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Micromagnetics of conical-helix textures

in thin films with different kinds of
Dzyaloshinskii-Moriya interactions
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Chiral spin textures in ferromagnetic materials with Dzyaloshinskii-Moriya interactions (DMls) have
attracted significant interest in recent years owing to their potential applications in nanodevices. This
work focuses on describing stable conical-helix configurations hosted in ultrathin films with DMI and
perpendicular anisotropy. These states are studied for different kinds of DMls, including symmetry
classes 7, C,,, isotropic and anisotropic D4, D,,, C,, and S,. A parameterised analytical model of these
configurations is proposed, enabling the determination of optimal parameters characterising the
magnetic texture, such as the pitch vector or nucleation field. To substantiate the results,
micromagnetic simulations are developed for comparison with the theoretical solutions. Numerical
solutions are optimised by implementing finite-difference codes that use next-nearest neighbours and

explicit Robin boundary conditions stemming from symmetric exchange and DMIL. It is shown that
these numerical enhancements decrease anisotropic effects in helical solutions. This study
establishes a method to analyse conical-helix textures in thin-film systems with any DMI, which can be
simulated with higher precision using the open-access codes developed here.

The formation and stability of chiral magnetic textures in ferromagnets is an
old problem that has gained significant traction in recent years. This
renewed interest is fuelled by contemporary experimental observations of
these textures using advanced microscopy and magnetometry techniques,
and the synthesis of novel ferromagnets exhibiting Dzyaloshinskii-Moriya
interactions (DMIs), a type of chiral antisymmetric exchange coupling
arising from a broken symmetry in the material . The stability of helical and
conical orders in chiral magnets” is of particular interest, where the DMI
favours a definite handedness or chirality in the magnetic configurations.
This preferred rotation sense has consequences for the dynamics of spin
waves in these states, such as the splitting of spin excitation modes® .
Based on the phenomenological deductions of Dzyaloshinskii'’, Bog-
danov and Yablonskii proposed different types of DMIs based on the
crystallographic class of ferromagnetic materials with broken inversion
symmetry"*. Among the considered DMIs are the noncentrosymmetric 7°
(tetrahedral) and O (orthorhombic) classes (in Schoenflies notation'),
which arise in the cubic B20 compounds MnSi and FeGe’. These materials
have been widely studied since the early development of DMI theory in
micromagnetics'®'. Because the interaction arises in the whole bulk crystal
structure, it is now referred to as bulk DMI. Recent developments have
found that bulk DMI can be induced in a broad class of crystals™ and even in

noncentrosymmetric superlattice arrangements™. Also included in the list
of crystallographic classes is the C,, type, with n > 2, whose mechanism
coincides with the antisymmetric exchange found at a ferromagnet/heavy
metal interface*™”. With the flourishing of research on low-dimensional
systems, including the design of multilayered structures with mixed mate-
rials, this kind of DMI has been studied substantially, and is currently known
as interfacial DMI”~. Other point groups of asymmetric crystals leading to
particular forms of DMI, include the classes C,***, $,”", D,, ™, D,*,
and C,,,””~ and anisotropic™.

Depending on the nature of the interface and the symmetry of the
underlying materials, a large family of DM materials emerges, which can be
described using a DM tensor D;; whose components arise from the sym-
metry of the crystal, as supported by Neumann’s principle'™*'. The DMI can
also involve boundary effects”™*. Similarly to the case of the C,,, class, other
DMI types arise at interfaces with specific atomistic crystal lattices, such as a
bee(110) surface found in Fe on W(110) layers. These classes of DMI have
been investigated through symmetry arguments®”, and lately from a
modern perspective”. It has been demonstrated how an anisotropic DMI
can be induced in crystals belonging to any symmetry class if they are under
the influence of strain fields*, as demonstrated later in centrosymmetric
LaSrMnO; exposed to graded strain”. Standard forms of DMIs are
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described by energy terms proportional to first-order spatial derivatives of
the magnetisation, known as Lifshitz invariants (LIs)"*'“*. A theory fra-
mework to describe DMIs that cannot be expressed solely in terms of
Lifshitz invariants has been proposed, predicting chiral magnetic states in
DMI materials where LIs terms are forbidden, and where spin interactions
of fourth order in the magnetisation contribute to the DMI***. However,
this new formalism still requires determining appropriate magnetic para-
meters for non-Lifshitz-invariant terms that can be compared to experi-
mentally observed configurations.

Multiple works have shown that magnetic materials exhibiting DMIs
of type 7 (bulk) and C,, (interfacial) exhibit stable complex magnetic
orderings, including helical, conical, bimeron, skyrmion, antiskyrmion,
toron, and hopfion textures’*. Helices, in particular, are fundamental
orderings that constitute the ground state of a system with only competing
exchange and Dzyaloshinskii-Moriya energies’', which determine a helical
length scale. These modulations are affected differently by dipolar interac-
tions depending on the DMI type™®. Under the influence of an external field,
a conical spiral propagating along the field direction becomes the lowest
energy configuration below a critical saturating field. Simple models have
been used to predict the period and nucleation field H,, at which the conical-
helix magnetic texture emerges from saturation'***. The pitch vector q
and the cone angle 0 characterise the helical magnetisation texture, where its
magnitude (g) is proportional to the DMI strength D and gives the helix
period A « 1/D. At the same time, the type of DMI uniquely determines the
nonzero tensor elements Dy and thus the orientation of the pitch vector
with the applied magnetic field H*. For bulk DMI, q and H are parallel. For
interfacial DMI, they are perpendicular, while for the DMI type arisingin C,,
symmetry, which has two DMI constants in a plane, D, and D,, q points at
an angle according to the ratio among them'****, as shown in Fig. 1 which
illustrates a helix oriented at an angle ¢, respect to the in-plane mag-
netic field.

