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Abstract. Motivated by work on the homotopy classification of 4-manifolds with boundary,
we define a relative k-invariant for pairs of spaces that are homotopy equivalent to CW pairs.

We show that for such a pair (X,Y ) with Postnikov 2-type X → P2(X), the relative k-invariant

is the obstruction to the existence of a section Bπ1(X) → P2(X) extending Y ↪→ X → P2(X).
Given CW pairs (X0, Y0) and (X1, Y1), as well as a map h : Y0 → Y1, we also prove that

relative k-invariants provide a complete obstruction to constructing a map X
(3)
0 ∪Y0 → X1 that

extends h and induces given isomorphisms on π1 and π2.

1. Introduction

Given a space X with Postnikov tower . . . → P2(X) → Bπ1(X), the (first) k-invariant of X
is the obstruction kX ∈ H3(Bπ1(X);π2(X)) to finding a section of P2(X) → Bπ1(X). This
invariant, first introduced in [EM49], is a mainstay in algebraic topology, but also plays a role
in geometric topology and, more specifically, in the (homotopy) classification of manifolds. For
example, the homotopy type of a closed oriented 4-manifold X with finite fundamental group
is often determined by its quadratic 2-type (π1(X), π2(X), kX , λX), where λX denotes the equi-
variant intersection form of X; see e.g. [HK88]. Motivated by upcoming work on the homotopy
classification of 4-manifolds with nonempty boundary [CK25], the present article is concerned with
relative k-invariants and collects several results on the topic that might be known to experts but
that we have not been able to find in the literature.

Statement of results. Let (X,Y ) be a pair of spaces that is homotopy equivalent to a CW
pair, let c : X → P2(X) be the Postnikov 2-type of X, and given a map ν : X → Bπ1(X), we
write M(ν|Y ) for the mapping cylinder of ν|Y . The relative k-invariant refers to a cohomology class

kνX,Y ∈ H3(M(ν|Y ), Y ;π2(X)).

The definition of this class is described precisely in Section 5, but for the moment we note that kνX,Y
is the obstruction to the existence of a dashed map making the following diagram commute:

Y P2(X)

Bπ1(X) Bπ1(X).

c|Y

ν|Y

id

Up to isomorphism, kνX,Y is independent of the choice of the map ν; see Remark 5.4. The reason

for which we write H3(M(ν|Y ), Y ;π2(X)) instead of H3(Bπ1(X), Y ;π2(X)) is to make it apparent
that we choose a model of Bπ1(X) that contains Y as a subspace. Also, kνX,∅ agrees with kX .

The following result (the absolute version of which can be found in [EM49, MW50]) plays a
crucial role in upcoming work on the homotopy classification of 4-manifolds with boundary [CK25].

Theorem 1.1. Let (X0, Y0) and (X1, Y1) be pairs of spaces that are homotopy equivalent to CW
pairs, and let c1 : X1 → P2(X1) be the Postnikov 2-type of X1. For a map h : Y0 → Y1, an
isomorphism u : π1(X0) → π1(X1) with u ◦ (ι0)∗ = (ι1)∗ ◦ h, and an u-equivariant homomor-
phism F : π2(X0)→ π2(X1), the following assertions are equivalent:

• there is a map c0 : X0 → P2(X1) such that

(c0)∗ = u : π1(X0)→ π1(P2(X1)) ∼= π1(X1), c1 ◦ h ' c0|Y0 , and
1
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(c0)∗ = F : π2(X0)→ π2(P2(X1))
(c1)∗,∼=←−−−−− π2(X1);

• the relative k-invariants satisfy

(u, h)∗(kν1X1,Y1
) = F∗(k

ν0
X0,Y0

) ∈ H3(M(ν0|Y0), Y0; Resu π2(X1))

for every νi : Xi → Bπ1(Xi) that induces the identity on π1 for i = 0, 1. The map (u, h)∗

is defined in Lemma 5.1.

Here, a homomorphism F : π2(X0) → π2(X1) is called u-equivariant if F (γx) = u(γ)F (x)
for every x ∈ π2(X0) and γ ∈ π1(X0). Equivalently, F is a Z[π1(X0)]-linear map π2(X0) →
Resu π2(X1), where given a Z[π1(X1)]-module H, we write ResuH for the Z[π1(X0)]-module
whose underlying abelian group is H, but with π1(X0)-action given by γ · x = u(γ)x.

Remark 1.2. The reason we work with spaces that are merely homotopy equivalent to CW pairs
(instead of working with CW pairs as is common in the literature) is to ensure that our results
apply to 4-dimensional topological manifolds.

If (X0, Y0) and (X1, Y1) are CW pairs, Theorem 1.1 admits the following reformulation.

Corollary 1.3. Let (X0, Y0) and (X1, Y1) be CW pairs, and let ιj : Yj → Xj be the inclusion
for j = 0, 1. For a group isomorphism u : π1(X0) → π1(X1), a map h : Y0 → Y1 satisfy-
ing u ◦ (ι0)∗ = (ι1)∗ ◦ h, and an u-equivariant homomorphism F : π2(X0)→ π2(X1), the following
assertions are equivalent:

• there is a map f : X
(3)
0 ∪ Y0 → X1 that extends h and induces u and F ;

• the relative k-invariants satisfy

(u, h)∗(kν1X1,Y1
) = F∗(k

ν0
X0,Y0

) ∈ H3(M(ν0|Y0), Y0;π2(X1))

for every νi : Xi → Bπ1(Xi) that induces the identity on π1 for i = 0, 1.

Proof. By Theorem 1.1, it suffices to show that there exists a map f : X
(3)
0 ∪ Y0 → X1 as in

this corollary if and only if there exists a map c0 : X0 → P2(X1) as in Theorem 1.1. In one

direction, starting from f , since the inclusion X
(3)
0 ∪ Y0 → X0 induces a homotopy equivalence on

Postnikov 2-types, the required c0 arises as the composition

X0 → P2(X0) ' P2(X
(3)
0 ∪ Y0)

P2(f)−−−→ P2(X1).

It remains to construct f from c0. For this, choose a model for P2(Xi) that is obtained from Xi

by attaching cells of dimension ≥ 4. Homotoping c0 if necessary (using cellular approximation),

we assume that it is cellular. Restricting this map to X
(3)
0 leads to a map f ′ : X

(3)
0 → X

(3)
1 ↪→ X1

that induces u and F and such that f ′|
Y

(3)
0
' ιY1

◦ h|
Y

(3)
0

. Since Y
(3)
0 ↪→ X

(3)
0 , the homotopy

extension property shows that f ′ is homotopic to a map f ′′ : X
(3)
0 → X

(3)
1 ↪→ X1 that induces u

and F and such that f ′′|
Y

(3)
0

= ιY1 ◦ h|Y (3)
0

. Using h to extend f ′′ over the rest of Y0 yields the

required f . �

Organisation. Section 2 collects some conventions and lemmas on chain complexes. Section 3
introduces the relative k-invariant of a chain map. Section 4 focuses on the relative k-invariant
of CW pairs, whereas Section 5 defines the relative k-invariant in general and proves our main
results. Section 6 collects some additional properties of relative k-invariants.

Acknowledgments. AC was partially supported by the NSF grant DMS 2303674.

Conventions. Unless specified otherwise, spaces are assumed to path-connected and equipped
with a basepoint. Maps are assumed to be basepoint preserving and if (X,Y ) is a pair, the
basepoint is assumed to lie in Y ; if Y is empty, we assume that x ∈ X. Throughout this paper,
for every space X, we choose a model Bπ1(X) and assume that all maps X → Bπ1(X) that we
consider induce the identity on fundamental groups. The mapping cylinder of a map f : X → Y
is denoted M(f), whereas the mapping cone of a chain map g : C → D is denoted Cone(g).
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2. Preparatory lemmas

This section sets up our conventions on chain complexes and proves some preliminary lemmas
needed to define and study relative k-invariants.

In what follows, chain complexes are assumed to be free and have no chain modules in negative
dimensions. Given a chain complex K∗, we write Bi(K) ⊆ Ki for the boundaries, and Zi(K) ⊆ Ki

for the cycles of degree i. As in [EM49, page 54], an augmented Z[π]-chain complex (K∗, aug) is
a chain complex K∗ together with a surjective map aug : K0 → Z, such that

. . .→ K1
d1−→ K0

aug−−→ Z→ 0

is again a Z[π]-chain complex. In other words, one requires aug(γx) = aug(x) for every x ∈ K0

and every γ ∈ π as well as aug ◦d1 = 0. We frequently omit the map aug from the notation and

just say that K∗ is an augmented chain complex. Additionally, we set H̃0(K) := ker(aug)/B0(K)

and say that K∗ is acyclic in dimensions < q if H̃0(K) = 0 and Hi(K) = 0 for 0 < i < q. Finally,
our notation for truncations is

K∗|[0,n] := (0→ Kn → Kn−1 . . .→ K1 → K0 → 0) .

The next lemma is a relative version of the uniqueness portion of [EM49, Proposition 5.1] which,
roughly speaking, states that if K ′∗ is a chain complex that is acyclic in dimensions < q, then for
any chain complex K∗ there is, up to homotopy, a unique chain map K∗|[0,q−1] → K ′.

Lemma 2.1. Let K∗,K
′
∗ be augmentable Z[π]-chain complexes with K ′∗ acyclic in dimensions < q,

let L∗ ≤ K∗ and L′∗ ≤ K ′∗ be subcomplexes such that Li ≤ Ki and L′i ≤ K ′i are summands for
each i. If there exists two chain maps α, β : K∗ → K ′∗

(1) that induce chain maps between the augmented chain complexes,i.e.

aug ◦β0 = aug = aug ◦α0 : K0 → Z,

(2) whose restrictions α|L, β|L : L∗ → L′∗ are chain homotopic via a chain homotopy

ψ := {ψi : Li → L′i+1}i : α|L ' β|L,

then α, β are chain homotopic in dimensions ≤ q − 1 via a chain homotopy

D := {Di : Ki → K ′i+1}i≤q−1

that agrees with ψ on L|[0,q−1].

Proof. The proof is a small modification of the proof of [EM49, Theorem 5.1] and proceeds by
induction on i. We begin by defining D0 : K0 → K ′1 that extends ψ0. Since K ′∗ is acyclic, we

have H̃0(K ′) = ker(aug)/B0(K ′) = 0. Since aug ◦(α0−β0) = 0, the map α0−β0 : K0 → K ′0 takes
values in ker(aug) = B0(K ′). Lift this map to D0 : K0 → K ′1 by defining it on L0 to be ψ0 and
extending it arbitrarily over the rest of C0.

