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Abstract

This paper studies an outer reflected forward-backward splitting algorithm
with an inertial step to find a zero of the sum of three monotone operators
composing the maximal monotone operator, Lipschitz monotone operator, and
a cocoercive operator in real Hilbert spaces. One of the interesting features
of the proposed method is that both the Lipschitz monotone operator and
the cocoercive operator are computed explicitly each with one evaluation per
iteration. We obtain weak and strong convergence results under some easy-
to-verify assumptions. We also obtain a non-asymptotic O(1/n) convergence
rate of our proposed algorithm in a non-ergodic sense. We finally give some
numerical illustrations arising from compressed sensing and image processing
and show that our proposed method is effective and competitive with other
related methods in the literature.
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1 Introduction

Suppose H is a real Hilbert space and A : H ⇒ H is a set-valued operator, B,C :
H → H are single-valued operators. Let us consider the following inclusion problem:

Find x∗ ∈ H such that 0 ∈ (A+B + C)(x∗). (1)
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We assume that the set of solutions to inclusion problem (1) is denoted by (A+B+
C)−1(0). Inclusion problem (1) can be considered as a central problem in continu-
ous optimization around several known mathematical models such as optimization
problems, variational inequalities [25, 26, 27, 28], split feasibility problems with ap-
plications signal and image processing, machine learning [15, 19, 23, 38] and so on.
Some models which motivate the studying of the problem can be found in [20, 32]
and the references cited therein.

In the case when the inclusion problem (1) involves two operators, some notable
methods are the Forward-Backward Splitting Algorithm [3], the Douglas-Rachford
Splitting Algorithm [30] and the Forward-Backward-Forward Splitting Algorithm
[7, 16, 22, 30, 36, 44]. Some variants of these three splitting algorithms have also been
proposed in the literature (see, for example, [1, 8, 9, 10, 12, 14, 17, 21, 38, 40, 45]).

Recently, three-operator splitting algorithms have been developed to solve inclusion
problem (1) [2, 20, 29, 39, 41, 42]. Davis and Yin [20] studied the inclusion problem
(1) and introduced the following three-operator splitting algorithm:

xn+1 = (1− λn)xn + λnTxn, x0 ∈ H, (2)

where T := JγA(2Jγ − I − γCJγB) + I − JγB, and γ > 0 and {λn} are suitable
parameters. Under the hypotheses of maximal monotonicity of A,B, and the 1

L2
-

cocoercivity of C, the authors in [20] proved that the sequence {xn} generated by (2)
converges weakly to a solution of inclusion problem (1), provided by some suitable
choices of parameters γ and {λn} depending on the cocoercive constant of C. An
inexact version of the scheme (2) has also been recently investigated by Zong et al.
in [48].

Malitsky and Tam [32] studied the problem (1) when A is maximal monotone, B
is monotone and L1-Lipschitz continuous, C is 1

L2
-cocoercive, and proposed the

following Forward-Reflected-Backward Splitting Algorithm with a fixed stepsize:

xn+1 = JλA(xn − 2λB(xn) + λB(xn−1)− λC(xn)), x0, x−1 ∈ H. (3)

Malitsky and Tam [32] proved that if λ ∈
(

0, 2
4L1+L2

)
, then sequence {xn} gen-

erated by (3) converges weakly to a point in (A + B + C)−1(0). Csetnek et al.
[18] proposed the following shadow Douglas-Rachford Splitting Algorithm to solve
inclusion problem (1) when C = 0:

xn+1 = JλA(xn − λB(xn))− λ(B(xn)−B(xn−1)). (4)

The algorithm (4) is shown in [18] to arise naturally from nonstandard discretiza-
tion of a continuous dynamical system associated with Douglas-Rachford Splitting
Algorithm and converges weakly to a solution of (1) when λ ∈

(
0, 1

3L

)
with L being

the Lipschitz constant of Lipschitz monotone operator B.

Motivated by [18, 32], Yu et al. [47] proposed an outer reflected forward-backward
splitting algorithm for solving inclusion problem (1) in which A is a maximal mono-
tone operator, B is a Lipschitz monotone operator, and C a cocoercive operator:

xn+1 = JλA(xn − λB(xn)− λC(xn))− λ(B(xn)−B(xn−1)). (5)
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Weak convergence analysis of (5) was obtained under some mild conditions on the
iterative parameters and applications to composite monotone inclusions involving
monotone Lipschitzian operator, cocoercive operator, and the parallel sum of oper-
ators are given.

