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University of Southampton

Abstract

Faculty of Engineering and Physical sciences

School of Chemistry

Doctor of Philosophy

Nuclear spin dynamics in a microfluidic chip

by Anupama Acharya

The developments in Nuclear Magnetic Resonance experiments have evolved from static

samples towards more realistic conditions in which spin dynamics are simultaneously

coupled to diffusion, flow and chemical kinetics. In many such systems, including

microfluidic NMR, hyperpolarised NMR, metabolic MRI, and catalytic MRI, the underlying

chemistry is intrinsically second-order. However, in many simulation frameworks, these

processes are often approximated as first-order because quantum mechanical equations of

motion are strictly linear in density operators, but equations describing chemical kinetics and

hydrodynamics may be nonlinear in concentrations.

This thesis introduces a numerically stable, time-domain description of nuclear spin

dynamics in the simultaneous presence of isotropic diffusion, flow, and second-order

chemical reactions, enabling the treatment of nonlinear kinetics within a linear

Liouville-space framework. As an illustration, the method is applied to the Diels–Alder

cycloaddition of acrylonitrile and cyclopentadiene under continuous flow in a microfluidic

NMR probe, modelled using a finite-volume discretisation comprising thousands of Voronoi

cells and a spatially localised stripline radio-frequency coil. In addition, the feasibility of

optimal control techniques, namely Gradient Ascent Pulse Engineering (GRAPE), is tested

in isolation to realise the polarisation-transfer step of a para-hydrogen-induced polarisation

(PHIP-on-a-chip) experiment, under static sample conditions. Preliminary tests indicate that

the optimised pulses only match the performance of conventional block-pulse sequences

when explicit robustness to B0, B1 inhomogeneities, the scalar J-coupling constant, and

phenomenological relaxation effects is enforced during optimisation.
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Chapter 1

Introduction

1.1 Simulation and Reality

Theoretical models and experimental investigations form a mutually reinforcing cycle in the

physical sciences. In nuclear magnetic resonance (NMR), simulations (i.e., implementations

of theoretical frameworks) are used to both predict experimental outcomes and to validate

existing phenomena. When discrepancies arise, experimental observations can motivate the

re�nement of the model. Through this iterative process, increasingly sophisticated

combinations of models emerge, enabling more accurate descriptions of increasingly

complex systems.

Simulation frameworks provide virtual representations of physical systems based on idealised

models and the differential equations governing their dynamics. By recreating the essential

interactions and responses to perturbations, they allow researchers to predict outcomes,

optimise experimental protocols, and analyse behaviour without immediate instrument

access. This is particularly valuable in settings where experimental availability is limited,

such as clinical magnetic resonance imaging (MRI), where scanner time is often prioritised

for patient diagnostics.

Accurate models are those that considerall relevant entities, interactions, and possible

perturbations acting on the system. In NMR, this is particularly challenging – a faithful

representation of the dynamics in such experiments requires a quantum mechanical

framework. Its numerical implementation involves the manipulation of large matrices, whose

size can grow exponentially when considering multiple entities. Recent advances in

computational resources such as high-performance CPUs, GPUs, and expanded memory have

enabled complex and realistic simulations. As a result, the last decade has seen a notable rise

in ef�cient numerical methods and algorithms that can exploit these capabilities.Spinach[3]

is one of many open-source simulation frameworks in magnetic resonance, providing

packages that make sophisticated theoretical models computationally tractable. This thesis
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builds on these advances and current capabilities ofSpinachto capture thenuclear spin

dynamicsoccurring within a micro�uidic chip.

1.2 Nuclear Magnetic Resonance

The origins of magnetic resonance lie with Rabi and colleagues in the 1930s, who attributed

nuclear magnetic moments to quantised transitions in oscillating magnetic �elds[4, 5]. A

decade later, Bloch and Purcell independently measured an NMRsignalfrom bulk matter

such as water[6] and paraf�n[7] by observing the induced EMF due to precessing nuclear

magnetisation – transforming NMR into a spectroscopic technique. The introduction of pulse

Fourier spectroscopy[8], together with advances computational analysis further transformed

the �eld: short radiofrequency (RF) pulses were used to excite samples and produce a

time-domain signal (called the free induction decay, or FID). The signal was converted into a

signal using the fast Fourier Transform (FFT)[9, 10]. This approach was faster and more

sensitive than previous techniques, and by the 1960s, became the dominant technique of

NMR. It laid the foundation for the extensive family of one- and multidimensional pulse

sequences used in modern NMR.

Nuclear Magnetic Resonance is a phenomenon that relies on isotopic nuclei with an intrinsic

property called spin. During an NMR experiment, it is this property that facilitates

interactions with the magnetic �eld, giving rise to the measurable time-domain signal.

Theoretical models therefore focus on describing this spin dynamics: how spins evolve under

pulse sequences, how the resulting magnetisation induces a detectable signal, and how this

signal is transformed into a spectrum. Modern simulation platforms [3, 11–13] implement

this spin-pulse-detect framework numerically, providing a computational analogue of the

experimental process.

Today, NMR is an important technique used to probe the structure of proteins and organic

molecules. When coupled with spatial localisation, it can be used to non-invasively image

anatomy in a technique called Magnetic Resonance Imaging (MRI), which was made

possible by Raymond Damadian, Paul Lauterbur and Peter Mans�eld. Damadian[14] showed

the difference in NMR signal of malignant tissue and healthy tissue in rats in 1971.

Lauterbur[15] and Mans�eld[16] pioneered methods to produce the �rst MR image. It has

become a vital method to diagnose cancer, vessel disorders and neuro-degenerative diseases.

1.3 Micro�uidics

A recent branch in the development of NMR spectroscopy involves micro�uidic

technologies[17–20]. These `miniaturised laboratories' are an alternative to

batch-chemistry[21] and enable chemical and biological processes to be studied in

nanolitre-–microlitre volumes, often under continuous-�ow conditions. These platforms offer

the advantage of continuous synthesis with minimal reagent consumption and automation.
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The compatibility with analytical methods, particularly NMR, has made it a valuable tool in

observing metabolic processes[18, 20, 22, 23]. However, sensitivity challenges associated

with low sample volumes has driven the integration of hyperpolarisation methods on the

chip[24, 25] – notably para-hydrogen induced polarisation (PHIP)[26, 27], which typically

delivers a signal enhancement of several orders of magnitude [23]. Hydrogenative

PHIP-on-a-chip[28] involves a network of chemical reactions, including the catalyst assisted

side-arm hydrogenation of alkenes with para-hydrogen, followed by the cleavage of the

side-arm to yield biocompatible metabolites (such as pyruvate or fumarate)[29]. Subsequent

RF pulse sequences are used to transfer the enhanced spin order[30, 31] to low-
 nuclei such

as13C or 15N, which bene�t from longer relaxation times. This enables a longer window in

which the hyperpolarised signal can be observed [23].

Micro�uidic NMR is one of many examples[32–34] where quantum processes coexist with

chemical kinetics and spatial transport. These platforms also provide a convenient setting to

develop and test pulse sequences, particularly for polarisation transfer. Accordingly, they

serve as a starting point for this thesis, which models the coupled spin, chemical, and spatial

dynamics of nuclear magnetisation and investigates optimal control strategies for ef�cient

polarisation transfer. The following section outlines the structure of the thesis and the

contributions of each chapter.

1.4 Thesis structure

Part I of this thesis outlines the theoretical formalism necessary to model the model the

chemical and spatial transport of nuclear spin states during a bimolecular reaction – processes

that are typical in micro�uidic NMR. Mathematical formalisms are drawn from quantum

physics, �uid dynamics, mass action kinetics and merged conceptually by using the

Fokker-Planck[35, 36] formalism. The resulting numerical implementation inSpinachis also

detailed. Part II introduces optimal control theory as a means to design pulse sequences for

NMR spectroscopy. Particularly, the theoretical framework of Gradient Ascent Pulse

Engineering (GRAPE) is outlined, and the method is also used to develop pulses for

coherence transfer in the transfer step of the PHIP-on-a-chip pipeline. An exact method is

outlined to calibrate these pulses onto a spectrometer, and subsequently used to apply the

pulses on a cinnamyl pyruvate sample on a Bruker spectrometer.

All code produced during this thesis is written as a part of Spinach package, and can be found

on the GitHub repository.
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Part I

Theoretical and Computational

Models of Spin, Fluid, and Chemical

Dynamics
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Chapter 2

Magnetic Resonance Theory

Chapter abstract
This chapter outlines the theoretical foundations underlying the virtual spin system

utilised throughout this thesis. The fundamental entities considered are the nuclei within

a molecule, characterised by theirnuclear spin– an intrinsic property of the nucleus –

and by the interactions that arise when the molecule is placed in an external magnetic

�eld. Given these properties and interactions, the time evolution of the system is

described in terms of its dynamics, which are governed by differential equations. Two

key formalisms of NMR is discussed; macroscopic equations referred to as the Bloch

vector model, and quantum mechanical formalism, which treats spin dynamics at the

level of individual spins.

2.1 Macroscopic nuclear magnetism

Nuclear magnetism arises from the net spin of its constituent nucleons: neutrons and protons.

In the classical picture, nuclei were thought to be electrically charged spheres, spinning on

their own axis. Electrodynamics yields that an intrinsic magnetic moment� , proportional to

the angular momentumL of the rotating charge, must arise:

� = 
 L ; (2.1)

where
 is thegyromagnetic ratio, a property unique to each nucleus, typically measured in

[rad � s� 1 � T � 1]. Isotopes that possess magnetic moments are said to be MR-active: common

nuclei probed in NMR include1H, 13C, and15N. The magnetic moment is a vector quantity,

and has an orientation. A common analogy compares the behaviour of each nucleus to a small

bar magnet, in which the magnetic dipole moments are oriented randomly in free space.
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Figure 2.1: In the absence of a magnetic �eld, magnetic moments adopt random orientations
Here, their orientations are represented here by arrows.

2.1.1 Precession

When placed in an external magnetic �eldB 0, usually oriented along the z-axis:

B 0 =

2

6
4

0

0

Bz

3

7
5 ; (2.2)

the nuclei experience a torque� , which causes their magnetic moments to rotate about the

direction of the external �eld. This motion is referred to as precession.

� = � � B 0 ; (2.3)

The torque� is related to the angular momentum by the following relation:

dL
dt

= � : (2.4)

Substituting this into Eq. (2.3) leads to the phenomenological Bloch equations without

relaxation [6]:

d�
dt

= � 
 B 0 � � ; (2.5)

where the constant of proportionality
 is the gyromagnetic ratio– a property unique to each

isotopic nucleus. The sign of the gyromagnetic ratio determines the sense of precession (as

shown in Figure 2.2) in an external magnetic �eld.

In a macroscopic sample containing many nuclei, the vector sum of all magnetic moments per

unit volume de�nes the bulk magnetisationM :

M =
1
V

NX

i

� i (2.6)
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Figure 2.2: Precession motion of two nuclei in an external magnetic �eld,B 0. A positive
gyromagnetic ratio implies a clock-wise sense of precession (left), whereas a negative gyro-

magnetic ratio implies an anti-clockwise sense of precession (right ).

At thermal equilibrium, a small excess of nuclei align with the external �eld, producing a net

magnetisationM 0 alongB 0:

M 0 =

2

6
4

0

0

M 0

3

7
5 (2.7)

The sample is said to be longitudinally polarised. The collective precession ofM follows the

same dynamics as the individual moments in Eq. (2.5):

dM
dt

= � 
 B 0 � M

d
dt

2

6
4

M x(t)

M y (t)

M z(t)

3

7
5 = � 


2

6
4

0

0

Bz

3

7
5 �

2

6
4

M x(t)

M y (t)

M z(t)

3

7
5

(2.8)

The frequency of precession (in rad s� 1) is referred to as the Larmor frequency! 0, and is

given by

! 0 = � 
B z: (2.9)

When Eq. (2.9) is substituted into Eq. (2.8), we obtain a system of coupled differential

equations for the magnetisation dynamics:

d
dt

2

6
4

M x(t)

M y (t)

M z(t)

3

7
5 =

2

6
4

0 � ! 0 0

! 0 0 0

0 0 0

3

7
5

2

6
4

M x(t)

M y (t)

M z(t)

3

7
5 (2.10)
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with solutions 2

6
4

M x(t)

M y (t)

M z(t)

3

7
5 =

2

6
4

a cos(! 0t + � )

a sin(! 0t + � )

b

3

7
5 ; (2.11)

wherea andbare constants,� is the phase.

2.1.2 RF pulses, Resonance and Relaxation

The longitudinal magnetisationM z = M 0 cannot be measured directly by magnetic

induction. Therefore, it is manipulated by a linearly oscillating magnetic �eldB 1 that is

resonant with the Larmor frequency of the nucleus and applied in a direction perpendicular to

the static �eldB 0. It is generated by a coil that is wound perpendicular to the main magnetic

�eld. The magnetisation vector with magnitudeM 0 is then tilted away from the z-axis and

onto the xy plane, resulting in a non-zerotransversemagnetisationM xy :

M xy = M x + iM y ; (2.12)

which is detected by a quadrature receiver.

The resultingnutationfrequency around theB1 �eld is called the nutation frequency! nut :

! nut = � 
B 1 ; (2.13)

which is typically in the kHz range. The manipulation ofM 0 in the presence ofB 0 is only

achieved through phenomenon calledresonance. It occurs when the oscillating perturbation

has a frequency close to a nucleus' Larmor frequency. At the core of the probe circuit,

resonance physically signi�es an ampli�cation of the applied oscillations when the frequency

of the pulse! carrier is close to the oscillation frequency of the electromagnetic oscillator:

! osc =
1

p
LCT

(2.14)

whereL is the inductance of the coil, andCT is the capacitance of the tuning capacitor.

Proper "tuning and matching" of these elements in the probe ensures resonance, and so this is

the vital �rst-step in the experimental procedure. At all magnetic �eld strengths, energy at the

precessional frequency in NMR correspond to the radio-frequency (RF) band, therefore the

resonantB 1 �eld is called a radio-frequency pulse. In this thesis,B 1 andB RF are used

interchangeably. When nuclei absorb energy from this RF pulse, the macroscopic nuclear

magnetisation is tilted away from thez-axis by an angle� , called the `�ip angle'.90� and

180� RF pulses are typically used to excite and invert the magnetisation respectively.

The magnetisation vector does not precess inxy-plane inde�nitely – once the RF �eld is

switched off, the nuclei release energy and return to equilibrium through a process called

relaxation. The net magnetisation returns to align with the main magnetic �eld. The recovery
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of longitudinal magnetisation is called "spin-lattice" relaxation and is characterised by the

longitudinal relaxation time constant,T1. Thez-magnetisation builds up exponentially (from

M z(0) = 0 ) with time:

M z(t) = M 0

�
1 � e� t=T1

�
(2.15)

Another mechanism of relaxation is "spin-spin" relaxation, which describes the homogenous

dephasing of coherent macroscopic magnetisation due to motion or interactions of the spins

with each other. This process is characterised by the transverse relaxation time constant,T2.

The observed transverse decay constant differs in value, and is characterised byT �
2 . This

constant accounts for dephasing attributed to inhomogeneities in the static �eldB0, as well as

magnetic susceptibility differences within the sample, which causes precession frequencies of

nuclei to differ slightly. It is related toT2 by the following relation:

1
T �

2
=

1
T2

+
1
T0

2
(2.16)

whereT0
2 characterises relaxation due to static �eld inhomogeneities.T �

2 relaxation manifests

in NMR spectra as line broadening. In the rest of the thesis, we limit our discussion of

transverse relaxation toT2 relaxation.

The transverse components of the magnetisation decay exponentially with the time constant

T2, describing spin–spin relaxation:

M x(t) = M 0 sin(! 0t) expf� t=T2g (2.17)

M y (t) = M 0 cos(! 0t) expf� t=T2g (2.18)

Therefore, a complete picture of macroscopic magnetisation dynamics is given by the Bloch

equations, which contains an additional term to Eq. (2.10):

dM
dt

= � 
 B 0 � M (t) � R f M (t) � M eqg

d
dt

2

6
4

M x(t)

M y (t)

M z(t)

3

7
5 =

2

6
4

� 1=T2 � ! 0 0

! 0 � 1=T2 0

0 0 � 1=T1

3

7
5

2

6
4

M x(t)

M y (t)

M z(t)

3

7
5 +

2

6
4

0

0

M eq=T1

3

7
5

(2.19)

whereR is the Relaxation matrix.

2.1.3 The NMR signal

The RF coil functions dually to emit and detect an oscillating magnetic �eld. Once the

equilibrium magnetisation is tipped onto the transverse-plane, Larmor precession is detected

inductively by the RF coil. This effect is described by the Maxwell-Faraday equation:
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r � E = �
@B
@t

; (2.20)

which states that achangingmagnetic �eld induces an electric �eld and hence an oscillating

electrical current in the coil. The detected signal oscillates at the Larmor frequency! 0

(typically hundreds of MHz), as shown in Figure 2.3

SF ID � cos(! 0t) exp(� �t ) ; (2.21)

which must be down-converted to produce a useful signal.

Figure 2.3: An example of a "signal" that is modulated by the spectrometer carrier frequency
! ref (left). The signal is an RF pulse generated by the optimal control module in Spinach, sent
to the spectrometer without a sample. The re�ected signal was measured by an oscilloscope
to see if probe electronics caused a distortion in the waveform. On the right, the recovered
pulse amplitude following the demodulation ("Bruker") is compared with the original shape

amplitude produced by GRAPE("OC").

