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UNIVERSITY OF SOUTHAMPTON
ABSTRACT

FACULTY OF ENGINEERING AND APPLIED SCIENCE
INSTITUTE OF SOUND AND VIBRATION RESEARCH

Doctor of Philosophy
REPRODUCTION OF ACOUSTIC FIELDS
by Ole Kirkeby

This thesis investigates the extent to which a sound field can be reproduced by using a
relatively small number of loudspeakers. The digital signal processing techniques
developed recently for the active control of sound are used to determine the
loudspeaker inputs. The quality of the reproduced sound field is assessed by
comparing it to a desired sound field. Three aspects of the sound reproduction
problem are considered. The first is the recording of a sound field, in particular the
consequences of using only a relatively small number of microphones. The second is
the reproduction of a sound field, in particular the physical limitations of the quality
the reproduced field when only a few loudspeakers are used. The third is the
combined effect of the recording and reproduction process on the design of the digital
filters. The emphasis is on basic principles, and for this reason the problems studied
have been simplified greatly in order to limit the number of independent system
parameters to a minimum. However, the mathematical models are general.

The sound reproduction problem is cast into the form of a linear equation system,
which is solved in the least squares sense. The use of regularisation alleviates the
undesirable effects of ill-conditioning, and it also makes it possible to solve any linear
least squares problem regardless of its number of equations and unknowns.

. A frequency domain analysis is used to investigate the physical limitations of sound
field recording and reproduction by considering the problem of reproducing a plane
wave, which is recorded by a microphone array inside a ‘target’ area, by optimally
adjusting the complex amplitudes of a set of monopoles in a free field. As long as the
microphone array is sufficiently ‘dense’, no information is lost by the recording
process, and the sound field can be faithfully reproduced over the target area as long
as the acoustical wavelength is not too much shorter than the ‘size’ of the target area.

A z-domain analysis illustrates the basic properties of the digital filters that, in the
least squares sense, are given by the exact solution of the multi-channel sound
reproduction system in discrete time. All these filters share a common set of poles
which are readily calculated from the zeros of the determinant of a square matrix.

A time domain analysis is used to investigate the design of a set of finite impulse
response filters that implement approximately the multi~channel sound reproduction
problem in discrete time. The filters can be designed by direct - or adaptive inversion.

An analysis of the transient response of a sound reproduction system is used to .
assess the performance of the digital filters. The spatially reproduced sound field
demonstrates the size of the area over which the sound can be controlled.

Some experimental results show that a matrix of measured electro-acoustic transfer
functions can be inverted accurately. However, in terms of direction-of-arrival
reproduction, the digital filters calculated from modelled data seem to perform JUSt as
well as the digital filters calculated from measured data.
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1. An introduction to the reproduction of acoustic

fields

1.1 Introduction

With the rapid developement of digital signal processing equipment, active control of
sound and vibration continues to find new applications in the engineering sciences
(Burdisso (editor) [84]). In the past, active control has been used mainly to reduce
unwanted sound and vibration (Nelson and Elliott [9]). Nevertheless, a noise
cancellation system is, in principle, also a sound reproduction system since, were the
noise sources absent, it would reproduce a set of specified signals at a number
transducers. By specifying a set of desired, rather than undesired, signals at a number
of positions, the techniques used in active control are directly applicable to sound
reproduction problems. One general problem with active control systems is that the
system’s performance is monitored only at a number of discrete “target” positions. In
practice, it is often difficult to predict what influence the system has on the sound field
everywhere else, even in the vicinity of the targets, and it therefore sometimes

happens that an active control system causes undesirable side-effects.

Since the output from any sound reproduction system is eventually judged by a
number of listeners, such systems are usually designed from subjective criteria rather
than physical criteria. Sound reproduction systems for use in the home, and in
cinemas, are optimised by using the knowledge of how we perceive sound. Even if a

reproduced sound field is very different from that intended, it might still “sound good”

to a listener.

1.2 A review of techniques for the reproduction of acoustic fields

Sound perceived by humans is inevitably filtered through the auditory system. Our
brain uses sophisticated techniques to process the two signals that it receives from the
ears to form a subjective impression of the physical disturbances in the medium that
surrounds us (Moofe [16]). By comparing those two signals, the auditory system can
localise the spatial position of a sound source (Blauert [93]). The techniques it uses to
achieve this are complex and still not understood in every detail (MacPherson [1],
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Schroeder [60]) even though there is a vast amount of experimental data available.
However, it is widely accepted that, to a first approximation, the auditory system uses
three different mechanisms to localise sound, one for low-, mid-, and high frequenbies
respectively. At frequencies below 700Hz, the acoustical wavelength is relatively long
compared to the size of the listener’s head, and localisation is therefore derived from
the interaural phase difference, or interaural time difference, between the sound at the
two ears (Blauert [93] Section 2.4.1). At frequencies between 1500Hz and S000Hz,
where the acoustical wavelength is relatively short compared to the size of the
listener’s head, the'head casts an acoustic shadow (Wiener [72}),‘ and this causes an
interaural level difference (Blauert [93] Section 2.4.2). At frequencies above 5000Hz,
the acoustical wavelength is so short that the incoming sound is modified, or
“coloured”, by the outer ear according to the direction of arrival (Gerzon [101]). The
transition arcas between the three localisation mechanisms are relatively smooth since
the auditory system combines all three types of directional cues before forming a
subjective impression of the spatial sound field (Moore [16] Chapter 6 p.212). “Our
acuity in locating sounds is greatest in the horizontal plane, fairly good in the vertical
direction and poorest for distance” (quote from Moore [16] Chapter 6 p.227). In the
horizontal plane, localisation is most accurate for sound sources in front of the
listener, and least accurate for sound sources to the side of the listener (Blauert [93]

Section 2.1}.

When two qualitatively similar transient signals are perceived at the ears of a histener,
the auditory system tends to localise the sound by using only the leading part of the
transient. For example, it is usually not difficult to localise the position of a speaker in
a reverberant room, because the direct sound is received before the room reflections.
This effect is known as the precedence effect (Moore [16] Chapter 6, p.206), or the
law of the first wavefront (Blauert [93] Section 3.1.2). A related effect, known as
time-intensity trading, occurs when the signal at one ear is a scaled and delayed copy
of the signal at the other ear (Moore [16] Chapter 6, p.209). In that case, the
“summing localisation” (Blauert [93] Section 3.1.1) performed by the auditory system
is a compromise that reflects the ratio between the level difference and the time delay.
By varying the level- and time differences between the output from two loudspeakers,

the effect of time-intensity trading makes it possible to give a listener the impression
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that a sound originated from a physically non-existent source referred to as a phantom
image (Bargle [91]). In order to be able to produce a stable phantom image in
between two loudspeakers by appropriately adjusting the level and phase of their
outputs, the angle between the loudspeakers, as seen by the listener, should preferably
be less than 60 degrees, and certaintly less than 90 degrees (de Boer [7], Theile and
Plenge [55], Eargle [91] p.77). When phantom images in the centre between two
loudspeakers are of poor quality, the system is said to suffer from the “hole-in-the-

middle” effect.

i
The principle of using two loudspeakers to convey spatial information to a listener via

a sound reproduction system was first described by A.D. Blumlein in his 1933 patent
(Blumlein [49]). Blumlein’s idea was t0 convert the directional information in a sound
field into level differences only between the outputs from the two loudspeakers L and
R (left and right) positioned in front of the listener. This simple scheme works
remarkably well, because at low frequencies the level difference between the sound
radiated by the loudspeakers surprisingly results in a phase difference at the ears of a
centrally positioned listener, thus providing the auditory system with the desired
directional cue (Lipshitz [95]). The inputs to the loudspeakers are derived from the
signals registered by two closely spaced, or coincident, directional microphones.
Blumlein suggested two ways to combine the output from the microphones. One,
which is now referred to as XY stereo, is to point one microphone to the left of the
sound stage and the other to the right of the sound stage. The recorded signals can
then be fed directly to the left and right loudspeakers respectively. The other, which is
now referred to as MS (middle-side) stereo, has one microphone M, typically with a
cardioid directional pattern, pointing directly at the centre of the sound stage, and the
other S, typically with a figure-eight directional pattern, pointing in a direction parallel
to the sound stage. The L and R loudspeaker feeds are then given by M-S and M+S
respectively. The XY and MS techniques are still popular. The following references
describe some of the different aspects involved in sound recording and reproduction
using a pair of coincident microphones: Bartlett and Billinglsey [14], Julstrom [17],
Gerzon [19], Streicher and Dooley [23], Dooley and Streicher [S6], Eargle [91]
Chapter 3, Lipshitz [95], Gerlach [97], and Hibbing [117]. The opposite extreme to

the coincident microphone pair, namely a pair of widely spaced microphones, is far




less popular. Physically, the reproduced sound field is generally very different from
the recorded sound field, so this method must be judged subjectively (Gerzon [31],
Eargle [91] p.57, Lipshitz [95], Nisbett [108] p.68). Good results, subjectively, can
also be obtained by mixing sound recorded by spaced microphones with sound
recorded by a pair of coincident microphones (Wohr et al [83]). One of the main
problems with stereo reproduction over two loudspeakers is that if the listener is not
positioned centrally with respect to the loudspeakers, the precedence effect tends to
pull the phantom images towards the nearest loudspeaker (Moore [16] p.208-209, de
Boer [98], Olson [99]). For this reason, good stereo reproduction is only experienced
within a small region of the listening space, hence the notion of a “stereo seat”. This
effect can be alleviated by using more than two loudspeakers (Gerzon [75], Aoki et al
[96]), or by optimising the directional patterns of the loudspeakers (Eargle [91] p.77-
80).

In recent years, so-called binaural technology has made significant progress (Mgller
[45], Gierlich [105]). The basic idea is to reproduce the desired sound field exactly at
the ears of the listener. The two desired signals are usually recorded with a “dummiy-
head” (Kleiner [78]), or they are artificially processed by using head-related transfer
functions (HRTFs) to give an equivalent effect (Gierlich [79]). When the two signals
| are. presented over headphones, the listener ideally experiences a very convincing
reproduction of the spatial characteristics of the original, or artificially created, sound
field. Theile [74] has suggested to use a diffuse field HRTF to convert “ordinary”
recordings into “binaural format” suitable for headphone reproduction. In practice,
binaural reproduction sometimes suffers from in-the-head localisation of certain sound
sources, and poor localisation of frontal sources (Begault [25], Begault [76]). As
opposed to loudspeaker reproduction, headphone reproduction also causes the whole
sound stage to move with the listener’s head. Dummy-head recordings do usually not
sound good when they are played back over loudspedkers without being processed
first (Theile [73]) because the sound perceived al the listeners ears have effectively
been filtered by two HRTFs, and also because cross-talk spoils the desired
relationship between the two signals at the listener’s ears (Damaske [471). Cross-talk
occurs when a signal, which is required to be reproduced only at one location in

space, is picked up at another location. Thus, when a dummy-head recording is played
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back over two loudspeakers, the sound emitted from the right loudspeaker, and heard
at the Ieft ear, is cross-talk, and vice vefsa. A method for cancellation of cross-talk
using analog techniques was patented by Atal et al [18] in 1966, and subjectively
verified by Damaske [47] in 1971 and Schroeder [60] in 1975 with good results even
for phantom images positioned outside the angle subtended by the loudspeakers.
Since then, more sophisticated methods based on digital signal processing techniques
have been developed (Nelson et al [10], Griesinger [40], Cooper and Bauck [80],
Mgller [82]). However, binaural reproduction over loudspeakers works only for a
single listener who has to sit almost perfectly still, and it is also very sensitive to small

changes in the acoustic environment.

The principle of quadraphony, in which four speakers in the corners of a square cover
the full 360 degrees in the horizontal plane for a centrally positioned listener, was the
first commercial “surround sound” system for domestic .use (Woodward [81]).
Quadraphony was never very suceesful, mainly because it provided phantom images
of poor quality, especially to the side of the listener (Blauert [91] p.325). Theile and
Plenge [55] suggest that at least six loudspeakers are necessary to provide full
surround sound. At the time quadraphony was introduced in the late sixties, it was
treated as an extension of two-speaker stereo, so phantom images were created by
“pairwise mixing” of two of the four loudspeaker inputs. A phantom image was
produced by optimally adjusting the inputs to a pair of adjacent loudspeakers. It was
not long before it was discovered that pairwise mixing is not the optimal way to use
the potential of the four loudspeakers (Nakabayashi [5], Cooper and Shiga [37]).
Another difficulty was that, in practice, the media used for storage and transmision of
the four loudspeaker signals could usually handle only two independent signals, and

this made it necessary to use encoding-decoding schemes.

An encoding-decoding scheme is implemented by a matrix system. For example, a
quadraphonic system that encodes four signal sources on to two tracks (or
“transmission channels™), and then decodes those two signals into four loudspeaker
feeds, is called a 4-2-4 matrix system. Matrix systems for surround sound
reproduction were first considered by Cooper {37} in 1972. Cooper’s idea was to
expand the desired “phantom image distribution™, specified as a function of azimuthal

angle and therefore periodic, into a Fourier series. A sound field is encoded on to N
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“transmission channels” by storing only the first N coefficients of that Fourier series.

For example, with just one transmission channel available, only the sound pressure as
recorded by an omni-directional microphone would be stored since this signal
corresponds to the “azimuthal DC-component” of the sound field. The N recorded
signals are decoded by approximating the desired azimuthal phantom image
distribution by the function given by its truncated Fourier series. Thus, the output
from a loudspeaker positioned at an azimuthal angle © is the value of the resulting
“interpolating” function at ©. Since the encoding scheme is essentially a kind of
spatial, or rather “angular”, low-pass filtering, “cross-talk” between the loudspeakers
is inevitably introduced. This means that, for any position of a single desired phantom
image, several loudspeakers will radiate sound simultaneously, the principle is

therefore different from that of pairwise mixing.

The Ambisonics system (“ambi” being short for ambience), mainly developed by M.
Gerzon and based on Cooper’s Fourier series encoding-decoding scheme, is probably
the most ambitious attempt to create a commercial surround sound system that uses a
standard format (Gerzon [13], Gerzon [70]). The sound field is recorded in so-called
B-format using four closely spaced microphones arranged in a tetrahedon (Farrar
[88], Farrar [89]). The four microphone outputs are filtered through an analog
network whose four outputs X, Y, Z, and M, contain the directional information
about the original sound field. X, Y, and Z are the signals as they would have been
recorded by figure-of-eight microphones pointing forward, leftward, and upward
respectively. M is the sound pressure as it would have been recorded by an omni-
directional microphone at the centre of the tetrahedon. The B-format preserves the
energy of the original sound field, meaning that X’+Y*+Z’ is a constant independent
of the frequency and the direction of the incoming sound. The four B-format signals
are encoded into UHJ format, which is convenient if it is not possible to transmit, or
store, all four B format signals. A decoder recovers the relevant number of B-format
signals, and filters them through “shelf filters”. The output from the shelf filters are
filtered through an amplitude matrix, which depends on the specific loudspeaker
setup, before eventually being fed to the loudspeakers. The shelf filters compensate
for the change from time- to level difference localisation at 700Hz (Gerzon [101]),

consequently they have different gains for frequencies below and above that
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frequency. They also ensure that the energy is preserved for all reproduced directions.

For full horizontal surround sound, a minimum of four loudspeakers are necessary, six
are recommended. In 1968, Camras [20] experimentally verified that good results can
be obtained when twelve loudspeakers are used to reproduce a sound field recorded
with* twelve directional microphones, and the position of each loudspeaker

corresponds to the direction of the main lobe of one of the microphones.

Historically, most multi-channel sound systems have been developed for use in
cinemas (Klapholz [42], Ampel [106]). The design criteria for cinema sound systems
are quite different from those of sound reproduction systems for the home since, in a
cinema, the sound system is there only to support the action on the screen, but it has
to Wka well over a very large listening area (Holman [69]). In addition, the sound
must be perfectly synchronized with the movie, the Sound track therefore has to be
physically registered, optically or magnetically, adjacent to the pictures on the film
(Dolby Laboratories [26], Frayne [61]). Dolby Stereo, introduced in the mid
seventies, is by far the most widespread cinema sound format in the world today
(Dolman [102]). This format provides four signals, left, centre, right and surround.
The four channels are encoded on to two analog optical souhd tracks using “noise
reduction” (Dolby Laboratories [39], Eargle [91] pp.246-254), and then decoded
back into four signals. Consequently, the encoding-decoding scheme is implemented
by a 4-2-4 matrix system. A decoder is also available for vwse with home video
recorders (Julstrom [3]). Traditionally, the sound track for a film is split up into three
components, dialogue, music, and effects (Dolman [102]). Dialogue is usually
presented exclusively by the centre loudspeaker, thus providing everybody in the
cinema with a “hard source” (Holman [69]) that corresponds to what is seen on the
screen. Music is usually presented in conventional left-right stereo, sometimes the
centre speaker is used as well. The effects channel is usually presented by several
“surround” loudspeakers to the side and rear of the audience. The input to the
surround speakers are processed, or “decorrelated”, such that they are all slightly
different, thus avoiding the precedence effect and the unintentional creation of stable
phantom images for certain members of the audience (Holman [69]). As with the
quadraphony format, the storage of four channels on only two tracks inevitably leads

to a loss of information. The latest cinema sound format, Dolby Digital, stores the full




information about five channels, left, centre, right, left-surround, and right-surround,

plus an optional sixth band-limited channel for low-frequency effects {Dolby
Laboratories [38]). By using sophisticated data compression techniques, Dolby’s new
format, AC-3, codes these channels “into a single composite data stream with a lower
bit rate than is required for just ome channel on a CD” (quote from Dolby
Laborator\ies [38]). This means that the media that are used for storage and
transmission today, for example CD, LaserDisk, DAT, and VHS video tape, all have
the capability to carry at least five independent sound channels. For this reason, the
digital “5.1” format is likely to become widely used in the future, particularly with the
so called home cinema systems and high definition television (Meares [63], Steinke
[92]). The recent introduction of the “OMNIMAX theatres”, which are cinemas with
“hemispherical” screens has made it necessary also to consider reproduction of sound

sources outside the horizontal plane (Heringa et al [103]).