The proof of the induction step is now entirely analogous to the argument from [EM49]. The
only difference is that when lifting Ei := αi−βi−Di−1 ◦dKi : Ci → Bi(K

′) to Di : Ci → Bi+1(K),
we define Di to be ψi on Li ≤ Ki but pick an arbitrary lift on the remainder of Ki. �

Applying [EM49, Proposition 5.1] to the case where K ′∗ is acyclic (i.e. q = ∞) shows that,
up to chain homotopy, there is a unique map K∗ → K ′∗ that preserves augmentations [EM49,
Corollary 5.2]. In particular, this applies if K ′∗ is a free resolution of Z.

Notation 2.2. For the rest of the section, we fix a free Z[π]-resolution Cπ∗ of Z.
Additionally, given a chain map f∗ : A∗ → B∗ and a map % : An → Zn(B) ⊂ Bn, we write

f + % : A∗|[0,n] → B∗ for the chain map given by fi in degree i 6= n and fn + % in degree n.

Since Cπ∗ is an acyclic augmentable Z[π]-chain complex, up to chain homotopy, there is a
unique map t : K∗ → Cπ∗ . The next lemma is a (relative) partial converse, as it builds a map from
a subcomplex of Cπ∗ into K∗; this result will be used to define the relative k-invariant.
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Lemma 2.3. Let K∗ be an augmented Z[π]-chain complex that is acyclic in dimensions < 2,
let t : K∗ → Cπ∗ be a chain map that preserves augmentations, let iL : L∗ → K∗ be a chain map,
and set tL := t ◦ iL. There is an augmentation-preserving chain map

α : Cπ∗ |[0,2] → K∗|[0,2]

and a map φ : L2 → Z2(K) such that α◦tL and iL+φ are chain homotopic as maps L∗|[0,2] → K∗.
Given an augmentation-preserving chain map α : Cπ∗ |[0,2] → K∗|[0,2], such a φ exists.

Proof. Since K∗ is acyclic in dimensions < 2, there is a free resolution F of Z containing K∗
as a subcomplex with F∗|[0,2] = K∗|[0,2] (pick a free resolution F ′∗ of ker dK2 and then take Fi =
Ki for i < 3 and Fi = F ′i−3 for i > 2). Pick an augmentation-preserving chain homotopy
equivalence α̂ : Cπ∗ → F and define

α := α̂|[0,2] : C
π
∗ |[0,2] → F∗|[0,2] = K∗|[0,2].

It remains to define φ and verify that α◦ tL and iL+φ are chain homotopic as maps L∗|[0,2] → K∗.

Let α̂−1 be a chain homotopy inverse of α̂ and let ι : K∗ → F be the inclusion. By uniqueness
of t, t ' α̂−1 ◦ ι up to degree 2. It follows that

α ◦ tL = α̂ ◦ t ◦ iL ' α̂ ◦ α̂−1 ◦ ι ◦ iL ' ι ◦ iL : L|[0,2] → F∗.

Let {Di : Li → Fi+1}i=0,1,2 be a chain homotopy and define

φ := dF3 ◦D2 : L2 → ker(dF2 ) = ker(dK2 ).

Since F |[0,2] = K|[0,2], a chain homotopy α ◦ tL ' iL + φ : L∗|[0,2] → K∗ can be obtained by

taking Di : Li → Fi+1 = Ki+1 in degrees 0, 1 and the trivial map L2
0−→ K3 in degree 2.

It remains to prove the last statement. First, observe that given an augmentation-preserving
chain map α : Cπ∗ |[0,2] → K∗|[0,2] = F∗|[0,2], there is a chain homotopy equivalence α̂ : Cπ∗ → F
with α = α̂|[0,2]: since F∗ is acyclic, α extends to an augmentation preserving α̂ : Cπ∗ → F and
since Cπ∗ and F∗ are both acylic augmented chain complexes, this must be a chain homotopy
equivalence; see e.g. [EM49, proof of Theorem 5.1]. Following through the remainder of the proof
above then leads to the final sentence of the lemma. �

We conclude with a result concerning mapping cones. Here, recall that the mapping cone of
a chain map i : L∗ → K∗ is the chain complex with n-th chain module Cone(i)n = Kn ⊕ Ln−1

and n-th differential
(
dKn in−1

0 −dLn−1

)
.

Lemma 2.4. If a chain complex K ′∗ is acyclic in degrees > 0, then any homotopy commutative
diagram of chain maps

L∗ K∗

L′∗ K ′∗

i

h v

i′

induces, up to homotopy, a unique chain map (h, v) : Cone(i)∗ → Cone(i′)∗ such that the diagram

K∗ Cone(i)∗ L∗−1

K ′∗ Cone(i′)∗ L′∗−1

v (h,v)

proj2

h

proj2

is commutative. Moreover,

(1) if h ' h′ and v ' v′, then (h, v) ' (h′, v′),
(2) if h and v are homotopy equivalences, then so is (h, v).

Proof. The map given by
(
v ψ
0 h

)
, where ψ is any homotopy v ◦ i ' i′ ◦ h, makes the lower diagram

commute. Conversely, any map that makes this diagram commute must have the form
(
v ψ
0 h

)
with ψ a homotopy v◦i ' i′◦h. Since K ′∗ is acyclic in degrees > 0, any two homotopies v◦i ' i′◦h
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are homotopic [EM49, Corollary 5.2], and hence the homotopy commutative square defines a
map (h, v) :=

(
v ψ
0 h

)
unique up to homotopy. The remaining verifications are left to the reader. �

3. Relative k-invariants of chain complexes.

This section defines the k-invariant associated to an augmented chain complex K∗ and a chain
map iL : L∗ → K∗. Our approach follows that of Eilenberg-Maclane [EM49] which treats the
absolute case. For the remainder of the section, we continue to fix a free resolution Cπ∗ of Z.

Construction 3.1. Let K∗ be an augmented chain complex that is acyclic in dimensions < 2,
let iL : L∗ → K∗ be a chain map, let t : K∗ → Cπ∗ be a chain map that preserves augmentations,
set tL := t ◦ iL, let Cone(tL)∗ be the mapping cone of tL, and let α : Cπ∗ |[0,2] → K∗|[0,2] and
let φ : L2 → Z2(K) be as in Lemma 2.3. Consider the cochain

θtK,L : Cone(tL)3 = Cπ3 ⊕ L2
(α2◦dπ3 ,φ)−−−−−−→ Z2(K)→ H2(K).

To see that this map is a cocycle Cone(tL)3 → H2(K) note that since α◦tL ' iL+φ : L∗|[0,2] → K∗,
we have

α2 ◦ dπ3 ◦ (tL)3 = α2 ◦ (tL)2 ◦ dL3 ' (iL)2 ◦ dL3 + φ ◦ dL3 = dK3 ◦ (iL)3 + φ ◦ dL3 ≡ φ ◦ dL3

in H2(K). It follows that ( α2◦dπ3 φ )
(
dπ4 (tL)3

0 −dL3

)
= 0.

We show in Lemma 3.3 that the cohomology class of θtK,L does not depend on the choice

of (α, φ), thus leading to the following definition.

Definition 3.2. Let K∗ be an augmented chain complex that is acyclic in dimensions < 2,
let iL : L∗ → K∗ be a chain map, let t : K∗ → Cπ∗ be a chain map that preserves augmentations,
set tL := t ◦ iL, and let α : Cπ∗ |[0,2] → K∗|[0,2] and φ : L2 → Z2(K) be as in Lemma 2.3. Define the
relative k-invariant of (K,L) as

ktK,L := [θtK,L] ∈ H3(Cone(tL);H2(K)).

The next lemma shows that ktK,L is well defined.

Lemma 3.3. The definition of ktK,L does not depend on the choice of (α, φ) as in Lemma 2.3.

Proof. The proof adapts [EM49, Proposition 7.1] from the absolute case to the relative case.
Assume that β : Cπ∗ |[0,2] → K∗|[0,2] and φ′ : L2 → Z2(K) is another pair with the same proper-
ties as (α, φ). We will show that (α2 ◦ dπ3 , φ) and (β2 ◦ dπ3 , φ′) are homologous. Constructing a
cochain γ ∈ C2(Cone(tL);H2(K)) with δCone(tL)(γ) = (α2 ◦ dπ3 , φ)− (β2 ◦ dπ3 , φ′) requires interme-
diate maps E2, D,D

′ and G that we now introduce.
Since α and β preserve the augmentations and K∗ is acylic in dimensions < 2, [EM49, The-

orem 5.1] ensures that there is a chain homotopy D : α ' β in degrees 0 and 1. As explained
in [EM49, Equation 3.6], the map

E2 := β2 − α2 −D1 ◦ dπ2 : Cπ2 → K2

takes values in Z2(K) and therefore defines a map E2 : Cπ2 → H2(K). Since dπ2 ◦ dπ3 = 0,

E2 ◦ dπ3 = β2 ◦ dπ3 − α2 ◦ dπ3 : Cπ3 → H2(K).

Next, since β◦tL−φ′ and α◦tL−φ are chain homotopic, there exists maps D′i : Li → Ki+1 for i ≤ 2
with (βi−αi)◦ tL = D′i−1 ◦dLi +dKi+1 ◦D′i for i ≤ 1, where D′−1 = 0, and (β2−α2)◦ tL+(φ−φ′) =

D′1 ◦ dL2 + dK3 ◦D′2. In particular, note the equation dK1 ◦D′0 = (β0−α0) ◦ (tL)0 = dK1 ◦D0 ◦ (tL)0.
Since K∗ is acyclic in dimensions < 2, we have ker(dK1 ) = im(dK2 ), and there thus exists a
map G : L0 → K2 with dK2 ◦G = D0 ◦ (tL)0 −D′0.

Using the definition of E2 and noting that (β2 − α2) ◦ (tL)2 + (φ− φ′) ≡ D′1 ◦ dL2 mod B2(K),
we deduce

E2 ◦ (tL)2 = (β2 − α2 −D1 ◦ dπ2 ) ◦ (tL)2 = (φ′ − φ) +D′1 ◦ dL2 −D1 ◦ (tL)1 ◦ dL2 : C2(L)→ H2(K).
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Consider the map

γ := (E2,−(D1 ◦ (tL)1 −D′1 −G ◦ dL1 )) : Cπ2 ⊕ L1 → K2/B2(K).

