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ABSTRACT

Neural networks can learn the behaviour of nonlinear dynamical systems and achieve high pre-
diction accuracy on test data that is drawn from the same distribution as the training data. How-
ever, these models fail to generalise during inference when excited with unseen input trajectories.
We tackle this generalisation problem in the context of nonlinear system identification with a
system-theoretical approach that ensures input-output stability. We enhance a linear approxima-
tion with a recurrent neural network (RNN) that models the residual behaviour to capture complex
dynamics and to increase the model’s generalisation capabilities. We impose constraints on the
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learnable parameters to ensure dissipativity, an intrinsic property of most physical systems. This
leads to improved generalisation on previously unseen inputs. We evaluate our approach using in-
distribution (ID) and out-of-distribution (OOD) data from three different use cases and compare it

against non-regularised approaches.

1. Introduction

When learning nonlinear dynamics from input-out-
put measurements, models with a large number of
parameters, such as neural network architectures, have
shown high prediction accuracy (Andersson et al., 2019;
Mohajerin & Waslander, 2019; Pillonetto et al., 2025).
Despite their flexibility and success in modeling complex
dynamics, neural network predictions can be unreliable
when excited with input distributions not present in the
training dataset.

This reliability is crucial for modeling physical sys-
tems. For example, when the trained model is used for
simulation, it is required to predict unseen inputs with
high accuracy (Brunton et al., 2021; Karpatne et al., 2022;
Lusch et al., 2018).

Identifying dynamic models of physical systems is
challenging because of the nonlinear nature of the
unknown system and the requirement for reliable pre-
dictions. Linear models can efficiently be analysed and
trained, but do not capture the nonlinear dynamics suffi-
ciently well. Neural networks can learn complex dynam-
ics, but ensuring reliability is difficult due to the nonlinear
structure combined with the large number of parameters.
We aim to increase reliability by ensuring input-output
stability.

Different stability properties, such as incremental
input-output stability (Revay et al., 2020), input-to-state
stability (ISS) (Bonassi et al., 2022), or exponential sta-
bility (Baier et al., 2023), have been encoded into neural
network architectures. To enforce these stability condi-
tions, either the learnable parameters are constrained by
a regularisation in the loss function or enforced through
structural properties of the model itself. These mod-
els either do not achieve the same level of accuracy as
their unconstrained counterpart or they do so but require
more training data or training epochs. To improve the
predictive accuracy of neural networks, hybrid models
that use prior system knowledge in the form of a lin-
ear approximation, Forgione and Piga (2020) and Wu
et al. (2020) have been introduced, but they do not
provide methods to enforce stability, thus making the
prediction unreliable.

Our approach assumes that the unknown underlying
system is dissipative and encodes this prior knowledge
in the model structure through parametric constraints.
When the identified model is dissipative (Willems, 1972),
it cannot generate energy internally and is driven solely
by the supplied energy of the input and its initial energy.
This property ensures the reliability of the predictions
beyond the training data. In addition, we assume to
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have access to a linear approximation model to enhance
predictive accuracy. The constraints we develop are con-
vex with respect to the learnable parameters and are
shown to improve the training process compared to their
non-convex counterparts. Based on the previous assump-
tions, we build a hybrid model architecture (HybCRnn)
for nonlinear system identification that

(S1) interconnects a linear approximation model with
an RNN and
(S2) ensures ¢,-stability through regularisation.

By exploiting a richer set of multipliers (Fetzer
& Scherer, 2017), our method yields tighter constraints
than the multipliers typically used in the machine-
learning literature. The multipliers are introduced when
bounding the nonlinearities of the neural network
and allow for additional degrees of freedom during
optimisation.

We compare HybCRnn against four approaches: Two
regularised baselines, a RNN that ensures ¢,-stability,
which is based on Revay et al. (2020), and a constrained
long-short term memory (LSTM) that ensures ISS
(Bonassi et al., 2020). Furthermore, we compare against
a linear switching system Recurrent Linear Parameter
Varying Network (ReLiNet) that is exponentially stable
(Baier et al., 2023) and an unconstrained LSTM (Moha-
jerin & Waslander, 2019). In our experiments, we find
that adding a linear approximation model leads to models
that generalise better to inputs not seen during training.
Our HybCRnn outperforms all baseline models on OOD
datasets and reaches comparable prediction accuracy on
ID test data for single-input-single-output (SISO) sys-
tems. Additionally, we show an improved upper bound
on the ¢,-gain when analysing the stability of the trained
models. We also see that by using convex constraints,
the training converges, while this is not the case for
non-convex constraints. Our contributions can be sum-
marised as follows:

e We develop a hybrid architecture for nonlinear sys-
tem identification with convex constraints that ensure
dissipativity through regularisation.

e Weintroduce tighter constraints by using a larger class
of multipliers.

e We present comprehensive experiments comparing
our method with four baselines on three datasets.

In Section 2, we position our work within the cur-
rent literature. Section 3 introduces our hybrid network
structure and defines the problem. Section 4 relates var-
ious stability properties and provides an overview of the

key dissipativity results relevant to this work. The anal-
ysis of our hybrid architecture is detailed in Section 5.
Section 6 outlines our training and initialisation process.
In Section 7, we evaluate our approach in terms of accu-
racy on an ID test set and various OOD datasets, as well
as assess the empirical upper bound of the £,-gain. In
Section 8, we empirically evaluate the effect of the partial
convexification for the learning problem from Section 5.
The paper concludes in Section 9.

2. Related work

This work lies at the intersection between machine learn-
ing and system theory. We will apply established tools
from robust control on recurrent neural network archi-
tectures. In this section, our goal is to review the related
work from both domains. While the success of neural
networks is only about a decade old, the system identi-
fication literature has a long history in the field of system
theory.

2.1 Constrained neural networks

The connection between discrete linear, time-invariant
(LTI) systems with static nonlinearities and neural
networks was drawn by an early work of Suykens
et al. (1995). It allows us to use the concept of dissi-
pativity (Willems, 1972) for systematically analysing the
input-output behaviour of neural networks. This was
recently used in numerous neural network architectures,
e.g. for efficient calculation of a Lipschitz gain (Fazlyab
et al., 2019; Pauli, Koch, et al., 2021), system identifica-
tion with stability guarantees (Revay et al., 2020, 2021),
and controller synthesis (Gu et al., 2022; Junnarkar et al.,
2022, 2024). These approaches are based on formulating
convex constraints on the learnable parameters, which
are enforced during training. Convexity of the constraints
ensures that the training remains efficient. The neu-
ral network architectures that guarantee input-output
properties do not consider prior system knowledge of
the true system. In Forgione and Piga (2020) and Wu
et al. (2020) hybrid architectures assume a linear approx-
imation model to be known and use neural networks
to learn the residual, to improve predictive accuracy. By
adding the linear approximation model, the convexity
of the constraints gets lost due to the interconnection
between the linear part of the neural network and the
linear approximation model. For the problem of neural
network controller design and closed-loop performance
guarantees, the authors of Junnarkar et al. (2024) have
derived convex constraints. In this work, we follow the
idea of using a linear approximation model (Forgione
& Piga, 2020; Wu et al,, 2020) and let the neural network



architecture learn the residual. In addition, we derive
convex constraints on the learnable parameters that are
based on the idea of controller synthesis (Gu et al., 2022;
Junnarkar et al., 2022). The constraints are formulated
as linear matrix inequalities (LMI) and can be enforced
during training.

While these tools have only recently been used in
machine learning, they are established in robust con-
trol (Masubuchi et al., 1998; Scherer et al., 1997). During
training, we ensure the constraints by incorporating log-
arithmic barrier functions as penalty terms in the loss
function. A direct parameterisation approach, as pre-
sented by Revay et al. (2021) and Wang and Manch-
ester (2023), requires no constraints during training, as
structural properties ensure the parametric constraints.
However, we do not adopt this direct parameterisation
since our goal is to conceptually show that adding prior
system knowledge leads to more reliable simulation mod-
els. We will consider other parameterisation methods in
future work.

The constraints rely on a multiplier relaxation of the
nonlinear activation function that introduces flexibility
in the optimisation problem. We use a larger class of mul-
tipliers compared to the before-mentioned approaches
that only consider diagonal multipliers (except for Pauli,
Gramlich, et al., 2021a). We extend this multiplier class
by employing static Zames-Falb multipliers as presented
by Fetzer and Scherer (2017) for discrete-time systems,
which involve more degrees of freedom than the sim-
ple diagonal multipliers, and evaluate their effect on the
prediction accuracy and stability.

Instead of deriving parametric constraints for inter-
nal stability or input-output stability, the work of Bonassi
et al. (2020, 2022) and D’Amico et al. (2023) provides
constraints that ensure ISS and incremental ISS. The net-
works considered include various RNN model structures
such as LSTM or gated recurrent unit (GRU). The con-
straints derived in these models are not based on dissi-
pativity but on linking the parameters to conditions on
Lyapunov functions that are required to ensure ISS and
incremental ISS.

Identification algorithms that consider neural net-
works as state-space models are considered in Beintema
etal. (2023), ]. Schoukens and Ljung (2019), and Forgione
etal. (2022). In Beintema et al. (2023), a subspace encoder
is learned to learn the initial state of a state-space neu-
ral network. Even though the model structure allows the
analysis of its stability, this is not part of the paper. The
parametric constraints we develop in this work can be
applied to other state-space neural networks.
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2.2 Regularised system identification

The established field of system identification in system
theory and control is dominated by linear identification
methods (Ljung, 1998; Pillonetto et al., 2022). Recently,
Ljung et al. (2020) highlighted the importance of regular-
isation in enhancing the least squares regression problem.
Regularisation allows the incorporation of prior system
knowledge into the identification process. In Khosravi
and Smith (2023), the authors introduced a kernel reg-
ularisation method that ensures a predefined ¢,-gain.
In these identification methods, the unknown system is
described by estimating the impulse response. In con-
trast, our neural network architecture directly learns
the nonlinear system’s dynamics. However, we train our
neural network with the same kind of prior system
knowledge (S2).

2.3 Deep learning for system identification

RNN structures have demonstrated high prediction
accuracy in identifying the dynamics of nonlinear sys-
tems (Andersson et al., 2019; Hu et al., 2024; Mohajerin
& Waslander, 2019). Instead of directly predicting output
sequences, Baier et al. (2023) employed an LSTM to pre-
dict the parameters of a linear system at each time step,
which resulted in a switched linear system. By construct-
ing the linear system matrices to be Hurwitz and pairwise
commutative, exponential stability can be guaranteed.
Due to the absence of state information and the
unknown relationship between the physical state and the
neural network’s hidden state, initialisation becomes an
integral part of system identification with neural net-
works (Mohajerin & Waslander, 2019; M. Schoukens,
2021). In our experiments, we will use washout ini-
tialisation for the constrained methods and NN-based
initialisation for the non-constrained models.

