
Post-adiabatic self-force waveforms: slowly spinning primary and precessing secondary

Josh Mathews ,1 Barry Wardell ,2 Adam Pound ,3 and Niels Warburton 2

1Department of Physics, National University of Singapore, 21 Lower Kent Ridge Rd, Singapore 119077
2School of Mathematics & Statistics, University College Dublin, Belfield, Dublin 4, Ireland, D04 V1W8

3School of Mathematical Sciences and STAG Research Centre,
University of Southampton, Southampton, United Kingdom, SO17 1BJ

Recent progress in gravitational self-force theory has led to the development of a first post-
adiabatic (1PA) waveform model for nonspinning, quasicircular compact binaries [Phys. Rev. Lett.
130, 241402 (2023)]. In this paper, we extend that model to allow for a slowly spinning primary
black hole and a generic, precessing spin on the secondary object, restricting to the case of small
misalignment between the primary spin and the orbital angular momentum. We demonstrate ex-
cellent agreement between our waveforms and fully nonlinear numerical relativity simulations for
mass ratios q ≳ 5 and primary spins |χ1| ≲ 0.1 and arbitrary secondary spin χ2 ≲ 1. In particular
we present the re-summed 1PAT1R waveform model, which significantly improves the accuracy of
the original 1PAT1 waveforms for comparable masses and increasing primary spin. Our models are
publicly available in the WaSABI package.
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I. INTRODUCTION

The detection of gravitational wave signals from the
merger of compact-object binaries is now routine, with
nearly 100 events observed so far by the LIGO-Virgo-
KAGRA collaboration [1], and many more expected in
the current “O4” observing run. From a waveform mod-
elling perspective most of these events were qualitatively
very similar, involving comparable-mass systems under-
going a quasi-circular inspiral. As detectors have become
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more sensitive and more events have been observed, how-
ever, observations of qualitatively different systems in-
volving precession [2] and mass-asymmetry [3] have be-
gun to emerge. These observations bring with them the
dual consequences of potentially interesting new physi-
cal processes to explore, while simultaneously introduc-
ing significant new challenges for waveform modelling ef-
forts. With the development of next-generation ground-
based gravitational wave detectors underway [4, 5], and
with the recent adoption of the LISA mission [6], it is
expected that observations of such systems will become
commonplace, and significant developments on the wave-
form modelling side will be required to keep pace.

With a view toward producing fast and accurate mod-
els of precessing, asymmetric binaries, post-adiabatic
self-force models have emerged as a promising solu-
tion to the waveform modelling problem posed by next-
generation gravitational wave detectors [7]. Although
self-force models were initially devised for systems with
highly asymmetric masses, such as extreme-mass-ratio
inspirals (EMRIs) [8], there is a growing body of evi-
dence for good convergence of the small-mass-ratio ex-
pansion used in self-force theory, even for binaries with
only moderately asymmetric masses. This has been il-
lustrated via comparisons between numerical relativity
(NR) and self-force predictions of the binding energy and
redshift [9, 10], periastron advance [11–13], gravitational
energy flux [13–15] and the inspiral and waveform [13, 16–
20]. While these studies are limited to a small part of the
parameter space, there is certainly cause to be optimistic
about the performance of self-force theory in modelling
generic binaries.

The most accurate self-force waveform model, con-
structed in Ref. [17], is based on second-order self-force
calculations [14, 21–24], expanding the spacetime metric
to second order in the binary’s small mass ratio. Within
a multiscale formulation of the field equations [21, 22],
this leads to a “first post-adiabatic” (1PA) waveform
model, which is the target order of accuracy for mod-
elling EMRIs for LISA [7]. However, the waveform model
in Ref. [17], dubbed 1PAT1, was restricted to nonspin-
ning, quasicircular binaries. In this paper, we extend the
1PAT1 model to binaries with a generic (precessing) spin-
ning secondary and a slowly spinning primary, restrict-
ing to quasicircular orbits and primary spins that have a
small misalignment with the orbital angular momentum.

This represents a specialized application of the multi-
scale framework for spinning binaries with generic spin
orientations presented in Ref. [25] (hereafter ‘Paper I’),
which built on Refs. [26–31] (among others). As ex-
plained in Paper I and elsewhere, the precessing com-
ponent of the secondary spin enters the waveform as a
second post-adiabatic (2PA) effect, making it subdomi-
nant relative to the other spin effects we compute; the
inclusion of the nonprecessing components is therefore
the main advance in this paper. Nevertheless, we include
the precession because its modulation of the waveform is
distinct from from all the 2PA terms we omit. We refer

to Paper I for a detailed discussion and a summary of
other recent progress toward fully generic binary config-
urations.
Through comparisons with NR waveforms, we find that

our waveform model is equally accurate for spinning as
for nonspinning binaries (assuming sufficiently small pri-
mary spin). We also show that a re-summed variant,
labelled 1PAT1R, significantly increases the phase ac-
curacy of 1PA models at higher values of the primary
spin and for binaries with comparable masses. This re-
summation, which is based on an exact law of general
relativity, provides a simple way of extending the cov-
erage of self-force waveform models toward equal-mass
systems.
The multiscale form of our model makes it readily in-

corporable into rapid-waveform generators [32–34], en-
abling fast and accurate waveform generation for spin-
ning binaries with mass ratios as low as q ≳ 5 (and
moderate accuracy for q even closer to unity). While
our model is restricted to the inspiral stage of the binary
evolution, it should be suitable for data analysis studies
of intermediate- and extreme-mass-ratio systems [35] in
preparation for next-generation GW detectors [36–44]. It
should also be extendable through the merger and ring-
down using the methods of Refs. [45–47]. We expect
it can additionally be used to calibrate other inspiral-
merger-ringdown models (see, e.g., Refs. [48–50]) with
more extensive coverage of the parameter space.

A. Outline and conventions

Our presentation begins with the multiscale expansion
of the equations of motion and Einstein field equations
and ends with a summary of our waveform models. In
Sec. II we summarise self-force theory with a spinning
compact secondary including a convenient parameteri-
zation of the secondary’s spin introduced in Paper I. In
Sec. III, we specialise the multiscale expansion of Paper I
to a secondary with a generic precessing spin in a quasi-
circular inspiral about a slowly spinning primary. The
primary’s spin axis is restricted to have a small, O(1/q)
opening angle relative to the orbital angular momentum.
This specialisation is chosen to build a spinning-binary
waveform model compatible with the currently available
second-order self-force flux data [14]. In Sec. IV, we de-
rive an approximate balance law through 1PA order for
the binary configuration described in the previous sec-
tion, relying upon a particular approximation to the bi-
nary’s binding energy. In Sec. V, we give an overview
of the numerical calculations of the required self-force
data at the level of the field equations. In Sec. VI, we
employ the balance law in a series of five different in-
spiral and waveform models and compare them with NR
simulations. In Sec. VII we summarise our findings and
avenues for future extensions. We also comment on the
next steps for the 1PA waveform program of research.
We keep the conventions of Paper I, working in geo-
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metric units with G = c = 1. We denote the individual
masses as mi with m1 ≥ m2. We use ε ≡ 1 as a count-
ing parameter of the small mass ratio ϵ ≡ m1/m2 and
define q ≡ ϵ−1. The total mass is M ≡ m1 +m2. χi are
the dimensionless spin magnitudes Si/m

2
i , where Si are

the spin angular momenta of the two bodies. For astro-
physical compact binaries, Si ∼ m2

i and so in the small-
mass-ratio expansion S1 ∼ ε0 and S2 ∼ ε2. For each
dimensionless spin this implies χi ∼ ε0. If the body is a
Kerr black hole, then we have the more precise restric-
tion 0 ≤ |χi| ≤ 1. When considering a slowly spinning
primary black hole, we impose the extra restriction that
χ1 ∼ ε.

II. OVERVIEW OF SELF-FORCE THEORY
WITH A SPINNING SECONDARY

In this section we provide a brief overview of self-force
theory with a spinning secondary through second order
in perturbation theory. For a more detailed review, see
Paper I. For compactness, we adopt the self-consistent
formulation [21, 51] and leave the background spacetime
and binary configuration generic. In Sec. III, we refor-
mulate the problem in a two-timescale expansion. There
we also specialise the binary configuration, restricting to
a slowly spinning primary with a small opening angle be-
tween its spin and the orbital angular momentum, and
neglecting eccentricity.

A. Field equations and effective metric

The Einstein field equations governing the compact bi-
nary’s metric (gµν) are

Gµν(g) = 8πTµν , (1)

where Tµν is an effective stress-energy tensor for the sec-
ondary object, described below. Taking the usual black
hole perturbation theory approach, we solve the field
equations by expanding the binary’s metric in powers
of ε:

gµν = gµν + εh1µν + ε2h2µν +O(ε3), (2)

where gµν is the spacetime of the primary black hole,
and h1µν and h2µν are the first and second order metric
perturbations, respectively.

Since it absorbs gravitational radiation during the bi-
nary’s evolution, the primary black hole itself slowly
evolves. We account for this by splitting the mass and

spin into constant terms (m
(0)
1 and χ

(0)
1 ) and small, dy-

namical corrections (δm1 and δχ1). We specialize to a

slowly spinning primary by choosing χ
(0)
1 = 0, such that

gµν is a Schwarzschild metric with mass parameter m
(0)
1 .

The perturbations hnµν then include terms that are nth
order in δm1 and δχ1.

The secondary object, which can be a black hole or
a material body, is assumed to be sufficiently compact
compared to the external scale of spacetime curvature to
allow us to adopt the pole-dipole approximation through
second order in ε [52]. Using the method of matched
asymptotic expansions, Refs. [53–55] showed that for
such an object, the stress-energy tensor can be written
as

Tαβ = εTαβ(m) + ε2Tαβ(d) +O(ε3), (3)

where Tαβ(m) is a mass-monopole term and Tαβ(d) is a spin-

dipole term; quadrupole and higher moments would ap-
pear at higher orders in ε. The two multipole terms have
the form of a “gravitational skeleton” [56, 57],

Tαβ(m) = m2

∫
dτ̂ ′

δ4 [xµ − zµ(τ ′)]√
−ĝ′

ûα(τ ′)ûβ(τ ′), (4a)

Tαβ(d) = m2
2∇̂ρ

[∫
dτ̂ ′

δ4 [xµ − zµ(τ ′)]√
−ĝ′

û(α(τ ′)Ŝ
β)ρ

(τ ′)

]
,

(4b)

where δ4 is the four-dimensional Dirac delta function, zµ

is the object’s effective center-of-mass worldline, Ŝαβ is
the object’s dimensionless (mass-normalized) spin tensor,
and primes are used to indicate evaluation at zµ(τ ′).
Importantly, the stress-energy terms (4a) and (4b) take

the form of a spinning particle in a certain effective vac-
uum metric ĝαβ rather than in the external background

gαβ . The proper time τ̂ , four-velocity ûα ≡ dzα

dτ̂ , met-

ric determinant ĝ, and covariant derivative ∇̂α are all
defined from ĝαβ . The effective metric itself is defined
by subtraction of suitably defined singular self-fields hSnαβ
from the physical metric [52, 54, 58].
We then express the effective metric as

ĝµν = gµν + hRµν , (5)

where hRµν is the regularized metric perturbation.
In Sec. III, we divide the Einstein field equation (1) into

a sequence of equations for each hnµν using a multiscale
expansion.

B. MPD-Harte equations of motion

For an appropriate effective metric ĝµν , the dynam-
ics of the secondary are equivalent to those of a test-
body in ĝµν [58–60] and are described by the Mathisson-
Papapetrou-Dixon (MPD) test-body equations [56, 61,
62]. We may neglect terms that are quadratic order (or
higher) in the secondary’s spin and the effects of the sec-
ondary’s quadrupole moment [25]. Both effects enter the
equations of motion conservatively (at least assuming the
secondary to be a Kerr black hole [63–65]) at O(ε2, s2)
and first impact the waveform at 2PA order, where we
use “O(sn)” to denote powers of the secondary’s spin.



4

We thus adopt the pole-dipole approximation, and the
relevant MPD equations in ĝµν are

D̂ûα

dτ̂
= −m2

2
R̂αβγδû

βŜγδ +O(s2), (6a)

D̂Ŝγδ

dτ̂
= O(s2), (6b)

where D̂/dτ̂ ≡ ûα∇̂α and we have imposed the
Tulczyjew-Dixon (TD) spin supplementary condition
(SSC),

P̂αŜαβ = 0. (7)

Here the quantity P̂µ is the secondary’s linear momentum
in the effective spacetime.

We call Eqs. (6) the MPD-Harte equations, following
the terminology of Ref. [52]. We refer the reader to that
earlier work for an assessment of the validity of these
equations (and to Ref. [66] for additional historical con-
text).

Following the same notation as Paper I, we use the ef-
fective metric to raise and lower indices on hatted quan-
tities. We continue to define Ŝαβ as the mass-normalised
effective spin tensor of the secondary, such that

(χ2)
2 =

1

2
ŜαβŜ

αβ =

(
S2

m2
2

)2

. (8)

We define an effective (dimensionless) spin vector,

Ŝµ = −1

2
ϵ̂µαβγ û

αŜβγ , (9)

with inverse relation

Ŝµν = −ϵ̂µναβŜαûβ . (10)

The TD SSC implies that P̂α = m2û
α + O(s2) and

ûαŜα = 0. Imposing Eq. (6) implies the spin vector must
satisfy the parallel transport equation

D̂Ŝα

dτ̂
= O(s2). (11)

In practice, we re-express the equations of motion in
Eq. (6) in terms of the background metric and the regular
perturbations via Eq. (5) and expand in powers of ε. In
this form, the metric perturbations appear in the equa-
tions of motion as a self-acceleration and self-torque [52]:

Duµ

dτ
= −1

2
Pµν(gν

λ − hRλν )
(
2hRλρ;σ − hRρσ;λ

)
uρuσ

− m2

2
Rµαβγ

(
1− 1

2
hRρσu

ρuσ
)
uαŜβγ

+
m2

2
Pµν(2hRν(α;β)γ − hRαβ;νγ)u

αŜβγ

+O(ε3, s2), (12a)

DŜµν

dτ
= u(ρŜσ)[µgν]λ

(
2hRλρ;σ − hRρσ;λ

)
+O(ε2, s2),

(12b)

where D/dτ ≡ uµ∇µ, u
µ ≡ dzµ/dτ , Pµν ≡ gµν+uµuν , τ

is the proper time as measured in gµν , and ∇µ and semi-
colons both denote the covariant derivative compatible
with gµν .
The effective four-velocity and background four-

velocity are both timelike normalized with respect to
their corresponding metric and are related by ûα = dτ

dτ̂ u
α

such that

dτ

dτ̂
=
√
1− hRαβu

αuβ . (13)

C. Parameterization of the secondary spin

In Paper I, we presented a useful parameterization of
the secondary’s spin degrees of freedom along with a com-
plete description of the spin’s precession and nutation.
The net result is that we write the spin vector as

Ŝα = Sα + εδSα +O(ε2), (14)

where the two terms are

Sα = χ∥σ
α
3 + χ⊥ cos ψ̃s σ

α
1 + χ⊥ sin ψ̃s σ

α
2 , (15a)

δSα = χ∥δσ
α
3 + χ∥δϑs σ

α
1 − χ∥δϑc σ

α
2

+ χ∥(δϑc sin ψ̃s − δϑs cos ψ̃s)σ
α
3

+ χ⊥ cos ψ̃s δσ
α
1 + χ⊥ sin ψ̃s δσ

α
2 . (15b)

Here χ∥ and χ⊥ are constant parameters, ψ̃s is a spin-
precession angle, and δϑs, δϑc are nutation angles.
The parameterization (15) involves the background or-

thonormal tetrad

σα0 = uα, (16a)

σα1 = ϵαβγδσ0
βσ

2
γσ

3
δ , (16b)

σα2 =
1

N
PαβKβγu

γ , (16c)

σα3 = Y αβu
β/

√
K, (16d)

where Yνρ is the Killing-Yano tensor, Kµν = Yµ
ρYνρ is

the Killing tensor, K ≡ Kαβu
αuβ is the Carter constant,

and N = −
√
PαβKβγuγP δ

αKδλuλ. The tetrad is the
same as an intermediary tetrad introduced in construct-
ing the Marck tetrad [67, 68]. The triad perturbations,
δσαA (A = 1, 2, 3), result from enforcing orthonomality
of the tetrad (ûα, σ̂αA = σαA + δσαA) with respect to the
effective metric. It follows from orthonormality that

δσαA = uαhRβγu
βσγA − 1

2
σBαhRβγσ

β
Bσ

γ
A. (17)

As a consequence of the normalisations of the tetrad legs,
we have

ŜαŜα = SαSα = χ2
2 = χ2

∥ + χ2
⊥. (18)

Note that the secondary spin magnitude S2 defined in
the Introduction is related to Sα by S2 = (m2)

2SαSα.
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In Paper I, we also introduced the angular velocity

ω̂ B
A =

D̂σ̂αA
dτ̂

σ̂Bα = ω B
A + δω B

A , (19)

such that

ωAB =
D̂σαA
dτ

σBα , (20a)

δωAB = −hRαβ;γuασ
[β
A σ

γ]
B +O(ε2). (20b)

The precession angle evolves according to

dψ̃s
dτ

= ω21 + δω21, (21)

and the nutation angles evolve according to

dδϑc
dτ

− ω12δϑs = −δω23, (22)

dδϑs
dτ

+ ω12δϑc = δω13. (23)

Finally expressing the spin tensor as Ŝαβ = Sαβ +
εδSαβ +O(ε2), by Eq. (10) we have

Sµν = −ϵµναβSαuβ , (24a)

δSαβ = ϵαβγλu
γδSλ +

1

2
P γλhRγλS

αβ − 2h
R [β
λ Sα]λ.

