Post-adiabatic self-force waveforms: slowly spinning primary and precessing secondary
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Recent progress in gravitational self-force theory has led to the development of a first post-
adiabatic (1PA) waveform model for nonspinning, quasicircular compact binaries [Phys. Rev. Lett.
130, 241402 (2023)]. In this paper, we extend that model to allow for a slowly spinning primary
black hole and a generic, precessing spin on the secondary object, restricting to the case of small
misalignment between the primary spin and the orbital angular momentum. We demonstrate ex-
cellent agreement between our waveforms and fully nonlinear numerical relativity simulations for
mass ratios ¢ = 5 and primary spins |x1| < 0.1 and arbitrary secondary spin x2
we present the re-summed 1PAT1R waveform model, which significantly improves the accuracy of
the original 1PAT1 waveforms for comparable masses and increasing primary spin. Our models are

publicly available in the WaSABI package.
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The detection of gravitational wave signals from the
merger of compact-object binaries is now routine, with
nearly 100 events observed so far by the LIGO-Virgo-
KAGRA collaboration [1], and many more expected in
the current “O4” observing run. From a waveform mod-
elling perspective most of these events were qualitatively
very similar, involving comparable-mass systems under-
going a quasi-circular inspiral. As detectors have become
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more sensitive and more events have been observed, how-
ever, observations of qualitatively different systems in-
volving precession [2] and mass-asymmetry [3] have be-
gun to emerge. These observations bring with them the
dual consequences of potentially interesting new physi-
cal processes to explore, while simultaneously introduc-
ing significant new challenges for waveform modelling ef-
forts. With the development of next-generation ground-
based gravitational wave detectors underway [4, 5], and
with the recent adoption of the LISA mission [6], it is
expected that observations of such systems will become
commonplace, and significant developments on the wave-
form modelling side will be required to keep pace.

With a view toward producing fast and accurate mod-
els of precessing, asymmetric binaries, post-adiabatic
self-force models have emerged as a promising solu-
tion to the waveform modelling problem posed by next-
generation gravitational wave detectors [7]. Although
self-force models were initially devised for systems with
highly asymmetric masses, such as extreme-mass-ratio
inspirals (EMRIs) [8], there is a growing body of evi-
dence for good convergence of the small-mass-ratio ex-
pansion used in self-force theory, even for binaries with
only moderately asymmetric masses. This has been il-
lustrated via comparisons between numerical relativity
(NR) and self-force predictions of the binding energy and
redshift [9, 10], periastron advance [11-13], gravitational
energy flux [13-15] and the inspiral and waveform [13, 16—
20]. While these studies are limited to a small part of the
parameter space, there is certainly cause to be optimistic
about the performance of self-force theory in modelling
generic binaries.

The most accurate self-force waveform model, con-
structed in Ref. [17], is based on second-order self-force
calculations [14, 21-24], expanding the spacetime metric
to second order in the binary’s small mass ratio. Within
a multiscale formulation of the field equations [21, 22],
this leads to a “first post-adiabatic” (1PA) waveform
model, which is the target order of accuracy for mod-
elling EMRIs for LISA [7]. However, the waveform model
in Ref. [17], dubbed 1PAT1, was restricted to nonspin-
ning, quasicircular binaries. In this paper, we extend the
1PAT1 model to binaries with a generic (precessing) spin-
ning secondary and a slowly spinning primary, restrict-
ing to quasicircular orbits and primary spins that have a
small misalignment with the orbital angular momentum.

This represents a specialized application of the multi-
scale framework for spinning binaries with generic spin
orientations presented in Ref. [25] (hereafter ‘Paper '),
which built on Refs. [26-31] (among others). As ex-
plained in Paper I and elsewhere, the precessing com-
ponent of the secondary spin enters the waveform as a
second post-adiabatic (2PA) effect, making it subdomi-
nant relative to the other spin effects we compute; the
inclusion of the nonprecessing components is therefore
the main advance in this paper. Nevertheless, we include
the precession because its modulation of the waveform is
distinct from from all the 2PA terms we omit. We refer

to Paper I for a detailed discussion and a summary of
other recent progress toward fully generic binary config-
urations.

Through comparisons with NR waveforms, we find that
our waveform model is equally accurate for spinning as
for nonspinning binaries (assuming sufficiently small pri-
mary spin). We also show that a re-summed variant,
labelled 1PAT1R, significantly increases the phase ac-
curacy of 1PA models at higher values of the primary
spin and for binaries with comparable masses. This re-
summation, which is based on an exact law of general
relativity, provides a simple way of extending the cov-
erage of self-force waveform models toward equal-mass
systems.

The multiscale form of our model makes it readily in-
corporable into rapid-waveform generators [32-34], en-
abling fast and accurate waveform generation for spin-
ning binaries with mass ratios as low as ¢ 2 5 (and
moderate accuracy for ¢ even closer to unity). While
our model is restricted to the inspiral stage of the binary
evolution, it should be suitable for data analysis studies
of intermediate- and extreme-mass-ratio systems [35] in
preparation for next-generation GW detectors [36—44]. It
should also be extendable through the merger and ring-
down using the methods of Refs. [45-47]. We expect
it can additionally be used to calibrate other inspiral-
merger-ringdown models (see, e.g., Refs. [48-50]) with
more extensive coverage of the parameter space.

A. Outline and conventions

Our presentation begins with the multiscale expansion
of the equations of motion and Einstein field equations
and ends with a summary of our waveform models. In
Sec. II we summarise self-force theory with a spinning
compact secondary including a convenient parameteri-
zation of the secondary’s spin introduced in Paper I. In
Sec. I1I, we specialise the multiscale expansion of Paper I
to a secondary with a generic precessing spin in a quasi-
circular inspiral about a slowly spinning primary. The
primary’s spin axis is restricted to have a small, O(1/q)
opening angle relative to the orbital angular momentum.
This specialisation is chosen to build a spinning-binary
waveform model compatible with the currently available
second-order self-force flux data [14]. In Sec. IV, we de-
rive an approximate balance law through 1PA order for
the binary configuration described in the previous sec-
tion, relying upon a particular approximation to the bi-
nary’s binding energy. In Sec. V, we give an overview
of the numerical calculations of the required self-force
data at the level of the field equations. In Sec. VI, we
employ the balance law in a series of five different in-
spiral and waveform models and compare them with NR
simulations. In Sec. VII we summarise our findings and
avenues for future extensions. We also comment on the
next steps for the 1PA waveform program of research.

We keep the conventions of Paper I, working in geo-



metric units with G = ¢ = 1. We denote the individual
masses as m; with mq > mso. We use € = 1 as a count-
ing parameter of the small mass ratio € = m;/my and
define ¢ = e~!. The total mass is M = mq + ma. x; are
the dimensionless spin magnitudes S;/m?, where S; are
the spin angular momenta of the two bodies. For astro-
physical compact binaries, S; ~ m? and so in the small-
mass-ratio expansion S; ~ €% and S, ~ 2. For each
dimensionless spin this implies y; ~ €°. If the body is a
Kerr black hole, then we have the more precise restric-
tion 0 < |y;| < 1. When considering a slowly spinning
primary black hole, we impose the extra restriction that

X1 ~ €.

II. OVERVIEW OF SELF-FORCE THEORY
WITH A SPINNING SECONDARY

In this section we provide a brief overview of self-force
theory with a spinning secondary through second order
in perturbation theory. For a more detailed review, see
Paper 1. For compactness, we adopt the self-consistent
formulation [21, 51] and leave the background spacetime
and binary configuration generic. In Sec. III, we refor-
mulate the problem in a two-timescale expansion. There
we also specialise the binary configuration, restricting to
a slowly spinning primary with a small opening angle be-
tween its spin and the orbital angular momentum, and
neglecting eccentricity.

A. Field equations and effective metric

The Einstein field equations governing the compact bi-
nary’s metric (g, ) are

Gv(g) = 81T, (1)

where T),,, is an effective stress-energy tensor for the sec-
ondary object, described below. Taking the usual black
hole perturbation theory approach, we solve the field
equations by expanding the binary’s metric in powers
of e:

8 = Guv + ehiw + EQhZU +0(e%), (2)

where g, is the spacetime of the primary black hole,
and h}w and hfw are the first and second order metric
perturbations, respectively.

Since it absorbs gravitational radiation during the bi-
nary’s evolution, the primary black hole itself slowly
evolves. We account for this by splitting the mass and
spin into constant terms (m(lo) and X(lo)) and small, dy-
namical corrections (dm; and dx1). We specialize to a
slowly spinning primary by choosing XEO) = 0, such that
Juv is a Schwarzschild metric with mass parameter m§0>.
The perturbations hj,, then include terms that are nth

order in dm and Jdx1.

The secondary object, which can be a black hole or
a material body, is assumed to be sufficiently compact
compared to the external scale of spacetime curvature to
allow us to adopt the pole-dipole approximation through
second order in e [52]. Using the method of matched
asymptotic expansions, Refs. [53-55] showed that for
such an object, the stress-energy tensor can be written
as
TP = ET(anf) + EQT&? +0(e%), (3)
where T(O,’ nf is a mass-monopole term and T(O{;[; is a spin-
dipole term; quadrupole and higher moments would ap-
pear at higher orders in e. The two multipole terms have
the form of a “gravitational skeleton” [56, 57],

1 = m [ E it

. Aot — gh(f! R
7 =¥, | [ ar e 7).
(db)

where 64 is the four-dimensional Dirac delta function, 2*
is the object’s effective center-of-mass worldline, S°7 is
the object’s dimensionless (mass-normalized) spin tensor,
and primes are used to indicate evaluation at z*(7’).
Importantly, the stress-energy terms (4a) and (4b) take
the form of a spinning particle in a certain effective vac-
uum metric gog rather than in the external background

— dz“

gag- The proper time 7, four-velocity 4% = met-

d7
ric determinant ¢, and covariant derivative V, are all
defined from §og. The effective metric itself is defined
by subtraction of suitably defined singular self-fields hig
from the physical metric [52, 54, 58].

We then express the effective metric as

Juv = Guv + h;}}w (5)

where hf}u is the regularized metric perturbation.

In Sec. ITI, we divide the Einstein field equation (1) into
a sequence of equations for each hj,, using a multiscale
expansion.

B. MPD-Harte equations of motion

For an appropriate effective metric g,,, the dynam-
ics of the secondary are equivalent to those of a test-
body in g, [58-60] and are described by the Mathisson-
Papapetrou-Dixon (MPD) test-body equations [56, 61,
62]. We may neglect terms that are quadratic order (or
higher) in the secondary’s spin and the effects of the sec-
ondary’s quadrupole moment [25]. Both effects enter the
equations of motion conservatively (at least assuming the
secondary to be a Kerr black hole [63-65]) at O(e?, s2)
and first impact the waveform at 2PA order, where we
use “O(s™)” to denote powers of the secondary’s spin.



We thus adopt the pole-dipole approximation, and the
relevant MPD equations in g, are

= RS 107, (6a)

pse

>~ o), (69)
where D/d7 = 4*V, and we have imposed the

Tulczyjew-Dixon (TD) spin supplementary condition

(SSC),
P%Sap5 = 0. (7)

Here the quantity P* is the secondary’s linear momentum
in the effective spacetime.

We call Egs. (6) the MPD-Harte equations, following
the terminology of Ref. [52]. We refer the reader to that
earlier work for an assessment of the validity of these
equations (and to Ref. [66] for additional historical con-
text).

Following the same notation as Paper I, we use the ef-
fective metric to raise and lower indices on hatted quan-
tities. We continue to define S,g as the mass-normalised
effective spin tensor of the secondary, such that

(x2)? = %Saas‘aﬂ = (5122)2 (8)

2

We define an effective (dimensionless) spin vector,
. 1.
St = —ie“amuo‘S'BV, (9)
with inverse relation
G = —emedG, 0, (10)

The TD SSC implies that P* = myi® + O(s?) and
1*S, = 0. Imposing Eq. (6) implies the spin vector must
satisfy the parallel transport equation

DS«
i O(s%). (11)

In practice, we re-express the equations of motion in
Eq. (6) in terms of the background metric and the regular
perturbations via Eq. (5) and expand in powers of €. In
this form, the metric perturbations appear in the equa-
tions of motion as a self-acceleration and self-torque [52]:

Du* 1 v 7
dr _§P” (9. —hi?) (2h§p;0 - hE“?A) '
1 A
2ﬁum@f%“ﬁwyw
M2 puv o R LR @ §By
+ 2 ( v(esB)y — By U
+0(e%,5%), (128)
DS :

dr u(PSU)[HgV])\ (Qhﬁp;a - hf}o;/\) +0(e% 5%,

(12b)

4

where D/dr = u'V,, " = dz' /dr, P*" = g" +ulu”, T
is the proper time as measured in g,,, and V, and semi-
colons both denote the covariant derivative compatible
with g,..

The effective four-velocity and background four-
velocity are both timelike normalized with respect to

their corresponding metric and are related by a® = %uo‘
T

such that
dr S ——
_ R , «

C. Parameterization of the secondary spin

In Paper I, we presented a useful parameterization of
the secondary’s spin degrees of freedom along with a com-
plete description of the spin’s precession and nutation.
The net result is that we write the spin vector as

8¢ = 8% 4268 4+ O(?), (14)

where the two terms are

S% = x0§ + x1 costhsof + x1sinds 08, (15a)
08% = xd03 + x| |0V, of — x| 6V 05
+ x| (69 sin s — 69, cos 1;3)05‘
+ X1 cos b 00 4 x 1 sin 1, 605 (15b)

Here X and x| are constant parameters, 1;5 is a spin-
precession angle, and d9,, 69, are nutation angles.

The parameterization (15) involves the background or-
thonormal tetrad

oy =u”, (16a)

oY = eaﬁ'yéagaiog’, (16b)
« 1 (e

oy = NP PK g u?, (16¢)

0§ = Y%’ /VK, (16d)

where Y, , is the Killing-Yano tensor, K,, = Y,”Y,, is
the Killing tensor, K = Kaguo‘uﬁ is the Carter constant,
and N = —/P*PKg u'PSKs\u*. The tetrad is the
same as an intermediary tetrad introduced in construct-
ing the Marck tetrad [67, 68]. The triad perturbations,
do% (A = 1,2,3), result from enforcing orthonomality
of the tetrad (a®,6% = 04 + 60%) with respect to the
effective metric. It follows from orthonormality that

1
do = ’U,ahg,yuﬂa'z; — iaBahgvagazl. (17)

As a consequence of the normalisations of the tetrad legs,
we have

S«aé«a :SaSa :XSZXﬁ_'_Xi (18)

Note that the secondary spin magnitude Sy defined in
the Introduction is related to S by So = (m32)25%S,.



In Paper I, we also introduced the angular velocity

A"O{
.~ B_ Dda . p

CUA = d']/; O'a :L(JAB+(SWAB, (19)
such that
Do
wAB = dTA ol (20a)
dwap = —hBy utooll +O(E?).  (20D)

The precession angle evolves according to

di,
dr

= W21 + (50.)21, (21)

and the nutation angles evolve according to

&ode _ w1200 = —dwas, (22)
dr

460,

67 + w12519¢ = 5(.4]13. (23)
dr

Finally expressing the spin tensor as R
£65%% + O(?), by Eq. (10) we have

SHY = —e“”aﬁSau/g, (24a)
1
65°7 = e \uwl65N + PRS2y s,
(24b)

The self-force equations of motion listed in Eq. (12) are
then easily re-expanded in terms of the background spin
tensor or vector, but are more compact in their current
form.

IIT. MULTISCALE EXPANSION FOR
APPROXIMATELY EQUATORIAL ORBITS
AROUND A SLOWLY SPINNING, SLOWLY

EVOLVING PRIMARY

We now specialise our binary configuration, following
closely the two-timescale analysis in Sec. IV of Ref. [52]
(that extends from the scheme of Ref. [21]) and mak-
ing use of a specialization of the results of Paper I. The
analysis of Ref. [52] was valid for a secondary in quasi-
circular motion with spin (anti-)aligned with the orbital
angular momentum, inspiraling into a non-spinning pri-
mary black hole. Keeping a similar structure, we adapt
the scheme to allow for a generic precessing secondary
spin and slow spin of the primary which is (anti-)aligned
with the leading orbital angular momentum.

For a slowly spinning primary, we may take the back-
ground metric g, to be the Schwarzschild metric and en-
code the primary’s spin in the metric perturbations. Due
to radiation reaction, the primary’s physical mass, mq,
and spin angular momentum, S; = (m1)?x1, are dynam-
ical variables. The same is true for the secondary’s mass
and spin, but their evolution is beyond 1PA order [69].

We introduce the ‘background’ masses and dimensionless
spins (ml(.o) and XEO), respectively) such that the physical
masses and dimensionless spins are

my = mgo) + edmy,

X1 = €6X1,

(25a)
(25b)

where we have set the background mass as the initial
mass such that dmi(t = 0) = 0 and defined the ini-

tial mass ratio € = méo)/mgo). We continue to use €
as a counting parameter which will now track powers of
the initial mass ratio e. We make the slow spin condi-
tion explicit by setting X(lo) = 0 and instead allowing
for a non-zero initial condition in the sub-leading term,
dx1(t = 0) # 0. Note we have pulled out the explicit
factor of € so that §x; ~ € and dm; ~ €. The mass
of the secondary evolves according to dmgy/dt = O(®) if
it is a Kerr black hole [69], meaning we can treat it as a
constant.

We work in Schwarzschild coordinates z# = (t,x%),

with 2° = (1,0, ¢), and we use

Zi(tv 6) = (T;D(tv 6), ep(t? 6)7 (bp(tv 6)) (26)

to denote the particle’s orbital trajectory. For our spe-
cialized binary configuration, the particle’s dynamics and
the metric only depend on ¢ via the orbital and preces-
sion phases (¢, and 15 respectively) and the mechanical
variables w; = (,0mq,0x1), where Q = d¢,/dt. The
system is periodic in each of the phases, which evolve
on the fast timescale ~ 1/Q. The mechanical variables
wy evolve slowly, on the radiation-reaction timescale
~Q/Q~ 1 e

In addition to the phases and wy, the equations of mo-
tion depend linearly on the secondary’s conserved spin
magnitudes, x| and x . We will show that, for approxi-
mately equatorial inspirals, the nutation angles §9. and
019 are vanishing constants at 1PA order.

In Paper I, the list of independent phases that appear
in the leading-order dynamics of generic inspirals is de-
noted as 9*. In the quasi-circular, approximately equato-
rial configuration we consider here, the set of phases has
only one element, the orbital phase; 1)* = (¢,). The set
of independent mechanical variables in the leading-order
dynamics, denoted as m;, likewise reduces down to a sin-
gle element; m; = (rp), where r, is the orbital radius.
We work directly with the orbital frequency €2 instead
of r, for reasons advocated in Ref. [52], and the full set
of mechanical variables we have continued to denote as
wy. In Paper I, we perform an averaging transformation
on the quantities ¥?, @[;S and w; to the variables @Zi, 1/015
and wy, such that the evolution of the ringed quantities
depends only on ;. In this work, the ringed variables
reduce to their non-averaged counterparts through first
post-adiabatic order due to the simplified orbital config-
uration. Thus, we will not require an explicit averaging
transformation. By using 2 as our orbital variable, we
adopt the fixed-frequency gauge as described more gen-
erally in Sec. IV D of Paper I.



A. Orbital configuration

‘We write the particle’s trajectory as a function
2 (te) = 2 (¢p(t €),¢s(t,€),wr(t, €),€). Expanded in
powers of € at fixed (¢, ¥s,wr), it then reads

Zi(gbp, 7/35, wr, 6) = Zé(¢p7 Q) + GZi (7/35; wl) + 0(62)7 (27)

where the leading-order trajectory corresponds to a cir-
cular equatorial inspiral,

2(0p: ) = (10(Q), 7/2, Bp), (28)

while the first subleading term consists of a radial cor-
rection and an oscillatory, precession-induced polar cor-
rection,

A (wr) = (r1(@r), 01 (45, 2),0). (29)

We define the frequencies via the rates of change of the
orbital and precession phases,

dop _
- = Q, (30a)
dips _

While €2 is an independent variable characterizing the
system, the precession frequency 2 is a function of w;y
(and of the system’s non-evolving parameters).
Altogether, the above ansatz represents a circular orbit
with small, O(e) polar oscillations about the equatorial
plane and with a slowly evolving radius, orbital frequency
and precession frequency. We take the convention that
negative values of x; correspond to retrograde inspirals,
while positive values correspond to prograde inspirals.

B. Metric
We expand the metric as

v = gm/(xi) + Eh}“,(xi, Pps Q,dmy, 6X1)
+ R, (@ by, s, @) + O(E), (31)

with the assumption that the dependence on the two
phases ¢,, 1, is 2m-periodic. In our ansatz (31), there
is no time dependence outside the dependence on the
phase-space variables (¢,, s, ). To extend those vari-
ables away from the worldline, we adopt a hyperboloidal
time s that is equal to advanced time v at the future hori-
zon, Schwarzschild time ¢ at the particle, and retarded
time w at infinity. The phase-space variables (¢, s, @wr)
are then defined as constant on slices of constant s. In
practice, we choose a “sharp” slicing in which s = ¢ in
a worldtube of diameter 4M (for ro < 20m§0)) or 8M
(for o > QOmEO)) around the particle, s = v between
the horizon and the worldtube, and s = u between the

worldtube and future null infinity. Refer to Ref. [22] for
details, specifically Fig. 1 therein.

