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Analysis of Lurie Systems for Learning and Control

by Carl Robert Richardson

Due to the remarkable success of deep learning in a wide variety of applications, neural
networks (NNs) are increasingly being adopted to model and control dynamical sys-
tems. When controlling dynamical systems, it is key to provide robust guarantees of
the system’s behaviour, especially in safety-critical applications. However, efficiently
verifying such safety and robustness properties for systems involving NNs is chal-
lenging, due to the presence and large number of activation functions inside the NN.
Furthermore, it is vital to learn robust and generalisable models of dynamical systems,
to deal with noise and the, potentially, large space of initial conditions. This is particu-
larly difficult since learning generic, high-dimensional functions is a cursed estimation
problem.

This thesis focuses on the forced Lurie system as a general modelling framework which,
amongst others, captures many systems involving NNs as special cases. Examples in-
clude recurrent neural networks, neural oscillators, and the interconnection of a linear
time invariant system with a feed-forward NN. The analysis of Lurie systems has been
well-studied in the control theory literature, with the absolute stability problem being a
pertinent example. This thesis builds upon this rich literature to develop less conserva-
tive stability criteria for Lurie systems involving NNs and to exploit known properties
for constructing robust and generalisable models of convergent dynamical systems.

The first contribution develops less conservative stability criteria for Lurie systems,
involving NNs with only ReLU activations. Properties of the ReLU function are lever-
aged to construct tailored quadratic constraints which are incorporated in the stability
criteria, posed as semidefinite programs, via the S-procedure. Both continuous and
discrete-time cases are examined. The second contribution repeats the same steps for
Lurie systems with magnitude nonlinearities. This is a generalisation of the first contri-
bution since a loop transformation between the magnitude and (leaky) ReLU is shown
to exist, meaning the stability of Lurie systems involving ReLU or leaky ReLU activa-
tions can be verified. Numerical examples highlight the reduced conservatism, partic-
ularly for high-dimensional systems.

http://www.southampton.ac.uk


iv

The final contribution proposes the k-contracting Lurie network (LN) as a robust and
generalisable model of convergent dynamical systems. The absolute stability frame-
work is used to establish conditions which guarantee the LN is k-contracting for all
slope-restricted nonlinearities. Unconstrained parametrisations of these conditions are
then established to restrict training to only search over LNs satisfying the k-contraction
property. When tested on dynamical systems datasets involving multiple equilibrium
points and limit cycles, the k-contracting LN is an order of magnitude more accurate
than existing models, when initial conditions are sampled outside the training distri-
bution and subjected to additive noise.
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Notation

Sets
N The natural numbers
[i, j]N The set {i, i + 1, . . . , j | i < j and i, j ∈ N}
R≥0 Set of non-negative real numbers
Rm

≥0 Set of m-dimensional vectors with non-negative
real elements

Rm×n
≥0 Set of m × n matrices with non-negative real

elements
Sm Set of m × m symmetric matrices
Sm
≥0 Set of m × m symmetric matrices with non-negative

elements
Sm
+ Set of m × m positive definite matrices

Dmn Set of m × n diagonal matrices: for M = [mij],
non-zero terms can only occur at elements i = j

Dm Set of m × m diagonal matrices
Dmn

+ Set of m × n diagonal matrices with positive elements
Dm

+ Set of m × m diagonal matrices with positive elements
O(n) Set of n × n orthogonal matrices
Skew(n) Set of n × n skew-symmetric matrices
Zm Set of m × m Z matrices (non-positive off-

diagonal elements)
Mm Set of m × m Metzler matrices (non-negative off-

diagonal elements)
L2 All functions which are finite square integrable
L∞ All functions which are bounded and analytic on the

imaginary axis or unit disk
H∞ All functions which are analytic in the closed right half

complex plane or open unit disk
RH∞ Space of real rational transfer function matrices, analytic

in the closed right half complex plane or open unit disk
RL∞ Space of real rational transfer function matrices,

bounded and analytic on the imaginary axis or unit disk
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Logic
f : D1 → D2 The function f is a map from set D1 to set D2

A ⇒ B Statement A implies statement B

Definitions
M1 := M2 M1 is defined by M2

M = [mij] A matrix M with elements mij

I (Im) The (m × m) identity matrix
(n

k) =
n!

k!(n−k)! Binomial coefficient where n, k ∈ R≥0 and n − k ≥ 0

Limits
A → B A tends to B
ϵ → 0+ ϵ tends to 0 from above

Inequalities
M ≻ 0 A positive definite matrix M
M ⪰ 0 A positive semi-definite matrix M
M ≺ 0 A negative definite matrix M
M ⪯ 0 A negative semi-definite matrix M
σ1(M) ≥ · · · ≥ σmin(m,n)(M) Ordered singular values of m × n matrix M
λ1(M) ≥ · · · ≥ λm(M) Ordered eigenvalues of m × m matrix M

Operators
M(k) k-multiplicative compound of matrix M
M[k] k-additive compound matrix of matrix M
He(M) := M + M⊤ Symmetric component of a matrix M ∈ Rn×n

trace(M) Trace of matrix M
diag(m1, . . . , mn) Diagonal matrix with with elements m1, . . . , mn

blockdiag(M1, . . . , Mm) Block diagonal matrix with diagonal blocks
M1, . . . , Mm

J f (t, x) := ∂ f
∂x (t, x) Jacobian matrix of a function f : R≥0 ×Rn → Rn

vol(D) Volume of the set D ⊂ Rm

det(M) Determinant of matrix M
exp(·) The exponential function

Norms and Matrix Measures
∥x∥ Vector norm of x ∈ Rn

∥x∥L2 L2 signal norm of either x : R → Rn or x : N → Rn

∥G∥L∞ L∞ norm of the matrix G
∥x∥2 :=

√
x⊤x Vector 2-norm of x ∈ Rn



NOTATION xxi

∥x∥2,Θ := ∥Θx∥2 Scaled vector 2-norm of x ∈ Rn with respect to an
invertible scaling matrix Θ ∈ Rn×n

µ2(M) := λ1

(︂
M+M⊤

2

)︂
Matrix measure of M induced by the 2-norm

µ2,Θ(M) := µ2(ΘMΘ−1) Matrix measure of M induced by the scaled 2-norm
with respect to an invertible scaling matrix Θ ∈ Rn×n
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Chapter 1

Introduction

1.1 Motivation: Control

Traditionally, model-driven (conventional) approaches are used to design and control
safety-critical systems such as those within an aircraft [8], chemical plant [9], or med-
ical device [10]. Such an approach has been extremely effective and even contributed
towards the first moon landing [11; 12]. A key principle of this approach is to construct
a simplified model of the system, which accurately describes its behaviour over a local
(safe) region of the state space; engineering measures are then put in place to ensure the
initial state of the system is restricted to this region [13]. Based on this model, a simple
feedback controller is then designed such that the closed loop system, within that re-
gion, satisfies the required safety certificates. The linearisation method from Lyapunov
analysis [14] is one example of this approach.

In contrast, machine learning (ML) approaches for control are gaining momentum due
to their success in a number of challenging control applications [15; 16; 17; 1]. These
approaches require vast amounts of data, rather than a simplified model of the sys-
tem [18]. This data is then leveraged to train a flexible feedback controller, typically
in a simulated environment, tuned to optimise some performance metric. Unlike the
model-driven approaches, a typical ML approach is not accompanied by any safety
certificates [19].

To illustrate some key differences between model-driven and ML approaches, con-
sider the time-varying, nonlinear, and multivariate tokamak plasma control problem
[1]. Figures 1.1 (a)-(c) show the key components of the ML approach; (e)-(f) compare
the real-time control system architecture for the ML (“our architecture“) and model-
driven (“conventional control“) approaches; (g)-(h) depict the tokamak setup. Some of
the notable differences include:
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FIGURE 1.1: Contrasting approaches for tokamak plasma control [1].

• The ML approach optimises a single neural network (NN) controller, with mul-
tiple inputs and outputs, to directly act on the nonlinear system. In contrast,
the model-driven approach uses a set of single input and output proportional-
integral-derivative (PID) controllers, designed to not mutually interfere. Further-
more, these PID controllers are designed based on linearised dynamics.

• Whilst the ML controller design process requires a lot of data and compute, it
just requires the choice of a policy architecture and the careful design of a per-
formance metric. On the other hand, the model-driven approach requires signif-
icant engineering to ensure the sub-systems do not interfere and the linearised
dynamics models, which the controllers are determined by, faithfully represent
the nonlinear system over the local region of interest.

These differences highlight the benefit of the ML approach in simplifying controller
design and for designing controllers to solve difficult problems. However, without any
safety certificates, deploying such a controller runs a much greater risk of the plasma’s
shape becoming unstable leading to cooling, damage to the tokamak, or energy loss.

One notion of safety in this context is stability of the closed loop system. Some at-
tempts have been made to obtain stability certificates, where the stability verification
is performed post training [20] and built into the training [21]. Whilst undoubtedly
progress has been made, the number of neurons and the highly nonlinear nature of the
NNs makes them difficult to analyse. The number of neurons poses the challenge of
developing computationally tractable stability criteria for high-dimensional systems.
Simultaneously, the criteria must scale well in terms of conservatism, made challeng-
ing by the nonlinearities, to avoid misclassification.
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1.2 Motivation: Learning

Despite the success of deep learning in a plethora of domains such as sequential pro-
cessing [22; 23; 24], computer vision [25], language modelling [26] and computational
chemistry [27], there is typically an absence of formal guarantees or certificates regard-
ing their robustness and stability. Even in physics-informed ML, the physical con-
straints are encouraged through the design of an augmented loss function, rather than
being imposed on the model [28].

In biological neural systems, stability is a requirement [29]; hence, its use as an in-
ductive bias is another motivation. Some works have approached this problem by
parametrising the network weights to guarantee stability [30], exponential stability
[31], and contraction [32]. Imposing these constraints presents a fundamental trade-off.
The stronger the inductive bias, the more likely the model is to be robust and generalise
well; however, the bias will be prohibitive if the assumption isn’t true. This trade-off
pervades all of ML, with [33] presenting a unified approach for exploiting geometrical
properties of a problem.

When learning to model time-invariant dynamical systems from trajectory data, ex-
isting stability-constrained models, such as [30; 31; 32], can only learn representations
of systems with very particular dynamics. An inductive bias which could capture a
larger class of dynamics, such as convergence to multiple equilibrium points or limit
cycles, would be more widely applicable, whilst still being robust and more likely to
generalise.

1.3 Thesis Outline

The structure of this thesis is described below, outlining the contributions and contents
of each chapter:

Chapter 2 begins by presenting the mathematical concepts used throughout this the-
sis. The fundamental model, and important special cases, studied throughout
this thesis are then motivated and discussed. Finally, the absolute stability frame-
work is introduced, along with a review of the literature.

Chapter 3 develops new stability criteria for Lurie systems with a repeated ReLU non-
linearity, as this is a popular NN activation function. New quadratic constraints
which characterised the ReLU function are presented and leveraged to strengthen
classical absolute stability criteria, with low complexity. Numerical examples il-
lustrate the reduced conservatism of the new criteria across a range of example
systems, including high-dimensional Hopfield networks. These results have been



4 Chapter 1. Introduction

published in

C. R. Richardson, M. C. Turner, and S. R. Gunn, “Strengthened Circle and Popov
Criteria for the stability analysis of feedback systems with ReLU neural networks,”
IEEE Control Systems Letters, 2023

C. R. Richardson, M. C. Turner, and S. R. Gunn, “Strengthened Circle and Popov
Criteria and the analysis of ReLU neural networks,” in 2024 UKACC 14th Interna-
tional Conference on Control (CONTROL), pp. 127–128, IEEE, 2024

Chapter 4 extends the results of Chapter 3 to discrete-time Lurie systems with a re-
peated ReLU nonlinearity. This is a more natural setting since NN controllers
would typically be implemented digitally. Additionally, under mild conditions
it is shown that if such a Lurie system has a unique equilibrium point, then it
must be globally stable or unstable. The global stability criteria are tested on sev-
eral example systems, illustrating a desirable trade-off between conservatism and
complexity. Publication of these results can be found in

C. R. Richardson, M. C. Turner, S. R. Gunn, and R. Drummond, “Strengthened sta-
bility analysis of discrete-time Lurie systems involving ReLU neural networks,”
in 6th Annual Learning for Dynamics and Control Conference, pp. 209–221, PMLR,
2024

Chapter 5 derives innovative stability conditions for Lurie systems with a repeated
magnitude nonlinearity. Novel quadratic constraints, capturing the behaviour of
the magnitude function, are presented and applied to strengthen classical abso-
lute stability criteria, with low complexity. A loop transformation is also shown
to exist between Lurie systems with (leaky) ReLU nonlinearities and magnitude
nonlinearities; hence these results can be applied to a wider set of NN activation
functions. Finally, under mild conditions, it is shown that if a Lurie system with a
positively homogenous nonlinearity has a unique equilibrium point, then it must
be globally stable or unstable. This is a parallel result to that in Chapter 4, but for
continuous-time Lurie systems. These findings have been reported in

C. R. Richardson, M. C. Turner, and S. R. Gunn, “Analysis of Lurie systems with
magnitude nonlinearities and connections to neural network stability analysis,”
IEEE Transactions on Automatic Control, 2026

Chapter 6 leans on k-contraction analysis to propose absolute stability-like results for
studying Lurie networks which converge to multiple equilibrium points or mul-
tiple limit cycles. Parametrisations of Lurie networks which satisfy these results
are also proposed. As illustrated by some numerical examples, this parametrised
Lurie network can be trained to identify systems with convergent dynamics,
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whilst ensuring the identified model theoretically satisfies the convergence prop-
erty, regardless of the time domain which the trajectory data was recorded over.
This was shown to improve robustness and out of distribution generalisation.
Furthermore, convergent dynamics are thought to be present in a myriad of bi-
ological neural functions. Motivated by this, the model is deployed on the MNIST
classification task, exhibiting interpretable separation of classes in the latent space.
This research has been documented in

C. R. Richardson, M. C. Turner, and S. R. Gunn, “Lurie networks with k-contracting
dynamics,” in New Frontiers in Associative Memory Workshop at ICLR, 2025

C. R. Richardson, M. C. Turner, and S. R. Gunn, “Lurie networks with robust
convergent dynamics,” TMLR: Transactions on Machine Learning Research, 2025

Chapter 7 concludes the thesis and suggests directions for future work.
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Chapter 2

Background

2.1 Mathematical Preliminaries

2.1.1 Signals and Systems

This section introduces some basic definitions of signals and systems used through-
out the thesis. This background material is based upon [34, Chapter 3], [35], and [14,
Chapter 5].

2.1.1.1 Signals

A signal is a (Lebesgue) measurable function that either maps non-negative real num-
bers to real vectors, in the case of continuous signals, or natural numbers to real vectors
for discrete signals. These sets of signals are defined as

S c :=
{︂

u : R≥0 → Rn
}︂

Sd :=
{︂

u : N → Rn
}︂

(2.1)

where a discrete-time signal, such as u[k], is denoted throughout this thesis by uk. Read-
ers unfamiliar with measure theory may consider these as sets containing all continu-
ous or discrete signals which could possibly occur in an engineering system, as well as
many signals which could not conceivably occur.

Signals form a natural vector space under addition and scalar multiplication, which are
defined below for continuous and discrete signals u, v and α ∈ R
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(u + v)(t) = u(t) + v(t) (αu)(t) = αu(t) (2.2)

(u + v)k = uk + vk (αu)k = αuk (2.3)

In order to address stability issues, the behaviour of continuous and discrete signals
over infinite time intervals must be considered. The infinite-horizon L2 space of con-
tinuous and discrete signals are defined by

L2 :=
{︂

u ∈ S c | ∥u∥L2 < ∞
}︂

∥u∥L2 :=
(︂ ∫︂ ∞

0
∥u(t)∥2

2 dt
)︂ 1

2
(2.4)

L2 :=
{︂

u ∈ Sd | ∥u∥L2 < ∞
}︂

∥u∥L2 :=
(︂ ∞

∑
k=0

∥uk∥2
2

)︂ 1
2

(2.5)

The notation is used interchangeably since it should be clear which is in use depend-
ing on whether the signal is continuous or discrete. The L2-norm, ∥ · ∥L2 , is a signal
norm and provides a way to measure the size of a signal. As with all norms, the three
standard properties hold

• ∥u∥L2 ≥ 0 ∀ u ∈ S c and ∥u∥L2 = 0 if and only if u(t) ≡ 0

• ∥αu∥L2 = α∥u∥L2 ∀ α ∈ R≥0

• ∥u + v∥L2 ≤ ∥u∥L2 + ∥v∥L2

The first property was presented for continuous signals, but holds analogously for dis-
crete signals too.

2.1.1.2 Systems

A system, G, is a map from an input signal space, S1, to an output signal space, S2.
That is, G : S1 → S2. Mapping an input signal, u ∈ S1, to an output signal, v ∈ S2, is
expressed using the operator notation v = Gu.

Systems form a linear space under addition and multiplication by a scalar (α ∈ R),
which are defined by

(G1 + G2)u = G1u + G2u (2.6)

(αG)u = α(Gu) (2.7)
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A number of properties about systems are presented next:

• A system is causal if the output up to time T depends only on the input up to
time T, for every T. That is, G is causal if PTGu = PTGPTu, in which PT is the
truncation operator defined below for the continuous and discrete cases

(PTu) =

⎧⎨⎩u(t) t ≤ T

0 t > T
(PTu) =

⎧⎨⎩uk k ≤ T

0 k > T
(2.8)

where t ∈ R≥0, k ∈ N and T is defined appropriately.

• A system is time-invariant if the response to an input time-shifted by T is the
output also time-shifted by T, for every T. That is, G is time-invariant if GSTu =

STGu, in which ST is the time-shift operator defined below for the continuous
and discrete cases

(STu)(t) = u(t − T) (STu)k = uk−T (2.9)

where t − T ∈ R≥0 and k − T ∈ N.

• A system is input-output stable if u ∈ L2 ⇒ v ∈ L2 when v = Gu.

• A system is linear if G(α1u1 + α2u2) = α1Gu1 + α2Gu2 for α1, α2 ∈ R.

Continuous and discrete state space models are systems of the form

ẋ = f (t, x, u) xk+1 = f (k, xk, uk) (2.10a)

y = h(t, x, u) yk = h(k, xk, uk) (2.10b)

where u is the input signal, x is the system’s internal state with x(0) = x0 and y is the
output signal. For each fixed x0 ∈ D ⊆ Rn the state space models in (2.10) define an
operator which maps u to y.

Linear Systems

Any linear time-invariant (LTI) system may be represented by the convolution integral
or sum
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v(t) = vo(t) +
∫︂ t

0
G(t − τ)u(τ) dτ v[k] = vo[k] +

k

∑
τ=0

G[k − τ]u[τ] (2.11)

where vo ∈ Rn denotes the unforced response, u ∈ Rm is the forcing function, and
G ∈ Rn×m is a matrix-valued function called the impulse response.

Taking the Laplace transform (for continuous systems) or the Z-transform (for discrete
systems) of (2.11) results in

v(s) = G(s)u(s) v[z] = G[z]u[z] (2.12)

G(s) =
∫︂ ∞

0
G(t)e−st dt G[z] =

∞

∑
k=0

G[k]z−k (2.13)

where s, z ∈ C, and G(s), G[z] are Hermitian and typically referred to as real transfer
function matrices.

The transfer function matrix describes an input-output stable system if and only if the
continuous-time (discrete-time) system G is analytic in the right-half complex plane
(analytic in the open unit disk) and the L∞ norm of the system is finite. Such a class of
systems is known as H∞

H∞ =
{︂

G | G(s) is analytic in Re(s) > 0 and ∥G∥L∞ < ∞
}︂

H∞ =
{︂

G | G[z] is analytic in ∥z∥ > 1 and ∥G∥L∞ < ∞
}︂ (2.14)

where the definition is used interchangeably for continuous and discrete systems. In
the case that G is rational, G ∈ H∞ is true if and only if G has no poles in the right half
complex plane (open unit disk). The rational subset of H∞ is denoted by RH∞ ⊂ H∞.

Linear time invariant (continuous and discrete) state space models have the form

ẋ(t) = Ax(t) + Bu(t) xk+1 = Axk + Buk (2.15a)

y(t) = Cx(t) + Du(t) yk = Cxk + Duk (2.15b)

One can convert the state space representation of a system to its transfer function rep-
resentation by taking the Laplace transform (Z-transform). Assuming x0 = 0, this
equates to
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G(s) = C(sI − A)−1B + D G[z] = C(zI − A)−1B + D (2.16)

This allows the system to be analysed in the time-domain, via the state space represen-
tation, or the frequency domain, via the transfer function representation. In this thesis,
the term linear system, and sometimes denoted by G(s) or G[z], is used to refer to both
the transfer function (2.16) and state-space realisation (2.15).

2.1.2 Lyapunov Stability Analysis

The stability of dynamical systems is a foundational concern in control theory and ap-
plied mathematics. In the context of autonomous systems, systems whose behaviour
is governed by time-invariant differential equations, stability analysis is crucial for un-
derstanding the long-term evolution of signals and ensuring the reliability of system
performance. One of the most powerful and widely used tools for analysing stability
of such systems is Lyapunov stability theory, first introduced by the Russian mathe-
matician Aleksandr Lyapunov in the late 19th century.

This section introduces Lyapunov stability theory but only covers the critical results
needed for this thesis. The results are presented for continuous-time systems; however,
each result has an analogous discrete-time result, with the key difference being that the
derivative of the Lyapunov function (V̇) is replaced by a difference equation (∆V =

Vk+1 −Vk). The results are presented without proof; however, the interested reader can
find a more comprehensive introduction in [14, Chapter 4], including proofs.

An autonomous dynamical system can generally be described by a set of ordinary dif-
ferential equations of the form

ẋ = f (x)

y = h(x)
(2.17)

where D ⊆ Rn, the vector field f : D → Rn is locally Lipschitz, and h : D → Rm

maps the state to the output. The central objective is to assess the behaviour of trajecto-
ries near equilibrium points. That is, whether solutions that start near an equilibrium
remain close to it (stability), converge to it over time (asymptotic stability), or diverge
(instability). Figure 2.1 illustrates examples of these three behaviours for vector fields
with n = 2. The following definition states this more formally, where an equilibrium
point is any state x̄ ∈ D which satisfies f (x̄) = 0.
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FIGURE 2.1: Trajectories overlaying 2D vector fields with a stable (left), unstable (cen-
tre) & asymptotically stable (right) equilibrium point at the origin.

Definition 2.1. The equilibrium point x = 0 of (2.17) is

• stable if, for each ϵ > 0, there exists δ = δ(ϵ) > 0 such that

∥x(0)∥ < δ ⇒ ∥x(t)∥ < ϵ ∀ t ≥ 0 (2.18)

• unstable if, it is not stable.

• asymptotically stable if, it is stable and δ can be chosen such that

∥x(0)∥ < δ ⇒ lim
t→∞

x(t) = 0 (2.19)

It should be noted that the various definitions in Definition 2.1 are all with respect to
an equilibrium point at the origin. Although no assumptions should be made about
the location of equilibrium points, the stability of any equilibrium point can be studied
as if it was at the origin, without loss of generality. This can easily be seen by defining
the following change of variable x̂ := x − x̄ which shifts the equilibrium point, x̄, to the
origin. Suppose x̄ ̸= 0, then the derivative of x̂ is

̇̂x = ẋ = f (x) = f (x̂ + x̄) := g(x̂) (2.20)

where g(0) = 0. Hence, in the new variable, x̂, the system, g(·), has an equilibrium
point at the origin.

Lyapunov’s direct method, also known as the second method of Lyapunov, offers an
approach to stability analysis without requiring knowledge of the explicit solution,
x(t), to (2.17). The method involves the construction of a scalar function V : Rn → R,
called a Lyapunov function, which serves as an energy-like measure of the system’s
state. By analysing the time derivative of V(x) along the trajectories of the system, one
can infer the stability properties of an equilibrium point. Lyapunov’s direct method is
presented next.
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FIGURE 2.2: V(x) = x⊤x overlaying the 2D vector fields, from Fig. 2.1, with a stable
(left), unstable (centre) & asymptotically stable (right) equilibrium point at the origin.

Theorem 2.1. Let x = 0 be an equilibrium point of (2.17) and D ⊂ Rn be a domain containing
x = 0. Let V : D → R be a continuously differentiable function such that

V(0) = 0 V(x) > 0 ∀ x ̸= 0 ∈ D (2.21)

V̇(x) ≤ 0 ∀ x ∈ D (2.22)

then, x = 0 is locally stable over the domain D. Moreover, if

V̇(x) < 0 ∀ x ̸= 0 ∈ D (2.23)

then, x = 0 is locally asymptotically stable over the domain D.

Note that conditions (2.21) are independent of the vector field, so should be satisfied by
design when choosing a Lyapunov function. Conditions (2.22) and (2.23) on the other
hand, are dependent on the vector field since

V̇(x) =
∂V
∂x

⊤
f (x) (2.24)

Hence, determining which property of Definition 2.1 the equilibrium point satisfies,
via Theorem 2.1, is entirely dependent on the choice of V(·) and the vector field, f (·),
governing the dynamical system.

Figure 2.2 illustrates how a trajectory, x(t), of the system (2.17) has a corresponding
scalar trajectory V

(︁
x(t)

)︁
. This can be seen by following the arrows from an arbitrary

initial condition x(0) ̸= 0 ∈ D. In the stable example, the trajectory rotates in a circle
without the radius from the origin decaying or growing. For this particular Lyapunov
function, this corresponds to V

(︁
x(t)

)︁
staying at a constant value. For the unstable
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example, the trajectory is diverging from the origin which corresponds to V
(︁
x(t)

)︁
in-

creasing. Finally, for the asymptotically stable example, the trajectory rotates and con-
verges towards the origin, which corresponds to V

(︁
x(t)

)︁
asymptotically decreasing

until it converges to its lower bound at the origin, V(0) = 0.

The next result is known as the Barbashin-Krasovskii Theorem and provides Lyapunov
conditions which ensure the origin is globally asymptotically stable [14, Theorem 4.2].
With respect to Definition 2.1, this implies the equilibrium point is asymptotically sta-
ble for δ → ∞. It can also be considered as an analogous result to Theorem 2.1 for the
case D = Rn. This result is fundamental to most of the later chapters in this thesis.

Theorem 2.2. Let x = 0 be an equilibrium point of (2.17) and let V : Rn → R be a continu-
ously differentiable function such that

V(0) = 0 ∥x∥ → ∞ ⇒ V(x) → ∞ V(x) > 0 ∀ x ̸= 0 (2.25)

V̇(x) < 0 ∀ x ̸= 0 (2.26)

then, x = 0 is globally asymptotically stable.

Akin to Theorem 2.1, the conditions (2.25) are independent of the vector field, so should
be satisfied by design when constructing a Lyapunov function. When studying global
asymptotic stability, this requires the Lyapunov function to additionally be radially
unbounded. Condition (2.26) on the other hand is dependent on the vector field.

In practice, the challenge often lies in constructing an appropriate Lyapunov function.
Approaches for doing this, involving semi-definite programming, will be discussed
later in this chapter for certain classes of Lyapunov functions (Section 2.3.2). For now
it is just important to highlight that the failure to verify stability using a chosen Lya-
punov function does not provide conclusive evidence the origin is unstable for a given
vector field; instead, it just implies stability cannot be verified with that choice of Lya-
punov function. It may be possible to verify stability with a different choice. On the
other hand, verifying stability using a chosen Lyapunov function does provide conclu-
sive evidence the origin is stable. Nevertheless, Lyapunov stability analysis provides a
systematic and rigorous approach to stability analysis and is widely used in both the-
oretical studies and engineering applications such as robotics, aerospace systems, and
power networks [36; 37].
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2.1.3 Semidefinite Programming

Linear matrix inequalities (LMIs) play a central role in many problems in control theory
[38], where they are frequently used to express convex constraints. An LMI constraint
has the following canonical form

F0 +
m

∑
i=1

Fixi ⪰ 0 (2.27)

where x ∈ Rm is the decision variable, and the matrices F0, . . . , Fn ∈ Sn are provided as
part of the problem data. Many LMIs are not presented in this canonical form, but can
easily be manipulated into it. To illustrate this, an example is presented next.

Example 2.1. Consider the following LMI

PA + A⊤P ≺ 0 (2.28)

used for verifying global asymptotic stability of the linear system ż = Az, with a quadratic
Lyapunov function V(z) = z⊤Pz. The matrix A ∈ Rn×n is the problem data and the
matrix P ∈ Sn contains the decision variables.

Firstly, this negative definite inequality can be expressed as a positive semi-definite inequal-
ity by simply negating the left hand side and subtracting the term ϵI where ϵ → 0+. This
results in

−(PA + A⊤P + ϵI) ⪰ 0 (2.29)

For the case n = 2, this is equivalent to (2.27) with x = [p11, p12, p22]⊤, F0 = −ϵI and

F1 = −
[︄

2a11 a12

a12 0

]︄
F2 = −

[︄
2a21 a11 + a22

a11 + a22 2a12

]︄
F3 = −

[︄
0 a21

a21 2a22

]︄
(2.30)

A class of optimisation problems that naturally incorporates LMIs is semi-definite pro-
gramming (SDP). In SDP, the objective is a linear function of the decision variables, and
the constraints are expressed as one or more LMIs. Given F0, . . . , Fm ∈ Sn and a vector
b ∈ Rm, the canonical form of a SDP problem is

max
x∈Rm

b⊤x

subject to F0 +
m

∑
i=1

Fixi ⪰ 0
(2.31)
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Throughout this thesis, several SDP problems are formulated; however, like Example
2.1, they do not involve an objective function. These problems are referred to as feasi-
bility problems since the user is only interested in the existence of a solution to the LMI
constraints.

SDP problems are a subclass of convex optimisation problems. Importantly, LMI con-
straints define convex sets, and the intersection of multiple LMIs also yields a convex
set. Since both the objective function and the feasible set defined by LMIs are convex,
SDPs can be solved efficiently using well-established algorithms. In particular, interior-
point methods are capable of solving SDP problems in polynomial-time, making them
tractable for problems of moderate size [39].

The development of general-purpose SDP solvers, such as SeDuMi [40], SDPT3 [41],
and MOSEK [42] has enabled the widespread application of SDP across control and
machine learning. Moreover, modelling tools like YALMIP [43] provide user-friendly
interfaces for specifying and solving SDP problems, significantly simplifying their im-
plementation. For example, these tools can automatically handle the conversion of an
LMI, such as (2.28), to the canonical form (2.27).

The main limitation of SDP is caused by the polynomial-time complexity where the ac-
tual time taken to solve an LMI is dependent on several factors including the number
of decision variables, number of LMI constraints and dimensions of the LMIs. For large
problems, such as those involving large neural networks, solving SDP problems can be-
come intractable. In recent years, considerable research has been devoted to enhancing
the scalability of SDP solvers; for example, exploiting sparsity in SDP problems to im-
prove efficiency [44]. Sparse SDP problems arise in various ways, including problems
involving neural networks.

2.1.4 Stochastic Gradient Descent

Nonlinear optimisation plays a central role in machine learning. At its core, train-
ing a neural network is a high-dimensional nonlinear optimisation problem, often in-
volving millions of parameters. In many cases, the goal is to minimise a loss function
that quantifies the discrepancy between the model’s predictions and the observed data.
Gradient methods are a suitable class of algorithms for this type of problem where the
process entails iteratively traversing the parameter space in the search of an optimal
or near-optimal point where the loss function is minimised [45]. The stochastic gra-
dient descent (SGD) algorithm is one such method and was employed in this thesis.
This section provides the essential background to understand the mechanics behind
this algorithm, based on [46], and some of the related design choices made in Chapter
6. Many alternative algorithms exist, but a discussion on this is beyond the scope of
this section.
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Historically, nonlinear optimisation theory evolved from calculus and numerical anal-
ysis, with methods such as gradient descent, Newton’s method, and quasi-Newton
methods (e.g., BFGS) forming the foundation of unconstrained nonlinear optimisation
[45]. These techniques rely on gradient (and in some cases, Hessian) information to
iteratively refine parameter estimates. While effective in many low to moderate dimen-
sional settings, their computational cost and memory requirements often scale poorly
with the size of modern deep learning models and datasets. As an example, the gradi-
ent descent algorithm takes the form

wk+1 = wk − η∇wk L
(︁
y, ŷ

)︁
where ŷ = ȳ(wk, x) (2.32)

where the observed output data is denoted by y. The model’s predictions are repre-
sented by ŷ and are dependent on the model parameters at iteration k, wk, along with
the chosen model, ȳ. Finally, the observed input data is denoted by x, the learning rate
is η, and the loss function is L(·, ·). In this setting, each iteration k corresponds to an
epoch (pass over the entire dataset). The mean squared error (MSE) is one example of
a loss function and is used later in this thesis.

