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ANTHONY CONWAY AND DANIEL KASPROWSKI

ABSTRACT. Motivated by work on the homotopy classification of 4-manifolds with boundary,
we define a relative k-invariant for pairs of spaces that are homotopy equivalent to CW pairs.
We show that for such a pair (X,Y") with Postnikov 2-type X — P>(X), the relative k-invariant
is the obstruction to the existence of a section Bm1(X) — P2(X) extending Y — X — Pa(X).
Given CW pairs (Xo,Yp) and (X1,Y1), as well as a map h: Yo — Y7, we also prove that

relative k-invariants provide a complete obstruction to constructing a map X(gg) UYy — X; that
extends h and induces given isomorphisms on 71 and 2.

1. INTRODUCTION

Given a space X with Postnikov tower ... — Py(X) — Bmi(X), the (first) k-invariant of X
is the obstruction kx € H3(Bm(X);m2(X)) to finding a section of P»(X) — Bmi(X). This
invariant, first introduced in [EM49], is a mainstay in algebraic topology, but also plays a role
in geometric topology and, more specifically, in the (homotopy) classification of manifolds. For
example, the homotopy type of a closed oriented 4-manifold X with finite fundamental group
is often determined by its quadratic 2-type (m(X), m2(X), kx,Ax), where Ax denotes the equi-
variant intersection form of X; see e.g. [HK88]. Motivated by upcoming work on the homotopy
classification of 4-manifolds with nonempty boundary [CK25], the present article is concerned with
relative k-invariants and collects several results on the topic that might be known to experts but
that we have not been able to find in the literature.

Statement of results. Let (X,Y) be a pair of spaces that is homotopy equivalent to a CW
pair, let ¢: X — P5(X) be the Postnikov 2-type of X, and given a map v: X — Bm(X), we
write M (v|y) for the mapping cylinder of v|y. The relative k-invariant refers to a cohomology class

Ky € H¥(M(vly),Y;m(X)).

The definition of this class is described precisely in Section 5, but for the moment we note that k% -
is the obstruction to the existence of a dashed map making the following diagram commute:

y — L px)

o
vy e l

Bm (X) 9 Bm(X).

Up to isomorphism, k% y is independent of the choice of the map v; see Remark 5.4. The reason
for which we write H3(M (v]y), Y;m2(X)) instead of H?(Bm1(X),Y;ma(X)) is to make it apparent
that we choose a model of B (X) that contains Y as a subspace. Also, k% o agrees with kx.
The following result (the absolute version of which can be found in [EM49, MW50]) plays a
crucial role in upcoming work on the homotopy classification of 4-manifolds with boundary [CK25].

Theorem 1.1. Let (Xo,Yy) and (X1,Y1) be pairs of spaces that are homotopy equivalent to CW
pairs, and let ¢c1: X1 — P2(X1) be the Postnikov 2-type of X1. For a map h: Yy — Y1, an
isomorphism w: w1 (Xo) — m(X1) with uwo (9)« = (1)« © h, and an u-equivariant homomor-
phism F: ma(Xo) = m2(X1), the following assertions are equivalent:
e there is a map co: Xo — Pa(Xy) such that
(CQ)* =Uu: 7T1(X0) 4)7T1(P2(X1))27T1(X1), Cloh260|y0, and
1
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(c1)s,2
(CQ)* =F: 7T2(X0) — 7T2(P2(X1)> A b 7T2(X1);
e the relative k-invariants satisfy

(u, R)* (K, y,) = Fu(K, y,) € H? (M (voly, ), Yo; Resy m2(X1))

for every v;: X; — Bmi(X;) that induces the identity on m for i =0,1. The map (u, h)*
1s defined in Lemma 5.1.

Here, a homomorphism F': m9(Xy) — m2(X1) is called u-equivariant if F(yx) = u(vy)F(x)
for every x € ma(Xo) and v € m1(Xp). Equivalently, F is a Z[m1(Xo)]-linear map m2(Xo) —
Res,, m2(X1), where given a Z[m1(X7)]-module H, we write Res, H for the Z[m (Xy)]-module
whose underlying abelian group is H, but with m (Xg)-action given by ~ - = u(y)z.

Remark 1.2. The reason we work with spaces that are merely homotopy equivalent to CW pairs
(instead of working with CW pairs as is common in the literature) is to ensure that our results
apply to 4-dimensional topological manifolds.

If (Xo,Yo) and (X1,Y7) are CW pairs, Theorem 1.1 admits the following reformulation.

Corollary 1.3. Let (Xo,Yy) and (X1,Y1) be CW pairs, and let v;: Y; — X; be the inclusion
for j = 0,1. For a group isomorphism wu: m1(Xo) — m(X1), a map h: Yy — Y1 satisfy-
ing uo (t9)« = (1)« 0 h, and an u-equivariant homomorphism F': m3(Xo) — ma(X1), the following
assertions are equivalent:

e there is a map f: Xég) UYy — X that extends h and induces u and F';
e the relative k-invariants satisfy

(u, h)* (K, y,) = Fu(K y,) € H*(M(voly, ), Yo; ma(X1))
for every v;: X; — Bm(X;) that induces the identity on w1 fori =0, 1.

Proof. By Theorem 1.1, it suffices to show that there exists a map f: X((,3) UYy — X; as in
this corollary if and only if there exists a map ¢o: Xg — P>(X;) as in Theorem 1.1. In one
direction, starting from f, since the inclusion X(gs) UYy — Xg induces a homotopy equivalence on
Postnikov 2-types, the required cq arises as the composition

Pa(f
Xo — PQ(X()) ~ PQ(X(()B) U )/0) ﬁ) PQ(Xl)
It remains to construct f from ¢g. For this, choose a model for P>(X;) that is obtained from X;
by attaching cells of dimension > 4. Homotoping ¢y if necessary (using cellular approximation),

we assume that it is cellular. Restricting this map to X(gg) leads to a map f': Xég) — ng) — X1
that induces v and F and such that f’|Y<3) ~ Ly, © h|Y<3). Since YO(?’) — XéB), the homotopy
0 0

extension property shows that f’ is homotopic to a map f”: Xé3) — Xl(?’) — X that induces u

and F' and such that f”|,s) = ty; o hlys. Using h to extend f” over the rest of Yy yields the
0] 0]
required f. O

Organisation. Section 2 collects some conventions and lemmas on chain complexes. Section 3
introduces the relative k-invariant of a chain map. Section 4 focuses on the relative k-invariant
of CW pairs, whereas Section 5 defines the relative k-invariant in general and proves our main
results. Section 6 collects some additional properties of relative k-invariants.

Acknowledgments. AC was partially supported by the NSF grant DMS 2303674.

Conventions. Unless specified otherwise, spaces are assumed to path-connected and equipped
with a basepoint. Maps are assumed to be basepoint preserving and if (X,Y) is a pair, the
basepoint is assumed to lie in Y if Y is empty, we assume that € X. Throughout this paper,
for every space X, we choose a model B (X) and assume that all maps X — Bm(X) that we
consider induce the identity on fundamental groups. The mapping cylinder of a map f: X — Y
is denoted M (f), whereas the mapping cone of a chain map ¢g: C' — D is denoted Cone(g).
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2. PREPARATORY LEMMAS

This section sets up our conventions on chain complexes and proves some preliminary lemmas
needed to define and study relative k-invariants.

In what follows, chain complexes are assumed to be free and have no chain modules in negative
dimensions. Given a chain complex K, we write B;(K) C K; for the boundaries, and Z;(K) C K;
for the cycles of degree i. As in [EM49, page 54], an augmented Z[r]-chain complex (K,,aug) is
a chain complex K, together with a surjective map aug: Ko — Z, such that

o KK, P87 50
is again a Z[r]-chain complex. In other words, one requires aug(yz) = aug(z) for every x € Ky
and every v € m as well as augod; = 0. We frequently omit the map aug from the notation and
just say that K, is an augmented chain complex. Additionally, we set Ho(K) := ker(aug)/Bo(K)
and say that K, is acyclic in dimensions < q if Hy(K) = 0 and H;(K) = 0 for 0 < i < q. Finally,
our notation for truncations is

K*|[0,n] = (O%Kn—)Kn_l—)Kl —>KO_>O)

The next lemma is a relative version of the uniqueness portion of [EM49, Proposition 5.1] which,
roughly speaking, states that if K7 is a chain complex that is acyclic in dimensions < ¢, then for
any chain complex K, there is, up to homotopy, a unique chain map K.,|j -1} = K'.

