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One of the most fascinating experimental results in fabrication of artificial nanostructures is the creation of
the macroscopically ordered superlattice of Ce adatoms on Ag�111� �F. Silly et al., Phys. Rev. Lett. 92, 016101
�2004��. Here, performing kinetic Monte Carlo simulations, we study the formation of Ce superlattice at the
atomic scale. It is demonstrated that the surface-state mediated long-range interaction between Ce adatoms can
lead to their self-assembly into a well ordered structure. The temperature of the substrate and the concentration
of Ce adatoms are shown to play a key role in this process.
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I. INTRODUCTION

One of the most important aspects in nanoscience is the
formation of artificial nanostructures. Ordered structures of
atoms and molecules can be generated either by the manipu-
lation of single atoms or molecules1,2 by means of the tip of
a scanning tunneling microscope �STM� or by using self-
assembly processes of particles.3–6 Recent experimental and
theoretical studies have indicated that the long-range interac-
tions �LRIs� between adsorbates on metal surfaces7–9 can be
exploited to create a new nanostructures.10,11 Such interac-
tions are caused by the quantum interference of surface-state
electrons scattered off adsorbates. Experiments performed by
means of the STM �Refs. 4 and 10� and ab initio calcula-
tions11,12 have resolved surface-state mediated interactions at
large adatom-adatom separations. The LRI potential depends
on the type of the adsorbate atoms and the substrate. The LRI
decays as 1/r2, where r is the interatomic distance. It oscil-
lates with a period of �F /2. Schematic description of the LRI
between adsorbates is depicted in Fig. 1.

It is the special form of the LRI potential which may
crucially influence the arrangement of atoms at low tempera-
tures and low coverage. Knorr et al.,10 have proposed that if
the thermal energy of adatoms is not sufficient to overcome
the repulsive barrier D �Fig. 1�, the dimers are not formed,
and a new ordered structures with the first nearest-neighbor
�NN� adatom separation corresponding to the first minimum
of the pair potential �Fig. 1� may be formed. Early attempts
to exploit the LRI to create ordered superlattice failed.10 The
breakthrough came with experiments of Silly et al. on Ce
adatoms on Ag�111�.13,14 It has been discovered that the Ce
atoms form well ordered hexagonal superlattice with a lattice
constant of 32 Å. The Ce superlattice is most nicely ordered
at 3.9 K. The LRI between Ce adatoms has been proposed to
be the driving force for the self-organization of Ce adatoms.
These experiments have indicated that sample temperature,
low adatom diffusion barrier and adatom concentration are
the key parameters for successful self-organization of Ce
adatoms into the superlattice.

Here, performing kinetic Monte Carlo �KMC� simula-
tions, we study the formation of the Ce superlattice on
Ag�111� at the atomic scale. Our results give clear evidence

that the LRI between Ce adatoms can lead to the formation
of well ordered superlattice at low temperature. The stability
of the superlattice is investigated.

II. METHOD OF CALCULATION

For our simulations we use the rejection-free KMC
method of Fichthorn and Weinberg.15,16 The hop rate of an
adatom from site k to site j on the �111� surface is calculated
using the expression vk→j =v0exp�−Ek→j /kBT�, where T is
the temperature of the substrate, v0 is the attempt frequency
and kB is the Boltzmann factor. We set v0 to 1012 s−1 for the
Ag surface.13,14 The influence of the LRI on adatom diffusion
is included in the hopping barrier which takes the form16

Ek→j =ED+0.5�Ej −Ek�. Here ED is the diffusion barrier for
an isolated atom on a clean surface.14 Ek�j� is the sum of pair
potentials due to the LRI of the considered adatom with all
the other adatoms, if the adatom is at site k�j�. Therefore
0.5� �Ej −Ek� describes an additional barrier for dimer forma-
tion.

For the further discussions we transform the expression
vk→j to the following form:

vk→j = vDexp�− 0.5�Ej − Ek�/kBT� , �1�

where vD=v0exp�−ED /kBT� is the average hop rate of the
isolated adatom on the clean surface.

FIG. 1. LRI potential between Ce adatoms on Ag�111� calcu-
lated using Eq. �2� with a values of parameters given in Sec. II. The
repulsive part of the potential is on the distances 0.5–2.0 nm, its
magnitude D is 13.8 meV. Other parameters are: B=−1.1 meV, b
=2.96 nm.
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In principle, one has to distinguish between fcc and hcp
sites on a fcc �111� surface. A difference in binding energy
for Ce at these two sites cannot be seen in the
experiment.13,14 Therefore, fcc and hcp sites are considered
in our simulations to be identical.