This task is achieved by thequadrature detector. The receiver mixesSF ID with sineand

cosinecomponents that oscillate at the spectrometer reference frequency! ref :

I (t) � cos(! 0 t) cos(! ref t) (2.22)

Q(t) � cos(! 0 t) sin(! ref t) ; (2.23)

which results in an in-phase and quadrature signalI (t) andQ(t) respectively (note that the

expf� �t g term has been dropped for convenience). Using the trigonometric identities:

cos(A) cos(B ) = 1
2

�
cos(A � B ) + cos(A + B )

�
(2.24)

sin(A) cos(B ) = 1
2

�
sin(A + B ) + sin( A � B )

�
; (2.25)

we obtain two sets of signals that oscillate at the sum and difference of! 0 and! ref . The high

frequency term is �ltered by a low-pass �lter, which leaves the signal that oscillates at the
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difference term:

I (t) � cosf (! 0 � ! ref ) tg = cosf 
 0 tg (2.26)

Q(t) � sinf (! 0 � ! ref ) tg = sin f 
 0 tg ; (2.27)

where
 0 is the relative Larmor frequency (referred to as theoffset). By convention, the

signals can be combined into a single complex signal by interpretingI (t) andQ(t) as the real

and complex components ofS(t) respectively:

S(t) = I (t) + i Q (t) � exp(i 
 0t) : (2.28)

In this way, the quadrature detection method distinguishes frequencies that are positive and

negative relative to the offset
 0. Once down-converted, the time-domain signal is Fourier

transformed to give a peak in the spectral domain:

S(
) =
Z 1

0
S(t) exp(� i 
 t) dt (2.29)

such that the real part of the signalS(t) � exp(+ i 
 0t) produces a Lorentzian peak at
 0,

and the imaginary part results in a dispersive peak (Figure 2.4).

Figure 2.4: Fourier transform of the time domain signal detected in the transverse plane,
which decays with time constantT2. The real component of the signal leads to the absorptive

Lorentzian (left) and the imaginary component leads to the dispersive peak (right).
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2.2 Microscopic Picture of Nuclear Spin and Magnetism

The macroscopic picture of magnetism, captured by Bloch vector model, is conceptually

useful but an accurate method to describe atomic nuclei interacting with magnetic �elds

requires a quantum mechanical framework. This shift from classical to quantum theory

tackles the misconceptions of spin: nothing is physically spinning, nor does a particle have to

be charged to `have' spin.

In 1922, Stern and Gerlach investigated the magnetic moments of individual atoms using

using a narrow beam of silver atoms in the presence of an (inhomogenous) magnetic �eld. In

what is known as the Stern-Gerlach experiment, neutral silver atoms were de�ected either up

or down by the vertical �eld, which suggested that the magnetic moments of atoms are

quantised. Later, Uhlenbeck and Goudsmit[37] postulated the existence of the electron spin –

an internal degree of freedom associated with a magnetic moment. At the same time, Dirac

postulated the existence of electron spin by applying relativistic corrections to the

Schrödinger equation. It was concluded that this internal degree of freedom was an intrinsic

type of angular momentum that elementary particles such as electrons and quarks (and thus

composite particles) possess, that has no classical counterpart, calledspin. It characterises

how a quantum state transforms under rotations, independently of any orbital motion. This

thesis will not derive the Dirac equation, but will use the result in describing the magnetic

interactions of nuclei in NMR experiments. A detailed and rigorous derivation proving this

can be found in [38]. The mathematical relations that describe spin angular momentum will

be derived from the quantum mechanical formalism of orbital angular momentum, which

does indeed have a classical analogue.

2.2.1 Angular momentum of quantum systems

All rotating objects possess angular momentum. The classical de�nition is:

L = r � p =

�
�
�
�
�
�
�

î ĵ k̂

x y z

px py pz

�
�
�
�
�
�
�

=

0

B
@

y pz � z py

z px � x pz

x py � y px

1

C
A (2.30)

wherer is the displacement from the centre andp is the linear momentum of the object.

Using the following operator representation of linear momentum:

p̂x = � i~
@

@x
; p̂y = � i~

@
@y

; p̂z = � i~
@
@z

; (2.31)
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the angular momentumoperatorsare given by

L̂ x = ŷ p̂z � ẑ p̂y = i~
�

ŷ
@
@z

� ẑ
@
@y

�

L̂ y = ẑ p̂x � x̂ p̂z = i~
�

ẑ
@

@x
� x̂

@
@z

�

L̂ z = x̂ p̂y � ŷ p̂x = i~
�

x̂
@
@y

� ŷ
@

@x

�

(2.32)

Each component of the operatorL can be described by a cyclic commutation relation with the

remaining two operators;
h
L̂ i ; L̂ j

i
=

3X

k=1

i ~ " ijk L̂ k ; (2.33)

wherei; j; k represent thex; y; z components respectively and" ijk is the Levi-Civita tensor,

for which "123 = 1 . It is fully anti-symmetric under the exchange of any two indices:

"123 = "231 = "312 = 1; "132 = "213 = "321 = � 1: (2.34)

If two indices are the same, i.e.,"122 = � "122 = 0 . Proofs of this relation can be obtained

from any standard Quantum Mechanics textbooks, such as [39].

It is evident that these operators do not commute. It is convenient to de�ne the total orbital

angular momentum squared– or the momentum square operator:

L̂ 2 = L̂ 2
x + L̂ 2

y + L̂ 2
z (2.35)

whichdoescommute with each component ofL̂ . Indeed, this is the quantity that is invariant

under rotations. By convention, theL z component is chosen to be diagonalised

simultaneously withL 2 (the details of which are not given here, but can be found in [39]).

Their common eigenfunctions are called spherical harmonics: they are expressed in spherical

polar coordinates and denotedYlm (�; � ).

L̂ 2 Ylm (�; � ) = l(l + 1) ~2 Ylm (�; � ) (2.36)

L̂ z Ylm (�; � ) = m ~Ylm (�; � ) (2.37)

where~ l(l + 1) and~m are the eigenvalues of̂L 2 andL̂ z respectively.l andm are quantum

numbers;l labels the magnitude of the orbital angular momentum (which is quantised).m

speci�es its projection onto thez-axis, and is referred to as the magnetic quantum number.

The upper and lower bounds ofm are derived from the action ofladder operatorson the

eigenfunctions of̂L 2 andL̂ :

L̂ � � L̂ x � i L̂ y (2.38)
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These operators shift the value of the azimuthal quantum number up or down by one:

L + jl; m i = ~
p

l(l + 1) � m(m + 1) jl; m + 1 i (2.39)

L � jl; m i = ~
p

l(l + 1) � m(m + 1) jl; m � 1i (2.40)

But do not effect thel quantum number, because they commute withL 2. The upper and lower

bounds are determined by imposing that the norm of the raised or lowered state,L̂ � jl; m i

must be �nite positive. This results in the following allowed ranges form:

l 2 Z+

m = � l; � l + 1 ; : : : ; l � 1; l :

Eigenvalues of orbital angular momentum operators take integer values only1.

2.2.2 Spin angular momentum

Contrary to classical physics, a system at rest in the laboratory frame can still have angular

momentum. This is only the case if the particle has a non-zero spin angular momentum. This

naturally leads to the introduction of thetotal angular momentum̂J :

Ĵ = L̂ + Ŝ : (2.41)

In cases where both orbital angular momentum and spin angular momentum co-exist (e.g.

spin-orbit coupling in an electron), this allows for the addition of different components of

angular momenta.

Ĵ satis�es all the relations that̂L does. SincêS is a component of total angular momentum̂J ,

the same commutation relations follow forŜ;

h
Ŝi ; Ŝj

i
=

3X

k=1

i ~ " ijk Ŝk : (2.42)

The eigenvectors of̂S2 andŜz satisfy

Ŝ2js ; mi = ~2s(s + 1) js ; mi ; (2.43)

Ŝz js ; mi = ~mjs ; mi ; (2.44)

and the eigenvectors of raising/lowering operator of S,S� satisfy

Ŝ� js ; mi = ~
p

s(s + 1) � m(m � 1)js ; (m � 1)i : (2.45)

The eigenvaluess andm can take half-integer values; the value ofs is speci�c to each

elementary particle, in contrast to the orbital angular momentum quantum number (l). For

1This property arises from imposing that the wavefunction must be single-valued at any given coordinate.
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each value ofs, there are2s + 1 possible values ofms. The quantum numbers of spin

operators are not related to any motion or position in space.

Spin operators act on spin state vectors, which reside in a �nite-dimensional vector spaceVs.

This is distinct from the Hilbert spaceVo, where the associated state vectorj oi describes

orbital degrees of freedom. The dimension of the vector space ofVs is determined by2s + 1 ,

in contrast to the Hilbert space, which is in�nite-dimensional. If we denote a state vector in

the spin-space byj si , the full Hilbert space of the system is given by the direct product of

the two spaces;

V = Vo 
 Vs : (2.46)

In instances where orbital and spin degrees of freedom are weakly coupled (e.g. in the

absence of spin-orbit coupling), the generic wavefunctionj i can be written as

j i = j oi 
 j  si : (2.47)

For a spin-1/2 particle (neutrons, protons, electrons), the spin space is a two dimensional

complex vector space, such that the norm of the vectors is 1. Matrix representations of spin

angular momentum operators can be constructed analogously to those of orbital angular

momentum. There are only two eigenstates: each associated with the projection quantum

number
�
� 1

2
1
2

�
and

�
� 1

2 � 1
2

�
. They are often referred to as spin up,j� i and spin down,j� i .

Using these as basis vectors for the spin state, the general state is expressed as two-element

column matrix:

j i = c+1 =2 j� i + c� 1=2 j� i (2.48)

where

j� i =

 
1

0

!

and j� i =

 
0

1

!

: (2.49)

From the action of the operator̂S2 on j� i andj� i , we �nd that

Ŝ2 =
3
4

~2

 
1 0

0 1

!

(2.50)

and in a similar way, using Eq. (2.44), we deduce that

Ŝz =
~
2

 
1 0

0 � 1

!

: (2.51)

Using the relation in Eq. (2.45), we obtain

Ŝ+ = ~

 
0 1

0 0

!

and Ŝ� = ~

 
0 0

1 0

!

: (2.52)
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Finally, using the de�nition of the raising and lowering operators

Ŝ� = Ŝx � i Ŝy (2.53)

Ŝx =
1
2

�
Ŝ+ + Ŝ�

�
(2.54)

Ŝy =
1
2i

�
Ŝ+ � Ŝ�

�
; (2.55)

we obtainŜx andŜy ;

Ŝx =
~
2

 
0 1

1 0

!

and Ŝy =
~
2

 
0 � i

i 0

!

: (2.56)

These matrices are often represented by the Pauli matrices:

� x =

 
0 1

1 0

!

; � y =

 
0 � i

i 0

!

; � z =

 
1 0

0 � 1

!

: (2.57)

From these equations it is possible to prove the relation in Eq. (2.42).

2.2.3 Nuclear Zeeman effect

In the context of NMR, it is assumed that nuclei exist in their lowest nuclear energy

con�guration, i.e., in their ground state. Under this condition, the total angular momentum

equals the spin quantum number, which remains constant through the experiment. For

nuclear spins, this number is represented byI and simply callednuclear spin. In the ground

state, the nuclear magnetic moment operator is proportional to the spin operator:

�̂ x = 
 ~Î x ; �̂ y = 
 ~Î y ; �̂ z = 
 ~Î z ; (2.58)

where
 is the gyromagnetic ratio. The magnetic moment gives rise to measurable effects

only in the presence of an external magnetic �eld. In the absence of the magnetic �eld, the

eigenstates ofI z are said to be degenerate – that is, they have the same energy. The

degeneracy is broken by the application of a magnetic �eld into(2I + 1) levels; this is called

the Zeeman effect (Figure 2.5).

When a spin-1/2 nucleus (e.g1H) is placed in magnetic �eld �eldB 0, the energy levels are

split into two levels along the direction ofB 0, as shown in Figure 2.5. The difference in their

energies are given by

E = � �̂ � B 0 = � 
 ~Î zBz : (2.59)

For a nucleus with a positive gyromagnetic ratio (
 > 0), the magnetic moment is parallel to

spin angular momentum. Eq. (2.59) suggests that a magnetic moment that is parallel to the
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external �eld corresponds to the lowest energy state (see Figure 2.5). This splitting occurs

within the nuclear ground state – the splitting between the nuclear excited state and the

nuclear ground state is large enough for the nuclear excited states to be ignored in NMR

spectroscopy. This leads to the energy eigenvalues and the subsequent energy difference:

E+1 =2 = �
1
2


 ~Bz; E � 1=2 =
1
2


 ~Bz (2.60)

� E = E+1 =2 � E � 1=2 = � 
 ~Bz (2.61)

Given! = � 
B z, this splitting can be related to the precession frequency by the Planck

equation

� E = ~! 0; ! 0 = j
 jB0 (2.62)

A larger energy difference, and therefore larger precession frequency is attributed to the

nucleus' gyromagnetic ratio, and the magnetic �eld strength. The splitting for protons is

higher than e.g carbon because it has a larger gyromagnetic ratio.

Figure 2.5: Energy level diagram showing the Zeeman splitting for a nucleus with spin= 1=2
in the ground state. A magnetic �eldB0 splits degenerate energy state into 2 levels;j� i
and j� i refer to the energy eigenfunctions with projection numbersms = 1=2 and � 1=2

respectively.

2.2.4 The Spin Hamiltonian

The magnetic moment is responsible for the interactions of the nuclei with a magnetic �eld;

these interactions are weak but do have an effect on the overall energy of the system, which

manifest in the energy operator; the HamiltonianĤ . In principle, the energy operator can

contain terms that act on both orbital and spin degrees of freedom, or in special cases (e.g.

spin-orbit coupling) – terms that couple them both. In NMR, it is assumed that the spin-orbit

coupling terms are negligible. As a result, the total Hamiltonian operator is separable and can

be written as the sum

Ĥ = Ĥorb + Ĥspin ; (2.63)
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whereĤorb acts only on the spatial coordinates (position, momentum, etc.), andĤspin acts

only on the spin operators. Then, the orbital and spin degrees of freedom evolve

independently of each other, where the evolution of the wavefunctions are governed byĤorb

andĤspin respectively. In the ground state, orbital contributions are constant and can be

dropped. Thus, only the spin degrees of are assumed to be active and in doing so, we have

invoked thespin Hamiltonian approximation. From now on, the spin Hamiltonian will simply

be referred to as the Hamiltonian,Ĥ . With this, we can now begin de�ning the interactions of

nuclear spins (represented by combinations of nuclear spin operators) and their time

evolution.

In the following derivations, we work in natural units where~ = 1 , so that energy (and hence

the Hamiltonian) has units of angular frequency.

2.2.5 Time evolution of spin states

The time evolution of a quantum state (e.g., a nuclear spin state) is governed by the

time-dependent Schrödinger equation [40]:

@
@t

j (t)i = � i Ĥ j  (t)i : (2.64)

To obtain the solution, we use the Taylor series[41] to expand (t) aboutt = 0 :

 (t) =  (0) +
@ (t)

@t

�
�
�
�
�
t=0

t +
1
2

@2 (t)
@t2

�
�
�
�
�
t=0

t2 +
1
6

@3 (t)
@t3

�
�
�
�
�
t=0

t3 + : : : (2.65)

Using Eq. (2.64), thenth derivative of the wavefunction is given by

@n j (t)i
@tn

=
�

� i Ĥ
� n

j (t)i : (2.66)

Substituting Eq. (2.66) into the Taylor series:

j (t)i =
�
1 � i Ĥ t +

1
2!

�
� i Ĥ t

� 2
+ � � �

�
j (0)i

=

"
1X

n=0

(� i Ĥ t)n

n!

#

j (0)i :

(2.67)

Recognising the in�nite sum as an operator exponential, we obtain the general solution for a

time-independent Hamiltonian:

j (t)i = exp
�

� i Ĥ t
�

j (0)i (2.68)
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Equation (2.68) de�nes the time-evolution operator, which is often called thePropagator:

Û(t) = exp
�

� i Ĥ t
�

; (2.69)

so that

j (t)i = Û(t) j (0)i (2.70)

Because the Hamiltonian is Hermitian, the operatorÛ(t) is unitary, meaninĝU(t)yÛ(t) = I .

Therefore, the Schrödinger equation preserves the norm of the state.

2.2.5.1 Time-dependent Hamiltonian

Time dependent Hamiltonians arise when the RF �eld is applied. Often, this time-dependence

can be removed by the rotating frame approximation (see Section 2.4), but it can persist even

when the rotating frame is deployed, for example, when shaped pulses are applied. In this

case, the solution to the Schrödinger equation is a time-ordered exponential, where the

exponent contains a series of nested integrals of the Hamiltonian. The notation is shortened

by the Dyson time ordering operatorT [42]:

j (t)i = T̂ exp
�

� i
Z t

t0

Ĥ (t) dt
�

j (0)i (2.71)

Numerical solutions are rarely obtained by evaluating the integral in the solution, rather it is

approximated using product integrals with �nite slices� t, where the Hamiltonian is assumed

to be piecewise-constant in each slice:

j (t)i = lim
� t ! 0

"
 �Y

k

exp
�

� i Ĥ k � tk

�
#

j (0)i (2.72)

Simulation software typically evaluate this expression to evolve a system in time.