Unlike traditional gradient descent, which computes gradients over the entire train-
ing dataset, stochastic gradient descent (SGD) operates on smaller randomly sampled
batches of data. This not only addresses issues with memory capacity, encountered
when loading in a full dataset for gradient descent, but the introduction of randomly
sampled data batches has been observed to help escape saddle points and shallow lo-
cal minima, thus facilitating better generalisation in neural networks. One epoch of the
SGD algorithm takes the form

Algorithm 1: Stochastic Gradient Descent
Input:
Data split into N batches {(x1, y1), . . . , (xN , yN)}, with batch size Q for each (xi, yi)
Initial model parameters w1
Learning rate η
for k = 1, . . . , N do

wk+1 = wk − η∇wk L
(︁
yk, ŷk

)︁
where ŷk = ȳ(wk, xk) (2.33)

where the final model parameters become the initial model parameters for the next
epoch.

Despite its simplicity and effectiveness, SGD suffers from several limitations including
sensitivity to the choice of learning rate and slow convergence. These limitations have
motivated the development of adaptive gradient methods (beyond the scope of this
section) and practical tools such as learning rate scheduling which reduces the learning



18 Chapter 2. Background

rate by a specified factor when a certain condition is met (for example, the training loss
has plateaued) or at a specified epoch. Refer to [46] for a discussion on more advanced
algorithms and practical approaches. If used, these would likely further improve the
empirical results in Chapter 6; however, such methods are not the focus of this thesis
so are omitted here.

2.1.5 Matrix Decompositions

Matrix decompositions are fundamental tools in linear algebra and lie at the heart of a
broad range of applications across control, optimisation, and machine learning. These
decompositions provide structured ways to factor matrices into simpler, interpretable
components, enabling more efficient algorithms for solving linear systems, performing
dimensionality reduction, and encoding properties of dynamical systems (Chapter 6).

Two of the most widely used decompositions are the eigenvalue decomposition and
the singular value decomposition, both of which offer deep insight into the structure of
a matrix and have well-established theoretical foundations. This section briefly reviews
these two decompositions, focusing on their mathematical properties and practical sig-
nificance.

2.1.5.1 Eigenvalue Decomposition

The eigenvalue decomposition (EVD) is applicable to square matrices and is based on
the principle that, under certain conditions, a matrix can be represented in terms of
its eigenvalues and eigenvectors. For a diagonalisable and symmetric matrix A ∈ Sn,
there exists an orthogonal matrix of eigenvectors, V ∈ O(n), and a real diagonal matrix
of corresponding eigenvalues, Λ ∈ Dn, such that

A = VΛV⊤ (2.34)

where V = [v1, . . . , vn] and Λ = diag(λ1, . . . , λn) satisfy the eigenvalue problem Avi =

λivi.

Generalisations of the EVD exist for when A is not symmetric or diagonalisable [14,
Section 4.3]; however, neither of these decompositions are needed in this thesis.

2.1.5.2 Singular Value Decomposition

The singular value decomposition (SVD) states that for any matrix A ∈ Rm×n there
exists orthogonal matrices U ∈ O(m), V ∈ O(n) and and a diagonal matrix Σ ∈ Dmn

+

such that
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A = UΣV⊤ (2.35)

The diagonal entries of Σ, known as the singular values of A, reveal important infor-
mation about the rank and conditioning of the matrix. The vectors of U and V are
respectively referred to as the left and right singular vectors.

For a matrix A ∈ Rm×n, the SVD of A is related to the EVD of A⊤A and AA⊤. Using
the SVD of A and the fact that orthogonal matrices satisfy the property U⊤ = U−1, the
following relationships are clear

A⊤A = VΣ2V−1 AA⊤ = UΣ2U−1 (2.36)

and are in the form of the EVD.

2.1.6 Compound Matrices

In this section, several known definitions and algebraic results related to compound
matrices are documented. Most of this thesis can be understood without these con-
cepts, but they are vital to the development of Chapter 6. The results are included
without proof; the interested reader should refer to [47] for a more detailed tutorial on
the topic.

Let n be a positive integer and fix k ∈ [1, n]N. The ordered set of increasing sequences
of k integers from [1, n]N is denoted by Q(k, n). For example

Q(3, 4) =
{︂
(1, 2, 3), (1, 2, 4), (1, 3, 4), (2, 3, 4)

}︂
(2.37)

In this example, the first argument of Q, k = 3, indicates the length of the sequence and
the second argument, n = 4, indicates the upper bound in the set of sequences.

Now consider a matrix W ∈ Rn×m. For α ∈ Q(k, n) and β ∈ Q(k, m), the matrix W[α∥β]

denotes the k× k sub-matrix obtained by taking the entries of W along the rows indexed
by α and columns indexed by β. As an example, if k = 2 and n = m = 4, then

Q(2, 4) =
{︂
(1, 2), (1, 3), (1, 4), (2, 3), (2, 4), (3, 4)

}︂
(2.38)

The sub-matrix W[α∥β], for elements α = (1, 2) and β = (3, 4), would then be given by
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W[(1, 2)∥(3, 4)] =

[︄
w13 w14

w23 w24

]︄
(2.39)

The k-minors of the matrix W are defined as W(α∥β) := det(W[α∥β]).

Definition 2.2 (k-multiplicative compound). Let W ∈ Rn×m and fix k ∈ [1, min(n, m)]N.
The k-multiplicative compound of W, denoted W(k), is the (n

k)× (m
k ) matrix containing all the

k-minors of W ordered lexicographically.

For example, if n = m = 3 and k = 2 then α, β ∈ Q(2, 3) = {(1, 2), (1, 3), (2, 3)} and

W(2) =

⎡⎢⎣W
(︁
(1, 2)∥(1, 2)

)︁
W

(︁
(1, 2)∥(1, 3)

)︁
W

(︁
(1, 2)∥(2, 3)

)︁
W

(︁
(1, 3)∥(1, 2)

)︁
W

(︁
(1, 3)∥(1, 3)

)︁
W

(︁
(1, 3)∥(2, 3)

)︁
W

(︁
(2, 3)∥(1, 2)

)︁
W

(︁
(2, 3)∥(1, 3)

)︁
W

(︁
(2, 3)∥(2, 3)

)︁
⎤⎥⎦ (2.40)

Some important special cases include

W(1) = W W(n) = det(W) (pIn)
(k) = pk Is W ∈ Dn → W(k) ∈ Ds (2.41)

with s := (n
k). Next, a series of algebraic results concerned with the k-multiplicative

compound are presented.

Fact 2.1 (Cauchy-Binet Formula). If U ∈ Rn×m, V ∈ Rm×p and k ∈ [1, min(n, m, p)]N,
then

(UV)(k) = U(k)V(k) (2.42)

Fact 2.2. Fix k ∈ [1, min(n, m)]N. As a consequence of Definition 2.2, if W ∈ Rn×m then

(W⊤)(k) = (W(k))⊤ (2.43)

Fact 2.3. Fix k ∈ [1, n]N. If W ∈ Rn×n is non-singular, then by Fact 2.1

(W−1)(k) = (W(k))−1 (2.44)

Fact 2.4. Fix k ∈ [1, min(n, m, p)]N. If W ∈ Rn×n, U ∈ Rp×n and V ∈ Rn×p, then by Fact
2.1

(UWV)(k) = U(k)W(k)V(k) (2.45)
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Fact 2.5. Fix k ∈ [1, n]N. An implication of Fact 2.1 is that if W ∈ Rn×n with eigenvalues
λ1, . . . , λn, then the eigenvalues of W(k) are the (n

k) products

{︂ k

∏
l=1

λil : 1 ≤ i1 < · · · < ik ≤ n
}︂

(2.46)

The definition of a second compound matrix, the k-additive compound, and a set of
related algebraic results are introduced next.

Definition 2.3 (k-additive compound). Let W ∈ Rn×n and k ∈ [1, n]N. The k-additive
compound of W is the (n

k)× (n
k) matrix defined by

W [k] :=
d
dϵ

(︁
In + ϵW

)︁(k)|ϵ=0 (2.47)

Special cases include

W [1] = W W [n] = trace(W) (pIn)
[k] = kpIs W ∈ Dn → W [k] ∈ Ds (2.48)

with s := (n
k). Some useful algebraic results related to the k-additive compound are

presented next.

Fact 2.6. If W ∈ Rn×n and k ∈ [1, n]N, then as a consequence of Definition 2.3

(W⊤)[k] = (W [k])⊤ (2.49)

Fact 2.7. Fix k ∈ [1, n]N. For W ∈ Rn×n with eigenvalues λ1, . . . , λn, the eigenvalues of W [k]

are the (n
k) sums

{︂ k

∑
l=1

λil : 1 ≤ i1 < · · · < ik ≤ n
}︂

(2.50)

An important consequence of Fact 2.7 is that if W is positive definite (semi-definite),
then this property is upheld by W [k]. Opposite conclusions can be drawn if W is nega-
tive definite (semi-definite).

Fact 2.8. Fix k ∈ [1, n]N. If U, V ∈ Rn×n, then

(U + V)[k] = U[k] + V [k] (2.51)

Fact 2.9. Fix k ∈ [1, min(n, p)]N. If W ∈ Rn×n, U ∈ Rp×n, V ∈ Rn×p and UV = Ip, then

(UWV)[k] = U(k)W [k](U(k))−1 (2.52)
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2.1.7 Volume of k-sets

This section aims to provide a clear geometric interpretation of the k-multiplicative
compound. The section begins by defining a k-set (the codomain of a function depen-
dent on k variables) before presenting Theorem 2.3, the key result which exposes the
relationship between the volume of a k-set and the k-multiplicative compound of the
Jacobian. A k-parallelotope is then shown as an example. Like before, these are existing
results, so are presented without proof. Refer to [48] for more information.

Definition 2.4 (k-sets). Consider a compact set D ⊂ Rk and a continuous differentiable map
Ψ : D → Rn, with k ∈ [1, n]N. The codomain of Ψ is given by the parametrised set

Ψ(D) :=
{︂

Ψ(r) : r ∈ D
}︂
⊆ Rn (2.53)

Since D is compact and Ψ(·) is continuous, Ψ(D) is a closed set.

Theorem 2.3 (Volume of k-sets). Fix k ∈ [1, n]N. Consider a compact set D ⊂ Rk and a
continuously differentiable map Ψ : D → Rn. The volume of the parametrised set (2.53) is
given by

vol
(︁
Ψ(D)

)︁
=

∫︂
D

⃦⃦⃦
J(k)Ψ (r)

⃦⃦⃦
2
dr (2.54)

where JΨ(r) =
[︂

∂Ψ(r)
∂r1

. . . ∂Ψ(r)
∂rk

]︂
is the Jacobian of Ψ. Note that as JΨ : D → Rn×k, it

implies J(k)Ψ : D → Rs with s = (n
k).

Theorem 2.3 states that the volume of a k-set is governed by the k-multiplicative com-
pound of it’s Jacobian. An important geometrical feature, is that for k ∈ {1, 2, 3} the
volume of the k-set is equivalent to the standard notions of length, area and volume.
The k-parallelotope is now presented as an example of a k-set.

Definition 2.5 (k-parallelotope). Fix k ∈ [1, n]N and let vectors x1, . . . , xk ∈ Rn. The
parallelotope generated by these vectors (and the zero vertex) is the set given by

P(x1, . . . , xk) :=
{︂ k

∑
i=1

rixi : ri ∈ [0, 1] ∀ i
}︂

(2.55)

Based on Definition 2.5, the k-parallelotope is a k-set with the following compact do-
main D and continuous differentiable function Ψ(r; x1, . . . , xk), as illustrated for k =

n = 3 in Figure 2.3.
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FIGURE 2.3: The 3-parallelotope with vertices x1, x2, x3 ∈ R3.

D :=
{︂

r ∈ Rk : ri ∈ [0, 1] ∀ i ∈ [1, k]N
}︂

Ψ(r; x1, . . . , xk) :=
k

∑
i=1

rixi (2.56)

The Jacobian of the k-parallelotope is JΨ(r) = X := [x1, . . . , xk] and from Theorem 2.3,
the volume of the k-parallelotope is given by ∥X(k)∥2.

2.1.8 k-contraction Analysis

This section leverages the algebraic results from Section 2.1.6 and the geometrical intu-
ition from Section 2.1.7 to define k-contraction and provide intuition for its geometrical
interpretation. Refer to [48; 47] for more in depth tutorials on the topic. Consider the
time-varying nonlinear system

ẋ = f (t, x) (2.57)

where f : R≥0 ×Rn → Rn. It is assumed throughout that f is continuously differen-
tiable with respect to x. Fix k ∈ [1, n]N and let S k denote the unit simplex.

S k :=
{︂

r ∈ Rk : ri ≥ 0 and r1 + · · ·+ rk ≤ 1
}︂

(2.58)

The convex combination of a set of initial conditions x1, . . . , xk+1 ∈ Rn is defined by
h : S k → Rn.

h(r; x1, . . . , xk+1) :=
k

∑
i=1

rixi +
(︂

1 −
k

∑
i=1

ri

)︂
xk+1 (2.59)
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The set h(S k) is a k-set (Definition 2.4) and can be thought of as a k-dimensional body
of states representing initial conditions of (2.57). Next, wi(t, r) is defined as a measure
of the sensitivity of a solution to (2.57) at time t, to a change in the initial condition h(r),
caused by a change in ri.

wi(t, r) :=
∂x(t, h(r))

∂ri
where wi(0, r) =

∂h(r)
∂ri

= xi − xk+1 for all i ∈ [1, k]N (2.60)

Now the necessary background has been detailed, k-contraction can be defined along
with an intuitive geometric interpretation.

Definition 2.6 (k-contraction). Fix k ∈ [1, n]N. The nonlinear system (2.57) is k-contracting
if there exists an η > 0 and a vector norm ∥ · ∥2 such that for any x1, . . . , xk+1 ∈ Rn and any
r ∈ S k, the mapping W : R≥0 ×Sk → Rn×k defined by W(t, r) := [w1(t, r), . . . , wk(t, r)]
satisfies

∥W(k)(t, r)∥2 ≤ exp(−ηt)∥W(k)(0, r)∥2 ∀ t ∈ R≥0 (2.61)

To explain the geometric meaning of this definition, pick a domain D ⊆ S k and recall
that h(D) is a k-set representing k-dimensional bodies of initial conditions for (2.57);
thus, x

(︁
t, h(D)

)︁
:= {x(t, h(r)) : r ∈ D} is a k-set describing how k-dimensional bodies

evolve over time. Theorem 2.3 is now leveraged to show how the volume of these
bodies evolves over time, when governed by (2.57).

vol
(︂

x
(︁
t, h(D)

)︁)︂
=

∫︂
D

⃦⃦⃦
Jx
(︁
t, h(r)

)︁(k) ⃦⃦⃦
2
dr

=
∫︂
D

⃦⃦⃦ [︃
∂x
(︁

t,h(r)
)︁

∂r1
. . .

∂x
(︁

t,h(r)
)︁

∂rk

]︃(k) ⃦⃦⃦
2
dr

=
∫︂
D

⃦⃦⃦
W(k)(t, r)

⃦⃦⃦
2
dr

(2.62)

If (2.57) is k-contracting, the volume of these bodies is upper bounded by the initial
volume scaled by an exponentially decaying term i.e., (2.61).

vol
(︂

x
(︁
t, h(D)

)︁)︂
≤ exp(−ηt)

∫︂
D

⃦⃦
W(k)(0, r)

⃦⃦
2dr

= exp(−ηt)
⃦⃦⃦ [︂

(x1 − xk+1) . . . (xk − xk+1)
]︂(k) ⃦⃦⃦

2

∫︂
D

dr
(2.63)
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FIGURE 2.4: Trajectories from 1-contracting (left) and 2-contracting systems (right).

Therefore, k-contraction of (2.57) implies the volume of k-dimensional bodies x(t, h(D))

converges to zero at an exponential rate. This can also be interpreted as the volume of
k-dimensional bodies is contracting or converging to a (k − 1)-dimensional subspace. Figure
2.4 provides an illustration of a 1-contracting and 2-contracting system.

Theorem 2.4. Fix k ∈ [1, n]N and consider the nonlinear system (2.57) assumed to be contin-
uously differentiable. If there exists η > 0 and an invertible matrix Θ ∈ Rn×n such that

µ2,Θ(k)

(︁
J[k]f (t, x)

)︁
≤ −η ∀ x ∈ Rn and t ∈ R≥0 (2.64)

then (2.57) is k-contracting in the 2-norm with respect to the metric P := Θ⊤Θ.

Many existing k-contraction results, including Theorem 2.4, are expressed in terms of
matrix measures. An overview of their definitions and properties can be found in [35,
Section 2.2]. Theorem 2.4 provides a sufficient condition for verifying k-contraction in
the 2-norm with respect to a metric P. The 2-norm was chosen for this work due to
its relationship with the eigenvalues of its argument, but other norms could be chosen.
Furthermore, like with Lyapunov analysis, one may apply an invertible linear trans-
formation Θ to wi(t, r) and the k-contraction analysis may be performed in this new
domain whilst implying the same property holds in the original domain. This idea is
made clear in [49] for 1-contraction and translates analogously to the k-contraction case.
When using such an invertible transformation, the system is said to be k-contracting
with respect to the metric P = Θ⊤Θ.
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2.2 Forced Lurie Systems and Relevant Special Cases

This section presents the fundamental continuous-time model studied throughout this
thesis. The discrete-time counterpart is defined analogously. The most general form of
the model, the Forced Lurie System [50], is presented first and then the special cases stud-
ied throughout the thesis are highlighted after. Conditions which ensure the system is
well-posed are then presented, followed by some relevant examples.

2.2.1 Forced Lurie Systems

Consider the interconnection in Figure 2.5, where P(s) ∈ RH∞ is an LTI system with
state space realisation (A, B, C, D) and Φ : Rm → Rm is a static nonlinearity. The
system is modelled by

ẋ = Ax + Buu + v1 y = Cx + Duu + v2 u = Φ(y) (2.65)

where A ∈ Rn×n; B := [Bu, In, 0] ∈ Rn×(n+2m) with Bu ∈ Rn×m; C ∈ Rm×n; and
D := [Du, 0, Im] ∈ Rm×(n+2m) with Du ∈ Rm×m. Such an interconnection is a type of
Forced Lurie System1. The structured form of the B and D matrices accommodates the
three explicitly defined inputs to the LTI system, where the two external inputs, v1 and
v2, are respectively applied to the state equation and the output equation.

2.2.1.1 Lurie Systems

An important special case of (2.65) is the unforced system, when v1(t) ≡ v2(t) ≡ 0, and
is referred to as a Lurie system throughout the thesis. As the external inputs have been
removed, the system becomes time-invariant. In this case, the B and D matrices reduce
to B = Bu ∈ Rn×m and D = Du ∈ Rm×m. For the system to be well-posed, a unique
solution x(t) must exist for every x(0). This requires some mild assumptions about
Φ(·) and for the implicit equation y = Cx + DΦ(y) to have a unique solution, y, for
every x. These implicit equations are sometimes called algebraic loops which frequently
arise in control problems; more general results on these can be found in [51; 52; 53].
Section 2.2.2 discusses the conditions which ensure well-posedness is guaranteed.

Lurie systems are the focus of Chapter 3 - Chapter 5. As discussed in these chapters,
such systems are prevalent in nature and engineering. Those involving recurrent neu-
ral networks (RNNs) and feed-forward neural networks (NNs) are of particular interest
in this thesis, with the feed-forward example discussed in Section 2.2.3.

1Named after Anatolii Isakovich Lurie and sometimes spelt Lur’e or Lurye.
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Φ(·)

v1
v2

yu

FIGURE 2.5: Block diagram of Forced Lurie System.

2.2.1.2 Lurie Networks

Another important special case of (2.65) is referred to as the Lurie network and occurs
when Du = 0 and the external inputs are replaced by constant bias terms, v1(t) ≡ b1

and v2(t) ≡ b2. This special case is also time invariant and since Du = 0, the output
equation is not implicit; hence only mild conditions on Φ(·) are required to ensure the
Lurie network is well-posed.

Lurie networks are the focus of Chapter 6. As discussed in that chapter, many artificial
and biological learning systems are instances of this structure and hence, are of interest
in this thesis.

2.2.2 Well-posedness

Well-posedness of the Lurie system and Lurie network are equivalent to the existence
of a unique solution to the state space equations (2.65) for the respective special cases.
Assuming Φ(·) is globally Lipschitz (and differentiable almost everywhere), the Lurie
network is immediately well-posed, since Du = 0 [14, Chapter 3]. When D ̸= 0, the
Lurie system additionally requires the existence of a unique solution, y(η), to the equa-
tion F(y) := y − DΦ(y) = η. A sufficient condition for this is given by Lemma 2.1 and
adapted from, for example, [54, Section II].

Lemma 2.1. Assuming Φ(·) is globally Lipschitz, a unique solution, x(t), exists to (2.65) with
v1(t) ≡ v2(t) ≡ 0 and D = Du for all x(0) ∈ Rn and t ≥ 0 if there exists U ∈ Dm

+ such that

2U − UD − D⊤U ≻ 0 (2.66)

An analogous result is required to ensure well-posedness of discrete-time Lurie sys-
tems, where the condition (2.66) is identical. As will be shown in the later chapters, for
many Lurie systems of interest, such as those involving NNs, this condition is naturally
satisfied.
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2.2.3 Lurie Systems Involving Feed-forward Neural Networks

This section presents the interconnection of a feed-forward NN and an LTI dynamical
system in the Lurie system framework. The derivation is adapted from [55].

The continuous-time LTI system, G(s) ∈ RH∞, with state space realisation (A, B, C, 0);
and, the L-layer feed-forward NN with zero biases, are expressed by (2.67) and de-
picted in Figure 2.6. The NN has zero biases to ensure the origin is an equilibrium
point of the system. The nonlinearity Φi(·) : RK → RK applies the activation function
ϕ : R → R element-wise to the K neurons of layer i. That is Φi(·) = [ϕ(z1), . . . , ϕ(zK)]

⊤.

G :

⎧⎨⎩ẋ = Ax + Bu

y = Cx
NN :

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

w0 = y

vi = Wi−1wi−1

wi = Φi(vi)

u = WLwL

(2.67)

The next step is to express (2.67) as a dynamical system interconnected with a static
nonlinearity. To this end, the following definitions are made

v :=

⎡⎢⎢⎣
v1
...

vL

⎤⎥⎥⎦ w :=

⎡⎢⎢⎣
w1
...

wL

⎤⎥⎥⎦ Φ(v) :=

⎡⎢⎢⎣
Φ1(v1)

...
ΦL(vL)

⎤⎥⎥⎦ (2.68)

Using these definitions

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

v1

v2

v3
...

vL−1

vL

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0 . . . 0 0
W1 0 0 . . . 0 0
0 W2 0 . . . 0 0
...

...
. . . . . .

...
...

0 0 0
. . . 0 0

0 0 0 . . . WL−1 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
⏞ ⏟⏟ ⏞

=:N

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

w1

w2

w3
...

wL−1

wL

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
+

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

W0

0
0
...
0
0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
⏞ ⏟⏟ ⏞
=:N0

y

u =
[︂
0 0 0 . . . 0 WL

]︂
⏞ ⏟⏟ ⏞

=:NL

w

(2.69)

Thus, the NN can be expressed more compactly by
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G(s)

y(t)u(t)

FIGURE 2.6: Interconnection of a feed-forward neural network and an LTI system.

NN :

⎧⎪⎪⎪⎨⎪⎪⎪⎩
v = N0y + Nw

w = Φ(v)

u = NLw

(2.70)

In Lurie form, v must be the output and w must be the input of the dynamical system
as they are, respectively, the input and output of Φ(·). This is achieved by substituting
u of (2.69) into G of (2.67) and substituting y of (2.67) into v of (2.70) to get

P :

⎧⎨⎩ẋ = Ax + BNLw

v = N0Cx + Nw
(2.71)

This is a Lurie system with a state space realisation (A, BNL, N0C, N). It has the same
form as (2.65) with Bu = BNL, Du = N, w = Φ(v) and v1 ≡ v2 ≡ 0.

2.2.4 Relationship Between Lurie Networks and Neural ODEs

Consider the vector field ż = f (z) represented by the following L-layer feed-forward
network (also referred to as a neural ODE)

ż = WLΦ(uL−1) + bL

uL−1 = WL−1Φ(uL−2) + bL−1

uL−2 = WL−2Φ(uL−3) + bL−2

...

u3 = W3Φ(u2) + b3

u2 = W2Φ(u1) + b2

u1 = W1z + b1

(2.72)
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This representation was first proposed in [56]. To illustrate the superior expressivity of
the Lurie network, it is now shown how a special case of (2.65) can approximate the
neural ODE (2.72). An alternative expression for (2.72) is

ż = 0z + WLΦ(uL−1) + bL

ϵu̇L−1 = −uL−1 + WL−1Φ(uL−2) + bL−1

ϵu̇L−2 = −uL−2 + WL−2Φ(uL−3) + bL−2

...

ϵu̇3 = −u3 + W3Φ(u2) + b3

ϵu̇2 = −u2 + W2Φ(u1) + b2

u1 = W1z + b1

(2.73)

where ϵ → 0. Defining a new state x := [z, uL−1, uL−2, . . . , u3, u2]⊤ and an output
vector y := [uL−1, uL−2, . . . , u3, u2, u1] it is clear that (2.73) is a special case of (2.65) with
Du = 0, v1 = bx, v2 = by and the other state space matrices defined by the sparse
structures below.

A = ϵ−1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0 . . . 0 0
0 −I 0 . . . 0 0
0 0 −I . . . 0 0
...

...
...

. . .
...

...
0 0 0 . . . −I 0
0 0 0 . . . 0 −I

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
Bu = ϵ−1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ϵWL 0 0 . . . 0 0
0 WL−1 0 . . . 0 0
0 0 WL−2 . . . 0 0
...

...
...

. . .
...

...
0 0 0 . . . W3 0
0 0 0 . . . 0 W2

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(2.74)

C =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 I 0 . . . 0 0
0 0 I . . . 0 0
...

...
...

. . .
...

...
0 0 0 . . . I 0
0 0 0 . . . 0 I

W1 0 0 . . . 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
by =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
0
...
0
0
b1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
bx = ϵ−1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ϵbL

bL−1

bL−2
...

b3

b2

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(2.75)

This is just one realisation of a Lurie network which can approximate a neural ODE,
when ϵ is appropriately set. Other permutations of the state would result in different
realisations of the Lurie networks weights and biases. Finally, due to the division by
ϵ, it would not be possible to train a Lurie network with the exact same form as (2.73);
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however, this analysis shows that it is possible to approximate the structure of a neural
ODE with a Lurie network.

2.3 Absolute Stability

The absolute stability problem is a foundational question in nonlinear control the-
ory that is concerned with the stability of forced Lurie systems (Section 2.2.1). The
problem arises in the analysis of a feedback interconnection between a linear time-
invariant (LTI) system and a, potentially time-varying, memoryless nonlinearity that
adheres to certain conditions. The objective is to determine whether the closed-loop
system satisfies a chosen definition of stability (e.g., Section 2.1.1.2 or Section 2.1.2)
for all nonlinearities within a class, independent of the specific functional form of
the nonlinearity. References to a small selection of papers on the topic are listed here
[57; 58; 59; 50; 14; 60; 61; 62; 63; 64; 65].

The absolute stability problem is motivated by practical control scenarios where the
linear part of the system (often the plant or controller) is well understood, but the non-
linearity may only be known to satisfy broad constraints, such as sector or slope con-
ditions. A canonical example is the Lurie system (Figure 2.5 with v1(t) ≡ v2(t) ≡ 0),
which consists of an LTI system in feedback with a nonlinearity constrained to a sector,
determined by the lines ϕ1(y) = k1y and ϕ2(y) = k2y, and denoted by Sector[k1, k2].
The absolute stability problem then asks

Does the closed-loop system satisfy the chosen definition of stability for all nonlinearities within
this sector?

The domain which such a definition of stability can be shown to hold depends upon
the domain which the sector condition holds for. An example is displayed in Figure 2.7
which indicates the sector bound only holds over the local domain y ∈ [−π

2 , π
2 ].

Characterising the class of nonlinearities which the absolute stability criterion is re-
quired to hold for is a key step. One common way to do this is with the use of quadratic
constraints (QCs), as discussed next.

2.3.1 Common Quadratic Constraints

Sector-bounded and slope-restricted nonlinearities represent two broad classes which
commonly appear in absolute stability problems. A scalar function ϕ : R → R is,
respectively, sector-bounded or slope-restricted over some domain, D, if the following
inequalities hold



32 Chapter 2. Background

FIGURE 2.7: Nonlinearity satisfying the Sector[0, 1] conditions over y ∈ [−π
2 , π

2 ].

ϕ ∈ Sector[k1, k2] ⇒ k1y ≤ ϕ(y) ≤ k2y (2.76)

ϕ ∈ Slope[k1, k2] ⇒ k1 ≤ ϕ(y)− ϕ(ỹ)
y − ỹ

≤ k2 (2.77)

for all y ̸= ỹ ∈ D where k1 ≤ k2. Many neural network activation functions satisfy
these properties globally, as highlighted in Table 2.1. Two illustrative examples are also
presented in Figure 2.7 and Figure 2.8.

These scalar sector and slope inequalities can be used to construct sector-bounded and
slope-restricted QCs for repeated nonlinearities Φ : Rm → Rm with the form

Φ(·) =

⎡⎢⎢⎣
ϕ(·)

...
ϕ(·)

⎤⎥⎥⎦ (2.78)

Fact 2.10. Let Φ : Rm → Rm be a repeated nonlinearity and K1, K2 ∈ D with K2 − K1 ∈ Dm
+.

If there exists V ∈ Dm
+ such that

[Φ(y)− K1y]⊤V[K2y − Φ(y)] ≥ 0 ∀y ∈ D (2.79)

then Φ(y) ∈ Sector[K1, K2] over the domain D.

Proof: Assuming ϕ(·) ∈ Sector[k1,i, k2,i], then the following two inequalities can be ex-
tracted from (2.76)

ϕ(yi)− k1,iyi ≥ 0 k2,iyi − ϕ(yi) ≥ 0 (2.80)
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TABLE 2.1: Sector-bounded and slope-restricted activation functions over R.

Activation Function Sector-bound ([k1, k2]) Slope-restriction ([k1, k2])
ReLU [0, 1] [0, 1]
Leaky ReLU [0, 1] [0, 1]
Shifted Sigmoid [0, 1] [0, 0.25]
Tanh [0, 1] [0, 1]

Multiplying the two inequalities together and by vii ≥ 0 results in

(ϕ(yi)− k1,iyi)vii(k2,iyi − ϕ(yi)) ≥ 0 (2.81)

Assuming Φ(·) is a repeated nonlinearity constructed from ϕ(·) then, summing over
i = 1, . . . , m and expressing in the equivalent quadratic form leads to Fact 2.10. Note
that Kj = diag(k j,1, . . . , k j,m) for j ∈ {1, 2} and V = diag(v11, . . . , vmm). □

A similar fact can be obtained for slope-restricted repeated nonlinearities.

Fact 2.11. Let Φ : Rm → Rm be a repeated nonlinearity, Ψ(y, ỹ) := Φ(y) − Φ(ỹ) and
K1, K2 ∈ D with K2 − K1 ∈ Dm

+. If there exists W ∈ Dm
+ such that

[Ψ(y, ỹ)− K1(y − ỹ)]⊤W[K2(y − ỹ)− Ψ(y, ỹ)] ≥ 0 ∀y ̸= ỹ ∈ D (2.82)

then Φ(y) ∈ Slope[K1, K2] over the domain D.

Proof: Assuming ϕ(·) ∈ Slope[k1,i, k2,i], then the following two inequalities can be ex-
tracted from (2.77)

ψ(yi, ỹi)− k1,i(yi − ỹi) ≥ 0 k2,i(yi − ỹi)− ψ(yi, ỹi) ≥ 0 (2.83)

Multiplying the two inequalities together and by wii ≥ 0 results in

(︁
ψ(yi, ỹi)− k1,i(yi − ỹi)

)︁
wii

(︁
k2,i(yi − ỹi)− ψ(yi, ỹi)

)︁
≥ 0 (2.84)

Assuming Φ(·) is a repeated nonlinearity constructed from ϕ(·) then, summing over
i = 1, . . . , m and expressing in the equivalent quadratic form leads to Fact 2.11. Note
that Kj = diag(k j,1, . . . , k j,m) for j ∈ {1, 2} and W = diag(w11, . . . , wmm). □

Both the sector-bounded and slope-restricted QCs include variables (V and W) which
can later be determined. This freedom can be leveraged when posing stability criteria
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FIGURE 2.8: Nonlinearity satisfying the Slope[−2, 2] conditions over y ∈ [−1, 2].

(Section 2.1.2) as a semi-definite programming (SDP) problem (Section 2.1.3), as will be
illustrated in the next section.