The inertial extrapolation step which was introduced by Polyak [37] in his so-called
heavy ball method, has been recently fused into Forward-Backward Splitting Algo-
rithm, thus helping to speedily increase the rate of convergence. Moudafi and Oliny
[33] added a single valued 1

L2
-cocoercive operator C to the inertial proximal point

algorithm: {
yn = xn + βn(xn − xn−1)
xn+1 = JλnA(yn − λnCxn).

(6)

It was proved in [33, Theorem 2.1] that (6) converges weakly to solution of (1),

provided λn <
2
L2

, where
∞∑
n=1

βn‖xn− xn−1‖2 < +∞ and βn ∈ [0, 1). Kindly see also

[31] for another version of inertial Forward-Backward Splitting Algorithm. In several
other inertial Forward-Backward Splitting Algorithms, the convergence analysis is
obtained when βn ∈ [0, 1) (see, for example, [4, 6, 11, 24, 31, 35, 46]).

Our Contributions: Motivated by the results in [18, 32, 47], our contributions in
this paper are given as:

• we propose an outer reflected forward-backward splitting algorithm with an
inertial step to finding a zero of the sum of three monotone operators com-
posing of the maximal monotone operator, Lipschitz monotone operator, and
a cocoercive operator in real Hilbert spaces. One of the interesting features of
the proposed method is that both the Lipschitz monotone operator and the
cocoercive operator are computed explicitly with one evaluation per iteration;

• we obtain weak and strong convergence results under some easy-to-verify as-
sumptions. We also obtain a non-asymptotic O(1/n) convergence rate of our
proposed algorithm in a non-ergodic sense;

• we finally give some numerical illustrations arising from compressed sensing
and image processing, and show that our proposed method is effective and
competitive with other related methods in the literature.

2 Preliminaries

Let A : H ⇒ H be a multi-valued mapping in a real Hilbert space H. The graph of
A is a subset of H ×H defined by

Graph(A) = {(x, u) ∈ H ×H : x ∈ H, u ∈ A(x)}.

The operator A is called:
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(i) monotone if

〈u− v, x− y〉 ≥ 0, ∀x, y ∈ H, u ∈ A(x), v ∈ A(y);

(ii) maximal monotone if it is monotone and its graph is not properly contained
in the graph of any other monotone operator;

(iii) L1-Lipschitz continuous if there exists a number L1 > 0, such that

‖u− v‖ ≤ L1‖x− y‖, ∀x, y ∈ H, u ∈ A(x), v ∈ A(y).

(iv) 1
L2

-cocoercive (or 1
L2

-inverse strongly monotone) if there exists L2 > 0 such
that

〈u− v, x− y〉 ≥ 1

L2

‖u− v‖2, ∀x, y ∈ H, u ∈ A(x), v ∈ A(y);

(v) η-strongly monotone if there exists η > 0 such that

〈u− v, x− y〉 ≥ η‖x− y‖2, ∀x, y ∈ H, u ∈ A(x), v ∈ A(y);

Remark here that the maximal monotone of operator A : H ⇒ H is equivalent to
the following characteristic property: if for any (x, u) ∈ H ×H, 〈u − v, x − y〉 ≥ 0
for all (y, v) ∈ Graph(A) then u ∈ A(x). Beside, if A is 1

L2
-cocoercive, then A

is L2-Lipschitz continuous. Recall the resolvent of a maximal monotone opera-
tor A : H ⇒ H is a single-valued mapping JA : H → H, defined by JλA(x) =
(I + λA)−1(x), x ∈ H,λ > 0 where I stands for the identity operator on H.

We need the following lemmas in our convergence analysis.

Lemma 2.1. ([3]) Let {xn} be a sequence in H. Then {xn} converges weakly if and
only if it is bounded and possesses at most one weak cluster point

Lemma 2.2. ([34] Let D be a nonempty subset of H and {xn} be a sequence in H
such that the following two conditions hold:

(i) For every x∗ ∈ D, limn→∞ ‖xn − x∗‖ exists;

(ii) Every sequential weak cluster point of {xn} in D.

Then {xn} converges weakly to a point in D.

Lemma 2.3. The following identities hold for all ∀a, b, c ∈ H and α ∈ R:
(i) 2〈a− b, c− a〉 = ‖c− b‖2 − ‖a− b‖2 − ‖c− a‖2;
(ii) ‖(1 + α)a− αb‖2 = (1 + α)‖a‖2 − α‖b‖2 + α(1 + α)‖a− b‖2.
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3 Main Results

In this section, we present our iterative method and prove its weak and strong
convergence results alongside the non-asymptotic convergence rate. In the sequel,
we assume that the following conditions are satisfied:

Assumption 3.1. (i) A : H ⇒ H is set-valued maximal monotone;

(ii) B : H → H is a single-valued monotone and L1-Lipschitz continuous;

(iii) C : H → H is 1
L2

-cocoercive.