Lemma 2.1. Let K., K, be augmentable Z[r]-chain complexes with K acyclic in dimensions < g,
let L, < K, and L, < K be subcomplexes such that L; < K; and L, < K| are summands for
each i. If there exists two chain maps o, B: K, — K|,

(1) that induce chain maps between the augmented chain complexes,i.e.
aug ofy = aug = augoag: Ko — Z,
(2) whose restrictions «|r, 8| : L« — L', are chain homotopic via a chain homotopy
i={i: Ly = Li  }i: ol ~ B|1,
then «, 8 are chain homotopic in dimensions < q — 1 via a chain homotopy
D:={D;: K; — K£+1}i§q_1
that agrees with ¥ on Lo q—1]-

Proof. The proof is a small modification of the proof of [EM49, Theorem 5.1] and proceeds by
induction on i. We begin by defining Dg: Ky — K] that extends ¢y. Since K is acyclic, we
have Ho(K') = ker(aug)/Bo(K') = 0. Since aug o(ag — o) = 0, the map ag — 8o: Ko — K} takes
values in ker(aug) = Bo(K’). Lift this map to Dy: Ky — K by defining it on Ly to be 1y and
extending it arbitrarily over the rest of Cj.

The proof of the induction step is now entirely analogous to the argument from [EM49]. The
Only difference is that when hftlng E; =y _Bi —D; 4 Odf(t C’L — B; (K/) to D;: CZ — Bi+1(K)a
we define D; to be v; on L; < K; but pick an arbitrary lift on the remainder of K. O

Applying [EM49, Proposition 5.1] to the case where K| is acyclic (i.e. ¢ = o0) shows that,
up to chain homotopy, there is a unique map K, — K/ that preserves augmentations [EM49,
Corollary 5.2]. In particular, this applies if K, is a free resolution of Z.

Notation 2.2. For the rest of the section, we fix a free Z[r]-resolution CT of Z.
Additionally, given a chain map f.: A, — B, and a map o: A, — Z,(B) C B,, we write
[+ 0: Ailjo,n) = Bx for the chain map given by f; in degree i # n and f, + ¢ in degree n.

Since CT is an acyclic augmentable Z[r]-chain complex, up to chain homotopy, there is a
unique map t: K, — CT. The next lemma is a (relative) partial converse, as it builds a map from
a subcomplex of CT into K,; this result will be used to define the relative k-invariant.
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Lemma 2.3. Let K. be an augmented Z[r]-chain complex that is acyclic in dimensions < 2,
let t: K. — CT be a chain map that preserves augmentations, let iy : L, — K, be a chain map,
and set ty, :=toir. There is an augmentation-preserving chain map

Q C:|[072] — K*‘[072]

and a map ¢: Lo — Z(K) such that oty and ig+ ¢ are chain homotopic as maps Ly|jo2) — K.
Given an augmentation-preserving chain map a: Cjg 2] — Ki|[0,2), such a ¢ ewists.

Proof. Since K, is acyclic in dimensions < 2, there is a free resolution I’ of Z containing K,
as a subcomplex with F|jg0 = K.|jo2 (pick a free resolution F] of ker dX and then take F; =
K; for i < 3 and F; = F/_; for i« > 2). Pick an augmentation-preserving chain homotopy
equivalence &: CT — F' and define

o= a|[072]2 C::l[og] — F*|[0’2] = K*|[072].

It remains to define ¢ and verify that arot, and iy, + ¢ are chain homotopic as maps L.|[,2] — K.
Let @~ ! be a chain homotopy inverse of @ and let ¢: K, — F be the inclusion. By uniqueness
oft,t~a o, up to degree 2. It follows that

aotL:aotoiLzaoafloLoiLzaoiL:L|[072]%F*.

Let {D;: L; — Fi4+1}i=0,1,2 be a chain homotopy and define

¢ :=dL o Dy: Ly — ker(dl) = ker(dX).
Since Flj2) = Kljo,2), a chain homotopy a ot =~ ir + ¢: Li|j0,5) — K, can be obtained by
taking D;: L; — F;41 = K41 in degrees 0,1 and the trivial map Lo LN K3 in degree 2.

It remains to prove the last statement. First, observe that given an augmentation-preserving
chain map a: Cf|j0.9) = Kiljo,2) = Filjo,2), there is a chain homotopy equivalence a: C — F
with o = @lg9): since Fi is acyclic, a extends to an augmentation preserving a: C7 — F and
since C7 and F, are both acylic augmented chain complexes, this must be a chain homotopy

equivalence; see e.g. [EM49, proof of Theorem 5.1]. Following through the remainder of the proof
above then leads to the final sentence of the lemma. O

We conclude with a result concerning mapping cones. Here, recall that the mapping cone of
a chain map i: L, — K, is the chain complex with n-th chain module Cone(7),, = K,, ® L,_1

K
and n-th differential (d("; j;{ ! )

-
Lemma 2.4. If a chain complex K. is acyclic in degrees > 0, then any homotopy commutative
diagram of chain maps

L. —— K,

Pl

A~ ']
induces, up to homotopy, a unique chain map (h,v): Cone(i), — Cone(i'). such that the diagram

. proj
K, —— Cone(i), —= L.

J Jow s

. proj
K! —— Cone(i'), —> L, _,

is commutative. Moreover,
(1) if h~h" and v =, then (h,v) = (W, v"),
(2) if h and v are homotopy equivalences, then so is (h,v).

Proof. The map given by (8 ‘f:), where 1) is any homotopy v o ¢ ~ i’ o h, makes the lower diagram

commute. Conversely, any map that makes this diagram commute must have the form (8 ;f)

with 1 a homotopy voi ~ i’ oh. Since K, is acyclic in degrees > 0, any two homotopies voi ~ i’ oh
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are homotopic [EM49, Corollary 5.2], and hence the homotopy commutative square defines a
map (h,v) := (8 l}f) unique up to homotopy. The remaining verifications are left to the reader. [

3. RELATIVE k-INVARIANTS OF CHAIN COMPLEXES.

This section defines the k-invariant associated to an augmented chain complex K, and a chain
map ir: L. — K,. Our approach follows that of Eilenberg-Maclane [EM49] which treats the
absolute case. For the remainder of the section, we continue to fix a free resolution CT of Z.

Construction 3.1. Let K, be an augmented chain complex that is acyclic in dimensions < 2,
let if,: Ly — K, be a chain map, let t: K, — CT be a chain map that preserves augmentations,
set tr, := toir, let Cone(tr). be the mapping cone of ¢, and let a: CT|jg2 — K|z and
let ¢: Ly — Z3(K) be as in Lemma 2.3. Consider the cochain

(az0d3,®)

9%7[/1 COI’le(tL)g = Cg EBLQ ZQ(K) — HQ(K)

To see that this map is a cocycle Cone(t )3 — Ha(K') note that since aoty, ~ip+¢: Li|jg2 — K,
we have

azodjo(ty)s =ago(tr)aody = (ir)20dy +¢ody =d o (i) +dody =gody

in Hyo(K). Tt follows that (aodj ¢) (‘? fﬁ};) —0.
3

We show in Lemma 3.3 that the cohomology class of % ; does not depend on the choice
of (a, ¢), thus leading to the following definition.

Definition 3.2. Let K, be an augmented chain complex that is acyclic in dimensions < 2,
let ip,: L, — K, be a chain map, let t: K, — CT be a chain map that preserves augmentations,
set tr :=toir, and let a: CT (g2 — Ki|jo,2) and ¢: Ly — Z>(K) be as in Lemma 2.3. Define the
relative k-invariant of (K, L) as

ki 1 = [0% 1] € H*(Cone(ty); Hy(K)).

The next lemma shows that & ; is well defined.
Lemma 3.3. The definition of k%)L does not depend on the choice of (o, ) as in Lemma 2.3.

Proof. The proof adapts [EM49, Proposition 7.1] from the absolute case to the relative case.
Assume that §: CT|g 2 — K.ljo,2) and ¢': Ly — Z5(K) is another pair with the same proper-
ties as (o, ¢). We will show that (aq o df, ¢) and (B2 o df,¢’) are homologous. Constructing a
cochain v € C?(Cone(ty); Hy(K)) with §€°r¢(t2) () = (e 0 df, ¢) — (B2 0 dE, ¢') requires interme-
diate maps Fy, D, D’ and G that we now introduce.

