UNIVERSITY OF

Southampton

Copyright (© and Moral Rights for this thesis and, where applicable, any accompanying data are
retained by the author and/or other copyright owners. A copy can be downloaded for personal non-
commercial research or study, without prior permission or charge. This thesis and the accompanying
data cannot be reproduced or quoted extensively from without first obtaining permission in writing
from the copyright holder/s. The content of the thesis and accompanying research data (where appli-
cable) must not be changed in any way or sold commercially in any format or medium without the

formal permission of the copyright holder/s.
When referring to this thesis and any accompanying data, full bibliographic details must be given, e.g.

Thesis: Montree Jaidee (2026) “Models and Methods for Integer Programming under Structure and
Uncertainty”, University of Southampton, Faculty of Social Sciences, School of Mathematical Sciences,
PhD Thesis.

Data: Montree Jaidee (2026) “Models and Methods for Integer Programming under Structure and

Uncertainty”.






UNIVERSITY OF SOUTHAMPTON

Faculty of Social Sciences
School of Mathematical Sciences

Models and Methods for Integer
Programming under Structure and

Uncertainty
DOI: 10.5258/SOTON /PG /T118

by
Montree Jaidee

MSc
ORCiD: 0009-0009-4298-8356

A thesis for the degree of
Doctor of Philosophy

May 2026


http://www.southampton.ac.uk
http://doi.org/10.5258/SOTON/PG/T118
http://orcid.org/0009-0009-4298-8356




University of Southampton
Abstract

Faculty of Social Sciences
School of Mathematical Sciences

Doctor of Philosophy

Models and Methods for Integer Programming under Structure and Uncertainty

by Montree Jaidee

Integer Programming (IP) is a fundamental tool of modern decision-making; however,
these problems are highly combinatorial and often require exponential time to solve.
Such computational difficulty can also be enhanced by the specific algebraic structures
of the solution space. Each combinatorial model has a unique structure, enabling the
development of different methods to use these particular aspects. This thesis
investigates two independent but complementary frontiers: exploiting mathematical
structure in deterministic optimization and handling uncertainty in stochastic settings.

In the deterministic domain, we introduce prime programming, a subclass of integer
programming whose decision variables are confined to prime numbers. Utilizing this
algebraic structure, we develop a specific branch-and-bound method that employs
number-theoretic branching rules designed for prime solutions. Next, we consider a
quadratically constrained quadratic programming model characterized by nonconvex
Euclidean norm constraints. Leveraging the geometric structure of these constraints,
we derive a spatial branch-and-bound approach to solve the model more efficiently.
This method is based on the intuition of replacing the Euclidean ball with a
polyhedron that is iteratively refined to approximate the ball more closely. This
approach provides a global optimality guarantee for k-hyperplane clustering
problems where traditional heuristic methods frequently fail. We further provide a
practical application of mixed-integer quadratic programming to rationalize the
Household Waste Recycling Centre (HWRC) network in Hampshire, balancing fiscal

efficiency with equitable public access.

In the stochastic domain, this thesis opposes traditional risk-averse paradigms by
developing risk-seeking optimization models with probabilistic constraints. In this
framework, constraint violations are viewed as lucky scenarios, allowing for a higher

number of violations rather than requiring the constraints to be satisfied at a
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iv

near-certain level. We treat these probabilistic constraints as a union of events and
provide an alternative solution methodology; specifically, approximation models
based on integer programming that provide valid lower and upper bounds. Finally, a
chance-constrained study of the European energy market is provided to quantify the

economic value of wind-solar complementarity.

This work collectively illustrates that specialized algorithms for specific frameworks
(algebraic, geometric, or probabilistic-constrained) enhance the solvability of
complicated optimization problems in mathematics, machine learning, and public

policy.
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Chapter 1

Introduction

Integer programming (IP) is a core branch of mathematical optimization related to
modeling decision-making problems involving discrete and continuous variables. The
problem setup can capture the need for constraints where an object (or a yes/no
decision) cannot be split into a continuous number, allowing for the formulation of
important problems such as the traveling salesman problem (Dantzig et al., 1954), the
assignment problem (Kuhn, 1955), the scheduling problem (Pritsker et al., 1969), and
the production planning problem (Hendry and Kingsman, 1989). IP has become
useful in many areas such as operations research, energy systems, logistics and supply
chain, finance, and data analytics. Although solvers for these problems are becoming
more developed and advanced, these models are still hard to solve due to their
N'P-hard nature (Karp, 1972), which involves non-convexity and highly
combinatorial structures. Dealing with these problems still requires specialized
methods such as efficient model formulation and algorithmic development.

This thesis investigates how exploiting problem structure can render intractable IPs
tractable, both in deterministic and stochastic settings. It develops the theory and
application of IP through the advancement of models and methods that serve under
structured settings and uncertainty. The thesis expands deterministic global
optimization via new branch-and-bound techniques, formulates stochastic models
incorporating probabilistic constraints and risk preferences, and illustrates the
practical applications of these methodologies in machine learning and public-sector
planning. In a deterministic context, branch-and-bound (B&B) offers a structured
approach for investigating the feasible region by dividing it into subproblems and
employing relaxations to derive valid bounds. Subproblems that cannot improve the
incumbent solution are pruned, ensuring global optimality through the solving of all
regions. The present work expands B&B in two areas: the design of specialized
branching rules for the Prime Programming Problems and the development of an
iterative polyhedral approximation with spatial branch-and-bound for addressing
Euclidean norm constrained models, which involve hyperplane clustering and linear
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classification problems in machine learning. A practical application is demonstrated
using a quadratic mixed-integer programming model for decision-making of
Household Waste Recycling Centers’ closures in Hampshire, highlighting the function
in supporting data-driven decisions concerning public infrastructure. The second
research theme investigates stochastic programming, especially in chance-constrained
optimization, which explicitly models uncertainty by necessitating that constraints be
satisfied with high probability. Joint chance constraints provide considerable
difficulties due to their nonconvex feasible regions, therefore requiring the use of
approximations. This thesis introduces new formulations employing probabilistic
inequalities, enabling the flexible modeling of risk-averse, risk-neutral, and
risk-seeking behaviors. These methods are applied to address problems including the
assessment of collaboration between wind and solar energy producers and the

modeling of human risk-seeking behaviors.

Deterministic IP models struggle with the combinatorial explosion induced by
complex structural constraints, such as feasibility constraints or geometric clustering
with unit /,-norm hyperplanes, while stochastic models struggle with the
intractability of integrating over high-dimensional uncertainty spaces. In the
stochastic setting, uncertainty is represented through possible discrete scenarios,
which allows problems to be formulated based on these possible realizations as IPs.
Therefore, both types of models advance solution methods for IPs. These methods
either solve to global optimality with the branch-and-bound technique or provide an
approximation using bounding techniques such as probabilistic inequalities and
sample-based approximations. Together, they form a coherent framework for

addressing optimization problems that involve discrete structure and uncertainty.

Finally, the problems examined in this thesis address notable necessities in practice.
Structured IPs models are relevant in number theory, combinatorial design, and
machine learning. In contrast, chance-constrained and risk-seeking models gain
significance in energy planning, finance, and safety-critical decision-making. This
thesis combines mathematical development with application-based modeling,
offering theoretical insights and practical methods for optimizing complex systems

subject to structural constraints and uncertainty.

1.1 Overview of Structured and Stochastic Integer

Programming

IP has been under development for over 70 years. Prior research in the 1950s and
1960s was driven by the need to address scheduling, logistics, and resource allocation
problems. Dantzig et al. (1954), Kuhn (1955), and Pritsker et al. (1969) developed the
first modeling systems for solving such discrete optimization problems, specifically
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for the traveling salesman problem (TSP), the assignment problem, and the scheduling
problem, respectively. The first general-purpose framework for computing global
optima in IPs, called the branch-and-bound (B&B) algorithm, was developed by Land
and Doig (1960). This framework has been expanded over time with the introduction
of cutting-plane techniques like Gomory’s mixed-integer cuts (Gomory, 1958), Chvatal
cuts (Chvatal, 1973), disjunctive cuts (Balas, 1979), and lift-and-project cuts (Balas
etal., 1996), as well as ideas to strengthen the formulation by considering polyhedra of
the feasible region. The book edited by Jiinger et al. (2009) provides a thorough history

of the evolution of techniques for solving IPs.

The B&B algorithm remains an active research area due to the inherent complexity of
specific combinatorial problems. Since these problems exhibit varied geometric or
algebraic structures, different valid inequalities can be derived. Classically, the
problem setup only considered solving models with binary (0-1) decision variables or
general integer variables by branching on a variable, say x;, whose relaxation solution
xj is non-integer. This process creates two new children nodes using the branching
inequalities: x; < [x7 | or x; > [x7 | 4 1. This idea is generalized by the concept of
prime programming, one of the problems proposed in this thesis, which overcomes
the restriction on the creation of prior branching nodes. In particular, the branching
method provided in the thesis can be used to effectively formulate and solve the
optimization model if the variable is restricted to being a prime number or a number
with another special structure. This development extends traditional number theory
problems, allowing them to be solved using optimization techniques, which

introduces new challenges for the optimization community.

Not only can the B&B algorithm solve mixed-integer programming problems, but the
spatial branch-and-bound (sB&B) technique is also a similar divide-and-conquer
technique to find a deterministic globally optimal solution in nonconvex programs,
especially for mixed-integer nonlinear programs (MINLPs) with nonconvex terms.
The method includes replacing the nonconvex terms with their convex envelopes as a
relaxation. After the relaxation problem is solved, either an integer or continuous
variable is chosen as the branching variable. The convex envelopes are further
tightened from this branching, and similar pruning is applied when a certain
subregion cannot provide a better solution than the incumbent.

This thesis considers a specific problem in machine learning: k-hyperplane clustering,
which contains nonconvex unit £,-norm constraints. This problem has a specific
property where creating convex envelopes over the feasible region would result in the
entire space; traditional relaxation techniques are not efficient to deal with this
problem. The IPA-SBB method developed in this thesis addresses this difficulty by
constructing a sequence of increasingly accurate polyhedral approximations, each
solved within a sB&B framework. The idea of disjunctive programming is also
applied to the algorithm by converting the formulation into multi-way branching.
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This extends the traditional B&B framework, where only two children nodes are
typically created at any point. This hybrid methodology preserves the global
optimality guarantees of B&B while managing continuous nonconvexity and enabling
applications such as hyperplane clustering and linear classification. Furthermore, an
application using structural quadratic mixed-integer programs is examined in the
public sector to provide analysis and policy recommendations for Hampshire County

regarding the optimal recycling center closures that minimize their impact.

The second part of the thesis focuses on probabilistic constraints and studies in the
field of stochastic optimization. In this setting, decision-making is required to remain
feasible with a high degree of probability. Introduced by Charnes and Cooper (1959),
chance-constrained optimization offers a framework for managing uncertainty
without making too conservative decisions. This method is especially helpful in
application areas like autonomous vehicles (Blackmore et al., 2011), portfolio
optimization (Rockafellar and Uryasev, 2000), and energy markets (Cai et al., 2009).
However, directly solving these chance-constrained models typically requires several
multi-dimensional integrations of known probability distributions, which are almost
impossible in practice. Luedtke et al. (2008) show that the problem is A/P-hard. This
thesis extends the probabilistic constrained model to reflect risk-seeking human
behavior, leading to the search for suboptimal decision-making supported by prospect
theory. Approximation models based on the classical probability of the union of sets
are developed to obtain valid lower and upper bounds for the problem. Furthermore,
a chance-constrained model application in the energy market is examined to provide
analysis and policy recommendations for coordinating between wind and solar farm

owners.

1.2 Research Motivation and Contributions

The overall aim of this thesis is to develop models and methodology that advance the
theory and applications of IP in both deterministic and stochastic settings. This
involves the development of global optimization methods to solve models within
specific structures and the design of approximation schemes for stochastic problems.
The research extends the B&B algorithm using customized branching techniques and
expands chance-constrained models to a more general framework that accommodates
risk-seeking behavior, whereas most of the problems in chance-constrained
programming focus either on a risk-averse or risk-neutral setting. Bounding
techniques are used to approximate the objective model with classical probabilistic
bounds. Applications for both the deterministic and stochastic sides are also
considered by providing policy recommendations from the data-driven

decision-making.
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The thesis focuses on the following objectives:

1. Structural modeling in integer programming: To examine IP models including
the prime programming problem, unit /,-norm constrained k-hyperplane
clustering, quadratic facility-location models for recycling center optimization,
and stochastic models within IPs frameworks and to understand how these
structures can be exploited algorithmically.

2. Developments in branch-and-bound: To develop specialized branching
schemes and B&B methods for prime programs and iterative polyhedral
approximations with spatial branching mechanisms that exploit these structures,
thereby improving global optimization performance and extending traditional
B&B and sB&B frameworks.

3. Chance-constrained modeling under uncertainty: To provide alternative
approximation schemes for decision-making under uncertainty using
probabilistic inequalities of union sets and to extend chance-constrained models
to a new framework that captures risk-seeking behavior in addition to

risk-neutral and risk-averse settings.

4. Policy recommendations: To present policy recommendations derived from
data-driven analyses of optimization models regarding the proposed closures of
recycling sites in Hampshire and the cooperation of wind and solar farm

operators throughout 28 European nations.

1.3 Thesis Structure

The remainder of this thesis is structured as follows.

Chapter 2 presents literature related to the methodology used in this thesis. This
includes the B&B algorithm for IP, along with the sB&B. Following this, the
chance-constrained model is introduced with its sample-based approximation

framework, which corresponds to an IP equivalent formulation.

Chapter 3 presents a new scheme of solving number-theoretical problems in an
optimization model framework where the variables are constrained by being prime
numbers, which is the core study in number theory. Then, the B&B algorithm is
adapted to solve the formulated prime programming problem to effectively search for
solutions. A heuristic method based on the structure of prime numbers is provided to
improve the branching process further. This includes the computational results to

demonstrate the effectiveness of the algorithm.
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Chapter 4 focuses on nonconvex optimization models due to the unit /,-norm
constraint, which is usually presented in machine learning models. This work studies
the k-hyperplane clustering problem, where points are divided into groups with
hyperplanes in the form of a quadratic mixed-integer program. We proposed an
iterative polyhedron approximation method that extends the sB&B framework to
enable multi-way branching of disjunctive programs by using a polyhedron to
approximate the geometry of a ball shape within a unit /,-norm constraint. Then, it
iteratively improves its geometry closer to the ball shape. This method can guarantee
global optimality when solving the problem. Furthermore, the linear classification

problem is also examined to demonstrate its applicability in general.

Chapter 5 provides a data-driven decision-making model applied to the proposal of
Hampshire’s council to close some of the Household Waste Recycling Centre (HWRC)
recycling centers. The model provides an alternative way of facilities” closures that
minimizes the impact of compromising with people in their area while considering

the fairness of facility utilization.

Chapter 6 proposes a framework to reflect human risk-seeking behavior. This setup is
formulated using probabilistic constraints, which allow for a high fraction of
violations. We provide approximation bounds of such models by treating the
probabilistic constraints as a union of sets and applying inequalities from probability
theory to determine these bounds. Possible scenarios are generated, and we introduce
integer variables to capture the number of time periods that are failed for each
scenario. The inequalities are reformulated into optimization models, which could be
solved to obtain these bounds.

Chapter 7 studies an application in the energy system of the chance-constrained
optimization model. Due to the inherent uncertainty in both wind and solar power
sources, the day-ahead bidding model permits farm owners to miss their energy
commitments for a small fraction of the time. The data for 28 European countries for
hourly wind and solar power generation is available, and then forecast scenarios are
generated from statistical models. Since there is some complementarity in wind and
solar power generation, we examine whether cooperative bidding between wind and
solar farm owners would be more profitable or not under two circumstances: without
and with battery storage. Policy recommendations are provided based on the results
of solving IPs derived from the chance-constrained models.

Finally, Chapter 8 concludes this work by summarizing the main findings and

discussing the overall contributions.

Note: The recycling public policy optimization project in Chapter 5 is a joint work with Zheng
Sun, Sher Singh, and Thi Nguyen, supervised by Dr. Bismark Singh; here, my contributions
are mainly in the analysis of results, visualizations, and preparing the manuscript (currently



1.4. Publications 7

under peer-review). The research in Chapters 3, 6, and 7 is supervised by Dr. Bismark Singh,
while the research in Chapter 4 is supervised by Dr. Stefano Coniglio.

1.4 Publications

This thesis is based on the following under-review and in-preparation research papers:

* Jaidee, M. and Singh, B. (2025). The Prime Programming Problem: Formulations and

Solution Methods. Manuscript under review.

¢ Jaidee, M. and Coniglio, S. (2025) Iterative Polyhedron Approximation to
k-Hyperplane Clustering Problem. Manuscript in preparation.

* Jaidee, M., Sun Z., Singh S., Nguyen T., and Singh, B. (2025) Optimizing Household
Waste Recycling Centre Network Rationalization in Hampshire. Manuscript under

review.

¢ Jaidee, M. and Singh, B. (2025). Risk-Seeking Problem Formulations and Their

Approximations with Union Bounds. Manuscript in preparation.

¢ Jaidee, M. and Singh, B. (2025). Measuring the Economic Value of Wind—Solar

Complementarity in Europe Using Chance Constraints. Manuscript under review.






Chapter 2

Literature Review

This chapter reviews the theoretical and methodological foundations related to the
two primary themes of this thesis: (i) exact optimization using B&B techniques for
structured mixed-integer and nonconvex models, and (ii) chance-constrained
optimization formulated within an IP framework. These subjects collectively establish
the basis for the deterministic and stochastic models formulated in the following
chapters. Section 2.1 focuses on deterministic global optimization methods that
underpin the structural models studied in Chapters 3—-6, while Section 2.2 covers
chance-constrained and stochastic programming techniques that support the models

developed in Chapters 6 and 7.

2.1 Exact Deterministic Methods

A broad class of optimization problems studied in this thesis can be formulated as
mixed-integer nonlinear programs, for which deterministic methods are required to
guarantee global optimality. This section reviews the principal families of exact
deterministic algorithms used to solve such problems, including classical B&B, sB&B
for nonconvex problems, decomposition-based approaches, quadratic mixed-integer

models, and bilevel linear programs relevant to later chapters.

2.1.1 Branch-and-Bound for Integer and Mixed-Integer Programming

The B&B algorithm remains one of the most important frameworks for solving
mixed-integer linear and nonlinear programs to global optimality. The main idea
behind B&B is to divide the feasible region into subregions (called “branching”) and
then solve the relaxation problems that give a dual bound on the objective function in

each subregion (called “bounding”). If a subregion cannot obtain a better solution
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than the best one already found, it is pruned (“pruning”). The process goes on and on
until all of the subregions are either solved or pruned, at which time the global

optimum is guaranteed.

Many approaches have been implemented over the years to speed up the B&B
algorithm. Some of the most important ones are strong and pseudo-cost branching
techniques (Achterberg et al., 2005), improved heuristics to select nodes, and the use
of cutting planes that make relaxations tighter (Bixby, 2012). CPLEX, Gurobi, and
Xpress are some of the most advanced commercial solvers that use these
improvements. They are capable of solving problems containing millions of variables
and constraints. Nonetheless, B&B persists in exhibiting an exponential increase in
tree size, particularly for models that have weak relaxations, nonconvexities, or
special algebraic structures.

Cutting plane methods have proven successful in solving MINLP problems. The idea
is to solve the convex relaxation to optimality and then find a cutting plane (an
inequality) that satisfies all feasible integer solutions but violates the current infeasible
point. This derived inequality is then added to the problem’s formulation, and the
relaxation is re-optimized to find a new point. The idea of B&B together with cutting
plane methods led to a framework called the branch-and-cut algorithm. The study of
the polyhedral structure of the feasible region is important for deriving such valid
inequalities.

Let P = {x € R" : Ax < b} be a polyhedron. A face of P is a set of the form
F:=PNn{xeR":cx =4},

where cx < § is a valid inequality for P. A face of P is a proper face if it is nonempty
and properly contained in P. Maximal proper faces are called facets. A key
characteristic of a facet is that it has a dimension of exactly dim(P) — 1 (see Conforti
et al. (2014) for more details).

There are two ways to describe a polyhedron P: as the intersection of halfspaces
(H-representation) or as the convex hull of its vertices and rays (V-representation). The
previous definition of P is in the H-representation, as it is described as the set of all
points satisfying a finite number of linear inequalities, where each row of Ax < b
defines a halfspace. By the Minkowski-Weyl theorem (Charnes and Cooper, 1958), any
polyhedron can be represented both as the intersection of finitely many halfspaces and
as the convex hull of finitely many points plus the conic hull of finitely many rays.
Thus, the polyhedron P can also be represented in the V-representation as:

P = conv(V) + cone(R) where V = {vy,...,v;} is the set of vertices and

R = {r1,...,1} is the set of extreme rays.
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FIGURE 2.1: An example of a spatial branch-and-bound procedure. First, the blue
curve is a convex relaxation for the whole feasible region of f(x); the feasible region is
branched at the point xg to split into subregions 1 and 2. The convex underestimator
of each region is obtained in green. The lower bound in subregion 1 is larger than the
upper bound of subregion 2; therefore, region 1 is pruned in minimization models.

The faces and facets of a polyhedron, along with its representations, provide
important background for the method in Chapter 4. In this method, the branching
technique is based on the facets of a polyhedron, and valid inequalities are derived
from its V-representation. At the same time, classical B&B implementations cannot
exploit specialized arithmetic structure in the domain of integer variables (such as
prime constraints), which motivates the prime-constrained branching strategies
developed in Chapter 3.

2.1.2 Spatial Branch-and-Bound for Nonconvex MINLP

The standard B&B framework depends on convex relaxations that are both tight and
easy to compute. Nonetheless, attaining convex relaxations for nonlinear and
nonconvex optimization problems, especially MINLPs, is challenging. The spatial
branch-and-bound (sB&B) framework was created to solve this problem (Ryoo and
Sahinidis, 1996; Sahinidis, 2003; Belotti et al., 2010). At now, sB&B is the primary

framework for deterministic global optimization.

In sB&B, the feasible set is considered as a continuous region that contain multiple
local optima. The algorithm divides this region into smaller subregions and creates
convex underestimators for each one. For bilinear or multilinear terms, McCormick
envelopes (McCormick, 1976) give lower bounds, and for feasible solutions found
through local search or heuristics, they give upper bounds. The procedure continues
until the global optimality gap attains a specified tolerance. Figure 2.1 illustrates the
central idea of sB&B: convex relaxations are constructed for each subregion, enabling
pruning when the relaxation proves that a subregion cannot yield an improved

solution.

Practical performance of sB&B depends critically on the tightness of convex
relaxations and the branching strategy used to partition the domain. A variety of
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algorithmic improvements have been introduced, including branch-and-reduce
(Sahinidis, 1996), domain reduction techniques (Pozo et al., 2010; Smith and
Pantelides, 1999), probing heuristics (Savelsbergh, 1994), feasibility and
optimality-based bound tightening (Quesada and Grossmann, 1993), and
feasibility-pump heuristics. Comprehensive surveys of these techniques and their
implementation in global solvers can be found in Belotti et al. (2013).

In Chapter 4, nonconvex geometric restrictions, such as unit £,-norm constraints,
render classical convex relaxations ineffective: relaxing a unit £,-norm constraint leads
to trivial or very weak bounds. The iterative polyhedral approximation (IPA-SBB)
framework introduces adaptive polyhedral approximations that capture the geometry
of nonconvex sets, building on the notions of sB&B but specifically tailored to unit

l>-norm constrained clustering and classification models.

2.1.3 Other Exact Deterministic Frameworks

In addition to B&B and sB&B, decomposition-based exact methods have been
developed for convex MINLPs. Outer Approximation (OA) (Duran and Grossmann,
1986) solves a mixed-integer linear master problem and continuous nonlinear
subproblems by leveraging first-order information to generate cutting planes that
approximate the nonlinear constraints. Generalized Benders Decomposition

(GBD) (Benders, 1962; Geoffrion, 1972) uses dual information from nonlinear
programming subproblems to generate Benders cuts that guide the discrete master
problem.

These algorithms are highly effective for convex MINLPs with suitable structure, but
they rely on convexity and strong duality—assumptions violated in the nonconvex
geometric models considered in this thesis. As such, OA and GBD are not directly
applicable to prime programming, unit /,-norm constrained clustering, or quadratic
fairness models. Nonetheless, they form an important part of the broader landscape
and highlight how exploiting problem structure via decomposition can improve
solvability.

2.1.4 Quadratic and Mixed-Integer Quadratic Programming

Quadratic programming (QP) and its extensions form an important class of
optimization models relevant to model setups in this thesis. A standard QP takes the
form

m;cin %xTQx +c'x st Ax < b,

where Q may be positive semidefinite (yielding a convex program) or indefinite

(yielding a nonconvex program). Convex QPs can be solved efficiently using
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interior-point or active-set methods (Nocedal and Wright, 2006), whereas nonconvex
QPs are N'P-hard in general (Pardalos and Vavasis, 1991).

Quadratically constrained quadratic programming (QCQP) is a generalization of QP
in which the constraints themselves contain quadratic expressions. QCQPs naturally
arise in distance-based clustering (Peng and Wei, 2007), support vector

machines (Bennett and Mangasarian, 1992), signal processings (Luo et al., 2010), and
geometric fitting problems (Kanatani, 2005). Global optimization methods to solve
nonconvex QCQPs rely on semidefinite programming relaxation or the spatial
branch-and-bound framework discussed earlier. Mixed-integer quadratic
programming (MIQP) and mixed-integer quadratically constrained quadratic
programming (MIQCQP) extend these ideas by introducing discrete variables. MIQPs
form the foundation for many applications in portfolio optimization (Bertsimas and
Cory-Wright, 2022), network design (Shiripour et al., 2012), and energy systems (Yang
etal., 2015).

Quadratic structure is directly involved in two of the applications examined in this
thesis. First, the k-hyperplane clustering problem in Chapter 4 can be formulated as a
MIQCQP, leading naturally to a global optimization approach based on iterative
polyhedral approximation combined with spatial branch-and-bound. Second, the
recycling center optimization model in Chapter 5 uses quadratic expressions to
quantify accessibility and fairness, resulting in a structured MIQP.

2.1.5 Linear Bilevel Programming

Bilevel programming is an optimization framework that captures a hierarchical
decision-making process involving two decision-makers, known as the leader and the
follower. The leader begins by making a choice at the upper level, selecting a solution.
Afterward, the follower, in response to the leader’s decision, solves the lower-level
optimization problem by determining the values of the lower-level variables. Since
the leader’s objective function is influenced by both upper- and lower-level variables,
solving a bilevel problem necessitates finding a joint solution that optimizes the

leader’s objective.

Linear bilevel programming can be expressed as:

& =max{alx+d’y:x € X,y € argmax{c’y:§ € Y(x)}}, (2.1)
X,y y
where X = {x € R} : Hx < h} and Y(x) = {y € R% : Fy + Lx < f} represent the
feasible regions for the leader and follower, respectively.

We assume that the bilevel model follows the optimistic approach, which implies that
when faced with multiple lower-level optimal solutions, the follower picks the one
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that favors the leader most, i.e., the leader and follower are cooperative. The most
common methods for solving bilevel problems involve reformulating them as
single-level problems by substituting the linear problem at the lower level with its
optimality conditions, such as the Karush-Kuhn-Tucker (KKT) optimality conditions;
see, e.g., Zare et al. (2017).

We first replace the lower-level problem with its optimality conditions and then
linearize the resulting optimization problem by applying the big-M method. The
single-level nonlinear problem is given by:

&= nx1ya15< alx +d"y (2.2a)
st. Hx<h (2.2b)

Fy +Lx < f (2.2¢)

—F'9 < —c (2.2d)
(f—Fy—Lx)To=0 (2.2e)

(FTo — )Ty =0 (2.2f)

xeR], yeRY, 0 €RY. (2.2g)

Let (x*,y*,0%) be an optimal solution of (2.2). Let M and M be sufficiently large
constants such that M > max{||f — Fy* — Lx*||, ||0*||e } and

M > max{||[FT0* — ¢||es, ||y*||c0 }- The nonlinear constraints (2.2e) and (2.2f) can be
linearized by introducing binary variables u € {0,1}" and v € {0,1}" as follows:

&= x,r;’lgiv a"x +dy (2.3a)
st. (2.2b) — (2.2d) (2.3b)
Fy+Lx <f (2.3¢)

f—Fy—Lx < Mu (2.3d)

0 < M(1—u) (2.3e)

F'0—c< Mv (2.3f)
y<M(1-v) (2.3g)
xeR],yeR:, 0 €RY (2.3h)

ue{0,1}", v e {0,1}", (2.3i)

For more detail of the bilevel programming study, see Dempe and Zemkoho (2020).
The approximation models formulated in Chapter 6 are in the form of linear bilevel
programs. We reformulated the problem into a single-level program using this
method.
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These deterministic methods form the foundational concepts for the developments in
Chapters 3 through 6. In the subsequent sections, we provide background on
chance-constrained models and their approximation methods, which serve as the
basis for Chapters 6 and 7.

2.2 Chance-Constrained Programming

In many optimization applications, models contain random variables or uncertain
parameters that arise from inherently unpredictable phenomena. Stochastic
programming provides a framework for incorporating such uncertainties directly into
the optimization problem. In its classical form, one assumes that realizations w € () of
the uncertain parameters follow a probability distribution and seeks to minimize an

expected loss (or cost) function over all possible scenarios.

A particular subclass of stochastic programming is chance-constrained programming, in
which constraints are required to hold with high probability to ensure system
reliability. The formulation was introduced by Charnes and Cooper (1959) and is
typically written as

rgg)r(lf(x) st. P{G(x,w) <0} >1-—g¢, (24)
where w is a random vector whose probability distribution is a support of set w C IR?,
G(+, ) represents the constraint function, and € € (0, 1) is a risk parameter specifying
the allowable probability of violation. This formulation enables decision-makers to
balance performance and reliability by explicitly controlling the likelihood of
constraint violations. This formulation helps avoid overly conservative decisions in
situations where satisfying the constraints for all possible realizations is physically or
practically impossible. A wide range of applications of chance-constrained
programming includes reliability planning, where service levels must be met with
high probability under uncertain demand (Charnes and Cooper, 1958); finance, where
portfolio losses are restricted through probabilistic risk limits such as value-at-risk
(Pagnoncelli et al., 2009a); production and supply chain management, where firms
must satisfy uncertain demand or resource availability with prescribed reliability
(Charnes et al., 1958); and energy systems, where operators must ensure reliability
despite uncertainty in renewable generation, load, and network conditions (Wang
etal., 2012).

In many applications, the constraint function is vector-valued, indicating randomness
over stages of decision-making or time periods, denoted by

G(x,w) = (G1(x,w),...,Gu(x,w)) . This leads to two types of chance constraints.
Individual chance constraints require each component to be satisfied with high
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probability,
P{Gi(x,w) <0} > 1—g¢,, i=1,...,m, (2.5)

with possibly different risk levels ¢;. Another type is the joint chance constraint, which

enforces a single reliability requirement for all constraints simultaneously:
P{Gi(x,w) <0 Vi=1,...,m} > 1—c¢. (2.6)

Joint chance constraints provide a more direct handle on system-wide reliability but

are much harder to solve computationally.

The computational difficulty of solving chance-constrained models is primarily due to
the necessity to evaluate multidimensional probabilities and the nonconvex structure
of the feasible region generated by the probabilistic requirement. Even when G(x, w)
is linear and w has a finite discrete distribution, determining whether a point x
satisfies a joint chance constraint is generally N'P-hard (Luedtke et al., 2008). For
continuous distributions, the problem gets even more difficult: the feasible region is
often nonconvex and may have complex geometry, rendering traditional convex
optimization tools ineffective. Furthermore, the probability P{G(x, w) < 0} rarely has
a closed-form expression, forcing practitioners to rely on sampling-based

approximations, which can be reformulated as a mixed-integer program.

Although chance-constrained models are typically intractable to solve, certain model
structures can be solved analytically. For example, when the uncertainty is
one-dimensional and the constraint is monotonic in w, the chance constraint reduces

to a quantile condition. That is, the constraint P{w < g(x)} > 1 — € is equivalent to
gx) = F (1),

where F~! is the inverse cumulative distribution function (or quantile function) w.
This transforms the chance constraint into a simpler inequality constraint. Another
special structure is when w follows a multivariate normal distribution and G(x, w) is
affine in w. Then, the chance constraint P{G(x,w) < 0} > 1 — ¢ can be reduced to a
second-order cone constraint using properties of Gaussian tails (Nemirovski and
Shapiro, 2007) as

alx+ bTy +d1(1-e)VbTZh <,

where G(x,w) =a'x +b"w — c with w ~ N (i, Z) and &~ is the standard normal

quantile function.

These closed-form reductions make the problem convex and efficiently solvable.
However, this restricts the approach to special structural simplifications under
distributional assumptions. In general, chance-constrained problems still require
approximation methods in most practical settings, which is the focus of the remainder

of this section and of the stochastic models in Chapters 6 and 7.
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2.21 Sample Average Approximation

Sample average approximation (SAA) is a well-established method for replacing the
unknown distribution of w with an empirical distribution constructed from a set of
independent and identically distributed (iid) samples {ws, ..., wn}. These N
realizations are considered as a discretization of possible scenarios of the random
vector w. The chance constraint P{G(x,w) < 0} > 1 — e is equivalent to

P{G(x,w) > 0} < e. Then, given a risk level ¢y € (0,1), the chance-constrained
model (2.4) is approximated with SAA models,

N

Y 1(G(x,wj) > 0) <7, (2.7)
j=1

. 1

min f(x) st N
where 1: R — R is the indicator function whose value is one if G(x, w;) > 0 and zero
otherwise. The intuition is to find the average of violation counts over realizations
when N is large: if v < ¢, then a feasible solution of the SAA is likely to be feasible for
model (2.4), and if v > ¢, then the optimal value of the SAA is likely to be a lower
bound to that of model (2.4). In Pagnoncelli et al. (2009b), the optimal value and the
optimal solutions of the SAA model converge to their true counterparts with
probability one as N approaches infinity under reasonable regularity assumptions
with ¢y = e.

The SAA model can be formulated as a mixed-integer programming (MIP) model by

using a binary variable z i instead of the indicator function,

min f(x) (2.8a)
st. G(x,wj) <Mz, j=1,...,N, (2.8b)
N
zj < YN, (2.8¢)
j=1
z€{0,1}, j=1,..,N, (2.8d)
x € X, (2.8¢e)

where M, is a large positive number with M; > max, G(x, wj) forallj=1,...,N.

In the simplest cases, when both functions f and G are linear in x and the set X is
polyhedral, moderate-sized instances of the MIP (2.8) are nevertheless challenging to
solve with state-of-the-art solvers. However, particular structures of the model (2.8),
such as joint chance-constrained formulations where uncertain parameters appear
only on the right-hand side, for instance G(x, w) = max;{w; — G;(x)}, are
computationally more tractable. From the constraint Zjlil zj < N, it follows that at
most p := |yN| scenarios can fail. Assuming without loss of generality that

w! > w? > ... > wN, the constraints v; + w{zj > w{ are redundant for
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j=p+1,...,N. The mixing set developed in Giinliik and Pochet (2001); Luedtke
et al. (2008) defined as

1 1

M; = { (05,71, 2n) € Ry x {0, 11N 0y + (] = )z > @), j = 1,...,N} (2.9)

has a well-studied convex hull that provides valid inequalities, enabling the joint
chance-constrained model to be solved more efficiently in this setting.

In summary, integrating SAA with strong valid inequalities is an effective approach to
solving moderate-scale chance-constrained problems exactly while maintaining
interpretable probabilistic guarantees. We solve the exact SAA in the setting of
Chapter 7, where computing the profit for each setting is tractable. However, in the
setting of Chapter 6, we introduce an alternative framework that bounds the
two-stage chance-constrained model using approximation methods based on

probabilistic bounding in order to capture risk-seeking behavior.

2.2.2 Two-Stage Chance-Constrained Formulations

The main model studied in this thesis is a two-stage chance-constrained formulation,
where the first-stage decisions are made before the realization of the uncertainty.
Subsequently, a recourse decision is optionally taken to cover any shortfall in specific
scenarios, incurring a corresponding penalty cost in the objective.

A generic two-stage chance-constrained model can be written as

min ¢ x4+ E,[Q(x, w)] (2.10a)
st. Ax=1b, (2.10b)
P(T(w)x + Wy(w) < h(w)) >1—¢, (2.10c)
x>0, y(w) >0, (2.10d)

where the recourse function for a scenario w is defined as

Qx,w) := myin {qu : Wy < h(w) — T(w)x, y > O}.

Constraint (2.10c) requires that the second-stage system remains feasible for at least a
(1 — ¢) portion of all realizations. The SAA replaces the true probability with its
empirical counterpart over N sampled scenarios, producing the following
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deterministic equivalent formulation:

1 Y ,
: T - T,
min ¢ x+ N];q y (2.11a)
st. Ax =1, (2.11b)
Wy < h(«) = T(w)x+Mz;, j=1,...,N, (2.11c)
N
zj <¢N, (2.11d)
j=1
x>0,9 >0,z €{0,1}. (2.11e)

The model (2.11) can be solved directly with the state-of-the-art MIP solvers.
Two-stage formulations of this kind provide a flexible template for modeling
decision-making under uncertainty with recourse. In this thesis, they form the basis of
the energy-market model in Chapter 7, whereas in the risk-seeking framework in
Chapter 6 approximation methods are used to provide bounds for the models.

2.2.3 Boole-Bonferroni Approximations and Probabilistic Bounding

We consider the joint chance constraint (2.6) and define, for each constraint index i, the
failure event
A ={w:Gi(x,w) >0},

with AE denoting the corresponding success event. Feasibility of all m constraints in
scenario w therefore corresponds to w € L, AE. The joint chance constraint can thus

be written as
m

P(ﬁAE) :1—]P(UAi) > 1—¢,

i=1

which is equivalent to requiring
m
113( U Ai) <e. (2.12)
i=1

Hence, enforcing a joint chance constraint reduces to controlling the probability that
the system fails in at least one constraint.

We define the individual and pairwise failure probabilities

51 = iP(Ai), 52 = Z IP(AZ' N A])
i=1

1<i<j<m
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Using the inclusion—exclusion identity, the probability of the union of failure events

satisfies
m

]P(iL_JlAi):Sl—Sz—i-Sg,—---.

Classical probabilistic bounds, such as the Boole-Bonferroni inequalities (Bonferroni,
1936), approximate the union probability by truncating the inclusion—exclusion

expansion. In particular,

m m
]P( UAZ-> <S, IP( UAi> > 5, — S,

i=1 i=1
These bounds allow the joint chance constraint to be approximated by replacing the
union probability with an analytically simpler upper or lower bound. When the left
hand side term of (2.12) is replaced with an upper bound, the feasible region becomes
more restrictive, yielding a valid lower bound on the optimal objective value in a
maximization problem. Conversely, replacing the left hand side term of (2.12) with a

lower bound enlarges the feasible region and yields an upper bound.

The Boole’s inequality is widely used to derive tractable deterministic approximations
of joint chance constraints, since it replaces the original probabilistic constraint with

m
i=1
By further allocating the risk evenly as ¢; = -, the joint chance constraint can be

approximated by a set of individual chance constraints:
]P(Ai)gsi, i:1,..‘,m.

This preserves convexity and enables efficient solution techniques; see, e.g., Vitus and
Tomlin (2011); Baker and Toomey (2017). Such bounding techniques will be used
conceptually in Chapter 6 of this thesis when constructing approximations for

risk-seeking chance-constrained models.
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Chapter 3

The Prime Programming Problem:
Formulations and Solution Methods

This chapter introduces the prime programming problem, a deterministic subclass of
integer programming where feasible solutions are restricted to prime numbers. Then,
we demonstrate how several classical problems in number theory can be formulated
as prime programs. To solve such problems with a commercial optimization solver,
we extend the branch-and-bound procedure of integer programming and the cutting
planes method. To reduce the computational effort required by this branch-and-bound
method, we utilize the special structure of prime numbers to incorporate new
branching rules and variable fixing strategies. We present numerical results using a
variety of such strategies on a classic conjecture on linear equations in prime numbers.
Finally, by employing the concept of the inference dual of an integer program, we
show how to perform sensitivity analysis on general prime programs; this allows us to
quickly compute changes in the optimal objective function value for small
perturbations in the constraints. We publicly release all of our code to solve a general

prime programming model.

Note: a preprint of this work is available at
https: //optimization-online. org/ ?p=27681.
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3.1 Introduction

Consider the following optimization problem

min f(x,y,z) (3.1a)
st. g(x,y,z) >0, (3.1b)
xeP,ye R, zeZ", (3.1¢)

where Z" denotes the set of non-negative integers, R™ denotes the set of non-negative
real numbers, and P = {2,3,5,...} C Z* denotes the set of prime numbers. Then,
model (3.1) is a standard mixed-integer non-linear program with the inclusion of an
additional set of variables, x, restricted to be prime. We call model (3.1) as a Prime
Program (PP). When functions f and g are linear, model (3.1) is a mixed-integer linear
program with prime number constraints. Such models are pervasive in the number
theory literature although they are often not formulated in the form of a mathematical
program such as optimization model (3.1). For example, the famous Goldbach’s
Conjecture rests on proving feasibility of the constraint 2a + 2 = x1 + x, where

x1,x2 € PP for any given a € Z™, or its infeasibility for some a. Similarly, the
Vinogradov’s Theorem says that the constraint 2a 4+ 1 = x; 4 x 4 x3 where

x1, X2, x3 € IP is always feasible for positive integers a > 3; analogously, the Chen’s
Theorem says that either of the two constraints 2a = x1 + x for some x1, x, € IP or

2a = x3 + x4 - x5 for some x3, x4, x5 € IP is always feasible for a given sufficiently large
a € Z*. For an introduction to several such problems, see, e.g., Wells (2005).

There is some work at the intersection of mathematical optimization and prime
numbers. One stream of work develops heuristics to identify or construct large prime
numbers, see, e.g., Knezevic (2021) that uses genetic programming to generate large
prime numbers. Dass et al. (2013) study the prime factorization problem using three
metaheuristics. Both these works do not formulate an explicit mathematical program,
as is standard in the optimization community, to solve the underlying problem using a
numerical optimization solver. In contrast, Mehrotra and Pal (2018) develop various
objective functions that, when optimized over, solve instances of prime factorization.
The work by Kumar (2022) is more general — although without prime number
constraints — and, formulates non-linear Diophantine equations as complete
mathematical optimization models. For instance, the nonlinear Diophantine

a1xf + azx;7 + ...+ a,xh = bis reformulated as min, (ale + azxg + ... Fauxh — b)2
where x is constrained within a feasible region of integers. Our work is in a similar
spirit to this: we formulate problems concerning prime numbers as general
mathematical optimization models. Such mathematical programs are then easily
solvable with standard optimization solvers up to the solver’s numerical limits. As

such, we introduce the PP in the discrete optimization community.
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The structure of this chapter is as follows. In Section 3.2, we motivate this work by
studying six elementary problems from number theory and formulate them as prime
programs. In their current form, such problems are not solvable with an optimization
solver (e.g., CPLEX or Gurobi), since there is no analytical expression to formulate the
restriction x € IP. Thus, in Section 3.3, we present a method to solve a PP by
modifying the standard B&B scheme for solving integer problems together with the
cutting planes method. Further, we conduct sensitivity analysis for a PP that allows
quick solutions of a slightly perturbed problem without resolving it entirely. Then, we
present problems that can be formulated into PPs as our case studies in Section 3.4. In
Section 3.5, we present detailed computational experiments and analysis by
employing an example of finding a sequence of distinct primes such that the
arithmetic mean of any two of these primes is also a prime. We formulate this problem
as a PP, and we present additional solution strategies that extend our naive B&B
method. We conclude in Section 3.6 and provide additional numerical examples and
results in the appendix. We provide all of our code to solve a PP at our GitHub
repository cited below.

3.2 Preliminaries

A classic problem in number theory, that is expressible as an integer program, is the
computation of the greatest common divisor (gcd) of two integers (Conforti et al.,
2014, Chapter 1). Fora,b € Z*, the gcd of a and b is given by ged(a,b) = max; z s.t. {z
divides both a and b with z € Z" }. Then, the optimization model

ged(a,b) = minax; + bxy s.t.{ax; + bxy > 1 with x1,x, € Z} (3.2)
X

computes the ged; see, Proposition 1.6 of Conforti et al. (2014) for a proof. Enforcing
the additional restriction of solutions, (x1, x2), being prime numbers transforms
model (3.2) into a PP. In this section, we provide optimization models for six
elementary problems in number theory considered in the classic textbook of Sierpinski
(1970). We let p, and P, denote the smallest prime number greater than x € R and
the largest prime number lesser than x € R, respectively.

Problem 1. Find four triplets of solutions, (x1, X2, x3), of the equation x% +1= x% + x%
with x1,x2, x3 € IP.

Solution. The corresponding optimization model is:
min0 s.t.{x} +1 = x3 + 13 with x1, %, x3 € P}. (3.3)
X

A solution to model (3.3) provides one such triplet, (xj, x5, x5 ). In Section 3.3.1 we

describe a procedure to solve this problem, and obtain an optimal solution
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(x7,x3,x3) = (7,5,5). To obtain another solution, we add one cutting plane: x; > Y
equivalently, we can add the cutting planes x, > Prys X3 2> Pys, OF the weaker cutting
plane x; > x] + 1. We continue this process until we obtain four triplets of solutions.
Again, using the procedure in Section 3.3.1, we obtain (7,5,5), (13,7,11), (17,11,13),
and (23,13, 19) as four triplets.

An equivalent optimization formulation is obtained by (i) using the identity
(5z+13)2+1 = (3z+7)% + (4z + 11)?,Vz € Z*, and (ii) the fact that there are
infinitely many primes of the form az + b when gecd(a, b) = 1. Then, the following
optimization model is equivalent to model (3.3):

min0 s.t.{x; =524+ 13,xp =32+ 7,x3 = 4z + 11 with xq,xp,x3 € P,z € Z*}. (3.4)
X,z

A variation of this problem is to enforce the largest of these primes, x1, to be the
smallest prime number feasible to model (3.3). Then, we simply change the objective
function of model (3.3); the corresponding model is

min x; s.t.{x% +1=x3+ x% with x1, xp, x3 € P}. (3.5)
X

O]

Problem 2. Find all solutions of the equation x1(x1 + 1) + x2(x2 + 1) = x3(x3 + 1) with
x1,x2,x3 € P.

Solution. The corresponding optimization model is:

min0 s.t.{x1(x1 +1) + x2(x2 + 1) = x3(x3 + 1) with x1, xp, x3 € P}. (3.6)
X

Model (3.6) is a non-linear integer optimization model due to the product of integer
variables but is easily linearized with a McCormick envelope, see, e.g., Wolsey (1998).
Again, using the procedure in Section 3.3.1, one such optimal triplet is

(x7,x3,x3) = (2,2,3); and, for the next solution, we add a similar cutting plane as in
Problem 1. However, in this case the solution is unique as we show below; thus, the

computational method of adding cutting planes yields the same solution.

To verify uniqueness of the solution (2,2, 3), consider the constraint of model (3.6)
which is equivalent to x;(x1 + 1) = (x3 — x2)(x3 + x2 + 1). From this equation, we
immediately have that the prime number x; divides at least one of x3 — x; or

x3 + x2 + 1. We distinguish two exclusive cases below.

(i) Consider x1 divides x3 — x». Then, we have x; < x3 — xp, and it follows that
x1(x1+1) < (x3—x2)(x3—x2+1). Hence, x3 + x, +1 < x3 — x + 1, which is
false since x, € Z*.
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(ii) Consider x1 divides x3 + x> + 1. Then, there exists a k € Z™ such that
x3+xp+1=kxy, hence x; +1 =k(xz —xp). If k =1, then x3 + x, + 1 = x; and
x1 +1 = x3 — xp. However, this yields x; —x, = x3 +1and x; +x, = x3 — 1,
which cannot be true since x, € Z*. Now, consider k > 2 and the identity
2xy = (x3 4+ x2) — (x3 — x2). We have

2%y =(x3 4+ x2) — (x3 — x2)
=(kx; —1) — (x3 — x2)
=k[k(x3 —x2) — 1] =1 — (x3 — x2)
=(k+1)[(k—1)(x3 —x2) —1].

Since x; is prime, the divisors of 2x; are 1, 2, xp, and 2x,. Further, since k +1 > 3
and divides 2xy, either k + 1 = x; or k + 1 = 2x,. Again, we distinguish the two

exclusive cases below.