(iv) The solution set (A+B + C)−1(0) of inclusion problem (1) is nonempty.

We furthermore assume the following conditions on parameter λ > 0 and the inertial
factor β are satisfied.

Assumption 3.2.

(i) 0 < λ < min

{
1√
L1L2

,
2

9(L1 + L2(1 + 2β − β2))

}
;

(ii) 0 ≤ β ≤ 1.

We now present our proposed method to solve the inclusion problem (1) below.

Algorithm 3.3.
Suppose Assumption 3.1 and Assumption 3.2 are fulfilled. Given x−1, x0 ∈ H,

compute {
zn = xn + β(xn − xn−1)
xn+1 = JλA (xn − λ(Bxn + Czn))− λ(Bxn −Bxn−1).

(7)

Remark 3.4. (a) In our proposed Algorithm 3.3, the choice β = 1 is possible
and this is not possible in the method proposed in [24] where the inertial factor is
bounded away from 1. Furthermore, Algorithm 3.3 reduces to the method proposed
in [47, Theorem 3.1] when β = 0.

(b) Our Algorithm 3.3 reduces to the shadow Douglas-Rachford splitting method
proposed in [18] when β = 0 and C = 0.

We present the convergence analysis of our proposed Algorithm 3.3 below.

Lemma 3.5. Suppose Assumption 3.1 and Assumption 3.2 are fulfilled and let {xn}

be generated by Algorithm 3.3. Then we have
∞∑
n=1

‖Czn − Cx∗‖2 <∞ for any x∗ ∈

(A+B + C)−1(0).
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Proof. Using the definition of resolvent and Algorithm 3.3, we have

xn+1 + λ(Bxn −Bxn−1)− xn + λ(Bxn + Czn) ∈ −λA(xn+1 + λ(Bxn −Bxn−1)). (8)

Since 0 ∈ (A+B + C)x∗, we have that

λ(B + C)x∗ ∈ −λAx∗. (9)

Using the monotonicity of A, we have that (noting (8) and (9))

〈xn+1 + λ(Bxn −Bxn−1)− xn + λ(Bxn + Czn)

−λ(B + C)x∗, x∗ − xn+1 − λ(Bxn −Bxn−1)〉 ≥ 0. (10)

Thus,

〈xn+1 − xn + λ(Bxn −Bxn−1) + λ(Bxn −Bx∗)
+λ(Czn − Cx∗), x∗ − xn+1 − λ(Bxn −Bxn−1)〉 ≥ 0.

Re-arranging, we have

0 ≤ 〈xn+1 − xn, x∗ − xn+1〉+ 〈xn+1 − xn, λ(Bxn−1 −Bxn)〉
+〈λBxn − λBxn−1, x∗ − xn+1〉
+〈λ(Bxn −Bxn−1), λ(Bxn−1 −Bxn)〉+ 〈λ(Bxn −Bx∗), x∗ − xn+1〉
+〈λ(Bxn −Bx∗), λ(Bxn−1 −Bxn)〉+ 〈λ(Czn − Cx∗), x∗ − zn〉
+〈λ(Czn − Cx∗), zn − xn+1〉+ 〈λ(Czn − Cx∗), λ(Bxn−1 −Bxn)〉. (11)

By Lemma 2.3 (i), we have

2〈xn+1 − xn, x∗ − xn+1〉 = ‖xn − x∗‖2 − ‖xn+1 − xn‖2 − ‖xn+1 − x∗‖2. (12)

Observe also that

2〈xn+1 − xn, λ(Bxn−1 −Bxn)〉 ≤ λL1

(
‖xn+1 − xn‖2 + ‖xn−1 − xn‖2

)
,

〈λBxn − λBxn−1, x∗ − xn+1〉 = 〈λBxn − λBxn−1, xn − xn+1〉
+〈λBxn−1 − λBx∗, xn − x∗〉
+〈λBx∗ − λBxn, xn − x∗〉 (13)

and

2〈λ(Bxn −Bx∗), λ(Bxn−1 −Bxn)〉 = 2〈λ(Bxn −Bxn−1), λ(Bx∗ −Bxn)〉
= ‖λ(Bxn−1 −Bx∗)‖2 − ‖λ(Bxn −Bxn−1)‖2

−‖λ(Bxn −Bx∗)‖2. (14)

Substituting (12), (13) and (14) into (11), we obtain

0 ≤ ‖xn − x∗‖2 − ‖xn+1 − xn‖2 − ‖xn+1 − x∗‖2 + 2〈xn+1 − xn, λ(Bxn−1 −Bxn)〉
+2〈λ(Bxn −Bxn−1), xn − xn+1〉+ 2〈λ(Bxn−1 −Bx∗), xn − x∗〉
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+2〈λ(Bx∗ −Bxn), xn − x∗〉+ 2〈λ(Bxn −Bxn−1), λ(Bxn−1 −Bxn)〉
+2〈λ(Bxn −Bx∗), x∗ − xn+1〉+ ‖λ(Bxn−1 −Bx∗)‖2

