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ABSTRACT

The use of probabilistic surrogate models provides a com-
putationally efficient means of generating time series of random
loading on anchors over their design lifetimes. In this work we
demonstrate how probabilistic surrogates for anchor loads can
be developed, using a case study for the IEA 15 MW offshore
wind turbine on the VolturnUS-S semi-submersible platform at a
site off the east coast of Scotland. Simulations of the dynamic
response were conducted for 1297 combinations of significant
wave height, peak period, and hub-height wind speed, covering
the range of observed conditions at the site. This paper considers
the development of a probabilistic surrogate model for cyclic
loading, conditional on environmental state, used for assessment
of reduction in soil strength. The development of a probabilistic
surrogate model for the short-term extreme loads is considered
in another paper in the same proceedings. A novel method is
presented for modelling the bimodal distribution of load cycle
amplitudes, where a model is fitted to the larger amplitude
cycles only, and the low amplitude cycles are treated as a
nuisance component. The model is shown to accurately capture
the accumulated soil damage from cyclic loading. Artificial
neural networks are used to model the variation of distribution
parameters with environmental conditions. We demonstrate a
global fitting scheme, where data from all simulations are fitted
simultaneously, after separating into either operational or idling
conditions. The resulting surrogate model is shown to have good
agreement with the simulation data.

1 INTRODUCTION
This paper is the second part of a study on the development

of probabilistic surrogate models for loading on an embedded
plate anchor, and continues from another paper in the same pro-
ceedings [1]. A general description of the background and re-
quirement for probabilistic surrogate models is presented in the
first part of the study. The study considers anchor loads from a
floating offshore wind turbine (FOWT), using the IEA 15 MW
reference turbine [2] on a semi-submersible platform [3], using
a semi-taut mooring system. We refer the reader to Part I for
a description of response simulations conducted and the surro-
gate model developed for the short-term extreme loading. In this
second part, we consider the modelling of cyclic loads. As in
Part I, we assume that the design of the turbine, platform and
mooring are fixed, and we are interested in creating a surrogate
for the anchor loading as a function of environmental condition.
This surrogate will be applied to a whole-life geotechnical de-
sign method in future work. In the present work, the focus is on
characterising the cyclic loading conditional on environmental
condition.

To recap, an embedded plate anchor is considered to have
failed when the applied load exceeds its ultimate capacity Qult .
Under undrained conditions the capacity is linearly proportional
to su, the volume-averaged strength of the soil [4]. Under cyclic
loading conditions, the soil strength su decreases as a result of
a build up in excess pore water pressure and reduction in soil
effective stress. The reduction in soil strength is described in
terms of a damage parameter.

The accumulation of damage is similar to fatigue analysis in
structures. Rainflow counting is used to convert an irregular time
series of loads to an equivalent series of cycles or half-cycles with
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associated amplitudes, S, and mean values, R. An R-S-N curve
for the soil type (analogous to a Wöhler curve) is then used to
calculate the damage to the soil [5, 6] – see Appendix A and [7]
for details. The accumulated damage on the anchoring system
that results from various environmental (wind and wave) condi-
tions is discussed in [7], where it is shown that high soil damage
is linked to extreme environmental conditions. However, cyclic
loads in more frequently-occurring operational conditions have
the dominant contribution to soil damage when weighted by oc-
currence. This highlights the need for the surrogate modelling
method presented here, which enables efficient modelling of an-
chor loads during both extreme and operational conditions.

Since the modelling of damage accumulation in soil is anal-
ogous to modelling damage accumulation in structures, we be-
gin by giving a brief overview of surrogate modelling for cyclic
loading in offshore structures in Section 2. The load cycle model
adopted in this work is described in Section 3 and the artificial
neural networks used in the surrogate are discussed in 4. Results
are presented in Section 5. Finally, conclusions are presented in
Section 6.

2 SURROGATE MODELS FOR CYCLIC LOADS
Surrogate modelling strategies can be classified in terms of

whether they treat the outputs of the simulator (or a derived
quantify such as a damage equivalent load (DEL)) as determin-
istic or stochastic. Deterministic surrogates reduce the stochastic
output to some conditional statistic, such as the expected value
E[Y |XXX = xxx]. The disadvantage of this approach is that multi-
ple simulations are required for each input condition in order to
estimate the mean or variance. For wind turbine applications, av-
eraging over six 10-minute simulations or one 60-minute simu-
lation, as recommended in the IEC 61400-1 design standard [8],
has been shown to be insufficient to converge to the expected
value in a given environmental condition [9, 10]. To address
this, Murcia et al [11] ran 100 simulations with different random
inflow conditions for each environmental condition. They then
constructed separate surrogates for the mean and standard devia-
tion of fatigue loads on the DTU 10 MW reference turbine [12].