Since Di ◦ (tL)i and D′i both are chain homotopies between α ◦ tL and β ◦ tL in degree ≤ 1, we
have the equalities dK2 ◦ (D1 ◦ (tL)1−D′1−G◦dL1 ) = (D0 ◦ (tL)0−D′0)◦dL1 −dK2 ◦G◦dL1 = 0. Since
we already know that im(E2) ⊂ Z2(K), it follows that γ can be considered as a map to H2(K).
Finally, we verify that δCone(tL)(γ) = (β2 ◦ dπ3 , φ′)− (α2 ◦ dπ3 , φ):

δCone(tL)(γ) = (E2,−(D1 ◦ (tL)1 −D′1 −G ◦ dL1 )) ◦
(
dπ3 (tL)2

0 −dL2

)
=
(
β2 ◦ dπ3 − α2 ◦ dπ3 , E2 ◦ (tL)2 + (D1 ◦ (tL)1 −D′1)) ◦ dL2

)
= (β2 ◦ dπ3 , φ′)− (α2 ◦ dπ3 , φ).

Thus (α2◦dπ3 , φ) and (β2◦dπ3 , φ′) represent the same cohomology class ktK,L ∈ H3(Cone(tL);H2(K)).
�

Next, we discuss the dependency on the choice of t and on the free resolution Cπ∗ .

Lemma 3.4. Let Cπ∗ , (C
′)π be free resolutions of Z, let K∗,K

′
∗ be Z[π]-chain complexes that are

acyclic in dimensions < 2, let t : K∗ → Cπ∗ and t′ : K ′∗ → (C ′)π be chain maps, and let iL : L∗ → K∗
and iL′ : L

′
∗ → K ′∗ be inclusions of subcomplexes. Set tL := t ◦ iL and t′L′ := t′ ◦ iL′ .

Given chain maps h : L∗ → L′∗ and g : Cπ∗ → (C ′)π∗ such that g ◦ tL ' t′L′ ◦ h, there is, up
to homotopy, a unique map (g, h) : Cone(tL)∗ → Cone(t′L′)∗ that makes the following diagram
commute:

Cπ∗

g

��

// Cone(tL)∗

(g,h)

��

// L∗−1

h

��
(C ′∗)

π // Cone(t′L′)∗
// L′∗−1.

Additionally, (g, h) satisfies the two following additional properties:

• if both h and g are chain homotopy equivalences, then so is (g, h);
• if K∗ = K ′∗ is an augmentable chain complex, Cπ∗ = (C ′∗)

π, g = idCπ , and t is augmentation-
preserving, then

(idCπ∗ , h)∗(kt
′

K,L′) = ktK,L ∈ H3(Cone(tL);H2(K)).

Proof. The existence of the map (g, h) follows from Lemma 2.4, as does the assertion on ho-
motopy equivalences. We therefore focus on the last statement: when K = K ′ and g = idCπ ,
a representative for (g, h) = (idCπ , h) is

(
idCπ ψ

0 h

)
(where ψ : tL ' tL′ ◦ h is a homotopy) and

the equality (idCπ , h)∗(kt
′

K,L′) = ktK,L follows either from a rapid verification of from the next
proposition. �

Given subcomplexes L∗ ≤ K∗ and L′∗ ≤ K ′∗, the next proposition shows that the relative k-
invariant serves as an obstruction to extending a given chain map h : L∗ → L′∗ toK∗|[0,3] → K ′∗|[0,3].

Proposition 3.5. Let K∗ and K ′∗ be augmented Z[π]-chain complexes which are acyclic in di-
mensions < 2, let t : K∗ → Cπ∗ and t′ : K ′∗ → Cπ∗ be augmentation-preserving chain maps,
let iL : L∗ → K∗ and iL′ : L

′
∗ → K ′∗ be inclusions of subcomplexes such that Li (resp. L′i) is

a summand of Ki (resp. K ′i) for each i, and set tL := t ◦ iL and t′L′ := t′ ◦ iL′ .
For a chain map h : L∗ → L′∗ with tL ' t′L′ ◦ h, and a homomorphism F : H2(K) → H2(K ′),

the following assertions are equivalent:

• There exists an augmentation-preserving chain map f : K∗|[0,3] → K ′∗|[0,3] with

f ◦ iL|[0,2] ' iL′ |[0,2] ◦ h|[0,2] : L∗|[0,2] → K ′∗,

and f∗ = F : H2(K)→ H2(K ′),
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• The relative k-invariants satisfy

h∗(kt
′

K′,L′) = F∗(k
t
K,L),

where h∗ := (idCπ , h)∗ is the map from Lemma 3.4.

Proof. We begin with the “only if”-direction: we assume that f exists and prove the equality
involving relative k-invariants. Let α : Cπ∗ |[0,2] → K∗|[0,2] and φ : L2 → Z2(K) be as in Lemma 2.3
(i.e. with α ◦ tL ' iL +φ), set α′ := f ◦α : Cπ∗ |[0,2] → K ′∗|[0,2] , choose a homotopy ψ : tL ' t′L′ ◦h,
apply the last sentence of Lemma 2.3 to obtain a map φ′ : L2 → Z2(K) with α′ ◦ t′L′ ' iL′ + φ′

(this is possible because f is augmentation-preserving) and consider the following diagram:

(3.6) Cπ3 ⊕ L2

(α2◦dπ3 ,φ)//

(idCπ ,h):=
(

id ψ2

0 h2

)
��

Z2(K) // H2(K)

f∗

��
Cπ3 ⊕ L′2

(α′2◦d
π
3 ,φ
′)// Z2(K ′) // H2(K ′).

A direct calculation shows that this diagram commutes up to a coboundary:(
α′2 ◦ dπ3 φ′

)(id ψ2

0 h2

)
=
(
α′2 ◦ dπ3 α′2 ◦ dπ3 ◦ ψ2 + φ′ ◦ h2

)
=
(
f ◦ α2 ◦ dπ3 α′2 ◦ tL − α′2 ◦ t′L′ ◦ h+ φ′ ◦ h2

)
+
(
0 α′2 ◦ ψ1 ◦ dL2

)
=
(
f ◦ α2 ◦ dπ3 f ◦ iL + f ◦ φ− iL′ ◦ h

)
+
(
0 −α′2 ◦ ψ1

)(dπ3 (tL)2

0 −dL2

)
=
(
f ◦ α2 ◦ dπ3 f ◦ φ

)
−
(
0 α′2 ◦ ψ1

)(dπ3 (tL)2

0 −dL2

)
.

The third equality uses α ◦ tL ' iL + φ and α′ ◦ t′L′ ' iL′ + φ′, the fourth uses f ◦ iL|[0,2] '
iL′ |[0,2] ◦ h|[0,2]. In both cases, we are also relying on the fact that the equalities take place
in H2(K ′).

Since the top composition in (3.6) is θtK,L, which represents ktK,L and the bottom composition

is θt
′

K′,L′ , which represents kt
′

K′,L′ , it follows that h∗(kt
′

K′,L′) = F∗(k
t
K,L) as claimed.

We now show the “if”-direction. The strategy of the proof, which is a relative version of [EM49,
Theorem 7.1] and [MW50, Theorem 4] is as follows. We define intermediate maps g and F2 that
will allow us to construct fi in degree 0, 1, 2. We then argue that f2 extends over the 3-skeleton
and then conclude by showing that the resulting chain map f satisfies the required properties.

We construct the map g. Let θtK,L and θt
′

K′,L′ respectively be the representatives of ktK,L
and kt

′

K′,L′ from Definition 3.2. Since we assumed F∗(k
t
K,L)−h∗(kt′K′,L′) = 0 ∈ H3(Cone(tL);H2(K ′)),

on the chain level, the representative cocycle F ◦ θtK,L − θt
′

K′,L′ ◦
(

id ψ
0 h

)
(where ψ : tL ' t′L ◦ h is a

homotopy) is in fact a coboundary, meaning that there exists a map

m′ : Cone(tL)2 → H2(K ′) with m′◦dCone(tL)
3 = F◦θtK,L−θt

′

K′,L′◦
(

id ψ
0 h

)
: Cone(tL)3 → H2(K ′).

Since Cone(tL)2 is a free Z[π]-module, m′ lifts to a map g′ : Cone(tL)2 → Z2(K ′) and we set

g′π : Cπ2
inclL−−−→ Cone(tL)2

g′−→ Z2(K ′).

We construct the map F2. Consider the chain maps α : Cπ∗ |[0,2] → K∗|[0,2] and α′ : Cπ∗ |[0,2] → K ′∗|[0,2]

with α◦tL ' iL+φ : L∗|[0,2] → K∗ (say via a chain homotopy DL) and α′◦t′L′ ' iL′+φ′ : L′|[0,2] →
K ′ underlying the definition of θtK,L and θt

′

K′,L′ . By Lemma 2.1, α ◦ t ' idK : K∗|[0,1] → K∗ and
there exists a chain homotopy D such that D ◦ iL is part of the chain homotopy DL : α ◦ tL '
iL + φ : L∗|[0,2] → K∗. Consider the map

E2 : K2 → Z2(K), E2 := id−α2 ◦ t2 −D1 ◦ dK2 .

Note that the composition L2
(iL)2−−−→ K2

E2−−→ Z2(K)→ H2(K) equals −φ:

φ+E2◦(iL)2 = φ+(iL)2−α2◦(tL)2−D1◦dK2 ◦(iL)2 = (iL)2+φ−α2◦(tL)2−(DL)1◦dL2 = dK3 ◦(DL)2.
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Since Z2(K ′)→ H2(K ′) is surjective and K2 is a free Z[π]-module, there is a map

F2 : K2 → Z2(K ′)

making the following diagram commute:

K2
E2 //

F2

##

Z2(K)
proj // H2(K)

F

��
Z2(K ′)

proj′ // H2(K ′).

Since L2
(iL)2−−−→ K2

E2−−→ Z2(K) → H2(K) is −φ, we can assume that F2 is −F ◦ φ on the sum-
mand L2 of K2, i.e. proj′ ◦F2 ◦ (iL)2 = −F ◦ φ. For later use, it will be helpful to rewrite this
expression. Recall that m′ : Cone(tL)2 → H2(K ′) lifts to g′ = (g′π, g

′
L) : Cone(tL)2 → K ′2. Expand

the equation m′ ◦ dCone(tL)
3 = F ◦ θtK,L − θt

′

K′,L′ ◦
(

id ψ
0 h

)
: Cone(tL)3 → H2(K ′), and look at the

second coordinate of the outcome:

proj′ ◦F2 ◦ (iL)2 = −F ◦ φ = −proj′ ◦(φ′ ◦ h2 −α′2 ◦ dπ3 ◦ψ2 + g′π ◦ (tL)2 − g′L ◦ dL2 ) : L2 → H2(K ′).

