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We develop and implement a new hybrid waveform model for quasicircular inspirals with a spin-
ning primary and nonspinning secondary, excluding the merger and ringdown. This model, which is
a core component of the more extensive WaSABI-C model, consistently assembles all available first-
order self-force and post-Newtonian results through a hybridization procedure without any tuning
to numerical relativity, making it particularly suited for intermediate to extreme mass ratios. For
almost all masses and primary spins, the resulting hybrid model significantly improves the faithful-
ness of both post-Newtonian and adiabatic self-force waveforms considered separately. We provide
detailed comparisons with 50 simulations from the SXS catalog with mass ratios ranging from 1 to
15 and primary spins ranging from −0.8 to 0.8. The hybrid model improves the median mismatch
against numerical relativity waveforms by a factor of 2000 with respect to adiabatic waveforms and
40 with respect to post-Newtonian waveforms. The mismatches are comparable to those obtained
from the SEOBNRv5EHM model in the quasicircular limit over most of the parameter space covered by
NR simulations.
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I. INTRODUCTION

A. Gravitational wave astronomy with
asymmetric-mass systems

The era of gravitational wave (GW) astronomy is now
well underway: since the first direct detection of a GW
signal [1], the LVK (LIGO-Virgo-KAGRA) collaboration
has detected more than 200 binary coalescence candidate
events [2]. Many more events are yet to come at the end
of the current fourth observing run in October 2025 as
well as during the O5 run planned for 2027 [3]. In order to
analyze the signals emitted by these coalescing binaries
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without introducing significant biases in parameter esti-
mation as well as to perform stringent tests of the theory
of General Relativity (GR), a robust understanding of
the two-body problem within GR is required [4–9]. Many
modeling techniques have been developed to achieve this
over the last few decades. Among them, post-Newtonian
(PN) [10–30] and post-Minkowskian (PM) theories [31–
47], self-force (SF) theory [48–60], and Numerical Rel-
ativity (NR) [61–76] can be classified as first-principles
methods, as they directly solve the Einstein field equa-
tions (EFEs). In synergy with these first-principles meth-
ods, various types of fast inspiral-merger-ringdown mod-
els have been developed for data analysis: effective-one-
body (EOB) models [77–82], which led to the families
of SEOBNR [83–88] and TEOBResumS [89–96] models, NR
surrogates [97–105], and phenomenological models [106–
116], all of which are built from the outputs of first-
principles methods.

The frequency band of current ground-based detec-
tors allows the detection of events that occur within the
range 10Hz to 104Hz. Most signals within this band
are emitted by the coalescence of roughly-comparable-
mass binaries whose total mass reaches a few dozen solar
masses [2, 3, 117]. However, the recent detection of a 200-
solar-mass system [118] points to the increasing relevance
of intermediate mass black holes, the existence of which
also implies greater likelihoods of events with high mass
ratios q̊.1 Notably, parameter estimation for this event
also suffered from very large systematic biases between
the five waveform models involved in the study [85, 119–
122]. Moreover, events with mass ratios as high as
q̊ ≈ 9 [123] and even q̊ ≈ 27 (GW191219 163120) [117]
have already been observed, with the latter falling out-
side the range of validated GW models [117]. Such asym-
metric compact binary coalescences are nowadays consid-
ered as important astrophysical sources [124], motivating
one of LVK’s observational science objectives: providing
fast and accurate waveform models for asymmetric-mass-
ratio binaries [125] (see the task Obs-2.7.-A(i)).

Binaries with even higher q̊ will be even more essential
in future GW astronomy. In January 2024 the Euro-
pean Space Agency (ESA) adopted the LISA mission,
which will mark the beginning of space-based GW inter-
ferometry [126]. LISA will probe the millihertz GW spec-
trum, unraveling the signals emitted by extreme-mass-
ratio inspirals (EMRIs). EMRIs are binaries comprising
a stellar-mass compact object of massm2 orbiting around
a massive black hole of mass m̊1. The small mass ratio
ε̊ = 1/q̊ = m2/m̊1 of these systems ranges in the interval
10−4 − 10−6, which is many orders of magnitude more
asymmetric than any signals detectable by the LVK ob-
servatories [3]. Due to its extreme mass ratio, an EMRI
will stay months to years accumulating signal-to-noise

1 We use rings, as in q̊, to denote the initial values of evolving
parameters.

ratio (SNR), undergoing tens or hundreds of thousands
of cycles before merger or leaving the LISA band [127].
Such very long in-band signals are intrinsic to EMRIs,

as the radiation-reaction timescale, over which the sys-
tem loses energy through the emission of GWs, grows
like the inverse of the small mass ratio ε̊. Therefore, the
binary’s three independent orbital frequencies Ωi [53],
which evolve in the inspiral due to the emission of GWs,
change at the slow rate dΩi/dt ∼ ε̊. Moreover, as Ωi ∼
1/m̊1, the binary will spend its time in the strong-field
regime while visible within the LISA band. This abun-
dance of strong-field cycles will provide unique probes of
the strong-field regime of GR [128–130] and of the astro-
physical environment in galactic cores [131].
Intermediate-mass-ratio inspirals (IMRIs), with mass

ratios 10−4 ≤ ε̊ ≤ 10−2, represent another poten-
tially important class of high-̊q of sources, for both
LISA [126, 131] and third-generation ground-based de-
tectors such as the Einstein Telescope (ET) [132]. These
systems have many of the same intrinsic characteris-
tics as EMRIs, but they can additionally be detectable
from their very early inspiral stage all the way up to
merger [133], evolving through multiple regimes in a sin-
gle detector band or across multiple bands [126, 132].
Furthermore, even massive black hole mergers, the loud-
est sources for LISA, are expected to have a wide range
of mass ratios, ranging from equal mass to values of q̊ in
the hundreds [134].
All of these asymmetric binaries currently lack mod-

els with sufficient accuracy and extensiveness for high-
precision GW science, with IMRIs and EMRIs partic-
ularly lying far beyond the range of validity of cur-
rent models for second-generation ground-based detec-
tors. This leaves GW modelers with a very challenging
task: providing accurate, efficient, and complete wave-
form models across the whole range 10 ≲ q̊ ≲ 106.

B. This paper: modeling high-q̊ systems

There has been substantial recent progress toward
more faithful waveform models in much of the binary
parameter space, but all these models have limitations in
the high-̊q regime [135]. In PN theory, waveforms have
been pushed to 4.5PN beyond leading order [18, 30, 136];
however, PN rapidly loses accuracy at high q̊ because
the number of orbital cycles in the strong-field regime
scales linearly with q̊. Links between scattering binaries
and gravitationally bound systems [36, 37, 137–142] have
also allowed PM scattering calculations to inform mod-
els of inspirals [143–147], but application of these ideas
to asymmetric systems is still in a germinal stage [148–
153]. The SXS collaboration’s catalog of NR waveforms
now contains 4170 simulations, including 164 with mass
ratios q̊ > 8 [154–156], and work on the high-̊q regime
is ongoing [157–159]; however, NR is still currently lim-
ited to mass ratios ≲ 20, and it is not feasible for NR
to explore the whole high-̊q parameter space (and effec-
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tively impossible to model EMRIs with NR) due to the
quadratic scaling of NR runtime with q̊ [160].

In principle, the challenges of high-̊q modeling are
met by SF theory, in which the small, secondary ob-
ject is treated as a source of perturbations on the space-
time of the larger, primary black hole, and the space-
time metric is consequently expanded in powers of the
small mass ratio ε̊. This approach has reached recent
milestones in both accuracy and efficiency. By combin-
ing a multiscale formulation of the Einstein field equa-
tions [52, 53, 60, 161–163] with GPU acceleration, the
FastEMRIWaveforms (FEW) package [54, 133, 164, 165]
can generate long, LISA-length waveforms in tens of mil-
liseconds. At the same time, the most advanced SF
models have proved highly accurate for all mass ratios
q̊ ≳ 10 [55, 166, 167]. However, current SF models re-
main severely limited in their coverage of the binary pa-
rameter space, particularly for spinning and precessing
systems.

It is generally accepted that, in order to meet LISA
requirements, it is necessary and sufficient to go to second
order in the SF expansion of the EFEs [131, 135, 168].
This is motivated by the fact that the phase of the GW
signal admits an expansion of the form [53, 161]

φ(t, ε̊) =
1

ε̊
φ(0)(ε̊t) + φ(1)(ε̊t) +O(̊ε), (1)

where the first term of the expansion is the adiabatic
(0PA) phase and the second term is the first post-
adiabatic (1PA) correction. The former depends on the
dissipative piece of the first-order self-force (1SF), while
the latter depends on the full first-order self-force as
well as the dissipative piece of the second-order self-force
(2SF) [52, 53, 161].

Currently, the only available 1PA model is restricted
to the case of nonspinning, quasicircular inspirals [55].
0PA models are available for generic binaries involving
a spinning primary, but they are limited to weak fields
and small eccentricities [169] or else to equatorial systems
whose orbital angular momentum is aligned with the pri-
mary’s spin axis [133]. 0PA models also fall short of the
necessary accuracy requirements for EMRIs. For IMRIs
and other less extreme binaries, which will be observable
when the two bodies are at much larger separations, even
a 1PA model loses accuracy [166].

A recent Bayesian analysis [170] confirmed that ne-
glecting 1PA corrections introduces significant biases on
the parameter estimation for EMRIs and IMRIs. How-
ever, it also showed that these biases can be mitigated or
entirely eliminated by approximating the 1PA terms with
PN data. This is the starting point of our work: to com-
bine SF and PN results to construct a model that accu-
rately covers the whole range of mass ratios 10 ≲ q̊ ≲ 106

and particularly covers the spinning binaries for which
there are no complete 1PA models.
More concretely, we seek to build a hybridized SF+PN

model that achieves the following:

1. To model EMRIs with sufficient accuracy for LISA,

the model should be “exact” (accurate to 6 or more
digits [171]) in its 0PA information and should be
as complete as possible in its 1PA information.
Since 0PA effects [162, 172–174], first-order con-
servative self-force effects [175, 176], and all linear-
in-secondary-spin effects [60, 177–181] can now be
calculated in SF theory for generic orbital config-
urations around a spinning primary, completing a
hybrid EMRI model for spinning binaries requires
using a PN approximation to the missing second-
order dissipative self-force effects.

2. To be efficient enough for LISA data analysis
and to dovetail with the prevailing EMRI mod-
eling program, the model should take the mul-
tiscale form [53, 60] that is compatible with the
FEW rapid waveform-generation software pack-
age [54, 133, 164, 165].

3. To be sufficiently accurate for long signals that ex-
tend into the weak field, in the mass-asymmetric
but non-EMRI regime 10−4 ≲ ε̊ ≲ 0.1 [133], the
model must contain terms beyond 1PA order [166].
More generally, for the purpose of achieving high
accuracy over the broadest possible range of signals,
all available PN information should be included.

4. Following the principle of parsimony, we also aspire
to keep the model as conceptually simple as possi-
ble and built entirely from first principles, with no
calibration to NR data.

In this paper, we develop a model achieving each of
these objectives in the case of a nonspinning secondary
object on a quasicircular orbit around a spinning primary
black hole. Our model is restricted to the inspiral regime,
but it could be extended to the merger-ringdown regime
using the framework in Refs. [183, 184]. When applied
for mass ratios q̊ ≤ 15, we find that our hybrid model
matches NR inspiral waveforms far more accurately than
either the 0PA or PN models taken individually. We find
excellent numerical agreement with SXS simulations even
at comparable mass ratios, as illustrated in Fig. 1 for an
equal-mass, rapidly spinning binary.
Our model is not unique in combining information

from the weak-field (PN) and small-mass-ratio (SF) lim-
its. EOB dynamics is designed to capture the test-
mass limit by construction [77], and there has been a
long history of incorporating SF information into EOB
models [86, 88, 91, 185–196]. Models such as ENIGMA
and ESIGMA have also incorporated both PN and SF re-
sults [197, 198]. This paradigm of combining results from
different limits and techniques is perhaps best exempli-
fied by the “tutti frutti” approach [137]. Moreover, EOB
models specifically tailored to the small-mass-ratio limit
have also been constructed [88, 137, 185, 199–203].
We see our model as complementary to these other

models. While they incorporate test-body and SF infor-
mation, they are largely rooted in PN theory and gener-
ally utilize PN expansions of SF results. As emphasized



4

1000 2000 3000 4000 5000 6000
-0.4

-0.2

0.0

0.2

0.4

<latexit sha1_base64="KJ/MvIA9b5kE/2tLxKBLTgUhbXw=">AAACEXicbVDLSsNAFJ3UV62vqEs3g0XoKiRSfCwKRTcuK9gHNKFMJpN26GSSzkyEUvoLbvwVNy4UcevOnX/jpA2orQcuHM65l3vv8RNGpbLtL6Owsrq2vlHcLG1t7+zumfsHLRmnApMmjlksOj6ShFFOmooqRjqJICjyGWn7w+vMb98TIWnM79Q4IV6E+pyGFCOlpZ5ZcSOkBoLyPhzVHMt2R6MUBfBHdfGA1mzrsmeWbcueAS4TJydlkKPRMz/dIMZpRLjCDEnZdexEeRMkFMWMTEtuKkmC8BD1SVdTjiIivcnsoyk80UoAw1jo4grO1N8TExRJOY583ZldKhe9TPzP66YqvPAmlCepIhzPF4UpgyqGWTwwoIJgxcaaICyovhXiARIIKx1iSYfgLL68TFqnlnNmVW+r5fpVHkcRHIFjUAEOOAd1cAMaoAkweABP4AW8Go/Gs/FmvM9bC0Y+cwj+wPj4BnzEnCk=</latexit>

q̊ = 1.0 �̊ = 0.9

<latexit sha1_base64="q5wUtdzDBHUl9QHUELq1Fa4brUM="></latexit>

t [M̊ ]

<latexit sha1_base64="v4g5teL6+c0T2AQVdqv6+WThNTY="></latexit> R
e(

h
2
2
)

[M̊
]

FIG. 1. Self-force/post-Newtonian hybrid waveform (in red) and NR waveform SXS:BBH:2105 (in black) [182] for a quasicircular
binary with primary spin χ̊ = 0.9 and mass ratio q̊ = 1. The inset zooms in on the shaded gray region close to the merger. The
hybrid model is described in the core of this article. We also display 0PA and 4PN waveforms for comparison (in orange and
blue, respectively), aligned with the NR waveform at the same (early) reference time as the hybrid waveform. The stopping
criteria of the waveform for each model is detailed in Section VB.

in our enumerated list of objectives above, our approach
prioritizes using exact SF information wherever available
and seamlessly slotting into the mainstream EMRI mod-
eling framework.

Like the multiscale approach as a whole, our formula-
tion (i) is modular, immediately improvable as PN and
SF data advances, and (ii) will ultimately enable rapid
generation of long waveforms for generic, eccentric, pre-
cessing binaries through seamless integration with the
FEW package. We hence expect that our approach will
provide accurate, efficient models of IMRIs and serve as
accurate stand-ins for EMRI models until complete 1PA
results are available.

In the companion Letter [204], we further extend our
model to include additional SF information, and we pro-
vide a more thorough accuracy benchmarking against
both NR and other models.

C. Outline

The plan of the paper is as follows. In Sec. II, we pro-
vide a brief overview of the conventions generally in use
in NR, PN, and SF communities. We provide a common
dictionary between them and settle on a common set of
parameters. In Sec. III, we derive, for a nonspinning sec-
ondary orbiting a spinning primary, the explicit form of
the forcing functions of the phase space parameters writ-
ten in terms of energy and angular momentum fluxes as
well as the binding energy of the system. In Sec. IV,
we explain the hybridization procedure and the quanti-
ties that are being hybridized in our waveform model.
In Sec. V, we describe the numerical implementation of
our hybrid model, as well as three other models we shall
compare to: the 0PA and the PN model corresponding

to the (state-of-the-art) truncation that we consider, as
well as 0PA4PN, a variant of our model that utilizes less
SF information. We make explicit how the multiscale ex-
pansion enables rapid waveform generation through the
segregation between the offline step (computations that
can be done prior to waveform generation) and the online
step (computations that should be performed on the fly).
In Sec. VI, we assess the quality of our hybrid waveform
model by comparing it to NR simulations. We explore
the dephasing of the waveform against the NR simula-
tions as well as their mismatches (using the AdVirgo+
sensitivity curve). Finally, in Sec. VII, we wrap up the
discussion on the comparisons with other waveform mod-
els and discuss perspectives.

D. Notation and nomenclature

We adopt geometric units with G = c = 1. We then
express each quantity’s dimensions using powers of the
binary’s total mass M̊ at reference time t̊, as in the label
“t [M̊ ]” in Fig. 1. Dimensionless quantities are indicated
with “[/]”.
Following common (but opaque) practice, we use the

following terminology:

• an nPN term in a quantity f is a term of relative
order xn/2 in the binary dynamics, where 1/x is an
invariant measure of the orbital separation (defined
below). These orders are always counted relative to
the leading power of x in the quantity f , with the
exception of the fluxes at the horizon, which are
counted relative to the leading power of x of the
corresponding flux at infinity.

• an nSF term in a quantity f is a term calculated
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from the nth-order metric perturbation h
(n)
αβ in an

expansion of the metric of the form gαβ + εh
(1)
αβ +

ε2h
(2)
αβ + . . . This is equivalent to an absolute order

counting in powers of ε.

• an nPA term in a quantity f is a term of relative
order εn in the binary dynamics. This counting is
analogous to nPN counting.

Finally, we refer to slowly evolving binary variables,
such as masses and frequencies, as parameters, which
make up the parameter space. We refer to the full
set of evolving binary variables, including those that
evolve on the orbital time scale, as “phase space coor-
dinates”, which make up the binary’s phase space (re-
stricted by phase-space reductions such as quasicircular-
ity, spin alignment, etc.).

II. SETUP AND CONVENTIONS

We consider the quasicircular compact binary inspiral
of a secondary body of small massm2 and a primary body
of larger mass m1(t). Here we allow the primary’s mass
to evolve with observation time t, assuming a time foli-
ation that extends to future null infinity and penetrates
the primary’s event horizon. In principle, the secondary’s
mass also evolves due to GW absorption, but this effect
is strongly suppressed in both PN and PA counting [205];
for completeness, we account for it in the companion let-
ter [204], but for simplicity, we neglect it in this paper.
In general, the primary mass’s evolution is also a small
effect [167, 206, 207], but we account for it because it be-
comes increasingly important close to merger, especially
for prograde, high-spin systems.