(24b)

The self-force equations of motion listed in Eq. (12) are
then easily re-expanded in terms of the background spin
tensor or vector, but are more compact in their current
form.

III. MULTISCALE EXPANSION FOR
APPROXIMATELY EQUATORIAL ORBITS
AROUND A SLOWLY SPINNING, SLOWLY

EVOLVING PRIMARY

We now specialise our binary configuration, following
closely the two-timescale analysis in Sec. IV of Ref. [52]
(that extends from the scheme of Ref. [21]) and mak-
ing use of a specialization of the results of Paper I. The
analysis of Ref. [52] was valid for a secondary in quasi-
circular motion with spin (anti-)aligned with the orbital
angular momentum, inspiraling into a non-spinning pri-
mary black hole. Keeping a similar structure, we adapt
the scheme to allow for a generic precessing secondary
spin and slow spin of the primary which is (anti-)aligned
with the leading orbital angular momentum.

For a slowly spinning primary, we may take the back-
ground metric gµν to be the Schwarzschild metric and en-
code the primary’s spin in the metric perturbations. Due
to radiation reaction, the primary’s physical mass, m1,
and spin angular momentum, S1 = (m1)

2χ1, are dynam-
ical variables. The same is true for the secondary’s mass
and spin, but their evolution is beyond 1PA order [69].

We introduce the ‘background’ masses and dimensionless

spins (m
(0)
i and χ

(0)
i , respectively) such that the physical

masses and dimensionless spins are

m1 = m
(0)
1 + ϵδm1, (25a)

χ1 = ϵδχ1, (25b)

where we have set the background mass as the initial
mass such that δm1(t = 0) = 0 and defined the ini-

tial mass ratio ϵ ≡ m
(0)
2 /m

(0)
1 . We continue to use ε

as a counting parameter which will now track powers of
the initial mass ratio ϵ. We make the slow spin condi-

tion explicit by setting χ
(0)
1 = 0 and instead allowing

for a non-zero initial condition in the sub-leading term,
δχ1(t = 0) ̸= 0. Note we have pulled out the explicit
factor of ϵ so that δχ1 ∼ ε0 and δm1 ∼ ε0. The mass
of the secondary evolves according to dm2/dt = O(ε5) if
it is a Kerr black hole [69], meaning we can treat it as a
constant.
We work in Schwarzschild coordinates xµ = (t, xi),

with xi = (r, θ, ϕ), and we use

zi(t, ϵ) = (rp(t, ϵ), θp(t, ϵ), ϕp(t, ϵ)) (26)

to denote the particle’s orbital trajectory. For our spe-
cialized binary configuration, the particle’s dynamics and
the metric only depend on t via the orbital and preces-
sion phases (ϕp and ψ̃s respectively) and the mechanical
variables ϖI = (Ω, δm1, δχ1), where Ω ≡ dϕp/dt. The
system is periodic in each of the phases, which evolve
on the fast timescale ∼ 1/Ω. The mechanical variables
ϖI evolve slowly, on the radiation-reaction timescale
∼ Ω/Ω̇ ∼ 1/ε.
In addition to the phases and ϖI , the equations of mo-

tion depend linearly on the secondary’s conserved spin
magnitudes, χ∥ and χ⊥. We will show that, for approxi-
mately equatorial inspirals, the nutation angles δϑc and
δϑs are vanishing constants at 1PA order.
In Paper I, the list of independent phases that appear

in the leading-order dynamics of generic inspirals is de-
noted as ψi. In the quasi-circular, approximately equato-
rial configuration we consider here, the set of phases has
only one element, the orbital phase; ψi = (ϕp). The set
of independent mechanical variables in the leading-order
dynamics, denoted as πi, likewise reduces down to a sin-
gle element; πi = (rp), where rp is the orbital radius.
We work directly with the orbital frequency Ω instead
of rp for reasons advocated in Ref. [52], and the full set
of mechanical variables we have continued to denote as
ϖI . In Paper I, we perform an averaging transformation

on the quantities ψi, ψ̃s and ϖI to the variables ψ̊i, ψ̊s
and ϖ̊I , such that the evolution of the ringed quantities
depends only on ϖ̊I . In this work, the ringed variables
reduce to their non-averaged counterparts through first
post-adiabatic order due to the simplified orbital config-
uration. Thus, we will not require an explicit averaging
transformation. By using Ω as our orbital variable, we
adopt the fixed-frequency gauge as described more gen-
erally in Sec. IV D of Paper I.
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A. Orbital configuration

We write the particle’s trajectory as a function
zi(t, ϵ) = zi(ϕp(t, ϵ), ψ̃s(t, ϵ), ϖI(t, ϵ), ϵ). Expanded in

powers of ϵ at fixed (ϕp, ψ̃s, ϖI), it then reads

zi(ϕp, ψ̃s, ϖI , ϵ) = zi0(ϕp,Ω)+ ϵz
i
1(ψ̃s, ϖI)+O(ε2), (27)

where the leading-order trajectory corresponds to a cir-
cular equatorial inspiral,

zi0(ϕp,Ω) = (r0(Ω), π/2, ϕp), (28)

while the first subleading term consists of a radial cor-
rection and an oscillatory, precession-induced polar cor-
rection,

zi1(ϖI) = (r1(ϖI), θ1(ψ̃s,Ω), 0). (29)

We define the frequencies via the rates of change of the
orbital and precession phases,

dϕp
dt

≡ Ω, (30a)

dψ̃s
dt

≡ Ωs. (30b)

While Ω is an independent variable characterizing the
system, the precession frequency Ωs is a function of ϖI

(and of the system’s non-evolving parameters).
Altogether, the above ansatz represents a circular orbit

with small, O(ε) polar oscillations about the equatorial
plane and with a slowly evolving radius, orbital frequency
and precession frequency. We take the convention that
negative values of χ1 correspond to retrograde inspirals,
while positive values correspond to prograde inspirals.

B. Metric

We expand the metric as

gµν = gµν(x
i) + ϵh1µν(x

i, ϕp,Ω, δm1, δχ1)

+ ϵ2h2µν(x
i, ϕp, ψ̃s, ϖI) +O(ε3), (31)

with the assumption that the dependence on the two
phases ϕp, ψ̃s is 2π-periodic. In our ansatz (31), there
is no time dependence outside the dependence on the
phase-space variables (ϕp, ψ̃s, ϖI). To extend those vari-
ables away from the worldline, we adopt a hyperboloidal
time s that is equal to advanced time v at the future hori-
zon, Schwarzschild time t at the particle, and retarded
time u at infinity. The phase-space variables (ϕp, ψ̃s, ϖI)
are then defined as constant on slices of constant s. In
practice, we choose a “sharp” slicing in which s = t in

a worldtube of diameter 4M (for r0 ≤ 20m
(0)
1 ) or 8M

(for r0 > 20m
(0)
1 ) around the particle, s = v between

the horizon and the worldtube, and s = u between the

worldtube and future null infinity. Refer to Ref. [22] for
details, specifically Fig. 1 therein.
The first-order perturbation h1µν(x

i, ϕp,Ω, δm1, δχ1) is
linear in δm1 and δχ1. We peel off the dependence on
those parameters as

h1µν = h1(pp)µν (xi, ϕp,Ω) + δm1 h
1(δm1)
µν (xi)

+ δχ1 h
1(δχ1)
µν (xi). (32)

If Ω were constant and ϕp took its geodesic value Ωt,

then h
1(pp)
µν (xi, ϕp,Ω) ≡ h1µν(x

i, ϕp,Ω, 0, 0) would be the
standard linear perturbation to the Schwarzschild met-
ric due to a point particle (hence “pp”) on a circular

geodesic with frequency Ω. The terms δm1 h
1(δm1)
µν (xi)

and δχ1 h
1(δχ1)
µν (xi) are linear perturbations toward a

Kerr black hole with mass described by Eq. (25a) and

angular momentum
(
m

(0)
1

)2
χ1, with χ1 described by

Eq. (25b).
In the same way, we peel off the dependence on δm1

and δχ1 as well as χ∥ and χ⊥ in the second-order pertur-
bation:

h2µν = h2(pp)µν (xi, ϕp,Ω) +
∑
j+k=2

δmj
1δχ

k
1h

2[j,k]
µν (xi)

+ δm1 h
2(δm1)
µν (xi, ϕp,Ω) + δχ1 h

2(δχ1)
µν (xi, ϕp,Ω)

+ χ∥h
2(χ∥)
µν (xi, ϕp,Ω) + χ⊥h

2(χ⊥)
µν (xi, ϕp, ψ̃s,Ω).

(33)

Again, the first term is shorthand for h2µν with param-
eters other than m2 set to zero: δm1 = δχ1 = χ∥ =
χ⊥ = 0. The second term in the first line is the
quadratic perturbation toward a Kerr black hole with

mass m1 = m
(0)
1 + ϵδm1 and spin χ1 = ϵδχ1, which will

not impact the waveform at 1PA order. The terms on
the second line arise from the coupling of the mass and
spin corrections with the linear point mass perturbation
and do impact the waveform at 1PA order. The final two
terms are the linear contributions of the secondary’s spin
for a spinning particle along a corresponding accelerated
MPD trajectory. Note that the secondary’s spin nutation
parameters δϑc and δϑs first enter the metric at third or-
der despite appearing in the second-order acceleration.

1. Up-down symmetry

In general, we say a tensor field of arbitrary rank is
up-down symmetric if

Aµν...(π − θ) = (−1)kAµν...(θ), (34)

where k is the integer number of polar indices labeling
the tensor component. We have only included the field’s
explicit dependence on θ for simplicity, as its dependence
on the other spacetime coordinates does not affect its
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up-down symmetry properties. On the equatorial plane,
θ = π/2, an up-down symmetric field therefore satisfies

Aµν... (π/2) = 0 k is odd. (35)

Conversely, we say the field is up-down antisymmetric if

Aµν...(π − θ) = (−1)k+1Aµν...(θ), (36)

which implies that on the equatorial plane

Aµν... (π/2) = 0 k is even. (37)

Assuming a reasonable gauge choice such as the Lorenz
gauge, every term in Eq. (32) and Eq. (33) is up-down

symmetric except for h
2(χ⊥)
µν (xi, ϕp, ψ̃s,Ω), which is up-

down antisymmetric. The same statement extends to
the higher-rank tensor fields constructed exclusively from
derivatives operating on those rank-two tensor fields.
That this is true may be shown from examining the
field equations with a given gauge choice sourced by the
stress-energy of a spinning particle (approximately) in
the equatorial plane. It is clear that the up-down sym-
metry/antisymmetry conditions extend to any inspiral of
a spinning particle constrained to the equatorial plane at
leading order, and may be used to vastly simplify the evo-
lution equations for the trajectory and the secondary’s
spin.

2. Fields on phase space

The expansion (31) expresses the metric as a function
on the mechanical phase space of the two-body system,
replacing time dependence with dependence on mechan-
ical variables. When substituting these expansions into
the equations of motion and field equations, we apply the
chain rule

∂

∂xα
= ηiα

∂

∂xi
+ sα

(
dϕp
dt

∂

∂ϕp
+
dψ̃s
dt

∂

∂ψ̃s
+
dϖI

dt

∂

∂ϖI

)
,

(38)

where ηiα ≡ ∂xi

∂xα and sα ≡ ∂αs, and we have used the fact
that s = t along the particle’s trajectory. We then treat
the mechanical variables as independent of one another
and re-expand while holding them fixed.

This treatment implies the expansion

∇α = ∇0
α + ϵsα

(
∂⃗V +Ω(1)

s

∂

∂ψ̃s

)
+O(ε2), (39)

where the zeroth-order covariant derivative is

∇0
α = ηiα

∂

∂xi
+sαΩ

∂

∂ϕp
+sαΩ

(0)
s

∂

∂ψ̃s
+Christoffel terms.

(40)

Here Ω
(0)
s and Ω

(1)
s are the leading-order precession fre-

quency and its subleading correction, respectively, which

we make precise later in Eq. (50). VI = (F
(0)
Ω , F

(1)
δm1

, F
(1)
δχ1

)

is the leading-order velocity through parameter space;
i.e., dϖI/dt = ϵVI +O(ε2). The operator

∂⃗V ≡ VI
∂

∂ϖI
= F

(0)
Ω

∂

∂Ω
+ F

(1)
δm1

∂

∂δm1
+ F

(1)
δχ1

∂

∂δχ1

(41)

is a derivative along this velocity. ∇0
α, on the other

hand, acts at fixed parameter values. Its action on
h1αβ(x

i, ϕp,Ω) is identical to the action of ∇α on the
linear metric perturbation to the Schwarzschild metric
from a point mass on a circular geodesic. The direc-

tional derivative ∂⃗V then accounts for the system’s slow
movement through the parameter space. We note that
since ψ̃s only enters the metric at second order, the cor-

rection term proportional to Ω
(1)
s in Eq. (39) would only

enter the Einstein equation at third order.
In the above expansions we have kept the same nota-

tion as Ref. [52], in which the integer labels with paren-
theses indicate the post-adiabatic order at which the
quantity enters, while the integer labels without paren-
theses correspond to the absolute order in ϵ.

C. Evolution equations

As we have just explained, all functions are expanded
in powers of ϵ at fixed values of the phase-space coor-
dinates (ϕp, ψ̃s, ϖI). Expanded in this way, the rates of
change of the parameters ϖI are

dΩ

dt
= ϵF

(0)
Ω (Ω) + ϵ2F

(1)
Ω (ϖI) +O(ε3), (42a)

dδm1

dt
= ϵF

(1)
δm1

(Ω) +O(ε2), (42b)

dδχ1

dt
= ϵF

(1)
δχ1

(Ω) +O(ε2). (42c)

From these expansions we obtain the expansion for the
coordinate velocity,

żα ≡ dzα

dt
= żα0 (Ω) + ϵżα1 (ψ̃s, ϖI) +O(ε2), (43)

where

żα0 ≡ dzα0
dt

= (1, 0, 0,Ω), (44)

and

żα1 = (0, ṙ0, θ̇1, 0), (45)

with ṙ0(Ω) = dr0
dΩ F

(0)
Ω and θ̇1(ψ̃s, ϖI) = dθ1

dψ̃s
Ω

(0)
s ; the

proper four-velocity is

uα = uα0 (Ω) + ϵut0(Ω)ż
α
1 (ψ̃s, ϖI) +O(ε2), (46)

with uα0 = ut0ż
α
0 . From the timelike normalisation condi-

tion one obtains

ut0(Ω) =
1√

1− 3m
(0)
1

r0(Ω)

, (47)
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as for a circular geodesic in Schwarzschild spacetime.
We determine the forcing functions that drive the evo-

lution of the mechanical variables, F
(n)
J , from the expan-

sion of the equations of motion (12) and from the Ein-
stein field equations. Throughout this section, we have
anticipated that 0PA quantities only depend on (ϕp,Ω)
and indicated that the slow evolution rates dϖI/dt are

independent of the phases ϕp, ψ̃s. Finally, we reiterate
that we have excluded Ωs in the list of independent vari-
ables since it is uniquely determined by the other orbital
parameters via the expansion of Eq. (21).