2.3.2 S-procedure

The S-procedure is a classical result from control theory and convex analysis that pro-
vides sufficient conditions under which a quadratic inequality can be inferred from
another [38, Section 2.6.3]. Specifically, it addresses the problem of determining when
an implication of the form

g(x) ≥ 0 ⇒ f (x) ≥ 0 (2.85)

holds for all x ∈ Rn when f , g are quadratic functions. The S-procedure introduces a
scalar multiplier, often referred to as an S-procedure multiplier, to transform such an
implication into a single inequality involving a linear combination of f and g. Formally,
the S-procedure states that if there exists a scalar λ ≥ 0 such that

f (x)− λg(x) ≥ 0 ∀ x ∈ Rn (2.86)

then this is sufficient for the implication g(x) ≥ 0 ⇒ f (x) ≥ 0 to hold.

The significance of the S-procedure lies in its ability to convert non-convex implication
constraints into convex semidefinite constraints, enabling the use of powerful tools
from semidefinite programming (Section 2.1.3). In this thesis, the S-procedure is reg-
ularly used to form a conservative approximation, g(x), of the constraint of interest,
f (x). A classical result from absolute stability analysis, the Circle Criterion [14], is
studied below to illustrate this.
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Example 2.2. Consider a Lurie system of the form (2.65) with v1(t) ≡ v2(t) ≡ 0,
D = 0 and Φ(y) ∈ Sector[0, I] for all y ∈ Rm. The Circle Criterion provides a sufficient
condition to test if such a Lurie system is globally asymptotically stable (GAS).

Following Theorem 2.2, the Circle Criterion proposes a quadratic Lyapunov function of the
form V(x) = x⊤Px with P ∈ Sn

+. Calculating V̇(x) results in

V̇(x) =

[︄
x
Φ

]︄⊤ [︄
PA + A⊤P PB

B⊤P 0

]︄ [︄
x
Φ

]︄
(2.87)

Checking if V̇(x) < 0 ∀ x ̸= 0 ∈ Rn is equivalent to verifying if there exists P ∈ Sn
+

which satisfies the LMI [︄
PA + A⊤P PB

⋆ 0

]︄
≺ 0 (2.88)

This inequality can be efficiently solved (if a solution exists) using SDP (Section 2.1.3).

As highlighted by a Schur complements argument [66, Section 2.3], a solution P ∈ Sn
+

cannot be found to satisfy this LMI since the (2,2) block can never be negative definite. At
the expense of some conservatism, the Circle Criterion leverages the S-procedure to handle
this issue by adding Fact 2.10 to V̇(x) to get

g(x) = V̇(x) + 2Φ(y)⊤V[y − Φ(y)]⏞ ⏟⏟ ⏞
≥0

(2.89)

Since the second term is non-negative, g(x) < 0 ⇒ V̇(x) < 0 ∀ x ̸= 0 ∈ Rn. Checking
if g(x) < 0 ∀ x ̸= 0 ∈ Rn is equivalent to verifying if there exists P ∈ Sn

+ and V ∈ Dm
+

which satisfy the LMI [︄
PA + A⊤P PB + C⊤V

⋆ −2V

]︄
≺ 0 (2.90)

Since the (2,2) block is now negative definite, a Schur complements argument no longer
prevents a solution from existing. The existence of a solution will now depend on the Lurie
system parameters (A, B, C).

2.3.3 Literature on Absolute Stability

Over the decades, several analytical techniques have been developed to address the
absolute stability problem. Notable contributions include the Circle Criterion, Popov
Criterion, Zames-Falb multipliers and integral quadratic constraints (IQCs). These ap-
proaches blend frequency-domain and time-domain insights and have played a central
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role in shaping modern robust and nonlinear control theory. In the following section,
a number of approaches are discussed, followed by a comparison of their respective
strengths and limitations. As commonly done throughout this chapter, the continuous-
time results will be prioritised in the discussion; however, the discrete-time setting is
conceptually the same.

Each approach is classified according to how the method is formulated and the defi-
nition of stability used. Approaches derived in the time-domain, via the S-procedure
(Section 2.3.2), which result in Lyapunov-based stability criteria (Section 2.1.2) are re-
ferred to as quadratic forms. A popular frequency domain approach is to study the
input-output stability properties (Section 2.1.1.2) of an equivalent system, augmented
by a multiplier. Thanks to the Kalman-Yakubovich-Popov (KYP) Lemma [14, Lemma
6.3], it is possible to convert a criterion between the two domains. The final class of
methods are those which frame the problem as an IQC. This is a powerful approach
because it captures existing results from robust control and enables one to combine
different stability results, including quadratic forms and multipliers, into a common
analysis framework. A recent review of the field is presented in [65]; whereas [67; 68]
detail accessible introductions to multipliers and IQCs.

Quadratic Forms
The Circle Criterion [69; 14] was one of the earliest and most intuitive results in abso-
lute stability theory. It was originally developed to verify asymptotic stability for scalar
Lurie systems, with a sector-bounded nonlinearity. The criterion had a graphical rep-
resentation for testing stability, the Nyquist plot, which was the motivation behind the
name. A generalisation for testing asymptotic stability of multivariate Lurie systems
was later established; however, the intuitive graphical representation could no longer
be applied. Instead the criterion was posed as a semi-definite programming (SDP)
problem which could be verified computationally (Section 2.3.2). The stability result
was posed as a linear matrix inequality (LMI) and was derived in several ways, such
as appending the sector-bound quadratic constraint (Fact 2.10) via the S-procedure in
the Lyapunov analysis (Section 2.1.2). This was demonstrated in Example 2.2 which
highlights the resulting LMI in (2.90).

The Popov Criterion [69; 14] involves the use of the, more general, Lurie-type Lya-
punov function. However, this choice requires the linear system to be strictly proper,
which equates to assuming D = 0 in the linear state space representation. As with the
Circle Criterion, the result can be derived in various ways, but is now most commonly
presented as an LMI [38]. This included appending the sector-bounded quadratic con-
straint (QC) via the S-procedure in the Lyapunov analysis. This can easily been seen
by following the same steps as Example 2.2 but starting with the Lurie-type Lyapunov
function V(x) = x⊤Px + 2

∫︁ y
0 ΛΦ(σ) dσ. The resulting LMI was given by
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[︄
PA + A⊤P PB + C⊤V + A⊤C⊤Λ

⋆ ΛCB + B⊤C⊤Λ − 2V

]︄
≺ 0 (2.91)

with P ∈ Sn
+, Λ ∈ Dm

+ and V ∈ Dm
+. The LMI associated with the Circle Criterion is a

special case of this with Λ = 0. In [70; 71], the Popov Criterion was also shown to hold
for Λ ∈ D; thus increasing the freedom of the SDP decision variables.

An alternative perspective on the absolute stability problem is obtained through the use
of the Small Gain Theorem (SGT) [69; 38] which was developed as an analysis tool for
studying the input-output stability (Section 2.1.1.2) of two interconnected systems. The
theorem states that if both individual systems have a finite L2 gain, then the intercon-
nected system is input-output stable providing the product of these gains is less than 1.
For Lurie systems, a finite L2 gain of the nonlinearity is equivalent to ∥ϕ(yi)∥2 ≤ ∥yi∥2.
This is a QC and can be expressed with extra flexibility by multiplying through with
the variable vii ∈ R≥0 [38, Section 5.1]. Summing over i = 1, . . . , m results in the QC

[︄
x

Φ(y)

]︄⊤ [︄
C⊤VC C⊤VD

⋆ D⊤VD − V

]︄ [︄
x

Φ(y)

]︄
≥ 0 ∀x ∈ Rn (2.92)

When appended to the time derivative of the quadratic Lyapunov function, the result-
ing LMI is given by

[︄
PA + A⊤P + C⊤VC PB + C⊤VD

⋆ D⊤VD − V

]︄
≺ 0 (2.93)

where P ∈ Sn
+ and V ∈ Dm

+.

In addition to the classical approaches discussed above, more recent works such as
[72; 73; 74] also fall into this category. The approaches presented in [72; 73] assume the
nonlinearity is sector and slope restricted. These properties were leveraged to construct
several non-negative integral inequalities which were included in a novel Lyapunov
function by adding them as a weighted sum to a quadratic term. Consequently, the as-
sociated LMI arising from the negative definite Lyapunov condition was much larger
than those previously considered. A fairly similar approach was taken in [74]; how-
ever, a more sophisticated quadratic term was used in the Lyapunov function which
resulted in an LMI where the P matrix was relaxed to just being symmetric and the
weighting terms of the integrals were no longer required to be positive. Each of these
methods derived the corresponding stability criterion in the time-domain and assumed
D = 0.
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Passivity
Passivity is a broad and powerful concept in linear and nonlinear systems theory, with
deep connections to stability analysis, control design, and feedback interconnections.
Due to its breadth, only a brief overview is presented here, primarily drawing on the
treatment in [14, Chapter 6]. This section also forms the basis of the upcoming section
on multipliers.

A state space system is said to be passive if the energy supplied to the system is always
greater than or equal to the increase in the energy stored by the system. Formally, for
a system with input u(t), state x(t), output y(t), and a non-negative storage function
V(x), passivity is defined via the dissipation inequality

y⊤(t)u(t) ≥ V̇(t) =
∂V
∂x

· ẋ (2.94)

The system is strictly passive if the condition is satisfied with a strict inequality.

In the linear time-invariant (LTI) case, the system is (strictly) passive if the correspond-
ing transfer function is (strictly) positive real. Specifically, for a scalar system, the real
part of the system’s frequency response must be non-negative (positive) for all frequen-
cies. This bounds the phase of the frequency response to the (open) interval between
±90 degrees. Less intuitive generalisations of these conditions exist for multivariate
systems.

Passivity-based stability results are typically derived using Lyapunov techniques, where
the storage function V(x) serves as a Lyapunov function candidate. Passivity of sub-
systems plays a central role in establishing the stability of interconnected systems: for
instance, the feedback interconnection of two passive systems is guaranteed to be stable
under mild technical conditions. An example is detailed in the discussion on multipli-
ers. Whilst passivity provides a convenient framework for studying the stability of
system interconnections, it is a strong assumption which limits its applicability. For ex-
ample, any system with transfer function of relative degree two or more, such as many
simple mechanical and electrical systems, do not satisfy this assumption, and neither
do systems which exhibit a phase lead beyond 90 degrees.

Many advanced stability results can be interpreted through the lens of passivity via
loop transformation techniques. These transformations recast stability problems into
equivalent passive feedback interconnection problems, with relaxed assumptions. No-
tably, tools such as Zames-Falb multipliers, widely used in the analysis of systems
with slope-restricted and/or sector-bounded nonlinearities, can often be interpreted
in terms of passivity properties.
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P (s) M(s)

M−1(s)Φ(·)

P̂ (s)

Φ̂(·)

FIGURE 2.9: Equivalent Lurie system augmented by the multiplier M(s).

Multipliers
To illustrate the multiplier framework, consider the Lurie system from Figure 2.5 with
v1(t) ≡ v2(t) ≡ 0 as the original system of interest. It is well known that, under neg-
ative feedback, this system is input-output stable if the linear system, P(s), is strictly
passive and the nonlinearity, Φ, is passive [14, Theorem 6.4]. This places a very strong
requirement on P(s) which is rarely satisfied in practice. To relax this strong require-
ment, one can introduce a new transfer function, M(s), known as a multiplier, into the
loop. Using the same passivity arguments, the augmented but equivalent Lurie system
(Figure 2.9) is input-output stable if P̂(s) is strictly passive and the nonlinearity, Φ̂, is
passive. As the strictly passive requirement is now on P(s)M(s), where there is free-
dom to choose M(s), this should be easier to enforce. The challenge is to search for a
multiplier which guarantees input-output stability for as large a class of nonlinearities
as possible.

O’Shea proposed a class of multipliers suitable for monotone nonlinearities [75; 76]
which was later formalised in the pioneering work by Zames and Falb [58]. The class
of Zames-Falb (ZF) multipliers is defined below and has a number of appealing prop-
erties, as discussed in the review article [61].

Definition 2.7. The class of Zames-Falb multipliers is given by all transfer functions, M(s),
bounded and analytic on the imaginary axis, whose inverse Laplace transform is given by

m(t) = δ(t)−
∞

∑
i=1

hiδ(t − ti)− h(t) ∥h∥L1 +
∞

∑
i=1

∥hi∥ < 1 (2.95)

where δ(·) is the dirac delta function, hi ∈ R, and ∥h∥L1 =
∫︁ ∞
−∞ ∥h(t)∥ dt.

Zames-Falb multipliers can be applied to Lurie systems with monotone nonlinearities;
if the class of nonlinearities isn’t odd, only a subclass of multipliers can be applied.
Most recent work has focused on how to search for multipliers which either maximise
the slope size for which stability is guaranteed or minimise the L2 gain [61]. Such
searches are typically restricted to the rational subclass M ∈ RL∞, where hi = 0 for
all i [77; 78; 79; 80; 81; 82]. As discussed in [68, Section 5], the searches above, as well
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as others, can be further classified into three main approaches. Those which choose
rational multipliers where H(s) has the following form

H(s) =
n

∏
i=1

ki

s + ai
(2.96)

These multipliers require the order, n, and the poles, ai, to be chosen such that the aris-
ing matrix inequalities are linear. Other approaches assume the order of the multiplier
is at least the order of the plant but require an upper bound on the L1 norm (Defini-
tion 2.7) which is known to be extremely conservative in some cases. A final set of
approaches are those which use irrational multipliers; whilst these are promising, they
are currently quite fragile and are challenging to combine with synthesis techniques.

One limitation common to most multiplier approaches is that they are typically posed
for scalar Lurie systems. Generalisations to multivariate Lurie systems are not trivial
and require further assumptions about the nonlinearity to be made (e.g., it must be
the derivative of a convex potential function [61]). Even more problematic for high-
dimensional Lurie systems is that the searches become significantly more difficult and
computationally demanding. Promising methods in this regard, such as [83], are still
computationally demanding and require most parameters of (2.96) to be chosen with-
out much guidance. Of course, this reduces the freedom to find a multiplier which
satisfies the required passivity conditions needed to guarantee input-output stability
of the Lurie system. Other attempts to address this limitation include [84; 85; 86; 87].

Integral Quadratic Constraints
For completeness, a brief discussion on integral quadratic constraints (IQC) is included,
although they do not play a role in this thesis. Unlike Lyapunov analysis, which can
be applied to any nonlinear system, the IQC approach typically restricts attention to
the analysis of systems which can be expressed as a feedback interconnection of one
known and ”well-behaved” element, and a block of other elements which are less pre-
cisely known. A Lurie system is a good example. The result was first presented in [59],
but was strongly influenced by the work of Yakubovich [57]. Similar to quadratic con-
straints, IQCs characterise a class of operator’s in terms of quadratic forms. Example
operators include nonlinearities, delays, time-varying coefficients, and uncertain linear
time invariant (LTI) dynamics.

IQCs are typically presented in the frequency domain (although they can be formulated
in the time domain [88]) and can be directly applied to obtain an input-output stability
condition, also in the frequency domain. With respect to Figure 2.5, the nonlinearity,
Φ, is said to satisfy the IQC defined by Π ∈ RL∞ if the following inequality holds∫︂ ∞

−∞

[︄
Y(jw)

U(jw)

]︄∗

Π(jw)

[︄
Y(jw)

U(jw)

]︄
dw ≥ 0 (2.97)
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TABLE 2.2: Criteria comparison.

Criteria Nonlinearity D ̸= 0 Variable Count LMI Count
Circle Sector ✓ 0.5n(n + 1) + m 3
Popov Sector ✗ 0.5n(n + 1) + 2m 4
SGT Norm-bounded ✓ 0.5n(n + 1) + m 3
Park [72] Sector, Slope ✗ 0.5(n + m)(n + m + 1) + 10m 12
ZF2 Slope, Sector, Repeated ✗ 2.5n(n + 1) + 2n + m2 12

where Y(jw), U(jw) are the respective Fourier transforms of y(t), u(t) and Π(jw) =

Π∗(jw). One can easily obtain an IQC from a QC, such as (2.79), by integrating over the
time domain and subsequently applying Parseval’s identity. The benefit of establishing
an IQC of the form (2.97) is that it can be directly applied to verify input-output stability
in the frequency domain. Assuming the Lurie system in Figure 2.5 has v1 ≡ v2 ≡ 0 and
P(s) ∈ RH∞, then the Lurie system is input-output stable if

[︄
P(jw)

I

]︄∗

Π(jw)

[︄
P(jw)

I

]︄
≤ −ϵI ∀w ∈ R (2.98)

By application of the KYP Lemma, it follows that (2.98) can be expressed as a linear ma-
trix inequality (LMI) in terms of P ∈ Sn

+ and the other matrix variables which arise from
the IQC characterisation. Such problems can be posed as a semidefinite programming
(SDP) problem and solved efficiently (Section 2.1.3).

The key step in IQC analysis is characterising the troublesome nonlinear, time-varying,
or uncertain component. Several IQCs were established in [59] and, more recently,
IQCs characterising neural network nonlinearities were presented in [89]. Much work
has also focused on formulating existing absolute stability results in the IQC frame-
work [90; 60; 62; 64]. Whilst this provides a unifying framework for comparing quadratic
forms and multiplier stability criteria, a more practical benefit is gained when multiple
troublesome components are present in a system. As shown in [67], a single IQC can
be constructed from the individual IQCs which characterise each of the troublesome
components.

Comparison
When studying asymptotic or input-output stability of Lurie systems involving neu-
ral networks (NNs), the resulting LMIs become much larger than those traditionally
studied in the literature. For this reason, criteria with fewer variables and lower con-
servatism are desirable to minimise the computation required and to avoid wasting
computation (e.g., the system is stable but the criterion cannot verify this). With this
in mind, some relevant properties of the criteria presented earlier in this section are
detailed in Table 2.2.

2[91] used as ZF choice.
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First, the assumptions made about the nonlinearity were considered. With reference
to Table 2.1, it is clear that many activation functions of interest are sector-bounded
and slope-restricted. In artificial NNs the user chooses the nonlinearity, so the repeated
property can be satisfied by design. This is also common in models of biological NNs
and is leveraged in this thesis.

Secondly, assumptions made about the LTI system were considered. For example, only
two criteria can deal with the case when D ̸= 0, which is limiting when studying
systems involving feed-forward NNs. It should be noted that whilst the considered
ZF approach [91] assumes D = 0, this is not a general requirement for ZF methods.
Additionally, whilst most of the criteria considered rely on passivity to motivate the
choice of Lyapunov function, as will be shown later in the thesis, a more computational
approach may also be taken (i.e., directly trying to reduce conservatism in the LMIs by
introducing new variables and relaxing constraints on existing ones).

A brief comparison of the computational demands was made. It is understood that
the dimension of the LMIs (dependent on the number and size of each LMI) provides
the most significant contribution to slowing down the LMI solver [38]. It should be
noted that the criteria in [72; 91] not only contain many more LMIs, but also some of
the LMIs involved were significantly larger than those in the other approaches. How-
ever, it should be emphasised that there are a lot of choices to be made in ZF analysis,
so the number of variables and LMIs are only accurate in the case of [91]. In terms of
the number of variables, [72] and [91] are quadratic in m (number of activation func-
tions), whereas the other approaches are linear; hence, [72; 91] are considerably more
computationally demanding.

Finally, this section is concluded by highlighting some miscellaneous factors which
should be considered when choosing a stability criterion. For example, quadratic form
approaches tend to be more systematic than multiplier approaches, which often require
intuition about the problem when choosing parameter values. All criteria focus on
stability of equilibrium points or well-behaved signals; there are no global results for
systems with multiple equilibrium points or limit cycles. Finally, the IQC approach is
elegant and unrivalled when dealing with multiple uncertainties; however, deriving
IQCs is perhaps easier once a time-domain quadratic constraint has been established.
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Chapter 3

Stability Analysis of Lurie Systems
with ReLU Nonlinearities

This chapter considers the stability analysis of a Lurie system with a static repeated
ReLU (rectified linear unit) nonlinearity. Properties of the ReLU function are leveraged
to derive new tailored quadratic constraints (QCs) which are satisfied by the repeated
ReLU. These QCs are used to strengthen the Circle and Popov Criteria for this spe-
cialised Lurie system. It is shown that the criteria can be cast as a set of linear matrix
inequalities (LMIs) with less restrictive conditions on the matrix variables. Many sys-
tems involving a neural network (NN) with ReLU activations are important instances
of this specialised Lurie system; for example, a Hopfield network or the interconnec-
tion of a linear system with a feed-forward NN. Numerical examples demonstrate the
reduced conservatism of the strengthened criteria, particularly for large systems.

3.1 Introduction

As mentioned in Chapters 1 and 2, various systems involving NNs can be modelled as
a Lurie system (Figure 3.1) where the nonlinearity, Φ(·), is a vector of the NN activation
functions. Examples include the interconnection of a linear time-invariant (LTI) system
with a feed-forward NN (Section 2.2.3) and a Hopfield network [92]. Section 2.3 dis-
cussed how a Lurie system can be analysed with a range of criteria from absolute sta-
bility: the classical Circle and Povov Criteria [14; 93; 71], other Lyapunov-based criteria
[70; 72] and Zames-Falb multipliers [75; 58; 61; 94]. Typically multipliers are limited
to single-input-single-output systems; however, there is some work which extends the
multiplier framework to repeated nonlinearities [84; 85; 86; 87]. Limitations of these ap-
proaches are discussed in Section 2.3. Each of these criteria are posed as semi-definite
programming (SDP) problems involving linear matrix inequalities (LMIs); the bene-
fits and implementations of SDPs are discussed in Section 2.1.3. What differentiates
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P (s)

Φ(·)

yu

FIGURE 3.1: Lurie system with static nonlinearity.

the criteria is how they balance the trade-off between conservatism and computational
complexity.

Recent work has used the absolute stability framework, and the associated SDP tools,
for addressing a number of problems in NN analysis: estimation of the region of attrac-
tion [20; 95], synthesis of NN controllers [21; 96], and robustness analysis [97; 98; 99].
The main challenge in NN analysis is that the number of activation functions, m, is typ-
ically large, meaning that the resulting absolute stability problems suffer from greater
computational complexity than traditional absolute stability problems where m is nor-
mally small. Furthermore, at this scale, even some of the less conservative absolute
stability tools, such as Zames-Falb multiplier analysis, become quite conservative, lim-
iting their practical use.

Contribution: The main contribution of this chapter is to derive less conservative stabil-
ity criteria which are computationally tractable for high-dimensional problems, such
as those involving NNs. To do this, Lurie systems where the nonlinearity is of the
ReLU type are focused on. ReLU is a popular choice of activation function in deep
learning as it does not suffer from saturated outputs or increased computational inef-
ficiency, unlike the Logistic sigmoid and Tanh functions [100]. Properties of the ReLU
function are leveraged to derive tailored QCs for the repeated ReLU. As these charac-
terise the nonlinearity more accurately than sector/slope bounds, the stability analysis
holds for fewer nonlinearities. Generality is therefore sacrificed to increase the free-
dom in the SDP optimisation and, as a consequence, reduce the conservatism of the
stability analysis. Thus, the contribution is three-fold: tailored QCs are derived for
the repeated ReLU; the low complexity Circle and Popov Criteria are strengthened
for this specialised Lurie system; and, convex relaxations are proposed for converting
the strengthened Popov Criterion into an SDP problem involving LMIs, which can be
solved efficiently.

Chapter structure: Section 3.2 presents the problem setup and highlights the properties
of the ReLU function. Section 3.3 derives the tailored QCs for the repeated ReLU. Sec-
tion 3.4 presents the strengthened Circle and Popov Criteria for this specialised Lurie
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system, these are referred to as the Circle-like and Popov-like Criteria. Section 3.5 pro-
poses convex relaxations for the Popov-like Criterion. Finally, Section 3.6 presents some
numerical examples.

3.2 Preliminaries

3.2.1 Problem Setup

Consider the interconnection in Figure 3.1, where P(s) ∈ RH∞ is a finite dimensional
LTI system, with state space realisation (A, B, C, D)1. The system is modelled by (3.1)
with A ∈ Rn×n, B ∈ Rn×m, C ∈ Rm×n, D ∈ Rm×m and Φ(·) : Rm → Rm being the
repeated ReLU nonlinearity. Such an interconnection is a type of Lurie system. As the
repeated ReLU satisfies Φ(0) = 0, the origin is an equilibrium point2 of (3.1).

ẋ = Ax + BΦ(y)

y = Cx + DΦ(y)
(3.1)

The following assumption is made throughout the chapter.

Assumption 3.1 (Well-posedness). A unique solution x(t) exists to (3.1) for all x(0) ∈ Rn

and all t ≥ 0.

A discussion on well-posedness is included in Section 2.2.2. For this chapter, it is suf-
ficient to say that well-posedness is equivalent to the existence of a unique solution
to the state space equations (3.1). Since Φ(·) is globally Lipschitz (and differentiable
almost everywhere), a sufficient condition is given by Lemma 2.1.

In many absolute stability results (e.g., the standard Circle Criterion and Zames-Falb
multipliers) the LMI (2.66), in Lemma 2.1, is an intrinsic part of the stability conditions
and thus well-posedness is guaranteed. For the new results presented in this chapter,
this is not the case, so well-posedness needs to be verified by other means. Generally,
this involves verifying (2.66) directly. Fortunately, this is straightforward for the case
of many NN stability problems. For example, in an L-layer feed-forward NN, the D-
matrix in (3.1) takes the following form (Section 2.2.3)

1Section 2.1.1 discusses the fundamentals of signals and systems.
2Section 2.1.2 discusses Lyapunov stability analysis and defines an equilibrium point.
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D =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

0 0 . . . 0 0
W1 0 . . . 0 0
0 W2 . . . 0 0
...

...
. . .

...
...

0 0 . . . WL−1 0

⎤⎥⎥⎥⎥⎥⎥⎥⎦
∈ Rm×m (3.2)

where Wi ∈ Rmi×mi are weight matrices. In this case, inequality (2.66) becomes

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

2U1 −W ′
1U2 0 . . . 0 0

−U2W1 2U2 −W ′
2U3 . . . 0 0

0 −U3W2 2U3 . . . 0 0
...

...
...

. . .
...

...
0 0 0 . . . 2UL−1 −W ′

L−1UL

0 0 0 . . . −ULWL−1 2UL

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
≻ 0 (3.3)

where Ui ∈ D
mi
+ and ∑L

i=1 mi = m. Hence, by a Schur complement argument (see e.g.
[38]), for an arbitrary choice of UL ∈ D

mL
+ , one can always choose UL−1 ∈ D

mL−1
+ such

that the lower-right block matrix is positive definite; the remaining Ui can then be cho-
sen recursively. Thus, well-posedness for this class of Lurie systems is unconditionally
guaranteed.

Similarly, for Hopfield network’s, the system (3.1) has the form A = −I, B = W, C = I,
D = 0 [92] and hence is, trivially, well-posed. A detailed discussion of well-posedness
is beyond the scope of the chapter; it suffices to say that many systems featuring NNs
are naturally well-posed.

The following problem is addressed in the remainder of the chapter.

Problem 3.1. Find convex Lyapunov-based conditions which ensure the origin of the Lurie
system (3.1) is globally asymptotically stable when Φ(·) is the repeated ReLU.

3.2.2 Properties of the ReLU Function

The ReLU function (Figure 3.2) is continuous over its domain. The repeated ReLU is a
vectorised version of the ReLU function.
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0

0

FIGURE 3.2: ReLU function.

Definition 3.1 (ReLU function). ϕ(·) : R → R≥0

ϕ(yi) =

⎧⎨⎩yi yi ≥ 0

0 yi < 0
(3.4)

Definition 3.2 (Repeated ReLU). If ϕ(·) : R → R≥0 is the ReLU function, the repeated
ReLU is Φ(·) : Rm → Rm

≥0

Φ(·) =
[︂
ϕ(·) . . . ϕ(·)

]︂⊤
(3.5)

It is well known that the ReLU function satisfies a number of properties [97; 101]; some
of these are summarised in Table 3.1. Although the final two properties in Table 3.1
hold for many common static nonlinearities, the first four are less typical. In fact,
the complementarity condition holds for few activation functions other than the ReLU
function.

3.3 Quadratic Constraints

This section derives two tailored QCs for the repeated ReLU, using properties from
Table 3.1. In the next section, the presented QCs are leveraged to prove the strength-
ened criteria. Section 2.3.1 presents some well-known QCs and Section 2.3.2 outlines
the procedure for leveraging the QCs within the Lyapunov stability analysis.

Fact 3.1 (Sector-like QC). Let Φ(·) : Rm → Rm
≥0 be the repeated ReLU. If V ∈ Zm then the

following QC holds

Φ(y)′V[y − Φ(y)] ≥ 0 ∀y ∈ Rm (3.6)
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TABLE 3.1: Properties satisfied by the ReLU function.

ϕ(yi) ≥ 0 ∀yi ∈ R positivity
ϕ(βyi) = βϕ(yi) ∀yi ∈ R, β ∈ R≥0 positive homogeneity
ϕ(yi)− yi ≥ 0 ∀yi ∈ R positive complement
ϕ(yi)(yi − ϕ(yi)) = 0 ∀yi ∈ R complementarity
0 ≤ ϕ(yi)

yi
≤ 1 ∀yi ∈ R sector-boundedness (Sector[0, 1])

0 ≤ ϕ(yi)−ϕ(ỹi)
yi−ỹi

≤ 1 ∀yi, ỹi ̸= yi ∈ R slope-restriction (Slope[0, 1])

Proof: By scaling the product of the positivity and positive complement properties,
inequality (3.7) follows. When i = j the less restrictive equation (3.8) is implied.

ϕ(yi)vij(yj − ϕ(yj)) ≥ 0 ∀yi, yj ∈ R and vij ≤ 0 (3.7)

ϕ(yi)vii(yi − ϕ(yi)) = 0 ∀yi ∈ R and vii ∈ R (3.8)

Summing these inequalities yields

m

∑
i=1

m

∑
j=1
j ̸=i

ϕ(yi)vij(yj−ϕ(yj))+
m

∑
i=1

ϕ(yi)vii(yi−ϕ(yi)) ≥ 0 (3.9)

and majorising this expression leads to (3.6) with V = [vij]. □

Remark 3.1. The sector-like QC (3.6) takes the same form as the QC associated with the
Sector[0, I] ie., where the sector-boundedness property in Table 3.1 holds for all m elements
of Φ(·). The QC associated with the Sector[0, I] holds for a more general class of static nonlin-
earities, when V ∈ Dm

+. However, it should be observed that for nonlinearities which posses the
positivity and positive complement properties, such as the ReLU function, considerably more
freedom in the choice of V ∈ Zm is introduced. This manifests itself by permitting uncon-
strained diagonal elements and non-positive off-diagonal elements. □□

Fact 3.2 (Positivity QC). Let Φ(·) : Rm → Rm
≥0 be the repeated ReLU. If Q11, Q12, Q21,

Q22 ∈ Rm×m
≥0 then the following QC holds

[︄
Φ(y)

Φ(y)− y

]︄′ [︄
Q11 Q12

Q21 Q22

]︄ [︄
Φ(ỹ)

Φ(ỹ)− ỹ

]︄
≥ 0 ∀y, ỹ ∈ Rm (3.10)

Proof: The positivity QC is derived by scaling the product of the positivity and positive
complement properties with different arguments. Thus, for any q11,ij, q12,ij, q21,ij, q22,ij ∈
R≥0 it follows that
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ϕ(yi)q11,ijϕ(ỹj) ≥ 0 ∀yi, ỹj ∈ R (3.11)

ϕ(yi)q12,ij(ϕ(ỹj)− ỹj) ≥ 0 ∀yi, ỹj ∈ R (3.12)

(ϕ(yi)− yi)q21,ijϕ(ỹj) ≥ 0 ∀yi, ỹj ∈ R (3.13)

(ϕ(yi)− yi)q22,ij(ϕ(ỹj)− ỹj) ≥ 0 ∀yi, ỹj ∈ R (3.14)

Summing over these inequalities and majorising the resulting expressions leads to
(3.10) with Qk = [qk,ij] for k = {11, 12, 21, 22}. □

Remark 3.2. It is clear that the positivity QC (3.10) contains four individual QCs. In partic-
ular, (3.15) is the majorised expression of (3.11) included as the top left element of (3.10).

Φ(y)′Q11Φ(ỹ) ≥ 0 ∀y, ỹ ∈ Rm (3.15)

Also, note that the positivity QC (3.10) holds for ỹ = y. Two extra QCs (3.16), (3.17) can be
extracted from this case; the other two possible QCs are redundant since they would take the
same form as the sector-like QC, but with matrices from a more constrained set.