Since « and B preserve the augmentations and K, is acylic in dimensions < 2, [EM49, The-
orem 5.1] ensures that there is a chain homotopy D: a ~ /3 in degrees 0 and 1. As explained
in [EM49, Equation 3.6], the map

FEo Z:ﬁg—ag—Dlodgi Cg—)KQ
takes values in Z3(K) and therefore defines a map Ey: CF — Hy(K). Since dj odf =0,
Egodg Zﬂgodg —Oégodgi Cg —>H2(K)

Next, since oty —¢’ and aoty, —¢ are chain homotopic, there exists maps D}: L; — K; 11 fori <2
with (8; —a;) oty = D}, odF —|—diK+1 oD} for i <1, where D’ ; =0, and (f2 —az) ot +(p—¢') =
D} od% + d¥ o Djy. In particular, note the equation di€ o D}, = (8y — ) o (t1)o = d¥ o Dy o (t1.)o.
Since K, is acyclic in dimensions < 2, we have ker(dX) = im(dL), and there thus exists a
map G Lo — Ky with dé( oG = Dy o (tL)O — D/O

Using the definition of Ey and noting that (8a — az) o (tz)2 + (¢ — ¢') = D} o d¥ mod By(K),

we deduce

Eso(ty)e = (B2 —az—Diody)o(ty)s = (¢ — @) + D onL — Do (tp) od%: Cy(L) — Ho(K).
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Consider the map
v = (FBa,—(Dyo(tr)1 — D} — Godl)): C3 @ L1 — Ko/ Ba(K).

Since D; o (t1); and D} both are chain homotopies between « oty and 8oty in degree < 1, we
have the equalities d& o (Dy o (ty); — D} —God¥) = (Dgo (tr)o — D)) od¥ —d¥ o Godf = 0. Since
we already know that im(Es) C Z2(K), it follows that v can be considered as a map to Ha(K).
Finally, we verify that §€°"¢(t2) (y) = (85 0 df, ¢') — (az 0 df, }):

5Cone(tL)(ry) = (E27 _(Dl o (tL)l — Dll —Go d'lL)) ) (dé’r (f[;i)£‘2>
= (B2o0dj —azod],Eyo(ty)s+ (Dyo(tr)1 — DY) ody)
= (ﬁQ o dga(b/) - (042 o dgaqS)

Thus (agod3, ¢) and (B20d3, ¢') represent the same cohomology class kf ; € H?(Cone(ty); Ha(K)).
U

Next, we discuss the dependency on the choice of ¢ and on the free resolution CT.

Lemma 3.4. Let CT,(C")™ be free resolutions of Z, let K., K be Z[r]-chain complexes that are
acyclic in dimensions < 2, lett: K, — CT andt': K, — (C")™ be chain maps, and letiy: L, — K,
and iy : L, — K be inclusions of subcomplexes. Set ty :=toiy and t}, :=t oips.

Given chain maps h: L, — L', and g: CT — (C")T such that g oty ~ t}, o h, there is, up
to homotopy, a unique map (g,h): Cone(ty). — Cone(t},). that makes the following diagram
commute:

Cr Cone(tr)e —> Ly

|
lg I (g,h) lh
\

(Cy)™ — Cone(t},)s — L, _;.

Additionally, (g, h) satisfies the two following additional properties:

e if both h and g are chain homotopy equivalences, then so is (g, h);
o if K, = K. is an augmentable chain complex, CT = (C.)™, g = idg=, and t is augmentation-
preserving, then

(ider, h)* (k1) = kb, € H?(Cone(tr); Ha(K)).

Proof. The existence of the map (g,h) follows from Lemma 2.4, as does the assertion on ho-
motopy equivalences. We therefore focus on the last statement: when K = K "and g = idgn,
a representative for (g,h) = (idg=,h) is (‘doc" ’f;) (where ¥: t;, ~ tr, o h is a homotopy) and
the equality (idcw,h)*(k?(’ 1) = ki follows either from a rapid verification of from the next

proposition. O

Given subcomplexes L, < K, and L, < K., the next proposition shows that the relative k-
invariant serves as an obstruction to extending a given chain map h: L, — L, to K.|jo,3) — K. |j0,3-

Proposition 3.5. Let K, and K. be augmented Z[r|-chain complexes which are acyclic in di-
mensions < 2, let t: K, — CT and t': K, — CT be augmentation-preserving chain maps,
let i: Lo — K, and iy : L, — K| be inclusions of subcomplexes such that L; (resp. L}) is
a summand of K; (resp. K]) for each i, and set t :==toir andt, ==t oip/.

For a chain map h: L, — L, with t;, ~ t}, o h, and a homomorphism F: Hy(K) — Hy(K'),
the following assertions are equivalent:

o There exists an augmentation-preserving chain map f: K.|jo3) — K.|j0,3) with

foiplpe ~irlo,2 ©hlog: Lo, = KL,

and f. = F: Hy(K) — Hy(K'),
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e The relative k-invariants satisfy
h*(kt/’,L’) = F*<k§(,L>7
where h* := (idg=, h)* is the map from Lemma 3.4.
Proof. We begin with the “only if’-direction: we assume that f exists and prove the equality
involving relative k-invariants. Let a: CT (g 2] — Kx|jo,2) and ¢: Ly — Z2(K) be as in Lemma 2.3
(i.e. with coty ~ip +¢),set o' := foa: CT|j,2 — Kl|j,2 ;, choose a homotopy v: t1 ~t7,0h,

apply the last sentence of Lemma 2.3 to obtain a map ¢': Ly — Z3(K) with o/ ot}, ~ip + ¢
(this is possible because f is augmentation-preserving) and consider the following diagram:

agod?,
(3.6) CF & I M)ZQ(K) — > Hy(K)
ornr=(41) | |
(@hodZ @)

CT @ L, 225 7,(K') — Hy(K").

A direct calculation shows that this diagram commutes up to a coboundary:
id
(06/2 (0] dg ¢)/) <10 qﬁz) = (aé O dg (1/2 O dg (@] ¢2 + (Z)/ 0] hg)
=(foagod] ahotp—aboti, oh+¢ ohy)+ (0 ahbothods)

= (foaodf foir+fop—iroh)+(0 —aé"wl)(cg (de)%Q)

=(foazod] fo¢)—(0 a’20¢1)<d§ (de);)

The third equality uses a0ty ~ if + ¢ and o' o1}, ~ iy + ¢', the fourth uses f oirlq =~
irljo,2] © hljo,2- In both cases, we are also relying on the fact that the equalities take place
in Hy(K').

Since the top composition in (3.6) is 0% ;, which represents k% ; and the bottom composition
is 9§/(/’L,7 which represents kzﬁl(,’L,, it follows that h*(k’}/{,’L,) = F.(kf 1) as claimed.

We now show the “if’-direction. The strategy of the proof, which is a relative version of [EM49,
Theorem 7.1] and [MW50, Theorem 4] is as follows. We define intermediate maps g and F5 that
will allow us to construct f; in degree 0,1,2. We then argue that f; extends over the 3-skeleton
and then conclude by showing that the resulting chain map f satisfies the required properties.

We construct the map g. Let 0% ; and Hﬁé/’ 1/ respectively be the representatives of kf.
and kﬁ;,w from Definition 3.2. Since we assumed F*(kﬁ(’L)fh*(kﬁl(,’L,) =0 € H3(Cone(ty); Hy(K")),
on the chain level, the representative cocycle F o 6% ; — 93/(,,1;, o (%) (where ¢: t;, ~ 1t ohis a

0 h
homotopy) is in fact a coboundary, meaning that there exists a map

m': Cone(ty)y — Ha(K') with m/ods™") = FOQ%yL—Gt/,yL,O(ig ) Cone(tr)s — Ha(K').

Since Cone(tr,)s is a free Z[r]-module, m’ lifts to a map ¢’: Cone(ty )2 — Z2(K') and we set

gl CF 2% Cone(tr)s L Zo(K').
We construct the map F». Consider the chain maps a: CTjg,2) = K|jo,21 and o’ : CT |g,2) = K. j0,2)
with acoty ~ip+¢: Li|j0,9) = K. (say via a chain homotopy D) and o/ ot}, ~ip +¢": L'|jg 9 —
K’ underlying the definition of 6% ; and 93/(,7L,. By Lemma 2.1, a ot ~ idg: K.|jp,1) — K. and
there exists a chain homotopy D such that D o iy, is part of the chain homotopy Dy : oty =~
ir + ¢: Ly|j,2) = K. Consider the map
Ey: Ko — Z5(K), Ey:=id—ayoty— D;odk.