1. Evolution of the secondary’s spin

In the self-consistent formalism, the secondary’s spin
vector is completely described by Eq. (15) along with
the evolution equations (21)–(23). We now make these
explicit in our multiscale analysis of quasi-circular and
approximately equatorial inspirals.

Substituting Eq. (27) and Eq. (46) into Eq. (16), we
construct the σαA triad evaluated along the worldline:

σα1 (z
i,Ω) = (0, f

−1/2
0 , 0, 0) +O(ε), (48a)

σα2 (z
i,Ω) = −r0

√
f0u

t
0(Ωf

−1
0 , 0, 0, r−2

0 ) +O(ε), (48b)

σα3 (z
i,Ω) =

(
0, 0,−r−1

0 , 0
)
+O(ε), (48c)

with f0 ≡ 1 − 2m
(0)
1

r0
. We do not display the sub-leading

terms for compactness.
We next substitute our expansion of the worldline, the

four-velocity and Eq. (48) into Eq. (22) and Eq. (23).
After imposing the up-down symmetry of h1µν , we find
that we are free to pick the trivial solution δϑc = 0 = δϑs.
We are then left with only one dynamical quantity in the
evolution of the secondary’s spin: the precession phase.

Expanding Eq. (21) and recalling that dψ̃s

dt = Ωs, we
obtain

Ωs = Ω(0)
s + ϵΩ(1)

s , (49)

with

Ω(0)
s = Ω/ut0(Ω), (50a)

Ω(1)
s = hR1

βγ;δ(z
i
0, ϕp, ϖI)σ

[β
1 (zi0,Ω)σ

δ]
2 (z

i
0,Ω)k

γ(Ω)

+ 3ut0Ω
2
√
y(Ω)r1(ϖI),

= Ω(1,0)
s + δχ1Ω

(1,δχ1)
s + δm1Ω

(1,δm1)
s + χ∥Ω

(1,χ∥)
s .

(50b)

Here, we have introduced the helical killing vector

kα ≡ uα0 /u
t
0, (51)

and the inverse-separation parameter

y ≡ m
(0)
1 /r0 = (m

(0)
1 Ω)2/3, (52)

and we have denoted the first-order contribution to the
regularized metric perturbation, hRαβ , as h

R1
αβ . Note that

Ω
(1,0)
s is simply related to the spin-precession invariant

first computed in Ref. [70]. The other terms are test-
body terms and may be derived analytically from the
MPD equations in Kerr spacetime. Their expressions are

m
(0)
1 Ω(1,δχ1)

s =
(1− y)y3√

1− 3y
, (53a)

m
(0)
1 Ω(1,δm1)

s =
(1− 4y)y3/2√

1− 3y
, (53b)

m
(0)
1 Ω

(1,χ∥)
s = − 3y4√

1− 3y
. (53c)

We discuss the relevance of Ω
(1)
s at the end of Sec. III F.

2. Expansion of the equations of motion

In expanding the equations of motion (12), we expand
the force as

aα = ϵaα1 (ψ̃s, ϖI) + ϵ2aα2 (ψ̃s, ϖI) +O(ε3), (54)

where the numeric labels correspond to the explicit pow-
ers of ϵ. Recall that ϕp does not appear in the forces.
We make the secondary’s spin contribution explicit by
writing

aα1 (ψ̃s, ϖI) = aα1 (ϖI) + χ∥a
α
1(χ∥)

(ϖI)

+ χ⊥a
α
1(χ⊥)(ψ̃s, ϖI), (55)

aα2 (ψ̃s, ϖI) = aα2 (ϖI) + χ∥a
α
2(χ∥)

(ϖI)

+ χ⊥a
α
2(χ⊥)(ψ̃s, ϖI), (56)

where aα1 (ϖI) is the leading, “MiSaTaQuWa” [71, 72]
force generated by the first-order metric perturbation and
aα1(χ∥)

(ϖI) and aα1(χ⊥)(ψ̃s, ϖI) are the test-body MPD

force terms induced by Sα.
aα2 (ϖI) is the second-order self-force generated by the

first- and second-order metric perturbations, excluding
the linear secondary spin terms. The two secondary spin
terms aα2(χ∥)

(ϖI) and a
α
2(χ⊥)(ψ̃s, ϖI) contain:

1. The MPD force correction generated by δSαβ .1

2. The self-force generated by the linear secondary
spin’s metric perturbation.

3. Additional self-force terms that go as h1 · Sα.

1 It is in this term that generic, off-equatorial inspirals would de-
pend on the nutation angles δϑc and δϑs.
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4. Subleading secondary spin corrections to the first-
order MiSaTaQuWa force via the dependence on
the expanded worldine.

We refer to Sec. IVC of Paper I for a more detailed
description of these various terms.

At this point we flag that aα1(χ⊥)(ψ̃s, ϖI) and

aα2(χ⊥)(ψ̃s, ϖI) depend on the precession phase ψ̃s, but

this dependence does not enter into dϖI/dt (which is
always constructed from an average over phases as de-
scribed in Paper I). Moreover, χ⊥ itself does not con-
tribute to dϖI/dt until 2PA order because χ⊥ terms are
purely oscillatory at lower orders. In the case of the first-
order MPD force, aα1(χ⊥)(ψ̃s, ϖI) is conservative,

2 and it

has only a θ component. Its sole effect in our configura-
tion is to produce the small conservative polar oscillation
θ1(ψ̃s, ϖI). The same idea extends to aα2(χ⊥)(ψ̃s, ϖI) by

invoking the up-down (anti)symmetries of the metric per-
turbations and inspecting the equations of motion. In
doing so, we find it is straightforward (but tedious) to

show that aα2(χ⊥)(ψ̃s, ϖI), like a
α
1(χ⊥)(ψ̃s, ϖI), has only a

θ component in our configuration. This induces a second-
order polar oscillation of the worldline and does not con-
tribute to the inspiral dynamics at 1PA order. All of the
other force terms, which are independent of χ⊥, have a
vanishing θ component.

3. Evolution of the worldline

Substituting all of the above expansions into Eq. (12a),
we can straightforwardly solve order by order in ε, equat-
ing coefficients of powers of ε at fixed ϖI rather than at
fixed t. We obtain from the radial component

r0(Ω) =
(
m

(0)
1

) 1
3

Ω− 2
3 , r1(ϖI) = − ar1(ϖI)

3(ut0)
2f0Ω2

. (57)

Meanwhile the polar equation simplifies to

(Ω(0)
s )2∂2

ψ̃s
θ1 +Ω2θ1 = −a

θ
1(ψ̃s, ϖI)

(ut0)
2

, (58)

where

aθ1(ψ̃s, ϖI) = −3χ⊥
√
f0

(
m

(0)
1 ut0

)2
Ωcos ψ̃s, (59)

and where we have used Eq. (50) to rewrite Ω
(0)
s in terms

of Ω. The solution is3

θ1(ψ̃s, ϖI) = −χ⊥
√
f0r0Ωcos ψ̃s, (60)

2 Refer to Appendix B of Paper I for a discussion of conservative
versus dissipative forces.

3 In the test body limit, this formula recovers equivalent expres-
sions from Refs. [73, 74].

where we have discarded homogeneous solutions that
would correspond to a geodesic, nonprecessing tilt of the
orbital plane.
From the dissipative sector [t or ϕ component of (12a)],

we obtain

F
(0)
Ω = − 3f0Ωa

t
1(Ω)

y(ut0)
4(1− 6y)

, (61)

F
(1)
Ω = − 3f0Ωa

t
2(ϖI)

y(ut0)
4(1− 6y)

− 2∂⃗Va
r
1(ϖI)√

y(ut0)
4f0(1− 6y)

− 4(1− 6y + 12y2)ar1(ϖI)a
t
1(Ω)

y3/2(ut0)
6f0(1− 6y)2

(62)

in terms of the parameter y defined in Eq. (52). The forc-

ing functions F
(1)
δm1

(Ω) and F
(1)
δχ1

(Ω) are determined from

the Einstein equations [21] and are identical to the fluxes
of energy and angular momentum through the horizon
due to a point mass on a circular geodesic orbit of fre-
quency Ω.
If we rewrite Eqs. (30) and (42a)–(42c) in terms of a

“slow time” variable t̃ ≡ εt, then it is clear they have
asymptotic solutions with the following form:

ϕp = ϵ−1ϕ(0)p (t̃) + ϕ(1)p (t̃) +O(ε), (63)

ψ̃s = ϵ−1ψ(0)
s (t̃) + ψ(1)

s (t̃) +O(ε), (64)

Ω = Ω(0)(t̃) + ϵΩ(1)(t̃) +O(ε2), (65)

Ωs = Ω(0)
s (t̃) + ϵΩ(1)

s (t̃) +O(ε2) (66)

δm1 = δm
(1)
1 (t̃) +O(ε), (67)

δχ1 = δχ
(1)
1 (t̃) +O(ε), (68)

with constant χ∥ and χ⊥, dϕ
(n)
p /dt̃ = Ω(n)(t̃), and with

easily worked out equations for dΩ(n)/dt̃. As shown in
Ref. [17], directly using such asymptotic solutions leads
to lost accuracy in waveforms, but they are a useful guide
for the behavior of each variable over the course of an
inspiral.

D. Stress-energy tensor

After substituting our expansions for the word-
line (27), the four-velocity (46) and the spin vector pa-
rameterisation of Eq. (15) with the triad (48) into the
stress-energy (3), we obtain

Tµν = ϵTµν1 (xi, ϕp,Ω) + ϵ2Tµν2 (xi, ϕp, ψ̃s, ϖI) +O(ε3).
(69)

We have at leading order

Tµν1 =
m

(0)
1 ut0
r20

żµ0 ż
ν
0 δϕδr0δθ0 , (70)

in which we have used the shorthand expressions for the
Dirac delta distributions δϕ ≡ δ(ϕ−ϕp), δθ0 ≡ δ(θ−π/2)
and δr0 ≡ δ(r − r0).
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Meanwhile the sub-leading stress-energy takes con-
tributions from the sub-leading corrections to the
monopole, Tµν(m), and the leading terms from the dipole,

Tµν(d):

Tµν2 =
m

(0)
1 ut0
r20

[
2
(
ż
(µ
0 δ

ν)
θ θ̇1 + ż

(µ
0 δ

ν)
r ṙ0

)
δr0δθ0δϕ

+ żµ0 ż
ν
0 δϕ

(
δr0δθ0

(
1− 2r1

r0

)
− r1δ

′
r0δθ0 − θ1δr0δ

′
θ0

)]
+

1

2
hR1
αβ

(
uα0u

β
0 − gαβ

)
Tµν1 + Tµν(d). (71)

The leading dipole term is

Tµν(d) =
1

r2 sin θ

(
Kµν

1 δr0δθ0δϕ +Kµν
2 δr0δθ0δ

′
ϕ

+Kµν
3 δ′r0δθ0δϕ +Kµν

4 δr0δ
′
θ0δϕ

)
, (72)

with δ′ϕ ≡ ∂ϕδ(ϕ − ϕp), δ
′
θ0

≡ ∂θδ(θ − π/2) and δ′r0 ≡
∂rδ(r − r0). The components of the symmetric tensors
Kµν

1 , Kµν
2 , Kµν

3 and Kµν
4 are given in Appendix A.

E. Field equations and Fourier expansions

We next consider a Fourier expansion of the field equa-
tions. Our procedure is a simple modification of the one
described in Sec. IV D of Ref. [52], with the major change
being the metric’s periodic dependence on the additional
phase, ψ̃s. We begin at the same point, substituting
the expansions (31) and (69) into the field equations (1)
and equating coefficients of powers of ϵ (which we stress
is the initial, rather than evolving, mass ratio) at fixed

(ϕp, ψ̃s, ϖI). We then obtain

Gµν [g] = 0, (73a)

G(1,0)
µν [h1] = 8πT 1

µν , (73b)

G(1,0)
µν [h2] = 8πT 2

µν −G(2,0)
µν [h1, h1]−G(1,1)

µν [h1]. (73c)

The operators G
(n,j)
µν are found by first expanding the

spacetime’s full Einstein tensor in powers of hµν ,

Gµν [g + h] = Gµν +G1
µν [h] +G2

µν [h, h] +O(h3), (74)

and then replacing covariant derivatives in Gnµν via

Eq. (39). Thus G
(1,0)
µν is the linearized Einstein tensor

with ∇α replaced by ∇0
α, and G

(n,1)
µν derives from terms

linear in VI and Ω
(1)
s in Gnµν . Because h

1
αβ is independent

of ψ̃s, the linear Ω
(1)
s term in G

(n,1)
µν does not appear until

third order in the actual field equations via terms pro-
portional to ∂ψ̃s

h2αβ . For a more thorough description,

refer to Refs. [21, 22, 25].
To take advantage of the periodic dependence on each

phase, ϕp, ψ̃s, we represent the metric as a Fourier series,

h1αβ(x
i, ϕp, ϖI) =

∞∑
m=−∞

h
(1,m)
αβ (xi, ϖI)e

−imϕp , (75a)

h2αβ(x
i, ϕp, ψ̃s, ϖI) =

∞∑
m=−∞

1∑
k=−1

h
(2,m,k)
αβ (xi, ϖI)e

−i(mϕp+kψ̃s), (75b)

where k = ±1 modes only appear for the term h
2(χ⊥)
µν

in Eq. (33). We then have ∂
∂ϕp

→ −im and ∂
∂ψ̃s

→
−ik when acting on individual modes, implying Eq. (40)
becomes

∇0
α → ηiα

∂

∂xi
− isαωmk +Christoffel terms, (76)

with

ωmk ≡ mΩ+ kΩ(0)
s . (77)

Because the precession phase only appears as a lin-
ear function of cos ψ̃s and sin ψ̃s in the metric (through
second order), there are only three modes of precession
(k = 0,±1) in the spectrum of frequencies in Eq. (77).
Inspecting Eq. (49) and Eq. (50), we find that there are
no possible resonances between Ω and Ωs,

4 justifying our
treatment of the two phases ϕp and ψ̃s as independent.
As a side remark, we also note that the spectrum of fre-
quencies contain harmonics of frequencies that are too
low to resonate with the primary’s quasi-normal modes
[75, 76].
Finally, we highlight that the metric perturbation only

depends on ϕ and ϕp in the combination (ϕ − ϕp); this
implies that the mode number m in Eq. (75) is the same
azimuthal mode number that appears in a (tensor) spher-
ical harmonic expansion of the metric perturbation.
By expanding all quantities in the field equations in

these discrete Fourier series, we reduce the field equa-
tions to partial differential equations, in (r, θ, ϕ), for the

mode coefficients h
(n,m,k)
αβ . A crucial aspect of our expan-

sion is that the left-hand side of these field equations is
identical to the frequency-domain equations one obtains
for the linearized Einstein equations with Fourier modes
e−iωmks (where, recall, s is our hyperboloidal time), even

though here ϕp ̸= Ωs and ψ̃s ̸= Ω
(0)
s s. This makes

the equations amenable to standard methods of solving
frequency-domain equations. We refer to Ref. [22] for
more details on the formulation of the field equations in
a multiscale expansion.

