such as RNNs and
full-bridge rectifiers, Theorem 2 will be less conservative. [

V. CONVEX RELAXATIONS FOR THEOREM 2

Theorem 2 is potentially much less conservative than Theo-
rem 1, but suffers from a crucial weakness: (30) is a nonlinear
matrix inequality since it contains products of two or three
matrix variables. This section presents two relaxations which
recover LMIs from (30) and make Theorem 2 tractable.

A. Specific choice of A and M

Corollary 1: Consider the feedback system (3) and let D =
0. If there exist P € S; X, Q22 € Sg‘o; V e M™; Qi3 €
RZ;™ and a scalar y > 0 such that

G(Pa X7 V> Q223 QlSa /L) = O

where G(-) is defined in (39), then the origin of (3) is GAS.
Proof: The matrix inequality (38) is a special case of (30)

where Ay = Ay =1, M =pul, and X :=HH e S7,. 0O
With this choice, the only remaining bilinear term is pX.

Hence, (38) can be solved as an LMI plus a line search.

(38)

B. Specific choice of H

Corollary 2: Consider the feedback system (3) and let D =
0 . If there exists P € S; A, Ay € DT; V € M™; Qo €
S, and Qu3 € Rg’oxm such that

J(PaAlaA27V7Q227Q13> <0 (40)

where J(-) is defined in (41), then the origin of (3) is GAS.
Proof: The LMI (40) is a special case of (30) when H = [.
Note that this relaxation implies W(/,y) = |y| which makes
Lemma 2 redundant. ([

To motivate this choice, first restrict H € D'. This
implies that the products H'A;H, H'A;H € D7 and the
product HHMH e RZ ™. Since these matrices do not appear
elsewhere in inequality (31), the choice H = I can be made
without loss of generality. The appeal of the matrix inequality
(40) is that it is entirely linear, making Corollary 2 preferable
to Corollary 1.

Remark 7: Theorem 1 is also a special case of Corollary 2,
when D = 0, under the same relaxations as Remark 5. Hence,
Corollary 2 will always be less conservative. ]

VI. EQUIVALENCE OF GLOBAL AND LOCAL STABILITY

It is obvious that the magnitude nonlinearity is positive
homogenous, as is the (leaky) ReLU nonlinearity: this implies
a|u| = |au] for all scalars o > 0. This fact can be harnessed
to prove that, under mild conditions, if x = 0 is a local
equilibrium point of the system (3), then it will in fact be
a global equilibrium point. This is unusual for typical Lurie
systems where, if a global analysis fails, one might still try
to establish local stability for a given region of attraction.
The first step in establishing that global and local stability
are equivalent is the following lemma.

Lemma 3: Assume (I — DU) is invertible and define

H={A+BU(I-DU)'C : UelU} 42)
and
U = {diag(uy, ..

If all matrices in H are full rank, then x = 0 is a unique
equilibrium point of (3).

Proof: For U € U and by definition of the magnitude
function, the repeated magnitude may be expressed as

SUm) |u; € =1,1and i €1,...,m} (43)

ly| = Uy (44)
Now, at equilibrium, the state equation of (3) becomes
0= Az + Bly| (45)

Assume x # 0 is an equilibrium point, then (44) is leveraged
to equivalently express (45) as

0=(A+BU(I-DU)'C)z, UelU (46)



Maximum series gain (left) and number of decision variables (right)

