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Abstract—Hybrid training signal design is conceived for the
estimation of multi-user frequency-selective mmWave channels,
where hybrid architectures are adopted due to the limited num-
ber of available radio frequency (RF) chains. In this setting, the
training signal has a hybrid structure, expressed as the product
of a high-dimensional, low-resolution analog beamformer (ABF)
and low-dimensional subcarrier-wise digital pilots (SDPs). All pi-
lot subcarriers share the same analog beamformer. Consequently,
the joint design of ABF and SDPs to minimize the minimum
mean square error (MMSE) of channel estimation leads to a chal-
lenging high-dimensional mixed continuous-discrete optimization
problem. The main contribution is the development of a new
path-following algorithm that leverages closed-form updates of
scalable complexity for both ABF and SDPs. We further examine
the impact of channel estimation accuracy on the capacity of
multi-user wideband mmWave communication systems.

Index Terms—MmWave communication, frequency selectivity,
channel estimation, hybrid structure

I. INTRODUCTION

The rapid escalation of data-hungry applications, such as
high-definition video streaming, immersive virtual reality, and
autonomous systems, has fueled the research of millimeter-
wave (mmWave) communication in multi-user multiple-input
multiple-output (MU-MIMO) systems [1]-[4]. Orthogonal
frequency-division multiplexing (OFDM) is often employed
in these systems for counter-acting frequency-selective fading,
enabling reliable exploitation of the large bandwidths available
in mmWave bands [5]. At these frequencies, radio frequency
(RF) chains relying on phase shifters become power-hungry
and cannot be assigned to each antenna element. Consequently,
mmWave transceivers use far fewer RF chains than antenna
elements. This limitation has made hybrid beamforming, in
which the transmit signal is generated by a low-dimensional
digital beamformer combined with a high-dimensional analog
beamformer (ABF), a popular approach for mmWave trans-
mission. As noted in [6]-[9], channel estimation under hybrid
architectures differs fundamentally from the fully digital case
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because digital pilots must pass through a limited number of
RF chains. This bottleneck alters identifiability conditions and
complicates multi-user CSI acquisition.

Significant research efforts have invested in flat-fading
mmWave channel estimation (see, e.g., [10] and references
therein). For frequency-selective mmWave channels, [11] em-
ployed MUSIC to estimate the angles of arrival, angles of
departure, and propagation delays, while [12] and [13] studied
least-squares estimation and alternating direction method of
multipliers (ADMM) estimation, respectively. Joint estimation
of angles and delays was investigated in [14], while [15]
analyzed single-user MIMO-OFDM channel estimation based
on the Cramér-Rao bound (CRB). Other works, such as [7],
[16]-[24], focus on mmWave channel estimation in general,
but do not address signal design for OFDM-based mmWave
channel estimation.

In the context of pilot signal design conceived for estimating
frequency-selective mmWave channels, existing studies [25]-
[27] primarily focus their attention on fully digital pilot
sequences. As discussed earlier, transmitting fully digital pilots
is impractical in mmWave systems due to prohibitive hardware
cost and power consumption associated with fully digital RF
chains. To alleviate these limitations, the authors of [28] in-
vestigated ABFs to enhance the so-called isometry property of
compressed sensing. However, the ABF design considered in
[28] relies on a fully connected architecture, which requires a
prohibitively large number of phase shifters and it is therefore
difficult to implement in practice.

To the best of our knowledge, no existing work addresses
training signal design conceived for multi-user mmWave
OFDM channels under hybrid architectural constraints, i.e., the
joint design of an ABF with a limited number of phase shifters
and subcarrier-based digital pilots (SDPs). In such hybrid
architectures, the ABF is shared across all subcarriers, which
inherently couples the spatial and frequency dimensions and
fundamentally alters the structure of the transmitted training
signal.

Consequently, in contrast to the fully digital case [29],
[30], digital pilot signals of hybrid architectures cannot be
independently assigned across antennas and subcarriers. As a
result, existing fully digital pilot design methods [25], [26],
[30] cannot be directly applied. These fundamental challenges
motivate the development of a new training signal design
that explicitly accounts for hybrid architectures and enables
accurate channel estimation with improved power efficiency.

Against the above background, the paper offers the follow-
ing new contributions:

o Development of a scalable algorithm for signal de-

sign: We consider the joint design of ABF and SDPs



to minimize the minimum mean square error (MMSE)
of channel estimation. The ABF adopts an array-of-
subarrays (AoSA) structure to use a reduced number
of low-resolution phase shifters for controlling power
consumption, while the SDPs are constrained in terms
of their total power to limit transmit power. The number
of pilot subcarriers is also limited to leave more room for
information transmission. This design problem constitutes
a high-dimensional mixed continuous-discrete optimiza-
tion problem. We develop a new path-following algorithm
that updates both the ABF and SDPs using closed-form
expressions of scalable computational complexity.

« Impact of channel estimation on system performance:
We consider the problem of maximizing system capacity
while accounting for the MMSE of channel estimation
and propose computational algorithms. Simulations illus-
trate the sensitivity of system performance to the MMSE.

The rest of the paper is organized as follows. Section II is
devoted to the problem of jointly designing ABF and SDPs
for estimating multi-user channels. Section III is devoted to
the problem of maximizing the system capacity, while incor-
porating the channel estimation effect. Section IV is devoted
to our simulations and Conclusions are given in Section V.

Notation. Only the optimization variables are boldfaced.
For a complex number z, Zx presents its argument. Then
e & (e ... )T e CN for x = (21,...,7,)T € R".
The inner product between vectors x and y is defined as
(x,y) = zfy. Analogously, (X,Y) £ trace(X”Y) for
the matrices X and Y. diag[X7,..., Xy] is a matrix with
diagonal blocks X,,, n =1,..., N, while [X,, ] () EMXN’
or [X(m,n)}(m’n)eMXN is a matrix with entries X, ,, or
X (m,n) which are also matrices. Row[X,,],=1,.. n denotes
the matrix formed by stacking X; through Xy horizontally.
We also use (X) for the trace of X. The operator vec(X)
stacks the columns of X from the first to the last into a
single column vector. || X || is the Frobenius norm of the matrix
X, which is defined by /(X X). [X]? denotes the positive
semidefinite matrix X X . Then In X is the natural logarithm
of the determinant (log-det) of X. I,, is the n X n identity
matrix. When the size of the identity matrix is clear from the
context, we may omit the subscript n in expressions. Lastly,
Rf is the set of N-dimensional real vectors with positive
entries.