In some situations, for example at live concerts, sound has to be distributed to an
audience that occupies an area which is significantly larger than even the seating area
of a large cinema (Gander and Eargle [59]). Sound reproduction systems for this
purpose are often referred to as sound reinforcement systems. For practical reasons,
the loudspeakers usually have to be grouped together in clusters, and under those
circumstances, the best that can be done is to try to control the directional
characteristics, in particular the main lobe, or “beam”, of each of the loudspeaker
clusters (see J. Audio Eng. Soc. 38 (4), April 1990; this issue is dedicated to

loudspeaker arrays and their performance).

The problem of controlling the directional characteristics of an array of transducers is
one commonly encountered in engineering (Haykin (editor) [22]). In underwater
acoustics, arrays containing many hydrophones, frequently several hundred, are used
for calibration and beamsteering. Trott [113], in 1964, suggested that an unknown
transducer could be calibrated by placing it in a plane wave field created in the near-
ficld of a “dense” planar hydrophone array (NFCA - near-field calibration array) by
appropriately adjusting the gain of each hydrophone. This gain adjustment is referred
to as a “shading” of the array elements. In 1973, the method was put on a firm
mathematical basis by Van Buren [109] who used a least squares minimisation to

determine both the gain and phase of a set of frequency independent “shading
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coefficients”. In Trott’s original work, the direction of the plane wave was

perpendicular to the array, in 1978 Van Buren [94] demonstrated how to use the
NFCA for other direétions of the plane wave as well. The working frequency
bandwidth is limited by the size of the acoustical wavelength A relative to the NFCA.
From Van Buren [67], “...the element spacing must be no greater than 0.8A at the
highest frequency of operation. Also the lateral dimensions of the NFCA should be
greater than about 4/ at the lowest frequency in order to obtain a significant plane-
wave volume”. The NFCA does not work well for plane waves almost parallel to the
transducer array (Van Buren [94]). The principle used for beamforming is the same as
that applied by the NFCA and the more advanced sound reinforcement systems. When
a beamformer is placed in a sound field, the output from the many transducers are
combined such that the output from the beamformer corresponds to the sound
received from one, or more, directions (Halpheny and Childers [28], Flanagan [114]).
This is traditionally done by adding all the transducer outputs together after each
individual output has been scaled and delayed appropriately (see, for example,
Flanagan et al [30]). The beam can be controlled very accurately with digital signal
processing provided a suitable interpolation, or oversampling, scheme is used
(Pridham and Mucci [6], Pridham and Mucci [32], Dudgeon [46]). As with the
NFECA, the limitations of the beamformer are determined by the acoustical wavelength
A compared to the transducer array. At low frequencies the size, or aperture, of the
transducer array must not be very much smaller than A, at high frequencies the
spacing between adjacent transducers must not be greater than A/2, otherwise spatial
aliasing occur (Van Veen and Buckley [24]). The beamformer is effectively a spatial
filter that allows some plane wave components to pass through while other plane

wave components are greatly attenuated.

Almost any ;:onceivable sound field can be decomposed into plane waves by using
near-field acoustic holography, or NAH (Maynard et al [68]). If a sound field is
known on an infinite two-dimensional “hologram” plane, it is possible, in principle, to
calculate the sound field on any “target” plane parallel to the hologram plane by
propagating each plane wave component from the hologram plane to the target plane.
This technique is useful for identifying sound sources on, for example, parts of

vibrating machinery such. as cars (Hald and Ginn [116]). In practice, however, the
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sound field must somehow be sampled in the hologram plane, and this inevitably

introduces errors (Hald [100]). Berkhout [4] has used the NAH principle to increase
the reverberation time of small concert halls. A sparse microphone array near the
stage picks up the sound of the performers, from those microphone outputs a digital
signal processor predicts what the sbund field wouold have been like at various
positions in a large concert hall, and a number of loudspeakers are then used to create
a “large ﬁall” reverberant field. The system works well only at low frequencies

because of the relatively large distance between adjacent microphones.

Sometimes, too much reverberance 18 a problem, for example, excessive room
reflections tends to degrade speech intelligibility. The first “dereverberation” methods
applied post-processing to a number of recorded signals in order to produce one “less
reverberant” output (Allen et al [65], Flanagan and Lummis [85]). The succes of these
methods relied on the specific room response, in particular the amount of “early
reflections” and the length of the “reverberant tails”. One fundamental problem with
dereverberating, or deconvolving, a room response is that such a response is generally
non-minimum phase, which means that an exact dereverberation algorithm is bound to
be either unstable or non-causal, and therefore unrealisable in practice (Neely and

Allen [53], Tohyama and Lyon [118]).

The deconvolution problem, and its approximate solution in the single-channel case,
has been known for some time in digital signal processing (Widrow and Stearns [11]
Chapter 10). If the impulse response of a system is known, it is possible to design a
digital finite impulse response (FIR) filter, also referred to as an inverse filter, such
that when the system’s output is filtered through the inverse filter, the system’s input
is restored almost perfectly. The use of a modelling delay overcomes the problems
caused by non-minimum phase components in the system response. The principle of
inverse ﬁlt;ering is implemented in active control, which has been used mainly to
reduce unwanted noise and vibration (Nelson and Elliott {9]). Active control of sound
uses a set of digital filters to calculate the input to a number of loudspeakers in order
to achieve a “desired” set of outputs from a number of microphones. In the case of
noise reduction, the desired signals are zero. Miyoshi and Kanada [51] achieved
perfect dereverberation of a room response at one microphone position by using two

digital filters to calculate the input to two loudspeakers. Rather than cancelling out
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unwanted sound, however, active control and the principle of inverse filtering can also

be used for sound reproduction. For example, in stereo reproduction with two
loudspeakers, a set of four digital filters can compensate for both the room response
and the response of the loudspeakers, and also cancel the cross-talk (Nelson et al
[10]). The method used for designing the digital filters is general, it works for any
number of microphones and loudspeakers in any geometrical configuration. The
optimal digiial filters are chosen as the ones that, given a limited number of filter

coefficients, do the best job in the least squares sense.

1.3 The contribution of the thesis

The aim of\ this thesis is to investigate the extent to which a sound field can be
reproduced by using the digital signal processing techniques developed recently for
the active control of sound to determine the input to a relatively small number of
_loudspeakers. The quality of the reproduced sound field is assessed by comparing it to
a desired sound field. Usually, the desired sound field is not known exactly; all that is
available is a set of signals recorded by only a relatively small number of microphones.
Three aspects of the sound reproduction problem are considered. The first is the
recording of a sound field, in particular the consequences of using only relatively few
miérophones. The second is the reproduction of a sound field, in particular the
physical limitations of the quality the reproduced field when only relatively few
loudspeakers are used. The third is the combined effect of the recording and
reproduction process on the design of the digital filters. The emphasis is on basic
principles, and for this reason all the sound reproduction problems that are studied
have been simplified greatly in order to limit the number of independent system
parameters to a minimum. However, the mathematical models are general, the

simplification is made to make the results easier to interpret and understand.

Chapter 2 describes the mathematical theory necessary for solving a linear equation
system in the least squares sense. This is necessary in order to be able to deal with
multi-channel sound reproduction systems. The theory of linear equation systems is
readily available in textbooks on numerical methods, see for example Press et al [71].
The two standard methods used for solving linear least squares problems are singular

value decomposition and pseudo-inversion of the coefficient matrix. Since the
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problem is essentially to invert a non-square mairix, there are usually two definitions

of both the singular value decomposition and the pseudo-inverse of a matrix, one for
matrices with more columns than rows, and one for matrices with at least as many
rows as columns. However, for the purpose of this work, the crucial property of a
matrix is its number of linearly independent columns compared to its number of rows,
and for this reason, the theory presented here is slightly different from that presented
in Press et al [71]. The use of very small effort penalty factor makes it possible to
define a least squares inversion formula which is applicable to any linear least squares -
problem regardless of its number of equations and unknowns. This technique is called

regularisation (Press et al [71] Section 18.5).

Chapter 3 concerns the performance, in the frequency domain, of a sound
reproduction system working in continuous time. First, the mathematical background
necessary for analyzing linear time-invariant systems is presented. In particular, the
principle of representing a filter by a transfer function is important. Next, some results
from the theory of acoustics are presented. Of particular importance are the spherical-
and plane wave fields, and also the concept of a monopole source. The remainder of
the chapter deals with the problem of reproducing a desired sound ficld in the least
squares sense by optimally adjusting the complex amplitude of a set of monopoles in a
free field. The optimal complex amplitudes are calculated by pre-multiplying a vector,
which contains the information about the desired sound field, by a matrix of inverse
filters, which is calculated by inverting a matrix of electro-acoustic tranfer functions in
the least squares sense. The desired sound field is a plane wave, at first specified as a
continuous function over a two-dimensional “target” arca. This is equivalent to
recording the plane wave with a very large number of microphones inside the target
area. As long as the microphone array is sufficiently “dense”, no information is lost by
the recording process, and the sound ficld can be faithfully reproduced as long as the
acoustical wavelength is not too much shorter than the “size” of the target area
(depends on the number and positions of the sources). However, when the acoustical
wavelength becomes shorter than half the distance between two adjacent microphones
the effects of spatial aliasing modifies the spatial spectrum of the recorded signals, and
this generally has an undesirable effect on the optimal source outputs. At low

frequencies, an effort penalty is usually necessary, and this tends to distribute the
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acoustic output evenly between the sources. Direction-of-arrival reproduction aims to

make most of the acoustic output come from the sources whose positions correspond
to the direction of the desired plane wave. This is desirable at high frequencies where
the auditory system uses mainly intensity information to localise sound. Direction-of-
arrival reproduction works best when there are more microphones than loudspeakers,

but the microphones have to be very close together in order to avoid spatial aliasing.

Chapter 4 concerns the exact solution when the sound reproduction system is working
in discrete time. First, some basic theory of discrete-time systems and digital filters are
presented. Discrete-time systems are analyzed using the z-transform. In the single-
channel case, the inversion of an electro-acoustic transfer function is exact (provided
the transfer fupction does not have any zeros on the unit circle). In the multi-channel
case, a matrix of exact least squares, or least effort, inverse filters is calculated by
inversion of a matrix containing the z-transforins of the electro-acoustic transfer
functions. A filter’s frequency response is given uniquely by its z-transform, and its
~time response, calculated by taking the inverse z-transform, is made unique by
assuming that the filter must be stable. It is demonstrated that all the inverse filters
share a common set of poles, and that some of these poles are likely to be outside the
unit circle. A pole outside the unit circle makes the filter non-causal since the filter is
assumed to be stable. Some simple examples illustrate the properties of the inverse
filters, and show the output from the sources when each of the recorded signals is an

impulse.

Chapter 5 concerns an approximate least squares solution when the sound
reproduction system is working in discrete time, and the inverse filters are constrained
to be causal and have finite impulse responses. In both the single-channel and multi-
channel case, the optimal filter coefficients are found by inversion of a large matrix
containing the impulse responses of the electro-acoustic transfer functions. When
there are at least as many microphones as loudspeakers, it is impossible to invert the
system exactly. However, when there are more loudspeakers than microphones, and
there are sufficiently many coefficients in each of the inverse filters, it is sometimes
possible to invert the system exactly, in which case the desired signals are reproduced
exactly at the microphones. By using adaptive algorithms, it is possible to calculate

the inverse filters without explicitly building the large matrix that contains the impulse
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responses of the electro-acoustic transfer functions. Adaptive inversion gives results
that are almost identical to those obtained by direct inversion using an effort penalty,

but it is necessary to decide subjectively when to stop the iterative algorithm.

Chapter 6 concerns the transient response of a sound reproduction system working in
discrete time. In order to calculate the inverse filters, an accurate model of the
electro-acoustical transfer function is necessary. The ideal electro-acoustic transfer
function can be approximated to any degree of accuracy by using a fractional sample
phase shifter, but in practice it is more convenient to use a digital filter that contains
just one, or two, coefficients. Some examples illustrate how the set of common poles
of the exact inverse filters is affected by the type of electro-acoustic transfer function,
the microphone spacing, and the sampling frequency. Poles near the unit circle cause a
set of inverse fifiite impulse response filters to perform badly at a range of frequencies
corresponding to the position of the pole. Certain loudspeaker-microphone layouts,
particularly highly symmetrical ones, tend to suffer from this problem much more than
other layouts. The output from the loudspeakers are analyzed when the recorded
signﬁls are simple delayed copies of a “Hanning” pulse, a transient signal whose
bandwidth can bé controlled by varying its duration. Two examples showing the
spatial reproduction of the sound field give a feel for the size of the area over which

the sound field can be controlled.

Chapter 7 verifies some of the results from the previous chapters by two sets of
experiments. By looking at the result of passing a set of measured recorded signals
through the inverse filter matrix, it appears that, apart from at very low frequencies,
the system works well as long as the acoustical wavelength is at least twice as long as
the spacing between adjacent microphones. Two sets of inverse filters are analyzed,
one calculated from measured electro-acoustic transfer functions, and one calculated
from electro-acoustic transfer functions modelled by digital filters containing two
coefficients. The frequency responses of the inverse filters calculated from measured
data seem to fluctuate more wildly than the frequency responses calculated from a set

of modelled electro-acoustic transfer functions.
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2. Least squares inversion theory

In order to be able to solve a physical problem numerically, it must be cast into the
form of an eqﬁation system. An equation system is a number of coupled equations,
not necessarily linear, involving a number of unknowns, such as variables and
functions. An equation system either has no sclutions, a unique solution, or several
solutions. If no exact solution exists, an approximation is used instead, and the best
approximation is the one that minimises an error function defined for all available
solutions. If there are several solutions that all achieve the minimum value of the error
function, an additional criterion must be used in order to choose one particular

solution from the family of “equally good” solutions.

The properties of linear equation systems, and their solutions, are well understood and
well-documented in the literature. This chapter lists some properties of such equation
systems, and gives some techniques for how to solve them. A method, called zeroth-
order regularisation, is particularly useful because it works well for problems with any

o "
number of equations and any number of unknowns.

2.1 Least squares problems

The least squares method is by far the most common choice for solving problems that
do not have an exact solution (Press et al [71]). We are only going to consider linear
least squares problems in a finite number of unknown variables, that is, equation

systems of the type
Cv=d, (2.1.1)

where C is an R-by-S rectangular matrix, d is a column vector containing the R
“desired” right hand sides, and v is a column vector containing the § unknown
variables (the variables S and R are later used to denote the number of sources, or
loudspeakers, and the number of receivers, or microphones, respectively). If there are
more rows than columns in C, the equation system is referred to as over-determined
because it is usually not possible to find an exact solution. If there are more columns
than rows, it is referred to as under-determined because there are usually many exact

solutions. If there are equally many columns and rows, then C is square, and it has a

15



unique solution if C is not singular. A square matrix C is singular if its determinant is

zero; this determinant is denoted by ICI. It is convenient to use the terms over-
determined, square, and under-determined to classify linear equation systems, but it is
not only the number of rows and columns that determine whether an equation system
has a solution or not. The important property is the number of rows compared to the
number of linearly independent columns in C. This information is readily available in

‘the singular value decomposition of C.

2.2 Singular value decomposition

Singular value decomposition, or SVD, is presented here to illustrate some important
properties of lihear equation systems. The method works by factorising an R-by-S§
matrix C into a product of the three matrices U, W, and V'. When § is not greater
than R, U and V are orthonormal R-by-S and S-by-S matrices respectively, and W is a

‘diagonal matrix that contains the S singular values w; of C, so

" 1

CzU-W-VT=U-| ]-VT, 2.2.1)
’ { WSJ

where w; = ws = ... = ws. When § is greater than R, U and V are orthonormal R-by-R
and S-by-R matrices respectively, and W is a diagonal matrix that contains the R
largest singular values w, of C. A matrix is orthonormal when any two of its columns
are orthogonal to each other, which means their dot product is zero, and, in addition,
when the Euclidean length of each of its column vectors is one. The singular values w;,
are the square roots of the eigenvalues of CHC, and since C"C is Hermitian, they are
always real and positive (Kreyszig [12] p.353). A singular value of zero indicates that
C does not have full rank, there is a linear dependence between its columns. The rank
of a matrix is the number of linearly independent columns, and it can be found by
counting the number of its non-zero singular values. It is useful to interpret this in
terms of vector-spaces, in particular, the concepts of nullspace and range are
important (Press et al [71] p.61, Keener [77] p.105). The equation Cv = d defines a
linear mapping from the vector space v to the vector space d. If there is some
subspace of v that is mapped to zero, Cv = 0, that subspace is called the nullspace.