Deterministic surrogates for cyclic loads using artificial neu-
ral networks were developed in [13–15]. The use of Gaussian
process regression (GPR) was considered in [16–18]. Various
comparative studies of ANN, GPR and polynomial chaos expan-
sions have been presented in [19–21]. ANNs generally perform
favourably compared with other methods.

Probabilistic surrogate models for fatigue can be categorised
in terms of whether they treat the DEL, or the load cycle ampli-
tude as the random variable. Singh et al [22, 23] developed prob-
abilistic surrogates for fixed and floating wind turbines that treat
10-minute DELs as the random variable. In this approach each
simulation results in a single data point for modelling. Proba-
bilistic surrogates for the fatigue damage of a mooring line of a

FOWT were proposed in [24–26], where an ANN was used to
map environmental conditions to the distribution of the tension
cycle amplitude distribution. ANN and GPR models for the fa-
tigue damage on a mooring line were compared in [27] and both
models were found to perform well.

In this work we develop a surrogate for the cyclic loads on
the mooring line tension at the anchor point. Since the surrogate
is intended for optimising the anchor sizing, and the soil damage
is dependent on the anchor size (see Appendix A), we develop
a surrogate model for the the rainflow cycles, rather than for the
damage itself.

3 LOAD CYCLE DISTRIBUTION MODEL
The damage accumulation model described in Appendix A

and [7] takes a sequence of load cycles as input, identified us-
ing a rainflow counting algorithm. In this work, the rainflow
counting algorithm used adopts the ASTM E1049 standard [28].
The output of the rainflow counting is a list of values (r j,s j,n j),
j = 1, ..,m, where r j and s j are the mean and amplitude of cy-
cle j, and n j = 0.5 or 1, depending on whether it is a half or
full cycle. We can think of the sequence of (r j,s j) values as
being a sample from a random response vector YYY = (R,S). To
account for the occurrence of half and full cycles when fitting a
model, we can double the occurrence of all cycles with n j = 1.
When we subsequently sample from the model we draw a total of
M = ∑

m
j=1 n j samples, to remove the effect of double counting.

3.1 Model for Rainflow Matrix Distribution
Various statistical models for the rainflow matrix distribu-

tion have been proposed. These are often based on mixture mod-
els of Rayleigh and Weibull distributions [29], Weibull and nor-
mal distributions [30, 31], Weibull and exponential distributions
[32] or the Nakagami distribution [33]. Here we take a slightly
different approach.

The purpose of the surrogate model is to be able to repli-
cate the joint distribution of (R,S) well enough to allow an accu-
rate calculation of the damage. To this end, we make a number
of simplifying assumptions, and verify the impact on the calcu-
lated damage, where the damage model has been calibrated to
match the damage response measured in element scale cyclic ex-
periments on normally consolidated clays presented in [34, 35].
Firstly, it was found that replacing the cycle mean values r1,r2, ...
by the mean load over the simulation, made negligible difference
to the calculated damage (less than 0.5% in any given condition).
The reason for this is that for larger values of S, which contribute
the most to the damage, there is a relatively narrow range of val-
ues of R (see upper left plot in Figure 1). So approximating R as
a constant results in only a small error. This significantly simpli-
fies the problem, from one of modelling the joint distribution of
(R,S), to one of modelling just the univariate distribution of S.
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Secondly, in many of the simulations, the observed distributions
of S were bimodal, with a large number of low amplitude cycles.
These low amplitude cycles have a negligible contribution to the
damage, since the accumulated damage from an individual cycle
is proportional to S4 (see Appendix A).

Several options for modelling the bimodal distribution of S
were investigated. These included (i) filtering the mooring ten-
sion signal prior to rainflow cycle counting to remove low am-
plitude cycles; (ii) using a multimodal distribution model; and
(iii) treating the low-amplitude cycles as a nuisance component
and just modelling the distribution of large-amplitude cycles. Of
these, the last approach proved most effective in our case.