4 To see this, note that 1/ut
0 → 1 as r0 → ∞ and 1/ut

0 → 0 as r0 →
3m

(0)
1 (and takes no integer values in between). Thus inspecting

Ω
(0)
s (and arguing that Ω

(1)
s should remain small) reveals there

are no possible resonances in the frequency modes ωm±1 = mΩ±
Ωs given m takes integer values.
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F. Summary: two-timescale evolution with
precessing spin

In the preceding sections we have extended the mul-
tiscale framework of Refs. [21, 52], which were limited
to (anti-)aligned secondary spin, to allow for a precess-
ing secondary spin. Or, equivalently, we have special-
ized the generic treatment of Paper I to the case of a
slowly spinning primary whose spin is at most slightly
misaligned with the orbital angular momentum. The re-
sulting waveform-generation scheme divides into an of-
fline and an online step:

1. Offline computations. Offline computations are
performed on a grid of Ω values. Since the other
dynamical mechanical variables (δm1 and δχ1) and
the secondary parameters (m2, χ∥, and χ⊥) appear
only linearly (and quadratically in the case of m2),
we calculate their coefficients and leave their values
unspecified until the online step. We solve the field
equations (73b) and (73c) on this Ω grid for the

mode amplitudes h
(n,m,k)
αβ . From these, we compute

the forcing functions F
(0)
Ω (Ω), F

(1)
δm1

(Ω), F
(1)
δχ1

(Ω),

and F
(1)
Ω (Ω, δm1, δχ1) and Ω

(1)
s on the grid.5 Our

use of Fourier expansions means the orbital phases
factor out of these offline computations; only the
Fourier mode coefficients enter.

2. Online simulation. The online stage comprises
a fast evolution through phase space, using the
pre-computed forcing functions, and a summa-
tion of waveform modes, using the pre-computed

waveform amplitudes. We choose values of m
(0)
1 ,

δχ1(t = 0), m2, χ∥, and χ⊥, recalling δm1(t =
0) ≡ 0. We then solve Eqs. (30) and (42) for the
phase-space trajectory

(ϕp, ψ̃s(t, ε),Ω(t, ε), δm1(t, ε), δχ1(t, ε)).

From the trajectory and the pre-computed mode

amplitudes, h
(n,m,k)
αβ , we then generate the wave-

form:6

lim
r→∞

r
∑
n,m,k

εnh
(n,m,k)
αβ (xi, ϖI(t, ε))

× e−i[mϕp(t,ε)+kψ̃s(t,ε)]. (78)

5 Ω
(1,0)
s in Eq. (50) can be extracted from the directly related

calculations in Ref. [70] while the other contributions to Ω
(1)
s are

given analytically in Eq. (53).
6 In actuality, the second-order terms in this expressions are ill de-
fined at infinity due to the asymptotic irregularity of the Lorenz
gauge [24]. In practice, we use a matching procedure, subtract
a “puncture” at large r to obtain a regular residual field, and
then transform the total metric perturbation to the Bondi-Sachs
gauge. See Refs. [22, 24] for details.

Here t refers to Schwarzschild time along the par-
ticle trajectory; equivalently, since the phase-space
variables are constant on slices of constant s, we
can replace t with hyperboloidal time s in the wave-
form.

We note that solving Eqs. (30) and (42) in the online
step does not actually involve χ⊥ because, as we have
explained, the evolution equations do not depend on χ⊥
at 1PA order. The intuitive reason for this is that the
k ̸= 0 modes of the second-order metric perturbation
cannot interact with any first-order modes to generate a
nonzero flux of energy (or any other secular effect); such
products will always be oscillatory functions of the two
independent phases ϕp and ψ̃s, which then average to
zero. A nonzero secular effect first enters at 2PA, when
k = ±1 modes can multiply against each other to gen-
erate a non-oscillatory O(ε4) flux. The spin precession
hence only enters our waveform through the direct con-
tribution of the n = 2, k ̸= 0 modes in Eq. (78). We
include this contribution, even though it is itself a 2PA
effect, because it is distinct from other 2PA effects: it
modulates the waveform by introducing additional fre-
quencies, while the 2PA effects we neglect would only
contribute to the evolution of ϕp through a forcing func-

tion F
(2)
Ω . We refer again to Paper I for a more detailed

discussion.
Given that the spin precession is already a 2PA effect in

the waveform, one might suspect that the correction Ω
(1)
s

is an entirely negligible 3PA effect. However, its impact is
somewhat subtler. To see this, we follow Paper I in writ-
ing each m mode of the waveform as hm = Ame

−iΦm ,
with Am = |hm| and Φm = −arg(hm). Both Am and
Φm here are functions of angles on the sky; m corre-
sponds to a Fourier mode number in Eq. (78), not an
azimuthal mode number in a spherical-harmonic decom-
position (though the two mode numbers become equal if

the Fourier coefficients h
(n,m,k)
αβ are decomposed in spin-

weighted spherical harmonics). Decomposing Eq. (78) in
this way, we find

Φm = mϕp − ε0 arg
(
h(1)m

)
+

ε∣∣h(1)m ∣∣2
(
d 0
m + χ⊥d

s
m sin ψ̃s

+ χ⊥d
c
m cos ψ̃s

)
+O(ε2), (79)

with (sky-angle-dependent) coefficients d 0
m, d s

m, and d c
m

given by Eq. (197) of Paper I. Recalling that an order-ε
term in the phase is 2PA, we see that d 0

m represents a 2PA
phase correction without precession, and the other two
order-ε terms represent the precession’s modulation of
the 2PA phase. A 3PA term in the waveform phase would
be proportional to ε2 in the above expression, which is

not the effect of Ω
(1)
s . Instead, as implied in Eq. (64),

the correction Ω
(1)
s affects ψ̃s at order ε0; hence, rather

than being a 3PA term, it is an order-unity effect in the
modulation of the 2PA term. The impact of this modula-
tion on parameter estimation bears further investigation,
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which we defer to future work.

IV. FLUX BALANCE AND THE FIRST LAW
OF BINARY BLACK HOLE MECHANICS

In Sec. III, we provided formulae for the rate of change

of the orbital frequency, F
(n)
Ω , in terms of the local self-

force at the worldline: Eqs. (61) and (62). Current state-
of-the-art self-force waveform models do not use these
directly, and instead approximate F

(n)
Ω by employing an

energy flux balance law which only partially involves local
self-force calculations [17, 18]. In this section, we clar-
ify this approach along with the approximation of the
binary’s binding energy that the models presently rely
upon. Later, in Sec. VIB 4, we describe how the energy
balance law approach informs an effective re-summation
of FΩ that significantly enhances the waveform model
accuracy.

A. Flux balance law

Computing the local self-force at the wordline either in-
volves first computing the retarded metric perturbation
and using a regularisation procedure [77, 78] to account
for its singular behavior, or directly computing the effec-
tive metric via an effective-source/puncture method [79–
82] and then computing the self-force. The former tech-
nique has only been developed for the first-order self-
force, and we require the inclusion of the second-order
self-force in Eq. (62). The latter technique is favored
though significant effort is front-loaded into the calcu-
lation of the effective source. Local calculations of the
second-order self-force require highly accurate computa-
tions of a sufficiently smooth effective source. Meanwhile,
the calculation of the second-order gravitational energy
flux at future null infinity [14] is less sensitive to the
smoothness and accuracy of the effective source. Moti-
vated by such practicalities, we outline the balance law
and the determination of a well-motivated approximation

to F
(n)
Ω that enables the 1PA inspiral to be determined

from the asymptotic calculations of the second-order en-
ergy flux encoded in h2αβ , combined with local calcula-

tions of h1αβ .
First, we define the binary’s binding energy as a func-

tion of the hyperboloidal time coordinate, s,

E(s) =MBondi(s)−m1(s)−m2, (80)

following the analysis of non-spinning binaries in Sec. II B
of Ref. [18]. While we have indicated that the primary’s
mass is time dependent, we have neglected any s depen-
dence in m2 since its evolution is a 3PA effect [69]. The
primary mass m1(s) and Bondi mass MBondi(s) can be
measured directly from the quasistationary (m = k = 0),
spherically symmetric modes of the metric on surfaces
of constant s where they intersect the primary’s horizon

and future null infinity (I+). Through this procedure, as
explained in Refs. [24, 83, 84], the binding energy can be
computed as a function of ϖI . Differentiating Eq. (80)
with respect to s then yields

∂E

∂ϖI

dϖI

ds
=
dMBondi

ds
− dm1

ds
. (81)

The Bondi-Sachs mass-loss equation states [85, 86]

dMBondi

ds
= −F∞, (82)

in which F∞ is the gravitational wave energy flux
through the s = constant cut of I+. Meanwhile,

dm1

ds
= FH, (83)

where FH is the gravitational wave energy flux through
the s = constant cut of the primary’s horizon [87]. Sub-
stituting these flux-balance equations into Eq. (81) and
rearranging for dΩ/ds, we obtain an evolution equation
for the orbital frequency:

dΩ

ds
= −

F +
∂E

∂δm1

dδm1

ds
+

∂E

∂δχ1

dδχ1

ds

∂E/∂Ω
. (84)

Here for convenience we have defined the total gravita-
tional wave energy flux F = FH + F∞.
Recall that s reduces to t at the particle, such that

Eq. (84) is equivalent to the evolution equation (42a).
We next expand each of the quantities on the right-hand
side of Eq. (84) in powers of ϵ, expressing them as func-
tions of ϖI (and of the system’s constant parameters) in
the process. This then allows us to read off the forcing

functions F
(n)
Ω in Eq. (42a).

First we note that Eq. (83) implies

ϵ
dδm1

ds
= FH. (85)

Additionally, if we label the gravitational angular mo-
mentum flux at the horizon as LH, then

d

ds

(
m2

1χ1

)
= LH, (86)

which in turn implies

ϵ
dδχ1

ds
=
(
LH − 2m1χ1FH)m−2

1 . (87)

Next, for our quasi-circular, approximately equatorial
inspiral, we expand the binding energy as

E = ϵE1(Ω) + ϵ2E2(Ω) + ϵ2δχ1E(δχ1)(Ω)

+ ϵ2χ∥E(χ∥)(Ω) + ϵ2
δm1

m
(0)
1

E(δm1)(Ω) +O(ε3), (88)



13

noting that χ⊥ does not contribute to the binding energy
at this order.7 We likewise expand the fluxes in a similar
form,

F = ϵ
[
ϵF1(Ω) + ϵ2F2(Ω) + ϵ2δχ1F(δχ1)(Ω)

+ ϵ2χ∥F(χ∥)(Ω) + ϵ2
δm1

m
(0)
1

F(δm1)(Ω)
]
+O(ε4), (89)

with an identical form for the individual horizon and I+

terms (and for the angular momentum flux).8 Since F1

is dimensionless (with units of mass divided by time),

it can only depend on m
(0)
1 and Ω in the dimensionless

combination m
(0)
1 Ω; and since F(δm1) = m

(0)
1 ∂F1/∂m1,

it follows that F(δm1) = Ω ∂F1/∂Ω. Again, χ⊥ does not
contribute to the fluxes at this order. The other flux
terms must be computed independently.

After making these substitutions in Eq. (84), we read
off the following coefficients of ϵ (0PA) and ϵ2 (1PA):

F
(0)
Ω = −F1

(
∂E1

∂Ω

)−1

, (90a)

F
(1)
Ω = F

(1,0)
Ω + δχ1F

(1,δχ1)
Ω +

δm1

m
(0)
1

F
(1,δm1)
Ω + χ∥F

(1,χ∥)

Ω ,

(90b)

in which we have defined

F
(1,0)
Ω =−

(
F2
∂E1

∂Ω
−F1

∂E2

∂Ω

)(
∂E1

∂Ω

)−2

−
(
∂E1

∂Ω

)−1
(
FH

1 E(δm1) +
LH
1 E(δχ1)

(m
(0)
1 )2

)
,

(91a)

F
(1,δχ1)
Ω =−

(
F(δχ1)

∂E1

∂Ω
−F1

∂E(δχ1)

∂Ω

)(
∂E1

∂Ω

)−2

,

(91b)

F
(1,δm1)
Ω =−

(
F(δm1)

∂E1

∂Ω
−F1

∂E(δm1)

∂Ω

)(
∂E1

∂Ω

)−2

,

(91c)

F
(1,χ∥)

Ω =−
(
F(χ∥)

∂E1

∂Ω
−F1

∂E(χ∥)

∂Ω

)(
∂E1

∂Ω

)−2

.

(91d)

Given the fluxes, the only additional knowledge re-
quired to explicitly compute the quantities in Eq. (90)

7 The dynamical effects linearly proportional to χ⊥ of a spinning
test-body are purely oscillatory and thus cannot contribute to
the system’s constants of motion. This definition of the binding
energy reduces to the equivalent conserved quantity in the test-
body limit, corresponding to an eternal circular bound orbit of
frequency Ω in a Schwarzschild background spacetime.

8 Note that we are working with the full binding energy and an-
gular momentum (∼ ϵ) and their fluxes (∼ ϵ2), not the flux of
the specific energy and angular momentum (∼ ϵ).

is the expansion of the binding energy in Eq. (88). While
this may be computed directly from the asymptotic met-
ric as in Ref. [24, 83], extant 1PA self-force models have
not used E2 as defined from the Bondi mass in Eq. (80)
because Ref. [83]’s computation of the Bondi mass used
a different choice of time slicing than the second-order
flux computations in Ref. [14]. Instead, the 1PA wave-
form models in Ref. [17] used a notion of binding energy
derived from the first law of binary black hole mechan-
ics [88], which Ref. [83] showed to be a reasonably accu-
rate approximation to E. See Sec. IID of Ref. [18] for an
assessment of the impact of this approximation upon the
accuracy of the waveform phase. We return to this point
in Sec. IVC.

B. Binding energy from the first law

For a binary of spinning point particles in an eternal
circular orbit, the first law of binary black hole mechan-
ics through linear order in each spin is the variational
relationship [89, 90]

δMFL − Ω δLFL =
∑
i=1,2

(
z[i]δmi + ω[i]δSi

)
. (92)

Here MFL and LFL are the Arnowitt-Deser-Misner
(ADM) mass and angular momentum [91] of the eter-
nally circular system. Ω still denotes the orbital fre-
quency, and z[i] and ω[i] are the Detweiler ‘redshift’ [92]
and precession frequency9 of body i, respectively. Since
MFL and LFL are functions of the independent variables
(Ω,mi, Si), the variational relationship implies a set of
partial differential equations:

∂MFL

∂Ω
− Ω

∂LFL

∂Ω
= 0, (93a)

∂MFL

∂mi
− Ω

∂LFL

∂mi
= z[i], (93b)

∂MFL

∂Si
− Ω

∂LFL

∂Si
= ω[i]. (93c)

Note that the partial derivatives are with respect to the
full physical mass and spins of each black hole (as op-
posed to χi, for example).
In our context, the redshift for the secondary is defined

as

z[2] ≡ dτ̂

dt
=

1

ût
. (94)

The secondary’s spin precession frequency is

ω[2] = −Ωs, (95)

9 Here, ω[i] are defined in a Hamiltonian sense. See Equation 4.5
of Ref. [89].
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with a sign difference due to a choice of convention. Since
in black hole perturbation theory the primary is an ex-
tended object rather than a point particle, quantities
such as its redshift and spin precession frequency would
have to be defined as appropriate integrals over its hori-
zon.10 However, in what follows, we will not make use of
the equations involving those quantities [(93b) and (93c)
with i = 1], and so our calculations will be insensitive to
those definitions.

A subtler point is that in these relationships we should
not interpret MFL and LFL as the ADM mass and angu-
lar momentum of our physical, inspiraling system. Those
quantities would be constants, as they would be for any
asymptotically flat spacetime. Instead, for any set of val-
ues of (Ω,mi, Si), we construct an effective, asymptoti-
cally flat spacetime for an eternally circular binary with
those parameters. Such a system is unphysical because
no exact solution to the Einstein equations can be both
helically symmetric and asymptotically flat [90]. When
using the first law, we work under the (unproved) as-
sumption that the same relationships (92) and (93) hold
true for our physical, inspiraling system at each value of
hyperboloidal time s. One can think of this heuristically
as MFL and LFL being good proxies for the Bondi mass
and angular momentum at time s. (As discussed below,
that surrogacy breaks down at 4PN order and at order ε2

in the Bondi mass [95, 96], but it remains a reasonably
good approximation.)

We return to the applicability of the first law in our set-
ting at the end of the next section. For now, we blithely
proceed to use it to derive a formula for the binding en-
ergy (88).

To do so, we introduce the first law binding energy,

EFL =MFL −m1 −m2. (96)

We expand the binding energy and angular momentum
at fixed values of the dimensionless frequency m1Ω to
O(ε3) as

EFL = m2

a+b+c=1∑
a,b,c=0

EFL
(a,b,c)

(
m2

m1

)a(
S1

m2
1

)b(
S2

m1m2

)c
,

(97a)

LFL = m1m2

a+b+c=1∑
a,b,c=0

LFL
(a,b,c)

(
m2

m1

)a(
S1

m2
1

)b(
S2

m1m2

)c
,

(97b)

where the coefficients EFL
(a,b,c) and L

FL
(a,b,c) are dimension-

less functions of m1Ω. The leading terms (a = b = c = 0)
represent the binding energy and angular momentum for
a test mass m2 in a Schwarzschild spacetime of mass m1.