The dimension of the nullspace (the number of linearly independent vectors v that can
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be found in it) is called the nullity of C. The subspace of d that can be “reached” by
C, in the sense that there exists some v which is mapped there, is called the range of
C. The dimension of the range is called the rank of C. For any matrix C, its rank plus
its nullity equals S, the number of columns in C. For each singular value that is equal
to zero, the rank is reduced by one, the nullity is increased by one, and so a dimension
in the output space is “lost”. A matrix with singular values of zero is said to be
singular, A matrix with no zero singular values is said to have full rank. The concepts
introduced above are now used to characterise square, over-determined, and under-

determined equation systems.

First, we consider square matrices. The 2-by-2 identity matrix has full rank two and

nullity zero. However, the matrix

[1 1] Lot -tz Tl
LT EEL L ol 222

is 'singular, it has rank one and nullity one. This means that even though v can be
chosen as a point in a two-dimensional plane, Cv always lies on a straight line. A
3-by-3 matrbg containing_all ones has also rank one since its singular values are three,
zero and zero. Thus, this matrix is even “more singular” than the 2-by-2 matrix
containing all ones in the sense that two dimensions in the output space, rather than
just one, are lost. When a square matrix C has linearly dependent columns, the
equation system Cv = d generally does not have an exact solution. An exact solution

exists only if d happens to lie in the range of C.

When C has more rows than columns, the equation system is over-determined. The
dimension of the output vector is R, which is greater than S, but it is clear that the
maximum dimension of the output space is the number of linearly independent
columns which cannot be greater than S. Thus, even if C has full rank §, no exact

solutions exist unless d happens to lie in the range of C.

When C has more columns than rows, the equation system is under-determined. As
opposed to over-determined and square problems, the columns of C are always

linearly dependent when the problem is under-determined. The maximum number of
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linearly independent columns that C can have is R, the number of rows. For example,

at first sight, the matrix

1 3]
(:1=L1 - (2.2.3)

looks “more singular” than the matrix

(1 2 3] :
szL L5 6 J (2.2.4)

because C, has two identical columns. However, this is not the case since C; has the
two non-zero singular values 6.97 and 0.61, and C, has the two non-zero singular
values 9.51 and 0.77. Both C, _and C, have full rank two because they can “reach”
every two-dimensional vector d. An example of a 2-by-3 matrix that does not have

full rank is

11 1]

C=[} | ) (2.2.5)

The only non-zero sin‘;gular value of C; is 2.45, so the rank of this matrix is one. This
means, just as in the case of a 2-by-2 matrix containing all ones, that not every two-
dimensional vector d can be reached because the endpoint of the vector Csv always
falls on a straight line. In general, a matrix with more columns than rows
“compresses” the vector space v into the vector space d which has fewer dimensions.
Consequently, there must be several vectors from v that are all mapped to the same
vector in d. If a vector v; is mapped to d,, then so are all the vectors v, plus any linear
combination of the vectors from the nullspace. Note that the nullspace cannot be
empty because the rank of C, which is never greater than R, is smaller than S.
Therefore, if a solution exists, it is not unique, even if the rank of C is equal to the

dimension of d.

2.3 Pseudo-inverses

A square equation systém of the type Cv = d has an exact solution vo for any right
hand side d, provided that C is not singular. The exact solution v is calculated by

pre-multiplying d by the inverse of C such that
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Cld=v,. (2.3.1)

We want to be able to determine v, uniquely even when C is not square and nomn-
singular. Since a rectangular matrix C generally does not have an exact and unique
inverse C', the term “pseudo-inverse” is used instead. The pseudo-inverse of C is
denoted by Ciny, and the optimal solution vy, which generally does not satisfy Cvo=d

exactly, is given by

C.d=v,. (2.3.2)

piny

The pseudo-inverse is determined by two criteria. The first is that Cv, must be as
close as possible to d in the least squares sense. The second is that if there are several
vectors v for which Cv are equally close to d, then v, is the shortest of those vectors.
It is now demonstrated how to find the pseudo-inverse when the equation system is

square, over-determined, and under-determined.

The singular value decomposition of a square $-by-$ matrix C is given by Equation

(2.2.1). If C is not singular, its exact inverse is given by

~ [1/w, 1

C=[UWV'] =vW'U = v, |
{ 1/WSJ

U'. C{2.3.3)

Since both Uand V aré orthonormal square matrices, their inverses are equal to their
| transposes (Press et al [71] p.61). However, if C is singular, then there is at least one
w; equal to zerb, and this makes it impossible to calculate all the diagonal elements of
W using Equation (2.3.3). The pseudo-inverse of C is then defined as the matrix
obtained from Equation (2.3.3) by setting 1/w; to zero for all wy that are zero, we

denote this by using quotation marks around -1 for inversion,

C. =Vw-"yulL (2.3.4)

pinv

For example, the 2-by-2 matrix containing all ones, and whose singular value

decompostion is given in Equation (2.2.2), has the pseudo-inverse

Mo 1M =12 1 1 1] 11 1]
Ca=ly 1] =T 1)l ofVEla JTEl o) @Y
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This is not an exact inverse, so Cvy is generally not equal to d. The difference

between d and Cv is the performance error vector e,
e=d-Cyv, (2.3.6)

and the performance cost E quantifies the size of e. The value of E is a real positive

scalar which is defined as the sum of the squares of the elements of e, so
E=Y¢’=¢"e. (2.3.7)

The cost function is readily generalised to include complex numbers, in that case it is

defined as the sum of the squared modulii of the elements of e, so

R
E=Y,
r=1

where the superscript H denotes Hermitian (ranspose, which is equivalent to

e =e'e, (2.3.8)

transposition followed by complex conjugation. E can be written in a more compact
" form by using the 2-norm of e, written as llell, which is the FEuclidean length of e

(Wilkinsorr{104] Chapter 1 Section 52),
E=[d-CvI* =el". (2.3.9)

The pseudo-inverse Cppny must be chosen such that vo, calculated from Ciind,
minimises E with a minimum of effort V for any choice of d. The effort V is defined in

a way similar to E, it is given by

;‘ M

| vl =vitv=IvP. (2.3.10)
=1

The performance error E is minimised with a minimum of effort V by setting zero
elements of W to zero in the inverse of W because this effectively removes the
components of the nullspace from v. Vectors from the nullspace can only increase the

effort, but never decrease the performance cost.

When the equation system is over-determined (more rows than columns), there are
usually no exact solutions. The objective is then to minimise £ for a given right hand
side d, so by substituting the expression for e given by Equation (2.3.6) into the

expression for E given by Equation (2.3.8), we find
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E=ee=(d=Cv)*(d-Cv)=d"d—d"Cv—v"C"d+v"C"Cv. (2.3.11)

Thisis a Hermitiaﬁ quadratic form (Nelson and Elliott 9] Appendix A.5), and it takes

its minimum value

E,=d"(1-[cC] ' -C¥)a, (2.3.12)
when vy is given by

vo=[CC] M, (2.3.13)
provided C has full rank. Note that this is the solution to the equation system,

C'C-v=C"d, (2.3.14)
referreds to as the normal equations (Press et al [71] p.34), which are obtained by

multiplying both sides of the equation Cv = d by C". Thus, for the over-determined

case,

c. =[c'c-cr. " (2.3.15)

pinv

If C does not have full rank, it is nessary to use singular value decomposition to
remove the non-empty nullspace that makes the square Hermitian matrix c’c
singular. Diagonal elements of W that are zero must be set to zero in the “inverse” of

W as indicated by Equation (2.3.4).

When the equation system is under-determined (more columns than rows), there are
usually many exact sotutions. The nullity of a matrix with more columns than rows is
at least § minus R. However, these S minus R dimensions of the nullspace do not
appear in the singular value decomposition of C since we have defined W to be an R-
by-R matrix rather than an S-by-S matrix. Therefore, the pseudo-inverse is calculated
formally by Equation (2.3.3), the same expression as the one used for the square and

the over-determined case. If C has full rank R, then this is equivalent to

c. =c'[c.c (2.3.16)

pinv

If C does not have full rank, it is again necessary to use singular value decomposition

to invert the square Hermitian matrix CC" in the least squares sense.
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The inversion problem has a visual interpretation. Since the performance error E is
quadratic in v, a plot of E against the individual elements of v results in a “bowl-
shaped” surtface, referred to as an error surface (Nelson and Elliott [9] p.110). The
qualitative properties of the error surface depend on C, and its quantitative properties
depend on d. The bottom of the error surface represents the minimum value of £
denoted by Ej. If the null-space of C is'empty, then the error surface is a *proper”
bowl with a unique minimum. This is indicated qualitatively in Figure 2.1a. If C has a
non-trivial null-space, then Ej is not given uniquely by a single point, but for example
by a line, this is indicated qualitatively in Figure 2.1b. However, by changing the
minimisation problem slightly using a technique called regularisation, it is possible to

avoid completely the problem of non-unique minima.

2.4 Ill-conditioning and regularisation

In theory, a singular value is either zero or not zero, but when singular values are
calculated by a numerical algorithm, a true singular value of zero will usually come
out as a very small number (Press et al [71] p.63). It can also happen that the
equaﬁons are close to being linearly dependent, but without being exactly linearly
dependent, that will also result in at least one very small singular value. A very small
singular value ws makes the corresponding element 1/ws in W' very large. This
pbenomenon is called ill-conditioning, and it is usually an undesirable property,
traditionally because it makes the solution very sensitive to small changes in the data
(Wilkinson [104] Chapter 2 Section 28). In our case, ill-conditioning is undesirable
because it tends to make v, very large for almost any choice of the right hand side d.
The j]l—conditionjng is quantified by a condition number K, sometimes referred to as
the spectral condition number (Wilkinson [104] Chapter 2 Section 30), it is defined as

the ratio between the maximum and minimum singular value of C,
Wi
K(C)y=—"%. (2.4.1)
wmin
Note that the condition number is independent of the right hand side d. IlI-
conditioning makes the error surface have very long narrow valleys. At a position near

the valley floor, E is quite close to Ey, but v can still be very far away from vy.

Singular value decomposition overcomes this problem by setting very small singular
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values of W to zero in W', This effectively makes the long valley of the error surface

completely flat, allowing the pseudo-inverse to pick out the point on the valley floor
that is closest to the origin. This point is sometimes referred to as the principal
solution (Press et al [71] p.806). However, even when the influence of very small
singular values is removed, this technique still tends to result in subjectively
undesirable solutions. Furthermore, the singular value decomposition of a matrix can
only be calculated by using relatively sophisticated numerical techniques, and it is
generally quite expensive in terms of computation time and memory requirements

{(Press et al [71] p.60Q).

A better method is to force the inversion problem to have a unique solution by using a

technique called zeroth-order regularisation (Press et al [71] Section 18.4). The basic

idea is to modify the original cost function E slightly by adding another positive
}

definite quadratic term proportional to V. The modified cost function J is given by
J=E+PV, (2.4.2)

and from here on we will refer to BV as the effort cost, and J as the total cost. The
positive real number B determines how much weight to assign to the effort term. By
varying B from zero to infinity, the solution changes gradually from minimizing only
the performance error to minimizing only the effort cost. As opposed to the singular
value decomposition technique, regularisation alleviates the ill-conditioning by
“widening” the narrow valleys of the error surface instead of “flattening” them. The

total cost J can Be expanded into a quadratic form whose value now also depends on
B,

J=ee+ Byiy =dd—d"Cy - vICHd+ v [C'C+B I]v, (2.4.3)
and takes its minimum value

H H “t L H |

J,=d"(1-[ctc+pI)" C Ja (2.4.4)
when

v,=[C"C+B1 - CHd, (2.4.5)

provided CHC+BI is not singular. This expression is valid for all rectangular matrices,
and it is applicable to all inversions problems, over-determined, square, and under-
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determined, because the addition of the term BI to CHC guarantees that CHC+pI is

not singular when [ is greater than zero. The pseudo-inverses defined in the previous
section are the limiting cases of Equation (2.4.5) as B tends to zero. The term [I
effectively shifts all the eigenvalues of the matrix that has to be inverted to the right by

exactly the same amount, . For example, the matrix

~ oy Trool
C=A+Bl=|, |[*B|y |} (2.4.6)

has the two eigenvalues B and 2+, while the cigenvalues of A are 0 and 2. This
eigenvalue-shift is a consequence of the minimax principle described by Wilkinson
[104] Chapter 2 Sections 38-44. The minimax principle makes it possible to calculate
certain bounds for the eigenvalues of the matrix C = A + B, where both A and B are
Hernﬁtian, in terms of the individual eigenvalues of A and B. In the special case where
B is equal to BL all the eigenvalues of A are shifted by exactly the same amount
because all the eigenvalues of B are equal to 3. Since CHC is positive definite, the
minimum eigenvalue of C"C+BI can never be smaller than B. Thus, it is possible to
specify exactly how “non-singular” C should be. However, one has to keep in mind
that a large value of B will minimise the effort cost at the expense of the performance

error. The condition number K of C'C+BI is given by

2 2
K(CPC+BT) =~—’:’VI::‘2 :E ~ mea* , 24.7)

where the approximation is valid when CYC is close to singular. Note that the singular
values are squared in this expression, so if C is ill-conditioned, then CHC is much
more ill-conditioned. This is one of the reasons why direct solution of the normal
equations is usually not recommended (Press et al [71] pp.34-35). A rule of thumb is
to aim for a value of P that puts K in the range between 1,000 and 5,000.
Consequently, if .the largest singular value wmx is known, 3 should be chosen
according to

w
et 2.4.8
<p< 2458)

30
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For such values of B, the solution tends to be well-behaved, judged by subjective

standards.

Even though regularisation is usually a very efficient way of making the solution well-
behaved without increasing the error too much, it still fails in some cases. It is
intuitively obvious that it does not make sense to define the inverse of a matrix
containing all zeros. The only way to deal with problems that are extremely badly

conditioned is to modify the system that originally generated the equations.

2.5 Conclusions

A linear least squares inversion problem Cv = d is usually classified as belonging to
one of three groups according to the difference between its number of equations,
which is the number of rows in C, and its number of unknowns, which is the number
of columns’ in C. When C has more rows than columns, the problem is over-
detérm_ined, when C has equally many rows and columns, the problem is square, and
when C has more columns than rows, the I;roblem is under-determined. Nevertheless,
‘the difference between the number of columns and rows in C is not sufficient to tell
whether its least squares inverse is unique or not, or whether it is exact or not. This
information is contained in the singular value decomposition of C. The more singular
values that are close to zero, the less likely it is that there exists, for a given d, a v
such that Cvy is close to'd. Such problems are said to be ill-conditioned. Apart from
being an undesirable property because it makes accurate inversion difficult, ill-
conditioning is undesirable because it tends to make the norm of the optimal solution
vo very large for a given d. This effect can be alleviated by setting small singular
values of C to zero in its inverse. There is a better way, however, to avoid small
singolar values from corrupting the solution. The technique is called regularisation,
and it is general in the sense that it gives a unique solution for both over-determined,
square, and under-determined problems. It works by penalising large values of v so
that for a set of vs that are constrained to be relatively small, the optimal solution vg 1s
the one that gives the smallest possible performance error. Regularisation is easy to
implement, and it has only neglible effect on the solution when the problem is well-

conditioned.
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a) Empty nuli-space

A Vv
2 .
Unique
minimum
value J;

b) Non-trivial null-space
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minimum
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solution
v,

Figure 2.1. The contours of constant error for a quadratic function of two variables
for a) an empty null space, and b) a non-trivial null-space
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3. Frequency domain analysis

Many engineering problems are more easily described in the frequency domain than in
the time domain. In particular, problems that involve convolution in the time domain
“decouple” in the frequency domain. Translation from one domain to the other is
achieved with the Fourier transform, which is a special case of the Laplace transform.
By assuming that a sound field is created by a number of monopoles in a free field, it
is straightforward to solve the sound reproduction problem analytically, and
numerically, in the least squares sense at any one single frequency @, including zero
(from here on, the terms “monopole”, “source”, and “loudspeaker” will be used
interchangably). The sound reproduction problem is the task of optimally reproducing
a desired sound field at R receivers, or positions, distributed over a “target” area by
controlling the complek input signals v() to S sources. The desired signals d(e) are
defined, and optimally reproduced, in a “listening space”, but they are derived,
conc;:ptually, from a set of recorded signals u(dﬁ) defined in a “recording space”. In
this chapter thé desired signals are taken to be exact copies of the recorded signals.
The inputs to the sources are calculated by passing the recorded signals through a
matrix H(m) of inverse filters. H(w) is calculated by inverting, in the least squares
sense, a matrix C(®) of electro-acoustic transfer functions. The signals that are
reproduced at the R positions in the listening space are w{(®), and the difference

between the reproduced signals and the desired signals are the performance error
signals e().

Tt is intuitively obvious that, when the size of the target area becomes too large
compared to the acoustical wavelength, it is not possible to reproduce the sound field
faithfully with only a few loudspeakers. Likewise, when the spacing between adjacent
microphones becomes too large compared to the acoustical wavelength, or when the
number of microphones is very small, it is not possible to record the sound field
without losing information. This chapter concerns the physical limitations of sound

field recording and reproduction.
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3.1 Continuous time systems

The bilateral Laplace transform H(s) of a signal A(?) 18 defined as (Kraniauskas [112]

Section 3.1)
H(s) =] h(t)exp(—sn)dr . (3.1.1)

The variable s is the complex frequency given by G + jo where both ¢ and  are real.
From F(s), the original time signal A(?) is recovered uniquely by applying the Laplace

inversion formula
hiy=—]" " H d 3.1.2
()= prert B (s)exp(st)ds, (3.1.2)

where the value of ¢ is a convergence factor, a real number that has to be large
enough to ensure that the integral converges (Kraniauskas |1 12} Section 3.2). When

H(s) is written as a rational polynomial,

PO T g | WGy
D) I s=s,)

(3.1.3)

the numerator polynomial N(s) has N; zeros, and the denominator polynomial D(s) has
N, -zeros, referred to as poles. It is seen that, apart from the scaling factor K, the
signal is determined only by the positions of its zeros, s,, and poles, s, in the complex
s-plane (Nelson and Elliott [9] Section 3.4). If H(s) is not exactly a rational
polynomial, it can be arbitrarily well approximated by one (Press et al [71] Section

3.2).