We define the total mass as M(t) = m2 + m1(t),
the symmetric mass ratio as ν(t) = m1(t)m2/(m1(t) +
m2)

2 and the primary’s dimensionless spin as χ(t) =
J1(t)/m

2
1(t). In the companion letter [204] we include

the spin of the secondary, but we neglect it here. We can
invert the mass relationships to express the primary and
secondary masses in terms of the symmetric mass ratio
and total mass as

m1 =M
1 +

√
1− 4ν

2
, (2)

m2 =M
1−

√
1− 4ν

2
. (3)

The observable waveform at sky position (R,Θ,Φ) and
observation time t is decomposed in spin-weighted spher-
ical harmonics in the standard fashion as

R(h+ − ih×) =

∞∑
ℓ=0

ℓ∑
m=−ℓ

hℓm(t)−2Y
ℓm(Θ,Φ). (4)

We perform the following decomposition of each (ℓ,m)
mode of the wavestrain:

hℓm(t) =M(t)ĥℓm(t)e−imψℓm(t), (5)

where, by convention, the evolving total mass of the bi-
nary M has been factored out, and the dimensionless

mode amplitude ĥℓm ≡ |hℓm/M | is real-valued. Hence,
all variations of complex amplitudes have been promoted
to variations of the waveform phase, and ψℓm(t) corre-
sponds to the full GW phase. We define

x ≡ ω2/3 (6)

from the halved, dimensionless GW frequency of the
(2, 2) mode,

ω(t) ≡M(t)dψ22/dt. (7)

Note our definition of ĥℓm differs from that of [207]. Also
note that, via Kepler’s law, x is a (gauge-invariant) proxy
for the binary’s orbital separation.
Let us now contrast the PN and SF waveforms. The

GW modes in the PN expansion are written in terms of a
single waveform phase, ψ = ψ22, as opposed to one phase
per mode:

hPN
ℓm (t) =M (̊t)ĥPN

ℓm (t)e−imψ(t), (8)

where ĥPN
22 is real-valued by convention, while other mode

amplitudes ĥPN
ℓm are complex. The waveform is normal-

ized with respect to the total mass at an initial time t̊.

The real-valued amplitude ĥ22 at 4PN order is pro-
vided in Eq. (20) of [207] following the earlier results
of [29, 30, 208]. For our hybridization, we reexpand
Eq. (8) at fixed dynamical total mass M(t). Since the
evolution of the mass is a 5PN effect [207] and the ampli-
tudes are precise at 4PN, this only amounts to replacing
occurrences of M (̊t) by M(t).
For completeness, we note the halved GW phase of

the (2, 2) mode, ψ, is also equal to the bare PN orbital
phase ϕPN up to a 1.5PN (absolute, or 4PN relative) tail
correction given by

ψ ≡ ϕPN − 2ΩPNM(t) log

(
ΩPN

Ω0

)
+O(5PN), (9)

where ΩPN = dϕPN

dt is the bare (dimensionful) orbital fre-
quency. Taking a time derivative, and using the leading
2.5PN result for the radiation-reaction of the orbital fre-
quency, one finds the dimensionless quantity x is related
to the PN orbital parameter yPN ≡ [M(t)ΩPN(t)]

2/3 as

yPN = x

1 +
192

5
νx4

[
log

(
x

x0

)
+

2

3

]
+O(5PN)

 .

(10)

with x0 = (MΩ0)
2/3. In these expressions, Ω0 is a free

parameter in the choice of time slicing between the binary
and null infinity. To avoid this gauge ambiguity in linking
near and far zones, we only work with the GW frequency
parameter x in what follows.
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In the SF expansion, the GW modes are instead
expanded in terms of the secondary’s orbital phase
ϕp(t) [207]:

hℓm(t) = M̊h̃SFℓm(t)e−imϕp(t), (11)

where we use a subscript p because the secondary is
treated as a point particle in the SF limit. Here all the
dimensionless amplitudes are complex, and their SF ex-
pansion is

h̃SFℓm = ν̊h̃
(1)
ℓm + ν̊2h̃

(2)
ℓm +O(̊ν3), (12)

with M̊ and ν̊ denoting the total mass and symmetric
mass ratio at time t̊. The secondary’s (dimensionless)

orbital frequency is Ω̂ = m̊1ΩSF = m̊1dϕp/dt, where here
t on the secondary’s trajectory is required to reduce, in
the test-mass limit, to the Boyer-Lindquist time of the
Kerr background of the primary. Finally, the SF orbital
parameter y is defined as

ySF(t) ≡ (MΩSF)
2/3 =

[
M(t)

m̊1
Ω̂(t)

]2/3
. (13)

Note this differs from the parameter Ω̂2/3, which is often
denoted y in the literature [209]. Also note that while
ΩSF and ΩPN are generally treated as identical in the
literature, we distinguish them because each develops a
gauge-dependent link to the invariant, observable wave-
form frequency at 4PN and 1PA.

We stress that ϕp is not the GW phase, as a modulation

of the imaginary part of h̃
(n)
ℓm will produce a modulation of

the waveform phase. In order to make the phase explicit,
we follow Ref. [207] in bringing Eq. (11) into the form of
Eq. (5).

We first decompose the complex amplitude into a

phase and a real amplitude as h̃SFℓm = ĥSFℓme
−imδϕℓm where

mδϕℓm = −arctan(Imh̃SFℓm/Reh̃
SF
ℓm). The total waveform

phase can then be related to the SF orbital phase as

ψℓm = ϕp + δϕℓm. (14)

Taking this equation minus the corresponding equation
for the 22 mode, we can write the phases as

ψℓm = ψ + δϕℓm − δϕ22 ≡ ψ + δψℓm. (15)

in terms of phase shifts δψℓm that are determined by the
complex amplitudes.

Next, we take a time derivative of the 22 mode
phase (14) to obtain

ω =MΩSF + νF Ω̂
(0)(MΩSF, χ)∂Ω̂δϕ22 +O(ν2), (16)

where dΩ̂
dt = ν̊

M̊
F Ω̂
(0)(Ω̂, χ̊)+O(̊ν2) is the rate of change of

the secondary’s orbital frequency. In Eq. (16) we have
already reexpressed the functions in terms of the evolving

parameters. As reviewed in the next section, F Ω̂
(0) can

be expressed in terms of the fluxes of energy at infinity,
F∞

(0)(Ω̂, χ̊), and at the primary’s horizon, FH
(0)(Ω̂, χ̊):

F Ω̂
(0)(Ω̂, χ̊) =

3

Ω̂U3
(0)D

(
F∞

(0) + FH
(0)

)
. (17)

Here

U(0)(Ω̂, χ̊) = 1/

√
(1− χ̊Ω̂)

[
1 + χ̊Ω̂− 3Ω̂

2
3 (1− χ̊Ω̂)

1
3

]
(18)

is the leading-order (0PA) term in the (inverse) redshift
factor dtp/dτ along the particle’s trajectory. The quan-
tity

D(Ω̂, χ̊) ≡ −3χ̊2 − 6(Ω̂−1 − χ̊)2/3

+ 7χ̊(Ω̂−1 − χ̊)1/3 + Ω̂−1(Ω̂−1 − χ̊)1/3 (19)

is the leading-order term in ∂Ep/∂Ω̂, up to the factor

U3
(0)Ω̂/3 in Eq. (17), where Ep is the particle’s energy.

Substituting Eq. (17) into (16) and expanding to linear
order in the symmetric mass ratio, we find the analogue
of Eq. (10):

ySF = x (1 + νδx) , (20)

where

δx =
2

3

F∞SF
(0) + FHSF

(0)

x7/2U3
(0)D|h̃(1)22 |2

(21)

×
[
Im
(
∂xh̃

(1)
22

)
Re
(
h̃
(1)
22

)
− Im

(
h̃
(1)
22

)
Re
(
∂xh̃

(1)
22

)]
can be evaluated as a function of x. Here F∞SF

(0) (x, χ) ≡
F∞

(0)(x
3/2, χ) and FHSF

(0) (x, χ) ≡ FH
(0)(x

3/2, χ). Equa-

tions (20) and (21) generalize Eqs. (36)–(37) of [207] to
the case of a spinning, Kerr primary. They are important
as many SF quantities are computed on a grid of Ω̂ val-
ues, but should be consistently reexpanded onto a grid
of ω (or x) values in order to be hybridised with their re-
lated PN quantities. We have checked numerically that
δx = O(4PN), in analogy with the PN relationship (10).
In this paper we work at leading order in the SF am-

plitudes, where h̃ℓm = ν̊h̃
(1)
ℓm(Ω̂, χ̊) + O(̊ν2). Here χ̊ is

the background dimensionless primary spin χ̊ = J̊1/m̊
2
1,

which is time independent. After reexpansion, we have

M̊h̃SFℓm(t) = νMh̃
(1)SF
ℓm (x, χ) +O(ν2), (22)

where h̃
(1)SF
ℓm (x, χ) = h̃

(1)
ℓm(x3/2, χ).

III. DYNAMICS FROM FLUX-BALANCE LAWS

Assuming a quasicircular inspiral with a primary spin
but no secondary spin, the dynamics of the system is en-
tirely captured by the dynamical evolution of the GW
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frequency parameter x = ω2/3, the primary’s dimension-
less spin χ, the symmetric mass ratio ν, and the total
mass M .

As noted above, we neglect the time dependence of
the secondary’s mass; we return to the justification for
that at the end of the section. Given constant m2, the
evolution equation for M becomes redundant with the
evolution equation for ν, and one can deduce that

M = M̊
1−

√
1− 4ν̊

1−
√
1− 4ν

, (23)

where M̊ and ν̊ are the initial total mass and symmetric
mass ratio, respectively. The nontrivial evolution equa-
tions then necessarily take the form

dψ

dt
= ω/M, (24a)

dω

dt
= Fω(ω

2/3, χ, ν,M), (24b)

dχ

dt
= Fχ(ω

2/3, χ, ν,M), (24c)

dν

dt
= Fν(ω

2/3, χ, ν,M), (24d)

for some forcing functions Fa(x, χ, ν,M), with a =
{ω, χ, ν}. We purposely use a basis (x, χ, ν) of dimen-
sionless parameters so that all dependence onM appears
as an overall factor in any dimensionful quantity.

Using flux-balance laws, we can write the forcing func-
tions Fa in terms of (i) the binding energy E(x, χ, ν,M)
and (ii) the fluxes of GW energy at null infinity, F∞ =
dEGW /dt|I , and at the horizon, FH = dEGW /dt|H. For
this purpose we introduce the total flux

F = F∞ + FH, (25)

and we define the binding energy in terms of the Bondi
energy Etot at future null infinity as

E(x, χ, ν,M) = Etot(x, χ, ν,M)−M. (26)

Note that E =MÊ(x, χ, ν), where Ê is dimensionless.

We first obtain the forcing functions for the masses
and spin, Fν and Fχ. The primary’s mass and spin
evolve according to the energy and angular momentum
flux through its horizon,

dm1

dt
= FH, (27)

dJ1
dt

= GH. (28)

For a quasicircular orbit, these are related by ΩGH =
FH [205, 210], which we rewrite as

GH =
M

y3/2
FH (29)

using Eq. (13). Explicitly computing the time derivative
of χ = J1/m

2
1, we find

Fχ =
4
(
GH −MFH (1 + ∆)χ

)
M2 (1 + ∆)

2 , (30)

and similarly for the time derivative of ν = m1m2/M
2:

Fν = − (1−∆)∆

2M
FH. (31)

For compactness we have introduced the normalized dif-
ference between the two masses,

∆ ≡ m1 −m2

M
=

√
1− 4ν. (32)

Finally, we express the forcing function Fω in terms of
the binding energy and fluxes. Taking a time derivative
of the total energy of the binary, using the Bondi mass-
loss formula F∞ = −dEtot/dt [211], applying the chain
rule, and rearranging, we find

Fω = −
F + ∂E

∂χFχ + ∂E
∂ν Fν +

∂E
∂MFH

∂E
∂x

∂x
∂ω

. (33)

Substituting Eqs. (30) and (31) into Eq. (33) yields our
final result:

Fω = −
F +

[
∂E
∂M − 4χ

M(1+∆)
∂E
∂χ − (1−∆)

2M ∆∂E
∂ν

]
FH + 4

M2(1+∆)2
∂E
∂χ GH

∂E
∂x

∂x
∂ω

. (34)

Finally, we comment on the impact of including the
evolution of m1 but neglecting the evolution of m2. The
evolution of each mass affects the waveform phasing in
two ways: an indirect contribution through the energy
balance that governs dω/dt = Fω; and a direct contribu-
tion by evolving the arguments of the forcing function Fω.

In the case of the primary mass, the flux through the

horizon has the same small-ν scaling as the flux to in-
finity, FH = O(ν2). Hence, its indirect effect enters at
leading, 0PA order in the SF counting, through its contri-
bution to F in Eq. (34). On the other hand, this scaling
of FH shows that m1 evolves by an amount δm1 = O(ν)
over the radiation-reaction time scale. Consequently, it
alters Fω by an amount of order δm1

∂Fω

∂m1
, suppressing
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it by one order in ν relative to the leading, 0PA forc-
ing term; hence, m1’s evolution has a 1PA direct ef-
fect on the phasing. In PN counting, the flux scales as
FH = O(x15/2), a 2.5PN contribution relative to the
leading quadrupole formula F∞ = O(x5); see Eqs. (B12)
and (B2). Hence, the indirect contribution is 2.5PN.
As in the SF counting, the direct contribution from the

change in mass δm1 =
∫ FH

dx/dtdx = O(x7/2) is one order

smaller, at 3.5PN, where we have used dx/dt = O(x5). If
the primary were nonspinning, these PN scalings would
be suppressed by 1.5PN order; again see Eq. (B12).

The effect of the secondary’s mass evolution is substan-
tially smaller. If the secondary were spinning, its mass
would evolve at a rate dm2/dt = O(ν5) [205]. This would
add an order-ν5 term, FH2 , to the total flux F , three or-
ders smaller in ν than the leading, 0PA flux. Hence, it
would represent a 3PA indirect contribution to the phas-
ing. Unlike in the case of m1, the direct effect of the
change in m2 is not suppressed by an additional order
relative to the indirect effect; both effects enter at 3PA
order. We can glean this by noting m2 evolves by an
amount δm2 =

∫
FH2dt = O(ν4) over the radiation-

reaction time scale, altering Fω by an amount of order
δm2

∂Fω

∂m2
. Since Fω = O(ν) and the partial derivative

lowers the power of ν by one, we see δm2
∂Fω

∂m2
is of order

ν4, which is a 3PA term in dω/dt.
All of this is in the case of a spinning secondary. Since

we consider a nonspinning secondary in this paper, the
neglected effect is another order smaller in ν [205], mak-
ing it 4PA. Its PN scalings are the same as for the pri-
mary, meaning in the nonspinning case it is additionally
suppressed by 4PN orders relative to the leading-order
flux to infinity. This combined SF and PN suppression
makes it negligible for the model considered here.

IV. HYBRIDIZATION

In this section we detail our hybridization procedure
between PN and SF quantities. At its core, our method
is a straightforward application of the standard method
of combining two asymptotic expansions: for any func-
tion that is expanded in two ways, one builds a com-
posite expansion by adding together the two expansions
and subtracting doubly counted common terms. How-
ever, there is considerable flexibility in choosing which
functions are expanded and hybridized in this way and
which variables they are expanded in.

Our choices are motivated by the following criteria:

1. As far as possible, we formulate the waveform
evolution in terms of gauge-invariant functions of
gauge-invariant variables. This ensures variables
and functions of them represent the same quan-
tities in both expansions. While cross-validation
and cross-pollination between PN and SF results
is often carried out in terms of orbital frequencies
to eliminate gauge ambiguity [51, 185, 209], even

these quantities become gauge-dependent at 4PN
and 2SF, and comparisons at that order require
working in terms of invariant waveform frequen-
cies [207]. This motivates us to adopt the waveform
phase ψ and frequency ω as our core phase-space
variables.

2. We adopt variables ν andM in favor of m1 and m2

as this choice enforces symmetries of the system
under interchange of the two masses. It is also well
known to improve the accuracy of SF expansions in
the comparable-mass regime [55, 56, 209, 212–215].

3. We seek to preserve pole structure when it arises
from an exact feature of the system. In particular,
we avoid expanding the fraction in Eq. (34) in ei-
ther the PN or SF limits. By leaving the fraction
intact, we preserve the feature that the denomi-
nator vanishes, and the forcing function Fω blows
up, at the innermost stable circular orbit (ISCO)
in the quasicircular limit. A PN expansion of the
fraction dissolves this pole, while an SF expansion
of it gives it exaggerated strength at each successive
order [166, 183]. As shown in Ref. [170], simple re-
summations of PN based on this pole structure can
dramatically improve PN’s accuracy; and as shown
in the companion paper [167], avoiding an SF ex-
pansion of it provides a marked improvement of SF
waveform models for comparable masses.

We return to the last point in Sec. VA below.
With these guiding principles, we define our hybrid

model from the hybridization of the energy flux F∞ at
infinity, the energy and angular momentum fluxes FH

and GH at the horizon, the binding energy E, the real

amplitudes ĥℓm, and the phase shifts δψℓm with respect
to the (2, 2) mode phase ψ. The forcing functions Fa,
which govern the dynamical evolution of the waveform
through Eq. (24), are then given in terms of the hy-
bridized quantities by the functionals (30), (31), and (34),
where F∞, FH, GH, and E are replaced with the corre-
sponding hybrids F∞

H , FH
H , GH

H , and EH defined below.
The (ℓ,m) waveform modes are defined from (5) where

the amplitudes ĥℓm and phases ψℓm defined from (15) are

replaced with the corresponding hybrid quantities ĥHℓm
and ψ + δψHℓm. While countless other constructions are
possible, we have not found any simple alternatives that
improve the accuracy of our model.
Avoiding re-expansions of the forcing functions (30),

(31), and (34), particularly our avoidance of expanding
the fraction in Eq. (34), are the only resummations we
employ. All our other operations are transformations on
the binary’s phase space (after which we always fully re-
expand and truncate sums) and standard compositions
of asymptotic series. Since Eqs. (30), (31), and (34) are
exact results in GR (in the quasicircular limit), this re-
summation is aimed at preserving as much of the exact
dynamics as possible.
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In the rest of this section, we derive the hybrid expres-
sions for the fluxes, binding energy, and complex ampli-
tudes.