The first-order perturbation hllw (2", Pp, Q, 0my, dx1) 1Is
linear in dmy and dx;1. We peel off the dependence on
those parameters as

hl, = hEPP) (28 . Q) + dmy BLO™D ()

N2 0% n%

1 (5 1 3
+ox1 B (27). (32)

If 2 were constant and ¢, took its geodesic value Qt,

then hif? (a7, ¢, Q) = AL, (%, ¢y, 2,0,0) would be the
standard linear perturbation to the Schwarzschild met-
ric due to a point particle (hence “pp”) on a circular

geodesic with frequency Q. The terms dm, h:t(fml)(zi)
and Sy1 X (27) are linear perturbations toward a

Kerr black hole with mass described by Eq. (25a) and

2
angular momentum <m§0)> X1, with x; described by

Eq. (25b).
In the same way, we peel off the dependence on dm;y

and 01 as well as x| and x 1 in the second-order pertur-
bation:

h%, =h2P (2f ¢, Q) + > dmioxthZIM (o)
jk=2
T omy hi(,,‘s"“)(33i7¢p79) + 6y hi(y(le)(xi,d)p,Q)

+ XIIhN(VX”)(x ’¢P’ Q) + XLhi(uXL)(x a¢pv¢sa Q)
(33)

Again, the first term is shorthand for hfw with param-
eters other than mg set to zero: dm; = ox1 = x| =
x1 = 0. The second term in the first line is the

quadratic perturbation toward a Kerr black hole with

mass m; = m§°> + edmy and spin x3 = edx1, which will

not impact the waveform at 1PA order. The terms on
the second line arise from the coupling of the mass and
spin corrections with the linear point mass perturbation
and do impact the waveform at 1PA order. The final two
terms are the linear contributions of the secondary’s spin
for a spinning particle along a corresponding accelerated
MPD trajectory. Note that the secondary’s spin nutation
parameters 6. and §9, first enter the metric at third or-
der despite appearing in the second-order acceleration.

1. Up-down symmetry

In general, we say a tensor field of arbitrary rank is
up-down symmetric if

Apy (1 —0)=(=1)FA,, (6), (34)

where k is the integer number of polar indices labeling
the tensor component. We have only included the field’s
explicit dependence on 6 for simplicity, as its dependence
on the other spacetime coordinates does not affect its



up-down symmetry properties. On the equatorial plane,
0 = /2, an up-down symmetric field therefore satisfies

Auy. (m/2) =0 k is odd. (35)

Conversely, we say the field is up-down antisymmetric if

A (= 0) = (=1)F1 A4, (0), (36)

which implies that on the equatorial plane

Ay (m/2)=0 k is even. (37)

Assuming a reasonable gauge choice such as the Lorenz
gauge, every term in Eq. (32) and Eq. (33) is up-down
symmetric ezcept for hi(l,XL)(xi,quﬂ/N)s,Q), which is up-
down antisymmetric. The same statement extends to
the higher-rank tensor fields constructed exclusively from
derivatives operating on those rank-two tensor fields.
That this is true may be shown from examining the
field equations with a given gauge choice sourced by the
stress-energy of a spinning particle (approximately) in
the equatorial plane. It is clear that the up-down sym-
metry/antisymmetry conditions extend to any inspiral of
a spinning particle constrained to the equatorial plane at
leading order, and may be used to vastly simplify the evo-
lution equations for the trajectory and the secondary’s
spin.

2.  Fields on phase space

The expansion (31) expresses the metric as a function
on the mechanical phase space of the two-body system,
replacing time dependence with dependence on mechan-
ical variables. When substituting these expansions into
the equations of motion and field equations, we apply the
chain rule

dips 0

&t oy,

0 ;0 dgp 0

0 +s [ 3% dw; 9
dze ~ Tggi T\ Tat a4,

dt 8@1 ’

(38)
where 7!, = g;”; and s, = 0,5, and we have used the fact
that s = ¢ along the particle’s trajectory. We then treat
the mechanical variables as independent of one another
and re-expand while holding them fixed.

This treatment implies the expansion

Vo = VO 4 es, (a} oW GZ ) LOE),  (39)

S
where the zeroth-order covariant derivative is

0 0 0
: Q— 45,00 =
axz+3a a¢p+3a s aw

Vo =nt + Christoffel terms.

(40)
Here ng) and le) are the leading-order precession fre-
quency and its subleading correction, respectively, which

we make precise later in Eq. (50). V; = (Ff(zo), F15(71731 , Fé(i)1>

S

is the leading-order velocity through parameter space;
i.e., dwy/dt = eV + O(e?). The operator
5. 9 ©®9 o 9 m 9
Oy=Vi— =Fy' —+F F
v = Vo, T e ga T e gimy T o gy,
(41)

is a derivative along this velocity. V9, on the other
hand, acts at fixed parameter values. Its action on
hes(x', ¢p, Q) is identical to the action of V, on the
linear metric perturbation to the Schwarzschild metric
from a point mass on a circular geodesic. The direc-
tional derivative 51; then accounts for the system’s slow
movement through the parameter space. We note that
since 15 only enters the metric at second order, the cor-
rection term proportional to o in Eq. (39) would only
enter the Einstein equation at third order.

In the above expansions we have kept the same nota-
tion as Ref. [52], in which the integer labels with paren-
theses indicate the post-adiabatic order at which the
quantity enters, while the integer labels without paren-
theses correspond to the absolute order in e.

C. Evolution equations

As we have just explained, all functions are expanded
in powers of € at fixed values of the phase-space coor-
dinates (¢p,%s,wr). Expanded in this way, the rates of
change of the parameters wy are

an f

- = eFOQ) + EF N (wr) + 0(%),  (42a)
d‘i;’“ = cFy,) (Q) + O(e?), (42b)
doxa (1) 2

"L = B (@) +0(). (42¢)

From these expansions we obtain the expansion for the
coordinate velocity,

dz® ~
= % = ZS‘(Q) + ezloé(wsa wl) + 0(52)7 (43)
where
o A2l
25 = o = (1,0,0,9), (44)
and
2% = (0,70, 61,0), (45)

with 7(Q) = 20 F and 6, (¢, w;) = 44 Q" the
proper four-velocity is

u® = ug (Q) + eug (V) (s, 1) + O(%),  (46)

with & = uf2§. From the timelike normalisation condi-
tion one obtains

(@) = ———, (47)



as for a circular geodesic in Schwarzschild spacetime.

We determine the forcing functions that drive the evo-
lution of the mechanical variables, F}n)7 from the expan-
sion of the equations of motion (12) and from the Ein-
stein field equations. Throughout this section, we have
anticipated that OPA quantities only depend on (¢, 2)
and indicated that the slow evolution rates dw;/dt are
independent of the phases qbp,z/;s. Finally, we reiterate
that we have excluded €2 in the list of independent vari-
ables since it is uniquely determined by the other orbital
parameters via the expansion of Eq. (21).

1. Ewolution of the secondary’s spin

In the self-consistent formalism, the secondary’s spin
vector is completely described by Eq. (15) along with
the evolution equations (21)—(23). We now make these
explicit in our multiscale analysis of quasi-circular and
approximately equatorial inspirals.

Substituting Eq. (27) and Eq. (46) into Eq. (16), we
construct the o triad evaluated along the worldline:

(25, ) = (0, £ /%,0,0) + O(e), (48a)

1
o5 (2, Q) = —ro\/ foub (Qf571,0,0,752) + O(e), (48b)
224, Q) = (0,0,—15",0) + O(e), (48c¢)

g

a

0
with fo =1— 277;05 ). We do not display the sub-leading
terms for compactness.

We next substitute our expansion of the worldline, the
four-velocity and Eq. (48) into Eq. (22) and Eq. (23).
After imposing the up-down symmetry of h}“ﬂ we find
that we are free to pick the trivial solution d9. = 0 = 6.
We are then left with only one dynamical quantity in the

evolution of the secondary’s spin: the precession phase.

Expanding Eq. (21) and recalling that dffts = Q,, we
obtain
Q, = + b, (49)
with
Q% = Q/up(42), (50a)

QW = B2, 6 wr)ol (2, Qo) (20, QK (2)

+ 3ub 2\ y(Q)r1 (1),

= QO 1 53, QLX) 4 Gy QLI -y PN,
(50b)

Here, we have introduced the helical killing vector
K = g ful, (51)
and the inverse-separation parameter

y=m® Jro = (m{V )3, (52)

and we have denoted the first-order contribution to the
regularized metric perturbation, hgﬁ, as hgé. Note that
le,o) is simply related to the spin-precession invariant
first computed in Ref. [70]. The other terms are test-
body terms and may be derived analytically from the
MPD equations in Kerr spacetime. Their expressions are

0 (1—y)y*
mg )le,é){l) — 17_33/’ (533)
_ 3/2
(0)9(1,5m1) _ % b
my s 1—3y ’ (53 )
4
mgo)QgLXu) _ 3 (53c)

VI=3y

We discuss the relevance of le) at the end of Sec. III F.

2. Ezxpansion of the equations of motion

In expanding the equations of motion (12), we expand
the force as

a® = fa?(ﬂ;s, TD[) + 620’5(1257 wf) + 0(53)7 (54)

where the numeric labels correspond to the explicit pow-
ers of €. Recall that ¢, does not appear in the forces.
We make the secondary’s spin contribution explicit by
writing

af (s, wr) = af (wr) + X193y (@1)

+x1afy ) (s, @1), (55)
a5 (s, @) = ag (wr) + X3y ) (@1)
+ XLQS(XL)(#N)S, @r), (56)

where af(wy) is the leading, “MiSaTaQuWa” [71, 72]
force generated by the first-order metric perturbation and
ai‘(XH)(wl) and a(ll(xL)(d)s’wI) are the test-body MPD
force terms induced by S.

a3 (wor) is the second-order self-force generated by the
first- and second-order metric perturbations, excluding
the linear secondary spin terms. The two secondary spin
terms ag‘(X“)(wj) and ag, (15, @) contain:

1. The MPD force correction generated by §55.!

2. The self-force generated by the linear secondary
spin’s metric perturbation.

3. Additional self-force terms that go as h' - S°.

1 It is in this term that generic, off-equatorial inspirals would de-
pend on the nutation angles §¥. and §9s.



4. Subleading secondary spin corrections to the first-
order MiSaTaQuWa force via the dependence on
the expanded worldine.

We refer to Sec. IVC of Paper I for a more detailed
description of these various terms. ~
At this point we flag that (l?(XL)(wS,’W]) and

a2 (ws,wf) depend on the precession phase 1, but
thlb dependence does not enter into dw;y/dt (which is
always constructed from an average over phases as de-
scribed in Paper I). Moreover, y itself does not con-
tribute to dewy/dt until 2PA order because x| terms are
purely oscillatory at lower orders. In the case of the first-
order MPD force, a?(XJ_)(qus’ wy) is conservative,? and it
has only a 6 component. Its sole effect in our configura-
tion is to produce the small conservative polar oscillation
01 (s, wr). The same idea extends to ag(xu(ws,wj) by
invoking the up-down (anti)symmetries of the metric per-
turbations and inspecting the equations of motion. In
doing so, we find it is straightforward (but tedious) to
show that ag, (ws,wl) like af( ) (15, w7), has only a
f component i 1n our configuration. This induces a second-
order polar oscillation of the worldline and does not con-
tribute to the inspiral dynamics at 1PA order. All of the
other force terms, which are independent of x, have a
vanishing # component.

3. FEvolution of the worldline

Substituting all of the above expansions into Eq. (12a),
we can straightforwardly solve order by order in ¢, equat-
ing coefficients of powers of ¢ at fixed w; rather than at
fixed t. We obtain from the radial component

— (@ _ay(wmn)
ro(@ = (mf”)" 078, (@) = —3 e O
Meanwhile the polar equation simplifies to
0,
Q(O) 282~ 0 926 a3 (%, w[) 58
( ) P + 1 (U6)2 ) ( )

where
a?((/;s,WI) = _3Xl\/f>0( © )uf)) Qcosq/;s, (59)

and where we have used Eq. (50) to rewrite Q in terms
of Q. The solution is®

01 (s, 1) = —x 1V foroQ cos b, (60)

2 Refer to Appendix B of Paper I for a discussion of conservative
versus dissipative forces.

3 In the test body limit, this formula recovers equivalent expres-
sions from Refs. [73, 74].

where we have discarded homogeneous solutions that
would correspond to a geodesic, nonprecessing tilt of the
orbital plane.

From the dissipative sector [t or ¢ component of (12a)],
we obtain

(0) 3foQai (Q)
FO = 2oy 61
o = Ll — 6y) (61
F(l) o 3fOQa§(w1) 25];&{(‘@[)
W _

y(uh) (1 —6y)  /y(ub)*fo(l — 6y)
A(1 — 6y + 12y2)a’ (@)l ()
y3/2(uf)® fo(1 — 6y)?

in terms of the parameter y defined in Eq. (52). The forc-
ing functions Fz§71n)1 (©) and F(;()lc)1 (Q) are determined from
the Einstein equations [21] and are identical to the fluxes
of energy and angular momentum through the horizon
due to a point mass on a circular geodesic orbit of fre-
quency Q.

If we rewrite Egs. (30) and (42a)—(42¢) in terms of a
“slow time” variable t = et, then it is clear they have
asymptotic solutions with the following form:

op=c o1 )+¢> 1)( )+ 0(e),

(62)

63
w = 6_1¢(0)( ) W@ + o), 64

(

(
=0O0(@) + () O(?), (65
Q*Q(O() +eQ 1)() O(e?) (66
(
(

_|_
+

omy = (5m1 () O(e), 67

dox1 = 5X1 (t) + O(e), 68
with constant x| and x, dolM Jdf = Q) (1), and with
easily worked out equations for dQ(")/ dt. As shown in
Ref. [17], directly using such asymptotic solutions leads
to lost accuracy in waveforms, but they are a useful guide

for the behavior of each variable over the course of an
inspiral.

)
)
)
)
)
)

D. Stress-energy tensor

After substituting our expansions for the word-
line (27), the four-velocity (46) and the spin vector pa-
rameterisation of Eq. (15) with the triad (48) into the
stress-energy (3), we obtain

T = €T (2, ¢, Q) + ET4Y (2, ¢p, s, 1) + O(°).
(69)
We have at leading order
(0),¢
T = 205 585561, 000, (70)
0

in which we have used the shorthand expressions for the
Dirac delta distributions d4 = 6(¢—¢p), dg, = 0(0—7/2)
and 6., = 0(r —19).



Meanwhile the sub-leading stress-energy takes con-
tributions from the sub-leading corrections to the
monopole, T (m), and the leading terms from the dipole,

s
Ty
Oub T, g L
T = —5— [2 (20”59 01 + 20“55)720)6“6906“5
o

+ RS, (%5% (1 - 2%) — 1100, 0y — 915%5’90)]

1 174 v
+ 5 (uug — g) T4 + 1L (71)

The leading dipole term is

o _ L
(@ ™ y2ginh

+ Kg‘”é;oégo dg + Kfyfsrgé/eo 5¢>)7 (72)

(K{“’éro 50,0 + K5 5,050,

with ), = 050(¢ — @), 0y, = 0pd(0 — 7/2) and &, =
0r6(r — rp). The components of the symmetric tensors
K1Y, K5, K and K" are given in Appendix A.

E. Field equations and Fourier expansions

We next consider a Fourier expansion of the field equa-
tions. Our procedure is a simple modification of the one
described in Sec. IV D of Ref. [52], with the major change
being the metric’s periodic dependence on the additional
phase, 5. We begin at the same point, substituting
the expansions (31) and (69) into the field equations (1)
and equating coefficients of powers of ¢ (which we stress
is the initial, rather than evolving, mass ratio) at fixed
(op, Vs, wr). We then obtain

G,ul/[] 0 (73&)
GV = 8nT, W, (73b)
GO = 8aT2, — GEO R, h — GLVRY). (73c)

The operators Ggﬁ,’j ) are found by first expanding the
spacetime’s full Einstein tensor in powers of h,,,

Gulg+hl = G + G, [0 + G2 [h, b + O(h%), (T4)

and then replacing covariant derivatives in GJ;, via
Eq. (39). Thus Gf}yo) is the linearized Einstein tensor
with V,, replaced by V?, and G,(J,le)
linear in V; and Q(l) in G” Because h(ll g 18 independent

derives from terms

of 9, the linear Q( ) term in GW does not appear until
third order in the actual field equations via terms pro-
portional to 8¢Shi,@. For a more thorough description,
refer to Refs. [21, 22, 25].

To take advantage of the periodic dependence on each
phase, ¢,, 1, we represent the metric as a Fourier series,
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his(@' pmr) = Y W™ (af wr)e ™0, (T5a)
m=—o0
hiﬂ(xi %%?ﬂz) =
ST 3 HE e, (15
m=—00 k=—1
where k£ = £1 modes only appear for the term hQ(XL)
in Eq. (33). We then have W —

—ik when acting on individual modes, implying Eq (40)
becomes

.0
Vo — 77;@ — 18qWmk + Christoffel terms, (76)

with
Wik = mQ + kOO, (77)

Because the precession phase only appears as a lin-
ear function of coss and sinty in the metric (through
second order), there are only three modes of precession
(k = 0,£1) in the spectrum of frequencies in Eq. (77).
Inspecting Eq. (49) and Eq. (50), we find that there are
no possible resonances between 2 and ~95,4 justifying our
treatment of the two phases ¢, and 1, as independent.
As a side remark, we also note that the spectrum of fre-
quencies contain harmonics of frequencies that are too
low to resonate with the primary’s quasi-normal modes
[75, 76].

Finally, we highlight that the metric perturbation only
depends on ¢ and ¢, in the combination (¢ — ¢,); this
implies that the mode number m in Eq. (75) is the same
azimuthal mode number that appears in a (tensor) spher-
ical harmonic expansion of the metric perturbation.

By expanding all quantities in the field equations in
these discrete Fourier series, we reduce the field equa-
tions to partial differential equations, in (r, 8, ¢), for the

mode coefficients hfxn’m’k). A crucial aspect of our expan-
sion is that the left-hand side of these field equations is
identical to the frequency-domain equations one obtains
for the linearized Einstein equations with Fourier modes
e~ wmks (where, recall, s is our hyperboloidal time), even

though here ¢, # s and Vs # Q5. This makes
the equations amenable to standard methods of solving
frequency-domain equations. We refer to Ref. [22] for
more details on the formulation of the field equations in
a multiscale expansion.

4 To see this, note that 1/uf — lasrg — coand 1/uf — 0 asrg —
3m§0) (and takes no integer values in between). Thus inspecting

Q(SO) (and arguing that le) should remain small) reveals there
are no possible resonances in the frequency modes wy,4+1 = mQ+
Qs given m takes integer values.



F. Summary: two-timescale evolution with
precessing spin

In the preceding sections we have extended the mul-
tiscale framework of Refs. [21, 52], which were limited
to (anti-)aligned secondary spin, to allow for a precess-
ing secondary spin. Or, equivalently, we have special-
ized the generic treatment of Paper I to the case of a
slowly spinning primary whose spin is at most slightly
misaligned with the orbital angular momentum. The re-
sulting waveform-generation scheme divides into an of-
fline and an online step:

1. Offline computations. Offline computations are
performed on a grid of €2 values. Since the other
dynamical mechanical variables (§m; and dx;) and
the secondary parameters (mg, x|, and x 1) appear
only linearly (and quadratically in the case of ma),
we calculate their coefficients and leave their values
unspecified until the online step. We solve the field

equations (73b) and (73c) on this £ grid for the

mode amplitudes hggm’k)

the forcing functions Fg(ZO)(Q)7 Fé}n)l(Q), F5(>1<)1 (),

and F\7(Q,6mq,6y1) and Q) on the grid.’ Our
use of Fourier expansions means the orbital phases
factor out of these offline computations; only the
Fourier mode coefficients enter.

. From these, we compute

2. Online simulation. The online stage comprises
a fast evolution through phase space, using the
pre-computed forcing functions, and a summa-
tion of waveform modes, using the pre-computed
waveform amplitudes. We choose values of mgo)’
ox1(t = 0), ma, x|, and x1, recalling dm:(t =
0) = 0. We then solve Egs. (30) and (42) for the
phase-space trajectory

(¢p7 /J)s(ta 5)3 Q(tv 5), 5m1<ta 5)a 5X1(t7 5))

From the trajectory and the pre-computed mode

amplitudes, hg"ﬁ’m’k), we then generate the wave-
form:5
. ny(nm,k) i
Tlgrolor e"hyg (2t wr(t€))

n,m,k

X e—i[m%(t,a)-ﬁ-k?ﬂs(tvs)]_ (78)

5 M in Eq. (50) can be extracted from the directly related

calculations in Ref. [70] while the other contributions to Qg) are
given analytically in Eq. (53).