The Fourier transform is a slice of the Laplace transform along the imaginary axis. By

substituting s by j, it follows immediaiely that
+B¢I .
H(jo) =] h(t)exp(~jot)d: . (3.1.4)

The inverse Fourier transform recovers the original time signal A(f), and it is defined

as

1 e
h(1) = QL H( jo)yexp(jor)do, (3.1.5)
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which is a special case of Equation (3.2.1) with ¢ equal to zero. H{(jw) is called the

spectrum of A(f), and H(jw) and h(f) are said to be a Fourier transform pair, this is

denoted by
h(t) & H(jm). (3.1.6)

Often the imaginary unit j is omitted for notational convenience. In that case H(jw) is
written A(m). The total energy E, of the spectrum H(jw) is proportional to the total
energy £, of the time signal. This result is known as Parseval’s formula (Poularikas
and Seely [86] p.182),

+oa 2 I Fom 2 1
= h =4 j = . P B
E =[ _lnofdi=—f |H(jo) do="—E, (3.1.7)

The squaré root of E, is the 2-norm of A(f) in the function space L?, and it is loosely
referred to as the “length” of A(f) and written as 4l (Keener {77] p.61). Two Fourier

transform pairs are particularly important; these are

. _{1 forl<r/i2 _Zsin(mf) i1s

‘ (t)—‘{) elsewhere (@)= o (3.1.8)
and

h(t) = 1 < H(joo) = 21 8(). (3.1.9)

The delta-function & has got infinite energy, it is therefore not possible to realise in
any physical system. In a linear time invariant input-output system, the output y(#) is

the input x(¢) convolved with the impulse response A(z) of the system,
y(£) = x(tyeh(t) = x(Wh(t—T)dr. (3.1.10)
The delta—funcﬁon 8(?) has a “sifting” property (Kraniauskas [112] Section 1.1.5),
()= x(0#8(0) = x(0d(t—)d, (3.1.11)

which means that the delta function is the unit function for convolution, just as the

constant one is the unit function for multiplication.
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For linear time invariant systems, the output spectrum ¥(®) is conveniently calculated
in the frequency domain by multiplying the input spectrum X(m) by the transfer

function H(®) which is the Fourier transform of the impulse response A(z),
Y(m)y= X(0)H(w). (3.1.12)

The system represented by A (or H) is referred to as a filfer. A realisable filter must be
both causal and stable. A filter is causal if its impulse response is identically zero
before time zero (Kraniauskas [112] p.10). This restriction ensures that the output of
the filter does not depend on future values of the input. A filter is stable if a bounded
input always results in a bounded output, the mathematical condition for this is that its

impulse response must be absolutely integrable (Poularikas and Seely [86] p.93),
[ needte < +eo. (3.1.13)

This condition is satisfied if the Laplace transform of A(#) has all its poles in the left

half of the complex plane.

3.2 Acoustic fields and sources

Acoustic fields are described by two physical quantities: the particle velocity vector u,
(3.2.1)

whose unit is m/s, and the sound pressure p, which is a scalar whose unit is Pascal
(N/m2). The particle velocity and the sound pressure depend on both the spatial
position vector X,

d

X=X | (3.2.2)

N
and the time #, but they are not independent of each other (Kinsler et al [44] Sections
5.1-5.6). The spatial variation of u(x,#) is coupled to the time variation of p(x,) by the
linearized mass conservation equation

1 dp(x,1)
¢t ot

+pV-u(x,r) =0, (32.3)
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provided that no mass is injected into the medium. Similarly, the spatial variation of

p(x,t) is coupled to the time variation of u(x,) by the linearized momentum

conservation equation

pa—u%ﬁ-k Vp(x,1) =0, (3.2.4)
provided that no body forces are present in the medium. Two important properties of
the medium in which the sound propagates appéar in the two equations above. One is
¢, the speed of sound, which is the speed by which an acoustic disturbance travels
through the medium. The speed of sound in air is approximately 340 m/s. The other 18
p, the density of the medium. The density of air is approximately 1.21 kg/m3. When

Equations (3.2.3) and (3.2.4) are combined, u can be eliminated. The resulting

equation for the sound pressure p(X,f) is

s oy LOPED
Vip(x.)=——2 7= =0. (3.2.5)

This expression is referred to as the homogeneous wave equation. The time variable
can be eliminated by assuming that the sound field varies harmonically with time,

H
which means that

p(x,1) = p(x)- ™ = p(x)- ™, (3.2.6)

and
u(x, ) =u(x)-e™ =u(x)-¢**, (3.2.7)

where ® is the angular frequency in radians per second and f is the frequency in Hz,
and p(x) and u(x) are complex quantities that depend only on the position. The time
dependent quantities p(X,£) and u(x,f) are now also complex, their real parts contain
the physi_call values of the sound pressure and the particle velocity respectively.
Assuming harmonically varying sound fields leads to the homogeneous Helmholtz

equation (Nelson and Elliott [9] Section 1.10),
(V2 +k%) p(x)=0, (3.2.8)
where k is the wave number, a variable proportional to the frequency given by
f=—m = (3.2.9).
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The unit of k is m'. The acoustic wavelength A is given by

h=—, (3.2.10
I )
so k is roughly six times the number of acoustic wavelengths per metre. Once p(x) is

known, u(x) is calculated from
(x) Ly (x) | (3.2.11)
u(x)=———Vp(x). 2.
Jop

The complex sound pressure p(x) can be split into a magnitude part Ip(x)l and a phase

part ¢y,

p(x)=p(xe. (3.2.12)

The phase ¢, is not uniquely defined by this expression since the complex exponential
function of a purely imaginary argument is periédic with the period 2Zm. An
unfortunate implication of this is that the contours of constant phase of p(x) cannot be
calculated directly by solving Equation (3.2.12) with respect to ¢,. However, it is
clear that a small change in X causes only a small change in p(x), and therefore also
only a small change in exp(j¢). This suggests that ¢, itself does not change too much
when x s changed only slightly and that ¢, is a continuous function (Oppenheim and
Schafer [35] p.346). By summing up all the small changes in ¢, as X moves from some
arbitrary point, say Xo, to X, we can obtain a uniquely defined value for ¢, at x. The
reason why the contours of constant phase are important is that the energy travels
perpendicular to those contours. Transport of sound energy is defined by the vector

quantity I(x,?), it is defined as (Fahy [90] Section 4.3)
I(x,t) = p(x,0)u(x,1). (3.2.13)

I(x,) is the instantancous sound intensity, its unit is W/m®. For harmonically varyin
y Yy varying

sound fields, the complex sound intensity is given by
I(x) =1,(x)+j LX) =3px}u (), (3.2.14)

where 1,(x), the real part of I(x), is the active sound intensity, and I,(x), the imaginary

part of I(x), is the reactive sound intensity. The active and reactive sound intensities
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are linked to the magnitude of p(x), Ip(x)l, and the phase of p(x), ¢,, by the two

expressions
1 2
L) ==55]p0f Vo, (0. (3.2.15)
and
1 |
1(x)= _EEVG pxf). (3.2.16)

The active sound intensity I,(x) indicates the size and direction of the net sound
energy that is transported through the medium, I(x) corresponds to the product of
the components of p(x) and u(x) that are in phase with each other. It is seen that the
net transport of energy is proportional to the spatial gradient of the phase, and this
gradient is perpendicular to the contours of constant phase. The reactive sound
intensity I(x) indicates the size and direction of the energy that is stored in the sound
field without contributing to the net transport of sound energy, I(x) corresponds to
the product of the components of p(x) and u(x) that are out of phase (in quadrature)
with each other. The reactive sound intensity is a measure of how much energy is
converted between kinetic and potential energy during one period 1/f. The

instantaneous kinetic energy density Ewa(X.?) is given by
Eg(x,0)=7pu'(x,1), (3.2.17)

where #(x,7) is the squared Buclidean length of u(x.f). The instantaneous potential

energy density Ep(X,2) is given by

E,(x.t)= pr(x,10). (3.2.18)

2pc’
The sum of Fi(x,5) and Eyn(X,f) is the total energy density Eo(X,1),

Etm(x,r) =E, X0+ E,(x1). (3.2.19)
The unit of energy density is Jam’. The specific acoustic impedance z(x) of a sound
field is defined as the ratio between the sound pressure p(x) and the magnitude of the
particle velocity u(x}, so

] p(x)
Zx)=Z,(x)+jZ (X)= ) (3.2.20)

33



where the real part of Z(x), Z.(X), is the specific acoustic resistance, and the

imaginary part of Z(x), Zm(X), is the specific acoustic reactance. Note that specitic
acoustic resistance and reactance are conventionally denoted by the letters R and X

respectively (Pierce [8] Section 3-3, Kinsler ot al [44] Section 5.10).

The two most basic three-dimensional sound fields are the plane wave and the
spherical wave. The complex sound pressure p(x) of a three-dimensional plane wave

is given by
p(x) = Ae ™, (3.2.21)

where A is a complex constant and k is a propagation vector

& TI
k=|k, | (3.2.22)

L&, ]

whose Euclidean length is IIkll. The contours of constant phase (surfaces in three
dimensional space, lines in two-dimensional space) of a plane wave are perpendicular
tgﬁ the propagation vector k. Since plane waves are easy to understand physically, it is

often useful to decompose a sound field into plane wave components (Maynard et al

[68]).

The sound intensity I(x) of a plane wave field is purely active and independent of the

position,
4" &k |4F
I(x)= 200 K] = 2pe e, (3.2.23)
where
k
e =—- (3.2.24)
i

is the unit vector in the direction of propagation (Pierce [8] p.27). This result shows
that p(x) and u(x) are perfectly in phase everywhere in a plane wave. The specific

impedance of the field is a constant,

Z{(x)=pc. (3.2.25)

34



The product pc is often referred to as the characteristic impedance of the medium

(Kinsler et al [44] Section 5.10). The inverse Fourier transform of the frequency

expression for a plane wave is a function of time given by

e, X

p(x,t)= Ad(t— ). (3.2.26)

C

At time 15, p(X,fo) is a three-dimensional delta function for the positions x that make
the dot product of ex and X equal to cfy. In particular, when £ is zero, p(x,7) is a delta
function for the values of X that are orthogonal to ey This type of signal is sometimes
referred to as a line impulse (Dudgeon and Mersereau [64] Section 1.1.1, Evans et al
[115] p.6). Note that since p(x,f) contains delta functions, it has infinite energy. The
contours of constant phase and the Fourier transform of a plane wave whose

xs-component is zero are illustrated in Figure 3.1a.

Another very basic acoustic field is the three-dimensional spherical field (Dowling and
Ffowcs-Williams [87] Section 2.2). A spherical wave is the output from a monopole
source. When the monopole is postioned at Xp, the sound pressure p(x) of a spherical

wave is defined by

_jk]i"ﬂ‘t) ﬂ

p(x)= A*I—

, (3.2.27)
[x x|

where lIx-xgll is the distance from the source to the field point x, and A is a constant (k
is a scalar here, not a vector). The contours of constant phase are concentric circles
which indicate that the sound propagates away from the source in the centre. The

particle velocity u(x) of the wave is given by

EPENE 5 DU S
u(x) = p(x) pc[l }(x X,), (3.2.28)

k “X“XGH

and the sound intensity I(x) is given by

lAF 1 [ -

= | 1 e I (x =X, ). 3.2.29
R R = 5220

Both p(x), u(x), and I(x) are attenuated with the distance IIX-xoll because of the
spherical spreading of the sound. It is seen that in the near-field, where & times Hx-Xpll

is small, the reactive component dominates, and in the far-field, where & times lix-xoll
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is large, the active component dominates. Apart from the spherical spreading term, the

sound intensity in the far-field is the same as for the plane wave (Blauert [93] Section
1.3.2). For that reason, the wavefronts are said to be locally plane. The inverse

Fourier transform of the frequency expression for a spherical wave is given by

”X - XOM

), o (3.2.30)

p(x,1) A ” o(t—

lx—x,
which shows that for a given value of #, p(x.,f) is a sphere, with radius ct, of delta
functions whose amplitudes decrease as ¢ increases. Note that since p(x,f) contains
delta functions, it has infinite energy. Figure 3.1b shows two-dimensional slices of the

contours of constant phase and the Fourier transform of a three-dimensional spherical

wave.

A point monopole source at X, radiates a spherical field of the type given by Equation
(3.2.27). The spherical field has a singularity at X, the position of the source. A point
monopole source can be thought of as a very small pulsating sphere whose acoustic
output is proportional to its volume velocity, or source strength g. The source

strength g is the product of the surface area A and the surface velocity ua,
q=Au,, (3.2.30)

its unit is m’/s. It is clear that for a very small sphere, 1, must bﬁe very large to ensure
that" ¢ is significantly greater than zero. For this reason, a point monopole is a
hypothetical source which is impossible to build in practice. The sound pressure p(x)
emitted from a point monopole is given by (Nelson and EHiott [9] Section 1.12)

e-jkﬂxfx[)”

X)=joqg- T (3.2.32)
px)=jog7 - l—x,

and it is seen that p(x) is proportional to the frequency. This frequency dependence

can be avoided by using the time derivative of ¢ rather than g itself. We call the time

derivative of g the source acceleration, and use the symbol V to denote its value, so
V= jog. (3.2.33)

The unit of Vis m°/s”. The introduction of V leads to a simpler expression for p(x),
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—Jjk H""‘uﬂ

p(x) ZVZEH’ (3.2.34)

this expression can be used to define the transfer function from a point monopole to a

field point x.

Acoustic sources are formally included in the wave equation as a non-zero right hand
side, the resulting expression is the inhomogeneous wave equation (Kinsler et al [44]

Section 5.14)

1°px,1)  9IG(x,1)
. -

R =S+ VFD). (3.2.35)

Vzp(xnt)_

G(x,?) is the rate of mass being injected into the medium per unit volume, its unit is
kg/(s m*). F(x,?) is the body force per unit volume; its unit is N/m’. A pulsating sphere
in the medium makes G(x,f) non-zero, and when the source is a point, it can be

represented by a delta function. The inhomogeneous wave equation then becomes

, .
Vip(x,1)— 1 Ipx0 = —4TAS(X — X, )’ (3.2.36)

o

and its solution is the spherical wave given by Equation (3.2.27) (Kinsler et al {44]
Section 5.15).

‘3.3 Reproduction of spatially varying sound fields

The objective is to reproduce a desired sound field d(x,), which is specified over a
target area, or volume, £, by using § sources. The transfer function from source s to
a field point x is denoted by Ci(x,0). This is illustrated in Figure 3.2. The reproduced

sound field W(x,®) is a linear function of the complex amplitudes of the source

outputs Vi),

S
W(x,0) = 2, C.(x,0)V,(®) = e(X,0)- (), (3.3.1)
where
cx0)=[Cxe) Cxo - Cxn), (3.3.2)
and
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[V, ()]

v,
v(o))={ () I

v, (@]

(3.3.3)

The difference between the desired sound field D(x,®) and the reproduced sound field

W(x,m) is the performance error E(X,),

E(x,0)= D(x,0)—W(X,0) = D(x,0) —¢(X,0) V(D). (3.3.4)
This is illustrated in Figure 3.3. In the special case where the desired sound field is a
plane wave whose amplitude is unity, the complex sound pressure IX(x,®) of the plane

wave is always on the unit circle in the complex plane for all values of x and . The

performance cost Ex(x,m) measures the absolute value of the squared error, so

(3.3.5)

E (x,0)=
and the total performance cost Eq() is defined as the integral of Ex(x,w) over £2,
j' 2 j 2
Ey(@)= ] |Dx.0) - ex. o)v(@)] d2=| |E(x.0) de. (3.3.6)

Tt is convenient to be able to refer to a normalised error; we therefore define a root
mean squared error Eq,(®) by

JE
E_ () _ P | (3.3.7)

Q

which is a dimensionless measure of the average error per unit area (or volume). The

solution for v(w) that minimises E(), and therefore also Em(®), is given as the

solution to the linear equation system (Keener [77] Section 2.2)
Clo)v{w) = d{w), (3.3.8)
where C(®) is a square Hermitian matrix,

|r<c(°3)c(°))> (C(@),C (@) - (C(co)C(m))
](C ((D)C(cn)) (G, (). C, (@) :

1
i
: |
)= : ; I’
LC((D)C(G)) C(w)C(w)J

(3.3.9)

and
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(c, (m),d(oo)ﬂl
(¢ (), d(@)) 1

I
|
d(®) :{ (3.3.10)

e, (mid(oa))J

The clements of C(®) and d(®) are inner products. The inner product of the two

functions f and g is defined as
(f.8)=].f ® s dQ, (3.3.11)

and it is effectively a generalisation of the dot product between vectors (Rice [21]
Section 2.2, Mautz and Harrington {291, Korner [43] Section 32; the exact definition
varies in the literature). The inner product of a function with itself is its squared

Euclidean length,.