(ir)2

Note that the composition Ly —— K> LN Z5(K) — Hy(K) equals —¢:
¢+EQO(iL)2 = ¢+(iL)270[20(tL)27D10d£{O(Z'L)2 = (’I:L)Q+¢7a20(tL)27(DL)1Od§ = dé(O(DL)Q.
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Since Z3(K') — Hy(K') is surjective and K> is a free Z[r]-module, there is a map
Fg! Kg — ZQ(K/)
making the following diagram commute:

E>
Ko Z5(K)
\\ Fy
N F
\\ pro"
Zy(K') 22 Hy(K').

proj

Hy(K)

Since Lo % Ky N Z5(K) — Hy(K) is —¢, we can assume that Fy is —F o ¢ on the sum-

mand L of Ks, i.e. proj’ oF; o (ir)2 = —F o ¢. For later use, it will be helpful to rewrite this
expression. Recall that m’: Cone(ty)s — Ha(K') lifts to ¢’ = (gL, g7 ): Cone(tr)2 — Kj. Expand
the equation m' o dgonc(tL) =Fo 9}(7L — 9%/@’ o (lg ;/j) : Cone(tL)3 — HQ(K/), and look at the
second coordinate of the outcome:

proj oFy o (ir)2 = —F 0 ¢ = —proj’ o(¢/ o hy — a0 df oy + gy o (tr)2 — gf, 0 dy): Le — Ha(K').
Now lift to Z3(K') to obtain, for some homomorphism w: Ly — K}, the expression

Fyo(ig)s = f¢/oh2+o/20d§oq/127g;o(tL)2+g'Lod§+d§ow: Ly — Z3(K').

Now that we have defined g, and Fy, we are ready to define fo, fi and fo. We proceed by
slight modifying the argument from [EM49, Proof of Theorem 7.1] (see also [MW50, Proof of
Theorem 4]): on the 2-skeleton of our chain complexes, the required chain map is defined by
fiZ:O(;OtiZKi—}KZ{ fori:(),l,
for=aboty+ gl oty + Fy: Ky — K.
We verify that foup =~ s 0o h as maps L.|j,9) — K, then check fs induces I on Hy(K), and
finally confirm that f; extends to the 3-skeleta of the chain complexes.

We begin by showing that foiy ~ ¢1- o h. Starting from the definition of f and our calculation
of Fy o (ir)2, we consider the following sequence of chain homotopies of maps L. |jg,2) — Ku:

fowu =a" oty +gLo(tr)2+ Foo(ir)2
:o/otL—l—g;o(tL)g—(¢’oh2—a/zodgowQ—i—g;o(tL)g—g’Lodé—dfow)
=d oty +ahodjotpy —¢ ohy+ gy odk +df ow
~a oty +abod] oy — ¢ ohy+g) ods

~a' oty +abod] oe — ¢ ohy

o' oth,oh—¢ ohs

Z’iL/Oh.

2

R

The first chain homotopy, which removes d% o w, is —w: Ly — K} in degree 2 and the zero map
in all other degrees. The second chain homotopy, which removes ¢} o d%, is g} : L; — K} in
degree 1 and the zero map in all other degrees; this uses that g} takes values in Z5(K’) so that
the map on L; remains unchanged under the homotopy. The third chain homotopy is —a/ o 9);
in degrees ¢ = 0,1 and the zero map in degree 2; here recall that ¢: t;, ~ ¢} o h. The final chain
homotopy is a consequence of the chain homotopy o’ ot}, ~ iy + ¢'.

We verify that the chain map fs induces F' on Ho(K) i.e. that for every cycle z € Zy(K) we
have [f2(z)] = F([z]). Note that since [t2(z)] € Ho2(C™) = 0, there exists a ¢ € CT with df(c) =
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ta(z). Using the definitions of fo, Fy, E5 and g, we obtain:
[f2(2)] = [(0 o t2 + g 0 t2 + F2)(2))]
= [ 0 dj(c) + g o d5(c)] + F([Ea(2)])
= [0k (c) +m’ oincly, od3 (c)] + F o projo(id —ag o ty — Dy o d5)(2)
= [0 (¢) +m’ 0 d5°" ") oinely (¢)] + F([2]) — F([az o d§(¢)])
= 05 (0) + (F o0l — 0% 1o 0 (i3))) (imelr ()] + F([2]) — [F(0x(0))]
[ k() + (Folx — 0k )(c)] + F([2]) — [F(0(c))]
F([z]).
We now prove that fa extends to a map K3 — Kj. First, a near identical calculation to the

above shows that [fy o df(c)] = 0 for all ¢ € K3. To see this, write proj: Za(K) — Ho(K)
and proj’: Z3(K') — Hy(K') for the projections and calculate

c

proj ofs o dé( = proj’ o(ah o tg + gi oincly, oty + Fy) o dé(
= proj ooy 0 d§ otz +m’ oincly oty o dy + F o projoF, o di

=[x+ otz +m/ oincly od} ot3] + F o projo(id —ag oty — Dy o d5) o di

Cone(tr)

Ok ots+m' ods oincly, ot3] — F o projoay oty o dX

=1
= [GK/ Otg + (FO eK,L - GK/,L/ ] (lg 7’}[:)) OiDClL Otg} - F([QK Otg])
[9;« ots+ ((Fobx —0ks)ots)] — F([fk ots])

It follows that fo o0 dé((Kg,) C By(K'). Since Ks is free and d¥’: K — By(K') is surjective, there
is a map f3: K3 — K} with d§ o f3 = fo 0 d¥. O

We conclude this section with a technical result that we will require later on. To do so, recall
that given a homomorphism u: 7 — 7’ and a Z[r’]-module H, we write Res,, H for the Z[r]-module
whose underlying abelian group is H, but with m-action given by ~v - x = u(v)z.

Lemma 3.7. Let u: m — @ be a group isomorphism, let K| be an augmented Z[r']-chain complex
that is acyclic in dimensions < 2, let iy, : L', — K. be the inclusion of a subcomplez, let C™ be
a free Z[n']-resolution of Z, let t': K, — C™ be a Z[n']-chain map that preserves augmentations
and set th, :=t' oirp.

The Z[r]-chain complex Res, (K) is acyclic in dimensions < 2 and, considering the Z[r]-chain
map Res, (t'): Res,(K') — Res,(CT), there is a canonical group isomorphism

H3(Cone(Res,(t},)); Ha(Res, K')) = H?(Cone(t,,); Ho(K'"))

that takes kReS“(t/) to kt’

(Resw (K'),Resy (L)) (K',L')

Proof. Restriction of scalars does not change the chain groups and differentials of a chain complex.
Since Cone(Res, (t7,/)) = Res, Cone(t7,), one can identify Homg,)(Cone(Res, (t},)), Res, Hz2(K'))
with Homyg (Cone(t7, ), H2(K')). The claim about the k-invariants also follows immediatly. [

Remark 3.8. Since restriction of scalars is manifestly an exact functor, we will often iden-
tify the Z[r]-modules Res, Ha(K') and Hy(Res, K'), as well as H?(Cone(Res, (t')); Ha(Res, K'))
and H3(Cone(Res, (t')); Res, Ho(K")), as abelian groups.

4. RELATIVE k-INVARIANTS OF CW PAIRS.
This section defines the k-invariant of a CW pair and describes some of its main properties.

Notation 4.1. In what follows, for a CW pair (X,Y’) with basepoint « € Y, universal cover X
and restricted cover Y we fix a preimage T €Y of z. The complex C, (X ) comes with a natural
augmentation obtained by basing Co(X) with any lifts vy, . . ., v, of the 0-cells vy, ..., v, of X and
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setting aug(yv;) = 1 for every v € w. Using the basepoint Z, the Hurewicz theorem leads to an

isomorphism 73 (X) = Ha(X) = Ha(Cyu(X)).

Section 4.1 focuses on some lemmas that are required to establish properties of the k-invariant
of a CW pair. Section 4.2 defines the k-invariant of a CW pair.

4.1. Set-up and lemmas. We prove several lemmas that will be of use to define the k-invariant
of a CW pair. First, we note that we are in the setting of Section 2.

7\'1(X
*

Lemma 4.2. Given a CW complex X and a free Z[m1(X)]-resolution C ) of Z, there is a chain

map t: Co(X) — CT' ) that preserves augmentations.

Proof. Pick a model Bmi(X) with the same 0-skeleton as X and containing X as a subcomplex,
choose a chain homotopy equivalence C,(Bw(X)) ~ C¥ 1) that preserves augmentations, and
consider the composition t: Cy(X) — Cy(Bm (X)) ~ cm, O

The next two lemmas will be used to study the relative k-invariant and its properties.