Now lift to Z2(K ′) to obtain, for some homomorphism $ : L2 → K ′3, the expression

F2 ◦ (iL)2 = −φ′ ◦ h2 + α′2 ◦ dπ3 ◦ ψ2 − g′π ◦ (tL)2 + g′L ◦ dL2 + dK3 ◦$ : L2 → Z2(K ′).

Now that we have defined g′π and F2, we are ready to define f0, f1 and f2. We proceed by
slight modifying the argument from [EM49, Proof of Theorem 7.1] (see also [MW50, Proof of
Theorem 4]): on the 2-skeleton of our chain complexes, the required chain map is defined by

fi := α′i ◦ ti : Ki → K ′i for i = 0, 1,

f2 := α′2 ◦ t2 + g′π ◦ t2 + F2 : K2 → K ′2.

We verify that f ◦ ιL ' ιL′ ◦ h as maps L∗|[0,2] → K∗, then check f2 induces F on H2(K), and
finally confirm that f2 extends to the 3-skeleta of the chain complexes.

We begin by showing that f ◦ ιL ' ιL′ ◦h. Starting from the definition of f and our calculation
of F2 ◦ (iL)2, we consider the following sequence of chain homotopies of maps L∗|[0,2] → K∗:

f ◦ ιL = α′ ◦ tL + g′π ◦ (tL)2 + F2 ◦ (iL)2

= α′ ◦ tL + g′π ◦ (tL)2 − (φ′ ◦ h2 − α′2 ◦ dπ3 ◦ ψ2 + g′π ◦ (tL)2 − g′L ◦ dL2 − dK3 ◦$)

= α′ ◦ tL + α′2 ◦ dπ3 ◦ ψ2 − φ′ ◦ h2 + g′L ◦ dL2 + dK3 ◦$
' α′ ◦ tL + α′2 ◦ dπ3 ◦ ψ2 − φ′ ◦ h2 + g′L ◦ dL2
' α′ ◦ tL + α′2 ◦ dπ3 ◦ ψ2 − φ′ ◦ h2

' α′ ◦ t′L′ ◦ h− φ′ ◦ h2

' iL′ ◦ h.

The first chain homotopy, which removes dK3 ◦$, is −$ : L2 → K ′3 in degree 2 and the zero map
in all other degrees. The second chain homotopy, which removes g′L ◦ dL2 , is g′L : L1 → K ′2 in
degree 1 and the zero map in all other degrees; this uses that g′L takes values in Z2(K ′) so that
the map on L1 remains unchanged under the homotopy. The third chain homotopy is −α′i ◦ ψi
in degrees i = 0, 1 and the zero map in degree 2; here recall that ψ : tL ' t′L ◦ h. The final chain
homotopy is a consequence of the chain homotopy α′ ◦ t′L′ ' iL′ + φ′.

We verify that the chain map f2 induces F on H2(K) i.e. that for every cycle z ∈ Z2(K) we
have [f2(z)] = F ([z]). Note that since [t2(z)] ∈ H2(Cπ) = 0, there exists a c ∈ Cπ3 with dπ3 (c) =
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t2(z). Using the definitions of f2, F2, E2 and g′π we obtain:

[f2(z)] = [(α′2 ◦ t2 + g′π ◦ t2 + F2)(z)]

= [α′2 ◦ dπ3 (c) + g′π ◦ dπ3 (c)] + F ([E2(z)])

= [θK′(c) +m′ ◦ inclL ◦dπ3 (c)] + F ◦ proj ◦(id−α2 ◦ t2 −D1 ◦ dK2 )(z)

= [θK′(c) +m′ ◦ dCone(tL)
3 ◦ inclL(c)] + F ([z])− F ([α2 ◦ dπ3 (c)])

= [θK′(c) + (F ◦ θtK,L − θt
′

K′,L′ ◦
(

id ψ
0 h

)
)(inclL(c))] + F ([z])− [F (θK(c))]

= [θK′(c) + (F ◦ θK − θK′)(c)] + F ([z])− [F (θK(c))]

= F ([z]).

We now prove that f2 extends to a map K3 → K ′3. First, a near identical calculation to the
above shows that [f2 ◦ dK3 (c)] = 0 for all c ∈ K3. To see this, write proj : Z2(K) → H2(K)
and proj′ : Z2(K ′)→ H2(K ′) for the projections and calculate

proj′ ◦f2 ◦ dK3 = proj′ ◦(α′2 ◦ t2 + g′π ◦ inclL ◦t2 + F2) ◦ dK3
= proj′ ◦α′2 ◦ dπ3 ◦ t3 +m′ ◦ inclL ◦t2 ◦ dK3 + F ◦ proj ◦E2 ◦ dK3
= [θK′ ◦ t3 +m′ ◦ inclL ◦dπ3 ◦ t3] + F ◦ proj ◦(id−α2 ◦ t2 −D1 ◦ dK2 ) ◦ dK3
= [θK′ ◦ t3 +m′ ◦ dCone(tL)

3 ◦ inclL ◦t3]− F ◦ proj ◦α2 ◦ t2 ◦ dK3
= [θK′ ◦ t3 +

(
F ◦ θK,L − θK′,L′ ◦

(
id ψ
0 h

))
◦ inclL ◦t3]− F ([θK ◦ t3])

= [θK′ ◦ t3 + ((F ◦ θK − θK′) ◦ t3)]− F ([θK ◦ t3])

= 0.

It follows that f2 ◦ dK3 (K3) ⊂ B2(K ′). Since K3 is free and dK
′

3 : K ′3 → B2(K ′) is surjective, there

is a map f3 : K3 → K ′3 with dK
′

3 ◦ f3 = f2 ◦ dK3 . �

We conclude this section with a technical result that we will require later on. To do so, recall
that given a homomorphism u : π → π′ and a Z[π′]-module H, we write ResuH for the Z[π]-module
whose underlying abelian group is H, but with π-action given by γ · x = u(γ)x.

Lemma 3.7. Let u : π → π′ be a group isomorphism, let K ′∗ be an augmented Z[π′]-chain complex

that is acyclic in dimensions < 2, let iL′ : L
′
∗ → K ′∗ be the inclusion of a subcomplex, let Cπ

′
be

a free Z[π′]-resolution of Z, let t′ : K ′∗ → Cπ
′

∗ be a Z[π′]-chain map that preserves augmentations
and set t′L′ := t′ ◦ iL′ .

The Z[π]-chain complex Resu(K ′∗) is acyclic in dimensions < 2 and, considering the Z[π]-chain

map Resu(t′) : Resu(K ′∗)→ Resu(Cπ
′

∗ ), there is a canonical group isomorphism

H3(Cone(Resu(t′L′));H2(ResuK
′))
∼=−→ H3(Cone(t′L′);H2(K ′))

that takes k
Resu(t′)
(Resu(K′),Resu(L′)) to kt

′

(K′,L′).

Proof. Restriction of scalars does not change the chain groups and differentials of a chain complex.
Since Cone(Resu(t′L′)) = Resu Cone(t′L′), one can identify HomZ[π](Cone(Resu(t′L′)),ResuH2(K ′))
with HomZ[π](Cone(t′L′), H2(K ′)). The claim about the k-invariants also follows immediatly. �

Remark 3.8. Since restriction of scalars is manifestly an exact functor, we will often iden-
tify the Z[π]-modules ResuH2(K ′) and H2(ResuK

′), as well as H3(Cone(Resu(t′));H2(ResuK
′))

and H3(Cone(Resu(t′)); ResuH2(K ′)), as abelian groups.

4. Relative k-invariants of CW pairs.

This section defines the k-invariant of a CW pair and describes some of its main properties.

Notation 4.1. In what follows, for a CW pair (X,Y ) with basepoint x ∈ Y , universal cover X̃

and restricted cover Ỹ , we fix a preimage x̃ ∈ Ỹ of x. The complex C∗(X̃) comes with a natural

augmentation obtained by basing C0(X̃) with any lifts ṽ0, . . . , ṽn of the 0-cells v0, . . . , vn of X and
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setting aug(γṽi) = 1 for every γ ∈ π. Using the basepoint x̃, the Hurewicz theorem leads to an

isomorphism π2(X) ∼= H2(X̃) ∼= H2(C∗(X̃)).

Section 4.1 focuses on some lemmas that are required to establish properties of the k-invariant
of a CW pair. Section 4.2 defines the k-invariant of a CW pair.

4.1. Set-up and lemmas. We prove several lemmas that will be of use to define the k-invariant
of a CW pair. First, we note that we are in the setting of Section 2.

Lemma 4.2. Given a CW complex X and a free Z[π1(X)]-resolution C
π1(X)
∗ of Z, there is a chain

map t : C∗(X̃)→ C
π1(X)
∗ that preserves augmentations.

Proof. Pick a model Bπ1(X) with the same 0-skeleton as X and containing X as a subcomplex,

choose a chain homotopy equivalence C∗(B̃π1(X)) ' C
π1(X)
∗ that preserves augmentations, and

consider the composition t : C∗(X̃)→ C∗(B̃π1(X)) ' Cπ1(X)
∗ . �

The next two lemmas will be used to study the relative k-invariant and its properties.

Lemma 4.3. Let π and π′ be groups, let Y, Y ′ be CW complexes, and let ν : Y → Bπ as well
as ν′ : Y ′ → Bπ′ be cellular maps. Given a map h : Y → Y ′, an isomorphism u : π → π′ such
that u ◦ ν∗ = ν′∗ ◦ h∗, and a map v : Bπ → Bπ′ realising u, there is, up to homotopy, a unique
chain map

(u, h)v : C∗(M̃(ν), Ỹ )→ Resu C∗(M̃(ν′), Ỹ ′)

that makes the following diagram commute:

C∗(B̃π)

v∗

��

// C∗(M̃(ν), Ỹ )

(u,h)v

��

// C∗−1(Ỹ )

h∗
��

Resu C∗(B̃π
′) // Resu C∗(M̃(ν′), Ỹ ′) // Resu C∗−1(Ỹ ′).

A homotopy equivalence v as above exists, is unique up to homotopy, and if v ' v′ are homotopic,
then (u, h)v ' (u, h)v

′
. In particular, for any Z[π′]-module A, the pair (u, h) induces a group

homomorphism
(u, h)∗ : H3(M(ν′), Y ′;A)→ H3(M(ν), Y ; ResuA).