2.2.5.2 Spin Precession

The Schrödinger equation can be used to describe precession of spins in the absence of RF

irradiation by linking precession to rotations. By substituting the Zeeman Hamiltonian

Ĥ Z = ! 0Î z into the solution of the Schrödinger equation in Eq. 2.68), we obtain:

j (t)i = expf� i! 0Î z tg j (0)i : (2.73)

The exponential operator is the rotation operator for the spin around the z-axis:

R̂z(�) = exp f� i � Î zg; (2.74)
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which signi�es that in the absence of RF irradiation, the spin rotates around thez-axis

through an angle� = ! 0t. The exponential of a spin operator generates a rotation of the spin

state. Therefore, these operators are said to be the generator of rotations.

2.3 Interactions of nuclear spins

The Hamiltonian can be further separated based on the type of interactions that occur in the

presence of the magnetic �eld. These can be referred to as "internal" and "external"

interactions, where the former arises due to magnetic interactions within the sample itself,

whereas the latter originates from interactions of the sample with the external �eld,B 0.

These interactions are dependent on the spin of the nucleus. For example, interactions of

spin-1/2 are purely magnetic, whereas nuclei with spin greater than 1/2 acquire an electric

quadrupole moment, which means they also interact with electric �eld gradients (quadrupolar

interaction). This thesis concerns itself spin-1/2 nuclei in solution state, and solid state NMR

is not discussed here. Internal spin interactions are attributed to magnetic and electric �elds

that arise within the sample itself. For spin-1/2 in isotropic liquids, intramolecular spin

interactions are motionally averaged to their isotropic values. This is due to rapid rotational

motion of the molecules, which leaves the spin interaction with no dependence on the

orientation of the sample itself. The following Hamiltonians arise from nuclear spin interacts

with external magnetic �eld, which are referred to as `external' spin interactions.

2.3.1 External spin interactions

2.3.1.1 Static �eld

The static magnetic �eldB 0 is provided by the main superconducting solenoid, and is

typically applied in thez-direction. The resulting Zeeman effect was discussed in Section

2.2.3. For thej th spin, the Zeeman Hamiltonian is:

Ĥ Z
j = � 
 j Î jz Bz

= ! 0Î jz

(2.75)

where we have used the expression for the precession frequency! 0 = � 
B z in the second

line.

2.3.1.2 Radio-frequency �eld

The RF coil generates a linearly oscillating �eldB RF in a direction perpendicular to the static

�eld 2. The frequency of this oscillation is equivalent to the spectrometer reference frequency

2In this discussion, it is assumed that RF coil is orthogonal toB z so that the RF �eld only has components in
the transverse plane. In cases like MAS where the coil is tilted, there would be undesired longitudinal components
of the RF �eld too
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! ref . Thus, the RF �eld (in the lab frame) is:

B RF = 2B1 cos(! ref t + � )x̂ ; (2.76)

where� is the RF pulse phase. This �eld can be decomposed into into two counter-rotating

RF �elds with the same frequency:

B RF = B RF
res + B RF

non� res (2.77)

whereB RF
res is the transverse component rotating in the same sense as the spin precession, and

B RF
non� res is the transverse component rotating in the opposite sense to spin precession.B RF

res

is given by

B RF
res = B1f cos(! ref t + � )x̂ + sin( ! ref t + � )ŷg (2.78)

B RF
non� res = B1f cos(! ref t + � )x̂ � sin(! ref t + � )ŷg (2.79)

Under the right conditions (i.e., in the rotating frame, see section 2.4), the non-resonant �eld

has no effect on the spins, therefore it can be neglected. The corresponding HamiltonianĤ RF
j

during an RF pulse is approximated as

Ĥ RF
j (t) = � ! nut

j f cos (! ref t + � ) Î jx + sin ( ! ref t + � ) Î jy g (2.80)

where

! nut
j = jB1
 j j (2.81)

andB1 is the amplitude of the oscillation.

2.3.1.3 Gradient �eld

Gradient �elds are used in NMR to make the resonant frequency of the spin position

dependent. They are an important aspect of imaging experiments, since the position

dependence of the magnetic �eld allows spatial localisation. The gradient is provided by

gradient coils. In an NMR experiment, they are typically deployed in thez direction. The

total �eld B in the presence of a gradient along the z-direction is given by

B = B0ẑ + Gzz (2.82)

The corresponding Hamiltonian is given by

Ĥ grad
j = � 
 j Gz(t)z Î jz (2.83)
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2.3.2 Internal spin interactions

2.3.2.1 Isotropic Chemical shift

In the absence of electronic effects, all isolated nuclei of a given isotope in a uniform �eld

precess at the same basic Larmor frequency,! 0. However, molecules are not homogeneous -

electronic structure surrounding the nuclei vary depending on chemical bonds, spatial

structure, or proximity to electronegative atoms (to name a few examples). Varied levels of

electronic shielding, described microscopically by the shielding constant� , modi�es the

magnetic �eld experienced by a nucleus. The variations create subtle differences in the local

magnetic �eld of each nucleus. The value of NMR lies in its ability to distinguish distinct

environments within a molecule. This altered �eld leads to a shifted resonance frequency,

which is reported experimentally as the chemical shift� . It is thought of as the indirect

interaction of a nucleus with the external magnetic �eld, mediated by the electrons.

The mechanism of the chemical shift arises as follows: electrons are charged particles

themselves, so the external magnetic �eldB 0 exerts a force which results in motion. This

�ow of electrons induces a current in the electron clouds in the molecule. The circulating

currents in turn induce a magnetic �eld, which according to Lenz's law[43] acts as to oppose

the applied magnetic �eld. As a result, the spins "feel" a total magnetic �eld that is the sum of

the induced and external �eld:

B local
j = B 0 + B induced

j : (2.84)

The induced �eldB induced
j , to a good approximation is given by

B induced
j = � � j � B 0 (2.85)

where� j is the chemical shielding tensor, which signi�es that generally, the chemical

shielding is dependent on orientation of the molecule with respect to the external �eld. In

non-viscous (isotropic) liquids, this anisotropy is averaged out to give an isotropic shielding:

� iso
j =

1
3

(� j
XX + � j

Y Y + � j
ZZ ) (2.86)

The motionally averaged chemical shift Hamiltonian for isotropic liquids is then given by

Ĥ CS
j = � 
 � iso

j Bz Î jz (2.87)

where the secular approximation is used and only the interaction with theI jz is retained. The

Zeeman term is often combined with the shielding term:

Ĥ j = Ĥ Z
j + Ĥ CS

j = ! j Î jz (2.88)
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where! j is the chemically shifted Larmor frequency:

! j = � 
 j Bz
�
1 � � iso

j

�
: (2.89)

Therefore, the experimentally observed effect due to shielding is the chemical shift, which is

de�ned relative to a reference compound, usually tetramethylsilane (TMS):

� j =
! j � ! TMS

! TMS
� 106 (ppm) : (2.90)

The reported chemical shift,� j is approximately proportional to the difference between the

isotropic shielding of nucleusj and that of the reference. In the common convention, TMS is

assigned� = 0 ppm and is considered well-shielded.

2.3.2.2 Isotropic J-coupling

The intramolecular interaction between nuclear spins, mediated through chemical bonds, is

characterised by the J-coupling. It is also referred to as indirect dipole-dipole coupling (in

contrast to direct dipole-dipole coupling, which occurs through-space), because the bonding

electrons facilitate the interactions of neighbouring magnetic moments. Accordingly, it is not

dependent on the orientation of the molecule relative to the external �eld, therefore the

external �eld does not appear in the expression for the J-Hamiltonian. The Hamiltonian

governing the interaction between homonuclear spinsj andk is given by

Ĥ J
jk = 2 � Î j � J jk � Î k (2.91)

whereJ jk is the J-coupling tensor that is dependent on molecular orientation. In an isotropic

�uid, this tensor (like the chemical shift tensor) is also averaged out by molecular tumbling,

and the Hamiltonian is:

Ĥ J
jk = 2 � J jk Î j � Î k

= 2 � J jk

�
Î jx Î kx + Î jy Î ky + Î jz Î kz

� (2.92)

whereJ jk is the isotropic J-coupling, or the coupling constant and is given by the average of

the diagonal terms of the J-coupling tensor:

J jk =
1
3

(J jk
xx + J jk

yy + J jk
zz ) (2.93)

In the heteronuclear case, the (secular) form of the interaction (for isotropic liquids) is given

by:

Ĥ J
jk = 2 � J jk Î jz Î kz (2.94)
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The J-coupling is important in structure elucidation – it provides a connectivity network of

bonded nuclei within a molecule, which manifests directly in NMR spectra through line

splitting.

2.4 The rotating frame approximation

The application of RF pulses introduces a time dependence in the Hamiltonian, which makes

the solution of spin dynamics dif�cult. The "lab-frame" RF Hamiltonian is reproduced below:

Ĥ RF
lab (t) = � ! nut f cos (! ref t + � ) Î x + sin ( ! ref t + � ) Î yg: (2.95)

To simplify this complicated motion, we can view the system in a reference frame that rotates

around thez-axis. Under this approximation, the Hamiltonian appears time-independent.

Consider a �xed reference frame with axisx̂; ŷ; ẑ and a rotating framêx0; ŷ0; ẑ0 (Figure 2.6,

right),

Figure 2.6: Schematic representing the rotating frame of reference (left) and the resulting
axis transformations (right). When a tiny observer (an ant) moves with magnetisation vector,
it looks stationary in the perspective of the ant. The rotating frame coordinates are represented
by x̂0; ŷ0; andẑ0, and are related to their original lab frame axisx̂; ŷ; andẑ by the angle� .

where the frame axes are related to each other by the following:

x̂0 = x̂ cos �( t) + ŷ sin �( t) (2.96)

ŷ0 = � x̂ sin �( t) + ŷ cos �( t) (2.97)

ẑ0 = ẑ (2.98)

where the time-dependent angle of rotation is� , given by:

� = ! ref t (2.99)

Now, we consider a spin statej i rotating with frequency! ref . By linking rotations to the

solution of the Schrödinger equation, we get:

j ~ i = R̂z(� �) j i (2.100)
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The rotation is considered aunitary transformation.

Ûy(t) = R̂z(� �) = exp
�

i ! ref t Î z

�
(2.101)

This type of transformation preserves the norm of a vector. Eq. (2.101) describes a basis

(coordinate system) rotating at! ref . We can see how the statej ~ i evolves in time by

differentiating Eq.(2.100):

d
dt

j ~ i =
d
dt

�
Ûy(t) j (t)i

�
(2.102)

where we have used the expression in Eq. (2.101) to substitute forR̂(� �) .

d
dt

j ~ i =
�

dÛy

dt

�
j i + Ûy

�
d
dt

j (t)i
�

; (2.103)

The �rst term in Eq. (2.103) is evaluated by taking the derivative of the rotation operator:

�
dÛy

dt

�
j i =

d
dt

R̂z(� �) j i (2.104)

= i Î z

�
d
dt

�( t)
�

exp
�

+ i �( t)Î z

�
j i (2.105)

= i! ref Î zR̂z(� �) j i (2.106)

= i! ref Î z j ~ i ; (2.107)

where we have used the fact that the rate of change in the angle� is the frequency! ref . The

second expression in Eq. (2.103) is evaluated using the time-dependent Schrödinger equation:

Ûy
�

d
dt

j (t)i
�

= � i ÛyĤ j  i (2.108)

Using the inverse relation of Eq. (2.100):

j i = R̂z(�) j ~ i = Û j ~ i (2.109)

and substitutingj i into Eq. (2.108), we obtain:

Ûy
�

d
dt

j (t)i
�

= � i Ûy Ĥ Ûj ~ i : (2.110)
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Combining the results from Eq.(2.107) and (2.108) gives:

d
dt

j ~ i = i! ref Î z j ~ i � i ÛyĤ Û j ~ i (2.111)

= � i
�

ÛyĤ Û � ! ref Î z

�
j ~ i : (2.112)

The rotating frame Hamiltonian is:

beH = Ûy Ĥ Û � ! ref Î z (2.113)

and the rotating frame Schrödinger equation is given by

d
dt

j ~ i = � i beH j ~ i : (2.114)

The! ref Î z term in Eq.(2.113) determines the effective precession in the rotating frame. Given

the lab-frame Zeeman Hamiltonian (Ĥ Z = ! 0Î z), the rotating frame Hamiltonian becomes

beH
Z

= ! 0 Ûy Î z Û � ! ref Î z

= ( ! 0 � ! ref ) Î z

(2.115)

where the(! 0 � ! ref ) term is the offset
 . Setting the spectrometer! ref on resonance with

the Larmor frequency sets
 = 0 , and therefore the rotating frame Hamiltonian to zero, so

that the spin looks stationary.3

2.5 Ensemble Physics

A real, physical system rarely consists of a single particle; instead, it typically contains an

enormous number of particles (on the order of1023). Although the measurable properties of

such a system may appear constant, its microscopic degrees of freedom are constantly

�uctuating. The motion of each individual particle or molecule can, in principle, be described

by Newton's laws (for macroscopic objects) or quantum mechanics. However, treating every

particle explicitly is not practical. Statistical mechanics bridges this gap by applying

probability theory to the underlying equations of motion, allowing us to describe the

collective properties of the system without tracking each particle individually.

The underlying dynamics of each individual particle is characterised by a microstate, which is

de�ned as a particular con�guration of all particles in a system, at a single instant. An

ensemblecontains all the possible set of snapshots of this system, and the different

possibilities represented by the con�gurations (i.e. the "snapshots") are the microstates of the

system. In other words, an ensemble is a large number of identical copies of the system, each

3Down-converting the rapidly oscillating signal, as described in Section 2.1.3 is the experimental equivalent of
moving to the rotating frame – the spectrometer's electronics are doing in hardware what is done to simplify NMR
theory.
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of which may be in different microstates. A microstate is not directly observable, but what we

doobserve and measure, are macroscopic properties, such as volume, temperature and

pressure – for which no simple equation of motion exists. There is, however, a way to predict

the outcome if we consider large ensembles of identically prepared systems. By applying

appropriate probability distributions over their microstates, we can compute thermodynamic

state functions and make reliable predictions in the thermodynamic limit of in�nitely many

particles.

2.5.1 Probability distributions

In a system with a large number of particles, a single molecule can undergo many collisions.

As a result, quantities of interest are broadly distributed and unpredictable. For an ensemble

of systems, a relevant desired detail is theprobability that a system (or particular number) of

particles are at certain energy level (or `state'). A statistical ensemble is de�ned as a

probability distribution over all possible states of a system. The Boltzmann distribution[44] is

an example of a probability distribution, which gives the probability that a system is in a

particular energy state relative to all other energy states:

Pn =
exp (� En=kB T)

Z
; Z =

X

m

exp (� Em =kB T) (2.116)

where the denominator is known as the partition function,Z , and is a normalisation factor for

the Boltzmann distribution. The distribution function is a generalization of the ideas of

discrete probability to the case where energy can be treated as a continuous variable. In the

following sections, which build up to expressions of thermal equilibrium, eigenvalues of the

Hamiltonian are expressed in energy units (joules), rather than angular-frequency units.

Other probability distributions include the Maxwell-Boltzmann distribution, which is a

special case of the Boltzmann distribution withE = mv2=2. It gives the probability

distribution as a function of particle speeds, indicating which speeds are more likely.

With this, the expectation value associated with the propertyA, e.g velocity, or energy can be

de�ned as:

hAi =
Z

P(x)A(x) dx (2.117)

whereA(x) are the various physical con�gurations.

2.5.2 Ensembles in Magnetic Resonance

An ensemble in which its microstates have the same energy, volume, and same number of

moles is known as a microcanonical ensemble. In this case, there is no matter or energy

exchanged with the environment. In contrast, a canonical ensemble describes a system in

contact with a thermal reservoir at a constant temperatureT, allowing for energy exchange. It

can be interpreted as subsets of microcanonical ensembles with varying energies� i .
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Just as each microstate evolves with time according to an equation of motion, an ensemble,

which is characterised as a probability distribution� over all possible (micro)states also

evolves in time, according to the Liouville equation:

@�
@t

=
X

i

�
@�
@pi

@H
@qi

�
@�
@qi

@H
@pi

�
: (2.118)

Using the Poisson brackets

f u; vg =
X

i

�
@u
@pi

@v
@qi

�
@u
@qi

@v
@pi

�
(2.119)

it can be expressed as
@�
@t

= �fH ; � g (2.120)

wherepi andqi represent the vectors of momentum and spatial coordinates of a particle in

phase space, respectively andH(~pi ; ~qi ) is the Hamiltonian.

In reality, microcanonical ensembles are dif�cult to apply – an isolated system rarely occurs

in nature. A concise example is given in [45] of a spin-1/2 particle, which has two

eigenstates;j� i andj� i with energies� � = ~ge� B B0=2 and� � = � ~ge� B B0=2

respectively. For an ensemble ofN spin-1/2s, a microcanonical description implies that the

total energy of each ensemble member is �xed – a constraint which forces all spins to occupy

the same energy level, resulting in a pure state. In a typical NMR experiment, the ensemble is

in a mixed state. This is possible due to spin relaxation processes and therefore dissipative

systems are best described by the canonical ensemble.

Wavefunctions are themselves probabilistic: they intrinsically encode probability distribution

associated with a particular outcome (eigenvalue). Unlike classical con�gurations,

wavefunctions do not equate to a de�nite value of a property. In a quantum ensemble of

spin-1/2s, the microstates assumed by such a system are given by a set of wavefunctions i ,

wherei = 1 ; 2; 3:::k, each of which intrinsically contain a different "con�guration" of states.