Lemma 4.3. Let m and 7' be groups, let Y,Y' be CW complexes, and let v: Y — Bmw as well
as V'Y’ — Br' be cellular maps. Given a map h: Y — Y’ an isomorphism u: m — 7 such
that w o v, = v, o hy, and a map v: Br — Br’ realising u, there is, up to homotopy, a unique
chain map . -

(u,h)": C.(M(v),Y) — Res, C,.(M ('), Y")
that makes the following diagram commute:

C.(Br) C, (M‘(y), Y) Co1(Y)

lv* I (u,h)” lh*
Y

Res, C,(Br') — Res, C,.(M(1/),Y') — Res, C,_1 (Y").

A homotopy equivalence v as above exists, is unique up to homotopy, and if v ~ v’ are homotopic,
then (u,h)? ~ (u,h)“'. In particular, for any Z[r']-module A, the pair (u,h) induces a group
homomorphism

(u,h)*: H3(M(V'),Y"; A) — H*(M(v),Y;Res, A).

Proof. Since v and v/ are cellular, we have C,(M(v),Y) = Cone(7,), and C,(M(),Y) =
Cone(7,,).; see e.g. [Wei94, page 20]. Since any two choices v,v': Bt — Br’ realising u are
homotopic, the result follows directly from Lemma 2.4. In this last step, we used Lemma 3.7 to
identify H*(Res,(C(M(v),Y)); Res, A) with H*(M(v),Y; A). O
Lemma 4.4. Let w be a group, let Y be a CW complex and let CT be a free Z[r|-resolution of Z.
Given a cellular map v:' Y — Bm, a chain map t: C*(?) — CT that preserves augmentations,
and a chain homotopy equivalence p: C*(Ew) — CT with g ov, ~ ty, there is up to homotopy a
UNLQUE Map

¢f,: C.(M(v),Y) — Cone(ty).
that makes the following diagram commute:

C.(Br) —= C.(M(v),Y) —= C,_1(Y)

|
¥ | ¢f, i
\

Cr Cone(t). Co1(Y).

A homotopy equivalence ¢ as above exists, is unique up to homotopy, and if ¢ ~ ¢’ are homotopic,
then ¢f, ~ ¢f,. In particular, for every Z[n|-module A, there is an isomorphism

¢r,: H?(Cone(t); A) = H*(M(v),Y; A).

Furthermore, this map satisfies the following properties:
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(1) for any chain homotopy t ~t': C,.(Y) — CT, we have

* 7

65, 0 (idor,idgy)™ = 6,

where (ideidC(f,))* is the isomorphism from Lemma 3.4;
(2) for every cellular map v':' Y — Bw that is homotopic to v, we have
d);‘/k,l/ = (idTﬁ ldy)* © (b:,l//

where (id,,idy)* is the isomorphism from Lemma 4.3.
Proof. For the existence of ¢, note that since CT is acyclic, [EM49, Theorem 5.1] ensures that
any augmentation preserving chain map ¢: C.(Bw) — CT satisfies ¢ o v, ~ ty. The uniqueness

of ¢ up to homotopy equivalence follows from Lemma 2.1. Since v is cellular, we use the identi-
fication C,(M(v),Y) = Cone(¥,)«. The existence and uniqueness of ¢7, follow from Lemma 3.4
applied to K, = C*(Ew) =K. L,=0C, (}N/) =L, and h = idc(g,). In order to prove the last two
assertions, pick ¢, ¢’: C, (Ew) — C7T as above. Since these maps are necessarily homotopic, we
obtain the homotopy commutative diagram

C.(Br) —= C,(Bn)

cr—= - Cr.

The uniqueness portion of Lemma 2.4 now yields the homotopy commutative diagram

— ~ (id,id — ~
C.(M (), V) 20, (M (), V)
l 7, o
(idom ide 7

)
Cone, (ty) ——= Cone(t|y ).

Here the notation for the horizontal maps is the one from Lemmas 3.4 and 4.3. When ¢ = t/, the
bottom map can be taken to be the identity, whereas when v = v/, the top map can be taken to
be the identity. The last two assertions now follow by passing to cohomology. O

4.2. The k-invariant of a CW pair. We define the k-invariant of a CW pair and establish some
of its properties.

Notation 4.5. Given a CW pair (X,Y), a cellular map v: X — Bm(X) and an augmentation-
preserving chain map t: C,(X) — CII(X), we write

kg{,Y = (b;fk,u(k)tc()})vc(f/)) € Hg(M(V‘Y)>Y;772(X))'

Here and in what follows, for brevity, we write ¢; , : for the map from Lemma 4.4.

t‘c(f/)vV‘Y

Lemmas 4.4 and 3.4 imply that k% y does not depend on the choice of the chain map ¢. Note also
that for any two cellular maps v,': X — Bm(X), Lemma 4.4 shows that the k-invariants k% -

and k‘)’(/’y are related by a canonical isomorphism.

Definition 4.6. The relative k-invariant of a CW pair (X,Y) refers to
kxy € H (M(vly),Y;m(X))

for any choice of a cellular v: X — Bm(X).

In our conventions, we fixed for each space X a model B (X) such that X — Bmy(X) is the
identity on 7. We nevertheless note that the proof of Lemma 4.3 shows that if one uses another
such model, say (Bm1(X))’, the resulting k-invariants are related by a canonical isomorphism.
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Remark 4.7. The reader might have noted that the choice of a map v: X — B (X) induces an
augmentation preserving chain map ¢ = v, : C,(X) — C.(Bm(X)). The reason for which we do
not simply take CT = C’*(Ewl(X )) and ¢t = v, will become apparent during the proof of the next
proposition when we compare the relative k-invariants of two different CW pairs.

In what follows, i: Y — X denotes the inclusion of a subcomplex. The next result constitutes
one of the main technical steps needed to prove Theorem 1.1.

Theorem 4.8. Let (X,Y),(X',Y") be CW pairs, let v: X — Bmi(X) and v': X — Bmi(X')
be cellular maps, let u: m(X) — m(X') be an isomorphism, let h: Y — Y’ be a map that
satisfies w o i, = i, o hy, and let F: my(X) — m2(X') be a u-equivariant homomorphism. The
following assertions are equivalent:

o There is a map g: Po(X) — Po(X') that induces u and F on w1 and ma, respectively, and
such that the following are homotopic:

Yo X5 P(X) L P(X)  and Y BY o X - Py(X).
e The relative k-invariants satisfy
(u,h)* (K5 yr) = Fu(ky) € H (M(v]y),Y; Res, mo(X")),

for any v: X — Bm(X) and v': X' — Bmi(X'), and where (u,h)* is the map from
Lemma 4.3.

Proof. We begin with some set-up. Set 7 := m1(X) and 7’ := m1(X’) for brevity. The assump-
tion u o i, = i, o h, makes it possible to choose a homotopy equivalence v: Bt — Br’ that
induces u on 71, satisfies v o v|y ~ /|y o h, and induces an augmentation-preserving Z[r]|-chain
homotopy equivalence on the chain level. Next, choose an augmentation preserving homotopy
equivalence ¢’: Res, C, (Eﬂ'/ ) ~ CT, leading to an augmentation preserving homotopy equiva-
lence ¢ = ¢’ 0 vy: C*(Eﬂ') ~ (7. This set-up can be summarised by the following diagram
of Z[r]-chain complexes in which the triangle commutes and the rectangle homotopy commutes:

C.(Y) b Res, C.(Y)
C.(X) Res, C..(X")
.(Br) " S Res, C . (Br')

\/

We obtain Z[r]-chain maps ¢: C’*()?) — CT and t/,: Res, C, ()?’) — CT with ty ~ (t))y’ o ha,
where we write ty := t|c*(17) for brevity, and similarly for (¢,)ys. Proposition 3.5 ensures

that h,: C*(?)ho,z} — Res,, C, (}N/’)|[072] extends to a chain map C’*()Z’)|[072] — Res, C’*()Z”)ho,g]

. . . t . uw
that induces F if and only if F (k‘c(X) C(Y)) (idg=, h)* (kRCS (%) Res, C(Y/))

Claim. The following equivalence holds:

F, (ké,(x) o)) = (ider, h)* (ké;suaxq Res, C(y,)) if and only if  F. (k% y) = (u,h)* (K% y).
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Proof. Consider the following commutative diagram:

cr— = - Cr = cr

N

C.(Br) —= C,(Br) —=> Res, C,(Bn).