6 In actuality, the second-order terms in this expressions are ill de-
fined at infinity due to the asymptotic irregularity of the Lorenz
gauge [24]. In practice, we use a matching procedure, subtract
a “puncture” at large r to obtain a regular residual field, and
then transform the total metric perturbation to the Bondi-Sachs
gauge. See Refs. [22, 24] for details.
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Here t refers to Schwarzschild time along the par-
ticle trajectory; equivalently, since the phase-space
variables are constant on slices of constant s, we
can replace t with hyperboloidal time s in the wave-
form.

We note that solving Eqgs. (30) and (42) in the online
step does not actually involve x; because, as we have
explained, the evolution equations do not depend on y
at 1PA order. The intuitive reason for this is that the
k # 0 modes of the second-order metric perturbation
cannot interact with any first-order modes to generate a
nonzero flux of energy (or any other secular effect); such
products will always be oscillatory functions of the two
independent phases ¢, and 1,, which then average to
zero. A nonzero secular effect first enters at 2PA, when
k = 41 modes can multiply against each other to gen-
erate a non-oscillatory O(e*) flux. The spin precession
hence only enters our waveform through the direct con-
tribution of the n = 2, k # 0 modes in Eq. (78). We
include this contribution, even though it is itself a 2PA
effect, because it is distinct from other 2PA effects: it
modulates the waveform by introducing additional fre-
quencies, while the 2PA effects we neglect would only
contribute to the evolution of ¢, through a forcing func-

tion Fg()z). We refer again to Paper I for a more detailed
discussion.

Given that the spin precession is already a 2PA effect in
the waveform, one might suspect that the correction le)
is an entirely negligible 3PA effect. However, its impact is
somewhat subtler. To see this, we follow Paper I in writ-
ing each m mode of the waveform as h,, = A,,e "%,
with A, = |hy| and ®,, = —arg(h,,). Both A4,, and
®,,, here are functions of angles on the sky; m corre-
sponds to a Fourier mode number in Eq. (78), not an
azimuthal mode number in a spherical-harmonic decom-
position (though the two mode numbers become equal if

the Fourier coefficients hgz_;m’k) are decomposed in spin-

weighted spherical harmonics). Decomposing Eq. (78) in
this way, we find

€ s .=
O,y = mey, — ¥ arg(hl)) + W (dgm + Xx1d,, sints
+ x1d;, cos 1/35) + 0%, (79)

with (sky-angle-dependent) coefficients d2, dg,, and d,
given by Eq. (197) of Paper I. Recalling that an order-e
term in the phase is 2PA, we see that d2, represents a 2PA
phase correction without precession, and the other two
order-¢ terms represent the precession’s modulation of
the 2PA phase. A 3PA term in the waveform phase would
be proportional to €2 in the above expression, which is
not the effect of le). Instead, as implied in Eq. (64),
the correction le) affects 1, at order °; hence, rather
than being a 3PA term, it is an order-unity effect in the
modulation of the 2PA term. The impact of this modula-

tion on parameter estimation bears further investigation,



which we defer to future work.

IV. FLUX BALANCE AND THE FIRST LAW
OF BINARY BLACK HOLE MECHANICS

In Sec. 111, we provided formulae for the rate of change
of the orbital frequency, Fsgn), in terms of the local self-
force at the worldline: Egs. (61) and (62). Current state-
of-the-art self-force waveform models do not use these
directly, and instead approximate Fén) by employing an
energy flux balance law which only partially involves local
self-force calculations [17, 18]. In this section, we clar-
ify this approach along with the approximation of the
binary’s binding energy that the models presently rely
upon. Later, in Sec. VIB4, we describe how the energy
balance law approach informs an effective re-summation
of F that significantly enhances the waveform model
accuracy.

A. Flux balance law

Computing the local self-force at the wordline either in-
volves first computing the retarded metric perturbation
and using a regularisation procedure [77, 78] to account
for its singular behavior, or directly computing the effec-
tive metric via an effective-source/puncture method [79-
82] and then computing the self-force. The former tech-
nique has only been developed for the first-order self-
force, and we require the inclusion of the second-order
self-force in Eq. (62). The latter technique is favored
though significant effort is front-loaded into the calcu-
lation of the effective source. Local calculations of the
second-order self-force require highly accurate computa-
tions of a sufficiently smooth effective source. Meanwhile,
the calculation of the second-order gravitational energy
flux at future null infinity [14] is less sensitive to the
smoothness and accuracy of the effective source. Moti-
vated by such practicalities, we outline the balance law
and the determination of a well-motivated approximation
to FS()”) that enables the 1PA inspiral to be determined
from the asymptotic calculations of the second-order en-
ergy flux encoded in hiﬁ, combined with local calcula-
tions of hlg.

First, we define the binary’s binding energy as a func-
tion of the hyperboloidal time coordinate, s,

E(S) = MBondi(S) — ma (8) — Mo, (80)

following the analysis of non-spinning binaries in Sec. IT B
of Ref. [18]. While we have indicated that the primary’s
mass is time dependent, we have neglected any s depen-
dence in mg since its evolution is a 3PA effect [69]. The
primary mass m;j(s) and Bondi mass Mponai(s) can be
measured directly from the quasistationary (m = k = 0),
spherically symmetric modes of the metric on surfaces
of constant s where they intersect the primary’s horizon
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and future null infinity (Z1). Through this procedure, as
explained in Refs. [24, 83, 84], the binding energy can be
computed as a function of w;y. Differentiating Eq. (80)
with respect to s then yields

6E dw; o dMB()ndi _ dm1 (81)
dwr; ds ~ ds ds -’
The Bondi-Sachs mass-loss equation states [85, 86]
dMpondi
— =—F> 82
L , (52)

in which F* is the gravitational wave energy flux
through the s = constant cut of ZT. Meanwhile,

dm1  TH
L=, (83)

where F* is the gravitational wave energy flux through
the s = constant cut of the primary’s horizon [87]. Sub-
stituting these flux-balance equations into Eq. (81) and
rearranging for d€)/ds, we obtain an evolution equation
for the orbital frequency:

Fa OF démy OF dbx:
@ _ 0dmy ds ddx1 ds (84)
ds OE /09 ’

Here for convenience we have defined the total gravita-
tional wave energy flux F = F't + F°°.

Recall that s reduces to t at the particle, such that
Eq. (84) is equivalent to the evolution equation (42a).
We next expand each of the quantities on the right-hand
side of Eq. (84) in powers of ¢, expressing them as func-
tions of w; (and of the system’s constant parameters) in
the process. This then allows us to read off the forcing
functions Fs(zn) in Eq. (42a).

First we note that Eq. (83) implies

d5m1
ds

€

=F1 (85)

Additionally, if we label the gravitational angular mo-
mentum flux at the horizon as L4, then

d
- (mina) = £*, (86)
which in turn implies
dé
6% = (ﬁH - 2m1X1.FH) mf2. (87)

Next, for our quasi-circular, approximately equatorial
inspiral, we expand the binding energy as

E = €E(Q) 4 €E3(Q) + €26x1 E(5,,)(Q)

om
+EX) B (Q) + € = Biomy) () + OE), (88)
my



noting that x| does not contribute to the binding energy
at this order.” We likewise expand the fluxes in a similar
form,

F =€[eF1(Q) + €F(Q) + €26x1F (5x1) (Q)

om
*— Fomn (@] + 0", (89)

my

+ 6ZXHJ:(XH)(Q) +e€

with an identical form for the individual horizon and Z©
terms (and for the angular momentum flux).® Since F;
is dimensionless (with units of mass divided by time),

it can only depend on mgo)

combination m&O)Q; and since F(sp,) = m§°>af1/am1,
it follows that Fs5p,,) = Q0F1 /0. Again, x| does not
contribute to the fluxes at this order. The other flux
terms must be computed independently.

After making these substitutions in Eq. (84), we read
off the following coefficients of € (OPA) and €2 (1PA):

F(O — _]_—1 (aEl) 7

and © in the dimensionless

50 (90a)

5 mi 3
Fs(;) =Fg(zl’0)+5X1Fg(zl’6X1)+ ﬂ(%o1)F(15 )Jr ”F( xu)
(90b)
in which we have defined
(1,00 OF 0 OF;
B = <]:26Q ]:189>(8Q
OE, 7-[ LY E sy,
(%) <f1 R R OITR
(m1 )
(91a)
OF OF,\ 2
15 1 1 (6 1) 1
Y- (f(‘”“) s ~F )(aﬂ) ’
(91Db)
OF OF;\ 2
(1 6m1) 1 (5m1) 1
Fo (f“ml)m 170 )<89> ’
(91c)
(x) _ OE, OB\ (O0E\~
Fo ™ (JT(X") o0 a0 ) o
(91d)

Given the fluxes, the only additional knowledge re-
quired to explicitly compute the quantities in Eq. (90)

7 The dynamical effects linearly proportional to x| of a spinning
test-body are purely oscillatory and thus cannot contribute to
the system’s constants of motion. This definition of the binding
energy reduces to the equivalent conserved quantity in the test-
body limit, corresponding to an eternal circular bound orbit of
frequency €2 in a Schwarzschild background spacetime.

8 Note that we are working with the full binding energy and an-
gular momentum (~ €) and their fluxes (~ €2), not the flux of
the specific energy and angular momentum (~ €).
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is the expansion of the binding energy in Eq. (88). While
this may be computed directly from the asymptotic met-
ric as in Ref. [24, 83], extant 1PA self-force models have
not used Fs as defined from the Bondi mass in Eq. (80)
because Ref. [83]’s computation of the Bondi mass used
a different choice of time slicing than the second-order
flux computations in Ref. [14]. Instead, the 1PA wave-
form models in Ref. [17] used a notion of binding energy
derived from the first law of binary black hole mechan-
ics [88], which Ref. [83] showed to be a reasonably accu-
rate approximation to E. See Sec. IID of Ref. [18] for an
assessment of the impact of this approximation upon the
accuracy of the waveform phase. We return to this point
in Sec. IV C.

B. Binding energy from the first law

For a binary of spinning point particles in an eternal
circular orbit, the first law of binary black hole mechan-
ics through linear order in each spin is the variational
relationship [89, 90]

6MFL — Q§LFL = Z (Z
i=1,2

1 5m; + wméSi) . (92)

Here My;, and Lpp, are the Arnowitt-Deser-Misner
(ADM) mass and angular momentum [91] of the eter-
nally circular system. €2 still denotes the orbital fre-
quency, and zlJ and w! are the Detweiler ‘redshift’ [92]
and precession frequency” of body i, respectively. Since
Mgy, and Ly, are functions of the independent variables
(©Q,m;, S;), the variational relationship implies a set of
partial differential equations:

OMpr, OLpr

ot -tk =0, (93a)
8MFL 6LFL I

o, 3m2 =24 (93b)
OMpy, 0Ly _

a5, a5, wt, (93c)

Note that the partial derivatives are with respect to the
full physical mass and spins of each black hole (as op-
posed to x;, for example).

In our context, the redshift for the secondary is defined
as

dr 1
Pl=2" = — 94
T a W (04)
The secondary’s spin precession frequency is
Wl =—q,, (95)

9 Here, w!l are defined in a Hamiltonian sense. See Equation 4.5
of Ref. [89].



with a sign difference due to a choice of convention. Since
in black hole perturbation theory the primary is an ex-
tended object rather than a point particle, quantities
such as its redshift and spin precession frequency would
have to be defined as appropriate integrals over its hori-
zon.'” However, in what follows, we will not make use of
the equations involving those quantities [(93b) and (93c)
with ¢ = 1], and so our calculations will be insensitive to
those definitions.

A subtler point is that in these relationships we should
not interpret Mg, and Ly, as the ADM mass and angu-
lar momentum of our physical, inspiraling system. Those
quantities would be constants, as they would be for any
asymptotically flat spacetime. Instead, for any set of val-
ues of (2, m;,S;), we construct an effective, asymptoti-
cally flat spacetime for an eternally circular binary with
those parameters. Such a system is unphysical because
no exact solution to the Einstein equations can be both
helically symmetric and asymptotically flat [90]. When
using the first law, we work under the (unproved) as-
sumption that the same relationships (92) and (93) hold
true for our physical, inspiraling system at each value of
hyperboloidal time s. One can think of this heuristically
as Mgy, and Lgy, being good proxies for the Bondi mass
and angular momentum at time s. (As discussed below,
that surrogacy breaks down at 4PN order and at order &2
in the Bondi mass [95, 96], but it remains a reasonably
good approximation.)

We return to the applicability of the first law in our set-
ting at the end of the next section. For now, we blithely
proceed to use it to derive a formula for the binding en-
ergy (88).

To do so, we introduce the first law binding energy,

EFL = MFL — M1 — M. (96)

We expand the binding energy and angular momentum
at fixed values of the dimensionless frequency mi to

O(g3) as

a+b+c=1 Mo a S] b SQ c
_ FL
EFL =ma2 Z E(a b,c) (m1> (m%) (m1m2) )

a,b,c=0
(97a)

a+b+tce=1 Mo a S b So ¢
- FL
Lp1, = mima Z L(a,bvc) (ml> (m%) <m1m2> ’

a,b,c=0
(97b)

where the coefficients E(Fa%bﬁ) and L%,b’c) are dimension-
less functions of m1 2. The leading terms (a = b = ¢ = 0)
represent the binding energy and angular momentum for
a test mass ms in a Schwarzschild spacetime of mass m.

10 Though we note that on scales large compared to the primary’s
size, its redshift zl1 can be identified with its surface gravity [10,
93, 94].
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For our slowly spinning primary and compact secondary,
ma/my ~ €, S1/my ~ €, and Ss/(mims) ~ €. However,
we avoid expanding directly in powers of € here because
it is defined in terms of mgo)
mi.

We likewise expand the redshift and precession fre-
quency to O(g3);

a+b+c=1 [ ] m S
(2] _ 2 2 1
¢ Z Habo) <m1> ( > <m1m2

instead of the physical mass

a,b,c=0
(98a
a+b+c=1 a c
2 _ L2 (M2 (S S2
e aéo (@:0:) (ml) (m% mims )’
(98b)

where again the coefficients are dimensionless functions of
m1€). Our arguments that follow will be based on the fact
that ma/my, S1/m?2, and Sy/(mims) are independent,
arbitrarily specified small quantities. This implies that
from an equation of the form

S () (3) () -0

abc

we can infer fup.(m12) = 0.
Given this reasoning and the above expansions,
Eq. (93a) immediately implies

0By o =MoLy ), (100)
which we can recast as
mlL(a b,c) = —0q ( (a b c) leL(FaL,b,c)> . (101)
Next, from Eq. (93b) with ¢ = 2 we have
E(Fo%o,o) = Z}(Q)],o,o) -1+ leL(FOL,O,O)a (102a)
EfY o) = zg]l o) + ML ), (102b)
E(Fl%o,o) 5 £1]o ot leL 1,0,0): (102c)
Equation (93b) also implies
2001 =0 (103)

since the factors of ms cancel for a = 0,¢ = 1 in Eq. (97a),
meaning the derivative with respect to my vanishes on
the left-hand side of (93b) for these terms.

Combining Eq. (101) and Eq. (102), we can write most
terms in the binding energy completely in terms of the
redshift:

FL  _ _[2]

Efyo0.0) = 200 — 1 — Q002(g ), (104a)
FL L2
L0 = #(0,1,0) Qanz(o 1,0)° (104b)
1
FL  _ 1 _[2]
(1,0.0) = 5%(1,0,0) §Qaﬂz(1,0,o)' (104c)



These leave us with E- as the only undetermined

(0,0,1)
coefficient. Equation (93¢) with ¢ = 2 provides the addi-
tional relationship

2
EO{O,O). (105)

FL
E(o 0,1) — leL(o 0,1) =
We can combine the relation with Eq. (101) to obtain the
final coefficient:

FL

0,0,1) = (106)

w2
“(0,0,0) QaQ“’000)

C. Evolution equation with the first law

Suppose now we assume the two different binding en-
ergies are equal: Epr, = E, recalling that E is defined
in Eq. (80) and Epr, in Eq. (96). Then we can compute
each term in Eq. (88) by substituting Eq. (25) into our
first-law result and re-expanding in powers of the initial
mass ratio, €. The outcome is
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By combining the definition of the redshift in Eq. (94)
with the timelike normalization condition g, 4"4" = —1
in our quasi-circular, approximately equatorial configu-

. . . . 2
ration, we obtain expressions for the coefficients z{a]b o)

Taking the redshift coefficients and wEO} 0,0) = —0" as

inputs to Eq. (102) and Eq. (106) respectively, we arrive
at

E(Q) =m” (11__2;/ - 1) , (108a)
E(Q) = lmgm (2157 — QBoz187) (108b)
E5y) (2 ( 2y15/_2 ;y_?,?f )) 7 (108c)
By (@) = —m{ )%( ! _35)3/3/2, (108d)
B (©) = m{” (—\/%) : (108e)

Ei(Q) =m\VEFL - (mVa), 107a
1) = (0,0,0) ( 1 ) ( ) having defined z1gp = Zg]o 0 = 1h£¢5) ud kP, which is
Ey(Q) = O)E(l 0,0) (mgo)ﬂ) , (107b)  the standard first-order self-force redshift [92].
With the first-law binding energy at hand, we can now
(0) (0) )
Eoxn (@) =my E(O 1,0) (ml Q) ) (107¢) express Eq. (90) in terms of the frequency, the redshift
© and the asymptotic fluxes. Expressing the 2 dependence
Eom,) () = QaﬂE(O 0,0) (ml Q) ) (107d) in terms of the quantity y defined in Eq. (52), and defin-
(0 (0) B 0 I SN (1) D S oo . .
Eqp(Q) = E(o 0,1y (M1 Q2 (107e)  ing FyW = (my F5’, we obtain the following:
J
_2.33/2
) _ 3yl —3y) = F
F ; 109a
Ao _ 3VI(L =3y P Fey) 2T 3yy” (36y° — 33y +10) /1 (109b)
o (1— 6y) (1-6y)? ’
- 3y/y(1 - 3y)3/> VI =3y /y(3(7T - 6y)y — 2) 71
FLem1) _ z }- 109
g 3VIL =3y FG ) 3(1 - 3y)32y2(12y — 5)Fu
X0 = - - : (109d)
(1—6y) (1—6y)
oo _ (=39 2 Eer(y) — 2y2se () 1 3vH(L— 3y)* 2 Fy ( 52 (5 — 121/)) FH (109)
“ (1—6y)? (1 6y) (1 6y)

To group together the explicit horizon flux terms above, we have used the fact that L]!(y) = mgo)y_?’/ 2F], for
quasi-circular inspirals. Thus by computing the relevant flux and redshift terms on a grid of y values, we can integrate
the coupled system in Eq. (42) to obtain the parameter-space trajectory wy(t). Equation (42) reduces to

6m1

2 dQ) - )
(i) 2= = B ) + | FS 0 () + 0 By )+ﬁF(” D)+ FS )] o6, (110a)
ds
= W)+ 0E), (110b)
2
(mgo)) dzl = eLi'(y) + O(?), (110c)

with y = y(Q(t)).



We now return to the question of whether our use of
the first law is valid. An important facet of that ques-
tion is that our use of the first law is actually exact and
fully justified for all terms in Eq. (110) except the first

term in Eq. (109¢) for FS’O). The second term in Fg(zl’o)
accounts for the dissipation of the F; contribution to the
binding energy due to the second-order energy flux, and
its derivation relies solely upon the multiscale expansion

of Egs. (81)—(83). The last term in FQLO) derives from
the time dependence of the primary’s mass and spin cor-
rections, which are explicit in Eq. (84).

To explain why all the other terms are exact, we first
remark that in the binding energy, E1, Esm,), Eix.)
and E(,  are all test-body terms that may be derived by
linearizing (in émy, 6x1, and X)) the energy of a spinning
test body in Kerr around the energy E; of a test mass
in Schwarzschild spacetime. Specifically, in the test-body
limit, we have the equality

E=my(€E—-1), (111)
where the dot is to stress that the equality holds only in
this limit, and we have defined the specific mechanical
energy

E=—ut, — %So‘ﬁvatﬂ (112)
For these terms, the binding energy can be defined from
the mechanical energy of a test body on a circular or-
bit. One can directly verify that the first law is valid
when Epp, and Ly, are the energy and angular momen-
tum of a spinning test body, and the first law’s formulas
for E1, Esm,), Esx,), and E(x”) can be directly verified
from the test-body energy. Moreover, regardless of the
first law, the test-body energy satisfies the flux-balance
law (81) ezactly at the orders in spin and mass ratio that
we use here [25, 52, 97]. In that sense, we did not need
to make explicit use of the first law to calculate these
contributions to Fél). However, it provides a convenient,
unified method of deriving the binding energy.

Finally, we address our use of the first law in deriving

Ff(ZLO). This forcing function only pertains to the non-
spinning, quasi-circular sector of the problem; all other
effects have been stripped off and isolated as linear cor-
rections. More specifically, in our use of the first law in
Eq. (108b), we have replaced Es—the leading non-test-
body term in the binding energy (80)—with

1
EgL = fmgo) (leF - Qagzlsp) . (113)

2

Reference [83] found a numerically small, but nonzero
difference between F5 (as measured directly from the
metric) and this EXL, and Ref. [18] estimated that this
probably leads (via Fsgl)) to a small but non-negligible
difference in the waveform phase. However, the true im-
pact on the waveform is unknown because F3(2) and

F2(Q) are both dependent on the choice of hyperboloidal
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slicing. E5(€2) in Ref. [83] was calculated with a differ-
ent choice of slicing than F2(Q2) in Ref. [14], meaning
it cannot be used in place of EYY. Here we highlight
forthcoming work to better understand the relationship
between E, and ELL:

1. In Ref. [98], we will clarify that Epy, is the on-shell
value of the local Hamiltonian governing the con-
servative sector of the secondary’s orbital dynam-
ics, even in the presence of dissipation (at least at
the orders we consider here, for a nonspinning sec-
ondary). See also Refs. [99-101]. A disagreement
between E5 and Eg L therefore indicates that the
rate of energy emission is not equal to the rate of
change of the secondary’s mechanical Hamiltonian
energy.

