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Abstract—Free-flying distributed synthetic aperture radiome-
ters can improve L-band imaging resolution, but formation per-
turbations introduce non-uniform (u,v) sampling that degrades
conventional Fourier-sum inversion. We benchmark four recon-
struction methods on a common test case: a six-satellite Golay6
formation at 250 km altitude with random in-plane displacements
(~6.4cm) and rotations (up to 5°). Using identical visibility
inputs, we compare the Discrete Sum Method (DSM), a Voronoi-
weighted DSM (VDSM), the Triangle Interpolation Method
(TIM), and a reference NUFFT approach. DSM fails under the
perturbed sampling, while VDSM, TIM, and NUFFT recover
the main scene structure. RMS error shows TIM performs best
near the image centre (8.54K at 40° FOV radius), whereas
NUFFT/VDSM are slightly better at the widest field (~16-18 K
at 60°). Overall, methods that account for non-uniform sampling
substantially improve robustness to formation drift.

Index Terms—Synthetic aperture radiometry, non-uniform
sampling, image reconstruction, formation flying.

I. INTRODUCTION

Surface soil moisture and sea surface salinity are key
state variables in the land—atmosphere system. They regulate
evaporation, precipitation, and runoff, and therefore underpin
applications ranging from flood forecasting to climate monitor-
ing [1-3]. L-band microwave radiometry (1.4 GHz) provides
strong sensitivity to these parameters because of its compara-
tively deep soil penetration and reduced sensitivity to surface
roughness [4-6]. The principal limitation is spatial resolution:
diffraction requires apertures that are prohibitively large for
conventional single-dish instruments [7]. Synthetic aperture
radiometry addresses this by correlating signals from multiple
small antennas to synthesize a larger effective aperture, as
demonstrated by SMOS [8-10]. However, SMOS resolution
(on the order of 50 km) remains insufficient for many geo-
physical applications that require sub-10 km detail [§-10].

Distributed formations of small satellites offer a scalable
route to higher resolution by enabling longer baselines of
the spatial-frequency (uv) plane [11-13]. In practice, image
quality depends not only on uv coverage but also on the fidelity
of the assumed baseline geometry. Conventional inversion
approaches based on discrete Fourier summation are sensitive
to baseline perturbations, leading to rapid degradation when
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spacecraft drift from nominal positions [12, 13]. This sen-
sitivity drives stringent formation-keeping requirements; for
example, the TriHex mission concept limits relative offsets to
5 mm [12]. More robust reconstruction algorithms could relax
these constraints, improving mission feasibility and scalability.
In this study, we compare four image reconstruction meth-
ods - a baseline approach, two methods developed in this work,
and a reference method from the literature - and quantify their
ability to recover surface brightness temperature maps under
formation-induced non-uniform uv sampling.

II. METHODOLOGY

We consider a distributed L-band synthetic aperture ra-
diometer formed by six small satellites in a Golay6 configura-
tion at an altitude of 250 km [14]. No active formation control
is assumed and each spacecraft is displaced from its nominal
position in the formation plane and subjected to a small rigid-
body rotation. Figure 1 illustrates one representative case, in
which the six satellites are translated by approximately 6.4 cm
(in random in-plane directions) and rotated by up to 5° about
their centres.

From the perturbed antenna phase-centre locations, we form
all pairwise baselines and express them as spatial frequencies
in the (u,v) plane by normalising by the wavelength. The
resulting (u,v) samples for the case in Fig. 1 are shown
in Fig. 2, with colour indicating baseline redundancy. The
perturbations break the ideal lattice structure: the sampling
becomes non-uniform, with mis-registered tiles, local gaps,
and intra-tile distortions. Note that for visualisation and for the
two discrete-sum methods, we merge near-coincident baselines
in the (u,v) plane using a distance threshold of half the
nominal lattice spacing.

To benchmark reconstruction performance, we use the
brightness temperature scene shown in Fig. 3. The map is
adapted from [15] and rendered as viewed from 250 km
above 35°N, 90°W over a 60° field of view. Values are scaled
to a representative L-band brightness temperature range, and
the image grid is parameterised by direction cosines (&,7).
Reconstruction accuracy is evaluated for four methods: the
standard Discrete Sum Method (DSM), a Voronoi-weighted
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Fig. 1: A Golay6 formation [14]. Note that the satellites are
slightly displaced and rotated.
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Fig. 2: Baselines of the antenna arrangement from Fig. 1. Point
colour signifies redundancy.