Applying Lemma 2.4, and recalling that C*(M(u\y),?) = Cone(('17|y)*)*,C’*(M(z/|yz),§7’) =
Cone((7'|y)«)« as well as the notation from Lemmas 3.4, 4.3 and 4.4 leads to the following
homotopy commutative diagram:

= (id,hy)
Cone(ty ) ———— Cone(ty ). ———— Cone((t/,)

or.] o] T

C.(M(v]y). V) —=> CL(M(v]y), V) U3 Res, O (NI |y). V).

Passing to cohomology now leads to the following commutative diagram:

H3(Cone(ty ); Ha (X)) —=> H3(Cone(ty ): Resy Ha(X')) <™ H3(Cone((t,)y+); Resy Ha(X"))

:\Lﬁ,v :l(ﬁz,y :lqb:,u

H3(M(vly), Y Ho(X)) —= H3(M(v]y), Y3 Resy Hy(X')) <2 H3 (M (' |y1), Y'; Hy(X")).

Here, in the bottom right, we used Lemma 3.7 to make the k-invariant preserving identification

H3* (M |y+),Y"; Hy(X")) = H?(Cone((7'|y).); Hy (X)) = H?(Res, Cone((7']y+).); Res, Hy(X"))
= H*Res, C(M('|y),Y"); Resy Ha(X')).

The claim now follows from the commutativity of this diagram O

At this point, we are ready to prove the equivalence asserted by the theorem. To do so, we
note that the existence of a map g: Po(X) — P2(X’) as in the theorem statement is independent
of the choice of the models for P5(X) and P(X’). We therefore assume without loss of generality
that P»(X) and P(X’) are respectively obtained from X and X’ by attaching cells of dimension >
4.

We now prove that the existence of the map g implies the condition on the relative k-invariants.
If g: Po(X) — Py(X’) induces u and F on m; and o, respectively, and is such that the com-
positions ¥ < X — Py(X) & Py(X’) and YV by o x5 P,(X') are homotopic, then
(thanks to our choice of models for Pp(X) and P»(X')), the chain map g.: Ci(Pa(X))|j0,3 —
Res, C.(P2(X"))|j0,3 induces a chain map f := g.: Ci(X)|j0,3) — Resy, Ci(X')|0,3) that satisfies
the conditions of Proposition 3.5, whence by the claim

(u, R)* (K% ) = Fu (K y)-

For the converse, we assume that (u, h)*(k:gé,)y,) = F.(k% y) and construct the required map g.
Thanks to the claim and Proposition 3.5, the condition on the k-invariants produces a chain
map f ; with the aforementioned properties. Apply [Whi49, Theorem 16] to realise this f by a
map ¢': X — (X')® that induces v and F and whose restriction to Y(?) satisfies g/ = hs
on C,(Y )0,2)- Postcompose g’ with the map (X')(3) — Py(X') to get a map X©®) — Py(X').
Since 7 (P2(X’)) =0 for k > 3, one can extend ¢’ further to a map g: Po(X) — P2(X’). Now

Yo X 5 P(X) L Py(X) and VY < X' = PyX)

induce chain homotopic maps on C, (~)|[0 9. By [Whi49, Theorem 14] this implies that the re-

strictions of the compositions to Y (2 are homotopic. But now, since m(P2(X’)) = 0 for k > 3
this means that they are homotopic as maps Y — P5(X’). Thus g is a map as required. O
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5. RELATIVE k-INVARIANTS OF SPACES

This section defines relative k-invariants for pairs of spaces that are homotopy equivalent to
a CW pair and then proves Theorem 1.1 from the introduction.

We begin by generalising the definition of the map (u, k) from Lemma 4.3 to the case where
the target of h is not a CW complex.

Lemma 5.1. Let Y be a CW complex, let Y' be a space, and let v: Y — Bmw and v': Y’ — Bn’
be maps with v cellular. Then, up to homotopy rel. Y, a group isomorphism u: ® — 7 and a
map h: Y — Y’ satisfying u o v, = vV, o h, give rise to a unique map

(u,h): M(v) — M ()

that extends h and induces u on fundamental groups. In particular, for any Z[n']-module A, the
pair (u, h) induces a group homomorphism

(u,h)*: H3(M('),Y'; A) — H3(M(v),Y;Res, A).

When YY" are CW complexes, and v,v" are cellular, the chain map induced by (u, h) is homotopic
to the one described in Lemma 4.3.

Proof. This follows directly from the property that (based) maps into Br’ are determined up to
(based) homotopy by the induced map on fundamental groups and that M (v') is again a model
for Brr’. We give more details for the reader’s convenience.

Realise u: 7 — 7/ by amap v: Br — Br’, so that vov ~ v/oh. Tt follows that Y 2 Y’ < M)

is homotopic to g: Y 2 Br = Br’ < M (V). Choosing a homotopy H: Y x I — M (v') between
these maps leads to a map extending A that induces v on fundamental groups, namely

(u,h) :==gUH: M(v) = MQ1).

It remains to show uniqueness. Let g,¢': M(v) — M (V') be maps that extend h and induce
u on fundamental groups and let H, H' be defined defined as above. We show that (u,h) :=
g UH and (u,h) := ¢’ U H' are homotopic rel. Y. Since M(v') is 3-coconnected, and the
restriction (u,h)ly = gly = h = ¢'ly = (w,h)'|y: Y — Y’ € M(V) is a homotopy equiva-
lence, [CK25, Lemma 5.3] ensures that there is a homotopy equivalence ¢: M (V') — M (V') that
is the identity on Y’ and such that (u,h)’ ~ ¢ o (u, h).

When both Y and Y’ are CW complexes and v and v’ are cellular, it follows from Lemma 2.4
that (u, h). is chain homotopic to the map from Lemma 4.3. O

For a pair (X,Y’) that is homotopy equivalent to a CW pair, the following lemma will make it
possible to define kx y by pulling back the relative k-invariant of any CW pair that is homotopy
equivalent to (X,Y).

Lemma 5.2. Let (X,Y) be a pair of spaces, let (fi, h;): (X],Y]) = (X,Y) be a homotopy equiv-
alence with (X[, Y!) a CW pair, and set u; := (fi)« for i =0,1. Fiz a map v: X — Bm(X) and

[ERa

a cellular map v): X] — Bmi(X]) fori=0.1. Fori=0,1, the composition

H3 (M), Y/ ma(X1)) P02 g3 (1), Y Res, 1 mo(X])) L2255 B3(M(v), Yima(X))

takes k;é(,] v and k;éi vy to the same element in H3(M (v),Y;ma(X)).

Proof. Note that our choice of model for Bm(X) and Bmi(X]) ensures that on fundamental
groups, (v[y)«o (hi)x = u;o (V]y;)« for i =0,1. Consequently, the maps (u;, h;) from Lemma 5.1
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are defined. Consider the following diagram:

H3 (M (vhly). Y: ma(X5)) < H3(M (v]y), Y Res, - m2(X5)
(fo)« (fo)«
H3(M(vhly;). g Resu, ma(X) HA (M(v]y), Y ima(X))
(f:t (f0):t
HA (M(vhly). Vs Res, 1, ma(X1) <8 HH(M (v]y), ¥, Res, -1 ma(X7)) ~L25 HE (M (v]y), Vi ma(X)).

(uo,ho)”

H3(M(l/|y)7Y;ReSul—1 m2(X1)) = )

(u1,h1)”

(u1,h1)"

H3 (M (v1]yy), Y{; m2(X7)) H*(M(vly),Y;Res, -1 ma(X7))

The commutativity of the triangles and of the lower square are immediate. The commutativity of
the top square follows from the naturality of the maps from Lemma 5.1.

Choose homotopy inverses f; of f; and hy of h; respectively. Set f' := f, o fo,h’ := hy o hg
and o' := u; ' o ug. Note that (u', h')* o (u1, h1)* = (uo, ho)* and (')« = (f1)~* o (fo)s, whence

= (f1)« o (w1, ha) ™ 0 (u1, h1)* o (ug, ho) ™o (f1)i " o (fo)*(kl)’ég),y(;)
= (fi)s o (ur,h1) "o (u/, )" o (fl)*(kl)/(éé,y(;)
=

fi)x o (u1, h1)7*(k§§{’y{)~

Here, the first equality uses the commutativity of the diagram above, the second follows from the
definition of f/,h/, v/, and the last relies on Theorem 4.8. O

’

(fo)« o (uo, ho)_*(k’)'gl,),y(;)

We can now define the k-invariant of a pair of spaces that is homotopy equivalent to a CW
pair. Lemma 5.2 ensures that this is independent of the choice of homotopy equivalence.