It has been demonstrated that the formation of the periodic order
relates to the spin-wave instability of the homogeneous state®”*. When the
magnetic field is reduced from saturation, a second-order phase transition
occurs as the spin-wave frequency approaches zero at a critical field that
coincides with the helix’s nucleation field. The minimum frequency in the
dispersion occurs at a finite wave vector that matches the helical pitch
vector’. Therefore, the instability threshold of the magnonic excitations
coincides with the formation of the spin texture, where the underlying
mechanism involves the softening of spin-wave modes (also known in the
literature as Goldstone magnons) and subsequent crystallisation into a
magnetically ordered state in the film*””. In thin films, the competition
between the dipolar and perpendicular anisotropy fields critically affects the
nucleation of the conical-helix textures, which is reflected in the change of
the dynamic magnetisation orbit from circular to elliptical as the anisotropy/
dipole quality factor Q = 2K /uyM? deviates from unity, where K is the
perpendicular anisotropy strength and M, the saturation magnetisation”’.

ST
ad?, g

Fig. 1 | Representation of a helical magnetic texture stabilized by a -class DMI
coupling with D1 = D2. The similar DMI strengths result in a helical pitch vector

q that aligns in a direction ¢, = 71/4 relative to an in-plane magnetic field H applied
along the y-axis.

These concepts are further developed in the present study to include finite
planar films with unconventional Dzyaloshinskii-Moriya couplings, which
are expected to exhibit conical-helix states™”".

Micromagnetic simulations based on finite differences have been an
optimal computational tool for modelling nano- to micro-scale ferro-
magnetic systems with planar geometries. This numerical method
usually discretises the micromagnetic fields into a regular rectangular
lattice of cells that can be parallelised, where the demanding calculation
of the demagnetising field can be optimised using Fourier methods.
Standard micromagnetic codes usually describe the symmetric exchange
energy and field using three-point central finite differences of second-
order accuracy in the mesh spacing, which, in three dimensions, is
equivalent to using six neighbours per mesh site to calculate second-
order derivatives. An early study” discussed higher-order discretisation
schemes for computing the symmetric exchange interaction, where the
associated Neumann boundary condition is considered, which are
implemented in the well-established OOMMEF code’. Nevertheless, in
practice, it has been customary to utilise the six-neighbour approx-
imation, where the calculation error has been sufficient to describe
several magnetic phenomena. Later implementations of the
asymmetric-exchange DMI in different codes have followed the same
approach, where MuMax3” was the first to explicitly consider boundary
conditions, using a linear extrapolation of the magnetisation near edge
sites. Recently, Miiller’® has explored, using higher-order finite differ-
ences, a systematic approach to improve the accuracy at the bulk and
boundaries, applying it to describe effects such as skyrmion strings” and
singular Bloch points”. Formulating this method is not trivial, as DMI
imposes additional boundary conditions on the exchange field, resulting
in mixed Robin boundary conditions. On the other hand, declaring these
edge conditions can be circumvented by considering free spins at the
boundaries. To address the lack of openly available higher-order finite
difference micromagnetic implementations, and test their numerical
precision in the simulation of helical textures, in the present work, open-
source 12-neighbour finite-difference extensions are developed for the
OOMMF" and Ubermag” codes, for the calculation of exchange and
DMI, and for multiple DMI symmetry classes. The accuracy of these
extensions is tested at the boundaries of a one-dimensional state,
demonstrating that errors can be significantly reduced, enabling the
highly accurate simulation of systems using larger mesh cells with a
smaller memory footprint. It is further proved that these higher-order
schemes reduce the artificial anisotropies arising in helical solutions due
to the finite-difference meshing.

In summary, this work theoretically analyses helical states for dif-
ferent kinds of DMI in thin films, describing magnetic materials with
various noncentrosymmetric crystal structures and thin ferromagnetic
films coupled to a heavy metal. The theory allows the calculation of
nucleation fields for conical-helical order, which are found for every type
of DMI, beyond the standard interfacial and bulk types. The theoretical
results are compared with micromagnetic simulations in finite-sized
systems, with improved accuracy for the calculation of DMI and
exchange. Discrete jumps are observed in the pitch-vector magnitude
and the helix period, both in the simulations and the theoretical model.
Since edge effects are not considered in the latter, the present study
attributes this discrete behaviour to the nature of the DMI itself. Simu-
lations are based on finite differences, and open modules are developed,
tested, and analysed in this work, using higher-order finite-difference
stencils. The newly developed codes improve the accuracy for the
simulation of helical textures, enabling the study of more complex
magnetic configurations and magnetic phenomena in nanomagnets with
exotic DMI classes.

Results

Micromagnetic model

Helical textures are investigated in ultrathin ferromagnetic films with dif-
ferent types of DMI, and including dipolar interactions, surface anisotropy,
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and exchange coupling. Previous models have considered an in-plane field
applied along y, such that after saturating the sample and reducing the field,
a conical-helix texture, akin to a spin wave, starts forming®®”’. Below a
critical (nucleation) field H;,, a noncollinear texture, dependent on the DMI
type, is nucleated. This field coincides with the spin-wave instability
threshold, at which the frequency vanishes due to the incoming texture. To
describe this process, a one-dimensional modulation model is proposed
using the magnetisation field M(r) in the micromagnetic limit, as

sin(q - r+ y)sin 0
cos 6 . (1)
cos(q-r+ y)sinf

M/M,=m=

This equation employs a phase angle v, such that for Q < 1, i.e., when
dipolar demagnetisation dominates, ¥ = /2. Alternatively, for Q > 1,
when normal anisotropy dominates, ¢ = 0. Other parameters char-
acterising the conical-helix are the in-plane pitch vector
q = 4(sing,, cosg,, 0), at an angle ¢, with the applied field H; the cone
angle 6; and the nucleation field H,, at the onset of the conical-helix
formation. These quantities are obtained by minimising the free energy
for each DMI type. The calculation of all energy terms is performed for a
volume V = LxLyd, where L, Ly are the film size lengths, and d is the
film thickness, shown in detail in the Supplementary Material, allows
obtaining the nucleation fields using the condition (9¢/06%)|g-o = 0.
Setting ¢, = 71/2 (or q = g,), which minimises the DMI for the C,,
symmetry class, the nucleation field is

i—d _ 2Dq 2Aq2 K .
Hizdm = il . T T [1 + sinc(gL,) cos 2y]