Φ(y)′Q11Φ(y) ≥ 0 ∀y ∈ Rm (3.16)

[Φ(y)− y]′Q22[Φ(y)− y] ≥ 0 ∀y ∈ Rm (3.17)

Later in the chapter, it will become clear that inequality (3.10) in its entirety is rather unwieldy
and the special cases (3.15), (3.16) are easier to apply. □□

3.4 Global Stability Analysis

This section derives the strengthened stability criteria. Two Lyapunov candidates are
proposed and the tailored QCs are used to derive matrix inequalities which, by the
Barbashin-Krasovskii Theorem (Theorem 2.2), are sufficient to verify the origin of the
specialised Lurie system (3.1) is globally asymptotically stable (GAS). The first Lya-
punov candidate has a quadratic form, as in the Circle Criterion, and the second is of
the Lurie-type, as in the Popov Criterion (Refer to Section 2.3 for more details on both).
Due to the integral term in the Lurie-type Lyapunov candidate, the strengthened Popov
Criterion may only be applied to systems with D = 0, as is the case with the standard
Popov Criterion.
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Theorem 3.1 (Circle-like Criterion). Consider the Lurie system (3.1) with Φ(·) the repeated
ReLU. Let Assumption 3.1 be satisfied. If there exists P ∈ Sn

+, V ∈ Zm, Q11 ∈ Rm×m
≥0 such

that [︄
He(A′P) PB + C′V′

⋆ He(Q11 − V(I − D))

]︄
≺ 0 (3.18)

then the origin of (3.1) is GAS.

Proof: The quadratic Lyapunov candidate (3.19) is radially unbounded and satisfies
Vc(x) > 0 ∀x ̸= 0 if P ∈ Sn

+.

Vc(x) = x′Px (3.19)

Since Φ(·) is the repeated ReLU, QCs (3.6) and (3.16) are satisfied. Appending these to
the time derivative of Vc(·) leads to (3.20).

V̇c(x) ≤ ẋ′Px + x′Pẋ + 2Φ(y)′V[y − Φ(y)] + 2Φ(y)′Q11Φ(y) (3.20)

Substituting (3.1) into (3.20) and putting into quadratic form results in (3.21). Therefore,
V̇c(x) < 0 ∀x ̸= 0 if (3.18) holds.

V̇c(x) ≤
[︄

x
Φ

]︄′ [︄
He(A′P) PB + C′V′

⋆ He(Q11 − V(I − D))

]︄ [︄
x
Φ

]︄
(3.21)

□

Remark 3.3. The Circle-like Criterion is a specialisation of the Circle Criterion when Φ(·) is
the repeated ReLU. Since the solution space of the Circle Criterion is a subset of (3.18) when
V ∈ Zm, Q11 ∈ Rm×m

≥0 are reduced to V ∈ Dm
+, Q11 = 0, one expects Theorem 3.1 to be less

conservative than the Circle Criterion. □□

Theorem 3.2 (Popov-like Criterion). Consider the Lurie system (3.1) with Φ(·) the repeated
ReLU and let D = 0. If there exists P ∈ Sn

+; H ∈ Rm×m; Λ, W ∈ Dm
+; V ∈ Zm; Q11, Q̃11 ∈

Rm×m
≥0 such that

⎡⎢⎣He(A′P) PB + C′V′ + A′C′H′Λ A′C′H′Λ + C′(H′ − I)W
⋆ He(Q̃11 + Q11 − V + ΛHCB) B′C′H′Λ + Q̃11

⋆ ⋆ −2W

⎤⎥⎦ ≺ 0 (3.22)

then the origin of (3.1) is GAS.
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Proof: The following Lyapunov candidate is considered

Vp(x) = x′Px + 2
∫︂ Hy

0
ΛΦ(σ) · dσ (3.23)

= x′Px + Φ(Hy)′ΛΦ(Hy) (3.24)

This is a more general version of the standard Lurie-type Lyapunov candidate since the
line integral features an additional, unstructured matrix H ∈ Rm×m, to be determined.

A necessary and sufficient condition for the line integral to be path independent is the
existence of a scalar function of which the integrand is the gradient [102; 103]. Since
Φ(·) is the repeated ReLU, the scalar function θ(·) can be chosen as

θ(σ) = Φ(σ)′ΛΦ(σ) (3.25)

The gradient of θ can be calculated as

∇σ

(︁
θ(σ)

)︁
= 2

∂Φ
∂σ

ΛΦ(σ) (3.26)

where

∂Φ
∂σ

= diag
(︂∂ϕ(σ1)

∂σ1
, . . . ,

∂ϕ(σm)

∂σm

)︂
(3.27)

Since ∂Φ
∂σ and Λ are both diagonal it follows that

∇σ

(︁
θ(σ)

)︁
= 2Λ

∂Φ
∂σ

Φ(σ) = 2ΛΦ(σ) a.e. (3.28)

The final equality holds because ∂ϕi(σi)
∂σi

ϕi(σi) = ϕi(σi) almost everywhere (to see this set
σi < 0 and then σi ≥ 0). Therefore, by the Gradient Theorem, the Lyapunov candidate
(3.23) can equally be expressed as (3.24). This is clearly radially unbounded and satis-
fies Vp(x) > 0 ∀x ̸= 0, if P ∈ Sn

+ and Λ ∈ Dm
+. Furthermore, it is independent of the

choice of H.

The time derivative of Vp(·) is given by (3.29)-(3.31) where, for convenience, ỹ := Hy.
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V̇p(x) = ẋ′Px + x′Pẋ +∇ỹ

(︂
θ(ỹ)

)︂
· ∂ỹ

∂x
ẋ (3.29)

= ẋ′Px + x′Pẋ + (2ΛΦ(ỹ))′HCẋ (3.30)

= 2
(︂

x′P + Φ(ỹ)′ΛHC
)︂
(Ax + BΦ(y)) (3.31)

The final equality features the repeated ReLU with two different arguments. However,
Φ(ỹ) can be expressed as

Φ(ỹ) = Φ(ỹ)− Φ(y)⏞ ⏟⏟ ⏞
=:Ψ(ỹ,y)

+Φ(y) (3.32)

Both the sector-like QC (3.6) and the standard slope-restricted QC (2.82) can be ap-
pended to equation (3.31). It should be noted that for the repeated ReLU, the slope-
restricted QC is valid globally with K1 = 0 and K2 = I. This results in

V̇p(x) ≤ 2
(︂

x′P + Φ(ỹ)′ΛHC
)︂
(Ax + BΦ(y)) + 2Φ(y)′V[y − Φ(y)]

+ 2Ψ(ỹ, y)′W[ỹ − y − Ψ(ỹ, y)] (3.33)

Using (3.32) and Q̃11 ∈ Rm×m
≥0 the positivity QC (3.15) can be re-written as

Φ(y)′Q̃11

(︂
Ψ(ỹ, y) + Φ(y)

)︂
≥ 0 ∀y, ỹ ∈ Rm (3.34)

Appending this and QC (3.16) to (3.33) gives

V̇p(x) ≤ 2
(︂

x′P + Φ(ỹ)′ΛHC
)︂
(Ax + BΦ(y))

+ 2Φ(y)′V[y − Φ(y)] + 2Ψ(ỹ, y)′W[ỹ − y − Ψ(ỹ, y)]

+ 2Φ(y)′Q̃11[Ψ(ỹ, y) + Φ(y)] + 2Φ(y)′Q11Φ(y) (3.35)

This can be majorised to get



3.5. Convex Relaxations for Theorem 3.2 53

V̇p(x) ≤

⎡⎢⎣ x
Φ
Ψ

⎤⎥⎦
′⎡⎢⎣He(A′P) PB + C′V′ + A′C′H′Λ A′C′H′Λ + C′(H′ − I)W

⋆ He(Q̃11 + Q11 − V + ΛHCB) B′C′H′Λ + Q̃11

⋆ ⋆ −2W

⎤⎥⎦
⎡⎢⎣ x

Φ
Ψ

⎤⎥⎦
(3.36)

□

Remark 3.4. The Popov-like Criterion is a specialisation of the Popov Criterion when Φ(·) is
the repeated ReLU. Since the solution space of the Popov Criterion is a subset of (3.22) when
V ∈ Zm, H ∈ Rm×m, W ∈ Dm

+, Q11, Q̃11 ∈ Rm×m
≥0 are reduced to V ∈ Dm

+, H = I,
W = Q11 = Q̃11 = 0, one expects Theorem 3.2 to be less conservative than the standard
Popov Criterion. □□

Remark 3.5. Although the Popov-like Criterion is less conservative than the Popov Criterion,
the arising matrix inequality (3.22) is not linear in the matrix variables. □□

Remark 3.6. To further tailor the stability analysis to the repeated ReLU, the positivity QC
(3.10) could have replaced the special case positivity QC (3.15) in (3.35). However, this would
have introduced an additional nonlinear term to (3.22) and increased the complexity of the
matrix inequality. □□

Remark 3.7. The Circle-like Criterion can be recovered from the Popov-like Criterion. As the
solution space of (3.18) is a subset of (3.22) when H ∈ Rm×m, Λ ∈ Dm

+, Q̃11 ∈ Rm×m
≥0 are

reduced to H = I, Λ = Q̃11 = 0, one expects Theorem 3.2 to be less conservative than Theorem
3.1. The trade-off for this reduced conservatism is increased complexity. □□

3.5 Convex Relaxations for Theorem 3.2

Inequality (3.22) is a bilinear matrix inequality (BMI) which is difficult to convexify
and impractical to solve for high-dimensional systems. Consequently, two convex re-
laxations are described below, which enable the matrix inequality to be expressed as
an LMI. The approaches suggested below make specific choices for certain variables;
however, less conservative relaxations may exist.

3.5.1 Specific Choice of Λ and W

Corollary 3.1 (Relaxed Popov-like Criterion 1). Consider the Lurie system (3.1) with Φ(·)
being the repeated ReLU and D = 0. If there exists P ∈ Sn

+; H ∈ Rm×m; V ∈ Zm; Q11, Q̃11 ∈
Rm×m

≥0 such that
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⎡⎢⎣He(A′P) PB + C′V′ + A′C′H′ A′C′H′ + ηC′(H′ − I)
⋆ He(Q̃11 + Q11 − V + HCB) B′C′H′ + Q̃11

⋆ ⋆ −2η I

⎤⎥⎦ ≺ 0 (3.37)

then the origin of (3.1) is GAS.

Proof: Matrix inequality (3.37) is a special case of (3.22) where Λ = I and W = η I. □

Since Λ always appears in a product with H, the choice Λ = I may be made without
loss of generality. However, some conservatism is introduced since H appears in a
product with W in the upper right element, without Λ. As the only other appearance
of W is in the lower right element, the choice W = η I is made, with the choice of η

guided by the Schur complement conditions needed to satisfy (3.22) (see e.g. [38]).

The advantage of this corollary, over the one presented below, is that it makes use of H
being a full matrix. The disadvantage is that restrictive choices for Λ and W have been
made which reduce the solution space.

3.5.2 Specific Choice of H

Corollary 3.2 (Relaxed Popov-like Criterion 2). Consider the Lurie system (3.1) with Φ(·)
being the repeated ReLU and D = 0. If there exists P ∈ Sn

+, Λ ∈ Dm
+, V ∈ Zm, Q11 ∈ Rm×m

≥0

such that

[︄
He(A′P) PB + C′V′ + A′C′Λ

⋆ He(Q11 + ΛCB − V)

]︄
≺ 0 (3.38)

then the origin of (3.1) is GAS.

Proof : By setting H = I the matrix in (3.22) collapses to a 2 by 2 block matrix. This is a
result of Φ(ỹ) = Φ(y) ⇒ Ψ(ỹ, y) = 0, which reduces (3.35) to

V̇p(x) ≤ 2
(︂

x′P + Φ(y)′ΛC
)︂
(Ax + BΦ(y))

+ 2Φ(y)′V[y − Φ(y)] + 2Φ(y)′
(︂

Q̃11 + Q11

)︂
Φ(y) (3.39)

Since Q̃11 +Q11 ∈ Rm×m
≥0 , one may set Q̃11 = 0 without loss of generality. Putting (3.39)

into quadratic form shows (3.36) has been relaxed to

V̇p(x) ≤
[︄

x
Φ

]︄′ [︄
He(A′P) PB + C′V′ + A′C′Λ

⋆ He(Q11 + ΛCB − V)

]︄ [︄
x
Φ

]︄
(3.40)
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TABLE 3.2: Example state space models (A, B, C, D).

Ex n m Source
1 9 3 [72] Ex. 3
2 3 3 [104] Ex.3
3 3 4 [83] Ex. 4.9
4 8 4 [105] Ex. 22
5 6 4 [105] Ex. 17
6 6 4 [105] Ex. 19
7 8 4 [105] Ex. 23
8 5 5 [104] Ex. 2
9 40 40 [32]
10 60 60 [32]
11 80 80 [32]
12 100 100 [32]

□

If the restriction H ∈ Dm
+ is made, the product of H and Λ will always be a member of

Dm
+. Therefore, the product of H and Λ may equivalently be represented by the matrix

Λ ∈ Dm
+; H = I may be chosen without loss of generality.

The advantage of this corollary, over the one above, is that it has lower complexity and
does not require any parameters to be chosen. Clearly, the disadvantage is that the
flexibility introduced by H ∈ Rm×m has been completely removed.

3.6 Numerical Examples

The maximum series gain (also known as the maximum sector/slope size) was used to
compare the conservatism of the criteria developed in this chapter against the classical
Circle and Popov Criteria [14], and the more recent developments using Zames-Falb
multiplier’s [106] and quadratic forms [72]. The Projective method [107] was imple-
mented to find the maximum series gain, whilst the LMIs were posed using YALMIP
[43] and solved using MOSEK [42].

3.6.1 Numerical Setup

The setup involved inserting a series gain (α) into the feedback loop by replacing Φ(y)
with αΦ(y) in (3.1) where α ∈ R≥0. It is clear from (3.1) that this is equivalent to
replacing B with αB and D with αD in the LMIs of each criterion. The maximum series
gain is the largest α for which each criterion can certify the origin of (3.1) is GAS. The
Nyquist gain provides an upper bound on this quantity.
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TABLE 3.3: Comparison of the maximum series gain.

Ex Circle Theorem
3.1

Popov Corollary
3.1

Corollary
3.2

Park Zames-
Falb

Nyquist
Gain

1 20.8800 39.5200 434.2800 10,953.77 100, 000+ 448.6800 434.2800 100,000+
2 89.9000 89.9000 89.9000 89.9000 89.9000 89.9000 89.9000 89.9000
3 0.5236 0.6818 0.5236 0.6818 0.6818 0.5236 0.5522 0.6983
4 0.0010 0.0012 0.0010 0.0012 0.0015 0.0010 0.0010 0.0020
5 0.0813 0.0814 0.0824 0.0814 0.0830 0.0845 0.0845 0.0869
6 0.1946 0.3901 0.1947 0.4155 0.5048 0.2266 0.2773 0.8202
7 0.0966 0.1232 0.0968 0.1232 0.1462 0.1035 0.1035 0.2002
8 2.0221 2.0221 2.0221 2.0221 2.0221 2.0221 2.0221 2.0221
9 1.4695 2.0516 1.4695 2.0516 2.0516 1.4695 1.4695 2.0600

10 1.3820 2.0224 1.3820 2.0343 2.2240 1.3820 1.3820 2.7000
11 1.4531 2.1189 1.4605 2.0449 2.2092 1.4605 1.4605 2.2200
12 1.4613 2.2144 1.4613 2.1582 2.3380 1.4613 1.4613 2.7500

Table 3.2 lists 12 state space models (A, B, C, D) chosen to benchmark the conservatism
of our criteria. The first 8 are from the literature, whereas the last 4 were GAS Hopfield
network’s, randomly generated according to the SVD Combo parametrisation in [32].
All chosen models have D = 0 to allow comparison of all criteria. The table also lists
the associated values of (n, m) where x ∈ Rn and Φ(·) : Rm → Rm. The examples used
can be found by referring to the references or looking at the related code3.

For each example, Corollary 3.1 was applied with η = 10, 000 and, for Example’s 10 -
12, the matrices H, V, Q11, Q̃11 were restricted to being symmetric in order to reduce
the computation time. The diagonal matrices of the Zames-Falb method varied be-
tween examples and were often set to the identity due to lack of guidance in selection.
Naturally, different choices of η and the Zames-Falb parameters may lead to differ-
ent results; furthermore, the additional symmetry restrictions to some parameters of
Corollary 3.1 may lead to increased conservatism.

3.6.2 Discussion

Table 3.3 presents the maximum series gain and Table 3.4 presents the number of de-
cision variables associated with each criterion. It should be noted that total decision
variable count of Corollary 3.1 was presented, even though for some examples, some
variables were restricted to being symmetric during implementation. The following
observations were noted:

• Corollary 3.2 is of equal or less conservatism than all existing criteria in 7 out of
the 8 low-dimensional examples and all the high-dimensional examples. Exam-
ples 9-12 emphasise that Corollary 3.2 strikes a very appealing balance of reduced

3https://github.com/CR-Richardson/Max-Series-Gain
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TABLE 3.4: Comparison of the decision variable count.

Ex Circle Theorem 3.1 Popov Corollary 3.1 Corollary 3.2 Park Zames-Falb
1 48 63 51 81 66 87 252
2 9 24 12 42 27 30 45
3 10 38 14 70 42 40 48
4 40 68 44 100 72 90 208
5 25 53 29 85 57 67 129
6 25 53 29 85 57 67 129
7 40 68 44 100 72 90 208
8 20 65 25 115 70 70 100
9 860 4,020 900 7,220 4,060 3,360 4,300

10 1,890 9,030 1,950 16,230 9,090 7,440 9,450
11 3,320 16,040 3,400 28,840 16,120 13,120 16,600
12 5,150 25,050 5,250 45,050 25,150 20,400 25,750

conservatism and tractable complexity compared to existing criteria. Corollary
3.1 is never less conservative than Corollary 3.2 and always has higher complex-
ity. Although, it should be noted on the high-dimensional examples, the conser-
vatism of Corollary 3.1 is competitive with Corollary 3.2, even with the symmetric
matrix restriction.

• Theorem 3.1 is of equal or less conservatism than all existing criteria in 75% of
low-dimensional examples and all high-dimensional examples, although still in-
ferior to Corollary 3.2. Theorem 3.1 also strikes an appealing balance between
reduced conservatism and tractable complexity. An advantage over Corollary 3.2
is that it can be applied when D ̸= 0.

• In the high-dimensional examples, the new criteria are significantly less conser-
vative than all existing criteria. In fact, for each high-dimensional example, all
existing criteria recover identical values for the maximum series gain.

• Corollary 3.1 is more conservative than Popov in Example 5. This highlights the
effect of the convex relaxation to Theorem 3.2. This effect is not observed for
Corollary 3.2.

• Example 8: a positive system for which the multivariable Aizerman Conjecture
holds [104]. In this case, all methods achieved the Nyquist gain upper bound on
α. The same applies for Example 2.

• In the first 8 examples, Theorem 3.1 and Corollary 3.2 were of similar complexity,
slightly higher than Popov. Corollary 3.1 had higher complexity than Corollary
3.2 and Park. Zames-Falb had notably higher complexity than Corollary 3.1, ex-
cluding Examples 3 and 8. As larger systems were considered, it becomes clear
that the complexity of the Circle and Popov Criteria scales the best. Theorem 3.1,
Corollary 3.2, [72], and Zames-Falb [106] all follow similar scaling trends. Finally,
the complexity of Corollary 3.1 scales the worst.
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FIGURE 3.3: Time taken to solve LMIs for Hopfield network’s in Examples 9-12.

Of course, the number of decision variables is only one of several factors which con-
tribute to the time taken to solve an LMI (Section 2.1.3). To provide a more comprehen-
sive comparison of this, the time taken for each criterion to be solved was presented in
Figure 3.3. This is equivalent to setting α = 1, which for Example’s 9-12, GAS was ver-
ified by each criterion. The computation was performed on an Apple M1 Pro and the ∗

denotes that Theorem 3.1 and Corollary 3.2 were applied with V, Q11 reduced to being
symmetric matrices; furthermore, the + denotes Corollary 3.1 was applied with all ma-
trices being reduced to symmetric. The figure highlights that Theorem 3.1, Corollary
3.1 (with symmetric restrictions), and Corollary 3.2 are the slowest criteria to be solved
and have similar scaling trends to Zames-Falb [106]. The time taken to solve Theorem
3.1 and Corollary 3.2 became comparable to [72] once the symmetry restrictions were
enforced. Finally, the Circle and Popov Criterion were by far the quickest to be solved.

Taking into account the conservatism and computational factors associated with each
criterion, the following guidance is suggested for practitioners working with high-
dimensional systems of the form (3.1). It is recommended to first try the fast, but
conservative, Circle and Popov Criteria. If these are unable to verify stability, then
try the restricted versions of Theorem 3.1 and Corollary 3.2, as these strike a good bal-
ance between speed and conservatism. If these also fail, then try the corresponding full
criterion. For these systems, it does not make sense to apply [72] or Zames-Falb [106]
as these are more conservative, but take a similar amount of time as the respective
versions of Theorem 3.1 and Corollary 3.2.

3.7 Conclusion

This chapter proposed the strengthened Circle and Popov Criteria for the analysis of
Lurie systems with repeated ReLU nonlinearities. The criteria were built upon new,
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tailored quadratic constraints derived for the ReLU function. The new criteria have,
potentially, much lower levels of conservatism than the standard Circle and Popov
Criteria and, in some cases, much lower than Park and Zames-Falb. The appeal of the
new criteria has been demonstrated with numerical examples, where Corollary 3.2 in
particular, demonstrated low levels of conservatism in all examples. When focusing
on high-dimensional systems, the new criteria were significantly less conservative and
Theorem 3.1 was consistently competitive with Corollary 3.2. The new results have
two deficiencies: (i) the results are limited to the ReLU nonlinearity; (ii) the number of
variables in the LMI grow quadratically. Despite this, it is hoped that these results may
help bring neural network based control into the domain of safety critical systems.
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Chapter 4

Stability Analysis of Discrete Lurie
Systems with ReLU Nonlinearities

This chapter addresses the stability analysis of a discrete-time (DT) Lurie system fea-
turing a static repeated ReLU nonlinearity. Such systems often arise in the analysis
of Hopfield networks and other neural feedback loops. Custom quadratic constraints,
satisfied by the repeated ReLU, are employed to strengthen the standard DT Circle and
DT Popov Criteria for this specific Lurie system. The criteria can be expressed as a set of
linear matrix inequalities (LMIs) with less restrictive conditions on the matrix variables.
It is further shown that if the Lurie system under consideration has a unique equilib-
rium point at the origin, then this equilibrium point is in fact globally stable or unstable,
meaning that local stability analysis will provide no additional benefit. Numerical ex-
amples demonstrate that the strengthened criteria achieve a desirable balance between
reduced conservatism and complexity when compared to existing criteria.

4.1 Introduction

Chapters 1 and 2 highlighted that various systems involving neural networks (NNs)
can be modelled as a Lurie system (Section 2.2.1). Notable instances are a Hopfield
network [92] and the interconnection of a linear time-invariant (LTI) system with a
feed-forward NN (Section 2.2.3). Whilst Chapter 3 directly analysed the stability of
these system in continuous-time, the more traditional focus in the literature, most NN
control systems would be implemented digitally. To fill this gap, this chapter focused
on discrete-time (DT) Lurie systems (Figure 4.1).
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P (z)

Φ(·)

yu

FIGURE 4.1: Discrete-time Lurie system with static nonlinearity.

To ensure the stability of a DT Lurie system, one can employ various absolute stability
criteria, including the classical DT Circle and DT Popov1 Criteria [69], Tsypkin Crite-
rion [108], alternative Lyapunov-based criteria [109; 73; 74], and Zames-Falb multipli-
ers [110; 81; 82]. Each of these criteria are posed as semi-definite programming (SDP)
problems involving linear matrix inequalities (LMIs); the benefits and implementations
of SDPs are discussed in Section 2.1.3. These criteria vary in their approach to balancing
computational complexity and conservatism. In parallel to the continuous-time case,
the DT Circle and DT Popov Criteria offer lower complexity, while Park and Zames-
Falb multipliers have higher complexity, but tend to be less conservative (Section 2.3).

Recent research has utilised the absolute stability framework and associated SDP tools
to address various challenges in NN analysis. This includes: estimating the basin of
attraction [20; 95; 111], synthesising NN controllers [21; 96], and robustness analysis
[97; 98; 99; 112]. The major difficulty in NN analysis stems from the large number of
activation functions, m. This leads to increased computational complexity in absolute
stability problems, compared to those traditionally studied. Some less conservative
tools, like the Park Criterion [73], exhibit extremely poor scalability with m. Conversely,
tools like the DT Circle Criterion become overly conservative, also limiting their utility
in NN analysis.

Contribution: This chapter focuses on the specialised DT Lurie system, where the nonlin-
earity is the repeated ReLU, commonly used in deep learning. The first contribution
confronts the challenge of balancing conservatism and computational complexity in
absolute stability problems encountered in NN analysis. It achieves this by enhancing
the low complexity DT Circle and DT Popov Criteria tailored for this specialised Lurie
system (Theorem 4.1 and Theorem 4.2). The second contribution is the remarkable dis-
covery that, under certain conditions, local stability at the origin of the specialised DT
Lurie system is equivalent to global stability (Theorem 4.4). This implies that if global
stability is not provable, then attempts to prove local stability will be similarly futile.

1Several versions of the DT Popov Criterion exist. When the DT Popov Criterion is referenced in this
chapter, we always mean the version presented in [69, Theorem 4.3].
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4.2 Preliminaries

This section states some fundamental results and properties which are later used for
global and local stability analysis (Section 2.1.2). The first two results are propositions
related to the mean value theorem (MVT).

4.2.1 Mean Value Theorem

Proposition 4.1 (Mean Value Theorem). If ϕ : R → R is continuous on [a, b], there is a
point ϵ ∈ (a, b) such that

∫︂ b

a
ϕ(σ)dσ = (b − a)ϕ(ϵ) (4.1)

Proof: [103, Page 100]. □

Proposition 4.2 (MVT for slope-restricted functions). If ϕ : R → R is continuous on [a, b]
and slope-restricted on [0, µ], then the following inequality must hold

∫︂ b

a
ϕ(σ)dσ ≤ µ(b − a)2 + ϕ(a)(b − a) (4.2)

Proof: If ϵ ∈ (a, b) and ϕ(·) is slope-restricted on the same domain, then (4.3) must hold
since 0 < ϵ − a < b − a. Subbing (4.3) into (4.1) results in Proposition 4.2.

0 ≤ ϕ(ϵ)− ϕ(a)
ϵ − a

≤ µ =⇒ ϕ(a) ≤ ϕ(ϵ) ≤ µ(b − a) + ϕ(a) (4.3)

□

4.2.2 Properties of the ReLU Function

The global stability analysis results are constructed on the observation that the ReLU
function satisfies a number of properties, summarised in Table 3.1. Although the slope-
restricted property holds for many static nonlinearities, the first four properties are
much less typical. In fact, the complementarity property holds for few activation func-
tions other than ReLU, which is defined below for convenience.
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Definition 4.1 (Repeated ReLU). If ϕ(·) : R → R≥0 is the ReLU function, the repeated
ReLU is Φ(·) : Rm → Rm

≥0

ϕ(yi) :=

⎧⎨⎩yi yi ≥ 0

0 yi < 0
Φ(·) :=

⎡⎢⎢⎣
ϕ(·)

...
ϕ(·)

⎤⎥⎥⎦ (4.4)

Fact 4.1. For U ∈ U and by definition of the ReLU function, the repeated ReLU can be ex-
pressed as

Φ(y) = Uy (4.5)

where U =
{︁

diag(u1, . . . , um) | ui ∈ 0, 1 and i ∈ 1, . . . , m
}︁

.

Proof : ϕ(yi) = u(yi)yi, where u(·) is the unit step function. Expressing this in vector
form is equivalent to Fact 4.1. □

4.2.3 Positively Homogenous Functions

A key property of the ReLU function, and the repeated ReLU by extension, which en-
ables one to prove the remarkable results in Section 4.4 is positive homogeneity. Several
facts about positively homogenous functions (Table 3.1) are introduced below.

Fact 4.2. If θ(·) : Rm → Rm is bijective and positively homogenous, then θ−1(·) : Rm → Rm

is positively homogenous too.

Proof : Assume that θ−1(·) exists and is not positively homogenous, that is αθ−1(v) ̸=
θ−1(αv). However, because θ(·) is positively homogenous and bijective, it follows that
for all α ∈ R≥0

v = θ−1
(︂1

α
θ(αv)

)︂
(4.6)

Now, by the assumption that θ−1(·) is not positively homogenous, this means that

v ̸= 1
α

θ−1 ◦ θ(αv) = v (4.7)

Clearly this is a contradiction and hence θ−1(·) must be positively homogenous. □
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Fact 4.3. Let θ(·) : Rm → Rm be defined by θ(v) := v − DΦ(v) for some matrix D ∈ Rm×m.
If Φ(·) : Rm → Rm is positively homogenous, then so is θ(·).

Proof : αθ(v) = αv − DαΦ(v) = αv − DΦ(αv) = θ(αv) for all α ∈ R≥0. □

4.2.4 Quadratic Constraints Satisfied by the Repeated ReLU

Using the properties from Table 3.1, two novel and less restrictive quadratic constraints
(QCs) were constructed in Section 3.3 (Fact 3.1 and Fact 3.2) which are satisfied by the
repeated ReLU. The same QCs are leveraged in Section 4.3 of this work, along with the
standard slope-restricted QC (Fact 2.11), which holds globally for the repeated ReLU
with K1 = 0 and K2 = I.

4.2.5 Problem Setup

Consider the DT Lurie system in Figure 4.1, where P(z) ∈ RH∞ is a finite dimensional
DT LTI system with state space realisation (A, B, C, D)2 and the static nonlinearity Φ(·)
is the repeated ReLU. The Lurie system is modelled by (4.8) with A ∈ Rn×n, B ∈ Rn×m,
C ∈ Rm×n and D ∈ Rm×m. As the repeated ReLU satisfies Φ(0) = 0, the origin is an
equilibrium point3 of (4.8).

xk+1 = Axk + BΦ(yk)

yk = Cxk + DΦ(yk)
(4.8)

Assumption 4.1 (Well-posedness). A unique solution xk exists to (4.8) for all x0 ∈ Rn and
all k ∈ N.

Well-posedness is equivalent to the existence of a unique solution to the state space
equations (4.8). Since Φ(·) is globally Lipschitz (and differentiable almost everywhere),
this is ensured if there exists a unique solution yk = θ−1(Cxk) to θ(yk) := yk −DΦ(yk) =

Cxk. A sufficient condition for this is given by Lemma 2.1.

In many absolute stability results (e.g., DT Circle Criterion) the LMI (2.66), from Lemma
2.1, is an intrinsic part of the stability conditions, so well-posedness is guaranteed. For
instance, for the zero order hold (ZOH) discretisation of the Hopfield network [92],
system (4.8) has the form A = e−τ I , B =

∫︁ τ
0 e−τ IWdτ, C = I, D = 0 and hence is,

trivially, well-posed. A comprehensive examination of well-posedness is outside the

2Section 2.1.1 discusses the fundamentals of signals and systems.
3Section 2.1.2 discusses Lyapunov stability analysis and defines an equilibrium point.
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scope of this chapter; it is enough to state that numerous DT systems incorporating
NNs inherently exhibit well-posedness. Refer to Section 2.2.2 for further discussion.

Throughout the remainder of the chapter, Assumption 4.1 is assumed to hold. This
implies a solution yk = θ−1(Cxk) exists to (4.8); furthermore Fact 4.2 and Fact 4.3 show
the solution is positively homogenous.

4.3 Global Stability Analysis

This section applies the DT counterpart of the Barbashin-Krasovskii Theorem (Section
2.1.2) to derive two LMIs which verify the origin of the specialised Lurie system (4.8) is
globally asymptotically stable (GAS). The main results are constructed using quadratic
and Lurie-type Lyapunov candidates, as is respectively the case in the DT Circle and
DT Popov Criteria, and the novel QCs discussed in Section 4.2.4.

Theorem 4.1 (DT Circle-like Criterion). Consider the DT Lurie system (4.8) with Φ(·)
the repeated ReLU. Let Assumption 4.1 be satisfied. If there exists P ∈ Sn

+, V ∈ Zm, and
Q11 ∈ Rm×m

≥0 such that

[︄
A′PA − P A′PB + C′V′

⋆ B′PB + He
(︁
Q11 − V(I − D)

)︁]︄ ≺ 0 (4.9)

then the origin of (4.8) is GAS.