A. Overview

Post-Newtonian expansions are typically power series

in the PN parameter y
1/2
PN at fixed symmetric mass ratio

ν̊, total mass M̊ , and spin å1 = m̊1χ̊; SF expansions are
typically power series in the mass ratio ε̊ = m2/m̊1 at

fixed dimensionless orbital frequency Ω̂ = m̊1Ω, primary
mass m̊1, and spin å1 = m̊1χ̊. In order to write down
an SF+PN hybrid quantity, one has to reexpand the PN
and SF quantities in terms of the same set of parameters,
which we choose to be (x, χ, ν,M).
We first align our normalizations between PN and SF

expansions by setting m1(̊t) = m̊1, J1(̊t) = J̊1 at a ref-
erence time t̊, typically at the start of the considered in-
spiral phase. We then express both expansions in terms
of the evolving parameters (x, χ, ν,M). To see how this
works, consider the SF expansion, in which 1PA terms
(including 1SF conservative quantities such as the 1SF
binding energy) depend on the (dimensionless) correc-
tions δm̂1 ≡ (m1 − m̊1)/m2 and δχ̂1 ≡ (χ − χ̊)/ε̊ [52],
leading to expressions such as

E = m2

[
Ê(0)(Ω̂, χ̊) + ε̊Ê(1)(Ω̂, χ̊, δm̂1, δχ̂) +O(ε̊2)

]
.

(35)
Prior to hybridization, we re-expand this in terms of the
physical, evolving mass and spin parameters m1 and χ.
However, one always finds, for gauge-invariant quanti-
ties, that the dependence on δm̂1 and δχ̂ is of the form

δm̂1
∂Ê(0)

∂m̂1
and δχ̂

∂Ê(0)

∂χ̂ — that is, equivalent to the effect

of slightly perturbing the background parameters m̊1 and
χ̊ in the 0SF functions. Hence, when we rewrite E using
m̊1 = m1(1 − εδm̂1) and χ = χ̊ − εδχ̂, the dependence
on δm̂1 and δχ̂ immediately cancels. As a consequence,
in the SF expansions of interest here, one can simply ne-
glect δm̂1 and δχ and replace m̊1 and χ̊ with the evolv-
ing variables m1 and χ. It is then straightforward to
re-express (m1Ω, χ,m1,m2) in terms of (x, χ, ν,M) and
re-expand in powers of ν, as illustrated in the previous
section. Analogous steps apply for PN expansions. For
quantities such as the flux, which has no 0SF term, this
procedure solely amounts to replacing m̊1Ω by x3/2, m̊1

by M , and ε̊ by ν.
Once functions are written in terms of the dynamical

variables (x, χ, ν,M) both in PN and SF expansions, we
use the total mass M to set the scale of dimensionful
quantities. All dimensionful functions of (x, χ, ν,M) can
then be written as a power of M multiplying a dimen-
sionless function of (x, χ, ν).

For a given dimensionless function f(x, χ, ν), which de-
pends upon the (time evolving) spin χ of the primary
black hole and the (time evolving) symmetric mass ratio
ν, one can perform a PN expansion of the quantity f as

a double Taylor expansion,

f(x, χ, ν) = xN/2
∞∑
l=0

∞∑
n=n(l)

fPN
nl (ν, log(x))xn/2χl, (36)

where xN/2 is the leading PN behaviour of f and n(l) is
the minimal value of n of the spinl sector of the quan-
tity f . As in the PN literature, we shall refer to the
l = 0, 1, 2, 3 terms as the nonspinning, spin-orbit (SO),
spin-spin (SS) and spin-spin-spin (SSS) sectors, respec-
tively. For all quantities considered, the non-spinning
sector starts at 0PN order, n(0) = 0, except for the en-
ergy flux at the horizon where n(0) = 3 but n(1) = 0;
see Eq. (B12). The coefficients of the series expansion
fPN
nl (ν) depend on ν and also possibly contain log(x)
terms. The spin-induced quadrupole and other spin-
induced multipoles of the primary body are included as
part of the truncated PN expansion. The spin-induced
multipoles of the primary black hole are also included as
the 0PA expansion is performed around the Kerr black
hole. We ignore the secondary spin and its higher multi-
pole moments in both the SF and PN expansions.
Alternatively, one can as well perform an SF expansion

of the same quantity f :

f(x, χ, ν) = νK
∞∑
k=0

νkfSF(k)(x, χ), (37)

where νK is the leading SF behaviour of the quantity
f . We emphasize that this SF expansion is in terms of
the dynamically evolving parameters ν, χ, which requires
a reexpansion of the standard SF quantities written in
terms of ν̊, χ̊. We will denote with a superscript SF self-
force expansions in terms of dynamically evolving param-
eters.
Since both expansions are from first principles, the PN

expansion of the SF series yields the same asymptotic
expansion as the SF expansion of the PN series [207].
This yields the asymptotic expansion of the function f
as a triple Taylor series,

f(x, χ, ν) = νKxN/2
∞∑
l=0

∞∑
k=0

∞∑
n=n(l)

f
SF|PN
(k)nl ν

kxn/2χl,

(38)

where f
SF|PN
(k)nl can be obtained from either the SF expan-

sion of Eq. (36) or the PN expansion of Eq. (37).
We define the SF+PN hybrid expansion of the quan-

tity f to order (nmax, lmax, kmax) as the sum of the two
expansions minus their common terms:

xN/2
lmax∑
l=0

nmax∑
n=n(l)

fPN
nl (ν, log(x))xn/2χl + νK

kmax∑
k=0

νkfSF(k)(x, χ)

− νKxN/2
lmax∑
l=0

kmax∑
k=0

nmax∑
n=n(l)

f
SF|PN
(k)nl ν

kxn/2χl. (39)
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The last sum cancels the doubly counted terms.
Equation (39) is a standard composite expansion.

By design, it is uniformly accurate through orders
x(N+nmax)/2 and νK+kmax over the whole (x, ν) plane. It
is expected a priori, though not certain, that the most ac-
curate such hybrid is obtained by truncating each series
at the highest available orders in the expansions.

B. Energy and angular momentum fluxes

The forcing terms (30), (31), and (34) are the main
ingredients of the hybrid model as well as the PN-only
and SF-only models. They all depend upon four different
functions on parameter space: three fluxes F∞, FH, and
GH, and the binding energy E.

Regarding the fluxes F∞, FH, and GH from a nonspin-
ning secondary compact body orbiting a spinning pri-
mary, only first-order SF computations have been com-
puted in the literature:

F∞ = ν2F∞SF
(0) (x, χ) +O(ν3), (40)

FH = ν2FHSF
(0) (x, χ) +O(ν3), (41)

GH = ν2GHSF
(0) (x, χ) +O(ν3). (42)

Results for these fluxes are now standard [51, 201] and
are readily available from the Black Hole Perturbation
Toolkit’s Teukolsky package [174], for example. We re-
view their computation in Appendix A.

The energy fluxes have also been independently ob-
tained in PN theory. In the nonspinning sector, the en-
ergy flux at infinity has been recently computed in PN
through O(x19/2) (4.5PN accuracy) [29, 30], building on
Refs. [216–222]; and through O(x18/2) (4PN) in the spin-
orbit (SO) [223–226], spin-spin (SS) [226–228], and cubic-
in-spin (SSS) sectors [229]. The horizon fluxes are known
including spin effects through O(x18/2) (relative 1.5PN
accuracy compared to the leading-PN horizon flux) [230–
234]. The angular momentum fluxes are known to the
same PN orders via Eq. (29). We summarize these PN
results in more detail in Appendix B.

Therefore, the overall SF+PN hybrid fluxes at null in-
finity and at the horizon are given by the formula (39)
as

F∞
H = ν2F∞SF

(0) (x, χ) + x5
9∑

n=0

F∞PN
n0 (ν)xn/2

+ χx13/2
5∑

n=0

F∞PN
n1 (ν)xn/2 + χ2x7

4∑
n=0

F∞PN
n2 (ν)xn/2

+ χ3x17/2F∞PN
03 (ν)− ν2

(
x5

9∑
n=0

F∞SF|PN
(0)n0 xn/2

+ χx13/2
5∑

n=0

F∞SF|PN
(0)n1 xn/2 + χ2x7

4∑
n=0

F∞SF|PN
(0)n2 xn/2

+ χ3x17/2F∞SF|PN
(0)03

)
, (43)

and

FH
H = ν2FHSF

(0) (x, χ) + x15/2
3∑

n=0

FHPN
n (χ, ν)xn/2

− ν2x15/2
3∑

n=0

FHSF|PN
(0)n (χ)xn/2, (44)

GH
H = ν2GHSF

(0) (x, χ) + x15/2
3∑

n=0

GHPN
n (χ, ν)xn/2

− ν2x15/2
3∑

n=0

GHSF|PN
(0)n (χ)xn/2, (45)

where the subscript “H” stands for “Hybrid”. All re-
quired PN data to build these expressions can be found
on the data repository PNpedia [235].

C. Binding energy

The binding energy is substantially subtler than the
flux to infinity.2 While the latter is computed from wave-
form amplitudes at future null infinity, the binding en-
ergy is usually computed from a local, mechanical energy
describing the two-body system in the near zone. Our
evolution equation (34) was derived under the assump-
tion that the binding energy is defined directly from the
Bondi mass, whose relationship with the local mechanical
energy is highly nontrivial [236].
At leading SF order, and at low PN orders, E is not

influenced by these subtleties. At leading SF order, it is
the geodesic binding energy (i.e., geodesic energy minus
inertial secondary mass m2) as a function of the evolving
dimensionless spin χ = χ(t). At low PN orders, it is
identical to the local mechanical energy.
However, recent work in Ref. [136] has shown that the

two quantities differ by a Schott term that arises at 4PN
order. Forthcoming work will show how this Schott term
extends to the fully relativistic 1SF energy [237].
Since the Schott term has not yet been implemented,

here we follow Ref. [55] in simply replacing the Bondi
mass with the binary’s mechanical energy. This is known
to be a relatively small error [236] in a quantity that
is already subleading (1SF beyond geodesic). However,
there is some evidence it could still be appreciable [166].
We will incorporate the Schott term in future work.
The 1SF mechanical energy was first defined from the

first law of binary mechanics [212, 213, 238–240], after

2 In principle, fluxes through the primary’s horizon have the same
subtleties as we describe for the binding energy, but because
these fluxes are already a small effect, subtleties in their defini-
tions have not yet proved to be relevant.
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which it was used to inform EOB [241] and to fix the
4PN conservative dynamics [18]. More recently, it was
shown to have a more traditional interpretation as the
on-shell value of the mechanical Hamiltonian [242]. It
can be computed from the Detweiler redshift invariant
z(x, χ, ν) [176, 240, 243–245], as illustrated in Ref. [246],
for example. The redshift invariant is known both from a
PN expansion and an SF expansion [247], with the form

z = zSF(0)(x, χ) + νzSF(1)(x, χ) +O(ν2)

= 1 +

[
−3

4
(1 + ∆) +

ν

2

]
x+O(x2) (46)

at the first two orders. Here, zSF(0)(x, χ) is given by

z(0)(x, χ) = 1/U(0)(x
3/2, χ), with U(0) given in Eq. (18)

and with Ω̂ replaced by x3/2 and χ̊ by χ. The 1SF term,
zSF(0)(x, χ), has been computed extensively for quasicir-

cular binaries in the literature [51]; see, for example,
Refs. [192, 243, 245, 248–250].
The interpolation and reexpansion procedure for the

1SF redshift and binding energy are once again described
in Appendix A. On the PN side, the PN expansion is
performed in both the nonspinning and spinning sectors
through O(x5) (4PN) [18, 24, 27, 225–227, 229, 251].
The overall SF+PN hybrid binding energy hence reads

EH = νMÊgeo(x, χ) + ν2MESF
(1)(x, χ) + xM

8∑
n=0

EPN
n0 (ν)xn/2 + χx5/2M

4∑
n=0

EPN
n1 (ν)xn/2 + χ2x3M

4∑
n=0

EPN
n2 (ν)xn/2

+ χ3x9/2MEPN
03 (ν)− νM

x 8∑
n=0

E
SF|PN
(0)n0 xn/2 + χx5/2

4∑
n=0

E
SF|PN
(0)n1 xn/2 + χ2x3

4∑
n=0

E
SF|PN
(0)n2 xn/2 + χ3x9/2E

SF|PN
(0)03 xn/2


− ν2M

x 8∑
n=0

E
SF|PN
(1)n0 xn/2 + χx5/2

4∑
n=0

E
SF|PN
(1)n1 xn/2 + χ2x3

3∑
n=0

E
SF|PN
(1)n2 xn/2 + χ3x9/2E

SF|PN
(1)03 xn/2

 , (47)

noting that x5 terms identically vanish in the SO and
SSS sectors. Here

Êgeo(x, χ) = −1 +
1− 2xf

1/3
χ√

fχ

(
1 + x3/2χ− 3xf

1/3
χ

) (48)

with fχ ≡ 1− x3/2χ. The 1SF corrections to the energy
and redshift are related as [246]

ESF
(1)(x) =

1

2
zSF(1)(x, χ)−

1

3
x∂xz

SF
(1)(x, χ)

+ Êgeo(x, χ) + x

(
−2

3
+ δx− 2δM

3M

)
∂xÊ

geo(x, χ)

− δχ∂χE
geo(x, χ), (49)

with

δM =
M − M̊

ν
, δχ =

χ− χ̊

ν
. (50)

Here the last four terms come from reexpanding the
geodesic binding energy εm1Ê

geo into the variables x,
χ, ν, and M ; see Appendix A.

D. Amplitudes

Let us finally discuss the hybridization of the complex
amplitudes. Recall that in our conventions, the mode

amplitudes ĥℓm as defined in Eq. (5) are real-valued.
This allows for an unambiguous definition of what con-
tributes to the waveform amplitude and what contributes
to the waveform phase. In the SF data we use, the modes
m′ ̸= 0 are instead expanded as

Rhℓ′m′ =M
2

(m′Ω)2
CSF
ℓ′m′e−imϕp , (51)

where primed mode indices refer to the basis of spheroidal
harmonics −2Sℓ′m′ . We follow standard practice by re-
expressing the SF amplitudes in a spherical harmonic ba-
sis [133], starting from a grid of SF spheroidal-harmonic
amplitudes, using the procedure described in [252] to con-
vert the amplitudes between the two bases at each node
of the grid. The details of the procedure are relegated
to Appendix A. As a result, the numerical functions ob-
tained from the 1SF expansion are put in a spherical-
harmonic expansion of the form

Rhℓm =M
2

(mΩ)2
CSF
ℓme

−imϕp . (52)

In the basis of spin-weighted spherical harmonics, one

can now write h̃
(1)
ℓm = 2

(mΩ)2C
SF
ℓm,(0) and finally go to the

convention where the mode amplitudes are real, h̃
(1)
ℓm =

ĥ
SF,(1)
ℓm e−imδϕ

(1)
ℓm . The real amplitudes ĥ

SF,(1)
ℓm and phase

shifts δϕ
(1)
ℓm are given by

ĥ
SF,(1)
ℓm =

2

(mΩ)2

∣∣∣CSF
ℓm,(0)

∣∣∣ , (53)
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δϕ
SF,(1)
ℓm = − 1

m
arg
(
CSF
ℓm,(0)

)
. (54)

The quantities we hybridize with PN are, first, the

real mode amplitude ĥ
SF,(1)
ℓm and, second, the quantity

δψ
SF,(1)
ℓm = δϕ

SF,(1)
ℓm − δϕ

SF,(1)
22 , as it has been defined in

Eq. (15). Matching the physical waveforms, we therefore
build the hybrid mode amplitudes as

ĥHℓm = αℓm(ν)νĥ
SF,(1)
ℓm + x

8∑
n=0

ĥPN
ℓm,n0x

n/2 + x5/2
4∑

n=0

ĥPN
ℓm,n1χx

n/2 + x3
3∑

n=0

ĥPN
ℓm,n2χ

2xn/2 + x9/2ĥPN
ℓm,03χ

3

− αℓm(ν)ν

x 8∑
n=0

ĥ
SF|PN
ℓm,(0)n0x

n/2 + x5/2
4∑

n=0

ĥ
SF|PN
ℓm,(0)n1χx

n/2 + x3
3∑

n=0

ĥ
SF|PN
ℓm,(0)n2χ

2xn/2 + x9/2ĥ
SF|PN
ℓm,(0)03χ

3

 , (55)

and

δψHℓm = ν0δψ
SF,(1)
ℓm + δψPN

ℓm − ν0
(
δψ

SF|PN
ℓm,(0)

)
. (56)

In Eq. (55), we have resummed the SF ℓm ̸= 22 mode
amplitudes by multiplying the SF amplitude by the mass
ratio dependent factor αℓm(ν) = 1 + O(ν) that appears

in the leading PN term ν−1ĥPN
ℓm,00. We have in particular

α22(ν) = 1, α21(ν) = α33(ν) = α31(ν) =
√
1− 4ν and

α32(ν) = 1− 3ν. The coefficients ĥ
SF|PN
ℓm,(0)nl are defined as

Eq. (38) for the function ĥℓm/(ναℓm(ν)). All PN data
used in this paper are summarized in Appendix B.

V. NUMERICAL IMPLEMENTATION

We now summarize the implementation of each of the
three models we can construct using the scheme outlined
above: a 0PA model, a PN model, and a hybrid model.

A. Models

The central model of this paper is the SF+PN hybrid
model. Starting from the energy flux-balance law (and
horizon flux-balance laws), we have derived in Sec. III
the system of coupled ODEs that rules the evolution of
the binary, Eqs. (30), (31), and (34). The forcing terms
of those ODEs depend upon four quantities: the two en-
ergy fluxes F∞ and FH, the angular momentum flux
down the primary’s horizon, GH, and the binding energy
E. We have described in Sec. IV how those four quan-
tities can be hybridized using SF and PN information.
We have also described how one can hybridize the wave-
form mode amplitudes using Eqs. (55) and (56). All
those hybrid quantities are put together in a model that
we shall call the hybrid model, and refer to as H when
labeling expressions. In order to assess the accuracy im-
provement of the hybrid model as compared to both of its
constituents, we also introduce the standard 0PA model,
referred to as 0PA, and a PN model, referred to as PN.

As emphasized earlier, keeping the fraction in Eq. (34)
unexpanded leads to a better comparison with NR.
Hence, we keep it as it is when generating waveforms. In
this sense, not expanding the fraction of Eq. (34) in pow-
ers of ν may be viewed as a resummation of the waveform
frequency evolution. On the other hand, since we always
re-expand our hybridized functions when changing pa-
rameters from (̊ε, χ̊, m̊1) to (ν, χ, M), that transforma-
tion represents a reexpansion rather than a resummation.
We do stress that the PN model we define just below is
effectively a resummed PN model, as we similarly do not
expand the fraction of (34) in powers of x.
In this section, we describe what pieces of information

each of the models contains and how we numerically im-
plement them. We postpone the comparison with NR to
Sec. VI.