2.4 Notation

In this work, we consider square summable sequences in
the space 5= {(wk)keN0 | wk e Rand||w|? =
>0 s(wWF)Twk < oo}, The set of diagonal positive def-
inite n x n matrices is denoted by D', the set of sym-
metric, positive definite # x n matrices is denoted by Si
and the set of symmetric n x n matrices by S”. The nota-
tion A > 0 (A < 0) means that the matrix A is positive
definite (negative definite). We use (x) for matrices or
vectors that can be obtained from symmetry. In data pre-
processing we use the floor function which is defined as
|x] := max{m € Z | m < x}. We denote the maximum
of the £, norm as ||w||2,00c = mMaXken, Wkl
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3. Problem statement

We consider an unknown nonlinear, time-invariant
dynamical system driven by an external input u, where
uk € R™ and with the description

+1 =f(x];,xk
xﬁ-ﬁ-l :g(xﬁ,xk, by
y* = (o5, uby 1)

for k € Ny, internal states xk e R, xﬁ € R"u and some
output y, with y* € R,

We aim to find a precise approximation of such a
system based on a set of available input—-output measure-
ments in order to simulate its response to new inputs or
to design controllers.

We assume that prior knowledge (S1) about the sys-
tem (1) is available in terms of a linearisation of f and h.
For simplicity, we linearise around the origin and suppose
that f(0,0,0) = 0and h(0,0,0) = 0. Then, the system (1)
can be written as

1 k k P k B k .k _k
= Ajinx® + Byt + Bjin 2%y, ++ Bjin 3Ny (x;5, x°, 1)
k+1 k k  k
xu+ = g(x, x5 u")
k k k 7 k = k .k  k
y = Ciinx" + Diinu” + Dlin,zxu + Dlin,3Nh(xu’x u )
) ) (2)
for known matrices Alin, Blin, Blin,2> Blin,3> Clin> Dlins

Diin.2> Diin 3 and unknown nonlinear maps Ny, N and g.
By introducing auxiliary signals

xk k

uy = Ny(py%) | and V= 61) (xk)>
Nh(xu’y) 2 !

(3)

the system (2) can be expressed as the feedback intercon-
nection of the known linear system

/ Alin Biin Blin,z\ k
Cin D D
Hiin == ﬁ 711{1 = anf - %IILZ k
k
J’r 0 k
(4)
with the unknown nonlinear system
k
(y > u’)’z
Tk
) 2 Fu . (5)
uy Nr (> x5 75)
N, xk, %)

here, Biinz := (Biin2, Biin3,0) and Diiny = (Diin2,0,
Dlin,3)'

At this point, we follow Forgione and Piga (2020), Wu
et al. (2020) and approximate the residual by a neural

network, more precisely we use a dynamic RNN of the
form

Ro =
xkt1 A B B\ [,
Riin = u’,‘ =|C D Dp }/If
Zk C, Dy 0 wk
wk = A(zk).

(6)

Where the unknown state of the residual model x,, is
represented by the internal state of the RNN xy, € R,

Remark 3.1: We can recover the structure of model
(3) in Forglone and Plga (2020) by choosing Bhn3 =
D]m 3 = I and BhnZ = D11n2 = D11n2 = 0. Our hybnd
model structure can therefore be seen as a generalisation
of the model in Forgione and Piga (2020) that is able to
directly integrate the internal state of the residual model
(See Section 3.1 for more details on the interconnection
between the linear approximation model and the residual
model.)

This model (6) constitutes an interconnection of
a linear system with a static nonlinearity A :R" —
R™ and includes numerous frequently employed model
structures. With static, we refer to the class of non-
linear functions that is time-invariant and does not
depend on previous inputs. In particular, the RNN
in Goodfellow et al. (2016) is recovered by choosing
A=B=C=D=0, B=1I and A(zk) = (tanh(z’f),

. ,tanh(z’,jz))T.

The trainable parameters in (6) are the describing
matrices of the RNN’s linear part, i.e.

6 = (A, B, B,,C, Cy, D, D13, Dyy). (7)

We will train these parameters based on a dataset
of input-output measurements of the unknown origi-
nal system (1) with the aim that this system is well-
approximated by the interconnection of Hj, in (4) and
the RNN Ry in (6). The latter interconnection is depicted
in Figure 1.

It is expected and confirmed by our experiments that
making use of the known linear part and merely learning
the unknown nonlinear part in (5) using an RNN is to be
preferred over directly learning the entire system (1).

We can interpret Ry as a residual model that accounts
for the mismatch between the output measurements
of (1) and the linear approximation model. Next to small
training and test errors in the simulation, we also aim to
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Figure 1. LTImodelin feedback interconnection with a nonlinear
residual model.

preserve dissipativity of the physical system in our result-
ing model. Therefore, we make the following assumption
on the system that we aim to identify:

Assumption 3.1: The unknown system (1) is dissipative
with respect to a quadratic supply rate that ensures the
worst-case amplification is bounded by y > 0 and we
assume to know the value of y .

The parametrised hybrid model (HybCRnn) reads as

Sp =
ézk-i-l A B Bz fk
#l=(c D Du||u] v=AaEh
ZF C, Dxn 0 wk
(8)

X
Xrnn

), where fk € R?"x, external
input u where u¥ € R™, predicted output j, where 7* €
R™, static nonlinearity A(zk) = (tanh(zlf), RN
tanh(z],jz))—r and the matrices

A | B B>
C D D1, =
C, | Dy 0

with internal state & = (

Alin + Bin2D (§)  Bin2C | Bin + Bin2D ()  Bun2Dr2
B(5) A B(}) B,

Ciin + Diin2D ({)  Din2C | Din + Diin2D (9)  Dun2Dr2
Do () G Dy () 0

©)

We denote the number of input and output channels (the
size of vectors u* and §¥) by n, and ny, respectively. The
model Sy maps an input trajectory u € £,* and an initial
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state &0 to an output trajectory y. Our goal is to learn a
model that makes reliable predictions, thus we aim for
)A/ el 2.

Remark 3.2: In the work of D’Amico et al. (2023),
simple-to-verify LMI conditions are derived to ensure
incremental input-to-state stability, called JISS for a class
of RNN models. Their model class allows incorpora-
tion of prior system information via a linear approxi-
mation. Moreover, they show that feedback interconnec-
tions of multiple instances of their models remain within
the same class. For example, in a feedback configura-
tion where one model represents a dynamical system
and the other a controller, they derive conditions on the
controller parameters such that the closed loop is JISS.

Their proposed model class differs from ours in (i)
the overall objective of the interconnection and (ii) the
class of supported controllers for which the derived LMI
conditions hold.

The first distinction (i) concerns the intended use:
their architecture is designed to provide closed-loop
guarantees and to synthesise controller parameters for
a given plant model. For instance, given a model of a
dynamical system in their framework, the goal is to deter-
mine a controller such that the interconnected system is
OISS. This contrasts with our iterative training approach,
where the interconnected model is optimised to achieve
high prediction accuracy on a set of training trajectories.

To illustrate that the model in D’Amico et al. (2023) is
more restrictive (ii), we rewrite their proposed architec-
ture (Equation (4) in the paper) in the form of our hybrid
model (9), yielding

Ahn 0 Blin O 0
[ o o]0 o I
Cin Cu | Diin Dy 0 ’
0 Ay| 0 By O
wk = F(Zh). (10)
Here, f = [fi,.. ., fu,,] T is a static nonlinearity with each

fi:R — R being Lipschitz continuous with constant
Lyi. Since feedback interconnections of two such mod-
els remain within the same class, we can directly com-
pare (10) with our hybrid architecture (9). Both architec-
tures can incorporate the linear matrices Ajin, Blin> Clins
and Djj,. However, the internal dynamics of the nonlinear
state x,;; in (10) are assumed to be zero. As a result, non-
linear memory effects, such as hysteresis, are difficult to
capture. In contrast, our hybrid model allows non-trivial
internal dynamics Xy, in the nonlinear component.
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Furthermore, the controller synthesis results in
D’Amico et al. (2023) are restricted to static state-feedback
controllers. In our framework, interpreting the resid-
ual model as a controller yields a dynamic state-feedback
structure. This broader model class generally leads to
synthesis conditions that are non-convex; accordingly,
in Section 5.1 we propose a partial convexification that
results in LMI conditions on the learnable parameters of
our hybrid architecture.

Overall, the model class of D’Amico et al. (2023) can
be viewed as a special case of our hybrid architecture,
obtained by restricting the nonlinear component to be
static and memoryless.

The system identification problem we tackle with our
hybrid model reads as follows:

Problem 3.1: Let us be given a set of input and output
measurements

form=1,..., M,
(11)

which is taken from an unknown nonlinear system (1),
where M € N, is the number of trajectories in the dataset
and N € N; the length of the trajectories. Given a linear
approximation model H};, (S1) and an upper bound on
the £,-gain (S2), find the parameters 8 of the nonlinear
residual model Ry such that

D= [((uhm, M)

k=0,....N—1 ]

(O1) The quadratic prediction error

M N-1

1
MSE(D) := 105 m = GF)mll®
Wiy 2 2
with y = Sp(u, %) and u,y € D (12)

is small and

(02) The model Sy is dissipative with respect to a
quadratic supply rate and has a guaranteed upper
bound y > 0 on the worst-case amplification.

Besides the matrices that describe the linear dynamics,
the model (4) also contains matrices By, » and Dyp, » that
describe the interconnection between the residual model.
These interconnection matrices allow us to incorporate
structural prior knowledge; more details will be given in
the next subsection.

3.1 Structural prior knowledge

The linear approximation model is expected to have high
prediction accuracy around a specific operating point.

For instance, in (2), we assume zero as the linearisation
point. The hybrid structure (9) allows for the incorpo-
ration of structural information by selecting appropriate
matrices Bhn,z, Blin,:;, Dhn)z, and Dlin,:;. The matrices Blin,Z
and Dlin,z describe how the dynamics of the residual RNN
influence the states and outputs of the linear approxi-
mation model. For instance, if the nonlinear part of an
unknown system is known to have no memory, these
matrices can be set to zero. Additionally, Blin,s and Dlin’f,
can be used to specify which states should be corrected by
the residual model. In a second-order system, for exam-
ple, since position depends directly on velocity, correct-
ing only the velocities is sufficient. In Section 7.3, we will
discuss specific choices for the system to be identified.

Remark 3.3: To recover a fully learnable setup the inter-
connection matrices Blin)f, and D]inﬁ can be set to the
identity and By, and Dy, can be set to zero. In this
case, the learnable parameter of the output channel of
the RNN learn the interconnection between the residual
model and the linear approximation model.

Before diving into the details of our approach, we will
recall some important stability definitions and give an
introduction to the concept of dissipativity.

4. Background

In the introduction, we outlined various stability prop-
erties for nonlinear systems. In the first part of this
Section, we will recall important stability definitions and
relate them to each other. In the second part, we give
an overview of the concept of dissipativity and quadratic
constraints that will be used in the sequel. For this paper,
and the upcoming definitions, we will consider a general
feedback interconnection of an LTT system

é:k—i-l A B Bz fk
G:= o l=(C D Dn||d]| 13
Zk C, Dxn 0 wk

with a static and memoryless nonlinearity A : Rz —
R™ via
wh = A@Y). (13b)

This structure matches our hybrid model (8) with matri-
ces (9).