(a) Consider k+1 = xp. Then (k — 1)(x3 — x2) = 3, hence
(xo —2)(x3 — xp) = 3. Thus, either x, —2=T1and x3 —xp =3,0rx, —2 =3
and x3 — xp = 1. In the first case, x, = 3 and x3 = 6, which is not prime. In
the second case, x = 5 and x3 = 6, again resulting in a non-prime solution
for xs.

(b) Consider k +1 = 2x,. Then (k — 1)(x3 — x2) = 2, hence
2(xp —1)(x3 — x2) = 2. Thus, x; — 1 = x3 — xp = 1, hence x, = 2 and
x3 = 3. In this case, we obtain the solution (x], x3,x3) = (2,2,3) € P which
is that computed by our procedure above.

Similar to Problem 1, a variation of this problem is to enforce the largest of these
primes, x3, to be the smallest prime number feasible to model (3.6). Then, we simply
change the objective function of model (3.6); the corresponding model is

min x3 s.t.{x1(x1 + 1) + x2(x2 + 1) = x3(x3 + 1) with x1,x, x3 € P}. (3.7)
X

O]

Problem 3. Find all solutions z € Z* withz+1,z+3,z+7,z+9,z+13,z+15 € P.

Solution. The corresponding optimization model is:

min0 s.t{x;=z+1,xx=2+4+3,x3=2+7,x4 =249,
* (3.8)
x5 =z+13,x6 = z+ 15 with x1,...,xs € P,z € Z1}.

In model (3.8), the integrality restriction, z € Z7, is replaceable with its continuous

relaxation, z € R™. Again, using the procedure in Section 3.3.1, one feasible tuple of
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solutions is (x7, x5, x3, x5, X%, x%,2*) = (5,7,11,13,17,19,4); for the next solution, we
add a similar cutting plane as in Problem 1 and continue this process.

However, again similar to Problem 2, the solution of model (3.8) is unique. To verify
this claim, we note that a feasible solution is of the form

{x3,x5,x5,x5,x;} ={a+1,a+3,a+7,a+9,a+ 15}, where a € Z". This set has
exactly one element divisible by 5. Hence, if the smallest number of this set, a + 1,
exceeds 5, then all the numbers cannot simultaneously be prime. Since z = 1,2,3 are
all infeasible, the obtained solution z* = 4 is unique. Indeed, adding a constraint z > 5
(or, equivalently x; > 6) to the optimization solver renders the model infeasible.

Similar to Problem 1 and Problem 2, a variation of the problem is the following model:

minzst{xy=z+1,x=z4+3,x3=2+7,x4,=2+9,
Yz (3.9)
x5 =z+13,x6 =z + 15 with xq,...,xs € P,z € R"}.

O]

Problem 4. Find all primes which can be represented both as sums and differences of
two primes.

Solution. The corresponding optimization model is:
min0 s.t.{x; = xp + x3,x1 = x4 — x5 with x1,...,x5 € P}. (3.10)
X

Here, the decision variables (x3, x}, x}, x) are auxiliary variables while x; provides
the required solution. Then, we obtain xj = 5 with our procedure of Section 3.3.1. For
the next solution, we proceed by adding cutting planes similar to Problems 1-3, e.g.,

X1 2> P, However, model (3.10) is simplified further by a few observations. All prime
numbers except 2 are odd, and hence x; + x3 is an even number (i.e., not prime) unless
exactly one of x, and x3 is 2. Without loss of generality, set x3 = 2. Similarly, we have

x5 = 2. We thus have the equivalent optimization model:
minxy s.t.{x; = xp +2,x1 = x4 — 2 with x1,x, x4 € P}. (3.11)
X

Again, the solution to this problem is unique. To verify this claim, let x] = a for some
a € Z*. Consider the set {x},x3,x;} = {a,a — 2,2+ 2}. This set has exactly one
element divisible by 3 since any integer a is of the form of either a = 3k, a = 3k + 1, or
a = 3k + 2 for some k € Z7; in each of the three cases, exactly one element is divisible
by 3. Hence, all elements of the set are at most three for them to be prime. Since

x1 = 1,2,3,4 are all infeasible, the obtained solution xj = 5 is unique. Again, adding a
constraint x; > 6 to the optimization solver renders the model infeasible.
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Problem 5. Find the five least positive integers, z, such that each of the integers z, z + 1,

z + 2 is a product of two different primes.

Solution. The corresponding optimization model is:
minz s.t.{z = x1x0,z + 1 = x3x4,z + 2 = x5%¢ with x1,...,xs € P,z € Z1}. (3.12)
X

To ensure that the primes are different, we enforce x; # xp, X3 # x4, and x5 # Xe.
Without loss of generality, we add an additional set of constraints:

xiy1 > x;+1,i = 1,3,5. Then, the solution to model (3.12) provides one feasible value
for z; we obtain (x7, x5, x3, x}, x5, x},z*) = (3,11,2,17,5,7,33) as the solution using the
procedure in Section 3.3.1. For the next solution, we add a cutting plane: z > z* + 1.
We repeat this process until we get five solutions for z obtaining

z* =33,z = 85,z" = 93,z* = 141, and z* = 201, respectively. We are unaware of how

many such solutions exist.

O
Problem 6. Find all integers, z, such that each of the six integers z, z + 2,z + 6,z +8,
z+ 12, z + 14 are primes.
Solution. The corresponding optimization model is:
min0 s.t.{x; =x1+2,x3 =x1+6,x4 =x1 +8,
x (3.13)

X5 =x1+12,x¢ = x1 + 14 with xq,...,x¢ € ]P}.

Then, we obtain one feasible solution to model (3.13) using the procedure in

Section 3.3.1 as (x7,...,x) = (5,7,11,13,17,19). The uniqueness of this solution is
verifiable in a method similar to that for Problem 4. Let x] = a for some a € Z™.
Consider the set {x], x3,x3,x;,x;} = {a,a+2,a+ 6,a + 8,a + 14} which has exactly
one element divisible by 5. Thus, x; < 5 is a valid inequality. Since, x; = {2,3} is not

feasible (and, x; = {1,4} is not prime), the obtained solution x; = 5 is unique. O

In Appendix A.1, we provide three further illustrative examples. Although
Problems 1-6 are “toy” problems, they demonstrate how problems in number theory
are expressible as PPs. Further, they show how such formulations allow an easy
application of a commercial solver, if available; we describe the details of such a
solution method in Section 3.3.1. However, the above formulations mask three

subtleties from the original problems of number theory.

(i) First, our optimization problems implicitly upper bound the decision variables,

020

e.g., the solver Gurobi treats numbers larger than 10" as infinite (Gurobi
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(i)

(iii)

3.3

Optimization, LLC, 2024). Thus, the optimization problems are unable to
compute solutions larger than this value. Although such large limits are
expected to be reasonable for most practical problems, problems in number
theory do not have such a restriction. Scaling the numbers is one possible

direction to overcome this.

Second, computing all solutions requires running the procedure possibly an
exponential number of times; even then we are only guaranteed to obtain
solutions up to the solver-imposed implicit upper bound. This exhaustive
enumeration is expected as most problems in number theory (and, IP) are
NP-complete. Even verifying uniqueness of an integer solution of a linear
system of equations is N P-complete (Mangasarian and Ferris, 2010). However,
when a finite number of solutions are required—such as, Problem 1 and
Problem 5—we expect the solutions to be obtained in a few repetitions,
particularly if good cuts are identified. Indeed, in the procedure we describe in
Section 3.3.1, we obtain solutions for these two problems in four and five
repetitions, respectively. Further, several problems in number theory typically
have solutions that are small prime numbers. For example, in Problem 6 we
observe that z < 5. This is because for z > 5 at least one element in the set
{z+1,z+3,z+7,2+9,z + 15} is divisible by 5 and, hence, is not prime.

Third, the above illustrated optimization procedure rests on a scheme to
determine p, given x; this provides an added cutting plane. Unfortunately, there
is no analytical formula to determine the prime number immediately proceeding
a given integer. However, several theorems from the number theory literature
assist in this computation. For example, Bertrand’s postulate sets the range of

P, € (x,2x —2),Vx € P\ {2,3}, see, e.g., Sylvester (1881). In computational
practice, as we also mention above, instead of the cut x > p.. we can simply add
the relaxed cut x > x* 4 1 which allows the solver to compute a different
optimal solution than x. We build up on this to construct a modified
branch-and-bound procedure in the next section.

Solving Prime Programs

3.3.1 Branch-and-bound for Prime Programs

We now consider the PP presented in model (3.1) with linear functions as follows:

z" =min cx (3.14a)
st. Ax>b, (3.14b)
xERM|NP, i=1,...n (3.14¢)
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where A ¢ R™", bc R",c € R", M; € Z",Vi=1,...,n. Here, M denotes a vector of
upper bounds on feasible prime numbers. If such a vector of large enough prime
numbers is available, we use that; however, if this is difficult to estimate, we employ
large enough integers. In the absence of the prime constraint given by

equation (3.14c), model (3.14) is solvable via the standard B&B procedure of IP, see,
e.g., Wolsey (1998). We now adapt this procedure to solve model (3.14).

To this end, we first solve the LP relaxation of model (3.14). If the solution,

x* = [x],...x}], is prime we stop at the root node itself since the solution is optimal. If
at least one element is not prime, we select the element which is farthest from its
closest prime to branch on; this is similar to the so-called most fractional rule in IP.
Given the non-prime branching variable, i, we create two nodes, right and left, that
include the additional constraints x; > p x* and x; < ij, respectively. We store these in
a heap, H, in this order. We then explore the last node (i.e., the left child node) in the
heap via a depth-first strategy. We prune nodes if one of the following conditions
holds: (a) the node is optimal; i.e., the relaxed solution is prime, (b) the node is
infeasible, or (c) the objective function value of the relaxed solution at that node is not
better than that of the incumbent; i.e., the node is pruned if the objective function
value of the node is greater than the incumbent’s objective function value in a
minimization problem. When a node is pruned, we remove it from the heap. We
terminate the algorithm when all nodes are explored or pruned;i.e., H = ¢. We note
that solving the LP relaxation with such a branching procedure is sufficient as it
partitions the feasible space into disjoint spaces without cutting off any feasible

solution. We illustrate this B&B procedure with the following numerical example.

min  —x; —4x; (3.15a)
s.t. —3x1 — x2 > —2000, (3.15b)
—x1 — 5xp > —450, (3.15¢)

X1, X € [2,100] NIP. (3.15d)

Figure 3.1 presents the B&B tree for model (3.15) that we summarize here; nodes
marked with white are pruned below while those in black are further branched. We
tirst strengthen the upper bound of M = 100 in constraint (3.15d) with M = Proo = 97.
Then, the LP solution at the root node is x* = [97,70.6]. Since x; is prime, we branch
on xo. We identify p,, . = 71 (right branch) and Poog = 67 (left branch). We proceed to
the left child-branch first (marked “2”); it is pruned, identifying an incumbent
solution. We then backtrack to the right branch at node “3”, which is the next element
in the heap, and continue the process. Node “5” is pruned via optimality and we
backtrack to node “4” to its right branch. Continuing, we identify a new incumbent
solution at node “8”. The right branch at node “9” identifies a solution that is not
prime which is then pruned by bound. Backtracking we proceed first to the right
branch of node “6” (i.e., node “10”) and then to the right branch of node “3” (i.e., node
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x = [97,70.6] 1

Xy < 67 Xp 271

x = [97,67]

z=_365 3 | x=[9571]

pruned by

optimality x, <89 “x, =97

1 =< WX =
;/ B
_ pruned by
x=[89,722] [ 4 infeasibility
<717 \x, =73
l\/ «

x =[89,71]

z=—373 6 X = |85a?3|

pruned by

optimality %,

x, <83 N\ ¥ =89
‘/ Y
~ pruned by
x=[83,734]( 7 infeasibility
-
X <73 N\ %2279
;/ .

x = [83,73] * =155, 79]
z=-375 = -an
pruned by pruned by

optimality bound

FIGURE 3.1: Enumeration tree for the prime B&B procedure applied to model (3.15).
The six nodes marked in white are leaf nodes that are pruned below for reasons indi-
cated, while the other five nodes are further branched on. For details, see Section 3.3.1.

“11”) — both are pruned by infeasibility. The optimal solution is then x* = [83, 73]
with an optimal objective function value of -375. The enumeration tree contains 11
nodes, six of which are leaf nodes.

We note that the idea of branching presented above is not restricted to PPs where the
solution variables are restricted to prime numbers, but it is applicable to any set of
discrete values. For example, if we need the solution to be Fibonacci numbers, we can
branch on the structure of the set of Fibonacci sequences. This branching split the
feasible region without eliminating any feasible points.

3.3.2 Cutting Planes for Prime Programs

As prime programming is a subclass of integer programming, the derivation of
cutting planes for integer programs is still applicable to prime programs. We present
cutting plane methods where the derivations are based on fractional values in the
relaxation solution. Mixed-integer rounding and Gomory cuts are these types, and
they can be improved within the prime program by considering the gap of prime
numbers instead of the gap of one in the integer program.
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Let X = {(x,y) € P x R" | x +y > b}. We consider two branches, either x < p _or
X 2 Py Assume x < p,, the inequality is equivalent to y > b — x. Then the tightest
bound is at x = P, which requires y > b — p,= 0. Thus, the point V; = (Eb’ d) is the
extreme point of this sub-region. On the other hand, x > p,, the variable x already
satisfies the constraint; the extreme point of this feasible sub-region is V, = (?b, 0).
The mixed-prime rounding cut, the inequality that passes through these two points,

can be obtained as follows:

0-4
y—-02=— x—p, ), (3.16)
(e
where 6 = b — P, This is equivalent to

yzé—%(x—&). (3.17)

Next, we consider the Gomory mixed-integer cuts in prime programs. Assume an

optimal basis of LP relaxation takes a non-prime value b;. The tableau row is:

X + Z ajjXj = b;, (3.18)
jEN
where N is the set of non-basic variables. Then, we define the left prime remainder
f=0b— P, the right prime remainder ¢ = p, — b;, and the prime gap A = f +g.
Similarly, we consider the prime split disjunction x; < p, V x; > P,,. In the first case,
we have b; — Z]» ajjx; < Bb[ which is equivalent to Zj ajjxj > f. To satisfy the constraint

using x; > 0, we consider only positive coefficients a;; > 0, we have

Z —x] > 1. (3.19)

j:llij>0

In the case of x; > Py, We have b; — 2]- AijXj 2 Py, which is equivalent to Z]- —a;ixj > g.
To satisfy the constraint using x; > 0, we consider only negative coefficients a;; < 0,
we have

24—%>1 (3.20)
jiai;<0 8

Because any valid prime assignment must satisfy at least one side of the disjunction,

combining these requirements yields the valid prime Gomory cut:

Y <;>%+ Y <g>%>1 (3.21)

jiaij>0 Jiaij<0
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3.3.3 Sensitivity Analysis for Prime Programs

We now describe a procedure to conduct sensitivity analysis on a linear PP. This
allows us to compute changes in the optimal objective function value for small
perturbations in the problem parameters without re-solving the entire program. To
this end, we employ the technique of the inference dual of an integer program as
proposed in Dawande and Hooker (2000). Consider the following problem that
formulates a perturbation in model (3.14).

z; =min (c+cs)x (3.22a)
st. (A+As)x >b+by, (3.22b)
€RM]NP, i=1,...n (3.22¢)

In the absence of constraint (3.22c), the work in Dawande and Hooker (2000) provides
a sufficient condition ensuring z* — A < z§, where A > 0, by examining all the leaf

nodes of the B&B tree for model (3.14). At a leaf node p of the B&B tree, we let ¥ and
xP denote upper and lower bounds for x, and A? denote the optimal value of the dual
variables of constraint (3.14b). Further, we let zéIB denote the best upper bound on the
optimal objective function value obtained up to node p in the tree; if no such bound is
available, we set z';;[B = co. We distinguish three cases for the three types of leaf nodes.

(i) If the leaf node is pruned by infeasibility, we let g¥ = AP A, g5 = AP A, and
z, = ¢, where ¢ is a small positive quantity.

(ii) If the leaf node is pruned by bound, we let g/ = APA —, qg = APA; —¢s5, and

UB—A.

(i) If the leaf node is pruned by optimality, we let 7 = AP A — ¢, g5 = APA; — c5,
and z, = Z, — A where Z, is the objective function value at that node.

Then, the following theorem relates the objective functions of model (3.14) and its

perturbation in model (3.22).

Theorem 3.1. Consider model (3.14) and its perturbation in model (3.22). Let q,, qg ,Zp, and
AP be as defined above. For a given A > 0, the bound z* — A < zj holds if there exist

q]’.’,j =1,...,n satisfying

n

Z qF +q5)x} + a7 (3] — x])) < AP(b+b;) — (3.23a)
j=
9 >q) +q5, 80 >0, j=1...n (3.23b)

for each leaf node p of the branch-and-bound tree of model (3.14).
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Proof. See Dawande and Hooker (2000) and Appendix A.2. ]

The proof of Theorem 3.1 mirrors that in Dawande and Hooker (2000) for
mixed-integer programs (i.e., in the absence of prime number constraints); hence, we
reserve it for the appendix. Although Theorem 3.1 and the results in Dawande and
Hooker (2000) provide only a sufficient, and not necessary, condition, there is value in
such sensitivity analysis as we demonstrate next. In Problem 7, we consider an

illustrative example inspired by the Goldbach conjecture.

Problem 7. Find the smallest prime number, x1, satisfying the condition
2k +2 = x1 + xp for a given k € Z* where x; € P.

Solution. The following PP formulates Problem 7.

z" = gcrluxrzl X1 (3.24a)

st x1+x>2k+2, (3.24b)

—x1— Xy > —2k—2, (3.24¢)

x1, %2 € [2, M]NTP. (3.24d)

where M is a large enough upper bound. O

Now consider a perturbation in Problem 7: find the smallest prime number, x1,
satisfying the condition 2k + 2 + k5 = x1 + x; for given k where k; is an even integer
and x; € P. In other words, we change the right hand sides of equations (3.24b)
and (3.24c). Then, we need to solve the following PP:

zy = le’lllxl’zl X1 (3.25a)
st xp+x2 >2k+2+ks, (3.25b)

—X1 — X > —2k —2— ks, (3.25¢)

x1,% € [2,M] NP, (3.25d)

Following the notation of model (3.22), in model (3.25) we have As <— 0,cs5 < 0, and
bs = [ks, —ks]. For a numerical demonstration, consider k = 1699. Figure 3.2 presents
the B&B tree for this instance of model (7); we have, z* = 11. The enumeration tree

contains five nodes, three of which are leaf nodes (marked in white).

(i) Consider node 3. We have x> = [2,2], %% = [7,3391],2z3 = ¢,A% = [0, 1]. Then,
7> = [1,1],43 = [0,0]. In order to satisfy the sufficient condition of Theorem 3.1 at
this node, we require a solution 73, 73 such that 4 + 573 + 338975 < 3400 + k; — ¢
and 73,35 > 1. By setting 73,75 = [1,1] we obtain k; > —2 +¢.
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x = [2,3398]
1
x <3391\ xy = 3407
A/ 3
_ pruned by
x=[93391][ 2 infeasibility
<7 x =11
A/ 4
x = [11,3389]
pruned by =11
infeasibility pruned by
optimality

FIGURE 3.2: Enumeration tree for the prime B&B procedure applied to model (3.24)

with k = 1699. The three nodes marked in white are leaf nodes that are pruned below

for reasons indicated, while the other two nodes are further branched on. For details,
see Section 3.3.3.

(ii) Consider node 4. We have x* = [11,2],x* = [M,3391],z4 = 11 — A, A* = [0,0].
Then, ¢* = [—1,0],4% = [0,0]. In order to satisfy the sufficient condition of
Theorem 3.1 at this node, we require a solution 7}, 73 such that
—114 (M —11)g% + 338975 < —11+ A and 77,5 > 0. By setting 41,43 = [0, 0]
we obtain A > 0.

(iii) Consider node 5. We have x° = [2,3407],%°> = [M, M],z5 = ¢,A°> = [1,0]. Then
7°> = [—1,-1],43 = [0,0]. In order to satisfy the sufficient condition of
Theorem 3.1 at this node, we require a solution 73, 75 such that
—3409 + (M — 2)73 + (M — 3407)g5 < —3400 — ks — € and 73,75 > 0. By setting
73,35 = [0,0] we obtain ks < 9 —e.

Thus, we conclude that for any A > 0, z; > 11 — A holds if ks € (—2,9). The optimal
solution of model (3.24) is x* = [11,3389]. We now illustrate the value of sensitivity
analysis for PP via the following arguments.

Since k; is even, the set of small-enough allowed values is {2, 4, 6,8}. Now, consider,
ks = 2 and the corresponding optimization model: min, x; s.t.{x; + xo = 3402 with
x1, X2 € P}. Instead of re-solving this model, we simply check the feasibility of the
optimal solution of model (3.24) for model (3.25). From the condition,

x] > 11— A, VA > 0 it is sufficient to check feasible values of x; that are at least 11.
Then, since [x1, x2] = [11,3391] is feasible for model (3.25), it is also optimal; hence, the
optimal objective function value is 11. We thus obtain the optimal solution without
any additional computation (except checking that 3391 is a prime number). In
contrast, the B&B tree for this instance of model (3.25) has three nodes. Next, consider
ks = 4 and the corresponding optimization model: miny x1 s.t.{x; + xp, = 3404 with
x1, X3 € P}. Then, [x1, x2] = [11,3393] is infeasible. The next solution

[x1, x2] = [13,3391] is feasible; hence, the optimal objective function value is 13. We
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obtain this solution in two evaluations. In contrast, the B&B tree for this instance of
model (3.25) again has three nodes. Similarly, for ks = 6 and ks = 8, we obtain the
optimal objective function value of 17 in only three additional evaluations. Thus,
following Theorem 3.1, we save computational effort by not considering prime
numbers below 11; i.e., we obviate checking the primes 3, 5, and 7. In Appendix A.3,
we provide another problem which is also inspired by the Goldbach conjecture to
illustrate the value of Theorem 3.1.

3.4 Case Studies

In this section, we discuss problems where we can reformulate them into the PPs and
provide their optimization models, including an application in cryptography and a

research problem in number theory to find supporting numerical examples.

3.4.1 Cryptographic Hardware Optimization: FHE Residue Selection

A real-world application of the prime programs is in cryptographic hardware design
within the domain of Fully Homomorphic Encryption (FHE). FHE is a cryptographic
scheme that enables arbitrary computations on encrypted data without requiring
decryption (Gentry, 2009). However, the approach has a significant computational
overhead burden. To improve this, modern accelerators implement the CKKS

scheme (Cheon et al., 2017), using approximate arithmetic to process encrypted
vectors. This algorithm relies on the Residue Number System (RNS) (Bajard et al., 2017).
RNS is a non-positional representation that decomposes large ciphertext coefficients
into a vector of smaller, independent residues. This decomposition allows for massive
parallelization, as arithmetic operations can be performed on each residue
independently without the bottleneck of sequential bitwise dependence.

The selection of the moduli {41, 92, ..., qc} in an RNS-based accelerator is an
important factor for the efficiency. The BitPacker architecture (Samardzic and Sanchez,
2024) introduces a scheme of decoupling the total cryptographic scale Ty, from the
hardware’s physical word size w. This is a selection of a set of primes whose product
is at least Ty with the objective of minimizing the cryptographic noise. Beyond
bit-width constraints, the selected moduli must support the Number Theoretic
Transform (NTT) (Harvey, 2014), which is important for accelerating polynomial
multiplications. For a polynomial of degree N, each modulus q; must be a prime
satisfying the congruence g; = 1 (mod 2N). The challenge of identifying a set of
NTT-friendly primes that fit hardware registers while minimizing redundant scale can

be formulated as a PP. By transforming the product of moduli into a logarithmic
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summation, we minimize the overshoot noises relative to the target scale T, as

follows:
C
rrq\,ikn ;logz(qi) —log,(Tr) (3.26a)
C
s.t. ;logz(qi) > log,(Tr), (3.26b)
g:=2Nki+1, Vie{1,...,C}, (3.260)
i <qiy1—2, Vie{l,...,C—-1}, (3.26d)
g <2¥-1, Vie{l,...C} (3.26e)
g eP, Vie{l,...,cC}, (3.26f)
ki€ Z*. (3.268)

In this formulation, the objective function (3.26a) minimizes the distance between the
RNS dynamic range and the target cryptographic scale. Constraint (3.26b) acts as a
safety boundary, ensuring the product of the moduli is sufficient to prevent modular
overflow. Constraint (3.26c) ensures NTT compatibility, while hardware register limits
are enforced by (3.26e). By defining r; = log,(g;) for eachi =1,...,C, the optimization
model becomes a convex PP which is able to solve using the algorithm in Section 3.3.1.

3.4.2 Linear Equations in Primes

We first consider the following conjecture proposed in Pomerance et al. (1988).

Conjecture 1 (Pomerance et al. (1988)). There exist n distinct prime numbers
x1 < x2 < ... < x such that the average of any two of these primes, given by

%(xi +xj),Vi,j=1,...,n,i # j,is also a prime number for n > 2. d

Conjecture 1 is proven in Granville (1990) assuming the so-called k-Tuple Conjecture
of Hardy and Littlewood (Hardy and Littlewood, 1923) is true. A solution of this
conjecture is not unique for a given n, e.g., consider n = 3 then [3,7,19] and [5,17,41]
are both valid solutions. We are only aware of solutions of Conjecture 1 until n = 12;
for n = 12 a solution is provided in Balog (1992): [5,17,521,42281,138461, 195137,
204137,221537,363497,367001,414737,434717].

To solve Conjecture 1, we formulate a sequence of PPs of increasing fidelity. These PPs
take as input both 7 and an upper bound, M, for the considered set of prime numbers.
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We begin with a naive PP as follows.

ra\’iyn 0 (3.27a)
s.t. Zyi]- = X + Xj, 1<i<j<n, (3.27b)
Xit1 > xi+1, 1<i<n-—1, (3.27¢)

x; € 2, MNP, 1<i<mn, (3.27d)

yij € [2, M] NP, 1<i<j<n (3.27¢)

An optimal solution of model (3.27), if it exists, provides a vector [x],, with each
element below M, that satisfies Conjecture 1. Here, constraints (3.27b) and (3.27¢)
ensure that the average of any two components of [x] is also prime, where y;; is the
average of x; and X; for1 <i < j < n. Constraint (3.27c) ensures that the solutions are
distinct primes, while constraint (3.27d) restricts x to be prime. Then, from

Section 3.3.1, model (3.27) is a PP.

We now tighten the formulation in model (3.27) with a few observations. First,
constraint (3.27b) requires the elements of x to be odd primes; thus, we exclude the
prime 2 from the optimal solution of model (3.27). We make two further observations:
(i) prime numbers differ by at least 2, and (ii) we require at least one prime number

between x; and x;. Thus, we tighten constraint (3.27c) and have a more efficient model

given by the PP below.

rgclliyn 0 (3.28a)

st 2y =x+x, 1<i<j<n, (3.28b)

Xit1 > Xi+4, 1<i<n-—1, (3.28¢)

Yij > xi+2, 1<i<j<n, (3.28d)

Xj 2 Yij+2, 1<i<j<m, (3.28e)

x;i € [3, M] NP, 1<i<n, (3.28f)

yij € [5,M] NP, 1<i<j<n. (3.28g)

Table 3.1 presents our computational results for model (3.28) with M = 1000. We solve
model (3.28) with the B&B method presented in Section 3.3.1. Solutions for n < 5 are
obtained practically instantly, while for n = 6,7, 8 the solution times are slightly
longer. However, no solution is obtained for n = 9 within 50 minutes and neither is
the model proven infeasible. Increasing the time limit (to allow exploration of a
greater number of nodes of the B&B tree) to 100 minutes or increasing M (to allow
exploration of a greater number of potentially feasible prime numbers) to 10000 still
provides no feasible solution. Each B&B node solves a LP, and this computation is
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M Nodes Time Solution
1000 7 - [3,7]
1000 31 - [3,7,919]
1000 119 - [3,7,19,139]
1000 269 - [3,7,19,139, 859]

1000 189049 90  [3,11,23,71,191, 443]

1000 159473 82 [5,17,41,101, 257, 461, 521]
1000 1286503 821 [5,17,41, 101,257,521, 761, 881]
1000 4080930 3000 ¢

1000 8209983 6000 ¢

10000 3658991 3000 ¢

10000 7353380 6000 ¢

O 0 NI OOl WD | I

TABLE 3.1: Computational results on solving model (3.28) using the Naive B&B so-
lution strategy presented in Section 3.3.1. Here, n and M are inputs to model (3.28),
Nodes denotes the number of explored nodes in the B&B tree, and Time denotes the
computational time in seconds. Entries of “-” in the time column denote the solution
is obtained practically instantaneously. The Solution column presents an optimal solu-
tion found with the given parameters, here the entry ¢ in the rows with n = 9 denotes
that no solution is obtained; increasing the value of M and Time still does not provide
a solution.

highly effective benefiting from modern LP solvers; for n = 6,7,8,9, the
computational time per 1000 nodes is only marginally over half a second. Thus, we
now explore tailored strategies to determine the branching variables as well as fixing

certain variables to solve model (3.28).

3.5 Solution Strategies

In Section 3.3.1, we present a B&B strategy to solve prime programs. This B&B
procedure is generic and capable of solving any PP; however, the computational effort
could be prohibitive. Similar to LP, certain prime programs allow us to exploit their
structural properties to obtain solutions in a computationally efficient way. In this
section, we exploit such properties of the presented B&B procedure with the problems

discussed in the previous section as a numerical case study.

We carry out all computational experiments on a computing cluster with an Intel Xeon
Gold 6138 2.0GHz processor with 192 GB of RAM and Gurobi version 10.0.3 using
Python 3.8.3. We require only an LP solver, and use Gurobi’s default LP optimality
tolerance of 10~. We provide the corresponding B&B code at our GitHub page. As we
demonstrate in the previous section, solving the problem we consider —given an
upper bound of the considered feasible solution—via the B&B method of Section 3.3.1
is computationally challenging. We refer to this branching strategy as the Naive
strategy, and begin with variable fixing strategies.
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3.5.1 Variable-fixing Strategies

Computing a solution for model (3.28) becomes increasingly computationally difficult
as 1 increases; however, the solution [x], includes several components from the
solution [x],_1. This observation motivates a variable fixing strategy where the first

n — 1 components of [x], are fixed from the previously obtained solution. We then
solve model (3.28) for the largest missing element alone. We denote such a strategy of
fixing the decision variables as SelectAll.

Routine 1 fixing strategy (name, arg)

Input: name = {Naive, SelectAll,ExcludeOne, ExcludeTwo} of chosen fixing strat-
egy; a vector [X] of dimension n — 1, additional arguments arg of appropriate di-
mension. Below, a <— ¢ denotes no value is assigned to a.

Output: a vector [x]| of dimension 7.
if name = Naive then

Xi < QD,VI =1,...,n.
: if name = SelectAll then
xi<Xx,i=1,...,n—=1x, < ¢.

(I) « arg.
xi<—Xx,i=1,...,l -Lxj<X,i=1....n=2,x; ¢,i=n—1,n.
: if name = ExcludeTwo then
(I1,1p) < arg, with I; < L.
10: xX; < Xx,i=1,...,11 — 1, x; + )_CH_l,i =1,....,.h—2, x; + Xj10,i = Ih —
1,....n=3,xi<¢pi=n—-2,...,n

1:
2
3
4
5. if name = ExcludeOne then
6
7
8
9

The SelectAll strategy might result in infeasibility of model (3.28) due to too many
variables being fixed. Thus, rather than fixing all the first n — 1 components of x, we
selectively exclude some elements from fixing, e.g., those near their upper bound. To
this end, we define two other strategies — ExcludeOne and ExcludeTwo — that
exclude one and two elements from fixing while keeping the two and three largest
elements unassigned, respectively. Routine 1 summarizes the three variable fixing
strategies, while Example 3.1 illustrates them numerically; here, the quantity arg
denotes the input arguments to the respective strategies. In Section 3.5.3, we provide
the benefit of these three enhanced strategies over the Naive strategy.

Example 3.1. An illustration of the four variable fixing strategies of Routine 1.

Let n = 7 and consider a known solution, ¥, for n = 6 with

x =[7,19,67,127,547,607]. From the seven positions of x to determine, we fix at
most six positions from the known solution x. In the Naive strategy we do not fix
any variables. Our remaining three strategies are as follows.

(i) Inthe SelectAll strategy, all six elements are fixed. Then, we have x = (7,19,
67,127,547,607, ¢].
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(ii) In the ExcludeOne strategy, we have one element, [, excluded as determined by
its input argument while the other five elements are fixed. Consider [ = 3.
Then, we have x = [7,19,127,547,607, ¢, ¢|.

(iii) In the ExcludeTwo strategy, we have two elements, /; and I, that are excluded
as determined by its input argument, while the other four elements are fixed.
Consider (I3,1) = (3,4). Then, we have x = [7,19,547,607, ¢, ¢, ¢].

3.5.2 Branching Strategies

By examining the solutions in Table 3.1, we observe that the solutions for n = 2 to 6
are similar; this observation motivated the variable fixing strategies of Section 3.5.1.
However, none of the elements of the solutions from n = 2 to 6 are present in the
solutions for n = 7 and n = 8. In this section, we present a different strategy
motivated by number theory. Unlike integer programming, prime numbers are not
spaced equally. We thus investigate strategies related to the remainder of an integer
when divided by another integer. In this section, we consider prime numbers that are
at least 5; checking whether 3 forms part of the solution is easily done as a

post-processing step to the optimization. We begin with two simple lemmas.

Lemma 3.2. Any prime number x > 5 is expressible as x = 12z + k for some z € Z and
somek € {1,5,7,11}.

Proof. Any integer x is expressible as x = 12z + k for some z € Z, where 0 < k < 111is
the remainder of x when divided by 12. When k = 0, x = 12z, which is divisible by 12;
thus, x is not prime. Similarly, if k = 2,3,4,6,8,9, 10, then x is divisible by
2,3,4,6,4,3,2, respectively; hence, it is not prime. Therefore, for a given prime x > 5,
it is expressible only in the form x = 12z + k for some z € Z and some k € {1,5,7,11}.
For example, the prime number 23 = 12 -1 + 11. O

Lemma 3.3. In an optimal solution for model (3.28), the prime number y;; is given by the
average of two prime numbers, x; and x;, both of which leave the same remainder when divided
by 12. Hence, y is of the form 6z + k for some z € Z, and some k € {1,5}.

Proof. From Lemma 3.2, consider x; = 12z1 + k1 and xo = 1225 + k, for some

21,2 € Z and some ki, ky € {1,5,7,11}, and x1,x, > 5. Table 3.2 provides the average
of x; and x; for different values of k1 and k;. The average cannot be prime unless

ki1 = ky. This completes the first part of the lemma. Then, from constraint (3.28)
(equivalently, from the diagonal entries of Table 3.2), y;; is of the form y;; = 6z;; + k for
some z;; € Z where k € {1,5}. O
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Routine 2 branching strategy (name, LP solution at node, arg)

Input: name ={Naive, Modulo} of chosen branching strategy; arguments arg of the chosen branching

Output: constraints for right and left child nodes of the input node.
1: if name = Naive then

strategy, arg = ¢ if name = Naive, arg = {1,5,7,11} if name = Modulo; (x*,y*) < a solution of the
linear programming relaxation of model (3.28) at a given node.

—Xindx

~Yinay

2: fori=1,...,ndo
3: if x} ¢ IP then
4 distX; min{;‘axi* —xf, X — Bxi*}'
5: else
6: distX; + 0.
7: forj=i+1,...,ndo
8: if y;‘j ¢ P then
9: distY;; < min{fzy;} — Vi Ey;}‘}.
10: else
11: distYj; < 0.
12: indX < argmax; distX;; indY <« argmax;; distYj;.
13: if distX;,4x > distY;,y then
14: return right and left nodes that contain additional constraints x;,gx > P, dX and xjx < p.,
respectively.
15: else
16: return right and left nodes that contain additional constraints y;,;y > Py ] and Yipgy < p., ,
respectively.
17: if name = Modulo then
18: k + arg.
19: ko < k mod 6.
20: fori=1,...,ndo
21: if (x} ¢ IP) or (x; mod 12 # k) then
22; distX; <= min{p,. (12,k) — x7,x; — p .(12,k)}.
23: else l
24: distX; < 0.
25: forj=i+1,...,ndo
26: if (y;‘j ¢ P) or (yj‘]- mod 6 # kp) then
27 distYjj < min{ﬁy;}(a ko) — v vi; — By;(@ ko)}.
28: else
29: distYj; < 0.
30: indX < argmax; distX;; indY <« argmax;; distYj;.
31: if distX;,4x > distY;,y then
32: return right and left nodes that contain additional constraints x;,5x > P, i (12,k) and xj,5x <
(12, k), respectively.
TindX
33: else
34:

*
Yinay

return right and left nodes that contain additional constraints y;,,5y > ny N (6,ko) and yingy <

(6, ko), respectively.
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X 2 12z, +1 12z, +5 12z, +7 12z, +11
1

12z1 +1 6(z14+22)+1  3(2z1+2z,+1) 2(3z1+32,+2) 6(z1 + 22)

12z1+5 3(2z1+2z2+1) 6(z1+22)+5 6(z1+2z2+1) 2(3z1 + 3z, + 4)
12z +7 2(321 + 3z, + 2) 6(21 + 27+ 1) 6(21 + 27 + 1) +1 3(221 + 225 + 3)
12z1 + 11 6(z1 + 22) 2(3z1 +3zp+4) 3(2z1+2z,+3) 6(z1+2z22+1)+5

TABLE 3.2: Averages of pairs of prime numbers of the form x; = 12z; +k and x, =
12z + k for k = {1,5,7,11}. For details, see Section 3.5.2 and Lemma 3.3.

Lemmas 3.2 and 3.3 allow an improvement in the branching behavior of model (3.28).
A straightforward way of doing so is to add additional integer variables to

model (3.28). However, instead we change the way the B&B method constructs the
disjunctive branches. Consider x = 24.7 at some node of the B&B tree of the Naive
strategy. Then, the two branches are x < 23 and x > 29. Now, let p.(m, k) denote the
smallest prime number of the form mz + k for some z € Z which is greater than

x € RT,and P, (m, k) denote the largest prime number of the form mz + k for some

z € Z which is less than x € R™. We add the additional constraint for the two
branching nodes as x; > ]’ox? (m, k) and x; < Bx;* (m, k), respectively, for m = 12 and

k =1 (from Lemma 3.3). Then, the two branches under this new branching rule are
x<p,,,(12,1) =13and x > p,,,(12,1) = 37. With the Naive strategy, we need to
introduce a new integer variable z € Z such that x = 12z + 1 and then branch on one
variable at a time. Branching on the variable x = 24.7 leads to the two branches:

x <23 and x > 29. In contrast, branching on the variable z = 1.975 leads to the two
branches: z < 1 and z > 2 which are equivalent to x < 13 and x > 25. The advantages
of changing the branching method are twofold. First, it provides stronger constraints
than those obtained from naive branching method since the solution is always a prime
of the form we are considering. Second, it is not necessary to introduce additional
variables into the model. We call such a branching strategy as Modulo with the
argument arg denoting the value of k € {1,5,7,11}. Routine 2 summarizes the Modulo
branching strategies.

3.5.3 Computation Results

In this section, we present our computational experiments to solve model (3.28) using
the fixing strategy described in Routine 1 and the branching strategy described in
Routine 2. However, rather than directly use them as solution procedures, we begin
with a need for an iterative algorithm for solving model (3.28) that takes an input both
these strategies. For example, consider a moderate sized instance of model (3.28) with
n =5and M = 3000 that we solve with the ExcludeTwo fixing strategy and the Modulo
branching strategy. From the total of six instances each for arg = 1,5,7, and 11, we
obtain feasible solutions in only two, one, two, and three instances, respectively; the
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remaining instances are all infeasible. However, increasing the upper bounds results
in all instances being feasible within two seconds. Similarly, there are easily
identifiable instances where neither feasibility nor infeasibility is proved within a
given time limit; Example A.1 in Appendix A.4 provides a numerical instance that
shows the number of such instances that fail to obtain a feasible solution or proven
infeasibility within a given time limit is reduced when the time limit is increased.
Further, in Example A.2 and A.3 of Appendix A.4 we demonstrate the computational
benefits of the variable fixing and branching strategies over their naive counterparts.
Since we know model (3.28) is feasible until at least n = 12 given a sufficiently large
time limit and upper bounds, we initialize solution procedures with a small enough
upper bound and iteratively increase the bound if an instance is proven infeasible.
Algorithm 3 presents the complete scheme we employ to solve model (3.28). We
illustrate the working of the algorithm in Example 3.2. In the interest of space, we
present only the most relevant computational results here while we reserve the
complete set of results for Appendix A .4.

Algorithm 3 An algorithm to solve the PP given by model (3.28).

Input: an instance of model (3.28) given by n and M;,Vi = 1, ...,n; time limits T and
t; a scalar «; subroutines fixing strategy defined by Routine 1 and branching
strategy defined by Routine 2.

Output: a feasible solution of model (3.28), x7,i = 1, ..., n or a statement of intractabil-
ity under the given input parameters.

1: k+ 0,m « 1,time + 0,[x°]p = [].
2: whilem < ndo

3 Fix [xN],, « fixing strategy(name, [x"],,_1).
4: Solve instance of model (3.28) with input m and M; for i = 1,...,m using
branching strategy up to at most t seconds.

5: k< k+1.

6: Update time to wall-clock time.

7: if feasible solution found then

8: [xK],, ¢ feasible solution of model (3.28).
9: if m = n then
10: return [x*],, < [x"],.
11: m<—m+ 1.
12: else
13: (K1 < [
14: M; + M;(1+4a),Vi=1,...,m.
15: if time > T then
16: return statement of intractability.

Example 3.2. Consider an instance of model (3.28) with inputs n = 3, M = 1000, T = 600
seconds, t = 300 seconds, « = 0.2, fizing strategy = SelectAll with arg = ¢, and
branching strategy = Modulo with arg = 1 applied to each node in Algorithm 3.

We initialize Algorithm 3 with k < 0, m < 1, time < 0, and [x°]p < []. In the first
iteration, we apply the fixing strategy = SelectAll, resulting in [x°]; < [¢)].
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Using this fixed solution, we solve model (3.28) with the Modulo with arg = 1
branching strategy to obtain a feasible solution in Step 4. Then, k < 1 and time is
updated; currently, the fixed solution is [x!]; = [13] and m < 2. In the second
iteration, we apply the fixing strategy again, now yielding [x!]> = [13, ¢].
Solving the model, we obtain a solution of [13,853]. After this, k < 2 and time is
updated, leading to [x?], = [13,853] and m < 3. In the third iteration, applying the
fixing strategy results in [x?]3 = [13,853, ¢]. However, now the model becomes
infeasible; k <— 3 and time is updated. Hence, we retain the previous fixed solution
[x3]2 < [x?]2 = [13,853], and the parameter M is updated to 1200 for i = 1,2,3. In
the fourth iteration, the fixing strategy yields [x®]3 < [13,853, ¢]. Solving the
model, we obtain the final solution [13,853,1129]. Finally, k < 4, time is updated,
and the algorithm terminates, returning the feasible solution [x] = [13,853,1129].

Now, we compare the four fixing and five branching strategies to each other. For a
given n and each of the branching strategies, we report results for each instance of the
four fixing strategies; i.e., one for Naive, one for SelectAll, n — 1 for ExcludeOne and

W for ExcludeTwo. Thus, for the five branching strategies we report solutions

and the time taken to obtain these solutions for 5 - (2 + @) instances for each #; for
instances that fail to obtain a feasible solution or proven infeasibility within a given
time limit, we report as “Intractable”. Tables A.1-A.6 of Appendix A.4 present all of
these results. Table 3.3 presents a summary of the “best” branching strategy (i.e.,
where a solution is obtained in the least amount of time) results for each n for each of
the four fixing strategies; the corresponding best fixing strategy is always SelectAll

(we discuss this below).

Among the fixing strategies, the SelectAll strategy stands out as the most effective by
successfully obtaining a feasible solution in each of the 30 instances, for any branching
strategy, and all n =5, ..., 10; see, Table 3.4b. On the other hand, the ExcludeOne and
ExcludeTwo strategies encounter a significant number of intractable instances —
nearly two-fifths and three-fifths of the instances for ExcludeOne and ExcludeTwo are
intractable (see, Table 3.4b). Both these strategies are also poor at scaling with
increasing n: the proportion of intractable instances increases from 3% and 4% for

n =7 to 93% and 100% for n = 10 for ExcludeOne and ExcludeTwo, respectively.

Further, the SelectAll strategy consistently produces the best solutions among the
four fixing strategies in 29 of its 30 instances. The only exception occurs for the case of
n = 6, where the Naive and ExcludeOne fixing strategies obtain a solution instantly for
the Modulo with arg = 5 branching strategy; however, here too the SelectAll strategy
is worse by only one second. In contrast, the ExcludeOne and ExcludeTwo strategies
yield the best solutions in a limited number of instances. Specifically, forn =5,...,10,
ExcludeOne produces the best solutions in 20/20, 3/25,0/30, 0/35, 0/40, and 0/45
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fixing strategy branching strategy Time

10

11

Naive
SelectAll
ExcludeOne
ExcludeTwo
Naive
SelectAll
ExcludeOne
ExcludeTwo
Naive
SelectAll
ExcludeOne
ExcludeTwo
Naive
SelectAll
ExcludeOne
ExcludeTwo
Naive
SelectAll
ExcludeOne
ExcludeTwo
Naive
SelectAll
ExcludeOne
ExcludeTwo

Modulo 5;7; 11
Modulo 1;7; 11
Modulo 1; 5; 11
Modulo 1; 11
Modulo 5
Modulo 7; 11
Modulo 7; 11
Modulo 11
Modulo 5
Modulo 1,7
Modulo 7
Modulo 1

X

Modulo 1;7; 11
Modulo 7
Modulo 11

X

Modulo 1
Modulo 1

3000
2
11
16
6000
18
1147
6000
6000
664
6000
6000

TABLE 3.3: Selected results on solving model (3.28) with Algorithm 3 that obtain fea-
sible solutions in the least computational time for each fixing strategy in Routine 2
for n = 6 to 11; i.e., the best performers for each fixing strategy. The Time column
shows the computational time in seconds. Entries of “-” denote the solution is ob-
tained practically instantaneously while entries of x denote no solution is obtained
in the given time limit. The Naive branching strategy is consistently worse than the
Modulo branching strategy. The SelectAll fixing strategy is consistently the best per-
former among the fixing strategies for any given branching strategies.

instances, respectively, while ExcludeTwo produces the best solutions in 30/30, 6/50,

1/75,0/105,0/140, and 0/180 instances, respectively (see, Tables A.1-A.6 of
Appendix A.4). For n = 5, all instances are solved practically instantly.

Among the branching strategies, the Modulo with arg = 7 and 11 strategies both

achieve the best performance in 9/24 instances; see, Table 3.3. This is followed by the

Modulo with arg = 1 and Modulo with arg = 5 strategies which perform the best in
8/24 and 4/24 instances, respectively. In contrast, none of the instances with the

Naive strategy achieve the lowest computation time for any #; see, Table 3.3. Among

the Modulo strategies, forn = 6,...,9, there is no clear consensus for the best
performer. For n = 10 and n = 11, five instances are intractable for any branching

strategy; however, the Modulo with arg = 1 and 7 strategies consistently dominate the

performance for these .
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Instances Feasible Avg. Time

Naive 167 33.5% 352
Modulo 1 167 53.9 % 290
Modulo 5 167 47.9 % 442
Modulo 7 167 52.1 % 377
Modulo 11 167 50.3 % 274

(A) branching strategy

Instances Feasible Avg. Time

Naive 30 63.3 % 374
SelectAll 30 100.0 % 30
ExcludeOne 195 59.5 % 261
ExcludeTwo 580 40.0 % 393

(B) fixing strategy

TABLE 3.4: Summary of computational results on solving model (3.28) with Algo-

rithm 3 for n = 5,...,10 for each (a) branching strategy and (b) fixing strategy.

Here, Instances denotes the number of instances, Feasible denotes the percentage of

instances that obtain a feasible solution in the given time limit, and Avg. Time denotes

the average computational time of these feasible instances. For details, see Section 3.5.3
and Appendix A 4.