Notation 5.3. Let (X,Y") be a pair of spaces that is homotopic to a CW pair, say via a homotopy
equivalence (f,g): (X',Y') — (X,Y) with (X', Y”’) a CW pair. Set v := (f.): m(X’) = m(X).
Given a map v: X — Bm(X) and a cellular map v': X' — Bm(X'), define the relative k-
moariant

kky € H*(M(vly),Y;m(X))
to be the image of k;’(/,)y, under the composition

u,g)*, =
(u,9)

HY(M(V']y),Y';ma(X")) HYM(v]y), Yima(X')) L5 B3 (M(v]y), YV ma(X)).

Remark 5.4. Given another 7: X — B (X), there is a k-invariant preserving isomorphism
H (M (Vy), Y;ma(X)) = H (M (v]y),Y;m(X)),
namely the unique dashed map that makes the following diagram commute

H3(M(V'|y), Ym0 (X"))

(% H3(M(V|y)7Y;772(XI))T)H3(M(V|Y)’Y;7T2(X))
2| (idy,idy)*

(u,9)"
—_—

H3 (M (V' |y), Yy ma(X") == H (M (V]y), Y ma (X)) —= HY (M (T]y), Y ma(X).

This remark leads to the following definition.
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Definition 5.5. The relative k-invariant of a pair (X,Y’) that is homotopy equivalent to a CW
pair refers to

kiy € HY(M(v]y),Y;m(X))
for any choice of v: X — Bm(X).

We defer a discussion of the invariance of k%, to Remark 5.7. Instead, we begin with a
generalisation of Theorem 4.8 from CW pairs to pairs that are homotopy equivalent to CW pairs.

Theorem 5.6. Let (Xo,Yy) and (X1,Y1) be pairs of spaces that are homotopy equivalent to CW
pairs. For an isomorphism w: 71(Xo) — 71(X1), a map h: Yo — Y7 with uo (19)« = (ty; )« oh and
a u-equivariant homomorphism F: ma(Xo) — m2(X1), the following assertions are equivalent:

o there is a map g: Po(Xo) — Pa(X1) between the Postnikov 2-types that induces v and F
on w1 and mwo, respectively, and such that the following maps are homotopic

Yo o Xo = Py(Xo) L Poy(X1) and Y1 BV o Xi — Po(X));
o the relative k-invariants satisfy
(u, h)* (K, y,) = Fu(K, y,) € H*(M(voly, ), Yo; Res, m2(X1)),
for every vy: Xo — Bm1(Xg) and v1: X1 — Bm(Xy).
Proof. For i = 0,1, choose a homotopy equivalence (f;,¢;): (X,Y!) = (X;,Y;) with (X/,Y/) a
CW pair. The homotopy equivalences f; induce homotopy equlvalenceb Py(fi): Po(X]) = Py(X;).
For i = 0,1, fix a map v;: X; — Bmi(X;) and a cellular map v}: X! — Bm(X]). Additionally,
choose a homotopy inverse g, L of g, and consider
u' =yt cuowug: m (X)) — (X)),
h ::gl_lohogo,:YO’—>Y1’,
= (f1)i o Fo(fo)s: ma(Xg) — ma(X7).

Claim. The following equality holds

(u, h)* (K%, y,) = Fu(k% v,) € H*(M(voly,), Yo; Res, ma(X1))
if and only if the following equality holds:

(u', h')* (kX, Y/) F’(k:X, Y,) € H3(M(1/6|y0/),Y0’;Resu/ ma(X1)).

Proof. Consider the following diagram:

(u0,90)" (fo)«
- - AN

H3 (M (vglyy), Y53 m2(XG)) H3 (M (o]y,), Yo; Res,, -1 m2(X()) H3 (M (voly, ), Yo: m2(Xo))

.| ‘| .|

H3 (M (). Vg Resu ma(X6) <20 H (M (vnly, ). Yor Res, -1, ma(X0)) 2 HI(M(vpy,), Yo; Res, ma(X1))

(u'J/)*T (u,h)*T (u,h)*T

H3 (M0} ly;), Vi ma(X0)) <222 B3 (M (wn]y, ), Yis Res, 1 ma(X1)) — L2 HO (M (11]y,), Vi ma(X1)):

1

The upper left square commutes by naturality of (ug, go)*, the upper right square commutes by
definition of F”, the lower right square commutes by naturality of (u, h)* and the lower left square
can be seen to commute using the uniqueness properties of Lemma 2.4. The claim now follows
from the commutativity of the entirety of this diagram together with the fact that all the arrows
involved are isomorphisms. O

Thanks to the claim and to Theorem 4.8, the equality (u, h)*(kY, y,) = Fu(kY, y,) is equivalent

to the equality (u',h')* (kX, Y/) = F’(kX, Y/) which is in turn equivalent to the existence of a

map ¢': Po(X}) — Po(X}) that induces v’/ and F’ and such that Y] < X} — P»(X})) L Py(X})
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and Yy uN Y] — X{ — P(X{) are homotopic. Finally, this is equivalent to the existence of a
map g: Py(X() — P»(X1) that induces u and F and such that Yy — Xo — Py(Xo) & Py (X)) is
homotopic to Yj LN Y1 — X5 — Py(X), as can be seen by the following (homotopy) commutative
diagram:

Yo —— Xo —— P»(Xp)

AN

90 foT P2(fo)T \\

This completes the proof of the theorem. O

Remark 5.7. We briefly discuss the sense in which the relative k-invariant is an invariant of the
pair (X,Y) up to homotopy equivalences that restrict to the identity on Y. If (X,Y) and (X',Y)
are pairs of spaces that are homotopy equivalent to CW pairs and f: X — X’ is a homotopy equiv-
alence that restricts to the identity on Y, then Theorem 5.6 shows (f.,id)* (k% y) = fe(k% y)
for every v: X — Bmy(X) and v/: X — Bmy(X’). Thus, if one uses f, to identify m;(X)
with 7;(X’) for i = 1,2, as is common for the usual (absolute) k-invariant, and chooses v and v/
such that v|y = v/|y, then the relative k-invariants of (X,Y) and (X', Y) agree.

We can now prove Theorem 1.1 from the introduction.

Theorem 1.1. Let (Xo,Yy) and (X1,Y1) be pairs of spaces that are homotopy equivalent to CW
pairs, and let ¢1: X1 — Py(X1) be the Postnikov 2-type of X;. For a map h: Yo — Y1, an
isomorphism u: m1(Xo) — 7 (X1) with uwo (19)« = (t1)« o h, and a u-equivariant homomor-
phism F: mo(Xo) — m2(X1), the following assertions are equivalent:

e there is a map co: Xo — Pa(X1) such that
(co)e =u, cr1oh~cyly,, and (co)s=F;
e the relative k-invariants satisfy
(u,h)* (K, y,) = Fu (K, y,) € H*(M(1oly, ), Yo; Resy m2(X1))
for every vg: Xg — Bm1(Xo) and v1: X1 — Bmi(X1).

Proof. Let ¢y: Xo — P2(Xp) be the Postnikov 2-type of Xy, and fix a map v;: X; — Bmi(X;)
for i = 0,1. If the equality (u, h)*(k%, y,) = Fu(ER, y,) € H*(M(ly,), Yo; Res, m2(X1)) holds,
then by Theorem 5.6 there is a map g: Py(Xo) — P2(X1) that satisfies ¢ o h ~ g o ¢y, and
induces u and F' (meaning that (c1); ! 0 g.o(c))« = F). Setting ¢y := goc}, we obtain the desired
map.

We prove the converse. Let ¢g: Xo — P2(X7) be as in the theorem. Then ¢ factors through Py (Xj),
i.e. there is a g: Po(Xo) — Pa(X1) with ¢g =~ g o ¢j: indeed P2(Xj) can be obtained from Xg by
attaching cells of dimension n > 4, and m(P2(X1)) = 0 for £ > 3. The map ¢ still induces u
on 71, and F on my. Furthermore, g o ¢jly, =~ coly, =~ ¢1 o h. Again by Theorem 5.6, it follows

that (u, h)* (k% y,) = Fu(ER v,) € H*(M(wly,), Yo; Resy m2(X1)). O
We record the following immediate consequence that will be of use in [CK25].