@

i )
+M (¢ :d 1y %)smc (qL,) cos2y — MT ,

where the first term comes from interfacial DMI, the second from
Exchange with A the exchange constant, the third from perpendicular
anisotropy, and the last two terms from dipolar coupling. This
nucleation field at the onset of the conical-helix formation agrees with
Eq. (8) inref. 70 in the limit gL > 1. As the film thickness decreases, gd
< 1, and the dipolar term reduces to a local anisotropy. As the dipolar
interaction is considered in its nonlocal form, the quality factor depends
on the pitch vector and the DMI symmetry. For the symmetry class C,,,,

where the pitch vector is perpendicular to the field, in the limit gL, , <« 1,
the nonlocal quality factor is given by

L qd
Qn] - Q <2(1 _ e*qd) _ qd)7 (3)

which matches the common expression of the quality factor Q =
2K /(u4yM?) in the ultrathin film limit. For the 7, D,; and D, symmetries,

Q= Q(L). (4)

1—e 4

For the symmetry classes with two or more DMI strengths, C,, and S, the
expressions for the nonlocal Q. cannot be obtained in a closed
mathematical form.

The DM energy expressions for every symmetry class are specified in
Table 1, and their corresponding nucleation fields are specified in the
Supplementary Material. The similarity of the Lifshitz invariants of the
energy densities wqy, for certain classes is reproduced in the energy term Egyy,
for the conical-helix. For instance, classes 7 and D,,; include similar
quantities, but with an opposite sign in the term proportional to g,. From the
literature, it can be seen that this negative sign in D, differentiates the
formation of Bloch skyrmions in 7 class materials from reported anti-
skyrmions in D, crystals™”.

The other symmetry classes preserve the same structure for the conical-
helix energy, interchanging the g., components of the pitch vector.
Unconventional symmetry classes include the types D,, C,, and S,, which
have two or even three DM constants. In particular, for C,, its energy
expression is a combination of the 7 and C,,, classes because in a thin film
regime, the effect of out-of-plane derivatives in L7, is discarded. The C,
symmetry exhibits a nucleation field (see Supplementary Material) that has
asimilar structure to the interfacial DMI case, but including the components
of the pitch vector g, and g, that depend on D, and D,.

Helical states in thin films

Minimising the total energy and analysing the orientation and magnitude of
the helical pitch vector as a function of the film size for different symmetries
produces different pitch-vector angles, as shown in Table 1. For bulk DMI
(7 symmetry) ¢, =0, and for interfacial DMI (C,,,) ¢, = 71/2, which has been
proved in refs. 66,70. In the case of the C,, symmetry, the pitch vector points
in a direction given by ¢, = tan~!(D, /D,), depending on the relative

Table 1| Different Dzyaloshinskii-Moriya symmetry classes, energy densities w4, normalized energies for the conical-helix g4,
pitch-vector angles ¢4, and DM terms C in the modified boundary condition (B.C.) 240m/dn — C =0, where n is the normal to the
local surface, and n| = (n - X)X + (n - y)y is the in-plane component

Symmetry class H0M§ Wm Egn/V Pq B.C.(C) Refs.
4 DLy + Lz + L) ~q,Dsin’6 + %2 f(q. y.0) 0 Dmxn 3,14,66
Cpy, N>2 D(L}, + E}y/z) —qXDsinZG _ ?ﬁ(qﬁ v, 0) /2 Dm x (Zxn) 27-32
Doy D(L, + £3,) —q,Dsin?0 — %P B(q, v, 6) 0 — D(m x ny) 35-37
D(Ly, — [{Z) 7qXDsin29 + %/B(q, v,6) /2 D(mxy)(x - n) 35-38
Anisotropic +D(m xX)(y - n)
D,, n>2 Dy(L, - L)) —q,D;sin?g + %p(q, v, 0) 0 D1(m x ny) 14,35
+D,(£5) +D,(Mx2)@E - 1)
C,,n>2 Dy (L5 + L) —(G,D; +q,D,)sin®0 tan~' (@) DymxZxn) 14,35
+D,(L, - L},) —3(a,Dy — q,D,) f(a, v, 6) — Do(mxny)
+D5(L5y) +D3(M*2)@E - 1)
Sq Di(Le = L) —(G,D; +q,D,)sin?9 tan~"(2) Dym X Zx0) 33-35

+D,(L, + £5)

+3(a,Dy —q,D,) f@, v,60)

—D,mx[([- X)X — (1Y)
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Fig. 2 | Energy landscape and pitch vector evolution with film size for helical
textures in C,,, class. a Energy of a helical texture as a function of the pitch vector g for
different film sizes L considering a C,, symmetry with D = 1.5 mJ/m’ and Q = 0.92.
b Pitch vector as a function of the film size (blue curve). The black line represents the
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average value g, and the purpleline represents the bulk solution, go = D/(2A), accounting
for exchange and DMI. The inset shows a zoomed-in view of a shorter range of the film
length, where the coloured dots depict the values obtained for the corresponding L

values used in (a), and 1 is the average period of the oscillation obtained from X = 27/3.

magnitude of the two DMI constants that characterise this symmetry, a
result that is consistent with previous works'****,