Proof. Since ν and ν′ are cellular, we have C∗(M̃(ν), Ỹ ) = Cone(ν̃∗)∗ and C∗(M̃(ν′), Ỹ ) =
Cone(ν̃′∗)∗; see e.g. [Wei94, page 20]. Since any two choices v, v′ : Bπ → Bπ′ realising u are
homotopic, the result follows directly from Lemma 2.4. In this last step, we used Lemma 3.7 to
identify H∗(Resu(C(M(ν), Y )); ResuA) with H∗(M(ν), Y ;A). �

Lemma 4.4. Let π be a group, let Y be a CW complex and let Cπ∗ be a free Z[π]-resolution of Z.

Given a cellular map ν : Y → Bπ, a chain map t : C∗(Ỹ ) → Cπ∗ that preserves augmentations,

and a chain homotopy equivalence ϕ : C∗(B̃π)→ Cπ∗ with ϕ ◦ ν∗ ' tY , there is up to homotopy a
unique map

φϕt,ν : C∗(M̃(ν), Ỹ )→ Cone(tY )∗

that makes the following diagram commute:

C∗(B̃π)

ϕ

��

// C∗(M̃(ν), Ỹ )

φϕt,ν

��

// C∗−1(Ỹ )

=

��
Cπ∗ // Cone(t)∗ // C∗−1(Ỹ ).

A homotopy equivalence ϕ as above exists, is unique up to homotopy, and if ϕ ' ϕ′ are homotopic,

then φϕt,ν ' φ
ϕ′

t,ν . In particular, for every Z[π]-module A, there is an isomorphism

φ∗t,ν : H3(Cone(t);A)
∼=−→ H3(M(ν), Y ;A).

Furthermore, this map satisfies the following properties:
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(1) for any chain homotopy t ' t′ : C∗(Ỹ )→ Cπ∗ , we have

φ∗t,ν ◦ (idCπ , idC(Ỹ ))
∗ = φ∗t′,ν

where (idCπ , idC(Ỹ ))
∗ is the isomorphism from Lemma 3.4;

(2) for every cellular map ν′ : Y → Bπ that is homotopic to ν, we have

φ∗t,ν = (idπ, idY )∗ ◦ φ∗t,ν′

where (idπ, idY )∗ is the isomorphism from Lemma 4.3.

Proof. For the existence of ϕ, note that since Cπ∗ is acyclic, [EM49, Theorem 5.1] ensures that

any augmentation preserving chain map ϕ : C∗(B̃π) → Cπ∗ satisfies ϕ ◦ ν∗ ' tY . The uniqueness
of ϕ up to homotopy equivalence follows from Lemma 2.1. Since ν is cellular, we use the identi-

fication C∗(M̃(ν), Ỹ ) = Cone(ν̃∗)∗. The existence and uniqueness of φϕt,ν follow from Lemma 3.4

applied to K∗ = C∗(B̃π) = K ′∗, L∗ = C∗(Ỹ ) = L′∗ and h = idC(Ỹ ). In order to prove the last two

assertions, pick ϕ,ϕ′ : C∗(B̃π) → Cπ∗ as above. Since these maps are necessarily homotopic, we
obtain the homotopy commutative diagram

C∗(B̃π)
= //

ϕ

��

C∗(B̃π)

ϕ′

��
Cπ∗

= // Cπ∗ .

The uniqueness portion of Lemma 2.4 now yields the homotopy commutative diagram

C∗(M̃(ν), Ỹ )
(idπ,idY )//

φϕt,ν

��

C∗(M̃(ν′), Ỹ )

φϕ
′

t′,ν′

��
Cone∗(t|Y )

(idCπ ,idC(Ỹ ))// Cone(t′|Y )∗.

Here the notation for the horizontal maps is the one from Lemmas 3.4 and 4.3. When t = t′, the
bottom map can be taken to be the identity, whereas when ν = ν′, the top map can be taken to
be the identity. The last two assertions now follow by passing to cohomology. �

4.2. The k-invariant of a CW pair. We define the k-invariant of a CW pair and establish some
of its properties.

Notation 4.5. Given a CW pair (X,Y ), a cellular map ν : X → Bπ1(X) and an augmentation-

preserving chain map t : C∗(X̃)→ C
π1(X)
∗ , we write

kνX,Y := φ∗t,ν(kt
C(X̃),C(Ỹ )

) ∈ H3(M(ν|Y ), Y ;π2(X)).

Here and in what follows, for brevity, we write φ∗t,ν := φ∗t|C(Ỹ ),ν|Y
for the map from Lemma 4.4.

Lemmas 4.4 and 3.4 imply that kνX,Y does not depend on the choice of the chain map t. Note also

that for any two cellular maps ν, ν′ : X → Bπ1(X), Lemma 4.4 shows that the k-invariants kνX,Y
and kν

′

X,Y are related by a canonical isomorphism.

Definition 4.6. The relative k-invariant of a CW pair (X,Y ) refers to

kνX,Y ∈ H3(M(ν|Y ), Y ;π2(X))

for any choice of a cellular ν : X → Bπ1(X).

In our conventions, we fixed for each space X a model Bπ1(X) such that X → Bπ1(X) is the
identity on π1. We nevertheless note that the proof of Lemma 4.3 shows that if one uses another
such model, say (Bπ1(X))′, the resulting k-invariants are related by a canonical isomorphism.
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Remark 4.7. The reader might have noted that the choice of a map ν : X → Bπ1(X) induces an

augmentation preserving chain map t = ν∗ : C∗(X̃) → C∗(B̃π1(X)). The reason for which we do

not simply take Cπ∗ = C∗(B̃π1(X)) and t = ν∗ will become apparent during the proof of the next
proposition when we compare the relative k-invariants of two different CW pairs.

In what follows, i : Y → X denotes the inclusion of a subcomplex. The next result constitutes
one of the main technical steps needed to prove Theorem 1.1.

Theorem 4.8. Let (X,Y ), (X ′, Y ′) be CW pairs, let ν : X → Bπ1(X) and ν′ : X → Bπ1(X ′)
be cellular maps, let u : π1(X) → π1(X ′) be an isomorphism, let h : Y → Y ′ be a map that
satisfies u ◦ i∗ = i′∗ ◦ h∗, and let F : π2(X) → π2(X ′) be a u-equivariant homomorphism. The
following assertions are equivalent:

• There is a map g : P2(X)→ P2(X ′) that induces u and F on π1 and π2, respectively, and
such that the following are homotopic:

Y ↪→ X → P2(X)
g−→ P2(X ′) and Y

h−→ Y ′ ↪→ X ′ → P2(X ′).

• The relative k-invariants satisfy

(u, h)∗(kν
′

X′,Y ′) = F∗(k
ν
X,Y ) ∈ H3(M(ν|Y ), Y ; Resu π2(X ′)),

for any ν : X → Bπ1(X) and ν′ : X ′ → Bπ1(X ′), and where (u, h)∗ is the map from
Lemma 4.3.

Proof. We begin with some set-up. Set π := π1(X) and π′ := π1(X ′) for brevity. The assump-
tion u ◦ i∗ = i′∗ ◦ h∗ makes it possible to choose a homotopy equivalence v : Bπ → Bπ′ that
induces u on π1, satisfies v ◦ ν|Y ' ν′|Y ◦ h, and induces an augmentation-preserving Z[π]-chain
homotopy equivalence on the chain level. Next, choose an augmentation preserving homotopy

equivalence ϕ′ : Resu C∗(B̃π
′) ' Cπ∗ , leading to an augmentation preserving homotopy equiva-

lence ϕ := ϕ′ ◦ v∗ : C∗(B̃π) ' Cπ∗ . This set-up can be summarised by the following diagram
of Z[π]-chain complexes in which the triangle commutes and the rectangle homotopy commutes:

C∗(Ỹ )
h∗ //

��

Resu C∗(Ỹ
′)

��
C∗(X̃)

��

Resu C∗(X̃
′)

��
C∗(B̃π)

v∗,' //

ϕ,'
##

Resu C∗(B̃π
′)

ϕ′,'yy
Cπ∗ .

We obtain Z[π]-chain maps t : C∗(X̃) → Cπ∗ and t′u : Resu C∗(X̃
′) → Cπ∗ with tY ' (t′u)Y ′ ◦ h∗,

where we write tY := t|C∗(Ỹ ) for brevity, and similarly for (t′u)Y ′ . Proposition 3.5 ensures

that h∗ : C∗(Ỹ )|[0,2] → Resu C∗(Ỹ
′)|[0,2] extends to a chain map C∗(X̃)|[0,2] → Resu C∗(X̃

′)|[0,2]

that induces F if and only if F∗(k
t
C(X̃),C(Ỹ )

) = (idCπ , h)∗(k
t′u
Resu C(X̃′),Resu C(Ỹ ′)

).

Claim. The following equivalence holds:

F∗(k
t
C(X̃),C(Ỹ )

) = (idCπ , h)∗(k
t′u
Resu C(X̃′),Resu C(Ỹ ′)

) if and only if F∗(k
ν
X,Y ) = (u, h)∗(kν

′

X′,Y ′).
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Proof. Consider the following commutative diagram:

Cπ∗
= // Cπ∗

= // Cπ∗

C∗(B̃π)
= //

ϕ

OO

C∗(B̃π)
v∗ //

ϕ

OO

Resu C∗(B̃π).

ϕ′

OO

Applying Lemma 2.4, and recalling that C∗(M̃(ν|Y ), Ỹ ) = Cone((ν̃|Y )∗)∗, C∗(M̃(ν′|Y ′), Ỹ ′) =
Cone((ν̃′|Y ′)∗)∗ as well as the notation from Lemmas 3.4, 4.3 and 4.4 leads to the following
homotopy commutative diagram:

Cone(tY )∗
= // Cone(tY )∗

(id,h∗) // Cone((t′u)Y ′)∗

C∗(M̃(ν|Y ), Ỹ )
= //

φϕt,ν

OO

C∗(M̃(ν|Y ), Ỹ )
(v∗,h∗)//

φϕt,ν

OO

Resu C∗(M̃(ν′|Y ′), Ỹ ′).