Discrete Sum Method (VDSM), the Triangle Interpolation
Method (TIM), and a reference non-uniform Fourier transform
approach from Fessler and Sutton [16].

A. Discrete Sum Method

Under the standard assumptions used in synthetic aperture
radiometry (narrowband measurement, far-field scene, and a
small-angle parametrisation by direction cosines), the bright-
ness temperature map Tp(£,7n) is related to the measured
complex visibility function V(u, v) through a two-dimensional
inverse Fourier transform [17]:

Tp(&n) = //OO V(u, v) 2™ WEFVD qy dy, (1)

DSM approximates (1) by replacing the continuous integral
with a finite weighted sum over N measured visibilities
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Fig. 3: Input image adapted from [15].

{V;}}¥, at baseline coordinates {(u;,v;)}¥; [12, 13, 18, 19]:

N
Tp(&m) =Y VW, 2 (mistvim, 2

i=1
The weights W; apply apodisation to mitigate sidelobes arising
from the finite extent of the sampled spatial-frequency domain.
In this work, a Hamming window is used throughout. A key
assumption of DSM is that the (u, v) samples lie on a uniform
lattice (or can be treated as such), so that (2) corresponds
to an inverse discrete Fourier transform on a regular grid.
Formation drift violates this assumption by perturbing baseline
coordinates, which in turn produces non-uniform sampling and
degrades the reconstruction. Consequently, DSM-based pro-
cessing can impose stringent formation-keeping requirements

in distributed architectures.

B. Voronoi Discrete Sum Method

VDSM compensates for non-uniform sampling by assigning
each visibility measurement a weight proportional to the area
of its associated Voronoi cell in the (u,v) plane. A Voronoi
diagram partitions the plane into regions whose points are
closer to a given sample location than to any other [20]; the
resulting cell area provides an estimate of the local sampling
density inverse.

Let A; denote the Voronoi cell area associated with sample
(u;,v;). VDSM reconstructs the image via

N

Tp(&m) = Z Vi Ay W; e2mi(uastvim), 3)

i=1

where W; is the same apodisation window introduced before.
Figure 4 illustrates the resulting weighting behaviour: samples
adjacent to gaps receive larger A;, while samples in locally
dense clusters are down-weighted. Voronoi cells on the convex
hull are formally unbounded; following common practice,
these boundary cells are assigned a finite nominal area, taken



Fig. 4: Zoomed-in Voronoi diagram of the baseline arrange-
ment from Fig. 2. Numbers in blue indicate cell area.

here to be the area of a regular hexagonal cell corresponding
to the nominal lattice.

C. Triangle Interpolation Method

The Triangle Interpolation Method reconstructs the image
by approximating the visibility function V(u,v) as piecewise
linear over a Delaunay triangulation of the measured (u,v)
samples. Specifically, the measured baseline locations are
triangulated, V(u,v) is assumed to vary linearly within each
triangle, and the inverse Fourier integral is evaluated analyti-
cally over each triangular element. The recovered brightness
temperature map is then obtained as the sum of all triangle
contributions.

Starting from (1), we restrict the integral to a single triangle
and introduce barycentric coordinates («, 3) on the reference
simplex. For vertex visibilities V; 2 3 at (u;, v;), the contribu-
tion of one triangle can be written as

1 11—«
Toa(€,n) = ¢ 240 / /
0 0

a1+ BVs + (1 - a = B)Vs] HA+75) 45 da,

4)
with
A= &uy + vy — (§us +nvs)
B = &uy + v — (us + nvs3)) 5)
C = &us + nus
k=257

where AA is the triangle area arising from the Jacobian of the
change of variables. The double integral of (4) has a closed
form, which can be shown to be:

AZekB [B(v1 TV = Va(Ak +2)) + A(Vs — V3) + B2kv2]
4 B2ekA [Akal £ A(Va + V5 — Vi (Bk +2)) + B(V, — V3)]

—(A-B)? [Av2 + BV, — V3(ABk + A + B)]
A2B2k3(A — B)?