−‖λ(Bxn −Bxn−1)‖2 − ‖λ(Bxn −Bx∗)‖2 + 2〈λ(Czn − Cx∗), x∗ − zn〉
+2〈λ(Czn − Cx∗), zn − xn+1〉+ 2〈λ(Czn − Cx∗), λ(Bxn−1 −Bxn)〉. (15)

Therefore,

‖xn+1 − x∗‖2 + 2〈λ(Bxn −Bx∗), xn+1 − x∗〉+ ‖λ(Bxn −Bx∗)‖2

≤ ‖xn − x∗‖2 + 2〈λ(Bxn−1 −Bx∗), xn − x∗〉+ ‖λ(Bxn−1 −Bx∗)‖2

−3‖λ(Bxn −Bxn−1)‖2 + 4〈λ(Bxn −Bxn−1), xn − xn+1〉
−‖xn+1 − xn‖2 − 2〈λ(Bx∗ −Bxn), x∗ − xn〉
+2〈λ(Czn − Cx∗), x∗ − zn〉+ 2〈λ(Czn − Cx∗), zn − xn+1〉
+2〈λ(Czn − Cx∗), λ(Bxn−1 −Bxn)〉. (16)

Since B is Lipschitz continuous

2〈λ(Bxn−1 −Bx∗), xn − x∗〉 ≤ λL1

(
‖xn−1 − x∗‖2 + ‖xn − x∗‖2

)
, (17)

and

2〈xn+1 − xn, λ(Bxn−1 −Bxn)〉 ≤ λL1

(
‖xn+1 − xn‖2 + ‖xn−1 − xn‖2

)
. (18)

By Young’s inequality, we have

2〈λ(Bxn −Bxn−1), xn − xn+1〉 ≤ 3‖λ(Bxn −Bxn−1)‖2 +
1

3
‖xn+1 − xn‖2.(19)

If we apply (17)-(19) in (16) and using the fact that −2〈λ(Bx∗−Bxn), x∗−xn〉 ≤ 0,
we obtain

‖(xn+1 + λBxn)− (x∗ + λBx∗)‖2 ≤ ‖(xn + λBxn−1)− (x∗ + λBx∗)‖2

−3‖λ(Bxn −Bxn−1)‖2 − ‖xn+1 − xn‖2

+λL1

(
‖xn+1 − xn‖2 + ‖xn−1 − xn‖2

)
+3‖λ(Bxn −Bxn−1)‖2 +

1

3
‖xn+1 − xn‖2

+2〈λ(Czn − Cx∗), x∗ − zn〉
+2〈λ(Czn − Cx∗), zn − xn+1〉
+2〈λ(Czn − Cx∗), λ(Bxn−1 −Bxn)〉.

Therefore,

‖(xn+1 + λBxn)− (x∗ + λBx∗)‖2 +

(
2

3
− λL1

)
‖xn+1 − xn‖2

≤ ‖(xn + λBxn−1)− (x∗ + λBx∗)‖2 + λL1‖xn − xn−1‖2

+2〈λ(Czn − Cx∗), x∗ − zn〉+ 2〈λ(Czn − Cx∗), zn − xn+1〉
+2〈λ(Czn − Cx∗), λ(Bxn−1 −Bxn)〉. (20)
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Using 1
L2
− cocoercivity of C, we have

〈Czn − Cx∗, x∗ − zn〉 ≤
−1

L2

‖Czn − Cx∗‖2 (21)

and by Cauchy-Schwarz inequality

〈Czn − Cx∗, zn − xn+1〉 ≤
1

6L2

‖Czn − Cx∗‖2 +
3L2

2
‖xn+1 − zn‖2 (22)

Since B is L2-Lipschitz continuous, we have

2〈λ(Czn − Cx∗), λ(Bxn−1 −Bxn)〉
≤ 2λL1‖λ(Czn − Cx∗)‖‖xn−1 − xn‖
≤ λL1‖xn−1 − xn‖2 + λ3L1‖Czn − Cx∗‖2

≤ λL1‖xn−1 − xn‖2 +
λ

L2

‖Czn − Cx∗‖2, (23)

since λ2L1L1 < 1 by Assumption 3.2 (i). Using (21), (22) and (23) in (20), we have