φϕ
′

t′u,ν
′

OO

Passing to cohomology now leads to the following commutative diagram:

H3(Cone(tY );H2(X̃))
F∗ //

∼= φ∗t,ν

��

H3(Cone(tY ); ResuH2(X̃ ′))

∼= φ∗t,ν

��

H3(Cone((t′u)Y ′); ResuH2(X̃ ′))
(id,h)∗oo

∼= φ∗t,ν

��
H3(M(ν|Y ), Y ;H2(X̃))

F∗ // H3(M(ν|Y ), Y ; ResuH2(X̃ ′)) H3(M(ν′|Y ′), Y ′;H2(X̃ ′)).
(u,h)∗oo

Here, in the bottom right, we used Lemma 3.7 to make the k-invariant preserving identification

H3(M(ν′|Y ′), Y ′;H2(X̃ ′)) = H3(Cone((ν̃′|Y ′)∗);H2(X̃ ′)) = H3(Resu Cone((ν̃′|Y ′)∗); ResuH2(X̃ ′))

= H3(Resu C(M̃(ν′|Y ′), Y ′); ResuH2(X̃ ′)).

The claim now follows from the commutativity of this diagram �

At this point, we are ready to prove the equivalence asserted by the theorem. To do so, we
note that the existence of a map g : P2(X)→ P2(X ′) as in the theorem statement is independent
of the choice of the models for P2(X) and P2(X ′). We therefore assume without loss of generality
that P2(X) and P2(X ′) are respectively obtained from X and X ′ by attaching cells of dimension ≥
4.

We now prove that the existence of the map g implies the condition on the relative k-invariants.
If g : P2(X) → P2(X ′) induces u and F on π1 and π2, respectively, and is such that the com-

positions Y ↪→ X → P2(X)
g−→ P2(X ′) and Y

h−→ Y ′ ↪→ X ′ → P2(X ′) are homotopic, then
(thanks to our choice of models for P2(X) and P2(X ′)), the chain map g∗ : C∗(P2(X))|[0,3] →
Resu C∗(P2(X ′))|[0,3] induces a chain map f := g∗ : C∗(X̃)|[0,3] → Resu C∗(X̃

′)|[0,3] that satisfies
the conditions of Proposition 3.5, whence by the claim

(u, h)∗(kν
′

X′,Y ′) = F∗(k
ν
X,Y ).

For the converse, we assume that (u, h)∗(kν
′

X′,Y ′) = F∗(k
ν
X,Y ) and construct the required map g.

Thanks to the claim and Proposition 3.5, the condition on the k-invariants produces a chain
map f , with the aforementioned properties. Apply [Whi49, Theorem 16] to realise this f by a
map g′ : X(3) → (X ′)(3) that induces u and F and whose restriction to Y (2) satisfies g′∗ = h∗
on C∗(Ỹ )|[0,2]. Postcompose g′ with the map (X ′)(3) → P2(X ′) to get a map X(3) → P2(X ′).
Since πk(P2(X ′)) = 0 for k ≥ 3, one can extend g′ further to a map g : P2(X)→ P2(X ′). Now

Y ↪→ X → P2(X)
g−→ P2(X ′) and Y

h−→ Y ′ ↪→ X ′ → P2(X ′)

induce chain homotopic maps on C∗(Ỹ )|[0,2]. By [Whi49, Theorem 14] this implies that the re-

strictions of the compositions to Y (2) are homotopic. But now, since πk(P2(X ′)) = 0 for k ≥ 3
this means that they are homotopic as maps Y → P2(X ′). Thus g is a map as required. �
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5. Relative k-invariants of spaces

This section defines relative k-invariants for pairs of spaces that are homotopy equivalent to
a CW pair and then proves Theorem 1.1 from the introduction.

We begin by generalising the definition of the map (u, h) from Lemma 4.3 to the case where
the target of h is not a CW complex.

Lemma 5.1. Let Y be a CW complex, let Y ′ be a space, and let ν : Y → Bπ and ν′ : Y ′ → Bπ′

be maps with ν cellular. Then, up to homotopy rel. Y , a group isomorphism u : π → π′ and a
map h : Y → Y ′ satisfying u ◦ ν∗ = ν′∗ ◦ h∗ give rise to a unique map

(u, h) : M(ν)→M(ν′)

that extends h and induces u on fundamental groups. In particular, for any Z[π′]-module A, the
pair (u, h) induces a group homomorphism

(u, h)∗ : H3(M(ν′), Y ′;A)→ H3(M(ν), Y ; ResuA).

When Y, Y ′ are CW complexes, and ν, ν′ are cellular, the chain map induced by (u, h) is homotopic
to the one described in Lemma 4.3.

Proof. This follows directly from the property that (based) maps into Bπ′ are determined up to
(based) homotopy by the induced map on fundamental groups and that M(ν′) is again a model
for Bπ′. We give more details for the reader’s convenience.

Realise u : π → π′ by a map v : Bπ → Bπ′, so that v◦ν ' ν′◦h. It follows that Y
h−→ Y ′ ↪→M(ν′)

is homotopic to g : Y
ν−→ Bπ

v−→ Bπ′ ↪→M(ν′). Choosing a homotopy H : Y × I →M(ν′) between
these maps leads to a map extending h that induces u on fundamental groups, namely

(u, h) := g ∪H : M(ν)→M(ν′).

It remains to show uniqueness. Let g, g′ : M(ν) → M(ν′) be maps that extend h and induce
u on fundamental groups and let H,H ′ be defined defined as above. We show that (u, h) :=
g ∪ H and (u, h)′ := g′ ∪ H ′ are homotopic rel. Y . Since M(ν′) is 3-coconnected, and the
restriction (u, h)|Y = g|Y = h = g′|Y = (u, h)′|Y : Y → Y ′ ⊂ M(ν′) is a homotopy equiva-
lence, [CK25, Lemma 5.3] ensures that there is a homotopy equivalence φ : M(ν′) → M(ν′) that
is the identity on Y ′ and such that (u, h)′ ' φ ◦ (u, h).

When both Y and Y ′ are CW complexes and ν and ν′ are cellular, it follows from Lemma 2.4
that (u, h)∗ is chain homotopic to the map from Lemma 4.3. �

For a pair (X,Y ) that is homotopy equivalent to a CW pair, the following lemma will make it
possible to define kX,Y by pulling back the relative k-invariant of any CW pair that is homotopy
equivalent to (X,Y ).

Lemma 5.2. Let (X,Y ) be a pair of spaces, let (fi, hi) : (X ′i, Y
′
i )→ (X,Y ) be a homotopy equiv-

alence with (X ′i, Y
′
i ) a CW pair, and set ui := (fi)∗ for i = 0, 1. Fix a map ν : X → Bπ1(X) and

a cellular map ν′i : X
′
i → Bπ1(X ′i) for i = 0.1. For i = 0, 1, the composition

H3(M(ν′i), Y
′
i ;π2(X ′i))

(ui,hi)
∗,∼=←−−−−−−− H3(M(ν), Y ; Resu−1

i
π2(X ′i))

(fi)∗,∼=−−−−−→ H3(M(ν), Y ;π2(X))

takes k
ν′0
X′0,Y

′
0

and k
ν′1
X′1,Y

′
1

to the same element in H3(M(ν), Y ;π2(X)).

Proof. Note that our choice of model for Bπ1(X) and Bπ1(X ′i) ensures that on fundamental
groups, (ν|Y )∗ ◦ (hi)∗ = ui ◦ (ν′i|Y ′i )∗ for i = 0, 1. Consequently, the maps (ui, hi) from Lemma 5.1
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are defined. Consider the following diagram:

H3(M(ν′0|Y ′0 ), Y ′0 ;π2(X ′0))

(f0)∗

��

H3(M(ν|Y ), Y ; Resu−1
0
π2(X ′0))

(u0,h0)∗oo

(f0)∗

&&

(f0)∗

��
H3(M(ν′0|Y ′0 ), Y ′0 ; Resu0

π2(X))

(f1)−1
∗

��

H3(M(ν|Y ), Y ;π2(X))

(f1)−1
∗

��
H3(M(ν′0|Y ′0 ), Y ′0 ; Resu−1

1 ◦u0
π2(X ′1)) H3(M(ν|Y ), Y,Resu−1

1
π2(X ′1))

(u0,h0)∗oo (f1)∗ // H3(M(ν|Y ), Y ;π2(X)).

H3(M(ν|Y ), Y ; Resu−1
1
π2(X ′1))

(u1,h1)∗

��

(u0,h0)∗

OO

=

++
H3(M(ν′1|Y ′1 ), Y ′1 ;π2(X ′1)) H3(M(ν|Y ), Y ; Resu−1

1
π2(X ′1))

(u1,h1)∗oo

(f1)∗

88

=

OO

The commutativity of the triangles and of the lower square are immediate. The commutativity of
the top square follows from the naturality of the maps from Lemma 5.1.

Choose homotopy inverses f1 of f1 and h1 of h1 respectively. Set f ′ := f1 ◦ f0, h
′ := h1 ◦ h0

and u′ := u−1
1 ◦ u0. Note that (u′, h′)∗ ◦ (u1, h1)∗ = (u0, h0)∗ and (f ′)∗ = (f1)−1 ◦ (f0)∗, whence

(f0)∗ ◦ (u0, h0)−∗(k
ν′0
X′0,Y

′
0
) = (f1)∗ ◦ (u1, h1)−∗ ◦ (u1, h1)∗ ◦ (u0, h0)−∗ ◦ (f1)−1

∗ ◦ (f0)∗(k
ν′0
X′0,Y

′
0
)

= (f1)∗ ◦ (u1, h1)−∗ ◦ (u′, h′)−∗ ◦ (f ′)∗(k
ν′0
X′0,Y

′
0
)

= (f1)∗ ◦ (u1, h1)−∗(k
ν′1
X′1,Y

′
1
).

Here, the first equality uses the commutativity of the diagram above, the second follows from the
definition of f ′, h′, u′, and the last relies on Theorem 4.8. �

We can now define the k-invariant of a pair of spaces that is homotopy equivalent to a CW
pair. Lemma 5.2 ensures that this is independent of the choice of homotopy equivalence.

Notation 5.3. Let (X,Y ) be a pair of spaces that is homotopic to a CW pair, say via a homotopy
equivalence (f, g) : (X ′, Y ′) → (X,Y ) with (X ′, Y ′) a CW pair. Set u := (f∗) : π1(X ′) → π1(X).
Given a map ν : X → Bπ1(X) and a cellular map ν′ : X ′ → Bπ1(X ′), define the relative k-
invariant

kνX,Y ∈ H3(M(ν|Y ), Y ;π2(X))

to be the image of kν
′

X′,Y ′ under the composition

H3(M(ν′|Y ′), Y ′;π2(X ′))
(u,g)∗,∼=←−−−−− H3(M(ν|Y ), Y ;π2(X ′))

f∗,∼=−−−→ H3(M(ν|Y ), Y ;π2(X)).