Ex n m  Source SGT [1] Theorem 1 [15] Corollary 1 [15] Corollary 2 [15] Park [5] Zames-Falb [33] Theorem 1 Corollary 2 Nyquist Gain
I 9 3 [51Ex.3 20.8766 48 | 39.5246 63 | 52,430.1224 81 | 9,990.0000 66 | 448.7543 87 | 435.8305 252 | 40.1000 69 | 90,283.3800 75 100,000+
2 3 3 [29]Ex.3 89.9000 9 | 89.9000 24 89.9000 42 89.9000 27 89.9000 30 89.9000 45 | 89.9000 30 89.9000 36 89.9000
3 3 4 [71Ex. 49 0.5236 10 0.6818 38 0.6818 70 0.6818 42 0.5236 40 0.5526 48 0.6818 48 0.6818 56 0.6983
4 8 4 [34] Ex. 22 0.0010 40 0.0012 68 0.0012 100 0.0015 72 0.0010 90 0.0010 208 0.0012 78 0.0015 86 0.0020
5 6 4 [34] Ex. 17 0.0813 25 0.0814 53 0.0814 85 0.0830 57 0.0845 67 0.0845 129 0.0814 63 0.0845 71 0.0869
6 6 4 [34] Ex. 18 0.1946 25 0.3901 53 0.4158 85 0.5048 57 0.2266 67 0.2785 129 0.4082 63 0.6129 71 0.8202
7 8 4 [34] Ex. 22 0.0966 40 0.1232 68 0.1232 100 0.1462 72 0.1035 90 0.1040 208 0.1232 78 0.1502 86 0.2002
8 5 5 [29] Ex.2 2.0221 20 2.0221 65 2.0221 115 2.0221 70 2.0221 70 2.0221 100 2.0221 80 2.0221 90 2.0221
9 40 40 1.4695 860 | 2.0516 4,020 2.0516 7,220 2.0516 4,060 1.4695 3,360 1.4695 4300 | 2.0516 4,840 2.0516 4,920 2.0600
10 60 60 1.3820 | 1,890 2.0224 9,030 2.0343 | 16,230 2.2240 9,090 1.3820 7,440 1.3820 9,450 2.0699 | 10,860 2.1088 | 10,980 2.7000

11 80 80 1.4531 | 3,320 2.1189 | 16,040 2.0449 | 28,840 2.2092 | 16,120 1.4605 | 13,120 1.4605 | 16,600 2.1189 | 19,280 22067 | 19,440 22200

12100 100 1.4613 | 5,150 2.2144 | 25,050 2.1582 | 45,050 2.3380 | 25,150 1.4613 | 20,400 14613 | 25,750 22256 | 30,100 2.3099 | 30,300 2.7500

TABLE I

COMPARISON OF THE MAXIMUM SERIES GAIN AND THE NUMBER OF DECISION VARIABLES FOR VARIOUS CRITERIA. EACH SYSTEM HAS STATE
DIMENSION 1 AND OUTPUT DIMENSION m.

However, as all matrices in H are full rank; there is a
contradiction and hence x # 0 cannot be an equilibrium point.
Thus, z = 0 is a unique equilibrium point of (3). (W

Remark 8: A sufficient condition for (I — DU)™! to exist
is for Fact 1 to be satisfied i.e., (3) is well-posed. This can
simply be seen by leveraging (44) to show that under Fact 1,
a solution to y = Cxz + DUy must exist for all x € R™ and
U € U; hence, (I — DU) must be nonsingular VU € Y. O

As an example, Hopfield RNNs [28] can be expressed in
the form (3) with A= —I+ 1B, B=1B,C=1,D =0,
where B € R™*™. Therefore, Lemma 3 requires (BU — I)
to be full rank for all U € U; this will typically be the case
unless B has a very special structure. Lemma 3 can then be
used to establish the following interesting result.

Theorem 3: Consider the Lurie system (3) and let Assump-
tion 1 be satisfied. If £ = 0 is a unique equilibrium point and
it is locally stable, then it is also globally stable.

Proof: Assume x = 0 is a locally stable equilibrium point
of (3), this implies the existence of a ball

B(z,c) :={x e R": ||z|| < ¢}

such that V 2(0) € B(z, ¢) it follows that lim; o 2(t) = 0;
that is, B(z, ¢) is a region of attraction of x = 0. Assumption 1
implies that a unique solution, y, exists to the implicit equation

0(y) ==y —Dly| =Cx

for all z; equivalently, 6(-) : R™ — R™ is invertible. It is
easy to see that 0(-) is positive homogenous and as 6~1(-) is
assumed to exist, it must also be positive homogenous (see
Appendix A). The Lurie system (3) can thus be written as

&= Ar + B|07(Cx)| (47)

Defining the change of coordinates z := ax for a > 0, the
dynamics in the scaled coordinates are

i = a(Agc + B|e—1(cx)|) — Az + BI07N(C2)|  @8)

As this is of the same form as (47), it must have an equilibrium
point z = 0 and associated region of attraction B(z,c).
Scrutinising the region of attraction

B(z,c) ={z€eR":|z|| < ¢}

:{xER”:HxH <£}=B(w,£) “9)
o o

Since « can be any (arbitrary small) positive scalar, it is clear

that B(z,c/a) — R™ as o — 0. oo

If it is possible to establish x = 0 as a unique locally stable

equilibrium point of (3), then this section has shown that it

is in fact globally stable. Equivalently, if the conditions of

Lemma 3 are satisfied, but it is not possible to prove global
stability of (3), then it is futile to attempt a local stability
analysis. Similar results were proved for discrete-time Lurie
systems containing the ReLU nonlinearity in [16].