Mathematical ingredient. The following inequalities for all
matrices X and X of size n x m and positive definite matrices
Y and Y of size n x n have been established in [30]-[32]:

(XPYh 2 2{(XTY ' X)) — (Y ' XPPY), (D)

and

In (L, + [X]*Y ™) > In (L, + [X]*Y )
—([XPY 1) + 2R{(XTY X))
(Y - (VY + X)L X +Y).

2
Considering both sides of (1) and (2) as 7functions of the
variables (X,Y), they coincide at (X,Y). That is, the
functions defined by the left-hand sides (LHSs) provide tight

minorants of their counterparts on the right-hand sides (RHSs)
at (X,Y) [33, p. 366]. Consequently, maximizing the LHS
functions yields an improved point for the RHS functions.

II. HYBRID PILOT DESIGN UNDER AOSA-ABF FOR
CHANNEL ESTIMATION

Let us consider the downlink (DL) scenario, where a base
station (BS) serves K users, each indexed by £ € K £
{1,2,...,K}. The BS is equipped with a massive N-element
uniform linear array (ULA), while each user equipment (UE)
k is equipped with an IV, -antenna array.

Let N, denote the number of RF chains at the BS used for
ABF. Following the array-of-subarrays (AoSA) architecture
[34], each RF chain is connected to L = N/N, transmit
antennas (TAs). Accordingly, the ABF matrix is given by
V4 € CN*Ne in the form

Va=D(0), 3)
with
D(6) = diagle”*|n e @)
where N, = {1,..., N.}, and
0n, 2 (On1v--.00.0)" €ERE n. €N )

For practical implementations, the phase shifts 6, , are
quantized at b-bit resolution [35], i.e.

P
0,0, eBé{b’Q—:,b’:0,1,...,2b—1}. (6)

In what follows, the projection of « € [0, 27) into B denoted
by |l is referred to as its b-bit rounded version:
2m
lals = vagy )
with

min
v=0,1,...,2b

®)

A
Vo = arg

When b = oo, it is true that

a=|a]oo- ©))

In the sequence, the 2D index (k,n,) refers to the n,-th
antenna of UE k. The system bandwidth A is divided into
p = 27 subbands with frequency grid points f,, = p/'A/p,
@ = 0,...,u — 1, thereby enabling OFDM transmission
with o sub-carriers. Accordingly, the sampling time interval
isT=1/A.

The channel between the n-th DL BS TA and the (k, n,,)-th
UE receive antenna (RA) is assumed to be frequency-selective
over A, and it is characterized by the transfer function:

M—1
ZENOED PRI (10)

m=0
where hl(f%mm € C denotes the gain of the m-th path

h,(f,)lu (t—mT) between the n-th DL BS TA and the (k, n,,)-th
RA, M is the number of resolvable paths, and ¢ € C lies on
the unit circle |(| = 1.



Accordingly, the DL channel spanning from the BS to
the (k,n,)-th RA is characterized by the transfer co-vector
function

M-1
CYN 5 g, (O 2 Y Py (11
m=0
where we have:
P 2 00 o B ] € €N 2)

In short, the frequency selective fading MIMO channel span-
ning from the BS to UE k is described by the transfer matrix

M-1

Hi(¢) =Y Him(™™ (13)
m=0

where we have:

hk,l,m
A
(CNXNu 5 Hk‘,,m/ L

(kym) € K x {0,...,M —1}, (14)

and the stacked channel vector for all receive antennas and
resolvable channel taps is given by

vec(Hy, o)

€ CMNN,

hy £ 15)

vec(Hy pr—1)

Bearing in mind that the mmWave propagation can be
characterized by a scattered channel model, each resolvable
path m of the channel Hj, ,,, can be modeled as a summation
of N, scattering rays per resolvable path (cluster) [36, Eq.
(€]

_ N,
Hk,m = ]p\T’: Z Ak m,s Qr (¢7]~;,m,s) Cl{{ (¢§c,m,s) 3 (16)

s=1

where p, £ V 10~ 56 is the path-loss experienced by the
UE k. Furthermore, pj is the path-loss (in dB), o m,s ~
CN(0,1) is the complex gain of the sth scattering ray in
the mth cluster between the BS and the UE k&, qﬁz’m’s is
the angle of departure for the sth scattering ray in the mth
cluster arriving from the BS to the UE k, ¢ ,, ; is the
angle of arrival for the sth scattering ray in the mth cluster

from the BS to the UE k, and a; (gbfc’mﬁ) e CVN*1 and

a, ( e m S) € CNuxl represent the normalized transmit and
receive antenna array response vectors, respectively, where we

_ T
have a (¢) = —— [1, i Bdsind) ej%W—ndsian for

antenna spacing d and N € {N,N,} for the transmit and
receive antenna response vectors, respectively.
At the n-th TA, each block of symbol

7,(0)
Ty = eCtneN,
Tn(p—1)

A7)

of length p goes through an OFDM operator to form the
OFDM block of length y + M:

T, T
Fp 2 x| eCHM (18)
Tn, T
along with!
€T Y
[;H} = Pl ann €O M a,p e CY(19)
n, T

where the OFDM cyclic prefix (CP) length is set to M to
avoid inter-block interference (IBI).