‖(xn+1 + λBxn)− (x∗ + λBx∗)‖2 +

(
2

3
− λL1

)
‖xn+1 − xn‖2

≤ ‖(xn + λBxn−1)− (x∗ + λBx∗)‖2 + λL1‖xn − xn−1‖2

−2λ

L2

‖Czn − Cx∗‖2 +
λ

3L2

‖Czn − Cx∗‖2 + 3λL2‖xn+1 − zn‖2

+λL1‖xn−1 − xn‖2 +
λ

L2

‖Czn − Cx∗‖2. (24)

By Lemma 2.3 (ii), we have

λL2‖xn+1 − zn‖2 = λL2‖xn + β(xn − xn−1)− xn+1‖2

= λL2‖(1 + β)(xn − xn+1)− β(xn−1 − xn+1)‖2

= λL2(1 + β)‖xn+1 − xn‖2 − λL2β‖xn+1 − xn−1‖2

+λL2β(1− β)‖xn − xn−1‖2. (25)

Putting (25) into (24) gives

‖(xn+1 + λBxn)− (x∗ + λBx∗)‖2 +

(
2

3
− λL1

)
‖xn+1 − xn‖2

≤ ‖(xn + λBxn−1)− (x∗ + λBx∗)‖2 + 2λL1‖xn − xn−1‖2

+3λL2(1 + β)‖xn+1 − xn‖2 − 3λL2β‖xn+1 − xn−1‖2

+3λL2β(1− β)‖xn − xn−1‖2 −
2λ

3L2

‖Czn − Cx∗‖2. (26)

Hence,

‖(xn+1 + λBxn)− (x∗ + λBx∗)‖2 +

(
2

3
− λL1 − 3λL2(1 + β)

)
‖xn+1 − xn‖2
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≤ ‖(xn + λBxn−1)− (x∗ + λBx∗)‖2 +
[
2λL1 + 3λL2β(1− β)

]
‖xn − xn−1‖2

− 2λ

3L2

‖Czn − Cx∗‖2. (27)

Noting that

ε :=
2

3
− 3λL1 − 3λL2(1 + 2β − β2) > 0

and
µ := 2λL1 + 3λL2β(1− β) > 0,

we obtain from (27) that

‖(xn+1 + λBxn)− (x∗ + λBx∗)‖2 + (µ+ ε)‖xn+1 − xn‖2

≤ ‖(xn + λBxn−1)− (x∗ + λBx∗)‖2 + µ‖xn − xn−1‖2

− 2λ

3L2

‖Czn − Cx∗‖2. (28)

Let un := xn + λBxn−1 and u∗ := x∗ + λBx∗. Then we have

‖un+1 − u∗‖2 + (µ+ ε)‖xn+1 − xn‖2 ≤ ‖un − u∗‖2 + µ‖xn − xn−1‖2

− 2λ

3L2

‖Czn − Cx∗‖2. (29)

Telescoping, we have
∞∑
n=1

‖Czn − Cx∗‖2 <∞

and this completes the proof.

We now show that the sequence of iterates in Algorithm 3.3 converges weakly to a
zero of inclusion problem (1) below.

Theorem 3.6. Assume that Assumption 3.1 and Assumption 3.2 are satisfied and
{xn} is generated by Algorithm 3.3. Then

(i) {xn} converges weakly to x∗ ∈ (A+B + C)−1(0);

(ii) {Bxn} converges weakly to Bx∗.

Proof. (i) We obtain from (29) that

‖un+1 − u∗‖2 + µ‖xn+1 − xn‖2 + ε

n∑
j=0

‖xj+1 − xj‖2

≤ ‖u0 − u∗‖2 + µ‖x0 − x−1‖2. (30)

Thus, we have from (30) that {un} is bounded and

lim
n→∞

‖xn − xn−1‖ = 0.

Using the Lipschitz continuity of B, we obtain

lim
n→∞

‖Bxn −Bxn−1‖ = 0,
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and thus
lim
n→∞

‖un − un−1‖ = 0.

Furthermore, we also obtain

lim
n→∞

‖Cxn − Cxn−1‖ = 0

since C is Lipschitz continuous. Noting that

un = xn + λBxn−1 + λBxn − λBxn
= (I + λB)xn + λBxn−1 − λBxn,

we have xn = JλB(un − (λBxn−1 − λBxn)). Since {un} is bounded, lim
n→∞
‖Bxn −

Bxn−1‖ = 0 and JλB is nonexpansive, we have that {xn} is also bounded. From
(28), we have

lim
n→∞

(
‖un − u∗‖2 + µ‖xn − xn−1‖2

)
= lim

n→∞
‖un − u∗‖2. (31)

Let (z∗, u∗) be a weak cluster point of the sequence {(xn, un)}. Then there exists
subsequence {xnk

} and {znk
} such that xnk

⇀ z∗ and unk
⇀ u∗. From (i), we have

lim
n→∞

‖Czn − Cx∗‖ = 0.