VII. NUMERICAL EXAMPLES

Twelve example Lurie systems were used to compare
Theorem 1 and Corollary 2 against existing LMI based sta-
bility criteria, see Table 1. Examples 1-8 appeared in [15]
and Examples 9-12 represent four GAS Hopfield networks,
which were randomly generated according to the SVD Combo
parametrisation [35]. Each example was assumed to have a
repeated ReLU nonlinearity so, the results in this paper were
applied using the loop-transformations of Section II-C. The
code! for generating the results is found below.

The maximum series gain (MSG) and number of decision
variables were used to, respectively, compare the conservatism
and complexity of the criteria. The comparison was performed
by inserting a series gain («) into the feedback loop, replacing
B with B and D with aD, then computing the MSG for
which stability was guaranteed. This was implemented by a
bisection method in conjunction with the YALMIP parser [36]
and Mosek LMI solver [37]. Various methods were compared
to Theorem 1 and Corollary 2: the classical SGT [30, Section
5.1], the ReL.U results of [15], which strengthened the Circle
and Popov Criteria, and the more advanced approaches of Park
[5] and Zames-Falb, using the multiplier search of [33].

Theorem 1 was the least conservative criteria, on all exam-
ples, out of those which can be applied when D # 0 (SGT,
Theorem 1 [15]). In Examples 1-8, it is noteworthy that Corol-
lary 2 has conservatism lower than or equal to all other criteria.
However, Corollary 2 [15] marginally outperforms Corollary
2 in the high-dimensional Hopfield network examples. The
LMIs in Therorem 1 and Corollary 2 contain more decision
variables than their counterparts in Theorem 1 and Corollary 2
of [15], so this is an unwelcome deficiency with the approach.

VIII. CONCLUSION

This paper analysed the stability of Lurie systems with
repeated magnitude nonlinearities. The relationship with Lurie
systems having (leaky) ReLU nonlinearities was highlighted
through loop transformations between the two systems; as
a result, Lurie systems with (leaky) ReLU nonlinearities
can be analysed using the results in this paper. By positive
homogeneity of the magnitude function, it was shown that if
the Lurie system had a unique equilibrium point, then it must

Uhttps://github.com/CR-Richardson/Max-Series-Gain-Magnitude



either be globally stable or unstable, rendering local stability
analysis futile. Finally, global stability criteria, in the form
of linear matrix inequalities, were established based on novel
quadratic constraints which characterised the repeated magni-
tude. The new criteria were compared against other state-of-
the-art criteria and Theorem 1 was the least conservative, out
of those which can be applied when D # 0 (e.g., systems
with feed-forward NNs). Overall, Corollary 2 was the least
conservative on all the low dimensional numerical examples.
For high-dimensional systems with D = 0, the main advantage
of Corollary 2 is that it can be applied to a wider class
of activation functions (ReLU and Leaky ReLU), allowing
more flexible NN design, whilst only being marginally more
conservative on ReLLU problems. Future work will consider
if sparsity can be leveraged to further improve scalability for
systems involving larger neural networks.
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APPENDIX A
POSITIVE HOMOGENEITY AND INVERSE FUNCTIONS

Assume that 6(-) : R™ — R™ is bijective and positive
homogenous. Let y, z € RP and a > 0 such that

ab(y) = z (50)
By positive homogeneity, it is also clear that
O(ay) = 2 (5D
Since 6(-) is bijective, (50) and (51) respectively imply
1 1
=0 (=z)=—-0"" 52
y=0"(_2)=~07(2) (52

Defining 3 := 1/« > 0, this clearly implies
B0~ (z) = 071(B2)

That is, §~1(-) is positive homogeneous. This fact was also
proved, slightly differently, in [16].