There exist a mixture of states i in the ensemble, and there is added uncertainty as to which

microstate ( i ) the ensemble is actually in. The density operator then encodes the probability

distribution over the mixture of quantum states and when combined with another operation

(called the Trace), computes the observable's expectation value. Given a set of probabilities

associated withj i i , the density operator is given by

�̂ =
X

i

Pi j i i h i j ; (2.121)
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and the expectation value of an operatorÂ 4 is given by:

hÂi = Tr
nX

i

Pi j ih j Â
o

= Tr f �̂ Âg

(2.122)

The density operator can also be represented in matrix form with respect to a set of basis

functionsjki . The elements of the density matrix� are given by

� nm =
k� 1X

i =0

Pi hnj i i h i jmi (2.123)

The diagonal elements of the density matrix (jcn j2) are real and denote populations of basis

states:

� =

 
p� c1c�

2

c2c�
1 p�

!

: (2.124)

The off-diagonals of the density matrix are complex numbers and denote coherences–

coherent superpositions of statesjni andjmi :

� nm = cnc�
m (2.125)

where asterisk represents the complex conjugate and the bar denotes an ensemble average.

For a large quantum system at thermal equilibrium there are no coherences, therefore the

off-diagonals are equal to zero.

2.5.3 Thermal equilibrium

By analogy with the classical canonical ensemble, the probability distribution of the

populations at thermal equilibrium of such an ensemble is dictated by the Boltzmann

distribution:

� nn =
exp(� En=kB T)

Z
; Z =

X

m

exp (� Em =kB T) (2.126)

where the sum is over all eigenstates. Therefore, the quantum mechanical partition function

can equivalently be given by the trace:

Z = Tr f exp (� Em =kB T)g (2.127)

For a two-level system withE � = � 1
2~! 0, E � = + 1

2~! 0, the populations of each eigenstate

is given by

4For a pure statej i , the expectation valuehÂ i = h jÂ j i is the average of all measurement outcomes,
weighted by their their respective probabilities.
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p� =
e+ ~! 0=2kB T

e+ ~! 0=2kB T + e� ~! 0=2kB T
; p� =

e� ~! 0=2kB T

e+ ~! 0=2kB T + e� ~! 0=2kB T
: (2.128)

Let ~! 0=kB T = B. SinceB � 1 5 [46], we can evaluate the exponential using the McLaurin

series around 0, for both expressions:

p� �
1
2

(1 + 1
2B) ; p� �

1
2

(1 � 1
2B) (2.129)

Therefore, the thermal equilibrium density matrix for spin-1/2 is given by

� eq =

 
1
2 + 1

4B 0

0 1
2 � 1

4B

!

(2.130)

In the Zeeman basis;

� eq =
1
2

1̂ +
1
2

BÎ z (2.131)

This population difference creates a net magnetisation alongI z, however, this difference is

very small, as is what contributes to the sensitivity problem in NMR. Techniques that aim to

remedy this problem by creating a large population difference at thermal equilibrium are

called hyperpolarisation.

2.5.4 Time evolution of spin ensembles

The wavefunction formalism is useful in characterising the dynamics of a pure state, but it is

not convenient for ensemble-averaged, open magnetic resonance experiments because the

ensemble average of a wavefunction with arbitrary phase, vanishes:

j i =
1

2�

Z 2�

0
ei' j i d' = 0 (2.132)

Instead, we derive the equation of motion for the density operator, which follows from its

de�nition in Eq.2.121 and the time-dependent Schrödinger equation:

@
@t

�̂ (t) =
@
@t

(j (t)i h (t)j

=
�

@
@t

j (t)i
�

h (t)j + j (t)i
�

@
@t

h (t)j
� (2.133)

5This is a consequence of the high temperature approximation, which assumes that thermal energies are larger
than Zeeman interactions.
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Substituting the Schrödinger equation, we obtain

@
@t

�̂ = � i Ĥ j  i h j + i j i h j Ĥ

= � i Ĥ �̂ + i �̂ Ĥ :
(2.134)

Where in the last line we have used the de�nition of the density operator. The commutator of

two operatorsÂ andB̂ is de�ned as

[Â; B̂ ] = Â B̂ � B̂ Â (2.135)

Therefore the equation of motion for�̂ is

@
@t

�̂ (t) = � i [Ĥ (t); �̂ (t)]: (2.136)

This is the Liouville-von Neumann equation, and it is the quantum mechanical formulation of

magnetic resonance, known as the density matrix formalism[47]. It is often described in

terms of the Hamiltonian commutation super-operator^̂H ;

^̂H �̂ = [ Ĥ ; �̂ ] = Ĥ �̂ � �̂ Ĥ (2.137)

The solution to this equation with a time dependent Hamiltonian is given by

�̂ (t + dt) = exp f� i f ^̂H (t) dtg �̂ (t) (2.138)

whereexp is the operator exponential.

2.5.5 Liouville space formalism

As discussed, wavefunctionsj i (once projected onto a basis) are represented by

N -dimensional vectors in the Hilbert space. They are transformed into other vectors by

operatorsÔ, which are represented asN � N -dimensional matrices:

Ô : CN ! CN

This transformation can be described as a linear map. In the previous section, we necessarily

introduced the density operator, which requires transformation by a superoperatorH to

evolve it in time. This involves a transformation of anN � N -dimensional matrix by an

N � N � N � N -dimensional object:

^̂O : CN � N ! CN � N

Conceptually, this is already dif�cult to visualise and the numerical evaluation of this

transformation is tricky because it involves a 4-index structure. The representation is greatly
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simpli�ed if we move to a space whereN � N matrices are vectorised to give vectors with

dimensionsN 2, and the 4-index structure is simpli�ed into matrices of dimensionsN 2 � N 2.

As a result, operators form a vector space themselves, and superoperators describe linear

transformations of these vectors. This is referred to as Liouville space, and the transformed

superoperator is called the Liouvillian̂̂L :

^̂L : CN 2
! CN 2

The Liouville space formalism is a necessity in spin dynamics simulations involving

second-order chemical kinetics, such is the case in section 4. The Liouvillian in such

simulations are constructed as follows[38]:

^̂L = � i
�

I 
 Ĥ � Ĥ T 
 I
�

(2.139)

which acts on a vectorised density matrix:

_m = ^̂L m; m = vec( � ) (2.140)

andI is the identity matrix.

2.6 Rotational Symmetry, Lie Algebras, and Nuclear Spin

Symmetry refers to properties of systems such as atoms or molecules, which remain

unchanged under some transformation. It is said that such a property is "conserved" and

therefore these symmetries give rise to conservation laws. This relationship is described by

Noether's theorem[48], which describes that a continuous symmetry of a physical systems

gives rise to a physical quantity that is conserved. For example, a system which is invariant to

a translation in time results in the conservation of energy, and a system which is invariant to a

rotation in space results in the conservation of angular momentum.

The transformations applied to such systems can be discrete (e.g.the rotation of regular

polygons) or continuous (rotation of a circle by any angle). The latter are described by matrix

Lie Groups and their elements can represent transformations that preserve the structure of a

system. All 3D rotations are linear transformations of the Euclidean spaceR3 about the

origin. The 3D rotation group is denotedSO(3), which preserves the inner product (length)

and the dot product, therefore preserving angles between vectors and orientations. This

describes a rotation symmetry, therefore the conserved quantity associated withSO(3) is

angular momentum.

2.6.1 The Lie Group and its algebra

A groupG is a set of elements (e.g. integer numbers), which is equipped with an operation

(e.g.� ). In general, this operation is de�ned as *. Combining two elements in the set under

an operation gives an element in that group. We say that the group is closed under the
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(binary) operation. For example, the integer group consists of a set of integer numbers

Z = f : : : ; � 3; � 2; � 1; 0; 1; 2; 3; : : :g. Let the group operation be+ . Adding two numbers

from this set of numbers gives another integer, which indeed exists in the set. The integer

group can be used to de�ne additional properties of a group:

• Each elementx has an inversex � 1, and combining an element with an inverse gives

the identityx � 1x = f eg.

The inverse of an integer numberx in Z is given by� x, and adding the two

x + ( � x) = 0 , where0 is the identity element of the integer group.

• The group operation is associative, such that for allx; y; z in G,

(x � y) � z = x � (y � z).

In other words, the grouping of the integer elements does not matter, so long as the

integers are added in the same order. That is,(x + y) + z = x + ( y + z).

A Lie group is a group that is also a smooth manifold, meaning that the group operation and

the inverse is an in�nitely differentiable map. In this discussion we only consider the type of

Lie group that has a matrix representation, which is a sub-group of the (GL) matrices.

Examples include the special linear group (SL(n)), unitary and special unitary group (SU(n)),

orthogonal and special orthogonal groups (SO(n)).

A "map" is a functionf : V ! W over a �eld F that associates each vectorv in spaceV

with exactly one vectorf (v) in W . Maps describe transformations of this kind, and a linear

map between two vector spacesV andW is a function that preserves linear combinations.

Therefore, the linear map preserves addition and scalar multiplication such that:

f (u + v) = f (u) + f (v) 8 u; v 2 V

f (av) = af (v) 8 v 2 V
(2.141)

A linear map also preserves the origin vector in both vector spaces, such thatf (0V ) = 0 W .

Linear transformations such as rotations, re�ections, and scaling can be represented by

matrices so long as a basis is de�ned for each vector space. For example, a rotation matrix

R̂(�; x ) (a function of angle� around thex-axis) acting on a wavefunction in a 3D vector

space is a linear map. This transformation is given by

R̂(�; x̂) =

0

B
@

1 0 0

0 cos� � sin �

0 sin� cos�

1

C
A : (2.142)

� and the axis (in this casex) are said to be the parameters of the group.

Given a Lie GroupG, we can associate a Lie algebrag, which consists of the tangent vectors

at the identity element ofG. If we de�ne g = f x 2 gl(n; R)}, then g is a vector space and

elements ofgl aren � n matrices. It is a linear space equipped with a binary product

[�; �] : g � g ! g called the Lie bracket. If we de�neX; Y 2 g, then
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• The Lie bracket ofX andY is the matrix commutator;[X; Y ] = XY � Y X .

• The space is closed under the product, so that[X; Y ] 2 g.

• The product is antisymmetric;[X; Y ] = � [Y; X ].

• The Lie bracket satis�es the Jacobi identity;

[X; [Y; Z]] + [ Y;[Z; X ]] + [ Z; [X; Y ]] = 0 whereZ 2 g.

• The exponential function maps the Lie algebra to ann � n matrix inG.

Conversely, given a Lie algebrag, we can construct a Lie GroupG by using the exponential

map to associate elements ofg with elements ofG.

2.6.2 The Exponential map

The exponential map is described by the following expression:

exp X =
1X

k=0

1
k!

X k (2.143)

Using this map, we can de�ne a Lie group's action on a smooth manifoldM by moving a

point x in M to a new point� (g; x) which remains onM , whereg is an element ofG on

which we apply the exponential map. This concept is important when solving differential

equations on a smooth manifold, where the action map is also smooth (in�nitely

differentiable). This statement is somewhat intuitive; the exponential function can be

differentiated an in�nite number of times.

The rotation matrix in Section 2.6.1 is used as an example to illustrate a Lie group action. If

the manifold is a 3D Euclidean spaceR3, the group of rotations denotedSO(3), can act on a

point in the Euclidean space by rotating that point around a �xed point by an angle� . The

resulting point in the Euclidean space is given by the map� (g; x), where the element ing

denotedso(3) determines the angle inSO(3). This group action can be summarised as

� : SO(3) � R3 ! R3.

A result of a group action on an element in the manifoldM is a group orbit, which can be

simply described as all the possible destinations of that element under the group action. More

speci�cally, the orbit of an elementx in the setA is the set of elements, to whichx can be

moved by an element ofG via the group action.G is said to act transitively on the set if the

action produces only one orbit, i.e. any element in a set can be transformed to any other

element in the same set. The orbit ofx is denotedOrb(x) = G � x = f g � xjg 2 Gg. What

�xes x to a speci�c point or orientation, is called the stabiliser ofx. For example, the orbit of

a vector inR2 acted on by a rotation matrix (SO(2)) is the set of all vectors that form a circle.

The orbit of an elementv in the Lie algebra ofG (which is a vector space) under the action of
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the exponential map is the set of vectors obtained by applying the exponential map on all

scalar multiples ofv.

Orbits can be distinct, or transitive (described above). In the context of theSO(3) group

acting on a vectorv in R3, the orbit ofv is the set of all vectors obtained by rotatingv by an

angle around an axis. If we consider a different vectorw in R3 under the action ofSO(3), the

orbits of both vectors are distinct if they do not intersect, nor do the subspaces which they

belong to.

Finally, we formally de�ne thegenerator, an element of the Lie algebrag associated with a

Lie GroupG. Elements ofg live in the tangent space ofG at the identity. Generators are

formulated as the partial derivatives of group elements with respect to the parameters of the

group, when the result is evaluated at zero.

In physical applications, generators are represented by linear operators (often matrices),

which corresponding to continuous symmetries. For unitary representations, an additional

factor ofi typically appears so that the generators are Hermitian.

We can illustrate this using the rotation matrix in Eq. (2.142). Consider taking the derivative

of the rotation matrixR̂x (� ), which is an element of theSO(3), with respect to the rotation

parameter�

i
@̂R(�; x̂)

@�

�
�
�
�
� =0

= i

0

B
@

0 0 0

0 0 � 1

0 1 0

1

C
A (2.144)

The matrix on the right is the angular momentum operatorL̂ x . Applying the de�nition above,

we can see that̂L x is the generator of rotations, which is the Lie algebra element ofSO(3).

This process can be repeated for the rotation matricesR̂y R̂z to obtainL̂ y andL̂ z.

{ L x ; L y ; L z} can form the basis for the 3 dimensional vector spaceso(3). Conversely, the

exponential map can be used to move from the Lie algebra to the group to obtain the rotation

matrix R̂x .

2.7 Equations of Lie type and symplectic integrators

Lie equations are differential equations which generally take the form

y 0(t) = A (t; y ) y ; t � 0; y (0) = y0 2 G (2.145)

whereA (t; y ) andy areN � N matrices andG is a Lie Group. The equation is non-linear if

A also depends on the state (Eq. (2.145)), and simpli�es to a linear matrix differential

equation ifA depends only on time (i.e., is state-independent):

y 0(t) = A (t) y ; t � 0; y (0) = y0 2 G (2.146)
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Both forms appear in this thesis; the time-dependent Schrödinger equation is an example of

the state-independent Lie equation, where the HamiltonianH (t) acts as the generator of spin

dynamics. Solutions to the time-ordered integral (as in Eq. (2.71), section 2.2.5.1) typically

rely on numerical quadratures to evaluate the integral. More accurate methods than the

piecewise-constant approximation of the Hamiltonian (Eq. (2.72)) can be obtained using the

Magnus expansion[49], or Runge-Kutta methods (for state-dependent generators). These

ideas are the foundation of Lie group methods, in which differential equations are solved on

manifolds using algorithms that preserve the symplectic structure of underlying symmetries.

Such approaches are collectively known as geometric integration.

Many differential equations evolve on Lie groups, or on manifolds equipped with the Lie

group action. In such cases, it is necessary to retain the underlying group structure to obtain

stable and accurate numerical solutions[50]. A (differentiable) manifold is a topological

space, which serves as a domain on which differential equations are solved. Movements on

this space come from the action of Lie algebra[51]. Using manifolds as con�guration spaces

allows one to respect important geometric properties of the underlying differential equation,

such as conservation laws, symmetries, and symplectic structure. These features are often lost

when embedding the problem inRN [52]. Compared with classical integrators such as

Runge-Kutta and multistep methods, geometric integrators offer the advantage of slower error

accumulation, which arises due to a numerical solution that stays on the same manifold as the

analytical solution[51]. The structure preservation is a direct result of exponentiating

elements of the Lie algebra.

In the following sections, geometric integration quadratures derived from the Magnus

expansion and Runge-Kutta methods are introduced and applied to the equation of motion in

magnetic resonance. The accuracy and ef�ciency of these numerical quadratures are

investigated for both state-dependent and state-independent generator cases in Chapter 5.

2.7.1 Two and Three-point product integrators: Magnus Expansion

Recall that the Lie equation in magnetic resonance in given by

d
dt

� (t) = � i L (t; � )� (t) (2.147)

whereL is the Liouvillian in matrix form and� is the state-vector. The solution of the

state-independent case takes the formY = exp(
( t))Y 0, where
 is expressed an an in�nite

series
( t) =
P 1

k=1 
 k (t), in which the terms are linear combinations ofk + 1 integrals ofk

commutators. This action is the Magnus expansion[49], which is based on applying Picard's

iteration on the differential equation in the Lie algebra[53, 54]. Therefore, the solution to the

Liouville-von Neumann equation can be written as

� (t) = exp f 
 (t)g� (0) (2.148)
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The idea is to solve a differential equation in
 , and truncate the solution.
( t) satis�es

d

dt

= d exp � 1

 (L (t)) ; 
 (0) = 0 ; (2.149)

whered exp
 is the differential of the exponential, represented by a linear map[51]:

d exp
 =
exp(ad)
 � I

ad

=

1X

j =0

1
(j + 1)

adj

 ; (2.150)

andd exp� 1

 is theinverseof d exp
 , representing a push to the Lie Algebra:

d exp� 1

 (A ) =

1X

k=1

Bk

k!
adk


 A (2.151)

Bk are the Bernoulli numbers,A is a matrix in the Lie algebra and the adjoint action ad
 (A )

is de�ned as

ad
 (A ) = [
 ; A ] : (2.152)

The iterated commutatorsadk

 are de�ned as

ad0

 A = A ; adm+1


 (A ) = [
 ; adm

 (A )] ; (2.153)

whereadm

 denotes the m-fold nested commutator ofA with 
 . Then, we can solve for


using the Picard iteration;


 [m+1] (t) =
Z t

0
d exp� 1


 [m ] A (s)ds

=
1X

k=0

Bk

k!