4.1 Different notions of stability

While stability for linear systems is well understood, the
notion of stability for nonlinear systems is ambiguous
and has many definitions. Each stability characterisation
has dedicated literature that we refer the interested reader



to when defining the stability notions. There certainly
exist other definitions of stability than those considered
in this work. However, deriving a comprehensive list
including links between different notions of stability is
left as future work.

Definition 4.1 (((Exponential) stability)): The sys-
tem (13a) is said to be (globally) exponentially stable (for
u = 0) if there exist constants M > 0, p € (0, 1) such that

€912 < MpR ) (14)
holds for all k> 0 and all initial conditions &0 € R"<.

An incremental version of exponential stability fol-
lows as

Definition 4.2 ((Incremental stability)): The system
(13a) is said to be exponentially, incrementally stable
(for u = 0) if there exist constants M. > 0, pinc € (0, 1)
such that

1E5)a = (Ol < MinephiE0)a — EO)pl? (15)
holds for all k> 0 and a # b.

Remark 4.1: For an incremental stable system, the dis-
tance between two arbitrary trajectories (¢ k) and (&F),,
converges to zero, independent of the initial condi-
tions. This is, for example, considered in the work by
Revay et al. (2021). A system is contracting if condi-
tion (15) holds pointwise, e.g. [|(E¥T1), — (K1), <
Mincll (9 — Oyl V K > 0. Contracting models (con-
sidered by Revay et al., 2021) are also incrementally stable
(considered by Miller & Hardt, 2018), but the converse is
not true in general.

So far, the stability properties considered autonomous
systems with constant external input u = ¢, e.g.¢ = 0.In
system identification, we are interested in learning the
input-output behaviour of an unknown system. There-
fore, we will introduce stability properties that consider
non-zero inputs.

Definition 4.3 ((Finite gain £,-stability, cf. Sastry, 2013,
Def. 4.14)): The system (13a) is finite gain ¢,-stable if
there exists y > 0, yo > 0 such that for a given u € 62“
the output y = G (u, &0) satisfies

N-1 N-1

STUIHP < 92 D kP + 90 forallN > 0. (16)
k=0 k=0

Remark 4.2: {,-stability (16) is a global property and
holds for all u € £3*. The conditions on the nonlinear
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activation function we employ also hold globally. Thus,
HybCRnn is globally £,-stable, local stability properties
are, for example, derived in Yin et al. (2021).

Definition 4.4 ((Incremental {,-stability)): The sys-
tem (13a) is said to be incrementally ¢,-stable if there
exists yinc > 0 such that for any two inputs u,, up €
5" the corresponding outputs y;, = G (1, &) and Jp, =

G (up, &) satisfy

N-1
1GMa = GHRI?
k=0
N-1
< yiflc z ||(uk)a — (uk)bll2 forallN > 0. (17)
k=0

Remark 4.3: If condition (17) holds pointwise, then yi%lc
refers to the Lipschitz constant of the nonlinear sys-
tem. This stability property is, for example, considered in
Pauli, Koch, et al. (2021) and Fazlyab et al. (2019).

The properties of ¢,-stability and incremental £,-
stability do not take into account the systems internal
state ¢ but rather look at the input-output behaviour. In
ISS, the effect of the external input on the internal state is
considered.

Definition 4.5 ((Input-to-state stability, Bonassi et al.,
2022)): The system (13a) is said to be ISS if there exist
functions (|| ]|2, k) € KL and 7, (J|4]2,00) € Koo such
that for any k > 0 any initial condition ¢°, and any input
sequences u the following holds

1EK112 < BUIE N2, k)
+ yu(lt¥]l200) forallk > 0. (18)

We repeat the definition of class JCL and K func-
tions from Bonassi et al. (2022) in the Appendix A.1.

Definition 4.6 ((Incremental input-to-state stability
(81SS), Bonassi et al., 2022)): The system (13a) is
said to be incrementally ISS (JISS) if there exist
functions Binc(lI¢a — Soll2, k) € KL and pinc,u(llua —
Upll2,00) € Koo such that for any k > 0, any initial condi-
tions (¢9)4, (%), and any input sequences u, # u; the
following holds

150 = Epll2 < Binc(1E)a = EOpll2, k)
+ Vincu(1@)a = @F)pllooo) forallk > 0. (19)
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Stability
Def. 4.1

Incremental

stability
Def. 4.2

lo-stability
Def. 4.3

Incremental

{o-stability
Def. 4.4

1SS Incremental
Def. 4.5 ISS
- Def. 4.6

Expected conservativeness of parametric constraints

Figure 2. Different notions of stability, the arrow indicates our expectation regarding how much the learnable parameters are con-

strained.

Remark 4.4: If a model is ISS and has a linear output
layer it is also £-stable. This follows from a stable internal
state, an external input that is bounded and a nonlinearity
that is slope restricted. The converse is not true in general,
making ISS a stronger notion of stability.

In Figure 2, we classify the different notions of stabil-
ity by how much we expect the parameters to be con-
strained when enforcing the respective stability criterion
in a neural network architecture.;fig2/;

4.2 Dissipativity and quadratic constraints

Jan Willems introduced dissipativity in Willems (1972)
with the explicit goal of arriving at a fundamental under-
standing of the stability properties of feedback intercon-
nections in terms of the input-output behaviour of the
individual subsystems (Scherer, 2022). It can be inter-
preted as a generalisation of energy conservation in phys-
ical systems. Since then, and due to the ever-increasing
complexity of interconnected systems to be analysed or
controlled, it has become a central notion in systems
theory (Arcak et al., 2016).

We will use the following definition of dissipativity for
the feedback interconnection (13a)

Definition 4.7 ((Dissipativity, Byrnes & Lin, 1994)):
The system (13a) is strictly dissipative with respect to the
supply rate s : R™ x R" — R, if there exists a storage
function V : R™ — R and some scalar € > 0 such that
the inequality

ky—1 ka—1
VER) < VM) + D7 sk ) —e DT I (20)
k:kl k:kl

holds for all admissible trajectories of the system (13a)
and all time instants ki, k; € N with k; < kj. The system
is said to be dissipative with respect to s if this holds for
€ =0.

In the sequel, we will consider quadratic supply rates

-
sp, R™ x R > R, (u,y) = (;) P, (;) (21)

defined by some symmetric matrix Py. Such supply rates
can readily be used to investigate important system prop-
erties such as the energy gain (worst-case amplification)
or passivity (energy dissipation) by making a particular
choice for P,. Following Assumption 3.1, we are par-
ticularly interested in the worst-case amplification, but
want to stress that the concept of dissipativity applies
to other input-output properties as well. Based on the
definition of the nonlinear system (13a) we can employ
tools from the robust control literature, such as inte-
gral quadratic constraints (Megretski & Rantzer, 1997),
to derive suitable sufficient conditions. Instead of dealing
with the interconnection (13a) directly, the general idea
is to find numerically suitable quadratic constraints that
the nonlinear operator A enforces on the interconnection
signals z and w based on all the available information on
A. Afterward, one analyses the behaviour of the inter-
connection’s linear part (13a) subject to the identified
quadratic constraints.

In our setting, the nonlinearity A consists of the non-
linear activation functions of the RNN. As such, it is
usually static, memoryless, and repeated, i.e.

¢(z1)

Az :
¢ (zn,)

with a single function ¢ : R — R. (22)

In our analysis, we will exploit sector-boundedness as
well as slope-restrictedness of the activation function ¢.

Definition 4.8: A function ¢ : R — Rissaid to be sector
bounded with bounds a < f if

and a < & < f holdforallx € R.

X
(23)
It is said to be slope-restricted with parameters ¢ < v if

9(0)=0

i< 00 —90) _
xX=y
holds for all x, y € R with x # y. (24)

»(0) =0 and



The standard activation functions ¢ (x) = tanh(x) and
@(x) = ReLU(x) = max(0,x) can even be shown to be
sector bounded and slope restricted with bounds a =
u=0andf=v=1.

Let us suppose that A is defined as in (22) with ¢ being
sector bounded with bounds o < f and slope restricted

() G2 GG
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with g < v. Then, it is a matter of direct computations
to observe that the nonlinearity A satisfies the quadratic
inequality

Actually, it is not difficult to see that A even satisfies an infinite set of quadratic inequalities, including

() @ 2) (9

A ) (A(Z)) >0 forall zeR™, (25)
—al z
Al ) (A(z)) >0 forallz e R™, (26)
—al z

P

where A is an arbitrary diagonal matrix with positive
diagonal entries. The product of the three inner matri-
ces is typically referred to as a multiplier. Moreover, the
larger the class of multipliers compatible with A, the less
conservative the corresponding sufficient conditions for
dissipativity will be. We will use the following result from
Scherer and Weiland (2000) that applies to any static
memoryless nonlinearity A.

Theorem 4.9 ((Robust) Strict Dissipativity, Scherer
& Weiland, 2000): Let P be a set of symmetric matrices
with the property that

-
(Aiz)) p (AiZ)) >0 forallze R™ andallP € P.

(27)

Then, the system (13) is strictly dissipative with respect to
the supply rate sp, if there exist a symmetric matrix X and
a multiplier P € P such that

I 0 0\ (=X o\(I 0 o0
A B B 0 X A B B
(01 o) (0 1 o
C D Dp, P\C D Dp,
T
0 0 I 0 0 I
+(c2 o O) P(cz o 0)<o. (28)
If, in addition, R, = (%) P, (%) = 0 and X = 0 hold,
then the system (13) is also exponentially stable according
to Definition 4.1.
In continuous time, the proof is presented by

Scherer (2000) and in discrete time by De Oliveira
et al. (2002).

To apply Theorem 4.9, we must make a concrete and
suitable choice for the multiplier set P. Next, we recall
some possibilities that could be extracted from Veenman
et al. (2016). We start with the simplest one based on the
quadratic inequality (26). It has been used for example
in Fazlyab et al. (2019), Revay et al. (2020), and Pauli
etal. (2022).

Lemma 4.10 (DG-Multipliers, Scherer & Weiland,

2000): Let A be static, memoryless, and repeated with ¢
being sector-bounded with bounds a. < f. Then

mo={ (7 2) (V) (G 2)

is a set satisfying (27) with Apg € D'’

A e ADG’

(29)

Another possibility, on which more details can
be found, in Willems and Brockett (1968), Fetzer
and Scherer (2017) and which requires slope-
restrictedness, is given as follows.