Once the orientation of the pitch vector is known, their magnitudes can
be obtained by minimising the total energy with respect to g for different
film lengths L. The total energy for the symmetry class C,,, is displayed in
Fig. 2a, where it can be seen that for most of the values of L, there is a single
well-defined energy minimum. At the same time, for L = 1000 nm, two
possible values for the pitch vector minimise the degenerated energy,
indicating that the wavelength of the helical structure oscillates and
undergoes a discontinuous transition between the two g values. This is
shown in the inset of Fig. 2b, where the minimised pitch vector is calculated
as a function of L, with the coloured dots indicating the value plotted in
Fig. 2a. It is found that the oscillation of the helix pitch vector results mainly
from the effect of the DMI in a finite square film, which is discussed in the
following by examining the pattern of the wavelength curve. In Fig. 2b, the
horizontal black line represents the average of the oscillating pitch vector
(blue line) g, which is significantly close to the value of the bulk solution, g =
D/(2A), obtained considering exchange and DMI only. The results converge
to this average value for larger film lengths, which coincides with those
obtained for infinite films”. The oscillation period is approximately equal to
the average wavelength A = 271/7 of the conical-helix (inset of Fig. 2), and is
inversely proportional to the strength of the DMI. This behaviour is
observed for all symmetries.

The wavelength of the helical textures for symmetries C,,, and 7 is
plotted as a function of the film length in Fig. 3a, b, where analytical and
simulation results are compared. Additionally, the number of wavelengths
fitting into the sample is shown in Fig. 3¢, d. These quantities are obtained
after calculating the phase y, obtained by solving the minimum condition
0/0Y | y—0,2 > 0, where two possible values of the wavelength that mini-
mise the energy are achieved. These values depend on the competition
between superficial anisotropy and dipolar coupling given by the limiting
quality factor Q for gd — 0. For symmetry classes C,,, and 7, the blue curves
obtained with the model (Fig. 3a-d) deviate from the simulation data (stars
and filled dots), and exhibit jumps that differ in size depending on the DMI
type. For theC,, case,a quality factor Q =0.92 is chosen, which corresponds
to a nonlocal Value of Q (@) = 0.98 [see Eq. (3)] using the average pitch
vector magnitude. The reason is to avoid a sharp transition at Q4 = 1 that
changes y = /2 to 0. In this regime, when Q}; — 1, the surface anisotropy
energy in the calculations is close to cancelling the dipolar coupling, and,
consequently, the energy dependence on the sample length is lost. In con-
trast, for the symmetry class 7, its different dipolar coupling expression
(which depends on a different ¢,) changes the behaviour of Q, thereby
producing a Q”l(q) = 0.95, which is farther away from the critical point
than for the interfacial DMI. As a result, the fit of the 7 class analytical curve
to the simulation data is more optimal. In the case of the simulations, the

anisotropy value does not affect the results as significantly as for the theo-
retical model, and y does not change critically close to Q = 1. Therefore,
simulations exhibit a more stable behaviour because the phase is fixed by the
boundary conditions, which are accounted in the numerical calculations.

From the theoretical model, Fig. 3a, d indicates that jumps of the helical
wavelength appear at sample sizes L = pA — /4, where p is an integer and
1 the average wavelength. These critical L values represent a threshold size
where the energy becomes degenerated between two states with either a
semi-integer or integer number of wavelengths. The DMI causes these
discontinuities, and to explain its effect, a simplified representation of the
helix, as the sample size L increases, is depicted in Fig. 3e for the 7 symmetry
class. Every snapshot illustrates the cases marked in the theoretical curve
(Fig. 3b), where both the size of the sample L and the helical wavelength A are
specified. Over an increment of the sample size close to a full wavelength
(cases I-IIT in Fig. 3e), the sample’s helical wavelength will adapt by slightly
increasing in size. This means that the rotation between neighbouring spins
is smoother, ie., they align more parallel, which is preferred by the sym-
metric exchange and opposed by the DMI. When L reaches a critical value to
accommodate an additional wavelength (case IV), the magnetisation
abruptly changes to favour the DMI energetically. The influence of dipolar
and anisotropy fields is not significant in this process, as evidenced by
removing any of them from the model and observing the same results. In
contrast to the analytical model, the simulation data exhibit jumps at integer
multiples of the average wavelength. This discrepancy can be attributed to
the edge effects in the simulations, where the spin orientations are deter-
mined by the exchange boundary conditions, which are challenging to
implement in a realistic theoretical model.

A possible extension of the present formalism is to describe skyrmion
solutions using a triple-q model, by superimposing three helices at 120".
However, it will be necessary to verify the effectiveness of this approach
against confinement effects.

Nucleation fields for the helical states

The nucleation field of a given reversal path is defined as the field value at
which the saturated state becomes unstable. The most relevant nucleation
field is the largest among the possible reversal modes, since once the
nucleation of a magnetisation texture is triggered, the system will follow this
transition path, losing the possibility to access other reversal modes™. This
mechanism is instrumental in predicting the reversal mode that minimises
the energy (and maximises the nucleation field)*"*. Mathematically, for the
simplest case of a reversal path that depends on a single parameter, such as 0
for the conical-helix texture, the nucleation field H,, can be obtained from
(0°€/06")|g-o = 0. Then, employing Eq. (2) for the C,, symmetry, the mag-
nitude of the pitch vector can be determined by identifying the maximum
value of the nucleation field as q varies. In Fig. 4, H,, is plotted as a function of
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Fig. 3 | Wavelength and total number of wavelengths of the confined helices as a
function of sample length. In (a-d), the blue line represents the theory predictions,
the black dots indicate the mumax* simulation results, and the green stars symbolize
the OOMMEF simulation results. a and ¢ correspond to the C,,, symmetry, with the
dashed lines denoting integer multiples of the average wavelength 1. b and

d correspond to the 7 symmetry. a and b show the wavelength as a function of film

length for their respective symmetries, while ¢ and d display the number of wave-
lengths as a function of film size for the corresponding symmetries. e illustrates how
the helical texture accommodates to an increasing sample length L, where roman
number labels correspond to the states marked in the 7 symmetry class panels (b)
and (d).