Remark 5.4. Given another ν̃ : X → Bπ1(X), there is a k-invariant preserving isomorphism

H3(M(ν̃|Y ), Y ;π2(X))→ H3(M(ν|Y ), Y ;π2(X)),

namely the unique dashed map that makes the following diagram commute

H3(M(ν′|Y ′), Y ′;π2(X ′))
(u,g)−∗

∼=
//

(idπ,idY )∗∼=
��

H3(M(ν|Y ), Y ;π2(X ′))
f∗

∼=
// H3(M(ν|Y ), Y ;π2(X))

��
H3(M(ν̃′|Y ′), Y ′;π2(X ′))

(u,g)−∗

∼=
// H3(M(ν̃|Y ), Y ;π2(X ′))

f∗

∼=
// H3(M(ν̃|Y ), Y ;π2(X)).

This remark leads to the following definition.
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Definition 5.5. The relative k-invariant of a pair (X,Y ) that is homotopy equivalent to a CW
pair refers to

kνX,Y ∈ H3(M(ν|Y ), Y ;π2(X))

for any choice of ν : X → Bπ1(X).

We defer a discussion of the invariance of kνX,Y to Remark 5.7. Instead, we begin with a
generalisation of Theorem 4.8 from CW pairs to pairs that are homotopy equivalent to CW pairs.

Theorem 5.6. Let (X0, Y0) and (X1, Y1) be pairs of spaces that are homotopy equivalent to CW
pairs. For an isomorphism u : π1(X0)→ π1(X1), a map h : Y0 → Y1 with u◦ (ι0)∗ = (ιY1)∗ ◦h and
a u-equivariant homomorphism F : π2(X0)→ π2(X1), the following assertions are equivalent:

• there is a map g : P2(X0) → P2(X1) between the Postnikov 2-types that induces u and F
on π1 and π2, respectively, and such that the following maps are homotopic

Y0 ↪→ X0 → P2(X0)
g−→ P2(X1) and Y1

h−→ Y1 ↪→ X1 → P2(X1);

• the relative k-invariants satisfy

(u, h)∗(kν1X1,Y1
) = F∗(k

ν0
X0,Y0

) ∈ H3(M(ν0|Y0
), Y0; Resu π2(X1)),

for every ν0 : X0 → Bπ1(X0) and ν1 : X1 → Bπ1(X1).

Proof. For i = 0, 1, choose a homotopy equivalence (fi, gi) : (X ′i, Y
′
i ) → (Xi, Yi) with (X ′i, Y

′
i ) a

CW pair. The homotopy equivalences fi induce homotopy equivalences P2(fi) : P2(X ′i)→ P2(Xi).
For i = 0, 1, fix a map νi : Xi → Bπ1(Xi) and a cellular map ν′i : X

′
i → Bπ1(X ′i). Additionally,

choose a homotopy inverse g−1
0 of g0, and consider

u′ := u−1
1 ◦ u ◦ u0 : π1(X ′0)→ π1(X ′1),

h′ := g−1
1 ◦ h ◦ g0, : Y ′0 → Y ′1 ,

F ′ := (f1)−1
∗ ◦ F ◦ (f0)∗ : π2(X ′0)→ π2(X ′1).

Claim. The following equality holds

(u, h)∗(kν1X1,Y1
) = F∗(k

ν0
X0,Y0

) ∈ H3(M(ν0|Y0
), Y0; Resu π2(X1))

if and only if the following equality holds:

(u′, h′)∗(k
ν′1
X′1,Y

′
1
) = F ′∗(k

ν′0
X′0,Y

′
0
) ∈ H3(M(ν′0|Y ′0 ), Y ′0 ; Resu′ π2(X ′1)).

Proof. Consider the following diagram:

H3(M(ν′0|Y ′0 ), Y ′0 ;π2(X ′0))

F ′∗

��

H3(M(ν0|Y0), Y0; Resu−1
0
π2(X ′0))

F ′∗
��

(f0)∗ //(u0,g0)∗oo H3(M(ν0|Y0), Y0;π2(X0))

F∗

��
H3(M(ν′0|Y ′0 ), Y ′0 ; Resu′ π2(X ′0)) H3(M(ν0|Y0

), Y0; Resu−1
1 ◦u

π2(X ′1))
(u0,g0)∗oo (f1)∗ // H3(M(ν0|Y0

), Y0; Resu π2(X1))

H3(M(ν′1|Y ′1 ), Y ′1 ;π2(X ′1))

(u′,h′)∗

OO

H3(M(ν1|Y1
), Y1; Resu−1

1
π2(X ′1))

(u1,g1)∗oo (f1)∗ //

(u,h)∗

OO

H3(M(ν1|Y1
), Y1;π2(X1)).

(u,h)∗

OO

The upper left square commutes by naturality of (u0, g0)∗, the upper right square commutes by
definition of F ′, the lower right square commutes by naturality of (u, h)∗ and the lower left square
can be seen to commute using the uniqueness properties of Lemma 2.4. The claim now follows
from the commutativity of the entirety of this diagram together with the fact that all the arrows
involved are isomorphisms. �

Thanks to the claim and to Theorem 4.8, the equality (u, h)∗(kν1X1,Y1
) = F∗(k

ν0
X0,Y0

) is equivalent

to the equality (u′, h′)∗(k
ν′1
X′1,Y

′
1
) = F ′∗(k

ν′0
X′0,Y

′
0
) which is in turn equivalent to the existence of a

map g′ : P2(X ′0)→ P2(X ′1) that induces u′ and F ′ and such that Y ′0 ↪→ X ′0 → P2(X ′0)
g′−→ P2(X ′1)



THE FIRST RELATIVE k-INVARIANT 17

and Y ′0
h−→ Y ′1 ↪→ X ′1 → P2(X ′1) are homotopic. Finally, this is equivalent to the existence of a

map g : P2(X0) → P2(X1) that induces u and F and such that Y0 → X0 → P2(X0)
g−→ P2(X1) is

homotopic to Y0
h−→ Y1 → X1 → P2(X1), as can be seen by the following (homotopy) commutative

diagram:

Y0
//

h′

  

X0
// P2(X0)

g

~~

Y ′0

g0

OO

h

��

// X ′0 //

f0

OO

P2(X ′0)

P2(f0)

OO

g′

��
Y ′1 //

g1

��

X ′1 //

f1

��

P2(X ′1)

P2(f1)

��
Y1

// X1
// P2(X1).

This completes the proof of the theorem. �

Remark 5.7. We briefly discuss the sense in which the relative k-invariant is an invariant of the
pair (X,Y ) up to homotopy equivalences that restrict to the identity on Y . If (X,Y ) and (X ′, Y )
are pairs of spaces that are homotopy equivalent to CW pairs and f : X → X ′ is a homotopy equiv-
alence that restricts to the identity on Y , then Theorem 5.6 shows (f∗, id)∗(kν

′

X′,Y ) = f∗(k
ν
X,Y )

for every ν : X → Bπ1(X) and ν′ : X → Bπ1(X ′). Thus, if one uses f∗ to identify πi(X)
with πi(X

′) for i = 1, 2, as is common for the usual (absolute) k-invariant, and chooses ν and ν′

such that ν|Y = ν′|Y , then the relative k-invariants of (X,Y ) and (X ′, Y ) agree.

We can now prove Theorem 1.1 from the introduction.

Theorem 1.1. Let (X0, Y0) and (X1, Y1) be pairs of spaces that are homotopy equivalent to CW
pairs, and let c1 : X1 → P2(X1) be the Postnikov 2-type of X1. For a map h : Y0 → Y1, an
isomorphism u : π1(X0) → π1(X1) with u ◦ (ι0)∗ = (ι1)∗ ◦ h, and a u-equivariant homomor-
phism F : π2(X0)→ π2(X1), the following assertions are equivalent:

• there is a map c0 : X0 → P2(X1) such that

(c0)∗ = u, c1 ◦ h ' c0|Y0
, and (c0)∗ = F ;

• the relative k-invariants satisfy

(u, h)∗(kν1X1,Y1
) = F∗(k

ν0
X0,Y0

) ∈ H3(M(ν0|Y0
), Y0; Resu π2(X1))

for every ν0 : X0 → Bπ1(X0) and ν1 : X1 → Bπ1(X1).

Proof. Let c′0 : X0 → P2(X0) be the Postnikov 2-type of X0, and fix a map νi : Xi → Bπ1(Xi)
for i = 0, 1. If the equality (u, h)∗(kν1X1,Y1

) = F∗(k
ν0
X0,Y0

) ∈ H3(M(ν0|Y0
), Y0; Resu π2(X1)) holds,

then by Theorem 5.6 there is a map g : P2(X0) → P2(X1) that satisfies c1 ◦ h ' g ◦ c′0|Y , and
induces u and F (meaning that (c1)−1

∗ ◦ g∗ ◦ (c′0)∗ = F ). Setting c0 := g ◦ c′0, we obtain the desired
map.

We prove the converse. Let c0 : X0 → P2(X1) be as in the theorem. Then c0 factors through P2(X0),
i.e. there is a g : P2(X0) → P2(X1) with c0 ' g ◦ c′0: indeed P2(X0) can be obtained from X0 by
attaching cells of dimension n ≥ 4, and πk(P2(X1)) = 0 for k ≥ 3. The map g still induces u
on π1, and F on π2. Furthermore, g ◦ c′0|Y0

' c0|Y0
' c1 ◦ h. Again by Theorem 5.6, it follows

that (u, h)∗(kν1X1,Y1
) = F∗(k

ν0
X0,Y0

) ∈ H3(M(ν0|Y0
), Y0; Resu π2(X1)). �

We record the following immediate consequence that will be of use in [CK25].

Corollary 5.8. Let (X,Y ) be a pair of spaces that is homotopy equivalent to a CW pair, and
write i : Y → X for the inclusion. Then, for every ν : X → Bπ1(X), the following equality holds:

(id, i)∗kνX,X = kνX,Y ∈ H3(M(ν|Y ), Y ;π2(X)).
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Proof. Let c : X → P2(X) be the Postnikov 2-type of X. The corollary is obtained by applying
Theorem 1.1 to the pairs (X0, Y0) = (X,Y ), (X1, Y1) = (X,X), with u = idπ1(X), h = i, F =
idπ2(X), and c0 = c = c1. �

As mentioned in the introduction, the following corollary shows that the relative k-invariant is
indeed the obstruction for a section Bπ1(X)→ P2(X) extending Y ↪→ X → P2(X).