Z t

0
adk

[
]( s)A (s)ds; m = 0 ; 1; 2: : :

(2.154)

The Picard theorem then implies that
( t) = lim
m!1


 [m] (t) exists, which yields the Magnus

expansion;


( t) =
1X

k=0


 k (t) : (2.155)

Therefore, the solution of� (t) is given by

d
dt

� (t) = � i exp
� 1X

k=1


 k (t)
�

� (t): (2.156)
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Since
 k is a linear combination ofk + 1 integrals ofk commutators, only the �rst order is

often evaluated exactly. Higher orders need to be evaluated using appropriate numerical

quadratures. Two and three-point integrators for the solution of the Liouville-von Neumann

equation are obtained by applying the Gauss-Lobatto quadrature in [50]. They are directly

quoted below:

� (t + � t) = lim
� t ! 0

 �Y

k

exp
�

� i
�

L L + L R

2
+ � t

i
6

[L L ; L R ]
�

� t
�

� (t)

� (t + � t) = lim
� t ! 0

 �Y

k

exp
�

� i
�

L L + 4L M + L R

6
+ � t

i
12

[L L ; L R ]
�

� t
�

� (t)

(2.157)

whereL L , L R andL M indicate the Liouvillian at the left-edge, right-edge and midpoint of

the� t interval.

The Magnus expansion can also be used to evaluate differential equations in which the

generator is state dependent; this occurs in phenomena such as radiation damping and

non-linear kinetics. The differential equation satis�ed by
 in this case is

d

dt

= d exp � 1

 (L (t; e
 � 0)) ; (2.158)

whered exp andadk

 still satisfy the relationship in Eq. (2.151) and (2.153). The same

procedure can be applied as in the state-dependent case, and the Magnus series for
 is

obtained:


 [m+1] (t) =
1X

k=0

Bk

k!

Z t

0
adk

[
]( s) A (s; e
( s)Y 0) ds; m = 0 ; 1; 2: : : (2.159)

Using the Gauss-Labatto quadratures again, the generators are formed at the left edge, right

edge, and the mid-point of the two edges. The algorithm computes the generator at the

left-edge using the initial� , then uses this to compute the state vector at the mid-point. Now,

the generator at the mid-point is estimated by using� at the previous step. This is repeated

for the right-edge generator. The three-point algorithm is detailed below:

• Initiate the algorithm with the state vector at the left-edge (� L ) and use it to compute

the left-edge generator:

L L = L (tL ; � L ); (2.160)

• UsingL L and� L , estimate the midpoint generator (at half of the total time-step);
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� M = exp
�

�
i
2

(tR � tL )L L

�
� L

L M = L (tM ; � M );

(2.161)

• Use� M andL M to calculate the right-edge state vector,� R :

� R = exp
�

� i (tR � tL )L M

�
� L

L R = L (tR ; � R)

(2.162)

Putting this together, we obtain a third-order scheme which exactly resembles that in Eq.

(2.157), only the generators have been estimated with a state-vector dependence:

� t+1 = exp
�

� i
�

L L + 4L M + L R

6
+ i � t

1
12

[L L ; L R ]
�

� t
�

� (t) : (2.163)

2.7.2 Runge-Kutta Munthe-Kaas integrators

Originally developed in a series of four papers by Munthe-Kaas and Zanna[51, 55–57], the

Runge-Kutta Munthe-Kaas (RK-MK) method is Lie group integrator, also designed to solve

non-linear differential equations evolving on Lie groups. The fundamental concept parallels

that of the Magnus expansion: instead of integrating the differential equation directly on the

group, they are pushed forward into the Lie algebra, solved using the Runge–Kutta steps

there, and then mapped into the Lie Group to obtain the result.

This `push forward' is given by the inverse of the exponential map,d exp� 1, which translates

the vector �eld onto the Lie algebra. The Runge-Kutta steps are computed in the Lie algebra

and the solution is reconstructed in the Lie group by the `pull back' to the group. For matrix

Lie groups, this step is the simply the matrix exponential,

yn+1 = e � n +1 yn : (2.164)

This process is summarised in Figure 2.7, which is reproduced from [58].

As in classical Runge–Kutta schemes, the RK–MK method builds successive approximations

using weighted combinations of intermediate vector �eld evaluations. Additional correction

terms involving commutators are required to account for the non-commutative structure of

the Lie algebra. At each intermediate stage, the state is evaluated not by adding increments

(as in standard Runge-Kutta), but by acting on the previous state with an exponential of the

intermediate algebra element.
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Figure 2.7: Schematic showing the `push' to and `pull-back' from Lie algebra, reproduced
from [58]. The expression for� 0 (shown at the bottom of the �gure) is solved in the Lie
algebra via the Runge-Kutta steps. The matrix exponential provides the `the pull-back' to the

Lie Group.

The full RK–MK algorithm is given up to fourth order in [57]. A simpli�ed,

programming-friendly third-order scheme is presented in [58]:

k1 = A(tn ; yn )

k2 = A(tn +
1
2

h; e
1
2 hk1 yn )

k3 = A(tn+1 ; e� hk1 yn )

u = h
�

1
6

k1 +
2
3

k2 +
1
6

k3

�

yn +1 = exp( u +
1
6

[u ; k1 ])yn

(2.165)

This structure closely mirrors the classical Runge–Kutta method – with the exception that all

calculations are carried out in the Lie algebra, and the �nal update involves the exponential

map. This ensures the solution remains in the Lie group.

The numerical integrators detailed in this section are implemented in Spinach: the

state-independent case is embedded into the optimal control infrastructure. The

state-dependent case is used in the ef�cient simulation of non-linear kinetics in Chapter 4.

The accuracy and ef�ciency of each quadrature is compared in Chapter 5.
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Chapter 3

Chemical-Hydrodynamic Degrees of

Freedom in NMR

Chapter abstract

This chapter details the mathematical framework required to combine spin

dynamics that occur in the vicinity of spatial dynamics such as diffusion and

�ow, together with second order chemical kinetics. Techniques that exploit

chemical exchange and �ow in NMR are reviewed. The commonality and

importance of these experiments are used as motivation to outline the theoretical

framework needed to simulate these experiments, particularly in instances where

bimolecular reactions transport nuclear spin states. The Fokker-Planck

formalism, which is required to treat nuclear spin dynamics at the same

conceptual level as hydrodynamics, is also introduced.

The versatility of NMR is demonstrated by its ability to probe molecular motion over varied

timescales. In this thesis, the relevant motional processes are chemical exchange and

translational motion. These processes result in changes in the detected NMR signal – either

through modi�cations in the molecular environment (chemical exchange), or by changing the

spatial encoding of magnetisation (diffusion and �ow). A variety of NMR techniques have

been developed to exploit these effects, and the most relevant are discussed below.

Dynamic processes such as conformational changes, bond breaking and making, rapid

binding and unbinding of ligands create distinct electronic environments in a molecule. When

nuclei move between these environments, the motion is referred to as chemical exchange.

Differences in chemical shifts and J-couplings associated with each environment alter the

Hamiltonian, and these changes can be detected in the NMR signal, even if chemical

populations are in equilibrium. Experimentally, the underlying microscopic dynamics

manifest as broadening, narrowing or coalescence of one-dimensional spectra.
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Historically, kinetic studies have focused on qualitative line-shape analysis of two-site

exchange processes in equilibrium [59–61]. Early theoretical treatments modelled exchange

as stochastic jumps of nuclei between two magnetically inequivalent sites and characterised

various exchange regimes (slow, intermediate and fast), which compared the chemical shift

difference between two sites to the exchange rate [61–63]. Modern treatment of kinetics use

Bloch-McConnell-type equations [64, 65], which introduced kinetic rate constants and

relaxation terms into coupled differential equations for magnetisation. This framework

enabled quantitative analysis of exchange processes and has since been extended using

density-matrix and Liouville-space formalisms, allowing sophisticated simulations in

equilibrium and non-equilibrium conditions[66, 67], including those relevant to

hyperpolarisation methods such as dDNP[68, 69] and SABRE [70]. Exchange-sensitive

experimental methods include chemical exchange saturation transfer (CEST) [71], which

detects low-population states indirectly, as well as the two-dimensional techniques EXSY[72,

73] and 2D lineshape analysis [74]. All widely used approaches of Bloch-McConnell-type

analyses are fundamentally restricted to �rst-order or pseudo-�rst-order kinetics.

In MRI, many clinical applications rely on kinetics in the diagnosis of cancer and disease.

Lactate metabolism is one example: increased lactate levels in mammalian cells (“Warburg

effect” [75]) can be an indication of cancer and other disease[76, 77]. Increased pyruvate to

lactate conversion is a symptom of in�ammatory disease in the liver[78] and a sign of injury

to the kidneys[79, 80], as well as of diabetes[81]. Another example is the tricarboxylic acid

cycle: anomalous intermediate concentrations can be an indication of cardiac and

neurological disease[82–84]. Resolution and strong J-coupling problems in proton spectra

have caused an shift towards 13C and 19F NMR spectroscopy in metabolomics[85]. Low

natural abundance of 13C also produced a growing emphasis[33, 85, 86] on hyperpolarisation

techniques such as PHIP[26, 27] and DNP[87, 88]. Pyruvate is a common target [32, 89, 90],

as a key intermediate and a branching point for further metabolism[84].

Another source of motion that is exploited in NMR is the translational motion of molecules,

which concerns the macroscopic movement of liquids (or gases) through space. Random

molecular motion is referred to as diffusion, whereas directed motion is called �ow. Hahn's

discovery that molecular self-diffusion is not refocused by the spin echo in the presence of an

imperfect external �eld [91] enabled diffusion to be quanti�ed using NMR. Diffusion

attenuates the spin-echo amplitude, and this attenuation was linked to a constantD , the

diffusion coef�cient, which was measured experimentally by Carr and Purcell for water

shortly after Hahn's proposal [92].

Torrey incorporated diffusion directly into the Bloch equations [93] by deriving a continuity

equation for magnetization �ux, leading to the Bloch–Torrey equations. This treated diffusion

deterministically as a transport term, rather than as an ensemble of random walks, and

provided the theoretical basis for Stejskal and Tanner to determine echo attenuation using the

pulsed-gradient spin-echo (PGSE) sequence [94, 95]. The resulting apparent diffusion
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coef�cient (ADC) [96] later became a quantitative biomarker in MRI, especially after

changes in ADC were linked to pathological processes in the brain.

These foundational developments gave rise to a wide range of diffusion- and �ow-sensitive

NMR techniques such as DOSY and DEXY [97]. Diffusion is a source of contrast in vivo and

is used in clinical MRI to quantify water mobility in the central nervous system; abnormal

levels of diffusion can correlate with tissue abnormalities such as cancer, stroke, and brain

ischaemia [98]. Diffusion anisotropy can also be quanti�ed on a voxel-wise basis by

measuring the diffusiontensorusing diffusion tensor imaging (DTI) [99], where the signal is

encoded as a function of the gradient axis. It has been used to probe tissue microstructure and

map white-matter tracts in the brain[100]. Modern developments in diffusion MRI emphasise

multidimensional diffusion encoding to access the wealth of information provided by

diffusing molecules on the heterogeneity of tissue geometry in the brain [34, 101]. Phase

contrast-MRI (PC-MRI) [102, 103] is used to visualise and quantify �uid �ow in the body

through velocity-sensitive gradients. Applications involve quanti�cation of blood �ow in the

brain, cardiac imaging of the valves and arteries, and quanti�cation of CSF in the CNS [104].

NMR is well integrated with these methods and used for quanti�cation of metabolites [103,

105, 106].

As illustrated, many systems studied by NMR and MRI can involve non-linear kinetics or

diffusing and �owing systems, with modern experiments evolving to include �owingand

reacting systems all at once. PHIP, catalysis MRI, micro�uidic NMR, ultrafast NMR

experiments are a few examples. Therefore, simulations that couple quantum spin dynamics,

second-order reaction kinetics and spatial transport are becoming increasingly pertinent.

Modelling the �ow of magnetisation in space complicates the theory and implementation. At

this level, there are two de�ning factors that dictate the complexity of the implementation:

1. The complexity of the theoretical formalism of spin dynamics (i.e. classical or

quantum physics) and how they are combined with classical equations of motion of

hydrodynamics.

2. The method used to resolve the dynamics in space. To address this, a spatial grid must

be de�ned, on which the continuous equations of motion are rendered discrete; �nite

element methods and �nite volume methods have been implemented in simulations.

Coupling kinetic degrees of freedom adds to the list because it requires equations derived

from the law of mass action[107] to be combined at stage (1). This is dif�cult because the law

of mass action is not fundamental; it is an empirical law, and therefore is at liberty to be

nonlinear with respect to concentrations.1

Combining spin degrees of freedom with �rst order reactions are straightforward [64] since

the kinetic equations are linear. However, bimolecular (second order) reactions require the

1The Navier-Stokes equations in hydrodynamics [108, 109] are also nonlinear PDEs, but suitable approxima-
tions can be used to treat them as linearly.
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collision of two molecules to form a new species, therefore the resulting kinetic equations

contain a nonlinear dependence on concentrations. Such reactions are incompatible with the

Liouville von-Neumann equation, and true second order reaction kinetics are not captured

within the Bloch-McConnell or Liouville-von-Neumann type frameworks that are commonly

used in NMR simulation software. Current state-of-the-art implementations approximate

these reactions as �rst order by assuming that one reactant appears in relatively large

quantities, or that the concentration dynamics of one reactant is concealed in an effective time

dependent rate. In these limits, the equations of motion become linear and the reactions are

labelled pseudo-�rst order; this method has been used to simulate the kinetics of

hyperpolarised pyruvate [68, 69, 110]. Theoretical formalisms that solve for the density

matrix in true second order reactions have been proposed by Kuhne et al.[66], but the focus

on obtaining a normalised density matrices introduces singularities into the equation of

motion, which makes it unstable to implement in simulations. Therefore, the current

theoretical model needs an update – this is the aim of the current chapter.

In the following sections, equations of motion for hydrodynamics and kinetics are derived

separately. Quantum spin dynamics are harmonised with the transport equation using the

Fokker-Planck formalism, which collectively models the system as the �ow of probability

density. The following additional assumptions are used to simplify the model:

• Flow is modelled as stationary, resulting in the linearisation of the Navier-Stokes

equations.

• Nuclear spin processes are in�uenced by �ow and chemistry, but there is no back

action because nuclear spin interaction energies are very small.

• The electronic structure of nuclei remain in the ground state, only manifesting through

effective parameters of the nuclear spin Hamiltonian (see Chapter 2).

• Only closed-shell reactions, that do not involve unpaired electrons are considered. As

such, the model is not applicable to radical chemistry as in photo DNP and CIDNP.

• Nuclei do not change spin-state when jumping from reactant to product [111].

• To apply the the law of mass action, we assume that the concentrations of reactants are

well mixed and homogenous within the Voronoi cells where collisions occur.

Matrix representations of all generators are produced in the next chapter to implement the

resulting equations of motion.

3.1 Transport phenomena

When subjected to �ow, nuclear spins have a probability density associated with their

positions, and the resulting transport operator moves probabilities around in space. This

transport operator can only be derived by applying the Fokker-Planck formalism, which is
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introduced in Section 3.2. First, the classical equations governing transport of concentration

through a volume element are derived.

3.1.1 Vector �elds, �ux and divergence

Consider a molecule dissolved in some water �owing through space. A scalar quantity that

describes the �uid at various points in space might be the concentration of the solvent, or

temperature. These are examples of a scalar �eld. The extent to which the quantity varies is

determined by the gradient, conveniently de�ned by the nabla operatorr :

~r � x̂
@

@x
+ ŷ

@
@y

+ ẑ
@
@z

(3.1)

When applied to a scalar function, the gradient operator results in a vector �eld whose

direction indicates the point of steepest ascent, and whose magnitude gives the corresponding

rate of increase. For example, whenr acts on concentration, it determines the direction of

steepest increase in concentration; this is referred to as a concentration gradient – a quantity

which will be important in de�ning diffusion.

In the Eulerian description of a �ow �eld, the vector �eld assigns a velocity vector to �xed

points in space that the �uid moves through (Figure 3.1). In contrast, the Lagrangian

speci�cation of �ow tracks the motion of individual particles.

Figure 3.1: Flow �eld at the top of the sample chamber in the micro�uidic chip, obtained
from COMSOL and plotted in MATLAB.x andy coordinates of the velocity are associated
with every vertex in the mesh (in grey). The blue arrows indicate the magnitude and direction

of the velocity vector.

In the Cartesian coordinate system, it can be resolved by the following components:

v (x; y; z) = vx (x; y; z)x̂ + vy(x; y; z)ŷ + vz(x; y; z)ẑ ; (3.2)
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which signi�es thatv is a function of space. From here on, we writer = ( x; y; z) to represent

spatially varying �elds. Whilst the velocity �eldv (r ; t) speci�es the motion of liquid, the

transport of a spin- or concentration-bearing substance is described by the �ux density

J = cv , which involves the conserved quantityc. Theamountof material that passes through

a surface is quanti�ed by the Flux� . The link betweenJ and� is given below.