10 Though we note that on scales large compared to the primary’s
size, its redshift z[1] can be identified with its surface gravity [10,
93, 94].

For our slowly spinning primary and compact secondary,
m2/m1 ∼ ϵ, S1/m1 ∼ ϵ, and S2/(m1m2) ∼ ϵ. However,
we avoid expanding directly in powers of ϵ here because

it is defined in terms of m
(0)
1 instead of the physical mass

m1.
We likewise expand the redshift and precession fre-

quency to O(ε3);

z[2] =

a+b+c=1∑
a,b,c=0

z
[2]
(a,b,c)

(
m2

m1

)a(
S1

m2
1

)b(
S2

m1m2

)c
,

(98a)

m1ω
[2] =

a+b+c=1∑
a,b,c=0

ω
[2]
(a,b,c)

(
m2

m1

)a(
S1

m2
1

)b(
S2

m1m2

)c
,

(98b)

where again the coefficients are dimensionless functions of
m1Ω. Our arguments that follow will be based on the fact
that m2/m1, S1/m

2
1, and S2/(m1m2) are independent,

arbitrarily specified small quantities. This implies that
from an equation of the form∑

abc

fabc(m1Ω)

(
m2

m1

)a(
S1

m2
1

)b(
S2

m1m2

)c
= 0, (99)

we can infer fabc(m1Ω) = 0.
Given this reasoning and the above expansions,

Eq. (93a) immediately implies

∂ΩE
FL
(a,b,c) = m1Ω ∂ΩL

FL
(a,b,c), (100)

which we can recast as

m1L
FL
(a,b,c) = −∂Ω

(
EFL

(a,b,c) −m1ΩL
FL
(a,b,c)

)
. (101)

Next, from Eq. (93b) with i = 2 we have

EFL
(0,0,0) = z

[2]
(0,0,0) − 1 +m1ΩL

FL
(0,0,0), (102a)

EFL
(0,1,0) = z

[2]
(0,1,0) +m1ΩL

FL
(0,1,0), (102b)

EFL
(1,0,0) =

1

2
z
[2]
(1,0,0) +m1ΩL

FL
(1,0,0). (102c)

Equation (93b) also implies

z
[2]
(0,0,1) = 0, (103)

since the factors ofm2 cancel for a = 0, c = 1 in Eq. (97a),
meaning the derivative with respect to m2 vanishes on
the left-hand side of (93b) for these terms.
Combining Eq. (101) and Eq. (102), we can write most

terms in the binding energy completely in terms of the
redshift:

EFL
(0,0,0) = z

[2]
(0,0,0) − 1− Ω∂Ωz

[2]
(0,0,0), (104a)

EFL
(0,1,0) = z

[2]
(0,1,0) − Ω∂Ωz

[2]
(0,1,0), (104b)

EFL
(1,0,0) =

1

2
z
[2]
(1,0,0) −

1

2
Ω∂Ωz

[2]
(1,0,0). (104c)
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These leave us with EFL
(0,0,1) as the only undetermined

coefficient. Equation (93c) with i = 2 provides the addi-
tional relationship

EFL
(0,0,1) − Ωm1L

FL
(0,0,1) = ω

[2]
(0,0,0). (105)

We can combine the relation with Eq. (101) to obtain the
final coefficient:

EFL
(0,0,1) = ω

[2]
(0,0,0) − Ω∂Ωω

[2]
(0,0,0). (106)

C. Evolution equation with the first law

Suppose now we assume the two different binding en-
ergies are equal: EFL = E, recalling that E is defined
in Eq. (80) and EFL in Eq. (96). Then we can compute
each term in Eq. (88) by substituting Eq. (25) into our
first-law result and re-expanding in powers of the initial
mass ratio, ϵ. The outcome is

E1(Ω) = m
(0)
1 EFL

(0,0,0)

(
m

(0)
1 Ω

)
, (107a)

E2(Ω) = m
(0)
1 EFL

(1,0,0)

(
m

(0)
1 Ω

)
, (107b)

E(δχ1)(Ω) = m
(0)
1 EFL

(0,1,0)

(
m

(0)
1 Ω

)
, (107c)

E(δm1)(Ω) = m
(0)
1 Ω∂ΩE

FL
(0,0,0)

(
m

(0)
1 Ω

)
, (107d)

E(χ∥)(Ω) = m
(0)
1 EFL

(0,0,1)

(
m

(0)
1 Ω

)
. (107e)

By combining the definition of the redshift in Eq. (94)
with the timelike normalization condition ĝµν û

µûν = −1
in our quasi-circular, approximately equatorial configu-

ration, we obtain expressions for the coefficients z
[2]
(a,b,c).

Taking the redshift coefficients and ω
[2]
(0,0,0) = −Ω

(0)
s as

inputs to Eq. (102) and Eq. (106) respectively, we arrive
at

E1(Ω) = m
(0)
1

(
1− 2y√
1− 3y

− 1

)
, (108a)

E2(Ω) =
1

2
m

(0)
1 (z1SF − Ω∂Ωz1SF) , (108b)

E(δχ1)(Ω) = m
(0)
1

(
−2y5/2(2− 3y)

3(1− 3y)3/2

)
, (108c)

E(δm1)(Ω) = −m(0)
1

y

3

1− 6y

(1− 3y)3/2
, (108d)

E(χ∥)(Ω) = m
(0)
1

(
− y5/2√

1− 3y

)
, (108e)

having defined z1SF ≡ z
[2]
(1,0,0) = 1

2h
(pp)R
αβ uα0 k

β , which is

the standard first-order self-force redshift [92].

With the first-law binding energy at hand, we can now
express Eq. (90) in terms of the frequency, the redshift
and the asymptotic fluxes. Expressing the Ω dependence
in terms of the quantity y defined in Eq. (52), and defin-

ing F̄
(...)
Ω ≡

(
m

(0)
1

)2
F

(...)
Ω , we obtain the following:

F̄
(0)
Ω =

3
√
y(1− 3y)3/2F1

(1− 6y)
, (109a)

F̄
(1,δχ1)
Ω =

3
√
y(1− 3y)3/2F(δχ1)

(1− 6y)
−

2
√
1− 3yy2

(
36y2 − 33y + 10

)
F1

(1− 6y)2
, (109b)

F̄
(1,δm1)
Ω =

3
√
y(1− 3y)3/2

(1− 6y)

(
2

3
yF ′

1(y)

)
+

√
1− 3y

√
y(3(7− 6y)y − 2)F1

(1− 6y)2
, (109c)

F̄
(1,χ∥)

Ω =
3
√
y(1− 3y)3/2F(χ∥)

(1− 6y)
− 3(1− 3y)3/2y2(12y − 5)F1

(1− 6y)2
, (109d)

F̄
(1,0)
Ω =

(1− 3y)3y1/2(z′1SF(y)− 2yz′′1SF(y))F1

(1− 6y)2
+

3
√
y(1− 3y)3/2F2

(1− 6y)
−
(
y3/2

(5− 12y)

(1− 6y)

)
FH

1 . (109e)

To group together the explicit horizon flux terms above, we have used the fact that LH
1 (y) = m

(0)
1 y−3/2FH

1 , for
quasi-circular inspirals. Thus by computing the relevant flux and redshift terms on a grid of y values, we can integrate
the coupled system in Eq. (42) to obtain the parameter-space trajectory ϖI(t). Equation (42) reduces to(

m
(0)
1

)2 dΩ
ds

= ϵF̄
(0)
Ω (y) + ϵ2

[
F̄

(1,0)
Ω (y) + δχ1F̄

(1,δχ1)
Ω (y) +

δm1

m
(0)
1

F̄
(1,δm1)
Ω (y) + χ∥F̄

(1,χ∥)

Ω (y)
]
+O(ε3), (110a)

dδm1

ds
= ϵFH

1 (y) +O(ε2), (110b)(
m

(0)
1

)2 dδχ1

ds
= ϵLH

1 (y) +O(ε2), (110c)

with y = y(Ω(t)).
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We now return to the question of whether our use of
the first law is valid. An important facet of that ques-
tion is that our use of the first law is actually exact and
fully justified for all terms in Eq. (110) except the first

term in Eq. (109e) for F̄
(1,0)
Ω . The second term in F̄

(1,0)
Ω

accounts for the dissipation of the E1 contribution to the
binding energy due to the second-order energy flux, and
its derivation relies solely upon the multiscale expansion

of Eqs. (81)–(83). The last term in F
(1,0)
Ω derives from

the time dependence of the primary’s mass and spin cor-
rections, which are explicit in Eq. (84).

To explain why all the other terms are exact, we first
remark that in the binding energy, E1, E(δm1), E(δχ1),
and E(χ∥) are all test-body terms that may be derived by

linearizing (in δm1, δχ1, and χ∥) the energy of a spinning
test body in Kerr around the energy E1 of a test mass
in Schwarzschild spacetime. Specifically, in the test-body
limit, we have the equality

E
.
= m2 (E − 1) , (111)

where the dot is to stress that the equality holds only in
this limit, and we have defined the specific mechanical
energy

E ≡ −uαtα − m2

2
Sαβ∇αtβ . (112)

For these terms, the binding energy can be defined from
the mechanical energy of a test body on a circular or-
bit. One can directly verify that the first law is valid
when EFL and LFL are the energy and angular momen-
tum of a spinning test body, and the first law’s formulas
for E1, E(δm1), E(δχ1), and E(χ∥) can be directly verified
from the test-body energy. Moreover, regardless of the
first law, the test-body energy satisfies the flux-balance
law (81) exactly at the orders in spin and mass ratio that
we use here [25, 52, 97]. In that sense, we did not need
to make explicit use of the first law to calculate these

contributions to F
(1)
Ω . However, it provides a convenient,

unified method of deriving the binding energy.
Finally, we address our use of the first law in deriving

F̄
(1,0)
Ω . This forcing function only pertains to the non-

spinning, quasi-circular sector of the problem; all other
effects have been stripped off and isolated as linear cor-
rections. More specifically, in our use of the first law in
Eq. (108b), we have replaced E2—the leading non-test-
body term in the binding energy (80)—with

EFL
2 ≡ 1

2
m

(0)
1 (z1SF − Ω∂Ωz1SF) . (113)

Reference [83] found a numerically small, but nonzero
difference between E2 (as measured directly from the
metric) and this EFL

2 , and Ref. [18] estimated that this

probably leads (via F
(1)
Ω ) to a small but non-negligible

difference in the waveform phase. However, the true im-
pact on the waveform is unknown because E2(Ω) and
F2(Ω) are both dependent on the choice of hyperboloidal

slicing. E2(Ω) in Ref. [83] was calculated with a differ-
ent choice of slicing than F2(Ω) in Ref. [14], meaning
it cannot be used in place of EFL

2 . Here we highlight
forthcoming work to better understand the relationship
between E2 and EFL

2 :

1. In Ref. [98], we will clarify that EFL is the on-shell
value of the local Hamiltonian governing the con-
servative sector of the secondary’s orbital dynam-
ics, even in the presence of dissipation (at least at
the orders we consider here, for a nonspinning sec-
ondary). See also Refs. [99–101]. A disagreement
between E2 and EFL

2 therefore indicates that the
rate of energy emission is not equal to the rate of
change of the secondary’s mechanical Hamiltonian
energy.

2. In Ref. [96], we show analytically that E2 differs
from EFL

2 by an explicit, computable, nonzero cor-
rection term. This extends recent work by Tres-
tini [95], who established an analogous result at
4PN order.

Future work will compare the results of Ref. [96] to the
numerically computed E2 in Ref. [26] and incorporate the
correction to EFL

2 into our waveform model.
However, we also point out that, in addition to the

uncertainty surrounding the binding energy, there are
known omissions in the flux F2:

1. Existing F2 data omits the second-order flux
through the primary’s horizon. The effect of this
omission, which should be numerically small, is dis-
cussed in Ref. [18].

2. In Ref. [24] we showed that existing data for F2 also
omits a ‘memory distortion’ contribution arising
from coupling between gravitational-wave memory
and oscillatory modes. This conclusion will be
further solidified in other forthcoming work [102].
However, the impact of this contribution is ex-
pected to be small due to the small magnitude of
memory modes.

D. Summary: balance law, binding energy and
inspiral evolution

In Sec. IVA, we outlined how an energy balance law
can be employed to express the rate of change of the or-
bital frequency in terms of a binding energy, E, and the
gravitational wave energy flux at I+ and the primary’s
horizon (see Eq. (90)). The expressions can be used in
inspiral evolution schemes in place of the equivalent ex-
pressions derived in terms of the local self-force, which
we initially derived in Sec. III C 3 — see Eq. (61) and
Eq. (62). The intermediary equation, Eq. (84), inspires a
physically motivated effective re-summation that we im-
plement in the 1PAT1R waveform model in Sec. VIB 4.
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In Sec. IVB, we defined a different binding energy by
making use of the first law of binary black hole mechanics.
The expression for the first law binding energy, EFL, is
provided in Eq. (107).

In Sec. IVC, we derived explicit expressions for the
rate of change of the orbital frequency by substituting
EFL as an approximation to E in Eq. (90), which we
utilize in the waveform models of Sec. VI. We highlighted
the specific terms impacted by this approximation and
commented on other minor approximations employed in
computing the second order energy flux, F2.

V. OFFLINE COMPUTATIONS

A. Overview of offline data

In this section, we outline the general strategy we em-
ploy to obtain the offline data for our waveform model.

We largely use data computed previously in Refs. [14,

52]: specifically, the asymptotic amplitudes of h
1(pp)
µν ,

h
2(pp)
µν , h

2(δχ1)
µν , and h

2(χ∥)
µν that enter the waveform (78);

and the corresponding fluxes F1, F2, F(δχ1), and F(χ∥)

and redshift z1SF entering the evolution equation (110).
The new ingredients, not previously computed, are the

amplitudes h
2(δm1)
µν and h

2(χ⊥)
µν . However, for complete-

ness we summarize the calculations of all ingredients.

1. Field equations, puncture fields and residual fields

The data are computed from solutions to the field
equations (73). In these equations we substitute the first-
and second-order metric perturbations in the forms (32)
and (33) along with the stress-energy tensor (69). We
thus obtain equations that determine each term in the
metric perturbation, separated by peeling off the coeffi-
cients of the powers of ϵ, δm1, δχ1, χ∥ and χ⊥. We then
decompose these equations into Fourier modes, using the
expansion (75), and into tensor-spherical-harmonic ℓm
modes, as described in Refs. [21, 52], to obtain radial
ordinary differential equations for each ℓmk mode coeffi-
cient.

As inputs in the second-order field equations (and to
compute the first-law binding energy), we also need to
split several of the metric perturbations into their singu-
lar and regular pieces:

h...µν = hR...µν + hS...µν ; (114)

refer to the comments above Eq. (5) and the references
therein. In practice, the singular fields are not known
exactly but are approximated with puncture fields hP...αβ ≈
hS...αβ near the worldline, from which we define the residual
fields

hR...αβ ≡ h...αβ − hP...αβ . (115)

If the puncture is expanded to sufficiently high order (in
distance from the particle), then the values of hR...αβ and
its first derivatives on the worldline are identical to those
of hR...αβ , such that the residual field can be used in place of

hR...αβ in the particle’s equations of motion. The puncture
field for a spinning object, through second order in its
mass and to sufficient order in distance, is given in local,
co-moving coordinates in Ref. [54] and in covariant form
in Refs. [52, 103].

B. First-order fields

The first-order point-mass field h
1(pp)
µν satisfies

G(1,0)
µν [h1(pp)] = 8πT 1

µν . (116)

Methods of solving this equation, decomposed in tensor-
harmonic and Fourier modes, are standard in the litera-
ture [104]. As input for the second-order field equations,
we specifically solve the mode-decomposed equation in
the Lorenz gauge using the h1Lorenz code [105], devel-
oped in Refs. [106, 107] and available on the Black Hole
Perturbation Toolkit [108].