Also,
‖zn − xn‖ = β‖xn − xn−1‖ → 0, n→∞.

Since xnk
⇀ z∗, we then have that znk

⇀ z∗ also. By the fact that C is co-coercive

and its graph is sequentially closed in Hweak ×Hstrong then we have Cx∗ = Cz∗.
Hence, Cznk

→ Cz∗, k →∞. We can re-write Algorithm 3.3 as(
λCzn

0

)
−
(
un+1 − un
un+1 − un

)
∈
((

λA 0
0 (λB)−1

)
+

(
0 I
−I 0

))
×

(
un+1 − un + xn
un+1 − xn+1

)
(32)

Since the operator

T :=

(
λA 0
0 (λB)−1

)
+

(
0 I
−I 0

)
is maximally monotone and its graph is sequentially closed in Hweak × Hstrong

Passing to the limit of subsequence {nk} in (32), we have{
−λCz∗ ∈ λAz∗ + u∗ − z∗

z∗ ∈ (λB)−1(u∗ − z∗)

and this implies that {
0 ∈ Az∗ +Bz∗ + Cz∗

u∗ = z∗ + λBz∗.
(33)
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By Lemma 2.2, we have that {un} converges weakly to u∗ = z∗ + λBz∗, where z∗ is
the unique weak cluster point of {xn}. By Lemma 2.1, we have the {xn} converges
weakly to a point in (A+B + C)−1(0). This completes (i).

(ii) Observe that un = xn + λBxn−1 implies that

λBxn−1 = un − xn ⇀ u∗ − z∗ = λBz∗, n→∞.

Since
lim
n→∞

‖Bxn −Bxn−1‖ = 0,

we have
Bxn ⇀ Bz∗, n→∞.

We next give the following strong convergence result.

Theorem 3.7. Suppose Assumption 3.1 and Assumption 3.2 are satisfied and A
is η-strongly monotone on H. Let {xn} be generated by Algorithm 3.3. Then {xn}
converges strongly to a point x∗ ∈ (A+B + C)−1(0).

Proof. Following the same line of arguments given in (8)–(29), we obtain

2η‖x∗ − xn+1 − λ(Bxn −Bxn−1)‖2 + ‖un+1 − u∗‖2 + (µ+ ε)‖xn+1 − xn‖2

≤ ‖un − u∗‖2 + µ‖xn − xn−1‖2 −
2

3

λ

L2

‖Czn − Cx∗‖2.

Thus,

2η‖x∗ − xn+1 − λ(Bxn −Bxn−1)‖2 ≤
(
‖un − u∗‖2 + µ‖xn − xn−1‖2

)
−
(
‖un+1 − u∗‖2 + µ‖xn+1 − xn‖2

)
− ε‖xn+1 − xn‖2

which furthermore implies that

2η
n∑
j=0

‖x∗ − xj+1 − λ(Bxj −Bxj−1)‖2 ≤
(
‖u0 − u∗‖2 + µ‖x0 − x−1‖2

)
−
(
‖un+1 − u∗‖2 + µ‖xn+1 − xn‖2

)
.

Therefore,

∞∑
n=0

‖x∗ − xn+1 − λ(Bxn −Bxn−1)‖2 <∞

and

lim
n→∞
‖x∗ − xn+1 − λ(Bxn −Bxn−1)‖ = 0.

Now,

‖x∗ − xn+1‖ = ‖x∗ − xn+1 − λ(Bxn −Bxn−1) + λ(Bxn −Bxn−1)‖
≤ ‖x∗ − xn+1 − λ(Bxn −Bxn−1)‖+ λ‖Bxn −Bxn−1‖ → 0, n→∞.

This completes the proof.
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In our next theorem, we give a non-asymptotic O(1/n) convergence rate of our
proposed Algorithm 3.3.

Theorem 3.8. If Assumption 3.1 and Assumption 3.2 are fulfilled and {xn} is
generated by Algorithm 3.3, then for any x∗ ∈ (A+B + C)−1(0) and n > 0,

min
0≤j≤n

‖xj+1 − xj‖ ≤
c1√
n+ 1

where c1 :=
√
‖(x0−x∗)+λ(Bx−1−Bx∗)‖2+µ‖x0−x−1‖2

ε
, ε = 2

3
− 3λL1 − 3λL2(1 + 2β − β2)

and µ = 2λL1 + 3λL2β(1− β).