Suppose a circular coil of wire is placed into an area with �owing solvent of concentrationc.

The wire forms a surface areadA and the direction of �ow is given by unit vector̂n. The

in�nitesimal concentration �ux through this area is given by

d� = J(r ) � n̂ dA ; J(r ) = c(r ) v (r ) (3.3)

where the in�nitesimal area is described as a vector quantity

dA = n̂ dA (3.4)

andJ is the�ux vector or �ux density, which represents the amount of material crossing a

unit area per second. The in�nitesimal �ux throughdA becomes

d� = J(r ) � dA : (3.5)

The total (macroscopic) �ux through a �nite surface S is then given by the surface integral

� =
ZZ

S
J(r ) � dA ; (3.6)

which has the units of moles per unit time. The net �ux out of an in�nitesimal volume

element is related to a quantity called thedivergence:

d� =
�
r � J(r )

�
dV ; (3.7)

which is de�ned as the scalar product of a vector �eld with the gradient operator:

r � J(r ) =
@Jx (x; y; z)

@x
+

@Jy(x; y; z)
@y

+
@Jz(x; y; z)

@z
(3.8)

The divergence is useful because it links the net �ux through a surface due to local sources or

sinks of a vector �eld. Gauss' divergence theorem relates the resulting �ux through a closed

surfaceS enclosing a volumeV to the volume integral of divergence withinV :

ZZZ

V

�
r � J(r )

�
dV =

ZZ

Sclosed

J(r ) � dA (3.9)

Torrey used the same conceptual ideas to describe the �ux of magnetisation, from which he

derived a continuity equation for magnetisation [93]. The diffusion terms were simple
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additions to the Bloch equations, which become partial derivatives to re�ect that the overall

magnetisation gains a spatial dependence. In the next subsection, spatial transport terms for

diffusive and advective �ux will be derived, starting from the continuity equation.

3.1.2 The continuity equation

Every physically credible model must obey the appropriate conservation laws, which, in their

most general form state that nothing is spontaneously created or destroyed. In a simple

pipe-�ow example containing an incompressible liquid (such as water), the mass that crosses

the pipe's inlet in any instant must leave through the outlet in that same instant. If the outlet's

cross-section is narrower than the inlet's, the �uid accelerates accordingly so that the product

Av (area� velocity) stays constant and mass is conserved. With a compressible �uid like air

the density� can vary, but the principle is identical: the integral of� vA remains the same

from one cross-section to the next. The mathematical statement that enforces this local

conservation law is the continuity equation. It couples together �uxes of vector �elds with the

�eld variables itself, ensuring ensuring that every kilogram or coulomb is accounted for

everywhere and at all times. In electromagnetism, for instance, Maxwell's equations

automatically yield the charge-continuity relation

@�
@t

+ r � J = 0 (3.10)

guaranteeing that charge cannot vanish or appear out of thin air. The sections that follow

derive this crucial link between local balance and global conservation of mass.

Consider an arbitrary volume element e.g. a rectangular box shown in Figure 3.2, described

by Cartesian coordinates with dimensions(dx dy dz), placed in a vector �eldv (r ; t) that

carries a concentration �eldc(r ; t).

Figure 3.2: An in�nitesimal volume in a Cartesian axis with lengthsdx dy dz. The rate of
molar �ow at the left wall of the cube is indicated by_nin wherex = 0 and the molar �ow

rate where the �uid leaves the cube on the right is indicated by_nout , wherex = dx.
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Let the molar �ux density beJ(r ) = c(r ) v (r ). The molar �ow rate_nin into the volume

element in thex-direction is determined by multiplyingJ by the area of the surface it crosses:

_nin = Jx dy dz : (3.11)

SinceJ is a function ofx; y; z its value can change withx. Therefore, the molar �ow rate

associated with �uxJ(x + dx) is given by

_nout = _n(x + dx) (3.12)

=
�

Jx +
@Jx
@x

dx
�

dy dz : (3.13)

The rate at which the amount of substance accumulates in the in�nitesimal volumedV is

@
@t

Z

V
c(r ; t) dV =

Z

V

@c
@t

(r ; t) dV : (3.14)

Within the in�nitesimal volumedV, the concentration can be approximated as constant:

Z

V

@c
@t

(r ; t) dV �
@c
@t

dV : (3.15)

This accumulation must equal the net molar in�ow minus out�ow:

@c
@t

dV =
X

_nin �
X

_nout : (3.16)

For a rectangular volume element, the �ux contributions from all Cartesian faces give:

@c
@t

dV = Jxdydz �
� �

Jx +
@Jx
@x

dx
�

dy dz
�

+ ~Jydxdz �
� �

Jy +
@Jy
@y

dy
�

dx dz
�

+ ~Jzdxdy �
� �

Jz +
@Jz
@z

dz
�

dx dy
�

:

(3.17)

Cancelling the common terms and usingdV = dx dy dz, we obtain:

@c
@t

dV = �
�

@Jx
@x

+
@Jy
@y

+
@Jz
@z

�
dx dy dz

= �r � J dV :

(3.18)



3.1. Transport phenomena 51

Dividing by dV yields the continuity equation for molar conservation

@c
@t

= �r � J ; (3.19)

which states that the rate of change in concentration (in the absence of sources and sinks) is

related to the local �ux divergence in a volume element. This fundamental conservation law

must implemented in the micro�uidic chip model in Chapter 4. When sources and sinks exist

(e.g. due to a chemical reaction), the equation becomes:

@c
@t

+ r � J = R (3.20)

whereR is the source or sink of mass, which describes the creation or destruction of the

quantity.

3.1.3 Diffusive and advective �ux

Thermodynamic inhomogeneities in a system such as unevenly distributed temperatures,

concentrations or pressure will always spontaneously evolve towards equilibrium in the

absence of external forces. The mechanism through which mass is transported to establish an

equilibrium condition is called diffusion; it is governed by Fick's �rst law[112] :

Jdiff = � Dn r cn ; (3.21)

whereJ is the diffusive �ux in [mol m� 2 s� 1], Dn diffusion coef�cient in [m2 s� 1]. Fick's

law states that the �ux of a species from regions of high to low concentration is proportional

to the concentration gradient.

This is a simpli�cation of true diffusive �ux, which is fundamentally driven by gradients in

chemical potential� n :

Jdiff = � Dn cn
r � n

RT
: (3.22)

For an ideal solution at uniform temperature and pressure, the chemical potential reduces to

r � n = RT r lncn = ( RT=cn )r cn , and the equation simpli�es into Fick's original form that

involves the concentration gradient in Eq. (3.21).

Microscopically, diffusion arises from the random thermal motion of molecules called

Brownian motion [113]. Each molecule executes an unbiased random walk, therefore their

individual trajectories are stochastic. The statistical average of many such walks gives the

macroscopic �uxJdiff , described described by Fick's law.

When a �uid transports the conserved quantity through space (as in Section 3.1.1), the

advective �ux is:

Jadv = v cn : (3.23)
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In instances where both diffusion and advection transport a conserved quantity, the continuity

equation is given by the convection–diffusion equation:

@cn
@t

= �r �
�
v cn � Dn r cn

�
: (3.24)

It is a deterministic partial differential equation that describes how concentrations change in

time due to �ow and diffusion. The analogous equation must be de�ned for nuclear spins,

which describes howprobability densitieschange in time, whilst are they transported in space

by diffusion and �ow. However, to treat hydrodynamics and nuclear spins on same

conceptual level, we must introduce an alternative theoretical formalism, which is the subject

of the next section.

3.2 Fokker-Planck representation of Spatial–Spin Dynamics

When substances with non-equilibrium nuclear spin states are introduced into the system,

they are moved around by diffusion and �ow. A singular model that describes the transport of

the density matrix, which represents spin-state probability densities, is required. In this

model, we assume that nuclear spin states do not in�uence spatial transport.

3.2.1 Spatial transport of nuclear spin states

The Fokker-Planck partial differential equation [35, 114] describes the time evolution of a

probability density function under the in�uence of spatial motion such as �ow and diffusion.

It can be formulated as the continuity equation for probability density �ux, which can be

derived in parallel with Section 3.1.1.

We start by de�ning the diffusive and advective �uxJ of probability densityp(r ; t), which

de�nes the probability of �nding a system in a physical locationr at t:

J(r ; t) = v (r ) p � D r p : (3.25)

It follows that the continuity equation for probability �ux is:

@p(r ; t)
@t

= �r � J(r ; t)

= �r �
�
v (r ) p � D r p

�
;

(3.26)

which is analogous to a statement for the conservation of probability. To introduce the

nuclear spin-state �ux, we de�ne a concentration weighted density matrix� [66] as the

constitutive quantity that is transported by the vector �eld:

� n (r ; t) = cn (r ; t) � n (r ; t) : (3.27)

This is possible because the concentrationis a spatial probability density. When it multiplies

the density matrix – also a probability density – the product� becomes a joint probability



3.2. Fokker-Planck representation of Spatial–Spin Dynamics 53

density. Its (partial) trace over spin degrees of freedom yields the concentration of substance

n:

Tr(� n ) = cn ; (3.28)

which plays a role analogous to the unit-trace normalisation of a conventional density matrix.

Then, the equation enforcing the conservation of probability for the density matrix under

spatial transport onlyreads:

@� n

@t
= �r � (v 
 � n � Dn r � n ) (3.29)

where the terms in the brackets reproduce advective and diffusion �uxes. It re�ects the fact

that concentration gradients are not required for the density matrix transport to occur – spin

states still move around even if concentrations are uniform (i.e there is no net diffusion),

consistent with Brownian motion. The Kronecker product symbol re�ects that a nuclear spin

state� is transported by each velocity component that de�nes the velocity �eld. Importantly,

Eq. (3.29) does not require us to keep track of concentration and spin state separately; only

their product is needed – a signi�cant logistical improvement over the state of the art [66].

3.2.2 Spatial transport of evolving spin states

The previous section detailed spatial dynamics of spins where they were not evolving, but

were simply transported. When spin dynamics are switched on, the Fokker-Planck equation

must contain additional terms, which accounts for the spin degrees of freedom.

During spin-state evolution, the combined probability density depends on both spin and

spatial degrees of freedom. Therefore, it becomes a function of the density matrix, position

(of spins) and time:p(r ; �̂; t ). The joint probability densityp(r ; �̂; t ) describes the probability

of �nding a spin at positionr in internal statê� . The system lives in a combined state space

on which transport generators and spin dynamics generators can act.

An analogy can be drawn here with the spin and space (orbital) components of the

Hamiltonian in Section 2.2.2. The full Hilbert space of the system is given by the Kronecker

product of their individual vector spaces, and the operators that act on the wavefunction are

separable if orbital and spin degrees of freedom evolve independently of each other. The

same applies here – the combined probabilities evolve in a combined state space where both

hydrodynamics and spin dynamics are allowed to act on it:

[Fokker-Planck space] = [physical space]
 [Liouville space] .

In this way, spatial coordinates and spins coordinates are able to evolve separately – spatial

dynamics simply transport the spins according to its �ow �eld. The continuity equation for

the combined probability is:

@p(r ; �̂; t )
@t

= �r r � [v (r ; �̂; t ) p(r ; �̂; t )] � r � � [v (r ; �̂; t ) p(r ; �̂; t )] : (3.30)
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However, we require the evolution equation for the concentration-weighted density matrix

� (r ; t), which is the physically detected quantity. Therefore, it can be called the expectation

value of the spin density operator�̂ at positionr , multiplied by concentration:

� (r ; t) =
Z

p(r ; �̂; t ) �̂ dV � (3.31)

where the integral is over the operator space in which�̂ lives. An analogy can be drawn

quantum statistical mechanics: in the same way that the density matrix is the ensemble

average of pure microstates i weighted by a probability distribution,� (r ; t) is the ensemble

averaged microstates of̂� i , weighted by the probability of �nding those microstates at

positionr .

The equation of motion is obtained by differentiating� with respect to time:

@�
@t

=
Z

�̂
@p
@t

dV�̂ (3.32)

and evaluating the integral on the RHS. We simply quote the end result here in terms of� , the

derivation is found in [115]:

@�
@t

= �r r � (v r � � D r � ) + L � (3.33)

including diffusion. The spatial dynamics operator can be labelledM (r ; t), and the

combined operators, including relaxation is given by:

G = � iL (r ; t) + M (r ; t) + R(r ; t) : (3.34)

The Fokker-Planck equation in Eq. (3.33) is a valuable tool in simulating spatially distributed

NMR experiments with quantum mechanical formalism of spin, such as MAS [115], DOSY

[116], and MRI [117]. The formalism is extended to simulate nonlinear chemical reactions,

which is detailed in the following sections.

3.3 Mass action kinetics

In any phenomenological framework of kinetics, we assume the law of mass action – these

mathematical relations are empirical and are macroscopic. In a system composed of multiple

species, in the limit of these approximations, we can only de�ne the quantity associated with

the species that change. This �eld is referred to as Stoichiometry. The �eld of reaction

kinetics is then restricted to describing the rate of change in composition of systems – not the

dynamics of the molecules themselves. Microscopic methods which model details such as

reaction mechanisms and molecular dynamics are out of scope of this thesis.

The law of mass action states that the rate at which a reaction proceeds is directly

proportional to the concentration of chemical components in the system [107, 118]. For an
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elementary reaction

aA + bB ! cC + dD ; (3.35)

the law of mass action postulates that the rate of reaction is given by:

rate= k[A]a[B ]b : (3.36)

This is a statistical approximation; the exponents are chosen to be exactly the stoichiometric

coef�cientsa andb. This is a result of a statistical-collision argument, which states that the

probability that two molecules happen to meet at the same location during some timet is

proportional to the product of their concentrations raised to those powers. Within this limit,

we can de�ne the "rules" associated with the reacting system [119]:

• The rate constantk speci�es the velocity of the conversion of A and B into C and D.

• If there are intermediate steps within this conversion, the reaction is called complex. If

it proceeds without intermediate steps, it is called elementary (e.g. Eq. (3.35)). For

elementary reactions, the rate laws can be directly derived from their stoichiometry.

• The molecularity of an elementary reaction is the number of molecules that are

required to collide for the reaction to take place. If there is a single constituent in the

reaction, it is said to be unimolecular. In a bimolecular reaction, the collision of two

molecules result in the transformation to the products. The collision of three or more

molecules is highly improbable; this thesis focuses on uni and bimolecular reactions

only. In Eq. (3.36), molecularities of the chemical species A, B, C and D area, b, c and

d respectively.

• Theorder of a reaction is given by the sum of the exponents with which each

component in the rate law is raised to. For an elementary reaction, the order of the

reaction is de�ned by its molecularity2. The equality of order and stoichiometry is built

in by assumption in Eq. (3.36), and not by any derivation.

Given the scope of mass-action kinetics, we now conceptualise the phenomena numerically.

The matrix representations of Eq. (3.48) and subsequent formalism for a network of reactions

of arbitrary order is presented in detail in [97]. I reproduce this below, starting from

stoichiometric de�nitions of reactions, then kinetics and spin dynamics.

3.3.1 The algebraic structure of elementary reactions

Consider a network of chemical reactions with the following processes:

zZ ! y Y (3.37)

aA + bB ! cC + dD (3.38)

2This is not always the case: outside mass-action kinetics, the rate law has different de�nitions.
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For a single elementary reaction, the stoichiometric reaction relation can be written as

� i � i A i = 0 ;

8
<

:
� i < 0 reactants;

� i > 0 products:
(3.39)

whereA i is i th species participating in the reaction and� i is the stoichiometric coef�cient. It

represents the stoichiometric balance of species participating in the reaction. Ernst [97]

introduces the "extent of reaction"� , which captures the number of molesn that have reacted

at timet. It indicates the amount of reactants that have been converted into products:

� (t) =
ni � ni (0)

� i
; (3.40)

whereni (t) is the amount (in moles) of speciesi at timet. The numerator is the moles of

speciesi produced or consumed and the denominator is the number of reaction events of that

species, re�ected by the stoichiometry.� therefore has units of moles.

By re-arranging the the de�nition in Eq. (3.40), the in�nitesimal change in the number of

moles of thei th species is:

ni (t) = ni (0) + � i � (t) () dni = � i d� (3.41)

Bothn and� change as the reaction proceeds, so differentiating with respect to time gives

dni

dt
= � i

d�
dt

(3.42)

whered�=dt is the rate of reaction progress, expressed in moles per second. Given a constant

volumeV , and using the relationni = V ci , Eq. (3.42) can be written as:

dci

dt
=

� i

V
d�
dt

(3.43)

where the unit ofd�=dt is now expressed in moles per unit volume per second.

For a general network ofR reactions involvingm chemical species, the stoichiometric

coef�cients can be stored in the stoichiometric matrixN , with number of rows equivalent to

m, and number of columns equal toR;

N ij = � ij ; (3.44)

where� ij is the stoichiometric coef�cient (usually 1s and -1s) of speciesi in reactionj .

De�ning the concentration and rate vectorsc and� respectively as

c =

2

6
6
4

c1(t)
...

cm (t)

3

7
7
5 ; � =

2

6
6
4

� 1(t)
...