F, | (3.3.12)

(r.5)=If

and if the inner product between two functions.is zero, the functions are said to be
orthogonal. If C(w) is non-singular, then the solution for v(®) to Equation (3.3.8) i8

given uniquely by
Cl(®)d(®) = v(®). (3.3.13)

We now illustrate the method with two examples. First consider the geometry shown
in Figure 3.4a. There are two sources, S, and S, positioned at (-1.4m,-2.4m} and
(1.4m,-2.4m) respectively, and the target area is a 0.5m x 0.5m square whose centre
is at the origin. Thus, the angle covered by the sources is approximately 60°. If the
sources are simple monopoles, then Ci(x,w) and Cy(X,0) are both of the type given by
Equation (3.2.34). The frequency f is 500Hz, so ® is approximately 3142 rad/s. The
corresponding value for & is approximately 9.24m"', which gives an acoustic
wavelength of approximately 68cm when the speed of sound is assumed to be 340m/s.
The desired sound field d(x.w) is a plane wave with an amplitude of unity propagating
along the positive direction of the x; axis, so from Equation (3.2.21)
D(x,m)=¢ ** =7 = e_j%, (3.3.14)

The optimal source accelerations in v(() are given by multiplying the inverse of C{w)

by d(w) as stated in Equation (3.3.13). The elements are of C(w) and d(w) are all
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inner products, and since the target area is two-dimensional, they must be calculated

by surface integrations. Unfortunately, these integrals cannot be solved analytically,
but they can be solved numerically (for acoustical wavelengths longer than the side-
length of the target area, it usually takes a few minutes to perform a surface
integration by using the software package Mathematica (Wolfram [57]) running on a
486 PC. For acoustical wavelengths shorter than the side-length of the target area,
numerical integration rapidly becomes an extremely difficult task). For the example
given above, @ is 3142 rad/s, and so the element C2(3142) in first row and second

column of C(3142) is given by (Equation(3.3.15))

3142 3142
7 0.25 0.25 e}m\,‘(xl+l_4)2+(x2+2_4)2 8717340 1,‘(,\:1——L4)2+(x2+2.4)2
dx,dx,

P
C,(3142) = -
2(G142) [ Gas-as~ (%, + 1A+ (5, 2240 (g —14)" +(x, +2.4)°

47

The value of the integral is approximately 0.0100, so C12(3142) is approximately
93.17x10-6. Equivalently, the first element D,(3142) of d(3142) is given by

_3142\[——2—"—2
)0_25 0.25 ej——340 (x+1.4) +{x+2.4) 3142

D,(3142) =(£ ¢ M7 dxdx,, (3.3.16)

AT ) 525925 \/(x1 +14Y + (x, + 24)?

where the value of the integral is approximately 0.0594470.0368, so D(3142) is
approximately (5.72+j3.54)><10‘3. The matrix C(3142) and the vector d(3142) written

out in full are

[ 153 197 |

Jz 4699 19604

(3.3.17)

C(3142) Z(ZEE

197 153

L 19604 4699 S

and

[ 457 449

7689 " 12208
d3142) == . (3.3.18)
AT 457 449
+Jj
| 7689 7 12208

For notational convenience, the elemenis of C(3142) and d(3142) are given as

rational approximations to the numerical values, the absolute error on the
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approximations is less 10, It is seen that because of the symmetry of the geometry,

Cyi = Cp, Cia= Ca, and Dy =D, Note also that C is entirely real and that the

equation system is well-conditioned, K(C) being less than 1.9. The solution for

vp(3142) is given by
[ 25835 15267 |
+ _
4| 18521 717687
v, (3142) =— , (3.3.19)
P 125835 15267
+j
118521 “ 17687

and the corresponding root mean squared error Eq is approximately 0.29. When both
sources are silent, E is exactly one, so the reduction in the root mean squared error

is just over 70%.

Now consider the geometry shown in Figure 3.4b. There are four sources, Si, Sz, 92,
and S positioned at (-2m,-2Zm), (—0.7m,—2.4ﬁ1), (0.7m,-2.4m), and (2m,-2m)
respectively. The target area is still a 0.5m X 0.5m square whose centre is at the
origin. Thus, the angle convered by the sources has increased to 90 degrees, but since
there are now four sources, it is intuitively obvious that this system ought to be able
to perform better than the previous system with only two sources. By calculating the

surface integrals equivalent to the previous example, we find (Equation 3.3.20)

19 155 , :_49 aw | 55 5

[ 3728 —3mst T8 —Fmwer T J 3207 —Z073 1
2] 155, a0 1447 421 _am .5
3142 P —3403 — J 1318 35034 4124 77661 — J 3207 l
& ) - 4 | 303 ;3 423 1447 __ 155 . 49 |
T | — 27661 — J 3207 4124 3593 5403 ™ J 15318
5 38, ;5 155, ;_49 119
- 3073 —Sel T ] w3 T )15 3728

and

p | 35— Jj3or
CIEURS s | | (3.3.21)
9341

T
The condition number K(C) of C(3142) is close to 100, so the equation system is still

well-conditioned. The solution for vo(3142) is
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581 _j5263
v,(3142) =—{ s 2 (3.3.22)

and the corresponding root mean squared error Emy is approximately 0.037, which is
about cight times smaller than the value for Ep in the previous example. This
confirms, not surprisingly, that the system comprising four sources is superior to the
system comprising only two sources for this particular choice of target area and
desired sound field. Figure 3.5 illustrates this for each of the two cases by showing
how well the plane wave is reproduced spatially in the (x1.x;)-plane. Figures 3.5a, b
and ¢ show the sound field reproduced by the two sources whose inputs are given by
Equation (3.3.19), Figures 3.5d, e, and f show the sound field reproduced by the four
sources whose inputs are given by Equation (3.3.22). All six plots show the
reproduced sound field inside a 2m X 2m square as indicated in Figure 3.4. Figures
3.5a, b, d, and ¢ are “snapshots” of the instantaneous value of w(x) at one particular
time during a cycle. Figures 3.5¢ and f show the contours of constant phase, which
indicate the direction of the active energy flow. It is seen that the plane wave is
reproduced more accurately, and over a larger area, by the four sources than by the

two Sources.

3.4 Sampling of spatially varying sound fields

Even though in theory it is possible to calculate the optimal source accelerations that
are necessary in order to reproduce a desired sound field, the properties of the desired
field are not known exactly in practice. Furthermore, as the frequency increases, it
becomes increasingly difficult to evaluate the numerical integrals that determine the
elements of C(®) and d(®). In practice, the desired sound field is recorded by a
number of microphones. This is equivalent to a spatial sampling of the field. Spatial
sampling is a phenomenon that is well known in other engineering disciplines such as
digital picture processing (Rosenfeld and Kak [33]) and acoustical holography
(Hildebrand and Brenden [15]).

If a sound field d(x), for example a plane wave, is observed only over a square whose

sidelength is /, then the “windowed” plane wave dwin(X) is given by
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d o (X} = d (X) f 0 (X, (3.4.1)

where

e fwm[tlﬂz{l for |x,| < 1/2, \x2|<l/2. 542

0 elsewhere

The function fui,(X) that modifies the original sound field is referred to as a “window”,
or weighting: function (Dudgeon and Mersereau [64] p.118). This function can be
thought of as a filter whose effect on any spatial signal can be quantified by analysing
the modification of the spatial spectrum of the original signal. The spatial spectrum
F(K) of a two-dimensional spatial signal f(x) is equivalent to the frequency spectrum
of a time signal, and it is defined as a two-dimensional Fourier transform of f(X)

(Hildebrand and Brenden [15] Section 5.1.2),

F(k) =J:. f(X)g_jx‘kdX = } ojf([j j]) e_f(klxl+kéxz)dxldx2 ' (3.4.3)

2

—c 00

The two—diménsional Fourier transform effectiifely decomposes a sound field into
plane wave components, each propagating in a direction given by the two-dimensional
wave vector k and a spatial frequency given by the Buclidean length of k (we will not
consider evanescent waves as discussed by Maynard et al [68]). As with one
dimensional signals, multiplication in one domain corresponds to convolution in the

other, so
D, (k)= Dk)* F, (k), (3.4.4)

win

where capital letters denote two-dimensional Fourier transforms. Two-dimensional

convolution is a natural generalisation of one-dimensional convolution, it is expressed

P kl kl — 0
Dy, ()= | J’Dﬂk D me([k a D doi,dot., . (3.4.5)
N 2 2 2

The spatial spectrum of a plane wave D(K) is a single delta function whose position

as

corresponds to its wave vector kp,

D(k)=5(k-Kk,). (3.4.6)
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Thus, when the spatial spectrum of a plane wave is convolved with that of a weighting
function, the net result is that the spectrum of the weighting function is shifted by the

amount Kp,

D, (kK)=F

win

(k—-k,), (3.4.7)

this is illustrated in Figure 3.6. The spatial spectrum of a square with sidelength [ is

given by (Rosenfeld and Kak [33] Section 2.1.3)

sin(k, - %) sin(k, - 5)
k P

Wk)=4 (3.4.8)

1

The spectrum of a square weighting function is a product of two sin(x)/x functions
(Rosenfeld and Kak [33] p.13), the zeros of the sin(x)/x function are located at odd
multiples of 27/, The larger the square, the closer to the origin is the first zero of its
spectrum. In the limit, when the square covers the whole (x;,x;)-plane, its spectrum is
a single delta function positioned at the origin. Since the delta function is the unit
. function for convolution, this confirms that, if the square 18 sufficiently large, no
significant information about the original sound field is lost. However, in the case of a
0.5m x 0.5m square, the first zero of the épectrum of the weighting function occurs
when kIl is approximately equal to 12.6m-! which corresponds to a frequency of
680Hz. This means that the spatial spectrum of a sound field containing only one
frequency component, such as a plane wave, is quite severely modified. This smearing
of the true spectrum is well-known from the time-frequency analysis, where a suitable
window function is usually used to reduce the undesirable spectral effects caused by
the multiplication by the weighting function (Oppenheim and Schafer [35] Section
5.5).

When only a finite number of microphones are used to record the sound field within a
finite area, the sound field is sampled spatially. The spatial sampling is described
mathematically by a weighting function fu(X), which is a weighted sum of R delta
functions, each one positioned at the location x, of a microphone, therefore

Q R
fo® =§Za(x—x,), (3.4.9)

=1
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where Q is the size of the area over which the sound field is sampled. The spectrum

F3(k) of a single delia function at X, is given by
E k)= e (3.4.10)

and since the Fourier transform is linear, the spectrum of f,(X) is given by
Q& .
F (k)= ;26‘”"‘* e (3.4.11)
r=1 ’ .

This result can also be derived by sampling the function on an infinite lattice after
windowing it (Hildebrand and Brenden [15] Section 5.1.2, Rosenfeld and Kak [33]
Sections 4.1.2-3, Dudgeon and Mersereau [64] Section 1.4). O_ne of the advantages
of using a sampling lattice is that it reveals the periodic structure of the spectrum ofa
sampled signal. Here, we {lustrate the spectral effects of spatial sampling with a few
examples. Figure 3.7 shows the magnitudes of four spatial spectra in the range from
Ikl = -20m™ to 20m™ (Ikil equal to 20m™ is equivalent to a frequency of 1080Hz).
Each of the four spectra corresponds to a weighting function defined on a
0.5m x 0.5m square. Figure 3.7a shows the spectrum of the continuous weighting
function given by Equation (3.4.2). Figure 3.7b shows the spectrum for a 5-by-5
“microphéne” array, it is seen that it is quite similar to that of the continuous
weighting function. Figures 37¢ and d illustrate the periodic structure of the spectrum
for a 3-by-3 and a 2-by-2 microphone array respectively. Note the many repetitions of
the part of the spectrum that is concentrated near the origin for the 2-by-2 array.
These repetitions are referred to as “images”. As the number of microphones
decreases, the images move closer to the origin. When there is only one microphone,
the magnitude of the spectrum is constant for all values of k, which means that there
is no spatial information in the sampled sound field. When the number of microphones
is very large, the images arc very far away from the origin, and the part of the
spectrum of the weighting function that is near the origin is almost identical to that of
the continuous weighting function. The normalisation factor Q/R in Equation (3.4.11)
ensures that the sum converges as R tends towards infinity. The convergence can be
proved formally by applying the scaling property of two-dimensional Tourier
transforms to a windowed comb function (Rosenfeld and Kak [33] Sections 2.1.3-4).

The windowed comb function is a set of delta functions defined over the square, and
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the scaling property gives an expression for the spectrum as a function of the

“density” of the delta functions.

When a two-dimensional sound field is known only over a finite area €, it is
intuitively obvious that some information about the original sound field is inevitably
Tost. The information in a sound field is defined as the number of samples of the ficld
that are necessary in order to reconstruct the field perfectly from its sampled values
(Hildebrand and Brenden [15] Section 5.2). Thé basic rule is that no information is
lost if at least two samples are taken per wavelength. The general formulation is that

no information is lost if the number I of samples taken is at least
I=FQ, (3.4.12)

where F is the size of the support of the spatial spectrum (Dudgeon and Mersereau
[64] p.176). The support of a spectrum is the set of arguments for which the spectrum

is non-zero. For a two-dimensional square whose sidelength 1s £, I 1s given by

(2fual ¥ [ 20 )
1_[ : j“(xmj’ | (3.4.13)

where fi. 18 the signal’s highest frequency component, and Ay, is its corresponding

acoustical wavelength. For a 0.5m X 0.5m square, [ is approximately 2.16 when f.x is

500Hz. For a three-dimensional cube whose sidelength is /, I is given by

3
1 =(2fza‘£j z[fl J . (3.4.14)

When [ is one meter and fua is 17kHz, I is one million (1.000.000). Consequently,

one million microphones are necessary in order to record a sound field in a
Im X 1m x 1m cube over the full audio bandwidth without loosing any information
(Gerzon [13]). It is worth pointing out that the expression for / does not take into
account any a priori information about the sound field. For example, if the sound fieid
is known to be a plane wave, then the sound field is specified completely not just in
Q. but in the entire three-dimensional space, by its wave vector kp plus a complex
amplitude. In that case, only a few samples are necessary to determine the sound field

completely.
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3.5 Reproduction of spatially sampled sound fields

It is now assumed that a spatially varying sound field is sampled by R microphones in
a “recording” space (equivalent to “source space” in Cooper and Shiga [37]). The
objective is to use these {ecorded signals to reproduce the sound field at geometrically
similar positions in a listening space. This is illustrated in Figure 3.8. Since there are R

recorded signals U (), there are also R reproduced signals W(®) and R error signals

E,(®), so
(U (o) ] [ Wi(w) | [ E(w) ]
uw e - W= o - e)= e | (3.5.1)
LU (@] L, (@) LEx(0)]

The reproduced signals are calculated by adding the contributions from all the sources.

together, so

w(o) = Clo)v(w), (3.5.2)
where
[C® Cu@ - Cgl)]
c@)={ Czlg(co) cﬂE(m) ::: i 353
[Cal@ o Cr@)

The R times S matrix C() contains the transfer functions from each source to each
microphone. There is a row in C(w) for each microphone, and a column for each
loudspeaker. The source input vector v(®) is a column vector with § components as
| given by Equation (3.3.3). Equation (3.5.2) is equivalent fo Equation (3.3.1). The

desired signals d(w) are exact copies of the recorded signals u(w), so
d(®) =u(w). (3.5.4)

The error signals e(m) are given by the difference between the desired signals and the
reproduced signals, and by substituting Equation (3.5.4) into Equation (3.5.2), we
find

e(®) = d{w) — w(w) = d(w) - C(o)v(w), , (3.5.5)
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this expression is equivalent to Equation (3.3.4). It is now possible to solve the linear

equation system
Co)v(e=d®) (3.5.6)

in the least squares sense as a function of v(®). A performance cost E(®) equivalent to
Equation (3.3.5) is defined according to Equation (2.3.8),
R

E(w=Y,

r=1

e, () =e* (e(w). | (3.5.7)

and a root mean squared error Eq () equivalent to Equation (3.3.7) is defined as

E(my

R (3.5.8)

E_ (@)=

which is a measure of the average error per microphone. Equation (2.4.5) gives the

solution vo(®) that minimises E{®) as a function of v(w),
v (@ =[C*(@C@+B 1] -C*(@d(w) (3.5.9)

for any choice of the desired signals d(®). Consequently, if the desired signals are

passed through a filter matrix Ho(e) given by
H, (o) =[C' @ C+p 1 - C*(w) (3.5.10)

before they are input to the loudspeakers, the error is minimised for any set of
recorded signals u(w). The S times R matrix Hy(m) is referred to as the inverse filter
matrix, its input is a vector of recorded signals, its output is a vector containing the
inputs to the loudspeakers. It is seen that Ho() is the pseudo-inverse of C(w) with an
optional regularisation factor 3. The problem is shown in block diagram form-in
Figure 3.9. Trott [113], in 1964, was the first to use this type of filter design to
reproduce a single-frequency plane wave in the least squares sense. Van Buren {109]
later refined Troit’s technique so that any desired sound field could be reproduced
optimally in the least squares sense. However, the optimal filter matrix only
implemented simple phase and gain adjustments, referred to as “shadings”, the optimal
filters were therefore independent of the frequency. In 1978, Van Buren [94] also
included a regularisation factor in his filter design. This technique was already known

from work on antenna patterns (Mautz and Harrington 1291).
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It was demonstrated in the previous section that the spatial spectrum of a sampled

sound field converges to the spatial spectrum of the continuous sound field as the
number of microphones tends towards infinity. Consequently, the solution vo{®) must
also converge to the solution for the continuous case given by Equation (3.3.13), and
so must the root mean squared eITor Epy. An example of the convergence Of Eimg is
illustrated in Figure 3.10 for the geometry shown earlier in Figure 3.4a (two point
monopoles at (-1.4m,-2.4m) and (1.4m,-2.4m), 0.5m x 0.5m square target area). The
desired sound field is a plane wave travelling along the positive x,-axis, and its
frequency is 500Hz. Figure 3.10 shows Em, as a function of R'?, which is the square
root of the number of microphones used inside the target area. The microphones are
evenly spread over the target area as indicated by Figure 3.7 for the cases R equal to
4, 9, and 25. The sources are assumed to be point monopole sources, so all the
electro-acoustic transfer functions contained in C(w) are of the form given by
Equation (3.2.34). It is seen that Em, converges relatively slowly to the limit value
0.29 for the continuous case. The convergence is guaranteed because the scaled
normal equations
%[CH (0)C(®)]v(w) =%CH () d(®) (3.5.11)

approach Equation (3.3.8) since the -vector dot product approximates the inner

product with increasing accuracy as R becomes larger (Keener [77] p.5).