0PA model: This is used as a benchmark for our
hybrid model at small ν, where the 0PA part of the driv-
ing force is dominant. This model corresponds to only
including the 0PA contributions in the quantities F∞,
FH, GH, and E and keeping only the leading-order-in-ν
term in the forcing functions (34), (30), and (31). All the
terms in the numerator of Eq. (34) that are proportional
to a derivative of E are O(ν), which is subdominant and
hence neglected at 0PA. We then end up exactly with

F 0PA
ω (x, χ) =

ν

M
F Ω̂
(0) (ω, χ) =

ν

M

F∞SF
(0) + FHSF

(0)

∂Êgeo(ω2/3,χ)
∂ω

. (57)

Here, F Ω̂
(0) (ω, χ) is defined in Eq. (17) but with Ω̂ re-

placed by ω and χ̊ replaced by χ. This approximation to
Fω has a residual error of order O(ν2) but is exact in ω
and χ, away from the unperturbed ISCO frequency Ω⋆.
It has a simple pole at the unperturbed ISCO, where
the function D(ω) vanishes. We emphasize the reason

why we can replace Ω̂ by ω in the forcing terms is that
Ω̂ = ω+O(ν); the corrections from replacing the orbital
frequency with half the (2, 2) mode waveform frequency is
a 1PA effect in the SF expansion. The mode amplitudes
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we use in this model are simply the ones from a first-
order Teukolsky computation, reexpanded as a function
of the parameters x and χ,

ĥ0PAℓm (x, χ) = ν
2

m2x3

∣∣∣CSF
ℓm,(0)(x, χ)

∣∣∣ . (58)

PN model: This is our second model that serves as a
benchmark. For this model, we only use PN information
to build the waveform frequency forcing function FPN

ω .
We build the four quantities F∞

PN, FH
PN, GH

PN, and EPN

from their PN expansions and substitute those expres-
sions into the forcing functions (30), (31), and (34). The
result for FPN

ω will include all powers of ν but exhibit
errors already at the leading order O(ν) in the small-ν
limit (i.e., 0PA), as the infinite set of PN orders would
be necessary to obtain the complete 0PA term. Because
the forcing term is a quotient of PN series, it is effec-
tively resummed. The mode amplitudes we use for this

model are the PN mode amplitudes ĥPN
ℓm (x). In short, our

PN model is analogous to a TaylorT1 model [253] with
4PN (resp. 4.5PN) information for the binding energy
(resp. energy flux at infinity), with horizon fluxes added
and where the main expansion variable is the waveform
frequency parameter x.

Hybrid model: For this model we use all four hybrid
quantities F∞

H , FH
H , GH

H , and EH as defined in Eqs. (43),
(44), (45), and (47) and substitute those expressions into
the forcing terms (30), (31), and (34). Even though we do
not expand the fraction in Eq. (34) in powers of ν when
numerically generating waveforms, it is still of interest to
do so when assessing convergence properties of the hybrid
model. Doing so, one obtains

FHω = ν

FHω(0)(x, χ) + ∞∑
n=1

νnFHω(n)(x, χ)

 . (59)

By construction, FHω(0) = Fω(0); the 0PA term is exact.

But the 1PA term, FHω(1), is incomplete. It contains the

exact 1PA corrections to the binding energy (modulo the
Schott term described earlier), but it only contains a
PN approximation of the 2SF (1PA) flux; see Eq. (43).
Hence, for small ν it formally incurs a 1PA error, though
as we shall see, this error is small. The largest error in
the 2SF flux occurs in the spin sectors at 4.5PN relative
to the leading PN term in the nonspinning sector. Hence,
the errors we make in the 1PA term FHω(1), as compared

to a full 2SF calculation are a relative 4.5PN error lin-
ear and quadratic in primary spin, and an O(χ4) error,
as we neglected higher than SSS interactions. Using the
leading PN behavior of Eq. (34), one can therefore write
the full 1PA waveform-frequency forcing function as

Fω(1)(x, χ) = FHω(1)(x, χ) + x
11
2

[
O(x5) +O(χx9/2)

+O(χ2x9/2) +O(χ3x9/2) +O(χ4x4)
]
, (60)

where we have noted that the χ4 terms begin at 4PN.
Although the error is formally 1PA, the model behaves
very differently from the 0PAmodel, as it includes the PN
information contained in the energy flux up to relative
4PN (and up to 4.5PN in the nonspinning sector) as well
as the full 1SF piece of the binding energy. In addition,
it also contains higher-PA PN corrections to the fluxes
and binding energy, as described in Sec. IV. The mode

amplitudes we use for this model are the ĥHℓm(x) as they
are defined in Eq. (55).

One of the main features of keeping the forcing term Fω
unexpanded, as in Eq. (34), is the following: in the ex-
pansion (59), we observe that each term FHω(n) has a pole

of the form 1/D
1
4 (1+3(−1)n+10n), as can be derived from

the asymptotic matching with the transition to plunge;
see, e.g., Sec. 5 of [183] or Table I of [166], with D(Ω)
defined in Eq. (19). Those poles are all located pre-
cisely at the primary’s ISCO frequency Ω⋆. Keeping
the fraction unexpanded in Eq. (34) effectively resums
the expansion (59). As alluded to earlier, this reduces
the strength of the divergence at the ISCO frequency
but also shifts the location of the ISCO frequency. In-
deed, the ISCO is reached at the breakdown of the two-
timescale expansion, which itself happens when the evo-
lution equations of the inspiral break down. When fully
expanding the forcing terms as in Eq. (59), the evo-
lution equations (24) break down when each individual
FHω(n) blows up to infinity, which occurs exactly where

D(ω = Ω⋆) = 0. However, when keeping the frac-
tion unexpanded as in Eq. (34), the breakdown occurs
where ∂ωEH = 0. Let us limit our analysis to 1SF cor-

rections, EH = νM
[
Êgeo + νESF

(1) +O(ν2)
]
. We solve

∂ωEH
[
Ω⋆(1 + νCΩ)

]
= 0 for the ISCO shift CΩ at linear

order in ν, and find that

CΩ = 1 +
1

2

∂2ωz(1) (Ω⋆)

∂2ωÊ
geo (Ω⋆)

, (61)

which reproduces Eq. (16) of [246]. We have checked nu-
merically that our ISCO shift agrees with Table I of [246].

0PA4PN model: This model is nearly identical to the
hybrid model, with the only difference that the 1SF bind-
ing energy is not used, i.e. the binding energy is only the
hybridization of the geodesic energy with the 4PN en-
ergy. This model will be used to assess the importance
of using the numerical 1SF binding energy.

B. Offline and online computations

We stressed in the Introduction that modern SF wave-
forms can be generated rapidly due to the offline-online
split that the multiscale expansion enables. By design,
the hybrid waveform enjoys precisely that same split
of waveform generation between an offline and an on-
line step. The offline step consists of solving the field
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equations to (i) express the waveform as a function of
the binary’s phase-space variables—(ϕ,ΩPN, χ, ν,M) or
(ϕp,ΩSF, χ, ν,M) and then (ψ, ω, χ, ν,M)—(ii) compute
the fluxes and binding energy as functions of the binary
parameters—(ΩPN, χ, ν,M) or (ΩSF, χ, ν,M) and then
(ω, χ, ν,M). The online step then consists of generat-
ing a waveform by obtaining a trajectory in phase space
and summing the waveform modes. This online stage can
be carried out “on the fly” from the precomputed offline
results.

In our context, the offline stage largely reduces to gath-
ering existing results or generating data using existing
codes. Concretely, for each of the three models above,
the two steps consist of the following:

Offline step

• Obtain a Chebyshev interpolant of the energy
fluxes to infinity, F∞

(0)(x, χ), and down the horizon,

FH
(0)(x, χ), as described in Appendix A 1.

• Obtain a Chebyshev interpolant of the redshift in-
variant z(1)(x, χ) as described in Appendix A2, and
from it compute the 1SF (1PA) correction to the
binding energy using Eq. (49).

• Obtain a Chebyshev interpolant of the mode am-
plitudes CSF

ℓm,(0), as described in Appendix A 3.

• Code all PN expressions (fluxes, binding energy,
and amplitudes) for a quasicircular inspiral.

• Build the forcing functions FXω (x, χ, ν,M),
FXχ (x, χ, ν,M), and FXν (x, χ, ν,M) as well as

the amplitudes ĥXℓm
(
x(t), χ(t), ν(t)

)
and phase

shifts δψXℓm
(
x(t), χ(t), ν(t)

)
for each model

X ∈ {H, 0PA,PN}.

Online step

• For a given model X ∈ {H, 0PA,PN} and a given

set of initial values χ̊, ν̊, ω̊ < Ωbd(χ̊), and M̊ , solve
the system of coupled ordinary differential equa-
tions 

dψ/dt = ω/M,

dω/dt = FXω (x, χ, ν,M),

dχ/dt = FXχ (x, χ, ν,M),

dν/dt = FXν (x, χ, ν,M),

(62)

with the initial condition ψ(̊t) = ψ̊, ω(̊t) = ω̊,
χ(̊t) = χ̊, ν (̊t) = ν̊ with M given by Eq. (23) and
x = ω2/3. We stop the integration of Eq. (62) at the
breakdown frequency Ωbd(χ̊). For the 0PA model,
we define Ωbd(χ̊) as the ISCO frequency. For the
hybrid and PN models, we define Ωbd(χ̊) as the fre-
quency at which FXω reaches its maximum. As we
physically expect that the frequency continuously

increases, we consider that the frequency range be-
yond the maximum of FXω is not reliable within our
current model.

• Once the (2,2) mode waveform phase ψ(t) and the
waveform frequency ω(t) are known, we can com-
pute the (ℓ,m)-mode of the wavestrain with

hXℓm =M(t)ĥXℓm
(
x(t), χ(t), ν(t)

)
× e−im(ψℓm(t)+δψX

ℓm(t)). (63)

Note that, even though we do not label the phase
space trajectory explicitly with a superscriptX, the
solutions x(t), χ(t), and ν(t), as well as M(t) are
implicitly model dependent, as the forcing terms in
Eqs. (62) do depend upon model X.

• Finally, when comparing to NR, one should rather
normalize all quantities with respect to the refer-
ence total mass M̊ . Hence we rescale the Boyer-
Lindquist time as t → 1

M̊
t and the (ℓ,m) mode of

the wavestrain as hXℓm → M̊
M hXℓm.

VI. COMPARISON OF WAVEFORMS WITH
NUMERICAL RELATIVITY AND OTHER

MODELS

In this section, we compare our hybrid SF+PN wave-
form model to NR waveforms accessible from the SXS
catalog [67, 100, 101, 103, 254–267]. We also compare
against the 0PA and PN models as benchmarks. These
comparisons, in Secs. VIB and VIC, span the parameter
range χ̊ ∈ [−1, 1] for a variety of mass ratios. To perform
such comparisons, one first has to align the models with
the NR waveform, a procedure described in Sec. VIA.

A. Waveform alignment scheme

The procedure we use to align a waveform hXℓm from
model X to an NR waveform hNR

ℓm goes as follows:

1. We fix a time interval [t0, t0 + T ] in which to align
both waveforms. We choose the time interval such
that it starts after the relaxation time of the NR
simulation in order to avoid initial boundary con-
dition effects. In the following, we fix t0 and T in
two different ways for two different batches of com-
parisons. The first batch of comparisons, which we
shall refer to as “Fixedχ”, compare waveforms that
have the same value of the primary spin χ̊ but dis-
tinct values of the symmetric mass ratio ν̊. This
set allows us to assess the convergence properties
of the hybrid model as the mass ratio decreases, ce-
teris paribus. For the second batch of comparisons,
referred to as “Ω0”, we only consider the perfor-
mance of the hybrid model against each individual
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NR simulation, comparing both waveforms across
the maximal time window (i.e., starting from the
lowest possible frequency after junk radiation has
faded away) that the NR waveform provides.

2. Given that some residual eccentricity or junk radi-
ations might remain present even after relaxation
time, finding the times tX and tNR at which the
model waveform X and the NR waveform reach
a chosen frequency does not provide an accurate
waveform alignment scheme.

Instead, we perform the following minimization
procedure. We find the time shift ∆t that mini-
mizes the square error function

SE(∆t) ≡
∫ t0+T

t0

dt
[
ωNR(t)− ωX(t+∆t)

]2
(64)

between the model waveform X and the NR wave-
form. The error function is typically a parabola
with minimum, which allows for a fast mini-
mization scheme [268]. In practice, we use a
ternary search algorithm for finding the minimum
of SE(∆t).

Given that residual eccentricities are small, our first
guess for the time shift tX − tNR serves as a good
guess for localizing the minimum. We then look
for a minimum in the time shift interval [(tX −
tNR)−t−, (tX−tNR)−t+], where t− and t+ are two
alignment parameters that define the time window
upon which we look for a minimum of the square
error (64). When the algorithm has converged to
a given precision that we chose to be ∼ 10−3, we
store the value of ∆t that achieves the minimum
error, ∆tmin.

3. To align the waveforms in phase, we compute the
waveform dephasing ∆φmin from the average over
the [t0, t0+T ] interval of the (2, 2) mode dephasing:

∆φmin ≡ −1

T

∫ t0+T

t0

dt arg

(
hX22(t+∆tmin)

hNR
22 (t)

)
.

(65)

4. We finally align the waveforms by performing a
time translation and phase shift of the complex
waveform of the model X,

hXℓm(t) → hXℓm(t+∆tmin)e
−i∆φmin . (66)

In terms of the waveform phase, this amounts to

ψXℓm(t) 7→ ψXℓm(t+∆tmin) +
∆φmin

m
. (67)

Compared to [268], our minimization procedure cor-
responds to performing a least-square error algorithm
on the waveform frequencies, and not on the waveform
phase. After some numerical checks, we find both proce-
dures yield very similar values for ∆tmin and ∆φmin, for
all comparisons considered in this paper.

B. Waveform comparisons

We now carry out our comparisons. Using the python
package sxs [155] and its second catalog [154], we se-
lected simulations without eccentricity, inclination nor
secondary spin, and spanning the largest available range
of primary spins χ̊ and mass ratios q̊ = 1/ε̊. The set of
simulations we use is displayed in the bottom-right panel
of Fig. 8 and listed in Table I, arranged into groups of
fixed q̊ and varying χ̊ or vice versa. To assess the accu-
racy of our hybrid model, we use three different indica-
tors: qualitative comparisons, waveform dephasing, and
mismatches.

1. Qualitative comparison

We align the model X waveform against the NR wave-
form using the alignment procedure of Sec. VIA, for the
three models X ∈ {H, 0PA,PN} defined in Sec. VA. A
sample of such aligned time-domain waveforms are shown
in Figs. 2 and 3. We show the waveforms for the domi-
nant (2, 2) mode for comparable-mass binaries (q̊ = 2.5
or 3) in Fig. 2 and for asymmetric binaries with q̊ = 15
in Fig. 3. In both cases we show waveforms with primary
spin χ̊ = +0.5 (prograde), 0, and −0.5 (retrograde). In
the nonspinning case, we include 1PAT1 waveforms for
comparison. While we only display the (2, 2) mode, we
find the accuracy of the hybrid model is essentially the
same for other modes.
The general trends we observe are the following: First,

the adiabatic (0PA) waveforms dephase very quickly dur-
ing the inspiral, accumulating a few radians of error be-
fore reaching the ISCO, where the two-timescale expan-
sion breaks down. This low accuracy is apparent for
all mass ratios we consider, as is to be expected from
the small-mass-ratio expansion of the accumulated wave-
form phase in Eq. (1): a 0PA model incurs a mass-
ratio-independent phase error (when considering differ-
ent mass ratios on a fixed interval of dimensionless fre-
quency [166]).
Second, for comparable masses, the PN waveforms typ-

ically remain in phase with the NR waveform until the
very late stage of the inspiral. In some rare cases, the PN
waveform even performs better than the hybrid model.
However, for binaries with large prograde spins, which
evolve to much smaller separations before merger, PN
can fare poorly even for comparable masses, as exhibited
in the top panel of Fig. 2. Importantly in our context, the
PN waveform also worsens considerably for more asym-
metric binaries. This is again to be expected from the
small-mass-ratio expansion of the phase in Eq. (1): a PN
model will always lack high-PN terms in the 0PA forcing
terms of the evolution equations (62), resulting in a phase
error that grows linearly with q̊. However, this degrada-
tion is significantly less severe than for lower-order PN
waveforms; compare Fig. 3 here to Fig. 2 of the Supple-
mentary Material in Ref. [55]. In addition to benefit-
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Hybrid 0PA PN

ID q̊[/] χ̊[/] MH [/] ∆ψH
22(t⋆)[rad] M0PA[/] ∆ψ0PA

22 (t⋆)[rad] MPN[/] ∆ψPN
22 (t⋆)[rad]