We assume that the observed distribution of S is composed a
weighted sum of a small-cycle distribution, F1 and a large-cycle
distribution F2:

FS(s) = wF1(s)+(1−w)F2(s), (1)

where w ∈ [0,1) is a weight parameter. We make two further
assumptions. Firstly, we assume F1 has a finite upper end point
s0, so that F1(s) = 1 for s > s0. And secondly, that load cycles
with s ≤ s0 have negligible contribution to the damage. Under
these assumptions, the form of F1 is irrelevant. For s > s0, the
model (1) becomes

FS(s) = w+(1−w)F2(s), s > s0, (2)

which does not involve F1. Therefore, if the model is fitted only
for values s > s0, then we do not require a model for F1. In the
present work, we found that estimating s0 as the highest value
for which all cycles s < s0 contribute to less than 0.1% of the to-
tal damage in a given environmental condition, provided a robust
way of filtering out the low amplitude cycles that do not con-
tribute to the damage. It was also found that modelling F2 using
a two-parameter Weibull distribution gave an accurate represen-
tation, as discussed further below.

3.2 Inference
For s > s0, the density of (2) is fS(s) = (1−w) f2(s). We

cannot use this to estimate w by maximum likelihood, since set-
ting w = 0 maximises fS(s) for any given form of f2(s). We
therefore use an alternative method for inference. As the largest
cycles contribute the most towards the damage, we use a fitting
procedure that is weighted towards the tail of the distribution, by
minimising the squared differences between the model and ob-
servations, of the log-exceedance probabilities.

Suppose we have a sequence of random cycle amplitudes
as S1, ...,Sm. The corresponding non-exceedance probabili-
ties P1, ...,Pm are uniformly distributed. Therefore, the log-
exceedance probabilities Z j :=− log(1−Pj) follow an exponen-
tial distribution with unit scale. So if we define an ordered se-
quence S(1) ≤ ... ≤ S(m), then the corresponding ordered values

Z(1) ≤ ... ≤ Z(m) are order statistics of a standard exponential
variable, with expected values [36]

z j := E
[
Z( j)
]
=

j

∑
k=1

1
m− k+1

. (3)

Note that E
[
P( j)
]
= j/(m+ 1), but due to the nonlinear trans-

formation, E
[
Z( j)
]
=−E

[
log
(
1−P( j)

)]
̸=− log

(
1−E

[
P( j)
])

.
The difference is small for lower j but is larger in the upper tail1.

The Weibull distribution function is FWbl(s) = 1 −
exp
(
−(s/λ )k

)
, where λ and k are the scale and shape param-

eters respectively. To fit the model we find the values of λ ,
k and w that minimise the squared differences between z j and
ẑ j = − log

(
1−FS(s( j))

)
, the negative log exceedance probabil-

ity from the model. For s > s0 we have

ẑ j = (s( j)/λ )k − log(1−w). (4)

3.3 Example
An example of the model fit to observations is shown in Fig-

ure 1, for a case with Uhub = 33 m/s, Hs = 5.0 m and Tp = 8.0 s.
In this case, there are 10 repeat simulations for the same envi-
ronmental conditions, and the observation data has been pooled
over the 10 repeats. The upper left plot shows a scatter plot of R
against S. There is a larger range of R for the low cycle ampli-
tudes, but a relatively narrow spread of values for the higher cy-
cle amplitudes, which contribute most to the damage. The upper
right plot shows a histogram of the observations together with
the estimated threshold value s0. There are a large number of
low amplitude cycles that do not contribute to the damage. The
model provides a good fit to upper part of the range. The lower
left plot shows the empirical and model exceedance probabili-
ties on a logarithmic scale, together with the corresponding Z
values. The good fit of the model in the upper tail is evident. Fi-
nally, the lower right plot shows the damage calculated from the
10 individual simulations (without applying any of the simplify-
ing assumptions mentioned above), together with the distribution
of damage from the model based on 104 simulations from the
estimated Weibull distribution. For each simulation we sample
M(1−w) points from the Weibull distribution, where M is the
mean number of cycles per hour over the ten 1-hour simulations.
The range of damage values from the model agrees well with the
range from the repeat OrcaFlex simulations, indicating that the
model is able to capture both the mean behaviour of the damage
and the random variability.

1For the largest observation E
[
Z(m)

]
= γ + log(m) + O(1/m), where γ ≈

0.57721 is the Euler–Mascheroni constant, whereas − log
(
1−E

[
P(m)

])
=

log(m+ 1). Hence, the difference between the two expressions tends to γ as
m → ∞. For example, for a sample size of m = 100, E

[
Z(m)

]
= 5.19, whereas

− log
(
1−E

[
P(m)

])
= 4.62. Therefore, ignoring these differences can lead to

biases in estimates of the upper tail.