The OFDM block z,, of the length p + M is transmitted
from the n-th BS antenna. By discarding the first M entries of
the received block and then applying FFT, the signal received
at the (k,n,)-th TA is formulated as:

ykv"u (O) hk7”u (eﬂﬂ'fo)x(o)
o _ . + Fytm,, (20)
Yk, (10— 1) b, (e Iu=1)z(u—1)

where v}, ,,, € CH is the background noise having variance of
ol,, and

z1 (1)
()2 . e =1, u—1. 1)
zy (1)
Let us now write (20) in the sub-carrier-wise form
Y (1) = R, (€ ) (0 )k, (1), 1 = 0, =1,
(22)

where ny ,, (1) is the background noise of power o. There-
fore, the sub-carrier-wise receiver equation at UE k becomes:

e (1)
() = (23)
Yrn, (1)
= Hf(W)a(u') +nu(), (24)
where we have:
hk7l(ej2‘ﬂ'f“/)
CNN s B (i) & Hy(e?™w) = (25)
hk,Nu (6]2ﬂ-f“/)
which is also partitioned as
H{ () = [HL () - H )]
ka,nc (N’I7 ]‘)
HY ()= € CNuxL, (26)
H]{,nc (:u“,7 Nu)
Furthermore,
nk(ulv 1)
ne(p') 2 e € C(0,01y,). (27)
ng(p', Ny)

'F, & %[e*ﬂ"kl’/“]k,pzl 77777 1—1 Which is the the fast Fourier transform
(FFT) matrix of order p, and accordingly F f is the inverse FFT (IFFT) matrix



Let @ training symbols be inserted at the to-th, 1;-th, ...,
1g—1-th sub-carriers for channel estimation. Note that we have

M—1
Hf(g) = > HpmWi™e,¢=0,....Q—1,  (28)
m=0
for
W, 2 e 28/, (29)
Therefore, we can write (24) at 1), as
M—1
Ye(tg) = (Z Hk,lequ> 2 (g) + nr(1hy)
m=0
= Awq (x(wq))hk + nk(wq)v (30)

where Ay, is a linear operator from CV to CNu*(MNN.)

defined by
Ao, (@0(0) 2 [WE0aT () o W0 )|
®In,. (31
Upon defining
7 (o)
Xy 2 e COxN, (32)
IT(U)Q—l)
we can write (30) as
Ykar = M X hy, + i, (33)
where we have
| (o) N . nk(Yo)
Yk,tr = e CONu p, 2
yr(Vg-1) nk(vg-1)
and
—~ Awo (f(?/fo))
AMXy) 2 s
Ay (2(¥g-1))
= F(Xy)® Iy, € C@N)XMNNY 34y
along with
F(Xu) 2 [FoXu ... Fuo1Xy] € COXMN - (35)
and
Fn £ diag[Wy1™g—0.....0—1 € C¥*C. (36)

To harness Wiener filter for channel estimation, we need to
find the channel correlation matrix. In this regard, the channel
matrix H}, ,, can be modeled as

Hin = RY2  Hwjom (RYE )2, 37)

where the deterministic Hermitian 0 < RlT/ im e CVxN

0 < R}{,i,m € CNuxNu| resp.) models the correlation
among the TAs (RAs, resp.). The matrix Hy ., in (37)
is a stationary process, whose elements are independent and
identical distributed circularly symmetric complex Gaussian

random variables with unit variance. Thus, covariance of
channel hy is given by

Ry, £ E(hy(hi)™) = diag[Rr k,m @ Rejemlm=o,... M—1.
(38)
Thus, the Wiener filter harnessed for the estimation of Ay
is formulated as:

. ~ —~ -1
hy = Ry, A" (X4,) ([A(Xtr)\/ Rp,)* + UIQM,) Yk tr-
(39)
The computational complexity of the matrix multiplica-
tions and inverse operation in (39) is O((M N N,L)QQNH +
(MNN,)(QN,)? + (MNN,)QN, + (QN,)?). Since the
product M N is of similar or order as the training size
@, the overall dominant complexity can be expressed as
(’)((MNNu)QQNu).
The resultant MMSE for the estimator in (39) becomes:
. . -1
(Br.) = (Ao ) B ]* (R (Xer) VB2 + 01w, ) -
(40)
Under the above described AoSA, using N, RF chains, 2(1))
is sought in the form of

z(Yq) = D(0)s(1hg) 41)
with D(f) € CV*Ne defined in (4) and s(3p,) € CNe. So

sT (o) Vy
CON 3 X,y = =S, V%
sT (o) VY
for
_Str(la 1) Str(lvNc)
Si 2
_Str(Q7 1) Str(Q7Nc)
[ 5" (1ho)
= e C@*Ne, (42)
_ST(”L/JQ—Q

Given the training power budget P;,, the DSPs are constrained
by the power limit of

Q-1 Q-1
> @)l =LY Ms@o)l* = LISu|l* < P (43)
q=0 q=0

Thus, the problem of jointly designing AoSA-based AB D(@)
and DSPs S;, to minimize the MMSE in (40) is formulated
as:

K

[(R1,) = ([A(SuD”(6)) R,

([K(StrDT(o))\/RTLk]? + UIQNH) o >}

min
6,S¢r

st (6), (43), (44)
or equivalently asL
max F(0,S:) st (6),(43), (45)
where we have
K
F(6,8u) 2 fr(0,Su) (46)

k=1



along with yields the tight minorant of f 1 (Sy,) at St(f ), given by (55)
N at the top of the page, where
J1(6,8u) = ([A(SuD” (0)) R, J? o
R o alk—*GH(Ylk) Xkl (56)
(IRSuDT @) VB +olow,) ), @7 CONNIXQND 54 & (X, ) (Vi)™
and according to (34)-(35), we have: which is partitioned as
A(S.D7(9)) = [FSuDT(6) FuiSuD'@) @Iy, ALko
(48) 1,k — )
— [(FySuDY(0) @ T Avears
= [(FoSu Nu . Ay gy € CVNDX@ND iy — 0 M —1. (57)
(Frr—1SuDT(6)) ® In,]. (49)
Forg=1,...,Qand n.=1,...,Ng, letZ,,, € RO*Ne be

It becomes immediately apparent that (45) represents a high-
dimensional optimization problem involving both a continuous
matrix variable S, and a discrete vector variable 6. This com-
bination of continuous and discrete elements across potentially
large dimensions makes the problem exceptionally challenging
from a computational perspective.