Lemma 4.11 ((Static) Zames-Falb-Multipliers, Fet-
zer & Scherer, 2017): Let A be static, memoryless, and
repeated with ¢ being slope-restricted with bounds y < v.
Then

po (=1 I\ (0 A (-1
ZE=ANT —ul) \AT o)\ 1T —u

is a set satisfying (27) with

Ae AZF}

(30)

Agp = {A = (Ay) € R™*™=| A, < Oforalli # j,
Ae>0ande' A > 0}. (31)

Here, e denotes the all-one vector, and the last two inequal-
ities are meant element-wise.
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The DG-Multipliers are a subset of the static Zames-
Falb—Multiplier, i.e. Ppg C Pzr. In this work, we will
consider slope-restricted and sector-bounded nonlinear-
ities with 4 = o and v = S and, therefore, will continue
with the parameters u and v only.

5. Ensuring £;-stability for the hybrid model

After fixing the hybrid architecture in Section 3, briefly
reviewing the required dissipativity results, and introduc-
ing the multipliers in Section 4.2, we will pick a supply
rate and formulate constraints on the learnable parame-
ters in this section.

In addition to the linear approximation, we will use the
prior system knowledge from Assumption 3.1 and embed
it into HybCRnn.

The value y describes the energy gain of the system
and can be interpreted as an amplification factor of the
input signal. We further assume to have some knowledge
about the upper bound of y . In this work, we assume that
y is either provided by an expert or extracted from the
frequency behaviour of the known linear system Hji, (4).
There certainly exist other approaches to obtain y, e.g.
in Koch et al. (2021) an upper bound on the worst-case

amplification is captured based on input-output mea-
surements; however, these methods are not considered
here.

First, let us introduce the supply rate that captures the
bound on the worst-case amplification or equivalently the

{5-gain
T /2
5, () = (f) (yOI fZ) (f).

| ——
:Pp

(32)

According to the conditions in Theorem 4.9, we can for-
mulate constraints on the parameters 6 involving the sys-
tem matrices of HybCRnn (8). In addition to the param-
eters 6, we must find the symmetric matrix X € S;
and the scaling A from the multipliers P. The follow-
ing corollary can be viewed as a test for £;-stability of (8)
when a parameter set 6 is given.

Corollary 5.1: The system (8) has an {-gain upper
bounded by y for a given parameter set 0, slope restricted
nonlinear activation function with u <v and supply
rate (32) if there exists X satisfying X - 0 and

@ (3 0 GEs)-0 (0 2)

0 I 0 T(—(A+AT)
(C D D12)+(*) (VA-l—,uAT

For multipliers A = Apg or A = Azp.

Proof: We left-multiply the inequality (33) with (1¥)7,
(W) T) and right-multiply with (w*)T)T. This implies

— (TR 4 (YT L k2 — 521k
v+ WA

W\ (—(A+AT) wk
T F) N+ AT —vua+aT))

<0 (34)

along trajectories of (8). We now exploit the slope-
restrictedness of the nonlinearity which ensures ( A (;fk) )
z

0 for the multipliers

_(—(A+AT)

A
_ ((U+,LL)AT v+ p)

—vu(A + AT)) =

>

VAT + uA

0 o0 I
—v,u(A+AT)) (Cz o o)*o‘ (33)

and allows us to cancel the last term in (34). The inequal-
ity stays valid if we add a small € > 0, which implies

— (O TXER 4+ YT L 15k)12 — 92102

+elluf|* < 0. (36)
We now sum from 0 to N—1 to get
N-1 N-1
VEN) < VE) = DI+ D] Ik
k=0 k=0
N-1
—e > Ilut|? (37)
k=0

with the storage function V(&) = ETXE. Since € > 0,
lu¥|| > 0and X' > 0 the following holds

N-1

>

k=0

N—-1
AP <2 D0 1P+ VED).  (38)

k=0



Since V(¢?) does not depend on N £, -stability as defined
in (16) follows for yo = V(&%) > 0.
[ |

Corollary 5.1 is a direct consequence of Theorem 4.9
and allows us to verify if HybCRnn (8) described by the
parameters 6 is {-stable. Let us formulate Problem 3.1
as constrained optimisation problem

min MSE(D)
0,X,A (39)

suchthat X =0, A € A and (33) holds,

with the supply rate (32). We use either A = Apg or
A = Azr to show that the analysis (and synthesis) works
for diagonal multipliers as well as for static Zames-Falb
multipliers from Lemmas 4.10 and 4.11.

Next, we will discuss finding solutions to the optimi-
sation problem (39). For learning 8, we follow an iterative
training procedure based on the gradient of the predicted
error (12). The constraints in problem (39) are semi-
definite programming constraints, and (34) depends on
the decision variables in a non-affine and non-convex
fashion.

Our model (HybCRnn) is an interconnection of a lin-
ear model with a nonlinear dynamic RNN. In the RNN,
we can separate the static nonlinearity from the lin-
ear transformations, leading to an interconnected system
that consists of a linear part and the nonlinear activa-
tion function. In the control literature, finding the linear
system’s parameters R, is said to be a controller synthe-
sis problem. In the next section, we will use tools known
from robust control that allow us to transform (39) into
an equivalent problem with constraints depending on a
new set of decision variables in an affine fashion.

5.1 (Convex) controller synthesis

In the transformation, we will introduce a new set of
parameters and formulate a new optimisation problem
with convex constraints with respect to the new param-
eters. Then, we will show that the two problem formu-
lations are equivalent. Finding a close-to-optimal solu-
tion of the resulting problem remains numerically chal-
lenging, but we observed higher prediction accuracies if
compared to the original formulation in (39) with the
non-convex constraint. Details about this observation are
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given in Section 8. The objective function will remain
non-convex with respect to the new parameter set, which
is common when optimising the parameters of a neural
network.

To transform condition (33), let us first introduce a
new set of decision variables

@ = (K, L, Ly, M, My, N, N12, Ny1) (40)

which are defined as

K L I,
M N Np
Mz Nﬂ 0
U XBjn, 0 A B B
= 0 1 0 C D D12
0 0 A G Dy O
XAiY 0 0 vl o0 0
+ 0 0 0 (g) Iny Onyxnw (41)
0 0 0 0 I

with M, := AM,, No; := AN,;. We will refer to X, Y, U,
V as coupling matrices necessary to show that the result-
ing optimisation problem is equivalent to (39). With the
new set of learnable parameters, we can state the main
technical result of the paper.

Theorem 5.2: LetP = Ppg or P = Pyzp be the set of mul-
tipliers satisfying (27), characterised by A = Apg or A =
Az, respectively. Consider the quadratic supply rate (32)
and nonlinear activation function that is slope restricted
with u = 0 and v = 1. Then the following statements are
equivalent

(1) There exists 6, X and A that satisfy (33) and X >~ 0
(2) There exists @, X, Y and A that satisfy

-X 0 )7

0 —  ® )7

62 1321 —(AT + A) <0,
A B B, -X 0

C D Dy, 0 —I

(42)
for the matrices
I 0
AjinY + BjinoN (0) Alin + Biin2M | Biin + Biin2N ( I) Biin,2N12
I 0
L(O) XAy, + K XBlin—|—L(I) L,
(43a)

o ()

T
CiinY + Djin2N (0) Ciin + Diino M

0
Diin + DiinoN ( 1) Diin2N12
- - 70
oo om()
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and

Y 1
X = (I X) (43b)

with éz = AGC,, l~)21 = ADjy; and A € A.

Proof: To prove the theorem, we will show that we can
recover the inequality (33) from (42). First we apply the
Schur-complement to (42) to get

@ (5 0@ 5 )

-X 0 )7
+ 0 —yi )7 < 0. (44)
C; Dy —(AT+A)

The inequality can be rewritten such that it matches the
structure of (33) and follows as

() (_OX X(ll) (,i 1(; 1;)2)
~ %" P, (g 11) DOIZ)

T(-(A+AT) I 0 0o I
+ () ( I 0)(AC2 ADy, o)

<0. (45)

Now, let us introduce transformation matrices that con-
tain the coupling parameters and are based on the struc-
ture of A. We define

vl 0

Z =Xyl = ()I( g) (46)

y::(Y I), X =Y 'Xy! and

Given X and Y, we can construct square coupling matri-
ces U and V such that the factorisation XY + UV =1
holds, which is required for the identity X = yxy
to be valid. Condition (42) implies that X > 0 and due
to symmetry of X and Y we infer X € S, . In addition,
it follows that X, Y, X € S.. The transformation matri-
ces (46), which includes the coupling matrices, allow us
to write the matrices (43a) as

ZAY ZB ZB; A B B,
cy D Dp|=|1C D Dp
ACY ADy 0 C, Dy 0

(47)

We provide a more detailed calculation of (47) in the
Appendix 1. By inserting transformed matrices into the
inequality (45), we get

T(-Y'TXY 0 I 0 0 T 0 I 0
) ( 0 (yTxy)—l) (ZAy ZB ZBZ)_(*) Py (cy D Dlz)

T(—(A+AT) A 0
£ (A 0 ) (v o

With theidentity X TY (Y TAXY)IYTX = AT and due
to symmetry of X we can write the inequality as

CIE [Py
(S 42

T(—(A+AT) A 0 0 I
+ () ( N 0)(623, o O)«).

To recover the structure of the multipliers (26), we
moved the scaling A to the middle part of the last term.
Next we will apply a congruence transformation with
diag(Y~!, I, I) to arrive at (33). We then can apply
Corollary 5.1 to show that the original model is £,-stable,
which finishes the proof.

1
0) < 0. (48)

For completeness, let us also add the transformation
from the new parameters @ to the original simulation
parameter @, which will be necessary for simulating the
hybrid model. First we revert the substitution M, =
A~IM,, Ny; = AN, and then get the original param-
eters by

A B B
C D Dp
C Dy O
U XBin, O\ ' //K L I
—lo 1 o M N Np
o o I My, Ny 0



XAp,Y 0 0 vl o o\ '
— 0 0 0 (¥) I, Opyxn,
0 0 0 0 0 I
(49)
]

We have now shown that if (42) holds, the hybrid
model (8) is dissipative with respect to the quadratic
supply rate (32) and according to Corollary 5.1 is ;-
stable. With the new set of learnable matrices @, we can
write the system identification problem as a constrained
optimisation problem with convex constraints

min MSE(D)
@.X,Y,A (50)

suchthat X >0, A € A and (42) holds.

In order to get j = Sp(u, &) for calculating the squared
error, we require the original simulation parameter set
6, which now depends on the new set of parameters
®,X,Y, A. To recover simulation parameters 6, the fol-
lowing steps known from robust control are done.

Remark 5.1: In controller synthesis problems, the pro-
cedure to obtain the original parameters 6 usually con-
sists of the following steps (Scherer & Weiland, 2000):

e Solve the semidefinite program (SDP) to find trans-
formed system parameters @, X, Y, A.

e Determine non-singular U, V that satisfy XY +
UVT =1, in our transformation we use U = Y1 —
X, V=Y.

e Recover original parameters § with (49) and the
quadratic storage function defined by X with X =
YH'z.

In contrast to our problem (50), the objective in robust
controller synthesis problems is usually convex, and thus,
the first step can be done with off-the-shelf solvers. Due
to the non-convex objective function, we will use an iter-
ative algorithm to learn the simulation parameters 6 (@)
and explain the details in the next section.