Corollary 5.8. Let (X,Y) be a pair of spaces that is homotopy equivalent to a CW pair, and
write i: Y — X for the inclusion. Then, for every v: X — Bmi(X), the following equality holds:

(id,1)" k% x = k% y € H}(M(v]y),Y;m(X)).
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Proof. Let ¢: X — P(X) be the Postnikov 2-type of X. The corollary is obtained by applying
Theorem 1.1 to the pairs (Xo,Yy) = (X,Y), (X1,Y1) = (X, X), with v = id,, (x), h =4, F =
idg,(x), and cp = c = ¢1. O

As mentioned in the introduction, the following corollary shows that the relative k-invariant is
indeed the obstruction for a section Bmi(X) — P2(X) extending Y — X — P(X).

Corollary 5.9. Let (X,Y) be a pair of spaces that is homotopy equivalent to a CW pair, and
let c: X — Py(X) be the Postnikov 2-type of X. For any choice of v: X — Bmi(X), the relative k-
invariant kY y vanishes if and only if the dashed map in the following diagram exists and both
triangles commute up to homotopy:

y — I . px)

1
vly 7

Bm (X) —9% B (X).

Proof. Apply Theorem 1.1 with (X1,Y7) = (X, Y), (Xo,Y0) = (M(v]y),Y), u = id,, (x), h = idy,
and I = 0. If follows that k% - vanishes if and only if there exists a map co: M(v]y) — P2(X)
such that coly ~ c|y and (co)« = idr, (x). These are precisely the conditions that the two triangles

in the diagram commute up to homotopy but with M (v|y) in place of Bmy(X). Since v|y factors
as Y — Bm(X) ~ M(v|y), the result follows. O

6. ADDITIONAL PROPERTIES OF RELATIVE k-INVARIANTS.

This final section collects additional properties of relative k-invariants that we require in [CK25].

Lemma 6.1. Let (X,Y) be a pair of spaces that is homotopy equivalent to a CW pair, and fix a
mapv: X — Bmy(X). Writej: X — (X,Y) for the inclusion. If the induced map m1(Y") — m(X)
is surjective, then

Ju(kky) = 0€ H (M (vly),Y; Hy(X,Y)).

Proof. We first prove the result for CW complexes, and then for pairs that are homotopy equiv-
alent to CW complexes. Let (X,Y) be a CW pair, choose an augmentation preserving chain
map t: C,(X) — C™(X) and write ty for its restriction to C,(Y). Using

92()})70(}7): Cg 2] 02(}7) - H2()~()

to denote a chain representativiof ké(§)79(?) € H3(Cone(ty), H2(X)), we will show zhat Jx (92()?)70(}7))
is a coboundary. Write i: C(Y) — C.(X) for the inclusion and a: CT g 2] — Ci(X)][0,2) for the

chain map underlying the definition of Gtc (R).oF) Recall from Lemma 2.3 that there is a chain

homotopy cvotoi ~ i+ ¢: C*(}N/)ho,g} — C’*()Z’)hog], say via {Dy: Cp(Y) — Ck»Jrl(jZ)}k-SQ. In
particular, we have

(62) O[QOtQOiQ—iQ—(ﬁ:d?ODgﬂ-DlOd%/.

Since m1(Y) — 71 (X) =: 7 is surjective, we can furthermore assume that X is obtained from Y
by attaching cells of dimension > 2. To see this, attach 2-cells to Y to make m1 (V) — m1(X) a m;-
isomorphism, then wedge on S?’s to make it 2-connected, and continue this process inductively
to obtain a CW complex X’ obtained from Y by adding cells of dimension > 2 together with a
homotopy equivalence X’ — X that is the identity on Y. This replacement is possible because
the relative k-invariant is invariant under homotopy equivalences that are the identity on Y; recall
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Remark 5.7. Since X = Y1) we have Hy(X, Y1) = GXFYY) 41q consider the diagram

im(dg")

t
c(X),c(Y)

azod] ~ roj -
Cr @ Co(V) 50 1y (X) proj Ha(X) — = Hy(

X
dl toois
(43)] T
n P2 D) Ty I Ty Pl C(XyM) = 7 v
CF @ CL (P22 0y (X)) —s 0y(X, 7O Hy(X, 7).

im(dX)

S i

f

This diagram commutes: using (6.2), a pair (a,b) € CF & Cy(Y) satisfies

dr by oi , } ‘
1o 2o) (3) = o di@) + aronoiat) - Dyoat o)

= ju(an 0 d5(a) + d 0 Dy(b) + ia(b) + H(1))
= ju(az o df(a) + 6(b))

. + a
=Jx ooz 0m) (b) '

This proves that j,(6° )) is a coboundary, so that

c(X),c(Y

Jx (kg gy o)) = 0 € H (Cone(ty), Hy(X,Y)).

We can now conclude the proof of the lemma when (X,Y) is a CW pair. Choosing a map
v: X — Bmi(X), the naturality of the map ¢;, from Lemma 4.4 implies that

]*(kg(,Y) =Jx0 ¢f,y(ktc()})’c(17)) = (],5;,1 o]*(ktc(f()’c(f/)) =0.
Finally, we assume that (X,Y) is a pair of spaces that is homotopy equivalent to a pair of CW
complexes (X', Y"), say via (f,g): (X',Y’) = (X,Y). Setting u := f., and using the naturality

of the map (u, g)* (from Lemma 5.1), one now verifies that j/, (k:;(l,’y,) = 0 implies j.(k% ) = 0.
This concludes the proof of the lemma. O

Lemma 6.3. Let X be a space, let v: X — Bmi(X) be a map, set 7 := 71(X), and given a
left Z|w]-module A, consider the group homomorphism

®: Homypy (Hx(X), A) — H3(M(v), X; A)
@ = ou(kx x)-
Then, writing & for the connecting homomorphism in the exact sequence of the pair (M(v), X),

we have

Poev=25: H*(X;A) — H*(M(v), X; A).
Here ev: H?(X; A) — Homy) (Ha(X; Z[n]), A) = Homz[ﬁ](Hg()?), A) denotes evaluation.
Proof. We begin with the case where X is a CW complex and v is cellular. In what follows,
we consider CT := C,(Bm) as a free resolution of Z, pick a map v: X — B, and consider the
chain map t := v,: C.(X) = CT. We deduce that the map ¢7,: C.(M(v), X) — Cone(t), from

. . t . v
Lemma 4.4 can be taken to be the identity. It follows that kc()?)’c()?) = k% x-

Use Lemma 2.3 to construct maps a: C[jg 2 — C*()?)ho,g] and ¢: Ly — ker(dy) that sat-
isfy a ot ~id +¢ as maps on C.(X)|[9,2]. As in the definition of k-invariant, consider the cocycle
oy (a20d3,9) o >

Ot )0 Cone(t)s = CF @ Ca(X) Z5(X) - Hy(X).
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We verify that ® o ev = §. Since v is cellular, we can identify C., (M (v)) with the algebraic
mapping cylinder of the chain map t = v, : C,(X) — CT, say C, (M(V)) = C"HC(X)DC\_1(X).
Under this identification, and recalling that Cy(M(r), X) = Cone(t), can be obtained from the
algebraic mapping cylinder by modding out the middle summand, we see that the image of a
class [p2: Co(X) — A] € H2(X; A) under the connecting map 6: Zo(X; A) — Zs(M(v), X; A) is

5(p2) = (0, —¢p2): 02(M(V),)?) = Cone(t); — A.
Since awot ~ id +¢ as maps on C, ()A(:)“O,g], we have [pa] = [p2 0z 0ty — o0 d]. We also note that

since @ € C2(X, A) is a cocycle, the map ps: Co(X) — A descends to Hy(X). It follows that

5(p2]) = (0, 02)] = [(0, 02 0 @9 0 t2 — 93 0 B)] = [(0, p2 0 @9 0t — 93 0 B)] + [65°"")

= (p200ap0df, —p20¢) = [p2000, % (5]

(302 o (vg, 0)]

The definition of ® now yields
6([p2]) = [p2 0 atc()})’c(f()] = [ev([p2]) o etc()})’c(j})} = @ oev([pa]).

We now assume that X is a homotopy equivalent to a CW complex, say via a map f: X' — X.
Set u := fy, choose a map v': X’ — Bm(X’) and consider the following diagram:

ol (f*)*v§ -
_—

Hom(Hy(X), A)

Hom(H3(X")),Res, A)

’
TEV

* oo
e

H3(M(v), X; A) ———

H?(X';Res, A) o'

|

H3(M(V'), X'; Res,, A).

Since X' is a CW complex, ® oev’ o = ¢’ and, by naturality, the two rectangles commute. A rapid
verification shows that f* o ® = &' o (f,)*. Since the f* are isomorphisms, a short diagram chase
shows that this implies ® o ev = §, as required. O
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