To address (45), we propose a new path-following proce-
dure. Starting from a feasible point (St(r), 0©) for (45), let
(S™) 9(=)) denote a feasible point obtained at the #-th itera-
tion. The path-following iteration updates (S(+1), #(x+1)) as
follows.

A. Digital pilot path-following

With 6 held fixed at #*) we consider the following program
of maximizing over Sg,:

max Fj(Si) st (43), (49)
where we have:
Fi(Su) £ F(0"),Sy) = Zflk (Str) (50)
along with
ININ 2 (1n 2 -1
fix(Su) 2 (Ra(Su)? (Ra(Su) +0lon,) ) (D
and according to (38), we have:
Ar(Su) & A(SuDT (0") Ry,
= Row[(E, St DT R ko) @ RR ke m)m=o0,....M—1,
(52)
for Ay (Siy) € CQNIX(MNNL gng
As(Su) £ A(SuDT(6))) /Ry,
= Row[(EnSe: DT /R im) © /R om M-
(53)
for Ay(Sy) € C@NIX(MNN.) and Dy £ D),
Applying the inequality (1) for (X,Y) =

(A1(Str), [Ao(See))? + olgn,) € CONIXMNNu)

C@NIX(@QNY) and

(A (SE), Ko (SEN? + olgn,)
(54)

(X,Y)= (X1, Y1k) =

a matrix with zero entries but

Zyn(q,ne) = 1. (58)
Then we have:
Q NC
= Z Z Str(Qa nc)z—q,nC (q; nc)~ (59)
qg=1ln.=1
Let us now define By € CNe*@Q ag
M-1
Bl,k(ncaQ) é Z <A1,k,m [(FmIq,nCDT(H(H))RT,k,m)
m=0
ORrpm] Jine =1 Neig = 1., Q. (60)
Then we can write:
M—1
< Z <A1,k,m {(FmstrDT(e(m))RT,k,m) & RR,k,m:|) >
m=0
= <Bl,kstr>
= by rvec(Sy), (61)
where we have:
b1k £ (vec((Blyk)T))T. (62)
Furthermore, upon defining C' g g.n,.;m € CHMNVN)X(NNw)
as
Cl,k,q,nc,m = Al,k [(FmIq,nLDT(Q(K)) \V4 RT,k,m)
RR,k,mj| ,q = 1, ..,Q;TLC = 1,...,Nc,
(63)

we can proceed as follows:

M—-1

> vk [(FuSuDT (0)/Rrm) @ v/ Rt |1

1. m=0

v
=

c

Str(Qa nc)Cl,k,q,nc,m| |2

o:
»—AMQ

3
S

3
Il
Il
Il

ZQ

)

Str(q7 nc)cl,k,q,nc,m (Za j) |2
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fl,k(str> =

2R{((X00) ™ (Yie) T Aa(Su))}

([0 X1 (Ba(Su)? + 0 1an, ) )

= a1k + 2§R{<Al,k ROW[(FmStrDT(G(N))RT,k,m) & RR,k,m]m:O,..
_|lAl,kROW[(F'rrLStrDT(H(K))\/RT,k,nb) ®

M-—1

M-1)}
\/RR,k,m]'mZO,...,]\/I—l ‘ |2

= ok +2 Y R{{Avkm [(FnSuD” (0) R pm) © Rrgm])
m=0

M-—1

=" 1Ak [(FnSuD” (0)y/Brm) © /R | I

m=0

(55)

M—-1MNN, NN,

Z Z Z\dlk”mvecstr” =

m=0 =1 j=1

(vec(Six)" Dy pvec(Siy),

where D1 i jm € CNe*@ is defined as

Dl,k,i,j,m(ncaq) é Cl,k,q,nc,m(ivj)v
ne=1,....,Ne;q=1,...,0Q, (65)
and
die,ijm = (vec((D1,gyijm) " )7
t=1,..., MNNy;j=1,..., NNy, (66)
along with
M—-1MNN, NN,
é Z dlkz]m dlk"L]WL' (67)
1

m=0 =1 j=

From (61)-(62) and (64)-(67), we obtain the following tight
minorant of the objective function F(Sy,) in (49):

K
Fi(Sy) & Z ay r + 28{b1 rvec(Si)}
k=1

—(vec(Se:) Dy pvec(Syy)] -

We then solve the followmg g)roblem of minorant maximiza-

(68)

tion for (49) to update S, (= 1),

max Fl(Str) s.t. (43), (69)

tr

which admits the closed form solution of computational
complexity O (QN,log,(QN,)), given by (70) at the top of
the page, where A > 0 is found by bisection such that
(D1 + Mczzvc)‘l(fn)Hll2 = P /L, for

Zblk & Dl Zle

The monotonic convergence of the dlgltal pilot path-
following can be analytically shown as follows:

FOW, 80y = Ry
1

(71)

(72)
as far as St(fﬂ) # St(f).

B. Analog beamformer path-following
With S;, held fixed at St(f T we consider the following

(64) Program of maximizing over 6:

max Fy(0) st (6), (73)

where we have

F(0) 2 F(,50)

Zfzk

(74)

along with

~ ~ —1
f208) 2 (RsO) (RaO) +0lon,) ) (75
and according to (38), we have:

A3(0) 2 Row[(Fn SETDT(0) Ry pem)

® RR.k,m|m=o0,....M—1, (76)
for A3(6) € C@N)*(MNNw) anq
A4(8) £ Row[(F,,S" DT (8)\/Rer )
Rp i mlm=0,...m—1. ()

for A4() € C@N)X(MNNw) - Applying the inequality (1) for
(X,Y) = (A3(0), [A4(0)]2 + UIQNu) S (C(QN“)X(]MNN“) X
C@NIX(@QNL) and

(X,Y) = (Xok, Yar)

= (R5(0")), [A4(0")] + o lgn,)

yields the tight minorant of fs 1 (@), which is given by (79) at
the top of the page, where

as k = —U||(Y2,k)71X2,k| |2v

(78)