SXS:BBH:0461 [98, 182] 2 −0.6 6.7 · 10−7 −1.1 · 10−1 1.6 · 10−2 −9.7 · 100 1.3 · 10−5 −4.8 · 10−1

SXS:BBH:2115 [182, 263] 2 −0.3 1.8 · 10−5 −4.5 · 10−1 3.3 · 10−2 −1.5 · 101 3.0 · 10−5 −1.2 · 100

SXS:BBH:2425 [154] 2 0 3.7 · 10−6 1.5 · 10−1 7.9 · 10−3 −8.8 · 100 7.2 · 10−5 −1.4 · 100

SXS:BBH:2124 [182, 263] 2 0.3 5.4 · 10−6 −4.1 · 10−1 1.1 · 10−2 −1.2 · 101 1.4 · 10−4 −3.1 · 100

SXS:BBH:2129 [182, 263] 2 0.6 8.7 · 10−6 −5.2 · 10−2 4.0 · 10−4 -4.6 · 100 3.1 · 10−4 −4.3 · 100

SXS:BBH:2179 [101] 6 −0.8 4.1 · 10−6 −4.0 · 10−1 8.4 · 10−3 −7.4 · 100 4.7 · 10−5 4.2 · 10−1

SXS:BBH:2208 [101] 6 −0.4 2.1 · 10−6 −5.1 · 10−1 1.0 · 10−2 −8.4 · 100 8.2 · 10−6 9.8 · 10−3

SXS:BBH:3630 [154] 6 0 1.7 · 10−6 −5.2 · 10−1 1.2 · 10−2 −1.0 · 101 1.1 · 10−4 −1.4 · 100

SXS:BBH:2185 [101] 6 0.4 6.8 · 10−6 −4.7 · 10−1 5.5 · 10−3 −8.8 · 100 9.1 · 10−4 −4.8 · 100

SXS:BBH:1437 [100, 182] 6 0.8 2.1 · 10−4 −3.1 · 100 7.2 · 10−5 −2.9 · 100 6.4 · 10−3 −1.0 · 101

SXS:BBH:2478 [269] 14 −0.5 1.6 · 10−6 −2.8 · 10−1 7.0 · 10−3 −6.7. · 100 3.6 · 10−4 1.7 · 100

SXS:BBH:2479 [269] 14 −0.25 5.1 · 10−6 −1.2 · 10−2 1.0 · 10−2 −7.4 · 100 2.1 · 10−4 1.4 · 100

SXS:BBH:2480 [269] 14 0 7.4 · 10−6 −7.8 · 10−1 1.0 · 10−2 −8.7 · 100 1.0 · 10−4 −1.3 · 100

SXS:BBH:2481 [269] 14 0.25 2.3 · 10−6 −5.9 · 10−1 9.5 · 10−3 −8.8 · 100 1.8 · 10−3 −4.6 · 100

SXS:BBH:2482 [269] 14 0.5 5.8 · 10−6 −4.3 · 10−1 3.6 · 10−3 −7.3 · 100 6.1 · 10−3 −9.2 · 100

SXS:BBH:2463 [269] 15 −0.5 3.7 · 10−6 −4.5 · 10−1 6.7 · 10−3 −6.7 · 100 3.6 · 10−4 1.7 · 100

SXS:BBH:2473 [269] 15 −0.35 1.1 · 10−5 −5.9 · 10−1 6.5 · 10−3 −7.0 · 100 2.2 · 10−4 1.5 · 100

SXS:BBH:2477 [269] 15 0 2.7 · 10−6 −1.9 · 10−1 9.9 · 10−3 −8.3 · 100 4.0 · 10−5 −6.2 · 10−1

SXS:BBH:2465 [269] 15 0.31 1.0 · 10−5 −8.6 · 10−2 6.6 · 10−3 −8.0 · 100 2.4 · 10−3 −5.4 · 100

SXS:BBH:2464 [269] 15 0.5 5.1 · 10−7 −2.5 · 10−1 4.1 · 10−3 −7.3 · 100 7.6 · 10−3 −9.6 · 100

SXS:BBH:2328 [154] 1 −0.5 3.5 · 10−5 1.2 · 100 8.0 · 10−2 −2.4 · 101 2.0 · 10−5 −6.0 · 10−1

SXS:BBH:2358 [154] 3 −0.5 2.0 · 10−6 8.9 · 10−1 6.5 · 10−2 −2.1 · 101 2.8 · 10−5 −1.8 · 10−1

SXS:BBH:0060 [182, 256] 5 −0.5 4.5 · 10−5 −2.2 · 10−1 2.9 · 10−2 −1.2 · 101 5.0 · 10−5 −1.8 · 10−1

SXS:BBH:3623 [154] 8 −0.5 1.4 · 10−6 −6.4 · 10−3 8.2 · 10−3 −7.5 · 100 5.8 · 10−5 7.4 · 10−1

SXS:BBH:2474 [269] 13 −0.5 1.9 · 10−5 −2.9 · 10−1 8.9 · 10−3 −7.2 · 100 2.0 · 10−4 1.5 · 100

SXS:BBH:2478 [269] 14 −0.5 1.6 · 10−6 −2.8 · 10−1 7.0 · 10−3 −6.7 · 100 3.6 · 10−4 1.7 · 100

SXS:BBH:2463 [269] 15 −0.5 3.7 · 10−6 −4.5 · 10−1 6.7 · 10−3 −6.7 · 100 3.6 · 10−3 1.7 · 100

SXS:BBH:1165 [182] 2 0 2.0 · 10−5 1.4 · 100 7.6 · 10−2 −2.8 · 101 5.1 · 10−5 −1.2 · 100

SXS:BBH:0259 [182, 263] 2.5 0 9.1 · 10−6 2.2 · 100 3.8 · 10−2 −1.8 · 101 8.3 · 10−5 −1.3 · 10−1

SXS:BBH:1906 [101, 182] 4 0 1.3 · 10−6 −3.1 · 10−1 1.4 · 10−2 −1.1 · 101 1.1 · 10−4 −1.8 · 100

SXS:BBH:1220 [97, 182] 4 0 4.9 · 10−6 1.3 · 10−1 2.4 · 10−2 −1.5 · 101 9.1 · 10−5 −1.6 · 100

SXS:BBH:3630 [154] 6 0 1.7 · 10−6 −5.2 · 10−1 1.2 · 10−2 −1.0 · 101 1.1 · 10−4 −1.4 · 100

SXS:BBH:0298 [182, 263] 7 0 7.4 · 10−7 9.2 · 10−2 1.1 · 10−2 −8.3 · 100 1.2 · 10−4 −9.7 · 10−1

SXS:BBH:0299 [182, 263] 7.5 0 1.3 · 10−6 2.7 · 10−1 1.1 · 10−2 −8.4 · 100 1.2 · 10−4 −8.1 · 10−1

SXS:BBH:0300 [182, 263] 8.5 0 1.4 · 10−6 3.1 · 10−1 1.1 · 10−2 −8.3 · 100 1.2 · 10−4 −7.7 · 10−1

SXS:BBH:0199 [97, 182] 8.7 0 7.0 · 10−6 −8.2 · 10−2 1.1 · 10−2 −8.9 · 100 1.5 · 10−4 −1.0 · 100

SXS:BBH:0301 [182, 263] 9 0 2.2 · 10−6 −2.4 · 10−1 5.2 · 10−3 −7.0 · 100 6.1 · 10−5 −1.0 · 100

SXS:BBH:1107 [182] 10 0 9.4 · 10−6 −9.2 · 10−1 1.8 · 10−2 −1.2 · 101 1.8 · 10−4 −2.0 · 100

SXS:BBH:0303 [182, 263] 10 0 9.4 · 10−7 −3.1 · 10−1 4.9 · 10−3 −6.9 · 100 5.3 · 10−5 −9.6 · 10−1

SXS:BBH:2480 [269] 14 0 7.4 · 10−6 −7.8 · 10−1 1.0 · 10−2 −8.7 · 100 1.1 · 10−4 −1.3 · 100

SXS:BBH:2477 [269] 15 0 2.7 · 10−6 −1.9 · 10−1 9.9 · 10−3 −8.3 · 100 4.0 · 10−5 −6.2 · 10−1

SXS:BBH:2329 [154] 1 0.5 1.1 · 10−5 1.5 · 100 2.6 · 10−4 −1.7 · 100 1.1 · 10−4 −2.7 · 100

SXS:BBH:2427 [154] 3 0.5 3.5 · 10−6 −8.6 · 10−1 1.0 · 10−2 −1.4 · 101 6.1 · 10−4 −5.6 · 100

SXS:BBH:2385 [154] 5 0.5 4.4 · 10−6 −1.1 · 10−1 4.2 · 10−3 −8.0 · 100 1.2 · 10−3 −5.2 · 100

SXS:BBH:0065 [182, 256] 8 0.5 4.7 · 10−5 −1.2 · 100 6.9 · 10−3 −1.1 · 101 2.8 · 10−3 −8.1 · 100

SXS:BBH:2469 [269] 10 0.5 7.3 · 10−6 −2.5 · 10−1 4.3 · 10−3 −8.2 · 100 3.6 · 10−3 −7.8 · 100

SXS:BBH:2467 [269] 11.5 0.5 1.0 · 10−5 −1.9 · 10−1 4.4 · 10−3 −7.7 · 100 5.0 · 10−3 −8.3 · 100

SXS:BBH:2476 [269] 13.2 0.5 1.4 · 10−6 −7.7 · 10−1 4.5 · 10−3 −8.1 · 100 6.4 · 10−3 −9.4 · 100

SXS:BBH:2482 [269] 14 0.5 5.8 · 10−6 −4.3 · 10−1 3.6 · 10−3 −7.3 · 100 6.1 · 10−3 −9.2 · 100

SXS:BBH:2464 [269] 15 0.5 5.1 · 10−7 −2.5 · 10−1 4.1 · 10−3 −7.3 · 100 7.6 · 10−3 −9.6 · 100

TABLE I. Mismatches M and dephasings ∆ψ22 of the models X ∈ {H, 0PA,PN} against SXS simulations, as calculated from
the maximum value of the mismatch (69) in the range M ∈ [10M⊙, 300M⊙] and from Eq. (68). In contrast to Figs. 4–6, here
the dephasing is computed on a fixed (dimensionless) frequency interval (the “Ω0” comparison described in the text).
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FIG. 2. (ℓ,m) = (2, 2) mode of the gravitational waveform from three comparable-mass binary configurations with differing
primary spins. Numerical relativity (in black), hybrid (red), 0PA (orange), PN (blue), and 1PAT1 (purple) waveforms are
displayed. The references of the SXS simulations are listed in Table I. In the bottom panel, the 0PA waveform has reached the
ISCO frequency before entering the shaded region and therefore cannot be seen in the inset.

ing from the inclusion of 4PN terms, the PN waveforms
might also be more accurate due our resummed form of
the PN waveform generation.

Finally, the hybrid model also remains very well in
phase with the NR waveforms until the late inspiral stage.
In particular, for q̊ ≳ 6, the hybrid model consistently

outperforms the PN and 0PA models, for all values of
the primary spin. Moreover, compared to the PN model,
the waveform dephasings do not worsen as we go to more
asymmetric binaries. This is also to be expected: the
dynamics of the hybrid model is complete at 0PA order
but not at 1PA order. Therefore, the dephasing should
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FIG. 3. (ℓ,m) = (2, 2) mode of the gravitational waveform from three q̊ = 15 binary configurations with differing primary
spins. Numerical relativity (in black), hybrid (red), 0PA (orange), PN (blue), and 1PAT1 (purple) waveforms are displayed.
The references of the SXS simulations are listed in Table I.

go to a constant, as for the 0PA model, as we move to
more asymmetric binaries. However, the value of this
constant residual φ(1)(̊εt) is dramatically lower for the
hybrid than for the 0PA model. We address this question
quantitatively in the next subsection.

2. Waveform dephasing

Once again, we align the model X waveforms against
the NR waveforms using the alignment procedure of
Sec. VIA, for the three models X ∈ {H, 0PA,PN} de-
fined in Sec. VA. To lighten the notation, we drop ∆tmin

and ∆φmin from the expressions in Eqs. (66) and (67)
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FIG. 4. Accumulated phase error, as defined through
Eq. (68), of the hybrid (red), PN (blue), and 0PA (orange)
waveform models against NR simulations for a set of prograde
quasicircular orbits with primary spin χ̊ = +0.5. The mass
ratio ranges from q̊ = 1 (top panel) to q̊ = 15 (bottom panel).
The grey horizontal lines indicate the value of the phase er-
ror accumulated when the hybrid model reaches the primary
ISCO frequency: ∆ψH

22(t⋆) where ω(t⋆) = Ω⋆(χ̊). The SXS
simulations used in this figure are those with χ̊ = 0.5 in Ta-
ble I.

and refer to the aligned waveform and phase as hXℓm and
ψXℓm. We compute the (2, 2)-mode waveform phase error
∆ψX22(t) as a function of time as

∆ψX22(t) =
[
ψX22(t)− ψNR22 (t)

]
−
[
ψX22(t0)− ψNR22 (t0)

]
,

(68)
where we have set the dephasing to be 0 at the initial
time t0.

Figures 4–6 illustrate three “Fixedχ” comparisons.
Figures 4 and 5 show the accumulated phase error for
a set of simulations with χ̊ = +0.5 (prograde orbits)
and χ̊ = −0.5 (retrograde orbits), respectively. We see
the hybrid model always has an accumulated phase er-
ror of ≲ 1 radian over the full inspiral. Figure 6 shows
the accumulated phase error for nonspinning binaries,
for which we also display the dephasing that the 1PAT1
model of [55] accumulates against the same NR simula-
tions. In this comparison, the displayed frequency range
is identical among all four values of q̊. Each simulation
starts at the reference orbital frequency of the q̊ = 15.0
simulation and ends at the ISCO frequency. We have
specifically taken the final frequency to be deep in the
strong field regime in order to show the importance of
including the entire 1PA information in the dynamics
rather than a 1PA PN approximant. At least at the mass
ratios considered q̊ ≲ 15, the hybrid model competes very
well with the full 1PAT1 model; as noted above, this ap-

10-5
10-4
0.001
0.010
0.100

1
10

10-5
10-4
0.001
0.010
0.100

1
10

10-5
10-4
0.001
0.010
0.100

1
10

0 1000 2000 3000 4000
10-5
10-4
0.001
0.010
0.100

1
10

FIG. 5. Accumulated phase error of the hybrid (red), PN
(blue), and 0PA (orange) waveform models against NR sim-
ulations for a set of retrograde quasicircular orbits with pri-
mary spin χ̊ = −0.5, and with other details as in Fig. 4. The
SXS simulations used in this figure are those with χ̊ = −0.5
in Table I.
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FIG. 6. Accumulated phase error of the hybrid (red), PN
(blue), and 0PA (orange) waveform models against NR sim-
ulations for a set of nonspinning quasicircular binaries, with
the dephasing of the 1PAT1 model (dotted purple) against the
same NR simulations also included for comparison. Other de-
tails are as in Fig. 4. The SXS simulations used in this figure
are those with χ̊ = 0 in Table I.
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pears to indicate the significant increase in accuracy from
the inclusion of 4PN terms and/or from our resummed
form of the PN waveform generation. The hybrid model
dephases less than the 1PAT1 model for comparable-mass
binaries, as it includes high-PA information from PN ex-
pansions. However, the 1PAT1 model gets more and more
accurate and becomes slightly more reliable than the hy-
brid at more asymmetric mass ratios. Indeed, as one
compares the dephasing at the end of each simulation of
both the hybrid model and the 1PAT1 model, one notes
an improvement of accuracy of the 1PAT1 model3 This is
an expected behavior that will remain true for EMRIs,
as the 1PAT1 phase error goes to zero like 1/q̊ (a 2PA
error), while the hybrid’s phase error goes to a constant
(a 1PA error).

A critical question is the size of this 1PA error in the
hybrid model, as it can indicate how well the hybrid
would perform for EMRIs. From the total phase error
of the hybrid models in Figs. 4–6, we can extract the
following rough estimate for the hybrid’s constant 1PA
residual: 0.5 rad for χ̊ = 0.5 and [xi, xf ] = [0.086, 0.228];
0.3 rad for χ̊ = −0.5 and [xi, xf ] = [0.079, 0.135]; and
0.4 rad for χ̊ = 0 and [xi, xf ] = [0.091, 0.167]. In con-
trast to these small errors, the 0PA and PN errors scale,
as expected, as a (large) constant and as a 1/ν̊ power
law, respectively.

Finally, we consider “Ω0” comparisons, computing the
total dephasing between the model X and the NR wave-
forms on the entire frequency range of the NR waveform
inspiral, starting from the reference frequency all the way
up to the primary’s ISCO frequency. The values of the
dephasing can be found in Table I. Since the frequency
intervals under which we compare the models now differ
from one simulation to another, it is hard to meaningfully
compare between different configurations, but the values
in Table I offer a notion of the relative performance of
the hybrid model against the 0PA and PN models on the
full frequency range of the NR inspiral signal.

3. Mismatches

Next, we compute the mismatch of model X against
NR as

MX = 1− max
∆t,∆φ

⟨hX∆t,∆φ, hNR⟩
∥hX∥∥hNR∥ , (69)

where [270]

3 Yet, at early times in the bottom panel corresponding to q̊ = 15,
the hybrid still outperforms 1PAT1. This is due to the fact that
at these lower frequencies, at a fixed mass ratio q̊, the contribu-
tion of the high-PN corrections at 1PA (that the hybrid model
lacks) are numerically less significant while the low-PN correc-
tions at 2PA (that the 1PAT1 model lacks) are more significant.
At such low frequencies, 1PAT1 would only outperform the hy-
brid model at larger values of q̊.

⟨hX∆t,∆φ, hNR⟩

=
2

π
Re

∫ ωf

ωi

(
F [hX∆t,∆φ](ω)

)∗
F [hNR](ω)

Sn(ω/(2π))
dω, (70)

and hX∆t,∆φ = hX22(t + ∆t)e−i∆φ is the model X wave-
form translated in time and phase by ∆t and ∆φ, re-
spectively. F [hX ] and F [hNR] are the Fourier transforms
of the model X and NR waveforms, respectively. In this
work we take Sn(f) as the power spectral density of the
AdVirgo+ detector for Run O5 from [271] defined in the
range 10 − 10000Hz (located on the LIGO DCC [272]).
As we are optimizing different quantities, the optimized
values of ∆t, ∆φ generically differ from the values ob-
tained from the waveform alignment procedure described
earlier.
As before, we perform two sets of mismatch analyses.

In the first set “Fixedχ”, the model X and NR signals
are examined on a fixed waveform frequency range start-
ing from the maximal reference initial frequency ωNR(ti)
among all simulations selected and up to the primary
ISCO frequency Ω⋆(χ̊). From a stationary phase approx-
imation, we expect that in the Fourier domain, only fre-
quencies ω close to the frequencies mωX(t) will be ex-
cited; see, for example, the discussion around Eq. (3.1)
of Ref. [273]. This motivates us to choose the bounds ωi
and ωf of the discrete Fourier transform as follows: we
choose ωi to be a small fraction (for definiteness 1/5) of
the maximal reference initial frequency ωNR(ti) among
all simulations selected and ωf to be a multiple (for defi-
niteness 1.1) of the primary’s lightring frequency Ωl.r(χ̊).
We checked that the Fourier-domain waveforms do not
depend significantly upon slightly varying the choices of
ωi and ωf .
In the second set of comparisons, “Ω0”, for each sim-

ulation the waveforms are examined on the maximal fre-
quency range from the initial reference frequency Ωref to
the final ISCO frequency Ω∗(χ̊) for the given spin of the
simulation. The definition of ωi and ωf are the same as
before: a small fraction of Ωref for ωi and a multiple of
Ωl.r(χ̊) for ωf . The total mass is restricted such that the
frequency ωi/(2πM) is larger than 10Hz. This enforces
that the whole simulated inspiral from the initial refer-
ence time is in the bandwidth of current ground-based
detectors. We define in either case the initial and final
times ti and tf as the times corresponding to the fre-
quencies ωi and ωf . Our prescription is closely related
to but slightly differs from Ref. [275], which takes 10Hz
as ωi/(2πM) and the ISCO frequency for ωf/(2πM).
When performing the fast Fourier transform over a fi-

nite time window, we first perform a windowing of the
functions hX∆t,∆φ and hNR using a Tukey window func-
tion. The width of the window’s walls is fixed by requir-
ing that the power spectrum of the frequency-domain
waveform |hNR(ω)|2 has its high-frequency noise sup-
pressed.