120.6
120.5
E
=0120.4
= L =980 nm
g L =990 nm
3
120.3 — L =1000 nm
L =1010 nm
120.2 — L =1020 nm
64 65 66 67 68 69 70 71
q [rad/pm]

Fig. 4 | Nucleation field strengths for C,,, class as a function of the pitch vector
magnitude q for different film sizes. An interfacial DMI strength D = 1.5 mJ/m’ was
used. The pitch vector that maximizes the nucleation field H,, is the one that
minimises the micromagnetic energy.

q for different sample lengths L. The value of g that maximises the nucleation
field coincides with that minimising the energy, a result that is consistent
with the definition of the effective field: H = —(1/u)de/6M. For L = 1000 nm,
the curve exhibits two maxima corresponding to the pitch vectors at which
the helix wavelength jumps in Fig. 3.

In the case of the less-reported DMI associated with the C,, symmetry
class, the wavelengths do not exhibit the jumps shown in Fig. 3 for the bulk
and interfacial DMIs. As this symmetry class includes two DMI constants,
the nucleation field is examined in detail. By fixing the value of D,, Fig. 5a—c
shows phase diagrams of the magnetic state for Q = 1.1 and parameterised
by the field strength and D;, and for three specific D, magnitudes. For
sufficiently strong fields, the system remains field-polarised. By decreasing
the field, the magnetisation will nucleate to either an out-of-plane config-
uration (since Q > 1) via coherent rotation, or to a conical-helix texture,
depending on a critical D; value, Dy, below which the coherent reversal is
energetically preferred (to the left side of the dashed vertical line in Fig. 5a,
b). For the C,, DMI type, the pitch vector direction is given by the arctangent

of the ratio between the two DMI constants [¢, = tan~1(D, /D,)]. Hence,
the ¢, angle is depicted through the gradient colour in the coherent rotation
region, as the DMI constants vary. In Fig. 5a, where D, = 0, the direction is
fixed at ¢, = /2 for all values of D;, corresponding to the C,, case. For both
D,=0.5mJ/m’ and D, = 1 mJ/m?’, values of D; near zero yield ¢, ~ 0,and ¢,
increases progressively with Dy, up to a value of ¢, = 471/9 for D, =0.5 mJ/m?,
and ¢, = 77/18 for D, = 1 mJ/m’. This transition is indicated by the higher
nucleation field of the coherent reversal process for D; < D;.. In contrast, for
Q < 1, the system would be driven into an in-plane configuration owing to
the stronger effect of the dipolar field. Accordingly, nucleated-state phase
diagrams as a function of Q and D, are depicted in Fig. 5d-f, where, above a
critical Dy value, a conical-helical texture is nucleated after field sweep from
a saturating field. At the limiting Q = 1 value (where anisotropy and dipolar
field energies are equivalent), it can be seen that a conical-helix is always
formed because its nucleation field is always larger, as in the case of Fig. 5c.
Interestingly, by increasing the D, value, a gap arises around this critical Q,
which allows tuning the region of conical-helix formation.

Further simulations were performed to compare the nucleation field
and helix angle ¢, of the C,, crystal class against the theory. In this case, a
perfect agreement of the nucleation field was observed. The helix angle was
computed using the peaks of a two-dimensional Fourier transform of the
helix pattern after nucleation. Calculations via mumax®, using the 1 nm-
sided discretisation cells, were consistent with the model down to zero
magnetic fields. In contrast, the angles computed using OOMMEF exhibited
an excellent agreement just below the nucleation field. They slightly deviated
from the predicted values when approaching zero fields for both the same
and larger cell sizes. It was observed that during this process, the helix rotates
at weak fields to minimise the demagnetising energy. The discrepancy
between the codes is primarily due to the larger default error tolerance in
mumax” when computing the demagnetising tensor for the stray field
calculation. Specifying the same error tolerance set by default in OOMMEF,
mumax " solutions successfully reproduce the edge effects. Further details of
these results are shown and discussed in the Supplementary Material.

Numerical methods for DMI

For this study, codes to simulate DMI for all the crystal classes shown in
Table 1 have been developed as new modules for the OOMME software and
the micromagnetic platform Ubermag™. The calculations in these
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Fig. 5| Phase diagrams of the magnetic reversal states for the C,, symmetry, with n
> 2. The upper-row panels show the magnetic states after a field sweep from a
saturating field, as a function of the applied field and DMI strength D;, for different
values of D, (in every column) and Q = 1.1. In (a) and (b), a D, value determines the
critical constant D, above which the nucleation field for a conical-helix configuration
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is larger than that of a coherent rotation (given by the horizontal line). d—f The lower-
row panels show phases of nucleated states (below a nucleation field, as computed in
the upper-row plots), in the D, versus Q diagram, for three values of D,. The phase
regions are delimited by curves of the critical constant D, as Q changes. Colouring in
conical-helix phases indicates the associated pitch vector direction.

modules employ a 12-neighbour finite-difference approach”, which
involves a 5-point central-difference approximation of the first- and second-
order derivatives for each Cartesian direction. The numerical computation
combines both exchange and DM interactions within a single module and
uses free boundaries (see Methods) for spins located one or two sites from
the edges. The following subsection demonstrates how these new imple-
mentations improve the simulation of the magnetisation at the sample
boundaries, analysing a one-dimensional uniform state. To further validate
the 12-neighbour implementation, the motion of a current-induced sky-
rmion in a nanotrack was studied, following the work of Sampaio et al.”".
The higher-order finite-difference simulations reproduced their results and
achieved higher accuracy when computing the skyrmion velocity as a
function of current density, as discussed in detail in the Supplementary
Material. Investigating more complex topological textures is beyond the
scope of this work. Thus, in the following, the focus is kept on helical
textures. Accordingly, the final subsection discusses how artificial aniso-
tropies arise in helical solutions from the finite-difference discretisation and
the role of the new codes in reducing these numerical effects.