The interaction between two Ce adatoms on Ag�111�
surface is calculated using the model of Hyldgaard and
Persson17

E�r� = A0E0�2 sin �0

�
�2sin�2kFr + 2�0�

�kFr�2 , �2�

where the parameters are taken from the experimental
work.14 Here kF is the Fermi surface wave vector
�0.813 nm−1�, E0 is the surface state band edge relative to the
Fermi energy �−63.0 meV�. The other parameters are the
phase shift �0= �0.37±0.05�� and the scattering amplitude
A0=0.27±0.03. We perform simulations with the following
values of the parameters A0�0.30, �0�0.42�. These param-
eters lead to the potential given in Fig. 1. Repulsive part of
the potential, which includes local maximum D, prevents
dimers formation. In this work we concentrate on the local
minimum B, responsible for the formation of LRI stabilized
nanostructures, particularly, superlattice.

Equation �2� has been obtained through an asymptotic
evaluation of the one-electron contributions to the interaction
energy. However, even for large adatom-adatom separations
the completely asymptotic behavior may not be fully
reached. There have been important studies on indirect inter-
actions between atoms which have investigated a preasymp-
totic behavior of the interaction energy.18,19 For example,
Gumhalter and Brenig19 have shown that indirect interac-
tions between adsorbates in quasi-one-dimensional �Q1D�
gas is determined by the two terms, the one which decays
exponentially with the distance from the impurity, and the
other which oscillates. The term falling off exponentially is
responsible for the effects brought about by the intraorbital
screening charge whereas the oscillatory term describes the
extra-atomic effects mediated by the Q1D electron gas. It has
been found that there is a smooth transition between these
two regimes of screening.

Theoretical studies17 and our own ab initio calculations12

have shown that in the case of Cu�111�, the asymptotic equa-
tion is accurate even down to a distance of �F /2�15 Å ��F
is a surface state Fermi wavelength�. The �F of Ag�111� is
more than twice larger than that of Cu�111�. This means that
the product kFr �kF is the surface-state Fermi vector� is rela-
tively small and asymptotic regime may not be reached even
for large separations r. Experiments of Knorr et al.10 have
shown that the pair interaction energy between Co adatoms
on Ag�111� exhibits an oscillatory behavior with the period
of �F /2�38 Å clearly seen already at 27–28 Å. The studies
of an isolated Ce adatom on Ag�111�14 have revealed the
standing-wave patterns with the periodicity at EF given by
�F /2�38 Å for distances larger than �25 Å. Thus, presum-
ably the asymptotic regime on Ag�111� is already reached
for r�20–25 Å.

To demonstrate that for such adatom-adatom separations
Eq. �2� correctly describes the magnitude of the interaction

energy, we have performed a fully ab initio calculations of
the depth of the potential well �responsible for the formation
of the superlattice� corresponding to the first minimum of the
pair potential �Fig. 1�. From the experimental side,14 the pair
potential has been determined by making a statistical analy-
sis of the motion of Ce adatoms in the superlattice confining
potential. The pair potential well depth has been found to be
about 0.8 meV. Our ab initio calculations are based on den-
sity functional theory and multiple-scattering approach using
the Korringa-Kohn-Rostoker Green’s function method for
low-dimensional systems.12,20 The main contribution to the
interaction energy at large adatom-adatom separations is well
approximated by the single-particle energies alone.12,21,22 We
perform calculations of the interaction energies in the frame-
work of the frozen potential approximation and use the
Lloyd’s formula for calculations of the single-particle
energies.21 As a benefit of this approach, calculations can be
performed up to very large distances and very small interac-
tion energies can be resolved. Several applications of our
method can be found in recent works.11,22,23 We have found
that the pair potential well depth is 0.6 meV which is in
reasonable agreement with experiments. Therefore, we be-
lieve that the asymptotic equation �2� fitted to the experimen-
tal results properly describes the substrate-mediated interac-
tion between Ce adatoms.

In simulations LRI between more than two adatoms are
described by pairwise summation. Our ab initio calculations
and other studies have shown that such approximation is well
justified.12,16 Periodic boundary conditions in the surface are
applied in all calculations. The size of the simulation cell is
50 nm�50 nm. A cutoff radius of 4.1 nm is used in the
simulations.

For the analysis of results of KMC simulations we use an
atom distribution function described below. Usually the ra-
dial distribution function �RDF� is calculated for homoge-
neous and isotropic systems to characterize structural corre-
lations:

f�r� =
S

4�rN2�	
i=1

N

	
j�i

��r − rij�
 , �3�

where S is a square of the considered simulation cell. Func-
tion f�r� gives the probability to find an adatom at a distance
r if an adatom at the origin of the coordinate system is con-
sidered.