To optimize over phase and time shifts, we first opti-
mize the mismatch analytically for the phase shift. In-
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FIG. 7. Mismatches of the hybrid, 0PA, PN, SEOBNRv5,
and 1PAT1 models against NR waveforms for prograde (χ̊ =
+0.5, top panel), nonspinning (middle panel), and retrograde
(χ̊ = −0.5, bottom panel) binaries. Mass ratio ranges from
q̊ = 1 (̊ν = 0.25) to q̊ = 15 (̊ν ∼ 0.059), with fixed total
mass 50M⊙. The sensitivity curve is that of the AdVirgo+
detector for Run O5 from [271]. The simulations used here
are those with IDs ending 2329, 2427, 2385, 0065, 2469, 2467,
2476, 2464 (top panel), 3630, 0259, 0298, 0299, 0300, 0301,
1165, 2265, 2480 (middle panel), 2328, 2358, 3623, 2474, 2463
(bottom panel) in Table I. SEOB waveforms were generated
using version 0.3.1 of the pyseobnr package [84–87, 274].

deed, the bound

1−
⟨hX∆t,∆φ, hNR⟩
∥hX∥∥hNR∥ ≥

1− 2/π

∥hX∥∥hNR∥

∣∣∣∣∣∣∣
∫ ωf

ωi

(
F [hX∆t,∆φ](ω)

)∗
F [hNR](ω)

Sn(ω/(2π))
dω

∣∣∣∣∣∣∣
(71)

can always be saturated by a well-chosen rotation ∆φ in
the complex plane. On the other hand, we perform the
optimization over the time shift numerically. We leverage
the fact that the function

1− 2/π

∥hX∥∥hNR∥

∣∣∣∣∣∣∣
∫ ωf

ωi

(
F [hX∆t,∆φ](ω)

)∗
F [hNR](ω)

Sn(ω/(2π))
dω

∣∣∣∣∣∣∣
(72)

is typically a parabola with a minimum to once again
implement a ternary search algorithm for finding the lo-
cation of the minimum ∆tmin.
Figure 7 shows the “Fixedχ” comparisons: the evolu-

tion of the mismatch of the different models against NR
as we move to more asymmetric binaries while keeping
the spin of the primary and the frequency band fixed.
We also show for reference the mismatch of the SEOB-
NRv5EHM model [276–278] against the same NR sim-
ulations. We obtain the SEOBNRv5 waveforms using
version 0.3.1 of the pySEOBNR python package [274]. As
another point of comparison, we further compute the mis-
match between the highest and next-to-highest NR reso-
lutions, which provides a crude estimate of the NR error.
Finally, for the set of nonspinning binaries, we addition-
ally show the mismatch of the 1PAT1 model against NR.
As explained in [279], the mismatch between two wave-

forms tends to grow with the square of the dephasing.
Therefore, we expect the 0PA and the hybrid models to
have a mismatch that asymptotes to a constant for asym-
metric binaries, while the PN mismatch against an NR

template should grow like ∼
(
∆ψPN

22

)2 ∼ 1/ν̊2. In con-
trast, the 1PAT1 model’s mismatch should go to zero like

∼
(
∆ψ1PAT1

22

)2 ∼ ν̊2. These scalings are consistent with
the behaviors that we observe in Fig. 7. Importantly, at
small ν̊ the mismatch between the hybrid model and the
NR waveform settles down belowM ≲ 10−5, three orders
of magnitude below the value for the 0PA model. How-
ever, we still see the superiority of the complete 1PAT1
model for sufficiently small ν̊.
We also observe that in the range of mass ratios we con-

sider, the hybrid model achieves mismatches comparable
to those of SEOBNRv5, except in the case of comparable-
mass retrograde binaries. In most cases, and particularly
for small mass ratios, both the hybrid and SEOBNRv5
achieve lower mismatches than the lower-resolution NR
simulations. For that mismatch between the two NR res-
olutions, the scaling with mass ratio is intricate as it de-
pends both on the scaling of the length of the simulation
with ν̊ and on the scaling of the resolution with ν̊.
When using SEOBNRv5 as a benchmark in this way,

we stress that our comparisons are restricted to a finite
portion of the inspiral, omitting the merger-ringdown
regime; unlike EOB models, our model does not attempt
to cover this most challenging regime. On the other hand,
we also stress that for sufficiently small ν̊, the SEOB-
NRv5 mismatch in the inspiral will grow as 1/ν̊2 due to
the model’s inexact 0PA information; see the companion
letter [204].
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FIG. 8. Inspiral-only mismatches of model X ∈ {H, 0PA,PN} (top left, top right, and bottom left panels, respectively) against
NR simulations as a function of the total mass of the system. Note the mismatches are nearly independent of the total mass.
The bottom-right panel shows the population of binary configurations used in this study. The mismatches here are computed

over the full range of frequencies that each NR template sweeps through in its inspiral phase (i.e., from xi = Ω
2/3
ref to xf = Ω

2/3
⋆ ).

The black highlighted curves correspond to the diamond on the bottom-right panel, which is the configuration that yields the
worst mismatch between the hybrid model and NR. This corresponds to q̊ = 6 and a highly spinning primary with χ̊ = +0.8.
The 0PA model achieves its best match for this configuration, but the reason is accidental: the 1PA forcing term (as estimated
from the hybrid model) omitted by the 0PA model is very small at this peculiar value of the primary spin. The set of SXS
simulations used here are listed in Table I.

Our mismatches have been computed for inspirals that
sweep the parameters [xi, xf ] = [0.086, 0.228] for the set
of prograde orbits, [xi, xf ] = [0.079, 0.135] for the set of
retrograde orbits, and [xi, xf ] = [0.091, 0.167] for the set
of nonspinning binaries. This corresponds to an orbital
separation range of [11.5M, 4.2M ], [12.8M, 7.5M ], and
[11.0M, 6.0M ], respectively. Because a 1PA error is in-
dependent of mass ratio, we expect our hybrid to achieve
the same small error, M ≲ 10−5, for IMRIs and EMRIs
in these same frequency windows.

Finally, for the “Ω0” batch of simulations (i.e., com-
puting the mismatch over the full inspiral of each sim-
ulation), we display in Fig. 8 the mismatch of model X
against every NR simulation listed in Table I. We see
that the hybrid model’s mismatch is consistently below
10−4 across all but one simulation; the lone outlier, with
mismatch ≈ 2× 10−4, is highlighted in black. This level
of mismatch is, in general, several orders of magnitude
below that of the 0PA model (top right panel) and one

or more orders of magnitude below that of the PN model
(bottom left).

C. Accuracy in the high-q̊ regime

The comparisons in Sec. VIB were performed for com-
parable masses or moderately low mass ratios (q̊ ≲ 15), as
that is the range currently covered by NR. However, our
hybrid model is aimed at larger mass ratios. Although
the trends we observed above suggest that the model’s er-
ror remains small all the way to the EMRI regime, we are
cognizant that the model is not exact at 1PA order. We
also wish to assess how much of an improvement, if any,
we make by using the full 1PA binding energy instead of
its 4PN approximation. This motivates a more careful
estimation of its accuracy at high q̊. We carry out that
assessment by appraising the accuracy of the model’s un-
derlying data and then extrapolating the effects of any
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inaccuracy to large q̊.
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FIG. 9. Newtonian-normalized energy fluxes of the three
models H (red), 0PA (orange), and PN (blue) as a function of

the PN parameter x = ω2/3. The fluxes are normalized by the
leading PN quadrupole formula: FN = 32ν2x5/5. All three
NR simulations (see Table I for references) have the same
large mass ratio q̊ = 14 but different values of the primary
spin χ̊: χ̊ = +0.5 (prograde, top panel), χ̊ = 0 (nonspinning,
middle panel), and χ̊ = −0.5 (retrograde, bottom panel). In
the nonspinning case, we have also included (in purple) the
2SF energy flux from [56], used in the 1PAT1 model. The gray
vertical lines indicate the location of the ISCO.

1. Energy fluxes and binding energy

The binding energy of the hybrid model is complete
to 1PA order, while the energy fluxes are only exact to
0PA order. Hence, we expect mismodeling of the energy
fluxes to be the hybrid model’s main source of error.
To estimate the impact of an error in the flux and bind-

ing energy on the waveform phase, we compare them
against NR. This necessitates extracting the flux and
binding energy from an NR waveform, which we do
in the following way: differentiating the total energy
Etot = M + E with respect to time t and using the re-
lations d

dtEtot = −F∞, d
dtM = FH, we can write the

binding energy as

E(t) = E(ti)−
∫ t

ti

dt
(
F∞ + FH

)
. (73)

The NR flux is computed from a given NR simulation
as [207]

F∞
NR =

ℓmax∑
ℓ=2

ℓ∑
m=−ℓ

1

16π
|ḣNR
ℓm |2, (74)

where ℓmax = 8 for a typical SXS simulation. For the
NR flux down the horizon of the primary FH, one could
in principle extract from an NR simulation the time-
dependent value of the masses of the primary m1(t) =

m̊1 +
∫ t
t0
FHdt. However, we found the errors of the NR

values of m1(t) were too large and spoiled the compari-
son. In practice, we discard the NR contribution to the
horizon flux and approximate it by the 0PA horizon flux.
The horizon flux is very small compared to the flux at
infinity: had we completely dismissed the horizon flux
or approximated it by the 0PA horizon flux, almost no
difference could be seen in practice.
We show in Fig. 9 a comparison of the energy fluxes

in the hybrid, 0PA, and PN models with respect to NR.
The 0PA fluxes badly reproduce the NR curves for any
value of the primary spin χ̊. The PN flux curve, on the
other hand, converges well to the NR curves when the PN
parameter x decreases, but it starts to deviate badly from
the NR curve as we move to the strong-field regime. It
is worth noting that the large discrepancy of the PN flux
with NR close to the ISCO is drastically less pronounced
for retrograde orbits, where the ISCO radius is located
further away from the primary black hole.
The figure illustrates that the hybrid fluxes are always

more accurate than the 0PA and PN fluxes, for both ret-
rograde and prograde orbits. However, this accuracy im-
provement is less pronounced for retrograde orbits, where
the PN approximant already reproduces the NR flux very
well. It is also worth noting that, for nonspinning bina-
ries, both 2SF4 and hybrid fluxes are very similar to each

4 Reference [56] contained a small error in the 2SF energy flux. In
this paper we use the corrected data.
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FIG. 10. Binding energies for the three models H (red), 0PA
(orange), and PN (blue) as a function of the PN parameter

x = ω2/3. We have set the integration constant of the NR
sbinding energy to E(ti) = 0 in Eq. (73), setting the binding
energy to vanish at the left boundary of each plot. The bind-
ing energies in the other models are correspondingly shifted
by constants to bring them to zero there. Other details are
as in Fig. 9.

other, except very close to the ISCO where both curves
start to deviate from NR, corroborating the outcomes
of [170].

Next, in Fig. 10 we show a comparison between the
binding energies of all three models and NR. Note we
use the input binding-energy data for each model except
NR; we do not evaluate the flux integral (73) for the other
models. The discrepancy between the hybrid and PN

models is more subtle here than in the flux, both of them
reproducing quite well the NR binding energy. Only the
0PA binding energy is notably inaccurate as compared to
NR. For the case of a nonspinning binary, we were also
able to compare against the 1PAT1 model. As we see, for
q̊ = 14 the hybrid and 1PAT1 binding energies are almost
indistinguishable. This is to be expected because both
use the same 1PA binding energy; they differ only by the
2PA and higher terms included in the hybrid model.

2. Phase error due to energy flux error

Our model is exact at 1PA order except in its use of
a PN approximation to the 2SF energy flux. We now
assess how an error in the energy flux to infinity, F∞,
propagates to a total accumulated phase error ∆φXF over
a fixed waveform frequency interval [ωi, ωf ]. The cho-
sen frequency window depends upon the chosen batch of
simulations and is made explicit in Figs. 11–13.
We make use of the chain rule to write the total accu-

mulated phase error in model X on the interval [ωi, ωf ]
as

∆φX =

∫ ωf

ωi

(
ω

FXω
− ω

FNR
ω

)
dω. (75)

Here, we have used for the integration variable the wave-
form frequency ω. We now derive, at leading order in
ν, how a mismodeling in the energy flux contributes to
this dephasing. To that end, we write the waveform fre-
quency forcing term as a functional Fω

(
F∞,FH,GH, E

)
and expand Eq. (75) at leading order in ν while keep-
ing FH, GH, and E fixed. At leading order, the linear
functional ∆φXF can be written as

∆φXF = ν

∫ ωf

ωi

ω∂Egeo/∂ω

F2
0PA

(F∞
NR −F∞

X ) dω, (76)

where F0PA = ν2FSF
(0)(x, χ). Changing the integration

variable to x, and using the explicit expression (48) for
the geodesic binding energy, one can rewrite the integral
as

∆φXF =

∫ x(ωf )

x(ωi)

νω7/3U3
(0)D

2F2
0PA

(FX −FNR) dx, (77)

where the functions D and U(0) have been defined in
Eqs. (18) and (19).
The first factor in the integrand only includes 0PA

terms, which are analytically known for U(0) and D, and
numerically computed on a Chebyshev grid for F0PA.
The second factor is the error between the model X en-
ergy flux and the NR energy flux computed with Eq. (74).
The first factor comes as a weight that encodes how the
model phase error responds to an error in the flux. It
is interesting to observe that large errors on the energy
flux close to the ISCO are suppressed by the weight func-
tion, as the factor D vanishes at the ISCO. Instead, the
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FIG. 11. Estimate of the waveform phase error due to a mis-
modeling of the energy flux ∆φF . The integration in Eq. (77)
is performed on the maximal range of PN parameter [xi, xf ]
that is shared between all simulations of a given panel. Ex-
plicitly, [xi, xf ] = [0.086, 0.228] for the prograde orbits (top
panel), [xi, xf ] = [0.091, 0.167] for the nonspinning binaries
(central panel), and [xi, xf ] = [0.079, 0.135] for the retrograde
orbits (bottom panel). We also show reference power laws in
dashed lines: ν̊−1 in dashed blue, ν̊0 in dashed orange. The
red dashed line is a ν̊1 reference (top panel), ν̊0 (middle), or
ν̊−1 (bottom). For the nonspinning binaries, we have also in-
cluded (in purple) the estimate of the phase error due to the
error in the 1PAT1 flux. The simulations used in these figures
are the same as in Fig. 7; see Table I.

leading PN behavior of the weight function in Eq. (76)
diverges as

νω7/3U3
(0)D

2F2
0PA

=
25

2048ν3
1

x17/2
+O(1/x8) (78)

at small x, hence amplifying any small deviation from
the energy flux in the early inspiral.

Equation (77) serves as a proxy for estimating the im-
pact of the error of the energy flux on the performance of
our model. We compute this estimate for the “Fixedχ”
batch of comparisons and show the results in Fig. 11.

In all the comparisons in Fig. 11, we observe that the
dephasing estimate ∆φF grows as ∼ ν̊−1 for the PN
model and as ∼ ν̊0 for the 0PA model. This is to be
expected from the expansion of the waveform phase in
Eq. (1). Indeed, the PN flux is not complete at 0PA or-
der, which means that its phase error grows as ∼ ν̊−1

(though with a visibly small coefficient). On the other
hand, the 0PA model omits 1PA flux terms, causing a
phase error that scales as ∼ ν̊0 (but with a visibly large
coefficient).

For the hybrid model, though, the behavior of the de-
phasing estimate is now more delicate: the hybrid model
is 0PA complete but lacks high-order PN information at
1PA and higher. It is not clear beforehand whether the
1PA or 2PA and higher errors will dominate in the range
of mass ratios we can consider. For prograde orbits (top
panel), the estimate ∆φHF scales like ν̊1, showing that, at
these mass ratios and at χ̊ = +0.5, the error in the hy-
brid model’s energy flux to infinity is dominated by the
lack of high-PN information at 2PA order. This behavior
cannot last forever as we go to smaller and smaller mass
ratio; the 2PA errors are suppressed by a factor ν̊ relative
to the 1PA errors and will eventually become negligible.
Hence, the hybrid error ∆φHF in the top panel of Fig. 11
will eventually hit a plateau. This nevertheless gives us
a conservative estimate of the 1PA residual of the hy-
brid model at χ̊ = +0.5 and [xi, xf ] = [0.086, 0.228] to
be φ(1)(̊νt) ∼ 0.2 rad. For nonspinning binaries (middle
panel), the hybrid has settled down to the plateau where
1PA errors numerically dominate 2PA errors already at
q̊ ∼ 15. This gives us the estimate φ(1)(̊νt) ∼ 0.1 rad for
χ̊ = 0 and [xi, xf ] = [0.091, 0.167]. These estimates are
roughly comparable to the full waveform dephasing com-
puted in Sec. VIB 2. As expected, this points towards
the fact that, at large q̊, the main source of error in our
model comes from not including the 2SF (1PA) correc-
tion to the energy flux. However, this error appears to
be small.

Contrastingly, for retrograde orbits the error estimate
∆φHF of the hybrid appears to grow as a 0PA error, scal-
ing as ν−1. We have thoroughly checked our implemen-
tation and found no error. One possible conclusion for
the behavior of ∆φHF is that one would need to reach
smaller mass ratios to see the expected plateau scaling
as ν0. Based on the results of [86], one could argue that
the numerical coefficients of the residual 2SF errors are
higher for retrograde orbits than for prograde orbits; see
Fig. 10 of that reference. One would therefore need to
reach lower values of the mass ratio to identify the O(ν0)
scaling. In that interpretation, the scaling observed in
the range q = [1, 15] does not indicate a 0PA error.

Finally, we also define the difference between the phase
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FIG. 12. Estimate of the accumulated dephasing between
two models X,Y ∈ {H, 0PA,PN, 1PA(T1)} over a fixed fre-
quency window due to the discrepancy in their energy flux;
see Eq. (79). In the top panel, we set the primary spin to
χ̊ = +0.5 (prograde orbits); in the central panel, to χ̊ = 0
(nonspinning binaries); and in the bottom panel, to χ̊ = −0.5
(retrograde orbits). We vary the mass ratio from q̊ = 1 to
q̊ = 104. Notice that, for the central panel, we do not com-
pare the hybrid and PN models against a 0PA energy flux but
rather against the 2SF (1PA) flux from [56].

errors ∆φXF and ∆φYF as

∆φX−Y
F = ∆φXF −∆φYF

=

∫ ωf

ωi

νω7/3U3
(0)D

2F2
0PA

(FX −FY) dx, (79)

which is now independent of the NR template. In Fig. 12
we display the estimate (79) for more extreme mass ra-
tios where NR data is unavailable. Notice that the PN

model’s lack of an exact 0PA flux leads it to accumu-
late hundreds to thousands of radians of dephasing as
the mass ratio moves to the EMRI regime ν̊ ≲ 10−4, pin-
pointing the need to include at least the complete 0PA
dynamics in an EMRI model. Importantly, the estimated
dephasing between the PN and the hybrid models is very
small for retrograde orbits at comparable mass ratios,
showing a great improvement on the quality of the hy-
brid model compared to a simple 0PA waveform in this
part of the parameter space. The same holds for non-
spinning binaries: the hybrid model compares slightly
better to the PN model at equal mass ratio than does
the 1PAT1 model. Finally, for nonspinning binaries, the
dephasing due to the discrepancy between the hybrid and
2SF flux is estimated to be ∼ 0.09 rad. That is to say,
the effect of neglecting the high-PN 1PA terms in the
energy flux to infinity translates to a total waveform de-
phasing of less than 0.1 rad over the PN parameter range
[xi, xf ] = [0.091, 0.167].