Table 3.5 presents the averaged computational times, separately for each 7, across
instances where a feasible solution is obtained by Algorithm 3 (i.e., not intractable).
We find that the Modulo strategy—with any of the four arguments—is almost an order
of magnitude faster, on average, than the Naive strategy for small n. For example,
consider n = 5,6, 7: the slowest of the four arguments of the Modulo strategy (with any
argument) is faster than the Naive in 12/12,17/17,16/23 instances (there are no
intractable instances in this case). It might appear that the Naive strategy is better for
large n due to the lower computational times in Table 3.5. However, this masks the
fact that there are only few instances where a feasible solution is obtained by the
Naive strategy; see, Table 3.3. Indeed, for n = 8,9, 10, the best Modulo strategy is faster
than the Naive strategy in 27/30, 38 /38, 47 /47 of the instances, respectively. The
Naive strategy manages to obtain feasible solutions in only 23/30, 1/38, and 1/47
instances for n = 8, 9, and 10, respectively; i.e., most of the nearly one-third (see,
Table 3.4) feasible instances of the Naive strategy are from small values of n. With this
background, the Modulo strategy outperforms the Naive strategy.

Next, we compare the four Modulo strategies to each other. Here, there is no clear
consensus for the best performer. To see this, first consider all instances for

n =25,...,10. Then, the Modulo with arg = 1 strategy reports the fewest intractable
instances: 77/167. In contrast, the Modulo with arg = 5, 7, and 11 strategies report
higher numbers of intractable solutions: 87/167, 80/167, and 83/167, respectively. For
n = 8, only 4/30 instances are intractable for Modulo with arg = 1; while the next best
performer, Modulo with arg = 7, has 6/30 intractable instances. We find that arg = 5
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n=6 n=7 n=8 n=9 n=10

Naive 127 779 356 113 156
Modulo 1 5 65 571 737 1186
Modulo 5 4 119 1082 1386 299
5
2

Modulo 7 158 857 827 221
Modulo 11 112 656 1596 1343

TABLE 3.5: Average computation time of the feasible instances alone on solving
model (3.28) with Algorithm 3 for n = 6,...,10 for each branching strategy. So-
lutions for n = 5 are obtained practically instantaneously.

performs relatively poorly. It takes the most computational effort (among the four
Modulo strategies): for n = 8,9, 10, its average computational time (including the time
taken for intractable instances) is the worst among the four Modulo strategies. Further,
arg = 5 does not outperform the other three strategies for any instance for n = 8,9, 10.
This pattern is particularly visible for n = 10 where most of the instances are
intractable: the best instances of both Modulo with arg = 1 and arg = 11 obtain feasible
solutions in under half a minute while the best for arg = 5 and arg = 7 take about four
to five minutes (see, Table A.6 in Appendix A.4). However, the under-performing
Modulo with arg = 5 strategy becomes useful for n = 11: arg = 5 and arg = 7 are the
only two strategies that obtain a feasible solution for n = 11 (results not shown).
These varied results provide empirical evidence in support of having multiple

strategies as heuristics to solve PPs.

3.6 Conclusion

Employing ideas from number theory and mathematical optimization, we introduce a
novel conceptual framework of optimizing over prime numbers. We describe
mathematical programming formulations for several well-known problems in number
theory that are traditionally studied using disciplines other than optimization. The
framework we propose then facilitates numerical solutions by easily employing
commercially available solvers; we do so by extending the B&B algorithm of LP into
prime programming. Such an algorithm is generic and capable of solving any linear

prime program.

We then further extend the branching rules of this method by developing additional
strategies for variables to branch on as well as fixing certain variables. Our
computational results, conducted on a classical conjecture to find a sequence of primes
where the average of any two numbers is also a prime, shows the advantage of such
methods. Future work could explore priority-based branching methods for
optimization problems with integer and prime number constraints. In such problems,

prioritizing branching on prime numbers could be advantageous. This preference
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stems from the fact that when a feasible solution satisfies the prime number
restrictions, the branching process results in a larger reduction of the feasible region
compared to that by branching on integer variables alone. Finally, by employing the
notion of an inference dual, we extend the concept of sensitivity analysis which is

well-studied in linear programming into that for prime programming.

All our data, models, and code are available at:

https://github.com/montreeklim/PrimeNumberProgramming.
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Chapter 4

Iterative Polyhedron Approximation
to k-Hyperplane Clustering Problem

In this chapter, we consider the k-hyperplane clustering (k-HC) problem, which
features a different constraint structure than the prime programming problems
discussed in the previous chapter. This problem partitions data into k clusters, each
represented by a hyperplane, by minimizing the sum of squared orthogonal distances
between each point and its assigned hyperplane. The formulation includes unit
Euclidean norm constraints on the hyperplane normal vectors, rendering the problem
nonconvex and difficult to solve to global optimality. This work introduces an
iterative polyhedron approximation with a spatial branch-and-bound (IPA-SBB)
framework that provides a global solution to optimization problems constrained by
the unit Euclidean norm. The approach iteratively refines a polyhedral relaxation of
the nonconvex feasible region within a spatial branch-and-bound scheme, preserving
valid bounds at each node while offering theoretical approximation guarantees.
Computational experiments show that IPA-SBB performs more efficiently than the
default Xpress solver, with speeds up to 72 times faster and almost 123 times fewer
nodes explored on average. The approach also applies readily to other machine
learning problems with norm-based restrictions, such as linear classification,

demonstrating its efficacy and versatility.
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4.1 Introduction

Clustering is an important unsupervised learning task that combines data into groups
or clusters based on similarity of data points. The main objective is to minimize the
sum of distances between the points and the center of each cluster. Many classical
clustering algorithms, such as k-means, are based on defining a central point for each
cluster. Similarly, k-medians, k-medoids, and fuzzy c-means are all clustering methods
that rely on a single point center. Application examples for these algorithm are
customer segmentation (Kansal et al., 2018; Tabianan et al., 2022), image

segmentation (Dhanachandra et al., 2015; Mittal et al., 2021), and anomaly

detection (Kumari et al., 2016; Pu et al., 2021).

Nonetheless, not all datasets fit to this point-centric paradigm. In many practical
scenarios, data may lie near multiple low-dimensional subspaces rather than being
concentrated around distinct point centers. In such cases, clustering by fitting multiple
hyperplanes becomes essential. This approach is particularly valuable in applications
where traditional point-based models such as k-means fail to capture the underlying
geometric structure of the data, including subspace segmentation, anomaly detection,
and piecewise-linear regression. Hyperplane-based clustering, first introduced

by Bradley and Mangasarian (2000), addresses this limitation by grouping data points
that lie close to a common hyperplane, thereby providing a more accurate and
interpretable representation of complex, structured datasets than algorithms that rely
on a single central point. We refer to this problem as a k-hyperplane clustering (k-HC)
problem.

There is a family of clustering problems based on hyperplanes. Projected clustering,
also called subspace clustering, was introduced by Aggarwal et al. (1999). It seeks a
subset of the original high-dimensional axes along which to group points that share
similar values, and distances are computed only within this selected subspace.
Projective clustering later extended this idea to arbitrarily oriented subspaces, which
is equivalent to finding low-dimensional hyperplanes that best fit the data points. This
problem was proposed by Aggarwal and Yu (2000) at about the same time as k-HC
and can be considered a generalization of the k-HC problem.

In formal terms, the k-HC problem aims to partition a dataset A = {ay,...,a,,} in real
n-dimensional space R" into k clusters. Each cluster is grouped by a hyperplane
Hj={x € R"| ijx = 7;}, where w; € R" and y; € R. The objective of this
nonconvex minimization problem is to minimize the total sum of squared Euclidean
(orthogonal) distances from each point to its corresponding closest hyperplane.
Megiddo and Tamir (1982), addressing k-HC in the context of facility location in the
plane, prove that k-HC is N'P-hard even for the case where all the data points can be

fit with zero error.
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To make the measurement of distances between a hyperplane and points
scale-invariant, a unit norm constraint is applied for each hyperplane. When a unit
£>-norm constraint is imposed on each variable w defining a hyperplane, the
constraint can be relaxed to ||w|» > 1, since the optimal solution will lie on the surface
of the ball (details in Section 4.3). Then, the geometry of the problem leads to
infeasible balls, and so the feasible region for each hyperplane is a concave set,
specifically R" \ {x : ||x]|2 < 1}. This problem has a structure where directly
convexifying the feasible region would result in the entire space. Therefore, this

problem requires a specific algorithm to solve it.

Solving the hyperplane clustering problem heuristically can lead to local solutions
that may not accurately capture the underlying data structure, resulting in misleading
interpretations of clusters and less meaningful outcomes. In this work, we integrate an
IPA-SBB framework into the MIQCQP for k-HC. For each unit £,-norm constraint, we
relax the feasible region with a polyhedron that iteratively improves close to the
feasible region of the unit /,-norm ball constraint. This strategy yields provable
optimality gaps—and in many cases exact solutions—whereas existing continuous
relaxations and heuristics cannot guarantee global performance.

With this background, the main contributions of this work are summarized as follows:

(i) We introduce an iterative polyhedron approximation with a spatial
branch-and-bound (IPA-SBB) framework for solving optimization models with

unit />-norm constraints to global optimality.

(ii) We develop an implementation of the IPA-SBB method within the Xpress
optimization solver for both k-HC and linear classification problems. The
approach employs multi-way branching and achieves significant performance

improvements over the default Xpress solver.

(iii) We derive an approximation factor for replacing the /,-norm ball with an
n-simplex, which is an initial polyhedron approximation for the IPA-SBB
method.

The remainder of the work is organized as follows. Section 4.2 reviews previous
literature on continuous and polyhedral methods for unit #,-norm constrained
optimization and provides problem formulation and heuristic methods for the k-HC
problem. In Section 4.3, we present the IPA-SBB algorithm in detail, including the
construction of the polyhedral approximations and branching rules. Section 4.4
reports comprehensive computational experiments comparing IPA-SBB against an
Xpress solver. We further examine the efficiency of this method on linear classification
problems in Section 4.5. Finally, Section 4.6 concludes with a discussion of practical

trade-offs and potential extensions.
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4.2 Preliminaries

4.21 Linear Algebra Preliminaries

This subsection reviews several fundamental concepts from linear algebra that are
used throughout this work. These results form the theoretical foundation for the

algorithms and numerical methods developed in the following sections.

4.21.1 Gram-Schmidt Orthogonalization

The Gram-Schmidt process constructs an orthogonal (or orthonormal) basis from a set
of linearly independent vectors. Given {v1,v,...,v,} C R™, the algorithm
successively removes the components of each vector that lie in the span of the

previous ones, producing orthogonal vectors {uy, uy, ..., 1, } defined by

k=1 4Ty,

ukzvk—Eu{T—ujuj, k=1,2,...,n (4.1)
= ]

Normalizing these vectors yields an orthonormal basis {gx} with g = 1/ [|ug|].

4.2.1.2 Inverse Power Method

The inverse power method is an iterative technique for computing the eigenvector
associated with the smallest-magnitude eigenvalue of a matrix. For a nonsingular
matrix A € R"*" with eigenvalues [A1| < [Az] < --- < |A,], the iteration

Yi+1

AYiy1 = Xg, X1 = el (4.2)

converges to the eigenvector corresponding to A;.

4.2.1.3 Condition Number

The condition number of a nonsingular matrix A quantifies the sensitivity of the
solution of a linear system Ax = b to perturbations in either A or b. It is defined, with
respect to the 2-norm, as

_ Omax (A
ka(A) = | A A, = Tmax(4)

o (4) (A)’ (4.3)

where 0max(A) and omin(A) denote the largest and smallest singular values of A,

respectively. A large condition number indicates that A is ill-conditioned, meaning
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that small numerical errors or perturbations can lead to large deviations in the

computed solution.

4.2.2 Previous works

In addition to introducing the k-HC problem, Bradley and Mangasarian (2000) derived
a closed-form procedure for determining the optimal hyperplanes once all data points
have been assigned to clusters. For each cluster ¢ = 1,...,k, let A(¢) denote the

m(¢) x n matrix whose rows are the vectors a; belonging to cluster ¢. Define

ee!

B(¢) = AT <1 - m(@) A(0), (4.4)

where ¢ is the vector of ones. The optimal hyperplane, written as w, x = 7y, is

obtained by setting w, to be the eigenvector associated with the smallest eigenvalue of

B(¢), and
e A(D)w,
[ W)/

A heuristic procedure, analogous to the k-means algorithm, then reassigns each data

(4.5)

point 4; to its nearest hyperplane according to

¢ = arg min |a w; — . 4.6
glgjgk‘l j 'Y]‘ (4.6)
This process repeats until the cluster assignments no longer change or the objective
function no longer decreases. Because of its simplicity, we will use this heuristic to
generate feasible solutions for the problem. In this case, we apply the inverse power
method to find the eigenvector w corresponding to the smallest eigenvalue in order to

deal with numerical issues.

The formulation of the k-HC requires a unit norm to ensure the distance measure is
invariant (see Section 4.3 for details). Many techniques have been developed to
address these non-convex ¢/;-norm constraints. In the related field of subspace
clustering, Qiu and Sapiro (2015) introduced a framework that applies a linear
transformation to the data to restore a low-rank structure, using the nuclear norm as a
convex surrogate for the rank function in its optimization criteria. In signal
processing, gradient-based techniques, such as projections on a manifold (Douglas

et al., 2000; Filho and Romano, 2014), enforce equivalent unit-norm constraints.

To enhance cluster separability, the k-Proximal Plane Clustering method (Liu et al.,
2016) modifies the objective so that each hyperplane is not only close to its own data
points but also distant from those of other clusters. This formulation can be efficiently
solved by computing the eigenvector associated with the smallest eigenvalue of a
suitably constructed matrix, leading to locally optimal solutions (Shao et al., 2013). The
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problem has also been generalized from hyperplanes to affine subspaces of arbitrary
dimensions, giving rise to k-flat clustering (Tseng, 2000; Zhang et al., 2009) and the
broader k-subspace clustering framework (Guo and Bai, 2023; Wang et al., 2009).

In contrast to these related approaches, our proposed IPA-SBB framework addresses
the nonconvex unit /,-norm constraints within a global optimization setting. Rather
than relying on convex surrogates or locally optimal eigenvalue-based updates,
IPA-SBB iteratively refines a polyhedral relaxation integrated into a sB&B scheme,
providing provable optimality bounds and improved computational performance.

4.3 Method

In this section, we present an algorithm based on polyhedron approximation for the
unit />-norm ball that is iteratively enlarged to approximate the ball. We refer to this
method as the IPA-SBB framework.

We first formally state the k-HC problem with the following model:

k T
Z (w i %> Xij (4.7a)

min
=\ ol

X,W,Y

s

Il
—

1

s.t.

Mw

xl']':1, i:1,...,m (4.7b)

—.
Il
ey

x;j € {0,1}, i=1,...,m, j=1,...k (4.7¢)

To define a hyperplane in R”, we need 7 points to fix its orientation. However, a
hyperplane in this model is defined by n 4- 1 parameters (n for the weight vector w
and one for the bias term 7). This gives us one degree of freedom. We can use this
degree of freedom to impose the constraint ||w;||> = 1 for each j = 1,...,k, which
makes the distance measurement scale-invariant. With the objective of minimizing

i Z] 1 (w a; — 'y]) xjj, the constraint can be relaxed to ||w;||> > 1. This is because
any opt1mal solution can be scaled down until the constraint becomes an equality, i.e.,
Jgllz = 1.
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Building upon this, we can write the QCQP formulation stated in Amaldi and
Coniglio (2013) as follows:

m
min 2?/12 (4.8a)
i=1
k
st. Y xj=1 Vi=1,...,m, (4.8b)
j=1
Y > (ijai —) M1 —x;), Vi=1,...mVj=1,...k (4.8¢)
yi > (—wlai+9) - M1 —x), Vi=1,...,mVj=1,..k (4.8d)
Hw]HZ Z 1, V] = 1,. . .,k, (486)
yi>0, Viel,...,m, (4.8f)
w; e R", 7 eR, Vi=1,...k (4.8g)
x;€{0,1} Vi=1,...,mNj=1,...k (4.8h)

where x;; = 1 if the point 4; is assigned to the cluster j, and 0 otherwise, y; is the
distance between point a; and its corresponding hyperplane, and (wj, ')/]') is the
parameters of the hyperplane j fori € {1,...,m} and j € {1,...,k}. The Big-M term
in (4.8c) and (4.8d) is bounded by the length of the diagonal of the smallest hypercube
that encapsulates all data points, i.e., M = hy/n where h is the edge length of the
hypercube. This will be the basic formulation used throughout this work.

4.3.1 Polyhedral Disjunctive Program

We begin by denoting the unit /;-norm ball in R" as
C = {weR"|[w] <1}, (4.9)
and let P be a polyhedron satisfying P C C and 0 € P. We write
Ct = {weR"|||w|,>1}, P = R"\int(P) (4.10)

for the complement of these sets. Because P C C, we have cl ¢ PC, and our goal is to
approximate CC ever more tightly by generating a sequence of polyhedral
complements pL.

To incorporate these approximations into our optimization, we replace the nonconvex
{r-norm constraint, ||w||; = 1, by the disjunctive constraint that w € PC. Let S be the
set of all remaining (linear or convex) constraints, the feasible region becomes Pl S,
which we model via a disjunction on the facets of P. If P is given as

P={w:aw<b,i=1,...,m}, (4.11)
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ol

FIGURE 4.1: Visualization of a polyhedron (P) within a ball (C).
then
Plns = (a?wzbl) \VAREEIY (a;wzbm), (w,x) €8S. (4.12)

This is equivalent to disjunctive program,
(alTw > by, (w,x) €S) V -+ V (a;w > by, (w,x) €5), (4.13)

which can be solved by solving each term of the disjunctive program.

We suppose that the vertices of polyhedron P belong to the border of the ball C, since
we can trivially improve the polyhedron approximation if some vertices of P do not

belong to the border by projecting those vertices onto the ball.

4.3.2 Iterative Polyhedron Refinement

Suppose we solve this relaxation to optimality and obtain w*. If w* does not lie on any
facet F of P, we can then scale w* to obtain a better solution. Therefore, w* must lie on

some facet F of P. To cut off w* in the next iteration, we project it radially onto the unit

sphere,
* w*
and then refine our polyhedron by setting
P’ = conv(P U {m(w*)}). (4.15)

If w* belongs to exactly one facet F of P, the new region P’ \ P is the convex hull of F
and 7t(w*), which introduces f(F) + 1 new facets, where f(F) is the number of facets

of F. Moreover, the facet F is not a facet of P’.

A particular case can occur when n > 2, where the intersection of two sets

{(w,x) € S| aw > b;} and {(w,x) € S | ajw > b;} for some i # j is not empty. Since
w* must belong to a facet of P, this is only the case if w* belongs to the borders of the
facets of P. Suppose that the optimal solution w* to current relaxation belongs to the
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2

FIGURE 4.2: Refining a polyhedron by projecting w* onto the ball and creating new
facets, shown as dashed lines, to improve the approximation of the ball.

relative border of F. We let F/ be the relative facet of F that contains w*, and let

F" := conv(F' U t(w*)). Since w* € F', it will also be w* € F”, thus making the
refinement operation degenerate, being unable to cut the previous solution by making
it infeasible. Thus, we avoid the introduction of the term of the disjunction that
corresponds to the new facet F” because there exists another node whose feasible
region contains the point w* in our implementation. By construction, w*, t(w*) € F”,
thus its affine hull contains the line through w* and 7(w*), which contains the origin.

We handle this case with an a posteriori procedure: during the branching phase, we
generate a node for each facet without initially verifying if w* is contained within any
of them. When we solve a node corresponding to a facet F, we check whether

0 € aff(F) by examining the rank of matrix E, where each column of E represents an
extreme point of F. If E is not of full rank, then there exists a non-zero vector in its null
space. This implies that the origin can be expressed as a non-zero linear combination
of E’s columns. We also set the relative condition number to 10~ to treat any value
relatively smaller than this threshold as zero. This approach improves numerical

stability when calculating the interactions between two close facets.

4.3.3 Integration with Spatial Branch-and-Bound

In a sB&B perspective, the initial polyhedron P is created at a dummy node at the root.
The branching operation is implemented similarly, generating a son for each facet of P
that contains the inequality a;x > b;, fori € {1,...,m}. Since 0 € Pbut 0 ¢ PC, the
trivial solution w = 0 is infeasible below the root, which improves dual bound in the

branch-and-bound algorithm.

We configure the branching settings to control the algorithm’s search behavior.
Specifically, we've set NODESELECTION = 4, BACKTRACK = 5, and BACKTRACKTIE = 5.
We selected these values to emulate a breadth-first search strategy. The idea behind
this is to first create an exponential number of nodes, f(P)¥, after the dummy root

node, where P is the initial polyhedron. We then solve all nodes in this layer to obtain
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FIGURE 4.3: Example of an enumeration tree using iterative polyhedral approxima-

tion in R? with one hyperplane. The two-simplex centered at the origin serves as the

constraint in the first layer and is iteratively refined to more closely approximate the
ball constraint.

a non-zero w solution. For more detailed information on these and other branching
parameters, see Chapter 7 of FICO (2025).

We alternatively select to branch on continuous variable w with probability
ZUB_

max{Gap, 1 — Gap}, where Gap is the MIPGAP reported as ZUBZLB. Here z'® and zUP
are the current lower and upper bounds, respectively. Otherwise, we branch on binary

variable x as usual. This is because branching on variable w in the early stages often
yields a poor upper bound, as feasible solutions are rarely obtained. Therefore, we
tirst branch on x until we get a non-zero lower bound. Moreover, when the node
contains all integer values for x, we apply the closed-form solution described in
Section 4.2 to improve the upper bound. In this case, we obtain the optimal
hyperplanes given a fixed integer solution for x; therefore, we do not need to branch
on w to improve the polyhedrons, and we can prune this node due to its optimality.
We also generate 100 random heuristic solutions from Bradley and Mangasarian
(2000) to the problem to further improve the initial upper bound.

4.3.4 Choice of Initial Polyhedron

Choosing a good starting polyhedron is critical. A large number of facets at the root
creates too many branches, while facets with many relative facets bloat the refinement
step. Here we first show that the smallest number of facets must be at least 7 in R" to

exclude the trivial solution w = 0.

Lemma 4.1. Let P C R" be a non-empty, bounded polyhedron. If the origin is in the interior
of P, then P must have at least n facets.

Proof. Let the polyhedron be definedas P = {w € R" | a)w < b;, i =1,...,m}. The
condition 0 € int(P) implies that a] - 0 < b;, and thus b; > 0 for all i. Assume for the
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sake of contradiction that P has fewer than n facets, i.e., m < n. The set of m normal
vectors {a;}" ; is linearly dependent and cannot span R”. Consequently, there exists a
non-zero vector d € R" in the orthogonal complement of their span, such thatad =0
for all i. Now, let wy be any point in P. Consider the line L = {wy + Ad | A € R}. For
any point w € L, we have:

al w=a (wo+ Ad) = awo + A(a) d) = a wy < b;

This shows that the entire infinite line L is contained within P. However, this
contradicts the given condition that P is bounded. Therefore, our initial assumption
that m < n must be false. It follows that m > n. O

An n-simplex centered at the origin, with its n + 1 vertices on the unit sphere, offers an
ideal compromise: it has only 7 + 1 facets, each of which is an (1 — 1)-simplex. To
construct such a simplex in R”, we begin with a regular (1 + 1)-simplex in R" ",
defined as the convex hull of the standard basis vectors ey, ..., e,4+1 and the origin

P =conv{0,ey,e,...,e,41 }. Among its facets, the one opposite the origin is

F = conv{ey,ey,...,e,4+1 }, which is an n-simplex lying in the affine hyperplane

A={xeR"":1"x =1}, where1 = (1,...,1)". The centroid of this facet is

— 1

¢ = ;771 To center the simplex at the origin, we translate its vertices by —c, defining

vi=e¢—c, i=1,...,n+1 (4.16)
These translated points satisfy Z?:Jﬁl v; = 0, and they now lie in the linear subspace

Ap={yeR"1:17y=0}, (4.17)
the subspace parallel to A.

Next, we construct a basis for Ag. The vectors {vy,...,v,} are linearly independent
and span Ay. To obtain an orthonormal basis, we apply the Gram-Schmidt process to
these vectors and denote by U € R("*1)*" the matrix whose columns are the resulting
orthonormal vectors uy, ..., u,. This matrix defines an orthogonal transformation that
maps points from R"*! to R". For each vertex ¢; of the original simplex, we compute
its coordinates in R" by ¢/ = U (¢; — ¢), yielding the projected coordinates e} € R".
These ¢} form the vertices of an n-simplex centered at the origin. Finally, we scale the
simplex so that all vertices have unit ,-norm.

We record two basic properties of these vertices in the following Lemma.

Lemma 4.2. Lete],..., e, 11 € R" be the vertices obtained by the construction above. Then,

foralli # j,
e e = — and Y e =0. (4.18)
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Proof. Fori # j,

_ T _ T T T T._ 1 1 11
vi-vj=(ej—c) (ej—c)=¢ ej—e c—ce+c c=0— g — g+ 3w = —wy1/
(4.19)
and ||v;||3 =00, =1— %H = ;1 Since U has orthonormal columns spanning Ay,
U’ isan isometry from Ag onto R”, hence
- T . - -
g:=U'v; satisfy &-¢ =v;-v; and |[[&l2= ||lvil2 = /757 (4.20)
After the common normalization e; = / ”TH ¢;, we obtain, fori # j,
g -2 - 1
A AL B . 4.21)
leill Izl 7 n
Since Z?jll v; = 0 we have lell e =/ ”T“ Z}fll g =1/ ”THUT Z?jll v; = 0. O
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FIGURE 4.4: Visualization of the 3-simplex, its subspace A, and the projected origin-
centered 2-simplex.

4.3.5 Deriving Linear Relaxations

While it might seem intuitive to define each relaxation’s feasible region by intersecting
the original problem’s feasible set with the current node’s corresponding facet F, this
strategy fails. The main problem is that the branching process makes this facet F
infeasible for the sons of the current node.

To derive linear relaxations at each node, we define down-extension and up-extension of
a facet T as,

D(F) = conv(FU{0}), U(F) = cl(cone(F)\ D(F)), (4.22)

where cl(+) is the closure operation. For any two facets F and F’ where the node
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FIGURE 4.5: Illustration of a polytope (filled region), showing its down-extension (dot-
ted border) and up-extension (dashed border).

corresponding to F is an ancestor of the node corresponding to F/, we have F/ C U(F)
due to the definition of up-extension and our branching mechanism. Therefore, U(F)
is feasible for all descendants of the node corresponding to F.

We describe U(F) using linear inequalities. We can see that D(F) is simply U(F) with
the opposite sign of inequalities, where the origin is contained in D(F). Let E € R"*"
be a matrix where each row corresponds to an extreme point of F. By construction, the
affine space of F does not contain the origin; thus, we look for an inequality of the
form aw > 1. The normal vector a is found by solving the linear system Ea = e. The
other inequalities correspond to hyperplanes that contain any set of n — 1 extreme

points of F plus the origin. Let E/ € R("~1)

*"" be a matrix containing n — 1 extreme
points of F. We are looking for a hyperplane of the form aw > 0, which can be

obtained by solving for a nonzero vector a that belongs to the null space of E'.

The drawback of this representation is its susceptibility to numerical errors as the
algorithm approaches convergence. This issue is particularly pronounced when the
polyhedron’s facets become small and its extreme points are clustered closely together,
leading to a geometrically degenerate and mathematically ill-conditioned system. The
matrix E representing this geometry becomes nearly singular, indicated by a large
condition number, which means small floating-point errors in the input vector e can be
greatly amplified in the solution vector a. To mitigate this, we employ a two-part
strategy. First, we avoid further branching when the geometric improvement is
negligible, which we detect by checking if the rank of the new matrix E’ is unchanged
from the parent matrix E, or if the matrices are otherwise close within a numerical
tolerance. This prevents further degradation of precision for minimal gain. Second,
we adapt our method for solving the linear system Ea = e based on its stability. If the
condition number of E is below a threshold like 10”7 (Berthold and Hendel, 2021), we
use a standard, efficient direct solver based on LU decomposition. Otherwise, for an
ill-conditioned system, we avoid numerically unstable methods like calculating the
explicit inverse E~!. Instead, we employ a more robust algorithm, such as one based
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on Singular Value Decomposition (SVD) to find a stable, least-squares solution via the
pseudoinverse, a standard practice in robust numerical solvers.

4.3.6 Approximation Factors

In this subsection we replace the ¢, ball constraint by a simplex disjunction constraint.
We first define the simplex gauge which its level set is the n-simplex centered at the
origin. We then show the relationship between the simplex gauge and ¢, norm
constraint, and derive the approximation factor for this replacement.

Lemma 4.3 (Simplex gauge). Let K = conv{py, ..., pn} be a regular n-simplex centered at
the origin. Then

n
K= ({x€eR": p/x>-1/n}, (4.23)
i=0
and the Minkowski functional gauge of K is

yr(x) = inf{t >0: x € tK} = —nminp, x =: ||x|a. (4.24)
1

Proof. First, {po, ..., pn} span R" and 3" p; = 0. Let x € K'so x =} ; A;p; with
A;j>0,%;A; =1 Thenforanyic {0,1,...,n},

n
plx=Y Nplp=A 1+ LA (-H ==+ (14 > =L, @)
j=0 j#i

so x satisfies all n + 1 inequalities. Conversely, suppose x satisfies p x > —1 for all

1 T
i€ {0,1,...,n}. Define A; := % (>0)andsety := Y ;Aip;. Then
oA = (n+1):::12,- pix _ (n+1)+n”£12" p)x _ 1, and for each k € {0,1,...,n},

L 1+nplx
T, _ R | 1 —_1 I Dl o S
Py =Y hiplp s ()= (1) T = e (42e)
Thus p; (y — x) = 0 for all k. Since {po, ..., pn} span R", it follows that y = x, so

x =YY" Aipi € K. This proves K = N o{x: p/x > —1/n}.

For the gauge, x € tKiff p/ (x/t) > —1/n foralli,ie. t > —n min; p, x. Taking the
infimum over t > 0 gives yx(x) = — nmin; p,' x. O

Lemma 4.4. The minimum value of || x||3 subject to ||x||a = 1 equals to 1/n%. Consequently,
forall x € R",
xlla < llxlla < nflx]l2. (4.27)
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Proof. Consider the Lagrangian
L(x,A) = 3llx[5+A(Ixlla—1) = 3x"x+A(-np/x-1), (4.28)

where j is chosen so that pij = min; p; x; on the boundary ||x||s = 1 this means

—n p]-Tx = 1. The KKT stationarity condition is
Vil = x—Anp; =0 = x=Anp; (4.29)

Enforcing the active constraint gives

1 = —npij = —npjT(Anpj) = —An2||p]-]|% = —An?, (4.30)
SOA = —% and therefore x = —1 pj. Consequently,
2 1 |1 1 2 1
18 = ||-2pi]|, = %lpil3 = & (431)

From the KKT argument above, the minimum Euclidean norm on the boundary
{x:||lx||a = 1} is 1/n, attained at —1p;, and the maximum is 1, attained at the vertices
pi- Thus [[x[|l2 < [|x[[a < 7 |[x]|2. O

Finally, we prove this relationship for the optimal objective values of these two

settings.

Theorem 4.5. Let OPT (k — HC), be the optimal objective value of the k-HC problem and
OPT(k — HC)a be the optimal value of the relaxed problem using the n-simplex distance. The
following relationship holds:

1
—OPT(k — HC), < OPT(k — HC)s < OPT(k — HC)».
n

Proof. From (4.27), squaring and taking reciprocals gives

1 1 1
< < . (4.32)
w2 lfull3 ~ flell3 T I3
Applying (4.32) with u = w; yields
|ijx—’Yj| ’ijx—’m ’w]-Tx—’m
2 2 = 2 = 2 (4.33)
n?|[willz ;I3 [lej13

for every j and x. Taking the minimum over j = 1,. ..,k preserves the inequalities, and

summing over i = 1,...,m preserves them as well:

1o jw x; — )] mo o |w]

s Zmin

= w3 = el T = lwll
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Finally, taking the infimum over all choices of {(wj, ;) } ;‘:1 gives

1
—5 OPT(k-HC), < OPT(kHC)y < OPT(k-HC).. (4.35)

Theorem 4.5 provides provable bounds for the k-HC models when the ¢;-norm
constraints are replaced with the disjunctive constraints defined by the n-simplex. The
lower bound factor is equal to 1/n2; this factor will be further tightened as the

approximating polyhedron is refined throughout the algorithm.

4.4 Computational Experiments

This section evaluates the proposed IPA-SBB framework through a comprehensive set
of computational experiments. All k-HC models are implemented in Python and
solved using the Xpress optimization solver. Xpress is particularly well suited to this
application because it supports multi-way branching, enabling the solver to generate
more than two child nodes per split. All computations are conducted on a laptop
equipped with an Intel Core i7-13620H processor (2.40 GHz) and 32 GB RAM, running
Xpress Academic 9.5.4 with Python 3.8.3. We solve each instance within a 3,600 s time
limit, applying an optimality tolerance of 10~* for k-HC and 10~ for linear classifiers.

Synthesis instances are generated by first constructing k random hyperplanes within
the unit cube [0,1]". A dataset of m points is then produced by repeatedly sampling a
hyperplane according to predefined mixture weights, drawing the first n—1
coordinates uniformly from [0, 1], and solving for the final coordinate so that the point
lies exactly on the selected hyperplane. A small perturbation is optionally added in
the direction of the hyperplane’s normal vector to simulate noise. This procedure
allows precise control over dimensionality and noise level while preserving known

ground-truth cluster assignments.

We consider two categories of datasets. The LowDim group contains instances in which
both the dimension n and the number of hyperplanes k are at most three, while the
HighDim group includes instances where at least one of these parameters exceeds
three. Each category is evaluated under three noise regimes: low, medium, and high.
Table 4.1 summarizes the ranges of (m, n, k) used to generate all instances.

Dataset Group m (samples) n (dimension) k (hyperplanes)
LowDim (all noise levels) 10-22 2-3 2-3
HighDim (all noise levels) 10-14 2-5 2-5

TABLE 4.1: Ranges of (m, n, k) parameters used for the LowDim and HighDim datasets.
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FIGURE 4.6: Comparison of IPA-SBB configurations averaged over ten k-HC instances.
“Rel.Nodes” and “Rel. Time” are measured relative to the baseline configuration.

4.4.1 Parameter Configuration

To determine an effective configuration for the IPA-SBB algorithm, we conduct a

parameter-sensitivity study on ten representative k-HC instances.

The Baseline configuration uses a best-first search strategy for node selection, avoids
generating nodes whose affine facet F contains the origin, and incorporates the
closed-form heuristic at leaf nodes proposed by Bradley and Mangasarian (2000). We
compare this configuration against five variants: (i) best-bound search, (ii) no
proximity check (i.e., nodes are created even if aff(F) contains the origin), (iii) default
node-selection rules, (iv) default backtracking strategy, and (v) no heuristic refinement
at leaf nodes.

The results displayed in Figure 4.6 show that the Baseline configuration offers the
strongest overall performance, solving all ten test instances with an average runtime
of 145.6s. Among all algorithmic choices, the heuristic refinement at leaf nodes is the
most influential: disabling it increases the node count by a factor of 4.4 and the
runtime by a factor of 7.7, and leads to two unsolved instances. This demonstrates the

importance of generating high-quality feasible solutions to enable effective pruning.

Search strategy also plays a critical role. Replacing best-first search with best-bound
substantially increases computation time (by 81%) and results in one unsolved
instance. Similarly, disabling backtracking reduces the node count but more than triples
runtime (Rel.Time = 3.38), indicating that bound revision is essential for efficiency. In
contrast, omitting the proximity check or using default node selection only modestly
degrades performance. Based on these observations, we adopt the baseline
configuration for all subsequent experiments.

4.4.2 Experiments on Generated Instances

Table 4.2 summarizes the comparative performance of the IPA-SBB framework and

the default Xpress solver across all generated datasets. Appendix B report, for every
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instance, the average performance and corresponding standard deviation over ten

independent runs.

Dataset Noise Solved Geomean (IPA-SBB)
Xpress  IPA-SBB Nodes Time (s)
LowDim Low 2/16 13/ 16 8.97E+04 34.6

Medium 3/ 16 14 /16 5.31E+04 22.0

High 3/16 14/ 16 3.74E+04 18.3

HighDim Low 0/21 19 /21 2.45E+05 87.7
Medium 0/21 20/ 21 1.24E+05 43.6

High 0/21 21/21 6.54E+04 27.4

Overall 8§ /111 101 /111 - -

TABLE 4.2: Summary of computational performance across all datasets. The last row

reports the overall solve rate and geometric-mean values of nodes and computation

time for instances solved by both methods. Appendix B provides averages and stan-
dard deviations over ten runs per instance.

For the LowDim datasets, IPA-SBB reaches optimality in 13 of the 16 instances across
the noise levels. Only one instance, (m, 1, k) = (18, 3,3), fails to solve under low noise
but solves successfully under medium and high noise. The performance improves
consistently with increasing noise: the geometric mean of explored nodes decreases
from 8.97x10* at low noise to 3.74 x10* at high noise, and the average solution time
drops from 34.6s to 18.3 s. These results are due to the fact that when there is more
noise, there are many possible optimal solutions within the given tolerance level that

could improve the bound and so prune more, making the search easier.

For the HighDim datasets, IPA-SBB solves 19 of 21 instances at low noise, 20 at medium
noise, and all instances can be solved at high noise. As in the low-dimensional case,
the solve rate and geometric means improve monotonically with noise: time decreases
from 87.7 s at low noise to 27.4 s at high noise, and nodes decrease from 2.45x 10° to
6.54x10*. This behavior again suggests that moderate perturbations simplify the
geometry of the disjunctions, making the search more efficient.

Across all 111 generated instances, IPA-SBB solves 101 (91%) within the time limit,
whereas the default Xpress solver solves only 8 (7%). All solvable Xpress cases

correspond to instances with low dimension and a low number of hyperplanes,
(n,k) = (2,2).

On the eight instances solved by both methods, IPA-SBB achieves a geometric—mean
speedup of 21 x and uses roughly 28 x fewer nodes. When all instances are
included—including those where Xpress reaches the time limit—the overall node ratio
corresponds to an approximate 123 x reduction in explored nodes and the reduction of
computation time of 72x. This estimate is conservative, since Xpress may require
substantially more nodes to close the optimality gap than the time-limited value

recorded.
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By dataset group, IPA-SBB solves 41 of 48 LowDim instances (85%) and 60 of 63
HighDim instances (95%), while Xpress solves only 8 of 48 (17%) LowDim instances and
none of the HighDim instances.

Appendix B shows that, for most instances, the standard deviations of nodes and time
remain within roughly 5-10% of their means, indicating stable performance across the
ten independent runs. Variability is noticeably higher in the low-noise setting,
particularly for difficult HighDim cases. In contrast, medium- and high-noise instances
exhibit much smaller deviations, reflecting the stabilizing effect of noise on the

geometry of the problem.

A closer look at Appendix B reveals that the relative influence of dimensionality and
the number of hyperplanes is not uniform across the datasets. In the LowDim instances,
increasing the dimension from n = 2 to n = 3 can have a stronger impact on difficulty
than increasing the number of hyperplanes from k = 2 to k = 3. For example,
instances of the form (m, 3,2) typically require more nodes and longer runtimes than
their (m, 2,3) counterparts. In the HighDim datasets, however, the pattern shifts
markedly. Once 1 exceeds three, increases in k become the predominant source of
computational difficulty. Instances with k > 4 exhibit sharp growth in both mean
runtime and standard deviation, even when 7 remains fixed. This transition reflects
the fact that the size of the root partition, which scales as (1 + 1), grows explosively
with k in higher dimensions. Consequently, while dimensionality can dominate in the
low-dimensional regime, the number of hyperplanes becomes the primary driver of

complexity as the problem moves into higher dimensions.

4.4.3 Experiments on Vision Instances

In this subsection, we compare the performance of IPA-SBB and the Xpress defaults on
instances derived from two-dimensional images. For each source image, we apply an
edge-detection routine to extract boundary pixels, from which m sample points are
generated. Three instances are created per image from Figure 4.7 by varying the
number of sampled points, and each instance is solved under a 3,600-second time

limit.

FIGURE 4.7: Examples of original images and their edge-detection points for three,
four, and five hyperplanes, respectively.
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(A) Runtime (TL at 3600s). (B) Nodes explored.

FIGURE 4.8: Comparison of the Xpress default solver and IPA-SBB on two-
dimensional edge-detection instances, solved with a 3,600-second time limit. Three
instances are generated per source image by sampling m points from detected edges.

Figure 4.8 shows that problem difficulty increases substantially with both the number
of sampled points m and the number of hyperplanes k. Even in two dimensions, the
number of explored nodes and the solution time grow rapidly as k increases. For
example, when m = 20, increasing the number of fitted hyperplanes from k = 4 to

k = 5 pushes the runtime beyond the 3,600-second limit, indicating a sharp rise in
search complexity. The baseline solver could not solve any of these instances within

the time limit.

A key observation is that the computational bottleneck arises primarily from the value
of k, rather than the number of sampled points alone. This sensitivity stems from the
exponential growth of the root node layer, which scales as (1 + 1). As a result, even
moderate increases in k result in a significantly larger branch-and-bound tree. In
practice, instances with k > 6 occasionally trigger memory exhaustion during

initialization, causing Xpress to terminate before the search process can fully start.

Overall, these results highlight that, while IPA-SBB handles two-dimensional
geometric data effectively for small k, the number of fitted hyperplanes remains the
dominant factor limiting scalability.

4.5 Application of IPA-SBB to Linear Classification

In this section, we demonstrate the applicability of the IPA-SBB framework to a
classical machine-learning task: two-class linear classification with an ¢,-norm

constraint.

4.5.1 Problem Formulation

Consider two finite point sets A and B in R", represented respectively by matrices
A € R™" and B € R¥". The objective is to construct a hyperplane
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P = {x € R": w'x = v} that separates the two classes so that each point lying on the
misclassified side of the hyperplane is penalized by its distance to P. Following the
formulation of Mangasarian (1999), the problem seeks a unit-norm normal vector w

and a bias term 7 that minimize the sum of distances of misclassified points:

—Aw + ey
Bw — ey

o n)neii%ﬂ+1 {H st ||w|2 = 1} , (4.36)
Y .

where [x]; = max{0, x} is applied elementwise. A more explicit reformulation, given

+

in Audet et al. (2008), introduces nonnegative slack variables y and z to measure

misclassification distances:

Zgr;l?z iyi —|—ng (4.37a)
st. Yy > —w' A+ 0% Vi=1,...,m, (4.37b)
zi> w'Bj—y  Vj=1,...k (4.37¢)

|wl2 =1, (4.37d)
y>0,z>0. (4.37¢)

Here, y; is the distance of point A; to the hyperplane whenever it is misclassified (and
zero otherwise); z; plays the analogous role for points in 5. This formulation is an
exact reformulation of the original classification objective, and the unit ¢;-norm

constraint ensures scale invariance of the separating hyperplane.

4.5.2 Experiments on Linear Classification Problems

To assess the generality of IPA-SBB beyond k-HC, we evaluate it on two-class
classification tasks using numerical datasets from the UCI Machine Learning
Repository (Kelly et al., 2025). For each dataset, only numerical features are retained
to ensure compatibility with the linear model. Table 4.3 summarizes the number of
features (n), the number of samples (1), and the performance of both the Xpress
default solver and IPA-SBB.

The IPA-SBB method performs favorably on low-dimensional problems with large
sample sizes—such as rice, occupancy_detection, and skin_segmentation—where
it either outperforms or matches Xpress in both nodes explored and runtime.
Performance deteriorates as the number of features increases. Datasets such as
pima_diabetes, spambase, and online_shoppers, which exhibit high dimensionality
relative to the number of samples, cause IPA-SBB to explore substantially larger search
trees and frequently reach the time limit. Overall, these classification experiments
show that IPA-SBB remains an effective approach for large-scale, low-dimensional



Uhapter 4. Iterative Polyhedron Approximation to k-Hyperplane Clustering Problem

Dataset n m Xpress Defaults IPA-SBB

Obj Nds  Time Acc Obj Nds  Time Acc
() (%) () (%)

pima_diabetes 32 198 34.0 5,367 1.6 70.7 34.5 5,963 TL 69.2
breast_cancer_wisconsin 8 699 114 1,907 0.7 96.7 11.4 3,674,754 TL 96.3
blood_transfusion 30 569 1.8 275 1.1 98.1 1.8 8,813 TL 98.1
spambase 44 267 92.8 66,317 109 59.2 92.8 1,624 TL 59.2
rice 7 3,810 1,419.2 15 6.1 52.0 1,419.2 2,949 41 52.0
magic_gamma 10 19,020 1,481.2 1977 2472 74.1 1,496.6 36,782 TL 734
occupancy-detection 5 20,560 109.0 15 13.9 98.3 109.0 292 2.8 98.3
adult 6 37,155 56252 104 247.0 65.2 56252 52,370 1,191.3 65.2
bank_marketing 7 45211 5,186.7 10,009 932.2 86.9 5,213.8 21,594 TL 86.8
skin_segmentation 3 245,057 96,336.2 3 124.7 60.2 96,336.2 20 2.1 60.2
online_shoppers 14 12,330 8819 339 62.6 88.4 884.5 120,446 TL 88.5

TABLE 4.3: Computational results for two-class linear classification on selected UCI

datasets. Here, n is the number of features, m is the number of samples, “Obj” denotes

the objective value, “Nds” the number of explored nodes, “Time” the total runtime,
and “Acc (%)” the classification accuracy. TL indicates a time limit of 3,600 seconds.

datasets, while also highlighting the tradeoffs between dimensionality, geometric

structure, and computational effort inherent in exact nonconvex classification models.

To evaluate separation capacity, we recorded the number of correctly labeled points
and converted these values into an accuracy percentage. For both methods, the
accuracy across all instances is relatively similar, suggesting that both approaches
identified high-quality feasible solutions. Specifically, the Xpress solver reached

proven optimality for all UCI instances.

4.6 Conclusion

The present work proposes the iterative polyhedron approximation with spatial
branch-and-bound (IPA-SBB) framework for addressing optimization problems that
incorporate unit /,-norm constraints, specifically focusing on the k-HC problem. The
approach systematically improves polyhedral relaxations of the nonconvex feasible
region and integrates them into a spatial branch-and-bound framework, resulting in a
globally convergent algorithm underpinned by valid bounding guarantees.

Comprehensive computational experiments indicate that IPA-SBB consistently
outperforms the default configuration of the Xpress solver in terms of performance
and robustness. The framework consistently delivers substantial reductions in
explored nodes and computation time, often resulting in speedups by an order of
magnitude or greater. The results demonstrate that the method excels in
low-dimensional contexts and moderate noise conditions, while difficulties with
scalability emerge primarily with an increase in the number of fitted hyperplanes (k),

reflecting the exponential growth in branching complexity.
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In addition to the k-HC problem, we employed IPA-SBB for two-class linear
classification problems, demonstrating its adaptability in handling a wider range of
nonconvex optimization models with unit-norm constraints. In a few benchmark
datasets, IPA-SBB either matches or surpasses the performance of Xpress, validating
its potential as a versatile framework for exact geometric and machine-learning

applications.

Overall, the proposed IPA-SBB method provides a principled, adaptable, and
computationally efficient approach for solving a wide range of nonconvex problems
with quadratic normalization constraints. Possible future work includes studying a
larger number of points by first employing down-sampling methods, such as coresets,
to reduce the dataset. These representative points can then be solved exactly using the
IPA-SBB method.
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Chapter 5

Optimizing Household Waste
Recycling Centre Network
Rationalization in Hampshire

In the previous chapter, we considered the k-hyperplane clustering problem, which
teatures an MIQCQP structure, and provided a global optimization solution method.
In this chapter, we examine a similar model with an MIQP structure, applied to the
real-world application of rationalizing consolidation networks. Local councils across
the UK are facing sustained financial pressures, and HWRCs are being increasingly
considered for closure to reduce expenditure. In 2024, Hampshire County
Council—which operates the largest HWRC network in the UK—proposed closing
either five or twelve existing sites, representing reductions of ~£0.5 million and £1.6
million per year, respectively, to meet medium-term budget targets. We analyze these
proposals using a quadratic assignment framework originally developed for Bavaria,
applying it to Hampshire’s network with postcode-level population, travel-pattern,
and capacity estimates. Across three closure scenarios considered by the Council, the
optimization identifies closure sets that differ by only one facility, yet yield
substantially improved performance: peak utilization falls by 40—-60 percentage points,
overloads are eliminated, and 90% of residents remain within 6.2 miles (five closures)
or 9.6 miles (twelve closures) of an HWRC. Notably, the optimal closure sets form a
strictly nested sequence across all feasible closure counts, enabling a stable multi-year
closure path without policy reversals. We also find that capacity constraints play a
structural role: relaxing them produces extreme overloads at a few urban sites,
whereas enforcing them distributes demand more evenly with only marginal
increases in resident travel distances. Finally, we identify three regimes of network
behavior—low-impact (0—4 closures), manageable (5-12), and fragile (beyond
12)—quantifying when resident access and facility utilization remain resilient and

when the network becomes structurally unstable. Overall, our results demonstrate
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how established optimization methods can provide rigorous, data-driven support for
ongoing HWRC rationalization under UK-wide fiscal pressure.