3.6 Reproduction of plane wave sound fields

We now investigate quantitatively the extent to which a number of monopole sources
can reproduce a harmonic plane wave as a function of its frequency f and its angle of
incidence 6,,;. The parameters uséd to specify the plane wave are shown in Figufe
3.11. As indicated in Figure 3.11a, when 0, is measured in degrees, 8.1 = 0° means
that the plane wave is going to the ‘right’ in the positive direction of the x;-axis, a0 =
90° is ‘up’, O = 180° is ‘left’, and B = 270° is ‘down’. Thus, for the plane wave
considered in the previous examples, O, is 90° and f is 500Hz. A component of the
plane wave in the xs-direction is indicated by a separate parameter, By, (subscript ver

is for vertical). When the value of 8y is not given explicitly, it is assumed to be zero.
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Since the solution to the discrete sound reproduction problem converges to the

solution of the continuous problem, it is reasonable to assume that there is a certain
“density” of the microphone array beyond which the solution no longer depends on
the number of microphones. As mentioned in Section 3.4, no information is lost if at
least two microphones per wavelength are used, so a crude estimate for the maximum
spacing between adjacent microphones is half a wavelength. The four plots in Figure
3.12 illustrate that this simple result is remarkably accurate. The four plots show the
optimal total source input Ilvoll calculated without regularisation (see Equation
(2.3.10)), for four microphone arrays when the frequency and angle of incidence of
the plane wave are in the ranges OHz < f' < 3kHz and 0° < 0, < 180°. The sources and
the target area are the same as in the previous examples, the geometry is shown in
Figure 3.4a (two point monopoles at (-1.4m,-2.4m) and (1.4m,-2.4m), 0.5m x 0.5m
square target area). The results shown in Figure 3.12a are calculated by using a
“dense” 9-by-9 microphone array, it can be considered to be a “reference” because it
is effectively uncontaminated by spatial aliasing. Figures 3.12b, ¢ and d show the
equivalent results for a 5-by-5, 3-by-3, and 2-by-2 microphone array respectively. It is
seen that compared to Figure 3.12a, spurious peaks start to appéar at approximately
2.8kHz for the 5-by-5 array, 1.4kHz for the 3-by-3 array, and 700Hz for the 2-by-2
array. The acoustical wavelength at these frequencies is almost exactly twice the
distance between adjacent microphones in each case. Consequently, two microphones
per wavelength is not quite enough to avoid the effects of spatial aliasing completely.

A rule of thumb 1s to use at least three microphones per acoustical wavelength.

The three different layouts of loudspeakers and microphones shown in Figures 3.13a,
b, and c are used to illustrate the general behaviour of the error E, and the solution
vp. These three arrangements have been chosen to correspond approximately to a) a
“conventional stereo” loudspeaker layout, b) a four loudspeaker layout which roughly
mimics “guadraphony”, and c¢) a “narrow-arc” four-loudspeaker arrangement. A
“dense” 9-by-9 microphone array is positioned in a target area which 18 2 0.5m x 0.5m
square centred at the origin of the coordinate system, consequently the effects of
spatial aliasing are insignificant. These arrangements model the situation in a normal
living room quite well, the microphone array represents a listener sitting

approximately 2.5m away from each of the speakers (a realistic model of a living
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room would also have to include room reflections). If the sound field is well
reconstructed over the entire microphone array, the listener would not have to sit
completely still, but he can move his head moderately and still expetience a good

spatial reproduction of the sound field.

Figures 3.14a, b, and c illustrate some of the limitations that inevitably apply to any
sound reproduction system. The three figures show Fms for each of the configurations
in Figure 3.13 as a function of the frequency f and angle of incidence 8. of the plane
wave. Consider first the effect of changing the angle of incidence. When the angle
‘corresponds to the plane wave coming directly from one loudspeaker, Erms is small. As
the angle moves away from one loudspeaker and towards another, Ems goes up,
reaches a local maximum, and then goes down again as the angle approaches the
adjacent loudspeaker. The greater the angle between the two speakers is as seen from
the centre of the target area, the greater is the peak value of Enms. When the angle
moves outside the loudspeakers, Fims approaches 1 rapidly. These results agree well
with general experience gained from listening (ests, they show that if the angle
between two loudspeakers is greater than 60°, it sounds as if there is a “hole” in the
middle, while location is excellent when the sound comes directly from one
loudspeaker only (de Boer [7], Theile and Plenge [55], Eargle [91] p.77). Now
consider the frequency dependence. At very low frequencies, Ems is small and almost
independent of the angle, which indicates that there is very little directional
information in the recorded signals. This happens because the target area is very small
compared to the acoustical wavelength; therefore there is not enough phase variation
over the target area to discriminate the direction of arrival of the plane wave. As the

frequency increases, the “holes” between adjacent loudspeakers start to appear, and it

is evident that any loudspeaker arrangement eventually fails above a certain frequency
because the angle between adjacent loudspeakers is too large. In this respect,
guadraphony looks almost useless, and even the conventional stereo arrangement
works well only up to about 600Hz. The four-loudspeaker arrangement cOvers 90° up
to over 1000Hz with only moderate errors (Ems = 0.5 at 12001z). In practice, it is
; | difficult to increase this upper frequency limit further becanse the sound field is too
complex to reconstruct with only a few loudspeakers when the target arca is more

than just a few wavelengths long. In theory, this problem can be overcome by
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increasing the number of loudspe.akcrs, but this is not an attractive alternative, first
because it is impractical, and secondly because it is well known from experience with
active control systems that the harder one tries to control the sound in one region, the
more unpredictable and undesirable effects one gets outside that region (Nelson and

Elliott [9]).

The least squares error is the most important measure of whether a given plane wave

can be reproduced at all. If the least squares error is close to 1, it is a waste of effort

to even try to make use of the solution. The model should reflect this fact by giving

small values for the total source input lIvgll when En is large. This is a way of saying

 that silence is the worst approximation to a plane wave. If the least squares error is

small, llvgll should have a moderate value, almost independent of the angle and the

, frequency, indicating that the effort goes into creating the plane wave and not into
producing unwanted side-effects somewhere else outside the target area. Figures
3.15a, b, and ¢ show how lIvll varies for the “stereo”-, “quadraphony”- and the
*narrow-arc” arrangements respectively. At high frequencies, the results are exactly as
described above. There is an almost perfect negative correlation between E.., and
llvoll. However, for moderately high frequencies, Ilvgll increases outside the interval
that the loudspeakers are supposed to cover, and it even takes its peak value outside
this interval. This is because the loudspeakers try hard to make an interference field
that matches the plane wave and, as seen from the corresponding plots of Eu, they
succeed quite well in doing so at low frequencies but not so well in the mid- and high-

frequency range.

The conditioning of the equation system is illustrated in Figure 3.16. The left column

shows the largest and smallest singular value of CYC+pI, the right column shows the

condition number of CPC+BL It is seen that the largest singular value is largely
independent of the frequency, whereas the smallest singular value takes its minimum
value when the frequency is zero. Once the largest singular value is known, the value
of the regularisation parameter B can be calculated by using Equation (2.4.8).
According to Equation (2.4.7), a value of 0.0002 for [} should give a condition

, number of approximately 2500 if the largest singular value is 0.5, and the results

i shown in Figure 3.16 are in good agreement with this prediction. Since the

i
T
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regularisation has a significant influence on the smallest singular value, but only
neglible effect on the largest singular value, the net effect is a reduction of the
condition number at low frequencies where the ill-conditioning is worst. The ill-
conditioning is worst at low frequencies because there is very little variation between
the phase of the different elements of C(w}. They only differ by their amplitudes. In
the limit when the frequency is zero, all the elements of C(w) are real. It is difficult to
make any other general staternents about the condition number for the equation
system generated by a certain layout of loudspeakers and microphones. Addiiion of
more loudspeakers tends to make the conditioning worse, and it also looks like
layouts that have a high degree of geometrical “symmetry” tend to be badly
conditioned. Certain symmetric loudspeaker-microphone layouts make C(®) singular
for all frequencies. This happens when the “inverse distance matrix”, which contains
the inverse distances from the loudspeakers to the microphones, is singular (see later

discussion in Section 6.3).

3.7 Direction-of-arrival reproduction

It is not surprising that, with only a few Ioudspeakers, it is not possible to control the
sound field around a single listener’s head at frequencies higher than a few kl1z unless
the angle of incidence corresponds to the position of a loudspeaker. Consequently, in
order to reproduce a plane wave with a high frequency, the best that can be done is to
radiate sound only from the loudspeaker whose position correspond to the angle of
incidence of the plane wave. We refer to this type of reproduction as direction-of-

arrival reproduction. The principle is illustrated in Figure 3.17.

As demonstrated in the previous section, a large mean squared error indicates a poor
reproduction of the sound field, which means that the optimal solution is almost
entirely useless for the purpose it is designed for. On the other hand, a small mean
squared error does not necessarily mean that the “right” speaker switches on for the
“right” angle. This is indicated in Figure 3.15¢ by some large source inputs for angles
of incidence well outside the range of angles that the sources cover. We now look at
the individual source outputs that add up to the results shown in Figure 3.15¢. Figure
3.18 shows the mean squared error Eg,, the total source input llvll, and the four

individual source inputs Vi, V3], [V5l and {V4l in polar form for the two frequencies
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1kHz (left column) and 500Hz (right colamn). The individual source inputs for f equal
to 1kHz confirm that the source “closest” to the direction of the plane wave
dominates, and that the sources do not radiate too much sound as the angle moves
outside the loudspeakers. However, this is no longer true when the frequency is
decreased to S00Hz. A simple way to avoid making the system try to reproduce
angles of incidence in the recorded field that are not covered by the speakers is to use
an additional number of “imaginary” speakers for the design of the filter matrix. The
additional speakers must be positioned in such a way that all angles are covered by
either a real or an imaginary speaker. For each imaginary speaker, there is an extra
column in C, and consequently also an extra row in H. The extra rows and columns
must then be discarded before passing a set of recorded signals through the system.
An example of this technique is given in Figure 3.19. However, since phase variation
is not taken into account, this approach might not work. From here on, we only

consider loudspeaker setups that cover the full 360° in the {x1,x2)-plane.

The physical limitations that apply to sound field reproduction also apply to direction-
of-arrival reproduction. Compared to the wavelength, the target arca must still not be
very small or very large, and the spacing between adjacent microphones must still be
relatively small. In order to make the direction-of-arrival system work at frequencies
above 1kHz, the target area must be quite small, for example a Sem X 5cm square.
When the target area is that small, it is difficult in practice to use a large number of
microphones. Since it is not desirable to use a large number of microphones anyway,
it is natural also to consider the use of fewer microphones than loudspeakers. The
minimum number of microphones for direction-of-arrival reproduction is three
because a microphone array consisting of only two microphones is effectivly one-
dimensional. Until now, all microphone arrays have been arranged on a square grid.
This sampling scheme has the advantage that it is easy to analyze mathematically.
However, the microphone array can also be arranged on a circle, or a set of circles,
this sampling scheme sometimes performs better than the square grid (Hildebrand and

Brenden [15] Section 5.3).

The four different microphone arrays shown in Figure 3.20 are now compared. The
four arrays are referred to as a) 3-by-3, b) 2-by-2, ¢) circular 3 plus centre, and d)

circular 3 respectively. Each microphone array covers an area of approximately
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25¢m2. The loudspeaker arrangement is the same in each case, eight loudspeakers are

positioned in a “perfect” circle whose radius is approximately 2.83m. Figure 3.21
shows the largest and smallest singular value of C and the condition number K of
CHC as a function of the frequency for each of the four microphone arrays. The value
of K(f) is the squared ratio between the largest and the smallest singular value of C(f).
It is seen thal the largest singular value is almost independent of the frequency
whereas the smallest singular value tends to increase with the frequency, and it takes
its minimum at 0Hz. Note that the smallest singular value decreases significantly at
low freqencies when a centre microphone is added to the circular 3 array. This
effectively means that adding the centre microphone does not increase the rank of
C(f) at low frequencies, and it is an example of how a high degree of symmetry in the
layout of loudspeakers and microphones can lead to ill-conditioning. According to
Equation (2.4.8), a regularisation factor B of 0.00002 is chosen for all four

microphone arrays to avoid the ill-conditioning at low frequencies.

Figure 3.22 shows the input 1Vil to source number one, which is positioned at
(Om,-2.83m), as a function of the frequency f and the angle of incidence B, of the
plane wave for each of the four microphone arrays. Each of the four plots has a “main
lobe™ at 6;01 = 90°, this value corresponds to the angle that is covered by the source.
Ideally, the main lobe is narrow and much larger than the “sidelobes”. The most
desirable input IV}l is achieved with the 3-by-3 array. Not only is the frequency at
which spatial aliasing start to occur significantly higher than for the other three
microphone arrays, the main lobe is also significantly narrower. The reason for this
has to do with the compromise made by minimising the sum of the performance cost
E and the effort cost BV. When there are more microphones than loudspeakers, it 18

not possible to drive E to zero; consequently the effort cost BV is relatively small

compared to the performance cost E. The regularisation therefore works very well in

the over-determined case; it prevents the loudspeaker outputs from becoming very
large, but it still makes the sound come mainly from the loudspeaker that corresponds
to the angle of incidence of the plane wave in order to prevent the performance cost
from becoming too large. When there are fewer microphones than loudspeakers, there
are many solutions that all give zero performance cost, consequently E is relatively

small compared to BV. Since the effort cost is the dominating term, the system tends
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to “distribute” its power to several loudspeakers rather than just a single one. For
example, if four loudspeakers each give an output of magnitude 1, then the total effort
V is 4. However, if one loudspeaker gives an output of magnitude 4, then the total
effort V is 16. Furthermore, at very low frequencies the inversion problem is so ill-
conditioned that the total effort goes. down because of the use of regularisation. This
phenomenon is demonstrated by Figure 3.23 which shows the total loudspeaker input
lIv,ll for a) the 3-by-3 microphone array and b) the circular 3 array. It is seen that livoll
is largely independent of 0., apart from at very high frequencies, but that Hvoll
decreases with the frequency. Figure 3.24 shows 1V;| as a function of frequency for a
fixed angle of incidence of 90° for a) the 3-by-3 microphone array and b) the circular
3 array (same arrays as used in Figure 3.20). Thus, the two plots are slices of Figures
3.22a and 3.22d along the frequency axis. The output is small at low frequencies in
both cases because the inversion problem is ill-conditioned. There does not seem to be
a simple way of telling exactly how ill-conditioned the problem is at low frequencies

(see later discussion in Section 6.3).