3



FIGURE 1. EXAMPLE OF MODEL FOR LOAD CYCLE AMPLITUDES FOR SIMULATIONS WITH Uhub = 33 m/s, Hs = 5.0 m, and Tp = 8.0 s. TOP LEFT:
SCATTER PLOT OF LOAD CYCLE MEAN R AGAINST CYCLE AMPLITUDE S. TOP RIGHT: COMPARISON OF PROBABILITY DENSITY FOR OBSERVA-
TIONS AND MODEL FOR S. LOWER LEFT: COMPARISON OF EXCEEDANCE PROBABILITIES FOR OBSERVATIONS AND MODEL FOR S. LOWER RIGHT:
COMPARISON OF EMPIRICAL DISTRIBUTION OF DAMAGE FROM TEN SIMULATIONS OF 1-HOUR DURATION, WITH DISTRIBUTION CALCULATED
FROM 104 REALISATIONS OF THE FITTED MODEL.

4 NEURAL NETWORK MODELS
As discussed in [1], we fit separate surrogates for operational

and idling states due to the sharp transition in the response at the
cut-out wind speed. We refer the reader to [1] for details of the
general setup and hyperparameter optimisation.

As discussed above, our model for the load cycle distri-
bution, is based on the assumption of a mean value of R per
sea state, and modelling only those cycle amplitudes for which
S > s0, where the threshold s0 also varies per sea state. Our
model assumes that M(xxx), R̄(xxx) and s0(xxx) are deterministic func-
tions of environmental condition xxx. We calculate their values for
each simulation, then fit ANNs using a least-squares loss func-
tion. The ANNs are assumed to smooth any random variability
in per-simulation estimates. The appropriate level of smoothing
is determined by the hyperparameter optimisation, which finds
the hyperparameters that give the best performance (i.e. lowest
loss) for the validation data.

Once the ANN for s0(xxx) has been estimated, we use this
model to discard cycles with S ≤ s0(xxx) from each simulation.
The ANN for the load cycle amplitude distribution parameters

(w(xxx),λ (xxx),k(xxx)) is then estimated by minimising the loss func-
tion

L(W(w,λ ,k)) = ∑
(i, j)∈Is0

[zi, j − ẑi, j]
2 , (5)

where Is0 := {(i, j) : i∈ {1, ...,Nsim}, j ∈ {1, ...,mi},si, j > s0(xxxi)}
as the set of indices of cycles which exceed the low-amplitude
threshold s0(xxx), and W(w,λ ,k) is the parameter set of the ANN
model for (w(xxx),λ (xxx),k(xxx)). The values zi, j and ẑi, j are the log-
exceedance probabilities for the observations and model, defined
in (3) and (4).

In total four ANNs are trained, and tuned using the same
hyperparameter tuning framework as described in [1]. Follow-
ing this process, the s0 model consisted of 3 hidden layers with
192, 256, and 208 neurons respectively, dropout of 0.2, an initial
learning rate of 5×10−4, and weight decay of 3.48×10−6. The
model for estimating R̄ per sea state consisted of 3 hidden lay-
ers with 256, 256, and 16 neurons respectively, dropout of 0.1,
an initial learning rate of 10−3, and weight decay of 7.1×10−5.
The M(xxx) model consisted of 3 hidden layers with 112, 176, and
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160 neurons respectively; dropout of 0.05, an initial learning rate
of 7×10−4, and weight decay of 3.49×10−6. Finally, the neu-
ral network for estimating the load cycle distribution parameters
consisted of a shared trunk for all parameters with 3 hidden lay-
ers of 64, 448, and 512 neurons respectively, dropout of 0.1, an
initial learning rate of 10−4, and weight decay of 10−4.

All networks employed a learning rate scheduler which
monitored the validation loss and reduced the learning rate by
a factor of 0.5 after 5 epochs without improvement. The train-
ing process lasted for 100 epochs, with early stopping to avoid
over-fitting.