Note: a preprint of this work is available at
https: //www. researchgate. net/publication/398638906_ Optimizing_

Household_ Waste_ Recycling_ Centre_ Network_Rationalization_ in_Hampshire.
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5.1 Introduction

5.1.1 Background

In 2019, the United Kingdom became the first major economy to legislate for Net Zero
greenhouse gas emissions by 2050!. This commitment accelerated a structural shift in
national waste policy, moving from land-filling towards circular resource
management and placing greater emphasis on reuse, repair, and

recycling (Department for Environment, Food & Rural Affairs, 2024). Achieving this
transition depends on a resilient infrastructure of public-access facilities capable of
handling bulky, hazardous, and recyclable household materials that cannot regularly
be processed through curbside collection. Within this system, Household Waste
Recycling Centres (HWRCs) serve as critical service nodes. They divert significant
waste mass from landfill and incineration, delivering measurable environmental
benefits. Such a recycling system is crucially dependent on the public separating
recyclable and general waste at home and bringing the latter to the HWRCs (Williams
and Taylor, 2004). Thus, the importance of HWRCs is well-beyond their function; e.g.,
they also serve as a tangible facility of local environmental commitment and a
symbolism of public participation in recycling programs (Martin et al., 2006).

Despite their value, HWRCs are costly to maintain and operate. They rely on two
schemes that have been under sustained financial pressure in the last decade: local
taxation and central government grants. Between 2010 and 2020, English councils
experienced a 55% reduction in central government funding?. Under these fiscal
pressures, recycling centers—capital- and labor-intensive as well as politically
sensitive—have repeatedly been targeted. Thus, rationalization in local savings plans
has resulted in closures, reduced opening hours, and consolidation to statutory

minimum provision.

Recent examples illustrate a nationwide pattern. In 2024, Bradford Council closed
three HWRCs—Ford Hill (Queensbury), Sugden End (Keighley), and Golden Butts
(Ilkley)—projecting annual savings of ~£900,000°. Cheshire East Council shut three
facilities as part of an ~£100 million, four-year spending reduction program*, and
Cornwall Council proposed reducing service levels at nine of its 14 HWRCs to save
~£200,000°. Kirklees Council closed its Nab Lane HWRC in Birstall to save a~£200,000

ISee:  https:/ /www.gov.uk/government/news/uk-becomes-first-major-economy-to-pass-net-zero-
emissions-law.

2See: https:/ /ifs.org.uk/publications /what-outlook-english-councils-funding.

3See: https:/ /www.bbc.co.uk/news/uk-england-bradford-west-yorkshire-68628611.

4See: https:/ /www.alderleyedge.com/news/article /23991 / three-waste-recycling-centres-could-
close-permanently.

5See: https:/ /www.bbc.co.uk/news /articles/cndzed9w4wko.
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over two years® while Reigate & Banstead Borough Council permanently closed the
Stubbs Lane HWRC in Kingswood in 2025 after recurrent fly-tipping incidents”. These
decisions are often financially rational yet socially contentious, reflecting tension
between fiscal sustainability and equitable access to environmental services; see
Maynard and Cherrett (2006) for an overview of the UK’s HWRC network and

regulatory context.

As of 2024, Hampshire County Council (HCC) operated the largest HWRC network in
England with 24 facilities, complemented by two city-operated sites in Southampton
and Portsmouth; see Figure 5.4a. Many of these sites date from the 1990s and were
located to balance population coverage, road accessibility, and operational capacity.
This network serves over 1.4 million residents and handled approximately 120,000
tonnes of waste across more than two million bookings in 2022-238. Thus, HWRCs
function both as service nodes (by being public access points) and load nodes (by being

points of concentrated waste material flow).

By 2023, escalating fiscal pressures led HCC to launch a county-wide Future Services
Consultation to identify areas of cost reductions. Of the ~£132 million sought by April
2025 in total savings, at least £1.2 million were expected from reducing HWRC
operations (Hampshire County Council, 2024). However, closing even a single site
alters flows across the network: residents shift to alternative HWRCs thereby
increasing travel distances and raising utilization at remaining sites. Improper closure
choices risk violating national guidelines requiring facilities to be “reasonably
accessible” (Hampshire County Council, 2024). HCC's interpretation of “reasonably
accessible”, consistent with benchmarks from the Waste and Resources Action
Programme (WRAP), defines accessibility as at least one site within 10 miles for most
residents. WRAP further recommends that households be located within seven miles
(R20-30 minutes by car) of a facility and that no HWRC should serve more than
120,000 residents or 17,250 tonnes of waste annually. These benchmarks build on the
2004 National Assessment of Civic Amenity Sites, a seminal report that shaped modern
UK HWRC policy.

5.1.2 Related Work

With this background, we view Hampshire’s challenge as a facility-network
rationalization problem within the class of undesirable or obnoxious facility location.
These problems cater to facilities that serve essential functions (e.g, waste centers,
treatment plants, or airports) while also generating negative externalities (e.g., traffic

6See: https:/ /kirkleestogether.co.uk/2024/10/24 /upcoming-changes-to-household-waste-recycling-
centres/.

7See:  https://www.circularonline.co.uk/news /council-closes-recycling-centre-after-persistent-fly-
tipping/.

8See: https:/ /www.hants.gov.uk/wasteandrecycling /recyclingcentres.
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or emissions). Classical work in this field (see, e.g., Erkut and Neuman (1989))
highlights the central trade-off between residential accessibility and the burdens
imposed on host communities surrounding the facilities. Modern research extends
this framework by recognizing that accessibility depends not only on distance but also
on population geography, commuting patterns, and spatial interaction effects, see,
e.g., Salze et al. (2011). Parallel literature on public-service facility siting (e.g.,
hospitals, schools, emergency services) emphasize the importance of balancing system
utilization with equitable access; these ideas have motivated balanced approaches that
extend beyond coverage maximization alone (Xu et al., 2023). Thus, these different
strands underscore that rationalization is not just a cost-minimization exercise;

instead, fairness, load distribution, and public behavioral responses are also relevant.

Optimization-based methods are also being increasingly studied within the
waste-management community. A substantial body of work addresses strategic
planning of waste management infrastructure under uncertainty. For instance, robust
municipal solid waste (MSW) network designs account for uncertain amounts of
waste generation while minimizing economic, environmental, and social

impacts (Yousefloo et al., 2023). Robust optimization has also been used to determine
sorting-center construction and operational allocations under uncertain recycling rates
and facility performance in Baoding, China (Wang et al., 2024). Interval-based location
models similarly handle parametric uncertainty when identifying optimal
transfer-station sites (Yadav et al., 2017). A stochastic extension for determining
recycling-center capacities and locations under uncertain demand for recycled
materials has also been developed (Xie et al., 2024). At the operational level, stochastic
planning arises in multi-stage waste-collection models addressed through
rolling-horizon heuristics to navigate uncertain waste-generation patterns (Spinelli

et al., 2025), and in multi-period inventory-routing strategies for recyclable-material
collection under uncertain accretion rates (Elbek and Wehlk, 2016). Fuzzy and
credibility-based formulations enhance the modeling of uncertainty regarding
municipal waste volumes and service-time constraints within bi-objective vehicle
routing frameworks as well (Aliahmadi et al., 2021).

Similar multi-objective location—allocation approaches aim to reduce system costs,
greenhouse gas emissions, and environmental burdens in sustainable MSW

systems (Yu and Solvang, 2017). There is also work on district-based facility-location
models that balance economic costs, environmental impacts, and social dissatisfaction
by enforcing contiguous and workload-balanced collection zones (Mostafayi Darmian
et al., 2020). For hazardous or infectious waste, multi-objective formulations
collectively reduce transport risk, cost, and environmental impacts when identifying
disposal or transshipment facilities and planning transport routes, see, e.g., Wichapa
and Khokhajaikiat (2017a,b); Kailomsom and Khompatraporn (2023); Wang et al.
(2021). Location-assignment-routing models have been proposed for



Chapter 5. Optimizing Household Waste Recycling Centre Network Rationalization
78 in Hampshire

agricultural-waste collection systems, determining optimal storage sites and transport
routes (Tran et al., 2024). Further, there is work on locating depots or disposal sites
while defining operational routes, such as the design of a depot plus three
disposal-site types (compost, disposal, and recycling) in a London borough (Hirbod
et al., 2023). In more recent work, exact branch-and-price methods for jointly
determining transfer-station locations, waste allocation, and vehicle routes in

household waste-collection systems are proposed (Han et al., 2024).

There are also empirical studies that complement the above-mentioned modeling
works by examining actual HWRC performance. Nationwide studies of Danish
HWRCs show that the amount of waste delivered and the amount that can be recycled
vary greatly over time and across different parts of the country due to user behavior,
seasonal patterns, and demographic factors (Edjabou et al., 2019). Within the UK, a
case study from Sussex, UK examines user behavior, waste-stream composition, and
congestion, suggesting implementable enhancements—such as restructured traffic
flows, modified site layouts, and satellite green-waste depots—to improve operational
efficiency (Woodard et al., 2004). Aligning with WRAP’s broader efforts to support
equitable, practicable recycling services in the UK, there have been other proposals for
performance-indicator frameworks that build on the now-retired BVPI-91 access
indicator (Harder et al., 2008).

Three works, all from Sheffield in South Yorkshire in the UK, are especially relevant to
ours. In Sgalambro et al. (2025), the authors study alternate configurations of the
existing HWRC network to minimize overall costs and maximize service quality.

In Zaharudin et al. (2021), a spatial interaction model is developed that determines
how residents choose their go-to recycling centers. In Zaharudin et al. (2022), a
multi-period optimization model is introduced to provide a new operating schedule
for Sheffield’s HWRC network, indicating reduced evening hours and the closure of
two HWRC facilities. All three studies also illustrate the financial pressure on the
Sheffield City Council. In a similar spirit, our work adapts the quadratic optimization
framework proposed in Schmidt and Singh (2024) that seeks to balance large

accessibility and unequal burdens for recycling-center closures in Bavaria.

With this background, our work makes three key contributions as follows.

(i) We provide a data-driven optimization-based evaluation of ongoing HWRC
rationalization in the UK. We show that under a 12 HWRC closure scenario in
Hampshire, our model achieves substantially more balanced utilization while
maintaining access within WRAP guidelines. Compared to the Council’s
configuration, where three sites are expected to operate over capacity with a
maximum utilization of ~153%, our proposed configuration keeps all facilities

within capacity and reduces the maximum utilization by ~61 percentage points.
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(i)

(iii)

We compare Hampshire County Council’s proposed closure options against the
model-optimal closure sets. We show that both plans differ by only one site in
each scenario, yet the optimization delivers markedly better service outcomes.
For instance, with five closures, the Council’s plan yields two facilities operating
over 100% capacity (up to ~136%), whereas our model ensures that no site
exceeds 85%. With 17 closures, the difference is even more pronounced and the
Council’s configuration produces extreme overloads, such as ~220% utilization
at Basingstoke and ~160% at Southampton, while our model shows that the
maximum utilization can be kept below 93%. These results demonstrate that a
small structural change in the closure set can avoid severe congestion at key sites
while preserving nearly identical financial savings.

We validate an existing quadratic optimization model that was originally
developed for Bavaria in a new national context. Despite differing policy
motivations (closures due to emissions reduction in Bavaria versus fiscal
consolidation in Hampshire), the underlying model exhibits identical
data-driven behavior: balanced assignments, disciplined utilization,
and—importantly—a strictly nested sequence of optimal closures. Such
nestedness is rare in discrete optimization and has substantial practical value.
For Hampshire, the 19-step optimal sequence (Table 5.4) ensures that if budget
constraints tighten over successive years, policymakers can progress through the
sequence without ever needing to reverse earlier decisions.

The structure of the rest of this article is as follows. In Section 5.2, we summarize the

HCC'’s proposed closure plans. In Section 5.3, we present our modeling framework

and data estimation procedures. Section 5.4 reports our results and analysis of our

model and the Council’s plans, as well as a sensitivity analysis by modifying our

central model. We conclude in Section 5.5.

5.2

Problem Setting

Following the 2023-24 Future Services Consultation, the HCC conducted a structured,

multi-criteria assessment of all 24 HWRCs based on seven quantitative indicators:

(i)
(i)
(iii)
(iv)
(v)
(vi)

(vii)

population within seven miles of each site,
tonnage handled and diversion performance,
capacity and demand balance,

distance to alternative sites,

flood risk and environmental resilience,
operational performance and cost, and

site layout and traffic safety.
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Based on these metrics, HCC classified the 24 HWRCs into four tiers, with Tier 1
indicating large, new, and efficient facilities and Tier 4 marking smaller facilities with

lower operational value. The tiers were as follows:

(i) Tier 1: Andover, Basingstoke, Eastleigh, Gosport, Segensworth, Waterlooville,
Winchester.
(ii) Tier 2: Alton, Efford, Farnborough, Havant, Netley.
(iii) Tier 3: Aldershot, Bordon, Casbrook, Hedge End, Marchwood, Petersfield,
Somerley.
(iv) Tier 4: Alresford, Bishops Waltham, Fair Oak, Hartley Wintney, Hayling Island.

HCC then evaluated two closure scenarios that we refer to as Scenario I and
Scenario II:

(a) Scenario I: closure of all five Tier 4 sites (~£0.5 million annual saving), and

(b) Scenario II: closure of all twelve Tier 3 and 4 sites (= £1.6 million annual saving).

Both scenarios were confirmed to meet WRAP accessibility standards and were
supported by detailed drive-time maps, sensitivity analyses and catchment
population transfers. In addition, the HCC evaluated a more extensive configuration
involving the closure of all Tier 2, Tier 3 and Tier 4 sites (i.e., 17 closures). However,
this configuration was analyzed solely for impact assessment purposes, and the HCC
explicitly ruled it out on the grounds that it would surpass WRAP guidance on
population served and site capacity. We refer to this scenario as Scenario III.

Despite this analysis, public response was overwhelmingly negative: over 10,000
responses were received with 87% opposing any closures’. Residents cited increased
travel times, queuing, and a potential for fly-tipping (i.e., illegal dumping) as primary
concerns. Parish councils highlighted that rural communities would face
disproportionate burdens, alongside risks to Hampshire’s Net Zero strategy. In
October 2024, HCC’s Cabinet elected to retain all 24 sites and instead focus on
operational efficiencies. This outcome exemplifies the tension between analytical,

data-driven recommendations and political feasibility.

The above discussion a broader national pattern in the UK, where fiscal sustainability
and service equity increasingly conflict (see Section 5.1). Comparable rationalization
efforts outside the UK show how optimization models can inform politically
constrained decisions. In Germany, for instance, residual waste generation per capita

fell by nearly half between 1985 and 2020'° contributing to a municipal recycling rate

9See: https:/ /www.hants.gov.uk/aboutthecouncil /haveyoursay/consultations/ future-services-
consultation/hwrcs-insight-summary.
10See: https:/ /www.umweltbundesamt.de/en/press/pressinformation /residual-waste-in-germany-
has-nearly-halved-in-35.
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of 69% in 2022 — the highest in Europe!! Motivated by this experience, Schmidt and
Singh (2024) developed a quadratic optimization framework for Bavaria that balances
accessibility with equitable utilization. Even with a 20% reduction in sites, the model

increased the median travel distance by only 450 m (~0.28 miles).

Although the spatial scale and political context differ between Bavaria and
Hampshire, the underlying OR challenge is similar: balancing resident accessibility
and facility utilization within a mature existing network. Hampshire’s higher
population density and smaller geographic scale provide a stringent test of the
approach under UK’s constraints'?. In the next section, we summarize this existing
model and describe how we adapt it to Hampshire’s geography, utilization patterns,

and travel behavior.

5.3 Modeling Framework

There are three decision variables considered in the framework of Schmidt and Singh
(2024): x denoting whether a user is assigned to a facility, y denoting whether a facility
is selected, and u denoting the utilization of a facility. Below we present the
optimization model reproduced from Schmidt and Singh (2024).

min Y Ci(1—uj)? (5.1a)
el
s.t. Zyj <B, (5.1b)
i€l
1 Wij Xij ,
uj = Zzelc ]x]’ V] e, (5'1C)
]
Y xj=1, Viel, (5.1d)
i€l
Xij < Yis Viel, V] €], (5.18)
x € {0, 1}/, (5.1f)
y €[0,1]/, (5.1g)
ue o1 (5.1h)

The quadratic optimization model (5.1) jointly enforces high user accessibility and
balanced facility utilization. The Karush-Kuhn-Tucker optimality conditions of this
non-convex model seek to achieve a notion of fairness in the optimal closures Schmitt
and Singh (2024); in model (5.1) the non-convexity arises solely due to the binary
decision variable x. We consider population groups indexed by i € I (postcode areas)

1See: https:/ /www.eea.europa.eu/en/analysis/indicators /waste-recycling-in-europe.
12Hampshire’s population density is approximately 2.5 times that of Bavaria, with more than fifty times
fewer HWRCs.
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and facilities indexed by j € ] (HWRCs). Then, the binary decision variable y; = 1
indicates that facility j remains open, while y; = 0 indicates closure. The assignment
variable x;; = 1 specifies that population group i is served by facility j; further, each
group is assigned to exactly one open facility. Capacity constraints ensure that the
total assigned demand at a facility, ) ;c; Wi;x;;, does not exceed its estimated service
capacity, C;, and the budget constraint limits the number of open sites to B. Let 7
denote the feasible region of model (5.1) given by constraints (5.1b)-(5.1h).

We use population data from the UK Office for National Statistics'® for the |I| = 266
resident population postcodes in Hampshire, where each postcode is classified as
urban or rural. As mentioned in Section 5.1, the HCC operates |J| = 24 HWRCs. For
each j, we have the 2022-23 throughput (in tonnes) and booking utilization rates.
Following the Council’s method, we compute a theoretical tonnage capacity by
dividing observed tonnage by the booking utilization rate, and then convert this to a
service capacity C; by dividing by the average annual household waste generation per
person (which is 0.085 tonnes). For further details on this methodology,

see Hampshire County Council (2024).

When closures of public facilities occur, residents may be reassigned to more distant
or less familiar sites, reducing their likelihood of using the service, see, e.g., Romero
etal. (2012); Li et al. (2020). Thus, participation in recycling depends not only the
presence of HWRCs but also on the “willingness” of residents to travel for recycling.
To incorporate this behavioral dimension, we adopt a distance-based discounting
function describing the probability that a resident undertakes a recycling trip as a
decreasing function of distance. Such decaying exponential-like models are pervasive
in travel-behavior modeling, see, e.g., Fotheringham (1983); Sen and Smith (1995);
Tacono et al. (2008). We follow a similar approach by calibrating a willingness-to-travel
model using NTS9916d records from the UK’s 2023 National Travel Survey!4. This
survey comprises 1.79 million trips classified by urban/rural residence across eight
distance bins: [0,1), [1,2), [2,5), [5,10), [10,25), [25,50), [50,100), [100, o0) miles.
Among these, we filter for trips made by vehicle alone. For each bin, we compute a
tail (or, survival) probability as the fraction of trips with distance greater than or equal
to the bin’s lower bound. As in Schmidt and Singh (2024), we fit P(d) = aexp(—bd°)
separately for urban and rural populations; both achieve R? > 0.99. We then obtain
the following willingness-to-recycle models:

Yurban () = 1.02 exp( — 0.113x101), (5.2a)
Yeural (¥) = 1.02 exp(— 0.0762 x1%). (5.2b)

13Gee: https:/ /www.ons.gov.uk/.
l4Gee: https:/ /www.gov.uk/government/statistics /national-travel-survey-2023.
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FIGURE 5.1: Empirical willingness-to-recycle fits for urban and rural respondents in

Hampshire county. The y axis denotes the probability to travel from home to the clos-

est recycling center, while the x axis denotes the distance traveled in miles. For details,
see Section 5.3.

Figure 5.1 plots equation (5.2). We observe that for distances below roughly 10 miles,
willingness is slightly higher among urban residents, whereas the trend reverses for
longer distances. For each (i, j) pair, we then compute a discounting factor using the
fitted curve corresponding to the urban/rural class of postcode i and the
centroid-to-facility distance. Multiplying this factor by the population of postcode i
yields the effective demand term W;.

Next, we estimate the savings associated with closing facility j. We calibrate against
aggregated figures published by HCC (Hampshire County Council, 2024), which
report that closing the five Tier 4 sites saves ~£0.5 million annually and closing all
Tier 3 and Tier 4 sites saves ~£1.6 million annually, with an annual operating cost of
~£2 million for the full 24-site network. Using per-tier throughput data, we

decompose operating expenditures into:

(i) afixed component (e.g., baseline staffing), and
(ii) a usage-dependent component proportional to throughput (i.e., tonnes of

material waste handled).

We select per-tier usage weights to match the aggregated savings figures. Figure 5.2
shows the resulting cost estimates; our estimates for Scenario I and Scenario II are
£521,610 (Council: ~£500k) and £1,059,878 (Council: ~£1.1M), respectively.
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FIGURE 5.2: Estimated per-site savings by Council tier. For details, see Section 5.3.

With these data estimates, we apply model (5.1) to evaluate Hampshire’s closure
scenarios (see, Section 5.2) alongside several “what-if” configurations. We report

results across three performance metrics:

(i) Resident accessibility: changes in percentile travel distances relative to the
baseline (i.e., no closures);
(ii) Service equity: dispersion and excess utilization across open facilities; and
(iii) Financial savings: post-hoc estimates derived from operational cost data rather
than included directly in the optimization objective.

5.4 Results

In this section, we compare the three closure scenarios proposed by Hampshire
County Council (HCC) with the model-optimized alternatives obtained from

model (5.1). We begin with Section 5.4.1 by presenting the current status quo, which
serves as the baseline against which all closure scenarios are evaluated. In

Section 5.4.2, we examine how the Council’s proposals and the model-optimal
configurations perform under identical closure counts, with particular attention to
assignment patterns and resulting utilization levels. Here we also conduct a
sensitivity analysis that replicates the Council’s closure proposals while achieving
improved accessibility through balanced assignments. We summarize practical
implications for policy design in Section 5.4.3. All our computations are conducted on
a laptop equipped with an Intel Core i7-13620H processor (2.40 GHz) and 32 GB RAM,
running Pyomo version 6.8.2 and Gurobi version 13.0.0. Each model is solved with a
time limit of 20,000 seconds and an optimality tolerance of 0.5%. All results reported
in this work are globally optimal solutions which are achievable given the small scale
of the model (|I| = 266 postcodes, || = 24 facilities).
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5.4.1 Optimized versus Council Closure Scenarios

Table 5.1 summarizes our key results for this section. In the “Baseline” row, we report
the resident travel distances to the existing HWRC network (10th, 50th, and 90th
percentiles); the median and maximum utilization across facilities, and the number of
HWRCs operating above 70% of their estimated capacity. Table 5.2 provides detailed
utilization levels for each of the 26 HWRCs. This baseline—in which all 26 HWRCs
remain open—serves as the reference point for the accessibility and utilization

outcomes that we examine throughout this section.

The Council reports a wide utilization in the baseline, from 32.8% (Fair Oak) to 89.5%
(Farnborough), with eight facilities operating above 70% of capacity. Although
baseline accessibility is not reported by the Council, we compute these values using
model (5.1) with B = 26. Then, we find travel distances are generally low: the median
distance is 2.2 miles, and the 10th and 90th percentiles are 0.8 and 5.7 miles,
respectively. These figures align with WRAP guidance that most residents should be
within approximately seven miles of an HWRC (see Section 5.1). A small number of
peripheral areas—notably those surrounding Andover, Somerley, and Efford—Ilie just
beyond this threshold, reflecting geographic rather than structural limitations of the
current HWRC network. Figure 5.4a visualizes these distances and the resulting
utilization across the HWRCs.

A key distinction between the Council’s baseline and the model-generated assignment
is in how demand is allocated. Model (5.1) balances assignments across the
Hampshire network, thereby reducing extremes in utilization. As a result, the median
utilization falls from 62.6% to 58.3%, the minimum utilization rises by 7.3 percentage
points (Alresford instead of Fair Oak), and the maximum drops by 10.2 percentage
points (Hartley Wintney instead of Farnborough). Further, the number of HWRCs
exceeding 70% utilization is reduced by half (from eight to four). Such balancing
sometimes yields assignments that may appear unintuitive—for instance, residents in
the BH23 1 postcode are assigned to Somerley, located 9.4 miles from the postcode
centroid. Nonetheless, this contributes to a more even distribution of load.



Option Setting ~ Closed HWRCs Saving [£]  Resident Access [miles] HWRC Burden
median [10, 90] quantile [median/maximum][%] > 70% [#]
Baseline Council - - - - [62.6/89.5] 8
Optimal - - 2.2 [0.8,5.7] [58.3/78.3] 4
OptionI ~ Council Alresford; Bishops Waltham; Fair Oak; Hartley Wintney; Hayling 522,000 - - [66.9/135.8] 8
Island
Optimal  Alresford; Bishops Waltham; Hedge End; Hartley Wintney; 567,000 2.4 [0.8, 6.2] [61.9/84.8] 4
Hayling Island
OptionIl  Council Aldershot; Bordon; Casbrook; Hedge End; Marchwood; 1,581,000 - - [84.6/153.7] 10
Petersfield; Somerley; Alresford; Bishops Waltham; Fair Oak;
Hartley Wintney; Hayling Island;
Optimal  Alton; Bordon; Casbrook; Hedge End; Marchwood; Petersfield; 1,523,000 2.7 [0.9,9.6] [74.0/92.7] 10
Somerley; Alresford; Bishops Waltham; Fair Oak; Hartley
Wintney; Hayling Island;
Option III  Council  Alton; Efford; Farnborough; Havant; Netley; Aldershot; Bordon; 2,071,000 - - [101.7/219.7] 7
Casbrook; Hedge End; Marchwood; Petersfield; Somerley;
Alresford; Bishops Waltham; Fair Oak; Hartley Wintney; Hayling
Island
Optimal Alton; Efford; Farnborough; Waterlooville; Netley; Aldershot; 2,058,000 4.0 [1.1,14.2] [87.7/93.4] 8

Bordon; Casbrook; Hedge End; Marchwood; Petersfield;
Somerley; Alresford; Bishops Waltham; Fair Oak; Hartley
Wintney; Hayling Island

TABLE 5.1: Summary comparison of HWRC closure options in Hampshire. The Council rows provide the impact on following the closure policy
proposed by the Hampshire County Council, while the Optimal rows provide the analogous impact as determined optimal by model (5.1). For
details, see Section 5.4.
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facility: the model recommends closing the HWRC in Hedge End (which is Tier 3)
rather than Fair Oak. The estimated savings under this configuration are £567,000,

similar under both approaches (differences < 5 percentage points); however, the
distribution of load differs substantially. For instance, the Council’s configuration
places eight facilities above 70% utilization, with two even exceeding their capacity

(see, Table 5.2). Under the model’s configuration, only four facilities (Basingstoke,

capacity limit; the maximum utilization is 84.8%. Thus, even after five closures, all

remaining sites operate within feasible bounds and retain additional headroom.

With this background, we now evaluate the closure scenarios. In Option I (i.e., closure
of Tier 4 HWRCs), our model’s closure set differs from the Council’s by only a single

~8.8% higher than the Council’s estimate. The minimum and median utilizations are

Farnborough, Netley, and Aldershot) exceed 70% utilization, and none approaches its

Accessibility also remains robust with 90% of residents being within 6.2 miles of their
assigned HWRC (see, Table 5.1).

Tier HWRC Baseline Option1 Option I Option III
Council Optimal Council Optimal Council Optimal Council Optimal
1 Andover 53.6% 48.8%  53.7% 49.8%  54.9% 55.5%  54.9% 64.1%
Basingstoke 74.7% 775%  81.5% 82.7%  81.6% 87.9% 219.7% 93.4%
Eastleigh 48.4% 545%  52.2% 60.1%  75.9% 77.0%  93.6% 87.8%
Gosport 70.0% 63.6%  70.0% 67.7%  70.0% 74.0%  70.4% 86.5%
Segensworth 71.0% 59.2%  73.6% 64.3%  86.3% 74.0% 127.7% 86.1%
Waterlooville 69.9% 63.1%  71.9% 58.5%  86.0% 68.3% 157.1% —
Winchester 46.0% 50.0%  53.7% 53.8%  55.7% 67.2%  60.6% 81.2%
2 Alton 64.2% 59.2%  66.9% 61.0% 141.0% — — —
Efford 79.7% 51.1%  79.7% 51.1%  95.3% 67.1% — —
Farnborough 89.5% 772% 117.0% 84.8% 153.7% 92.7% — —
Havant 70.2% 62.3%  83.3% 63.1%  83.3% 70.5% — 87.9%
Netley 53.8% 57.4%  53.9% 70.6% 121.2% 81.6% — —
3 Aldershot 40.7% 752%  40.9% 80.0% — 92.1% — —
Bordon 74.9% 61.0%  74.9% 67.9% — — — —
Casbrook 47.1% 472%  47.1% 47.2% — — — —
Hedge End 71.8% 62.3% 135.8% — — — — —
Marchwood 59.2% 53.4%  59.2% 61.9% — — — —
Petersfield 52.1% 441%  52.7% 53.6% — — — —
Somerley 66.6%  42.6%  66.6%  42.6% — — — —
4 Alresford 39.9% 40.1% — — — — — —
Bishops Waltham  47.5% 45.9% — — — — — —
Fair Oak 32.8% 46.4% — 59.5% — — — —
Hartley Wintney 73.5% 78.4% — — — — — —
Hayling Island 54.2% 49.7% — — — — — —
Ind. Southampton 61.0% 59.7%  61.0% 62.7%  86.3% 80.7%  159.0% 90.0%
Portsmouth 69.6% 66.8%  70.0% 68.4%  70.0% 72.3% 101.7% 87.9%

TABLE 5.2: Detailed comparison of HWRC utilization across the closure scenarios of
Table 5.1. For details, see Section 5.4.

This difference arises from the underlying assignment mechanism that showcases the
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importance of the optimization framework. The Council’s approach implicitly
redirects all users from a closed site to the next-closest facility. For instance, closing the
Alresford HWRC sends all its residents to the Winchester HWRC, increasing travel
distance by nearly eight miles. In contrast, model (5.1) allocated demand at the
postcode level. In this example, roughly two-thirds of residents are reassigned to
Winchester (median distance of 7.2 miles), while the remaining one-third are assigned
to Andover of (median distance 12.7 miles). Although some residents travel farther,
the load is more evenly distributed, thereby reducing congestion and potential
booking delays at a single overly utilized facility. Figure 5.3 illustrates these
assignment proportions and distances.

Under Option II, the model and Council closure sets again differ by only one facility:
the model recommends closing the HWRC in Alton (which is Tier 2) rather than
Aldershot. Table 5.1 shows that this change produces substantially more balanced
utilization at only a modest reduction in expected savings (the Council’s estimate is
3.7% higher). However, under the Council’s plan, ten of the remaining twelve facilities
operate above 70% utilization, and three exceed capacity (Alton 141.0%, Farnborough
153.7%, Netley 121.2%). Efford’s utilization reaches 95.3% and Waterlooville’s is at
86.0%. Under the model’s configuration, ten facilities also exceed 70% utilization,
however critically, none exceed capacity; the maximum utilization is 92.7%

(Farnborough).

Table 5.2 shows the redistribution of load that produces these improvements. For
instance, Farnborough’s utilization falls by 61 percentage points and Efford’s by 28.2.
Here, Tier 1 facilities absorb some of the additional demand, e.g., Basingstoke
increases by 6.3 percentage points, Winchester by 11.5, and Gosport by 4.0. Among
independent facilities, Portsmouth increases by 2.3 points while Southampton’s load
declines by 5.6. Overall, model (5.1) trades a small reduction in financial savings for a
large reduction in peak utilization. Essentially, this transforms an overly burdened

network into a set of high, yet manageable, utilizations within capacity.

Travel distances under Option Il rise relative to the baseline, as expected from such a
large network contraction where nearly half of the sites have been removed. The
median travel distance increases by 0.3 miles while the 90th percentile increases by 3.4
miles (see, Table 5.1). Figure 5.4c shows that longer distances concentrate in the
eastern and western portions of the county. Although no direct comparison with the
Council’s distance estimates is possible, the model keeps the 90th percentile below 10
miles. Thus, despite considerable consolidation, accessibility remains broadly
compatible with WRAP guidance; thus, the network still maintains a functional level
of service.

The extreme scenario, Option III, tests the limits of HWRC’s network contraction.

Here, only nine facilities remain open, and the Council and optimized closure sets
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again differ by a single site: the model retains the HWRC in Havant (Tier 2) while
closing the Tier 1 facility in Waterlooville, the reverse of the Council’s choice. Savings
differ by less than 1% between the two configurations (both exceed £2 million
annually). However, the Council’s configuration produces severe overloads: the
median utilization is over capacity with a maximum being over double the capacity,
and seven of nine facilities exceed 70%. However, under the model’s configuration,
the median utilization is 87.7%, all facilities except that in Andover exceed 80% while
remaining within capacity, and the maximum utilization is 93.4%. Large reductions
occur at Basingstoke (219.7% to 93.4%), Segensworth (127.7% to 86.1%), Southampton
(159% to 90%), and Portsmouth (101.7% to 87.9%). Again, the model spreads demand
more evenly and avoids extreme overloads.

The resulting travel-distances increase markedly under this extreme contraction. For
instance, the median distance reaches 4.0 miles, with 10th and 90th percentiles at 1.1
and 14.2 miles, respectively (see, Table 5.1); nearly a third of all residents travel more
than 10 miles. Figure 5.4d shows pronounced distance increases across most parts of
Hampshire; however, the central region still displays markedly lower travel distances
than the outer boundaries. While these distances still broadly align with WRAP
guidance, the combination of near-capacity utilization across the network and longer

travel times suggests that such a configuration is challenging to justify in practice.

5.4.2 Sensitivity Analysis of Council-Implied Assignments

The analysis so far demonstrates that the Council’s closure plans are strikingly close to
the optimal selection determined by our model in all considered scenarios. However,
as shown in Section 5.4.1, there is substantial variation in utilization levels. Further, a
direct comparison of the corresponding travel distances between model (5.1) and the
Council’s proposal is not possible since the Council did not publish postcode-level
travel patterns. In this section, we seek to approximate how the Council’s assignment
might behave. To this end, we construct three surrogate optimization models that
replicate, as closely as possible, the utilization pattern implied by the Council’s
published figures; we let i1; denote these reported utilizations. All our surrogate
models seek to largely retain the structure of the feasible region F and differ only in
their objectives and in how the utilization bounds are enforced.

We consider the following three formulations:

1. Our first auxiliary model seeks to match the Council’s utilization pattern by
minimizing the squared deviation from #;. To this end, we relax the feasible
region, F, to allow u; > 1 enabling us to replicate the Council’s implied loads
that include over-capacity operation (see, Table 5.2). We then have the following



Chapter 5. Optimizing Household Waste Recycling Centre Network Rationalization

90 in Hampshire
model:
min Y_(u;—@))* | (x,y,u) € F, (5.3a)
i€l
where
F' = {(xyu)|(xyu)eF, ujc00)Vjec]}. (5.3b)

We refer to model (5.3) as the Utilization-Fit (UF) model.

2. In our second variant, we enforce the original utilization bounds and require all

facilities to operate within capacity:

min Y (u;—@;)* st (x,y,u) € F. (5.4)

Model (5.4) examines how closely we may match the Council’s utilization while
respecting the capacity constraints. We refer to model (5.4) as the Utilization-Fit
with Capacity (UF-C) model.

3. Our third model maximizes system-wide access (equivalently, minimizes
aggregate resident travel distance) while restricting utilization to remain within

a symmetric band around the Council-reported values:
max Z Z Wi]‘xi]‘
XYW ieljel
st. (1—-¢g)i; < uj < (1+e)n;, Vje],
(x,y,u) € F,

(5.5)

where F' is as defined in equation (5.3b). Based on our computational
experiments, we choose ¢ = 0.2 as a small enough number to ensure feasibility
of model (5.5). We refer to model (5.5) as the Access-Maximizing Fit (AMF) model.

Models (5.3)-(5.5) also allow us to investigate the implicit assumption in Section 5.4.1
that nearby facilities can continue to absorb additional demand even after their
expected capacity is reached. Table 5.3 reports the distance percentiles and utilization
levels for the UF, UF-C, and AMF models alongside those produced by the central
model (5.1).

In the Baseline and Option I scenarios, model (5.1) achieves the smallest 90th
percentile distances (5.7 and 6.2 miles, respectively), while keeping all facilities below
capacity, despite not optimizing directly for access. None of the auxiliary models
achieves a lower 90th percentile in these scenarios: both UF and UF-C exceed 9 miles,
and AMF remains between 7.4 and 7.9 miles; further, these latter values are close to or
above the WRAP benchmark for acceptable resident travel. In Option II, model (5.1)
matches UF at a 90th percentile of 9.6 miles and is only slightly worse than AMF (9.3
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Option  Setting Resident Access HWRC Burden Distance
(miles) [median/maximum] [%] (miles)
Pio Pso P90 Group A Group B
UF 08 26 9.3 53.9/73.9 5.2 2.3
. UF-C 08 26 9.3 54.2/73.9 5.2 2.3
Baseline
AMF 08 25 7.9 55.2/88.9 45 2.2
Model (5.1) 0.8 2.2 5.7 58.3/78.3 3.4 1.9
UF 08 24 9.4 62.5/132.5 4.3 2.1
. UF-C 08 25 9.9 63.5/100.0 4.5 2.1
Option1
AMF 08 23 74 58.3/130.7 3.8 2.1
Model (5.1) 0.8 2.4 6.2 61.9/84.8 4.3 2.1
UF 09 27 9.6 75.4/149.1 4.5 22
. UF-C 09 27 112 78.9/100.0 6.2 2.3
Option I
AMF 09 26 9.3 70.4/160.6 41 2.2
Model (5.1) 09 2.7 9.6 74.0/92.7 4.4 2.3

TABLE 5.3: Comparison of model outcomes across optimization approaches. Resident
access is measured by the 10th, 50th, and 90th percentile travel distances. HWRC bur-
den reports median and maximum utilization (percent). Group-level distances corre-
spond to median distances for postcode groups A and B. For details, see Section 5.4.2.

miles), however it does so with a markedly lower maximum utilization (at 92.7%,
compared with 149.1% for UF and 160.6% for AMF). Thus, across all three scenarios,
model (5.1) either improves on or remains close to the best achievable 90th percentile
distance among the auxiliary models, while simultaneously avoiding the substantial
overloads they permit.

The three auxiliary formulations help interpret the system behavior under
Council-like assumptions. The UF model, that attempts to follow the Council-reported
utilizations, consistently reproduces high or extreme peak loads (e.g., up to 149.1%
compared to 141.0% reported by the Council in Option II, see Table 5.2), reflecting the
assumption that several facilities can absorb large quantities of displaced demand. In
contrast, imposing capacity limits in UF-C eliminates overloads with only modest
effects on access: median travel distances remain unchanged across all settings,
including Option II, and the 90th percentile distance increases by 1.6 miles only in the
heaviest contraction scenario. This suggests that enforcing capacity is both a natural
and practically benign constraint; we discuss this aspect below. Finally, the AMF model
reduces distances slightly by allowing utilization to vary within a band around the
Council’s levels; however, the correspondingly necessary increases in peak load
(reaching 160.6% in Option II) do not appear justified by the relatively small
reductions in the 90th percentile distance.

To summarize, our comparisons comparisons validate that model (5.1) provides a
balanced outcome as intended: it maintains feasible utilization levels across the
Hampshire HWRC network and produces 90th percentile distances that are, either, the



Chapter 5. Optimizing Household Waste Recycling Centre Network Rationalization
92 in Hampshire

best among all capacity-feasible assignments or close to the best attainable under
Council-like patterns. In this sense, the performance of model (5.1) on the Hampshire
HWRC network validates its use for achieving stable and publicly defensible closure

solutions.

Optimizing for the entire county of Hampshire may, however, lead to spatial inequity
in access. To examine this, we categorize the 266 sub-postcodes into Hampshire’s six
official postcode districts. A visual inspection of the HWRC network (see Figure 5.4a)
indicates that most of the open facilities lie within or near the SO (Southampton) and
PO (Portsmouth) postcode regions, which together form Hampshire’s two largest
conurbations. The remaining four postcodes—SP, GU, RG, and BH—account for
approximately 35% of the relevant population and are much more spatially dispersed.
Since travel distance is closely tied to population density (see, e.g., Figure 5.4a) and
facility clustering (see, e.g., Levinson and Kumar (1994)), we split the postcode

districts into two groups:

(i) Group A (SP, GU, RG, BH), representing the more dispersed regions, and
(ii) Group B (SO, PO), representing the more densely urban districts.

This grouping also aligns with UK’s ONS classifications of rural and urban, and 85%
of the population in these areas is urban. Hence, for this analysis alone, we restrict

attention to the urban population in these two groups.

The last two columns of Table 5.3 show that median travel distances in Group A are
consistently higher than those in Group B for all models and all scenarios; this reflects
the underlying geographic distribution in Hampshire rather than any specific
modeling choice. In the baseline, model (5.1) achieves the smallest median distances
in both groups (as well as the smallest gap between them) suggesting that balanced
assignments reduce spatial disparities even without any closures. Under Options I
and II, the median distance in Group A increases by roughly one mile relative to the
baseline, while Group B’s travel distance remains nearly similar. Across these options,
model (5.1) performs at least as well as the auxiliary models that enforce capacity (i.e.,
UF-C) and remains broadly comparable to the unrestricted UF model. The AMF
produces only slightly lower travel distances for Group A and only in the two closure
scenarios. Thus, model (5.1) remains competitive overall, even in the largely urban

areas of Hampshire.

5.4.3 Policy Interpretation and Practical Guidance

In this section, we evaluate model (5.1) for varying closure counts with
B =26,25,...,7;i.e., up to 19 closures beyond which model (5.1) becomes infeasible.

We obtain a remarkably consistent pattern: the optimal closure sets are nested; i.e., the
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optimal closure set of size k is always contained in the optimal set of size k — 1. This
structure is not imposed in our mathematical formulation, and it arises directly from
both the geometry of the Hampshire network and the underlying optimization
structure. In discrete optimization, such a nested structure is characteristic of
submodular or supermodular sets; however, model (5.1) is, in general, neither
submodular nor supermodular (Singh, 2025). For HWRC planning, this property is
particularly valuable: once a facility is optimally selected for closure, it remains closed
in all subsequent optimal solutions with larger closure sets. Table 5.4 summarizes the
resulting sequence.

Closure Order HWRC

1 Alresford

2 Hayling Island

3 Bishops Waltham
4 Hedge End

5 Hartley Wintney
6 Casbrook

7 Somerley

8 Bordon

9 Petersfield

10 Marchwood

11 Fair Oak

12 Alton

13 Aldershot

14 Netley

15 Farnborough

16 Efford
17 Waterlooville
18 Winchester
19 Havant

TABLE 5.4: The nested optimal sequence of HWRC closures as determined by
model (5.1). A closure order of k denotes B = 26 — k. The k-th closure is included
in the k + 1-st closure. For details, see Section 5.4.3.

This nested structure has direct practical value in policy-making. As observed in the
UK (see Section 5.1), and other European countries (Schmidt and Singh, 2024), HWRC
rationalization rarely occurs in a single step; councils typically close a few facilities in
a given financial year as budgets, policy guidance, and service contracts evolve. The
nested property guarantees that if Hampshire implements the early closures in the
sequence and further cuts become necessary later, it can simply proceed to the next
closure on the list without needing to revisit or reverse prior decisions. In this sense,

the sequence functions as a stable, multi-year decision pathway.

Figure 5.5 illustrates how accessibility changes as more closures occur. In the status
quo with all 26 sites open, county-wide accessibility is just under 80%. This declines
relatively smoothly to about 55% when 19 sites are closed (i.e., B = 7). The two
postcode groups, however, evolve differently. Group B (SO, PO) experiences a
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relatively modest decline of about 15 percentage points from 0 to 19 closures. This
reflects both its dense population and the concentration of remaining HWRC capacity
in the Southampton-Portsmouth region, which remains open in every optimal
solution. In contrast, Group A (SP, GU, RG, BH) shows a sharper decline. Accessibility
remains near 70% up to four closures, falls gradually to about 65% by twelve closures,
and then drops steeply once the sequence closes the HWRC in Aldershot (closure 13)

and subsequently in Farnborough (closure 15).

Figure 5.6 reports the 10th-percentile, median, and 90th-percentile travel distances for
all values of B. We find that the overall median travel distance remains below seven
miles for all closure counts, despite the substantial contraction of the network. In
contrast, the median distance for Group A exceeds five miles after more than 12
closures and rises to approximately 7.5 miles after 13 are closed; it exceeds ten miles
only after fifteen closures. The 90th percentile shows similar behavior: for up to five
closures, 90% of Group A residents remain within 10 miles; between seven and twelve
closures, this upper tail distance rises to about 12 miles; beyond twelve closures, the
increase accelerates. This pattern highlights a typical feature of mature spatial
networks: it absorbs early closures effectively, but loses resilience as contraction

deepens.

These results identify practical planning ranges. For instance, the first four closures
have almost no system-wide effect; then, accessibility, travel distances, and utilization
patterns remain near their baseline levels. This suggests that these facilities can be
removed with minimal disruption. Further, the fifth and sixth closures generate
additional savings with still limited impact. Closures seven through twelve remain
operationally manageable; however, inequity begins to emerge as travel distances for
Groups A and B diverge. Beyond twelve closures, both accessibility and utilization
indicators deteriorate rapidly (especially in Group A), suggesting that deeper
rationalization is not viable. Although Hampshire is unlikely to pursue cuts of this
magnitude, the analysis clarifies—through data-driven evidence—where the HWRC
network becomes structurally fragile and why only the early portion of the sequence

is practically relevant.

5.5 Conclusions

Our work examines Hampshire’s HWRC network through a quadratic optimization
framework originally developed for Bavaria. We find this framework to be both
structurally transferable as well as practically informative. Despite the distinct policy
motivation in Hampshire—fiscal consolidation rather than emissions mitigation—the
model produces balanced assignments, feasible utilization levels, and, importantly,

predictable system response to incremental closure. The challenge of managing public
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services under severe financial pressure is a defining issue for local authorities across
the UK, and this tension is especially acute for HWRCs, where cost-reduction
pressures conflict with national ambitions to build a circular economy. As the recent
Hampshire County Council consultation illustrates, even quantitatively robust
proposals may fail — not only on technical grounds but also because they provoke
strong public opposition rooted in concerns over fairness, accessibility, and the
potential for negative environmental outcomes. In this context, our work provides a
structured, data-driven alternative capable of informing strategic decisions that are
both fiscally responsible and socially equitable.

Three of our findings particularly stand out. First, optimal closure sets from

model (5.1) nearly match the Council’s proposals differing by only one site in each
considered scenario — however, model (5.1)’s closures consistently achieve more
uniform utilization and more evenly distributed demand. Second, capacity
constraints—requiring utilization not to exceed 100%—serve not merely as a modeling
artifact but structural features of HWRC spatial networks. Enforcing them prevents
over-concentration of re-assigned demand and produces realistic assignment patterns
aligning with quality operational practice. Third, Hampshire exhibits an unexpectedly
strong form of nested optimality: the closure sequence that minimizes system-wide
imbalance is strictly monotone. This property is relatively rare in discrete
optimization. In practice, it ensures policymakers can implement closures sequentially

without risking reversals or inconsistent outcomes in later years.

Our analysis also highlights where the existing Hampshire HWRC network is most
resilient and where it begins to strain. The network behaves almost elastically up to
four HWRC closures: accessibility and utilization remain close to their baseline
values, and changes are minimal for residents. Between five and twelve closures, the
system remains operationally feasible but begins to exhibit spatial inequity,
particularly for residents in the more dispersed postcode areas (Group A). Beyond
twelve closures, the network becomes structurally fragile, with rapidly rising travel
distances and reduced accessibility. These three closure bands —low-impact,
manageable, and fragile—provide clear, evidence-based guidance for any future

rationalization exercise.