In =

©6)

so that the full image is the sum of N triangle contributions,

N
Tp(&m) =Y ™ 2An . @)
i=1

a) Numerical evaluation.: Although (6) is written with
denominators that vanish at A = 0, B = 0, or A = B, the limit
of the fraction is finite. In practice, stable evaluation is ob-
tained by switching to the corresponding limiting expressions,
which can be found using L’Hopital’s rule, whenever |A|, | B|,
or |A— B] falls below a small tolerance. In our implementation,
a threshold on the order of 10~* was sufficient.

b) Interpolation transfer function correction.: Because
TIM models V(u,v) as piecewise linear, it implicitly applies
a compact interpolation kernel in the (u,v) domain. On an
ideal regular hexagonal lattice, this is equivalent to convolving
the sampled visibilities with a hexagonal tent kernel. By the
convolution theorem, this produces a known apodisation in
the reconstructed T5(£,n) equal to the Fourier transform of
the interpolation kernel, a sinc® window. We therefore apply
a final scaling (deapodisation) by dividing the reconstructed
image by this transfer function to correct the interpolation-
induced attenuation, particularly towards the field-of-view
edges.

D. Non-uniform Fourier transform

As a reference for comparison with TIM, we use the
non-uniform fast Fourier transform (NUFFT) of Fessler and
Sutton [16], which has previously been applied to synthetic
aperture radiometry with intentionally non-uniform antenna
layouts [21]. We use the PyNUFFT implementation [22]. In
this approach, the irregular (u,v) samples are first gridded
onto an oversampled Cartesian lattice using a compact in-
terpolation kernel, a standard FFT is applied, and a final
deapodisation is used to correct for the gridding kernel.

III. RESULTS

Reconstructions of the same input scene using the four
methods are shown in Fig. 5. DSM performs poorly under
the perturbed, non-uniform (u,v) sampling: the reconstruction
is strongly blurred and fine-scale structure is largely lost. In
contrast, PYNUFFT, TIM, and VDSM recover the main spatial
patterns, although residual blur and sampling-induced artefacts
(notably ripples) remain visible.

Quantitative performance is summarised by the RMS error
in Tab. I as a function of field-of-view (FoV) radius. TIM
achieves the lowest error for smaller FoVs (i.e., near the
scene centre). As the FoV increases and edge regions are
included, the TIM error increases and becomes comparable
to, or slightly worse than, PYNUFFT and VDSM at the largest
radius, indicating reduced robustness near the FoV boundary
for this test case.

IV. CONCLUSIONS

This work compared four reconstruction approaches for a
free-flying distributed L-band synthetic aperture radiometer
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Fig. 5: Reconstructed brightness temperature maps for four reconstruction methods.

TABLE I: Reconstruction error as a function of field-of-view
radius for the displaced Golay6 test case.

FoV radius (°) DSM [K] VDSM [K] TIM [K] PyNUFFT[K]
20 3245 14.30 8.39 14.07
40 3339 10.29 8.54 10.23
60  46.18 17.58 17.75 15.87

under non-uniform (u,v) sampling induced by formation per-
turbations. The baseline discrete sum method was found to be
highly sensitive to sampling irregularity, producing substantial
blur and losing fine-scale structure in the recovered brightness
temperature map. In contrast, VDSM, TIM, and the NUFFT-
based reconstruction all provided markedly improved image
quality by explicitly accounting for non-uniform sampling,
either through density compensation (VDSM), analytic inte-
gration over a triangulated (u,v) mesh (TIM), or gridding
with deapodisation (NUFFT). Quantitatively, TIM achieved
the lowest RMS error when evaluation was restricted to the

inner field of view, while its error increased toward the scene
boundary and became comparable to (or slightly worse than)
VDSM and PyNUFFT at the largest FOV radius. Overall, the
results indicate that robust non-uniform sampling methods can
substantially mitigate drift-induced degradation and therefore
have the potential to relax stringent formation-keeping re-
quirements in future distributed synthetic aperture radiometer
missions. Future work will extend the analysis across a wider
range of more realistic perturbations.
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