Proof. We obtain from (30) that

ε
n∑
j=0

‖xj+1 − xj‖2 ≤ ‖u0 − u∗‖2 + µ‖x0 − x−1‖2

and this implies that

min
0≤j≤n

‖xj+1 − xj‖2 ≤
‖u0 − u∗‖2 + µ‖x0 − x−1‖2

(n+ 1)ε

=
‖(x0 − x∗) + λ(Bx−1 −Bx∗)‖2 + µ‖x0 − x−1‖2

(n+ 1)ε
.

Therefore,

min
0≤j≤n

‖xj+1 − xj‖ ≤
c1√
n+ 1

,

where c1 :=
√
‖(x0−x∗)+λ(Bx−1−Bx∗)‖2+µ‖x0−x−1‖2

ε
.

4 Numerical Simulations

We give numerical implementations of our proposed Algorithm 3.3 and compare the
performance of Algorithm 3.3 with some other related schemes in [4, 18, 11, 31, 24,
46] using examples from compressed sensing and image processing. All codes were
written in MATLAB R2020b and performed on a PC Desktop Intel(R) Core(TM)
i7-6600U CPU @ 3.00GHz 3.00 GHz, RAM 32.00 GB.

4.1 Application to LASSO Problem in Compressed Sensing

Example 4.1. Given matrix E ∈ RM×N , a vector b ∈ RM , λ a positive scalar, the
l1-norm regularized least squares model can be expressed as

min
x∈RN

{
1

2
||Ex− b||22 + λ||x||1

}
. (34)
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The l1 regularization is a popular concept and has gained a lot of popularization in
different areas. For example, when the least squares problem is posed with l1 penalty,
this is called Least Absolute Selection and Shrinkage Operator (LASSO)[43], and
Basis Pursuit Denoising [13].

Compressed sensing is very important when it comes to the problem of efficiently ac-
quiring and reconstructing a signal. This signal processing technique has to do with
solving underdetermined linear systems Ex = b (linear equations where N � M).
In this case, where the number of unknowns is greater than the number of equations,
the linear system generates many solutions or could result in no solution. The ap-
proach to solving such a system is known as the linear least squares method (finding
the minimum l2-norm solution). The above l1-norm regularized least squares model
(34) can be computed to recover x when x is sparse which is the case in most ap-
plications. The model given in (34) is most often referred to as LASSO. Standard
general algorithms such as an Interior Point Method (IPM), [5], can be used to solve
the LASSO problem by reformulating the problem as a second order cone program-
ming. However, the computational complexity of such traditional methods is too
high to handle large-scale data encountered in many real-life applications.

The LASSO problem is a special case of convex minimization problem where

f(x) =
1

2
||Ex− b||2, g(x) = λ||x||1.

Its gradient ∇f = ETEx − ET b is Lipschitz continuous with Lipschitz constant
L(f) = ‖ETE‖. The proximal map with g(x) = λ||x||1 is given as

proxg(x) = argmin
u
λ||x||1 +

1

2
||u− x||22,

which is separable in indices. Thus, for x ∈ RN ,

proxg(x) = proxλ||.||1(x)

=
(

proxλ|.|1(x1), · · · , proxλ|.|1(xN)
)

= (α1, · · · , αN),

where
αk = sgn(xk) max{|xk| − λ, 0} for k = 1, 2, . . . , N.

First, we implementing our algorithm to solve the minimization problem (34). The
matrix E ∈ RM×N , vector b ∈ RM and starting points x0, x−1 ∈ RN are randomly
generated such that:
Case I: M = 20 and N = 100,
Case II: M = 50 and N = 200,
Case III: M = 100 and N = 500
Case IV: M = 200 and N = 1000.
The initial parameter β is chosen such that β ∈ [0, 1] and λ satisfies Assumption
3.2. From Figure 1, we notice that the performance of the algorithm worsen as the
value of β increased. In particular, the algorithm performs worse when β = 1.
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Table 1: Computation result comparing the performance of Algorithm 3.3 with
different values of β.

β = 0.1 β = 0.3 β = 0.5 β = 0.7 β = 1
Case I No of Iter. 10 10 10 13 43

CPU time (sec) 0.0036 0.0072 0.0091 0.0101 0.0349
Case II No of Iter. 11 11 11 15 69

CPU time (sec) 0.0130 0.0127 0.0120 0.0163
Case III No of Iter. 11 11 12 15 87

CPU time (sec) 0.0793 0.0643 0.0614 0.0741 0.4052
Case IV No of Iter. 11 11 12 15 72