6. Training of RNN parameter

After fixing the model structure and introducing new
parameters with convex constraints, we can now use the
input-output dataset to learn the parameters, e.g. solve
the optimisation problem (50).
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6.1 Data preprocessing

The dataset D consists of M input-output trajectories of
length N. We first split it into three separate datasets: one
for training, one for testing, and one for validation and
hyperparameter optimisation. We denote the subset by a
subscript. The training dataset Diyin is subdivided into
sub-trajectories of length w + h+ 1, where w indicates
a window of past inputs used for initialisation and A is
the prediction horizon. Note that usually & <« N, which
reduces the risk of exploding gradients and stabilises the
training process (Ribeiro et al., 2020). The subtrajecto-
ries are shuffled into random batches and then processed
by the model, leading to a stochastic gradient descent
scheme.

6.2 Loss function

To find the parameters of the RNN that satisfy the con-
straints, we use logarithmic barrier functions known
from interior-point methods in convex optimisation
(Boyd et al., 2004) and define them as :

—logdet(—C) ifC <0
00

if C 4 0. G

$(C) :==

The intuition behind the barrier function is to push
the parameters away from the constraint boundaries, by
adding them as a penalty in our loss function. Regular-
isation is a soft constraint that is not guaranteed to be
satisfied after an update step. Therefore, it is necessary to
check whether conditions from (50) are satisfied for the
updated parameters.

If we denote by F the matrix on the left-hand side
of (42), our loss function reads as

Lo (5>y)

e

h—1
D65 + 6512
k=0

C
+c (BB + D (C) | with = Sy(w,&0).
j:l
(52)

The first part is the quadratic simulation error that mea-
sures the accuracy of the model’s predictions (O1), and
the second part is the regularisation that ensures the
parametric constraints (O2). The barrier parameter x
regulates the penalisation of the constraints. If x is large,
parameters close to the constraint boundary result in a
high loss. In order to put more emphasis on the orig-
inal loss function, the barrier parameter « is gradually
reduced during training.
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The regularisation consists of the LMI constraint (42)
and the condition of the chosen multipliers (C;). For the
multipliers, we distinguish the following two cases:

e PePpg A € Apg: A > 0and since Apg is diagonal
we can write it as scalar constraints in order to use
Z}Zl ¢(—A,) (see Lemma 4.10).

e PePyr,AcAzr: A))+ Z;fle#igzﬁ(Ai,j) (see
Lemma 4.11).

Note that the logarithmic barrier functions (51) are
only defined when (42) holds (F < 0) and C; < 01in (52)
is satisfied. Therefore, starting from parameters that ful-
fill the convex conditions is necessary.

6.3 Initial parameters

The regularisation, which are the logarithmic barrier
functions (51), requires the initial parameter set @° to be
feasible.

Remark 6.1: We indicate the initial parameters with a
superscript 0. In contrast to the discrete trajectories the
index refers to the zero-th training step and not the time
step.

The linear approximation model allows us to set the
original initial parameters ° to zero, resulting in a resid-
ual model without error correction. To initialise the
transformed parameters @, we also need initial coupling
parameters X0 Y9 and AO. Therefore, the initialisation
can be written as the following projection problem

min ]|
,X,Y,A

such that (42) is satisfied for some A € Apg or (53)
AeAzrandX > 0

As we have seen in the previous section, the con-
straints (42) are convex with respect to the optimisa-
tion parameters @. In addition, the objective function,
which aims to minimise the size of @, is convex. There-
fore, we can efficiently solve problem (53) with standard
algorithms.

Remark 6.2: If we find a solution to (53) we find a fea-
sible parameter set @°, X%, Y°, A%, where the size of @ is
minimal. This objective is not identical to the intuition
of zero error correction due to the relation between @°
and 6° in (41). We leave it as a topic of future research to
investigate how to find initial parameters @° close to zero
when transformed to the original parameters 6.

6.4 Initial hidden state

The initial hidden state is the internal state of the hybrid
model at time step k = 0 and represents physical proper-
ties such as position or velocity. Hence, a good approx-
imation of the initial state is crucial for accurate pre-
dictions (M. Schoukens, 2021). However, the physical
state is generally not part of the input-output dataset.
For HybCRnn, we use washout initialisation introduced
in Mohajerin and Waslander (2019), while for the non-
constrained baselines we use NN-based initialisation.

6.5 Training process

Let us now summarise the training process shown in
Algorithm 1.

Before training, we split the training dataset into
sub-trajectories and shuffle them into mini-batches. We
update the parameters by taking the mean gradient over
all sub-trajectories in one batch. This training proce-
dure leads to stochastic gradient descent. For updating
the parameters, we use the Adam optimiser (Kingma
& Ba, 2015) (lines 7-11 in Algorithm 1).

After a parameter update, we check if the new param-
eters satisfy the conditions required for £,-stability (we
check whether inequality (42) holds and whether the
conditions for the multipliers are satisfied). If the con-
ditions are not satisfied, we step back towards the old
parameter set until the conditions are satisfied. When
no feasible parameter set is found after 100 backtracking
steps, we assume that we converged to a local optimum
and stop the training process. This training procedure is
also used in Revay et al. (2020) and Pauli et al. (2022)
(lines 12-14 in Algorithm 1).

In addition to the training dataset, we also use the
validation dataset to schedule the learning rate and the
barrier parameter. To replicate the behaviour of interior
point methods from convex optimisation, we evaluate
the parameters at the end of one epoch on the valida-
tion set. We adjust the barrier parameter if the validation
loss does not decrease for a fixed number of steps. With
the same scheduling rule, we also reduce the learning
rate (lines 15-18 in Algorithm 1). This allows parameters
close to the constraint boundaries and avoids overshoot-
ing a local optimum towards the end of the training
process.

The parameter transformation that we introduced in
Section 5.1 is used in line 5 of Algorithm 1 to recover
simulation parameters of the hybrid model.

7. Evaluation

This section will provide numerical examples to validate
our proposed hybrid architecture.
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Algorithm 1 Training transformed parameters & for hybrid architecture (8)

Require: Dipyin (training dataset), Dy, (validation dataset)

1: Afin, Blins Blin,2> Clins Diin> Diin 2> 7

2: 7 (learning rate) x (barrier parameter)

3 0,X,Y,\ < argming xy A [|@] s.t. F <0
4: while not converged do

5: 0, X, A <BIECTIVETRANSFORMATION(®, X, Y, A)
for (MO:W)b’ (uw+1:w+1+h)b’ (yw+1:w+1+h)b from Dbatch do

6:

7: (&™), «StMULATE(Sy ((1%")p, 0))

3 @w+1:w+1+h)b — SIMULATE(SG((uw+1:w+1+h)b,é:w—i—l))
9: end for

10 Goxya < Voxvas 2oei Lo((3)e 0)p)

11: @,X,Y, A < OPTIMISATIONSTEP(G4 x.v.A> > /)
12: if not FEASIBLE(w, X, Y, A) then

13: @,X,Y, A < BACKTRACKING(®, X, Y, A)

14: end if

15: lyal < EVALUATE(Sg, Dyal)

16: if I, did not decay for K steps then

17: K¢ 15> T <

18: end if

19: end while

> side information (S1), (S2)

> Solve Problem (53)

> Intialisation
> Simulation

> Mean gradient of mini-batch
> Adam optimiser

> Scheduling

All the models are implemented in Python using
PyTorch. The code can be found on Github in the pack-
age deepsysid!. This package allows hyperparameter
optimisation on a finite grid.

7.1 Baselines

We will compare HybCRnn(ours) (8) against the following
baseline:

e LSTM: State-of-the-art LSTM in system identification
as presented in Mohajerin and Waslander (2019). The
LSTM does not provide input-output guarantees and
is trained without parametric constraints.

e cLSTM: A constrained LSTM with regularisation that
punishes parameter sets that are not ISS as described
in Bonassi et al. (2020, 2022).

e ReLiNet: A switched linear system where the param-
eters are predicted by an LSTM as described in Baier
et al. (2023). ReLiNet has two variants, namely an
unconstrained model, denoted as ReLiNet, which
does not provide stability guarantees, and a vari-
ant that ensures exponential stability by constraining
the linear system matrices to be Hurwitz and pair-
wise commutative. We refer to the stable variant as
StableReLiNet.

e CRnn: A constrained RNN without side information
of the linearised system but guaranteed ¢,-stability as
presented in Revay et al. (2020).

The HybCRnn(ours) and CRnn were trained on a CPU
cluster, while we trained the LSTM, cLSTM, ReLiNet, and
StableReLiNet model on A100 GPUs. In our experi-
ments, we encountered faster computation on CPUs for
the constrained models than training on GPUs. While
PyTorch is highly parallelised for established model struc-
tures, we could not yet exploit the GPU potential for
the constrained networks. For the constrained LSTM
(cLSTM), we added a regularisation term to the loss func-
tion as suggested in Bonassi et al. (2022). After training,
the conditions (A.3 from Bonassi et al., 2022) can be
analysed. In our experiments the conditions where not
satisfied for LSTM and cLSTM model.

7.2 Metrics

We split our evaluation into accuracy (O1) (small
quadratic prediction error) and stability (02) (£2-
stability), which matches the objectives in Problem 3.1.

7.2.1 Accuracy

To test the prediction accuracy of a model, we evaluate
the distance of the model’s output and the measurements
from the test dataset (Based on the datasplit introduced
in Section 6.1). As a metric, we use the normalised, root
mean squared error (MSE), which is defined as

ny
[ 1
NRMSE(y, u) = — § NRMSE,,, (y, 1)
ny m=1

(54a)
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with

NRMSE,,(y, u) :

1 1 Miest h—1

=— | ——— D" D (k)i — G5

Om~| Miesthtest i—1 k=0

> ﬂy, ()G Ll) € Dtesb

where Mgt is the number of sequences from the data
set Diest> hiest the prediction horizon of the test trajec-

tories and o, = \/ Zf\il Zfz_ol(((y’;n),’ — Vm)) refers to
the standard deviation of the output channel y,, with
the mean y,, = 315 >M ij:_ol (%)i. The statistics are
derived from the training data. The NRMSE,,, describes
the accuracy of the output y,, of the dynamical system,
which is useful to identify outputs that the model does
not precisely recover. This empirical property is based
on the samples in the datasets. Normalisation is required
to make each output equally important. Quadratic error
measures are commonly used in system identification to
verify if the model under test can accurately predict the
unknown system. More details can be found in the book
by Pillonetto et al. (2022).

form=1,... (54b)

7.2.1.1 In-distribution (ID) evaluation. ID data descri-
bes the test dataset DL, that stems from the same dis-

tribution as the training and validation dataset and is a
subset of D.