2. In Ref. [96], we show analytically that Eo differs
from EEL by an explicit, computable, nonzero cor-
rection term. This extends recent work by Tres-

tini [95], who established an analogous result at
4PN order.

Future work will compare the results of Ref. [96] to the
numerically computed Es in Ref. [26] and incorporate the
correction to EXT into our waveform model.

However, we also point out that, in addition to the
uncertainty surrounding the binding energy, there are
known omissions in the flux F:

1. Existing F» data omits the second-order flux
through the primary’s horizon. The effect of this
omission, which should be numerically small, is dis-
cussed in Ref. [18].

2. In Ref. [24] we showed that existing data for F3 also
omits a ‘memory distortion’ contribution arising
from coupling between gravitational-wave memory
and oscillatory modes. This conclusion will be
further solidified in other forthcoming work [102].
However, the impact of this contribution is ex-
pected to be small due to the small magnitude of
memory modes.

D. Summary: balance law, binding energy and
inspiral evolution

In Sec. IV A, we outlined how an energy balance law
can be employed to express the rate of change of the or-
bital frequency in terms of a binding energy, F, and the
gravitational wave energy flux at Z* and the primary’s
horizon (see Eq. (90)). The expressions can be used in
inspiral evolution schemes in place of the equivalent ex-
pressions derived in terms of the local self-force, which
we initially derived in Sec. IIIC3 — see Eq. (61) and
Eq. (62). The intermediary equation, Eq. (84), inspires a
physically motivated effective re-summation that we im-
plement in the 1IPAT1R waveform model in Sec. VIB4.



In Sec. IV B, we defined a different binding energy by
making use of the first law of binary black hole mechanics.
The expression for the first law binding energy, Eyr,, is
provided in Eq. (107).

In Sec. IV C, we derived explicit expressions for the
rate of change of the orbital frequency by substituting
Epy, as an approximation to E in Eq. (90), which we
utilize in the waveform models of Sec. VI. We highlighted
the specific terms impacted by this approximation and
commented on other minor approximations employed in
computing the second order energy flux, Fo.

V. OFFLINE COMPUTATIONS
A. Overview of offline data

In this section, we outline the general strategy we em-
ploy to obtain the offline data for our waveform model.

We largely use data computed previously in Refs. [14,
52]: specifically, the asymptotic amplitudes of h}ffp ),

hi&p”), hi(fM), and hi(yx”) that enter the waveform (78);

and the corresponding fluxes Fi, F2, F(s5y,), and Foxn)
and redshift z;gp entering the evolution equation (110).
The new ingredients, not previously computed, are the
amplitudes hi(fml) and hi(l,Xl). However, for complete-
ness we summarize the calculations of all ingredients.

1. Field equations, puncture fields and residual fields

The data are computed from solutions to the field
equations (73). In these equations we substitute the first-
and second-order metric perturbations in the forms (32)
and (33) along with the stress-energy tensor (69). We
thus obtain equations that determine each term in the
metric perturbation, separated by peeling off the coeffi-
cients of the powers of €, dmy, dx1, x| and x1. We then
decompose these equations into Fourier modes, using the
expansion (75), and into tensor-spherical-harmonic ¢m
modes, as described in Refs. [21, 52], to obtain radial
ordinary differential equations for each fmk mode coeffi-
cient.

As inputs in the second-order field equations (and to
compute the first-law binding energy), we also need to
split several of the metric perturbations into their singu-
lar and regular pieces:

W, = hp + hy s (114)
refer to the comments above Eq. (5) and the references
therein. In practice, the singular fields are not known
exactly but are approximated with puncture fields hfl'g" ~

h 5 near the worldline, from which we define the residual
fields

(115)
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If the puncture is expanded to sufficiently high order (in
distance from the particle), then the values of hzf and
its first derivatives on the worldline are identical to those
of hg'ﬁ", such that the residual field can be used in place of

hl;”g' in the particle’s equations of motion. The puncture
field for a spinning object, through second order in its
mass and to sufficient order in distance, is given in local,
co-moving coordinates in Ref. [54] and in covariant form
in Refs. [52, 103].

B. First-order fields

i(l,p P) satisfies

The first-order point-mass field h

GO PP = 8xT),.

nv

(116)

Methods of solving this equation, decomposed in tensor-
harmonic and Fourier modes, are standard in the litera-
ture [104]. As input for the second-order field equations,
we specifically solve the mode-decomposed equation in
the Lorenz gauge using the hiLorenz code [105], devel-
oped in Refs. [106, 107] and available on the Black Hole
Perturbation Toolkit [108].

The second-order field equations and binding energy
also require the first-order puncture and residual field.
We calculate the tensor-harmonic modes of the Lorenz-
gauge puncture as described in Refs. [109, 110]; the
modes of the residual field are then obtained by subtract-
ing the puncture modes from the retarded-field modes.
We refer to Ref. [111] for full details.

In order to more efficiently populate the grid of €2 val-
ues, we also separately generate data for the first-order
waveform amplitudes and fluxes using the Teukolsky
package [112] from the Black Hole Perturbation Toolkit.
This data is used in our online waveform generation,
while the Lorenz-gauge data is only used in offline cal-
culations in the interior of the spacetime, specifically in
the construction of second-order source terms and in the
calculation of z1gr from the first-order regular field at the
particle.

Finally, we require the second two terms in Eq. (32),
h,ﬁ?f’”l)(xi) and h,ltgf;Xﬂ(xiL which are smooth vacuum
perturbations. Their corresponding sources vanish, and
they contribute only to the first-order regular field. In

principle, they are easily obtained analytically by ex-

panding the Kerr metric with mass mq = mg())—i—eéml and
dimensionless spin y; = €dx;1 about the (non-spinning)
Schwarzschild metric with mass mgo). In practice, we re-
quire them in the Lorenz gauge, as given analytically in

Appendix D of Ref. [21].



C. Second-order fields
1. Linear secondary spin terms

The secondary’s spin contributes to the second-order
metric perturbation via the fields hi(,jx”)(xi,gbp,ﬂ) and

hi(yxn(xi, bp, s, Q). These fields are straightforward to
compute since their governing equations contain only lin-
ear terms, as there is no secondary spin dependence in

h}xﬁ;
GO 2] = 8T (117a)
GO RPOD] = 8rT2{x+). (117b)

Unlike for hé , we do not require their corresponding
punctures and residual fields — we need only compute
the retarded fields.

In Eq. (110), we provide the exact contribution of

these fields (although hi,}“) does not contribute here)
to the 1PA inspiral evolution in terms of asymptotic en-
ergy fluxes that are easily computed directly from the
retarded metric perturbations. The relevant flux data
were computed in Ref. [52], which we have incorporated
into this work. Rather than directly solving the mode-
decomposed version of Eq. (117a), Ref. [52] computed
this data by solving the corresponding Regge-Wheeler-
Zerilli equations.

Likewise, we obtain the waveform-amplitude contribu-

tions of both hi(l,x”) and hi(yXi) from the retarded so-

lutions to the Regge-Wheeler-Zerilli equations. For the

calculation of hi(l,XL) we adapted the method of Ref. [52],

2(x)

where hy, " was already calculated. We detail the cal-

culation of hi(l,X*) in Appendix B.

2. Nonlinear point-mass terms

With the secondary spin terms accounted for, we next
focus on the point-mass term hi(l,p 2
flux ]:2.

Due to the second-order source’s strong singularity at
the particle, the field equation is reformulated using a
puncture scheme [59, 113-115], adapting methods devel-

oped at first order [109, 116, 117]. In this approach, we
solve for hfﬁz (pp) directly by re-arranging the point-mass
terms in Eq. (73) after substituting Eq. (115):
1,0) 17, R2 _ 2 2,0)51 1
GELV )[h (pp)] - 87TTW(/17P) _ wa )[h (vp) p (pp)}

— GE}VJ) [p1PP)] — G,(}u’o) [hP2ep)],
(118)

and its associated

The puncture term on the right cancels the singularities
in the other source terms, leaving a more regular, effec-
tive source. Equation (118) is solved in a worldtube sur-
rounding the particle’s worldline. Outside the worldtube,

we solve for the retarded field hi(j’ P
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Reference [111] describes our method of computing
the source terms in the above equation, building on
technology from Refs. [21, 23, 109, 118]. This source
construction requires not only the first-order retarded
field but also the first-order residual field (which en-

ters into Tﬁ,(,p ?) and hif(p v )) and the first-order puncture
field. The latter is required because, to accurately cal-

culate Ggfy’o) [1(PP) R1(PP)] in the worldtube around the
worldline, we decompose it as [111, 118],

G/(EV,O) [p1eP) plee)] — G,(fu’o) (WPt 7Y
2,0)7P1 pRI1
+G5w )[h h (pp)]
+ G/(EV,O) [pReP) pRIPP)] - (119)

The ¢m modes of the first term are computed from
the analytically known, four-dimensional A%}, while the

other two terms are computed from ¢m modes of the
first-order fields.

Our method of solving the (mode-decomposed) equa-
tions in Lorenz gauge is described in Ref. [22]. The ulti-
mate output is the asymptotic amplitude and flux data
computed in Ref. [14], which we use here. We refer read-

ers to Refs. [21, 22, 24, 111] for further details on comput-

ing hi(,,p ?) and extracting its contribution to the waveform

(and flux) at future null infinity.

3. Primary mass terms

In principle, h%j&ml) can be computed with the full

second-order infrastructure described for the point-mass
terms, constructing a nonlinear source involving products

of hwjp ) and h,ﬂ(fml). However, we can also calculate

2 . o . .
h,},ﬁsml) far more easily, as it is necessarily equivalent to

the field that would be produced by slightly shifting the

background mass parameter in hi(fp ).

1(pp)
1 _ 71 (0) v
hiPP) (my) = b2 (mi") + edmy om® +...

(120)

From this, we read off hi ™) = 0h, P Jom!”). We refer
to the discussion around Eq. (31) of Ref. [15] for more
information.

The associated flux is not explicitly required because,
in formulating Eq. (109), we already made use of the

equality Fsm,) = mgo)a]:l/@mgo).



4. Primary spin terms

is halX11 Like
hi(lﬁsml), this term, and its associated flux, can be calcu-
lated in two ways: directly, using our full second-order
infrastructure; or by linearizing first-order data. We ex-
plain each method in turn and then compare their results
as a consistency check.

In the first approach, we follow the same procedure we
hi(}jﬂp)

The final term we require in hfw

used to compute , solving a field equation analogous
to Eq (118). However, the source in the field equation

for h (1) has a more straightforward structure. More
premsely, there are no terms quadratic in the first-order

1(6x1)

puncture (as hp only contributes to h and there

/LV)
is no contribution from the slow-evolution term GW [hl]

in the source (73¢) (as h}t(,, 1) ig independent of €, and
the time derivative of dy; is proportional to a flux that
is independent of dy1). Hence, we can write the field

equation for h2(6X1) as

GSJO) [hR2(5X1)] = 87TT31(/5X1) — Gl(ﬁ)O) [hl(éxl)7 hl(pp)]

— GO RP2ex), (121)
We solve this equation in Lorenz gauge using the method
in Ref. [22]. The flux, F2(°x1) is then computed from the
asymptotic amplitudes of the metric perturbation.

In the second, simpler approach, the linear-in-y; am-
plitudes and flux are computed using the first-order
Teukolsky formalism for a particle in Kerr spacetime. As
in the discussion of primary-mass perturbation, we can
write

L(pp)

p2(oxa) — Ohur (122)

v o1

x1=0
and

0F1
Fox) = 5 ; 123
A (123)
where h,i(up ?) and Fy on the right are calculated on a

Kerr background with spin parameter a = mg ) x1- We
can use these results as a check on the complicated ma-
chinery used to construct the source in Eq. (121) and the
numerical methods used to integrate the source to get
the second-order field.

There is a slight subtlety in the comparison as, for
o0x1 # 0, standard frequency-domain Teukolsky codes
compute the fluxes on a spin-weighted spheroidal har-
monic and not a spherical harmonic basis. Thus to

11 We do not require the hi[g’k] mass and spin corrections to the
second-order metric as described in Eq. (33), since they couple
to the waveform at second post-adiabatic order.

19

make the comparison we first expand the spin-weight -2
spheroidal harmonics,_5Sj,,, onto a basis of spin-weight
-2 spherical harmonics, _5Y7,,, such that

2Sim =Y bfp—2Yim,

[=lmin

(124)

where i, = max(|s], |m|) The spheroidal-to-spherical
expansion coeflicients, blm7 can be computed using
methods found in, e.g.,, Ref. [119]. In practice we
evaluate the coefficients using the implementation in
the SpinWeightedSpheroidalHarmonics Mathematica
package [120] of the Black Hole Perturbation Toolkit.

Defining Z;, as the amplitude of the Teukolsky radial
function at infinity, we can write the flux for a given
spherical harmonic mode as

Tk = e b Zum (125)
l:lzlnln 47Tm29%{err
3/2
where Qgerr = mgo)/ (7"3/2 +x1 (mgo)) > Note

that as we are only interested in the linear-in-y; flux,
the limits on the summand in Eq. (125) can be reduced
to max(lmin,! — 1) < I < £+ 1. In order to evalu-
ate Eq. (125) we use the Teukolsky Mathematica pack-
age [112] from the Black Hole Perturbation Toolkit to
compute the Z;,,’s. To extract the linear-in-y; piece of
the flux we evaluate Eq. (125) on a grid of 25 evenly
spaced values of x; € [0,0.25]. We then fit the data to a
5th-order polynomial in y; and extract the linear coeffi-
cient.

As a check on our results we can with compare against
known PN series. The leading PN term of the linear-in-
X1 flux can be extracted from the PN series in Refs. [121,
122]. This leading term is given by

fgg\?)(l) _ 256 13/2 +0(y 15/2).
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where y = (mgo)Q)Q/?’.

We compare the results of the linearized Teukolsky flux
to F2(®x1) in Fig. 1, where we find for the (2,2) mode the
relative error is always less than 1.2 x 107°. As discussed
above, the structure of the dx; source in Eq. (121) is
the same as for the full second-order metric perturba-
tion but without the contributions from G\ [hP1, kP!

and G,&lgl)[hl]. As such, the excellent agreement we find
between the flux computed by integrating the full dx;
source and the linearized Teukolsky flux lends confidence
to the computational infrastructure that we use to com-
pute the point particle second-order source and to inte-

grate it to find hR2 Pp)

(126)

VI. WAVEFORM MODELS

We now present our final waveform model(s). Refer-
ence [52] outlined how the secondary’s spin may be modu-
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FIG. 1. (Top) Comparison of the flux computed from the dx1
perturbation and the linear-in-x; Teukolsky flux. We also plot
the leading PN behaviour given in Eq. (126). (Bottom) The
relative difference between the dy1 and the linearized-in-y1
Teukolsky flux. For orbital radii in the range 6 < ¢/ mgo) <
30, the relative error is always less than 1.5 x 1075,

larly added to the quasi-circular non-spinning 1PA wave-
form models of Ref. [17], when the spin is (anti-)aligned
with the orbital angular momentum. Since then, Ref. [35]
assessed the impact of the (anti-)aligned secondary’s spin
in a parameter estimation study using 1PA waveforms,
and Ref. [49] combined the results of Ref. [52] with
Ref. [17] to inform the modelling of the (anti-)aligned
secondary’s spin terms for asymmetric mass systems in
the EOB model TEOBResumS.

In addition to comparing the spinning 1PA waveforms
with NR, we present several key improvements on these
existing waveform models:

1. We allow for a slowly spinning primary, with a spin
of order € and a small, O(e) misalignment with the
orbital angular momentum.

2. We remove the requirement that the secondary’s
spin be (anti-)aligned with the orbital angular mo-
mentum, allowing for a generic precessing spin. See
Sec. IIT F above and Sec. V C of Paper I for a dis-
cussion of the (2PA) contribution of the secondary’s
precession to the waveform.

3. We no longer neglect the evolution of the primary’s
mass and spin.

4. We compare slight variations of the 1PA model that
hold different quantities fixed while expanding in
powers of the mass ratio.

5. We define a ‘re-summed’ model and demonstrate
its increased accuracy.

In Sec. VI A, we summarise the ‘native’ self-force model
that follows immediately from our multiscale anaylsis.
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In Sec. VIB, we outline straightforward re-expansions
and re-summations of the initial model and define sev-
eral model variations based upon these. In Sec. VIC,
we compare the different 1PA waveform models with NR
waveforms.

A. Native self-force model

The waveform strain is extracted in multiscale form
from Eq. (78). We specifically require the two polariza-
tions of the transverse-tracefree piece of that expression,
which we decompose in the usual way in terms of spin-
weighted spherical harmonics:

(0) oo 14
. m
th - ’th = DilL Z Z th 72vam(67¢)' (127)
(=2

m=—/{

Here Dy, is the luminosity distance, which we have adi-
mensionalised with the factor of the initial primary mass.
Accounting for the multiscale form (78), we may write
each waveform mode in terms of compler mode ampli-
tudes and phase factors:

1
h(m(t) = Z Rémk(wI(t))e_i[m¢p(t)+kw3(t)], (128)
k=—1

suppressing dependence on € and other constant param-
eters.

Given the expansions (32) and (33) of the metric per-
turbation, the waveform amplitudes take the form

Remie = eRyy (9) + ERET (9) + om0 ()
0 2
+ e2ox1 R () + xRyt ()

+ €2XJ_R§,,(:L<]€L) (y)a (129)
where y is defined in Eq. (52).

2(x1)

Importantly, R, 5’ = 0 and in all the other terms

there are only modes with k = 0; the phase factor e**¥s
only multiplies the x 1 term. While the secondary’s pre-
cession did not couple to the 1PA evolution of ¢,, s, it
does contribute to the sub-leading complex amplitude via
the linear-in-y; term. We find that term is numerically
very small (see Fig. 2).

B. Re-expanded and re-summed models

In Ref. [14], the second-order fluxes for a quasi-circular
binary with aligned-spins and a slowly spinning primary
were compared with NR results and found to agree well
even at moderate mass ratios. Reference [17] found sim-
ilar agreement with NR at the level of the waveform for
non-spinning binaries.

A critical step in achieving good accuracy away from
the extreme-mass-ratio regime was the re-expansion in
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(¢,m) = (2,2) mode (real and imaginary part respectively). Bottom: the same but with (¢,m) = (2,1). Notice that the
precessing modes (k # 0) are represented by the dashed lines and are generally at least an order of magnitude smaller than the
leading amplitude even before being suppressed by the additional factor of e.

terms of the symmetric mass ratio, v = mymso/M?, at
fixed values of the total mass, M = my + mo. When we
add the spins into the picture, we also have freedom to
chose which spin parameters we hold fixed in the v expan-
sion. As in Ref. [49], we consider two different choices:
the dimensionless spins y; which appear naturally from
our MPD-Harte framework and the reduced (also dimen-
sionless) spins

Defining the mass ratios

wi =m; /M, (131)
we have y; = £(1 + A), taking the positive (negative)
sign for i« = 1 (i = 2) given the convention m; > ma,
with A = /1 —4v and a; = p;x;. The reason that the
variables a; are also ‘obvious’ choices of parameters to fix
in the expansion is that in weak-field formalisms which
do not rely upon a small-mass-ratio expansion (such as
PN theory [122]), the spin dependence of the expressions
describing the inspiral and waveform are more compactly
expressed in terms of a; and it restores some of the sym-
metry under the interchange of each body. For example,
in expansions in v at fixed a;, both spins contribute at
each order in the series while re-expanding at fixed g,
the secondary’s spin first enters at subleading order. This
suggests we may more accurately capture the spin ef-
fects for generic mass ratios by holding these parameters

fixed. In the flux comparisons in Ref. [14], the authors
also opted to hold a; fixed for this reason.

In total, we define five models: 1PAT1-a, 1PAT1-y,
1PAT1le-a, 1PAT1e-x and 1PAT1R. The models whose
label include ‘e’ and the 1PAT1R model account for the
evolution of the primary’s mass and spin, while the other
models neglect these effects. The models labelled with
‘X’ (‘a’) hold the spin variables x; (a;) fixed in the sym-
metric mass-ratio expansion. The ‘1PAT1’ prefix refers
to the terminology of Ref. [17], where the authors defined
several variants of 1PA waveforms: 1PAT1, 1PAT2 and
1PAF1. Here, we focus only on models of the 1PAT1
variety. All of the 1PAT1 model varieties rely on the
following approximations:

1. In computing the second order energy flux we make
the approximation that Fo ~ F5° and neglect the
second-order energy flux through the horizon. This
is justified since the horizon flux is known to be nu-
merically subdominant (see Ref. [18]). However, as
mentioned in Sec. IV C, work is ongoing to compute
F3t so that it can be included in future models.