Corollary 5.9. Let (X,Y ) be a pair of spaces that is homotopy equivalent to a CW pair, and
let c : X → P2(X) be the Postnikov 2-type of X. For any choice of ν : X → Bπ1(X), the relative k-
invariant kνX,Y vanishes if and only if the dashed map in the following diagram exists and both
triangles commute up to homotopy:

Y P2(X)

Bπ1(X) Bπ1(X).

c|Y

ν|Y

id

Proof. Apply Theorem 1.1 with (X1, Y1) = (X,Y ), (X0, Y0) = (M(ν|Y ), Y ), u = idπ1(X), h = idY ,
and F = 0. If follows that kνX,Y vanishes if and only if there exists a map c0 : M(ν|Y ) → P2(X)

such that c0|Y ' c|Y and (c0)∗ = idπ1(X). These are precisely the conditions that the two triangles
in the diagram commute up to homotopy but with M(ν|Y ) in place of Bπ1(X). Since ν|Y factors
as Y → Bπ1(X) 'M(ν|Y ), the result follows. �

6. Additional properties of relative k-invariants.

This final section collects additional properties of relative k-invariants that we require in [CK25].

Lemma 6.1. Let (X,Y ) be a pair of spaces that is homotopy equivalent to a CW pair, and fix a
map ν : X → Bπ1(X). Write j : X → (X,Y ) for the inclusion. If the induced map π1(Y )→ π1(X)
is surjective, then

j∗(k
ν
X,Y ) = 0 ∈ H3(M(ν|Y ), Y ;H2(X̃, Ỹ )).

Proof. We first prove the result for CW complexes, and then for pairs that are homotopy equiv-
alent to CW complexes. Let (X,Y ) be a CW pair, choose an augmentation preserving chain

map t : C∗(X̃)→ Cπ1(X) and write tY for its restriction to C∗(Ỹ ). Using

θt
C(X̃),C(Ỹ )

: Cπ3 ⊕ C2(Ỹ )→ H2(X̃)

to denote a chain representative of kt
C(X̃),C(Ỹ )

∈ H3(Cone(tY ), H2(X̃)), we will show that j∗(θ
t
C(X̃),C(Ỹ )

)

is a coboundary. Write i : C∗(Ỹ )→ C∗(X̃) for the inclusion and α : Cπ∗ |[0,2] → C∗(X̃)|[0,2] for the
chain map underlying the definition of θt

C(X̃),C(Ỹ )
. Recall from Lemma 2.3 that there is a chain

homotopy α ◦ t ◦ i ' i + φ : C∗(Ỹ )|[0,2] → C∗(X̃)|[0,2], say via {Dk : Ck(Ỹ ) → Ck+1(X̃)}k≤2. In
particular, we have

(6.2) α2 ◦ t2 ◦ i2 − i2 − φ = dX3 ◦D2 +D1 ◦ dY2 .

Since π1(Y ) → π1(X) =: π is surjective, we can furthermore assume that X is obtained from Y
by attaching cells of dimension ≥ 2. To see this, attach 2-cells to Y to make π1(Y )→ π1(X) a π1-
isomorphism, then wedge on S2’s to make it 2-connected, and continue this process inductively
to obtain a CW complex X ′ obtained from Y by adding cells of dimension ≥ 2 together with a
homotopy equivalence X ′ → X that is the identity on Y . This replacement is possible because
the relative k-invariant is invariant under homotopy equivalences that are the identity on Y ; recall
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Remark 5.7. Since X(1) = Y (1), we have H2(X̃, Ỹ (1)) = C2(X̃,Ỹ (1))

im(dX3 )
and consider the diagram

Cπ3 ⊕ C2(Ỹ )(
dπ2 t2◦i2
0 −dY2

)
��

(α2◦dπ3 φ )//

θt
C(X̃),C(Ỹ )

((
Z2(X̃)

proj // H2(X̃)
j∗ // H2(X̃, Ỹ )

Cπ2 ⊕ C1(Ỹ )

f

33
(α2 D1 ) // C2(X̃)

j∗ // C2(X̃, Ỹ (1))
proj // C2(X̃,Ỹ (1))

im(dX3 )

= // H2(X̃, Ỹ (1)).

OO

This diagram commutes: using (6.2), a pair (a, b) ∈ Cπ3 ⊕ C2(Ỹ ) satisfies

f ◦
(
dπ3 t2 ◦ i2
0 −dY2

)(
a
b

)
= j∗(α2 ◦ dπ3 (a) + α2 ◦ t2 ◦ i2(b)−D1 ◦ dY2 (b))

= j∗(α2 ◦ dπ3 (a) + dX3 ◦D2(b) + i2(b) + φ(b))

≡ j∗(α2 ◦ dπ3 (a) + φ(b))

= j∗ ◦ θtC(X̃),C(Ỹ )

(
a
b

)
.

This proves that j∗(θ
t
C(X̃),C(Ỹ )

) is a coboundary, so that

j∗(k
t
C(X̃),C(Ỹ )

) = 0 ∈ H3(Cone(tY ), H2(X̃, Ỹ )).

We can now conclude the proof of the lemma when (X,Y ) is a CW pair. Choosing a map
ν : X → Bπ1(X), the naturality of the map φ∗t,ν from Lemma 4.4 implies that

j∗(k
ν
X,Y ) = j∗ ◦ φ∗t,ν(kt

C(X̃),C(Ỹ )
) = φ∗t,ν ◦ j∗(ktC(X̃),C(Ỹ )

) = 0.

Finally, we assume that (X,Y ) is a pair of spaces that is homotopy equivalent to a pair of CW
complexes (X ′, Y ′), say via (f, g) : (X ′, Y ′) → (X,Y ). Setting u := f∗, and using the naturality

of the map (u, g)∗ (from Lemma 5.1), one now verifies that j′∗(k
ν′

X′,Y ′) = 0 implies j∗(k
ν
X,Y ) = 0.

This concludes the proof of the lemma. �

Lemma 6.3. Let X be a space, let ν : X → Bπ1(X) be a map, set π := π1(X), and given a
left Z[π]-module A, consider the group homomorphism

Φ: HomZ[π](H2(X̃), A)→ H3(M(ν), X;A)

ϕ 7→ ϕ∗(k
ν
X,X).

Then, writing δ for the connecting homomorphism in the exact sequence of the pair (M(ν), X),
we have

Φ ◦ ev = δ : H2(X;A)→ H3(M(ν), X;A).

Here ev : H2(X;A)→ HomZ[π](H2(X;Z[π]), A) ∼= HomZ[π](H2(X̃), A) denotes evaluation.

Proof. We begin with the case where X is a CW complex and ν is cellular. In what follows,

we consider Cπ∗ := C∗(B̃π) as a free resolution of Z, pick a map ν : X → Bπ, and consider the

chain map t := ν∗ : C∗(X̃) → Cπ∗ . We deduce that the map φϕt,ν : C∗(M̃(ν), X̃) → Cone(t)∗ from

Lemma 4.4 can be taken to be the identity. It follows that kt
C(X̃),C(X̃)

= kνX,X .

Use Lemma 2.3 to construct maps α : Cπ∗ |[0,2] → C∗(X̃)|[0,2] and φ : L2 → ker(dX2 ) that sat-

isfy α ◦ t ' id +φ as maps on C∗(X̃)|[0,2]. As in the definition of k-invariant, consider the cocycle

θt
C(X̃),C(X̃)

: Cone(t)3 = Cπ3 ⊕ C2(X̃)
(α2◦dπ3 ,φ)−−−−−−→ Z2(X̃)→ H2(X̃).
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We verify that Φ ◦ ev = δ. Since ν is cellular, we can identify C∗(M̃(ν)) with the algebraic

mapping cylinder of the chain map t = ν∗ : C∗(X̃)→ Cπ∗ , say C∗(M̃(ν)) = Cπ∗ ⊕C∗(X̃)⊕C∗−1(X̃).

Under this identification, and recalling that C∗(M̃(ν), X̃) = Cone(t)∗ can be obtained from the
algebraic mapping cylinder by modding out the middle summand, we see that the image of a

class [ϕ2 : C2(X̃)→ A] ∈ H2(X;A) under the connecting map δ : Z2(X;A)→ Z3(M(ν), X;A) is

δ(ϕ2) = (0,−ϕ2) : C2(M̃(ν), X̃) = Cone(t)2 → A.

Since α◦ t ' id +φ as maps on C∗(X̃)|[0,2], we have [ϕ2] = [ϕ2 ◦α2 ◦ t2−ϕ2 ◦φ]. We also note that

since ϕ2 ∈ C2(X,A) is a cocycle, the map ϕ2 : C2(X̃)→ A descends to H2(X̃). It follows that

δ([ϕ2]) = [(0, ϕ2)] = [(0, ϕ2 ◦ α2 ◦ t2 − ϕ2 ◦ φ)] = [(0, ϕ2 ◦ α2 ◦ t2 − ϕ2 ◦ φ)] + [δ
Cone(t)
3 (ϕ2 ◦ α2, 0)]

= (ϕ2 ◦ α2 ◦ dπ3 ,−ϕ2 ◦ φ) = [ϕ2 ◦ θtC(X̃),C(X̃)
].

The definition of Φ now yields

δ([ϕ2]) = [ϕ2 ◦ θtC(X̃),C(X̃)
] = [ev([ϕ2]) ◦ θt

C(X̃),C(X̃)
] = Φ ◦ ev([ϕ2]).

We now assume that X is a homotopy equivalent to a CW complex, say via a map f : X ′ → X.
Set u := f∗, choose a map ν′ : X ′ → Bπ1(X ′) and consider the following diagram:

Hom(H2(X̃), A)
(f∗)

∗,∼= //

Φ

&&

Hom(H2(X̃ ′)),ResuA)

Φ′

xx

H2(X;A)

δ

��

ev

OO

f∗,∼= // H2(X ′; ResuA)

δ′

��

ev′

OO

H3(M(ν), X;A)
f∗,∼= // H3(M(ν′), X ′; ResuA).

Since X ′ is a CW complex, Φ′ ◦ev′ ◦ = δ′ and, by naturality, the two rectangles commute. A rapid
verification shows that f∗ ◦Φ = Φ′ ◦ (f∗)

∗. Since the f∗ are isomorphisms, a short diagram chase
shows that this implies Φ ◦ ev = δ, as required. �
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