A broader implication of our results concerns the role of capacity in HWRC planning.
The auxiliary models in Section 5.4.2 demonstrate that relaxing capacity constraints
leads either to substantial overloads at a small number of HWRCs or to assignment
patterns in which large volumes of displaced demand are absorbed by a few urban
sites. In contrast, enforcing capacity yields reassignment patterns that distribute
demand more evenly across the network producing travel distances only marginally
different from those obtained without capacity limits. This behavior explains the
transferability of model (5.1) outside the Bavarian context for which it was originally
developed, and reflects the spatial structure of Hampshire’s HWRC network. Thus,
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capacity constraints act as a natural regularization mechanism that prevents
unrealistic concentration of demand yielding solutions consistent with public-service
expectations for booking management, queueing, and throughput.

Our analysis also show that a principled optimization framework can significantly
outperform intuitive or ad hoc approaches. Although the Council’s modeling
framework is surprisingly robust, the optimization identifies significant
improvements in equity across Hampshire. Approximately a third of Hampshire’s
population—those in Group A postcodes—live in more dispersed areas. Under the
optimized 12-closure configuration (i.e., Option II), the median travel distance for this
group is nearly double that of the more urban Southampton and Portsmouth regions
(i.e., Group B); see, Table 5.3. However, under a Council-like configuration that
matches reported utilization while enforcing capacity (i.e., the UF-C model), the
median travel distance for Group A nearly triples; see, Table 5.3. In contrast,

model (5.1) reduces these extremes and bounds geographic disparity, even under
substantial network contraction.

At a policy level, our findings argue for a shift from reactive, short-term cost-cutting
towards a proactive paradigm of long-term network design. We find that the
quadratic optimization framework of Schmitt and Singh (2024) is not merely an
abstract mathematical construct, but a practical tool for modern governance. It
provides data-driven, transparent, and publicly defensible strategies for multi-year
facility planning, readily adaptable to evolving budget conditions, candidate-site
evaluations, or, even, projected demographic changes. The two metrics of resident
travel-distance and facility demand burden generated by the model additionally
provide a principled basis for targeted Council investment, e.g., towards shrinking the

population-density and infrastructure gaps within Hampshire.

As expected, several limitations apply to our work. We highlight some of these here.
Our willingness-to-travel function assumes that resident recycling journeys in
Hampshire resemble national travel patterns derived from the National Travel Survey
(NTS). Our cost-benefit estimates rely on aggregated operational information rather
than site-specific accounts. Further, representing postcode populations at their
centroids is a geographic simplification. Thus, while our model offers strategic and
quantitative insights, it is not a prescriptive operational tool. That being said, a
framework that embeds equity and accessibility directly into a rationalization exercise
enables local authorities to navigate difficult decisions without undermining public
participation or compromising environmental obligations. As our results
demonstrate, the UK’s transition to a circular economy can indeed be supported via

intelligent, data-driven and publicly defensible decision-making.
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FIGURE 5.3: Re-assignment of closed HWRC facilities for the two closure scenarios
considered by the Hampshire County Council. All facility names are represented with
three characters and a circle dot (see Table 5.2 for full names). Grey indicates a closed
facility, while the other colors represent utilization. The arrow labels show both the
proportion of the population assigned to the new facility with the corresponding me-

dian travel distance. For details, see Section 5.4.
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(D) Option III

FIGURE 5.4: Heatmaps showing the resulting utilization of each HWRC (circles) and

the resident travel distances from each sub-region to its assigned facility. Results are

based on the optimal solution of model (5.1) for the baseline and the three closure
scenarios. For details, see Section 5.4.
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FIGURE 5.5: Resident accessibility for the entire population of Hampshire (“Overall”),
Group A and B populations. The x-axis denotes the number of closures (i.e., 26 — B)
while the y-axis denotes the accessibility, } ;1 jc; Wijxij, computed from the optimal
solution of model (5.1). For details, see Section 5.4.3.
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FIGURE 5.6: Quantiles of travel distances corresponding to the resident accessibility
in Figure 5.5 for the entire population of Hampshire (“Overall”), Group A and B pop-

ulations. For details, see Section 5.4.3.
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Chapter 6

Risk-Seeking Problem Formulations
and Their Approximations with
Union Bounds

In this chapter, we shift our focus to the second major theme of this thesis: addressing
optimization problems under uncertainty. We place particular emphasis on
probabilistic constrained problems, where traditional decision-making methods
typically prioritize risk-neutral and risk-averse approaches that strictly limit
constraint violations. In contrast, this study explores a risk-seeking framework by
utilizing probabilistic constraints with substantial violation tolerances. This approach
enables decision-makers to accept constraint violations in “lucky” low-resource
scenarios while exploiting “greedy” high-reward outcomes. We propose a family of
approximation models based on binomial moment bounds (orders one through four)
applied to the probability of the union of failure sets. We introduce a variable
definition that enables the effective linear representation of higher-order joint
probabilities. These approximation models are initially constructed as bilevel linear
programs and subsequently reformulated into single-level mixed-integer linear
programs using KKT conditions. Computational experiments on baseline and sparse
datasets show that the first-order approximation is computationally efficient yet
structurally imprecise, whereas the second-order approximation presents the most
advantageous compromise, yielding improvements in bound tightness and attaining
near-perfect structural fidelity to the true optimal solution. Additionally, we examine
how resource distribution, risk appetite, and violation tolerance interact,
demonstrating how a high risk appetite pushes the solution in the direction of jackpot

scenarios.
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6.1 Introduction

6.1.1 Motivation

Decision-making problems in existing literature are majorly formulated as risk-neutral
or risk-averse mathematical optimization models where one seeks to limit losses
against uncertain outcomes, see, e.g., Ruszczynski (2013). However, both anecdotal
evidence and managerial reflection suggests individuals, as well as firms, often do
exemplify risk-seeking tendencies (Cain and McKeon, 2012). An extreme example of
such individual behavior is addictive gambling where an individual may lose large
sums — possibly one’s entire wealth — for the lure of considerably much smaller
amounts of money. A more practical example is the choice of risky therapies in
terminally ill patients, see, e.g., Rasiel et al. (2005). Investment decisions by firm
executives in unexplored territories, driven by recognition and creation of new
opportunities, present further evidence of risk-seeking behavior with a potential for
ruin (Miller, 2007). Despite the widespread prevalence of such behavior, there are
relatively limited studies in the mathematical optimization community that analyze

this behavioral phenomenon. Our study is in this spirit.

The conceptual foundations of risk tolerance are based on utility theory drawing on
the seminal work of Markowitz (1952) that has been extended over the years, see,

e.g., Hakansson and Arrow (1972). Following such frameworks, rational
decision-making choices in typical stochastic programming models involve one or a
combination of maximizing expected returns and minimizing variability of returns. In
contrast, Crum et al. (1981) provide evidence that decision-makers often switch
between risk-averse and risk-seeking behavior depending on their outcome targets.
Such behavior aligns with Kahneman and Tversky’s prospect theory that
demonstrates individuals tend to seek risk when attempting to recover from previous
losses driven by a desire to return to an established reference point (Kahneman and
Tversky, 1988). For a summary of classical risk-return associations, see (Fiegenbaum
and Thomas, 1988, Table 1). These insights have influenced more modern concepts in
stochastic programming, such as stochastic dominance, by incorporating both concave

(risk-averse) and convex (risk-seeking) utility segments (Post and Levy, 2005).

Specifically, our work seeks to investigate risk-taking models using probabilistic
constraints. These constraints find origin in work by Charnes and Cooper (1959) on
chance-constrained programming models that allow a small fraction, ¢, of constraint
violations to support riskier decisions. This framework has since been extensively
investigated with related concepts — two of the most notables ones being conditional
value-at-risk (Rockafellar and Uryasev, 2000) and buffered failure

probability (Rockafellar and Royset, 2010). Applications of probabilistic constraints to

incorporate risk-preference span various fields. In finance, Lejeune and Shen (2016)
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consider optimizing multiple portfolios together at shared varied levels of risk
tolerance allowing up to 25% of unreliable outcomes. In renewable energy, Roald and
Andersson (2018) apply probabilistic constraints to model AC optimal power flow,
ensuring that generation, power flows, and voltage levels remain reliable with a
violation probability of up to 15%. Similarly, Guo et al. (2018) propose a
less-conservative coordination between energy storage units and uncertain renewable
energy resources in a microgrid, accommodating up to a 10% violation. These
examples serve to demonstrate how probabilistic constraints offer a framework to

model risk-seeking preferences and optimize gains.

However, we are unaware of studies on probabilistic constraints that allow much
lower values of ¢; i.e., deliberately encourage extreme risk behavior. This observation
is explainable by the fact that such probabilistic constraints are typically used to
design highly-reliable systems (i.e., with a large probability, 1 — ¢, of satisfying the
constraints) with catastrophic consequences of failures. Our setting is precisely the
opposite — we explicitly consider this framework but with large € values. As such, we
cater to the risk-seeking decision-maker who is prone to make irrational choices that
could even be ruinous. As we mention above, and we demonstrate later in this work,
such behavior does find application in a variety of settings reflecting human tendency
to follow suboptimal decisions that do not maximize expected returns. Before we
provide concrete examples in support of such risk-seeking behavior, we define the

problem setup.

6.1.2 Problem Setting

To formalize the framework of risk-seeking behavior that we study in this work,
consider a discrete planning horizon of |T| periods indexed by ¢t € {1,2,...,T}. For
sake of explanation, consider a resource allocation problem that seeks to maximize
returns (other problems extend from this setting). In each period ¢, the decision-maker
selects an amount of resources x; > 0 that provides a benefit ¢(x;) > 0. However, the
available resources, denoted by w{’ > 0, are uncertain and depend on a random
scenario w € (). After the realization of the scenario, the decision-maker may be
forced to amend large out-of-reach choices of x with a correction, y{’ > 0; specifically,
to satisfy a linear restriction x; — yi’ < w{’. These resource actions incur a penalty

f(y) > 0. Then, there are two grounds that encourage risk-seeking behavior.

G.1 Rational risk-seeking behavior is directly influenced by the relationship of ¢ and
f. Large incentives (given by g) and low penalties (given by a combination of a
set or subset of scenarios of f) motivate larger profits. For instance, trivially, if
f(y¥) < g(x) for all w then there is no motivation to take risk. This corresponds
to a setting of the ruinous gambler being asked to participate in a lottery where
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he could never win; we remove such settings from our consideration. This
ground determines the value of the decision-maker’s strategy.

G.2 Irrational risk-seeking behavior is motivated by an allowance of constraint
violations. We consider the setting where the decision-maker is permitted to
violate the restriction for up to ¢ fraction of scenarios; i.e., in these “lucky”
scenarios, the profits of the decision-maker may be arbitrarily large. It is
precisely these scenarios that attract our decision-maker to make risky irrational
choices where the greed of profit in a few scenarios influences the entire
decision-making framework. This ground determines the level of the

decision-maker’s risk.

The relationship of value and risk tolerance determines desirable and undesirable

strategies. For example, consequences with low value and high risk are undesirable
(such axioms have been postulated in earlier works, see, e.g., Ekenberg et al. (2001)).
With this background, consider the following generic mathematical optimization —

that we refine later — to determine a baseline setup of risk-seeking strategic behavior.

T T
max ;g(Xt)—lE Zlf(y?")] (6.1a)

Xy

st. P(xy—yy <wy, Vt) >1—e¢, (6.1b)
x>0, VteT, (6.1¢)
Yy >0, YweO, teT. (6.1d)

In the prototype formulation given by model (6.1), the objective function (6.1a)
considers an expectation over all scenarios of uncertainty; i.e., the value here in the
sense of G.1 is that of a risk-neutral decision-maker. The probabilistic constraint (6.1b)
caters to the level of risk in the sense of G.2. Unlike traditional probabilistic constraint
optimization models (see, e.g., Prékopa (1995)), we allow ¢ to be large resulting in a
framework where several constraints need not be satisfied. This framework applies to

several practical real-world scenarios for risk-seeking behavior:

(i) R&D Investment: A firm decides on its research and development (R&D)
budget, x;, for each period t, while the availability of government grants or tax
incentives, wy’, fluctuates. If x; > w{’, the firm must cover the shortfall with its
own funds, denoted by y¢. The firm receives a reward g(x;) from successful
R&D projects but incurs a penalty f(y{’) whenever internal funds are used to fill
the gap. A fraction ¢ of all scenarios are considered lucky by the firm, where the
government or investors provide the requested amount as “goodwill” effectively
bailing out the firm. For example, the European Union allows authorization of
such rescue aids for up to six months (Chindooroy et al., 2007), and the US spent
$1.6 trillion to bail out firms in the financial crisis of 2008 (Jiang et al., 2014).
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(i)

(iii)

(iv)

(vi)

Money Laundering: An actor chooses the amount to launder, x;, during each
period ¢, but the capacity of the laundering channels, w{’, is uncertain (e.g., due
to scrutiny limits or operational constraints). Small amounts of laundering go
unnoticed, e.g., in the UK shoplifting for goods less than £200 carried a
perceived immunity until recently (Gov.uk, 2025). However, if x; > w{’, the actor
is forced to pay additional fines or graft, represented by y{’. The actor may
receive a benefit g(x) from successful laundering, but must incur a penalty
f(y%) if the channel is exceeded. Such over-limit laundering is allowed in at
most an ¢ fraction of scenarios, considered “lucky” scenarios in which the actor

avoids detection.

Tax Fraud: A taxpayer decides how much income to under-report, x;, while the
authority’s enforcement threshold, w{’, remains uncertain (e.g., based on audit
rates or detection capabilities). For instance, the US Internal Revenue Service
(IRS) maintains a secrecy around selection policies for auditing undeclared
income (Snow and Warren, 2005). The taxpayer gains a reward g(x;) from
reducing taxes owed, but incurs a penalty f(y¢’) upon detection if x; > w}’.
Fraudulent reporting beyond the threshold goes unnoticed in at most an ¢
fraction of instances. Past work shows that a larger degree of uncertainty about
fraud detection increases compliance (Snow and Warren, 2005); for foundational

work on tax evasion, see Allingham and Sandmo (1972).

Insurance Pricing: An insurer sets premiums x; against uncertain claim payouts
w. If claims exceed premiums, the insurer faces losses of value f(y{’), where
vy = w — x;. In the classical actuarial setting, the insurer expects such losses
restricted to a small fraction of € scenarios. However, the insurer is often willing
to trade strict solvency for broader objectives in various settings, such as
micro-insurance in rural markets where affordability is paramount (Roth et al.,
2007), social inclusion and market-entry in emerging economies (Cole et al.,

2010), or coverage of rare high-cost catastrophic events (Kunreuther, 1996).

Short-Selling with Uncertain Collateral: An investor determines the number of
shares, x;, to short in each period t. The required margin, w{’, varies across
scenarios w. If the short position exceeds the margin requirement (i.e., x; > w{’),
the investor must provide additional collateral given by y¢ = max{0, x; — w{’ }.
The investor earns a reward g(x;) from the short position, but incurs a penalty
f(y¢) when required to post additional collateral. A risky investor (e.g., in
hedge funds or intra-day trading) accepts margin calls in a sufficiently large ¢

fraction of scenarios.

Random Forgiveness Mechanism: A student requests a monthly allowance, x;,
from parents whose available budget, w{’, fluctuates. If x; > w{’, the student

must cover the shortfall (given by ¥’ = max{0, x; — w{’}) with personal funds.
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The student gains a satisfaction utility ¢(x;) from the allowance but incurs an
inconvenience penalty f(y{’) when contributing personally. Occasional
generosity or emotional leniency from the parents results in a random
forgiveness mechanism in ¢ fraction of scenarios where the parents cover the full
request regardless of their budget.

(vii) A venture capitalist invests an amount x; in a startup at time t. Due to
uncertainty in startup performance, the returns, wj’, vary across scenarios w. If
the investment is not fully recovered (i.e., if x; > w}{’), the capital loss is given by
y¥ = max{0, x; — w¢ }. The investor receives a reward g(x;) for deploying
capital (e.g., expected upside), but suffers a penalty f(y4) from unrecovered
funds. A willingness to accept under-performance in a large fraction of scenarios
while aiming to capture high returns in a few scenarios reflects the

skewed-return nature of early-stage investing, see, e.g., Kerr et al. (2014).

A risk-seeker usually finds satisfaction if their rewards are higher than the average, or
a baseline, for example, a stock market index return used as a performance indicator
for a mutual fund or an individual stock investor. This aligns with the prospect theory,
which posits that outcomes are evaluated as gains or losses relative to a reference
point (Kahneman and Tversky, 1988).

To capture preference for high-payoff outcomes, we introduce mean-preserving
reward multipliers r” > 0 satisfying

E. ’Q| Yo (6.2)

we)

The per-scenario payoff is defined as

ue(x,y) =r ), 8(x) = ), fF(vi'), (6.3)
teT teT
and its expectation
m(x,y) = Eo[U”(xy)] Z%g xt) Z%Ew[f(yi")]/ (6.4)
te te

which coincides with the objective of the risk-neutral model (6.1). If ¥ = 1 for all
w € (), the payoff for all scenarios for which y}’ = 0 will always be the same and may
not reflect the greediness for results from different scenarios.

For each scenario w, let

s = max{0, U“(x,y) —m(x,y)}, (6.5)
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which rewards above-average scenario outcomes. We denote the upside
mean-deviation risk-seeking model as:
max m(x,y) + AEy[s“] (6.6a)
xX,Y,5
st. P(xi—yy¥ <wd,VteT)>1—g¢, (6.6b)
U“(x,y) =1 ) glx) =Y f(y¥), Yweq, (6.6¢)
teT teT
m(x,y) = Eo[U”(x,y)], (6.6d)
sY =max{0, U¥(x,y) —m(x,y)}, VweQ, (6.6e)
0<x<x VteT, (6.6f)
yy >0, YVweO, teT, (6.6g)
sY >0, YweQO. (6.6h)

where A > 0 is a risk appetite parameter. The objective function in (6.6a) encourages

risk-seeking behavior for the decision maker in the sense of G.1 by seeking for the

scenarios that have high payoff values.

The max-operator in (6.6e) can be represented with an SOS1 split by introducing
auxiliary variables s > 0 and binary variables x*,

sY—sY = U¥(x,y) —m(x,y), Yw € ),
(s¥, s¥) € SOS1, Yw € Q,
s“>0,sY>0 Yw € Q.
k' =0=sY=0, Yw € O,
k' =1=3sY=0, Yw € ),
k€ {0,1}, Vw € Q.

(6.7a)
(6.7b)
(6.7¢)
(6.7d)
(6.7¢)
(6.71)

This construction guarantees s = max{0, U (x,y) — m(x,y) } by forcing at most one

of s and s“ to be positive while preserving the identity s — s¥ = U“(x,y) — m(x,y).

To obtain a mixed-integer reformulation of the chance constraint (6.6b), we introduce

binary variables z¢ € {0,1} indicating whether scenario w is violated, i.e., z¢ = 1 if

xy — vy < wy fails for some t € T, and z¢ = 0 otherwise. Using these indicators,
chance constraint is enforced by limiting the number of violating scenarios:

L 2 < [l

we()

the

6.8)

and by relaxing the scenario constraints only when z% = 1. The penalty is waived by

setting y{’ = 0 for all t € T whenever a scenario is violated (z* = 1), which
corresponds to the modeling assumption that recourse costs are incurred only in

non-violating scenarios.
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We denote the set of scenarios where the per-scenario payoff is higher than the
expected payoff as
O = {weQ: UYxy) >m(x,y)}, (6.9)

which we call the “Greedy Set”. We denote the set of violating scenarios as
Q= {weQ: z¥=1}, (6.10)

which we call the “Lucky Set”.

The model (6.6) is reformulated as: The model (6.6) is reformulated as:

1
A — w 6.11
x,y,zI,Is}?}U,m m o+ ‘Q’ w;)s ( a)
st U =rY glx) =Y f(y¥), Vw € Q, (6.11b)
teT teT
m= 1 2 ue, (6.11c¢)
‘Q’ we)

sV —s¥ =UY —m, Yw € O, (6.11d)
(s¥, s¥) € SOS1, Yw € Q), (6.11e)
sY >0, sY >0, Yw € O, (6.11f)
kW =0=sY=0, Yw € O, (6.11g)
kY =1=3Y=0, Yw € Q, (6.11h)
k“ €{0,1}, YVw € O, (6.11i)
Y, 2 < [elf], (6.11j)

we
29 =0=x—y <wy, Ywe, teT, (6.11k)
2% =1=y’ =0, YVwoeO, teT, (6.111)
0<x <%, VteT, (6.11m)
v >0, YweQ, teT, (6.11n)
2 € {0,1}, Yow € Q. (6.110)

Model (6.11) can be interpreted in the context of research and development (R&D)
portfolio allocation, where decision makers must commit resources to a project over a
given period. Other sources of funding, such as government grants or investor
contributions, are uncertain. The risk preference parameter A captures the firm’s
appetite to pursue scenarios with substantial external funding support, reflecting its
ambition to achieve faster growth relative to conservative decisions. The violation
tolerance ¢ represents the proportion of time during which the combined external
support and the firm’s own funding are insufficient to cover the investment value,

acknowledging that the firm may have contingency plans to address such shortfalls.
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6.1.3 Example

Consider a two-period decision problem in which the decision variables x; > 0 and
xp > 0 represent the amount of resource used in each period. There are three equally
likely scenarios, and for each scenario w, the maximum available resource in period ¢
is denoted by w{’:

w} =100, w) =100, wi=2, w3=0, w}=0, w =S5. (6.12)

The benefit function for each period is g(x¢) = 8x;, and the penalty for exceeding the
available resource is f(y{’) = 25y{’. The scenario reward multipliers are specified as
r1=12,72=1.0,and 7> = 0.8.

A probabilistic constraint requires that the resource limits be satisfied in at least two of
the three scenarios, corresponding to an allowable violation probability of ¢ = %
Although feasibility is possible for combinations with both x; > 0 and x, > 0 through
positive slack variables, such solutions are not optimal under the risk-neutral
objective. The expected penalty associated with the first unit of either x; or x; already
exceeds its marginal benefit, and increasing either variable further only worsens the

trade-off. Therefore, the optimal policy always allocates resources to a single period.

For the case (x1,0),if 0 < x1 < 2, no slack is required, and the objective m(x,y) = 8x;
increases up to x; = 2. For x; > 2, scenario 2 incurs slack y? = x; — 2, yielding

50—x1
mxy) = >,

which is decreasing. Hence, the optimal solution in this case is (2,0) with objective
value 16.

For the case (0, x2), if 0 < xp < 5, the objective is m(x,y) = 8x,, maximized at x, = 5.
When x; > 5, scenario 3 incurs slack y5 = x, — 5, giving
125 — xp
miny) =,
a decreasing function. Thus, the optimal solution is (0, 5) with objective value 40. In

summary, the risk-neutral optimal decision is (0,5) with an objective value of 40.

Next, we consider the upside risk-seeking objective in (6.6) with a parameter A > 0.
Following a similar approach to the risk-neutral analysis, we first examine the case
(x1,0). If 0 < x; < 2, then the per-scenario payoffs are U (x,y) = 9.6x1,

U?(x,y) = 8x1, and U3(x,y) = 6.4x;. The objective value is therefore

1.6A 8
m(x,y) + AE[(UY(x,y) —m(x,y))"] = 8x; + 3x1 = <8+15A> X1,
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which is increasing in x;. Hence, the optimal solution in this range is (2,0) with

objective value 16 + %/\.

For x; > 2, scenario 2 requires slack y3 = x1 — 2, and the per-scenario payoffs become
U'(x,y) =9.6x;, U*(x,y) =8x; —25(x; —2) =50 —17x;, U>(x,y) = 6.4x;.

From these, we obtain

29.8x1 — 50 ~ 100 — 50x1

Ul(x,y) —m(x,y) = — > 0, Uz(x,y) —m(x,y) 3 <0,
and 20.2 50
LX1 —
W (x,y) — m(xy) = 22920,
where the last term is nonnegative when x; > %. If2<x < %, the objective

becomes

50 — x4 n & 29.8x1 —50\  (29.8A —3)x; +50(3 —A)
3 3 3 - 9 !
which is increasing when A > %. Thus, the optimal solution in this case is (%, 0)
with objective value
50(3—A) 250
T — + @(29.8/\ —3).
IfA < %, the function is decreasing, and the optimal solution remains (2,0) with the

objective value 16 4 %/\.

When £Y < x; < 100, scenarios 1 and 3 are greedy. The objective becomes

3 +3

50—x1 A (50x1 —100) (501 —3)x; +50(3 — 2A)
3 9 /

which is increasing if A > 0.06. In this region, the optimal solution is (100, 0) with

objective value 4900/;77150.

For the case (0, x;), if 0 < x, < 5, the per-scenario payoffs are U'(x,y) = 9.6x,,
U?(x,y) = 8xy, and U3(x,y) = 6.4x2. The objective value becomes

A 8
8xy + 5(1.63(2) = <8 + 15)\) X7,

which is increasing, leading to the solution (0,5) with objective value 40 + %A.

If x, > 5, scenario 3 requires slack yg = x — 5, giving

U'(x,y) =9.6xa, U?(x,y) =8xs, U°(x,y) =125 18.6x,.
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TABLE 6.1: Optimal decisions, objective values, and associated lucky and greedy sce-
nario sets for selected values of the risk appetite parameter A.

A | Regime | (xj,x3) | Objective | Qp | Q
0 [A<5]| (05 4000 | {2} | {1}
004 | A <352 | (0,5 4011 | {2} | {1}
0.06 | A > 52 | (0,100) | 4320 | {2} | {1,2}
008 | A > | (0,100) | 5482 | {2} | {1,2}

In this range, scenarios 1 and 2 exceed the expected value. The objective becomes

125—x, A (29.8x;—125  25x,— 125 _ (5481 — 3)x, +125(3 — 2A)
3 '3 * N '

3 3 3 9

This function is increasing if A > == = leading to the optimal solution (0, 100);

274'
otherwise, the optimum is (0,5).

We further observe that the extreme risk-seeking solution (100, 0) is strictly dominated
by (0,100) for all A > 0. The objective function value for (100,0) is given by #2410,
whereas for (0,100) it is 2200472,

The optimal decision under the upside risk-seeking objective evolves systematically
with the parameter A. When A < 27 1

risk-neutral, and the optimal solution remains (0, 5) with objective value 40 + %A.

the decision-maker behaves essentially

Once A > 52, the model begins to favor higher-payoff but riskier scenarios. This
threshold represents the tipping point of rationality. Below this value, the greed (upside
reward) is insufficient to justify the structural risk of the (0,100) solution. However,
once A crosses this threshold, the decision-maker effectively abandons the “average”
scenario to chase the “jackpot” in scenarios 1 and 2.

6.1.4 Discussion on Risk-Seeking Model

We discuss the experimental results from solving the probabilistic-constrained

model (6.6) under various parameter settings. In this case, we consider a linear
reward, g(x) = x, and a penalty, f(y) = By. The focus is on how risk-seeking behavior
emerges when the violation tolerance ¢, the risk-seeking parameter A, and the penalty
B vary. The model is evaluated over twenty scenarios and four times of available
resources wy’.

We draw the reward multipliers #* from a normal distribution with parameters
(u,0) = (1,0.1) and then reorder them so that scenarios with higher mean budgets
receive higher multipliers. This construction aligns favorable reward outcomes with
more abundant resource availability, allowing the optimization model to express

risk-seeking tendencies more visibly.
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TABLE 6.2: Computation results of solving model (6.6) across tolerance ¢, penalty ratio
B, and risk preference parameter A. Columns report the objective value, expected
payoff m(x,y), and the payoff ranges for lucky and greedy scenarios.

£ B A Objective  m(x,y) Lucky Range Greedy Range
0.1 10 0.0 168 168 [142.23,186.08]  [172.27,209.48]
0.5 175.81 168 [142.78,186.80]  [172.56,210.29]

1.0 183.67 167.75 [143.05,187.15]  [170.80,209.31]

2.0 2593.97 -4619.85  [176.32,187.24]  [173.35,209.41]

100 0.0 155.76 155.76 [121.78,147.05]  [156.57,179.36]

0.5 158.46 155.76 [121.78,147.05]  [156.57,179.36]

1.0 174.40 53.24 [140.48,183.79]  [140.48, 206.90]

2.0 2420609 -47844.48 [175.97,186.86] [173.00, 210.36]

03 10 0.0 182.63 182.63 [143.05,187.15]  [183.92,209.31]
0.5 185.78 182.63 [143.15,187.29]  [184.05, 209.00]

1.0 189.42 181.52 [144.61,195.23]  [184.29,212.99]

2.0 2597.17 -4616.69 [179.68,209.83]  [176.65,212.97]

100 0.0 182.29 182.29 [142.52,186.46]  [183.24,209.91]

0.5 185.44 182.29 [142.52,186.46]  [183.24,209.91]

1.0 188.56 182.29 [142.52,186.46]  [183.24,209.91]

2.0 24209.06 -47841.66 [178.68,208.67] [175.67,213.61]

05 10 00 185.25 185.25 [145.83,209.82]  [185.85,212.95]
0.5 188.32 185.25 [145.98,210.03] [186.04,213.17]

1.0 191.54 184.75 [145.84,209.83] [185.87,212.97]

2.0 2598.92 -4615.26  [179.31,211.17]  [179.31,214.33]

100 0.0 184.45 184.45 [144.21,194.69]  [185.41,212.39]

0.5 187.60 184.45 [144.21,194.69] [185.41,212.39]

1.0 190.84 184.45 [144.21,194.69] [185.41, 212.39]

2.0 2421098  -47839.99 [178.79,210.56] [178.79,215.54]

When A = 0, the model behaves in a risk-neutral manner and maximizes the expected

payoff m(x,y) without emphasizing upside deviations. Table 6.2 shows that these

risk-neutral solutions produce moderate decision values. As A increases above zero,

the model amplifies the importance of the positive deviation term

(U%(x,y) —m(x,y))", which rewards outcomes that exceed the mean payoff. Larger

A values drive higher total decision magnitudes in x and substantially increase the

objective value. The trade-off becomes clear: the model achieves higher potential

rewards but accepts lower or even negative mean payoffs. For A = 2, the solutions

demonstrate extreme risk-seeking behavior, with large objective values but strongly

negative expected payoffs.

The violation tolerance ¢ determines how many scenarios can breach the resource

constraints. Small values of ¢, such as 0.1, restrict violations and lead the model to

adopt conservative allocations. As & grows to 0.3 and 0.5, the model uses the

additional flexibility to allocate more resources toward favorable scenarios. The

increase in ¢ expands the “Lucky” and “Greedy” payoff ranges and raises the

objective, indicating that the optimizer converts probabilistic tolerance directly into

more aggressive, reward-seeking allocations.

The parameter B controls how the model balances rewards against penalties. A lower

penalty B reduces the cost of infeasibility and encourages larger decisions in x.

Comparing B = 10 and B = 100 across all A values shows that smaller penalties lead

to higher objective values and broader “Lucky” and “Greedy” payoff ranges.

Conversely, larger B values impose stronger penalties, reducing both the scale of x
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and the variability in payoffs. For A = 0, 0.5, and 1, the Lucky and Greedy ranges are
the same for some tolerance levels € € {0.3,0.5}. The same optimal decision vector x*
is found in these circumstances, which is why there are the same sets of lucky and
greedy scenarios. The only difference is in the objective value, which varies with the

risk choice parameter A.

The Greedy Range is, by definition, composed of payoffs that exceed the expected
value m(x,y) and therefore always lies above the mean. In contrast, the Lucky Range
arises from feasibility violations and depends on the cost structure of the resource
constraints. Scenarios with smaller available budgets, w{’, are cheaper to violate and
are thus more likely to appear in the Lucky Set. As the risk-seeking parameter A
increases, the model prioritizes positive outcomes and allocates more resources to
violated scenarios, resulting in significant payoffs. As a result, the Lucky Range shows
a clear increasing trend with A. The Greedy Range, on the other hand, deviates from
this trend. Because the reward multipliers r are fixed, the potential upside among
high-payoff scenarios is limited, and the mean payoff m(x, y) drops as the model

grows more risk-seeking.

Overall, the results show a consistent trend: increasing A or ¢, or lowering B, shifts the
model from conservative to risk-seeking behavior. The optimizer deliberately uses its
violation allowance to pursue high-payoff scenarios and expand the potential reward
range. This interaction among A, ¢, and B demonstrates how the model systematically

converts higher risk tolerance into a stronger pursuit of upside performance.

6.1.5 Approximation for Joint Probabilistic-Constrained problem

Solving model (6.6) generally requires multi-dimensional integration and precise
knowledge of the probability distribution of uncertainty. Since these computations are
often intractable, especially when the number of scenarios and time periods are large,

approximation methods are necessary to obtain feasible solutions or bounds.

In recent work, Singh and Watson (2019) approximate a two-stage joint probabilistic
constrained optimization model by using set union approximations. Defining
Api={w : x> y¥ +w{} as the set of scenarios where failures occur at time ¢ in (6.1),

the joint probabilistic constraint can be reformulated as:

IP( U At> <e (6.13)

teT

To approximate bounds for the union set, they consider only the terms
S1=Y4er P(At) and Sp = Y yer pot P(A; N Ay ). Replacing the probability of the
union set with its lower bound provides an upper bound for the maximization model,
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while replacing it with its upper bound yields a lower bound for the maximization

model.

In previous studies, the variables were defined as follows: u’ = 1 indicates a failure at
time ¢ in scenario w, and v, = 1 indicates failures in scenario w at both t and t'. This
construction is beneficial because it allows us to consider the failures for each scenario
in a specific time period, which is more informative. The terms S; and S, can then be
expressed in terms of u and v with the number of binary variables |Q)||T| for u and
|Q||T|? for v. Therefore, the number of variables associated with v scales by a factor of
|T| relative to u. A large number of binary variables might lead to models that are

hard to solve.

6.1.6 Owur Contributions

In this work, we present a risk-seeking behavior that is reflected in real-world
decision-making, which might be suboptimal, and then we formulate it as a
probabilistic-constrained model in two ways of risk-seeking. Solving such a model is
intractable, so we propose alternative methods: to bound the model in the spirit

of Singh and Watson (2019), to redefine the variables used in the approximation, and
to investigate bounds obtained from solving linear programs. The key contributions of

this article are as follows:

1. We introduce a risk-seeking model and formulate it as a probabilistic constraint.

2. We redefine the variables to approximate the probability of union sets where the

discrete scenario sample has equal probabilities for each scenario.

3. We approximate the probabilistic constraint based on the probability of union

sets using binomial moments.

4. We examine the relationship between the “Lucky” and “Greedy” sets in the

computational results.

In this work, we discuss risk-seeking behavior and the approximation of
probabilistic-constrained models in Section 6.1. In Section 6.2, we redefine the
variables, introduce new optimization model formulations based on binomial moment
bounds. Section 6.3 presents computational results, and Section 6.4 concludes the

work with a summary and discussion.
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6.2 Approximation Models

In this section, we first define binary and integer variables to capture the failure of
each scenario and represent the sum of probability terms as the sum of these binary
variables. We then present classical bounds used in bounding techniques from Singh
et al. (2018); Singh (2020). After that, we introduce probabilistic bounds derived from
the linear programs proposed in Prékopa (1988) and provide the corresponding
approximation models based on these methods.

6.2.1 Variables’ Definition

We let BY := {t : x; > y¥ +w{} denote the set of time periods where failures occur in
the scenario w and b* := |B“| denote the number of time periods that fail in scenario
w. Letay := |Ay| where A; := {w : x; >y + wi’}, wehave Y jcrar = Y, b the
number of failure pairs (w, t) be the same. As the probability P(A;) = 5a;, we have
S1=Y4erP(At) = & Tier it = 5 Lweq b¥ where N = |Q|. The number of two time
periods (,#') that both fail in the scenario w is (% ). Thus, we can write

So=Ywean (bzw ) since the probability of each scenario is equal to 1/N. Similarly, we
canextend to S, = Y ,cn %(b:)

TABLE 6.3: Example of failures across four time periods and seven scenarios. Here, x
represents a failure in scenario w at time ¢.

Hlt |t ta
wp | X X X

wy X X
w3 X

Wy X

Ws X X

We X
wyz

Table 6.3 illustrates an example of failures in four time periods and seven scenarios;
the probabilities of failure at each time period are:

]P(Afl) = %/ ]P(Afz) = %/ IP(Afa) = %/ IP(AM) = %

Thus, we calculate the following values:

The number of failures for each scenario is:

br =3, bv2=2, b*r=1, =1 bv»5=2 b*e=1, b7 =0.
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We observe that:

wn
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we) we we)

To capture the representation of failure in scenario w at time t, we still use the binary
variable u{’ as in Singh and Watson (2019). To avoid introducing a large number of
variables and nonlinear constraints, we represent the count b* =Y ;. u{’ viaa
one-hot encoding. Let 8%’ € {0,1} be a binary variable for ¢ € {0,1,...,|T|} such that

7]
Y 67 =1, Yw € Q, (6.14a)
=0

7]
Y up =Y (67, Vw € Q. (6.14b)
teT =0

The value of 8 = 1 if there are / failures in scenario w, i.e., b = ¢, and zero
otherwise. Valid inequalities can be implemented to strengthen the formulation are

ue<1-6¥, VYweQ teT, (6.15)

which enforces that if ¢ = 0 is selected then no period can be violated.

With this variable definition, we can write

1 1 |T|
S = — bw = — ng,
IR PR PP

we

(3)-vTE ()

and

1
SzZNZ

we)

Z

More generally,
5—12<bw> 1Z|i<£>9w n=1,2
n — X7 - N7 0 s = L,4....
A]weﬂ n A]weﬂézo n

Although S = 7% ¥, b (0% — 1) = 5% ¥, ((b¥)% — b*) can be written using a new
variable, ¢ = (b*)?, introduces a quadratic (and for (b*)3, (b*)%,... higher-degree)
relation. This either yields a nonconvex polynomial model or requires additional
linearizations that become weaker as the degree increases. In contrast, the one-hot
representation (6.14) allows all binomial terms (b:) to be expressed linearly as ) (ﬁ)@,‘("
with the number of variables |Q|(|T| +1).
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6.2.2 C(Classical Bounds

The classical bounds discussed in Singh and Watson (2019) and Singh (2020) are
derived from well-known probability inequalities. Specifically, the bounds based

on Bonferroni (1936) are expressed as:
P (U At) <S$ and P <U At> > 51— 5. (6.16)
teT teT

To achieve tighter bounds, Sathe et al. (1980) introduced refined inequalities, which

are given by:
2 S1+2§
P (U At) <SS and P (U At> > 1’T7’22 (6.17)
teT teT

The tightest available lower bound using only terms S; and S, is provided by Dawson
and Sankoff (1967) and is formulated as:

P (U At) > zw, (6.18)

7 z(z—1)

wherez =2 + L%J
1

To approximate the probabilistic constraint (6.13) with these probabilistic bounds, the

variables u{’ are linked to the period constraints via
xe —yg —wy < MP uy, VieT, we(), (6.19)

so that when u{’ = 0 the original constraint x; — y{’ < w{’ is enforced. Similarly, the

penalty-waiving term can strengthen the formulation as
v <y’ (1—uy), VieT, weQ, (6.20)

where ¥{” is a valid upper bound on y{’.

We approximate the joint probabilistic constraint by replacing the probability of the
union set with an upper bound. This yields a lower bound on the original constraint
(6.1), resulting in a conservative approximation as the feasible region shrinks.
Conversely, replacing it with a lower bound term provides an upper bound on (6.1),

which acts as a relaxation by enlarging the feasible region.
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6.2.3 Binomial Moment Bounds

In this work, we consider probabilistic bounds on the union of events, (IP(U;ct At)),
based on binomial moments. The tightest bounds are derived by solving a linear
programming problem, as presented by Prékopa (1988). The optimization formulation
for the lower bound of the union probability is obtained by solving:

T
min Z qt (6.21a)
t=1
Lo/t
st ) <1> qr = S;, i=1,...,k (6.21b)
t=1
q: >0, t=1,...,T, (6.21¢)

and the upper bound is obtained by solving

T
max Z gt (6.22a)
t=1
Lo/t
s.t. 2 <z> q: =S, i=1,...,k (6.22b)
t=1
q: >0, t=1,...,T. (6.22¢)

We consider the case from the first binomial moment to the fourth binomial moment
(k € {1,2,3,4}), meaning we include the terms 51, Sy, S3, and S4. Using these two
bounds (6.21) and (6.22), the approximated constraint is given by

Y ai <e (6.23)
teT
where gf fort =1,..., T is an optimal solution to the linear program (6.21) and (6.22),
respectively.

We first formulate an optimization model where we replace the probability of the
union set with } ;.1 g/, where g* is an optimal solution to the linear program (6.21).
This provides a valid upper bound on the optimal objective value of the model (6.6).
The optimization model becomes a bilevel linear program for the k-th binomial
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moment as
max m(x,y) + AEy[sY], (6.24a)
X,Y,9%,8
st. Y qf <e, (6.24b)
teT
(6.6¢), (6.6d), (6.6f), (6.6g), (6.24¢)
(6.7a) — (6.71), (6.24d)
(6.14) — (6.15), (6.24e)
(6.19) — (6.20), (6.24f1)
uf €{0,1}, VweQ, teT, (6.24g)
07 € {0,1}, Ywe O, £{=0,...,|T|, (6.24h)
HATEED R
0y,
q* € argmin{ Y g | 7 \K = !Q! ahiD e (6.24i)

T g0, vier

To reformulate the bilevel model (6.24) into a single-level reformulation, we introduce
vx € Rfork € {1,2,3,4} as Lagrange multipliers for the equality constraints in the
lower-level problem, and y; > 0 for the inequality constraints g; > 0 for t € T.

The Lagrangian function is defined as

o5 (50 EE() Fro o

teT i teT weO (=0 teT

To derive the KKT conditions for the lower-level problem, we take the partial

derivative of £ with respect to each g; and setting it to zero; we get

9L kot
a%_ug(i)vi—m_o (6.26)
This is equivalent to
k
w=1+y" C) v, VteT. (6.27)
i=1
The primal feasibility constraints are Y1 (£)g: |Q| Y wen Zm ( )¢, i=1,...,kand

gt > 0, Vt € T. The dual feasibility constraints are y; > 0, Vt € T. Finally, the
complementary slackness are yi; q; = 0, Vt € T. We obtain the single-level
approximation model, which provides an upper bound to (6.6) as the following

theorem.
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Theorem 6.1 (Binomial Upper Bound). The objective value of the following model provides
an upper bound to (6.6):

max m(x,y) + AE,[sY] (6.28a)
x,y,u,0,8,5-,q,v,u

IT|
s.t. g <, (6.28b)

=1

|T‘ t 1 |T‘ E
g == () 07, i=1,...,k (6.28¢c)
k
t

u =1 +; (i v, VYteT (6.28d)
(qe, me) €SOS1, t=1,...,|T|, (6.28e)
g >0 u >0, t=1,...,|T], (6.28f)
v,eR, Vie{l,... k} (6.28g)
(6.6¢), (6.6d), (6.6f), (6.6g), (6.28h)
(6.7a) — (6.71), (6.28i)
(6.14) — (6.15), (6.28))
(6.19) — (6.20), (6.28Kk)
(6.24g) — (6.24h). (6.281)

We use SOS1 branching to enforce complementarity by requiring that at most one of g;

and p; is positive for each t =1, ..., |T|, which is equivalent to g;3¢; = 0.

From max Y.}_; g; = —min Y.}, (—g;), we can similarly derive the KKT conditions to

obtain the following theorem.
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Theorem 6.2 (Binomial Lower Bound). The objective value of the following model provides
a lower bound to (6.6):

max m(x,y) + AE,[sY] (6.29a)
x,y,u,0,8,5-,q,v,u
IT|
s.t. q: <eg, (6.29b)
=1
IT| IT|
<t> gt = 1 (£> 07, i=1,...,k (6.29¢)
=1 \! Q] Jhizo \d
k
w=-1+Y : v, YteT (6.29d)
i=1
(qe, me) €SOS1, t=1,...,|T|, (6.29)
g >0 >0, t=1,...,|T], (6.29f)
v,eR, Vie{l,... k}, (6.29g)
(6.6c), (6.6d), (6.6f), (6.6g), (6.29h)
(6.7a) — (6.71), (6.291)
(6.14) — (6.15), (6.29j)
(6.19) — (6.20), (6.29k)
(6.24g) — (6.24h). (6.291)

The only difference between Theorems 6.1 and 6.2 is the value of j; in the
constraints (6.28d) and (6.29d).

6.3 Computational Experiments

In this section, we present a comparison of computational results for objective bounds
of the model (6.6) from the approximation bounds in Theorem 6.1 and 6.2 using the

first to the fourth moment of binomial.

6.3.1 Data Generation

The experiments utilize two datasets to represent contrasting risk environments. The
tirst dataset, denoting Baseline Dataset, generates a series of scenarios with values over
a particular period of time that replicate standard stochastic volatility characterized by
high temporal correlation. A seasonal trend is determined through a sinusoidal
function, with observed values resulting from the relationship of this trend and a
lognormal noise component. Furthermore, scenarios may experience global shocks,

resulting in a subset of scenarios being entirely scaled down, indicative of a bad
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period characterized by persistent risk across the time horizon. The second dataset,
denoting Sparse Dataset, generates scenarios with values over a time period that
simulate rare, discrete component failures. The scenarios are set to a high operating
baseline of 85% capacity, but they experience random, abrupt declines to a low level of
20% capacity, as dictated by a Poisson distribution.

Each dataset includes the sample sizes of 100 scenarios with 12 time periods. We then
generate the reward multiplier r using a normal distribution A/(1,0.1), and reorder
the scenarios based on average resources across all periods, arranging them from
smallest to largest, while also sorting the reward multipliers to reflect risk-seeking
behavior that prioritizes favorable scenario outcomes.

6.3.2 Computation Results

We solve the model (6.6) and its approximation models based on the binomial
moment in Theorems 6.1 and 6.2 from the first to the fourth moment. The parameter
values are ¢ € {0.2,0.3,0.4} and A € {0,0.25,0.5,0.75,1}. All computations are
performed on a computing cluster equipped with an Intel Xeon Gold 6138 2.0 GHz
processor, 192 GB of RAM, and Gurobi version 10.0.3, using Python 3.8.3 with a time
limit of 7200 seconds.

TABLE 6.4: Summary of the binomial moment bounds obtained from solving ap-

proximation models in Theorems 6.1 and 6.2 with the two generated datasets. Here,

columns “LB”, “UB”, “GAP” represent the average lower bound, upper bound, and

MIPGAP over parameters ¢ € {0.2,0.3,0.4} and A € {0,0.25,0.5,0.75,1}. The bold
values indicate the tightest bound or lowest MIPGAP achieved.

Baseline Dataset Sparse Dataset
Model LB UB Gap (%) LB UB Gap (%)
True Model  584.7 8123 38.0 5524 681.6 22.6
Order-1LB 5149 5809 121 5315 563.9 5.8
Order-1 UB 1078.6 1224.0 131 943.2 10327 9.2
Order-2LB 5844  936.6 59.2 551.8 817.1 47.0
Order-2UB  699.7 1130.0 60.7 629.8 962.8 52.2
Order-3LB  583.8 1118.0 90.3 5508 9314 68.1
Order-3UB  593.3 1093.2 83.4 5764 9293 60.8
Order-4 LB 583.2 1065.2 81.5 550.9 907.0 63.5
Order-4 UB  590.0 1068.1 79.8 568.0 889.0 55.8

Table 6.4 demonstrates the bounds obtained from solving the approximation models
with binomial moment bounds using orders one to four. The models with named LB
provide a valid lower bound to the true model, while the models with named UB give

a valid upper bound. For both datasets, the binomial of order one models solve the
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most efficiently with the smallest MIPGAP within the time limit, which is also faster
than solving the true model directly. Solving these models yields intuitive bounds for
the overall model.

For the lower bound approximations, as shown in Table 6.4, higher objective values
correspond to tighter bounds. The lower bound obtained from the second-order
model is larger than that of the first-order bound, with a 13% bound improvement on
the baseline dataset and 4% on the sparse dataset. Although approximating with a
binomial of the third and fourth order theoretically presents tighter bounds with only
a few more variables needed, using the second-order provides the tightest lower
bound, as it makes the model less complicated. Moreover, the lower bound obtained
from the true model is almost the same as from the second-order approximation. In
terms of the MIPGAP, it increases significantly from the second-order to the
third-order while it slightly drops from the third to the fourth order. Therefore, the
second-order binomial term is sufficient to provide a tight lower bound.