2. As we have highlighted in detail in Sec. IV, we ap-
proximate the leading self-force correction to the
binding energy with the binding energy predicted
by the first law. We additionally neglect “memory
distortion” terms in the waveform amplitudes and
flux [24].

3. The models are limited to the inspiral and do not



yet include the transition to plunge and merger-
ringdown parts of the waveform.

Next, we summarise each model and the re-expansion
in v. In the 1IPAT1e models we expand in powers of the
initial symmetric mass-ratio at fixed powers of the initial
total mass (while in the other two models this distinc-
tion is redundant). To reduce notation-related jargon,
we abuse the notation from our previous paragraph and
recycle the labels ‘v’ and ‘M’ as the initial symmetric
mass ratio and initial total mass respectively;

v= mgo)mQ/M and M= mgo) +mg.  (132)
Since we re-expand at fixed values of M, we also define
the dimensionless variable z = (MQ)?/3 to replace our
use of the variable y.
In all models we first re-write the waveform strain as

hy —ihy = 72 Z hem —2Yem (0, ¢),  (133)

{ m=—{

so that the luminosity distance may be cleanly given
units of M; this will be essential for comparison with
NR, where units with M = 1 are used. Note that this
step is a redefinition of hg,, rather than a re-expansion:

(0)
M

hnew _

(134)

1. 1PATle-x

In 1PAT1e-y, we re-expand our baseline model in pow-
ers of v at fixed M.

The expression for the individual waveform modes still
takes the form in Eq. (128), but the re-expansion of
Eq. (129) yields

2
Rumie = vRui (@) +0° | Ryt (@) = 520 Ry 77 (x)

ZRQ(PP)( )+V25X Ré 5X1)( )—|—l/25m1RZ(3;nl)

2(x)

+ 12X Ry (@) + 23X LRI (), (135)

where here Ry, = The terms in square
brackets come from the redeﬁmtion and re-expansion.
The v2R, ") (x) comes from the redefinition (134) and
from re-writing € in terms of v. The V28xR}7(qf]f) (x) term
comes from rewriting the leading amplitude in terms of
x as opposed to y. The rest of the re-expansion in the
subleading term is trivial since € = v + O(v?).

We also re-expand the inspiral evolution equations
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from Eq. (110):

9 _
MG = VG @)+ 2 (64 )+ 6 G )
+ 2 [5G @) + G @)
O, (136a)
T~ VR @)+ 00), (136D)
M? dfff = vl (z) + O(v?), (136c)
with
Gy (z) = FY (@), (1372)
_ _ = 2 o &
Gy (@) = B @) + 4R (@) - a0, FY) (@),
(137b)
vaxu)(x) — Fg(zl’x")(x), (137¢)
0)
= m1 m ~(1,0mq
G (@) = TR ), (137a)
Gg,éxﬂ(x) _ F((ll’6X1)(x)7 (1376)

(1 §m1)

1 B
noting Fy, (m§0)) such that GS’dml) is inde-

0
pendent of mg ),

The phases are then computed via numerical integra-
tion of Eq. (30), having re-expanded the precession fre-
quency in Eq. (49) to linear order in v at fixed values
of M, x; and x. We do not expand the phases in their
asymptotic forms implied by Eq. (63) and Eq. (64) due
to the large loss of waveform accuracy this incurs [17].

2. 1PATle-a

In 1PAT1e-a, we re-expand 1PAT1e-y in powers of v at
fixed a;. The re-expansion of the amplitudes is a trivial
modification to Eq. (135),

2
Ryt (@) = 520 Ry17) (@)

Rka} — VRl(pp)( ) + U L(pp
+ VR (@) + van Ry (@) + 2 5ma Ry, ()

+ vy RO (@) + va 2O (w), (138)

(z)where GH/L = p2X);L and the slow primary spin condi-

tion is a1 (t = 0) ~ v. The inspiral evolution equations
are also a trivial modification of Eq. (136),

dQ) _
M?2=" = VGg))(x)er2

- (G4 @)+ 6mi GG ™) ()]

v @ GG (@) + @GO (@) + o),

(139a)
ds
d”t“ = vFl(z) + O(?), (139b)
o
MZ% = 2LH () + O, (139¢)



with the same definitions for G‘g“) as in Eq. (137).

3. 1PATI1-x (1PAT1-a)

The 1PAT1-x (1PAT1-a) model neglecting the evo-
lution of the primary’s mass and spin is easiest to de-
scribe as two simple changes to the 1PAT1e-y (1PAT1e-
a) model:

1. Fix the primary’s spin to its initial value; dx; =
0x1(t = 0) [a1 = a1(t = 0)]. Fix omy = 0. Discard
their evolution equations.

2. In G5 (), neglect the term oc F that enters via
the last term of F'Sgl’o) (z) in Eq. (109¢).

J. 1PATIR

The 1PAT1R model (‘R’ for ‘re-summed’) is an effec-
tive re-summation of the 1PATe-a model. Rather than
fully expanding the rearranged balance law (84), we ex-
pand the numerator and denominator in powers of v at
fixed values of M, z,aq, but we leave the fraction unex-
panded. We call this an effective re-summation because
Eq. (84) is an exact implication of the fully nonlinear
Einstein equations. The only assumption is the one un-
derlying our multiscale expansion: that the metric’s time
dependence can be reduced to a dependence on mechan-
ical phase-space variables. That “assumption” can itself
be derived from the more generic self-consistent formu-
lation of self-force theory [98].

To glean why this evolution model might be more ac-
curate than a fully expanded one, note that all of our
models break down at the innermost stable circular or-
bit (ISCO), where OE /0 vanishes. As the secondary
approaches the ISCO, 0E /0! becomes small and d2/ds
grows large. Our assumption that the frequency is slowly
evolving then breaks down, signaling the failure of our
multiscale expansion. In the fully expanded evolution
equation, the singularity occurs at the test-mass ISCO,
y =1/6 (or z = 1/6 following our re-expansions), where
OFE1/09 = 0. As we can see from Eq. (109), this intro-
duces the pole structure 1/(1 — 6y)™ in the nPA forcing
function (for n = 0,1; see Table I of Ref. [18]for the
structure at higher orders). If we avoid expanding the
fraction, then the singularity is partially displaced to the
physical ISCO, where ‘;—g =01in Eq. (84). A singularity

remains at ¢ = 1/6 because the second-order field hi(up P ),

and therefore the flux F5, diverges there; this divergence
is caused by the GE},}D source term in Eq. (73c), which
is proportional to the 0PA approximation to Q, which
diverges at the zeroth-order ISCO. However, the pole
structure is more mild at both singular points. The
appearing in hi(fp ) and Fo can also be re-expanded to
move its divergence to the physical ISCO.
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The location of the physical ISCO is

(Ca(0) 1)
66 +0(%),
(140)

which we have checked term-by-term against the exist-
ing literature [99, 123-125]. Note Cq(0) is a numerical
coefficient defined in Ref. [99] in terms of the redshift as
a function of x; with Cq(0) = 1.25101539 £ 4 x 1075 In
terms of x, the ISCO lies at

1 ai as
MQ = — 4+ =
ISCO 6\/6 216+48+V

1 ai C~l||
x =_—
ISCO 506 12v6

When we expand the fraction in Eq. (84), the corrections
to the ISCO location in Eq. (141) manifest themselves as
the higher-order poles at © = 1/6 in the fully expanded
models.

+g(cﬂ(0)—1)+0(52). (141)

C. Results

Our results for each model center around comparisons
with NR waveforms from the SXS catalog [134, 135]. We
examine binaries with mass ratios ¢ = 1/e between 1
and 10, primary spins |x1| < 0.12, and secondary spins
Ix2] < 0.8. Of the five models we have defined, we find
the general (somewhat expected) accuracy hierarchy for
moderately asymmetric-mass binaries:

1PAT1-y ~ 1PATle-y
<1PAT1-a ~ 1PATle-a
<1PATIR,

with the re-summed model demonstrating the greatest
accuracy.

In Fig. 3, we demonstrate that the original 1PAT1
model’s approximation of neglecting the evolution of the
primary’s mass and spin was robust. In Fig. 4, we show
that the 1IPAT1R model offers a notable improvement on
the original non-spinning 1PAT1 model for an equal-mass
binary.

In Figs. 5, 6 and 7, we consider 3 different binaries with
(anti-)aligned spins and consecutively increasing spin on
the primary. Across all three simulations, the 1PAT1e-a
waveform is slightly more faithful to the NR waveform
than the 1PATe-y model. The 1PAT1R model performs
best, with moderate gains when the spin of the primary
is small and significant gains as the primary’s spin in-
creases. It is clear from Fig. 5 that all three models
accurately capture the effects of the secondary’s spin.
However, as we increase the spin of the primary, our
models struggle to stay in phase with the NR waveforms.
Reference [14] found good agreement between the self-
force gravitational energy flux and the flux computed
from the NR simulation used in Fig. 7. Despite this,
the 1PAT1e models dephase significantly with respect to
the NR waveform. We speculate that the main source
of the dephasing is from the approximation of g—g when
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FIG. 3. Top: Waveform comparison for the same nonspinning binary configuration considered in Figure 1 of Ref. [17]. The

NR simulation [126] is in black. In blue is the 1PAT1e-a waveform. In green is the original 1PAT1 waveform, which is not
visible in the plot due to excellent overlap with the 1PAT1e-a waveform. In orange is the difference between the 1PAT1e-a
waveform and the 1PAT1 waveform scaled by a factor of 100. Bottom left (right): The evolution of the primary’s mass
(spin) correction. Their values remain small over the entire inspiral, hence the very small difference between the 1PAT1 and
1PATe-a waveforms.
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FIG. 4. Waveform comparison for the same equal-mass, nonspinning binary configuration shown in the top panel of Figure 1 in
the supplemental material of Ref. [17]. The NR simulation [127] is in black. The original 1PAT1 model is in blue. The 1PAT1R
model is in orange. We have slightly reduced the dephasing of the non-spinning 1PAT1 model against the NR simulation
compared with the original plot in Ref. [17] by more carefully matching the frequencies of the two waveforms at the reference
time. The 1PAT1R waveform exhibits less dephasing against the NR waveform towards the transition-to-plunge region than
the 1PAT1 waveform.

including only linear order in the primary’s spin. This
could also explain why the 1IPAT1R model offers a larger
improvement for larger spins: the location of the ISCO
varies significantly with the primary’s spin.

In Figs. 8, 9, we compare with the most mass-
asymmetric simulations available in the SXS catalog

(¢ = 15) while limiting the primary’s spin to be slow.

In Fig. 10, we find similar phase accuracy hierarchy
among the 1PAT1 models in comparison with an NR sim-
ulation with a very slowly spinning primary and a generic
(precessing) spinning secondary. There is a caveat to the
comparison: the 1PAT1 models and NR simulation are
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FIG. 5. Waveform comparisons for a binary configuration with a rapid anti-aligned spin on the secondary. Top: Comparison
of the NR simulation [128] (in black) with the 1PAT1e-a model (in blue) and the 1PAT1e-x model (in orange). The binary has
anti-aligned spins with a very small spin on the primary. Bottom: The same comparison but against the 1IPAT1R model (in
red).
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FIG. 6. Waveform comparisons for a binary with anti-aligned spins and a small spin on the primary. Top: Comparison of
an NR simulation [129] (in black) with the 1PAT1e-a model (in blue) and the 1PAT1le-x model (in orange). Bottom: The
same comparison but against the IPAT1R model (in red). We note that the 1PAT1R’s accuracy is significantly better than
the 1PAT1e models for higher values of primary spin.

in different frames. The precessing waveforms in the SXS orbital angular momentum. In the self-force formalism,
catalog fix the z-axis along the direction of the initial PN our frame is inherited from the symmetries of the Kerr
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FIG. 7. Waveform comparisons for a binary with aligned spins and a small spin on the primary. Top: Comparison of an
NR simulation [130] (in black) with the 1PAT1e-a model (in blue) and the 1PAT1e-x model (in orange). Bottom: The same

comparison but against the IPAT1R model (in red).
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FIG. 8. Higher ¢ waveform comparisons for a binary with a small aligned spin on the primary. Top: Comparison of an NR
simulation [131] (in black) with the 1PAT1le-a model (in blue) and the 1PAT1le-x model (in orange). Bottom: The same

comparison but against the IPAT1R model (in red).

metric (modulo perturbations) with the z-axis fixed along
the primary’s spin axis (at least at leading order). How-
ever, because the opening angle between the primary’s
spin and the orbital angular momentum is small and the

(2,2) mode is dominant in each of the respective frames,
the (¢,m) = (2,2) mode in the self-force frame is approx-
imately equal to the (¢/,m') = (2,2) in the NR frame.
In Fig. 11, we plot both the (¢,m’) = (2,1) mode of
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FIG. 9. Similar to Fig. 8 but with a slightly more rapid, retrograde spin. Top: Comparison of an NR simulation [132] (in
black) with the 1PAT1e-a model (in blue) and the 1PAT1e-x model (in orange but barely visible beneath blue). Bottom: The

same comparison but against the IPAT1R model (in red).
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Waveform comparison for a binary with large, precessing rapid spin on the secondary. In black is an NR simu-
In blue is the corresponding 1PAT1e-a waveform. In orange is the 1PAT1e-y waveform. In dashed, red is the

1PAT1R waveform. Both 1PAT1e varieties show slightly more dephasing against the NR waveform earlier in the inspiral than
the comparison in Fig. 3, but we highlight the initial mass ratio is now ¢ = 1/q = 1/4. Note the precession modulations in the

(£;m) =

the NR simulation and the corresponding (¢,m) = (2, 1)
waveform mode of the 1PATR model to highlight the
frame difference. A small frame rotation away from the
self-force frame mixes some of the numerically dominant
(¢,m) = (2,2) mode into the (¢, m’) = (2,1) mode which
appears as the higher-frequency modulations visible in
the NR simulation. We leave the comparisons of the
other modes with the appropriate frame transformation
to followup work.

(2,2) mode are too small to be visible in the plot, a fact that we foreshadowed in Fig. 2.

D. Summary: waveform models

In Sec. VI A, we provided an overview of the native
self-force waveform model that follows directly from the
multiscale analysis in Sec. III.

In Sec. VIB, we described five waveform models as
straight-forward modifications of the native self-force
model. In particular, the 1IPAT1e-a (1PAT1e-x) are sim-
ple re-expansions of the Taylor series in the native model
from expansions in € at fixed a; (x;) to expansions in v
at fixed a; (x;). The 1PAT1-a and 1PAT1-x are simi-
larly designed but neglect the evolution of the primary
black hole’s mass and spin. Finally, we introduced the
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FIG. 11. An illustration of the frame difference between the self-force and NR, precessing waveforms. Top: The (¢, m’) = (2,1)
mode of the same NR simulation as in Fig. 10 [133] with ¢ = 4 and a precessing secondary spin. Bottom: The (¢,m) = (2, 1)
mode of the 1IPAT1R model (in red) corresponding to the same binary configuration.

re-summed 1PAT1R model, which derives from an effec-
tive re-summation of the 1PAT1e-a model inspired by the
balance law in Sec. IV A.

In Sec. VIC, we performed a series of comparisons of
the five waveform models against NR simulations which
indicated that the 1IPAT1R model was most faithful to
NR. Our key findings are summarized in our concluding
remarks in the following section.

VII. CONCLUSIONS

In this work, we have extended the multiscale analysis
of Ref. [52] to binaries with a spinning secondary body
with a generic precessing spin in a quasi-circular inspiral
about a slowly spinning primary black hole, where the
primary’s spin has at most a small spin misalignment
from the orbital angular momentum. Or equivalently,
we specialized the generic framework of Paper I to this
binary configuration. We went on to describe how we
obtain the 1PA inspiral evolution using the first law of
binary black hole mechanics. There we also highlighted
sources of error and recently discovered missing ingredi-
ents in our waveform, which will be the subject of future
work. We provided an overview of the necessary offline
computations for our 1PA waveform models, primarily
consisting of solving the perturbative Einstein equations
in multiscale form. We then defined and implemented
five waveform models, all equivalent to one another at
1PA order, and assessed their accuracy against NR, sim-
ulations of comparable or moderately asymmetric-mass

binaries.

Our comparisons with NR indicate that self-force the-
ory accurately models the effects of the secondary’s spin,
even for rapid spins. We showed that using a simple re-
summation in the IPAT1R model significantly improved
the accuracy of self-force models for lower values of the
mass ratio ¢ and higher values of x;. When completed
with the plunge, merger and ringdown, it is quite possible
that self-force waveforms can be used to directly model
binaries with much lower values of ¢ than previously an-
ticipated.

We found that the slow primary spin condition is un-
surprisingly quite restrictive, underlining the need to de-
velop second-order self-force calculations with a Kerr
background metric. That being said, companion pa-
pers [136, 137] will show that there is significant promise
in effectively replacing second-order dissipative effects
with PN information; see also Refs. [138-140].

There are many possible avenues for extending this
work. First and foremost, a followup paper in prepara-
tion will compare NR and self-force waveforms with pre-
cessing secondary spins in the same source frame, which
allows a proper comparison of modes other than our ap-
proximate comparison of the (¢,m) = (2,2) mode here.
Although the effect of precession in our model is very
small (2PA, as opposed to the 1PA effects we focus on),
comparison to NR simulations will be a valuable first
step toward comparisons of more generic precessing sys-
tems, as well as a probe of how significant the secondary
spin’s prececession might be for comparable-mass sys-
tems. There have been an increasing number of NR



simulations of spinning binaries (some including preces-
sion) performed for larger values of ¢ [134, 141-143], and
the companion paper [137] includes further comparisons
with these in the non-precessing case. Reference [144]
highlighted that for many effective waveform models of
precessing binaries, their faithfulness to NR decreases
with increasing g, motivating further development of pre-
cessing self-force waveforms to calibrate other models at
higher values of q.

Secondly, it is also desirable to perform a more quan-
titative exploration of the 1IPAT1R model’s accuracy at
decreasing ¢ and increasing |x1|. However, such analysis
must be careful not to be muddied by the breakdown of
the multiscale expansion at the ISCO and would be best
performed with self-force models extended past the in-
spiral stage of the waveform. An obvious avenue to do so
would be via comparisons with state-of-the-art effective-
one-body (EOB) models such as SEOBNR [50, 145, 146]
on top of extensions of the existing comparisons with
TEOBResumS [18, 49, 139, 140, 147] and by new compar-
isons with the latest Phenom models [148-154] and NR
surrogates (see Ref. [155] for example).

Thirdly, the 1PA models we have presented are techni-
cally valid for all sufficiently compact secondaries, since
their quadrupolar structure first enters the waveform at
2PA order. To date, 1PA self-force waveforms have only
been benchmarked for BH-BH binaries. It would be in-
triguing to investigate our consistency with BH-NS mod-
els such as those of Refs. [156, 157].

In terms of model improvements, it is possible to relax
the restriction of the small opening angle between the
primary’s spin and orbital angular momentum to extend
the 1PA models to generic precession of both spins. All
the required strong-field self-force data is either readily
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available or easy to compute with existing codes [108].
However, we would still need to restrict the primary’s
spin to be slowly spinning until 2SF fluxes are available
with a Kerr background spacetime.

The 1PAT1R and 1PAT1e-a models are publicly avail-
able in the WaSABI package [158] in the Black Hole Per-
turbation Toolkit, though limited at the time of writing
to the non-precessing case until a future update.
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Appendix A: Dipole stress-energy components

The non-zero symmetric components of the tensors appearing in Eq. (72) are
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Appendix B: Computing hi(gu)

Since hi(“) is a linear perturbation to a Schwarzschild
background metric, it can be readily computed using
the Regge-Wheeler-Zerilli (RWZ) formalism [26, 159].
The calculation involves only minor modifications to the
frequency-domain approach in Sec. V of Ref. [52]. The
only modifications are the presence of additional terms
in the RWZ source and the extension of the frequency
spectrum with k£ = £1 modes (as well as changes to the
¢ =0 and ¢ = 1 modes of the metric). We summarise the
calculation in this appendix.

Both the Zerilli-Moncrief (ZM) and the Cunningham-
Price-Moncrief (CPM) master functions satisfy a wave
equation (the RWZ equation), which in the frequency
domain is of the form
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or2
where r, is the usual Schwarzschild tortoise coordinate.
The expressions for the potential V;(r) and the source
term Zy,, are different in each parity sector. In any
case, the source term for each master function derives
from the stress-energy. In the pole-dipole approximation
when the leading motion of the secondary is circular and
approximately equatorial, the source is of the form

Zémw = (Génlw6r0 + F@mwé;o + Hémwago) )

- VK(T) + w? wﬁmw(r) = mew(T)7 (Bl)

(B2)

where we use the shorthand §,, = §(r —10). Gemw, Fome

and Hyme depend only on 7o, x|, X1, m2 and ml0 ; we
derive explicit expressions for these in the following sub-
sections as well as defining the potentials, master func-
tions and sources.