80
(C(MNNu)x(QNu) 5 Az,k L (X27k)H(Y2,kk)7l (80)
which is partitioned as
Az k0
A = ,
Ao g -1
Ay o € CNDX@N Sy — 0 M — 1. (81)
Let e 2 (ep(1),...,e0(L)) € RY>L, ¢ =1,... L with all
zero entries but
ee(l) = 1. (82)



(Dy)~ ' (b)"

if [|(D1)7H(b)H|| < Pie/L

(k+1)
ec(S = 70
vee(Su ) { (D1 + Mgn,) (b1)"  othewise, 70)
£R0) = 2R{U(X20)™ (Yor) ' Rs(0))}
~([02) " X212 ([Ral0))% + 0T, ) )
= az + 2R{(A2 kRW[(F, STHVDT (0) R ) @ Ri kmlm=o,.. 11-1,)}
—[| A2 kRow[(F S VDT (0) R o) @ Rit b mlm=o.... s 1|
M-1
= Qa2 + 2 Z §R{<A’42,k,7n |:(FmS£f+1)DT(0)RT,k,7rL) ® RR,k,TYL:|>
m=0
M-1
=" Mo [(FuSE DT 0)y/ Brin) @ /Rt | |12 (79)
m=0
Furthermore, let A,,, , € RN-*(ENe) with zero entries but Thus,
Ao o(ne, (ne — 1)L+ 1:n.L) = e, AT (83) Mt
k41 9
Then we arrive at: Z HAZk [(Fmst(r * )DT(eJo)v R km)
N, L m=0 )
DTO) = Y et A, . (84) @V Risem| || =
ne=1¢=1 M—1MNN, NN, N. L
Therefore, we have | Z Z6J07LC’ZC2,k,nc,£,m(7;7j)|2 =
M1 m=0 i=1 j=1 n.=1¢=1
Ay FmS(nJrl)DT 0 Ry i) ® Rk _ M-1MNN, NN, N,
mZ:O < 2,k, {( tr ( ) Tk, ) Rk, } > Z | Z d2,k,i,j,nc,mejonc |2 —
N, L M—1 ( : m=0 1i=1 =1 n.=1
>3 3 (s [ s i
=1 (=1 m=0 |2 ki jme®? =
<R )& R ] > B m=0 i=1 j=1
T,k,m R,k,m - (EJG)HDQJCEJG (89)
N.
Z bQ,k,nCeje"C = .
et where da 1. j.n.,m> d2,k,i,5,m» and Dy . are defined in (90) at
by ne®.  (85) the top of the page. By (85) and (89), the function fé’?(ﬂ)
’ ’ from (78)-(79) is represented in a compact form as
where by 1, and by ;. are defined in (86).
Furthermore, we have f2(Kk) ®) = asp+ 2%{b2)kejo} _ (eje)HDZkejB
A [(FuSEEUDT () Regem) © \/Bigom| = = as + 2R{base®} — ()7 (Day,
N, L 0 (m 1) */\max(DQ,k)INCL)eje - )\max(DQ,k)H6J0||2
Z Z e?ret Ag [(FmStr An,.e V RT,k,m) > agk — N.LAmax(Da i) + 2R {(1727;€
ne=14¢=1 (r)
®\/m} _ —(6]6( | V(D y — Amax(DQ,k)INCL)) 6:?}
N. L +(e” )" (Do — Amax(Dak)In,)e”
SN Pt Oy (8) = g+ 2R(DY), 1)

ne=1/¢=1
for
Cokmetom = Asy [(Fmst(f+1)Anc,@VRT,k,m)

@v/Rn kxm} c C(MNNu)x(NNu)7 (88)
ne=1,...,N;t=1,..., L.

where Apax(D2 1) is the maximal eigenvalue of D j, and

dok 2 agk — NeLAmax(Da ) + (e2?)H
(k)
B X(P)Q,k: — Amax(Da2x)In.1)e?® ",
BY) 2 by g — (") (Da g, — Amax (Do) 1)

92)



bQ,k;ﬂC £ {Z%:_Ol <A27k,m |:(FmSt(f+1)~Anc7lRT,k,m) ® RR,k:,mi|> R
Zf\,{:—ol <A2,k,m [(FmSt(f—i_l)-Anc,LRT,k-,m) oy RR,k',m:| >:| € ClXL7 (86)
ba 1 £ [boka bokn.| € C1X(LNe),
dQ,k,i,j,nc,m = [CQ,k,nC,l,m(iaj) C2,k,nC,L,m(i7j)] € CIXLa Ne = 17 ey Nca
do.kesisjom = [d2pijim 21 yi,j,Noym | € CHXIVeL) (90)

—1 MNN,, NN,
Dok 23020 2imy 2y (dokingom) T da i goms

Therefore, the following function provides a tight minorant of
the objective F5(@) in (73):

K
Fy(0) 2 [an + 2R{by ") }).
k=1

(93)

We now solve the following problem of minorant maximiza-
tion for (73) to update §(+1);

max Fy(0) st (6), (94)
which admits the closed form solution
0D (i) = | =B (i) ]y, i =1,...,N. L (95)
of computational complexity O(N), for
~ K ~
b8 2 30 (96)
k=1
We have
PO, S5Y) = B0 )
> FQ(Q(nJrl))
> Fy(0™))
= F(0"), ) 97)

as far as (v t1) =£ (%),

C. Path-following channel estimation algorithm

The pseudo-code outlining the implementation of the path-
following method is presented in Algorithm 1. It follows from
(72) and (97) that

F(OUD, 50) > Fe™, 5 (98)

holds whenever (9(+1)] St(f+1)) # (60, St(f)). Conse-
quently, the sequence (6%, St(f )) of progressively improved
points is path-following toward a solution of (45).

The scalability of the proposed algorithm is reflected by the
computational complexities of the pilot and ABF optimizations
presented in Sections II-B and II-C, respectively, a benefit
of the closed-form solutions derived in (70) and (95). In
particular, the complexity of the digital pilot optimization
is O(QN.logy(QN,)), which scales log-linearly with the
pilot size, while that of the ABF optimization is O(N),
which scales linearly with the number of phase shifters. Both
complexities are significantly lower than the cubic or higher-
order polynomial complexity associated with iterative convex
quadratic solvers.