To study the formation of the superlattice in dependence
on temperature we will keep the angular information, i.e., we
avoid the angular averaging of the pair distribution function.
Therefore the angular-resolved atomic density function
�ARADF�, defined in Eq. �4� is used.

g�r� =
A

N2�	
i=1

N

	
j�i

��r − �r j − ri��
 . �4�

Here A is a normalizing term, which can be chosen from the
arbitrary condition, for example, from �Dg�r�dS=1, where D
is the whole definition area of a function g�r�. ARADF gives
the probability to find an adatom at the position r if the
second adatom is located at the origin of the coordinate sys-
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tem. Let us consider a system of N atoms in its equilibrium
state. To calculate g�r� a square S around each adatom with a
side length 2h is used to analyze the relative positions of the
other adatoms. Let us take an arbitrary adatom in the system
as the origin of the coordinate system. The value of h has to
be chosen to guarantee that at least the first neighbors in a
hexagonal lattice are inside the square S. For the Ce super-
lattice at a coverage 1.0% of a ML the distance between

neighboring particles is about 3.0 nm. In this case the rea-
sonable value for the magnitude of h is about 4.0–5.0 nm.

III. RESULTS AND DISCUSSION

Our simulations follow closely the experimental condi-
tions of Silly et al.13,14 The two important questions have to

FIG. 2. �Color� The KMC simulation of Ce adatoms on
Ag�111�. The concentration is 1.0% of ML, temperature is 4.0 K.
These pictures correspond to the following number of KMC steps
�a� 0, �b� 700, �c� 7000, �d� 430000 or the time intervals �for a value
of ED=9 meV� �a� 0 s, �b� 0.4 s, �c� 3.9 s, �d� 240 s. In �d� the
distance between nearest Ce atoms is close to 3 nm.

FIG. 3. The RDF for Ce adatoms on Ag�111� at a coverage of
1.0% of ML at a temperature of 4.0 K. RDFs correspond to the
following number of kMC steps: �a� 0, �b� 700, �c� 7000, �d�
430000 or the time intervals �for a value of ED=9 meV� �a� 0 s, �b�
0.4 s, �c� 3.9 s, �d� 240 s.

FIG. 4. �Color� Contour plots of the ARADF for Ce adatoms on
Ag�111� at different temperatures; the concentration of Ce adatoms
is 1.0% of ML.

FIG. 5. �Color� The KMC simulation of Ce adatoms on
Ag�111�. The concentration is 1.8% of ML, temperature is 4.0 K.
White circles represent dimers which are formed immediately after
the deposition. The distance between nearest Ce atoms is about
2.3 nm.
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be answered: �i� at which coverage the superlattice is formed
and �ii� is the superlattice stable? Simulations have been per-
formed for the concentration range between 0.2–2.0 %. Be-
low the concentration of 1.0% small hexagonal clusters and
short chains are observed in good agreement with the
experiment.24 Here we concentrate our discussion on the for-
mation of the superlattice.

In Fig. 2 we present results of the KMC simulation for Ce
on Ag�111� with a coverage of 1.0% at the temperature of
4.0 K. These calculations nicely demonstrate the self-
organization at the atomic scale. First, the randomly distrib-
uted atoms �Fig. 2�a�� self-assemble in small hexagonal clus-
ters and form a short-range order �Fig. 2�b��. Then, the
hexagonal order is formed in regions with sizes of 10–15 nm
�Fig. 2�c��, but long-range order is still absent. Finally, mac-
roscopically ordered hexagonal two-dimensional superlattice
occurs �Fig. 2�d��. The distance between nearest Ce atoms is
about 3.0 nm which corresponds to the position of the first
minimum in the interaction potential for Ce on Ag�111� �Fig.
1�. The RDF shown in Fig. 3 clearly demonstrates the for-
mation of the macroscopic long-range order in Ce superlat-
tice �Fig. 2�d��.

Figure 4 shows the ARADF for Ce adatoms on Ag�111�
at a coverage 1.0% of a ML for the temperatures indicated in
the figure. One can see the six separated peaks in the
ARADF for 4.0 and 4.9 K. The peaks for 4.0 K are slightly
sharper than for 4.9 K. Both plots correspond to the hexago-
nal order on the macroscopic scale. At 5.2 K the six peaks
can be still seen, but they are blurred and start to form a ring.
It means that long-range hexagonal order does not exist at
this temperature and the Ce atoms move like particles in a
“liquid state”. There is, however, some local order: adatoms
tend to have approximately 3 nm separation to each other.
The long-range order will be destroyed if adatoms will have
sufficient energy to leave the local minimum B of the LRI
potential �Fig. 1�.