7.2.1.2 Out-of-distribution (OOD) evaluation. To test
the generalisation capabilities of the identification
method, we additionally evaluate OOD datasets, denoted
by DOQP. For our experiments in Section 7, the OOD
dataset is either provided or synthetically generated.
Details on how these OOD datasets are generated can be
found in the corresponding description of the numeri-
cal experiment. The intuition behind the OOD datasets
is that the input trajectories have different characteris-
tics than the input trajectories in the training dataset.
This can, for example, stem from higher frequencies or
larger amplitudes. The OOD evaluation indicates if the
identification method recovered the dynamics of the true
underlying system (1). We indicate the OOD dataset by
a superscript. If multiple OOD datasets are available, we
report the average prediction error across all datasets in
the table and provide a plot with the input trajectory vari-
ation on the x-axis and the prediction error on the y-axis.
If only one OOD dataset is available, the table includes
the corresponding error value, but no plot is provided.

7.2.2 Input-output stability
One of the main advantages of the hybrid model archi-
tecture is guaranteed £, -stability, which results in reliable

simulation outputs. This guarantee is independent over
prediction horizon and the chosen input data. To show-
case this, we optimise input sequences u to achieve a
large amplification, e.g. a large £,-gain with the following
optimisation problem:

2 1S (u, E) 112
up =2 N

p2 .= ——, uel, =0, (55
" [lull

We run gradient ascent optimisation for 1000 steps and
report the highest value as y.. This value is an empirical
upper bound on the model’s £5-gain. This metric was also
considered in the work by Revay et al. (2020).

7.2.2.1 Different £,-gains. So far, we have introduced
two different values for the £,-gain of the identified
model. We refer to y as the upper bound on the ¢,-
gain which is fixed before training and assumed to be
known (Assumption 3.1). After training, we try to find
large model amplifications (empirical £,-gains) and indi-
cate them by y,. For our hybrid model, we know that
y« < 7y due to the constraints that we imposed during
training.

We will introduce two more £,-gains that indicate how
tight our preset upper bound y is for the trained parame-
ters. We do this analysis for the HybCRnn(ours) and CRnn
models by solving the constrained optimisation problem

= min
Vopt 0.X.A Y
such that (28) is satisfied for some A € Apg or

AeAzpand X >~ 0
(56)

for the two different multiplier sets Apg and Azr which
results in yopt,pG and yopt,zr. As mentioned in Section 4,
since ApG C Azr we expect YoptzF < Yopt.pG to hold
when solving (56). Note that (56) is convex and can hence
be solved efficiently with off-the-shelf solvers.

For the unconstrained models LSTM and ReLiNet and
the exponential stable model StableReLiNet, we are
not aware of any method in order to calculate a tight
upper bound on the £,-gain and, therefore, only provide
the empirical £,-gain ..

7.3 Experiments

The datasets used in the experiments are publicly avail-
able and can be found on DaRUS (damped pendulum
Frank, 2025b, coupled mass-spring-damper (MSD) sys-
tem Frank, 2025c and nonlinear ship motion in open
water Baier & Staab, 2022). In addition, the code for
producing the damped pendulum and the coupled MSD
system can be found at Frank (2025a).
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Figure 3. Pendulum system that is actuated by force u at the
mounting point, the system’s output y is the angle with respect
to the negative y-axis.

7.3.1 Damped pendulum

We evaluate our hybrid architecture on a damped pen-
dulum driven by an external force. The true continuous
system equations are given by

x1(t) x2(t)
x2(t) | = | —#nsin(x () — cx2(t) + d(1)
e(t) x1(t)

where x;(t) refers to the pendulums angle and x;(#) to
the angular velocity. We set the damping parameter to
¢ = Tio and # = 1, which captures the mass, pole length,
and gravitational constant. An illustration is shown in
Figure 3.

To generate input trajectories u we follow the work
of Lu et al. (2021), Hu et al. (2024) and sample from a
multivariate-normal distribution

u~N(@O,K) withC > 0. (57)

The idea is to get smooth input trajectories that fol-
low from a high correlation between consecutive time
steps. Therefore, the covariance kernel is chosen to
be the radial-basis function (RBF), which is defined
as ki(z1,20) = exp(—(le_lfzﬁ) and characterised by the
length scale I. The numerator of the RBF leads to a
decaying correlation if the distance between data points
z1 — zp increases. We choose the datapoints to be the
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discrete time steps z = {(zk)}kl\]:_o1 with z¥ = k¢ for k =
0,...,N — 1, resulting in the covariance matrix K =
ki(z, z). In this experiment, we choose the step size J =
0.01 and a trajectory length N = 150. For sampling the
input trajectory u, we use a random normal trajectory
v where 0% ~ A(0,) and multiply it with the Cholesky
factorisation of the kernel matrix /C, e.g. u = Lv where
K =LLT. This process turns the uncorrelated trajec-
tory v into a correlated and smooth input trajectory u
where KC specifies the correlation. Note that in this exam-
ple, we only have one input channel n, = 1 for systems
with multiple inputs each channel has to be sampled
separately.

Remark 7.1: Sampling from a multivariate-normal dis-
tribution with an RBF kernel is closely related to low-pass
filtering white-noise, which is frequently used in classi-
cal system identification literature, e.g. Ljung (1999) and
Pintelon and Schoukens (2012).

The output is obtained by integrating the true nonlin-
ear dynamics with an iterative Runge-Kutta method. The
numerical solver is evaluated at the discrete time steps
that are given by the input trajectory. This leads to out-
put trajectories y with the same discretisation as the input
u. We add white gaussian noise to the output with mean
zero and standard deviation o2 = 0.03, this refers to a
signal-to-noise ratio of approximately 30 dB.

We create a dataset of M = 20,000 input-output tra-
jectories and split it into 50% training, 10% valida-
tion, and 40% test data. The initial state is set to x° =

(2 Egg ) = (). We train the models on a horizon hirain =
100, evaluate on hiest = 400 and set the initialiser win-
dow to w = 40 (lines 7 and 8 in Algorithm 1). The initial
learning rate is set to t = 1072 and the barrier parameter
tox = 1073,

The discretised system matrices in the form of (2) are
obtained by the Euler method with the same discreti-

sation step size ¢ as the input trajectory, which results

in:
xlf'H 1 0 x’fH 0\ .
= —|— u
x12<+1 —k§ 1-—¢ x12c+1 P)

Nf(xk) = kox} + sin(x}). (58)
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Table 1. Accuracy evaluation of the damped pendulum.

Model DR DYP
LSTM 0.0209 0.175
cLSTM 0.0214 0.126
ReLiNet 0.0237 0.189
StableReLiNet 0.0134 0.124
CRnn 0.599 0.697
HybCRnn(ours) 0.0187 0.0399

Note: We indicate the best values in bold and the second best in bold+italic.

We extract Ay, = (_lké lfg ), Biin = ($), Giin = (1 0)
and Dy, = 0 from (58) for our hybrid architecture. Addi-
tionally, we will make use of the following structural
knowledge: (i) The nonlinear part does not have memory
(e.g. g = 0in (2)) resulting in Ehn,z = 0. (ii) The nonlin-
earity Nf(xk) is only acting on x; which yields By, 3 =
(0 1)T. (iii) The output does not directly depend on the
nonlinearity. Therefore, we set Dlin,Z = D]in,3 =0.

For OOD evaluation we scale the input trajecto-
ries u9OP = su, where u is drawn from a multivariate-
normal distribution as in (57) and keep the length
scale of the RBF fixed. This leads to higher ampli-
tudes in the input data. We pick scaling factors s
from {0.5,1,1.5,2,2.5,3, 3.5} and generate MOOP = 200
sequences with NOOP = 500 steps. The evaluation of the
models on ID and OOD data is shown in Table 1. We
observe that the hybrid architecture outperforms all base-
line models when evaluated on OOD datasets and that it
achieves comparable prediction accuracy on ID data.

In Figure 7 we show the absolute error between the
model’s output and the true output from the OOD dataset
with scaling factor s = 3.5 for one sample trajectory. The
corresponding input trajectory u is shown in Figure 6.
The error in Figure 7 shows that the models without
parametric constraints make accurate predictions for the
horizon of the training dataset. Only the hybrid archi-
tecture stays close to the true system output for longer
horizons h. This observation supports our hypothesis
that prior-system knowledge leads to better generalisa-
tion capabilities of the model.

For the CRnn model, we did not find hyperparameters
such that the training converged, which can be seen by
the comparable low prediction accuracy for the training
dataset and almost equal accuracy values for the different
OOD datasets. This is visualised in the OOD evaluation
in Figure 4. Additionally, we see that our hybrid model
generalises better to inputs that are drawn from different
distributions than the training dataset.

Next, we analyse the input-output stability of the
models. Before training, we fixed the upper bound on
the ¢,-gain to y = 10 for the HybCRnn(ours) and y =
100 for the CRnn model. The first observation is that the
LSTM model has the largest empirical £,-gain that is two

0.6 !
—¢— LLSTM

- -@- cLSTM
L2 04 -©- RelLiNet
= —A— StableReLilet
Z. -8~ CRnn

0.2 4 —— HybCRnn

O -

w w w w w w w
0.5 1 1.5 2 2.5 3 3.5
S

Figure 4. OOD evaluation for different scalings of the input tra-
jectory. The vertical dashed line indicates the scaling value s that
was used to generate the ID test set.

orders of magnitude higher than the upper bound of the
HybCRnn(ours) and one order of magnitude higher than
the upper bound of the CRnn. Even though the ReLiNet
models do not provide an upper bound on the ¢,-gain,
the empirical evaluation shows that they are bounded in
the same order of magnitude as the upper bound of the
HybCRnn(ours) model. The second observation is that for
the HybCRnn(ours), we get tighter bounds between the
empirical upper bound and y compared to the CRnn. This
effect is visualised in Figure 5.

7.3.2 Coupled MSD system
As a second example, we identify the dynamics of a cou-
pled MSD system with four masses. It is a SISO system,
where the input u is a force applied to the first mass.
At the output y, the displacement of the fourth mass is
measured. The system is described by a nonlinear dif-
ferential equation with 8 physical states that represent
the position and velocity of each mass. An illustration of
the system is shown in Figure 8. The nonlinearity stems
from a piecewise linear force profile of each spring. We
excite the system with a piecewise-constant input tra-
jectory, where each input value is held constant for a
duration randomly drawn from a uniform distribution
over the interval [80, 120]. The input values themselves
are sampled independently from a uniform distribution
within the range [—oy,, 0,,]. The trajectory length is set to
N = 7500 and we use a discretisation step size of 6 = 0.2.
The output trajectories are obtained by integrating the
true nonlinear dynamics as above and evaluate the mod-
els at each discretisation step to get an output trajectory
with the same size as the input trajectory. At the output
we add white Gaussian nosie with a standard deviation
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Figure 5. Stability evaluation of the different models for the
damped pendulum example, a high value on the y-axis refers to
alarge amplification of the input trajectory. The empirical £3-gain
(blue cross) for the unconstrained models do not have an upper
bound (red cross). The static Zames—Falb multiplier do not lead
to a smaller £3-gain bound when compared to the diagonal mul-
tiplier (yellow and green cross overlap). In addition, we see that
our hybrid model has a smaller gap between the empirical £,-gain
and the smallest upper bound (according to (56)) compared to the
constrained RNN.

of 62 = 0.03. The dataset is then subdivided into 60%-
training, 10%-validation and 30% testing. During train-
ing, the simulation horizon is Ain = 1000 steps (200s)
and we test the model for a horizon of At = 5000 steps
(1000 s). The initialisation window is set to w = 50 for
training and testing. We set the initial learning rate to
t = 1072 and the barrier parameter to x = 107,

The linearised system matrices Ajin, Biin, Ciin, and
Dy and the system’s parameters can be found in the
Appendix A.3. We infer from the true nonlinear dynam-
ics that the residual model has no memory. Therefore, we
set Bhn,z = Dhn,z = 0. We also know that the position of
each mass directly depends on the velocity and, there-
fore, assume that it is sufficient to correct the velocity
values leading to B3 = blkdiag((?) , ((1)) , ((1)) , ((1))).
Since we have the position of the last mass in our
state vector of the linearised system we do not have a
dependency between y and u, and, therefore, can set
Dijn3 = 0.