3. Phase error due to binding energy error

As our final assessment, we explore how much accu-
racy the hybrid model would sacrifice if it used a 4PN
approximation to the complete 1PA binding energy.
We again start from

∆φX =

∫ ωf

ωi

(
ω

FXω
− ω

FNR
ω

)
dω (80)

and now consider a small perturbation of the binding
energy E, while keeping the fluxes fixed. At leading order
in the mass ratio, Eq. (80) yields

∆φXE = −
∫ xf

xi

ω

F0PA

d

dx
(EX − ENR) dx, (81)

where the NR binding energy is computed with Eq. (73).
Eq. (81) serves as a proxy for estimating the impact of
the error of the binding energy on the performance of
our model. In this case, the numerical errors on the NR
binding energy are the main source of error in Eq. (81).
It is therefore not possible to use Eq. (81) with the NR
binding energy as a benchmark. Only the 0PA binding
energy is imprecise enough to be located above the NR
noise.
Therefore, rather than comparing the binding energy

to an NR template, we investigate how two different mod-
els, X and Y , dephase from one another due to their
difference in binding energy. We define

∆φX−Y
E = ∆φXE −∆φYE

=

∫ xf

xi

ω

F0PA

d

dx
(EX − EY ) dx, (82)

which is now independent of the template ENR. ∆φ
X−Y
E

is shown in Fig. 13 for the same set of primary spins as
in the “Fixedχ” batch of comparisons: χ̊ = 0.5, χ̊ = 0,
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FIG. 13. Estimate of the accumulated dephasing between
two models X,Y ∈ {H, 0PA,PN, 1PA(T1), 0PA4PN} over a
fixed frequency window due to the discrepancy in their bind-
ing energy; see Eq. (82). Other details are as in Fig. 12.
For the central panel, we do not compare the hybrid and PN
models against the geodesic binding energy but rather against
the 1SF (1PA) binding energy computed from the Detweiler
redshift (as used in both 1PAT1 and the hybrid model).

and χ̊ = −0.5. In contrast to the energy flux, the binding
energy of the hybrid model is complete at 1PA. Therefore,
when compared to the 1PAT1 binding energy (i.e., 1PA
and no higher), the residual EH −E1PAT1 ∼ O(ν3), and

the dephasing estimate is ∆φH−1PAT1
E ∼ O(ν). This is

indeed the observed behavior in Fig. 13. ∆φH−1PAT1
E

reaches a plateau at mass ratio ν̊ ∼ 10−4 due to the
limited numerical precision of the 1PA binding energy of
the hybrid model. This unwanted behavior can easily
be overcome by increasing the numerical precision of the
interpolated binding energy.

The impact of the 1PA correction to the binding energy
on the dephasing is more pronounced for retrograde or-
bits than for prograde orbits: for χ̊ = −0.5, the accumu-
lated phase difference between the 0PA and hybrid mod-
els over the range [xi, xf ] = [0.079, 0.135] settles down to
∼ 10.2 rad. As the hybrid binding energy is 1PA com-
plete, this estimate also serves as the 1PA contribution
to the accumulated phase in Eq. (1): φ(1)(̊νt) ∼ 10.2 rad
for χ̊ = −0.5 and [xi, xf ] = [0.079, 0.135]. Similarly, for
prograde orbits, φ(1)(̊νt) ∼ 2.32 rad for χ̊ = 0.5 and
[xi, xf ] = [0.086, 0.228].
Since the PN binding energy has not been resummed

to encapsulate the geodesic binding energy, it is not 0PA
complete and ∆φPN−X

E ∼ O(1/ν̊) for any model X that
is complete at 0PA. This is indeed what is observed in
Fig. 13. However, we note that EOB models encode the
geodesic dynamics by construction [77], meaning they are
not susceptible to this error.

Finally, we examine whether our use of an exact
1SF (1PA) binding energy has a significant impact on
our phasing. To answer this question, we measure the
phase difference (82) between our hybrid model and the
0PA4PN model, which is exact at 0PA but uses the 4PN
binding energy in place of the full 1SF binding energy.
As we see in the green curves in Fig. 13, the impact can
be large: the 0PA4PN model suffers dephases from the
hybrid model by between 0.07 radians (χ̊ = 0.5) and 3
radians (χ̊ = −0.5). This reinforces a similar conclusion
reached for the nonspinning case in Ref. [88].

D. Comparison with InspiralESIGMAHM

Our comparisons have focused on benchmarking our
model against 0PA, PN, and SEOBNRv5 models. In
the companion letter [204], we also compare against
TEOBResumS. However, in addition to EOB, there
are other notable hybrid models that incorporate SF
and PN information, such as ENIGMA and its successor
ESIGMAHM [197, 198, 280]. Here we briefly compare our
hybrid model to this family of models. The original
ENIGMA model for nonspinning binaries [197, 280] uti-
lized 6PN approximations to the 0PA (1SF) energy flux
at infinity and to the 1PA (1SF) binding energy [241]
to build hybrid PN-SF expressions for these quantities.
ESIGMAHM extended the model to incorporate spin effects
(while reducing the use of SF information) [198]. This
construction is similar in spirit to our model, but it dif-
fers in important ways. As stressed in the Introduction,
our model prioritizes “exact” SF results, using the com-
plete 0PA energy fluxes, 0PA waveform mode amplitudes,
and 1PA binding energy, while ENIGMA/ESIGMAHM uses
relatively low-order PN expansions of the 0PA flux and
1PA binding energy and uses strictly PN waveform am-
plitudes. Moreover, while we leave our evolution equa-
tions exact in terms of the fluxes and binding energy, the
ENIGMA/ESIGMAHM models fully expand dx/dt in a PN
series.



28

Part of this difference in approach stems from
us targeting high mass ratios, which ENIGMA and
ESIGMAHM do not. However, we find a signifi-
cant accuracy advantage in our “SF forward” ap-
proach even for more comparable masses. The
inspiral-only model InspiralESIGMAHM exhibits mis-
matches with SEOBNRv4 [281], IMRPhenomXAS [282], and
SEOBNRv5 ROM [84] in the range 10−2−10−3 for prograde
orbits (see Fig. 3 of [198]). For an equivalent configura-
tion, our model exhibits mismatches of order 10−4−10−6

against a set of NR simulations (in a frequency window
that starts at the minimal reference frequency of each NR
simulation and ends at the ISCO for each spin, which is
a larger frequency window than the one considered in
Fig. 3 of [198]); see Fig. 8. On the other hand, our re-
sults also suggest the importance of including the most
accurate PN information: our pure PN model exhibits
mismatches in the range 10−2−10−5; while less accurate
than our hybrid model, this PN model appears to signif-
icantly outperform InspiralESIGMAHM in many cases.

VII. OUTLOOK

Building faithful and fast waveform models for IMRIs
and EMRIs is an open challenge that needs to be ad-
dressed to maximize the science output of current and
future GW detectors. Due to the lack of NR simulations
for mass ratios higher than ≈15–20, only SF, PN, and
PM theory give us first-principles descriptions of such
systems. While SF theory alone should suffice for mod-
elling strong-field inspirals, it is currently limited to lead-
ing, 0PA order for all but the simplest systems; moreover,
it loses accuracy in the weak field (unless carried to 2PA
order or beyond [166]). As we outlined in the Introduc-
tion, the best strategy to overcome these limitations is to
use all the first-principles information that is available, as
espoused in the “tutti frutti” philosophy [137, 283–287],
for example.

To this end, we have laid down a new framework that
allows us to incorporate information from both PN and
SF expansions into a first-principles, accurate, efficient
scheme for asymmetric compact binary inspirals. The
efficiency of our scheme leverages the multiscale frame-
work, in which necessary data on parameter space is pre-
computed in an offline stage, and the online waveform
generation then only involves a rapid evolution through
phase space using this pre-computed data.

We constructed the first such hybrid waveform model
by consistently assembling state-of-the-art numerical 1SF
and analytical 4PN (4.5PN in the nonspinning sector)
results for the quasicircular inspiral of compact binaries
with a spinning primary. Our hybridization scheme is
based upon the consistent truncated hybridization of four
defining quantities of the flux-balance laws governing the
physical gravitational waveform evolution: the fluxes of
energy at infinity and at the primary black hole’s hori-
zon, the flux of angular momentum at the horizon, and

the binding energy. Our model takes into account the
hybridization of the amplitudes of all harmonic modes
beyond the 22 mode (up to the highest values of ℓ for
which the PN modes are nonzero). Our quasicircular hy-
brid model can be straightforwardly updated as new SF
and PN results are obtained.

We tested the faithfulness of our hybrid waveform
model against 50 NR simulations from the SXS catalog
for the power spectral density of the AdVirgo+ detector
for Run O5. For comparison, we also tested the faith-
fulness of the separate purely PN and 0PA SF models.
The resulting mismatches between the hybrid model and
the NR templates are in the range 10−4 − 10−6, while
the PN and 0PA models have much worse mismatches
in the range 10−2 − 10−5 and 10−1 − 10−4, respectively.
More precisely, the hybrid model improves the median
mismatch by a factor of 40 or 2000 with respect to, re-
spectively, PN or 0PA SF models taken separately.

We also assessed the dephasing between the hybrid
model and the NR templates, which is generally below
∆ψH22 ≲ 1 rad during the frequency interval considered,
a strong improvement over the 0PA SF and purely PN
models. The hybrid model performed also remarkably
well against other state-of-the-art waveform models such
as the 2SF model 1PAT1 in the case of nonspinning bi-
naries and the EOB model SEOBNRv5EHM restricted to
quasicircular inspirals. Our analysis showed the signifi-
cant impact of using high-precision SF data without PN
truncation. It is known that 0PA terms must be exact
to at least 6 digits [171] for EMRIs since they contribute
an amount of order 1/ν̊ to the waveform phase. Require-
ments on 1PA terms are less severe because they con-
tribute a mass-ratio-independent amount to the phase,
but our analysis suggests that truncating the 1PA (1SF)
binding energy at 4PN order can lead to several radians
of dephasing in the frequency intervals we consider. This
importance of avoiding PN truncations in certain terms
is also supported by the analysis in Ref. [88]. It is ad-
ditionally supported by comparison with another PN-SF
hybrid model, InspiralESIGMAHM; our model performs
significantly better against NR, a result which we ascribe
to our use of exact SF data.

In the EMRI regime, our model’s limiting factor is its
use of a 4PN approximation to the 1PA (2SF) energy
flux to infinity. By comparing our hybrid model with
the 2SF-exact 1PAT1 model, we found that this trun-
cation results in a dephasing of around 0.09 rad during
the frequency interval considered for nonspinning quasi-
circular inspirals, dramatically lower than the dephasing
due to PN truncation of the 1PA binding energy. This
agrees with previous studies [288, 289], which likewise
indicated that PN truncation of the 2SF flux has a rel-
atively small effect. However, it is less clear that this
extends to the spinning case; through comparisons with
NR, we arrived at a significantly larger (though still sub-
radian) estimated dephasing due to our inexact 2SF flux,
particularly for retrograde systems. Unlike in the non-
spinning case, our comparisons with NR also did not go
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deep enough into the small-̊ν regime to safely extrapo-
late to the EMRI case. Hence, fully numerical 2SF flux
results will likely be needed to assess the accuracy of our
model for spinning EMRIs.

We have made our model publicly available as
WaSABI-C v0.9 (Waveform Simulations of Asymmet-
ric Compact Binary Inspirals - Circular) within the
WaSABI Mathematica package [290]. In the compan-
ion Letter [204], we extend the model to WaSABI-C
v1.0, which includes the complete 1PA secondary-spin
information for generic primary spin, all available PN
secondary-spin information (excluding quartic terms),
and the complete 1PA (2SF) energy flux to infinity
in the nonspinning sector, utilizing SF results from
Refs. [56, 167, 180]. The positive outcome of our faithful-
ness analysis here and in the companion Letter encour-
ages us to further extend our baseline hybrid model to
include additional physical parameters in the hybridiza-
tion framework, particularly eccentricity and inclination
(i.e., planar precession). Such extensions will likewise be
made publicly available for community use in WaSABI.
These models are already fast enough to use in accuracy
comparisons between models, but to make them usable
in data analysis we will implement them in the FEW in-
frastructure [54, 133]. By design, such implementation
poses no barriers.

This straightforward integration into FEW, and ulti-
mately into EMRI data analysis pipelines that utilize
FEW, is a major part of our motivation. Relative to
other types of hybrid and composite models, such as vari-
ants of EOB, our hybrid model is “self-force forward”, not
just in using as much exact SF information as is available,
but also in structuring our model in the multiscale form
amenable to implementation in FEW. This ultimately en-
sures that waveforms can be generated in tens of millisec-
onds, even for eccentric binaries with spin precession [54].
Otherwise, our hybrid model is broadly similar to EOB’s
inspiral waveform. Both our model and EOB treat the in-
spiral waveform as a function on the binary’s phase space
and generate waveforms by evolving trajectories through
that phase space; but in the multiscale expansion for qua-
sicircular orbits this phase space reduces to an angle and
a frequency (the orbital ϕp and dϕp/dt or the waveform’s
ψ and ω), together with the primary’s parameters, while
in EOB one would typically solve for the trajectory in the
full phase space (r, ϕ, pr, pϕ). Both frameworks allow the
inclusion of PN and SF results, and both can add phys-
ical parameters and higher-order perturbative results in
a modular way; but we do gain in simplicity by using
“exact”, fully relativistic SF data, including SF ampli-
tudes, as we do not require Padé resummations or the
factorized, resummed form of the waveform itself that is
employed in EOB models. Important future work will be
to compare our model with versions of EOB that specif-
ically target high mass ratios [88, 202, 203].

Given our model’s accuracy and efficiency for almost
all mass ratios, we anticipate it will be directly relevant
for analysis of high-̊q systems detectable with ground-

based detectors such as LVK and ET, in addition to
IMRIs and EMRIs observable with LISA. However, for
systems detectable by ground-based detectors, we expect
that our model must be extended to the merger and ring-
down phases. References [183, 184, 291, 292] have laid
out a method of performing this extension while preserv-
ing the capability of rapid waveform generation.
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Appendix A: Chebyshev interpolation of self-force
data

In this Appendix we describe our interpolation of the
0PA energy flux, 1PA binding energy, and 0PA waveform
mode amplitudes.

1. Interpolation of the energy flux

The 0PA energy fluxes through the primary’s horizon
and to null infinity are found in the standard way [51, 53]
by solving the Teukolsky equation sourced by a point
mass on a circular geodesic. Explicitly, the Weyl scalar
Ψ4 is decomposed in spin-weighted tensor spheroidal har-
monics as [53]

ζ4Ψ4 =

∞∑
ℓ′=2

ℓ′∑
m′=−ℓ′

−2Ψℓ′m′(r̃)−2Sℓ′m′(θ, ϕ) (A1)

with r̂ = r/m̊1, ζ = r̂ − iχ̊ cos θ, and −2Sℓ′m′ satisfying
the spin-weight −2 spheroidal harmonic equation. The
radial coefficients −2Ψℓ′m′(r̂) satisfy the Teukolsky radial
equation sourced by −2T ℓ′m′ , which is constructed from
the stress-energy tensor of the point mass. Primed in-
dices (ℓ′,m′) refer to a decomposition in spheroidal har-
monics, while unprimed indices (ℓ,m) (as used in the

https://bhptoolkit.org/WaSABI/
https://bhptoolkit.org/WaSABI/
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body of the paper) refer to spherical harmonics. The ra-
dial equation for −2Ψℓ′m′(r̂) is solved through the method
of variation of constants [53]:

−2Ψℓ′m′ = −2C
in
ℓ′m′ −2R

in
ℓ′m′ + −2C

up
ℓ′m′ −2R

up
ℓ′m′ , (A2)

where −2R
in
ℓ′m′(r̂) and −2R

up
ℓ′m′(r̂) are two linearly inde-

pendent homogeneous solutions representing an ingoing
wave at the horizon and an outgoing wave at infinity,
respectively. The coefficients are given by

−2C
in
ℓ′m′(r̂) =

∫ ∞

r̂

−2R
up
ℓ′m′(p)

W (p)∆(p) −2T ℓ′m′(p)dp, (A3)

−2C
up
ℓ′m′(r̂) =

∫ r̂

r̂+

−2R
in
ℓ′m′(p)

W (p)∆(p) −2T ℓ′m′(p)dp, (A4)

with r̂+ = 1 +
√
1− χ̊2 the outer event horizon radius,

W the Wronskian between −2R
in
ℓ′m′(r̂) and −2R

up
ℓ′m′(r̂),

and ∆(r) = r̂2 − 2r̂ + χ̊2.
The (ℓ′,m′) mode contribution to the 0PA energy

fluxes can be written as

F∞
(0)ℓ′m′ =

2π

(m′Ω̂)2

∣∣
−2C

up
ℓ′m′

∣∣2 (A5)

FH
(0)ℓ′m′ =

2παℓ′m′

(m′Ω̂)2

∣∣∣−2C
in
ℓ′m′

∣∣∣2 , (A6)

with the coefficients αℓ′m′ given in Eq. (97) of [53], Ω̂ =
m̊1Ω, and

−2C
up
ℓ′m′ = lim

r̂→∞−2C
up
ℓ′m′(r̂), (A7)

−2C
in
ℓ′m′ = lim

r̂→r̂+
−2C

in
ℓ′m′(r̂). (A8)

The 0PA fluxes F∞
(0)

(
Ω̂2/3, χ̊

)
and FH

(0)

(
Ω̂2/3, χ̊

)
are

then computed through a sum over (ℓ′,m′) modes.
Points in the two-dimensional parameter space of

quasicircular trajectories around a primary Kerr black
hole can be labeled by the 0PA orbital radius r(0) ∈
[r⋆(χ̊),∞), ranging from the ISCO radius r⋆(χ̊) up to in-
finity, and by the primary black hole’s spin per unit mass
χ̊ = å/m̊1 ∈ [−1, 1]. In order to perform a Chebyshev in-
terpolation, we first compactify the parameter space into
a square using the transformation

rC = 2r⋆(χ̊)/rp − 1, (A9a)

χ̊C = χ̊. (A9b)

The parameters (rC, χ̊C) now lie in the range (rC, χ̊C) ∈
[−1, 1] × [−1, 1] and a Chebyshev interpolation can be
performed. We use data provided by Maarten van de
Meent [293], which consists of the horizon and null in-
finity energy fluxes F a

ij = F a(rC,i, χ̊C,j) (a ∈ {∞,H})
including all modes up to ℓ′ = 50 evaluated on Chebyshev
nodes located at

(rC,i, χ̊C,j) =

(
cos

(
2i+ 1

nR

π

2

)
, cos

(
2j + 1

nA

π

2

))
(A10)

with nR = 18 and nA = 27. In the companion let-
ter [204], we upgrade to a refined grid (A10) with nR =
36, nA = 36, where the compactification (A9) is up-
graded to

rC =
√
r⋆(χ̊)/r(0), (A11)

χ̊C =
log(1− χ̊)− log(1− χ̊max)

log 2− log(1− χ̊max)
, (A12)

defined in terms of the Thorne limit χmax = 0.998 [294].
The parameters (rC, χ̊C) lie in the range [0, 1] × [0, 1].
The logarithmic scaling of the primary spin in Eq. (A11)
increases the convergence of the interpolation. With this
refined grid, the estimated relative interpolation error is
10−10 [204].
Before performing the Chebyshev interpolation, we

factor out from F a
ij its leading-order PN behavior as

r(0) → ∞. That is to say, we rather interpolate the data
faij defined on each node through

F∞
ij (rC,i, χ̊C,j) = faij(rC,i, χ̊C,j)/r

5
(0)(rC,i, χ̊C,j), (A13)

FH
ij (rC,i, χ̊C,j) = faij(rC,i, χ̊C,j)/r

15
2

(0)(rC,i, χ̊C,j). (A14)

The resulting functions fa(rC, χ̊C) are of order unity over
the parameter space and therefore have a more rapidly
convergent Chebyshev interpolation. We deduce the
functions F∞

(0)(Ω̂
2/3, χ̊) and FH

(0)(Ω̂
2/3, χ̊) from

F∞
(0)

(
Ω̂2/3, χ̊

)
=

Ω̂10/3

(1− χ̊Ω̂)10/3
f∞

(
2r⋆Ω̂

2/3

(1− χ̊Ω̂)2/3
− 1, χ̊

)
,

(A15)

FH
(0)

(
Ω̂2/3, χ̊

)
=

Ω̂15/3

(1− χ̊Ω̂)15/3
fH

(
2r⋆Ω̂

2/3

(1− χ̊Ω̂)2/3
− 1, χ̊

)
.