For upper bound approximations, lower objective values correspond to tighter
bounds. We observe that the upper bounds decrease with each successive order,
showing an improvement of approximately 7% from the first to the second order,
followed by smaller marginal gains of roughly 3% between subsequent orders.
Consistent with theoretical expectations, the fourth-order model yields the tightest
approximation. Regarding the MIPGAP, the trend mirrors that of the lower bound
models. Thus, incorporating higher-order binomial moments leads to tighter upper
bounds.

TABLE 6.5: Performance comparison table obtained from solving approximation mod-

els in previous literature, (6.16)- (6.18), and Theorems 6.1 and 6.2 with the second order.

Here, columns “LB”, “UB”, “GAP” represent the average lower bound, upper bound,
and MIPGAP. The bold values indicate the valid bounds for the approximation mod-

els.
Model LB UB Gap (%)
True Model 199.5 288.9 33.3
(6.16) LB 186 231 15.6
(6.16) UB 790.6 7906 O
(6.17) LB 186 233.7 15.7
(6.17) UB 521.6 581.3 6.5
(6.18) UB 206.7 428.6 104.1

Order-2 Binomial LB 1859 2304 15.8
Order-2 Binomial UB 209.8 422.1 974

Table 6.5 compares the bounds obtained from the approximation models with
previous probabilistic bounds and the second-order of the proposed method. For the
lower bound approximations, all methods achieve similar bounds and MIPGAPs
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Baseline Dataset Baseline Dataset Baseline Dataset
Risk Appetite A = 0.0 Risk Appetite A = 0.5 Risk Appetite A = 1.0

= Lucky (Violated) = Lucky (Violated) = Lucky (Violated)
Greedy (High Reward) Greedy (High Reward) Greedy (High Reward)

Sparse Dataset Sparse Dataset Sparse Dataset

Risk Appetite A =0.0 Risk Appetite A = 0.5 Risk Appetite A =1.0

= Lucky (Violated)
Greedy (High Reward)

m= Lucky (Violated) == Lucky (Violated)
Greedy (High Reward) Greedy (High Reward)

40 60 80 100 60 80 100 40 60 80 100
Scenario Index (Sorted) cenario Index (Sorted) Scenario Index (Sorted)

FIGURE 6.1: Distribution of scenario indices for the “Lucky” (violated, blue) and
“Greedy” (high-reward, orange) sets, comparing the Baseline dataset (top row) and
the Sparse dataset (bottom row) across varying risk appetites (A € {0.0,0.5,1.0}).

because these bounds are improved by finding feasible solutions. In contrast, the
upper bounds represent dual bounds, which are improved through the pruning
process of the branch-and-bound tree. While the upper bounds from (6.16) can be
solved to optimality within seconds, the resulting bounds are loose. The upper
bounds from (6.17) provide a tighter approximation with small MIPGAPs. While the
bounds from (6.18) are the tightest among previous works (Singh, 2020), the upper
bounds from our proposed model are the tightest overall.

Figure 6.1 illustrates the distribution of “Lucky” and “Greedy” scenarios, which
highlights the fundamental difference between the two datasets. Intuitively, a
chance-constrained solution should be lucky enough to ignore the scenarios with the
fewest resources (tightest constraints) while being greedy enough to meet the
scenarios with the highest benefits. This pattern is obvious in the Sparse dataset. The
histogram indicates a clear separation: the Lucky set (violated scenarios, blue bars) is
significantly concentrated at the lower indices, corresponding to low-resource
situations, whereas the Greedy set (high-reward scenarios, orange bars) is grouped at
the upper indices. The Baseline dataset, on the other hand, shows a notable structural
overlap. Greedy scenarios are not limited to high indices but occur throughout the
spectrum, most frequently in the low-resource zone. This forces the solver to make a
difficult decision, which contributes to the combinatorial complexity reflected in the
higher MIPGAPs, see Table 6.4.

The decision-maker’s risk appetite (1) changes the selection of these decisions. As
shown in Figure 6.1, the Lucky set changes when A goes up. In the risk-neutral setting
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Tolerance £ = 0.2 Tolerance e =0.3 Tolerance e = 0.4

—#— Baseline Dataset —&— Baseline Dataset —#— Baseline Dataset
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FIGURE 6.2: The intersection ratio between the optimal set of violated scenarios
(“Lucky”) and the set of high reward scenarios (“Greedy”) is analyzed as a function of
risk appetite (1) across different tolerance levels (e € {0.2,0.3,0.4}) in two datasets.

(A = 0), the model only maximizes expected profits. This keeps the Lucky set closely
grouped around the violations with the lowest possible cost. But as A gets bigger, the
actor cares more about the possible upside. The Lucky set is shifting to situations with
bigger rewards, which is shown by the histogram as a movement to the right. This
behavior happens because the actor is ready to violate for moderately good scenarios
in a risk-seeking regime if it means they can get to the extreme “jackpot” scenarios
that help them meet the risk-seeking objective. This change is more noticeable in the

baseline dataset.

Figure 6.2 shows the intersection ratio, which is the percentage of lucky and greedy
scenarios across different tolerances from the solution of the true model (6.6). There is
a clear structural difference between the two sets of data. The Baseline dataset
consistently exhibits a high intersection ratio (= 0.4 — 0.6) even in a risk-neutral case.
This ratio is monotonically increasing over the level of risk appetite up to just above 80
percent. This graph shows that with the nature of scenarios like this, the risk-seeking
model highly encourages following the value of the risk appetite parameter. On the
other hand, the intersection ratio is relatively high when the allowable violation is
small (approximately 0.7 at e = 0.2) but decreases to around 0.1 when ¢ = 0.4 in the
sparse dataset. This means that an increase in the violation tolerance level provides a
clearer separation between lucky and greedy in this dataset. However, in this case, the
sparse dataset does not show significant changes in these ratios across different risk
appetites; there is only a slight upward change when A is adjusted from 0.8 to 1.0 in
the setting of ¢ = 0.3.

We examined the Jaccard similarity between the solutions of the approximation model
and model (6.6), as illustrated in Figure 6.3. The Order-1 approximation has
inconsistent fidelity; it accurately represents approximately 80% of the sets in the
Sparse dataset, however its similarity scores are below 0.5 in the Baseline dataset. This
illustrates that neglecting correlations may result in a fundamental misidentification of
the constraints that are violated, especially in structurally complex datasets. On the
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FIGURE 6.3: Structural fidelity of the approximation models compared to the
model (6.6). The Jaccard similarity is calculated for both the lucky and greedy sets.

other hand, the Order-2 approximation frequently produces similarity scores greater
than 0.9, implying high structural similarity. This outcome demonstrates that using
pairwise joint probabilities is adequate to achieve satisfactory results. Higher-order
models provide negligible improvement, indicating that pairwise interactions are the
primary source of complexity in these cases.

6.4 Conclusion

In this work, we investigated risk-seeking behavior in stochastic optimization, a
different perspective of the decision-making framework, which mostly focuses on
risk-averse or risk-neutral behavior. We formulated a probabilistic-constrained
optimization model that allows for large violation tolerance without any penalty,
which is considered a lucky scenario, while also encouraging risk-seeking
decision-making with greedy scenarios where there is upside from the expected value.

To solve the proposed model, we work in the same spirit as in Singh and Watson
(2019); Singh (2020) by considering the probabilistic constraint as a constraint on the
probability of union sets. We redefine the variables” definition to make them effective
to represent higher-order joint sets.

We provide alternative models to derive valid bounds over scenario realizations based
on binomial moment bounds from the first to the fourth order. The approximation
models become bilevel linear programs, which are later reformulated into single-level
formulation models using KKT conditions.

Our computational experiments on two distinct datasets offer insights about the
trade-off between effective bounds and complexity. While the Order-1 approximation
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is computationally efficient, the obtained bounds are loose, which could be good to
see the ranges of objectives. In contrast, the Order-2 approximation shows as the most
effective moment of the approximation method. It provides a significant improvement
in bound tightness over the first-order model and attains high structural similarity in
lucky and greedy sets of the true models. In contrast, higher-order provides tighter
upper bounds as expected in theory in exchange for being harder to solve optimally.

We show that the relationship between lucky and greedy scenarios depends on not
only allowable violation tolerance ¢ and risk-appetite level A, but also the distribution
of the resource scenarios. The high-reward scenarios can be violated for the jackpot
scenario if the risk appetite is high.

In summary, this study provides a mathematical framework for modeling and solving
risk-seeking problems. By using monomial moments from solving linear programs
together with novel variable definitions, we can include high-order bounds in the
calculation without needing a large number of added variables. The computation
result, using second-order approximations, effectively balances tightness and
tractability compared to other orders.
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Chapter 7

Measuring the Economic Value of
Wind-Solar Complementarity in
Europe Using Chance Constraints

In the previous chapter, we investigated risk-seeking behavior under probabilistic
constraints and developed several approximation models. In this chapter, we extend
these chance-constrained models to energy system applications. The inherent
variability of wind and solar PV generation poses significant risks for producers in
day-ahead electricity markets, where operational commitments must be made before
the actual output is realized. A common mitigation strategy is to invest in storage, but
an alternative is to exploit the natural complementarity between wind and solar
resources. We evaluate this economic value of cooperation using two stochastic
optimization models with chance-constrained reliability guarantees: a Naive model
without storage and a Storage-Enhanced model with battery dynamics. We evaluate
the models using the European Meteorological derived High Resolution RES
(EMHIRES) dataset for hourly wind and PV generation in 28 European countries in
2015. Our results show that cooperation consistently improves outcomes. Without
storage, 24 of 28 countries achieve at least a 20% increase in expected profit, with gains
in Finland, Lithuania, and Poland exceeding a seven-fold improvement. With storage
included, absolute profits rise, but the relative advantage of cooperation becomes
smaller and more uniform: joint profits are typically within 10-50% of the best
independent operation. Cooperation remains most beneficial in countries like
Belgium, Bulgaria, and the Netherlands, where wind and solar resources are both
substantial and weakly negatively correlated. Methodologically, our work provides a
demonstration of how chance-constrained optimization can evaluate renewable
cooperation. For policymakers, our findings suggest that encouraging cooperative
bidding can yield substantial and stable benefits in regions with balanced resources,
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whereas in resource-scarce settings, expanding capacity or scaling storage should take

precedence.

Note: a preprint of this work is available at
https: //optimization-online. orqg/ ?p=31844.
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7.1 Introduction

The inherently intermittent nature of solar photovoltaic (PV) and wind power poses
significant challenges for the reliable operation of electricity markets (Aflaki and
Netessine, 2017; Glenk and Reichelstein, 2020; Piel et al., 2017). Solar output depends
on diurnal and seasonal cycles, while wind generation is governed by complex
meteorological dynamics that vary across space and time (Hu et al., 2015; Wolff et al.,
2023). These fluctuations introduce risk in day-ahead electricity markets, where
producers must commit to hourly energy deliveries before actual generation is
realized. Failing to meet committed bids can result in financial penalties, reputational
damage, or even the loss of future contracts (Sunar and Birge, 2019).

In operations and finance, a common strategy to manage uncertainty is to combine
multiple sources of risk in a way that reduces overall exposure. This is especially
effective when the uncertainties are negatively correlated or offer substitutable value.
For example, in assortment planning, Kaut et al. (2021) show that pairing products
with negatively correlated demand profiles can reduce the monetary portfolio risk. In
financial hedging, Gaur and Seshadri (2005) illustrate how stock index options can
protect against variable downturns when product demand is positively correlated
with market performance. In manufacturing, Jordan and Graves (1995) demonstrate
that process flexibility enables firms to shift capacity toward high-demand items, thus
buffering against demand volatility across products. In all of these examples, the
ability to combine or substitute across uncertain components reduces variance of the

outcomes towards greater reliability.

This risk mitigation principle finds relevance to renewable energy systems as well.
Wind and solar power exhibit partially complementary generation patterns — solar
production peaks during daylight hours and declines at night, while wind power
often intensifies in the evening or during non-summer months (we quantify this effect
in Section 7.3). When these sources are negatively correlated, aggregating them can
smooth total output and reduce the likelihood of simultaneous low generation. This
complementarity has motivated the design of hybrid systems that co-locate wind and
PV technologies (Ferrer-Marti et al., 2013; Golari et al., 2017; Salman et al., 2025),

improving dispatchability and reducing backup requirements.

Recent studies have demonstrated both environmental and economic benefits of
hybridizing wind and solar resources. For instance, Ferrer-Marti et al. (2013)
formulate a mixed-integer program to co-optimize wind and PV in off-grid microgrids
and report a 30.7% reduction in total capital cost. Golari et al. (2017) integrate
intermittent renewable energy sources into a multi-plant, multi-stage
production-inventory model and find that operational costs decrease by over 50% in a
12-stage single-plant setting and nearly 10% in a six-stage multi-plant setting. Their

results also show that achieving a high green energy coefficient (the share of
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renewable energy in total energy consumption) is feasible and effective in reducing
carbon footprint. Similarly, Atakan et al. (2022) use a stochastic hierarchical planning
framework to manage the uncertainty introduced by wind and solar, showing that
renewable integration can reduce generation costs by up to 10.4% and lower daily
CO; emissions. Glenk and Reichelstein (2020) analyze the investment value of hybrid
wind and power-to-gas (P2G) systems, providing necessary and sufficient conditions
under which joint deployment yields a synergistic benefit in terms of life-cycle unit
costs. Empirical case studies further support these findings. In Urumgi, China, Li et al.
(2013) show that hybrid wind-PV-battery systems reduce net present cost (NPC) by
9-11% relative to PV-battery and wind-battery systems. In Bangladesh, Nandi and
Ghosh (2010) report even greater gains, with NPC reductions of 27% and 29%
compared to wind-battery and PV-battery systems, respectively. Collectively, this
extensive literature confirms that well-designed hybrid systems can significantly
enhance the technical, economic, and environmental performance of renewable

energy deployment.

Our work is in the same spirit as (Glenk and Reichelstein, 2020; Li et al., 2013; Nandi
and Ghosh, 2010), but differs in focus and scope. Rather than evaluating investment
decisions or long-term planning models, we study the operational coordination of a
network of independent wind and solar producers in the context of the day-ahead
electricity market. To model real-time delivery risk under uncertainty, we formulate
stochastic optimization models with chance constraints, allowing a controlled
probability of delivery shortfalls—an inherent feature of markets based on variable
generation. A stochastic optimization framework is particularly well-suited for such
an analysis, as it allows decision-making under uncertainty using simulations of
scenario data. Further, chance constraints offer a flexible tool to enforce delivery
reliability: operators can specify a desired confidence level (e.g., 95%) and ensure that
energy commitments are met with high probability. This avoids the overly
conservative behavior often associated with worst-case or deterministic models, while
still providing reliability guarantees in uncertain environments. Employing this
framework, we then quantify the economic benefits of joint operation and compare
them to the profits from operating wind and solar assets independently. Our goal is to
assess whether decentralized, market-based cooperation leads to measurable synergy,
and to identify the operational conditions under which such cooperation is most
effective.

With this background, the following are the key contributions of this work.

(i) We show that complementary generation profiles of wind and PV can substitute
for storage. In many European regions, joint operation provides substantial
synergy even without batteries — particularly in countries such as the
Netherlands, the United Kingdom, and Germany where wind and solar outputs
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are negatively correlated — allowing natural complementarity to smooth

delivery risk.

(ii) We find that although the value of cooperation is reduced when battery storage
is introduced, it is not entirely eliminated. Storage tends to diminish the
variability benefit of complementarity, shifting the advantage toward countries
with more balanced or weakly correlated resources. In some cases, storage
substitutes for cooperation, while in others it enhances synergy through

temporal arbitrage.

(iii) We demonstrate that even without physical integration such as co-location or
shared storage, simple coordination among independent operators generates
significant economic gains. This suggests that market-based incentives for

cooperative bidding can be as important as infrastructure investment.

(iv) Finally, at a methodological level, we present a case-study demonstrating that
chance constraints provide a flexible tool for evaluating renewable energy
cooperation. By varying the reliability threshold, we quantify how tolerant a
system must be to delivery shortfalls in order for cooperation to remain
profitable. This offers guidance for the calibration of imbalance penalties and

reliability requirements in market design.

The rest of the article is structured as follows. Section 7.2 introduces the modeling
framework and defines our surrogate measure for economic synergy. In Section 7.3 we
summarize our dataset, provide an exploratory analysis of wind and solar generation
across Europe, and outline the forecasting procedure that we use to generate our
scenario sets. Section 7.4 reports the computational experiments and evaluates the
performance of both models that we present, including sensitivity analyses with
respect to battery capacity and reliability thresholds. Finally, Section 7.5 highlights the
main insights and discusses their implications for renewable energy policy and
market design.

7.2 Problem Setting

We study the economic value of cooperation between wind and solar producers
participating in the day-ahead electricity market. The central question is whether
these resources achieve higher profits when operating jointly rather than
independently, and how this outcome depends on the presence of storage and on
system reliability requirements. To capture the uncertainty of renewable generation,
we employ chance-constrained optimization models that maximize expected profit
while ensuring that committed hourly deliveries are met with high probability. The
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input to these models is a set of day-ahead forecast scenarios, generated from
historical data as described in Section 7.3.2.

Our first framework, referred to as the Naive model, excludes storage and assumes
that producers must commit to a fixed hourly delivery schedule before actual
generation is realized. The model builds on the chance-constrained formulation

in Singh et al. (2018), which analyzed the role of a fast-ramping generator in hedging
renewable shortfalls. Let T denote the set of hours in the planning horizon, and let ()
denote the set of scenarios representing possible renewable generation outcomes. For
each hour t € T, the decision variable y; denotes the committed delivery, while R;
represents the profit per unit of delivered energy. The available renewable generation

in scenario w € () is given by s. The Naive model is formulated as

max Z Ryy: (7.1a)
teT

st. Py <sy, VteT)>1—¢ (7.1b)

yr >0, VteTl. (7.10)

The chance constraint in (7.1b) is a joint reliability requirement over the full day: the
entire vector of commitments [y¢];cT is covered by available generation [s];cT with
probability at least 1 — e. Equivalently, at most an ¢ fraction of possible day-ahead
realizations may experience any shortfall at any hour. Smaller ¢ yields more
conservative commitments and lower imbalance risk, while larger ¢ allows more
aggressive bidding at the expense of occasional shortfalls. In our experiments we
consider € € {0.01,0.05}, corresponding to 99% and 95% daily reliability, respectively.

Building on this baseline model, the second framework extends the formulation by
introducing a battery system that can charge and discharge to buffer renewable
variability and improve delivery reliability. This Storage-Enhanced model is closely
related to the chance-constrained approach in Singh and Knueven (2021), which
studied the effect of battery integration for solar-based bidding. Let p{’ and g5’ denote
the charge and discharge decisions, respectively, in hour t under scenario w, and let
x’ denote the battery state of charge. The battery operates with round-trip efficiency 7
and is bounded between X and X; charging and discharging incur per-unit costs C.
and C;. The model is given by
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max ) Riyr —E[C.pf + Cyqf] (7.2a)
teT

st. Py <sy+q¢—p?, VteT) > 1—¢, (7.2b)

X = Apl —Laf, Vi=1,..,|T| -1, VweQ, (7.2¢)

X<x <X, VteT, Vweq, (7.2d)

v, pe, q¢ >0, VteT, VweO. (7.2e)

In model (7.2), we apply the same joint reliability level 1 — ¢ after accounting for
storage. Further, the expectation in (7.2a) is taken with respect to the scenario
distribution (implemented as a sample average approximation over () in our
experiments). In optimal solutions of model (7.2), charging and discharging do not

occur simultaneously (Singh and Knueven, 2021).

To implement the chance constraints in both models, we use a standard sample
average approximation reformulation. Specifically, we introduce a binary variable z
for each scenario w € ), where z¢ = 1 if the reliability constraint is violated in
scenario w. Then, each original chance constraint is replaced by scenario-specific
linear constraints, augmented with a big-M term involving z¢. Additionally, we
enforce that at most | Ne| violations occur across the |Q)| scenarios. This yields a
mixed-integer linear program that we solve for each country and each reliability level.

We apply both models to three configurations: PV-only, wind-only, and joint

PV zW, and z¢ denote the optimal profits obtained by

wind-solar operation. Let z
solving either (7.1) or (7.2) for these cases. To evaluate the economic benefit of
cooperation, we define the Synergy Ratio as

SR _— W . (7-3)
A value of SR > 1 indicates that joint operation of wind and solar achieves higher
profit than the sum of independent operations, thereby quantifying the economic
value of complementarity. This performance measure provides the link between the

models and the computational analysis that we conduct in Section 7.3.

7.3 Data Description

7.3.1 Summary of Renewable Generation Data

We use the EMHIRES dataset (European Meteorologically derived High-resolution
Renewable Energy Sources time series (Gonzalez Aparicio et al., 2016, 2017)) that
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provides hourly time series of onshore wind and PV generation across 35 European
countries from January 1986 to December 2015. Each time series is reported as a
capacity factor — the ratio of actual output in a given hour to the installed capacity —
that takes values between zero and one. For this work, we focus on the year 2015 and
restrict attention to the 28 countries for which complete capacity data and
normalization parameters are available. Since our aim is to compare profitability
across countries, we normalize the hourly capacity-factor profiles using the annual
generation reported by each country’s transmission system operator (TSO) for 2015.
Multiplying the normalized capacity factors by installed capacities yields hourly
generation in megawatts (MW), replicating each country’s official annual production
statistics. This normalization procedure is detailed in the appendix

of Gonzalez Aparicio et al. (2016, 2017), and the final dataset used in our numerical
experiments of Section 7.4 is available at our GitHub

repository: https://github.com/montreeklim/synergy_wind_solar. In all tables
and figures of this work, we identify countries by their ISO 3166-1 alpha-2 codes (e.g.,
DE = Germany, FR = France, etc.)

Table 7.1 summarizes the key descriptive statistics of hourly PV and wind generation
across the 28 countries. For each technology, we report the mean, standard deviation,
range (minimum and maximum), and the proportion of hours with zero output. We
also calculate the PV share, defined as the ratio of average PV generation to the sum of
average PV and wind generation, in order to characterize the balance between the two
resources. The numbers show clear differences across the European countries. PV
output follows a strict diurnal cycle, with nearly half of all hours producing zero
output in most countries. Mean PV generation ranges from virtually zero in Ireland to
nearly 4,000 MW in Germany. Wind generation, in contrast, is more continuous: in
most countries, fewer than 5% of hours have zero output. Mean annual wind
generation spans from below 1 MW in Slovenia and Slovakia to nearly 10,000 MW in
Germany. The PV share is below 1% in northern countries such as Estonia, Finland,
Ireland, Norway, Poland, and Sweden, while exceeding 98% in Slovenia and Slovakia.

Figures 7.1a and 7.1b illustrate that in most countries average wind generation
exceeds PV generation, with exceptions such as Italy, Greece, Bulgaria, the Czech
Republic, and Switzerland. There are five countries (Ireland, Finland, Norway,
Estonia, and Latvia) that have an average PV generation of less than 1 MW, and two
countries (Slovenia and Slovakia) that have an average wind generation of less than

1 MW. Figure 7.1c and 7.1d further highlight the geographic distribution of resources:
PV capacity is concentrated around the Mediterranean basin, where solar irradiance is
high and sunshine is predictable, whereas wind capacity is concentrated in
northwestern Europe, particularly Germany, the United Kingdom, and Spain, where
strong and persistent wind regimes prevail (we revisit this effect below). Finally,
Figure 7.2 displays normalized hourly generation profiles, confirming the
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TABLE 7.1: Descriptive statistics of hourly PV and wind generation in 2015, derived
from EMHIRES (Gonzalez Aparicio et al., 2016, 2017) and scaled to MW using country-
level installed capacities reported by national transmission system operators (TSOs).
The columns “Mean”, “SD”, “Range”, and “%Z"” denote the hourly mean, standard
deviation, minimum-maximum range, and percentage of zero-output hours, respec-
tively. The final column reports the PV share, defined as the ratio of average PV gen-

eration to the sum of average PV and wind generation. For details, see Section 7.3.1.

PV (MW) Wind (MW) PV share (%)
Country  Mean SD Range  %Z  Mean SD Range  %Z
AT 52.7 74.5 [0.0-287.6] 49.8 5449 573.7 [0.0-1980.2] 0.0 8.8
BE 3615  573.0 [0.0-2443.7] 499  503.2 504.7 [0.0-1726.0] 04 41.8
BG 152.1 226.4 [0.0-909.8] 49.4 118.8 126.5 [0.0-615.3] 0.1 56.1
CH 103.5 146.5 [0.0-551.1] 49.7 10.9 13.8 [0.0-60.0] 14 90.5
Ccz 250.5  394.1 [0.0-1712.1] 494 67.1 74.7 [0.0-276.6] 0.6 78.9
DE 39222 59737 [0.0-25535.6] 493 96702 101079 [10.4-42,757.6] 0.0 28.9
DK 83.0 1357 [0.0-617.0] 49.6  999.7 844.9 [0.0-2837.1] 0.1 77
EE 0.5 1.0 [0.0-4.5] 50.6 77.8 65.2 [0.0-204.4] 04 0.6
ES 1220.1  1569.3 [0.0-5178.6] 495 59623  5054.0 [9.4-22,961.8] 0.0 17.0
FI 0.7 13 [0.0-63] 499  239.1 184.8 [0.7-679.8] 0.0 0.3
FR 828.1 11325 [0.0-42143] 499 24711 2031.9 [4.9-8683.0] 0.0 25.1
GB 853.2  1314.0 [0.0-6692.4] 49.3 40714  3031.0 [33.0-10,706.2] 0.0 17.3
GR 4205  584.2 [0.0-21109] 498  375.1 349.0 [0.4-1517.5] 0.0 529
HR 5.8 8.9 [0.0-32.2] 49.4 65.4 83.2 [0.0-366.9] 4.4 8.1
HU 41 5.9 [0.0-21.1] 492 55.0 67.0 [0.0-263.4] 2.9 6.9
IE 0.1 0.1 [0.0-0.8] 49.7  759.9 583.3 [0.0-1759.9] 0.1 0.0
IT 2727.8 3819.8 [0.0-13,331.8] 49.6 12323 1396.9 [0.7-7444.8] 0.0 68.9
LT 6.7 11.5 [0.0-50.7] 50.3 67.1 66.9 [0.0-235.0] 0.4 9.1
LU 13.4 222 [0.0-95.6] 50.8 8.0 11.2 [0.0-48.4] 8.0 62.6
LV 0.2 0.3 [0.0-1.5] 502 12.0 11.9 [0.0-38.6] 2.7 1.6
NL 1635  258.1 [0.0-1128.8] 499 9724 850.1 [0.0-2594.1] 0.4 14.4
NO 0.7 13 [0.0-6.8] 492 2095 124.5 [2.2-498.3] 0.0 0.3
PL 9.4 14.8 [0.0-66.2] 49.5 13245 1245.4 [1.2-4688.8] 0.0 0.7
PT 912 1215 [0.0-388.4] 49.6 1073.9 968.5 [0.6-4506.3] 0.0 7.8
RO 178.0 2509 [0.0-889.7] 49.6  579.7 568.3 [0.1-2859.6] 0.0 23.5
SE 7.8 13.1 [0.0-63.3] 495 9374 752.5 [8.1-3018.3] 0.0 0.8
SI 322 51.6 [0.0-193.5] 50.1 04 0.7 [0.0-3.0] 175 98.8
SK 69.8  102.6 [0.0-383.8] 49.6 0.5 0.7 [0.0-26] 171 99.3

complementary temporal patterns of the two technologies: solar output peaks during

daylight hours while wind generation tends to be stronger at night or during off-peak

solar periods.

To examine complementarity more directly, we compute the Pearson correlation
coefficient between hourly PV and wind generation during daytime hours
(05:00-17:00). A negative correlation indicates that when one source produces
strongly, the other tends to be weak, creating natural hedging opportunities;
conversely, a positive correlation suggests that wind and solar outputs rise and fall
together, offering less diversification benefit. As shown in Figure 7.3a, northern
maritime countries such as Germany, the United Kingdom, and Norway exhibit
strongly negative correlations in sunlit hours (as low as —0.55), reflecting a high
degree of complementarity. In contrast, countries such as Hungary and Portugal
display correlations closer to zero, implying weaker natural balancing.

To explore temporal patterns further, we group countries into four climatological
regions: Atlantic Maritime, Continental, Nordic & Baltic, and Mediterranean.
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FIGURE 7.1: Average hourly wind and PV generation by country in 2015 (MW), shown
on a logarithmic scale to accommodate cross-country magnitude differences, based on
EMHIRES data (Gonzalez Aparicio et al., 2016, 2017). For details, see Section 7.3.
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FIGURE 7.2: Intraday generation profiles of PV (orange), wind (blue), and their sum

(green) for 28 European countries normalized by that country’s peak combined hourly

output. The x-axis denotes the hour of the day ranging from 0:00 to 23:00, while the y-

axis provides the corresponding value. Data is based on the 2015 EMHIRES data (Gon-
zalez Aparicio et al., 2016, 2017). See Section 7.3 for details.
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FIGURE 7.3: Spatial patterns of PV-wind correlation and climatological regionaliza-
tion based on EMHIRES data (Gonzalez Aparicio et al., 2016, 2017). Daytime hours
are defined as 05:00-17:00. For details, see Section 7.3.
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FIGURE 7.4: Hourly PV-wind correlation profiles for European countries, grouped by

climatological region. The underlying data is from the 2015 EMHIRES dataset Gon-

zalez Aparicio et al. (2016, 2017). Colored lines represent countries within the focal
region, while all other countries appear in gray. See Section 7.3 for details.
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Figure 7.4 provides further details by plotting hourly PV-wind correlations for each
climatological region. The Atlantic Maritime group (Figure 7.4a) shows the weakest
negative correlation in the early morning [05:00-06:00), with correlations
strengthening around 07:00-08:00 and then remaining relatively stable throughout the
rest of the day. In the Mediterranean group (Figure 7.4d), correlations are also weak in
the early morning but decrease steadily toward noon, reaching their most negative
values late morning before increasing again in the afternoon; in Portugal, correlations
even turn positive by 17:00. The Nordic & Baltic and Continental groups (Figures 7.4b
and 7.4c) exhibit similar patterns, with the strongest negative correlations occurring
around [06:00-07:00), rising toward weaker values near midday, and then becoming
more negative again in the evening hours. These regional patterns reinforce the view
that the degree of complementarity between PV and wind varies systematically not

only across geography but also across the intraday cycle.

7.3.2 Scenario Generation

To evaluate the models introduced in Section 7.2, we simulate scenarios of renewable
generation uncertainty at the day-ahead horizon. Specifically, we use an
autoregressive moving average (ARMA) model following the methodology given

in Singh and Pozo (2019).

For wind generation, we fit an ARMA (p, q) model to the 60 days of data preceding the
prediction date of September 28, 2015 (the 271st day of the year). We verify
stationarity using the Augmented Dickey—-Fuller (ADF) test, with the null hypothesis
of a unit root rejected at the 5% level in all countries. We evaluate candidate lag orders
p,q € {0,...,5} to select the model that minimizes the Bayesian Information Criterion
(BIC), subject to passing Ljung—Box tests for residual autocorrelation at lags 5, 10, and
15. For four countries (Bulgaria, France, Greece, and Romania), no specification
satisfies all Ljung—-Box tests; in these cases, we select the model with minimum BIC, as

our goal is scenario generation rather than best-in-class forecasting accuracy.

For PV generation, we fit separate ARMA models for each hour of the day, using the
270 days preceding September 28, 2015. For hours where output was zero in the
previous seven days, we directly predict zero generation. We again verify stationarity
with the ADF test, and difference the non-stationary series until stationarity is
achieved. We then estimate ARMA (p, ) models with p,q € {0,...,5} and select lag
orders using BIC, ensuring residuals do not exhibit significant autocorrelation. For
differenced series, we transform back the forecast values by adding the last observed

level of the original series.

Using these fitted models, we generate 10 independent batches of 100 Monte Carlo
scenarios for each country and technology. Each scenario represents a 24-hour



Chapter 7. Measuring the Economic Value of Wind-Solar Complementarity in
142 Europe Using Chance Constraints

trajectory of possible generation outcomes, truncated below at zero. For illustration,
Figures 7.5a and 7.5b provide a representative set of 100 scenarios for the United
Kingdom, with black lines indicating the 10th percentile, median, and 90th percentile.
These scenarios capture the variability and uncertainty inherent in renewable
generation and provide the basis for evaluating the performance of the Naive and

Storage-Enhanced optimization models in Section 7.4.

FIGURE 7.5: Illustrative set of 100 hourly scenarios for renewable generation in the

United Kingdom derived from ARMA models. The panels show (a) wind power and

(b) solar PV output; dashed black lines indicate the median and solid black lines the
10th percentile across scenarios. For details, see Section 7.3.2.
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7.4 Computational Experiments

In this section, we present numerical experiments conducted using the models
described in Section 7.2. The input consists of hourly wind and solar generation
scenarios derived from the EMHIRES dataset (Section 7.3). For each of the 28
countries, we evaluate both the Naive and Storage-Enhanced models under reliability
levels 1 — ¢ € {0.95,0.99}, with 10 independent sets of 100 scenarios each. We run all
computational experiments on a computing cluster with an Intel Xeon Gold 6138 2.0
GHz processor, 192 GB of RAM, and Gurobi 10.0.3 via Python 3.8.3. Each instance has

a time limit of one hour.

We present our analysis in three parts. In Section 7.4.1, we first report results for the
Naive model, highlighting the value of complementarity in the absence of storage.
Section 7.4.2 examines how battery integration alters profits and synergy patterns.
Section 7.4.3 presents sensitivity analyses with respect to storage capacity and
reliability thresholds. Throughout, we interpret results in terms of the Synergy Ratio,
defined in equation (7.3), which serves as our measure of the economic value of

cooperation.
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7.4.1 Analysis of the Naive Model: No Storage

Table 7.2 presents the 95% confidence intervals for the Synergy Ratio; our numbers
exclude experiments where the synergy ratio is undefined. Under the Naive model
(columns 2-3), requiring strict reliability (¢ = 0.01) produces an undefined ratio in the
Czech Republic, Estonia, Finland, Lithuania, Latvia, and Slovenia due to zero profits
in both individual sources but a positive value for combined sources. Omitting these
degenerate cases, Poland and Croatia have the highest Synergy Ratio with confidence
intervals of (14.27,31.01) and (1.77,31.64), respectively. Slovakia has the smallest
profit gains with a confidence interval of (1.02,1.07). Overall, the minimum ratio for
all countries is greater than one, which indicates that combining wind and PV
generation provides more profit than individual operation. However, we note that
this ratio is highly dependent on the generated scenarios, e.g., in Ireland with e = 0.01,
the confidence interval range is between -8.20 to 139.29 with a negative lower bound
value due to the large standard deviation. With the reliability threshold of ¢ = 0.01,

the results are not strongly conclusive due to the relatively wide confidence intervals.

Relaxing the reliability threshold to & = 0.05, narrows the confidence interval
considerably suggesting more precise estimates. Specifically, the lower bounds fall
into the tighter range of 0.99 to 8.85, while the upper bounds range from 1.02 to 30.54.
This contraction occurs because allowing more scenario violations raises the
minimum objective values, thereby reducing cases in which the profit from one
resource is nearly zero. As a result, the relative gains from cooperation become more
stable and easier to compare across countries, with less dependence on individual
scenario variation. In this setting, the largest gains occur in Finland, Lithuania, and
Poland, where joint operation yields at least 7.5 times the profit of independent wind
or solar systems. By contrast, the lowest ratios remain in Latvia, Norway, Slovenia,
and Slovakia, where values hover just above one indicating only marginal
improvement over independent operation. Notably, Norway and Latvia have PV
shares below two percent, while Slovenia and Slovakia have PV shares exceeding 98%.
This pattern suggests that when one resource contributes only a negligible share of

total generation, cooperation may not yield meaningful additional value.

TABLE 7.2: 95% confidence intervals defined over 10 samples for the Synergy Ratio,

see equation (7.3), for 28 European countries for both the Naive and Storage-Enhanced

models. Entries with “~” indicates that the synergy ratio is undefined for at least nine

out of the 10 samples due to zero profits from both wind and PV generation sources
but non-zero profits from the combination. For details, see Section 7.4.1.

Country Naive Storage-Enhanced

e =0.01 e = 0.05 e =0.01 e=0.05

AT (2.66,8.02)  (3.05,4.39) (1.30,1.39) (1.18,1.29)

continued on next page. ..



Chapter 7. Measuring the Economic Value of Wind-Solar Complementarity in
144 Europe Using Chance Constraints

Table 7.2 (continued)

Country Naive Battery
e=0.01 e =0.05 e=001 e=0.05

BE (3.76,7.32)  (3.03,4.04) (1.30,1.38) (1.30,1.38)
BG (1.75,3.49)  (1.58,1.97) (1.25,1.36) (1.29,1.43)
CH (1.43,3.39)  (1.27,1.39) (1.06,1.09) (1.08,1.10)
Cz (=-) (1.40,1.78) (1.14,1.21) (1.15,1.18)
DE (1.51,1.99)  (1.60,1.96) (1.19,1.28) (1.27,1.36)
DK (2.88,3.88)  (2.70,3.57) (1.21,1.28) (1.24,1.30)
EE (=-) (2.77,4.94) (1.05,1.08) (1.04,1.07)
ES (1.26,1.38)  (1.31,1.42) (1.14,1.19) (1.14,1.20)
FI (=-) (7.75,16.38) (1.02,1.03) (1.02,1.03)
FR (1.69,2.09)  (1.72,1.98) (1.22,1.27) (1.20,1.27)
GB (2.16,3.04)  (2.01,2.40) (1.25,1.31) (1.21,1.28)
GR (1.33,1.45)  (1.31,1.41) (1.18,1.23) (1.20,1.24)
HR (1.77,31.64) (4.08,6.34) (1.17,1.21) (1.23,1.27)
HU (1.66,9.76)  (2.57,3.53) (1.16,1.20) (1.18,1.26)
IE (-8.20,139.29) (1.78,4.22) (1.00,1.00) (1.00,1.00)
IT (1.25,1.40) (1.23,1.33) (1.12,1.16) (1.12,1.16)
LT (=) (8.85,30.54) (1.36,1.46) (1.29,1.42)
LU (2.19,8.09) (2.22,3.31) (1.23,1.35) (1.27,1.35)
LV (=-) (0.99,1.52) (1.07,1.10) (1.07,1.10)
NL (3.10,4.33)  (3.05,3.94) (1.39,1.51) (1.29,1.39)
NO (2.50,8.12)  (1.05,1.17) (1.01,1.04) (1.01,1.01)
PL (14.27,31.01) (7.64,10.62) (1.05,1.06) (1.03,1.05)
PT (1.39,1.60)  (1.40,1.55) (1.12,1.20) (1.05,1.09)
RO (-0.13,11.03)  (2.20,3.86) (1.31,1.42) (1.31,1.44)
SE (2.49,4.81)  (2.35,4.03) (1.07,1.10) (1.06,1.09)
SI (=-) (1.02,1.06) (1.01,1.02) (1.01,1.02)
SK (1.02,1.07)  (1.01,1.02) (1.00,1.01) (1.01,1.01)

7.4.2 Analysis of the Storage-Enhanced Model: With Storage

Table 7.2 (columns 4-5) reports the 95% confidence intervals for the Synergy Ratio
under the Storage-Enhanced model with battery capacity set equal to the installed
capacity for each resource (i.e., the maximum generation in an hour). In contrast to the
Naive model, all countries yield defined ratios in this setting because the presence of a
battery ensures strictly positive profits for both wind-only and PV-only operations,
even under the stringent reliability requirement of ¢ = 0.01. As a result, the confidence
intervals are markedly tighter and extreme values disappear. For ¢ = 0.01, the lower
bounds range from 1.00 (Ireland) to 1.39 (the Netherlands), while the upper bounds
range from 1.00 (Ireland) to 1.51 (the Netherlands). Relaxing the threshold to ¢ = 0.05
yields a very similar pattern, with lower bounds between 1.00 and 1.31 and upper
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bounds between 1.00 and 1.44. This stability across reliability levels reflects how
storage dampens the sensitivity of profits to forecast uncertainty.

However, the presence of storage reduces the Synergy Ratio in most countries. For
example, Finland and Poland, which achieved Synergy Ratios well above seven in the
Naive model, fall below 1.06 under the Storage-Enhanced model. The reason is that
when one resource is scarce (e.g., PV in northern regions or wind in Slovenia and
Slovakia), the battery substitutes for the missing complementarity, leaving little
additional benefit from cooperation. In these cases, the ratio drops close to one,
indicating that joint operation does not improve profit relative to independent
participation significantly. Despite this, several countries retain Synergy Ratios above
1.25 even with storage. Belgium, Bulgaria, Lithuania, the Netherlands, and Romania
all lie in this category, with ratios between 1.25 and 1.51. The presence of storage in
these regions enhances the ability to exploit temporal arbitrage opportunities,
allowing cooperation to remain economically beneficial. In countries with strongly
complementary profiles (e.g., France, the Netherlands, the United Kingdom,
Germany), Synergy Ratios are much lower compared to the Naive model and tend to
decrease further as battery capacity increases, indicating that storage substitutes for

natural balancing of renewable generation, see Section 7.4.3.

There are country-specific caveats in the above analysis. While Norway exhibits one of
the most strongly negative PV-wind correlations, its Synergy Ratio remains low. In
other words, even though PV and wind in Norway tend to alternate (i.e., high wind
when solar is low, and vice versa), the economic gain from combining them is
negligible because Norwegian solar output is extremely small compared to wind. This
interpretation is reinforced by the cases of Slovenia and Slovakia (where the PV share
is more than 98%), and by Finland, Ireland, and Norway (where the PV share is less
than 0.5%). In each of these cases, the scarcity of one resource limits the potential for
meaningful synergy. Similarly, the ratio for Ireland is not high, even though it shares

correlation patterns with high-SR countries because its PV share is very low.

Summarizing, our results lead to two takeaways. First, storage systematically
increases total profits, but it also reduces the incremental value of natural
complementarity in highly correlated systems by providing an alternative buffer
against variability. In these cases, storage acts as a substitute for the natural balancing
between wind and solar. As capacity grows the incremental benefit of cooperation
diminishes further. Second, the relative ordering of countries by Synergy Ratio
remains stable across reliability thresholds, highlighting that the economic role of
storage is not to eliminate complementarity, but to redistribute its value across regions

with different resource profiles.
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7.4.3 Sensitivity Analysis

Next, we examine how the value of cooperation depends on three factors: battery
capacity, reliability thresholds, and the correlation between wind and solar generation.
We also report average profit outcomes to properly place the Synergy Ratios in an

economic context.

In the Storage-Enhanced model (7.2), the battery frequently serves as the primary
instrument for arbitraging across hours with pronounced price differences. For
instance, in several countries the optimal policy at hour 17:00 is to discharge the
battery to its lower bound as the market return during that hour outweighs the
cycling cost. This pattern suggests that benchmarking battery size to the installed
renewable capacity of each setting may understate the potential benefits of
cooperation. To investigate this effect, we re-ran the combined-system experiments on
a dataset different from that used in Table 7.2, varying battery capacity to be either
one-half or twice the installed capacity in each case.

Table 7.3 shows that reducing battery capacity markedly increases Synergy Ratios.
With capacity set to one-half of installed capacity, confidence intervals widen for most
countries, reflecting greater variability. Under ¢ = 0.01, Lithuania, the Netherlands,
and Romania attain the highest Synergy Ratios, each reaching at least 1.47. Under

¢ = 0.05, Lithuania, Romania, and Belgium again lead with ratios of at least 1.40. By
contrast, Finland, Ireland, Norway, Slovakia, and Slovenia record the lowest ratios
converging to 1.00 across all battery sizes. This suggests that in these regions the
Storage-Enhanced model offers little advantage over independent wind-battery and
PV-battery systems. Doubling battery capacity produces the opposite effect: Synergy
Ratios decline but become more stable, with narrower confidence intervals. Thus,
smaller storage capacities raise the measured value of wind-solar complementarity, as
cooperation compensates for the reduced buffering from storage, but this comes at the
cost of wider uncertainty ranges. In extreme cases, further reducing capacity could

replicate the volatility observed in the Naive model.

Sensitivity to the reliability parameter ¢ is much less pronounced in the
Storage-Enhanced model than in the Naive model. Table 7.2 shows that relaxing the
reliability requirement from ¢ = 0.01 to ¢ = 0.05 substantially narrows the confidence
intervals in the Naive model (e.g., Poland from (14.27, 31.01) to (7.64, 10.62); Ireland
from (—8.20, 139.29) to (1.78, 4.22)). This contraction reflects the fact that higher
tolerance reduces the frequency of near-zero denominators in the ratio. By contrast,
confidence intervals under the Storage-Enhanced model change little between the two
thresholds (e.g., Romania (1.31, 1.42) to (1.31, 1.44); Lithuania (1.36, 1.46) to

(1.29, 1.42)). These results confirm that storage buffers against variability not only in

generation but also in the sensitivity of cooperative value to reliability requirements.
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TABLE 7.3: Synergy Ratios, see equation (7.3), for 28 European countries under differ-
ent battery capacities, for two reliability levels of 95% (e = 0.05) and 99% (e = 0.01).
The Baseline column denotes the default battery size, while the Half Cap. and Double
Cap. columns denote a battery size of half and double the installed capacity. For de-
tails, see Section 7.4.3.

e=0.01 e =0.05
Country
Half Cap.  Baseline  Double Cap. Half Cap.  Baseline  Double Cap.

AT (150,1.62) (1.30,1.39) (1.17,1.22)  (1.21,1.40) (1.18,129) (1.12,1.18)
BE (1.44,153) (1.30,1.38) (1.21,1.28)  (1.42,1.51) (1.30,1.38) (1.23,1.29)
BG (1.44,155) (1.25,1.36) (1.15,1.24) (1.45,157) (1.29,1.43) (1.19,1.31)
CH (1.10,1.12) (1.06,1.09) (1.05,1.08) (1.11,1.13) (1.08,1.10) (1.06,1.08)
Cz (1.22,1.26) (1.14,1.21) (1.11,1.16) (1.21,1.27) (1.15,1.18) (1.11,1.14)
DE (1.29,1.41) (1.19,128) (1.13,1.20) (1.36,1.44) (1.27,1.36) (1.19,1.26)
DK (1.39,1.49) (1.21,1.28) (1.12,1.16) (1.35,147) (1.24,1.30) (1.15,1.18)
EE (1.11,1.16) (1.05,1.08)  (1.03,1.04) (1.06,1.13) (1.04,1.07) (1.02,1.03)
ES (1.20,1.24) (1.14,1.19) (1.09,1.13) (1.18,1.24) (1.14,1.20) (1.09,1.14)
FI (1.04,1.06) (1.02,1.03) (1.01,1.02) (1.03,1.06) (1.02,1.03) (1.01,1.02)
FR (1.30,1.35) (1.22,127) (1.15,1.19) (1.27,1.33) (1.20,127) (1.15,1.20)
GC (1.23,1.28) (1.18,1.23)  (1.14,1.18) (1.24,1.28) (1.20,1.24) (1.16,1.20)
HR (1.36,1.43) (1.17,1.21) (1.09,1.12)  (1.43,150) (1.23,1.27) (1.13,1.15)
HU (1.34,1.42) (1.16,1.20) (1.08,1.11) (1.30,1.47) (1.18,1.26) (1.10,1.14)
IE (1.00,1.00) (1.00,1.00) (1.00,1.00)  (1.00,1.00) (1.00,1.00)  (1.00,1.00)
IT (1.16,1.20) (1.12,1.16) (1.09,1.13) (1.14,1.19) (1.12,1.16) (1.10,1.13)
LT (1.60,1.76) (1.36,1.46) (1.21,1.27)  (1.40,1.67) (1.29,1.42) (1.19,1.25)
LU (1.33,147) (1.23,1.35) (1.16,1.26) (1.35,1.46) (1.27,1.35) (1.19,1.26)
LV (1.14,1.20) (1.07,1.10) (1.03,1.05) (1.12,1.18) (1.07,1.10) (1.04,1.05)
NL (1.61,1.76) (1.39,1.51) (1.25,1.33) (1.38,1.53) (1.29,1.39) (1.21,1.27)
NO (1.02,1.06) (1.01,1.04) (1.01,1.02) (1.01,1.02) (1.01,1.01) (1.00,1.01)
PL (1.10,1.13) (1.05,1.06)  (1.02,1.03)  (1.04,1.09) (1.03,1.05)  (1.02,1.02)
PT (1.20,1.33) (1.12,1.20) (1.07,1.12)  (1.08,1.14) (1.05,1.09) (1.04,1.06)
RO (147,1.67) (1.31,1.42) (1.18,1.24) (1.46,1.68) (1.31,1.44) (1.19,1.27)
SI (1.02,1.04) (1.01,1.02) (1.01,1.02) (1.02,1.03) (1.01,1.02) (1.01,1.02)
SK (1.01,1.02) (1.00,1.01) (1.00,1.01) (1.01,1.01) (1.01,1.01) (1.00,1.01)
SE (1.15,1.20) (1.07,1.10)  (1.04,1.05)  (1.10,1.17) (1.06,1.09)  (1.03,1.05)
GB (1.38,1.45) (1.25,131) (1.18,1.22)  (1.29,1.39) (1.21,1.28) (1.17,1.21)

Figure 7.6a illustrates that the box plot for the Synergy Ratio in the Naive model has a

wider box for € = 0.01 than for e = 0.05 across all regions, except for the Nordic &

Baltic region. In the latter, four of the six countries with an undefined ratio are

excluded from the plot. The Nordic & Baltic region has the longest interquartile range

and the highest median Synergy Ratio, whereas the Mediterranean region has the

lowest values for both these measures. In the Storage-Enhanced model shown in

Figure 7.6b, the difference in the box length between ¢ = 0.01 and & = 0.05 is lesser

compared to Figure 7.6a. The Atlantic Maritime region has the highest median for

both of these reliability thresholds, whereas the Nordic & Baltic region has the lowest,

despite having the highest median in the Naive model.