� R (t)

3

7
7
5 (3.45)
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The change in concentrations of them species is linked to the rate of theR reactions via

dc
dt

= N _� (3.46)

where_� is now a vector of reaction rates with dimensionR � 1. The individual components

of _� are speci�ed by the kinetic model (e.g. mass action, in Eq. (3.36)). Under the law of

mass action for elementary reactions, the rate of reactionj is generally expressed as:

_� j = r j (c) = kj

Y

i 2 reactants

c� � ij
i ; (3.47)

whereci are concentrations of reactant species in reaction j. The stoichiometric coef�cient

� ij is that of the reactants, obeying same sign convention in Eq. (3.39), andkj is the rate

constant of reactionj . Note here that the functional form of the rate lawr j (c) is determined

by the kinetic model (e.g. mass-action kinetics, Michaelis–Menten, Hill kinetics, etc).

Eq. (3.46) shows that the mapping from reaction rates_� to concentration changesdc=dt is

linear in the stoichiometric coef�cients (throughN ), whereas the dependence of the rates_�

on the concentrationsc given by Eq. (3.47) is nonlinear.

3.3.2 Kinetic equations of �rst and second-order reactions

By substituting the rate law (from mass-action Eq. (3.47)) into Eq. (3.46), we can obtain a

system of nonlinear differential equations for rate of change in the concentration of each

species. The system of differential equations describing a network of elementary chemical

reactions, involvingm chemical species is generalised by:

@c
@t

= f (c(t)); c(0) = c0; (3.48)

wherec(t) is the concentration vector ofm substances at timet. The number of chemical

species in the vectorc ultimately determines the dimension of the ODE system in the

chemical state space. The partial derivative is a reminder that these equations governlocal

kinetics at each point of a three-dimensional sample.f is an autonomous, multivariate

polynomial. For all elementary reactions,f is given by its stoichiometry andc0 is the initial

value of all participating reagents in the reaction. It is assumed that the nuclear spin state has

no effect on the dynamic concentrations of any chemical species.

We can use the algebraic structure in the previous section to determine the rate equations for a

simple exchange process often encountered in NMR, involving two chemical species A and B

in dynamic equilibrium:

A
k+

k �

B ()
A

k+
B

B
k �

A
(3.49)
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where constantsk+ andk� represent the rate at which forward and reverse reactions proceed.

k is dependent on experimental conditions, such as temperature, or the catalysts involved.

Mass balance dictates that the stoichiometry is given by the expression

h
A B

i
"

� 1 1

1 � 1

#

= 0 : (3.50)

The rate of the forward reaction_� AB is given by the law of mass-action in Eq. (3.47):

_� = kAB [A] : (3.51)

The concentrations [A] and [B ] evolve according to Eq. (3.46)

8
>>><

>>>:

d[A]
dt

= � k+ [A] + k� [B ]

d[B ]
dt

= k+ [A] � k� [B ]

9
>>>=

>>>;

,
d
dt

"
A

B

#

=

"
� k+ k�

k+ � k�

# "
A

B

#

: (3.52)

The matrix of rateconstantsis called the kinetic or rate matrixK . Then, in matrix form, the

rate equation reads
dc
dt

= K c (3.53)

with solution

c(t) = exp( K t)c(0) ; (3.54)

wherec is the concentration vector.

Similarly, a second-order reaction is given by the following association process

A + B C (3.55)

and the rate equations can be de�ned by

8
>>>>>>>><

>>>>>>>>:

d[A]
dt

= � k [A] [B ]

d[B ]
dt

= � k [A] [B ]

d[C]
dt

= + k [A] [B ]

9
>>>>>>>>=

>>>>>>>>;

,
d
dt

2

6
4

[A]

[B ]

[C]

3

7
5 =

2

6
4

� k[B ] 0 0

0 � k[A] 0

0 k[A] 0

3

7
5

2

6
4

[A]

[B ]

[C]

3

7
5 ; (3.56)

which is an example of a reaction rate that depends non linearly on concentration.

The mathematical formalism for nonlinear kinetics can be captured completely by the

nonlinear Lie equation (Eq. 2.145), reproduced from Chapter 2 below:

d
dt

c(t) = K (t; c) c(t) (3.57)
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The solution to such equations were detailed in Section 2.7 using Magnus and RK-MK

integrators, which allows us to impose an explicit dependence of reaction rates on

concentrations.

At this stage, the continuity equation for concentration reads:

@cn
@t

= �r � Jn + f n (c1 : : : ; cN ) (3.58)

wheref n (c1 : : : ; cN ) is de�ned by the rate law from mass action kinetics.

Before proceeding with spin dynamics, concentrations are precomputed and treated as

external inputs into the equation of motion. This is allowed, because chemical processes are

independent of magnetic processes.

3.4 Spin dynamics of �rst order-reactions

3.4.1 The Bloch-McConnell equations

To demonstrate the theory for a �rst order reaction, we consider two sites exchanging

between conformationsA andB ;

A B : (3.59)

The process not only moves the chemical population of speciesA andB , but also moves the

population of the spin states. As a result, the NMR signal is affected simultaneously by the

interconversion and the magnetic �elds present during the experiment. In the Bloch limit,

each chemical environment is represented by one spin, and magnetisation exchange between

chemical species is modelled using the Bloch-McConnell equations [64] equations. Each

chemical species has to be described by its own magnetisation vector components:

M A x ; M A y ; M A z| {z }
Magnetisation of species A

M B x ; M B y ; M B z| {z }
Magnetisation of species B

The combined Bloch-McConnell matrix that the magnetisation evolves under is the coupled

precession, relaxation and exchange matrix. Mathematically, this requires one to build a

combined vector space where magnetisation can "follow" the molecule as it moves between

chemical species – this is a direct result of the sudden jump approximation [111]. This action

is established by taking the Kronecker product between the chemical con�guration space

Vchemand magnetisation spaceVspin, resulting in the following generator structure [66–68,

111]:

1chem
 Vspin| {z }



+ Vchem
 1spin| {z }
K

(3.60)
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The magnetisation state-vector of the combined state space is given by

1chem
 M =

"
1

1

#




2

6
4

M x

M y

M z

3

7
5 =

2

6
6
6
6
6
6
6
6
6
4

M Ax

M Ay

M Az

M Bx

M By

M Bz

3

7
7
7
7
7
7
7
7
7
5

=

"
M A

M B

#

: (3.61)

Subsequently, the equilibrium terms are given by

1chem
 M 0 =

"
1

1

#




2

6
4

0

0

M 0

3

7
5 =

2

6
6
6
6
6
6
6
6
6
4

0

0

M A; 0

0

0

M B; 0

3

7
7
7
7
7
7
7
7
7
5

=

"
M A; 0

M B; 0

#

: (3.62)

The Bloch-McConnell equations [64] read

d
dt

"
M A

M B

#

= f 
 + K g

"
M A

M B

#

� R

("
M A

M B

#

�

"
M A; 0

M B; 0

# )

: (3.63)

The operators
 andK are in a direct product relationship, as dictated by Eq. (3.60):


 = 1K 0 
 
 0; K = K 0
 1 
 0 R = 1K 0 
 R 0; (3.64)

where
 0 is the `Bloch matrix' containing the offset frequency, relaxation and RF terms in the

rotating frame – the relaxation matrix is often incorporated with
 0but the Kronecker

product ofR with the chemical state space is given above for the sake of completeness.K 0 is

the rate matrix as detailed in the previous section.

The equilibrium magnetisationM n;0 is proportional to the concentrationcn (t) of the species

n:

M n;0(t) = M n;0
[cn ](t)

P
N [cN ]

; (3.65)

which re�ects that thermal equilibrium magnetisation associated with a species is

proportional to its population fraction. Therefore,

M A; 0(t) = M A; 0
[A](t)

[A](t) + [ B ](t)
; M B; 0(t) = M B; 0

[B ](t)
[A](t) + [ B ](t)

(3.66)
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3.4.2 Liouville space approach

In Liouville space, each chemical species has a spin-state vector associated with it. For

example, a reactant R is described by a superketj� R i that "lives" in its own Liouville space

L R . Similarly, the spin state of a product P can also be described byj� P i in L P . If reactantR

itself contains multiple spins, then the combined vector space describingj� R i would be

constructed using the Kronecker of individual spinsi to n in the molecule R:

j� R i = � i 
 � j 
 � n (3.67)

During a reversible �rst order reactionA $ B a nucleus can exchange between the Liouville

space of A and B. A combined space is needed to map spins of A to B; this is built in the

same way as Eq. (3.60). The kinetics super-operator^̂K appears from the direct product of the

spin-space and chemical space, analogous to the Bloch-McConnell [64] equations:

d
dt

"
� A

� B

#

=

"  
� iH A 0

0 � iH B

!

+

 
R A 0

0 R B

!

+

 
� k+ 1 k� 1

k+ 1 � k� 1

! # "
� A

� B

#

(3.68)

The Hamiltonian and Relaxation superoperators take block-diagonal forms, and the density

operator is transported between blocks by exchange. The elements of the kinetics

superoperator are multiplied by identity blocks1 with dimensions equivalent to the

spin-space dimensions to re�ect this exchange.

3.5 Spin dynamics of second order-reactions

Nonlinearity of the kinetic equations in the case of second order reactions (A + B $ C)

means that they cannot be combined with the Liouville von-Neumann equations. For a

bimolecular reaction involving A and B, the rate of consumption ofA is given by the

second-order rate law
d[A]
dt

= � k[A][B ] : (3.69)

A “pseudo–�rst-order” form is obtained by folding [B] into an effective rate constant:

d[A]
dt

= � keff[A]; keff = k[B ]0 : (3.70)

If [ B ] is assumed to be constant (given it exists in large quantities),[B ]0 is treated as

time-independent and �rst-order type kinetic equations are indeed recovered for mass-action

kinetics. If the concentration of B changes signi�cantly during the reaction, the effective rate

constant becomes time-dependent, leading to a time-dependent kinetics matrix. The

mathematical form in Eq. (3.70) is still linear in[A]. This approach is re�ected in

hyperpolarised-substrate studies such as Mariotti et al.[110] and Kuchel & Shishmarev [69],

where effective �rst-order exchange rates are �tted to spectral time courses even though the

underlying enzyme kinetics are more complex. A conceptual step-up from pseudo–�rst-order

approximation is to treat enzyme catalysed reactions with true nonlinear rate laws (described
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by Michaelis–Menten kinetics) [68, 120]. However, for reasons explained earlier in the

thesis, it is not possible to combine kinetics and spin dynamics into a single linear ODE that

acts on spin degrees of freedom. In these cases, authors opt to solve a system of nonlinear

ODEs that couple chemical kinetics and spin dynamics separately using numerical integrators

(such as ode45 in Matlab), instead of using Bloch-McConnell type formalisms.

Density operator formalisms for true second order reactions were formulated analytically by

Kühne et al in [66]. In the interest of obtaining a normalised density operator, expressions for

�̂ contain divisions by concentrations. Numerical simulations cannot contain divisions by

variables (in this case, concentrations) which can potentially reach zero – this leads to

singularities which renders the solutions unstable. For this reason, the theoretical formalism

requires an update before implementing it in simulation frameworks. In the following section,

an improvement to this theoretical model [38], that allows the treatment of chemical reactions

beyond the two site exchange model is introduced, which considers collisions of two

molecules, each containing a network of J-coupled spins.

3.5.1 Spin-state transport in true biomolecular reactions

During the bond breaking and making process, the nuclear spin state is not changed by the

chemistry; it is simply carried along with the nucleus. During the forward reaction involving

A and B, the population of spins belonging to the reactant molecule are drained and

replenished on the product side. During the reverse reaction, populations can be completely

lost, since it is unlikely that the same two fragments of A and B will ever meet again. In the

case that a substance does not participate in the reaction (e.g. a solvent), its population is

simply forwarded.

But how are these populations mapped during the reaction, and what does this network look

like? Two reactant molecules and their spin states are uncorrelated in solution whilst they're

tumbling. For this reason, their combined state space is given by the direct sum:

VAB = VA � VB (3.71)

The density matrix takes the following block-diagonal form:

0

B
B
B
B
@

� A

� B
...

� N

1

C
C
C
C
A

The association process

A + B C (3.72)
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correlates the nuclear spin states of the molecules, and the reaction maps the reactant space

L A+B to a direct product spaceL C which describes the basis states of substance C:

H A � H B ! H A 
 H B g HC (3.73)

Figure 3.3: Maps between spin-state spaces under three types of chemical processes in a sys-
tem containing substances {A,C,D,E} that are chemically converted into substances B,C,F,G,
as shown in the �gure. Isomerisation (A! B) changes the Hamiltonian, but does not change
the density matrix space; this the case of a �rst-order chemical reaction[64]. Observer sub-
stances, for example solvent molecules, simply continue evolving under the same Hamilto-
nian (C! C). This thesis addresses the implementation dif�culties associated with bimolec-
ular reactions such as (D + E! F + G) where the nuclear spin density matrix space on either
side of the reaction arrow might not be the same: some product states may be lost, some

moved over, and some rearranged.

The making and breaking of bonds can have the following consequences on the combined

vector space of all molecules, depending on the fate of the spin:

• A nucleus is moved from molecule A to C. This is a change in molecular identity; the

expansion coef�cient of the basis vector is permuted to the basis vector that exists in

the density matrix of substance C. The matrix dimension stays the same but the spin

indices are permuted between blocks.

• A nucleus is re-arranged within the same molecular subsystem. The basis vectors

(therefore the density matrix) stay the same but the Hamiltonian is updated (rebuilt)

since J couplings and shifts may change.

• A nucleus is no longer part of any existing molecule. This may be the case if a nucleus

exchanges with a solvent. Hence, the subsystem describing that nucleas is removed

from the direct produce space.
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These processes (summarised in Figure 3.3) must be re�ected in the resulting algorithm,

which maps the reactant spins to their appropriate destinations: products, solvents, or another

position within the same reactant. The treatment of large spin systems necessitates a

truncated basis set [121] to reduce the computational load of the simulation, in which case,

the combined Liouville space is incomplete. This motivates an algorithm which executes

thorough checks for the existence of relevant basis states on either side of the reaction arrow,

and a meticulous construction of the Kinetics generatorK, that accurately maps of the spin

state of each nucleus to the correct destination. As a result, the spin dynamics part of the

simulation is carried out as stated in [38]:

1. Index the Liouville space basisf � (n)
p g of nuclear spin states for every substance

involved in the reaction. This involves:

(a) Creating the combined Liouville space basis� (n)
p for each substance using direct

products of single-nucleus spin operators; this example uses irreducible spherical

tensor operators (ISTO):

� (n)
p = T l1 ;m 1 
 T l2 ;m 2 
 T l3 ;m 3 
 � � � ()

 
l1 l2 l3 � � �

m1 m2 m3 � � �

!

(3.74)

n indexes the substance andp indexes a unique combination of basis operators

formed using the direct product. The combined basis sets themselves need not be

stored; only the indices should be (right matrix). More explicitly, for a molecule

with two spins, spin 1 has its basis set composed of a set of ISTOf T1
l1m1

g, and

spin 2 has basis setf T2
l2m2

g. A complete basis set is obtained by taking direct

product combinations between all operators within the set:

� (1)
p = f T1

l1m1
g 
 f T2

l2m2
g (3.75)

There are 16 combinations possible, therefore there are 16 operators in this basis.

The indexp here runs from 1 to 16. The Kronecker products are not opened, 16

sets of indices are stored instead, as indicated above.

(b) Form the combined spacef � (n)
p g for all substances partaking in the reaction. For

example, a reaction with 3 constituents has a combined spacef � (1)
p ; � (2)

p ; � (3)
p g.

The sets can be combined using a direct sum structure.

2. Label all spins from 1–N and create a matching table, mapping which reactant spins

become which product spins (see Figure 4.27 in Chapter 4).

3. Usebasis set accountingto check if the basis set of a participating reactant spin exists

on either side of the reaction arrow. This means:

(a) For every spin on left-hand side of the arrow, identify which reactant it belongs to

and the basis state of the participant.



3.5. Spin dynamics of second order-reactions 65

(b) Create the basis state for this nucleus post-reaction according to the matching

table by permuting the source state into the new basis state.

(c) If this permuted basis state indeed exists in a product andnot a "spectator"

molecule, it means that it has been used up in the reaction. The population of the

source state is "drained" from the reactants side and "�lled" on the products side.

(d) If a particular state space is not found in the products side, the population is

drained and NOT replenished. This simply means that this nucleus is broken up

from the original molecule and lost.

4. From the above, drain and �ll operators are created, which contain -1 in the diagonals

(drain) where spin populations and removed, and +1 in the diagonals of �ll operators

where these populations are replenished.

The result is a set of superoperators which we call drain generatorsDrs (sparse matrices with

-1 on the diagonal for each nuclear spin state that is drained by reactionr from substances)

and �ll generatorsF rs (sparse matrices with +1 between the source and the destination state

whenever the destination exists in the basis set). These matrices are evolution generators in

the Lie semigroup sense – to produce propagators acting on the system state vector, they need

to be multiplied by the corresponding rates, added up, and exponentiated with the chosen

time step. At each point of the sample, the local concentration-weighted density matrix� n of

each substancen then evolves according to the following equation:

@
@t

0

B
B
@

� 1

� 2
...

1

C
C
A = � i

0

B
B
@

^̂H 1(r ; t) � 1
^̂H 2(r ; t) � 2

...

1

C
C
A +

0

B
B
@

^̂R 1(r ; t) � 1
^̂R 2(r ; t) � 2

...