Improving simulations at the boundary

In addition to the 12-neighbour codes with free boundaries, an explicit
implementation of the Robin boundary condition at the sample surfaces was
developed for interfacial DMI. This is given by the combined boundary
conditions of the exchange and DMI in the variational minimisation of the
micromagnetic energy functional®’. To accurately represent these Robin
boundary conditions, it is necessary to consider a fictional mesh site sitting
exactly at the mesh edges™”*, and to decide on the (likely asymmetric) finite-
difference schemes for the mesh sites near the boundary. This imple-
mentation is discussed in detail in Methods and in ref. 76.

The accuracy of the numerical methods implemented here is tested by
analysing the error at the boundary of a one-dimensional system of length ¢
with only exchange and interfacial DM couplings. The fifth column in
Table 1 gives the corresponding boundary condition. The simulation error is
compared to an analytical kink-soliton solution at the edge of the sample
after variational minimisation of the system’s energy functional®. Equiva-
lently, a semi-analytical solution can be obtained via the shooting
method”*. Since edge mesh points do not lie exactly at the boundary, a

third-order spline interpolation of m, is used to extrapolate the magneti-
sation to the edges. In Fig. 6, it is shown that the 12-neighbour numerical
schemes are nearly of order O(N~?) in discretisation error concerning the
number of discretisation cells N = €/h used for the meshing of the system.
This trend is clearly evident for explicit Robin conditions and supports the
formulation of the procedure described in Methods. For free boundaries, the
12-neighbour method loses accuracy after a sufficiently large number of
cells, where it matches the O(N2) trend of the commonly used
6-neighbour approximation. Nevertheless, the free-boundaries 12-neigh-
bour method is highly precise for coarse-mesh discretisations, # > 2 nm,
where it can achieve an order-of-magnitude improvement in precision
compared to the 6-neighbour approach. The solutions obtained via
OOMMF are compared to codes optimised in graphics processing units,
amumax” and mumax+"’, which implement a linear approximation of the
spins at the virtual mesh sites next to the boundary, and apply the Robin
conditions for the inner mesh site closest to the boundary. This approx-
imation closely matches the free boundary approach for six neighbours. A
strong feature of the mumax™ code is that any DMI, as discussed in this
work, can be specified via numerical tensor forms associated with Lifshitz
invariants (see Supplementary Material). This implementation can poten-
tially be extended in the future to achieve higher accuracy of the solutions at
the sample edges.

Finite difference anisotropy

To numerically solve the continuous micromagnetic equations, the mag-
netisation must be discretised. This discretisation inherently breaks the
symmetry of the micromagnetic equations, introducing numerical errors
known as discretisation anisotropy’". In finite difference simulations, the
system is discretised onto a cuboidal grid, enabling derivatives, and thus
Lifshitz invariants, to be calculated via finite difference approximations.
Consequently, this discretisation impacts all energy terms involving spatial
derivatives, including the exchange and DMIs. For example, when
employing a six-neighbour finite-difference approximation for an infinite
sample and the above ansatz (This means, for a first order derivative at mesh
site, i,9,m; ~ (1/(2h,))[m,(r + h,x,) — m,(r — h,x,)], and for a second
order derivative, d,,m; ~ h_*[m,(r + h,%,) — 2m,(r) + m(r — h,%,)],
with @ € x,¥,2, and m is given in Eq. (1)), the terms in the mean DMI
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Fig. 6 | Estimation of the error in the out-of-plane magnetisation component m,
at the left boundary of a one-dimensional ferromagnet defined in the domain
[— €/2, £/2], with € = 100 nm. The system includes exchange and DM interactions
only. The error is computed as a function of the number of mesh discretisation sites
N=¢/h, where h is the distance between mesh sites. The numerical solution is compared
to a kink-soliton solution at the sample edge™. The m, curve is extrapolated to x = — £/2
and x = /2 since the mesh points at the domain extrema do not lie exactly at the mesh
boundaries. The one-dimensional system is simulated using different approximations
of the exchange interactions: 6-neighbour (6 Nb) and 12-neighbour (12 Nb) stencils,
and free (no label) or Robin boundary conditions (BC), as well as various finite-
difference micromagnetic codes, as specified in the legend. The faded dashed line serves
as a reference for inverse cubic scaling of the error with the number of mesh points.

energy density undergo the following transformation:

q, = q,sinc(h,q,), (5)

where h, is the discretisation cell size along the # = x, y axis. Specifically, for
theC,, crystallographic class [Eq. (11)], this discretisation modifies the DMI
energy density term from:

—Dg, sin’6 — —qusinc(hqu)sinze7 6)

which introduces artificial discretisation anisotropy by underestimating the
effect of the DMI pitch vector q in the x direction.

Similarly, for the C,, crystallographic class, the transformed DM energy
becomes:

—(D,q, + quy) sin?6 —

7
—[Dyq,sinc(h,q,) + D,q,sinc(h @

,q,)sin’0.

Increasing the finite-difference stencil size from 6 to 12 points sig-
nificantly reduces the discretisation error from O(h%) to O(h*). The
resulting modified energy expression becomes:

cos(h,q,)—4
4, qq(i” !