Finally, we consider the effect of plane waves that come in from outside the horizontal
(x1,x2)-plane. As shown in Section 3.6,.attempting to reproduce a plane wave whose
angle of incidence is not covered by the loudspeakers usually leads to undesirable
results, particularly in terms of direction-of-arrival reproductibn. Figure 3.25 shows
the input V3] to loudspeaker number one for the three values a) 30° b) 45°, and ¢) 70°
of the vertical component O of the plane wave (see Figure 3.11b) when ihe
microphone array is the circular 3 (see Figure 3.20d). It is seen that |V,l, as expected,
becomes less dependent on Oy, as 0,., increases. When Oy 18 30°, |V, is very similar to
the case where the plane wave is in the horizontal plane (see Figure 3.22d). This
means that even a relatively large vertical component has little influence on the source
inputs. The reason for this is that since the microphone array is “flat”, having all the
microphones positioned in the (x; .x,)-plane, the system does not have any “resolution”
in the vertical direction. Thus, the influence of unwanted vertical components is not

likely to cause any problems.
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3.8 Conclusions

The results of the frequency domain analysis demonstrate some of the physical
Jimitations that apply to sound field reproduction. The quality of the reproduced
sound field is mainly determined by three parameters. The first is the size of the target
area, the second is the angles betweeﬁ the loudspeakers as seen from the cenire of the
target area, and the third is the distance betweén adjacent microphones. The maximum
dimension of the target area is of the order of a few acoustical wavelengths.
Specifically, it is possible to reproduce a sound field over a 0.5m x 0.5m square for
frequencies below 1kHz with four loudspeakers per 90°, assuming that spatial aliasing
is not introduced by using a too large microphone spacing. In order to avoid spatial
aliasing, a rule of thumb is to use three microphones per wavelength. Nothing is
gained by using a denser microphone array. For direction-of-arrival reproduction, a
desired sound field recorded with three, or four, microphones can be produced over a
5cm X Scm target area at frequencies up to approximately 4kHz. Here the limit is set
by spatial aliasing. At very low frequencies, the inversion problem is usually ill-
conditioned, so in order to avoid very large loudspeaker outputs it is necessary to use

regularisation.
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Figure 3.1. Two-dimensional slices of the contours of constant phase and the time
domain representation of a) a plane wave whose X,-component is zero, and b) a

three-dimensional spherical wave
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Figure 3.2. The transfer function C,(x,m) from a source to a field point x. The
sources are filled black spheres
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Unit circle
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Figure 3.3. The relationship between the desired signal D(x,m), the reproduced
signal W(x,m), and the error E(x,®) at a field point X. When the desired signal is a
plane wave whose amplitude is one, D(x,®) is on the unit circle
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Figure 3.4. Two geometries used to calculate the optimal inputs v, to the sources and

the reproduced sound field w(x). The target area is a 0.5m x 0.5m square, the desired
sound field is a plane wave with a frequency of 500Hz travelling parallel to the

positive direction of the x,-axis
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Figure 3.5 (first page of two). The sound field w(x) reproduced by optimally
adjusting the two sources shown in Figure 3.4a. The frequency is S00Hz, a) is a 3D
time "snapshot" of w(x), b) is a 2D contourplot of a). ¢) shows the contours of
constant phase, the distance between adjacent contours is 180°
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Figure 3.5 (second page of two). The sound field w(x) reproduced by optimally
adjusting the four sources shown in Figure 3.4b. The frequency is 500Hz, d) is a 3D
time "snapshot" of w(x), ¢) is a 2D contourplot of d). f) shows the contours of
constant phase, the distance between adjacent contours is 180°
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Figure 3.6. An example of the modification of the spatial specirum D(K) of a pla.ne
wave by the window (or welghtmg) function F. m(k)
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a) continuous

b)

Figure 3.7 (first page of two). Spatial spectra for a) a continuous, or very dense,
microphone array, and b) a 5-by-5 microphone array.
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d) 2-by-2

Figure 3.7 (second page of two). Spatial spectra of ¢) a 3-by-3 microphone array, and
d) a 2-by-2 microphone array. The repetitive structure of the spectra are images

resulting from the spatial sampling
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Figure 3.8. An illustration of the concepts of "recording space” and "listening space”
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Figure 3.9. The sound reproduction problem in block diagram form when the desired

signals d(w) are exact copies of the recorded signals u(w)
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Figure 3.11. Definitions of the parameters a) 8., and b) 0, that specify the direction
of the desired plane wave
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Figure 3.12 (first page of two). The influence of the microphone spacing on the total
source input Ilv,ll, 8) for a 9-by-9 microphone array, and b) a 5-by-5 microphone
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Figure 3.13. Three layouts of sources (black spheres) and microphones (white
spheres) that roughly mimic the listening situation for a single listener
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Figure 3.16. Singular values and condition numbers of the equation systems that are
used to calculate the results that are shown in Figures 3.14 and 3.15
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Figure 3.18. The root mean squared error E,, total source input liv,ll, and individual
source inputs as a function of the angle of incidence 6, at the frequencies 500Hz and
1kHz. The geometry of the problem is the narrow-arc layout shown in Figure 3.13c
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Figure 3.19. An example of how to use "imaginary” loudspeakers to avoid large
outputs from the real loudspeakers for angles of incidence outside the range that are
covered by the real loudspeakers
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Figure 3.20. Four ditferent microphone arrays that all cover an area of approximately
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- 4. z-domain analysis

- In the same way that frequency domain analysis can provide an understanding of the
basic physics of sound reproduction, z-domain énalysis can provide an understanding
of ‘the basic properties of the digital filters necessary to implement the inverse filter
matrix in discrete time. As in the chapter on frequency domain analysis, it is
straightforward to calculate a matrix H(z) of exact least squares inverse filters from a
matrix C(z) of electro-acoustic transfer functions. The inputs v(z) to a number of
loudspeakers are calculated by pre-multiplying a set of recorded signals u(z), which
are still taken to be exact copies of d(z), by H(z). The performance error e(z) is the

difference between the desired signals d(z) and the reproduced signals w(z).

The qualitative behaviour of a filter’s time response, or impulse response, is given by
the positions in the complex plane of the poles of its z-transform. A pole away from
the origin makes the filter’s impulse response infinitely long, and when the pole is very
close to the unit circle, the impulse response decays only very slowly with time. A
pole outside the umit circlle»-makes the filter’s impulse response either non-causal or
unstable, and therefore unrealisable. The inverse filters in H(z) almost always have
poles away from the origin, and this indicates that the least squares inversion of C(z)
inevitably is achieved through a recursive mechanism. The physical explanation for
this is most easily demonstrated by considering a few simple examples. The principles
are applicable also to more complex systems, but it is impractical to analyze such

systems using only pure physical reasoning.

4.1 Discrete-time systems

Discrete-time signals are sequences of real numbers. Time sequences are divided into
four groups: finite length sequences, right-sided sequences, left-sided sequences, and
two-sided sequences (Oppenheim and Schafer [35] Section 2.1). A finite length
sequence has only a finite number of non-zero elements. A right-sided sequence is one
for which all of its elements are zero for all # less than some integer n;. Similarly, a
left-sided sequence is one for which all of its elements are zero for all  greater than
some integer 7. A two-sided sequence has infinitely many non-zero elements for both

n smaller than 7, and n greater than n,. Thus, only some of the finite leﬁgth sequences
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and some of the right-sided sequences are causal, and all left-sided and two-sided

scquences are non-causal. However, all finite length sequences and all right-sided
sequences can be made causal by shifting them sufficiently far towards the positive
end of the time axis. This means that all systems with an impulse response of one of
those two types can be made causal by delaying the output by an appropr_iate amount,
m. The positive integer m is measured in sampling intervals, and it is later Interpreted
as a “modelling delay”. When the sequence is the impulse response of a filter, the filter
18 said to be stable if every bounded input produces a bounded output (Oppenheim
and Schafer [35] Section.1.3). The properties of stability and causality for the four

different types of sequences are illustrated in Figure 4.1.

The output sequence y(n), which results from passing an input sequence x(x) through
a causal digital filter, satisfies the lincar difference equation (Oppenheim and Schafer

[35] Section 1.4)
N . M
za(k)y(n—k) = Zb(r)x(n—r). ‘ 4.1.1)
k=0 r=0

The coefficient a(0) is usually assumed to be unity. The filter is naturally divided into
two parts: a recursive part with the N+1 coefficients a(k), and a non-recursive part
with the M+1 coefficiehts b(r). The behaviour of the filter is greatly simplified if it
does not contain a reéursive part. For this reason, digital filters are divided into two
main groups: FIR (finite impulse response) filters, which do not contain a recursive
part, and IIR (infinite impulse response) filters, which do. The impulse response A(n)
of a digital filter is traditionally defined to be the causal sequence y(x) that satisfies the
difference Equation (4.1.1) when x(n) is a unit-sample sequence &(r) (Oppenheim and
Schafer [35] Section 1.1). Without the causality restriction imposed, however, the
impulse response #(rn) is generally not uniquely determined. This ambiguity can also
be resolved by constraining /(x) to be a stable sequence rather than a causal sequence.

This problem is examined in more detail later in this section.

The mathematical tool that is used to analyse discrete time systems is the z-transform.
The z-transform of a time sequence A(x) is defined as (Oppenheim and Schafer [35]

p.45)
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H(z)= Y h(m)z™, (4.1.2)

so H(z) is a power series that can have inﬁrﬁtely many terms. When the number of
terms in H(z) is finite, we will refer to H(z) as a polynomial even if it contains
negative powers of z. The z-transform is a generalisation of the Fourier transform for
discrete time signals since the two transforms yield identical results when they are
evaluated on the unit circle defined by Izl = 1 (Oppenheim and Schafer [35] p.46).
When H{(z} is the z-transform of the impulse response A(n) of a digital filter, H(z) is
often referred to as the systemm function (Oppenheim and Schafer [35] Section 2.4).
The system function evaluated on the unit circle is referred to as the frequency
response of the filter. The system function H(z) that relates the output y(») of a djgital

filter to its input x(x) is a rational polynomial in 7,

M ' N
H(z)=Y(z)/ X(2) =(Zb(r)z" J/ (za(k)z"‘ } (4.1.3)
r=0 k=0

or, written out in full,

- bOY+b(1D)z7 +b(2)z 2+ +b('M)Z—M
T a) +a(Dz a2z ++a(N)g

H(z) (4.1.4)

A more compact way of writing this expression is to use B(z) for the non-recursive

part of the filter, and A(z) for the recursive part,
H(z)=B(z)/ A(z). (4.1.5)

The zeros of B(z) are the zeros of H(z), and the zeros of A(z) are the poles of H(z).
The positions in the complex plane of the pbles and zeros of the system function H(z)
of a digital filter are central to the discussion of the qualitative properties of the filter's
impulse response. Thus, it is common practice to illustrate the properties of a digital
filter by plotting, in the complex plane, its poles as crosses (x) and its zeros as circles
(0). Such plots are referred to as pole-zero maps. Pole-zero maps also provide a quick
way to assess the frequency response of the filter. A pole close to the unit circle
indicates a large frequency response at frequencies corresponding to the location of
the pole, and a zero close to the unit circle indicates a small frequency response at
frequencies corresponding to the location of the zero (Oppenheim and Schéfer I35]
pp.70-73).
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Most of the useful results concerning manipulations of Laplace transforms are also

applicable to z-transforms (Oppenheim and Schafer [35] p.67). The z-transform H(z)
of the sequence %(#) obtained by sampling a continuous time signal A(f) can be found
formally by making the substitution

z=¢", (4.1.6)

in the expression for the Laplace transform of the sampled continuous time signal

(Kraniauskas [112] Section 7.2.1) (sampling in continuous time is equivalent to

| multiplication by a train of delta functions, see Kraniauskas [112] Chapter 6). Here, T}

is the sampling interval which is one divided by the sampling frequency f. It is
important to know that if A(f) contains energy at frequencies higher than half the
sampling frequency f/2. there will be frequency components in the spectrum of th_e
sampled signal that were not present in the signal before sampling. The frequency fy/2
is referred to as the Nyquist frequency fyq. The “contamination” of the true spectrum
caused by frequency components above fiy, is known as aliasing (Kraniauskas [112]
Section 6.2.3). The practical implication is that if the sampling rate is too slow, some
information about the original signal is lost, and it cannot be recovered from its
sampled values. Poles in the Laplace transform H(s) of h(¢} are mapped directly to the
z-plane according to Equation (4.1.6) (Kraniauskas [112] Section 11.3.2). This
means, loosely stated, that the issue of stability is unaffected by the sampling process.
An equivalent result does not exist for the zeros of H(s), they do not map directly to
the z-plane like the poles. In the remaining part of this chapter, we will assume that T

is unity for notational convenience.

In order to find the impulse response i{n) corresponding to H(z), it is necessary to

apply the inverse z-transform to H(z). In the time domain, A(xn) is the result of the

convolution of ai(n) and b(n),
h(n)=a,, (nyb(n), (4.1.7)

where b(n) z-transformed is B(z) and ain(n) z-transformed is 1/A(z). There is only one
sequence b(n) that has the z-transform B(z), this sequence is unique and of finite
length. However, there are usually several different sequences diny(72) that have the z-
transform 1/A(z). The qualitative behaviour of A(n) is determined by the positions in

the complex plane of the roots of the denominator polynomial A(z), these roots being
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" the poles of the system. The contribution to aiy(r) from each pole is an exponential

term (Oppenheim and Schafer [35] p.70). If the pole is inside the unit circle, the
exponential term is either stable and right-sided, or unstable and left-sided. If the pole
is outside the unit circle, the exponential term is either stable and left-sided, or

unstable and right-sided. The inverse z-transform is defined by a contour integral,
W(n) = isﬁ H(z)z" 'dz (4.1.8)
ol , 1

where € is a counterclockwise closed contour in the region of convergence of H(z)
and encircling the origin of the z-plane (Oppenheim and Schafer [35] Section 2.2). In
practice, inversion of a z-transform is usually calculated using the theory of residues.
Since h(n) is effectively a Laurent power series expansion of H(z), each power series
has a corresponding ring of convergence in the complex z-plane, which cannot contain
any poles, in which A(n) is uniquely determined (Churchill and Brown [27] Section
46). By forcing A(n) to be stable, the unit circle is guaranteed to be in the region of
convergence, and consequently the Fourier transform of h(n) always exists
(Oppenheim and Schafer [35] p.22). Equivalently, by choosing the unit circle as the
integration contour, A{n) is guaranteéd to be stable with a well-defined frequency
response. Therefore, the ambiguity of the inverse z-transform can be resolved by
requiring that /() must be the impulse response of a stable system. It is worth noting
that the roots of B(z), Which are the zéros of the system, can in some cases cancel out
exactly some of the poles. If a pole outside the unit circle is not cancelled by a zero, it
is impossible to realize h(xn) as a causal and stable filter. If all the poles are inside the
unit circle, it is always possible to realize A(n) as a causal and stable filter, but it might

be necessary to use a modelling delay.

4.2 Inversion of single-channel systems

We now look at the problem of inverting exactly a single-channel system given by its
impulse response c(n). Assume that c(n) is a causal finite length sequence containing
N coefficients, such as a measured or modelled electro-acoustic transfer function. In

that case, the z-transform of ¢(n) is of the form

N-1
Clz)= Y c(mz™" = c(0)+ ez +e(@)z 2+ +e(N=1z7 ", (4.2.1)

n==00
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where N is some non-negative integer. If an input sequence d(n) is passed through'the

system, a corresponding output sequence, w(r), is generated. In the z-domain
W(z)=C(z)D(z). (4.2.2)

If a filter with the z-transform H(z) = 1/C(z) is added to the system, the net output is

the same as the input,

W(z)=[1/C@)]C()D(z) = D(2), (4.2.3)
which shows that the ideal inverse filter H(z) is 1/C(z). This is illustrated in Figure 4.2,
Therefore '

1 1
Clz) e +c(Dz +c(2)z 2+ +e(N)z "

H(z)= (4.2.4)

which is a special case of Equation (4.1.5) with B(z) equal to one and A(z) equal to
C(z). A system is said to be minimum phase if the impulse response of its inverse is
both causal and stable (Opp_enheim and Schafer [35] p. 347). Consequently, a
sequence c{r) is a minimum phase sequence only if all the zeros and poles of its z-
transform are inside the unit circle. Minimum phase sequences have a minimal delay
property (Opp.enheim and Schafer [35] Section 7.2), which effectively guarantees that
the sequence has most of its energy concentrated at the start. A signal that contains
echos, as for example the response of a room to an impulsive sound, is not likely to be
a minimum phase signal due to the late arrivals of reflections (Neely and Allen [53]).
If ¢(0) is zero, then ¢(n) cannot be minimum phase because the z-transform of a pure
delay z" has its N 7eros at infinity. If all the zeros of the z-transform of c(n) are
outside the unit circle, it is called a maximum phase sequence. If C(z) has a zero very
close to the unit circle, then H(z) has a pole very close to the unit circle. This makes
the impulse response of the inverse filter very long. The time constant 7, in samples,
associated with a single pole close to the unit circle is approximately proportional to

the reciprocal of the distance r from the pole to the unit circle, so
T=- (4.2.5)

when r << 1 (Bellanger [34] p.149). The time constant Ty associated with a pole of

multiplicity N is approximately (Bellanger [34] p.153)
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Ty =N 1. (4.2.6)

Figure 4.3 illustrates qualitatively some of the results mentioned above. The left
column of Figure 4.3 shows a minimum phase sequence c¢;(n), the position of the zero
of Ci(z) in the complex plane, the position of the pole of the inverse filter H;(z), and
finally the two sequences that both have the z-transform Hi(z). The right column of

Figure 4.3 shows the equivalent plots for a maximum phase sequence.