For ID data we set o, = 1.5, for OOD data we pick
o, from {0.5,1,2,2.5,3.5,4,4.5,5} and set Noop = 1200
and Moop = 50. This system was also used in the work
by Revay et al. (2020) where they evaluate the incremental
{>-gain.

In Table 2, we show the prediction accuracy on ID test
data and the mean over all OOD datasets. The results
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Table 2. Accuracy evaluation of the coupled MSD system, we
show the NRMSE values of the corresponding datasets.

Model DR, D
LSTM 0.0207 0.491
cLSTM 0.021706 0.236
ReLiNet 0.0546 0.228
StableReLiNet 0.0842 0.232
CRnn 0.0969 0.222
HybCRnn(ours) 0.0573 0.155

Note: For OOD evaluation we used the mean over all OOD datasets. We indicate
the best values in bold and the second best in bold+italic.

show that the hybrid model architecture achieves com-
parable results on ID data and outperforms all baseline
models on OOD data. This is also visualised in Figure 9
where on the x-axis, we show the values of o., which is
used to generate the OOD datasets.

The different y values are shown in Figure 10.
Compared to the CRnn model, our hybrid architecture
achieves ¢,-values that are closer to the preset upper
bound. It is worth mentioning that for the unstable mod-
els LSTM, ReLiNet, we can find an input sequence that
leads to a high amplification indicated by the empiri-
cal y*. However, the StableReLiNet, which does not
provide input-output guarantees but ensures exponential
stability, reaches a comparable empirical £,-gain.

7.3.3 Nonlinear ship motion in open water

A more realistic evaluation is presented on the four
degrees-of-freedom (DOF) ship dataset (Baier & Staab,
2022). The dataset is generated from a simulation model
that consists of a nonlinear motion model of the ship
(Fossen, 2011), a wind model (Isherwood, 1972), a model
for wind-induced waves (Hasselmann et al., 1973) and
actuator models.

The input u consists of environmental measurements
from a wind sensor and includes the wind force V,,
and direction ay, ay. Additionally, we have access to the
input signals sent to the actuators, the rotation rate n,
and the rudder angle of the left and right rudder J; and
Or. Note that the ship has two rudder propellors with
the same rotation rate. Therefore, we will only use one
rotation rate in the input. We use one angular value
for the rudder angle because they do not exceed 180
degrees. Thus, the input consists of six dimensions u* =
[nk, o, ok, VK, ak, a)'f]T. The trajectories are sampled at
one second, and M = 96 measurements of one hour are
taken, leading to trajectories of length N = 3600. The
dataset D is divided into three subsets: 60% for training,
10% for validation, and 30% for testing. The window is
set to w = 50, and the training horizon to Ay, = 50.
We evaluate the model on horizon hest = 900, referring
to a 15-minute simulation of ship movement. The initial
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Figure 6. Input trajectory of damped pendulum for OOD dataset scaled with s = 3.5.
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Figure 7. Accumulated absolute error with respect to true output y for OOD datasets scaled with s = 3.5. The models are excited with

input trajectory from Figure 6.

learning rate is 7 = 0.0025, and the initial decay rate is
x = 1072. The accuracy evaluation is shown in Table 3.

Remark 7.2: The dataset is synthetically generated but
matches a real-world scenario, where only inputs that
are reasonable to measure on a real ship during reg-
ular operation are present. The dataset is generated in

an open-loop behaviour where random maneuvers are
taken. Gaussian sensor noise is added to the output mea-
surements. More details on the dataset can be found in
Baier and Staab (2022).

The output consists of the forward and sideward veloc-
ities s, v, and the rotation rate of the roll and yaw angle p, r
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Figure 8. Coupled mass-spring-damper system with four masses. The input u is a force applied to the first mass, and the output y is the

displacement of the fourth mass.
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Table 3. Accuracy evaluation of the different models on the ship dataset (Baier & Staab, 2022), we show each output of the ship

individually and calculate a normalised mean in the column DI2,..

Model s v p r DR, DYoP
LSTM 0.124 0.228 1.272 0.222 0.462 0.562
cLSTM 0.439 0.713 1.000 0.656 0.702 1.005
ReLiNet 0.117 0.213 0.982 0.199 0.378 0.422
StableReLiNet 0.119 0.176 1.106 0.183 0.396 0.486
CRnn 0.173 0.424 0.991 0.427 0.504 0.642
HybCRnn(ours) 0.050 0.243 1.026 0.390 0.427 0.534
Note: We indicate the best values in bold and the second best in bold+italic.
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Figure 9. Out-of-distribution evaluation for coupled mass-
spring-damper system. The x-axis shows the value of ¢, used to
generate the OOD datasets and the vertical dashed line indicates
the o, value that was used for the ID dataset.

leading the four output dimensions y* = [s,v%, pk, <] T
with the same length as the input sequence. An Illustra-
tion of the ship’s outputs is shown in Figure 11.

We also have Mpop = 29 hours of OOD measure-
ments, where the maneuvers are executed more fre-
quently, and the input range of the actuators is extended.

We assume to have access to a linear motion model of
the four DOF ship that approximates the nonlinear ship
model (S1). Such models can, for example, be found in
Fossen (2011). The linear model maps forces into ship
velocities. However, the dataset does not provide forces
but rather environmental inputs that are translated to
forces that act on the ship. Therefore, the residual model
is required to learn not only the error of the linear model
but also an input model that maps the input measure-
ments to forces. More details on the linear ship model
can be found in Appendix A.4, including an illustra-
tion of the environmental model that visualises the above
mentioned interconnection.

Figure 10. Stability evaluation of the different models for the
coupled mass-spring-damper example, a high value on the y-axis
refers to a large amplification of the input trajectory. The uncon-
strained models do not provide an upper bound on the ¢;-gain
(red crosses) and the empirical £;-gain exceeds the values of the
constrained models (blue crosses). We observe that the empiri-
cal £5-gain and the analytical upper bounds (green and yellow
crosses) are closer to the predefined upper bound (red crosses)
compared to the CRnn model.
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Figure 11. Four degrees-of-freedom motion model of a ship.
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Our hybrid architecture allows for this type of struc-
tural information by choosing.

Blin,ZZ(I‘Bd)ship‘O), Dlin,ZZ(O‘O‘I)
(59)

and By, = 0. This choice reflects that the linear dynam-
ics are not directly dependent on the environmental input
measurements (Bj, = 0). Since we expect the output of
the RNN to contain the forces, we set B]in):; to the known
input matrix of the linear model. We also assume that the
environmental model has some memory effects and set
Blin,Z = I. For the direct feedthrough term D]in,g, we do
not have any prior knowledge and also set it to be the
identity, allowing the RNN to learn that part.

The accuracy evaluation is shown in Table 3. Our
hybrid architecture does not reach the same level of accu-
racy compared to the linear switching models for ID and
OOD evaluation. This behaviour may be attributed to
the system having multiple inputs and outputs. In this
case, the £,-gain may not help to improve generalisa-
tion. More detailed investigation on individual £,-gains
for specific input-output channels for multiple-input-
multiple-output (MIMO) systems will be left for future
research. However, compared to the CRnn that does not
make use of the linearisation, we observe higher accura-
cies for ID as well as OOD evaluation.

Before training, we fix the upper bound on the energy
gain (£,-gain) to be y = 10 (S2). The different £,-values
are illustrated in Figure 12. As before, we find input
sequences that lead to a large output amplification, shown
by a high empirical y, value for the LSTM model. Addi-
tionally, we observe that the linear switching models
ReLiNet and StableReLiNet have an empirical y,
value that is below y, so even though they do not provide
a guaranteed upper bound, the models are making reli-
able predictions. When comparing the HybCRnn(ours)
and CRnn results, we observe that we have slightly tighter
bounds for the HybCRnn(ours) model.

8. Convex and non-convex constraints

In Section 5.1 we introduced new parameters with convex
constraints. These constraints allow us to solve projec-
tion problems such as (53) or analysis problems such
as (55) with off-the shelf solver but it remains unknown
if they help to find parameters that are more accurate
when solving the non-convex objective in Problem (39).
In this Section, we will address this question by empir-
ically evaluating the prediction accuracy of the result-
ing models when trained with non-convex and convex
constraints. The training method that we introduced in
Section 6.5 to find optimal stimulation parameters 6 for
the hybrid model architecture (8) works similarly for the
non-convex constraints (28).
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Figure 12. Stability evaluation for

& Staab, 2022).

ship dataset (Baier

We will use the coupled-MSD experiment for our
evaluation.

8.1 Learning 0 parameters with non-convex
constraints

In the first approach, we use constraint (28) as regular-
isation in the optimisation problem. We set the initial
parameters 0° to zero to ensure feasibility. The hybrid
model then reduces to the linear model (4), which we
assume to be £, stable with y > 0 (Assumption 3.1).

In the non-convex case we will denote the LMI
from (28) as F, the loss function then reads as

Lox ()
1 h—1

= kZ 165 + GF)I1%
=0

+ K (— log det(A) — log det(X) — log det(—f:))
with § = Sy(u, &%), (60)

we use the gradient of £ to update the parameters. After
an update step, we check the feasibility of the new param-
eters. If they are not feasible, we use a backtracking line
search algorithm to find the closest feasible set. That
way, we ensure feasibility during the entire training (see
Algorithm 1).

8.2 Learning » parameters with convex constraints

We will compare the non-convex training against our
proposed training method with transformed parameters,
see Section 5.1.
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The constraints are LMIs in the decision variables. The +x (_ logdet(A) — log det(X) — log det(—F))
loss function then reads as with § = S (u, <0), 61)
We will denote the model with Non-Convex constraints
Lox,A(>Y) by HybCRnn-NC and the model with Convex constraints
= by HybCRnn-C.
= Z 165 + G512 The plot in Figure 13 shows the validation loss during

training.
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Table 4. Evaluation of models trained with convex and non-
convex constraints.