The second-order field equations and binding energy
also require the first-order puncture and residual field.
We calculate the tensor-harmonic modes of the Lorenz-
gauge puncture as described in Refs. [109, 110]; the
modes of the residual field are then obtained by subtract-
ing the puncture modes from the retarded-field modes.
We refer to Ref. [111] for full details.

In order to more efficiently populate the grid of Ω val-
ues, we also separately generate data for the first-order
waveform amplitudes and fluxes using the Teukolsky
package [112] from the Black Hole Perturbation Toolkit.
This data is used in our online waveform generation,
while the Lorenz-gauge data is only used in offline cal-
culations in the interior of the spacetime, specifically in
the construction of second-order source terms and in the
calculation of z1SF from the first-order regular field at the
particle.

Finally, we require the second two terms in Eq. (32),

h
1(δm1)
µν (xi) and h

1(δχ1)
µν (xi), which are smooth vacuum

perturbations. Their corresponding sources vanish, and
they contribute only to the first-order regular field. In
principle, they are easily obtained analytically by ex-

panding the Kerr metric with massm1 = m
(0)
1 +ϵδm1 and

dimensionless spin χ1 = ϵδχ1 about the (non-spinning)

Schwarzschild metric with mass m
(0)
1 . In practice, we re-

quire them in the Lorenz gauge, as given analytically in
Appendix D of Ref. [21].
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C. Second-order fields

1. Linear secondary spin terms

The secondary’s spin contributes to the second-order

metric perturbation via the fields h
2(χ∥)
µν (xi, ϕp,Ω) and

h
2(χ⊥)
µν (xi, ϕp, ψ̃s,Ω). These fields are straightforward to

compute since their governing equations contain only lin-
ear terms, as there is no secondary spin dependence in
h1αβ ;

G(1,0)
µν [h2(χ∥)] = 8πT

2(χ∥)
µν , (117a)

G(1,0)
µν [h2(χ⊥)] = 8πT 2(χ⊥)

µν . (117b)

Unlike for h1αβ , we do not require their corresponding
punctures and residual fields — we need only compute
the retarded fields.

In Eq. (110), we provide the exact contribution of

these fields (although h
2(χ⊥)
µν does not contribute here)

to the 1PA inspiral evolution in terms of asymptotic en-
ergy fluxes that are easily computed directly from the
retarded metric perturbations. The relevant flux data
were computed in Ref. [52], which we have incorporated
into this work. Rather than directly solving the mode-
decomposed version of Eq. (117a), Ref. [52] computed
this data by solving the corresponding Regge-Wheeler-
Zerilli equations.

Likewise, we obtain the waveform-amplitude contribu-

tions of both h
2(χ∥)
µν and h

2(χ⊥)
µν from the retarded so-

lutions to the Regge-Wheeler-Zerilli equations. For the

calculation of h
2(χ⊥)
µν we adapted the method of Ref. [52],

where h
2(χ∥)
µν was already calculated. We detail the cal-

culation of h
2(χ⊥)
µν in Appendix B.

2. Nonlinear point-mass terms

With the secondary spin terms accounted for, we next

focus on the point-mass term h
2(pp)
µν and its associated

flux F2.
Due to the second-order source’s strong singularity at

the particle, the field equation is reformulated using a
puncture scheme [59, 113–115], adapting methods devel-
oped at first order [109, 116, 117]. In this approach, we

solve for h
R2(pp)
αβ directly by re-arranging the point-mass

terms in Eq. (73) after substituting Eq. (115):

G(1,0)
µν [hR2(pp)] = 8πT 2(pp)

µν −G(2,0)
µν [h1(pp), h1(pp)]

−G(1,1)
µν [h1(pp)]−G(1,0)

µν [hP2(pp)].

(118)

The puncture term on the right cancels the singularities
in the other source terms, leaving a more regular, effec-
tive source. Equation (118) is solved in a worldtube sur-
rounding the particle’s worldline. Outside the worldtube,

we solve for the retarded field h
2(pp)
µν .

Reference [111] describes our method of computing
the source terms in the above equation, building on
technology from Refs. [21, 23, 109, 118]. This source
construction requires not only the first-order retarded
field but also the first-order residual field (which en-

ters into T
2(pp)
µν and h

2P(pp)
µν ) and the first-order puncture

field. The latter is required because, to accurately cal-

culate G
(2,0)
µν [h1(pp), h1(pp)] in the worldtube around the

worldline, we decompose it as [111, 118],

G(2,0)
µν [h1(pp), h1(pp)] = G(2,0)

µν [hP1, hP1]

+G(2,0)
µν [hP1, hR1(pp)]

+G(2,0)
µν [hR1(pp), hR1(pp)]. (119)

The ℓm modes of the first term are computed from
the analytically known, four-dimensional hP1

µν , while the
other two terms are computed from ℓm modes of the
first-order fields.

Our method of solving the (mode-decomposed) equa-
tions in Lorenz gauge is described in Ref. [22]. The ulti-
mate output is the asymptotic amplitude and flux data
computed in Ref. [14], which we use here. We refer read-
ers to Refs. [21, 22, 24, 111] for further details on comput-

ing h
2(pp)
µν and extracting its contribution to the waveform

(and flux) at future null infinity.

3. Primary mass terms

In principle, h
2(δm1)
µν can be computed with the full

second-order infrastructure described for the point-mass
terms, constructing a nonlinear source involving products

of h
1(pp)
µν and h

1(δm1)
µν . However, we can also calculate

h
2(δm1)
µν far more easily, as it is necessarily equivalent to

the field that would be produced by slightly shifting the

background mass parameter in h
1(pp)
µν :

h1(pp)µν (m1) = h1(pp)µν (m
(0)
1 ) + ϵδm1

∂h
1(pp)
µν

∂m
(0)
1

+ . . . (120)

From this, we read off h
2(δm1)
µν = ∂h

1(pp)
µν /∂m

(0)
1 . We refer

to the discussion around Eq. (31) of Ref. [15] for more
information.

The associated flux is not explicitly required because,
in formulating Eq. (109), we already made use of the

equality F(δm1) = m
(0)
1 ∂F1/∂m

(0)
1 .
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4. Primary spin terms

The final term we require in h2µν is h
2(δχ1)
µν

11. Like

h
2(δm1)
µν , this term, and its associated flux, can be calcu-

lated in two ways: directly, using our full second-order
infrastructure; or by linearizing first-order data. We ex-
plain each method in turn and then compare their results
as a consistency check.

In the first approach, we follow the same procedure we

used to compute h
2(pp)
µν , solving a field equation analogous

to Eq. (118). However, the source in the field equation

for h
2(δχ1)
µν has a more straightforward structure. More

precisely, there are no terms quadratic in the first-order

puncture (as h
1(δχ1)
µν only contributes to hR1

µν ), and there

is no contribution from the slow-evolution term G
(1,1)
µν [h1]

in the source (73c) (as h
1(δχ1)
µν is independent of Ω, and

the time derivative of δχ1 is proportional to a flux that
is independent of δχ1). Hence, we can write the field

equation for h
2(δχ1)
µν as

G(1,0)
µν [hR2(δχ1)] = 8πT 2(δχ1)

µν −G(2,0)
µν [h1(δχ1), h1(pp)]

−G(1,0)
µν [hP2(δχ1)]. (121)

We solve this equation in Lorenz gauge using the method
in Ref. [22]. The flux, F2(δχ1), is then computed from the
asymptotic amplitudes of the metric perturbation.

In the second, simpler approach, the linear-in-χ1 am-
plitudes and flux are computed using the first-order
Teukolsky formalism for a particle in Kerr spacetime. As
in the discussion of primary-mass perturbation, we can
write

h2(δχ1)
µν =

∂h
1(pp)
µν

∂χ1

∣∣∣∣∣
χ1=0

(122)

and

F(δχ1) =
∂F1

∂χ1

∣∣∣∣
χ1=0

, (123)

where h
1(pp)
µν and F1 on the right are calculated on a

Kerr background with spin parameter a = m
(0)
1 χ1. We

can use these results as a check on the complicated ma-
chinery used to construct the source in Eq. (121) and the
numerical methods used to integrate the source to get
the second-order field.

There is a slight subtlety in the comparison as, for
δχ1 ̸= 0, standard frequency-domain Teukolsky codes
compute the fluxes on a spin-weighted spheroidal har-
monic and not a spherical harmonic basis. Thus to

11 We do not require the h
2[j,k]
µν mass and spin corrections to the

second-order metric as described in Eq. (33), since they couple
to the waveform at second post-adiabatic order.

make the comparison we first expand the spin-weight -2
spheroidal harmonics,−2Slm, onto a basis of spin-weight
-2 spherical harmonics, −2Yℓm, such that

−2Slm =

∞∑
l=lmin

bℓlm−2Yℓm, (124)

where lmin = max(|s|, |m|). The spheroidal-to-spherical
expansion coefficients, bℓlm, can be computed using
methods found in, e.g., Ref. [119]. In practice we
evaluate the coefficients using the implementation in
the SpinWeightedSpheroidalHarmonics Mathematica
package [120] of the Black Hole Perturbation Toolkit.
Defining Z∞

lm as the amplitude of the Teukolsky radial
function at infinity, we can write the flux for a given
spherical harmonic mode as

FTeuk
ℓm =

∞∑
l=lmin

ϵ2

4πm2Ω2
Kerr

|bℓlmZlm|2, (125)

where ΩKerr =

√
m

(0)
1 /

(
r
3/2
0 + χ1

(
m

(0)
1

)3/2)
. Note

that as we are only interested in the linear-in-χ1 flux,
the limits on the summand in Eq. (125) can be reduced
to max(lmin, l − 1) < l < ℓ + 1. In order to evalu-
ate Eq. (125) we use the Teukolsky Mathematica pack-
age [112] from the Black Hole Perturbation Toolkit to
compute the Zlm’s. To extract the linear-in-χ1 piece of
the flux we evaluate Eq. (125) on a grid of 25 evenly
spaced values of χ1 ∈ [0, 0.25]. We then fit the data to a
5th-order polynomial in χ1 and extract the linear coeffi-
cient.
As a check on our results we can with compare against

known PN series. The leading PN term of the linear-in-
χ1 flux can be extracted from the PN series in Refs. [121,
122]. This leading term is given by

F2(δχ1)
PN = −256

15
y13/2 +O(y15/2). (126)

where y = (m
(0)
1 Ω)2/3.

We compare the results of the linearized Teukolsky flux
to F2(δχ1) in Fig. 1, where we find for the (2,2) mode the
relative error is always less than 1.2×10−5. As discussed
above, the structure of the δχ1 source in Eq. (121) is
the same as for the full second-order metric perturba-

tion but without the contributions from G
(2,0)
µν [hP1, hP1]

and G
(1,1)
µν [h1]. As such, the excellent agreement we find

between the flux computed by integrating the full δχ1

source and the linearized Teukolsky flux lends confidence
to the computational infrastructure that we use to com-
pute the point particle second-order source and to inte-

grate it to find h
R2(pp)
µν .

VI. WAVEFORM MODELS

We now present our final waveform model(s). Refer-
ence [52] outlined how the secondary’s spin may be modu-
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FIG. 1. (Top) Comparison of the flux computed from the δχ1

perturbation and the linear-in-χ1 Teukolsky flux. We also plot
the leading PN behaviour given in Eq. (126). (Bottom) The
relative difference between the δχ1 and the linearized-in-χ1

Teukolsky flux. For orbital radii in the range 6 < r0/m
(0)
1 ≤

30, the relative error is always less than 1.5× 10−5.

larly added to the quasi-circular non-spinning 1PA wave-
form models of Ref. [17], when the spin is (anti-)aligned
with the orbital angular momentum. Since then, Ref. [35]
assessed the impact of the (anti-)aligned secondary’s spin
in a parameter estimation study using 1PA waveforms,
and Ref. [49] combined the results of Ref. [52] with
Ref. [17] to inform the modelling of the (anti-)aligned
secondary’s spin terms for asymmetric mass systems in
the EOB model TEOBResumS.

In addition to comparing the spinning 1PA waveforms
with NR, we present several key improvements on these
existing waveform models:

1. We allow for a slowly spinning primary, with a spin
of order ε and a small, O(ε) misalignment with the
orbital angular momentum.

2. We remove the requirement that the secondary’s
spin be (anti-)aligned with the orbital angular mo-
mentum, allowing for a generic precessing spin. See
Sec. III F above and Sec. V C of Paper I for a dis-
cussion of the (2PA) contribution of the secondary’s
precession to the waveform.

3. We no longer neglect the evolution of the primary’s
mass and spin.

4. We compare slight variations of the 1PA model that
hold different quantities fixed while expanding in
powers of the mass ratio.

5. We define a ‘re-summed’ model and demonstrate
its increased accuracy.

In Sec. VIA, we summarise the ‘native’ self-force model
that follows immediately from our multiscale anaylsis.

In Sec. VIB, we outline straightforward re-expansions
and re-summations of the initial model and define sev-
eral model variations based upon these. In Sec. VIC,
we compare the different 1PA waveform models with NR
waveforms.

A. Native self-force model

The waveform strain is extracted in multiscale form
from Eq. (78). We specifically require the two polariza-
tions of the transverse-tracefree piece of that expression,
which we decompose in the usual way in terms of spin-
weighted spherical harmonics:

h+ − ih× =
m

(0)
1

DL

∞∑
ℓ=2

ℓ∑
m=−ℓ

hℓm −2Yℓm(θ, ϕ). (127)

Here DL is the luminosity distance, which we have adi-
mensionalised with the factor of the initial primary mass.
Accounting for the multiscale form (78), we may write
each waveform mode in terms of complex mode ampli-
tudes and phase factors:

hℓm(t) =

1∑
k=−1

Rℓmk(ϖI(t))e
−i[mϕp(t)+kψ̃s(t)], (128)

suppressing dependence on ϵ and other constant param-
eters.
Given the expansions (32) and (33) of the metric per-

turbation, the waveform amplitudes take the form

Rℓmk = ϵR
1(pp)
ℓmk (y) + ϵ2R

2(pp)
ℓmk (y) + ϵ2δm1R

2(δm1)
ℓmk (y)

+ ϵ2δχ1R
2(δχ1)
ℓmk (y) + ϵ2χ∥R

2(χ∥)

ℓmk (y)

+ ϵ2χ⊥R
2(χ⊥)
ℓmk (y), (129)

where y is defined in Eq. (52).

Importantly, R
2(χ⊥)
ℓm0 = 0 and in all the other terms

there are only modes with k = 0; the phase factor e±iψ̃s

only multiplies the χ⊥ term. While the secondary’s pre-
cession did not couple to the 1PA evolution of ϕp, ψ̃s, it
does contribute to the sub-leading complex amplitude via
the linear-in-χ⊥ term. We find that term is numerically
very small (see Fig. 2).