5 RESULTS
Scatter plots of the deterministic surrogates for the low-

amplitude threshold s0, mean cycle level R̄, and cycles per hour
M against the corresponding empirical values are shown in Fig-
ures 2 to 4. Values are shown for both the training and valida-
tion data. To benchmark the level of scatter observed, the values
from the repeat simulations are plotted against the corresponding
10-hour mean value (this is taken as a proxy for a ‘perfect’ sur-
rogate). For the case of s0, the level of scatter for the surrogate
is very close to that for the repeat data, with an RMS error of
21.1 for the training data and 25.4 for the validation data, com-
pared with 19.6 for the repeat data. The surrogate for R̄ has a
considerably higher level of scatter than for the repeat cases, but
the coefficient of determination R2 is still good, with a value of
R2 = 0.99 for the training and R2 = 0.93 for the validation data.
For the total cycle count M, there is considerable scatter between
the surrogate and observations, both for the training and valida-
tion data. However, as discussed further below, the metocean
conditions resulting in large cycle counts tended to be for lower-
damage sea states, so the larger scatter here is less consequential.

Figure 5 shows quantile-quantile (QQ) plots for the surro-
gate cycle amplitude distribution. The left hand plot shows sur-
rogate values of log-exceedance probability Z against empirical
values from the validation cases. Grey lines correspond to values
in individual validation cases and the red line is the aggregated
trend over all validation cases. The right hand plot is the same,
but for the model versus empirical cycle amplitude S. Overall the
agreement is excellent in both cases, with the aggregated trend
very close to the 1:1 line. There is some deviation at the highest
values, but these are likely due to sampling effects.

Finally, Figure 6 shows a scatter plot of damage from the
surrogate against damage from the OrcaFlex model. In the case
of the surrogate, the damage is taken as the median value over
200 simulations from the cycle amplitude distribution. Our as-
sessment is based on an assumed ultimate capacity for the anchor
of Qult = 14.1 MN, corresponding to a circular plate anchor with
a diameter of 7 m, embedded in a soft seabed at a depth of twice
its diameter. However, the value of Qult only affects the absolute
values of the damage, and only has a very small affect on the
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FIGURE 2. COMPARISON BETWEEN THE SURROGATE ESTIMATED
LOW CYCLE THRESHOLD VALUES, s0, AND THE ESTIMATES FROM
ORCAFLEX SIMULATIONS. THE DASHED LINE INDICATES PERFECT
AGREEMENT (1:1). MODEL PERFORMANCE IS COMPUTED BOTH FOR
THE TRAINING DATASET (BLUE POINTS) AND THE INDEPENDENT
VALIDATION DATASET (ORANGE POINTS). THE GREEN POINTS REP-
RESENT THE VARIATION DUE TO RANDOM SAMPLING AND PLOTTED
HERE AS A BENCHMARK FOR THE LEVEL OF SCATTER.

agreement between the surrogate model and simulations. Over-
all, the level of agreement is very good, with an RMS error of
14.6× 10−3 for the validation data, compared to 9.8× 10−3 for
the repeat cases. Although, the level of scatter between the surro-
gate and simulations is higher than due to sampling effects alone,
the model is able to capture the variation in soil damage with en-
vironmental conditions. The higher scatter may in part be due to
the uncertainties in the values of R̄ and M, which will introduce
some additional uncertainty in the damage estimate.

6 CONCLUSIONS
This work has presented a novel method for estimating a

probabilistic surrogate model for cyclic loading on an embed-
ded plate anchor. The key novelties lie in (1) the method used
to model the load cycle amplitude distribution, where the low-
amplitude cycles are treated as noise and ignored, and (2) the
global fitting method, where the model is fitted to data from all
simulations simultaneously. By modelling the load cycle ampli-
tude distribution as a function of environmental condition, each
1-hour response simulation creates a large sample of data to use
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FIGURE 3. COMPARISON BETWEEN THE SURROGATE R̄, AND
THE ESTIMATES FROM ORCAFLEX SIMULATIONS. THE DASHED LINE
INDICATES PERFECT AGREEMENT (1:1). MODEL PERFORMANCE IS
COMPUTED BOTH FOR THE TRAINING DATASET (BLUE POINTS) AND
THE INDEPENDENT VALIDATION DATASET (ORANGE POINTS). THE
GREEN POINTS REPRESENT THE VARIATION DUE TO RANDOM SAM-
PLING AND PLOTTED HERE AS A BENCHMARK FOR THE LEVEL OF
SCATTER.

in the inference. In contrast, for surrogates which model de-
rived quantities such as a damage equivalent load, each 1-hour
response simulation only produces a single data point.