Finally, the complexity of obtaining the channel estimate
R using (39) is O((MNNU)QQNU), which also remains
computationally manageable. Note that the channel estimate
is evaluated only once at the end (Step 3 of Alg. 1); therefore,
its computational complexity is less critical compared to
those of the pilot and ABF optimizations, which are updated
iteratively in Step 2 of the path-following Alg. 1 over multiple
iterations until convergence. As discussed above, the pilot and
ABF optimizations exhibit low and scalable computational
complexity, a benefit of the closed-form solutions derived.

Algorithm 1 Path-following channel estimation algorithm

1: Initialization. Randomly generate a feasible point
(9<0>, S§E>) for (45). Set % = 0.

2: Path-following: Update St(f +1) by the closed-form ex-
pression (70)-(71), and 6*t1) by (95)-(96). Increment
k := k + 1 until the objective in (45) converges.

3: Output (St(fpt),ﬁ("”t)ﬂ (St(f),ﬁ(“)), the channel

estimate hj using (39), and the achieved MSE error
25:1[<th> — fk(a(opt)) St(fpt)]~

IIT. IMPACT OF CHANNEL ESTIMATION ON SYSTEM
PERFORMANCE

For channel estimation, we use () subcarriers g, ¢ =
0,...,Q — 1, leaving the remaining i — () subcarriers v,
q =€ N7 2 {Q,...,; — 1} for information transmission to
the users. Observe that the problem (45) is solved at the BS
prior to signal transmission so its ABF solution D £ D(#(°Pt))
is employed for both training and information transmission.
In this section, we evaluate the system capacity of delivering
information using the channel estimates, in order to assess the
impact of channel estimation.

A. Single-user case

In this case, the information symbol 5, € C(0,Iyn,), ¢ €
N7 is beamformed by P, € CNe*Nu 5o by omitting the
subscript k in (24) the receiver equation over sub-carrier i,
is formulated as

yg = HI($)DP5, + () (99)
HY (q)DPysq + (HY () — HY (1)) DPy5,

+n(ig),  (100)

where H7/(¢,) is the estimate of H/(y,). Note

that (H’(y,) — H'(¢,))DP,5, is uncorrelated with



(\I’fq’qq’q + 6q<(I’q>INC)
o

Z I (‘I’g[@q@q + €q<(pq>INc)

Kk+1
Pq( ) q=1

(\Pg@q\pq + Eq<q)q>INc + ’YINC)

(XY w )i

B H
XAy -1y 2<py,
( q “q (1) "< Py (106)

—1 vHx— H
(XY, 1)
otherwise,

H/ (1,)DP,5, and considered as a noise with the zero mean
and covariance of

Eq”PqHQINua

where e, £ E(||HY (1) = HY (9)|*) = (Rn) = F (6", S7)
with F(9°P*, S?P*) defined from (47). As such, we define the
throughput of 5, as
Tq(Pq) =1In (INu + [\I’qPq]Q(EqHPqHQINu + UINu)_l) )
(101)

where ¥, £ Hf (14)D. We thus consider the following

problem
14
max  g(P)£ ) ry(P,) st (102a)
Pé(PQqufl) =Q
p—1
S IPI? < Pu, (102b)
q=Q

where P, is the power budget of information transmission.
Initialized by P(®) feasible for the power constraint (102b),
let P(") be a feasible point obtained from the x — 1-
th iteration Applying the inequality (2) for (X,Y) =
(¥,Py. [Py 2T, + olx.) and (X.¥) = (X,.%,) =
(‘If i, q|\P,1(“)|\2I N, + oln,) yields the following tight
minorant of r,(P,) at P;"

fq(Pq) = Qq +2%{<Xf}7;;_1qjqpq>}
_<(I)q7 [\Iquq]Q + 6qHPqHQINu>7 (103)
where we have:

By LV - (V4 (X)L

P (XYY —otwy. P

Qg —’I"q

We thus solve the following convex problem of tight minorant
maximization for (102) to update P(*+1):

p—1
max z;? 7q(Pg) st
q:

which admits the closed-form solution given by (106), where
~ > 0 is found from bisection such that

(102b), (105)

1 B B B )
|, ¢ eg@) v, 421 (Y,

=Q

=P, (107)

The pseudo-code outlining the implementation of the path-
following method for solving (102) is presented in Algorithm
2.

Algorithm 2 Path-following algorithm for solving (102)

1: Initialization. Randomly generate a feasible point P(0)
for (102). Set x = 0.

2. Path-following: Update P(**1) by the closed-form ex-
pression (106). Increment « := x + 1 until the objective
in (102) converges.

3. Output P°Pt) 2 P(%) and the achieved rate g(P(°P!).

B. Multi-user case:

Let Dy, € CN«*Ne be the covariance of the signal
carrying information for user k£ over the ¢-th sub-carrier, and
D £ Dy glk=1... K:q=Q....u—1- By using [37], the capacity
of the multi-user OFDM channels is bounded below by

K

p—1
f(D) £ Z In (INC + {Z \I/hqu,q\Ith}
9=Q

k=1
-1
> ; (108)

where we have Vg = H (wq)D with Hf( 1)) denoting the
estimate of Hj (1), and eg o 2 E(||H{ (vg) — H (1y)]]?) =
(Rp,.) — fk(ﬂ"pt SPPYY with f, (6P, SOpt) defined from (47).