Proof: Choosing a quadratic Lyapunov candidate Vcl(x) = x′Px with P ∈ Sn
+ and look-

ing at the difference along the trajectories of system (4.8) gives

∆Vcl =
(︁

Axk + BΦk
)︁′P(︁Axk + BΦk

)︁
− x′kPxk

= x′k(A′PA − P)xk + x′k A′PBΦk + Φ′
kB′PAxk + Φ′

kB′PBΦk
(4.10)

where ∆Vcl := Vcl(xk+1) − Vcl(xk) and Φk := Φ(yk). Appending the sector-like QC
(3.6) and the positivity QC (3.15) for the special case ỹk = yk, leads to

∆Vcl ≤ x′k(A′PA − P)xk + x′k A′PBΦk + Φ′
kB′PAxk + Φ′

kB′PBΦk

+ 2Φ′
kV

(︂
yk − Φk

)︂
+ 2Φ′

kQ11Φk (4.11)

The right hand side of (4.11) will be negative definite if Theorem 4.1 is satisfied. This
can be seen by substituting (4.8) in for yk, then expressing (4.11) in quadratic form. □
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Remark 4.1. Theorem 4.1 strengthens the DT Circle Criterion when Φ(·) is the repeated
ReLU. One expects Theorem 4.1 to verify GAS for a larger space of (A, B, C, D) matrices since
the DT Circle Criterion has more restrictions on the LMI variables: V ∈ Dm

+, Q11 = 0. □□

Theorem 4.2 (DT Popov-like Criterion). Consider the Lurie system (4.8) with Φ(·) the
repeated ReLU and let D = 0. If there exists P ∈ Sn

+; H ∈ Rm×m; Λ, W ∈ Dm
+; V ∈ Zm;

Q̃11, Q11 ∈ Rm×m
≥0 such that

⎡⎢⎣X11 X12 (A − I)′C′H′Λ + C′(H − I)′W
⋆ X22 B′C′H′Λ + Q̃11

⋆ ⋆ −2W

⎤⎥⎦ ≺ 0 (4.12)

X11 = A′PA − P + He
(︁
(A − I)′C′H′ΛHC(A − I)

)︁
X12 = A′PB + C′V′ + (A − I)′C′H′Λ + 2(A − I)′C′H′ΛHCB

X22 = B′PB + He
(︁
Q11 − V + ΛHCB + B′C′H′ΛHCB + Q̃11

)︁
then the origin of (4.8) is GAS.

Proof: A generalised Lurie-type Lyapunov candidate

Vpl(x) = x′Px + 2
∫︂ Hyk

0
ΛΦ(σ) · dσ (4.13)

with P ∈ Sn
+, H ∈ Rm×m and Λ ∈ Dm

+ is selected. Due to the integral term in the gen-
eralised Lurie-type Lyapunov candidate, Theorem 4.2 may only be applied to systems
with D = 0, as is the case with the DT Popov Criterion. Now, looking at the difference
along the trajectories of system (4.8) results in

∆Vpl = 2
∫︂ Hyk+1

0
ΛΦ(σ) · dσ − 2

∫︂ Hyk

0
ΛΦ(σ) · dσ

+ (Axk + BΦk)
′P(Axk + BΦk)− x′kPxk⏞ ⏟⏟ ⏞

=∆Vcl

(4.14)

where ∆Vpl := Vpl(xk+1)− Vpl(xk) and Φk := Φ(yk). Since the line integrals are path
independent (see Section 3.4 for more discussion on this), assume the system follows a
trajectory which begins at the origin, passes through Hyk and ends at Hyk+1, without
loss of generality. As a result

∆Vpl = ∆Vcl + 2
∫︂ ỹk+1

ỹk

ΛΦ(σ) · dσ (4.15)
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where ỹk := Hyk. As Λ = diag(λ1 . . . λm), the line integral can be expressed as

∫︂ ỹk+1

ỹk

ΛΦ(σ) · dσ =
m

∑
i=1

λi

∫︂ ỹk+1,i

ỹk,i

ϕ(σi)dσi (4.16)

The ReLU function, ϕ(·), is slope-restricted on [0, 1]; hence, Proposition 4.2 can be ap-
plied with a = ỹk,i, b = ỹk+1,i and µ = 1. Expressing the resulting summation in
quadratic form and substituting into (4.15) leads to

∆Vpl ≤ ∆Vcl + 2Φ̃′
kΛ

(︂
ỹk+1 − ỹk

)︂
+ 2

(︂
ỹk+1 − ỹk

)︂′
Λ
(︂

ỹk+1 − ỹk

)︂
(4.17)

where Φ̃k := Φk(ỹk). Appending the sector-like QC (3.6), both cases of the positivity
QC (3.15) and the slope-restricted QC (2.82) gives

∆Vpl ≤ 2Φ̃′
kΛ

(︂
ỹk+1 − ỹk

)︂
+ 2

(︂
ỹk+1 − ỹk

)︂′
Λ
(︂

ỹk+1 − ỹk

)︂
+ ∆Vcl + 2Φ′

kV
(︂

yk − Φk

)︂
+ 2Φ′

kQ11Φk⏞ ⏟⏟ ⏞
(4.9) when D=0

+ 2Φ′
kQ̃11Φ̃k + 2Ψ′

kW
(︂

ỹk − yk − Ψk

)︂
(4.18)

where Ψk := Ψ(ỹk, yk) = Φ̃k − Φk. Now, substituting Φ̃k = Ψk + Φk and replacing
ỹk+1, ỹk, yk with the respective functions of xk gives

∆Vpl ≤ 2
(︂

Ψk + Φk

)︂′
ΛHC

(︂
(A − I)xk + BΦk

)︂
+ 2Ψ′

kW
(︂
(H − I)Cxk − Ψk

)︂
+ 2

(︂
(A − I)xk + BΦk

)︂′
C′H′ΛHC

(︂
(A − I)xk + BΦk

)︂
+ 2Φ′

kQ̃11

(︂
Ψk + Φk

)︂
+ ∆Vcl + 2Φ′

kV
(︂

yk − Φk

)︂
+ 2Φ′

kQ11Φk⏞ ⏟⏟ ⏞
(4.9) when D=0

(4.19)

The right hand side of (4.19) is guaranteed to be negative definite if Theorem 4.2 is sat-
isfied. This can be seen by substituting the associated quadratic form of LMI (4.9) into
(4.19) when D = 0, then manipulating the full expression into quadratic form. □

Remark 4.2. Theorem 4.2 contains matrix variable products which prevents the matrix in-
equality from being linear. Setting H = I is one convex relaxation which reduces (4.12) to an
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LMI. Furthermore, this relaxation forces Ψ(ỹk, yk) ≡ 0, hence the block matrix from (4.12) is
still required to be negative definite, but has collapsed to the (2 × 2) block matrix

[︃
A′PA − P + He

(︁
(A − I)′C′ΛC(A − I)

)︁
A′PB + C′V′ + (A − I)′C′Λ + 2(A − I)′C′ΛCB

⋆ B′PB + He
(︁
Q11 − V + ΛCB + B′C′ΛCB

)︁ ]︃
≺ 0 (4.20)

□□

Remark 4.3. Remark 4.2 strengthens the DT Popov Criterion when Φ(·) is the repeated ReLU.
One expects Remark 4.2 to verify GAS for a larger space of (A, B, C) matrices since the DT
Popov Criterion has more restrictions on the LMI variables: V ∈ Dm

+, Q11 = Q̃11 = 0. □□

4.4 Equivalence of Local and Global Stability

As many properties of the ReLU function hold globally, limiting the scope of the stabil-
ity analysis to a local region did not seem promising, as done in [20]. For this reason,
conditions which ensured an asymptotically stable equilibrium point was, in fact, GAS
were investigated.

Theorem 4.3. System (4.8) has a unique equilibrium point at the origin if all matrices in the
set H are full rank where

H =
{︂

A − I + BU(I − DU)−1C | U ∈ U
}︂

(4.21)

and the 2m possible permutations of U are captured by the set

U =
{︂

diag(u1, . . . , um) | ui ∈ 0, 1 and i ∈ 1, 2, . . . , m
}︂

(4.22)

Proof : Any equilibrium point, xeq, of (4.8) must satisfy xk+1 − xk = 0. This is equivalent
to

0 = (A − I)xk,eq + BΦ(yk,eq) yk,eq = Cxk,eq + DΦ(yk,eq) (4.23)

Using Fact 4.1, the output equation of (4.23) may equivalently be expressed as

(I − DU)yk,eq = Cxk,eq ⇔ yk,eq = (I − DU)−1C⏞ ⏟⏟ ⏞
:=K

xk,eq (4.24)
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Equation (4.24) does not provide the general solution to the output equation, but in-
stead a relationship between an equilibrium state and the corresponding system out-
put. Using Fact 4.1 and substituting (4.24) into the state equation of (4.23) results in a
single equation which any equilibrium point must satisfy

0 = (A − I)xk,eq + BUyk,eq

= (A − I + BUK)xk,eq =: Ǎxk,eq
(4.25)

Since U ∈ U , then Ǎ ∈ H. Therefore, if all matrices in H have full rank, the only solu-
tion to (4.25) is xk,eq = 0. □

This condition is sufficient, but may be conservative as the state equations may only
allow U to enter a subset of the 2m possible permutations.

Remark 4.4. As a square matrix is only full rank if and only if it is also invertible, Theorem 4.3
can be verified by computing the determinant for each matrix in the set H. If all are non-zero,
the set H is full rank. □□

Theorem 4.4. If the origin of (4.8) is a unique equilibrium point and a ball of any radius rx

can be established as a region of attraction Brx = {x : ∥x∥ ≤ rx} then, the origin is actually a
GAS equilibrium point.

Proof : Under Assumption 4.1, system (4.8) can be expressed as

xk+1 = Axk + BΦ ◦ θ−1(Cxk) (4.26)

where θ(yk) := yk − DΦ(yk) = Cxk. Now assume Theorem 4.3 is satisfied, which
guarantees the origin is a unique equilibrium point of (4.26). Furthermore, assume it
can be established the origin of (4.26) has a region of attraction given by Brx := {x :
∥x∥ ≤ rx}. Now, define a positively scaled initial state z0 := αx0 where α > 0. The
initial state z0 will follow the trajectory

zk(z0) = αxk(x0) (4.27)

Using Fact 4.2 and Fact 4.3, it is clear that this is an instance of the general solution to
the scaled system

zk+1 = αAxk + αBΦ ◦ θ−1(Cxk)

= A(αxk) + BΦ ◦ θ−1
(︂

C(αxk)
)︂

= Azk + BΦ ◦ θ−1(Czk)

(4.28)
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As the scaled system (4.28) is of the same form as (4.26), a region of attraction Brz = {z :
∥z∥ ≤ rz} must exist around the origin of (4.28). Using (4.27), a relationship between
Brx and Brz can be established. First, Brx may equivalently be expressed in terms of z

Brx =
{︂

x : ∥x∥ ≤ rx

}︂
=

{︂1
α

z :
1
α
∥z∥ ≤ rx

}︂
(4.29)

A new set may then be defined which contains the unscaled vectors, z, satisfying (4.29)

Brz =
{︂

z : ∥z∥ ≤ αrx

}︂
(4.30)

This is the region of attraction, where rz = αrx. As α can represent any positive scalar,
one may set Brz = Rn. Thus, if one can show the origin of (4.26) has a region of
attraction, by the equivalence of (4.26) and (4.28), the origin of (4.26) is GAS. □

Remark 4.5. The implications of Theorem 4.4 are profound. Provided the origin is a unique
equilibrium of system (4.26), then if global stability cannot be established, it is futile to attempt
to establish local stability. This is somewhat counterintuitive. Typically in stability analysis, if
one cannot establish global stability, one attempts a local stability analysis. Theorem 4.4 implies
that, for ReLU problems, this will not be fruitful. □□

4.5 Numerical Examples

The maximum series gain was used to compare the conservatism of the criteria devel-
oped in this chapter against criteria with low (DT Circle and DT Popov [69]) and high
([73]) complexity. The Projective method [107] was utilised to find the maximum series
gain in conjunction with YALMIP [43] and MOSEK [42] for solving the LMIs.

4.5.1 Numerical Setup

The setup involved inserting a series gain (α ∈ R≥0) into the feedback loop by replacing
Φ(yk) with αΦ(yk) in (4.8). It is clear from (4.8) that this is equivalent to replacing
B with αB and D with αD in the LMIs of each criterion. The maximum series gain
represents the highest value of α for which each criterion can verify the origin of (4.8)
is GAS. The Nyquist gain provides an upper bound on this quantity.

The benchmark examples were discretised counterparts of the Lurie systems (A, B, C, D)

used in Chapter 3, where the ZOH method was used with a sampling period of Ts ∈
{10−2, 10−4} seconds. Table 3.2 lists the examples (prior to discretisation), taken from
the literature, and the respective values of (n, m) where x ∈ Rn and Φ(·) : Rm → Rm.
Each state space model had a zero D matrix to facilitate comparison with the DT Popov
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TABLE 4.1: Comparison of the maximum series gain.

Ex DT Circle Theorem 4.1 DT Popov Remark 4.2 Park Nyquist
Gain

1 20.8659 39.4280 411.582 3310.38 450.117 6666.67
2 89.9000 89.9000 89.9000 89.9000 89.9000 89.9000
3 0.5236 0.6818 0.5236 0.6818 0.5236 0.6983
4 0.0010 0.0012 0.0010 0.0014 0.0010 0.0020
5 0.0813 0.0814 0.0824 0.0829 0.0845 0.0869
6 0.1951 0.3916 0.1951 0.5007 0.2272 0.8212
7 0.0967 0.1230 0.0969 0.1448 0.1037 0.2008
8 2.0221 2.0221 2.0221 2.0221 2.0221 2.0221
9 1.4681 2.0519 1.4789 2.0536 1.4766 2.0600
10 1.3781 1.5559 1.3892 1.6978 N/A 2.7000
11 1.4500 2.1161 1.4500 2.2113 N/A 2.2200
12 1.4584 2.1977 1.4693 2.3107 N/A 2.7500

and DT Popov-like Criteria. Consult the related code4 to see the specific examples. Fi-
nally, as the DT Popov-like Criterion was a bilinear matrix inequality (BMI), the convex
relaxation stated in Remark 4.2 was deployed, to avoid losing the benefits of SDP prob-
lems.

4.5.2 Discussion

Table 4.1 presents the maximum series gain computed by each criterion and Table 4.2
states the number of decision variables associated with each criterion. Each system
with α set less than the Nyquist gain has a unique equilibrium point; hence, by Theorem
4.4, it will be futile to attempt a local stability analysis on such systems.

In 7 out of the 8 low-dimensional examples, Remark 4.2 exhibits conservatism that is
either equal to or less than all other criteria. In 6 out of the same 8 examples, Theorem
4.1 demonstrates conservatism that is either equal to or less than all existing criteria,
albeit remaining inferior to Remark 4.2 in 5 out of 8 instances. However, one obvious
advantage of Theorem 4.1 is its applicability when D ̸= 0. Example 8 demonstrates a
positive system wherein the multivariable Aizerman Conjecture is valid for the contin-
uous time counterpart [104]. In this scenario, all approaches attained the linear upper
limit on α. This was also achieved in Example 2.

In the four Hopfield network’s, Examples 9-12, the new criteria were significantly less
conservative than all other approaches. In fact for Examples 10 - 12, the Park Crite-
rion [73] was impractical as it had such a large number of variables. For this reason,
maximum series gain results were not obtained for these examples. This reduced con-
servatism came at the expense of an increased number of decision variables, compared

4https://github.com/CR-Richardson/DT-Max-Series-Gain
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TABLE 4.2: Comparison of the decision variable count.

Ex DT Circle Theorem 4.1 DT Popov Remark 4.2 Park
1 48 63 51 66 579
2 9 24 12 27 159
3 10 38 14 42 207
4 40 68 44 72 572
5 25 53 29 57 402
6 25 53 29 57 402
7 40 68 44 72 572
8 20 65 25 70 395
9 860 4,020 900 4,060 21,360
10 1,890 9,030 1,950 9,090 47,640
11 3,320 16,040 3,400 16,120 84,320
12 5,150 25,050 5,250 25,150 131,400

to the DT Circle and Popov Criteria, but far less than the Park Criterion. Hence, the
new criteria balance conservatism and complexity well.

To further compare the complexity of the criteria, the time for each criterion to ver-
ify GAS of Example’s 9-12 was plotted in Figure 4.2. It was known apriori that each
tractable criterion could successfully solve these problems since they each found a max-
imum series gain greater than 1. The plot supports the earlier claim that the Circle and
Popov Criteria scale the best, whilst Theorem 4.1 and Remark 4.2 were slower, but fol-
lowed a similar scaling trend. Restricting the V and Q11 matrices to being symmetric,
sacrifices some conservatism, but makes some significant computational savings. Fi-
nally, the Park Criterion was only tractable for Example 9 and was far slower than all
other criteria.

4.6 Conclusion

This work extends the results from Chapter 3 to discrete-time Lurie systems, account-
ing for the digital implemention of a neural network controller. The DT Circle and
DT Popov Criteria are strengthened for analysing DT Lurie systems with the repeated
ReLU nonlinearity. These refined criteria offer the potential for significantly lower con-
servatism levels compared to the standard DT Circle and DT Popov Criteria, whilst
retaining a practical level of computational efficiency for larger systems. Local stabil-
ity was also investigated, but this resulted in conditions which show that if the Lurie
system under consideration has a unique equilibrium point at the origin, then this equi-
librium point is in fact globally stable or unstable, meaning that local stability analysis
will provide no additional benefit. The main deficiency of the new results is their lim-
itation to the ReLU nonlinearity. Despite this, it is hoped that these results may help
bring neural network based control into the domain of safety critical systems.
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FIGURE 4.2: Time taken to solve LMIs for Hopfield network’s in Examples 9-12.
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Chapter 5

Stability Analysis of Lurie Systems
with Magnitude Nonlinearities

This chapter considers the interconnection of a continuous time linear time-invariant
system and a multivariable magnitude nonlinearity. A number of different quadratic
constraints are established for the magnitude nonlinearity and then used to derive sta-
bility criteria based on quadratic and Lurie-type Lyapunov functions. The new stabil-
ity criteria are cast as matrix inequalities and in some cases solved using semi-definite
programming. Connections are made between the magnitude nonlinearity and neural
network activation functions, such as the (leaky) ReLU, effectively allowing the stabil-
ity criteria derived here to be used to analyse interconnections of dynamical systems
and neural networks. Using the positive homogeneity property, shared by the (leaky)
ReLU and magnitude functions, mild conditions are also established to show that the
existence of a unique equilibrium point is sufficient for local and global stability to be
equivalent. Finally, numerical examples illustrate how the new global stability criteria
compare favourably with competing results from the literature. For high-dimensional
Hopfield networks, the conservatism is competitive with the strengthened Popov Cri-
terion, whilst being applicable to a wider range of nonlinearities.

5.1 Introduction

Lurie systems are feedback interconnections involving a linear time-invariant (LTI) sys-
tem and a, normally static, nonlinear element (Figure 3.1). They have been studied ex-
tensively in the control systems literature due to their relevance to a number of practical
problems and because there are several elegant and computationally efficient ways of
analysing their stability, as discussed in Section 2.3. Approaches include the Circle and
Popov Criteria [93; 14; 71], as well as the techniques of Zames and Falb [58], Park [72]
and others [61; 83]. Each criterion is formulated as a semi-definite programming (SDP)
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problem involving linear matrix inequalities (LMIs). Advantages of SDPs and imple-
mentation details are covered in Section 2.1.3. The key distinction between the criteria
lies in which class of nonlinearities they can be applied to, alongside how they manage
the trade-off between conservatism and complexity.

Over recent years, a resurgence of interest in Lurie systems has occurred, due to the
recognition that dynamical systems involving neural networks (NNs) can often be
modelled in the Lurie framework (Section 2.2.1). Indeed recent analyses of such sys-
tems have either adopted established approaches [97; 55; 20; 21; 113] or have derived
new but related theoretical results [112; 114; 115; 116]. An approach for handling activa-
tion functions which invalidate the slope-restricted assumption was detailed in [117].
Furthermore, in [118; 119], piecewise affine systems have been written in Lurie form,
significantly expanding the class of systems covered.

In this chapter, the normal assumptions above are replaced with the assumption that
the nonlinearity is the repeated (applied element-wise) magnitude function. This makes
the results relevant to systems where the magnitude naturally arises such as electronic
circuits containing full-bridge rectifiers, and a class of systems able to produce chaotic
behaviour [120]. Furthermore, it is noted that some activation functions, such as the
(leaky) ReLU, can also be represented using the magnitude nonlinearity. Therefore,
the results introduced here can also be used to analyse the stability of systems contain-
ing such activation functions and can be considered a more general alternative to the
results of Chapter 3.

Contribution: Novel loop transformations are presented in Section 5.2.2 which enable
systems with magnitude nonlinearities to be represented as systems with (leaky) ReLU
nonlinearities and vice versa. New quadratic constraints (QCs) for the repeated mag-
nitude are presented in Section 5.3 and leveraged to establish new stability criteria
(Section 5.4). Similar, but different, relaxations to those used in Chapter 3 are presented
in Section 5.5 to convexify one of the main results. Section 5.6 presents some simple
conditions for when global and local stability are equivalent; the proof is different but
analagous to the discrete-time result from Chapter 4. Finally, Section 5.7 compares nu-
merically the conservatism and complexity of the new criteria against existing results.

5.2 Preliminaries

5.2.1 Problem Setup

To describe the problem, the repeated magnitude function must first be defined.

Definition 5.1 (Repeated Magnitude). If | · | : R → R≥0 is the magnitude function, the
repeated magnitude is | · | : Rm → Rm

≥0
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|ui| :=

⎧⎨⎩+ui ui ≥ 0

−ui ui < 0
|u| :=

⎡⎢⎢⎣
|u1|

...
|um|

⎤⎥⎥⎦ (5.1)

Consider the Lurie system in Figure 3.1, where P(s) ∈ RH∞, is a finite dimensional
LTI system, with state-space realisation (A, B, C, D)1. The system is modelled by (5.2)

ẋ = Ax + BΦ(y)

y = Cx + DΦ(y)
(5.2)

where A ∈ Rn×n, B ∈ Rn×m, C ∈ Rm×n, D ∈ Rm×m and Φ(·) : Rm ↦→ Rm. In this
chapter, a special case of Lurie system is studied, where Φ(y) ≡ |y|. That is

ẋ = Ax + B|y|

y = Cx + D|y|
(5.3)

As the repeated magnitude satisfies |0| = 0, the origin is an equilibrium point2 of (5.3).

The following assumption is made throughout the chapter.

Assumption 5.1 (Well-posedness). A unique solution x(t) exists to (5.3) for all x(0) ∈ Rn

and all t ≥ 0.

As the magnitude function is globally Lipschitz, Assumption 5.1 will hold uncondi-
tionally for D = 0; when D ̸= 0, some sufficient conditions are discussed in Section
5.2.3. The main problem addressed in the remainder of the paper is stated next.

Problem 5.1. Find tractable Lyapunov conditions which ensure the origin of (5.3) is globally
asymptotically stable (GAS).

5.2.2 Loop Transformations Between Magnitude and ReLU

Prior work, detailed in Section 2.2.3, has shown that many NN stability problems can
be expressed as a Lurie system (5.2), where Φ(·) contains the NN activation functions.
When the popular leaky ReLU is chosen as the NN activation function, such problems

1Section 2.1.1 discusses the fundamentals of signals and systems.
2Section 2.1.2 discusses Lyapunov stability analysis and defines an equilibrium point.
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can be framed in the form (5.3), as shown below. Consider the repeated leaky ReLU
function, ΦLR(·), defined by

ΦLR(u) :=

⎡⎢⎢⎣
ϕLR(u1)

...
ϕLR(um)

⎤⎥⎥⎦ ϕLR(ui) :=

⎧⎨⎩ui ui ≥ 0

ϵui ui < 0
(5.4)

where 0 ≤ ϵ ≪ 1 is typically assumed. For the special case ϵ = 0, Equation (5.4)
defines the repeated ReLU function, ΦReLU(·). Since all functions can be written in
terms of their odd and even components, it is easy to see that

ΦLR(u) =
1 + ϵ

2
u +

1 − ϵ

2
|u| (5.5)

where the leaky ReLU is a sum of a linear term and magnitude term. Hence, it is
clear that NN stability problems involving the repeated leaky ReLU can be written
as problems involving the repeated magnitude by leveraging (5.5). To simplify the
exposition, ϵ = 0 is assumed and transformations between (5.3) and (5.6) are derived.
These transformations can easily be extended to the leaky ReLU where ϵ ̸= 0.

ẋ = Ãx + B̃ΦReLU(y)

y = C̃x + D̃ΦReLU(y)
(5.6)

The following two results capture the relationships between the systems (5.3) and (5.6).

Proposition 5.1. Assume Ẽ = I − 1
2 D̃ ∈ Rm×m is nonsingular. Then the feedback system

(5.6) can be expressed in the form (5.3) via the following relationship

[︄
A B
C D

]︄
:=

[︄
Ã + 1

2 B̃Ẽ−1C̃ 1
2 B̃(I + 1

2 Ẽ−1D̃)

Ẽ−1C̃ 1
2 Ẽ−1D̃

]︄
(5.7)

Proof: Using (5.5), with ϵ = 0, Equation (5.6) can be rearranged as

(I − 1
2

D̃)y = C̃x +
1
2

D̃|y| (5.8)

From the definition of Ẽ and its assumed nonsingularity

y = Ẽ−1C̃x +
1
2

Ẽ−1D̃|y| (5.9)
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The state equation of (5.6) can be re-written using (5.5) and (5.9)

ẋ = (Ã +
1
2

B̃Ẽ−1C̃)x +
1
2

B̃(I +
1
2

Ẽ−1D̃)|y| (5.10)

Defining (5.7) based on (5.9) and (5.10) leads to the equivalent representation of (5.6) in
the form (5.3). □

Conversely, magnitude feedback systems (5.3) can be expressed in terms of (leaky)
ReLU feedback systems (5.6).

Proposition 5.2. Assume E = I + D ∈ Rm×m is nonsingular. Then the feedback system (5.3)
can be expressed in the form (5.6) via the following relationship

[︄
Ã B̃
C̃ D̃

]︄
:=

[︄
A − BE−1C 2B(I − E−1D)

E−1C 2E−1D

]︄
(5.11)

Proof: Reversing (5.5), the output equation of (5.3) becomes

(I + D)y = Cx + 2DΦReLU(y) (5.12)

Noting the definition and nonsingularity of E then gives

y = E−1Cx + 2E−1DΦReLU(y) (5.13)

The state equation of (5.3) can also be re-written using the reversal of (5.5) and (5.13)

ẋ = (A − BE−1C)x + 2B(I − E−1D)ΦReLU(y) (5.14)

Thus, defining (5.11) based on (5.13) and (5.14) leads to the equivalent representation
of (5.3) in the form (5.6). □

Propositions 5.1 and 5.2 show that systems with (leaky) ReLU nonlinearities (5.6) can be
analysed with the results derived here; and systems with magnitude nonlinearities (5.3)
can be analysed with the results of Chapter 3. Both Propositions assume the existence
of an inverse matrix. For an L-layer feed-forward NN, the D̃-matrix in (5.6) has a sparse
strictly triangular structure (Section 2.2.3), in which case Ẽ exists. There are many cases
when E exists, for example, if D in (5.3) is positive definite or strictly triangular. The
loop transformations used in Propositions 5.1 and 5.2 are illustrated by Figure 5.1.

Remark 5.1. The loop transformations in Figure 5.1 resemble those in [121, Figure 5] for
illustrating the equivalence between the Small Gain Theorem and Passivity Theorem. Whilst
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(a) (b)

FIGURE 5.1: Loop transformations from (a) ReLU to magnitude (Proposition 5.1) and
(b) magnitude to ReLU (Proposition 5.2).

each block in Figure 5.1 only requires one feedback or feed-forward connection; in [121], each
block requires both. Loop transformations are used extensively in absolute stability problems,
such as modifying the representation of a NN controller [21] and computing the upper bound
of a NN Lipschitz constant [122]. □□

5.2.3 Well-posedness

Traditionally, absolute stability problems assume D = 0. This is true for Hopfield
networks e.g., [92]; however, systems involving feed-forward NNs can sometimes be
expressed as (5.2) where the NN weights form a sparse, non-zero D matrix, as shown
in Section 2.2.3. To handle such systems, well-posedness of (5.2) must be addressed
for D ̸= 0. When Φ(·) is a sector bounded nonlinearity in the Sector[0, I] (Figure 5.2
shows an example where Φ(·) is a 1-dimensional map), Section 2.2.2 shows that well-
posedness is guaranteed if there exists a matrix Y ∈ Dm

+ such that

2Y − YD̃ − D̃′Y ≻ 0 (5.15)

Since ΦLR(·) is in the Sector[0, I], it follows that satisfaction of (5.15) guarantees (5.6) is
well-posed. Thus, using Proposition 5.2, it is clear that (5.3) will be well-posed if (5.15)
is satisfied with D̃ = 2E−1D = 2(I + D)−1D. That is

Y − YE−1D − (E−1D)′Y ≻ 0 (5.16)
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FIGURE 5.2: Sector[-1, 1] & Sector[0, 1] alongside the magnitude & (leaky) ReLU.

Applying the identity E−1D = I −E−1, followed by a congruence transform with trans-
formation matrix E, it can be seen that this inequality is equivalent to

Y − D′YD ≻ 0 (5.17)

Fact 5.1. Let E = I + D ∈ Rm×m be nonsingular. If there exists a Y ∈ Dm
+ satisfying (5.17),

then Assumption 5.1 holds.

It was noted in Chapter 3 that many feedback loops involving NNs naturally ensure
that (5.15) is satisfied and thus are well-posed.

5.3 Quadratic Constraints

Quadratic constraints (QCs), which characterise the nonlinearity of the Lurie system,
are the key ingredient in the derivation of many absolute stability results. They are
adjoined to the derivative of the Lyapunov candidate to obtain matrix inequalities.
This is exploited in the standard Circle/Popov Criteria (Section 2.3), but also other
QCs have been established for different activation functions in [97], and specific QCs
for the ReLU function were derived in Chapter 3. In this section, new QCs are derived
for the magnitude nonlinearity.
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There are three obvious properties the scalar magnitude function satisfies, for all ui ∈ R

|ui| ≥ 0 (5.18)

|ui|+ ui ≥ 0 (5.19)

|ui| − ui ≥ 0 (5.20)

Since these hold component-wise, it is easy to assemble these as the following QCs,
characterising the repeated magnitude.

Fact 5.2 (Positivity QC). If Q ∈ R3m×3m
≥0 then the following inequality holds

⎡⎢⎣ |u|
|u|+ u
|u| − u

⎤⎥⎦
′ ⎡⎢⎣Q11 Q12 Q13

Q21 Q22 Q23

Q31 Q32 Q33

⎤⎥⎦
⏞ ⏟⏟ ⏞

Q

⎡⎢⎣ |u|
|u|+ u
|u| − u

⎤⎥⎦ ≥ 0 ∀u ∈ Rm (5.21)

For any α ∈ R a further property satisfied by the scalar magnitude function is

α(|ui|+ ui)(|ui| − ui) = α(|ui|2 − u2
i ) = 0 ∀ui ∈ R (5.22)

This, combined with (5.19) and (5.20) yields the following fact.

Fact 5.3 (Metzler QC). If V ∈ Mm, then the following inequality holds

(|u|+ u)′V(|u| − u) ≥ 0 ∀u ∈ Rm (5.23)

Note that Fact 5.3 affords substantially more freedom in the choice of V than a “small
gain” bound on |u|. In the small gain approach, see for instance [38, Section 4.2.4],
one observes that |ui|2 ≤ u2

i and then obtains a QC of the form (5.23) with V diagonal.
In Fact 5.3, V needs only to be Metzler, providing more freedom when solving the
resulting matrix inequalities.

Remark 5.2. Other, seemingly less useful, QCs also exist for the repeated magnitude; for ex-
ample, if W ∈ Dm

+, it is straightforward to observe that the following inequalities

u′W(u + |u|) ≥ 0 u′W(u − |u|) ≥ 0 ∀u ∈ Rm

lack negative definite terms in | · |, hampering the derivation of useful LMIs. □□
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5.3.1 Simplifying the Positivity QC

Fact 5.2 provides nine different QCs and Fact 5.3 presents another. While it is possible
to incorporate all ten constraints into the stability criteria, each constraint is associated
with an extra m2 decision variables, so it is desirable to consolidate these constraints.

Lemma 5.1 (Simplified Positivity QC). If Q satisfies Fact 5.2 and Q22 ∈ Sm
≥0, then the

following inequality holds

[︄
u
|u|

]︄′ [︄
2Q22 2Q22 − Q13

⋆ He(Q13 + Q22)

]︄ [︄
u
|u|

]︄
≥ 0 ∀u ∈ Rm (5.24)

Proof: The first step is to note the following observations

• The QCs involving Q21, Q31 and Q32 can be omitted since they duplicate those
involving Q12, Q13 and Q23.