3 > sinc(hqqq). (®)

Additionally, discretisation anisotropy can be reduced by increasing the
number of cells per wavelength. A finer grid more accurately approximates

1.0 A .
= —— Analytical Model 2==D
;a —_—— . . hb (4 N
S Six-neighbor Y,
> .
£ 054 Twelve-neighbor /-
w2
= /
j9) V4 \
A / N\
> "' A\
on 7
i s
Q /
= 7
- /
—
= /
g 4
B 4
Yt
Q
&
=
L]
-~
~ 7 ~
> , N
= ’ >
< 7/ N
24 -’ e
s 0.07=< S -
= S ,
= AN e
4 N ’
o~ SN L
=0.11 = ; ;
0 5 b 3n 2m
2

¢4 (radians)

Fig. 7 | Comparison of the mean energy density with different schemes. The mean
energy density of an infinite sample with interfacial DMI is calculated using con-
tinuous, six-neighbour, and twelve-neighbour finite-difference approximations with
eight discretisation cells per wavelength. The lower panel shows the residuals
compared to the continuous solution.

continuous derivatives as the sinc function approaches unity and the dis-
cretisation length approaches zero.

Figure 7 shows the energy density for the interfacial C,, type DMI
computed using eight cells per wavelength. The continuous approximation
produces a periodic sine wave with an energy minimum at ¢, = 71/2. The six-
neighbour finite-difference approximation exhibits a similar overall shape
but introduces significant discrepancies of up to 10% in magnitude com-
pared to the continuous case. However, employing the twelve-neighbour
finite-difference approximation substantially improves accuracy, more
closely matching the continuous approximation curve and significantly
reducing discretisation errors.

Discussion

In the present work, conical-helix magnetic textures in thin ferromagnetic
films with asymmetric exchange interactions (i.e, DMIs) have been
described by defining a suitable magnetisation ansatz. This model contains a
series of parameters, including the helix pitch vector and cone angle, that can
be determined by minimising the micromagnetic energy functional for the
ultrathin planar geometry considered here. Moreover, this technique
enables the calculation of the nucleation field of a conical-helix texture when
a magnetic field is decreased after saturating the sample. The obtained helix
pitch vector and nucleation field can be compared with the critical wave
vector and critical magnetic field at the threshold of the spin-wave instability
in the saturated state of thin magnetic films, indicating texture formation
below the critical field.

The method employed in this study has been applied to systems with
different crystal symmetry classes, which are described by DMI expressions
given by different combinations of Lifshitz invariants. This analysis allowed
the comparison of the helix parameters obtained from theory and simula-
tion for all these symmetry classes. The model fully accounts for dipolar
coupling in the thin-film regime, providing an accurate description of these
nonlocal interactions, which are often difficult to formulate mathematically.
Therefore, the developed formalism serves as a solid foundation for the
micromagnetic modelling of helical spin textures in thin films with any type
of antisymmetric exchange interactions. Furthermore, spin wave modes,
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which encode the properties of helical textures, can be obtained via line-
arisation of the LLG equation.

The theoretical model was validated against micromagnetic simula-
tions using the novel finite-difference code mumax' and the well-
established code OOMMEF to support the results. Although the analytical
model does not account for finite-size effects at the sample boundaries,
excellent agreement was observed between the analytical solutions and the
numerical calculations. A series of code implementations was developed for
the OOMME platform to simulate all the different DMI classes shown in
this work. These codes use high-order finite differences, and it has been
demonstrated in detail how they can reduce anisotropy artifacts arising from
the discretisation method. In addition, they improve the accuracy of the
magnetisation behaviour at the sample boundaries. These modules are fully
open and can be extended in the future to support a broader set of symmetry
classes and finite difference schemes.

Methods

Calculation of the Dzyaloshinskii-Moriya energy

Using the magnetisation ansatz of Eq. (1), the total energy, E = Eex + Ea +
E,. + Egip + Egm, can be calculated analytically for each DMI symmetry
class. In this expression, E., is the exchange interaction, E,. the Zeeman
coupling due to the external magnetic field, Eq;, the dipolar interaction, E,,,
the superficial (perpendicular) anisotropy, and the last term represents the
DMI. For simplicity, we use a normalised energy expression
e = E/(u,M?V), where V= L,L,d is the volume of the film, with L, and L,
as the film side lengths, and d as the film thickness. In the micromagnetic
limit, the energy due to the DM coupling is E4, = [Wqm, AV, where wyp, is the
energy density. Depending on the crystal symmetry, wap, is described by a
specific combination of Lifshitz invariants™*, which are defined as

oM. oM.
k=M (=—) — M, [=—). 9
ﬁt] M’(axk> Mj(axk> ©

For example, the C,, symmetry with n > 2 leads to interfacial DMI”>,
where the energy density is

D
Wi_dm = W(ﬁzz + [’iz) (10)

By integrating the energy density within the volume, and then normalizing it
by u,M?2V, it is obtained
D . .
& i = —[Jf—Mgsm(pqstQ -
D
30 c0s 9,8(q, ¥, 0).

Here, the first term originates from ll;z, while the second one arises from
L7, and depends on

B(q, v, 0) = sinc(q,L,/2) sinc(quy/z) sin y sin 20, (12)

where sinc(x) = % is the cardinal sine function. As expected, the DM
energy is proportional to gD and depends on the angle between q and H,
which determines the components of the pitch vector g, = gsin¢, and
q, = qcos ¢,. This energy term also depends on the phase yand cone angle
6. Notice that if the applied field is higher than the nucleation field H=",
then 6 = 0 and the magnetisation is saturated. The calculation of the other
energy terms is performed in the Supplementary Material.