B. Re-expanded and re-summed models

In Ref. [14], the second-order fluxes for a quasi-circular
binary with aligned-spins and a slowly spinning primary
were compared with NR results and found to agree well
even at moderate mass ratios. Reference [17] found sim-
ilar agreement with NR at the level of the waveform for
non-spinning binaries.
A critical step in achieving good accuracy away from

the extreme-mass-ratio regime was the re-expansion in
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FIG. 2. The amplitude terms in Eq. (129) as functions of the separation, r0. Top: the various contributions to the
(ℓ,m) = (2, 2) mode (real and imaginary part respectively). Bottom: the same but with (ℓ,m) = (2, 1). Notice that the
precessing modes (k ̸= 0) are represented by the dashed lines and are generally at least an order of magnitude smaller than the
leading amplitude even before being suppressed by the additional factor of ϵ.

terms of the symmetric mass ratio, ν = m1m2/M
2, at

fixed values of the total mass, M = m1 +m2. When we
add the spins into the picture, we also have freedom to
chose which spin parameters we hold fixed in the ν expan-
sion. As in Ref. [49], we consider two different choices:
the dimensionless spins χi which appear naturally from
our MPD-Harte framework and the reduced (also dimen-
sionless) spins

ãi ≡ Si/(Mmi). (130)

Defining the mass ratios

µi ≡ mi/M, (131)

we have µi = 1
2 (1 ± ∆), taking the positive (negative)

sign for i = 1 (i = 2) given the convention m1 ≥ m2,
with ∆ ≡

√
1− 4ν and ãi = µiχi. The reason that the

variables ãi are also ‘obvious’ choices of parameters to fix
in the expansion is that in weak-field formalisms which
do not rely upon a small-mass-ratio expansion (such as
PN theory [122]), the spin dependence of the expressions
describing the inspiral and waveform are more compactly
expressed in terms of ãi and it restores some of the sym-
metry under the interchange of each body. For example,
in expansions in ν at fixed ãi, both spins contribute at
each order in the series while re-expanding at fixed χi,
the secondary’s spin first enters at subleading order. This
suggests we may more accurately capture the spin ef-
fects for generic mass ratios by holding these parameters

fixed. In the flux comparisons in Ref. [14], the authors
also opted to hold ãi fixed for this reason.
In total, we define five models: 1PAT1-a, 1PAT1-χ,

1PAT1e-a, 1PAT1e-χ and 1PAT1R. The models whose
label include ‘e’ and the 1PAT1R model account for the
evolution of the primary’s mass and spin, while the other
models neglect these effects. The models labelled with
‘χ’ (‘a’) hold the spin variables χi (ãi) fixed in the sym-
metric mass-ratio expansion. The ‘1PAT1’ prefix refers
to the terminology of Ref. [17], where the authors defined
several variants of 1PA waveforms: 1PAT1, 1PAT2 and
1PAF1. Here, we focus only on models of the 1PAT1
variety. All of the 1PAT1 model varieties rely on the
following approximations:

1. In computing the second order energy flux we make
the approximation that F2 ≃ F∞

2 and neglect the
second-order energy flux through the horizon. This
is justified since the horizon flux is known to be nu-
merically subdominant (see Ref. [18]). However, as
mentioned in Sec. IVC, work is ongoing to compute
FH

2 so that it can be included in future models.

2. As we have highlighted in detail in Sec. IV, we ap-
proximate the leading self-force correction to the
binding energy with the binding energy predicted
by the first law. We additionally neglect “memory
distortion” terms in the waveform amplitudes and
flux [24].

3. The models are limited to the inspiral and do not
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yet include the transition to plunge and merger-
ringdown parts of the waveform.

Next, we summarise each model and the re-expansion
in ν. In the 1PAT1e models we expand in powers of the
initial symmetric mass-ratio at fixed powers of the initial
total mass (while in the other two models this distinc-
tion is redundant). To reduce notation-related jargon,
we abuse the notation from our previous paragraph and
recycle the labels ‘ν’ and ‘M ’ as the initial symmetric
mass ratio and initial total mass respectively;

ν ≡ m
(0)
1 m2/M and M ≡ m

(0)
1 +m2. (132)

Since we re-expand at fixed values of M , we also define
the dimensionless variable x ≡ (MΩ)2/3 to replace our
use of the variable y.

In all models we first re-write the waveform strain as

h+ − ih× =
M

DL

∑
ℓ

ℓ∑
m=−ℓ

hℓm −2Yℓm(θ, ϕ), (133)

so that the luminosity distance may be cleanly given
units of M ; this will be essential for comparison with
NR, where units with M = 1 are used. Note that this
step is a redefinition of hℓm rather than a re-expansion:

hnewℓm =
m

(0)
1

M
holdℓm. (134)

1. 1PAT1e-χ

In 1PAT1e-χ, we re-expand our baseline model in pow-
ers of ν at fixed M .

The expression for the individual waveform modes still
takes the form in Eq. (128), but the re-expansion of
Eq. (129) yields

Rℓmk = νR
1(pp)
ℓmk (x) + ν2

[
R

1(pp)
ℓmk (x)− 2

3
x∂xR

1(pp)
ℓmk (x)

]
+ ν2R

2(pp)
ℓmk (x) + ν2δχ1R

2(δχ1)
ℓmk (x) + ν2δm1R

2(δm1)
ℓmk (x)

+ ν2χ∥R
2(χ∥)

ℓmk (x) + ν2χ⊥R
2(χ⊥)
ℓmk (x), (135)

where here Rℓmk =
m

(0)
1

M Rold
ℓmk. The terms in square

brackets come from the redefinition and re-expansion.

The ν2R
1(pp)
ℓmk (x) comes from the redefinition (134) and

from re-writing ϵ in terms of ν. The ν2∂xR
1(pp)
ℓmk (x) term

comes from rewriting the leading amplitude in terms of
x as opposed to y. The rest of the re-expansion in the
subleading term is trivial since ϵ = ν +O(ν2).

We also re-expand the inspiral evolution equations

from Eq. (110):

M2 dΩ

dt
= νḠ

(0)
Ω (x) + ν2

[
Ḡ

(1,0)
Ω (x) + δm1Ḡ

(1,δm1)
Ω (x)

]
+ ν2

[
δχ1Ḡ

(1,χ1)
Ω (x) + χ∥Ḡ

(1,χ∥)

Ω (x)
]

+O(ν3), (136a)

dδm1

dt
= νFH

1 (x) +O(ν2), (136b)

M2 dδχ1

dt
= νLH

1 (x) +O(ν2), (136c)

with

Ḡ
(0)
Ω (x) = F̄

(0)
Ω (x), (137a)

Ḡ
(1,0)
Ω (x) = F̄

(1,0)
Ω (x) + 4F̄

(0)
Ω (x)− 2

3
x∂xF̄

(0)
Ω (x),

(137b)

Ḡ
(1,χ∥)

Ω (x) = F̄
(1,χ∥)

Ω (x), (137c)

Ḡ
(1,δm1)
Ω (x) =

m
(0)
1

M
F̄

(1,δm1)
Ω (x), (137d)

Ḡ
(1,δχ1)
Ω (x) = F̄

(1,δχ1)
Ω (x), (137e)

noting F̄
(1,δm1)
Ω ∝

(
m

(0)
1

)−1

such that Ḡ
(1,δm1)
Ω is inde-

pendent of m
(0)
1 .

The phases are then computed via numerical integra-
tion of Eq. (30), having re-expanded the precession fre-
quency in Eq. (49) to linear order in ν at fixed values
of M , χi and x. We do not expand the phases in their
asymptotic forms implied by Eq. (63) and Eq. (64) due
to the large loss of waveform accuracy this incurs [17].

2. 1PAT1e-a

In 1PAT1e-a, we re-expand 1PAT1e-χ in powers of ν at
fixed ã1. The re-expansion of the amplitudes is a trivial
modification to Eq. (135),

Rℓmk = νR
1(pp)
ℓmk (x) + ν2

[
R

1(pp)
ℓmk (x)− 2

3
x∂xR

1(pp)
ℓmk (x)

]
+ ν2R

2(pp)
ℓmk (x) + νã1R

2(δχ1)
ℓmk (x) + ν2δm1R

2(δm1)
ℓmk (x)

+ νã∥R
2(χ∥)

ℓmk (x) + νã⊥R
2(χ⊥)
ℓmk (x), (138)

where ã∥/⊥ ≡ µ2χ∥/⊥ and the slow primary spin condi-
tion is ã1(t = 0) ∼ ν. The inspiral evolution equations
are also a trivial modification of Eq. (136),

M2 dΩ

dt
= νḠ

(0)
Ω (x) + ν2

[
Ḡ

(1,0)
Ω (x) + δm1Ḡ

(1,δm1)
Ω (x)

]
+ ν

[
ã1Ḡ

(1,χ1)
Ω (x) + ã∥Ḡ

(1,χ∥)

Ω (x)
]
+O(ν3),

(139a)

dδm1

dt
= νFH

1 (x) +O(ν2), (139b)

M2 dã1
dt

= ν2LH
1 (x) +O(ν3), (139c)
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with the same definitions for Ḡ
(...)
Ω as in Eq. (137).

3. 1PAT1-χ (1PAT1-a)

The 1PAT1-χ (1PAT1-a) model neglecting the evo-
lution of the primary’s mass and spin is easiest to de-
scribe as two simple changes to the 1PAT1e-χ (1PAT1e-
a) model:

1. Fix the primary’s spin to its initial value; δχ1 =
δχ1(t = 0) [ã1 = ã1(t = 0)]. Fix δm1 = 0. Discard
their evolution equations.

2. In Ḡ
(1,0)
Ω (x), neglect the term ∝ FH

1 that enters via

the last term of F̄
(1,0)
Ω (x) in Eq. (109e).

4. 1PAT1R

The 1PAT1R model (‘R’ for ‘re-summed’) is an effec-
tive re-summation of the 1PATe-a model. Rather than
fully expanding the rearranged balance law (84), we ex-
pand the numerator and denominator in powers of ν at
fixed values of M,x, ã1, but we leave the fraction unex-
panded. We call this an effective re-summation because
Eq. (84) is an exact implication of the fully nonlinear
Einstein equations. The only assumption is the one un-
derlying our multiscale expansion: that the metric’s time
dependence can be reduced to a dependence on mechan-
ical phase-space variables. That “assumption” can itself
be derived from the more generic self-consistent formu-
lation of self-force theory [98].

To glean why this evolution model might be more ac-
curate than a fully expanded one, note that all of our
models break down at the innermost stable circular or-
bit (ISCO), where ∂E/∂Ω vanishes. As the secondary
approaches the ISCO, ∂E/∂Ω becomes small and dΩ/ds
grows large. Our assumption that the frequency is slowly
evolving then breaks down, signaling the failure of our
multiscale expansion. In the fully expanded evolution
equation, the singularity occurs at the test-mass ISCO,
y = 1/6 (or x = 1/6 following our re-expansions), where
∂E1/∂Ω = 0. As we can see from Eq. (109), this intro-
duces the pole structure 1/(1 − 6y)n in the nPA forcing
function (for n = 0, 1; see Table I of Ref. [18]for the
structure at higher orders). If we avoid expanding the
fraction, then the singularity is partially displaced to the
physical ISCO, where dE

dΩ = 0 in Eq. (84). A singularity

remains at x = 1/6 because the second-order field h
2(pp)
µν ,

and therefore the flux F2, diverges there; this divergence

is caused by the G
(1,1)
µν source term in Eq. (73c), which

is proportional to the 0PA approximation to Ω̇, which
diverges at the zeroth-order ISCO. However, the pole
structure is more mild at both singular points. The Ω̇

appearing in h
2(pp)
µν and F2 can also be re-expanded to

move its divergence to the physical ISCO.

The location of the physical ISCO is

MΩISCO =
1

6
√
6
− ã1

216
+
ã2
48

+ ν
(CΩ(0)− 1)

6
√
6

+O(ε2),

(140)
which we have checked term-by-term against the exist-
ing literature [99, 123–125]. Note CΩ(0) is a numerical
coefficient defined in Ref. [99] in terms of the redshift as
a function of χ1 with CΩ(0) = 1.25101539± 4× 10−8. In
terms of x, the ISCO lies at

xISCO =
1

6
− ã1

54
√
6
+

ã∥

12
√
6
+
ν

9
(CΩ(0)−1)+O(ε2). (141)

When we expand the fraction in Eq. (84), the corrections
to the ISCO location in Eq. (141) manifest themselves as
the higher-order poles at x = 1/6 in the fully expanded
models.

C. Results

Our results for each model center around comparisons
with NR waveforms from the SXS catalog [134, 135]. We
examine binaries with mass ratios q = 1/ϵ between 1
and 10, primary spins |χ1| ≤ 0.12, and secondary spins
|χ2| ≤ 0.8. Of the five models we have defined, we find
the general (somewhat expected) accuracy hierarchy for
moderately asymmetric-mass binaries:

1PAT1-χ ∼ 1PAT1e-χ

≲1PAT1-a ∼ 1PAT1e-a

≲1PAT1R,

with the re-summed model demonstrating the greatest
accuracy.
In Fig. 3, we demonstrate that the original 1PAT1

model’s approximation of neglecting the evolution of the
primary’s mass and spin was robust. In Fig. 4, we show
that the 1PAT1R model offers a notable improvement on
the original non-spinning 1PAT1 model for an equal-mass
binary.
In Figs. 5, 6 and 7, we consider 3 different binaries with

(anti-)aligned spins and consecutively increasing spin on
the primary. Across all three simulations, the 1PAT1e-a
waveform is slightly more faithful to the NR waveform
than the 1PATe-χ model. The 1PAT1R model performs
best, with moderate gains when the spin of the primary
is small and significant gains as the primary’s spin in-
creases. It is clear from Fig. 5 that all three models
accurately capture the effects of the secondary’s spin.
However, as we increase the spin of the primary, our
models struggle to stay in phase with the NR waveforms.
Reference [14] found good agreement between the self-
force gravitational energy flux and the flux computed
from the NR simulation used in Fig. 7. Despite this,
the 1PAT1e models dephase significantly with respect to
the NR waveform. We speculate that the main source
of the dephasing is from the approximation of ∂E∂Ω when
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FIG. 3. Top: Waveform comparison for the same nonspinning binary configuration considered in Figure 1 of Ref. [17]. The
NR simulation [126] is in black. In blue is the 1PAT1e-a waveform. In green is the original 1PAT1 waveform, which is not
visible in the plot due to excellent overlap with the 1PAT1e-a waveform. In orange is the difference between the 1PAT1e-a
waveform and the 1PAT1 waveform scaled by a factor of 100. Bottom left (right): The evolution of the primary’s mass
(spin) correction. Their values remain small over the entire inspiral, hence the very small difference between the 1PAT1 and
1PATe-a waveforms.
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FIG. 4. Waveform comparison for the same equal-mass, nonspinning binary configuration shown in the top panel of Figure 1 in
the supplemental material of Ref. [17]. The NR simulation [127] is in black. The original 1PAT1 model is in blue. The 1PAT1R
model is in orange. We have slightly reduced the dephasing of the non-spinning 1PAT1 model against the NR simulation
compared with the original plot in Ref. [17] by more carefully matching the frequencies of the two waveforms at the reference
time. The 1PAT1R waveform exhibits less dephasing against the NR waveform towards the transition-to-plunge region than
the 1PAT1 waveform.

including only linear order in the primary’s spin. This
could also explain why the 1PAT1R model offers a larger
improvement for larger spins: the location of the ISCO
varies significantly with the primary’s spin.

In Figs. 8, 9, we compare with the most mass-
asymmetric simulations available in the SXS catalog

(q = 15) while limiting the primary’s spin to be slow.
In Fig. 10, we find similar phase accuracy hierarchy

among the 1PAT1 models in comparison with an NR sim-
ulation with a very slowly spinning primary and a generic
(precessing) spinning secondary. There is a caveat to the
comparison: the 1PAT1 models and NR simulation are
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FIG. 5. Waveform comparisons for a binary configuration with a rapid anti-aligned spin on the secondary. Top: Comparison
of the NR simulation [128] (in black) with the 1PAT1e-a model (in blue) and the 1PAT1e-χ model (in orange). The binary has
anti-aligned spins with a very small spin on the primary. Bottom: The same comparison but against the 1PAT1R model (in
red).
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FIG. 6. Waveform comparisons for a binary with anti-aligned spins and a small spin on the primary. Top: Comparison of
an NR simulation [129] (in black) with the 1PAT1e-a model (in blue) and the 1PAT1e-χ model (in orange). Bottom: The
same comparison but against the 1PAT1R model (in red). We note that the 1PAT1R’s accuracy is significantly better than
the 1PAT1e models for higher values of primary spin.

in different frames. The precessing waveforms in the SXS
catalog fix the z-axis along the direction of the initial PN

orbital angular momentum. In the self-force formalism,
our frame is inherited from the symmetries of the Kerr
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FIG. 7. Waveform comparisons for a binary with aligned spins and a small spin on the primary. Top: Comparison of an
NR simulation [130] (in black) with the 1PAT1e-a model (in blue) and the 1PAT1e-χ model (in orange). Bottom: The same
comparison but against the 1PAT1R model (in red).
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FIG. 8. Higher q waveform comparisons for a binary with a small aligned spin on the primary. Top: Comparison of an NR
simulation [131] (in black) with the 1PAT1e-a model (in blue) and the 1PAT1e-χ model (in orange). Bottom: The same
comparison but against the 1PAT1R model (in red).

metric (modulo perturbations) with the z-axis fixed along
the primary’s spin axis (at least at leading order). How-
ever, because the opening angle between the primary’s
spin and the orbital angular momentum is small and the

(2, 2) mode is dominant in each of the respective frames,
the (ℓ,m) = (2, 2) mode in the self-force frame is approx-
imately equal to the (ℓ′,m′) = (2, 2) in the NR frame.
In Fig. 11, we plot both the (ℓ′,m′) = (2, 1) mode of
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FIG. 9. Similar to Fig. 8 but with a slightly more rapid, retrograde spin. Top: Comparison of an NR simulation [132] (in
black) with the 1PAT1e-a model (in blue) and the 1PAT1e-χ model (in orange but barely visible beneath blue). Bottom: The
same comparison but against the 1PAT1R model (in red).
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FIG. 10. Waveform comparison for a binary with large, precessing rapid spin on the secondary. In black is an NR simu-
lation [133]. In blue is the corresponding 1PAT1e-a waveform. In orange is the 1PAT1e-χ waveform. In dashed, red is the
1PAT1R waveform. Both 1PAT1e varieties show slightly more dephasing against the NR waveform earlier in the inspiral than
the comparison in Fig. 3, but we highlight the initial mass ratio is now ϵ = 1/q = 1/4. Note the precession modulations in the
(ℓ,m) = (2, 2) mode are too small to be visible in the plot, a fact that we foreshadowed in Fig. 2.

the NR simulation and the corresponding (ℓ,m) = (2, 1)
waveform mode of the 1PATR model to highlight the
frame difference. A small frame rotation away from the
self-force frame mixes some of the numerically dominant
(ℓ,m) = (2, 2) mode into the (ℓ′,m′) = (2, 1) mode which
appears as the higher-frequency modulations visible in
the NR simulation. We leave the comparisons of the
other modes with the appropriate frame transformation
to followup work.