• Secondly, the QC involving Q23

(|u|+ u)′Q23(|u| − u) ≥ 0 (5.25)

can also be removed since it is a more restrictive version of the QC presented in
Fact 5.3. That is, Q23 ∈ Rm×m

≥0 whereas V ∈ Mm.

• Note that the matrices Q11, Q22 and Q33 can, without loss of generality, be taken
as symmetric since

w′
iQiiwi =

1
2

w′
i(Qii + Q′

ii)wi (5.26)

where i ∈ {1, 2, 3} and wi represents the associated term |u| or |u| ± u.

• Finally, it is also possible to remove the QC involving Q11 (|u|′Q11|u| ≥ 0). When
adjoined to the derivative of the Lyapunov candidate, this QC does nothing to
assist in making the derivative negative definite.

Applying each of these observations, condenses (5.21) to

[︄
u
|u|

]︄′ [︄
Q22 + Q33

1
2 (Q12 − Q13) + Q22 − Q33

⋆ 1
2 He(Q12 + Q13) + Q22 + Q33

]︄ [︄
u
|u|

]︄
≥ 0 ∀u ∈ Rm (5.27)

This can be further simplified, with the loss of some generality, by noting that Q33 plays
the same role as Q22 in the diagonal entries and Q12 plays the same role as Q13 in the
(2,2) entry. In the off-diagonal blocks, Q33 plays the same role as Q13 and Q12 plays the
same role as Q22. Therefore, the above inequality can be replaced by (5.24). □
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5.3.2 Sector-like Lemma for Magnitude Nonlinearities

The following Lemma will be a useful addition to the previous QCs.

Lemma 5.2. Suppose that H ∈ Rm×m
≥0 is invertible. Define Ψ(H, u) := H−1|Hu|, then the

following inequality holds

Ψ(H, u)′W(|u| − Ψ(H, u)) ≥ 0 ∀y ∈ Rm (5.28)

for all W = H′MH where M ∈ Rm×m
≥0 .

Proof: Denoting each row of H ∈ Rm×m
≥0 by H′

i

|H′
iu| = |

m

∑
j=1

Hijuj| ≤
m

∑
j=1

|Hijuj|

=
m

∑
j=1

Hij|uj| = H′
i|u|

(5.29)

As this applies to each row of H, one can conclude |Hu| ≤ H|u|.

Next, H is introduced to define a generalised form of the QC involving Q13, from Fact
5.2, in terms of Ψ.

S(W, H, u) := Ψ(H, u)′W(|u| − Ψ(H, u))

= (H−1|Hu|)′W(|u| − H−1|Hu|)
(5.30)

Expanding the terms leads to

S(W, H, u) = |Hu|′(H′)−1WH−1H|u| − |Hu|′(H′)−1WH−1|Hu| (5.31)

Substituting for M and leveraging |Hu| ≤ H|u|

S(W, H, u) = |Hu|′MH|u| − |Hu|′M|Hu|

≥ |Hu|′M|Hu| − |Hu|′M|Hu| = 0
(5.32)

□

It should be noted that this QC has the same form as the sector QC, so it is referred to
as the “sector-like” inequality.
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5.4 Global Stability Analysis

This section reports global stability conditions based on quadratic and Lurie-type Lya-
punov candidates (Section 2.3).

5.4.1 Quadratic Lyapunov Function

Theorem 5.1 (Quadratic Criterion). Consider the feedback system (5.3) and let Assumption
5.1 be satisfied. If there exists P ∈ Sn

+, V ∈ Mm, Q13 ∈ Rm×m
≥0 and Q22 ∈ Sm

≥0 such that

FQ(P, V, Q13, Q22) ≺ 0 (5.33)

where

FQ =

[︄
He

(︁
PA − C′(V − Q22)C

)︁
PB − C′V′(I + D) + C′V(I − D) + C′Q22D + C′(2Q22 − Q13)

⋆ He
(︁
(I + D)′V(I − D) + Q22 + Q13 + D′Q22D + D′(2Q22 − Q13)

)︁]︄
(5.34)

then the origin of (5.3) is GAS.

Proof: Consider the quadratic Lyapunov function VQ(x) = x′Px and consider its deriva-
tive along the trajectories of (5.3). Appending the QCs from Fact 5.3, denoted by
M(y, V), and Lemma 5.1, denoted by SP(y, Q13, Q22), is equivalent to the final quadratic
inequality below.

V̇Q(x) = 2x′P(Ax + B|y|)

≤ 2x′P(Ax + B|y|) + 2M(y, V) + SP(y, Q13, Q22)

=

[︄
x
|y|

]︄′

FQ(P, V, Q13, Q22)

[︄
x
|y|

]︄ (5.35)

□

Remark 5.3. Theorem 5.1 is in the form of an LMI and bears some resemblance to the LMI
associated with the Small Gain Theorem [14]. In the small gain approach, which for the mag-
nitude nonliearity is equivalent to considering diagonal norm-bounded constraints as described
in [38, Section 5.1], one has the matrix V simply being diagonal and constraints associated with
the matrices Qij do not exist; that is Qij ≡ 0. In this case, Theorem 5.1 simply reduces to

[︄
PA + A′P − C′VC PB − C′V′D

⋆ V − D′VD

]︄
≺ 0 (5.36)
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This is in the same form as the matrix inequality in [38, Eq. 5.15] and is clearly a special case
of (5.33). Therefore, Theorem 5.1 is less conservative than the Small Gain Theorem for systems
of the form (5.3). Satisfying (5.36) also automatically implies well-posedness of (5.3) since the
well-posedness condition (5.17) naturally arises in the (2, 2) block. □□

5.4.2 Lurie-type Lyapunov Function

The Popov Criterion (see, for instance [70; 71]) uses the following Lurie-type Lyapunov
function to derive a stability criterion

Va(x) = x′Px + 2
∫︂ y

0
ΛΦ(σ) · dσ (5.37)

with Λ ∈ Dm
+. However, when Φ(σ) ≡ |σ|, it is clear that such a choice is not appro-

priate. As shown by the scalar case, the integral term

2
∫︂ y

0
|σ|dσ = |y| y (5.38)

is not guaranteed to be non-negative. Instead, the following alternative choice of Lya-
punov function could be made

Vb(x) = x′Px + 2
∫︂ Hy

0
Λ(|σ|+ σ) · dσ (5.39)

again with Λ ∈ Dm
+. The second term can be directly integrated to get

Vb(x) = x′Px + 2
m

∑
i=1

∫︂ H′
iy

0
Λii(|σi|+ σi)dσi = x′Px +

m

∑
i=1

Λii

[︂
|σi|(σi + |σi|)

]︂H′
iy

0
(5.40)

where each row of H is denoted by H′
i. The final term is positive by virtue of inequality

(5.19). In fact, positivity of this Lyapunov function is not surprising since (5.5) implies

Vb(x) = x′Px + 4
∫︂ Hy

0
Λ ΦReLU(σ) · dσ (5.41)

This has the same form as the Lurie-type Lyapunov function used in Chapter 3.

Unfortunately, the Lyapunov function (5.39) still requires the matrix Λ to be positive
definite, despite the extra freedom afforded by the matrix H. For this reason, the fol-
lowing Lyapunov function is proposed
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VL(x) = x′Px + 2
∫︂ H1y

0
Λ1(|σ|+ σ) · dσ + 2

∫︂ H2y

0
Λ2(σ − |σ|) · dσ (5.42)

with Λ1, Λ2 ∈ Dm
+. These two integral terms are useful because they lead to terms Λ1 −

Λ2 in the resulting matrix inequality, potentially inducing a reduction in conservatism.
The same approach was used in [70; 71] to, effectively, enable Λ to be indefinite. The
integrals in VL(x) can be evaluated to obtain

VL(x) = x′Px +
m

∑
i=1

Λ1,ii

[︂
|σi|(|σi|+ σi)

]︂H′
1,iy

0
+

m

∑
i=1

Λ2,ii

[︂
|σi|(|σi| − σi)

]︂H′
2,iy

0
(5.43)

The final term is positive by virtue of inequality (5.20). Furthermore, this final ex-
pression verifies that the integrals in (5.42) are path independent [102; 103]. Using the
Lyapunov function VL(x), the following result can be derived.

Theorem 5.2 (Lurie-based Criterion). Consider the feedback system (5.3) and let D = 0.
If there exists P ∈ Sn

+; Λ1, Λ2 ∈ Dm
+; V ∈ Mm; Q22 ∈ Sm

≥0; Q13, M, H ∈ Rm×m
≥0 with H

nonsingular such that

FL(P, H, Λ1, Λ2, M, V, Q22, Q13) ≺ 0 (5.44)

where

FL(·) =

⎡⎢⎢⎣
He

(︂
PA + C′H′(Λ1 + Λ2)HCA − C′(V − Q22)C

)︂
⋆ ⋆

B′P + B′C′H′(Λ1 + Λ2)HC − VC + V′C + (2Q22 − Q13)
′C He(V + Q22 + Q13) ⋆

H′(Λ1 − Λ2)HCA H′(Λ1 − Λ2)HCB + H′MH −He(H′MH)

⎤⎥⎥⎦
(5.45)

then the origin of (5.3) is GAS.

Proof: At the expense of some conservatism, it is assumed that H := H1 = H2, leading
to the following derivative of the Lyapunov function (5.42)

V̇L(x) = 2x′Pẋ + 2
(︂

y′H′(Λ1 + Λ2) + |Hy|′(Λ1 − Λ2)
)︂

HCẋ (5.46)

Appending the QCs from Fact 5.3, Lemma 5.1 and Lemma 5.2, respectively denoted by
M(y, V), SP(y, Q13, Q22) and S(y, W, H) results in

V̇L(x) ≤ V̇L(x) + 2M(y, V) + SP(y, Q13, Q22) + 2S(y, W, H) (5.47)

After some algebra, the above inequality can be expressed in the quadratic form
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V̇L(x) ≤

⎡⎢⎣ x
|y|
Ψ

⎤⎥⎦
′

FL(·)

⎡⎢⎣ x
|y|
Ψ

⎤⎥⎦ (5.48)

where Ψ = Ψ(H, y) and FL(·) is defined in (5.45). □

Remark 5.4. It is possible to enhance Theorem 5.2 further by noting that, since H is assumed
positive and invertible, the quadratic inequalities (5.18)-(5.20) can be used to obtain

HΨ(H, u) ≥0 (5.49)

HΨ(H, u) + Hu ≥0 (5.50)

HΨ(H, u)− Hu ≥0 (5.51)

where Ψ(H, u) is defined in Lemma 5.2. By application of Fact 5.2, this implies that for all
R ∈ R3m×3m

≥0 and for all u ∈ Rm

⎡⎢⎣ HΨ
HΨ + Hu
HΨ − Hu

⎤⎥⎦
′ ⎡⎢⎣R11 R12 R13

R21 R22 R23

R31 R32 R33

⎤⎥⎦
⏞ ⏟⏟ ⏞

R

⎡⎢⎣ HΨ
HΨ + Hu
HΨ − Hu

⎤⎥⎦ ≥ 0 (5.52)

where the shorthand Ψ = Ψ(H, u) has been used. Simplifying in the same way as Lemma 5.1,
the reduced set of QCs becomes

[︄
u
Ψ

]︄′ [︄
2H′R22H H′(2R22 − R13)H

⋆ H′ He(R13 + R22)H

]︄ [︄
u
Ψ

]︄
≥ 0 (5.53)

Using the S-procedure, this constraint could additionally be adjoined to (5.48), although at the
expense of adding several more decision variables to the arising matrix inequality. □□

Remark 5.5. For D = 0, Theorem 5.1 is a special case of Theorem 5.2 with Λ1 = Λ2 = W = 0.
Hence, Theorem 5.2 will always be less conservative under this condition. □□

Remark 5.6. The key advantage of Theorem 5.1 over Theorem 5.2 is that it accounts for D ̸= 0
and can be applied to systems involving feed-forward NNs. When D = 0, such as RNNs and
bridge rectifiers, Theorem 5.2 will be less conservative. □□
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5.5 Convex Relaxations for Theorem 5.2

Theorem 5.2 is potentially much less conservative than Theorem 5.1, but suffers from
a crucial weakness: (5.44) is a nonlinear matrix inequality since it contains products
of two or three matrix variables. This section presents two relaxations which recover
LMIs from (5.44) and make Theorem 5.2 tractable.

5.5.1 Specific Choice of Λ and M

Corollary 5.1. Consider the feedback system (5.3) and let D = 0. If there exist P ∈ Sn
+;

X, Q22 ∈ Sm
≥0; V ∈ Mm; Q13 ∈ Rm×m

≥0 and a scalar µ > 0 such that

G(P, X, V, Q22, Q13, µ) ≺ 0 (5.54)

where

G(·) =

⎡⎢⎢⎢⎣
He

(︂
PA + 2C′XCA − C′(V − Q22)C

)︂
⋆ ⋆

B′P + 2B′C′XC − VC + V′C + (2Q22 − Q13)
′C He

(︂
V + Q22 + Q13

)︂
⋆

0 µX −He(µX)

⎤⎥⎥⎥⎦
(5.55)

then the origin of (5.3) is GAS.

Proof : The matrix inequality (5.54) is a special case of (5.44) where Λ1 = Λ2 = I,
M = µI, and X := H′H ∈ Sm

≥0. □

With this choice, the only remaining bilinear term is µX. Hence, (5.54) can be solved as
an LMI plus a line search.

5.5.2 Specific Choice of H

Corollary 5.2. Consider the feedback system (5.3) and let D = 0 . If there exists P ∈ Sn
+;

Λ1, Λ2 ∈ Dm
+; V ∈ Mm; Q22 ∈ Sm

≥0 and Q13 ∈ Rm×m
≥0 such that

J(P, Λ1, Λ2, V, Q22, Q13) ≺ 0 (5.56)

where

J(·) =

⎡⎣ He
(︂

PA + C′(Λ1 + Λ2)CA − C′(V − Q22)C
)︂

⋆

B′P + B′C′(Λ1 + Λ2)C − VC + V′C + (2Q22 − Q13)
′C + (Λ1 − Λ2)CA He

(︂
V + Q22 + Q13 + (Λ1 − Λ2)CB

)︂⎤⎦
(5.57)

then the origin of (5.3) is GAS.
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Proof : The LMI (5.56) is a special case of (5.44) when H = I. Note that this relaxation
implies Ψ(I, y) = |y| which makes Lemma 5.2 redundant. □

To motivate this choice, first restrict H ∈ Dm
+. This implies that the products H′Λ1H,

H′Λ2H ∈ Dm
+ and the product H′MH ∈ Rm×m

≥0 . Since these matrices do not appear
elsewhere in inequality (5.45), the choice H = I can be made without loss of generality.
The appeal of the matrix inequality (5.56) is that it is entirely linear, making Corollary
5.2 preferable to Corollary 5.1.

Remark 5.7. Theorem 5.1 is also a special case of Corollary 5.2, when D = 0, under the same
relaxations as Remark 5.5. Hence, Corollary 5.2 will always be less conservative. □□

5.6 Equivalence of Local and Global Stability

It is obvious that the magnitude nonlinearity is positive homogenous, as is the (leaky)
ReLU nonlinearity; this implies α|u| = |αu| for all scalars α > 0. This fact can be
harnessed to prove that, under mild conditions, if x = 0 is a local equilibrium point of
the system (5.3), then it will in fact be a global equilibrium point. This is unusual for
typical Lurie systems where, if a global analysis fails, one might still try to establish
local stability for a given region of attraction. The first step in establishing that global
and local stability are equivalent is the following lemma.

Lemma 5.3. Assume (I − DU) is invertible and define

H =
{︂

A + BU(I − DU)−1C : U ∈ U
}︂

(5.58)

where

U =
{︂

diag(u1, . . . , um) | ui ∈ −1, 1 and i ∈ 1, . . . , m
}︂

(5.59)

If all matrices in H are full rank, then x = 0 is a unique equilibrium point of (5.3).

Proof: For U ∈ U and by definition of the magnitude function, the repeated magnitude
may be expressed as

|y| = Uy (5.60)

Now, at equilibrium, the state equation of (5.3) becomes

0 = Ax + B|y| (5.61)
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Assume x ̸= 0 is an equilibrium point, then (5.60) is leveraged to equivalently express
(5.61) as

0 =
(︁

A + BU(I − DU)−1C
)︁
x ∀ U ∈ U (5.62)

However, as all matrices in H are full rank; there is a contradiction and hence x ̸= 0
cannot be an equilibrium point. Thus, x = 0 is a unique equilibrium point of (5.3). □

Remark 5.8. With a minor modification, Lemma 5.3 also holds for Lurie systems with ReLU
nonlinearities. That is, if (I − DŨ) is invertible, where

Ũ =
{︂

diag(u1, . . . , um) | ui ∈ 0, 1 and i ∈ 1, . . . , m
}︂

(5.63)

then x = 0 is a unique equilibrium point of (3.1) if all matrices in H are full rank. □□

Remark 5.9. A sufficient condition for (I − DU)−1 to exist is for Fact 5.1 to be satisfied i.e.,
(5.3) is well-posed. This can simply be seen by leveraging (5.60) to show that under Fact 5.1, a
solution to y = Cx + DUy must exist for all x ∈ Rn and U ∈ U ; hence, (I − DU) must be
nonsingular ∀ U ∈ U . □□

As an example, Hopfield networks [92] with ReLU activations can be expressed in the
form (5.3) where A = −I + 1

2 B̃, B = 1
2 B̃, C = I, D = 0, and B̃ ∈ Rn×n. Therefore,

Lemma 5.3 requires 0.5B̃(U + I)− I to be full rank for all U ∈ U ; this will typically be
the case unless B̃ has a very special structure. Lemma 5.3 can then be used to establish
the following interesting result.

Theorem 5.3. Consider the Lurie system (5.3) and let Assumption 5.1 be satisfied. If x = 0 is
a unique equilibrium point and it is locally stable, then it is also globally stable.

Proof: Assume x = 0 is a locally stable equilibrium point of (5.3), this implies the exis-
tence of a ball

B(x, c) :=
{︂

x ∈ Rn : ∥x∥ < c
}︂

(5.64)

such that ∀ x(0) ∈ B(x, c) it follows that limt→∞ x(t) = 0; that is, B(x, c) is a region
of attraction of x = 0. Assumption 5.1 implies that a unique solution, y, exists to the
implicit equation

θ(y) := y − D|y| = Cx (5.65)
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for all x; equivalently, θ(·) : Rm ↦→ Rm is invertible. It is easy to see that θ(·) is positive
homogenous and as θ−1(·) is assumed to exist, it must also be positive homogenous
(see Fact 4.2). The Lurie system (5.3) can thus be written as

ẋ = Ax + B|θ−1(Cx)| (5.66)

Defining the change of coordinates z := αx for α > 0, the dynamics in the scaled
coordinates are

ż = αAx + αB|θ−1(Cx)| = Az + B|θ−1(Cz)| (5.67)

As this is of the same form as (5.66), it must have an equilibrium point z = 0 and
associated region of attraction B(z, c). Scrutinising the region of attraction

B(z, c) =
{︂

z ∈ Rn : ∥z∥ < c
}︂

=
{︂

x ∈ Rn : ∥x∥ <
c
α

}︂
= B

(︂
x,

c
α

)︂ (5.68)

Since α can be arbitrary small, it is clear that B(x, c/α) → Rn as α → 0. □

Remark 5.10. Since the ReLU function is also positively homogenous, a minor adaptation of
Theorem 5.3 also holds for Lurie systems with ReLU nonlinearities. To state this explicitly,
consider the Lurie system (3.1) and let Assumption 3.1 be satisfied. If x = 0 is a unique
equilibrium point and it is locally stable, then it is also globally stable. □□

If it is possible to establish x = 0 as a unique locally stable equilibrium point of (5.3),
then this section has shown that it is in fact globally stable. Equivalently, if the condi-
tions of Lemma 5.3 are satisfied, but it is not possible to prove global stability of (5.3),
then it is futile to attempt a local stability analysis. Remark 5.8 and Remark 5.10 prove
similar results for Lurie systems containing the ReLU nonlinearity.

5.7 Numerical Examples

The conservatism and complexity of Theorem 5.1 and Corollary 5.2, which take the
form of LMIs, were tested using the same numerical examples that appeared in Chapter
3. In Chapter 3, the systems under consideration were Lurie systems with a ReLU non-
linearity, as in (5.6). To provide a useful comparison, these examples were transformed
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TABLE 5.1: Comparison of the maximum series gain.

Ex SGT Theorem 3.1 Corollary 3.1 Corollary 3.2 Park Zames-Falb Theorem 5.1 Corollary 5.2 Nyquist Gain
1 20.8766 39.5200 10,953.77 100, 000+ 448.6800 434.2800 40.1000 90,283.38 100,000+
2 89.9000 89.9000 89.9000 89.9000 89.9000 89.9000 89.9000 89.9000 89.9000
3 0.5236 0.6818 0.6818 0.6818 0.5236 0.5522 0.6818 0.6818 0.6983
4 0.0010 0.0012 0.0012 0.0015 0.0010 0.0010 0.0012 0.0015 0.0020
5 0.0813 0.0814 0.0814 0.0830 0.0845 0.0845 0.0814 0.0845 0.0869
6 0.1946 0.3901 0.4155 0.5048 0.2266 0.2773 0.4082 0.6129 0.8202
7 0.0966 0.1232 0.1232 0.1462 0.1035 0.1035 0.1232 0.1502 0.2002
8 2.0221 2.0221 2.0221 2.0221 2.0221 2.0221 2.0221 2.0221 2.0221
9 1.4695 2.0516 2.0516 2.0516 1.4695 1.4695 2.0516 2.0516 2.0600
10 1.3820 2.0224 2.0343 2.2240 1.3820 1.3820 2.0699 2.1088 2.7000
11 1.4531 2.1189 2.0449 2.2092 1.4605 1.4605 2.1189 2.2067 2.2200
12 1.4613 2.2144 2.1582 2.3380 1.4613 1.4613 2.2256 2.3099 2.7500

into the form (5.3) using the loop transformation from Section 5.2.2. The comparison
was performed by inserting a series gain (α ∈ R≥0) into the feedback loop, replacing B
with αB and D with αD, then computing the maximum series gain for which stability
was guaranteed. The Nyquist gain provides an upper bound on this quantity.

For each criterion, finding the maximum series gain was implemented as a bisection
method in conjunction with the YALMIP parser [43] and MOSEK solver [42]. Various
criteria were compared to Theorem 5.1 and Corollary 5.2: the classical Small Gain Theo-
rem [38, Section 5.1], the ReLU results of Chapter 3 (where Corollary 3.1 was applied as
described in Section 3.6.1), which improved on the standard Circle and Popov Criteria,
and the more advanced approaches of Park [72] and Zames-Falb, using the multiplier
search of [106].

The maximum series gain results are presented in Table 5.1 and the number of decision
variables are detailed in Table 5.2. The example systems are detailed in Table 3.2 and
can be found by looking at the related code3. The first eight examples are typical low-
dimensional systems from the control literature, whereas the last four examples are
high-dimensional Hopfield network’s.

5.7.1 Discussion

It is noteworthy that, in 7 out of the first 8 examples, Corollary 5.2 is better than or equal
to all other criteria at predicting the largest value of α for which stability is guaranteed.
However, Corollary 3.2 marginally outperforms Corollary 5.2 in the high-dimensional
examples. Hence, the main advantage of Corollary 5.2 over Corollary 3.2, for high-
dimensional systems, is that it can be applied to a wider class of activation functions
(ReLU and Leaky ReLU) via the loop transformations in Section 5.2.2.

Another interesting observation is that Theorem 5.1 is better than or equal to Theorem
3.1 in all examples. This is an important comparison since these are the least conserva-
tive criteria which can be applied to systems with D ̸= 0. Finally, when considering the
high-dimensional systems, all new criteria significantly outperform the previous state
of the art in Park [72] and Zames-Falb [106].

3https://github.com/CR-Richardson/Max-Series-Gain-Magnitude
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TABLE 5.2: Comparison of the decision variable count.

Ex SGT Theorem
3.1

Corollary
3.1

Corollary
3.2

Park Zames-
Falb

Theorem
5.1

Corollary
5.2

1 48 63 81 66 87 252 69 75
2 9 24 42 27 30 45 30 36
3 10 38 70 42 40 48 48 56
4 40 68 100 72 90 208 78 86
5 25 53 85 57 67 129 63 71
6 25 53 85 57 67 129 63 71
7 40 68 100 72 90 208 78 86
8 20 65 115 70 70 100 80 90
9 860 4,020 7,220 4,060 3,360 4,300 4,840 4,920
10 1,890 9,030 16,230 9,090 7,440 9,450 10,860 10,980
11 3,320 16,040 28,840 16,120 13,120 16,600 19,280 19,440
12 5,150 25,050 45,050 25,150 20,400 25,750 30,100 30,300

The LMI in Corollary 5.2 contains more decision variables than that in Corollary 3.2.
This is also true when comparing the LMI in Theorem 5.1 with Theorem 3.1. Whilst
this is an unwelcome deficiency, the number of decision variables is only one of several
factors which contribute to the time taken to solve an LMI (Section 2.1.3). To offer a
more thorough comparison, the time required to satisfy each criterion, for Example’s
9-12, is shown in Figure 5.3. This corresponds to setting α = 1, where each criterion
was able to verify GAS. The computation was performed on an Apple M1 Pro. The ∗

denotes that Theorem 3.1, Corollary 3.2, Theorem 5.1, and Corollary 5.2 were applied
with V, Qij reduced to being symmetric; furthermore, the + denotes Corollary 3.1 was
applied with all matrices being reduced to symmetric.

Figure 5.3 reinforces that Theorem 5.1 and Corollary 5.2 are the slowest to verify GAS
of each Hopfield network. These criteria follow similar scaling trends to Corollary
3.1+, Corollary 3.2, and Theorem 3.1, which are slightly slower than Zames-Falb when
n = m = 80 and n = m = 100. The restricted versions of Theorem 5.1 and Corollary
5.2 fall equidistant between time time taken to solve the Zames-Falb and Park criteria.

Considering both the conservatism and computational demands of each criterion, the
following recommendations are proposed for practitioners dealing with high dimen-
sional systems that can be represented in the form (5.3). It is recommended to first try
the, fast but conservative, Small Gain Theorem. If this is unable to verify GAS, then
to try the restricted versions of Theorem 5.1 and Corollary 5.2 and finally the full ver-
sions if these also fail. For these systems, it does not make sense to apply Park [72]
and Zames-Falb [106] since they are far more conservative. In the event that the system
can equivalently be represented in the form (5.6) and has D = 0, then both versions
of Corollary 3.2 are preferable to the corresponding versions of Corollary 5.2. Both
versions of Theorem 5.1 are preferable when D ̸= 0.
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FIGURE 5.3: Time taken to solve LMIs for Hopfield network’s in Examples 9-12.

5.8 Conclusion

This chapter analysed the stability of Lurie systems with repeated magnitude nonlin-
earities. The relationship with Lurie systems having (leaky) ReLU nonlinearities was
highlighted through loop transformations between the two systems; as a result, Lurie
systems with (leaky) ReLU nonlinearities can be analysed using the results in this chap-
ter. By positive homogeneity of the magnitude function, it was shown that if the Lurie
system had a unique equilibrium point, then it must either be globally stable or unsta-
ble, rendering local stability analysis futile. Finally, global stability criteria, in the form
of linear matrix inequalities, were established based on novel quadratic constraints
which characterised the repeated magnitude. The new criteria were compared against
other state of the art criteria and Theorem 5.1 was the least conservative criterion which
can be applied when D ̸= 0. Furthermore, Corollary 5.2 was competitive with Corol-
lary 3.2, whilst being applicable to a wider range of nonlinearities.
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Chapter 6

Lurie Networks with Robust
Convergent Dynamics

This chapter introduces the Lurie network as a novel and unifying time invariant neu-
ral ODE. Many existing models, including recurrent neural networks and neural oscil-
lators, are special cases of the Lurie network in this context. In order for a Lurie network
to be sufficiently expressive, it may be too restrictive to require it to be stable in the tra-
ditional sense understood in control theory. Instead, this chapter seeks to impose mild
constraints on the weights and biases of the Lurie network to ensure k-contraction is
guaranteed. This generalised stability measure permits global convergence to a point,
line or plane in the neural state-space. This includes global convergence to one of mul-
tiple equilibrium points or limit cycles, as observed in many dynamical systems includ-
ing associative and working memory. Weights and biases of the Lurie network, which
satisfy the k-contraction constraints, are encoded through unconstrained parametrisa-
tions. The novel stability results and parametrisations provide a toolset for training
over the space of k-contracting Lurie network’s using standard nonlinear optimisation
algorithms. These results are also applied to construct and train a graph Lurie network
satisfying the same convergence properties. Empirical results show the improvement
in prediction accuracy, generalisation and robustness on a range of simulated dynam-
ical systems, when the graph structure and k-contraction conditions are introduced.
Further experiments highlight the models ability to form interpretable representations
when applied to classification tasks.

6.1 Introduction

The Lurie network, proposed in this chapter, is a time-invariant model and a special
case of the Forced Lurie System (Section 2.2.1). When modelling time-invariant dynam-
ical systems, many machine learning (ML) models including linear state space models
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(LSSM), recurrent neural networks (RNN), and some graph neural networks (GNN) are
special cases of a Lurie network (Section 6.3.1). Such models have proven to be highly
expressive as demonstrated by their successful application on a wide range of tasks
such as sequential processing [32; 31; 30; 22], computer vision [31; 30; 22], language
modelling [22] and computational chemistry [27].

Consider dynamical systems in neuroscience. The brain organises its representations of
the world and carries out complex functions through collective interactions of simpler
modules [123]. More abstractly, this can be viewed as a graph structured dynamical
system. Convergent dynamics in widespread regions of the central nervous system
are thought to play a crucial role in: forming some of these representations [124], pro-
cessing information over extended periods [125], learning [29; 126], memory storage
[92; 127; 128; 129] and enhancing the robustness of each of these functions [124]. As
summarised in [124], convergent dynamics in the brain take several forms including
neural circuits with multiple equilibrium points, such as circuits implementing asso-
ciative memory [130; 131; 132], and neural circuits exhibiting limit cycles, leveraged for
working memory [128]. The graph structure and convergent dynamics are also shared
with many other dynamical systems such as chemical processes [133], opinion dynam-
ics and power systems [134]. As a result, encoding such structural and dynamical prop-
erties as an inductive bias is motivated by neuroscience, for a general ML framework,
and for learning robust models of dynamical systems.

The convergence and stability analysis of dynamical systems has been well-studied in
the control theory literature. A pertinent example is the absolute stability problem (Sec-
tion 2.3). Approaches to this problem can be classified as Lyapunov analysis [70; 72; 14],
Zames-Falb multipliers [58; 61; 91; 64] or k-contraction analysis [135; 133; 134]. Lya-
punov and Zames-Falb multiplier methods are primarily designed to analyse the con-
vergence to an equilibrium point, whereas k-contraction methods (Section 6.2) analyse
a variety of global convergence behaviours including convergence to points, lines and
planes.

Contribution: Although designing networks with convergent dynamics is well moti-
vated, ensuring such a property requires constraints on the network parameters which
can be detrimental if too restrictive. With this in mind, Section 6.4 focuses on using
k-contraction analysis to derive mild constraints on the weights of the Lurie network
which ensure global convergence to a point, line or plane in the neural state space,
for all Lurie networks with slope-restricted activation functions. Section 6.5 then es-
tablishes unconstrained parametrisations of these conditions which allows the Lurie
network to be trained using gradient-based nonlinear optimisation algorithms, whilst
limiting the search space to weights which satisfy the k-contraction conditions. Sec-
tion 6.4.2 and Section 6.5.2, respectively, extend both of these results for constructing
and parametrising a graph Lurie network (GLN) from individual k-contracting Lurie
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FIGURE 6.1: Trajectories from k-contracting dynamical systems. For k ∈ {1, 2},
time-invariant k-contracting systems exponentially converge to equilibrium points. 3-

contracting systems exponentially converge to limit cycles.

networks. In Section 6.6, the difference in prediction accuracy, generalisation and ro-
bustness of the unconstrained Lurie network, k-contracting Lurie network, and GLN
is empirically benchmarked on a range of simulated dynamical systems datasets. Fur-
thermore, to illustrate the generality of the model, its ability to form representations
was also investigated using the fashion MNIST dataset.

6.2 Preliminaries: k-contraction Analysis

In this chapter, k-contraction analysis [136; 48], the geometrical generalisation of con-
traction analysis [49], is applied to control convergence in the neural state space. In-
tuitively, k-contraction implies the volume of k-dimensional bodies exponentially con-
verges to zero when governed by the system dynamics. Alternatively, this could be
thought of as exponential convergence to a (k − 1)-dimensional subspace. When k =

1, this reduces to standard contraction [49], which implies that all trajectories expo-
nentially converge to a single trajectory. For a general time-varying dynamical sys-
tem, satisfying the k-contraction property does not guarantee stability. However, for
time-invariant dynamical systems, it has been shown that for every bounded solu-
tion: 1-contraction implies global convergence to a unique equilibrium point [49], 2-
contraction implies global convergence to an equilibrium point, which is not necessar-
ily unique but must be connected along a line [136], and 3-contraction, under certain
assumptions, implies convergence to a non-unique attractor in a 2d subspace [137].
Three examples of k-contracting dynamics are presented in Figure 6.1.