The modelling approach was shown to give an excellent fit to
the load cycle amplitude distribution, and be able to accurately
capture the accumulated damage to the soil resulting from the
cyclic loading. The good fit to the load cycle amplitude dis-
tribution shows that the modelling strategy of treating the low-
amplitude cycles as noise is effective, and allows a relatively
simple two-parameter Weibull model to be used, reducing the
number of parameters that must be estimated.

The present work has considered the accuracy of the sur-
rogate model on a per-sea-state basis. As soil damage is a cu-
mulative process, future work could consider the assessment of
the surrogate based on a damage value weighted by the relative
occurrence of environmental conditions, as discussed in [7].

As with the model for the short-term load peaks, presented in
[1], there is some scope for improving the surrogate model fit, as
observed differences between the model and observations were
shown to be larger than the expected level of scatter from sam-
pling effects alone. Ways in which the model can be improved
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FIGURE 4. COMPARISON BETWEEN THE SURROGATE M, AND
THE ESTIMATES FROM ORCAFLEX SIMULATIONS. THE DASHED LINE
INDICATES PERFECT AGREEMENT (1:1). MODEL PERFORMANCE IS
COMPUTED BOTH FOR THE TRAINING DATASET (BLUE POINTS) AND
THE INDEPENDENT VALIDATION DATASET (ORANGE POINTS). THE
GREEN POINTS REPRESENT THE VARIATION DUE TO RANDOM SAM-
PLING AND PLOTTED HERE AS A BENCHMARK FOR THE LEVEL OF
SCATTER.

will be investigated in future work.
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APPENDIX A - DAMAGE ACCUMULATION MODEL
Suppose that rainflow counting has been used to identify a

sequence of load cycles {(r1,s1,n1), ...,(rm,sm,nm),}, where r j
is the cycle mean, s j is the cycle amplitude and n j =

1
2 or 1,

depending on whether it is a cycle or half cycle. For a given
anchor ultimate capacity Qult , we define normalised cycle means
and amplitudes as r̃ j = r j/Qult and s̃ j = s j/Qult . The damage is
calculated sequentially, with the accumulated damage up to cycle
j defined as

d j = k1 (1+ r̃ j)
k5
(

1− exp
(
−k2 (n j +b j−1) (s̃ j − k4)

k3
+

))
, (6)

where (·)+ = max(·,0), b j−1 is the equivalent number of cycles
with mean and amplitude (r̃ j, s̃ j) that would give damage d j−1,
and k1, ...,k5 are constants describing the soil properties. The soil
conditions at the location used in this work are predominantly
sediment, i.e. mud and sandy mud [37]. Based on this, through-
out this work, the soil parameters are set at k1 = 1, k2 = 22.58,
k3 = 4, k4 = 0.001 and k5 = 1, which have been calibrated to re-
sult in damage contours presented in [34, 35] for normally con-
solidated clays.

The value b j−1 is found by rearranging (6) to get

b j−1 =− 1
k2(s̃ j − k4)k3

log
(

1−
d j−1

k1(1+ r̃ j)k3

)
. (7)

In the present work, the damage is used only to assess the model
for the load cycle distribution. We therefore, assume that the
damage starts at zero at the start of each response simulation,
and set d0 = 0, so that b0 = 0.

The sequential accumulation of damage defined by equa-
tions (6) and (7) is dependent on the ordering of the cycles.
Changing the order of the cycles results in a different total dam-
age. The convention is to sort the cycles by increasing r̃ [38, 39].
In our dataset, there was relatively little variation in the cycle
mean for a given metocean condition. It was found that replac-
ing r̃1, ..., r̃m by the mean value in the simulation r̄ = 1

m ∑
m
j=1 r̃ j,

resulted in a mean change of 0.2% over all simulations, and less
than 1% in any given simulation. When r j is constant, the dam-
age accumulated from m cycles with variable s j and n j is invari-
ant to the ordering of the cycles, and simplifies to

dm = k1 (1+ r̄)k5

(
1− exp

(
−k2

m

∑
j=1

[
n j (s̃ j − k4)

k3
+

]))
. (8)

From (8), the contribution from cycle i to the total damage ac-
cumulated over all cycles is ni (s̃i − k4)

k3
+ /∑

m
j=1

[
n j (s̃ j − k4)

k3
+

]
.

In the statistical model for the cycle amplitude distribution, de-
scribed in Section 3, it is assumed that n j = 1 for j = 1, ...,m,
since full-cycles are counted twice. Moreover, since k4 is close
to zero and k3 = 4 in the present work, the contribution from
cycle i to the total damage is (approximately) proportional to s̃4

i .
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