By setting Dy, = [Py4)? with Py, € CNoXNu we
consider the following problem

p—1
max ) g,(Py)
q=Q
nw K
SN IPrgl* < Pa
=Qk

=1

K
X (O'INC + Z 6k,q<Dk,q>INC)

k=1

(109a)

(109b)

K
k=1 \I’qu Prg)?Uhgl(oln, +

where g,(P,) 2 In (INc +
) for Py £ (Py1,,...,Pg,) and

Sk kgl Pgl FIv.) ™!
P 2 (Pg,. S PL_1).
Let P, Oq) be the initial feasible point for (109b) and P(K) be

obtained from the (x — 1)-th iteration. Applying the mequahty
(2) for

(X,Y) = ([\If{{qPLq LU P,

K
oly, + Zek,q|\Pk,q||2ch)
k=1

(X,Y) = (X,,Y)

& (IXug - Xl oly, +Zekq||P,§*’;>||2ch),
k=1
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K
K . —1
PUFD =t Y N | (Whig®gWE, + exg(Pg)In,) T BEIP < Pu,

q=Q k=1

(113)

-1
(Vg ®WH, + erg(®@)In, +71v,) B, otherwise,

Xkyq 2 \I’kH,qPISZ)

yields the following tight minorant of g,(P,):

9q(P) 2 ag + 2 Z R{(B,qPr,q)}

k=1
K K
— (00, Y Pral + Y nalPrgl Py, ).

k=1 k=1

(110)
where we have:
_ _ K e B
2, = q - (YQ_+ Zk:l[Xk,q]Q) Y

B,,2 X2 Y‘llllgq, (111)

k.q k,q'q
Qq £ fq(P(H)) - ZkK:1<[Xk7q]2Yq_l> — (D).

We thus solve the following program of tight minorant maxi-

mization for (109) to update P(*+1):

n
max > fo(P) st (109b), (112)
7=Q
which admits the closed-form solution given by (113) at the
top of the page, where v > 0 is found from bisection such
that

n K
—1
SO N (Thg®eUF, + g (@), +vIn,)  BiII? = Pa.

q=Q k=1
The pseudo-code outlining the implementation of the path-

following method for solving (109) is presented in Algorithm
3.

Algorithm 3 Path-following algorithm for solving (109)

1: Initialization. Randomly generate a feasible point P(0)
for (109). Set k = 0.

2. Path-following: Update P(**1) by the closed-form ex-
pression (113). Increment « := x + 1 until the objective
in (109) converges.

3: Output P°PY) & P(%) and the achieved rate g(P(°P!).

IV. NUMERICAL RESULTS

This section evaluates the performance of our proposed
training signal design proposed in Sections II and III. We
assume a uniform linear array (ULA) at the BS, where K
UEs are randomly distributed within a cell having 60-meter
radius. We characterize the mmWave propagation by adopting
the geometric channel model (16) having N, = 10 scattering
rays per cluster [38], whose angles of departure and arrival are
generated according to the Laplacian distribution in conjunc-
tion with random mean cluster angles ¢y, s € [0,27) and

angular spreads of 10 degrees within each cluster. Assuming
a carrier frequency of 30 GHz and 16.5 dB gain for multiple-
antenna beamforming-aided mmWave transmission [38], the
path-loss for the BS-to-UE k link at distance dj is set to
pr = 36.72 4+ 35.3logy(dr) dB [39, Table IV], [40, Table
7.4.1-1]. For the calculation of transmit and receive correlation
matrices, Rr ., and Rg i m, in (37), we harness the spatial
correlation model of clustered MIMO channel, where the
angle-of-departure or arrivals follow Laplacian distribution for
different path-rays in a cluster [36, Eq. (10)].

Unless stated otherwise, we set the total transmit power
budget to P = 50 dBm, the number of TAs at the BS and
RAs of the UE is set to N = 16 and N, = 2, respectively.
The number of pilot subcarriers is set to ¢ = 64, out
of a total of = 128 subcarriers. A portion of the total
power budget, P,, = Q/uP, is allocated for training during
the transmission of () pilot subcarriers, while the remaining
portion, Py = (u—Q)/uP, is used for data transmission. The
number of RF chains is assumed to be half the number of TAs,
i.e., N. = N/2, and the number of multipath components is
assumed to be M = 4.

In order to asses the performance of the proposed training
signal design algorithm in Section II, we have used the
normalized mean-square error (MSE) metric of:

K 2 )
Normalized MSE = ZE{‘hk - hk‘ / Il } . (114)
k=1

To observe the impact of channel estimation on the achievable
data rate, we simulate the algorithms 2 and 3 in Section III.
The average achievable rate metric is adopted, which is given
by

f(P)

Average Rate = — ——
I

i H
o bits/sec/Hz

(115)
where f(P) is defined in (102) and (109) for the single-user
and multi-user cases, respectively.

The performance cannot be directly compared to existing
benchmarks because no prior work has proposed training
design and channel estimation for multi-user mmWave OFDM
channels under the considered AoSA architecture. Conse-
quently, we compare the proposed training algorithm (Alg.
1) against random training, while the proposed precoding
algorithms (Alg. 2 and Alg. 3) are compared against random
precoding. In addition, to provide a lower benchmark for
training performance, we will compare the proposed AoSA
architecture-based training algorithm with a counterpart based
on a fully connected architecture. Moreover, to provide an
upper benchmark on the achievable rate of the proposed pre-
coding schemes, we will later compare the proposed training
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Fig. 2: Impact of the number of antennas at the UE N,, and low-resolution quantization at the AP on (a) MSE and (b)
achievable rate performance for the single-user case.

and precoding algorithms to a benchmark that assumes perfect
CSL

Fig. 1 shows the convergence of the proposed training Alg.
1 for a particular simulation, for both single-user and two-
users cases. We can observe that the average MSE of the
proposed training Alg. 1 monotonically converges after around
100 iterations. When extending the system to the two-user
case, the MSE approximately doubles, as the metric in (114)
aggregates the estimation errors across multiple users.

Fig. 2 illustrates the impact of the number of RAs N, at
the UE on the MSE and on the achievable rate performance
for the single-user case. Both infinite-resolution (b = oo) and

low-resolution (b = 3) quantization schemes are considered for
the design of analog precoding V 4. Fig. 2(a) shows that the
MSE increases with N,,, due to the larger number of channel
parameters that must be estimated, governed by the size of
the channel vector M NN,. By contrast, Fig. 2(b) indicates
that this increase in MSE does not impede the improvement
in achievable rate, which continues to grow with N, as a
result of the proposed precoding design and the multi-antenna
diversity at the receiver. In general, Fig. 2 highlights the
benefits of the proposed training and precoding algorithms
over random training and precoding in terms of MSE and
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rate performance, respectively. Focusing on the impact of
quantizing the analog precoder design, Fig. 2(a) shows that
the MSE of the proposed algorithm nearly doubles when using
3-bit resolution compared to co-resolution analog precoding.
By contrast, Fig. 2(b) shows that the achievable rate decreases
by only about 10% when transitioning from oo-resolution to
3-bit resolution in the design of analog precoding.