CPU time (sec) 0.5293 0.5326 0.5376 0.6740 4.5041

In this experiment, we begin by considering a typical compressing sensing problem
with the ultimate goal of reconstructing a length-N sparse signal from M observa-
tion, with M � N. A matrix E (partial DWT) whose M rows are randomly selected
from the N ×N DWT matrix. This type of matrix E requires no storage and helps
in speeding up the matrix-vector multiplications involving E and ET . Our aim is
to recover x from the nosiy experiment b. We choose N = 212 and M = 210 and
the original signal contains 160 randomly nonzero elements for the experiment. The
vector b is randomly generated by the normal distribution with SNR = 40, E is
generated via the normal distribution with mean zero and variance one, and x ∈ RN

is generated by a uniform distribution in [-2,2]. The quality of recovery is assessed
by the mean squared error to the original signal x where

MSE =
1

N
‖xn − x‖ < 10−3,

where xn is an estimated signal of x. E is the Gaussian matrix generated by the
command rand(m,n) in MATLAB. Typically speaking, the lesser the MSE value,
the better the quality of the signal recovered. In our numerical experiments, we set
L = ‖ETE‖, and use the following parameters for the algorithms: we chose β = 0.5
for our Algorithm 3.3 (namely, ORFBSIM), we take λ = 1/L for FISTA [4, 11];
SDRA [18], iSDRA [24] and IF-BA [31] and λ = 1/L, αk = βk = k−1

k+α−1 with α > 3
for vGIGPM [46]. The numerical result is presented in Fig. 2. We note that while
the new Algorithm 3.3 (ORFBSIM) and IF-BA introduced in [31] converged at 50
and 52 iterations respectively, other methods, FISTA [4, 11], SDRA [18], iSDRA [24]
and vGIGPM [46], used in the numerical comparison do not converge even at the
maximum iteration set at 1000. Furthermore, Algorithm 3.3 (ORFBSIM) uses the
least time of computation compared to any other method. However, Algorithm 3.3
(ORFBSIM) ranked third in term of the MSE valued. The numerical results showing
the graphs of objective value function against number of iteration and CPU time
are shown in Fig. 3.

4.2 Application to Image Processing

Example 4.2. The image restoration problem is formulated by the following model

z = Ex+ b, (35)
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Figure 1: Comparison of the performance of Algorithm 3.3 with different β. Top
Left: Case I; Top Right: Case II; Bottom Left: Case III; Bottom Right: Case IV.

where x is the original image, z is the degraded image, E is a blurring matrix and
b is the noise. One of the efficient methods for recovering the original image is the
l1-norm regularized least square model (34). In this case, E represents the blurring
operator, x is the original image and b is the observed image. Our aim here is to
recover the original image x given the data of the blurred image z. We consider the
grey scale image of M pixels wide and N pixel height, each value is known to be in
the range [0, 255]. Let D = M ×N. The quality of the restored image is measured
by the signal-to-noise ratio defined as

SNR = 20× log10

(
‖x‖2

‖x− x∗‖2

)
,

where x is the original image and x∗ is the restored image. Typically, the larger
the SNR, the better the quality of the restored image. In this experiment, we
aim to restore a two-dimensional image from its limited measurement. We used the
Cameraman, Pout and MRI images which are degraded by Gaussian 7×7 blur kernel
with standard deviation 4. We also used similar parameters as in Example 4.1 for
the test algorithms with the initial values taken as x0 = 0 ∈ RD and x1 = 1 ∈ RD.
Classical test image were obtained from MATLAB toolbox. The performance of the
algorithms are shown in Figure 4 – Figure 6. In Figure 7, we show the numerical
results using the graph of SNR value against number of iteration for each test image.
More so, in Table 1, we recorded the SNR value and the CPU time used by the
algorithms for the numerical experiment. In all our simulations, we observed that
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Figure 2: Algorithms performance for recovery the sparse signal.

our Algorithm 3.3 (ORFBSIM) performs better than FISTA [4, 11], SDRA [18],
iSDRA [24], IF-BA [31] and vGIGPM [46] in terms of SNR value and CPU time.
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Figure 3: Numerical results showing the objective value against number of
iteration (right) and CPU time (right).

Table 2: Numerical results showing the SNR value and CPU time for each
algorithm

Methods Cameraman Pout MRI

SNR Time (sec) SNR Time (sec) SNR Time (sec)
ORFBSIM 35.4464 13.9949 40.3108 13.9465 27.1674 3.4257

FISTA 34.4353 14.3480 36.3893 14.3618 26.4704 3.5447
SDRA 34.4954 18.1721 40.0287 17.6751 26.5755 5.2949
ISDRA 34.5813 20.9432 38.3175 21.0578 26.9213 5.3720

vGIGPM 34.7088 17.6924 39.6908 18.3660 26.7975 3.5548
IF-BA 34.8683 18.1798 40.2591 18.4484 26.7757 3.6252
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Figure 4: Performance of the algorithms using Cameraman (256× 256) test image.
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