Substituting the source (B2), we obtain the solutions
to Eq. (B1) in terms of the basis of homogeneous so-
lutions via variation of parameters and integrating by
parts;

+C,

Imw

Hme

Rf_mw (T)@;o + 2 67'0’ (B3>

(

having introduced the shorthand for the Heaviside step
functions ©F = O(x(r — rg)). In this work, we
compute the homogeneous solutions Rfmw (r) using the
ReggeWheeler package of the Black Hole Perturbation
Toolkit [108]. Meanwhile, the matching coefficients are
given by

1 d (R;me (7‘)) _
- Fémw
Wemew dr flr) vo
1 & (R}, (1) _
ML) Hime,s B4
Wﬂmw dr ( f(T‘) ) 0 ‘ ( )
and we have defined the Wronskian
— — dRzrmw + dRme
mew = lewT’r* — RzmwTT*. (B5)

Once the master function is determined, the metric
may be reconstructed in the frequency domain via differ-
ential operators acting upon ¥, [26, 160]. In practice,
we extract the GW strain amplitudes (128) directly from
the master variables [26]:

1 [(£+2)! .
Ropie = ~ ( )' (C+(ZM) _ lCJr(CPM)) 7 (B6)

2 (( - 2) Imw Imw

where C’ZéiM) is the matching coefficient in the ZM

master fuction computed in the even parity sector and
CZY(LSPM) is the matching coefficient in the CPM master

function computed in the odd parity sector.



1. Even-parity perturbations

In the even-parity sector, the spherical harmonic de-
composition of the metric perturbation reads

hay = Y _ Wby, (B7a)
hap =Y _ja"YE™, (B7b)
hap =12 (K"™QapY"™ + G"™YiR),  (BTc)

lm

where Y47 Yi™ and Y™ are the even-parity ten-
sor, vector and scalar spherical harmonics as defined in
Ref. [159], and Q4 = diag(1,sin” §) is the metric on the
unit two-sphere. Note that we use the same convention as
Ref. [159], with uppercase Latin indices for coordinates
on the two-sphere (6 and ¢ in standard Schwarzschild co-
ordinates) and lowercase Latin indices (except £ and m)
for coordinates that span the remaining submanifold of
the Schwarzschild metric (with coordinates ¢ and r, for
example). In Eq. (B7), ¢ is implied to be summed over
all positive integers in the scalar sector, all integers with
¢ > 1 in the vector sector and ¢ > 2 in the tensor sector
and m is summed over all integers such that —¢ < m < /.

From hereafter we drop the ‘“¢m’ sub/superscripts for
ease of notation. The even-parity projections of the
stress-energy tensor onto the same spherical harmonic
basis are

Q(t,r) =8n / TY™*dS, (BSa)
@ . 16772 B

0 (t,r):WH)/T Vido, (BSh)

Q"(t,r) = 8nr? / TABQ Y *dQ, (BS8c)
t(¢ ( ) AB

Q*(t,r) = 32mr* ) /T YigdQ,  (B8d)

where d) = sin0dfd¢p, and a star denotes complex con-
jugation.
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The Zerilli gauge condition sets jo™ = 0 = G*™. The
Zerilli-Moncrief master function is then given in terms of
the nonzero harmonic coefficients [160]:

2r 1, .,
even = - hrr — TK . B
o = gy K+ 3 (P =m0 @9)
It satisfies the RWZ equation (B1) with the Zerilli po-
tential,
Veven = I 19p2 A+1+§ +§ )\+1 (B10)
VT p2A2 F) 72 )l

where 7 = 7"/77150)7 A=({l+2)(—-1)/2and A = X+
3/7. The even-parity source is written in terms of the
harmonic coefficients of the stress-energy tensor:

_ 1 f rr r rr
Seven:(A_Fl){ (f2 Qtt_aTQ )+X(A_f)Q
2 2
+ Li Q - TfM [)\()\ —1)r? 4 (4x — 9)m"r

+15(m§0))1Q“} fQT fQﬁ. (B11)

After substituting the stress-energy, neglecting non-
linear perturbation terms and taking the Fourier trans-
form, our frequency-domain source has the form given in

Eq. (B2). We split the non-spinning, aligned-spin and
precessing spin contributions as
Hme = 0, (B12a)
Ffmw = eFémw te X”Ff (XH) w = mQ7
XL FO) w =mQ + kO,
(B12b)
Gfmw = GG%mw + E2X| Gh(:u‘l W= mQ’
ezxLGZ(;fj) w=mQ + kO,
(B12c)

for integer modes over |k| < 1. Each term is given by
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It is worth noting that the modes of the master
function in the non-precessing sector satisfy Ypem. =
(— )mz/)z( m)w . They are also only non-zero when £ + m

is even due to their proportionality to Yy, ( ,O)7 which
indicates the sector is symmetric about the equatorial
plane. In contrast, modes in the precessing sector are
only non-zero when ¢ + m is odd due to their propor-
tionality to Y1) (g, O), corresponding to the precess-
ing sector’s anti-symmetry about the equatorial plane.
If we label the two parts of the precessing spectrum as
wy = mf + QEO) and w_ = mf) — ng), then we will
have a symmetry in the precessing part of the mas-
ter function such that ¢gm., = (fl)mdjz‘(_m)w7 and
Yo—myw, = (=1)"7,.., . So again, we only need to
compute modes with positive m values.

2. Odd-parity perturbations

In the odd-parity sector, the spherical harmonic de-
composition of the metric perturbation is

By = 0, (Bl4a)

hap = Y h"XE" (B14b)
£m

hag =Y hy"X4%, (Bl4c)
lm

where X f{”é and X ng are the odd-parity tensor and vec-
tor harmonics as defined in Ref. [159]. Again, ¢ is im-

(

plied to be summed over all integers with ¢ > 1 in the
vector sector and ¢ > 2 in the tensor sector, and m is
summed over all integers such that —¢ < m < ¢. The
odd-parity projections of the stress-energy tensor onto
the same spherical harmonic basis are

16712
L(L+1)

P(t,r) = / TP X%dQ, (B15)
and we again drop “¢m” sub/superscripts where conve-
nient.

The Regge-Wheeler gauge condition is h5™ = 0. Given
this gauge choice, the Cunningham-Price-Moncrief mas-
ter function is defined as

2
wodd = g <arht - athr - ’I"ht> 9 (B]'G)

and satisfies the RWZ equation (B1) with the Regge-
Wheeler potential,

Voddzz;[f(f—Fl)—tS:l.

- (B17)

The odd-parity source term is given by

2m§0)

rf

Soaa(t,r) = 5 <]106tP’” + fO0,P' + Pf> . (B18)

The analysis of the frequency-domain source in the odd-
parity sector is precisely analogous to the even-parity sec-
tor with different coefficients for the distributional terms:
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The master function in the non-precessing and pre-
cessing sectors has the same respective symmetries in m
as in the even-parity case. However, in the odd-parity,
non-precessing sector the modes of the master function
are only non-zero when ¢ + m is odd due to their pro-

(

portionality to Yp(,11) (g, 0) (because of the equatorial
symmetry) and the precessing sector is only non-zero for
modes in which £+ m is even due to their proportionality
to Yom (5,0) (because of the equatorial anti-symmetry).

[1] R. Abbott et al. (KAGRA, VIRGO, LIGO Scientific),
GWTC-3: Compact Binary Coalescences Observed
by LIGO and Virgo during the Second Part of the
Third Observing Run, Phys. Rev. X 13, 041039 (2023),
arXiv:2111.03606 [gr-qc].

[2) M. Hannam et al., General-relativistic precession
in a black-hole binary, Nature 610, 652 (2022),
arXiv:2112.11300 [gr-qc].

[3] R. Abbott et al. (LIGO Scientific, Virgo), GW190412:
Observation of a Binary-Black-Hole Coalescence with
Asymmetric Masses, Phys. Rev. D 102, 043015 (2020),
arXiv:2004.08342 [astro-ph.HE].

[4] A. Abac et al., The Science of the Einstein Telescope,
(2025), arXiv:2503.12263 [gr-qc].

[5] M. Evans et al., A Horizon Study for Cosmic Ex-
plorer: Science, Observatories, and Community, (2021),
arXiv:2109.09882 [astro-ph.IM].

[6] M. Colpi et al. (LISA), LISA Definition Study Report,
(2024), arXiv:2402.07571 [astro-ph.CO].

[7] N. Afshordi et al. (LISA Consortium Waveform Working
Group), Waveform Modelling for the Laser Interferom-
eter Space Antenna, (2023), arXiv:2311.01300 [gr-qc|.

[8] P. A. Seoane et al. (LISA), Astrophysics with the Laser
Interferometer Space Antenna, Living Rev. Rel. 26, 2
(2023), arXiv:2203.06016 [gr-qc|.

[9] A. Le Tiec, E. Barausse, and A. Buonanno, Gravita-
tional Self-Force Correction to the Binding Energy of
Compact Binary Systems, Phys. Rev. Lett. 108, 131103
(2012), arXiv:1111.5609 [gr-qc].

[10] S. N. Albalat, A. Zimmerman, M. Giesler, and M. A.
Scheel, Redshift factor and the small mass-ratio limit in
binary black hole simulations, Phys. Rev. D 106, 044006
(2022), arXiv:2203.04893 [gr-qc]|.

[11] A. Le Tiec, A. H. Mroue, L. Barack, A. Buonanno, H. P.
Pfeiffer, N. Sago, and A. Taracchini, Periastron Advance
in Black Hole Binaries, Phys. Rev. Lett. 107, 141101
(2011), arXiv:1106.3278 [gr-qc].

[12] A. Le Tiec et al., Periastron Advance in Spinning
Black Hole Binaries: Gravitational Self-Force from Nu-
merical Relativity, Phys. Rev. D 88, 124027 (2013),
arXiv:1309.0541 [gr-qc].

[13] A. Ramos-Buades, M. van de Meent, H. P. Pfeiffer,
H. R. Riiter, M. A. Scheel, M. Boyle, and L. E. Kidder,
Eccentric binary black holes: Comparing numerical rel-
ativity and small mass-ratio perturbation theory, Phys.

[14] N. Warburton, A. Pound, B. V\/ardell7 J. 1\/Illler7 and
L. Durkan, Gravitational-Wave Energy Flux for Com-
pact Binaries through Second Order in the Mass Ratio,
Phys. Rev. Lett. 127, 151102 (2021), arXiv:2107.01298


https://doi.org/10.1103/PhysRevX.13.041039
https://arxiv.org/abs/2111.03606
https://doi.org/10.1038/s41586-022-05212-z
https://arxiv.org/abs/2112.11300
https://doi.org/10.1103/PhysRevD.102.043015
https://arxiv.org/abs/2004.08342
https://arxiv.org/abs/2503.12263
https://arxiv.org/abs/2109.09882
https://arxiv.org/abs/2402.07571
https://arxiv.org/abs/2311.01300
https://doi.org/10.1007/s41114-022-00041-y
https://doi.org/10.1007/s41114-022-00041-y
https://arxiv.org/abs/2203.06016
https://doi.org/10.1103/PhysRevLett.108.131103
https://doi.org/10.1103/PhysRevLett.108.131103
https://arxiv.org/abs/1111.5609
https://doi.org/10.1103/PhysRevD.106.044006
https://doi.org/10.1103/PhysRevD.106.044006
https://arxiv.org/abs/2203.04893
https://doi.org/10.1103/PhysRevLett.107.141101
https://doi.org/10.1103/PhysRevLett.107.141101
https://arxiv.org/abs/1106.3278
https://doi.org/10.1103/PhysRevD.88.124027
https://arxiv.org/abs/1309.0541
https://doi.org/10.1103/PhysRevD.106.124040
https://doi.org/10.1103/PhysRevD.106.124040
https://arxiv.org/abs/2209.03390
https://doi.org/10.1103/PhysRevLett.127.151102
https://arxiv.org/abs/2107.01298

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

23]

[24]

[25]

[26]

[27]

[28]

[gr-qc].

N. Warburton, B. Wardell, D. Trestini, Q. Henry,
A. Pound, L. Blanchet, L. Durkan, G. Faye, and
J. Miller, Comparison of 4.5PN and 2SF gravita-
tional energy fluxes from quasicircular compact binaries,
arXiv:2407.00366 [gr-qc] (2024).

M. van de Meent and H. P. Pfeiffer, Intermediate mass-
ratio black hole binaries: Applicability of small mass-
ratio perturbation theory, Phys. Rev. Lett. 125, 181101
(2020), arXiv:2006.12036 [gr-qc].

B. Wardell, A. Pound, N. Warburton, J. Miller,
L. Durkan, and A. Le Tiec, Gravitational Wave-
forms for Compact Binaries from Second-Order Self-
Force Theory, Phys. Rev. Lett. 130, 241402 (2023),
arXiv:2112.12265 [gr-qc|.

A. Albertini, A. Nagar, A. Pound, N. Warburton,
B. Wardell, L. Durkan, and J. Miller, Comparing
second-order gravitational self-force, numerical rela-
tivity, and effective one body waveforms from inspi-
ralling, quasicircular, and nonspinning black hole bina-
ries, Phys. Rev. D 106, 084061 (2022), arXiv:2208.01049
[gr-qc].

S. Navarro Albalat, A. Zimmerman, M. Giesler, and
M. A. Scheel, Success of the small mass-ratio ap-
proximation during the final orbits of binary black
hole simulations, Phys. Rev. D 107, 084021 (2023),
arXiv:2207.04066 [gr-qc|.

T. Islam, G. Khanna, and S. E. Field, Consistency of
spin effects between numerical relativity and perturba-
tion theory for inspiraling comparable-mass black hole
binaries, (2025), arXiv:2510.00531 [gr-qc|.

J. Miller and A. Pound, Two-timescale evolution
of extreme-mass-ratio inspirals: waveform genera-
tion scheme for quasicircular orbits in Schwarzschild
spacetime, Phys. Rev. D 103, 064048 (2021),
arXiv:2006.11263 [gr-qc].

J. Miller, B. Leather, A. Pound, and N. Warburton,
Worldtube puncture scheme for first- and second-order
self-force calculations in the Fourier domain, Phys. Rev.
D 109, 104010 (2024), arXiv:2401.00455 [gr-qc].

A. Spiers, A. Pound, and B. Wardell, Second-order per-
turbations of the Schwarzschild spacetime: Practical,
covariant, and gauge-invariant formalisms, Phys. Rev.
D 110, 064030 (2024), arXiv:2306.17847 [gr-qc].

K. Cunningham, C. Kavanagh, A. Pound, D. Tres-
tini, N. Warburton, and J. Neef, Gravitational memory:
new results from post-Newtonian and self-force theory,
(2024), arXiv:2410.23950 [gr-qc].

J. Mathews and A. Pound, Postadiabatic waveform-
generation framework for asymmetric precessing bina-
ries, Phys. Rev. D 112, 104078 (2025), arXiv:2501.01413
[er-qc].

A. Pound and B. Wardell, Black hole perturba-
tion theory and gravitational self-force, (2021),
arXiv:2101.04592 [gr-qc].

L. V. Drummond, P. Lynch, A. G. Hanselman, D. R.
Becker, and S. A. Hughes, Extreme mass-ratio inspi-
ral and waveforms for a spinning body into a Kerr
black hole via osculating geodesics and near-identity
transformations, Phys. Rev. D 109, 064030 (2024),
arXiv:2310.08438 [gr-qc]|.

A. M. Grant, Flux-balance laws for spinning bod-
ies under the gravitational self-force, (2024),
arXiv:2406.10343 [gr-qc|.

29]

30]

(32]

(33]

(34]

(36]
37]

(38]

39]

(40]

34

G. A. Piovano, C. Pantelidou, J. Mac Uilliam,
and V. Witzany, Spinning particles near Kerr black
holes: Orbits and gravitational-wave fluxes through the
Hamilton-Jacobi formalism, (2024), arXiv:2410.05769
[gr-qc].

V. Witzany, V. Skoupy, L. Stein, and S. Tanay, Ac-
tions of spinning compact binaries: Spinning particle in
Kerr matched to dynamics at 1.5 post-Newtonian order,
(2024), arXiv:2411.09742 [gr-qc].

V. Skoupy, G. A. Piovano, and V. Witzany, Spherical
inspirals of spinning bodies into Kerr black holes, To be
published (2025), arXiv:2506.20726 [gr-qc].

M. L. Katz, A. J. K. Chua, L. Speri, N. Warbur-
ton, and S. A. Hughes, Fast extreme-mass-ratio-inspiral
waveforms: New tools for millihertz gravitational-
wave data analysis, Phys. Rev. D 104, 064047 (2021),
arXiv:2104.04582 [gr-qc].

Z. Nasipak, Adiabatic gravitational waveform model for
compact objects undergoing quasicircular inspirals into
rotating massive black holes, Phys. Rev. D 109, 044020
(2024), arXiv:2310.19706 [gr-qc].

C. E. A. Chapman-Bird et al., The Fast and the Frame-
Dragging: Efficient waveforms for asymmetric-mass ec-
centric equatorial inspirals into rapidly-spinning black
holes, To be published (2025), arXiv:2506.09470 [gr-
qc].

O. Burke, G. A. Piovano, N. Warburton, P. Lynch,
L. Speri, C. Kavanagh, B. Wardell, A. Pound,
L. Durkan, and J. Miller, Assessing the importance of
first postadiabatic terms for small-mass-ratio binaries,
Phys. Rev. D 109, 124048 (2024), arXiv:2310.08927 [gr-
qc].

P. Amaro-Seoane et al. (LISA), Laser Interferometer
Space Antenna, arXiv:1702.00786 [astro-ph.IM] (2017).
M. Colpi et al., LISA Definition Study Report,
arXiv:2402.07571 [astro-ph.CO] (2024).

J. Luo et al. (TianQin), TianQin: a space-borne gravi-
tational wave detector, Class. Quant. Grav. 33, 035010
(2016), arXiv:1512.02076 [astro-ph.IM].

E.-K. Li et al., Gravitational wave astronomy with tian-
qin, Reports on Progress in Physics 88, 056901 (2025),
arXiv:2409.19665 [astro-ph.GA].

Y. Gong, J. Luo, and B. Wang, Concepts and status
of Chinese space gravitational wave detection projects,
Nature Astron. 5, 881 (2021), arXiv:2109.07442 [astro-
ph.IM].

Z. Luo, Z. Guo, G. Jin, Y. Wu, and W. Hu, A brief
analysis to Taiji: Science and technology, Results Phys.
16, 102918 (2020).

S. Kawamura et al., The Japanese space gravitational
wave antenna: DECIGO, Class. Quant. Grav. 28,
094011 (2011).

M. Punturo et al., The Einstein Telescope: A
third-generation gravitational wave observatory, Class.
Quant. Grav. 27, 194002 (2010).

D. Reitze et al., Cosmic Explorer: The U.S. Contribu-
tion to Gravitational-Wave Astronomy beyond LIGO,
Bull. Am. Astron. Soc. 51, 035 (2019), arXiv:1907.04833
[astro-ph.IM].

L. Kiichler, G. Compere, L. Durkan, and A. Pound, Self-
force framework for transition-to-plunge waveforms, Sci-
Post Phys. 17, 056 (2024), arXiv:2405.00170 [gr-qc].

L. Kiichler, G. Compere, and A. Pound, Self-force
framework for merger-ringdown waveforms, (2025),


https://arxiv.org/abs/2107.01298
https://arxiv.org/abs/2407.00366
https://doi.org/10.1103/PhysRevLett.125.181101
https://doi.org/10.1103/PhysRevLett.125.181101
https://arxiv.org/abs/2006.12036
https://doi.org/10.1103/PhysRevLett.130.241402
https://arxiv.org/abs/2112.12265
https://doi.org/10.1103/PhysRevD.106.084061
https://arxiv.org/abs/2208.01049
https://arxiv.org/abs/2208.01049
https://doi.org/10.1103/PhysRevD.107.084021
https://arxiv.org/abs/2207.04066
https://arxiv.org/abs/2510.00531
https://doi.org/10.1103/PhysRevD.103.064048
https://arxiv.org/abs/2006.11263
https://doi.org/10.1103/PhysRevD.109.104010
https://doi.org/10.1103/PhysRevD.109.104010
https://arxiv.org/abs/2401.00455
https://doi.org/10.1103/PhysRevD.110.064030
https://doi.org/10.1103/PhysRevD.110.064030
https://arxiv.org/abs/2306.17847
https://arxiv.org/abs/2410.23950
https://doi.org/10.1103/rbkb-qnxv
https://arxiv.org/abs/2501.01413
https://arxiv.org/abs/2501.01413
https://arxiv.org/abs/2101.04592
https://doi.org/10.1103/PhysRevD.109.064030
https://arxiv.org/abs/2310.08438
https://arxiv.org/abs/2406.10343
https://arxiv.org/abs/2410.05769
https://arxiv.org/abs/2410.05769
https://arxiv.org/abs/2411.09742
https://arxiv.org/abs/2506.20726
https://doi.org/10.1103/PhysRevD.104.064047
https://arxiv.org/abs/2104.04582
https://doi.org/10.1103/PhysRevD.109.044020
https://doi.org/10.1103/PhysRevD.109.044020
https://arxiv.org/abs/2310.19706
https://arxiv.org/abs/2506.09470
https://arxiv.org/abs/2506.09470
https://doi.org/10.1103/PhysRevD.109.124048
https://arxiv.org/abs/2310.08927
https://arxiv.org/abs/2310.08927
https://arxiv.org/abs/1702.00786
https://arxiv.org/abs/2402.07571
https://doi.org/10.1088/0264-9381/33/3/035010
https://doi.org/10.1088/0264-9381/33/3/035010
https://arxiv.org/abs/1512.02076
https://doi.org/10.1088/1361-6633/adc9be
https://arxiv.org/abs/2409.19665
https://doi.org/10.1038/s41550-021-01480-3
https://arxiv.org/abs/2109.07442
https://arxiv.org/abs/2109.07442
https://doi.org/10.1016/j.rinp.2019.102918
https://doi.org/10.1016/j.rinp.2019.102918
https://doi.org/10.1088/0264-9381/28/9/094011
https://doi.org/10.1088/0264-9381/28/9/094011
https://doi.org/10.1088/0264-9381/27/19/194002
https://doi.org/10.1088/0264-9381/27/19/194002
https://arxiv.org/abs/1907.04833
https://arxiv.org/abs/1907.04833
https://doi.org/10.21468/SciPostPhys.17.2.056
https://doi.org/10.21468/SciPostPhys.17.2.056
https://arxiv.org/abs/2405.00170

arXiv:2506.02189 [gr-qc].