We have found that the melting temperature of Ce lattice
on Ag�111� is about 5.0 K. Figure 4 shows that at the tem-
perature of 8.0 K the formation of dimers takes place �the six
central peaks represent dimers�. The distance between these
peaks and the center of the square is equal to the nearest
neighbor distance a on Ag�111� surface �0.289 nm�. At
higher temperatures the density of dimers in the system in-
creases. This is shown in the contour plot by a decreased
intensity in the ring at 3 nm and an increased intensity in the
six central peaks.

Depending on the temperature three different states of the
superlattice are revealed by our simulations: the macroscopi-
cally ordered state, the “liquid state” characterized by chaotic
motion of the adatoms, and the state characterized by the
formation of dimers. The macroscopic ordered state exists
when the temperature of the system is less than 5.0 K, the
“liquid state” is observed between 5.0 and 7.5 K, dimer for-
mation occurs for the temperature larger than 7.5 K. The
temperature interval in which the ordered state can be found
is limited by some minimal temperature Tcr that is deter-
mined by the average time 1/vD of a single adatom jump on
the clean surface. The magnitude of 1 /vD should have some
reasonably large value, otherwise atoms do not hop and do

not self-assemble. If we assume that a reasonable time scale
of one adatom hop is about 1 sec, we obtain for Tcr a value
of 3.9 K. Therefore, there is a small temperature window
�between 3.9 K and 5.0 K� where Ce adatoms on Ag�111�
can self-assemble into a superlattice. Note, that temperature
windows for the ordered, “liquid” and the “dimer state” are
determined only by the parameters of the LRI and do not
depend on the magnitude of the diffusion barrier ED. The
prefactor vD in Eq. �1� which depends only on ED can be
considered as the scale factor �constant� for all transition
rates. Changing ED affects the characteristic time scale of the
self-organization process but does not influence the relative
transition probabilities.

Finally, we discuss the self-organization of Ce adatoms at
coverage of 1.8% ML. Results of KMC simulations are
shown in Fig. 5. There is a local hexagonal order in a many
regions but a full macroscopic order is not observed. This is
due to the fact that dimers are strongly pinned and their
motion is found to be very unlikely. It should be noted that
even a small number of dimers can drastically effect the
possibility to create the superlattice. The RDF in Fig. 6 con-
firms the absence of a macroscopic long-range order, and
reveals that a locally ordered structures exist only in rather
small regions of 10–15 nm.

Our calculations indicate that the maximal magnitude of
the concentration which allows the emergence of a long-
range ordered hexagonal structure is about 1.7% of a ML. At
this coverage, the superlattice of Ce atoms is found to be
compressed with the nearest neighbor distance of 2.3 nm
whereas at 1.0% of a ML coverage �this is the “ideal” density
for a hexagonal lattice� the nearest neighbor distance is equal
to b=2.89 nm �Fig. 1�. These results are in good agreement
with the experiment of Silly et al.14

IV. CONCLUSION

We have presented the first KMC simulations of superlat-
tices of adatoms stabilized by the substrate-mediated long-
range interactions. Our results give a clear evidence that the
LRI between adsorbates can be exploited to create new nano-
structures. The formation of well ordered Ce superlattice on
Ag�111� at the atomic scale is shown. Ab initio calculations
have demonstrated that the interaction energy between two
single Ce adatoms on Ag�111� is in agreement with experi-
ments of Silly et al.13 Our studies have shown that the

FIG. 6. The RDF for Ce adatoms on Ag�111� at coverage of
1.8% of ML; the temperature is 4.0 K.
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asymptotic form of the interaction energy properly describes
the substrate-mediated interaction between Ce adatoms in the
superlattice. We have established that self-organization of the
superlattice Ce/Ag�111� occurs when the concentration of
adatoms is between 1.0 and 1.7 % of ML and the temperature
is �5 K. Increasing the temperature to 8 K leads to the for-
mation of dimers and to the irreversible collapse of the su-
perlattice. At concentrations �1.7 % of ML only a local hex-
agonal order is observed. It has been shown that a very

delicate balance between the magnitude of diffusion barrier
of single adatom, the depth of the first local minimum B in
LRI potential and the concentration of deposited adatoms
must be implemented for the superlattice fabrication.
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