Time-invariant dynamical systems which satisfy the k-contraction property for k ∈
{1, 2, 3} have several desirable properties for ML models. They can exhibit a wide
range of complex convergent behaviours such as multi-stable and orbitally stable sys-
tems [138]. This suggests that a model can be expressive whilst satisfying the k-contraction
conditions, particularly for higher values of k where the constraints are less restrictive,
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as highlighted in Section 6.4. The k-contraction property also implies an inherent robust-
ness as the trajectories can only converge to a finite number of long term behaviours.
Next, the fundamental k-contraction result from [48] is restated. Section 2.1.8 provides
further background and a formal definition of k-contraction.

Theorem 6.1 ([48]). Fix k ∈ [1, n]N and consider the nonlinear system ẋ = f (t, x) with
f : R≥0 ×Rn → Rn continuously differentiable. If there exists η > 0 and an invertible matrix
Θ ∈ Rn×n such that

µ2,Θ(k)

(︁
J[k]f (t, x)

)︁
≤ −η ∀ x ∈ Rn and t ∈ R≥0 (6.1)

then the nonlinear system is k-contracting in the 2-norm w.r.t the metric P := Θ⊤Θ.

This result has two features: (i) it requires the existence of an invertible matrix P. In the
simplest case, one can expect a solution P = pIn to exist. For other systems, such simple
solutions will not exist and more general matrices such as P ∈ Sn

+ will be required,
making the proofs more difficult; (ii) it requires the use of compound matrices (Section
2.1.6). For a matrix W ∈ Rn×m, the matrix W [k] with k ∈ [1, min(n, m)]N will have
the size (n

k)× (m
k ) which is typically much larger and more computationally difficult to

work with. A technical introduction to compound matrices, k-contraction analysis and
how they relate is presented in Section 2.1.6 - Section 2.1.8. Results which verify (6.1),
for the special case of nonlinear systems (6.2), are derived in Section 6.4.

6.3 Lurie Networks

A Lurie network is defined by (6.2) with weights A ∈ Rn×n, B ∈ Rn×m, C ∈ Rm×n and
biases bx ∈ Rn, by ∈ Rm. Its relationship to the forced Lurie system is discussed in
Section 2.2.1.

ẋ = Ax + BΦ
(︁
y
)︁
+ bx y = Cx + by x(0) = x0 (6.2)

The model has a biased linear component interconnected with a nonlinearity of the
form Φ(y) := [ϕ1(y1), . . . , ϕm(ym)]⊤ where ϕi(yi) is assumed to be slope-restricted
with an upper bound g > 0, such that 0 ⪯ JΦ(y) ⪯ gIm. Some activation functions
which satisfy this property are presented in Table 2.1. For simplicity, it is assumed the
same scalar nonlinearity is applied element-wise and the subscript is dropped. The
proposed Lurie network is a very general model as highlighted by the special cases in
Section 6.3.1 and it’s relationship to deep feed-forward neural networks (Section 2.2.4).
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Finally, it is important to observe that the model is time-invariant, this implies that if
Theorem 6.1 is satisfied, the model will inherit the appealing convergence and robust-
ness properties stated in Section 6.2. This may be viewed as a limitation for modelling
neural dynamics since the brain is subject to various external inputs; however, it is
common to assume that, at least on the time scale of interest, the dynamics evolve in a
time-invariant manner [124].

6.3.1 Example Lurie Networks

When applied to time-invariant dynamical systems, many models from the ML litera-
ture become special cases of (6.2). In this setting, the time-varying external inputs are
replaced with trainable biases. As the results in Section 6.4 apply to any model of the
form (6.2), they can also be applied to these special cases.

Lipschitz RNN: A stability constrained RNN [31] where the parameters A, C are ex-
pressed as a weighted sum of symmetric and skew-symmetric terms in order to control
the eigenvalues of the Jacobian. The remaining components are B = In, bx = 0 and
ϕ(·) ≡ tanh(·).

A, C ∈
{︂
(1− β)(W +W⊤)+ β(W −W⊤)−γIn | W ∈ Rn×n, 0.5 ≤ β ≤ 1, γ > 0

}︂
(6.3)

Antisymmetric RNN: A constrained RNN [30] with the same motivations as the Lip-
schitz RNN. Related to (6.2) by A = 0, B = In, bx = 0, ϕ(·) ≡ tanh(·) and C ∈
{W − γIn | W ∈ Skew(n), γ > 0}.

SVD Combo: A 1-contracting graph coupled RNN [32] where q denotes the number
of individual RNNs and n denotes the state dimension of each RNN. A special case of
(6.2) with A = L − aIqn, C = Iqn and by = 0. The graph coupling matrix is denoted
by L and B is block diagonal where each block contains the synaptic weights of the
individual RNNs. Both of these matrices are expressed by special parametrised forms
to ensure the individual RNNs and graph coupled RNN are 1-contracting. As in (6.2),
the nonlinearity is required to be slope-restricted.

Neural Oscillators: This example is from the graph ML literature [24]. The state of the
general neural oscillator is governed by a second order ODE; however, its equivalent
first order representation takes the form (6.2) with one possible realisation given by
C21 ∈ Rn×n, bx = 0 and
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A =

[︄
0 I
0 0

]︄
B =

[︄
0 0
0 I

]︄
C =

[︄
0 0

C21 0

]︄
by =

[︄
0

by2

]︄
(6.4)

The solution is then passed through an affine readout layer.

Graph Coupled Oscillators: Another example of a second order ODE from the graph
ML literature [27]. The state is defined as a matrix, but this can simply be recast in
a vectorised form which relates to (6.2) if a linear coupling function is chosen. This
requires the weights to have a block matrix form, where one possible realisation is
defined by C21 ∈ Rn×n, bx = by = 0 and

A =

[︄
0 I

−γI −αI

]︄
B =

[︄
0 0
0 I

]︄
C =

[︄
0 0

C21 0

]︄
(6.5)

LSSM: When the external input is replaced by nonlinear output feedback (i.e., u(t) ≡
Φ(y)) and D = 0, the linear state-space layer used in S4 [22] and Hippo [139] is a special
case of (6.2) with A being a lower triangular Hippo matrix, B ∈ Rn×m, C ∈ Rm×n and
bx = by = 0.

6.3.2 Graph Lurie Networks

Many larger scale dynamical systems such as molecular, social, biological, and financial
networks [140] naturally have a graph structure. To make the Lurie network more
applicable to these problems, a graph coupling term is introduced to model a set of
q interacting Lurie networks. To illustrate this, q independent Lurie networks can be
modelled by

ẋ = AGx + BGΦ
(︁
y
)︁
+ bx y = CGx + by x(0) = x0 (6.6)

where AG := blockdiag(A1, . . . , Aq) ∈ Rqn×qn, BG := blockdiag(B1, . . . , Bq) ∈ Rqn×qm,
CG := blockdiag(C1, . . . , Cq) ∈ Rqm×qn and the biases are bx ∈ Rqn, by ∈ Rqm. The
graph Lurie network (GLN) is then defined by

ẋ = (AG + L)x + BGΦ
(︁
y
)︁
+ bx y = CGx + by x(0) = x0 (6.7)

where L := [Ljl ] is a block matrix with block Ljl ∈ Rn×n connecting Lurie network
l to Lurie network j. The state and nonlinearity of the GLN are defined by x ∈ Rqn

and Φ : Rqm → Rqm where the states of the independent Lurie networks have been
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stacked into a single state. Interestingly, the GLN (6.7) is actually a special case of a
Lurie network; however, as the networks get larger, so does the search space. Thus,
imposing any assumptions which respect the structure of the problem can reduce the
search space and lead to more robust and generalisable models. Any prior knowledge
about the graph can be encoded through constraints on the graph coupling matrix.

6.4 k-contracting Lurie Networks

6.4.1 k-contracting Lurie Networks

Two sufficient results which satisfy Theorem 6.1 and guarantee (6.2) is k-contracting are
presented next. Conditions were derived in [134, Theorem 2] which verify Theorem 6.1
for a Lurie network with A ∈ Dn and by = 0. Theorem 6.2 extends them to account for
A ∈ Rn×n and by ̸= 0.

Theorem 6.2. Consider the Lurie network (6.2) with Φ(y) := [ϕ1(y1), . . . , ϕm(ym)]⊤ being
slope-restricted such that 0 ⪯ JΦ(y) ⪯ gIm. Now define αk := (2k)−1 ∑k

i=1 λi(A + A⊤)

where k ∈ [1, n]N. If αk < 0 and

g2
k

∑
i=1

σ2
i (B)σ2

i (C) < α2
kk (6.8)

then (6.2) is k-contracting in the 2-norm with respect to the metric P = −α−1
k In.

Proof:

Step 1

By (6.8) there exists γ < 0 such that

0 < γ2 < α2
k and g2

k

∑
i=1

σ2
i (B)σ2

i (C) < γ2k (6.9)

Now, define the equivalent representation of the Lurie network (6.2)

ẋ = Āx − B̄Ψ(x) y = C̄x (6.10)
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with

Ā := A B̄ := γIn C̄ := In Ψ(x) := −γ−1BΦ(Cx + by)− γ−1bx (6.11)

Also, define P := pIn and Θ := p
1
2 In, with p > 0.

Inserting P, Θ, and (6.10) into the left hand side of (A.1) yields

P(k) Ā[k] + (Ā[k])⊤P(k) + Θ(k)
(︂
(ΘB̄B̄⊤Θ)[k] + (Θ−1C̄⊤C̄Θ−1)[k]

)︂
Θ(k)

= P(k)A[k] + (A[k])⊤P(k) + Θ(k)
(︂
(γ2P)[k] + (P−1)[k]

)︂
Θ(k)

= (pIn)
(k)A[k] + (A[k])⊤(pIn)

(k) + (p
1
2 In)

(k)
(︂
(γ2 pIn)

[k] + (p−1 In)
[k]
)︂
(p

1
2 In)

(k)

(6.12)

Applying the relevant special cases from (2.41) and (2.48) leads to

= pk(︁A[k] + (A[k])⊤
)︁
+ k(γ2 p + p−1)pk I

Next, applying Fact 2.6 and Fact 2.8 results in

= pk(︁(A + A⊤)[k] + k(γ2 p + p−1)I
)︁

Finally, re-applying (2.48) and Fact 2.8 yields

= pk(︁A + A⊤ + (γ2 p + p−1)In
)︁[k]

If the matrix above is negative definite, then (A.1) is satisfied for some suitably chosen
η1 > 0. This is true when

(︁
A + A⊤ + (γ2 p + p−1)In

)︁[k] ≺ 0 (6.13)

By Fact 2.7 and [141, Eq. 285], the inequality above can equivalently be expressed as

k(γ2 p + p−1) +
k

∑
i=1

λi(A + A⊤) < 0 (6.14)

Inserting αk, this simplifies to

γ2 p2 + 2αk p + 1 < 0 (6.15)
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For γ satisfying (6.9), a solution p = −α−1
k always exists.

Step 2

By (6.10)

JΨ(x) = −γ−1BJΦ(Cx + by)C

Inserting Θ, JΨ, and (6.10) into the left hand side of (A.2), and applying Fact 2.7, yields

k

∑
i=1

λi

(︂
Θ−1C̄⊤(︁J⊤Ψ (y)JΨ(y)− I

)︁
C̄Θ−1

)︂
=

k

∑
i=1

λi

(︂
p−1 J⊤Ψ (y)JΨ(y)− p−1 I

)︂
=

(︁
p−1 J⊤Ψ (y)JΨ(y)− p−1 I

)︁[k]
If
(︁

p−1 J⊤Ψ (y)JΨ(y)− p−1 I
)︁[k] ≺ 0, then (A.2) is satisfied for some suitably chosen η2 > 0.

Applying Fact 2.7, this negative definite requirement reduces to

k

∑
i=1

λi

(︂
p−1 J⊤Ψ (y)JΨ(y)

)︂
− kp−1 = p−1

k

∑
i=1

σ2
i (JΨ(y))− kp−1 < 0 (6.16)

Finally, inserting JΨ and, at the expense of some conservatism, applying the well-
known property of singular values [142, Theorem 3.3.14], the inequality above becomes

γ−2
k

∑
i=1

σ2
i (B)σ2

i (JΦ(y))σ2
i (C) < k (6.17)

By the assumption made on the slope of Φ, this inequality will always be satisfied if
(6.8) holds. □

Remark 6.1. The additional freedom permitted by k-contraction over standard contraction is
highlighted by the summation of the eigenvalues and singular values in Theorem 6.2. In 1-
contraction, Theorem 6.2 requires the largest eigenvalue of the symmetric component of A to
be negative whereas for k ∈ [2, n]N, this condition on A becomes incrementally more relaxed
as k is increased. Equation (6.8) illustrates a similar relaxation of the constraints on B and
C. Theorem 6.2 has several appealing features: (i) it does not require the computation of the
troublesome compound matrices; (ii) it provides a way of embedding the k-contraction property
into the structure of a Lurie network based on fairly simple unconstrained parametrisations of
the weights, as shown in Section 6.5; (iii) the biases are not present in the condition, so are
naturally unconstrained; (iv) the result does not rely on symmetries of the parameters. In many
Hopfield-based models of associative memory, symmetry in the parameters is needed to make
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the existence of a global energy function mathematically tractable; however, this simplification
is biologically unrealistic and limits the model’s expressive power. The limitation of the result is
that only Lurie networks which are k-contracting in a scalar metric can be verified. □□

A second result which addresses the scalar metric drawback is presented next; how-
ever, it comes at the cost of strong constraints on the weights B and C.

Theorem 6.3. Consider the Lurie network (6.2) with Φ(y) := [ϕ1(y1), . . . , ϕn(yn)]⊤ being
slope-restricted such that 0 ⪯ JΦ(y) ⪯ gIn. Fix k ∈ [1, n]N. If B ∈ Dn, C = B−1 and

P(k)A[k] + (A[k])⊤P(k) + 2kgP(k) ≺ 0 (6.18)

then (6.2) is k-contracting in the 2-norm w.r.t the metric P ∈ Dn
+.

Proof: This proof aims to directly verify Theorem 6.1 for Θ ∈ Dn, where f represents
the Lurie network (6.2). The proof begins by substituting the Jacobian of the Lurie net-
work into the left hand side of (6.1), followed by the application of Fact 2.8 to obtain
the second equality. The subadditivity property of the matrix measure µ2 was then
leveraged to split the terms [35, Section 2.2]. As the second term is difficult to manip-
ulate, the simplifying assumption C = B−1 was made in order to apply Fact 2.9. As
Θ, B, JΦ ∈ Dn, so are both of their k-compound counterparts (2.41), (2.48), which means
the terms Θ, B cancel out. The property µ2(·) ≤ ∥ · ∥2 [35, Theorem 16] was then ap-
plied followed by Fact 2.7, which allowed the slope restricted assumption on Φ to be
utilised. By the relevant special case of the k-additive compound (2.48), the 2-norm was
calculated. Finally, kg was incorporated in µ2 as shown in the final inequality.

µ2,Θ(k)(J[k]f (t, x)) = µ2,Θ(k)

(︁
(A + BJΦC)[k]

)︁
= µ2,Θ(k)

(︁
A[k] + (BJΦ(y)C)[k]

)︁
≤ µ2,Θ(k)(A[k]) + µ2,Θ(k)

(︁
(BJΦC)[k]

)︁
= µ2,Θ(k)(A[k]) + µ2(Θ(k)B(k) J[k]Φ B−(k)Θ−(k))

= µ2,Θ(k)(A[k]) + µ2(J[k]Φ )

≤ µ2,Θ(k)(A[k]) + ∥(gIn)
[k]∥2

= µ2,Θ(k)(A[k]) + kg

= µ2(Θ(k)A[k]Θ−(k) + kgIn)

(6.19)

If the final inequality is negative, then Theorem 6.1 is satisfied for some suitably chosen
η. This is equivalent to the matrix inequality below.
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1
2
(︁
Θ(k)A[k]Θ−(k) + Θ−(k)(A[k])⊤Θ(k) + 2kgIn

)︁
≺ 0 (6.20)

Multiplying on the left by 2Θ(k) and on the right by Θ(k) results in (6.18). □

Remark 6.2. Theorem 6.3 improves upon Theorem 6.2 in the sense that Lurie networks which
are k-contracting in a diagonal metric can now be verified; however, only when C = B−1. Due
to this constraint, Theorem 6.3 has very limited practical use; however, it may prove to be theo-
retically insightful for addressing the scalar metric drawback in the future. Finally, it is impor-
tant to highlight that Theorem 6.2 and Theorem 6.3 apply to the class of slope-restricted nonlin-
earities, so these results address the absolute stability problem with respect to the k-contraction
property. □□

6.4.2 k-contracting Graph Lurie Networks

In this section, q independent Lurie networks (6.2) are assumed to be k-contracting in
the 2-norm with respect to the metrics P1, . . . , Pq. This is equivalent to (6.6) k-contracting
in the 2-norm with respect to the metric P = blockdiag(P1, . . . , Pq). Theorem 6.2 and
Theorem 6.3 provide two results which can, respectively, verify this with respect to a
scalar metric Pj = pj In and a diagonal metric Pj ∈ Dn

+ for j ∈ [1, q]N. Other results
may be used providing they apply to systems of the form (6.2). Under this assumption,
Theorem 6.4 provides a constraint on the graph coupling term which ensures the GLN
is k-contracting when constructed from q independently k-contracting Lurie networks.

Theorem 6.4. Fix k ∈ [1, n]N and consider the GLN (6.7) where the q independent Lurie
networks are k-contracting in the 2-norm with respect to the metrics Pj with j ∈ [1, q]N. If the
graph coupling matrix L ∈ Rqn×qn satisfies

P(k)L[k] + (L[k])⊤P(k) ⪯ 0 (6.21)

where P := blockdiag(P1, . . . , Pq), then (6.7) is k-contracting in the 2-norm with respect to
the metric P.

Proof: This proof verifies Theorem 6.1 when f represents the GLN (6.7). The proof
starts by expressing the Jacobian as a sum of the Jacobian of the q independent Lurie
networks, Jindep, and Jacobian of the coupling term, Jcouple

J f (x) = Jindep(x) + Jcouple(x) (6.22)

where Jindep(x) = AG + BG JΦCG and Jcouple(x) = L. Substituting J f into the left hand
side of (6.1) and applying the sub-additivity property of µ2 results in
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µ2,Θ(k)(J[k]f ) ≤ µ2,Θ(k)(J[k]indep) + µ2,Θ(k)(J[k]couple) (6.23)

As the q independent Lurie networks are assumed to be k-contracting in the 2-norm
with respect to the metric P, then µ2,Θ(k)(J[k]indep) < 0. Under this assumption, Theorem
6.1 is satisfied if

µ2,Θ(k)(J[k]couple) ≤ 0 (6.24)

This is equivalent to the matrix inequality below, where Jcouple has been substituted in.

1
2
(︁
Θ(k)L[k]Θ−(k) + Θ−(k)(L[k])⊤Θ(k))︁ ⪯ 0 (6.25)

Multiplying on the left by 2Θ(k) and on the right by Θ(k) results in (6.21). □

Remark 6.3. It should be noted that Theorem 6.4 could be applied more generally for construct-
ing k-contracting graph coupled systems. Providing the q subsystems are k-contracting in the
2-norm with respect to some metric P = blockdiag(P1, . . . , Pq), then Theorem 6.4 is applicable
when coupling them through the graph coupling term. It is not necessary for the q subsystems
to be Lurie networks. □□

6.5 Parametrisation of k-contracting Lurie Networks

To train a k-contracting Lurie network using gradient based optimisers, parametrisa-
tions which express the constrained weights in terms of unconstrained variables must
be found. To formalise this idea, the sets Ω2(g, k) and Ω4(k, P) are defined. As the
biases do not appear in these sets, they are naturally unconstrained.

The set Ω2(g, k) contains the Lurie network’s which satisfy Theorem 6.2.

Ω2(g, k) :=
{︂
(Ā, B̄, C̄)

⃓⃓⃓
αk :=

1
2k

k

∑
i=1

λi(Ā + Ā⊤) < 0, zk := g2
k

∑
i=1

σ2
i (B̄)σ2

i (C̄) < α2
kk
}︂

(6.26)

The set Ω4(k, P) contains the graph coupling matrices which satisfy Theorem 6.4.

Ω4(k, P) :=
{︂

L̄ ∈ Rqn×qn
⃓⃓⃓

P(k) L̄[k] + (L̄[k])⊤P(k) ⪯ 0
}︂

(6.27)

A parametrisation associated with Theorem 6.3 is not established due to the limitations
mentioned earlier. The next section present two different parametrisations of the set
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Ω2(g, k), both proofs apply the eigenvalue and singular value decompositions, detailed
in Section 2.1.5.

6.5.1 Parametrisation of k-contracting Lurie Networks

Theorem 6.5. Let g > 0 and k ∈ [1, n]N. Now, let UA, UB, VC ∈ O(n), VB, UC ∈ O(m),
ΣB ∈ Dnm

+ , ΣC ∈ Dmn
+ , YA ∈ Skew(n), and GA ∈ Dn

+. Define

A :=
1
2

UAΣAU⊤
A +

1
2

YA ΣA := −
√︃

4zk

k
In − GA (6.28a)

B := UBΣBV⊤
B C := UCΣCV⊤

C (6.28b)

then (A, B, C) ∈ Ω2(g, k).

Proof: The singular value decomposition was leveraged to expose the singular values
of B, C, as in (6.28b). This required the matrices UB, UC, VB, VC to be orthogonal. One
can immediately use the unconstrained parametrisation of the orthogonal class from
[143] to express these matrices as unconstrained symmetric matrices. The matrices
ΣB ∈ Dnm

+ , ΣC ∈ Dmn
+ respectively contain the singular values of B and C. These

positive diagonal matrices are also treated as unconstrained sets since any matrix can
be obtained by taking the absolute value of an unconstrained diagonal matrix with the
same shape.

To verify Theorem 6.2, one can combine αk < 0 and (6.8) into a single inequality repre-
senting the intersection of the two sets.

k

∑
i=1

λi(A + A⊤) < −2k
√︃

zk

k
where zk := g2

k

∑
i=1

σ2
i (B)σ2

i (C) (6.29)

By definition of B and C, the right hand side is a function of the hyperparameters g, k
and elements of the parameters ΣB, ΣC, so can be easily computed using sort and sum
functions.

To impose this constraint directly on the eigenvalues of the symmetric component of
A, the A matrix is expressed as a sum of symmetric and skew-symmetric matrices.
The skew-symmetric matrix, YA, is unconstrained, so no further work is needed. The
symmetric matrix is then expressed by it’s eigenvalue decomposition to obtain (6.28a).
This expression allowed the constraint (6.29) to be placed directly on the elements of
the diagonal matrix, ΣA.

Defining ΣA as in (6.28a) ensures

λi(A + A⊤) < −2
√︃

zk

k
for all i ∈ [1, n]N (6.30)
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which guarantees both conditions of Theorem 6.2 are satisfied. □

Conservatism is introduced in Theorem 6.5 as all the diagonal elements of ΣA must be
negative. Theorem 6.6 is established to address this issue.

Theorem 6.6. Let g > 0 and k ∈ [1, n]N. Now, let UA, UB, VC ∈ O(n), VB, UC ∈ O(m),
ΣB ∈ Dnm

+ , ΣC ∈ Dmn
+ , YA ∈ Skew(n), ΣA1 ∈ Dk−1, GA2 > 0, and GA3 ∈ Dn−k

+ . Define

A :=
1
2

UAΣAU⊤
A +

1
2

YA B := UBΣBV⊤
B C := UCΣCV⊤

C (6.31a)

ΣA := blockdiag(ΣA1, ΣA2, ΣA3) ΣA1 ∈ Dk−1 (6.31b)

ΣA2 := −
√︁

4kzk −
k−1

∑
i
(ΣA1)ii − GA2 ΣA3 := min(ΣA1, ΣA2)In−k − GA3 (6.31c)

then (A, B, C) ∈ Ω2(g, k).

Proof: The proof follows the same steps as Theorem 6.6, up to the definition of ΣA. For
this reason, the proof starts from this point.

Defining ΣA, as in Theorem 6.6, guarantees both conditions of Theorem 6.2 are satisfied
via (6.29). In this case, the definition of ΣA is split into one unconstrained block for
the first k − 1 eigenvalues (ΣA1), a block matrix for λk(A + A⊤) which ensures (6.29)
holds (ΣA2), and finally a block for the remaining eigenvalues which must be defined
to ensure the k eigenvalues involved in (6.29) are the largest (ΣA3). □

Remark 6.4. In both results, a mapping between the sets Skew(·) and O(·) was exploited
to express the orthogonal matrices in terms of unconstrained skew-symmetric matrices [143].
The remaining variables are unconstrained or simply require positive elements, which can be
obtained by taking the absolute value of unconstrained variables. □□

In Theorem 6.5 and Theorem 6.6, the B and C matrices are unconstrained since they are
simply expressed by their singular value decomposition. The variables representing
the singular values of B and C directly upper bound αk. The only source of conser-
vatism in the parametrisations is introduced through the definition of ΣA. In Theorem
6.5, the constraint on αk is enforced by a uniform negative constraint on the diagonal
elements of ΣA. If this assumption is true, this significantly speeds up the learning
process; however, it can be prohibitive if not. Theorem 6.6 allows the largest (k − 1)
eigenvalues to be unconstrained (ΣA1), meaning non-Hurwitz A matrices are encapsu-
lated in the parametrisation. The constraint on αk is implemented by the ΣA2 block and
the ΣA3 block ensures the remaining eigenvalues are less than the other k.

As k is a hyperparameter of the model, it is useful to note the following result which
allows the model to be applied in situations where k is unknown.
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Proposition 6.1. For k ∈ {2, 3}, the sets Ω2(g, k − 1) and Ω2(g, k), both defined by (6.26),
intersect when the following inequality is satisfied

g2σ2
k (B)σ2

k (C) <
1
4k

λ2
k(A + A⊤) +

k − 1
k

αk−1λk(A + A⊤)− k − 1
k

α2
k−1 (6.32)

Proof: First note the following useful relationships, where λk := λk(A + A⊤).

αk =
1
2k

λk +
k − 1

k
αk−1 zk = g2σ2

k (B)σ2
k (C) + zk−1 (6.33)

From (6.33) it is clear that αk < 0 when

λk < −2(k − 1)αk−1 (6.34)

A subset of these solutions occurs when the first condition of Ω2(g, k − 1) holds; that is
αk−1 < 0. From (6.33) it is also clear that zk < α2

kk is true when

zk−1 < α2
kk − g2σ2

k (B)σ2
k (C) (6.35)

If α2
k−1(k − 1) < α2

kk − g2σ2
k (B)σ2

k (C) then a subset of these solutions occurs when the
second condition of Ω2(g, k − 1) holds, i.e., zk−1 < α2

k−1(k − 1). After rearranging, this
is equivalent to

g2σ2
k (B)σ2

k (C) < α2
kk − α2

k−1(k − 1) (6.36)

The right hand side can equivalently be expressed by a quadratic equation in λk

α2
kk − α2

k−1(k − 1) =
(︂ 1

2k
λk +

k − 1
k

αk−1

)︂2
k − α2

k−1(k − 1)

=
(︂ 1

4k2 λ2
k +

k − 1
k2 αk−1λk +

(k − 1)2

k2 α2
k−1

)︂
k − α2

k−1(k − 1)

=
1
4k

λ2
k +

k − 1
k

αk−1λk +
(k − 1)2

k
α2

k−1 − α2
k−1(k − 1)

=
1
4k

λ2
k +

k − 1
k

αk−1λk −
k − 1

k
α2

k−1

:= Qk(λk, αk−1)

(6.37)

Therefore, Ω2(g, k − 1) intersects with Ω2(g, k) if (6.32) holds.
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To confirm practical solutions exist to (6.32), one must check if negative values of λk (a
requirement of Theorem 6.5 and Theorem 6.6) ensure Qk(λk; αk−1) > 0, when αk−1 < 0.
Finding the roots of Qk(λk, αk−1) confirms what intervals of λk ensure Qk(λk, αk−1) > 0.
By the quadratic formula, the general solution is given by

λr
k = 2(1 − k)αk−1 ± 2k

√︃
(k − 1)2

k2 α2
k−1 +

k − 1
k2 α2

k−1

= 2(1 − k)αk−1 ± 2
√︂

k(k − 1)αk−1

= 2
(︂

1 − k ±
√︂

k(k − 1)
)︂

αk−1

(6.38)

The roots specifically for k = 2 and k = 3 are

λr
2 = (−2 ± 2

√
2)α1 λr

3 = (−4 ± 2
√

6)α2 (6.39)

Given αk−1 < 0, the intervals λ2 ∈ [−∞, (−2 + 2
√

2)α1] and λ3 ∈ [−∞, (−4 + 2
√

6)α2]

were tested to see if the corresponding co-domains of Qk(λk, αk−1) were positive. These
intervals ensure λk < 0 (a requirement for αk < 0 and αk−1 < 0).

Using λ2 = α1 and λ3 = α2 as the test points, the quadratic inequalities become

Q2(α1; α1) =
1
8

α2
1 +

1
2

α2
1 −

1
2

α2
1

=
1
8

α2
1 > 0

(6.40)

Q3(α2; α2) =
1
12

α2
2 +

2
3

α2
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(6.41)

As a result, for k ∈ {2, 3}, the sets Ω2(g, k − 1) and Ω2(g, k) intersect if λk ∈ [−∞, 2(1−
k +

√︁
k(k − 1))αk−1] and g2σ2

k (B)σ2
k (C) < Qk(λk, αk−1). If (A, B, C) ∈ Ω2(g, 2) then λ2

must be in this interval since λ2 ≤ λ1. By the same logic, if (A, B, C) ∈ Ω2(g, 3) then λ3

must be in this interval since λ3 ≤ λ2 ≤ λ1 .

Hence, the requirements for intersection can be simplified to just (6.32). □
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Remark 6.5. Proposition 6.1 is expected to hold for many realistic systems since (6.32) just
requires λk(A + A⊤) to be sufficiently negative to counteract the product of the growth of B
and C in the kth direction. Hence, if the best value of k is unknown for a given application,
then setting k = 3 allows the model to search over many of the stable l-contracting systems
parametrised by Theorem 6.5 or Theorem 6.6, where l ∈ [1, k]N. □□

6.5.2 Parametrisation of k-contracting Graph Lurie Networks

The next result provides an unconstrained parametrisation of the set Ω4(k, P) in (6.27).
Coupling this with the earlier parametrisations allows the k-contracting GLN to be
trained with gradient based optimisers.

Theorem 6.7. Given k ∈ [1, n]N, GL1, GL2 ∈ Rqn×qn, Θ = blockdiag(Θ1, . . . , Θq) where
Θj ∈ Sn

+ for j ∈ [1, q], P = Θ⊤Θ and define

L := GL1 − P−1G⊤
L1P + Θ−1GL2Θ (6.42)

where (GL2 + G⊤
L2)

[k] ⪯ 0, then L ∈ Ω4(k, P).

Proof: This proof aims to show that Theorem 6.4 is satisfied when L is defined as in
(6.42). First, multiply (6.21) on the left and right by Θ−(k). Sequentially applying Fact
2.6, Fact 2.9 and Fact 2.8 results in

(︁
ΘLΘ−1 + Θ−1L⊤Θ

)︁[k] ⪯ 0 (6.43)

Subbing in the definition of L from (6.42) and recalling that P = Θ⊤Θ leads to

(︁
GL2 + G⊤

L2
)︁[k] ⪯ 0 (6.44)

which is assumed to hold. □

Theorem 6.7 provides flexibility in the choice of GL1, GL2 to define different graph struc-
tures, where the constraint on GL2 is equally a constraint on the sum of it’s k-largest
eigenvalues (Fact 2.7). This constraint could be parametrised in a simlar manner to the
symmetric component of A in Theorem 6.5 and Theorem 6.6; in which case, Theorem
6.7 is satisfied and the graph has a directed all-to-all structure, including self-loops.