[47] A. Roy, L. Kiichler, A. Pound, and R. Panosso Macedo,
Black hole mergers beyond general relativity: a self-
force approach, (2025), arXiv:2510.11793 [gr-qc|.

[48] M. van de Meent, A. Buonanno, D. P. Mihaylov,
S. Ossokine, L. Pompili, N. Warburton, A. Pound,
B. Wardell, L. Durkan, and J. Miller, Enhancing the
SEOBNRv5 effective-one-body waveform model with
second-order gravitational self-force fluxes, Phys. Rev.
D 108, 124038 (2023), arXiv:2303.18026 [gr-qc].

[49] A. Albertini, A. Nagar, J. Mathews, and G. Lukes-
Gerakopoulos, Comparing second-order gravitational
self-force and effective-one-body waveforms from inspi-
ralling, quasicircular black hole binaries with a nonspin-
ning primary and a spinning secondary, Phys. Rev. D
110, 044034 (2024), arXiv:2406.04108 [gr-qc].

[50] B. Leather, A. Buonanno, and M. van de Meent,
Inspiral-merger-ringdown waveforms with gravitational
self-force results within the effective-one-body formal-
ism, To be published (2025), arXiv:2505.11242 [gr-qc|.

[61] A. Pound, Self-consistent gravitational self-force, Phys.
Rev. D 81, 024023 (2010), arXiv:0907.5197 [gr-qc].

[52] J. Mathews, A. Pound, and B. Wardell, Self-force cal-
culations with a spinning secondary, Phys. Rev. D 105,
084031 (2022), arXiv:2112.13069 [gr-qc]|.

[53] S. E. Gralla and R. M. Wald, A Rigorous Deriva-
tion of Gravitational Self-force, Class. Quant. Grav. 25,
205009 (2008), [Erratum: Class.Quant.Grav. 28, 159501
(2011)], arXiv:0806.3293 [gr-qc].

[54] A. Pound, Nonlinear gravitational self-force. I. Field
outside a small body, Phys. Rev. D 86, 084019 (2012),
arXiv:1206.6538 [gr-qc].

[55] S. D. Upton and A. Pound, Second-order gravitational
self-force in a highly regular gauge, Phys. Rev. D 103,
124016 (2021), arXiv:2101.11409 [gr-qc].

[56] M. Mathisson, Neue mechanik materieller systemes,
Acta Phys. Polon. 6, 163 (1937).

[57] M. Mathisson, Republication of: New mechanics of ma-
terial systems, Gen. Rel. Grav. 42, 1011 (2010).

[58] A. I. Harte, Mechanics of extended masses in gen-
eral relativity, Class. Quant. Grav. 29, 055012 (2012),
arXiv:1103.0543 [gr-qc].

[59] A. Pound, Second-order gravitational self-force, Phys.
Rev. Lett. 109, 051101 (2012), arXiv:1201.5089 [gr-qc].

[60] A. Pound, Nonlinear gravitational self-force: second-
order equation of motion, Phys. Rev. D 95, 104056
(2017), arXiv:1703.02836 [gr-qc]|.

[61] A. Papapetrou, Spinning test particles in general rela-
tivity. 1., Proc. Roy. Soc. Lond. A 209, 248 (1951).

[62] W. G. Dixon, Dynamics of extended bodies in general
relativity III. Equations of motion, Phil. Trans. Roy.
Soc. Lond. A 277, 59 (1974).

[63] J. Vines, D. Kunst, J. Steinhoff, and T. Hinderer,
Canonical Hamiltonian for an extended test body in
curved spacetime: To quadratic order in spin, Phys.
Rev. D 93, 103008 (2016), [Erratum: Phys.Rev.D 104,
029902 (2021)], arXiv:1601.07529 [gr-qc|.

[64] P. Ramond, On the integrability of extended test body
dynamics around black holes, arXiv:2402.02670 [gr-qc]
(2024).

[65] M. Rahman and A. Bhattacharyya, Prospects for de-
termining the nature of the secondaries of extreme
mass-ratio inspirals using the spin-induced quadrupole
deformation, Phys. Rev. D 107, 024006 (2023),

[67]

(68]

(69]

[71]

[72]

[77]

(78]

[79]

(80]

35

arXiv:2112.13869 [gr-qc].

A. Pound, Motion of small objects in curved spacetimes:
An introduction to gravitational self-force, Fund. Theor.
Phys. 179, 399 (2015), arXiv:1506.06245 [gr-qc].

J. A. Marck, Solution to the Equations of Parallel Trans-
port in Kerr Geometry; Tidal Tensor, Proceedings of the
Royal Society of London Series A 385, 431 (1983).

V. Witzany, Hamilton-Jacobi equation for spinning par-
ticles near black holes, Phys. Rev. D 100, 104030 (2019),
arXiv:1903.03651 [gr-qc].

E. Poisson, Absorption of mass and angular momen-
tum by a black hole: Time-domain formalisms for
gravitational perturbations, and the small-hole / slow-
motion approximation, Phys. Rev. D 70, 084044 (2004),
arXiv:gr-qc,/0407050.

S. R. Dolan, N. Warburton, A. I. Harte, A. Le Tiec,
B. Wardell, and L. Barack, Gravitational self-torque and
spin precession in compact binaries, Phys. Rev. D 89,
064011 (2014), arXiv:1312.0775 [gr-qc|.

Y. Mino, M. Sasaki, and T. Tanaka, Gravitational ra-
diation reaction to a particle motion, Phys. Rev. D 55,
3457 (1997), arXiv:gr-qc/9606018.

T. C. Quinn and R. M. Wald, An Axiomatic approach
to electromagnetic and gravitational radiation reaction
of particles in curved space-time, Phys. Rev. D 56, 3381
(1997), arXiv:gr-qc/9610053.

G. A. Piovano, Particles with precessing spin in Kerr
spacetime: analytic solutions for eccentric orbits and
homoclinic motion near the equatorial plane, (2025),
arXiv:2510.09597 [gr-qc|.

L. V. Drummond and S. A. Hughes, Precisely com-
puting bound orbits of spinning bodies around black
holes. I. General framework and results for nearly
equatorial orbits, Phys. Rev. D 105, 124040 (2022),
arXiv:2201.13334 [gr-qc].

V. Cardoso, F. Duque, and G. Khanna, Gravitational
tuning forks and hierarchical triple systems, Phys. Rev.
D 103, L081501 (2021), arXiv:2101.01186 [gr-qc].

Y. Yin, J. Mathews, A. J. K. Chua, and X. Chen, Rela-
tivistic model of binary extreme-mass-ratio inspiral sys-
tems and their gravitational radiation, Phys. Rev. D
111, 103007 (2025), arXiv:2410.09796 [gr-qc].

A. Heffernan, Self-force regularization of a point particle
for generic orbits in Kerr spacetime: electromagnetic
and gravitational cases, (2022), arXiv:2209.05450 [gr-
qc].

M. van de Meent, Gravitational self-force on generic
bound geodesics in Kerr spacetime, Phys. Rev. D 97,
104033 (2018), arXiv:1711.09607 [gr-qc].

R. Panosso Macedo, B. Leather, N. Warburton,
B. Wardell, and A. Zenginoglu, Hyperboloidal method
for frequency-domain self-force calculations, Phys. Rev.
D 105, 104033 (2022), arXiv:2202.01794 [gr-qc].

B. Leather and N. Warburton, Applying the effective-
source approach to frequency-domain self-force calcu-
lations for eccentric orbits, Phys. Rev. D 108, 084045
(2023), arXiv:2306.17221 [gr-qc].

R. Panosso Macedo, P. Bourg, A. Pound, and S. D.
Upton, Multi-domain spectral method for self-force cal-
culations, (2024), arXiv:2404.10083 [gr-qc|.

S. D. Upton, Second-order gravitational self-force
in a highly regular gauge: Covariant and coordi-
nate punctures, Phys. Rev. D 109, 044021 (2024),
arXiv:2309.03778 [gr-qc|.


https://arxiv.org/abs/2506.02189
https://arxiv.org/abs/2510.11793
https://doi.org/10.1103/PhysRevD.108.124038
https://doi.org/10.1103/PhysRevD.108.124038
https://arxiv.org/abs/2303.18026
https://doi.org/10.1103/PhysRevD.110.044034
https://doi.org/10.1103/PhysRevD.110.044034
https://arxiv.org/abs/2406.04108
https://arxiv.org/abs/2505.11242
https://doi.org/10.1103/PhysRevD.81.024023
https://doi.org/10.1103/PhysRevD.81.024023
https://arxiv.org/abs/0907.5197
https://doi.org/10.1103/PhysRevD.105.084031
https://doi.org/10.1103/PhysRevD.105.084031
https://arxiv.org/abs/2112.13069
https://doi.org/10.1088/0264-9381/25/20/205009
https://doi.org/10.1088/0264-9381/25/20/205009
https://arxiv.org/abs/0806.3293
https://doi.org/10.1103/PhysRevD.86.084019
https://arxiv.org/abs/1206.6538
https://doi.org/10.1103/PhysRevD.103.124016
https://doi.org/10.1103/PhysRevD.103.124016
https://arxiv.org/abs/2101.11409
https://doi.org/10.1007/s10714-010-0939-y
https://doi.org/10.1088/0264-9381/29/5/055012
https://arxiv.org/abs/1103.0543
https://doi.org/10.1103/PhysRevLett.109.051101
https://doi.org/10.1103/PhysRevLett.109.051101
https://arxiv.org/abs/1201.5089
https://doi.org/10.1103/PhysRevD.95.104056
https://doi.org/10.1103/PhysRevD.95.104056
https://arxiv.org/abs/1703.02836
https://doi.org/10.1098/rspa.1951.0200
https://doi.org/10.1098/rsta.1974.0046
https://doi.org/10.1098/rsta.1974.0046
https://doi.org/10.1103/PhysRevD.104.029902
https://doi.org/10.1103/PhysRevD.104.029902
https://arxiv.org/abs/1601.07529
https://arxiv.org/abs/2402.02670
https://doi.org/10.1103/PhysRevD.107.024006
https://arxiv.org/abs/2112.13869
https://doi.org/10.1007/978-3-319-18335-0_13
https://doi.org/10.1007/978-3-319-18335-0_13
https://arxiv.org/abs/1506.06245
https://doi.org/10.1098/rspa.1983.0021
https://doi.org/10.1098/rspa.1983.0021
https://doi.org/10.1103/PhysRevD.100.104030
https://arxiv.org/abs/1903.03651
https://doi.org/10.1103/PhysRevD.70.084044
https://arxiv.org/abs/gr-qc/0407050
https://doi.org/10.1103/PhysRevD.89.064011
https://doi.org/10.1103/PhysRevD.89.064011
https://arxiv.org/abs/1312.0775
https://doi.org/10.1103/PhysRevD.55.3457
https://doi.org/10.1103/PhysRevD.55.3457
https://arxiv.org/abs/gr-qc/9606018
https://doi.org/10.1103/PhysRevD.56.3381
https://doi.org/10.1103/PhysRevD.56.3381
https://arxiv.org/abs/gr-qc/9610053
https://arxiv.org/abs/2510.09597
https://doi.org/10.1103/PhysRevD.105.124040
https://arxiv.org/abs/2201.13334
https://doi.org/10.1103/PhysRevD.103.L081501
https://doi.org/10.1103/PhysRevD.103.L081501
https://arxiv.org/abs/2101.01186
https://doi.org/10.1103/PhysRevD.111.103007
https://doi.org/10.1103/PhysRevD.111.103007
https://arxiv.org/abs/2410.09796
https://arxiv.org/abs/2209.05450
https://arxiv.org/abs/2209.05450
https://doi.org/10.1103/PhysRevD.97.104033
https://doi.org/10.1103/PhysRevD.97.104033
https://arxiv.org/abs/1711.09607
https://doi.org/10.1103/PhysRevD.105.104033
https://doi.org/10.1103/PhysRevD.105.104033
https://arxiv.org/abs/2202.01794
https://doi.org/10.1103/PhysRevD.108.084045
https://doi.org/10.1103/PhysRevD.108.084045
https://arxiv.org/abs/2306.17221
https://arxiv.org/abs/2404.10083
https://doi.org/10.1103/PhysRevD.109.044021
https://arxiv.org/abs/2309.03778

[83] A. Pound, B. Wardell, N. Warburton, and J. Miller,
Second-Order Self-Force Calculation of Gravitational
Binding Energy in Compact Binaries, Phys. Rev. Lett.
124, 021101 (2020), arXiv:1908.07419 [gr-qc]|.

[84] R. Bonetto, A. Pound, and Z. Sam, Deformed
Schwarzschild horizons in second-order perturbation
theory: Mass, geometry, and teleology, Phys. Rev. D
105, 024048 (2022), arXiv:2109.09514 [gr-qc].

[85] H. Bondi, M. G. J. van der Burg, and A. W. K. Metzner,
Gravitational waves in general relativity. 7. Waves from
axisymmetric isolated systems, Proc. Roy. Soc. Lond. A
269, 21 (1962).

[86] R. K. Sachs, Gravitational waves in general relativity.
8. Waves in asymptotically flat space-times, Proc. Roy.
Soc. Lond. A 270, 103 (1962).

[87] A. Ashtekar and B. Krishnan, Isolated and dynamical
horizons and their applications, Living Rev. Rel. 7, 10
(2004), arXiv:gr-qc/0407042.

[88] A. Le Tiec, L. Blanchet, and B. F. Whiting, The First
Law of Binary Black Hole Mechanics in General Rel-
ativity and Post-Newtonian Theory, Phys. Rev. D 85,
064039 (2012), arXiv:1111.5378 [gr-qc].

[89] L. Blanchet, A. Buonanno, and A. Le Tiec, First law of
mechanics for black hole binaries with spins, Phys. Rev.
D 87, 024030 (2013), arXiv:1211.1060 [gr-qc].

[90] P. Ramond and A. Le Tiec, First law of mechanics for
spinning compact binaries: Dipolar order, Phys. Rev. D
106, 044057 (2022), arXiv:2202.09345 [gr-qc].

[91] R. L. Arnowitt, S. Deser, and C. W. Misner, The Dy-
namics of general relativity, Gen. Rel. Grav. 40, 1997
(2008), arXiv:gr-qc/0405109.

[92] S. L. Detweiler, A Consequence of the gravitational self-
force for circular orbits of the Schwarzschild geometry,
Phys. Rev. D 77, 124026 (2008), arXiv:0804.3529 [gr-
qc].

[93] A. Zimmerman, A. G. M. Lewis, and H. P. Pfeiffer, Red-
shift factor and the first law of binary black hole me-
chanics in numerical simulations, Phys. Rev. Lett. 117,
191101 (2016), arXiv:1606.08056 [gr-qc].

[94] A. Le Tiec and P. Grandclément, Horizon Surface Grav-
ity in Corotating Black Hole Binaries, Class. (QQuant.
Grav. 35, 144002 (2018), arXiv:1710.03673 [gr-qc].

[95] D. Trestini, The Schott term in the binding energy
for compact binaries on circular orbits at fourth post-
Newtonian order, (2025), arXiv:2504.13245 [gr-qc].

[96] A. M. Grant, A. L. Tiec, and A. Pound, Energy bal-
ance and the first law of binary black hole mechanics,
in preparation.

[97] S. Akcay, S. R. Dolan, C. Kavanagh, J. Moxon, N. War-
burton, and B. Wardell, Dissipation in extreme-mass
ratio binaries with a spinning secondary, Phys. Rev. D
102, 064013 (2020), arXiv:1912.09461 [gr-qc]|.

[98] J. Lewis, T. Kakehi, A. Pound, and T. Tanaka, Post-
adiabatic dynamics and waveform generation in self-
force theory: an invariant pseudo-Hamiltonian frame-
work, To be published (2025), arXiv:2507.08081 [gr-¢c|.

[99] S. Isoyama, L. Barack, S. R. Dolan, A. Le Tiec,
H. Nakano, A. G. Shah, T. Tanaka, and N. Warburton,
Gravitational Self-Force Correction to the Innermost
Stable Circular Equatorial Orbit of a Kerr Black Hole,
Phys. Rev. Lett. 113, 161101 (2014), arXiv:1404.6133
[er-qc].

[100] R. Fujita, S. Isoyama, A. Le Tiec, H. Nakano, N. Sago,
and T. Tanaka, Hamiltonian Formulation of the Conser-

[111]

[112]

[113]

[114]

[115]

[116]

[117]

[118]

[119]

36

vative Self-Force Dynamics in the Kerr Geometry, Class.
Quant. Grav. 34, 134001 (2017), arXiv:1612.02504 [gr-
qc].

F. M. Blanco and E. E. Flanagan, Particle Motion under
the Conservative Piece of the Self-Force is Hamiltonian,
Phys. Rev. Lett. 130, 051201 (2023), arXiv:2205.01667
[gr-qc].

A. Spiers, A. Pound, and J. Moxon, Bondi-Sachs gauge
and BMS frame-fixing in black hole perturbation theory,
in preparation.

A. Pound and J. Miller, Practical, covariant puncture
for second-order self-force calculations, Phys. Rev. D 89,
104020 (2014), arXiv:1403.1843 [gr-qc].

L. Barack and A. Pound, Self-force and radiation reac-
tion in general relativity, Rept. Prog. Phys. 82, 016904
(2019), arXiv:1805.10385 [gr-qc].

N. Warburton and S. Akcay, hlLorenz (2023).

S. Akcay, A Fast Frequency-Domain Algorithm
for Gravitational Self-Force: 1. Circular Orbits in
Schwarzschild Spacetime, Phys. Rev. D 83, 124026
(2011), arXiv:1012.5860 [gr-qc].

S. Akcay, N. Warburton, and L. Barack, Frequency-
domain algorithm for the Lorenz-gauge gravita-
tional self-force, Phys. Rev. D 88, 104009 (2013),
arXiv:1308.5223 [gr-qc]|.

Black Hole Perturbation Toolkit, (bhptoolkit.org).

B. Wardell and N. Warburton, Applying the effective-
source approach to frequency-domain self-force calcula-
tions: Lorenz-gauge gravitational perturbations, Phys.
Rev. D 92, 084019 (2015), arXiv:1505.07841 [gr-qc].

P. Bourg, B. Leather, M. Casals, A. Pound, and
B. Wardell, Implementation of a Green-Hollands-
Zimmerman-Teukolsky puncture scheme for gravita-
tional self-force calculations, Phys. Rev. D 110, 044007
(2024), arXiv:2403.12634 [gr-qc]|.

S. D. Upton, B. Wardell, A. Pound, N. Warburton,
and L. Barack, Effective source for second-order self-
force calculations: quasicircular orbits in Schwarzschild
spacetime, (2025), arXiv:2508.00087 [gr-qc].

B. Wardell, N. Warburton, K. Cunningham, L. Durkan,
B. Leather, Z. Nasipak, C. Kavanagh, and TheoTor-
resV, Teukolsky (2023).

E. Rosenthal, Second-order gravitational self-force,
Phys. Rev. D 74, 084018 (2006), arXiv:gr-qc/0609069.
S. Detweiler, Gravitational radiation reaction and sec-
ond order perturbation theory, Phys. Rev. D 85, 044048
(2012), arXiv:1107.2098 [gr-qc].

S. E. Gralla, Second Order Gravitational Self Force,
Phys. Rev. D 85, 124011 (2012), arXiv:1203.3189 [gr-
qc].

L. Barack and D. A. Golbourn, Scalar-field perturba-
tions from a particle orbiting a black hole using nu-
merical evolution in 2+1 dimensions, Phys. Rev. D 76,
044020 (2007), arXiv:0705.3620 [gr-qc].

I. Vega and S. L. Detweiler, Regularization of fields for
self-force problems in curved spacetime: Foundations
and a time-domain application, Phys. Rev. D 77, 084008
(2008), arXiv:0712.4405 [gr-qc].

J. Miller, B. Wardell, and A. Pound, Second-order per-
turbation theory: the problem of infinite mode coupling,
Phys. Rev. D 94, 104018 (2016), arXiv:1608.06783 [gr-
qc].