In Fig. 2(a), we compare the performance of the proposed
training algorithm to that of the training algorithm in [13].
It can be observed that the MSE achieved by the proposed
Algorithm 1 is almost twice that of the algorithm in [13]
for N,, > 2 UE antennas. This performance difference arises

because Algorithm 1 is based on an AoSA architecture, which
requires only N phase shifters, whereas the algorithm in
[13] relies on a fully connected (FC) architecture employing
NN phase shifters. Consequently, the power consumption
associated with the phase shifters in the FC architecture, as
adopted in [13], is V. times higher than that of the AoSA-
based architecture considered in this work. Moreover, the
algorithm in [13] is limited to single-UE scenarios.

The effect of varying the number of TAs N at the BS
on the MSE and on the achievable rate is depicted in Fig.
3. The single-user and K = 2 user cases are compared.
The MSE and achievable rate approximately double when
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moving from the single-user to the two-user case. This is
because the metrics defined in (114) and (115) sum the
MSE and achievable rate across all K users. Overall, Fig.
3 demonstrates the effectiveness of the proposed training and
precoding algorithms compared to their random counterparts,
with noticeable gains in both MSE and achievable rate. As
seen in Fig. 3(a), the MSE increases with N, owing to the
growing number of channel parameters that must be estimated
proportional to the size of the channel vector M N N,,. Despite
this, Fig. 3(b) indicates that the achievable rate continues to
improve as N increases, showing resilience to the rise in
estimation error.

Fig. 4 shows the impact of varying the number of pilot
subcarriers () on both the MSE and achievable rate, under
a fixed total number of subcarriers ;1 = 128. As shown in
Fig. 4(a), the average MSE decreases upon increasing (), due
to the availability of increased training resources. By contrast,
Fig. 4(b) shows that the average achievable rate also decreases
as @ increases. One might expect the rate to improve, given
the reduction in MSE. However, the decrease in rate is due
to the reduced number of data subcarriers, p — (), as more
subcarriers are allocated for training. Fig. 4 also provides
clear evidence of the superiority of the proposed training and
precoding algorithms over their random counterparts, yielding
significant improvements in both MSE and achievable rate.

Fig. 5 shows the impact of varying the total number of
subcarriers p on both the MSE and on the achievable rate,
under a fixed number of pilot subcarriers () = 64. The
analysis includes both single-user and two-user scenarios.
Transitioning to the two-user case results in roughly double
the MSE and achievable rate, since the metrics in (114) and
(115) aggregate these quantities for two users. As seen in
Fig. 5(a), the MSE increases for larger values of p, owing
to the relative reduction in the number of pilot subcarriers,

i.e., if the ratio of pilot subcarriers to total subcarriers, %,
decreases. One might expect the achievable rate to decrease as
a result of the increased MSE. However, Fig. 5(b) shows that
the rate actually increases, due to the growing number of data
subcarriers, 1 — Q, which allows for more data transmission.
It is worth noting that the improvement in achievable rate
becomes marginal as p continues to increase.

Fig. 6 illustrates the impact of the maximum power budget
P,.x on both the MSE and achievable rate. As shown in
Fig. 6a, the average MSE decreases, while the average rate
increases upon increasing P, due to the greater availability of
resources. Fig. 6a clearly demonstrates the advantage of the
training algorithm proposed in Sec. II in terms of achievable
MSE, compared to random training. A similar benefit is
observed in Fig. 6b, where the precoding algorithm proposed
in Sec. III outperforms random precoding, yielding more than
a two-fold improvement in the achievable rate. Fig. 6b also
depicts the performance of the proposed precoding algorithm
under perfect CSI, when the achievable rate becomes about
3 — 4 times higher than in the case, where the proposed
precoding relies on channel estimation obtained through Sec.
II. Considering the case of K = 2 users, results for varying
power budgets are shown in Fig. 7, where a trend in average
MSE and achievable rate similar to that in Fig. 6 is observed
for the single-user case. As anticipated, moving to the two-user
scenario leads to approximately twice the MSE and achievable
rate, as the metrics in (114) and (115) represent aggregated
values across both users.

Fig. 8 illustrates the impact of the number of RF chains
N, for K = 2 users and N = 32 TAs on both the MSE
and the achievable rate. It can be observed that the average
MSE decreases, and consequently the achievable average rate
increases, as the number of RF chains grows, this is owing
to the availability of more resources. Thus, having fewer RF
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chains (i.e., N. < N/2) results in poor channel estimation
accuracy. Therefore, we have assumed N, = N/2 RF chains
in all other simulation results.

Fig. 9 illustrates the impact of the number of users K on
both the MSE and the achievable rate. It can be observed that
both the average MSE and the achievable rate increase with K.
Naturally, this is expected because the metrics defined in (114)
and (115) sum the MSE and achievable rate across all K users.
Overall, Fig. 9 demonstrates the effectiveness of the proposed
training and precoding algorithms: the former handles multiple
users efficiently, limiting the MSE growth to approximately
linear with K, while the latter manages multiuser interference
effectively, allowing the overall achievable rate to continue

improving as K increases.

V. CONCLUSIONS

We have conceived training signal designs through the
joint optimization of ABF and SDPs for estimating multi-user
wideband mmWave channels based on their statistics. A path-
following algorithm was developed to update ABF and SDPs
via closed-form expressions. Furthermore, we proposed path-
following algorithms to investigate how the channel estimation
error affects the system performance, particularly in terms of
capacity for decoding user information. An extension to a
new class of ABF that saves phase shifts to reduce power
consumption [41] is currently under investigation.
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