Model Dy DRY Vs YoptDG  VoptZF 4
HybCRnn-NC 0449 0567 098 099 099 120
HybCRnn-C 0104 0202 161 226 225 120

When evaluating the trained models on OOD datasets,
we see that the model that is trained with convex con-
straints outperforms the model that is trained with non-
convex constraints (see Figure 14 and 15 for details). The
values are shown in Table 4. We leave it as an interesting
open research question to confirm this empirical result
theoretically.

9. Conclusion

In this work, we introduced a hybrid model architec-
ture that leverages side information from the true system,
combined with a RNN, for nonlinear system identifica-
tion. The model is trained using input-output measure-
ments, and the parameters are constrained to ensure a
predefined energy gain (£,-gain).

The experiments from Section 7.3 are systems with
one equilibrium point where the linear approximation
model makes accurate predictions. For systems with mul-
tiple equilibria, the hybrid model approach presented in
this work is not expected to make more accurate predic-
tions than black-box approaches. Considering multiple
linear approximation models as prior system knowledge
and deriving stability conditions is left as future work.

Since ISS implies a bounded ¢;-gain, we expect the
worst case amplification y * to drop when the paramet-
ric constraints are enforced. In our experiments, when we
enforced the constraints by parameter scaling, the perfor-
mance dropped to a level comparable to predicting zero,
therefore, it is not reported.

Our results show that the hybrid architecture out-
performs all the baselines on SISO systems in terms
of generalisation capabilities. We could not outper-
form the switching linear models for the more realistic
ship-motion dataset. For MIMO systems, more detailed
input-output properties are required to transfer the gen-
eralisation capabilities of the architecture to a broader
range of nonlinear systems.

In addition to prediction accuracy, we also evaluated
two classes of multipliers, where we see in the analysis
that static Zames—Falb multiplier leads to a smaller upper
bound on the energy gain for all constrained models on
all datasets. However, incorporating Zames-Falb multi-
pliers during training did not lead to an improvement
in prediction accuracy. This unexpected outcome will be
addressed in future research.

When we compare our hybrid model to other con-
strained methods that do not use the linearised system
dynamics, we see significant improvement in prediction
accuracy on ID and OOD datasets.

Note
1. https://github.com/AlexandraBaier/deepsysid
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Appendices
Appendix 1. Definitions and transformation

A.1 Definitions

To keep the paper self contained we repeat the definitions of
class K, Koo and L from Bonassi et al. (2022).

Definition A.1: A continuous function y : R.g — R.g is
called a class /C function if y (s) > 0 for all s> 0, it is strictly
increasing and y (0) = 0. The function y is a class K function
if it is class JC function and y (s) — oo for s — oo.

Definition A.2: A continuous function y : R.g X Z = Ry
is called a class JCL function if §(s, k) is a class KC function with
respect to s for all k, it is strictly decreasing in k for all s > 0, and
L(s,k) > 0ask — oo foralls> 0.

A.2 Transformation

Let us rewrite the system matrices from (47) to show the
interconnection with the new controller matrices

ZAY | 2B ZB, Z 0 0
cYy D Dy, =0 I 0
ACY | ADy 0 0 0 A
A B B Yy 0 0
C D Dy 0o I 0
Cz Dy 0 0 0 I
Z 0 0 Ajn 0 ‘ Bjin 0
—lo 1 o 0 0 0 0
0 0 A Clin 0 ‘ Dy, 0
0 0 0 0
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0 Bin2 O A | B B,
L0 o /é g 5122 = C D Dp
0 Diypp O C D 0 AC, | ADy; 0
0o 0 I 2 Dy
The last line follows by plugging in the definition of the new
0 I 0 0 Yy 0 0 controller matrices (41).
X ((IJ) O”yX”x ((I]) O”yX”w 0 I 0
0 0 0 1 0 0 I
AnY Ay | By 0 0 B, 0 Appendix 2. Experiments
_ 0  XAjn | XBin O I 0 0 A.3 Coupled mass-spring-damper system
“| GuY G | Din 0 | T |0 Dump 0 . .
0 0 ‘ 0 0 0 o I The mass-spring-damper system has four links where the first
mass is attached to a wall, the scalar input represents a force
K L L, at the first mass, and the measured output is the position of the
M N Ny, fourth mass; an illustration is shown in Figure 8. The nonlinear-
AM; AN 0 ity of the system results from the spring constant. This system
was used in Revay et al. (2020, 2021).
I (I) g 0 Each mass has the distance and velocity as internal state
X Ony (0) (I) Ony xmyy xi = [d; v,']T for i=1,...,4 and we linearise around x =
0 0] o I [00000000O0]T,#=0toget
Admsd
1 7 0 0 0 0 0 0
n(ko+ki) —nco+c)+mo  nkp an . . . o
4myg mo 4myg mo
0 0 1 7 0 0 0 0
nk i n(ki+k) —nlc+c)+m nkz Y . o
_ 41’!’11 mq 4m1 mq 4m1 my
= 0 0 0 0 1 n 0 0
. . nka. an nlkatks) —nlat+a)+m nks  an
41’}’12 my 47)12 my 41’}’12 my
0 0 0 0 0 0 1 7
0 0 0 0 ks e ks e
4ms ms 4ms  m;3
0
i
Mo
0
Bimsd = 0
0
0
0
0

Cima=(©0 0 0 0 0 0 1

Dymsd = (0)

0)

with m = (1/4 1/3 5/12 1/2)7, c=(1/4 1/3 5/12 1/2)T
andk= (1 5/6 2/3 1/2)"

A.4 Ship dataset

The nonlinear ship system consists of an environmental
model for the wind (Isherwood, 1972), wind-induces waves
(Hasselmann et al., 1973) and a nonlinear, four degrees-of-
freedom model of the ship motion (Fossen, 2011).

The system identification task is to learn a model that maps
environmental measurements and actuator inputs to changes in

(A1)

system states, e.g. the ship’s velocities. The environment model
is unknown; however, we assume it has an approximation
model of the ship dynamics. The book by Fossen (2011) pro-
vides nonlinear differential equations that map forces to ship
velocities. A generic description of such a nonlinear differential
equation is given

in=J(n)v
v=M_!

mass

— Cre(v)v — g(n)).

(actuator + environment — D(v)v (A2)
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Figure A1. Nonlinear ship motion model, which is an interconnection between an environmental model of the wind, input actuators,

and a nonlinear dynamical four degrees-of-freedom ship model.

Where 1 = [%pos, Ypos> #> w1Tisthe position and angles and v =
[s, v, p,7]T are the velocities (surge, sway) and angular veloci-
ties (roll, yaw) of the ship. The inputs to the ship dynamics are
the forces from the environment environment and the actuator
(see Figure A1), Mp,ss is the mass matrix that contains added
masses resulting from the hydrodynamics. The rotation matrix
J(#) transforms the body coordinates into positions in the two-
dimensional plane and the angles. The damping and Coriolis
term is denoted by D(v) and Crg(v), respectively, where the
subscript RB is used to indicate the rigid-body forces. The
restoring forces of the buoyancy are denoted by g(#). The non-
linear differential equation in (A2) depends on the parameters
from Table A1.

We linearise (A2) to get a continuous linear model described

by

x= AshipX + Bshiptt (A3)

where x = [u, v, p, ] T are the ship states and F,] are the exter-
nal forces. The matrices Aghyp and Bgpjp describe the linear
behaviour of the ship states. We discretise (A3) with a zero-
order-hold method to get a linear approximation model Hjj,
that we can use in our hybrid model architecture

0.2544 0 0 0
B — 10-5 0 0.0435 —0.0068 —0.0003
dship = 0 —0.0009 0.0229 —0.0003
0 0.0008 —0.0001  0.0011
Cd,ship =1
D ship =0 (A5)

The ship is linearised around a constant forward movement
% =[5,0,0,0]" that is achieved by the constant input u =
[25Xu|u|) 0, 0) O]T

Appendix 3. Architecture

Remark A.1: From the RNN, we get the size of the uncer-
tainty channel n,, = n, and the size of the internal state n,_ as
hyperparameters. We require the state of the linear system to be
equal to the state of the RNN. From classical controller synthe-
sis problems, we know that increasing the size of the controller
does not improve the controller’s performance (Scherer & Wei-
land, 2000). This is not necessarily true for our residual model
since our objective is high prediction accuracy and dissipativ-
ity. To increase the size of the RNN model, we can extend the
state of the linear model Hji, by adjoining zeros to the linear
matrices AJin, Blin, Clin, and Dy, We then get

B1in,2 Oy x g Blin,S 0
0 0 Oy xn k
nxxny Ungxng k Nf X
le

( (Dlin,Z Onexnk ) 0 f)lin,3 ) (A6)

K = Ag, ship «* + By, shipuk
Hlin,ship = X X k (A4)
y = Cd,shipx + Dd,shipu
with the matrices
0.9501 0 0 0
- 0 0.9725 0.0391 —0.2953
dship = 0 0.0127 0.8678 —0.4917
0 —0.0058 0.0007 0.7946
( Alin OleXﬂk ) ( Biin
xkH1 O, Onmgox Ongoxng
Y ~k
th = )’ ( Clin Ongxnk ) Dlil’l
() [
2
0

Where ny, is the number of additional states, this extension does
not change the behaviour of the linear system but leads to larger

| ;

parameter matrices. We will compare different sizes of the RNN
state and uncertainty channel in Section 7.



Table A1. Ship parameters from Perez et al. (2006).
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Parameter Value Description
Pwater 1025.0 seawater density

g 9.81 gravity constant

d 355.88 displacement

m 365.79 - 10° Mass

Iy, 3.3818 - 107 Yaw Inertia

Iy 3.4263 - 10° Roll Inertia

dm 1.0 Transverse Metacenter Height

Leg 20.41 Longitudinal CG

Ve 3.36 Vertical CG above baseline

XG —3.38 coordinate of CG from the body fixed frame adopted for the PMM test
zG —1.06 coordinate of CG from the body fixed frame adopted for the PMM test
Xy —17,400.0 Data for surge equation

Xulul —1960.0

Xor 0.33«m

Yy —1.9022 - 10° Hdrodynamic coefficients in sway equation
Y —0.296 - 108

Yi —1.4.10°

Yiuw —11,800

Yur 131,000

Yol —3700

Yr|,| 0

Yoirl —794,000

Yol —182,000

Y pluvi 10,800

Your 251,000

Ypluu —74

Ky 296,000 Hdrodynamic coefficients in roll equation
Kp —674,000

Ki 0

Kjupv 9260

Kur —102,000

Ko 29,300

Kr|,| 0

Koy 621,000

K 142,000

Kpjuvi —8400

Kjur —196,000

Kpuu —1180

Kuip —15,500

Kpjp| —416,000

Kp —500,000

Kp 0

Kppp —0.325pwatergd

Ny 538,000 Hdrodynamic coefficients in yaw equation
Np 0

Ni —4.3928 - 107

Ny —92,000

Nygyr —4,710,000

Nv|v| 0

Nrpr —202,000,000

NV|,| 0

Nrv| —15,600,000

Nejuv| —214,000

Nojar —4,980,000

Nejaul —8000
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