Boundary conditions

The analytical model presented here neglects boundary effects resulting
from exchange and DM interactions. Due to the nonlocal dependence of the
dipolar energy on the magnetisation, incorporating this term into the
micromagnetic energy functional makes the minimisation problem highly
nontrivial”’. Therefore, a parameterised model for the magnetisation is

assumed, which allows finding an energy minimum by varying the model
parameters, albeit without accounting for edge conditions. Accordingly, the
model in this study is valid for helices in an infinitely extended sample but
becomes less accurate near the edges in a confined system. Several form-
alisms modelling boundary conditions have been proposed for quasi-
uniform magnetic textures (uniform in the bulk), where it is possible to
obtain a Sine-Gordon differential equation that effectively describes the spin
canting at the edges***™". Nonetheless, this kind of description becomes
significantly more complex when the system hosts a confined helix, where
the helical length is adapted to the system size. To validate the proposed
helical solutions, they are compared with numerical simulations in extended
samples in the Results section. Because simulations include boundary
effects, numerical techniques are analysed to optimise simulation accuracy,
thereby improving the magnetisation solution at the sample boundaries and
reducing anisotropic effects on helical energy when using finite differences.

Micromagnetic simulations
Micromagnetic simulations were performed using the GPU-accelerated
package mumax’ *, and the solutions were validated using the OOMMF
software’ via the micromagnetic platform Ubermag™>". The simulated
system consists of a square film of size L x L with a thickness of 1 nm. The
discretisation cell is defined with a cubic volume of 1 nm® for mumax™, and a
larger cell size of 2.5 nm in the xy plane for OOMMEF. Magnetic interactions
include symmetric exchange, DMIs (7, C,,, and C, symmetries), dipole-
dipole interactions, uniaxial anisotropy along the z-axis, and the Zeeman
interaction. Free boundaries are used in both codes. Calculation of exchange
interactions utilises a 6-neighbour stencil in mumax*, whereas a 12-
neighbour stencil is implemented in OOMME. Energy minimisation is
performed using the steepest descent method with a modified Barzilai-
Borwein step scheme in mumax", and OOMMEF follows a conjugate gra-
dient scheme with a Fletcher-Reeves direction update. For further details,
refer to Numerical methods for DMI and the Supplementary Material.
Simulation scripts can be found in the repository associated with this paper™.
The model magnetic parameters correspond to those of Permalloy”,
including a saturation magnetisation M; = 658 kA/m, exchange stiffness A =
11.1 pJ/m, uniaxial anisotropy K = 0.25 MJ/m’ and an external field applied
along the y — direction. These parameters define a quality factor of Q =0.92.
For 7 and C,,, symmetries, the DMI strength was set to D = 1.5 mJ/m’. In
contrast, for the C,, symmetry, which involves two distinct DMI values, one
was varied between 0 and 3 mJ/m?, while the other was kept fixed. The same
parameters were used in the analytical calculations to enable a direct
comparison with the micromagnetic simulations. The simulations are based
on a gradual decrease in the magnitude of the external magnetic field,
starting from a saturated state at 1 T and decreasing to zero in steps of 5 mT.
At every field stage, the energy is minimised. This field sweep passes through
the critical field at which the conical-helix texture begins to nucleate. At zero
field, the texture period is extracted, enabling the calculation of the pitch
vector magnitude (g) for each system size L, ranging from 900 nm to 1100
nm in steps of 10 nm. This procedure is carried out for both bulk and
interfacial DML. In the case of the C,, symmetry, the system size is kept fixed,
and the critical field is determined. During the nucleation process, and down
to zero field, both the pitch vector magnitude (q) and its orientation with
respect to the external field direction (¢,) are evaluated.

Finite difference implementation
The Robin boundary condition for interfacial DMI is given by
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The following discussion will focus on the leftmost mesh site in the x-axis.
For a system defined in the domain [0, €] in the x-direction, a finite-
difference mesh discretisation of N-sites means mesh sites are separated by a
distance h = €/N, with the first mesh site (at the centre of the mesh cell),
indexed by i = 0, located at a distance x, = h/2 from the sample boundary.
The implementation for free boundaries is straightforward, asitis setm_, =
m_; =0, if we index the virtual sites to the left by negative integers. Similarly
for the next site, m;, where it is set m_; = 0.

To explicitly implement the Robin conditions, this paper uses an
asymmetric central finite-difference scheme for the m, site, with one
neighbour to the right and one virtual neighbour to the left. These neigh-
bours are indexed by i = { — 1/2, 1}. The virtual mesh site with coordinates
X_17o = 0 is located exactly at the left boundary of the system’". Its deri-
vative normal to the x-boundary is computed as the finite difference,

(14)

where the prefactors to the right-hand side are — 8/3h, 3/h, and — 1/3h,
respectively. The Robin condition is employed to compute the derivative
term in Eq. (14), yielding an expression for the virtual site i = — 1/2 as

o,m_y, = a:igm—l/z + aal/zmo + a;1/2m1 + O(K’),

m_,, = A7 (@, my + a; my) + O(), (15)

using the inverse of the matrix A = (—gq, 1D — a:igﬂ), with I as the
identity matrix.

This approximation of the boundary point is used to estimate the first
and second derivatives at the first mesh site, d,my and d,,mg. A similar
derivation is used for the last mesh site in the x-direction and the extrema
sites next to the boundaries normal to the y- and z-directions. The derivative
approximations are applied to the calculation of the exchange and DMI
effective fields and energy, with errors O(?). For the sites next to the first
mesh site, in every direction, m;, the neighbours chosen in the approx-
imation are i = {0, 2}, which also produces an error of order O(h*). The
Robin condition is not used for this site, as imposing it was found to affect
the convergence of the energy minimisation. For the inner mesh sites, two
neighbours per side are used (central differences with 5 points), yielding
errors of O(h*). A systematic derivation of these finite-difference schemes,
considering the Robin boundary conditions, has been developed by
Miiller”®, where errors can be controlled by increasing the number of
neighbouring mesh sites used.

Data availability
The dataset with the simulations and data analysis of this study can be
accessed in the open repository”.

Code availability
The OOMMF modules with the 12-neighbour exchange calculations are
publicly available in the repository™. These modules can be used with the
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Ubermag platform™™.
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