Figure 7.7 presents the relationship between PV-wind correlation and the average

Synergy Ratio under the Storage-Enhanced model across three periods of the day.

Correlation in the early morning is measured from 05:00 to 07:00, daytime from 07:00
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FIGURE 7.6: Synergy Ratio distributions by climatological region. The left panel shows

box plots for the Naive model, and the right panel shows box plots for the Storage-

Enhanced model. Both figures have different scales. For details, see Section 7.4.3.
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FIGURE 7.7: PV-wind correlation in each period versus average Synergy Ratio in the
Storage-Enhanced model, excluding countries with a PV share below 0.5% or above
98%. Shaded bands denote 95% confidence intervals for the fitted regression lines.
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to 16:00, and late afternoon from 16:00 to 18:00. We exclude countries with PV shares
below 0.5% or above 95% since extreme scarcity of one resource renders cooperation

uninformative. Fitted regressions yield R2 = 0.39 for ¢ = 0.01 and R? = 0.32 for
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¢ = 0.05 in the late afternoon period, suggesting a weak but nontrivial association:
more negative correlations in the late afternoon are coinciding with higher synergy.
This pattern aligns with the intuition that complementarity is strongest when solar
output declines sharply while wind availability offsets the shortfall. By contrast, no
meaningful relationship between correlation and synergy is observed in the early

morning or daytime periods.

Finally, Table 7.4 reports average profits for each country under both models. As
expected, storage increases absolute profits in every case. The relative gains are very
large in countries with near-zero baseline profits in the Naive model (e.g., Estonia,
Finland, Ireland, Latvia, Slovenia,), but these numbers are inflated by the small
denominators. By contrast, in larger systems with substantial renewable capacity
(France, Greece, Italy, the United Kingdom), storage delivers more modest percentage
gains (about 110-280%) yet translates into absolute increases of several hundred
thousand euros. In other words, while small systems exhibit dramatic percentage
improvements, the most significant economic benefits in absolute terms accrue to the

larger countries.

Summarizing this sensitivity analysis, three patterns emerge. First, increasing battery
capacity raises absolute profits but reduces the incremental value of cooperation,
particularly in resource-scarce or strongly complementary systems where storage
substitutes for natural balancing. Second, storage stabilizes outcomes by reducing the
sensitivity of Synergy Ratios to reliability thresholds thereby providing more
predictable cooperative benefits. Third, correlations matter, but only partially: while
negative PV-wind correlation in the late afternoon tends to support higher synergy,
other temporal and operational factors play an equally important role. Taken together,
these findings highlight that the economic value of cooperation is not determined by
complementarity alone, but also by its interaction with storage capacity and broader
system design.

TABLE 7.4: Average profits (in thousands of US dollars) from the combined wind and

PV system under the Naive and Storage-Enhanced models for two reliability levels,

¢ € {0.01,0.05}. The ratios in parentheses show the multiplicative increase in profit
from the Naive to the Storage-Enhanced model. For details, see Section 7.4.3.

Country Naive Storage-Enhanced
e=001 ¢=0.05 e=0.01 e =0.05
AT 8.16 12.61  82.68 (10.13)  99.76 (7.91)
BE 30.61 53.07 28419 (9.28) 316.05 (5.96)
BG 9.45 15.05 67.60 (7.15)  77.59 (5.16)
CH 2.72 533  44.86(16.50)  48.66 (9.13)
Ccz 4.09 9.34 109.32(26.73) 121.19 (12.98)
DE 67215 91710 3512.92 (5.23) 3976.74 (4.34)

continued on next page. ..
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Table 7.4 (continued)
Country Naive Storage-Enhanced
e=0.01 £=0.05 e =0.01 e =0.05
DK 23.81 33.15 170.56 (7.16)  198.04 (5.97)
EE 0.03 0.08  5.76(192.00)  7.24 (90.50)
ES 550.36  624.77 1425.75(2.59) 1549.28 (2.48)
FI 0.08 0.29 19.18(239.75) 24.16 (83.31)
FR 313.82  381.75 895.10 (2.85)  978.09 (2.56)
GB 32028  425.17 1231.19 (3.84) 1359.99 (3.20)
GR 12157 13647 27429 (2.26) 291.17 (2.13)
HR 0.34 072  9.70(28.53) 10.91 (15.15)
HU 0.57 0.90 8.66 (15.19)  9.93 (11.03)
IE 0.02 0.25 48.07 (2403.50) 72.65 (290.60)
IT 563.05  667.90 1533.34 (2.72) 1632.95 (2.44)
LT 0.38 083  10.09 (26.55) 11.55 (13.92)
LU 0.48 0.89 8.34(17.38)  9.37(10.53)
LV 0.01 0.03 1.24 (124.00) 1.38 (46.00)
NL 27.18 4393 21259 (7.82) 243.07 (5.53)
NO 1.03 6.33  24.39 (23.68)  38.55(6.09)
PL 1.39 2.54 106.32 (76.49) 141.77 (55.81)
PT 44.06 49.35 183.59 (4.17) 228.16 (4.62)
RO 553 1105 119.47 (21.60) 134.11 (12.14)
SE 1.53 255  68.93(45.05) 85.21(33.42)
SI 0.06 0.66 10.41(173.50) 11.75 (17.80)
SK 1.98 406  27.85(14.07)  29.99 (7.39)

7.5 Conclusion

Our work examines the economic value of cooperation between wind and solar
producers in the European day-ahead electricity market across 28 countries, using
chance-constrained optimization models applied to the EMHIRES generation dataset.
Our analysis yields several key insights.

In the Naive setup without storage, cooperation almost uniformly outperforms
separate operation. At a relaxed reliability level (¢ = 0.05), all countries except Latvia,
Norway, Slovenia, and Slovakia achieve at least a 20% profit gain from cooperation.
These four countries have either a PV share below 0.5% or above 98%, which limits the
potential for meaningful synergy. In Estonia, Finland, and Ireland, where PV share is
less than one percent, Synergy Ratios under the stricter ¢ = 0.01 requirement are either
undefined or highly variable. By contrast, countries such as Finland, Lithuania, and
Poland achieve the largest Synergy Ratios — often above a factor of seven and
occasionally reaching values near thirty — simply because their PV shares are very
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small (below 10%), and, thus, provide strong complementarity with wind. These
findings confirm that natural negative correlation between wind and solar generation
can act as a powerful hedge against delivery risk, though the resulting profits remain
volatile when reliability constraints are tight.

In the Storage-Enhanced model (where the battery size is either the installed capacity
for each technology, or the sum of these in the joint operation case), 18 out of 28
countries show a clear cooperative benefit, with profit increases of at least 10% and up
to 50%. Since storage guarantees strictly positive profits in individual systems,
Synergy Ratios are always defined; further, confidence intervals are narrow: lower
bounds range from 1.00 to 1.39, and upper bounds from 1.00 to 1.51. This illustrates
how storage stabilizes profits and makes outcomes far less sensitive to the reliability
threshold. At the same time, the battery storage substitutes for natural balancing in
countries where one resource is negligible. Finland, Ireland, Norway, Slovakia, and
Slovenia all record ratios close to one, showing that cooperation adds little once
storage is available. In contrast, balanced systems such as Belgium, Lithuania, the
Netherlands, and Romania sustain Synergy Ratios between 1.3 and 1.5, confirming
that cooperation continues to pay off in regions with moderate negative correlations

and sufficient PV scale.

The sensitivity analysis with smaller and larger storage capacities reinforces these
patterns. When the battery capacity is reduced by 50%, 21 of 28 countries achieve at
least a 10% profit gain, with some reaching up to 70%. With a 100% increase, 16
countries show such gains. Here, we see that when the battery size is smaller, the
Synergy Ratio is larger but wider in its confidence interval, while with a larger battery
size, cooperation profit is smaller but more robust for this metric. The highest values
in this setting occur in Belgium, Bulgaria, Lithuania, Romania, and the Netherlands
(nearly all are all clustered in the Atlantic and Mediterranean regions), with PV
proportions between 9.1% and 56.1%. By contrast, Finland, Ireland, Norway, Slovakia,
and Slovenia have Synergy Ratios just above one, reflecting the lack of meaningful
contribution from either of the two resources. Together, these results show that storage
raises overall profits but redistributes the value of complementarity: it amplifies

cooperation in balanced portfolios, while crowding it out in resource-scarce systems.

Overall, our findings suggest a clear policy direction for renewable integration. In
regions where wind and solar resources are both significant and moderately
negatively correlated—especially in the late afternoon—cooperation among
independent producers can deliver stable and economically meaningful gains,
particularly when supported by appropriately sized batteries (not larger than installed
capacity). In contrast, where one resource is minimal, policymakers should prioritize
expanding renewable capacity before expecting cooperation to yield benefits. More
broadly, our results highlight that promoting coordinated bidding of complementary
renewables may be a cost-effective alternative to large-scale storage investments.
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Finally, beyond our empirical insights, our work demonstrates the versatility of
chance-constrained optimization as a framework for evaluating renewable
cooperation under uncertainty. By varying the reliability threshold ¢, this approach
quantifies the trade-off between risk and profit, offering a practical tool for both

market design and long-term planning of renewable portfolios in Europe.
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Chapter 8

Conclusions

8.1 Research Overview

This thesis addresses integer programming (IP) in two fundamental aspects of
mathematical optimization: the structure of problems and problems under
uncertainty. In the preceding chapters, we have demonstrated ways of solving
algebraic structures arising from number theory, clustering models where nonconvex
unit-norm constraints are applied, and approximation models for chance-constrained
programming in risk-seeking behavior models. The research presented in this thesis
introduces novel branch-and-bound frameworks tailored to algebraic structure
constraints (prime programs) and nonconvex geometry constraints (iterative
polyhedron approximation) for a deterministic setting. In the stochastic setting, we
proposed models opposing traditional risk-averse paradigms by formulating
risk-seeking models within a chance-constrained modeling framework together with
approximation methods. Not only are theoretical solving and modeling techniques
studied in this thesis, but applications of quadratic optimization models are also
applied to simultaneously balance fairness and accessibility in public infrastructure
planning. Additionally, the cooperation between two different renewable energy
owners is examined under chance-constrained models. These contributions deal with
data-driven decision-making that is explainable and transparent for public policy

implications.

This final chapter synthesizes these contributions, summarizing the specific
methodological advances and empirical findings of each core chapter. It further
discusses the broader implications of this work for the optimization community and

outlines a roadmap for future research.
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8.2 Summary of Research Findings

The structure of the thesis contains two primary themes within the integer
programming framework: Exact Deterministic Methods (Chapters 3-5) and
Chance-constrained Programming (Chapters 6 and 7). The key findings from each
chapter are detailed below.

8.2.1 Deterministic Optimization under Structure Models
8.2.1.1 Prime Programming: Bridging Number Theory and Optimization

In Chapter 3, we formalized the Prime Programming (PP) problem, a subclass of IP
where decision variables are restricted to the set of prime numbers IP. The formulation
represents an intersection between number theory and mathematical programming;
however, traditional optimization solvers cannot directly address this model
formulation. We developed a specialized B&B algorithm that replaces standard
integer branching with domain-specific rules. Within this special solution structure,
we introduce the “Modulo” branching strategy, which partitions the search space
based on the arithmetic progressions of primes, and variable-fixing strategies as
heuristic methods. These heuristics allowed us to solve larger instances of the
Pomerance conjecture and reduce the size of the B&B tree by an order of magnitude
compared to standard prime programming branching. Furthermore, we extend the
concept of the inference dual to PPs, which enables sensitivity analysis for
prime-constrained problems, allowing us to bound the change in the optimal objective

value under perturbations without re-solving the entire tree.

8.2.1.2 TIterative Polyhedron Approximation for Nonconvex Geometry

Chapter 4 addressed machine learning models, specifically the k-Hyperplane Clustering
(k-HC) problem, whose model structure contains nonconvex unit £,-norm constraints.
Standard convex relaxations fail for this problem because the convex hull of the unit
sphere is the unit ball, which often renders the relaxation too loose to be useful. We
propose the Iterative Polyhedron Approximation with Spatial Branch-and-Bound (IPA-SBB)
framework to avoid zero-objective solutions. The core idea of the method is to replace
the ball geometry constraint with a polyhedron, then iteratively improve the
polyhedron to be closer to the geometry of the ball. Since the method requires
branching on each facet of the polyhedron, and the constraints in each branch are
derived from the number of vertices, we first demonstrate that the n-simplex is a
perfect initial polyhedron as it has n 4 1 vertices and n + 1 facets. Next, we derive

approximation factors based on the simplex gauge, proving that the optimal value of
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the relaxed problem is bounded within a factor of 1/n? of the true optimal value.
Thirdly, we introduce the concepts of “down-extension” and “up-extension” of facets
to maintain valid linear relaxations throughout the B&B tree and a projection-based
method to iteratively improve the polyhedron, which completes the algorithm. In
terms of computation, we apply linear algebra methods to deal with numerical
instabilities along with branching settings to improve the algorithm. On both
synthetic datasets (LowDim and HighDim), IPA-SBB outperformed the default Xpress
global solver, achieving speedups and fewer nodes explored by up to two orders of
magnitude. This demonstrates the impact of the IPA-SBB algorithm in solving the
hyperplane clustering problem to global optimality. The method is also applicable to
linear classification problems, especially in the case of a low number of features (low

dimensions).

8.2.1.3 Optimizing Public Infrastructure in Hampshire

In Chapter 5, we applied structured mixed-integer quadratic programming (MIQP) to
address challenges arising from the financial management of the Household Waste
Recycling Centre (HWRC) network in Hampshire. We utilized an existing model

from Schmitt and Singh (2024) which balances accessibility and fairness in a selective
facility location-allocation model; an application involving the closure of recycling
centers in Bavaria, Germany, is examined in Schmidt and Singh (2024). We apply this
model to the context of recycling centers in Hampshire, where Hampshire has fewer
recycling centers but a higher population density compared to the Germany case.
With the available data, we compared the council’s closure plan with our model’s
optimal results. We demonstrate that our model does not increase the travel distance
significantly and ensures the utilization of facilities is within their capacities,
preventing unrealistic overcrowding at remaining facilities. Furthermore, the model’s
optimal solution for each number of closures is nested; the set of facilities closed in the
optimal solution for k closures is a strict subset of the optimal solution for k 4 1
closures. This monotonicity provides robust policy guidance, allowing the council to
implement closures sequentially without fear of future regret. The analysis shows that
the Hampshire network is resilient up to five closures, with minimal impact on
accessibility. However, beyond 12 closures, the system becomes structurally fragile,
disproportionately burdening two groups. This quantitative evidence supports a

moderate rationalization strategy over aggressive cost-cutting measures.
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8.2.2 Chance-constrained Programming
8.2.2.1 Risk-Seeking Formulations and Union Bounds

Chapter 6 shifts the focus to chance-constrained programming, where the constraint
usually enforces satisfying certain conditions with high probability while avoiding
overly conservative decisions which might be impossible in some settings. We
formulated a concept of risk-seeking modeling that reflects human decision-making,
extending to a higher level of violation tolerance. Specifically, we consider an objective
function where the risk-seeker looks for scenarios where returns are higher than
expected results by incorporating an upside potential term into the risk-seeking
model. Therefore, we introduce a model formulation within a two-stage probabilistic
constraint framework in the context of a resource allocation setting. To solve these
computationally difficult problems, we developed approximations based on the
probability of the union of events. We consider the tightest bounds, which are in the
form of the sum of individual probability terms (S1) and the sum of joint probability
terms for two, three, and four events (S, S3, S4). These bounds are obtained by solving
a linear program as in Prékopa (1988); replacing the probabilistic term with these
bounds results in bilevel linear models. We reformulate these into single-level
formulations and discretize the uncertainty into a set of possible scenarios. Then, we
apply an integer programming solver to solve the approximation models to obtain the

objective bounds.

8.2.2.2 Economic Value of Wind-Solar Complementarity

Finally, Chapter 7 applies chance-constrained programming to the European
day-ahead bidding energy market, quantifying the economic value of coordinating
wind and solar generation. Using historical data from 28 European countries, we
analyzed the correlation between wind and solar outputs. We defined a “Synergy
Ratio” to measure the profit increase gained by operating wind and solar assets as a
combined hybrid system rather than independently. We generated discrete scenarios
using ARMA forecasting techniques, then solved optimization models in two settings:
without storage and with storage. The results show that complementarity acts as a
natural substitute for battery storage, resulting in high synergy ratios. The advantages
of cooperation are reduced in the model with batteries; however, this provides higher
profits and a more predictable level of cooperation benefits. The study provides policy
recommendations to balance the levels of wind and solar generation as a key step in

obtaining such benefits.
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8.3 Synthesis of Contributions

This thesis offers advances to algorithm design, theoretical approximation, and
practical application. This research extends the B&B algorithm by creating specialized
solution approaches for integer programs, particularly via a branching rule for prime
numbers and the IPA-SBB framework for unit-norm constraints. These algorithmic
advancements tackle the intrinsic intractability of prime-number structures—in which
conventional optimization approaches frequently fail and the non-convex nature of
norm constraints, for which standard relaxation methods are typically inefficient. By
leveraging these mathematical characteristics, the presented frameworks offer
effective solutions and global optimality guarantees for these intractable problems.

This study broadens the conventional settings for chance-constrained models within
stochastic optimization. While such models are often limited to risk-averse or
risk-neutral settings, this thesis introduces risk-seeking models, which give a rigorous
mathematical framework for capturing “upside potential” and “lucky” or “greedy”
scenarios. An alternative methodology, derived from the probabilistic bounds of
union sets, was developed to solve these models; this approach establishes both valid
lower and upper bounds.

The practical applications are illustrated via case studies on recycling infrastructure
and the integration of renewable energy. This research employs optimization models
to assess the closure of recycling centers in Hampshire and the integration of wind
and solar energy throughout Europe. The identification of “fragility points” in the
Hampshire network and “synergy ratios” in the European grid provides policymakers
with actionable intelligence, demonstrating that advanced optimization could serve as

an effective tool for managing complicated public policies.

8.4 Limitations and Future Research Directions

Despite these advances, several limitations remain that define the boundaries of the

current work:

¢ Scalability in Prime Programming: While the variable-fixing heuristics allow
for the solution of larger instances, the Prime Programming algorithm in
Chapter 3 still faces exponential complexity. Future work aims to integrate
cutting plane methods for prime programs to speed up the search within the
B&B algorithm.

¢ Dimensionality in IPA-SBB: In Chapter 4, the IPA-SBB algorithm depends on

the approximation of the unit ball using polyhedra. As the dimension n grows,
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the number of nodes in the B&B tree expands exponentially. The method is
efficient for low-to-medium dimensional clustering but may incur significant
computational expenses for high-dimensional data without further
dimensionality reduction. Therefore, using dimensionality reduction methods to
find representative points, as suggested by the coreset study, is important for
achieving the global optimality of the hyperplane clustering problem in more

points and dimensions.

Model Assumptions in Public Transport: The willingness to travel mentioned
in Chapter 5 relies on historical UK commuting data gathered for general
reasons, which may not correctly represent the specific willingness to travel to a
specified recycling center. Moreover, the financial benefits from facility closures
are derived from economic model projections. In the future, developing a
generic, user-friendly repository would enable the application of these models to
other regions of the UK or foreign contexts facing similar facility consolidation
challenges. Additionally, a stochastic framework may be employed to enhance
the model formulation, beyond average waste quantities or utilization rates to

include more detailed information if it becomes available.

Static Assumptions in Energy Models: The wind-solar analysis in Chapter 7 is
based on historical data and day-ahead market frameworks. It fails to
comprehensively consider real-time market dynamics, intraday trading, or
physical transmission limitations (e.g., AC power flow), which may affect the

actual value of complementarity.
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Appendix A

Appendix for Prime Programs

A.1 Formulations for Three Toy-problems

The following three problems, which can be formulated as PPs, are inspired by
questions found on the websites cited below. This section provides prime

programming formulations of such problems.

Definition A.1. A twin prime is a prime number that is either two more or two less
than another prime number.

Problem 8. Find all consecutive twin prime pairs (x1, x1 +2) and (x2, x2 + 2) such that

x7 is smaller than the sum of the first pair.

Solution. The corresponding optimization model is:

min0 S.t.{xz >x1+4,x <2x1+4+1,x3 =x1+2,x4 = x2 +2 with x1,x0,x3,%x4 € ]P}
x
(A1)

To ensure the smallest solution pair, a variation of the problem is the following model:
min xq s.t.{xy > x1 +4,x < 2x1 + 1 with x1,x1 +2,x2,x2 +2 € P}. (A.2)
X

The solution to this model provides one feasible pair, (5,7) and (11, 13); i.e., (x], x3, X3,
x;) = (5,11,7,13). For the next solution, we add a cutting plane x; > xj + 1 and
continue this process. Repeating this process provides us several such solutions but
not necessarily all the solutions. In the first five iterations of the naive
branch-and-bound procedure we describe in Section 3.3.1 of the main text, we obtain
solutions (5,11,7,13), (11,17,13,19), (17,29,19,31), (29,41, 31,43), (41,59, 43, 61).
However, the solutions obtained from this model are not necessarily consecutive twin
prime pairs. We can verify the consecutive nature of the obtained twin primes,

(x5, x7 +2) and (x}, x5 + 2), if there exists (xo, xo + 2) € IP for some x¢ < xj3. O
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For a similar problem to Problem 8,
see https://math.stackexchange.com/q/4014554.

Definition A.2. A super prime square is a prime number, x, such that
(a1 + az + a3 + a4) /6 is prime for some ay, ..., a4 € Z" and x + a; is also a prime
number foralli =1,...,4.

Problem 9. Find the largest super prime square.

Solution. The corresponding optimization model is:

max xg s.t.{6x0 =a1+a;+az+4as, X1 = Xg+4a1,X2 = Xg+4a2,X3 = Xg+4a3,X4 = Xg + a4,
x,a

X0 >x1+1,x3 > x0+1,x4 > x3+1 with xo,x1,...,x4 €Pand ay,...,a4 € Z}.
(A3)

To ensure the model is bounded, we need an upper bound for the variables. When the
upper bound is set to 10°, the solution to this model (using the branch-and-bound
method we present in Section 3.3.1) provides one feasible tuple,

(x5, x7, x5, x5, x5, a5, a5,a%,a;) = (3947,9973,9967,9781, 9749, 6026, 6020, 5834, 5802)
with the solution to the problem as x;j = 3947. Similarly, we obtain x; = 39727 and

x}; = 399853 when the upper bounds are set to 10° and 107, respectively. It is possible
that there are infinitely many solutions. If that is the case, there is no largest super
prime square. O

For a similar problem to Problem 9,
see https://math.stackexchange.com/q/2515549.

Definition A.3. A sexy prime pair is a pair of prime numbers differing by 6.

Problem 10. Find the largest sexy prime pair (x, x + 6), such that their sum is divisible
by 10.

Solution. The corresponding optimization model is:
max x1 s.t.{2x1 + 6 = 10z, x = x1 + 6 with x1,x, € P and z € Z*}. (A.4)
X,z

Again, an upper bound for variables is needed to ensure the model is bounded. To
simplify the model, we observe that if 2x + 6 = 0 mod 10, then x = 2,7 mod 10.
Since x and x + 6 are primes, x must be of the form x = 10a + 7 for some a € Z*. The
simplified model is: max,, x1 s.t.{x; = 10a + 7, x, = x1 + 6 with x1, x, € P and

a € ZT}. When the upper bound is set to 10°, the solution to this model provides one
feasible tuple, (x7,x3,a*) = (99817,99823,9981) with the sexy prime pair
(99817,99823). Similarly, we obtain a sexy prime pair (998737,998743) and
(9999937,9999943) when the upper bound is set to 10 and 107, respectively. It is


https://math.stackexchange.com/q/4014554
https://math.stackexchange.com/q/2515549
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possible that there are infinitely many solutions. If that is the case, there is no largest

such sexy prime pair. O

For a similar problem to Problem 10,
see https://math.stackexchange.com/q/3230707.

A.2 Proof of Sensitivity Analysis for PP

In this section we provide a proof of Theorem 3.1 of the main text. The proof mirrors
the proof given in Dawande and Hooker (2000) with the key difference that the
original work is for mixed-integer programs while ours considers prime programs.
The central idea is to derive sufficient conditions that ensure z* — A < z}. These
conditions are informed by determining a set of infeasible (or, violated) inequalities,
that the authors term as “surrogate inequalities”, at each of the leaf nodes. To this end,
we first drop both the prime number as well as the integer restrictions on the x
variables of model (3.14). Then, the following relaxed model is solved at each node of
the branch-and-bound tree.

rnxin cx (A.5a)
st. Ax >0, (A.5b)
Cx>d, (A.5¢)
0<x<M. (A.5d)

Here, Cx > d denotes the branching cuts at each node where a variable x; has a
non-prime value, v. The left and right child nodes have branching cuts of the form
xj < v, and x; > p,, respectively. In constraint (A.5d), the bound of x variable is
relaxed to between 0 and M; where we can write the model with an additional
constraint x; > 2 foralli = 1,...,n combined within the constraints (A.5c). Then,
model (A.5) has the same structure as the relaxed model (17) employed in Dawande
and Hooker (2000); hence, except for the branching rules of prime programs and
mixed-integer programs, the surrogate inequalities at leaf nodes follow directly. Let
(A, u,v) be the non-negative dual multipliers of constraints (A.5b)-(A.5d), respectively.
The following surrogate inequalities for model (A.5) directly result from Dawande
and Hooker (2000).

(i) For infeasible leaf nodes, the surrogate inequality is (AA)x > Ab.

(ii) For leaf nodes pruned by optimality, the surrogate inequality is
(AA —c)x > Ab — 2 + A + €, where 2 is the node’s objective function value.


https://math.stackexchange.com/q/3230707
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(iii) For leaf nodes pruned by bound, the surrogate inequality is
p y & q y
(AMA —c)x > Ab — z + A + €, where Z is the incumbent value of the objective

function so far.

At node p, consider
xj € [v;, 9] NP, j=1,...,n, (A.6)

where v, 7 are prime numbers between 2 and M. We now define the following values

as in Section 3.3.3,

€, AFPA, AP A, : if the node is pruned by infeasibility,
Zp = \Zp — A, P = APA—¢, gy = S APAs —cs, - if the node is pruned by optimality,
er,IB — A, APA —c, APAs —c5, :if the node is pruned by bound.

Then, the surrogate inequality at node p is g"x > APb — z, + €. The corresponding
perturbed surrogate inequality is then of the form (g7 + g5 )x > AP(b+bs) —z, + €.
We now derive sufficient conditions such that the perturbed inequality remains
infeasible for each leaf node.

Lemma A4. Let x; € [v;, 0] NP, j = 1,...,n, and consider a correspondingly infeasible
surrogate inequality gF x > APb — z,, + €. Then, the perturbed inequality

(97 + q5)x > AP(b+ bs) — z, + € remains infeasible if and only if there exist g7, . . ., gl such
that

n
Y. (47 +45,)0+7 (0 —v))) <AP(b+1b5) =z +e (A.7a)
=1

7 >q v, 0,20, j=1,..n (A7b)

Proof. This result is based on Lemma 2 of Dawande and Hooker (2000). The largest
possible value of (g7 + q%)x is as given by the following quantity:

Y. @ +ai)o+ Y (qf +45)0; (A.8)

jua +45,<0 jia} +45;>0

—> Assume that the inequality (g7 + g} )x > AP(b + bs) — z), + € is infeasible. Let
qf = max{qf + qgj,O} for j = 1,...,n which satisfies equation (A.7b). We have:
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n
Y ((af +a5o+a(5—v)) = ), (@ +a)y+ ) (@ +a5)y

j=1 jia; +45 <0 j:a; +45,>0

+ ) @+ qgj)(z_’j — 1)
f:LIf+‘7§j>O

= Y, @+apy+ Y @ +a5)9

jia} +45 <0 jaf +45;>0

< AP(b+bs) —zp+e,

where the last inequality holds since the inequality assumed is infeasible, and the
preceding expression is its largest term. Hence, equation (A.7) is satisfied.

<= Now, assume that there exist qf S, Z]ﬁ satisfying (A.7). Then,

AP (b+bs) —zp+ > Y (47 +45)0+ ! (2 — 1))
j=1

™=

>y @ +aiy+ Y (@) +45) -
j=1 j:q]’.’+q§j>0

_ PP PP g

= ) (%’""%]’)Qj""pzp (97 +45,)7;
j:a; +45 <0 j:a; +45,>0

> (" +qf)x.
Hence, the inequality (g7 + g} )x > AP (b + bs) — z, + € is infeasible. O

Lemma A.4 completes the proof of Theorem 3.1.

A.3 Example of Sensitivity Analysis for Prime Programming

In this section, we present an additional example of sensitivity analysis for the prime

program, specifically in relation to the Goldbach conjecture.

Problem 11. Find the largest prime number, x1, satisfying the condition
2k 42 = x1 + xp for a given k € Z" where x, € P.

The following PP formulates this problem with k = 499.

z"=min —x; (A.9a)
s.t x1 + x2 > 1000, (A.9Db)
—x1 — xp > —1000, (A.9¢)

X1,X2 € [2, M] NP. (A9d)



164 Chapter A. Appendix for Prime Programs

FIGURE A.1: Enumeration tree for the prime branch-and-bound procedure applied to

model (A.9). The two nodes marked in white are leaf nodes that are pruned below

for reasons indicated, while the other node is further branched on. For details, see
Section 3.3.1.

= [998,2]
1
X, <997 7\ x; 21009

L/ 4
x = [997,3]
z = =997 pruned by
pruned by infeasibility
optimality

We consider a perturbation of the right hand side with bs = [ks, —ks] for even ks. In
this case, the enumeration tree of the branch-and-bound procedure described in
Section 3.3.1 of the main text contains three nodes as in Fig. A.1. For additional details,

see Section 3.3.3 of the main text.

(i) Consider node 2. We have x? = [2,2], % = [997, M],z%> = —997 — A, A*> = [0,0].
Then, 4> = [1,0],43 = [0,0]. In order to satisfy the sufficient conditions of
Theorem 3.1 at this node, we require a solution 3, 73 such that
24995727 + (M —2)7% <997 + Aand 37 > 1,73 > 0. By setting 72,335 = [1,0] we

obtain A > 0.
(ii) Consider node 3. We have x* = [1009,2],x* = [M, M],z% = ¢, A% = [0,1]. Then,
7> = [-1,-1],43 = [0,0]. In order to satisfy the sufficient conditions of

Theorem 3.1 at this node, we require a solution ‘71/ qz such that
—1011 + (M — 1009)73 + (M — 2)g5 < —1000 — ks — e and 73,35 > 0. By setting
73,33 = [0,0] we obtain ks < 11 — .

The optimal solution of model (A.9) is x* = [997, 3]. Thus, we conclude that
z; > —997 — Aholds for all A > 0if ks = {2,4,6,8,10}; i.e., the optimal value of x for
the perturbation of model (A.9) does not exceed 997.

Unlike Problem 7 of the main text, enumerating all the possibilities requires checking
all prime numbers below 997 (there are 167 such numbers). However, consider ks = 2
and the corresponding optimization model: max, x; s.t.{x; + xo = 1002 with

x1, %2 € IP}. From our results of the sensitivity analysis above, we begin directly with
x1 = 997. Then, [x1, x2] = [997, 5] is feasible, and, hence optimal. Similarly, for

ks = 4,8,10 we obtain the optimal solution in the first computation itself. For ks = 6
the corresponding optimization model, max, x1 s.t.{x; + x = 1006 with xq,x, € P}, is

infeasible for x; = 997. In the second computation, we test x; = 991; i.e., the prime
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immediately smaller than 997. The problem is still infeasible. However, in the third
iteration, we have x; = 983 and obtain an solution [x1, xp] = [983,23]. Thus, we
require at most three additional computations and there is no need to solve another
optimization model. In contrast, the branch-and-bound tree for this instance of
model (A.9) has 11 nodes.

A.4 Numerical Results for Linear Equations in Primes

Example A.1. An illustration of the benefit of increasing the allowed time limit for solving
model (3.28).

Consider an instance of model (3.28) solved with Routine 2 with n = 8, M = 3000
and a time limit of 300 seconds. With both the Naive strategy and the Modulo
strategy with arg = 11, the instance neither obtains a feasible solution nor proves
infeasibility within the considered time limit. However, increasing the time limit to
7200 and 600 seconds, respectively, provides feasible solutions. Feasible solutions
are obtained relatively quickly for the Modulo strategy with arg = 1,5,7.

Example A.2. An illustration of the computational benefit from using the three enhanced
variable fixing strategies of Routine 1 over the Naive fixing strategy.

Consider an instance of model (3.28) with n = 8 and M = 3000 solved using the
Naive branching strategy . The Naive fixing strategy takes 821 seconds to solve
this instance (see Table 3.1). Now, consider the known solution, X, for n = 7 with
x = [5,17,41,101,257,461,521] as an input for Routine 2.

(i) Inthe SelectAll strategy, the first seven components are fixed; i.e., x = X.
Here, the instance’s infeasibility is determined practically instantly. However,
increasing M to 10000 provides a feasible solution in practically no extra time:
[5,17,41,101,257,461,521,4157]. This reduces the computational time from 821
seconds to only 82 seconds; the latter is the computational time to obtain the
n = 7 solution (see Table 3.1).

(ii) In the ExcludeOne strategy with | = 6, we have six elements fixed. Then, we
have x = [5,17,41,101, 257,521, ¢, $]. A feasible solution is determined in no
time: [5,17,41,101,257,521,761,881]. This again reduces the computational
time to 82 seconds, which is the time required for the n = 7 solution.

(iii) In the ExcludeTwo strategy with (I1,1) = (6,7), we have 5 elements fixed.
Then, we have ¥ = [5,17,41,101,257]. A feasible solution is obtained in only an
additional second: x = [5,17,41,101, 257,521,761, 881]. The computational
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time is again reduced from 821 seconds of a Naive strategy (see Table 3.1) to 83

seconds; this includes 82 seconds to obtain the n = 7 solution.

O]

Example A.3. An illustration of the computational benefit from using the Modulo branching
strategy of Routine 2 over the Naive branching strategy.

Consider an instance of model (3.28) with n = 8 and M = 3000 solved using the
Naive fixing strategy . The Naive branching strategy takes 821 seconds to solve
this instance (see Table 3.1).

(i) With the Modulo strategy and arg = 1, the instance is proven infeasible in 88
seconds. However, increasing M to 10000 provides a different feasible solution,
[13,73,181,241,373,1693, 1801, 1861], in only two seconds.

(ii) With the Modulo strategy and arg = 5, the same feasible solution as the Naive
strategy is found in 37 seconds.

(iii) With the Modulo strategy and arg = 7, the instance is proven infeasible in 246
seconds. However, increasing M to 10000 provides another feasible solution,
[7,19,67,139,607,859,907,1699], in only two seconds.

(iv) With the Modulo strategy and arg = 11, the instance is proven infeasible in 195
seconds. However, increasing M to 10000 provides another feasible solution,
[11,23,71,191,1103,1871, 2543, 7043], in 144 seconds.

The following tables present the numerical results obtained from Algorithm 3 using
different fixing and branching strategies, each with an appropriate time limit for
different values of n. All models yield solutions practically instantaneously for n = 5.
The tables depict the computational time for each strategy for n = 6 to 10; the row
with the lowest computation time for each branching strategy is highlighted in bold.
For instances that cannot obtain a solution or report infeasibility within a given time
limit, we report as “Intractable”. The results of the algorithm with the inputs n = 11;
M; =1000fori=1,...,n;, T = 6000; t = 3000; « = 0.2 are not shown here since all
except two cases are intractable. These two cases are the SelectAll fixing strategy
with the Modulo branching strategy arguments of 5 and 7 respectively; they yield
solutions [5,17,881,1181,1637,14957,24197,131297, 184721, 6353021, 69739337] and
[7,19,907,1699,1747,3967, 4759, 16519, 23167, 4891507, 13542967] with a computation
time of 3772 and 664 seconds, respectively. Our algorithm is unable to find a solution
or report infeasibility in 6000 seconds for n = 12. For details, see Section 3.5.3 of the
main text.
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TABLE A.1: Computational results for solving model (3.28) using the fixing strategies
in Routine 1 and branching strategies in Routine 2. Inputs in Algorithm 3 are n = 5;
M; = 1000 fori =1,...,n; T = 600; t = 300; « = 0.2. All instances obtain a solution

immediately.
Strategy Solution
Branching Fixing
name  arg name arg
Naive ¢ Naive ¢ [3,7,19,139, 859]
SelectAll ¢ [3,7,919, 2179, 4159]
ExcludeOne [1] [67,127, 607, 631, 1867]
[2] [3, 1123, 1483, 2383, 4219]
[3] [3,7,859,1279, 4219]
[4] [3,7,919, 2179, 4159]
ExcludeTwo [1,2] | [1579,1987, 1999, 2287, 4639]

]

[1,3] [43, 823, 883, 1051, 1423]

[1,4] [67,127,151, 331, 547]

[2,3] [3, 139, 223, 523, 619]

[2,4] [3,1123, 1279, 1303, 2203]

[3, 4] [3,7,19,139, 859]

Modulo 1 Naive ¢ [13, 61, 73, 241, 853]

SelectAll ¢ [13,853,1129, 1213, 2113]
ExcludeOne 1] [1321, 1621, 1873, 3001, 4813]

[

2] [13,1129, 1213, 2113, 2389]

3] [13, 853, 1213, 1753, 2113]
[4] [13, 853, 1129, 1213, 2389]

ExcludeTwo [1,2 [241, 373, 601, 853, 1381]

]
[1,3] | [1237,1621, 1861, 3457, 4597]
[1,4] | [1321,1621,1777,3001, 3457]
[2,3] [13,241, 373, 601, 853]
[2, 4] [13,1129, 1213, 2113, 2389]
[3, 4] [13, 853, 1453, 1489, 1609]
Modulo 5 Naive ¢ [5,17,29, 89, 449]
SelectAll ¢ [5,17,881, 1181, 1637]
ExcludeOne [1] [1229, 1637, 2777, 2897, 2909]
[2] [5,53, 89,113, 929]
[3] [5,17,509, 617, 1109]
[4] [5,17,881, 1181, 1637]

ExcludeTwo [1,2 [89, 113, 389, 449, 1433]

]
[1,3] | [1361,1637,2417,3257,3461]
[1,4] | [1229,1637,2417,2897,2909]
[2,3] [5, 89,113, 269, 929]
[2,4] [5, 53, 89,929, 953]
3, 4] [5,17, 29, 89, 449]
Modulo 7 Naive ¢ [7,19,67,127,607]
SelectAll ¢ [7,19,907, 1699, 1747]
ExcludeOne [1] [1087, 2011, 2467, 3691, 4987]
2] [7,967, 1279, 3307, 3727]
[3] [7,19,907, 1699, 1747]
[4] [7,19,907, 1699, 1747]
ExcludeTwo [1,2] | [1231,1327,1531, 1567, 1987]
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Table A.1 - Continued from previous page

Strategy Solution
Branching Fixing
name  arg name arg
[1,3] | [1447,1867,1879, 3499, 3559]
[1,4] | [1087,2011, 2251, 2311, 3691]
[2,3] [7,127,151, 271, 547]
[2,4] [7,967,1531, 2131, 3571]
[3, 4] [7,19, 67, 859, 907]
Modulo 11 Naive ¢ [11, 23,71, 191, 443]
SelectAll ¢ [11, 23,911, 1283, 2711]
ExcludeOne 1] [1223, 1979, 2243, 2939, 3083]

2] [11, 1031, 1187, 1931, 2207]
3] [11, 23,911, 1283, 2843]
4] [11, 23,911, 1283, 2843]
ExcludeTwo [1,2 [191, 827, 947, 2027, 2447]

]
[1,3] | [1223,2243, 2423, 2999, 3083]
[1,4] | [1223,1979, 2243, 2939, 3083]
[2,3] [11, 911, 947, 1607, 1667]
[2,4] | [11,1031,1163, 1583, 2111]
]

[11, 23,71, 191, 443]
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TABLE A.2: Computational results for solving model (3.28) using the fixing strategies
in Routine 1 and the branching strategies in Routine 2. Inputs in Algorithm 3 are
n=6; M; =1000fori=1,...,n; T = 3000; t = 600; « = 0.2.

Strategy

. L. Solution Time (s)
Branching Fixing ‘
name  arg name arg
Naive ¢ Naive ¢ [3,11, 23,71, 191, 443] 120
SelectAll ¢ [3,7,919, 2179, 4159, 13399] 1
ExcludeOne [1] [127, 607, 631, 1867, 8971, 10267] 21
[2] [3, 1483, 2383, 4219, 6823, 13723] 18
[3] [3,7,1279, 4219, 7159, 8179] 13
[4] [3,7,919, 4159, 13399, 37039] 255
[5] [3,7,919, 2179, 4159, 13399] 36
ExcludeTwo [1,2] | [1999, 2287, 4639, 6199, 9007, 10459] 74
[1, 3] [823, 1051, 1423, 2083, 2143, 4951] 22
[1,4] [127,151, 547, 607, 1951, 2791] 22
[1,5] [127, 607, 631, 3931, 6007, 8971] 443
[2,3] [3,523, 619, 859, 1723, 2719] 16
[2,4] [3,1279, 2203, 3163, 3463, 4423] 15
[2, 5] [3, 1483, 2383, 2551, 4051, 6163] 13
[3, 4] [3,7,859, 1279, 4219, 8179] 149
[3, 5] [3,7,1279, 4759, 5179, 8179] 228
[4, 5] [3,7,919, 2179, 4159, 13399] 716
Modulo 1 Naive ¢ [13, 61,73, 241, 601, 853] 2
SelectAll ¢ [13,853, 1129, 1213, 2113, 2389] 0
ExcludeOne [1] [1621, 1873, 3001, 4813, 5521, 21313] 8
[2] [13,1213, 2113, 2389, 9013, 15493] 9
[3] [13, 853, 1753, 2113, 3121, 4021] 1
[4] [13, 853, 1129, 2389, 3049, 3313] 1
[5] [13,853, 1129, 1213, 2113, 2389] 0
ExcludeTwo [1,2] [601, 853, 1381, 2341, 2593, 3121] 2
[1, 3] [1621, 3457, 4597, 5641, 5857, 7417] 7
[1,4] [1621,1777, 3457, 4597, 5641, 7417] 5
[1,5] | [1621,1873,3001,9433, 10141, 11593] 39
[2,3] [13, 601, 853, 1213, 3373, 4021] 5
[2,4] [13,1213, 2389, 2953, 3049, 3733] 1
[2, 5] [13, 1213, 2113, 2293, 2389, 7333] 10
[3, 4] [13, 853, 1609, 2053, 2113, 2389] 1
[3, 5] [13,853,1753,2113, 3121, 4021] 2
[4, 5] [13,853, 1129, 1213, 2113, 2389] 0
Modulo 5 Naive ¢ [5,17, 41,101, 257, 461] 0
SelectAll ¢ [5,17,881, 1181, 1637, 14957] 1
ExcludeOne [1] [1637,2777,2897,2909, 3917, 6389] 2
[2] [5, 89,113, 929, 1193, 1949] 0
[3] [5,17,617,1109, 1277, 1709] 0
[4] [5,17, 881, 1637, 2357, 4877] 1
[5] [5,17,881, 1181, 9281, 11717] 7
ExcludeTwo [1,2] [389, 449, 1433, 3413, 3833, 5009] 4
[1,3] | [1637,3257,3461, 4637, 5441, 10457] 12
[1,4] [1637,2417,2909, 3917, 6257, 6869] 7
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Table A.2 — Continued from previous page

. Strategy L. Solution Time (s)
Branching Fixing ‘

name  arg name arg

[1,5] | [1637,2777,2897,3821, 4001, 4157] 1

[2,3] [5, 269, 929, 1277, 1949, 2897] 1

[2,4] [5, 89,953, 1109, 4133, 6653] 12

[2,5] [5, 89, 113, 389, 449, 1433] 1

[3, 4] [5, 17,449, 509, 1877, 4817] 6

[3, 5] [5,17,617,1109, 1277, 1709] 1

[4, 5] [5,17, 881, 1301, 2861, 3797] 4

Modulo 7 Naive ¢ [7,19, 67,127, 547, 607] 0

SelectAll ¢ [7,19,907, 1699, 1747, 3967] 0

ExcludeOne  [1] | [2011, 2467, 3691, 4987, 13567, 28771] 21

[2] [7,1279, 3307, 3727, 4159, 5407] 1

[3] [7,19, 1699, 1747, 3967, 4759] 1

[4] [7, 19,907, 1747, 3967, 4759] 1

[5] [7,19,907, 1699, 1747, 3967] 1

ExcludeTwo [1,2] | [1531,1567,1987,2791, 3547, 3847] 2

[1,3] | [1867,3499, 3559, 3727, 4759, 8179] 7

[1,4] | [2011,2251, 3691, 4363, 5443, 7963] 6

[1,5] | [2011,2467,3691, 6211, 6247, 11887] 25

[2,3] [7,271,547, 607,967, 2791] 2

[2,4] [7,1531, 3571, 3967, 6991, 8191] 7

[2,5] [7,1279, 3307, 3727, 4159, 5407] 2

[3, 4] [7,19,907, 1699, 1747, 3967] 6

[3, 5] [7,19, 1699, 2887, 3727, 3739] 3

[4, 5] [7,19,907, 1699, 1747, 3967] 6

Modulo 11 Naive ¢ [11,23, 83, 251, 443, 683] 0

SelectAll ¢ [11,23,911, 1283, 2711, 2843] 0

ExcludeOne  [1] [1979, 2243, 2939, 3083, 4919, 5099] 1

[2] [11,1187, 1931, 2207, 5147, 5231] 1

[3] [11, 23,1283, 2843, 3203, 12611] 4

[4] [11,23,911, 2843, 4691, 5903] 1

[5] [11,23,911, 1283, 2711, 2843] 0

ExcludeTwo [1,2] [947, 2027, 2447, 4211, 5867, 5987] 5

[1,3] | [2243,2999, 3083, 5903, 6299, 7703] 6

[1,4] | [1979,2243, 3083, 4679, 4919, 5099] 2

[1,5] | [1979,2243,2939, 3083, 4919, 5099] 2

[2,3] [11, 1607, 1667, 2087, 2591, 3011] 1

[2,4] [11, 1163, 2111, 2843, 5903, 7823] 10

[2,5] [11,1187, 1931, 2207, 5147, 5231] 3

[3, 4] [11, 23, 443, 491, 683, 911] 0

[3, 5] [11, 23,1283, 2711, 2843, 3203] 2

[4, 5] [11,23,911, 1283, 2711, 2843] 1
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TABLE A.3: Computational results for solving model (3.28) using the fixing strategies
in Routine 1 and the branching strategies in Routine 2. Inputs in Algorithm 3 are
n=7,M;=1000fori=1,...,n; T = 3000; t = 600; « = 0.2.