(A16)

As an example, we display the interpolating function of
f∞(rC, χ̊C) in Fig. 14.
In Eqs. (40), we reexpanded the energy fluxes in terms

of the dynamical variables ν, χ, and x = ω2/3, where ω is
the 22 mode waveform frequency. Since ν̊ = ν + O(ν2),

χ̊ = χ+O(ν), and Ω̂2/3 = x+O(ν), the reexpansion of

the 0PA fluxes solely reduces to replacing Ω̂2/3 by x and
χ̊ by χ:

F∞SF
(0) (x, χ) = F∞

(0)(x, χ), (A17)

FHSF
(0) (x, χ) = FH

(0)(x, χ). (A18)

2. Interpolation of the binding energy

The next-to-leading order correction to the binding en-
ergy, E(1), can be obtained from 1SF computations of the
Detweiler redshift [245, 246, 295]. We again make use of
data provided by Maarten van de Meent [293] for the 1SF

correction to the redshift, z(1)(Ω̂
2/3, χ̊) = Z(1)(rC, χ̊C).
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FIG. 14. Interpolating function f∞(rC, χ̊C) on a (rC, χ̊C) grid
as defined in Eqs. (A9) and (A10). The right boundary
rC = 1 corresponds to the particle being located at the ISCO
r(0) = r⋆(χ̊), while the left boundary rC = −1 corresponds
to the particle being located at infinity. The top boundary
corresponds to prograde orbits around an extremal Kerr pri-
mary, while the bottom boundary corresponds to retrograde
orbits around an extremal Kerr primary.

We use the same Chebyshev grid as for the energy
fluxes, factoring out the leading PN behavior of Z(1) as

Z(1)(rC,i, χ̊C,j) = Z(1)(rC,i, χ̊C,j)/r(0)(rC,i, χ̊C,j) (A19)

and interpolating the function Z(1)(rC, χ̊C). We can then
write the redshift factor as

z(1)(Ω̂
2/3, χ̊) = Z(1)(rC, χ̊C) (A20)

=
Ω̂2/3

(1− χ̊Ω̂)2/3
Z(1)

(
2r⋆Ω̂

2/3

(1− χ̊Ω̂)2/3
− 1, χ̊

)
.

(A21)

The function z(1)(Ω̂
2/3, χ̊) is related to the 1SF correc-

tion to the binding energy as [246]

E(1)

(
Ω̂2/3, χ̊

)
=

1

2

(
z(1) − Ω̂

∂z(1)

∂Ω̂

)
. (A22)

In contrast to the energy fluxes, this correction occurs
at next-to-leading order, the leading-order term being

the geodesic binding energy Êgeo
(
Ω̂2/3, χ̊

)
as appears

in Eq. (48). Therefore, a special care needs to be taken
when reexpanding the binding energy to the set of vari-
ables (x, χ, ν,M). Indeed, starting with the expansion

E = m2

[
Êgeo

(
Ω̂2/3, χ̊

)
+ ε̊E(1)

(
Ω̂2/3, χ̊

)]
+O(̊ε3)

(A23)

and reexpanding to ν at fixed (x, χ,M) yields

E = νMÊgeo(x, χ) + ν2MESF
(1)(x, χ) +O(ν3),

with ESF
(1) given by Eq. (49).

3. Mode amplitudes in spherical basis

The mode amplitudes h̃ℓ′m′ , m′ ̸= 0, written in the
basis of spin-weighted spheroidal harmonics, are related
to the Teukolsky coefficients −2C

up
ℓ′m′ from Eq. (A7) ac-

cording to [53]

h̃ℓ′m′ =
2

(m′Ω)2 −2C
up
ℓ′m′ . (A24)

Since PN waveforms are decomposed in spin-weighted
spherical harmonics, hybridizing the amplitudes requires
us to first reexpress the Teukolsky amplitudes in the
basis of spin-weighted spherical harmonics, following
Refs. [252, 296, 297]:

−2C
up
ℓm = δmm′

∞∑
ℓ′=2

µℓ,ℓ′(γm)−2C
up
ℓ′m′ , (A25)

where µℓ,ℓ′(γm) are the coefficients of the change of basis,
which depend upon the spheroidicity parameter γm =
mχ̊Ω̂.
Using the TeukolskyMathematica package [174] avail-

able on the Black Hole Perturbation Toolkit [298], we can
analytically find the coefficients µℓ,ℓ′(γm) as a Taylor ex-
pansion in the spheroidicity parameter. For example, for
the (ℓ,m) = (2, 2) mode we have

−2C
up
ℓm = −2C

up
2′2′ − γ2′

(
2

9

√
5

7 −2C
up
3′2′

)

+ γ22′

(√
5

294 −2C
up
4′2′ −

1

162

√
5

7 −2C
up
3′2′ −

10

567 −2C
up
2′2′

)

+ γ32′

(
1

270
√
55

−2C
up
5′2′ +

√
5

588
CSF

4′2′ +

√
35

729 −2C
up
3′2′

− 5

5103 −2C
up
2′2′

)
+O(γ42′), (A26)

with γ2′ = 2χ̊Ω̂.
Rather than interpolating the mode amplitudes in

spheroidal basis and then performing the change of ba-
sis, we first perform the change of basis to spherical har-
monics using the spectral method of Ref. [252] and then
perform a Chebyshev interpolation. Explicitly, we use
the same Chebyshev grids as for the energy fluxes and
binding energy, Eq. (A10) with nR = 18 and nA = 27.
On each node (rC,i, χ̊C,j), we use the Teukolsky Math-
ematica package [174] to compute the Teukolsky am-
plitudes cSFℓ′m′,(0)

(
rC,i, χ̊C,j

)
in the basis of spheroidal
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harmonics. Here, we have defined cSFℓ′m′,(0) (rC, χ̊C) ≡

−2C
up
ℓ′m′

(
Ω̂2/3, χ̊

)
. Using the spectral method of [252],

we perform the change of basis to spherical harmonics at
each node of the Chebyshev grid:

cSFℓm,(0)
(
rC,i, χ̊C,j

)
=

∞∑
ℓ′=2

µℓ,ℓ′
(
mχ̊C,jΩ̂i,j

)
× cSFℓ′m,(0)

(
rC,i, χ̊C,j

)
, (A27)

where Ω̂i,j =

[
χ̊C,j +

(
2r⋆(χ̊C,j)
rC,i+1

)3/2]−1

. Afterwards, we

factor out the leading PN behavior of the mode ampli-
tudes as well as a conventional factor 1/Ω̂2 originating
from the definition (A24). Explicitly, we define cSFℓm,(0) as

cSFℓm,(0) =
r
ℓ/2
p,ij

Ω̂2
i,j

cSFℓm,(0) for ℓ+m even, (A28)

cSFℓm,(0) =
r
(1+ℓ)/2
p,ij

Ω̂2
i,j

cSFℓm,(0) for ℓ+m odd, (A29)

and perform the Chebyshev interpolation on the func-
tions cSFℓm,(0)

(
rC,i, χ̊C,j

)
. Here, rp,ij = 2r⋆,j/

(
rC,i + 1

)
.

We then deduce the mode amplitudes written in the ba-
sis of spherical harmonics to be

CSF
ℓm,(0)

(
Ω̂2/3, χ̊

)
=

Ω̂2+ℓ/3

(1− χ̊Ω̂)ℓ/3
cSFℓm,(0)

(
2r⋆Ω̂

2/3

(1− χ̊Ω̂)2/3
− 1, χ̊

)
for ℓ+m even, (A30)

CSF
ℓm,(0)

(
Ω̂2/3, χ̊

)
=

Ω̂2+(1+ℓ)/3

(1− χ̊Ω̂)(1+ℓ)/3
cSFℓm,(0)

(
2r⋆Ω̂

2/3

(1− χ̊Ω̂)2/3
− 1, χ̊

)
for ℓ+m odd. (A31)

At leading SF order, reexpanding the mode amplitudes
to fixed x and evolving spin χ only amounts to replacing
Ω̂2/3 → x and χ̊→ χ in the above expressions.

Appendix B: Post-Newtonian data

In this appendix we summarize the PN expressions we
use for the energy flux to null infinity, the binding energy,
the energy flux through the primary’s horizon, and the
waveform amplitudes.

1. F∞
PN

First, the energy flux at null infinity is decomposed as
the sum

F∞
PN = F∞

4.5PN + F∞
SO 4PN + F∞

SS 4PN + F∞
SSS 4PN. (B1)

We summarize each term in turn.
The energy flux at null infinity for nonspinning com-

pact binaries was obtained at 4.5PN order, F∞
4.5PN [30],

following [216–218, 299]; see also [29, 207, 222]. We use
Eq. (483) of Blanchet’s review [16],

F∞
4.5PN(x, ν) =

32

5
ν2x5

1 +

9∑
n=2

F∞
n
2 PN(ν)x

n/2

 . (B2)

The spin-orbit contribution F∞
SO 4PN is known at 4PN

precision [223–226]. We use Eq. (612) of Blanchet’s re-

view [16],

F∞
SO 4PN(x, ν;M,a) =

32ν2x13/2

5M2

[
−4Sℓ −

5

4
∆Σℓ

+

5∑
n=2

xn/2F∞
SO,n2

(ν;M,a)

]
, (B3)

with Sℓ = m1a, Σℓ = −Ma and ∆ =
√
1− 4ν.

The spin-spin interaction term F∞
SS is known to 3PN

order from Refs. [227, 228]. At that order we use
Eq. (618) of Blanchet’s review [16] with κ+ = 2 and
κ− = 0 (the values for a Kerr black hole). The 3.5PN
terms are derived in Eq. (41) of Ref. [59]. We comple-
ment this expression with the 4PN result from Eq. (13)
of [226] to obtain

F∞
SS 4PN(x, ν;M,a) =

32ν2x7

5M4
tot

[
F∞
SS,0(ν, Sℓ,Σℓ)

+ xF∞
SS,1(ν, Sℓ,Σℓ) + x3/2F∞

SS,3/2(ν, Sℓ,Σℓ)

+ x2F∞
SS,2(ν, Sℓ,Σℓ)

]
. (B4)

The cubic-in-spin interaction term through 4PN order
is known from Ref. [229]. From its Eq. (6.18) we have

F∞
SSS 4PN(x, ν;M,a) =

32ν2x5+
7
2

5M6
fSSS [Sℓ,Σℓ, ν]. (B5)

Note that the coefficient of x9 in F∞
SSS identically van-

ishes, meaning the above 3.5PN term is the complete
F∞
SSS through 4PN order.
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These expressions can be written in terms of the vari-
ables (x,M, ν, χ) after using the substitution

a = m1χ =
M

2

(
1 +

√
1− 4ν

)
χ. (B6)

This substitution does not affect the PN counting (i.e.,
which terms are nPN), but it does affect the SF counting
(i.e., which terms are nPA).

2. EPN

The binding energy is decomposed as the sum

EPN = E4PN + ESO 4PN + ESS 4PN + ESSS 4PN. (B7)

For the contribution for nonspinning binaries,
E4PN(x, ν;M), we use the 4PN-accurate energy written
in Eq. (5.5) of [18],

E4PN = −νM
2
x

[
1+

3∑
n=1

enPN(ν)x
n+e4PN(ν, log x)x

4

]
.

(B8)

We emphasize that the expressions for E4PN in the
literature are for the binary’s local mechanical energy,
written as a function of the orbital parameter we have
denoted yPN = (MΩPN)

2/3. As we stressed in Sec. IVC,
the local mechanical energy differs from the Bondi mass
beginning at 4PN order. Trestini recently showed that
once one accounts for the Schott term relating the local
mechanical energy to the Bondi mass, the 4PN binding
energy (as defined from the Bondi mass) is simply given
by the 4PN mechanical energy with the direct replace-
ment yPN → x [136]; the Schott term relating the energies
exactly cancels the correction relating the frequencies in
Eq. (10). This is what we use in Eq. (B8).

Since we do not account for the (not-yet-computed)
Schott term in the 1SF (1PA) binding energy, this intro-
duces a small inconsistency in our hybridization. How-
ever, the inconsistency is comparable to our already ex-
isting error in omitting the 1SF Schott term.

In the spin sectors below, this subtlety does not arise.
The contributions from the spin first enter the energy at
subleading PN orders, meaning the difference between x
and yPN would only affect them at orders higher than
4PN. Hence, in those expressions we can use yPN and x
interchangeably.

The 4PN-accurate expression for the spin-orbit cou-
pling term ESO 4PN(x, ν;M,a) can be found in Eq. (592)
of Blanchet’s review [16]. It takes the form

ESO 4PN = −νx
5/2

2M

2∑
n=0

eSO (n+1.5)PN(Sℓ,Σℓ, ν)x
n.

(B9)

We take the expression for the spin-spin coupling term
ESS 4PN(x, ν;M,a) from Eq. (617) of [16] supplemented

by the 4PN results from Eq. (12) of [226]:

ESS 4PN = − νx3

2M3

4∑
n=0

eSS (n
2 +2)PN(Sℓ,Σℓ, ν)x

n/2.

(B10)

Finally, the cubic-in-spin contribution through 4PN,
ESSS 4PN(x, ν;M,a), is taken from Eq. (6.16) of [229],

ESSS 4PN = − ν

2M5
x1+

7
2 eSSS(Sℓ,Σℓ, ν). (B11)

Note that the 4PN terms (∝ x5) in ESO and ESSS iden-
tically vanish.
Again, we rewrite these expressions in terms of the

variables (x,M, ν, χ) using Eq. (B6), which does not af-
fect the PN counting but does affect the SF counting.

3. FH
PN

The energy flux through the horizon for spinning com-
pact binaries starts at 2.5PN order (relative to the lead-
ing, quadrupole formula for the flux to infinity), while for
nonspinning black holes it starts at 4PN order [230–234].
More explicitly, the energy flux FH

PN is given by the 4PN
expression FH

4PN provided in Eqs. (4.23)–(4.25) of [234],

FH
4PN = −16m2

1ν
2(1 + κ)x6

5
Ωtidal(ΩH − Ωtidal)

[
1 + 3χ2

+

3∑
n=2

x
n
2 Cn(ν;χ)

]
, (B12)

with typographical corrections from Ref. [59] for the coef-

ficients Cn. Here κ =
√
1− χ2 and ΩH = χ/[2m1(1+κ)]

are the primary black hole’s extremality parameter and
horizon angular velocity, respectively. The quantity

Ωtidal =
x3/2

M

[
1− νx+ νχx3/2 +O(x2)

]
(B13)

is the angular velocity of the tidal field exerted on the pri-
mary by the secondary. Note that the coefficient C3(ν;χ)
depends upon B2(χ) := Im[PolyGamma(0, 3 + 2iχ/κ)].
As above, we consistently rewrite FH

4PN in terms of the
variables (x,M, ν, χ).

4. hPN
ℓm

The real-valued ĥ22 is provided in Eq. (20) of [207] up
to 4PN, extracted from the earlier results of [29, 30, 208].
The expressions of the amplitudes hPN

ℓm for all spherical
harmonic modes have been provided up to 3.5PN order
in [208], including spinning effects for non-precessing qua-
sicircular binaries, which summarizes and completes ear-
lier partial results [220, 300–304]. They vanish at 3.5PN
order for ℓ ≥ 10.
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S. Marsat, Energy and periastron advance of com-
pact binaries on circular orbits at the fourth post-
Newtonian order, Phys. Rev. D 95, 044026 (2017),
arXiv:1610.07934 [gr-qc].

[22] T. Damour, P. Jaranowski, and G. Schäfer, Conserva-
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Lucena, C. Garćıa-Quirós, A. Ramos-Buades, and
A. Borchers, Time-domain phenomenological model of
gravitational-wave subdominant harmonics for quasi-
circular nonprecessing binary black hole coalescences,
Phys. Rev. D 105, 084039 (2022), arXiv:2012.11923 [gr-
qc].

[117] R. Abbott et al. (LIGO Scientific, VIRGO, KAGRA),
GWTC-3: Compact Binary Coalescences Observed by
LIGO and Virgo During the Second Part of the Third
Observing Run, (2021), arXiv:2111.03606 [gr-qc].

[118] GW231123: a Binary Black Hole Merger with To-
tal Mass 190-265 M⊙, arXiv:2507.08219 [astro-ph.HE]
(2025).

[119] V. Varma, S. E. Field, M. A. Scheel, J. Blackman,
D. Gerosa, L. C. Stein, L. E. Kidder, and H. P. Pfeiffer,
Surrogate models for precessing binary black hole simu-
lations with unequal masses, Phys. Rev. Res. 1, 033015
(2019).

[120] H. Estellés, M. Colleoni, C. Garćıa-Quirós, S. Husa,
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