1

C
C
A

+
X

r

kr

X

s2 r 0

0

@
Y

m6= s

cm

1

A (Drs + F rs )

| {z }
K

0

B
B
@

� 1

� 2
...

1

C
C
A ;

(3.76)

where Hamiltonian commutation superoperators^̂H n may be time- and location-dependent.

Relaxation superoperatorŝ̂R n may be location-dependent (for example, due to variations in

local viscosity [73], magnetic �eld, or other parameters) but are not usually intrinsically

time-dependent. In the kinetics superoperator, the outer sum is over the chemical reactions,

kr are their rate constants from the mass action law. Thes index of the inner sum enumerates

reactants; each of them forwards its spin states to the products as prescribed by the drain

generatorDrs and the �ll generatorF rs . The rate of that process is proportional to the

concentration product, but reactant's own concentration is already present in the

concentration-weighted density matrix, therefore only the remaining concentrations are

multiplied up.
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At each spatial location, Eq. (3.76) describes nuclear spin dynamics driven by coherent

evolution, relaxation, and chemical redistribution of spin state populations. We conclude that

spin dynamics, reaction kinetics and the detected quantity� are all coupled through local

concentrations. Therefore, when spatial concentration gradients arise (through

hydrodynamics, or reactions), Eq. (3.76) must be solved simultaneously with Eq. (3.58) that

governs spatial dynamics and chemical kinetics. This is the subject of the �nal section.

3.6 Assembling the pieces: A combined equation of motion

With individual components now in place, we must solve two systems of partial differential

equations. Firstly, the nuclear spin independent diffusion, �ow, and chemical kinetics:

@cn
@t

= �r � [v (r ; t) cn � Dn r cn ] + f n (c1; : : : ; cN ) (3.77)

where initial and boundary conditions are speci�ed by the user. After solving Eq. (3.77) by

using geometric integrators detailed in Section 2.7, we get time and location dependence of

all concentrations. This trajectory is interpolated on a suitable time grid to incorporate it at

the next stage.

The second system of equations is the balance of probability for the concentration-weighted

density matrix of each substance, including all evolution generators discussed above:
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(3.78)

where elements of column vectors refer to different substances. Spin evolution generators can

act on� instead of� because they commute with the scalar concentration multiplier.

The equilibrium density matrix is given by the Boltzmann distribution:

� eq
n =

exp(� H =kB T)
Tr f exp (� H =kB T)g

: (3.79)

When the concentration-weighted density matrix is introduced, the thermal equilibrium state

is concentration dependent:

� eq
n = cn

exp(� H =kB T)
Tr f exp (� H =kB T)g

: (3.80)
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In Liouville space representation, this requires the relaxation superoperator to be updated

with the time-dependent concentration trajectory to enforce relaxation toward a different

equilibrium state. In the homogenous representation of the equation of motion [111, 122], the

concentration weighted density matrix reads

d
dt

(c� ) = : : : + ^̂R(c� � c� eq) )
d
dt
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c
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#

= � � � +

"
0 0

� ^̂R � eq
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# "
c

c�

#

: (3.81)

In this way, the relaxation superoperator need not be updated at every step. The concentration

dependent thermalisation is handled by the multiplier in the �rst element of the state vector.

As required, and unlike the formalism presented in [66], there are no denominators in Eq.

(3.78); it is therefore stable in �nite precision arithmetic when concentrations are close to

zero. Its solution using Lie quadratures introduced in Chapter 2 is detailed in the next chapter.

The problem is applied to the �owing, reacting dynamics within a micro�uidic chip.
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Chapter 4

Spatially Distributed Spin Dynamics

in NMR: Existing Methods and New

Simulation Frameworks

This chapter is an extended version of the paper, Chemical Hydrodynamics of

Nuclear Spin states [1].

Chapter abstract

In the following chapter, state-of-the-art methods used to simulate NMR

experiments involving diffusion, �ow and exchange are brie�y reviewed, and the

implementation of a bimolecular chemical reaction in a micro�uidic chip is

introduced. The Fokker-Planck formalism is used to construct matrix forms of

operators that describe chemical kinetics, hydrodynamics, and spin dynamics in

the Lie algebra. The section details various aspects of the newmicro�uidics

module inSpinach– from velocity data imports, to algorithms responsible for

constructing the generators of chemical reactions. Using a Diels-Alder

cycloaddition reaction as an example, the simultaneous implementation of

diffusion, �ow, nonlinear kinetics is presented, whilst maintaining quantum

mechanical treatment of spin.

Imaging experiments often contain complexities of the highest level, where spin dynamics in

reality can coexist with diffusion, �owand chemical kinetics. Producing and implementing

an accurate and ef�cient simulation package that models all three degrees of freedom in

harmony is notoriously dif�cult – particularly because �ne resolution of the spatial domain

required to satisfy accuracy conditions cause matrix dimensions to explode. Consequently, a

widespread progression in simulationmethodsused to model spatially distributed quantum

spin dynamics has ben hindered. Packages such as SIMRI [123], coreMRI [124], JEMRIS

[125, 126], ODIN [72], SpinDoctor [127] and MRISMUL [128] can model sophisticated

spatial dynamics using Bloch-Torrey equations [93] for spin. Very few MRI packages [129]
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implement Bloch-McConnell [64] solvers; most implementations are stand-alone simulation

frameworks mainly focusing on chemical exchange saturation transfer (CEST) MRI

[130–133]. While invaluable for education and research, these packages omit key

quantum-mechanical effects such as J-coupled spin networks, coherence pathways, and

density-matrix-based relaxation – needed to model metabolite spectroscopy, hyperpolarized

MRI, polarisation transfer, and other complex experiments.

Drawing on MRI concepts, spatial encoding encodes the indirect dimension of 2D NMR

along a spatial axis, enabling ultrafast acquisition ("Ultrafast (U-F)" NMR) [134]. U-F

experiments and their variants have been modelled by using point-wise Liouville-von

Neumann equations [135] and the Fokker-Planck formalism [116, 136–138]. The former

treats spins as explicitly moving "spin packets", whereas the latter reduces spatial dynamics

operators to matrices that live in the Lie algebra. By treating spatial dynamics at the same

conceptual level as spin dynamics, quantum mechanical simulations of MRI with

simultaneous diffusion and �ow on a Cartesian grid were made possible, and were the results

of the project preceding this thesis [139].

4.1 Bloch and Quantum Mechanical Spin Models in Spatially

Distributed Systems

4.1.1 Bloch equation solvers and isochromat summation methods

Early MRI simulators (in the 1980s) [123, 140–142] were used to investigate optimal

imaging protocols (i.e., pulse sequences), investigate artifacts due to chemical shift and �ow,

and study contrast effects. They implemented discrete-event Bloch simulations, updating

magnetisation vectors at sequence events (called "magnetic events") such as RF pulses

(treated as instantaneous rotations), gradient sequences or periods of free precession. Spatial

variations in the virtual object are established by assigning different values to parameters that

de�ne tissue, such as relaxation constantsT1, T2, proton density and equilibrium

magnetisationM0. These sets of physical values are contained within "voxels" –

compartments used to discretise the spatial domain, containing a single magnetisation vector

per compartment. The Bloch equations are solved point-by-point and the total signal is

obtained by summing up the individual magnetisation signals from each voxel.

Isochromat summation (ISUM) methods [91] build on preceding simulators by including

many spin packets with identical magnetic parameters (called isochromats) within a single

voxel [143]. Intravoxel dephasing due to diffusion and �ow, and other variations like

frequency offset (due toB0 inhomogeneity, susceptibility or chemical shift differences) can

be considered by further dividing a voxel into sub-counterparts with more isochromats

[123–125, 128]. The Bloch equations are integrated independently for each isochromat at its

own position and offset, and the total FID signal is the coil-weighted sum of transverse

magnetisation signal(M x + iM y) from all sub-voxels. This is Fourier transformed, and

processed into a 2D image (historically by back-projection, now usingk-space
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reconstructions). The number of isochromats per voxel is chosen to meet accuracy goals and

can range from a few to many more in challenging �elds.

Adding multiple sub-voxel isochromats comes at a large computational cost, therefore many

simulation packages have adopted GPU accelerated algorithms [123–125, 128] since the

equation of motion can be solved independently for each isochromat.

Jochimsen et al. [72] move away from ISUM methods by using a continuous distribution of

magnetisation and its derivatives within a voxel to solve Bloch-Torrey equations. They

postulate that for small volumes, the magnetisation gradients are linear within the voxel and

that induces phase dispersions that are linearly dependent on the gradient. The total signal,

however, is ultimately a sum of the signals coming from all voxels, which is Fourier

transformed (as with ISUM methods).

4.1.2 Multi-pool models for exchange using Bloch-McConnell equations

Packages such as MriLab [129] build on voxel-ISUM methods by allowing magnetisation

exchange between multiple discrete compartments ("pools") to reproduce realistic tissue

models [144, 145]. The compartments consist of bound protons (myelin, proteins) and free

protons (water, fat, solutes), which can interact via pre-de�ned exchange pathways – they are

incorporated at the same times as magnetic events via the Bloch-McConnell equations.

CEST-based simulations [131, 132, 146] are used in the quanti�cation process of exchange

between proton pools. Bloch-McConnell equations are solved and Z-spectra1 are obtained in

the analysis, which can probe the environment (and pH) of metabolites, amide protons, or

protons in proteins or peptides [147]. 2D Z-spectra are obtained by solving Bloch-McConnell

equations on a voxel-by-voxel basis, then averaged [132].

4.1.3 Numerical Discretisation Strategies for Bloch-Torrey Equations

Few packages implement a Lagrangian description of �ow [124, 126] to simulate �ow MRI.

In these cases, Bloch equations are simply solved for individual isochromats along their

respective time-dependent trajectories. Stochastic Monte Carlo simulations of the Bloch

equations, which treat diffusion and �ow by propagating ensembles of isochromats along

random trajectories, are not considered in this thesis. Simulators that implement Eulerian

�ow [127, 148–151] solve the Bloch-Torrey equations, often on �xed mesh using �nite

difference or �nite element methods. In these cases, variations in magnetisation between

adjacent nodes due to diffusion and �ow are solved using analytical methods.

Finite difference implementations discretise the Bloch-Torrey equation of motion on

equidistant points on a Cartesian grid. N-point stencils (nodes at which the PDE is solved) are

used to approximate the derivative – the number of points (N) in the stencil determines the

number of adjacent nodes that are used in the expression for the derivative (see Section 4.1.5).

1Z-spectra show longitudinal magnetisation signals of proton-containing compounds relevant to water the water
peaks during saturation transfer experiments.
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In �nite element modelling, the surface or volume on which �eld variables act are split into

discrete domains calledelements, connected to each other at nodes. This collection of

elements is called a mesh, and the process is referred to asmeshing. The partial differential

equation (PDE) is approximated at each element, and solved at every node comprising the

element. This is achieved by selecting appropriate basis functions that approximate the PDE

per element, creating a linear system of equations with unknowns at each node. The process

is repeated for all elements and a global system of equations is created for all nodes in the

domain, which can be solved by a computer. In this way, the continuous PDE is made

discrete and reduced to a problem with �nite dimensions.

Figure 4.1: A summary of the �nite element method, used by software like COMSOL to
solve partial differential equations on spatial domain.

Both techniques have been used to create sophisticated models of diffusion and �ow MRI;

some packages are even able to accommodate for diffusion between different tissue

compartments by de�ning heterogenous diffusion coef�cients, interface conditions and

permeability conditions on the boundaries of tissue [127, 150, 151], as well as incorporating

jump probabilities between compartments [152]. Magnetisation is evolved in time using

adaptive step-size algorithms such as Runge-Kutta-Chebyshev methods to compensate for

complicated spatial dynamics [127].

4.1.4 Liouville von-Neumann equations on grids

Spatial frequency encoding experiments have been simulated by solving Liouville

von-Neumann equations for spin-packets that lie at different virtual slices on thez-axis of an

NMR tube [135], analogous to ISUM methods. Virtual slicing partitions the sample along the

gradient axis into thin slabs over which the �eld is effectively constant. During a pulsed

z-gradientGz(t), spins at positionz experience position-dependent Larmor frequencies:

B (z; t) = B 0 + z G z(t) ) ! (z; t) = � 
B (z; t) (4.1)

= ! 0 � 
zG z(t) (4.2)
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The resulting Hamiltonian also becomes position-dependent, giving rise to local spin

evolutions in each slice, as indicated in Figure 4.2:

d
dt

� (z; t) = � i [H (z; t); � (z; t)]: (4.3)

The overall FID is given by the sum of NMR signals in each virtual slice, and the total

spectrum is the the Fourier transform of individual sub-spectra from each virtual slice.

Figure 4.2: Schematic of spatially resolved spin dynamics under az gradient and selec-
tive radiofrequency excitation. The applied gradient maps spatial position onto resonance
frequency, allowing the system to be partitioned into independent spin packets. The Liou-
ville–von Neumann equation is solved separately for each packet using a spatially varying

HamiltonianH(z).

4.1.5 Discretisation of the Fokker-Planck equation

Solving the Liouville von Neumann equation at all points of a discretised grid can be

numerically impractical in cases where high resolution is needed. More recently, simulation

methods based on the Fokker-Planck formalism have emerged [153], which describe the

generators of hydrodynamics in the operator algebra in matrix form; treating spatial dynamics

at the same conceptual level as spin dynamics. In contrast to pointwise Liouville–von

Neumann solutions with transport introduced via coupling between discrete nodes, the

Fokker–Planck formalism represents spatial dynamics through continuous �ux operators

prior to discretisation.

The combined action of hydrodynamic and diffusive �ux is captured in operator form by the

following expression;

M (r ; t) = r T � v (r ; t) + v T (r ; t) � r + r T � D (r ; t) � r ; (4.4)

where the spatial derivativer = [ @
@x

@
@y

@
@z]

T . The velocity �eldv (r ; t) and the diffusion

tensor,D (r ; t) are obtained externally and supplied as additional parameters into the
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simulation. Matrix forms of derivative operators are constructed to discretise the equation of

motion on Cartesian grids [154]. Popular choices are Fourier differentiation matrices

(constrained to uniform grids) or �nite differences matrices; the former kind give exact

solutions of the derivative operators on a given uniform grid, whereas the latter approximates

the derivative between two grid points using the lowest level expression for a derivative; both

methods accommodate periodic boundary conditions. Owing to the sparsity of �nite

difference matrices (resulting in faster computation times), this is the preferred method of

discretisation (for solution-state simulations [153]). The spatial derivative is approximated by

computing the difference between adjacent nodes using the Taylor series expansion [41] to

the functionf (x) at x0 for a small change� x:

f 0(x0) �
f (x0 + � x) � f (x0)

� x
(4.5)

The accuracy of the derivative approximation is increased by using more neighbouring points

e.g. at2� x, 3� x, on either side ofx0. The collective nodes at which we evaluate the

function is called astencil. Examples of various stencils are shown in Figure 4.3:

Figure 4.3: Finite difference stencils using the centre difference scheme with (a) with 3
points in 1D (b) 5 points in 1D, (c) 5 points in 2D, (d) 9 points in 2D.

A weighting coef�cient associated with each stencil point is determined by the algorithm

given in [155]; these weights, along with the appropriate boundary conditions, become the

elements of the �nite-difference matrix. The columns of the matrix represent the nodej that

the derivative is being calculated for, and the rows are the weights of the adjacent nodes

involved in calculating this derivative (see Figure 4.4). These coef�cients multiply the �ow

velocities according to Eq. (4.4). Fourier-difference matrices use analytical expressions of the

derivative at each node. Both methods are implemented in Spinach, but only the �nite

difference method is summarised below.

Spinach functionv2fplanckoutputs Cartesian representations of hydrodynamics generators

F x , F y andF z. Each component must be Kroneckered with spin and kinetic-dimensions to

proceed with the composite simulation. For example, thex component of the hydrodynamics
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Figure 4.4: Visual representation of a �nite difference matrix construction for a one dimen-
sional grid with a step size of 0.25. A central difference, 3-point �nite difference stencil is
used. Weighting coef�cients are represented bycn , cn � 1, cn +1 . Boundary conditions are

represented by a 1 in the matrix element.

generatorF x acts in thex-direction, but not in they andz. This is represented by the

following expression:

DX =
�

@
@x

�

N

 1M 
 1K (4.6)

where
�

@
@x

�

N
is the �nite difference matrix for a grid with N-points.

These implementations have been used to simulate a range of spatial encoding experiments

such as Diffusion-Ordered Spectroscopy (DOSY) [116, 156–158], including those that

investigate laminar and convective �ow [159], in addition diffusion and �ow MRI [117, 139].

In each case, matrix forms of diffusion and �ow operators were constructed to solve the

Liouville von Neumann equation. The action of frequency swept (chirp) pulses and double

stimulated echo pulse required for spatial encoding is contained in the Hamiltonian and

external gradient operators.

4.2 Implementation of Hydrodynamics in the Micro�uidics

Module

The following section outlines the implementation details of theory presented in Chapter 3,

including the construction of the state-dependent kinetics generator, and the �ux generator

using �nite volume methods. The resulting algorithms are applied to micro�uidic NMR

experiments, where simultaneous diffusion, �ow, and spin dynamics during a second-order

cycloaddition reaction is modelled. The chemistry and the engineering are described in [22,

23, 29]: reactants are delivered at the upper end of the chip, the products are detected via their

NMR signals at the lower end of the sample chamber (Figure 4.5). The spatial discretisation

mesh and the velocity �eld are imported from COMSOL [160]. This section forms the new
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