Remark 6.6. If GL2 = 0, along with the main diagonal blocks of GL1, then (6.42) is a boundary
condition of (6.21). Thus, Theorem 6.7 is satisfied and the self-loops (a node coupled to itself via
a graph connection) are removed from the graph structure. □□
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6.5.3 Complexity Comparison

One consideration when constructing k-contracting Lurie networks is the number of
additional parameters required for the parametrisation. A Lurie network, as defined
in (6.2), has a total parameter count NL = n2 + 2nm + n + m; whereas a k-contracting
Lurie network, constructed according to Theorem 6.5 or Theorem 6.6, has a total pa-
rameter count NK ≤ 2n2 + m2. The number of parameters only increases significantly
when m is large compared to n; however, throughout the literature, many special cases
of a Lurie network set n = m (Section 6.3.1); in which case, NK becomes marginally
smaller than NL. Furthermore, the all-to-all graph coupling term has NC = 2(qn)2 pa-
rameters or NC = qn2(q − 1) if the self-loops are removed according to Remark 6.6.
This analysis highlights that ensuring the Lurie network and GLN are k-contracting
comes at a minimal computational expense.

6.6 Empirical Evaluation: Dynamical Systems

In Section 6.1, it was highlighted that a range of convergent dynamics are prevalent in
many dynamical systems and neural processes. In this section, the impact of the ad-
ditional expressivity of the Lurie network and the k-contracting parametrization were
tested on a range of dynamical systems. The prediction accuracy, generalisation and
robustness of the proposed models were used to compare performance.

6.6.1 Data

Three time-invariant dynamical systems were considered: (i) an opinion dynamics
model of a social network where all opinions agree and thus converge to a unique
equilibrium point; (ii) a Hopfield network of associative memory with two stable equi-
librium points and one unstable; (iii) a generic simple attractor which could be used
to model the stored patterns in working memory. The nonlinearity used to simulate
the opinion dynamics and Hopfield network satisfied the slope-restriction assumption
of the Lurie network. On the other hand, the nonlinearity used to simulate the sim-
ple attractor did not satisfy this property; thus, this dataset was useful for testing the
approximation capabilities of the Lurie network.

Each system had n = 3 states allowing for visualisation of the ground truth and pre-
dictions. For each dynamical system, a dataset including 1k trajectories, sampled ev-
ery 0.01s over a 20s interval existed. The test sets were formed by holding out 100
trajectories. The input to each model was the initial condition sampled from a uni-
form distribution with the domain (−1,+1)3 for the opinion/Hopfield datasets and
(−3,+3)3 for the simple attractor. The full trajectory was then used as the target to
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train the model. An illustration of these datasets can be seen in Figure 6.1. The data
was synthetically generated by numerically integrating over the analytical models of
each dynamical system. The integration was performed using the Euler method with
step size δ = 1 × 10−2.

To test the out of distribution (OOD) generalisation and robustness, two additional
datasets were generated for each of the opinion, Hopfield and attractor tasks. These
differ from the training datasets in the following ways: (i) they include 100 trajectories
over a 30s interval; (ii) the initial conditions were sampled from a uniform distribution
over the intervals 1 < |xi(0)| < 4 for the opinion/Hopfield datasets and 3 < |xi(0)| < 6
for the simple attractor, where i ∈ {1, 2, 3}. These trajectories were 10s longer than the
training data with initial conditions also sampled outside the training distribution. To
test the robustness, noise sampled from the standard normal distribution was added to
the initial conditions of these datasets, before generating the trajectories.

For the second set of experiments, two 30-dimensional dynamical systems were stud-
ied. The first was a graph-coupled (GC) Hopfield network, formed by connecting 10
previously described Hopfield networks through a graph coupling matrix. To ensure
the convergence property was preserved, the matrix was expressed by (6.42) with GL1

sampled from a uniform distribution and GL2 = 0. The second system was a GC at-
tractor, constructed in the same way. The datasets were generated as described in the
previous paragraphs; however, they each included 30k trajectories.

6.6.1.1 Opinion Dynamics

This model was presented in [134]. It has the following state space equations

ẋ = −1.5I3 + 0.5Φ(Cx) + b (6.45)

where

C =

⎡⎢⎣+1 −1 0
−1 +1 −1
0 −1 +1

⎤⎥⎦ b =

⎡⎢⎣+0.2
±0.0
−0.2

⎤⎥⎦ (6.46)

and the tanh function is applied element-wise. The model is 1-contracting and has a
unique equilibrium point at b.
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6.6.1.2 Hopfield Network

This model is a variation of the Hopfield network presented in [134]. It has the follow-
ing state space equations

ẋ = −2.5I3 + BΦ(x) (6.47)

where

B =

⎡⎢⎣1 1 1
1 1 1
1 1 1

⎤⎥⎦ (6.48)

and the tanh function is also applied element-wise. The model is 2-contracting and
has two stable equilibrium points: e1 = [0.79, 0.79, 0.79]⊤, e2 = −e1 and an unstable
equilibrium point e3 = 0.

6.6.1.3 Simple Attractor

This model was presented in [137]. It has the following state space equations

ẋ = Ax + BΦ(Cx) (6.49)

where

A =

⎡⎢⎣ 0 1 −2
−1 0 −1
0.5 0 −0.5

⎤⎥⎦ B =

⎡⎢⎣ 0 0 0
0 0 0

−0.5 0 0

⎤⎥⎦ C =

⎡⎢⎣0 0 0
0 0 0
1 0 0

⎤⎥⎦ (6.50)

and ϕ(z) = z3 is the nonlinearity applied element-wise. This function is not slope-
restricted, so the simple attractor does not satisfy the assumptions of the Lurie network.
The model is 3-contracting and has several attractor states.

6.6.2 Training

The default training settings common to the isolated (opinion, Hopfield and attractor)
and GC datasets are presented in Table 6.1. The Stochastic Gradient Descent (SGD)
algorithm, detailed in Section 2.1.4, was used to optimise the model parameters. The
only parameters which varied between models were the learning rate (LR) and epoch
which it was reduced. Deviations from the default settings are detailed in Table 6.2.
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TABLE 6.1: Default training settings for the isolated and GC datasets.

Parameter Isolated GC
Batches 10 15
Batch Size 100 2000
Test Split 0.1 1

15
Epochs 100 100
Criterion MSE MSE
Optimiser SGD SGD
LR 1 × 10−2 5 × 10−3

These values were chosen based on observations during training; no hyperparameter
sweep was performed.

When training the models on the isolated datasets, a single T4 GPU (accessed through
Google Colab) was used. A single A100 GPU was used for training the models on
the GC datasets. All code was implemented in PyTorch and can be found at https:
//github.com/CR-Richardson/LurieNetwork.

6.6.3 k-contracting Lurie Networks

In this section, the k-contracting Lurie network is compared against five other contin-
uous time models: (i) the unconstrained Lurie network, for testing the importance of
the k-contraction constraints; (ii) an unconstrained neural ODE [56] with two hidden
layers, each comprised of 20 neurons and ReLU activations; (iii) the three constrained
continuous-time RNNs detailed in Section 6.3.1, where the SVD Combo network was
comprised of a single node. The numerical integration was performed using the Euler
method with step size δ = 1 × 10−2. Besides the neural ODE, each model used tanh
activations. Both activation function choices were slope-restricted with g = 1.

For the opinion and Hopfield datasets, the k-contracting Lurie network was constructed
according to Theorem 6.5 whereas Theorem 6.6 was used for the simple attractor. The
hyperparameter k was set to k = 1 for the opinion dynamics, k = 2 for the mulit-stable
Hopfield network and k = 3 for the simple attractor. Similar results were obtained
when setting k = 3 for all examples.

Table 6.3 compares the average (over 3 runs) and best mean squared error (MSE) on
the test set of each isolated task. The k-contracting Lurie network achieved the best
MSE on two out of three examples. The importance of the k-contraction conditions
is particularly clear when comparing the mean and standard deviation with that of
the unconstrained Lurie network. These conditions clearly reduce the search space
to a tractable region to optimise over as the MSE of the unconstrained Lurie network
is at least an order of magnitude worse than it’s k-contracting counterpart. The other
models perform as one would expect: (i) the neural ODE demonstrates strong accuracy

https://github.com/CR-Richardson/LurieNetwork
https://github.com/CR-Richardson/LurieNetwork
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TABLE 6.2: Deviations from the default settings for the isolated and GC datasets.

Dataset Model LR LR Cut @ Epoch
Opinion Dynamics Lurie Network 5 × 10−3 -
Opinion Dynamics Antisymmetric RNN 5 × 10−3 -
Hopfield Network k-Lurie Network 5 × 10−3 -
Hopfield Network Neural ODE 1 × 10−3 0.1@75
Hopfield Network Antisymmetric RNN 5 × 10−3 -
Simple Attractor Neural ODE 1 × 10−3 -
Simple Attractor Antisymmetric RNN 5 × 10−3 -
GC Hopfield Network Lipschitz RNN 5 × 10−3 0.2 @ 60
GC Hopfield Network GLN 3 × 10−3 1

3 @ 60
GC Simple Attractor GLN 1 × 10−2 -
GC Simple Attractor k-Lurie Network 1 × 10−2 -
GC Simple Attractor Neural ODE 5 × 10−3 0.5 @ 40

across all tasks; (ii) SVD combo performs well on the opinion dataset, where the 1-
contraction assumption is valid, but struggles on the others; (iii) the Lipschitz RNN
struggles on the attractor dataset whilst the antisymmetric RNN struggles across the
board due to the A matrix being fixed at zero and the eigenvalues of the C matrix being
fixed to almost purely imaginary values. Figures 6.2, 6.5, 6.8 show a random sample of
trajectories from each test set, along with the associated predictions.

Table 6.4 compares the generalisation and robustness of the models on each task. No
new models were trained, instead the best models from Table 6.3 were directly applied
to these OOD and noisy datasets (Section 6.6.1). The k-contracting Lurie network per-
forms the best on all of these datasets and for some, it still demonstrates a MSE of an
order of magnitude lower than the next best model. The MSE of the unconstrained
Lurie network and neural ODE tended to drop off for these datasets whereas the MSE
of the constrained models, excluding the antisymmetric RNN, tended to stay fairly con-
sistent when their assumptions were valid. Figures 6.3, 6.6, 6.9 show a random sample
of trajectories, initialised OOD, and associated predictions. Figures 6.4, 6.7, 6.10 show
the same for a random sample of trajectories, initialised OOD with additive noise. The
k-contracting Lurie network predicted the correct long-term behaviour most accurately
under all conditions; even when noise was added, the error was predominantly present
during the initial transient.
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TABLE 6.3: Average and best MSE on isolated test sets.

MSE (mean ± std, best)
Model Opinion Hopfield Attractor
k-Lurie Network (8.0 ± 3.0, 5.10)× 10−5 (1.5 ± 1.0, 0.26)× 10−2 (3.5 ± 1.0, 1.70)× 10−3

Lurie Network (3.7 ± 4.0, 0.53)× 10−3 (3.6 ± 2.0, 0.39)× 10−1 (5.1 ± 5.0, 0.57)× 10−1

Neural ODE (2.0 ± 2.0, 0.43)× 10−4 (2.5 ± 1.0, 1.50)× 10−2 (2.0 ± 1.0, 1.00)× 10−2

Lipschitz RNN (3.9 ± 3.0, 0.88)× 10−2 (2.9 ± 2.0, 0.30)× 10−1 1.48 ± 2.0, 1.10 × 10−2

SVD Combo (8.6 ± 3.0, 5.70)× 10−4 (2.9 ± 0.6, 2.10)× 10−1 3.12 ± 0.5, 2.74
Antisym. RNN (30.0 ± 0.2, 28.0)× 10−2 (4.3 ± 0.2, 4.11)× 10−1 6.93 ± 0.2, 6.74

TABLE 6.4: MSE on OOD and noisy isolated test sets.

MSE (OOD) MSE (OOD + noisy)
Model Opinion Hopfield Attractor Opinion Hopfield Attractor
k-Lurie Network 2.9 × 10−3 5.6 × 10−2 2.3 × 10−1 2.0 × 10−2 3.2 × 10−1 1.28
Lurie Network 6.4 × 10−2 1.8 × 10−1 5.96 2.7 × 10−1 4.4 × 10−1 6.79
Neural ODE 1.2 × 10−2 1.09 2.31 3.9 × 10−2 1.63 4.76
Lipschitz RNN 2.3 × 10−1 7.3 × 10−1 6.2 × 10−1 2.9 × 10−1 9.7 × 10−1 1.71
SVD Combo 1.0 × 10−2 2.38 20.9 3.3 × 10−2 7.97 30.30
Antisym. RNN 6.43 5.25 52.1 7.29 6.33 52.9
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FIGURE 6.2: Ground truth trajectories and the associated predictions of each model
for the opinion dynamics test set.

FIGURE 6.3: Ground truth trajectories and the associated predictions of each model
for the OOD opinion dynamics test set.
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FIGURE 6.4: Ground truth trajectories and the associated predictions of each model
for the noisy OOD opinion dynamics test set.

FIGURE 6.5: Ground truth trajectories and the associated predictions of each model
for the Hopfield network test set.
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FIGURE 6.6: Ground truth trajectories and the associated predictions of each model
for the OOD Hopfield network test set.

FIGURE 6.7: Ground truth trajectories and the associated predictions of each model
for the noisy OOD Hopfield network test set.
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FIGURE 6.8: Ground truth trajectories and the associated predictions of each model
for the simple attractor test set.

FIGURE 6.9: Ground truth trajectories and the associated predictions of each model
for the OOD simple attractor test set.
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FIGURE 6.10: Ground truth trajectories and the associated predictions of each model
for the noisy OOD simple attractor test set.

6.6.4 k-contracting Graph Lurie Networks

This section repeats the same experiments as the previous section, but for two 30-
dimensional graph-coupled (GC) dynamical systems: the GC Hopfield network and
the GC simple attractor (Section 6.6.1). The state of these datasets is significantly larger
than those used in other dynamical systems datasets such as: (i) the LASA dataset
[144] where the 2-d trajectories are typically stacked to form 4-d or 8-d trajectories; (ii)
simulated datasets of the 2, 4 or 8 link pendulums which, respectively, have 4, 8 or 16
dimension trajectories.

For both datasets, the GLN was constructed according to Theorem 6.7 and Remark
6.6 where n = m = 3 and q = 10. The individual Lurie networks were constructed
according to Theorem 6.5 for the GC Hopfield network, with k = 2, and Theorem 6.6
for the GC attractor, with k = 3. The neural ODE was formed using two layers with 100
neurons and ReLU activations. The SVD combo leveraged a similar graph structure to
the one used in this paper. The other models were the same as in the previous section
but with a (qn)-dimensional state.

Table 6.5 shows the GLN had a lower MSE than all other models by a factor of 10. Com-
paring the GLN, k-contracting Lurie network and the unconstrained Lurie network
highlights the improvements due to the k-contraction conditions and the graph struc-
ture. Table 6.6 also indicates that the GLN generalised and remained robust to noise,
even in these high-dimensional systems. The same can be said for the k-contracting
Lurie network which achieved the second lowest MSE on the generalisation and ro-
bustness tests. The inherent graph structure of the SVD combo may be the reason
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behind its improved ranking in the GC Hopfield tasks whereas the neural ODE par-
ticularly struggled to generalise for the GC attractor. Possible explanations behind the
poor performance of the constrained benchmark models are suggested in Section 6.8.

TABLE 6.5: Average and best MSE on GC test sets.

MSE (mean ± std, best)
Model GC Hopfield GC Attractor
GLN 0.016 ± 0.0003, 0.016 0.293 ± 0.1969, 0.015
k-Lurie Network 0.238 ± 0.0011, 0.237 0.737 ± 0.0108, 0.723
Lurie Network 2.537 ± 1.3327, 1.157 291.8 ± 191.84, 21.83
Neural ODE 0.138 ± 0.0291, 0.114 3.445 ± 0.3626, 2.942
Lipschitz RNN 0.124 ± 0.0161, 0.105 0.658 ± 0.1604, 0.433
SVD Combo 0.339 ± 0.1363, 0.229 3.024 ± 1.1240, 1.435
Antisym. RNN 0.448 ± 0.0023, 0.444 6.386 ± 0.0066, 6.380

TABLE 6.6: MSE on OOD and noisy GC test sets.

MSE (OOD) MSE (OOD + noisy)
Model GC Hopfield GC Attractor GC Hopfield GC Attractor
GLN 0.08 1.67 0.26 2.85
k-Lurie Network 0.77 6.10 1.05 6.90
Lurie Network 20350 5638 25481 6368
Neural ODE 2.12 24.93 2.76 25.11
Lipschitz RNN 3.58 6.17 4.25 7.84
SVD Combo 0.84 11.40 1.07 12.30
Antisym. RNN 5.32 50.68 6.21 52.10
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6.7 Empirical Evaluation: Fashion MNIST

It was emphasised in Section 6.1 that convergent dynamics in the brain play a role in
forming representations. This was investigated in this section by applying the Lurie
network to the Fashion-MNIST (FMNIST) classification task [145].

6.7.1 Data

The FMNIST dataset contains 28 × 28 grayscale images of 70k fashion products, from
10 different categories. A sample of these images is displayed in Figure 6.11. For all
experiments, the images were normalised and zero-centred. The data was split into a
training set with 60k images and a test set of 10k images. A batch size of 250 was used
throughout (Section 2.1.4).

6.7.2 Models and Training

Two variations of the Lurie network and k-contracting Lurie network were studied. In
the first variation, the transformed images were flattened and directly passed into the
models through the initial condition. Euler integration was used to approximate the
trajectory of (6.2) and the final state was mapped through a linear layer and followed by
a softmax layer to obtain the categorical predictions. The k-contraction parameter was
set to its highest value, k = 3, to permit training over the three convergent behaviours
illustrated in Figure 6.1.

In the second variation, the images were pre-processed by a small CNN (55, 744 param-
eters) to artificially replicate a biological neural processing system. The output of this
was then passed into the Lurie network and k-contracting Lurie network through the
initial conditions. The remainder of the setup was the same as the first variation. Spe-
cific details of the architectures are included in Table 6.7 and Table 6.8, where each layer
of the CNN used ReLU activation functions. Training settings are detailed in Table 6.9.

Other benchmark models were either highest ranked or biologically-inspired from the
recently deprecated comparison site https://paperswithcode.com/sota/image-classification-
on-fashion-mnist.

https://paperswithcode.com/sota/image-classification-on-fashion-mnist
https://paperswithcode.com/sota/image-classification-on-fashion-mnist
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FIGURE 6.11: Random sample of images from each class of FMNIST.

TABLE 6.7: k-Lurie network and Lurie network settings.

Parameter Description Without CNN With CNN
δ Euler integration step size 1 × 10−2 1 × 10−2

N Number of Euler integration steps 100 100
Φ(·) Activation function tanh tanh
g Upper bound on slope of activation 1 1
n dimension of x 784 576
m dimension of y 784 576
k k-contraction parameter 3 3

TABLE 6.8: CNN settings.

Layer Convolution Downsampling / Reshaping
1 2D convolution (1 input, 32 outputs, 3 × 3 kernel) 2D max pool (2 × 2 kernel)
2 2D convolution (32 inputs, 64 outputs, 3 × 3 kernel) 2D max pool (2 × 2 kernel)
3 2D convolution (64 inputs, 64 outputs, 3 × 3 kernel) Flatten (1D output)

TABLE 6.9: Training settings used by the Lurie network and k-contracting Lurie net-
work with and without the CNN.

Parameter Lurie Network k-Lurie Network
Loss Cross Entropy Cross Entropy
Optimiser SGD SGD
Weight Decay 1 × 10−5 1 × 10−5

Epochs 50 50
LR 1 × 10−3 1 × 10−2

LR Cut @ Epoch 0.5 @ 35 0.5 @ 35
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TABLE 6.10: Classification accuracy on FMNIST test set.

Model Parameter Count Accuracy (%)
LR-Net 1, 028, 234 95.03
Inception v3 23, 851, 784 94.44
CNN + Wilson-Cowan RNN 5, 179, 521 91.35
Wilson-Cowan RNN - 88.39
CNN + k-Lurie Network 1, 057, 994 91.33
CNN + Lurie Network 1, 057, 994 90.95
Lurie Network 1, 853, 386 89.64
k-Lurie Network 1, 853, 386 85.78

6.7.3 Results

Table 6.10 highlights that the k-contraction constraints result in only a 3.86% drop in
classification accuracy compared to the Lurie network. This suggests the k-contraction
constraints do not limit the expressivity of the Lurie network too significantly, even
with the scalar metric limitation. Figure 6.12 illustrates the application of a t-SNE pro-
jection to the state of the k-contracting Lurie network at the final time step. The figure
highlights how the k-contracting Lurie network is able to untangle the classes with a
degree of interpretability by locating similar classes, such as footwear, closer together
in the latent space. The Lurie network also achieves the highest accuracy on this task
for models which do not involve a CNN.

When leveraging a small CNN to pre-process the images, the k-contracting Lurie net-
work achieved superior performance. This accuracy is similar to the CNN + Wilson-
Cowan RNN [146] which has nearly 5× the number of parameters, only 12% of which
are attributed to the Wilson-Cowan RNN. When combined with the CNN, the k-contracting
Lurie network outperformed the Lurie network. This is in contrast to without the CNN,
where one possible explanation is that the CNN compensates for the reduced expres-
sivity, whilst the k-contraction constraints help to effectively process the information
over the 100 Euler integration steps (Table 6.7).
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FIGURE 6.12: t-SNE plots of FMNIST test set (top) and output of k-contracting Lurie
network with test set as initial conditions (bottom).
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6.8 Related Work

Several constrained continuous-time RNN models exist in the ML literature. The model
structure of three notable examples were presented in Section 6.3.1 as they happen to
be special cases of a Lurie network, when modelling time-invariant systems. The an-
tisymmetric RNN [30] and the Lipschitz RNN [31] were designed to address the ex-
ploding and vanishing gradient problem [147]. The antisymmetric RNN did so by
parametrising the RNN such that the real eigenvalues of the Jacobian were zero. It
achieved this by setting A = 0 and restricting C to being skew-symmetric. Whilst
this does prevent the gradients from exploding and vanishing, it restricts the dynamics
which the model can learn to purely oscillatory behaviour. The Lipschitz RNN has a
more relaxed parametrisation. This model constructs the A and C matrices such that
they are both convex combinations of symmetric and skew-symmetric matrices. How-
ever, the weight of the symmetric matrix can only vary between 0 and 0.5, whereas
the weight of the skew-symmetric matrix can vary between 0.5 and 1. Again, this ad-
dresses the vanishing and exploding gradient problem, but the model cannot encode
dynamics which are predominately decaying or growing. Finally, the RNN proposed
in [32] has biological motivations and encodes 1-contracting dynamics. This implies
that all possible trajectories will exponentially converge, making the model robust to
input disturbances.

Whilst the models above address a variety of problems, each model is quite limited
in the range of dynamics they can learn, which is a problem when trying to design
a generalised model for learning time-invariant systems. With respect to (6.2), the
Lurie network has more flexibility than all of these models. Firstly, it includes all three
weight matrices (A, B, C) and biases (bx, by), whereas the models mentioned above fix
at least one of these parameters. Secondly, the constraints imposed, and the corre-
sponding parametrisations, allow the model to learn a variety of dynamics including,
but not limited to, those mentioned above. The only limitation is that the dynamics
must converge in some way. This includes certain types of chaotic behaviour, such as
that demonstrated by Thomas’ cyclically symmetric attractor [148]. At the edge of the
chaotic regime, the trajectories converge to a strange attractor, which can be modelled
by a 3-contracting Lurie network.

The Lurie network is also related to a class of feed-forward models named implicit or
equilibrium networks. These models use an implicit equation to express the relationship
between the model output, layer outputs and model input in a compact vectorised
form [149]. Like the Lurie network, these models can be represented by the intercon-
nection of a linear time-invariant system and a nonlinearity. This makes analysis tools
from control theory, such as Lipschitz bounds, applicable to these models [150]. An
additional connection is that the solution to the implicit equations correspond to equi-
librium points of a Lurie system [151].
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As mentioned in the introduction, the k-contraction constraints used in this chapter
have an interesting connection to some properties observed in biological learning sys-
tems. A 2-contracting model can replicate the behaviour of associative memory, where
every stored pattern corresponds to an equilibrium [132]. Furthermore, a 3-contracting
model can replicate the dynamics of working memory, where patterns are retained as
attractor states [128]. Due to the 2–contraction (3-contraction) constraints, the equilib-
rium points (attractor states) must all fall on a line (plane). As a result, the conditions
developed in this chapter could be of interest to neuroscientists and ML researchers
interested in memory storage and retrieval [152; 127; 130].

The relationship between properties guaranteed by k-contraction analysis and those
observed in associative and working memory suggest the k-contracting Lurie network
possesses a number of appealing properties for an ML model; hence, it may be suitable
for a wider class of ML problems beyond system identification for dynamical systems.
This proposition is supported by the successful application of the Lurie network on
FMNIST and application of the other stability-constrained RNN models (Section 6.3.1)
on a wide range of ML tasks. Since the Lurie network is a more structured, time-
invariant example of a neural ODE [56], it will also be applicable to a similar array of
tasks, such as continuous normalising flows [153]. The only limiting requirement is
that the input must be passed in through the initial condition.

6.9 Conclusion

The Lurie network was presented as a novel and unifying time-invariant neural ODE.
Absolute stability-like results were presented which verified k-contraction of the Lurie
network. These results were incorporated in a principled approach for constructing k-
contracting Lurie networks and graph Lurie networks with more expressiveness than
existing stability-constrained models, whilst still having convergent guarantees. Em-
pirical results showed the benefit of the graph structure and the k-contraction con-
straints through improved prediction accuracy, out of distribution generalisation and
robustness on a range of dynamical systems datasets, including multi-stable and or-
bitally stable systems. Further experiments highlighted the models ability to form in-
terpretable representations for other ML tasks.
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Chapter 7

Conclusion

7.1 Thesis Summary

This thesis was underpinned by the observation that many dynamical systems involv-
ing neural networks (NNs), which appear in machine learning (ML) and control, are
special cases of a Forced Lurie System. This observation allowed the analysis of these
systems to be framed as an absolute stability problem, opening the door to decades of
existing research. Building upon this, two key outcomes were achieved in this thesis:

1. Reduced conservatism of absolute stability problems involving NNs.

2. A robust and scalable ML method for the identification of convergent systems.

The contributions of the individual chapters are summarised next.

Chapter 3 established tailored quadratic constraints (QCs) for the repeated ReLU func-
tion and exploited these to derive less conservative stability criteria, presented as
linear matrix inequalities (LMIs), for Lurie systems with repeated ReLU nonlin-
earities. Numerical examples showed that the new criteria were tractable for the
high-dimensional Hopfield networks, whilst being significantly less conservative
than existing criteria.

Chapter 4 derived parallel results to Chapter 3, but for discrete-time Lurie systems
with repeated ReLU nonlinearities. This is a more natural setting since NN con-
trollers would typically be implemented digitally. Additionally, local stability
analysis showed that provided the system had a unique equilibrium point, then
under some mild conditions, it must be globally stable or unstable. Numerical ex-
amples not only showed that the new criteria were tractable for high-dimensional
systems, but they strike an appealing balance between conservatism and compu-
tational complexity.
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Chapter 5 extended the results in Chapter 3 to a wider class of NN activation func-
tions, including the ReLU and leaky ReLU functions. This was achieved by first
establishing a loop transformation between Lurie systems with repeated (leaky)
ReLU nonlinearities and Lurie systems with repeated magnitude nonlinearities.
Novel QCs were then established for the repeated magnitude function and were
leveraged to obtain novel stability criteria, posed as LMIs, for Lurie systems with
repeated magnitude nonlinearities. Similar to Chapter 4, a local stability analysis
showed that provided the nonlinearity was positively homogenous and the sys-
tem had a unique equilibrium point, then under some mild conditions, it must
be globally stable or unstable. Numerical examples showed that the criteria de-
veloped in this chapter were competitive to those from Chapter 3, whilst being
applicable to a larger class of nonlinearities.

Chapter 6 introduced the Lurie network as a unifying time-invariant neural ODE. To
capture a wider range of convergent dynamics, imposing stability in the tradi-
tional control theoretic sense was too restrictive; instead, k-contraction analysis
was used to obtain an absolute stability-like result for Lurie network’s with slope-
restricted nonlinearities. Based on this result, an unconstrained parametrisation
of the Lurie network was established to enable gradient-based training. Both
of these results were extended to explicitly model k-contracting graph coupled
Lurie networks. Empirical results, for systems with multiple equilibrium points
and limit cycles, showed improved robustness and out of distribution general-
isation when the k-contraction condition and graph structure were included as
inductive biases.

7.2 Future Work

This section outlines several promising directions for future research based on the work
in this thesis.

Scalability

The semi-definite programming (SDP) based stability criteria, developed in this thesis,
have been applied to small NNs with up to 100 neurons. NNs of this size have demon-
strated some practical use, for example in [21]; however, for NNs such as the one used
in [1], the criteria need to handle systems in the order of 1,000 neurons. Of course,
one simple approach is to leverage more intensive computational resources, but this
is expensive. A more interesting theoretical approach would be to study whether any
features of the problem can be exploited to speed up the computation of a solution,
whilst maintaining the reduced conservatism. The work on chordal sparsity for NN
verification [44] could potentially be adopted in this setting.
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Robustness

In Chapters 3 - 5, perfect knowledge of the systems under consideration was assumed.
In reality, uncertainties and other troublesome components will exist within the sys-
tem; for example, other nonlinearities, model uncertainty, and time delays may all be
present and should be accounted for. This is the principle behind robust control theory
[34]. As discussed in Section 2.3.3, the integral quadratic constraint (IQC) approach
provides a natural way to handle systems with multiple uncertainties. Formulating
the results developed in this thesis within the IQC framework would provide a way to
gain the benefit of this work in a more realistic setting.

Neural Network Biases

In Chapters 3 - 5, it was assumed the biases of the NN were set to zero, so that the ori-
gin was an equilibrium point of the Lurie system. For the same reason, this simplifying
assumption was also made in other work [20; 21]. Of course, the biases play an im-
portant role in the NNs ability to represent different functions. Consider a single NN
layer, y = Φ(Wu + b), with parameters W, b. Without the bias parameter, b, the neuron
can only learn functions that pass through the origin. Thus, the bias shifts the input to
the activation function, which may be critical for successful learning [46, Chapter 6].
Developing stability criteria which incorporate biases would permit more flexible NNs
to be deployed on safety-critical systems.

Generalised Contraction Metrics

The Lurie network was proposed in Chapter 6 as a ML model with built in convergence
guarantees. The main advantage of this model is that it accounts for a wider class of
convergent dynamics than existing stability-constrained approaches; for example, it
can model systems with multiple equilibrium points and limit cycles. However, the
expressiveness of the model is limited to systems which are k-contracting in a scalar
metric. Work such as [154; 138] has developed criteria for verifying if a system is k-
contracting in a more general metric, finding parametrisations of such results would
increase the expressiveness of the Lurie network, giving it more freedom to approxi-
mate a wider class of systems.

Outlook

This thesis lays the groundwork for certifiably stable control systems with NN involve-
ment, and has several promising directions for future research. Improving the scalabil-
ity of SDP-based stability criteria is essential for handling larger NNs, and techniques
exploiting problem structure, such as chordal sparsity, offer a promising path forward.
Incorporating robustness to uncertainty via frameworks like IQC analysis would make
the results more applicable to real-world systems, where perfect knowledge is rarely
available. Relaxing the assumption of zero biases would enable the use of more expres-
sive NNs in safety-critical settings. Finally, extending the Lurie network framework
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with generalised contraction metrics could significantly broaden the class of dynami-
cal systems that can be modelled with built-in convergence guarantees. Collectively,
these directions aim to advance the development of scalable, robust, and theoretically
grounded learning and control.
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Appendix A

Theorem A.1 (Theorem 1 [134]). Consider the Lurie network (6.2) with bx = by = 0. Fix
k ∈ [1, n]N. Suppose that there exists η1, η2 ∈ R and P ∈ Rn×n, where P = ΘΘ with Θ ≻ 0,
such that

P(k)A[k]+(A[k])⊤P(k)+ η1P(k)+Θ(k)
(︂
(ΘBB⊤Θ)[k]+(Θ−1C⊤CΘ−1)[k]

)︂
Θ(k) ⪯ 0 (A.1)

and, furthermore, at least one of the following two conditions hold:

k

∑
i=1

λi

(︂
Θ−1C⊤(︁J⊤Φ (y)JΦ(y)− I

)︁
CΘ−1

)︂
≤ −η2 (A.2)

or
k

∑
i=1

λi

(︂
ΘB

(︁
JΦ(y)J⊤Φ (y)− I

)︁
B⊤Θ

)︂
≤ −η2 (A.3)

for all y ∈ Rm. Then the Jacobian of the Lurie network satisfies

µ2,Θ[k](J[k]ẋ (x)) ≤ −1
2
(η1 + η2) (A.4)

for all x ∈ Rn. In particular, if η1 + η2 > 0, then the Lurie network (6.2) with bx = by = 0 is
k-contractive with rate (η1 + η2)/2 with respect to the norm ∥z∥2,Θ(k) = ∥Θ(k)z∥2.
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