S. A. Hughes, The Evolution of circular, nonequato-
rial orbits of Kerr black holes due to gravitational wave


https://doi.org/10.1103/PhysRevLett.124.021101
https://doi.org/10.1103/PhysRevLett.124.021101
https://arxiv.org/abs/1908.07419
https://doi.org/10.1103/PhysRevD.105.024048
https://doi.org/10.1103/PhysRevD.105.024048
https://arxiv.org/abs/2109.09514
https://doi.org/10.1098/rspa.1962.0161
https://doi.org/10.1098/rspa.1962.0161
https://doi.org/10.1098/rspa.1962.0206
https://doi.org/10.1098/rspa.1962.0206
https://doi.org/10.12942/lrr-2004-10
https://doi.org/10.12942/lrr-2004-10
https://arxiv.org/abs/gr-qc/0407042
https://doi.org/10.1103/PhysRevD.85.064039
https://doi.org/10.1103/PhysRevD.85.064039
https://arxiv.org/abs/1111.5378
https://doi.org/10.1103/PhysRevD.87.024030
https://doi.org/10.1103/PhysRevD.87.024030
https://arxiv.org/abs/1211.1060
https://doi.org/10.1103/PhysRevD.106.044057
https://doi.org/10.1103/PhysRevD.106.044057
https://arxiv.org/abs/2202.09345
https://doi.org/10.1007/s10714-008-0661-1
https://doi.org/10.1007/s10714-008-0661-1
https://arxiv.org/abs/gr-qc/0405109
https://doi.org/10.1103/PhysRevD.77.124026
https://arxiv.org/abs/0804.3529
https://arxiv.org/abs/0804.3529
https://doi.org/10.1103/PhysRevLett.117.191101
https://doi.org/10.1103/PhysRevLett.117.191101
https://arxiv.org/abs/1606.08056
https://doi.org/10.1088/1361-6382/aac58c
https://doi.org/10.1088/1361-6382/aac58c
https://arxiv.org/abs/1710.03673
https://arxiv.org/abs/2504.13245
https://doi.org/10.1103/PhysRevD.102.064013
https://doi.org/10.1103/PhysRevD.102.064013
https://arxiv.org/abs/1912.09461
https://arxiv.org/abs/2507.08081
https://doi.org/10.1103/PhysRevLett.113.161101
https://arxiv.org/abs/1404.6133
https://arxiv.org/abs/1404.6133
https://doi.org/10.1088/1361-6382/aa7342
https://doi.org/10.1088/1361-6382/aa7342
https://arxiv.org/abs/1612.02504
https://arxiv.org/abs/1612.02504
https://doi.org/10.1103/PhysRevLett.130.051201
https://arxiv.org/abs/2205.01667
https://arxiv.org/abs/2205.01667
https://doi.org/10.1103/PhysRevD.89.104020
https://doi.org/10.1103/PhysRevD.89.104020
https://arxiv.org/abs/1403.1843
https://doi.org/10.1088/1361-6633/aae552
https://doi.org/10.1088/1361-6633/aae552
https://arxiv.org/abs/1805.10385
https://github.com/BlackHolePerturbationToolkit/h1Lorenz
https://doi.org/10.1103/PhysRevD.83.124026
https://doi.org/10.1103/PhysRevD.83.124026
https://arxiv.org/abs/1012.5860
https://doi.org/10.1103/PhysRevD.88.104009
https://arxiv.org/abs/1308.5223
http://bhptoolkit.org/
https://doi.org/10.1103/PhysRevD.92.084019
https://doi.org/10.1103/PhysRevD.92.084019
https://arxiv.org/abs/1505.07841
https://doi.org/10.1103/PhysRevD.110.044007
https://doi.org/10.1103/PhysRevD.110.044007
https://arxiv.org/abs/2403.12634
https://arxiv.org/abs/2508.00087
https://doi.org/10.5281/ZENODO.8116897
https://doi.org/10.1103/PhysRevD.74.084018
https://arxiv.org/abs/gr-qc/0609069
https://doi.org/10.1103/PhysRevD.85.044048
https://doi.org/10.1103/PhysRevD.85.044048
https://arxiv.org/abs/1107.2098
https://doi.org/10.1103/PhysRevD.85.124011
https://arxiv.org/abs/1203.3189
https://arxiv.org/abs/1203.3189
https://doi.org/10.1103/PhysRevD.76.044020
https://doi.org/10.1103/PhysRevD.76.044020
https://arxiv.org/abs/0705.3620
https://doi.org/10.1103/PhysRevD.77.084008
https://doi.org/10.1103/PhysRevD.77.084008
https://arxiv.org/abs/0712.4405
https://doi.org/10.1103/PhysRevD.94.104018
https://arxiv.org/abs/1608.06783
https://arxiv.org/abs/1608.06783

[120

[121

[122]

[123]

[124]

[125

[126]
[127]
[128]
[129]

[130]

[131]
[132]
[133]

[134]

[135]

136

[137]

[138]

emission, Phys. Rev. D 61, 084004 (2000), [Erratum:
Phys.Rev.D 63, 049902 (2001), Erratum: Phys.Rev.D
65, 069902 (2002), Erratum: Phys.Rev.D 67, 089901
(2003), Erratum: Phys.Rev.D 78, 109902 (2008), Er-
ratum: Phys.Rev.D 90, 109904 (2014)], arXiv:gr-
qc/9910091.

B. Wardell, N. Warburton, , KwintenF, S. Upton,
and K. Cunningham, SpinWeightedSpheroidalHarmon-
ics (2023).

R. Fujita, Gravitational Waves from a Particle in Cir-
cular Orbits around a Rotating Black Hole to the 11th
Post-Newtonian Order, PTEP 2015, 033E01 (2015),
arXiv:1412.5689 [gr-qc]|.

F. Messina, A. Maldarella, and A. Nagar, Factorization
and resummation: A new paradigm to improve gravita-
tional wave amplitudes. II: the higher multipolar modes,
Phys. Rev. D 97, 084016 (2018), arXiv:1801.02366 [gr-
qc].

P. I. Jefremov, O. Y. Tsupko, and G. S. Bisnovatyi-
Kogan, Innermost stable circular orbits of spinning test
particles in Schwarzschild and Kerr space-times, Phys.
Rev. D 91, 124030 (2015), arXiv:1503.07060 [gr-qc].

L. Barack and N. Sago, Gravitational self-force cor-
rection to the innermost stable circular orbit of a
Schwarzschild black hole, Phys. Rev. Lett. 102, 191101
(2009), arXiv:0902.0573 [gr-qc].

S. Akcay, L. Barack, T. Damour, and N. Sago, Gravi-
tational self-force and the effective-one-body formalism
between the innermost stable circular orbit and the light
ring, Phys. Rev. D 86, 104041 (2012), arXiv:1209.0964
[gr-qc].

S. Collaboration, Binary black-hole simulation
sxs:bbh:1107, 10.5281 /zenodo.3302023 (2019).

S. Collaboration, Binary black-hole simulation
sxs:bbh:1132, 10.5281 /zenodo.2649511 (2019).

S. Collaboration, Binary black-hole simulation
sxs:bbh:1436, 10.5281 /zenodo.3272906 (2019).

S. Collaboration, Binary black-hole simulation
sxs:bbh:1431, 10.5281 /zenodo.3302671 (2019).

J. Blackman and S. Collaboration, Binary black-
hole simulation sxs:bbh:1460, 10.5281 /zenodo.2644087
(2019).

S. Collaboration, Binary black-hole simulation
sxs:bbh:2468, 10.5281 /zenodo.13147624 (2024).

S. Collaboration, Binary black-hole simulation
sxs:bbh:2471, 10.5281 /zenodo.13147573 (2024).
S. Collaboration, Binary black-hole simulation

sxs:bbh:2056, 10.5281 /zenodo.3273407 (2019).

M. Boyle et al., The SXS Collaboration catalog of binary
black hole simulations, Class. Quant. Grav. 36, 195006
(2019), arXiv:1904.04831 [gr-qc].

M. A. Scheel et al., The SXS Collaboration’s third
catalog of binary black hole simulations, (2025),
arXiv:2505.13378 [gr-qc]|.

L. Honet, A. Pound, and G. Compere, Hybrid wave-
form model for asymmetric spinning binaries: Self-force
meets post-Newtonian theory, (2025), arXiv:2510.16114

[gr-qc].
L. Honet, J. Mathews, G. Compere, A. Pound,
B. Wardell, G. A. Piovano, M. van de Meent,

and N. Warburton, Spin-aligned inspiral waveforms
from self-force and post-Newtonian theory, (2025),
arXiv:2510.16112 [gr-qc].

A. Nagar and S. Albanesi, Toward a gravitational

[139]

[140]

[141]

[142]

[143]

[144]

[145]

[146]

[147]

[148]

[149]

[150]

[151]

37

self-force-informed effective-one-body waveform model
for nonprecessing, eccentric, large-mass-ratio inspirals,
Phys. Rev. D 106, 064049 (2022), arXiv:2207.14002 [gr-
qc].

A. Albertini, A. Nagar, A. Pound, N. Warbur-
ton, B. Wardell, L. Durkan, and J. Miller, Compar-
ing second-order gravitational self-force and effective
one body waveforms from inspiralling, quasicircular
and nonspinning black hole binaries. II. The large-
mass-ratio case, Phys. Rev. D 106, 084062 (2022),
arXiv:2208.02055 [gr-qc].

A. Albertini, R. Gamba, A. Nagar, and S. Bernuzzi,
Effective-one-body waveforms for extreme-mass-ratio
binaries: Consistency with second-order gravitational
self-force quasicircular results and extension to non-
precessing spins and eccentricity, Phys. Rev. D 109,
044022 (2024), arXiv:2310.13578 [gr-qc].

J. Healy and C. O. Lousto, Fourth RIT binary black
hole simulations catalog: Extension to eccentric orbits,
Phys. Rev. D 105, 124010 (2022), arXiv:2202.00018 [gr-
qc].

D. Ferguson et al., Second MAYA Catalog of Binary
Black Hole Numerical Relativity Waveforms, (2023),
arXiv:2309.00262 [gr-qc].

E. Hamilton et al., Catalog of precessing black-hole-
binary numerical-relativity simulations, Phys. Rev. D
109, 044032 (2024), arXiv:2303.05419 [gr-qc].

J. Mac Uilliam, S. Akcay, and J. E. Thompson, Sur-
vey of four precessing waveform models for binary
black hole systems, Phys. Rev. D 109, 084077 (2024),
arXiv:2402.06781 [gr-qc].

L. Pompili et al., Laying the foundation of the effective-
one-body waveform models SEOBNRv5: Improved ac-
curacy and efficiency for spinning nonprecessing bi-
nary black holes, Phys. Rev. D 108, 124035 (2023),
arXiv:2303.18039 [gr-qc].

A. Ramos-Buades, A. Buonanno, H. Estellés, M. Khalil,
D. P. Mihaylov, S. Ossokine, L. Pompili, and
M. Shiferaw, Next generation of accurate and ef-
ficient multipolar precessing-spin effective-one-body
waveforms for binary black holes, Phys. Rev. D 108,
124037 (2023), arXiv:2303.18046 [gr-qc].

R. Gamba, S. Akcay, S. Bernuzzi, and J. Williams,
Effective-one-body waveforms for precessing coalescing
compact binaries with post-Newtonian twist, Phys. Rev.
D 106, 024020 (2022), arXiv:2111.03675 [gr-qc|.

G. Pratten et al., Computationally efficient models for
the dominant and subdominant harmonic modes of pre-
cessing binary black holes, Phys. Rev. D 103, 104056
(2021), arXiv:2004.06503 [gr-qc].

G. Pratten, S. Husa, C. Garcia-Quiros, M. Colleoni,
A. Ramos-Buades, H. Estelles, and R. Jaume, Setting
the cornerstone for a family of models for gravitational
waves from compact binaries: The dominant harmonic
for nonprecessing quasicircular black holes, Phys. Rev.
D 102, 064001 (2020), arXiv:2001.11412 [gr-qc].

C. Garcia-Quirds, M. Colleoni, S. Husa, H. Estellés,
G. Pratten, A. Ramos-Buades, M. Mateu-Lucena,
and R. Jaume, Multimode frequency-domain model
for the gravitational wave signal from nonprecessing
black-hole binaries, Phys. Rev. D 102, 064002 (2020),
arXiv:2001.10914 [gr-qc]|.

H. Estellés, M. Colleoni, C. Garcia-Quirés, S. Husa,
D. Keitel, M. Mateu-Lucena, M. d. L. Planas,


https://doi.org/10.1103/PhysRevD.65.069902
https://arxiv.org/abs/gr-qc/9910091
https://arxiv.org/abs/gr-qc/9910091
https://doi.org/10.5281/ZENODO.8112931
https://doi.org/10.5281/ZENODO.8112931
https://doi.org/10.1093/ptep/ptv012
https://arxiv.org/abs/1412.5689
https://doi.org/10.1103/PhysRevD.97.084016
https://arxiv.org/abs/1801.02366
https://arxiv.org/abs/1801.02366
https://doi.org/10.1103/PhysRevD.91.124030
https://doi.org/10.1103/PhysRevD.91.124030
https://arxiv.org/abs/1503.07060
https://doi.org/10.1103/PhysRevLett.102.191101
https://doi.org/10.1103/PhysRevLett.102.191101
https://arxiv.org/abs/0902.0573
https://doi.org/10.1103/PhysRevD.86.104041
https://arxiv.org/abs/1209.0964
https://arxiv.org/abs/1209.0964
https://doi.org/10.5281/zenodo.3302023
https://doi.org/10.5281/zenodo.2649511
https://doi.org/10.5281/zenodo.3272906
https://doi.org/10.5281/zenodo.3302671
https://doi.org/10.5281/zenodo.2644087
https://doi.org/10.5281/zenodo.13147624
https://doi.org/10.5281/zenodo.13147573
https://doi.org/10.5281/zenodo.3273407
https://doi.org/10.1088/1361-6382/ab34e2
https://doi.org/10.1088/1361-6382/ab34e2
https://arxiv.org/abs/1904.04831
https://arxiv.org/abs/2505.13378
https://arxiv.org/abs/2510.16114
https://arxiv.org/abs/2510.16114
https://arxiv.org/abs/2510.16112
https://doi.org/10.1103/PhysRevD.106.064049
https://arxiv.org/abs/2207.14002
https://arxiv.org/abs/2207.14002
https://doi.org/10.1103/PhysRevD.106.084062
https://arxiv.org/abs/2208.02055
https://doi.org/10.1103/PhysRevD.109.044022
https://doi.org/10.1103/PhysRevD.109.044022
https://arxiv.org/abs/2310.13578
https://doi.org/10.1103/PhysRevD.105.124010
https://arxiv.org/abs/2202.00018
https://arxiv.org/abs/2202.00018
https://arxiv.org/abs/2309.00262
https://doi.org/10.1103/PhysRevD.109.044032
https://doi.org/10.1103/PhysRevD.109.044032
https://arxiv.org/abs/2303.05419
https://doi.org/10.1103/PhysRevD.109.084077
https://arxiv.org/abs/2402.06781
https://doi.org/10.1103/PhysRevD.108.124035
https://arxiv.org/abs/2303.18039
https://doi.org/10.1103/PhysRevD.108.124037
https://doi.org/10.1103/PhysRevD.108.124037
https://arxiv.org/abs/2303.18046
https://doi.org/10.1103/PhysRevD.106.024020
https://doi.org/10.1103/PhysRevD.106.024020
https://arxiv.org/abs/2111.03675
https://doi.org/10.1103/PhysRevD.103.104056
https://doi.org/10.1103/PhysRevD.103.104056
https://arxiv.org/abs/2004.06503
https://doi.org/10.1103/PhysRevD.102.064001
https://doi.org/10.1103/PhysRevD.102.064001
https://arxiv.org/abs/2001.11412
https://doi.org/10.1103/PhysRevD.102.064002
https://arxiv.org/abs/2001.10914

[152]

[153]

[154]

[155]

and A. Ramos-Buades, New twists in compact bi-
nary waveform modeling: A fast time-domain model
for precession, Phys. Rev. D 105, 084040 (2022),
arXiv:2105.05872 [gr-qc].

E. Hamilton, L. London, J. E. Thompson, E. Fauchon-
Jones, M. Hannam, C. Kalaghatgi, S. Khan, F. Pannar-
ale, and A. Vano-Vinuales, Model of gravitational waves
from precessing black-hole binaries through merger
and ringdown, Phys. Rev. D 104, 124027 (2021),
arXiv:2107.08876 [gr-qc|.

J. E. Thompson, E. Hamilton, L. London, S. Ghosh,
P. Kolitsidou, C. Hoy, and M. Hannam, PhenomXO4a:
a phenomenological gravitational-wave model for pre-
cessing black-hole binaries with higher multipoles
and asymmetries, Phys. Rev. D 109, 063012 (2024),
arXiv:2312.10025 [gr-qc|.

H. Yu, J. Roulet, T. Venumadhav, B. Zackay, and
M. Zaldarriaga, Accurate and efficient waveform model
for precessing binary black holes, Phys. Rev. D 108,
064059 (2023), arXiv:2306.08774 [gr-qc].

V. Varma, S. E. Field, M. A. Scheel, J. Blackman,
D. Gerosa, L. C. Stein, L. E. Kidder, and H. P. Pfeiffer,
Surrogate models for precessing binary black hole sim-

[156]

38

ulations with unequal masses, Phys. Rev. Research. 1,
033015 (2019), arXiv:1905.09300 [gr-qc].

J. E. Thompson, E. Fauchon-Jones, S. Khan, E. Ni-
toglia, F. Pannarale, T. Dietrich, and M. Hannam,
Modeling the gravitational wave signature of neutron
star black hole coalescences, Phys. Rev. D 101, 124059
(2020), arXiv:2002.08383 [gr-qc].

A. Matas et al., Aligned-spin neutron-star—black-hole
waveform model based on the effective-one-body ap-
proach and numerical-relativity simulations, Phys. Rev.
D 102, 043023 (2020), arXiv:2004.10001 [gr-qc].

B. Wardell, J. Mathews, and L. Honet, WaSABI (2025).
K. Martel and E. Poisson, Gravitational perturbations
of the Schwarzschild spacetime: A Practical covariant
and gauge-invariant formalism, Phys. Rev. D 71, 104003
(2005), arXiv:gr-qc/0502028.

S. Hopper and C. R. Evans, Gravitational perturba-
tions and metric reconstruction: Method of extended
homogeneous solutions applied to eccentric orbits on
a Schwarzschild black hole, Phys. Rev. D 82, 084010
(2010), arXiv:1006.4907 [gr-qc].


https://doi.org/10.1103/PhysRevD.105.084040
https://arxiv.org/abs/2105.05872
https://doi.org/10.1103/PhysRevD.104.124027
https://arxiv.org/abs/2107.08876
https://doi.org/10.1103/PhysRevD.109.063012
https://arxiv.org/abs/2312.10025
https://doi.org/10.1103/PhysRevD.108.064059
https://doi.org/10.1103/PhysRevD.108.064059
https://arxiv.org/abs/2306.08774
https://doi.org/10.1103/PhysRevResearch.1.033015
https://doi.org/10.1103/PhysRevResearch.1.033015
https://arxiv.org/abs/1905.09300
https://doi.org/10.1103/PhysRevD.101.124059
https://doi.org/10.1103/PhysRevD.101.124059
https://arxiv.org/abs/2002.08383
https://doi.org/10.1103/PhysRevD.102.043023
https://doi.org/10.1103/PhysRevD.102.043023
https://arxiv.org/abs/2004.10001
https://doi.org/10.5281/zenodo.17405583
https://doi.org/10.1103/PhysRevD.71.104003
https://doi.org/10.1103/PhysRevD.71.104003
https://arxiv.org/abs/gr-qc/0502028
https://doi.org/10.1103/PhysRevD.82.084010
https://doi.org/10.1103/PhysRevD.82.084010
https://arxiv.org/abs/1006.4907

	Post-adiabatic self-force waveforms: slowly spinning primary and precessing secondary
	Abstract
	Contents
	Introduction
	Outline and conventions

	Overview of Self-force theory with a spinning secondary
	Field equations and effective metric
	MPD-Harte equations of motion
	Parameterization of the secondary spin

	Multiscale expansion for approximately equatorial orbits around a slowly spinning, slowly evolving primary
	Orbital configuration
	Metric
	Up-down symmetry
	Fields on phase space

	Evolution equations
	Evolution of the secondary's spin
	Expansion of the equations of motion
	Evolution of the worldline

	Stress-energy tensor
	Field equations and Fourier expansions
	Summary: two-timescale evolution with precessing spin

	Flux balance and the first law of binary black hole mechanics
	Flux balance law
	Binding energy from the first law
	Evolution equation with the first law
	Summary: balance law, binding energy and inspiral evolution

	Offline computations
	Overview of offline data
	Field equations, puncture fields and residual fields

	First-order fields
	Second-order fields
	Linear secondary spin terms
	Nonlinear point-mass terms
	Primary mass terms
	Primary spin terms


	Waveform models
	Native self-force model
	Re-expanded and re-summed models
	1PAT1e-
	1PAT1e-a
	1PAT1- (1PAT1-a)
	1PAT1R

	Results
	Summary: waveform models

	Conclusions
	Acknowledgments
	Dipole stress-energy components
	Computing h2()
	Even-parity perturbations
	Odd-parity perturbations

	References