Strategy ) .
. . Solution Time (s)
Branching Fixing ‘
name  arg name arg
Naive ¢ Naive ¢ [5,17,41, 101, 257, 461, 521] 243
SelectAll ¢ [3,7,919, 2179, 4159, 13399, 37039] 4
ExcludeOne [1] [607, 631, 1867, 8971, 10267, 10687, 24151] 42
[2] [3, 2383, 4219, 6823, 13723, 14083, 25639] 29
[3] [3,7,4219, 7159, 8179, 10039, 20599] 36
[4] [3,7,919, 13399, 37039, 44179, 191599] 2940
[5] Intractable 3000
[6] [3,7,919, 2179, 4159, 13399, 37039] 167
ExcludeTwo [1,2] | [4639, 6199,9007, 10459, 18127, 21379, 37987] 942
[1,3] | [1051,2083,2143,4951, 13063, 33331, 39043] 2077
[1,4] [151, 547, 1951, 2791, 6091, 6451, 8167] 60
[1, 5] [607, 631, 3931, 8971, 10687, 10771, 11047] 455
[1, 6] [607, 631, 1867, 8971, 10267, 10687, 24151] 600
[2, 3] [3, 859, 1723, 2719, 4219, 5503, 8179] 69
[2, 4] [3,2203, 3463, 4423, 14419, 21943, 25219] 1424
[2,5] [3,2383,2551, 6163, 8263, 8311, 15091] 253
[2, 6] [3, 2383, 4219, 6823, 10039, 20599, 25903] 318
[3, 4] [3,7,4219, 8179, 10039, 20599, 29179] 1352
[3, 5] Intractable 3000
[3, 6] [3,7,4219, 7159, 8179, 10039, 20599] 422
[4, 5] Intractable 3000
[4, 6] Intractable 3000
[5, 6] [3,7,919, 2179, 4159, 37039, 42379] 3372
Modulo 1 Naive ¢ [73,241, 601, 853, 1021, 1213, 1381] 367
SelectAll ¢ [13, 853, 1129, 1213, 2113, 2389, 7333] 1
ExcludeOne [1] [1873, 3001, 4813, 5521, 21313, 42433, 68053] 79
[2] [13,2113, 2389, 9013, 15493, 18913, 72613] 87
[3] [13, 853, 2113, 3121, 4021, 9973, 21661] 11
[4] [13, 853, 1129, 3049, 3313, 7993, 10009] 3
[5] [13, 853, 1129, 1213, 2389, 3049, 20593] 10
[6] [13,853, 1129, 1213, 2113, 2389, 7333] 2
ExcludeTwo [1,2] [1381, 2341, 2593, 3121, 8521, 9733, 12613] 22
[1,3] | [3457,5641,5857,7417,11821, 36637, 37321] 207
[1, 4] [1777,3457, 5641, 7417, 9337, 23197, 24061] 102
[1,5] | [1873,3001, 9433, 11593, 21313, 23293, 23833] 94
[1, 6] [1873,3001, 4813, 5521, 5881, 7333, 21313] 12
[2,3] [13, 1213, 3373, 4021, 6673, 9901, 14653] 38
[2, 4] [13, 2389, 3049, 3733, 9109, 18253, 20593] 86
[2, 5] [13,2113, 2293, 7333, 11353, 16573, 17449] 53
[2, 6] [13, 2113, 2389, 9013, 19429, 21529, 36973] 143
[3, 4] [13, 853, 2113, 2389, 3313, 6733, 9013] 18
[3, 5] [13, 853, 2113, 4021, 8713, 9973, 21661] 97
[3, 6] [13, 853,2113, 3121, 3313, 9013, 11701] 23
[4, 5] [13, 853, 1129, 2389, 3049, 3313, 10009] 19
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Table A.3 — Continued from previous page

. Strategy .. Solution Time (s)
Branching Fixing ‘
name  arg name arg
[4, 6] [13, 853, 1129, 3049, 3313, 7993, 10009] 16
[5, 6] [13, 853, 1129, 1213, 2113, 2389, 7333] 12
Modulo 5 Naive ¢ [5,17,41, 101, 257, 461, 521] 2
SelectAll ¢ [5,17,881, 1181, 1637, 14957, 24197] 2
ExcludeOne  [1] [2777,2897, 2909, 3917, 6389, 44357, 49937] 87
[2] [5, 113, 929, 1193, 1949, 8669, 29333] 28
[3] [5,17,1109, 1277, 1709, 16217, 16229] 12
[4] [5,17, 881, 2357, 4877, 28097, 48821] 92
[5] [5,17,881, 1181, 11717, 14957, 24197] 12
[6] [5,17, 881, 1181, 1637, 14957, 24197] 18
ExcludeTwo [1,2] [1433, 3413, 3833, 5009, 6329, 14249, 15149] 34
[1,3] | [3257,4637,5441, 10457, 18521, 19841, 27281] 173
[1,4] [2417, 2909, 6257, 6869, 9377, 16529, 20897] 57
[1,5] | [2777,2897,3821, 4157,19001, 24821, 54101] 1028
[1, 6] [2777,2897, 2909, 3917, 6689, 12269, 23189] 77
[2,3] [5, 1277, 1949, 2897, 6977, 8669, 14489] 52
[2,4] [5, 953, 4133, 6653, 9833, 19433, 23549] 89
[2,5] [5, 113, 389, 1433, 1709, 6269, 6329] 7
[2, 6] [5, 113, 929, 1193, 5309, 7589, 14969] 73
[3, 4] [5,17,1877, 4817, 13121, 14897, 20261] 93
[3, 5] [5,17,1109, 1709, 2969, 10949, 11597] 16
[3, 6] [5,17,1109, 1277, 1889, 10457, 15749] 70
[4, 5] [5, 17,881, 3797, 7817, 10457, 11717] 33
[4, 6] [5, 17,881, 2357, 7817, 19697, 44537] 625
[5, 6] [5,17,881, 1181, 9281, 11717, 14957] 53
Modulo 7 Naive ¢ [7,19, 67,139, 607, 859, 907] 4
SelectAll ¢ [7,19,907, 1699, 1747, 3967, 4759] 0
ExcludeOne  [1] [2467, 3691, 4987, 13567, 28771, 45307, 75211] 69
[2] [7, 3307, 3727, 4159, 5407, 27127, 39727] 51
[3] [7,19, 1747, 3967, 4759, 8707, 16519] 7
[4] [7, 19,907, 3967, 4759, 15427, 16519] 9
[5] [7,19,907, 1699, 3967, 4759, 15427]
[6] [7,19,907, 1699, 1747, 3967, 4759]
ExcludeTwo [1,2] [1987, 2791, 3547, 3847, 8167, 8887, 9511] 15
[1,3] | [3499,3727,4759, 8179, 25087, 30259, 38839] 238
[1,4] | [2251, 3691, 5443, 7963, 10303, 25171, 31723] 87
[1,5] | [2467,3691, 6211, 11887, 25147, 27091, 33391] 218
[1,6] | [2467,3691, 4987, 13567, 20407, 21211, 56731] 246
[2,3] [7,607,967,2791, 6451, 14407, 30871] 119
[2,4] [7,3571, 6991, 8191, 10687, 12547, 14071] 22
[2, 5] [7, 3307, 3727, 5407, 8179, 10039, 13399] 18
[2, 6] [7,3307,3727, 4159, 14479, 20599, 21019] 79
[3, 4] [7,19, 1747, 3967, 5347, 8707, 12739] 36
[3, 5] [7,19, 2887, 3739, 11467, 27739, 74719] 2214
[3, 6] [7,19, 1747, 3967, 5347, 8707, 12739] 30
[4, 5] [7, 19,907, 3967, 4759, 15427, 16519] 79
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Table A.3 — Continued from previous page

. Strategy .. Solution Time (s)
Branching Fixing ‘
name  arg name arg
[4, 6] [7, 19,907, 3967, 4759, 15427, 16519] 73
[5, 6] [7,19,907, 1699, 1747, 3967, 4759] 2
Modulo 11 Naive ¢ [23,179, 359, 443, 599, 683, 839] 68
SelectAll ¢ [11,23,911, 1283, 2711, 2843, 3803] 0
ExcludeOne  [1] [2243, 2939, 3083, 4919, 5099, 9323, 21563] 9
[2] [11,1931, 2207, 5147, 5231, 8171, 9767] 3
[3] [11, 23, 2843, 3203, 12611, 83003, 91631] 208
[4] [11, 23,911, 4691, 5903, 6491, 27743] 17
[5] [11,23,911, 1283, 2843, 5903, 12611] 6
[6] [11, 23,911, 1283, 2711, 2843, 3803] 1
ExcludeTwo [1,2] [2447, 4211, 5867, 5987, 9311, 13007, 47387] 909
[1,3] | [2999, 5903, 6299, 7703, 20939, 24419, 25643] 182
[1,4] [2243, 3083, 4919, 5099, 8219, 10739, 24419] 96
[1,5] [2243, 2939, 3083, 5099, 5903, 11483, 44879] 305
[1, 6] [2243, 2939, 3083, 4919, 5099, 9323, 21563] 89
[2,3] [11,2087, 2591, 3011, 15107, 20147, 22787] 108
[2,4] [11, 2111, 5903, 7823, 8663, 9851, 15791] 16
[2,5] [11, 1931, 2207, 5231, 5387, 6491, 8171] 4
[2, 6] [11,1931, 2207, 5147, 5231, 8171, 9767] 9
[3, 4] [11, 23, 683, 911, 1283, 2711, 3803] 3
[3, 5] [11, 23,2711, 3203, 4691, 9923, 12503] 17
[3, 6] [11, 23,2843, 3203, 4691, 17483, 24971] 159
[4,5] [11, 23,911, 2843, 3803, 24971, 28631] 199
[4, 6] [11, 23,911, 4691, 6491, 6911, 26891] 174
[5, 6] [11, 23,911, 1283, 2711, 2843, 3803] 1
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TABLE A.4: Computational results for solving model (3.28) using either fixing strategy
in Routine 1 or branching strategy in Routine 2. Inputs in Algorithm 3 are n = 8;
M; =1000fori=1,...,n; T = 3000; t = 600; &« = 0.2.

Strategy ) .
. L. Solution Time (s)
Branching Fixing ‘
name  arg name arg
Naive ¢ Naive ¢ Intractable 3000
SelectAll ¢ [3,7,919, 2179, 4159, 13399, 37039, 301759] 25
ExcludeOne [1] Intractable 3000
[2] [3,4219, 6823, 13723, 14083, 25639, 25903, 40039] 44
[3] [3,7,7159, 8179, 10039, 20599, 22699, 29179] 42
[4] Intractable 3000
[5] Intractable 3000
[6] Intractable 3000
[7] Intractable 3000
ExcludeTwo [1,2] Intractable 3000
[1,3] Intractable 3000
[1, 4] Intractable 3000
[1, 5] [631, 3931, 8971, 10771, 11047, 11827, 18691, 27367] 996
[1, 6] Intractable 3000
[1,7] Intractable 3000
[2,3] [3,2719, 4219, 5503, 8179, 16843, 23623, 27763] 777
[2, 4] Intractable 3000
[2, 5] Intractable 3000
[2, 6] Intractable 3000
[2,7] [3,4219, 6823, 13723, 14083, 22543, 25639, 25903] 321
[3, 4] Intractable 3000
[3, 5] Intractable 3000
[3, 6] Intractable 3000
[3,7] [3,7,7159, 8179, 10039, 20599, 22699, 29179] 286
[4, 5] Intractable 3000
[4, 6] Intractable 3000
[4, 7] Intractable 3000
[5, 6] Intractable 3000
[5, 7] Intractable 3000
[6,7] Intractable 3000
Modulo 1 Naive ¢ [13,73,181, 241, 373, 1693, 1801, 1861] 1579
SelectAll ¢ [13, 853, 1129, 1213, 2113, 2389, 7333, 20593] 1
ExcludeOne [1] [3001, 4813, 5521, 21313, 42433, 68053, 70573, 178693] 254
[2] [13, 2389, 9013, 15493, 18913, 72613, 176509, 283009] 1268
[3] [13, 853, 3121, 4021, 9973, 21661, 46273, 118093] 259
[4] [13, 853, 1129, 3313, 7993, 10009, 20173, 30169] 16
[5] [13, 853, 1129, 1213, 3049, 20593, 53353, 128053] 237
[6] [13, 853, 1129, 1213, 2113, 7333, 20593, 41113] 42
[7] [13, 853, 1129, 1213, 2113, 2389, 7333, 20593] 11
ExcludeTwo [1,2] [2593, 3121, 8521, 9733, 12613, 12781, 46441, 72673] 1026
[1, 3] Intractable 3000
[1, 4] [3457, 5641, 9337, 23197, 24061, 32797, 34381, 112921] 1757
[1, 5] Intractable 3000
[1, 6] Intractable 3000
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Table A.4 — Continued from previous page

. Strategy L. Solution Time (s)
Branching Fixing ‘
name  arg name arg

[1,7] Intractable 3000
[2,3] [13,4021, 6673, 9901, 14653, 22861, 74713, 78301] 1472

[2, 4] [13, 3049, 9109, 18253, 20593, 21433, 21529, 72109] 883

[2, 5] [13, 2293, 7333, 16573, 17449, 19009, 24469, 26053] 58

[2, 6] [13, 2389, 9013, 19429, 36973, 38149, 45553, 75109] 221

[2,7] [13, 2389, 9013, 15493, 18913, 42373, 54949, 72613] 256

[3, 4] [13, 853, 3313, 6733, 9013, 18013, 37573, 38149] 376
[3, 5] [13, 853, 4021, 9973, 21661, 46273, 81373, 118093] 1335

[3, 6] [13, 853, 3121, 3313, 11701, 24061, 36973, 53281] 283
[3,7] [13, 853, 3121, 4021, 9973, 46273, 57301, 79861] 1040

[4, 5] [13, 853, 1129, 3313, 10009, 20173, 30169, 64969] 770

[4, 6] [13, 853, 1129, 3313, 10009, 20173, 30169, 64969] 772

[4,7] [13, 853, 1129, 3313, 7993, 8389, 10009, 20173] 30

[5, 6] [13, 853, 1129, 1213, 7333, 19009, 20593, 51109] 662

[5, 71 [13, 853, 1129, 1213, 3049, 7993, 20593, 45289] 178

[6,7] [13, 853, 1129, 1213, 2113, 2389, 7333, 20593] 69

Modulo 5 Naive ¢ [5,17,41, 101, 257, 521, 761, 881] 56

SelectAll ¢ [5,17,881, 1181, 1637, 14957, 24197, 131297] 6

ExcludeOne [1] [2897, 2909, 3917, 6389, 44357, 49937, 63809, 65609] 90
[2] [5,929, 1193, 1949, 8669, 29333, 42209, 222533] 861
[3] Intractable 3000
[4] Intractable 3000

[5] [5,17,881, 1181, 14957, 24197, 113357, 131297] 340

[6] [5,17,881, 1181, 1637, 24197, 44537, 108821] 147

[7] [5,17,881, 1181, 1637, 14957, 51341, 92357] 177

ExcludeTwo [1,2] [3833, 5009, 6329, 14249, 15149, 25253, 33353, 33569] 110
[1,3] Intractable 3000

[1, 4] [2909, 6257, 9377, 16529, 20897, 22229, 23057, 57329] 487
[1, 5] Intractable 3000
[1, 6] Intractable 3000

[1,7] [2897, 2909, 3917, 6389, 44357, 49937, 63809, 65609] 324

[2,3] [5, 2897, 6977, 8669, 14489, 22937, 30449, 37337] 201

[2, 4] [5, 4133, 9833, 19433, 23549, 35969, 127709, 217733] 2771

[2, 5] [5, 389, 1433, 6269, 6329, 12653, 17609, 65993] 1053

[2, 6] [5, 929, 1193, 5309, 14969, 31769, 33773, 77489] 1046

[2,7] [5,929, 1193, 1949, 8669, 56873, 68633, 84713] 1534

[3, 4] [5,17,13121, 14897, 20261, 23957, 50321, 98057] 2828

[3, 5] [5,17,1709, 10949, 11597, 14369, 52769, 64109] 465

[3, 6] Intractable 3000

[3, 7] Intractable 3000

[4, 5] Intractable 3000

[4, 6] [5,17, 881, 7817, 44537, 48821, 92357, 131297] 2164

[4,7] Intractable 3000

[5, 6] [5,17,881, 1181, 14957, 24197, 113357, 131297] 2870

[5,7] [5,17,881, 1181, 14957, 24197, 113357, 131297] 2812

[6,7] [5,17,881, 1181, 1637, 28097, 51341, 82361] 2375
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Table A.4 — Continued from previous page

) Strategy L. Solution Time (s)
Branching Fixing ‘
name  arg name arg
Modulo 7 Naive ¢ [7,19, 67,379, 859, 907, 1699, 1747] 2052
SelectAll ¢ [7,19,907, 1699, 1747, 3967, 4759, 16519] 1
ExcludeOne [1] [3691, 4987, 13567, 28771, 45307, 75211, 111427, 397687] 1747
[2] Intractable 3000
[3] [7,19,3967, 4759, 8707, 16519, 23167, 43987] 25
[4] [7,19,907, 4759, 15427, 16519, 34747, 56767] 68
[5] [7,19,907, 1699, 4759, 15427, 16519, 34747] 17
[6] [7, 19,907, 1699, 1747, 4759, 15727, 23167] 14
[7] [7,19,907, 1699, 1747, 3967, 4759, 16519] 8
ExcludeTwo [1,2] [3547,3847, 8167, 8887, 9511, 34171, 34591, 105907] 2408
[1, 3] [3727, 8179, 25087, 30259, 38839, 39619, 52267, 64879] 328
[1,4] Intractable 3000
[1,5] | [3691,6211,11887,27091, 33391, 66271, 81727, 130687] 1651
[1,6] | [3691,4987, 13567, 20407, 56731, 80347, 103567, 184711] 2043
[1,7] Intractable 3000
[2, 3] [7,2791, 6451, 14407, 30871, 76231, 79231, 95191] 843
[2, 4] [7,6991, 10687, 12547, 14071, 16567, 98731, 155851] 2582
[2, 5] [7,3727, 5407, 10039, 13399, 29587, 38839, 43627] 207
[2, 6] Intractable 3000
[2,7] [7,3727, 4159, 5407, 27127, 38167, 47119, 67867] 422
[3,4] Intractable 3000
[3, 5] Intractable 3000
[3, 6] [7,19,3967,5347,12739, 17839, 102679, 125299] 2550
[3,7] [7, 19,3967, 4759, 8707, 16519, 23167, 43987] 187
[4, 5] [7,19,907, 15427, 16519, 32359, 56767, 101527] 2404
[4, 6] [7,19,907, 4759, 16519, 23167, 27739, 37567] 160
[4,7] [7,19,907, 4759, 15427, 16519, 34747, 56767 246
[5, 6] [7,19,907, 1699, 4759, 15427, 16519, 34747] 283
[5,7] [7,19,907, 1699, 4759, 15427, 16519, 34747] 254
[6,7] [7,19,907, 1699, 1747, 3967, 4759, 16519] 64
Modulo 11 Naive ¢ [11, 83,251, 263, 443, 1103, 1511, 2111] 2605
SelectAll ¢ [11, 23,911, 1283, 2711, 2843, 3803, 24971] 2
ExcludeOne [1] [2939, 3083, 4919, 5099, 9323, 21563, 34403, 87443] 88
[2] [11, 2207, 5147,5231, 8171, 9767, 21767, 87767] 160
[3] Intractable 3000
[4] [11, 23,911, 5903, 6491, 27743, 52511, 61331] 47
[5] [11, 23,911, 1283,5903, 12611, 49331, 91631] 179
[6] [11, 23,911, 1283, 2711, 3803, 24971, 28631] 27
[7] [11, 23,911, 1283, 2711, 2843, 3803, 24971] 16
ExcludeTwo [1,2] Intractable 3000
[1, 3] [5903, 7703, 20939, 24419, 25643, 33623, 69383, 79379] 542
[1, 4] [3083, 4919, 8219, 10739, 24419, 30539, 36599, 42719] 234
[1,5] Intractable 3000
[1, 6] [2939, 3083, 4919, 5099, 21563, 26183, 34403, 87443] 593
[1,7] [2939, 3083, 4919, 5099, 9323, 24419, 34403, 52223] 791
[2,3] Intractable 3000
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Table A.4 — Continued from previous page

) Strategy L. Solution Time (s)
Branching Fixing ‘
name  arg name arg
[2, 4] [11, 5903, 8663, 9851, 15791, 24203, 31583, 108863] 1306
[2, 5] [11, 2207, 5231, 6491, 8171, 17471, 35027, 61007] 704
[2, 6] [11, 2207, 5147,5231, 9767, 20771, 21767, 87767] 2140
[2,7] [11, 2207, 5147, 5231, 8171, 9767, 21767, 87767] 2281
[3, 4] [11, 23, 1283, 2711, 3803, 21683, 24971, 29063] 307
[3, 5] [11, 23, 3203, 9923, 12503, 29243, 32363, 67523] 1242
[3, 6] Intractable 3000
[3,7] Intractable 3000
[4, 5] Intractable 3000
[4, 6] Intractable 3000
[4,7] [11, 23,911, 5903, 6491, 9851, 27743, 34763] 202
[5, 6] [11, 23,911, 1283, 3803, 5783, 24971, 28631] 196
[5, 7] [11, 23,911, 1283, 5903, 29243, 39971, 57383] 598
[6,7] [11, 23,911, 1283, 2711, 2843, 3803, 24971] 166
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TABLE A.5: Computational results for solving model (3.28) using the fixing strategies
in Routine 1 and the branching strategies in Routine 2. Inputs in Algorithm 3 are
n=9;,M; =1000fori=1,...,n; T = 3000; t = 600; & = 0.2.

Strategy ) .
. . Solution Time (s)
Branching Fixing ‘
name  arg name arg
Naive ¢ Naive ¢ Intractable 3000
SelectAll ¢ [3,7,919, 2179, 4159, 13399, 37039, 301759, 1291159] 113
ExcludeOne [1] Intractable 3000
[2] Intractable 3000
[3] Intractable 3000
[4] Intractable 3000
[5] Intractable 3000
[6] Intractable 3000
[7] Intractable 3000
[8] Intractable 3000
ExcludeTwo [1,2] Intractable 3000
[1,3] Intractable 3000
[1, 4] Intractable 3000
[1,5] Intractable 3000
[1, 6] Intractable 3000
[1,7] Intractable 3000
[1, 8] Intractable 3000
[2, 3] Intractable 3000
[2,4] Intractable 3000
[2, 5] Intractable 3000
[2, 6] Intractable 3000
[2,7] Intractable 3000
[2, 8] Intractable 3000
[3,4] Intractable 3000
[3, 5] Intractable 3000
[3, 6] Intractable 3000
[3,7] Intractable 3000
[3, 8] Intractable 3000
[4, 5] Intractable 3000
[4, 6] Intractable 3000
[4,7] Intractable 3000
[4, 8] Intractable 3000
[5, 6] Intractable 3000
[5, 7] Intractable 3000
[5, 8] Intractable 3000
[6,7] Intractable 3000
[6, 8] Intractable 3000
[7, 8] Intractable 3000
Modulo 1 Naive ¢ Intractable 3000
SelectAll ¢ [13, 853, 1129, 1213, 2113, 2389, 7333, 20593, 41113] 2
ExcludeOne [1] Intractable 3000
[2] Intractable 3000
[3] Intractable 3000
[4] [13, 853, 1129, 7993, 10009, 20173, 30169, 59509, 106453] 123
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Table A.5 — Continued from previous page
) Strategy L. Solution Time (s)
Branching Fixing ‘
name  arg name arg
[5] Intractable 3000
[6] [13, 853, 1129, 1213, 2113, 20593, 41113, 72733, 335173] 1852
[7] [13,853, 1129, 1213, 2113, 2389, 20593, 41113, 72733] 67
[8] [13, 853, 1129, 1213, 2113, 2389, 7333, 20593, 41113] 37
ExcludeTwo [1,2] Intractable 3000
[1,3] Intractable 3000
[1,4] Intractable 3000
[1, 5] Intractable 3000
[1, 6] Intractable 3000
[1,7] Intractable 3000
[1, 8] Intractable 3000
[2, 3] Intractable 3000
[2,4] Intractable 3000
[2, 5] [13,7333, 16573, 19009, 24469, 26053, 28429, 75109, 113329] 682
[2, 6] Intractable 3000
[2,7] Intractable 3000
[2, 8] Intractable 3000
[3, 4] Intractable 3000
[3, 5] Intractable 3000
[3, 6] [13, 853, 3313, 11701, 36973, 53281, 60601, 135601, 159721] 1619
[3,7] Intractable 3000
[3, 8] Intractable 3000
[4, 5] Intractable 3000
[4, 6] Intractable 3000
[4, 7] Intractable 3000
[4, 8] [13, 853, 1129, 7993, 10009, 20173, 30169, 59509, 106453] 1518
[5, 6] Intractable 3000
[5, 7] Intractable 3000
[5, 8] Intractable 3000
[6,7] Intractable 3000
[6, 8] Intractable 3000
[7,8] [13, 853, 1129, 1213, 2113, 2389, 7333, 20593, 41113] 483
Modulo 5 Naive ¢ Intractable 3000
SelectAll ¢ [5,17,881, 1181, 1637, 14957, 24197, 131297, 184721] 9
ExcludeOne [1] [2909, 3917, 6389, 44357, 49937, 63809, 65609, 134369, 414077] 2595
[2] Intractable 3000
[3] Intractable 3000
[4] Intractable 3000
[5] Intractable 3000
[6] Intractable 3000
[7] Intractable 3000
[8] [5,17,881, 1181, 1637, 14957, 24197, 131297, 184721] 731
ExcludeTwo [1,2] Intractable 3000
[1,3] Intractable 3000
[1, 4] Intractable 3000
[1,5] Intractable 3000
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Table A.5 — Continued from previous page

) Strategy L. Solution Time (s)
Branching Fixing
name  arg name arg
[1, 6] Intractable 3000
[1,7] Intractable 3000
[1, 8] Intractable 3000
[2, 3] Intractable 3000
[2, 4] Intractable 3000
[2, 5] Intractable 3000
[2, 6] Intractable 3000
[2,7] Intractable 3000
[2, 8] Intractable 3000
[3, 4] Intractable 3000
[3, 5] Intractable 3000
[3, 6] Intractable 3000
[3,7] Intractable 3000
[3, 8] Intractable 3000
[4, 5] Intractable 3000
[4, 6] Intractable 3000
[4, 7] Intractable 3000
[4, 8] Intractable 3000
[5, 6] Intractable 3000
[5, 7] Intractable 3000
[5, 8] Intractable 3000
[6,7] Intractable 3000
[6, 8] [5,17,881, 1181, 1637, 44537, 51341, 92357, 107621] 505
[7, 8] [5,17, 881, 1181, 1637, 14957, 24197, 131297, 184721] 3089
Modulo 7 Naive ¢ Intractable 3000
SelectAll ¢ [7,19,907, 1699, 1747, 3967, 4759, 16519, 23167] 2
ExcludeOne [1] [4987, 13567, 28771, 45307, 75211, 111427, 397687, 405967, 677587] 2088
[2] Intractable 3000
[3] Intractable 3000
[4] Intractable 3000
[5] Intractable 3000
[6] [7,19,907, 1699, 1747, 15727, 23167, 32359, 41479] 27
[7] [7,19,907, 1699, 1747, 3967, 16519, 23167, 101527] 186
[8] [7,19,907, 1699, 1747, 3967, 4759, 16519, 23167] 11
ExcludeTwo [1,2] Intractable 3000
[1,3] Intractable 3000
[1,4] Intractable 3000
[1,5] Intractable 3000
[1, 6] Intractable 3000
[1,7] Intractable 3000
[1,8] | [4987,13567,28771,45307,75211, 111427, 116191, 280411, 397687] 2181
[2, 3] Intractable 3000
[2,4] Intractable 3000
[2,5] Intractable 3000
[2, 6] Intractable 3000
[2,7] Intractable 3000
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Table A.5 — Continued from previous page

) Strategy L. Solution Time (s)
Branching Fixing
name  arg name arg
[2, 8] Intractable 3000
[3,4] Intractable 3000
[3, 5] Intractable 3000
[3, 6] Intractable 3000
[3,7] Intractable 3000
[3, 8] Intractable 3000
[4, 5] Intractable 3000
[4, 6] Intractable 3000
[4, 7] Intractable 3000
[4, 8] Intractable 3000
[5, 6] Intractable 3000
[5, 7] Intractable 3000
[5, 8] [7,19,907, 1699, 15427, 16519, 32359, 81619, 101527] 1841
[6,7] [7,19,907, 1699, 1747, 16519, 23167, 32359, 101527] 1731
[6, 8] [7,19,907, 1699, 1747, 15727, 23167, 32359, 41479] 85
[7, 8] [7,19,907, 1699, 1747, 3967, 4759, 16519, 23167] 121
Modulo 11 Naive ¢ Intractable 3000
SelectAll ¢ [11, 23,911, 1283, 2711, 2843, 3803, 24971, 28631] 2
ExcludeOne [1] [3083, 4919, 5099, 9323, 21563, 34403, 87443, 97943, 584183] 3087
[2] Intractable 3000
[3] Intractable 3000
[4] Intractable 3000
[5] Intractable 3000
[6] Intractable 3000
[7] [11, 23,911, 1283, 2711, 2843, 24971, 28631, 406403] 2639
[8] [11, 23,911, 1283, 2711, 2843, 3803, 24971, 28631] 17
ExcludeTwo [1,2] Intractable 3000
[1,3] Intractable 3000
[1, 4] [4919, 8219, 24419, 30539, 36599, 42719, 72287, 89759, 129419] 2060
[1,5] Intractable 3000
[1, 6] Intractable 3000
[1,7] Intractable 3000
[1, 8] Intractable 3000
[2, 3] Intractable 3000
[2, 4] Intractable 3000
[2,5] Intractable 3000
[2, 6] Intractable 3000
[2,7] Intractable 3000
[2, 8] Intractable 3000
[3,4] Intractable 3000
[3, 5] Intractable 3000
[3, 6] Intractable 3000
[3,7] Intractable 3000
[3, 8] Intractable 3000
[4, 5] Intractable 3000
[4, 6] Intractable 3000
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Table A.5 — Continued from previous page

Strat
. rategy . Solution Time (s)
Branching Fixing

name arg name arg

[4,7] Intractable 3000
[4, 8] Intractable 3000
[5, 6] Intractable 3000
[5,7] Intractable 3000
[5, 8] Intractable 3000
[6,7] [11, 23,911, 1283, 2711, 24971, 34031, 57383, 117503] 2525
[6, 8] [11, 23,911, 1283, 2711, 24971, 34031, 57383, 117503] 2388
[7, 8] [11, 23,911, 1283, 2711, 2843, 3803, 24971, 28631] 54
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TABLE A.6: Computational results for solving model (3.28) using the fixing strategies
in Routine 1 and the branching strategies in Routine 2. Inputs in Algorithm 3 are
n=10; M; =1000fori=1,...,n; T = 6000; t = 3000; « = 0.2.

Strategy ) .
. . Solution Time (s)
Branching Fixing ‘
name  arg name arg
Naive ¢ Naive ¢ Intractable 6000
SelectAll ¢ [3,7,919, 2179, 4159, 13399, 37039, 301759, 1291159, 1765759] 156
ExcludeOne [1] Intractable 6000
[2] Intractable 6000
[3] Intractable 6000
[4] Intractable 6000
[5] Intractable 6000
[6] Intractable 6000
[7] Intractable 6000
[8] Intractable 6000
[9] Intractable 6000
ExcludeTwo [1,2] Intractable 6000
[1,3] Intractable 6000
[1,4] Intractable 6000
[1, 5] Intractable 6000
[1, 6] Intractable 6000
[1,7] Intractable 6000
[1, 8] Intractable 6000
[1,9] Intractable 6000
[2, 3] Intractable 6000
[2, 4] Intractable 6000
[2, 5] Intractable 6000
[2, 6] Intractable 6000
[2,7] Intractable 6000
[2, 8] Intractable 6000
[2,9] Intractable 6000
[3, 4] Intractable 6000
[3, 5] Intractable 6000
[3, 6] Intractable 6000
[3,7] Intractable 6000
[3, 8] Intractable 6000
[3,9] Intractable 6000
[4, 5] Intractable 6000
[4, 6] Intractable 6000
[4,7] Intractable 6000
[4, 8] Intractable 6000
[4, 9] Intractable 6000
[5, 6] Intractable 6000
[5, 7] Intractable 6000
[5, 8] Intractable 6000
[5,9] Intractable 6000
[6,7] Intractable 6000
[6, 8] Intractable 6000
[6,9] Intractable 6000
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Table A.6 — Continued from previous page

. Strategy L. Solution Time (s)
Branching Fixing
name  arg name arg

[7,8] Intractable 6000

[7,9] Intractable 6000

[8,9] Intractable 6000

Modulo 1 Naive ¢ Intractable 6000
SelectAll ¢ [13, 853, 1129, 1213, 2113, 2389, 7333, 20593, 41113, 335173] 18

ExcludeOne [1] Intractable 6000

[2] Intractable 6000

[3] Intractable 6000

[4] Intractable 6000

[5] Intractable 6000

[6] Intractable 6000

[71 | 113,853, 1129, 1213, 2113, 2389, 41113, 72733, 85669, 335173] 1147

[8] Intractable 6000

[9] [13,853, 1129, 1213, 2113, 2389, 7333, 20593, 41113, 335173] 2394

ExcludeTwo [1,2] Intractable 6000

[1, 3] Intractable 6000

[1, 4] Intractable 6000

[1, 5] Intractable 6000

[1, 6] Intractable 6000

[1,7] Intractable 6000

[1, 8] Intractable 6000

[1,9] Intractable 6000

[2,3] Intractable 6000

[2,4] Intractable 6000

[2, 5] Intractable 6000

[2, 6] Intractable 6000

[2,7] Intractable 6000

[2, 8] Intractable 6000

[2,9] Intractable 6000

[3, 4] Intractable 6000

[3, 5] Intractable 6000

[3, 6] Intractable 6000

[3,7] Intractable 6000

[3, 8] Intractable 6000

[3,9] Intractable 6000

[4, 5] Intractable 6000

[4, 6] Intractable 6000

[4, 7] Intractable 6000

[4, 8] Intractable 6000

[4,9] Intractable 6000

[5, 6] Intractable 6000

[5, 7] Intractable 6000

[5, 8] Intractable 6000

[5,9] Intractable 6000

[6, 7] Intractable 6000

[6, 8] Intractable 6000
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. Strategy L. Solution Time (s)
Branching Fixing
name  arg name arg
[6,9] Intractable 6000
[7, 8] Intractable 6000
[7,9] Intractable 6000
[8, 9] Intractable 6000
Modulo 5 Naive ¢ Intractable 6000
SelectAll ¢ [5,17,881, 1181, 1637, 14957, 24197, 131297, 184721, 6353021] 299
ExcludeOne [1] Intractable 6000
2] Intractable 6000
[3] Intractable 6000
[4] Intractable 6000
[5] Intractable 6000
[6] Intractable 6000
[7] Intractable 6000
[8] Intractable 6000
9] Intractable 6000
ExcludeTwo [1,2] Intractable 6000
[1,3] Intractable 6000
[1, 4] Intractable 6000
[1, 5] Intractable 6000
[1, 6] Intractable 6000
[1,7] Intractable 6000
[1,8] Intractable 6000
[1,9] Intractable 6000
[2, 3] Intractable 6000
[2,4] Intractable 6000
[2, 5] Intractable 6000
[2, 6] Intractable 6000
[2,7] Intractable 6000
[2, 8] Intractable 6000
[2,9] Intractable 6000
[3, 4] Intractable 6000
[3, 5] Intractable 6000
[3, 6] Intractable 6000
[3,7] Intractable 6000
[3, 8] Intractable 6000
[3,9] Intractable 6000
[4, 5] Intractable 6000
[4, 6] Intractable 6000
[4, 7] Intractable 6000
[4, 8] Intractable 6000
[4,9] Intractable 6000
[5, 6] Intractable 6000
[5, 7] Intractable 6000
[5, 8] Intractable 6000
[5, 9] Intractable 6000
[6,7] Intractable 6000
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Table A.6 — Continued from previous page

. Strategy L. Solution Time (s)
Branching Fixing
name  arg name arg
[6, 8] Intractable 6000
[6,9] Intractable 6000
[7, 8] Intractable 6000
[7,9] Intractable 6000
[8, 9] Intractable 6000
Modulo 7 Naive ¢ Intractable 6000
SelectAll ¢ [7,19,907, 1699, 1747, 3967, 4759, 16519, 23167, 4891507 221
ExcludeOne [1] Intractable 6000
[2] Intractable 6000
[3] Intractable 6000
[4] Intractable 6000
[5] Intractable 6000
[6] Intractable 6000
[7] Intractable 6000
[8] Intractable 6000
[9] Intractable 6000
ExcludeTwo [1,2] Intractable 6000
[1,3] Intractable 6000
[1, 4] Intractable 6000
[1,5] Intractable 6000
[1, 6] Intractable 6000
[1,7] Intractable 6000
[1, 8] Intractable 6000
[1,9] Intractable 6000
[2, 3] Intractable 6000
[2, 4] Intractable 6000
[2,5] Intractable 6000
[2, 6] Intractable 6000
[2,7] Intractable 6000
[2,8] Intractable 6000
[2,9] Intractable 6000
[3, 4] Intractable 6000
[3, 5] Intractable 6000
[3, 6] Intractable 6000
[3,7] Intractable 6000
[3, 8] Intractable 6000
[3,9] Intractable 6000
[4, 5] Intractable 6000
[4, 6] Intractable 6000
[4,7] Intractable 6000
[4, 8] Intractable 6000
[4,9] Intractable 6000
[5, 6] Intractable 6000
[5,7] Intractable 6000
[5, 8] Intractable 6000
[5,9] Intractable 6000
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Table A.6 — Continued from previous page

. Strategy L. Solution Time (s)
Branching Fixing
name  arg name arg

[6,7] Intractable 6000

[6, 8] Intractable 6000

[6,9] Intractable 6000

[7, 8] Intractable 6000

[7,9] Intractable 6000

[8,9] Intractable 6000

Modulo 11 Naive ¢ Intractable 6000
SelectAll ¢ [11, 23,911, 1283, 2711, 2843, 3803, 24971, 28631, 406403] 22

ExcludeOne [1] Intractable 6000

2] Intractable 6000

[3] Intractable 6000

[4] Intractable 6000

[5] Intractable 6000

[6] Intractable 6000

[7] Intractable 6000

[8] Intractable 6000

[9] [11, 23,911, 1283, 2711, 2843, 3803, 24971, 28631, 406403] 2664

ExcludeTwo [1,2] Intractable 6000

[1,3] Intractable 6000

[1,4] Intractable 6000

[1, 5] Intractable 6000

[1, 6] Intractable 6000

[1,7] Intractable 6000

[1, 8] Intractable 6000

[1,9] Intractable 6000

[2,3] Intractable 6000

[2, 4] Intractable 6000

[2, 5] Intractable 6000

[2, 6] Intractable 6000

[2,7] Intractable 6000

[2, 8] Intractable 6000

[2,9] Intractable 6000

[3,4] Intractable 6000

[3, 5] Intractable 6000

[3, 6] Intractable 6000

[3,7] Intractable 6000

[3, 8] Intractable 6000

[3,9] Intractable 6000

[4, 5] Intractable 6000

[4, 6] Intractable 6000

[4, 7] Intractable 6000

[4, 8] Intractable 6000

[4,9] Intractable 6000

[5, 6] Intractable 6000

[5, 7] Intractable 6000

[5, 8] Intractable 6000
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Table A.6 — Continued from previous page

Strat
. rategy . Solution Time (s)
Branching Fixing

name arg name arg

[5,9] Intractable 6000
[6,7] Intractable 6000
[6, 8] Intractable 6000
[6,9] Intractable 6000
[7,8] Intractable 6000
[7,9] Intractable 6000
[8,9] Intractable 6000
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Computation Results for IPA-SBB

method

In this appendix, we report the computation results for all generated instances. Each instance is solved

ten times, and we report the geometric mean and standard deviation for the number of nodes and

computation time.

m n k LB UB Nodes Time (s)

10 2 2 010 0.10 1,083+90 0.47 +£0.05

10 2 3 0.02 002 13,190+1,330 3.284+0.33

10 3 2 0.01 001 2079+195 0.64 +0.05

10 3 3 0.00 0.00 83,647+143 21.21+0.29
14 2 2 029 029 32,691+68 9.31+0.16

14 2 3 040 040 35,060+626 10.29 £0.43
14 3 2 011 0.11 40,197 +106 12.07 +0.54
14 3 3 000 0.00 366,724+9,602 104.53 +2.98
18 2 2 164 1.64 31,802+242 9.07 +0.57

18 2 3 076 076 201,748 +995 77.72 +0.67
18 3 2 037 037 803,623 +623 365.41 +5.10
18 3 3 0.00 001 5,0788154+173,513 3600.07 & 0.02
22 2 2 172 172 2,854+0 0.95+0.03

22 2 3 1.02 1.02 265176+1,394 144.04 +0.97
22 3 2 001 016 4,601,016+103,325 3600.18+0.14
22 3 3 0.00 0.05 4,592,308+128,850 3600.21+0.15

TABLE B.1: Results for the LowDim dataset under low noise. Each entry reports geo-
metric mean + standard deviation over ten runs.
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m n k LB UB Nodes Time (s)

10 2 2 010 010 1,298+73 0.47 £0.05

10 2 3 0.02 0.02 19,920+2,292 457 +0.54

10 3 2 0.01 0.01 1,883+117 0.63 +£0.04

10 3 3 0.00 0.00 13,985+2,735 3.56 +0.72

14 2 2 029 029 27531+9%4 8.08 +£0.07

14 2 3 057 057 13,184+0 3.85+£0.15

14 3 2 011 011 22,619+612 7.42 +0.38

14 3 3 0.00 0.00 907,754+ 3,981 309.87 +1.97
18 2 2 172 1.72 13542840 34.04 £0.90
18 2 3 115 115 39,064+1 14.65 +0.15
18 3 2 037 037 756,989 +1,884 373.59 +5.62
18 3 3 0.01 0.01 3,655200+63838 2480.61 4+ 129.60
22 2 2 172 172 446+0 0.25+0.01

22 2 3 156 156 8,749+6 6.01 +0.20

22 3 2 0.00 016 4,111,212+81,203 3600.26 + 0.25
22 3 3 000 014 3,389,661+56817 3600.28+0.20

TABLE B.2: Results for the LowDim dataset under medium noise. Each entry reports
geometric mean =+ standard deviation over ten runs.

m n k LB UB Nodes Time (s)

10 2 2 010 0.10 1,343+184 0.50 4+ 0.07

10 2 3 002 0.02 17,831+2519 478 +0.70

10 3 2 0.02 002 2605+192 1.01 +0.08

10 3 3 0.00 0.00 1,362+523 1.16 +0.19

14 2 2 029 029 28279+33 8.75+0.29

14 2 3 057 057 14972+0 4.86+0.17

14 3 2 011 011 24914+111 8.91 £0.15

14 3 3 0.00 0.00 930,370 +4,621 360.21 +2.24
18 2 2 197 197 7,604+0 2.57 +£0.04

18 2 3 115 1.15 2532040 11.33+0.22
18 3 2 037 037 743,349+2482 368.92 + 3.84
18 3 3 001 001 355159 125475 2406.63 + 66.04
22 2 2 172 172 550+0 0.31 +0.02

22 2 3 167 1.67 5,008+0 3.95 4+ 0.08

22 3 2 001 016 3,777,169 +34,350 3600.29 +0.25
22 3 3 0.00 027 3,260,203 +59,678 3600.34+0.26

TABLE B.3: Results for the LowDim dataset under high noise. Each entry reports geo-
metric mean =+ standard deviation over ten runs.
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m n k LB UB Nodes Time (s)

10 2 4 000 0.00 881804132 23.20 +0.49

10 4 2 000 0.00 4,687+72 1.26 0.06

11 2 4 0.00 0.00 326,186-+787 93.95+1.01

11 2 5 0.00 0.00 3,078,900+ 1,867 1510.76 £ 45.05
11 4 2 0.01 0.01 10932+94 3.39+0.13

12 2 4 0.03 0.03 330,377 +1,150 103.17 +=1.59

12 2 5 0.00 0.00 4,475,905+ 4,353 1743.10 = 15.18
12 4 2 0.02 0.02 40,597 +322 14.90 £ 0.67

12 5 2 000 0.00 17,969 4825 494 4+0.26

13 2 4 0.05 0.05 172,473 46,850 57.28 +-2.58

13 2 5 000 0.00 6,477,451+ 19,534 2,100.90 £ 65.67
13 3 4 000 0.00 2,452,465+2,581,398 1801.75-+1895.75
13 4 2 001 0.01 18,1704849 4.96 +0.37

13 4 3 000 0.00 9541+13,520 2.72 +3.76

13 5 2 0.00 0.00 24,291+1,445 6.71 +0.48

14 2 4 0.03 0.03 1,787,7744+7,230 641.54 +7.26

14 2 5 000 0.02 8,143,975+217,120 3,600.03 £ 0.02
14 3 4 000 0.00 4,239,816+ 81,624 3600.19 - 0.17
14 4 2 0.04 0.04 127,102+t92 44.52 +£0.95

14 4 3 000 0.00 2,613,587+ 828517 1100.95 £ 362.94
14 5 2 0.00 0.00 131,4424+1,149 42.86 +0.80

TABLE B.4: Results for the HighDim dataset under low noise. Each entry reports geo-
metric mean =+ standard deviation over ten runs.

m n k LB UB Nodes Time (s)

10 2 4 0.02 0.02 94,105+101 23.89 +1.05

10 4 2 0.00 0.00 4,127 +142 1.31 +0.07

11 2 4 002 0.02 167,879+374 48.57 +£0.17

11 2 5 0.00 0.00 25588934745 1022.78 £ 22.25
11 4 2 0.01 0.01 10,106+107 3.354+0.11

12 2 4 014 014 646,000+ 254 212.06 £ 2.10
12 2 5 0.00 0.00 5,208,020+1,252 1784.91 +58.91
12 4 2 001 0.01 27,569-+344 9.52 +0.28

12 5 2 000 0.00 18,279 +321 5.08 +0.13

13 2 4 014 014 141,236+154 49.87 +1.01

13 2 5 003 003 950912+117,911 437.51 +65.52
13 3 4 0.00 0.00 5,18142,982 2.21+0.62

13 4 2 0.01 0.01 15897 +181 4.41+0.08

13 4 3 000 0.00 6,78 +2,.827 2.15+0.90

13 5 2 000 0.00 26611+820 7.58 +£0.28

14 2 4 003 0.03 845,095+9,188 285.63 +2.53
14 2 5 033 033 7370,663+1,593  3,022.08 +93.74
14 3 4 0.00 0.00 3976,019+99,848 3600.30+0.12
14 4 2 005 0.05 139,89 +103 51.62 +£1.51

14 4 3 000 0.00 39547 +9,174 12.78 +2.99

14 5 2 0.00 0.00 122,970-4739 40.54 + 0.68

TABLE B.5: Results for the HighDim dataset under medium noise. Each entry reports
geometric mean =+ standard deviation over ten runs.
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Chapter B. Computation Results for IPA-SBB method

m n k LB UB Nodes Time (s)

10 2 4 0.02 0.02 120,654+431 34.56 +0.95

10 4 2 0.00 0.00 4,342+245 1.64 +0.10

11 2 4 0.08 0.08 110,679 4409 35.62 +0.21

11 2 5 0.00 0.00 896,688 -+427,210 400.24 +195.82
11 4 2 0.01 0.01 10,046+42 5.13+1.01

12 2 4 019 0.19 430,573+75 14713+ 0.91
12 2 5 0.00 0.00 3,648,314+ 5,166 1783.81 +29.24
12 4 2 0.01 0.01 26,390+413 9.44 4023

12 5 2 0.00 0.00 18,093+1,252 5.86 +0.39

13 2 4 026 0.26 100,577 4480 38.56 + 0.53

13 2 5 0.03 0.03 950912 +117911 437.51 + 65.52
13 3 4 000 000 737+85 0.87 +0.07

13 4 2 0.00 0.00 16,439 +1,253 428 +0.28

13 4 3 0.00 0.00 2,862+3,140 1.71 +1.09

13 5 2 0.00 0.00 24,799 +1,431 791 +0.39

14 2 4 0.03 0.03 1,09,058+11,277 350.37 +3.01
14 2 5 0.00 0.00 1,546,761+ 255,985 687.90+ 114.21
14 3 4 0.00 0.00 60,123+ 28,464 22.31+9.46

14 4 2 0.04 0.04 106,588+9 40.00 +0.82

14 4 3 0.00 0.00 3,041+793 2.9240.36

14 5 2 0.00 0.00 125,776 +961 46.77 +0.73

TABLE B.6: Results for the HighDim dataset under high noise. Each entry reports geo-
metric mean =+ standard deviation over ten runs.
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