D. Summary: waveform models

In Sec. VIA, we provided an overview of the native
self-force waveform model that follows directly from the
multiscale analysis in Sec. III.

In Sec. VIB, we described five waveform models as
straight-forward modifications of the native self-force
model. In particular, the 1PAT1e-a (1PAT1e-χ) are sim-
ple re-expansions of the Taylor series in the native model
from expansions in ϵ at fixed ãi (χi) to expansions in ν
at fixed ãi (χi). The 1PAT1-a and 1PAT1-χ are simi-
larly designed but neglect the evolution of the primary
black hole’s mass and spin. Finally, we introduced the
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FIG. 11. An illustration of the frame difference between the self-force and NR precessing waveforms. Top: The (ℓ′,m′) = (2, 1)
mode of the same NR simulation as in Fig. 10 [133] with q = 4 and a precessing secondary spin. Bottom: The (ℓ,m) = (2, 1)
mode of the 1PAT1R model (in red) corresponding to the same binary configuration.

re-summed 1PAT1R model, which derives from an effec-
tive re-summation of the 1PAT1e-amodel inspired by the
balance law in Sec. IVA.

In Sec. VIC, we performed a series of comparisons of
the five waveform models against NR simulations which
indicated that the 1PAT1R model was most faithful to
NR. Our key findings are summarized in our concluding
remarks in the following section.

VII. CONCLUSIONS

In this work, we have extended the multiscale analysis
of Ref. [52] to binaries with a spinning secondary body
with a generic precessing spin in a quasi-circular inspiral
about a slowly spinning primary black hole, where the
primary’s spin has at most a small spin misalignment
from the orbital angular momentum. Or equivalently,
we specialized the generic framework of Paper I to this
binary configuration. We went on to describe how we
obtain the 1PA inspiral evolution using the first law of
binary black hole mechanics. There we also highlighted
sources of error and recently discovered missing ingredi-
ents in our waveform, which will be the subject of future
work. We provided an overview of the necessary offline
computations for our 1PA waveform models, primarily
consisting of solving the perturbative Einstein equations
in multiscale form. We then defined and implemented
five waveform models, all equivalent to one another at
1PA order, and assessed their accuracy against NR sim-
ulations of comparable or moderately asymmetric-mass

binaries.

Our comparisons with NR indicate that self-force the-
ory accurately models the effects of the secondary’s spin,
even for rapid spins. We showed that using a simple re-
summation in the 1PAT1R model significantly improved
the accuracy of self-force models for lower values of the
mass ratio q and higher values of χ1. When completed
with the plunge, merger and ringdown, it is quite possible
that self-force waveforms can be used to directly model
binaries with much lower values of q than previously an-
ticipated.

We found that the slow primary spin condition is un-
surprisingly quite restrictive, underlining the need to de-
velop second-order self-force calculations with a Kerr
background metric. That being said, companion pa-
pers [136, 137] will show that there is significant promise
in effectively replacing second-order dissipative effects
with PN information; see also Refs. [138–140].

There are many possible avenues for extending this
work. First and foremost, a followup paper in prepara-
tion will compare NR and self-force waveforms with pre-
cessing secondary spins in the same source frame, which
allows a proper comparison of modes other than our ap-
proximate comparison of the (ℓ,m) = (2, 2) mode here.
Although the effect of precession in our model is very
small (2PA, as opposed to the 1PA effects we focus on),
comparison to NR simulations will be a valuable first
step toward comparisons of more generic precessing sys-
tems, as well as a probe of how significant the secondary
spin’s prececession might be for comparable-mass sys-
tems. There have been an increasing number of NR
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simulations of spinning binaries (some including preces-
sion) performed for larger values of q [134, 141–143], and
the companion paper [137] includes further comparisons
with these in the non-precessing case. Reference [144]
highlighted that for many effective waveform models of
precessing binaries, their faithfulness to NR decreases
with increasing q, motivating further development of pre-
cessing self-force waveforms to calibrate other models at
higher values of q.

Secondly, it is also desirable to perform a more quan-
titative exploration of the 1PAT1R model’s accuracy at
decreasing q and increasing |χ1|. However, such analysis
must be careful not to be muddied by the breakdown of
the multiscale expansion at the ISCO and would be best
performed with self-force models extended past the in-
spiral stage of the waveform. An obvious avenue to do so
would be via comparisons with state-of-the-art effective-
one-body (EOB) models such as SEOBNR [50, 145, 146]
on top of extensions of the existing comparisons with
TEOBResumS [18, 49, 139, 140, 147] and by new compar-
isons with the latest Phenom models [148–154] and NR
surrogates (see Ref. [155] for example).

Thirdly, the 1PA models we have presented are techni-
cally valid for all sufficiently compact secondaries, since
their quadrupolar structure first enters the waveform at
2PA order. To date, 1PA self-force waveforms have only
been benchmarked for BH-BH binaries. It would be in-
triguing to investigate our consistency with BH-NS mod-
els such as those of Refs. [156, 157].

In terms of model improvements, it is possible to relax
the restriction of the small opening angle between the
primary’s spin and orbital angular momentum to extend
the 1PA models to generic precession of both spins. All
the required strong-field self-force data is either readily

available or easy to compute with existing codes [108].
However, we would still need to restrict the primary’s
spin to be slowly spinning until 2SF fluxes are available
with a Kerr background spacetime.
The 1PAT1R and 1PAT1e-a models are publicly avail-

able in the WaSABI package [158] in the Black Hole Per-
turbation Toolkit, though limited at the time of writing
to the non-precessing case until a future update.
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Appendix A: Dipole stress-energy components

The non-zero symmetric components of the tensors appearing in Eq. (72) are
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Appendix B: Computing h
2(χ⊥)
αβ

Since h
2(χ⊥)
αβ is a linear perturbation to a Schwarzschild

background metric, it can be readily computed using
the Regge-Wheeler-Zerilli (RWZ) formalism [26, 159].
The calculation involves only minor modifications to the
frequency-domain approach in Sec. V of Ref. [52]. The
only modifications are the presence of additional terms
in the RWZ source and the extension of the frequency
spectrum with k = ±1 modes (as well as changes to the
ℓ = 0 and ℓ = 1 modes of the metric). We summarise the
calculation in this appendix.

Both the Zerilli-Moncrief (ZM) and the Cunningham-
Price-Moncrief (CPM) master functions satisfy a wave
equation (the RWZ equation), which in the frequency
domain is of the form[

∂2

∂r2∗
− Vℓ(r) + ω2

]
ψℓmω(r) = Zℓmω(r), (B1)

where r∗ is the usual Schwarzschild tortoise coordinate.
The expressions for the potential Vℓ(r) and the source
term Zℓmω are different in each parity sector. In any
case, the source term for each master function derives
from the stress-energy. In the pole-dipole approximation
when the leading motion of the secondary is circular and
approximately equatorial, the source is of the form

Zℓmω =
(
Ḡℓmωδr0 + F̄ℓmωδ

′
r0 + H̄ℓmωδ

′′
r0

)
, (B2)

where we use the shorthand δr0 ≡ δ(r− r0). Ḡℓmω, F̄ℓmω
and H̄ℓmω depend only on r0, χ∥, χ⊥, m2 and m

(0)
1 ; we

derive explicit expressions for these in the following sub-
sections as well as defining the potentials, master func-
tions and sources.
Substituting the source (B2), we obtain the solutions

to Eq. (B1) in terms of the basis of homogeneous so-
lutions via variation of parameters and integrating by
parts;

ψℓmω(r) = C+
ℓmωR

+
ℓmω(r)Θ

+
r0

+ C−
ℓmωR

−
ℓmω(r)Θ

−
r0 +

H̄ℓmω

f20
δr0 , (B3)

having introduced the shorthand for the Heaviside step
functions Θ±

r0 ≡ Θ(±(r − r0)). In this work, we

compute the homogeneous solutions R±
ℓmω(r) using the

ReggeWheeler package of the Black Hole Perturbation
Toolkit [108]. Meanwhile, the matching coefficients are
given by
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and we have defined the Wronskian

Wℓmω ≡ R−
ℓmω

dR+
ℓmω

dr∗
−R+

ℓmω

dR−
ℓmω

dr∗
. (B5)

Once the master function is determined, the metric
may be reconstructed in the frequency domain via differ-
ential operators acting upon ψℓmω [26, 160]. In practice,
we extract the GW strain amplitudes (128) directly from
the master variables [26]:

Rℓmk =
1

2

√
(ℓ+ 2)!

(ℓ− 2)!

(
C

+(ZM)
ℓmω − iC

+(CPM)
ℓmω

)
, (B6)

where C
+(ZM)
ℓmω is the matching coefficient in the ZM

master fuction computed in the even parity sector and

C
+(CPM)
ℓmω is the matching coefficient in the CPM master

function computed in the odd parity sector.
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1. Even-parity perturbations

In the even-parity sector, the spherical harmonic de-
composition of the metric perturbation reads

hab =
∑
ℓ,m

hℓmab Y
ℓm, (B7a)

haB =
∑
ℓ,m

jℓma Y ℓmB , (B7b)

hAB = r2
∑
ℓ,m

(
KℓmΩABY

ℓm +GℓmY ℓmAB
)
, (B7c)

where Y ℓmAB , Y ℓmB and Y ℓm are the even-parity ten-
sor, vector and scalar spherical harmonics as defined in
Ref. [159], and ΩAB = diag(1, sin2 θ) is the metric on the
unit two-sphere. Note that we use the same convention as
Ref. [159], with uppercase Latin indices for coordinates
on the two-sphere (θ and ϕ in standard Schwarzschild co-
ordinates) and lowercase Latin indices (except ℓ and m)
for coordinates that span the remaining submanifold of
the Schwarzschild metric (with coordinates t and r, for
example). In Eq. (B7), ℓ is implied to be summed over
all positive integers in the scalar sector, all integers with
ℓ ≥ 1 in the vector sector and ℓ ≥ 2 in the tensor sector
and m is summed over all integers such that −ℓ ≤ m ≤ ℓ.

From hereafter we drop the ‘ℓm’ sub/superscripts for
ease of notation. The even-parity projections of the
stress-energy tensor onto the same spherical harmonic
basis are

Qab(t, r) ≡ 8π

∫
T abY ∗dΩ, (B8a)

Qa(t, r) ≡ 16πr2

ℓ(ℓ+ 1)

∫
T aBY ∗

BdΩ, (B8b)

Q♭(t, r) ≡ 8πr2
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TABΩABY

∗dΩ, (B8c)

Q♯(t, r) ≡ 32πr4
(ℓ− 2)!

(ℓ+ 2)!

∫
TABY ∗

ABdΩ, (B8d)

where dΩ = sin θdθdϕ, and a star denotes complex con-
jugation.

The Zerilli gauge condition sets jℓma = 0 = Gℓm. The
Zerilli-Moncrief master function is then given in terms of
the nonzero harmonic coefficients [160]:
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It satisfies the RWZ equation (B1) with the Zerilli po-
tential,
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where r̄ ≡ r/m
(0)
1 , λ ≡ (ℓ + 2)(ℓ − 1)/2 and Λ ≡ λ +

3/r̄. The even-parity source is written in terms of the
harmonic coefficients of the stress-energy tensor:
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After substituting the stress-energy, neglecting non-
linear perturbation terms and taking the Fourier trans-
form, our frequency-domain source has the form given in
Eq. (B2). We split the non-spinning, aligned-spin and
precessing spin contributions as

H̄ℓmω = 0, (B12a)

F̄ℓmω =
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ϵF 1
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for integer modes over |k| ≤ 1. Each term is given by
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It is worth noting that the modes of the master
function in the non-precessing sector satisfy ψℓmω =
(−1)mψ∗

ℓ(−m)ω. They are also only non-zero when ℓ+m

is even due to their proportionality to Yℓm
(
π
2 , 0
)
, which

indicates the sector is symmetric about the equatorial
plane. In contrast, modes in the precessing sector are
only non-zero when ℓ + m is odd due to their propor-
tionality to Yℓ(m+1)

(
π
2 , 0
)
, corresponding to the precess-

ing sector’s anti-symmetry about the equatorial plane.
If we label the two parts of the precessing spectrum as

ω+ = mΩ + Ω
(0)
s and ω− = mΩ − Ω

(0)
s , then we will

have a symmetry in the precessing part of the mas-
ter function such that ψℓmω+

= (−1)mψ∗
ℓ(−m)ω−

and

ψℓ(−m)ω+
= (−1)mψ∗

ℓmω−
. So again, we only need to

compute modes with positive m values.

2. Odd-parity perturbations

In the odd-parity sector, the spherical harmonic de-
composition of the metric perturbation is

hab = 0, (B14a)

haB =
∑
ℓ,m

hℓma Xℓm
B , (B14b)

hAB =
∑
ℓ,m

hℓm2 Xℓm
AB , (B14c)

where Xℓm
AB and Xℓm

B are the odd-parity tensor and vec-
tor harmonics as defined in Ref. [159]. Again, ℓ is im-

plied to be summed over all integers with ℓ ≥ 1 in the
vector sector and ℓ ≥ 2 in the tensor sector, and m is
summed over all integers such that −ℓ ≤ m ≤ ℓ. The
odd-parity projections of the stress-energy tensor onto
the same spherical harmonic basis are

P a(t, r) ≡ 16πr2

ℓ(ℓ+ 1)

∫
T aBX∗

BdΩ, (B15)

and we again drop “ℓm” sub/superscripts where conve-
nient.
The Regge-Wheeler gauge condition is hℓm2 = 0. Given

this gauge choice, the Cunningham-Price-Moncrief mas-
ter function is defined as

ψodd ≡ r

λ

(
∂rht − ∂thr −

2

r
ht

)
, (B16)

and satisfies the RWZ equation (B1) with the Regge-
Wheeler potential,

Vodd ≡ f
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[
ℓ(ℓ+ 1)− 6

r̄

]
. (B17)

The odd-parity source term is given by

Sodd(t, r) ≡
rf
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1

f
∂tP

r + f∂rP
t +

2m
(0)
1

r2
P t

)
. (B18)

The analysis of the frequency-domain source in the odd-
parity sector is precisely analogous to the even-parity sec-
tor with different coefficients for the distributional terms:
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H1
ℓmω = 0, (B19a)
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The master function in the non-precessing and pre-
cessing sectors has the same respective symmetries in m
as in the even-parity case. However, in the odd-parity,
non-precessing sector the modes of the master function
are only non-zero when ℓ + m is odd due to their pro-

portionality to Yℓ(m+1)

(
π
2 , 0
)
(because of the equatorial

symmetry) and the precessing sector is only non-zero for
modes in which ℓ+m is even due to their proportionality
to Yℓm

(
π
2 , 0
)
(because of the equatorial anti-symmetry).
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