4.3 Inversion of multi-channel systems

We now look at the problem of inverting a multi-channel system. We wish to
reproduce d(z), a vector of desired signals specified at R microphones. There are S
sources, and the inputs v(z) to the sources are the result of passing d(z) through a

matrix of inverse filters, H(z),
v(z)=H{(z)d(z). (4.3.1)

The signals that are rei)roduced at the microphones, w(z), are the result of passing

v(z) through a matrix of electro-acoustic transfer functions, C(z),
w(z)=C(z)v(2). (4.3.2)
The difference between d(z) and w(z) is the.error e(2),
d(z) - w(z) =e(z). (4.3.3)

This muiti-channel reproduction problem is illustrated schematically in Figure 4.4. The
electro-acoustic transfer paths are given by the R times S impulse responses cy(r).
These impulse responses are assumed o be causal finite length sequences so their z-
transforms aré all of the same form as Equation (4.2.1). The matrix C(z) contains the

z-transforms of the individual impulse responses,

I_C“(Z) C,(z) - C{S(Z)—I

C(z) =! Cz‘:(z) . | (4.3.4)

| : |
|.CR1(Z) Crs (Z)J

The inverse filter matrix H(z) has S rows and R columns,
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[H(2) Hy) - HIR('Z)]
H

H(z):{ 215(2) } (4.3.5)
| 7,,(2) Hy (D)

The éimplest case is when R is equal to S, then both C(z) and H(z) are square. If C(z)
is also regular, it has a unique inverse. However, C(z) is singular for the values of z
that make the determinant of C(z) equal to zero. This suggests a way of revealing the
structure of H(z). The matrix C(z) can be inverted formally by dividing its adjoint by
its determinant 1C(2)! (Kreyszig [12] p.338),

adj[C(2)]

@ =C@="c

(4.3.6)

The adjoint of a square matrix is another square matrix with dimensions identical to
those of the original matrix. It contains the cofactors of the original matrix. Since the
elements of C(z) are polynomials in z', the elements of the adjoint of C(z) and the
determinant of C(z) are also polynomials in z'. It is clear from Equation (4.3.6) that
all the inverse filters have the common denominator 1C(z)|. Thus, all the inverse filters
have a common set of poles which are given by the zeros of the determinant of C(z).
Methods exist for assessing the distribution of the roots of a polynomial as a function
of its coefficients (Jury [110] Chapter 3), but they are impractical if the polynomial
has many coefficients, so instead we look at the number of roots N, of IC(2)i. N,
depends on the number of microphones and loudspeakers, and on the number of
coefficients in the impulse responses c¢,(n), and it is calculated as follows. The
determinant of C(z) is a sum of products, each of which is the result of a
multiplication of § elements of C(z) (one from each column and row). If each c¢,¢(n)
contains N coefficients, then the highest possible order (strictly speaking the maximum
difference between the highést and lowest power with a non-zero coefficient) of such
a product is S times N-1. Consequently, IC(z)! is a polynomial of the same order, and

it therefore has at most S times N-1 zeros away from the origin,

N(C@)<S(IN-1), (4.3.7)
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Similar reasoning shows that each element of the adjoint of C(z) has at most S-1 times

N-1 zeros away from the origin,
N,(adj{C(2))) < (S~ YN —1). (4.3.8)

Consequently, the exact inverse filters generally have more poles than zeros. For
example, if R = § = 4 and N = 128, then each of the inverse filters has at most 508
poles and 381 zeros. If R = § = 4 and N = 15, then each of the inverse filters has at
) most 56 poles and 42 zeros. The greater N is, the greater is the number of poles in the
exact inverse. This confirms the well-known fact that practical inversion of multi-
channel systems is much more difficult to achieve when the individual ¢,((n) are long

than when they are short.

It is interesting to note that the poles of the inverse filters vsually do not have
anything to do with the zeros of the individual elements of C(z). For example,
consider the 2-by-2 system given by the four transfer functions Ci(z), Ci2(z), Cai(z),

and Cy,(z) which each contains two coefficients,

) [ 1+z7  1+05z7"]

CO=| o5 14zt | (4.3.9)

C11(z) and Cx(z) both have the single zero z = -1, and C\»(z) and C5,(z) both have the

single zero z = -0.5. However, the determinant of C(z),
|Cz)| =2 +075:2, (4.3.10)

has the two zeros z = infinity and z = -0.75 which are not zeros of any of the

individual elements of C(z).

When there are more microphones than loudspeakers, it is generally not possible to
invert C(z) exactly, the problem is then referred to as over-determined. For
continuous time systems, a least squares solution is calculated as a function of
frequency. For discrete time systems, the same approach is used, but instead of
minimising the squared absolute value of the Laplace transform of the error at each
point on the imaginary axis, the squared absolute value of the z-transform of the error
is minimised at each point on the unit circle. Parseval's relation gives a useful way of

interpreting this property in the time domain. Parseval's relation states that
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S I TP
S x(m)y" (1) =EI_KX(eJm)Y (™) do (4.3.11)

n=—co

if X(z) and Y(z) converge on the unit circle (Oppenheim and Schafer [35] Section
2.3.10). In the special case where X(z) = Y(z) = E(z), the equivalent relation is

S Lemy
Zle(n)l =£f_,g|E(e"”)|2dw, (4.3.12)

The performance cost E measures the squared error when it is added up for all the

microphones and integrated around the unit circle. Parseval's relation then gives

2
»

e (n) (4.3.13)

E= éﬂte’{ (e’ e(e’) do= 2 i

r=] n=—o

This means that even though the solution is found by minimising the error in the
frequency domain, the solution also minimises the error in the time domain. Thus, ¥
can be calculated by adding up the energies of the “error sequences” at all the

microphones.

When there are more microphones than loudspeakers, the problem is over-
determined. The inverse filter matrix H(z) is found by calculating the pseudo-inverse

Coinv(2) of C.(z) using the substitution z = ¢'*,

H(e™)=C,, (") = [CH(e™)Ce™)] ™ €4 (™). (4.3.14)

pinv
Since ¢/ conjugated is equal to e™, this is equivalent to

H(e™) =C,,, (™) =[CT(e ™) Ce™)] - CT(e™). (4.3.15)

pinv

Thus, the z-transform of the matrix of inverse filters that minimise the error at each

point on the unit circle is
H(z) =[C"()C@] - C (™). (4.3.16)

Since H(z) is chosen such that the frequency response is optimal on the unit circle
Izl = 1, the inverse filters must be chosen such that the region of convergence of their
z-transforms includes the unit circle. As stated in Section 4.1, this is equivalent to

constraining all the inverse filters to be stable. Just as with the square systems, the
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polg-zero structure of H(z) can be revealed by dividing the adjoint of CT(z")C(z) with

its determinant,

_adCTzHC@)]
ICT(z)C(z)

H(z) C'z™), (4.3.17)

which again shows that the inverse filters share a common set of poles given by the
zeros of the determinant of CT(z')C(z). These zeros always appear in structured
patterns. Since the determinant of a square matrix 1s equal to the determinant of its

transpose (Kreyszig [12] p.327), and since
[C'He@] =@, (4.3.18)

it follows that if 7, is a zero of ICT(z)C(2)l, then so is 1/z;. This means that for each
zero outside the unit circle there is a corresponding zero inside the unit circle.
Furthermore, since the coefficients of the polynomials C,(z) are real, the zeros of the
determinant always occur in complex conjugate pairs (Press et al [71] p.369). The net
effect is that zeros that are not-on the real axis always occur in groups of four because
if zp is a zero, so are /20", 2o, and 1/zo, this is illustrated in Figure 4.5a. Zeros on the
real axis occur in groups of two because zp = 7o and 1/zp = 1/zy, this is illustrated in
Figure 4.56. The numbers z and 1/z are said to be at conjugate reciprocal positions.
One of them is inside the unit circle, the other is outside, and both lie on the same
Tadial line going through the origin; they are “reflections” of each other in the unit
circle. This also applies to the pair zo' and 1/zy because they are the reflection of the
pair zo and 1/zo" in the real axis. Consequently, ICT(z"YC(2)! is usually non-minimum
phase, and the exact inverse filters therefore cannot be both causal and stable unless
the zeros of ICT(z)C(z)l that are outside the unit circle are cancelled out exactly by
the zeros of each element of the numerator, which is the adjoint of CY(zHC(z) times
C*(z"). Although this cancellation is possible in theory, it has never been observed for
any numerical example. If each c,{(n) contains N coefficients, then ICT(zHC(@)! has at
most 25 times N-1 zeros away from the origin. Each of the inverse filters has at most
25-1 times N-1 zeros away from the origin, so there are generally more poles than

~ zeros. Note that the number of poles and zeros do not depend on the number of

microphones.
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When there are more loudspeakers than miéroph'ones, H(z) is not uniquely determined
because many solutions give zero error, so the problem is under-determined. In that
case, the pseudo-inverse is usually chosen as the solution that achieves zero error with
a minimum of effort (Keener [77] Section 1.5). By using the same arguments as
above, H(z) is derived to be

n

H(z)=C"(z ) [CCT ™) (4.3.19)

This solution for the under-determined problem is closely linked to the solution to the
over-determined problem given by Equation (4.3.14). The solution to the under-
determined problem is the transpose of the solution to the over-determined system
that results from replacing C(z) by its transpose, C"(2). C'(2) is the electro-acoustic
transfer matrix of the system that is derived from the system that has C(z) as its
electro-acoustic transfer matrix, by replacing all sources with microphones, and
replacing all microphones with sources. To verify that this is true,'transpose both
sides of Equation (4.3.16), then réplace C(z) by C"(z). Loosely stated, this means that
when C(z) is replaced by C"(z), H(z) is replaced by H'(z). Consequently, the inverse
ﬂlt;rs share a common set of poles, given by the zeros of the determinant of
C(2)CT(z"), which has the same symmetry properties as the common set of poles for

an over-determined problem.

4.4 A simple class of multi-channel systems

In order to investigate the behaviour of some basic multi-channel systems, it is
convenient to assume that both the electro-acoustic transfer matrix C(z) and the
desired signals d(z) are defined by simple expressions. Therefore, each electro-
acoustic transfer function c.{(r) is approximated with a simple one-coefficient digital
filter. The value of its singlé element depend only on the distances I between the
sources and the microphones measured in sampling intervals. The individual I, are
generally positive real numbers, but in order to keep the systems as simple as possible,
all the examples in this section are chosen so that the /,, are integers. The distance
between a source and a microphone results in a delay and an attenuation proportional

io the distance, so the z-transform of ¢x(n) is given by
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C.(2) =§l—. o (4.4.1)

s
Strictly speaking, it is also necessary to include a constant in this expression, but this

has also been omitted for convenience. The desired signals d(z) are chosen to contain

all unit values, so

[D(z)] [1]

Dz(z)I ll| :
d@)=| . H% (4.4.2)

LDR(Z)J Ll.l

In the time domain, this corresponds to a single impulse at time zero at each of the

microphones.

4.5 Least squares inversion of a 2-by-1 system

The simplest multi-channel system that does not have an exact inverse comprises one
' . source, S;, and two microphones, Ry and Rj. The microphone R; is the one closest to
the source, Ry is the one furthest away. Their distances to the source, measured in

sampling intervals, are /i1 and [ respectively, so C(z) is given by the 2-by-1 matrix

[, |
C@=| -y | | (4.5.1)

The inverse filter matrix H(z) is calculated from Equation (4.3.16), so

PR
: l £ —lll%ﬂl rzill Zlﬂ—‘ 112521 rZ r2]_—|
! H(Z):Lh: L Jtz“ﬂ H T Ty o P

which shows that the two inverse filters have no poles because ICTZHCE)! is 2

scalar. The desired signals d(z) are given by

[1]
d(z) =|_1J- (4.5.3)

As mentioned in the previous section, in the time domain this corresponds to a single

impulse at time zero at each of the two microphones. It is obvious that it is only
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possible toﬂ make the two pulses appear simultaneously at the two microphones if R;
and R, are exactly equally far away from the source; otherwise a pulse emitted from
S will inevitably reach R; before R,. The single input V\(z) to the loudspeaker is
readily calculated, and is given by

(2" +1,2"% ). (4.5.4)

Vi(z) =H(z)-d(2) =m.

It is seen that the source sends out (wo pulsesg one that will reach R, at time zero and
another that will reach R; also at time zero. The source output is clearly non-causal.
The important quantities are the relative amplitudes of the two pulses. Figure 4.6
shows the amplitudes of the two pulses for three different choices of the pair (1;),4,)).
The three pairs are a) [1; = 10, L; = 12, b) I1; = 10, L; =20, and ¢) {;; = 10, L; = 40.
The simplest case is when /;; = l;; (not shown in the figure). If [, = L, the source
emits only one pulse that reaches both microphones at the same time; this is a special
case where the error is zero and the pulses at R; and R, are reproduced perfectly by a
single source. When R; is much further away from the source than R, the first pulse is
close to zero and the second pulse is close to ten. It might seem strange that the pulse
that reaches R, at time zero is emitted at all, because this pulse will first reach the
nearer nﬁcrophone with a higher amplitude at the “wrong” time. The reason for this
can be understood by using the relation between the error calculated in the time
domain and in the frequency domain as stated in Equation (4.3.13). The error that is
minimised in the frequency domain is given by Equation (4.3.12). The error vector

e(z) depends not only on H(z) and C(z), but also on the desired signal d(z),
e(z) = d(z)— C(z)H(2)d(z) = [I- C(2)H(2)] - d(2) . (4.5.5)

The matrix I-C(z)H(z) can be thought of as an “error filter matrix” whose output is

e(z) when the input is d(z). For the 2-by-1 example, we find, after rearranging terms,

1 l1=1, /1, -z ]

I-CHGZ) =—7 4.5.6
(Z) (Z) 'l2] /lll + lll IIQIL _21117'!21 1_-"!'ll /‘ZQIJ ( )
"~ and so, with d(z) given by Equation (4.4.2),
[e,(2)] | [, 71, — 727
e(z)= e e—— - | (4.5.7)
@ If’z (Z)-] Lyt b+, 1, ’lez 14 —
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It is seen that e(z) is zero when [;; is equal to ;1. When /i) is not equal to I31, the

performance cost E, which is the sum of the energies of the two time sequences e,(n)

and e»(n) (see Equation 4.3.13), is given by

2
(lu ”21)2"'(121 ”11)2 ,

E=1+ (4.5.8)

The performance cost is always greater than one and less than two. For example, for
I, =10 and b, = 12, E = 1.94, and for [;; = 10 and &, = 40, E = 1.12. In the case
where all the sources are silent, E is equal to the sum of the energies in d(z). When
d(z) contains all ones, that sum is R, the number of microphones. This is the worst
case, E can never be greater than R. When the sources are optimally adjusted, E is less
than R. The time domain interpretation of this is that a pulse has to come along at a
microphone at the “right” time, which is at time zero in the special case when d(z)
contains all ones. If a pulse arrives at any other time at that particular microphone, £
goes up. Therefore, we can loosely refer to “wrong” and “right” times of arrival of a
pulse at a microphone. Seen from the point of view of a microphone r, the time can be
right for two reasons. The first is that the desired signal 4, is different from zero at
time n. When d(z) contains all qm't values, this happens only once for each
microphone. The other reason is that a source might try to cancel or attenuate a pulse
which has arrived at the wrong time. A pulse emitted from a source will not only
reach one microphone, it wilt eventually reach all of them, so it is possible to reduce E
by attenuating or cancelling a pulse that has arrived at a nﬂbrophone at the wrong
time. When there are only two microphones, each pulse emitted creates only one
additional unwanted pulse. Therefore, it is possible to predict the behaviour of such a
system by using purely physical reasoning. When there are more than two
mibrophones, this quickly becomes impractical, if not impossible, which makes it

necessary to use numerical methods to analyse such systems.

4.6 Least effort inversion of a 1-by-2 system

The simplest muiti-channel system that has many solutions that all give zero error

comprises two Sources, S and S,, and one microphone, R;. The distances from the
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microphone to the sources, measured in sample intervals, are /1, and [1» (note index 12

rather than 21), so C(z) is given by the 1-by-2 matrix

[ e
C(z)=|_zl“ Zl; } (4.6.1)

As demonstrated in section 4.3, the inverse filter matrix H(z) is the transpose of the
solution given in Equation (4.3.16), so

p 22 [l
H(g) = 2 1

_ , 462
Y, [zfu /1, (4.6.2)

When D(z), which is a scalar in this case, is one, v(z) is equal to H(z), which means
that S; and S, send out one pulse each, both of these pulses reach R; at time zero. The
desired signal is reproduced exactly with a minimum of total output from the two

sources.

4.7 Exact inversion of a 2-by-2 system

The simplest multi-channel system that has an exact inverse comprises two sources, S

and S,, and two microphones, R; and R,. The matrix C(z) is given by

[, /8,1 -

C(z)= , 4.7.1
@= o, “.7.1)
and the adjoint of C(z) is
Cotyr, -z /L, ]
adifcol= "0 T (4.7.2)
.][ )] L_Z 12 /llg z i /lll J
The determinant of C(z) is
~rd [ g 1
Z 1822 by U+l )
C(Z) = b — A N (473)
l \ llll22 1—- ll21112 ~|

and since the individual elements of the adjoint of C(z) do not have any zeros away
from infinity, the zeros of the determinant of C(z) cannot be cancelled by the
aumerator. Therefore, all the zeros of 1C(z)l are poles of all the inverse filters. The

value of each of the pofes must satisfy
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therefore all the poles are the same distance away from the origin (Churchill and
Brown [27] Section 7). When [;; = 4, [;, = 6, [, = 6, and L, = 4, the poles of the
inverse are all inside the unit circle. This is illustrated in Figure 4.7a. When [;; = 8, {12
=2, [,y =17, and I, =7, the poles of the inverse are all outside the unit circle, this is
illustrated in Figure 4.7b. Most 2-by-2 systems have inverses whose poles are all
inside the unit circle, in particular, this is the case when R, is closest to S; and R; is
closest to 8z, which is the case for the example shown in Figure 4.7a. It is useful to
consider the behaviour of this system in some detail, because it demonstrates how the
digital signal processing and the physics of the problem are linked together. Once
again, we assume that the desired signals are of the form given by Equation (4.5.3)
(two impulses at time zero). Since the two microphones and the two sources are
positioned symmetrically around the origin of the coordinate system, the time
responses vi{n) and vi(n) are identical. The z-transforms of the two loudspeaker

inputs are

Vi(2)=V,(z) =12¢° (4.7.5)

3+277

Before time n = -4 the sources are silent, at time » = -4 they start to emit pulses. First
S| sends out a pulse that reaches R, at time zero, and at the same time S, sends out a
pulse that reaches R, also at time zero. Now consider the situation at the
microphones. The pulses that arrive at time zero are the only pulses that the
microphones will see, this has to be so because the inversion of the 2-by-2 system is
exact. However, the pulse emitted from §; will also reach R, and the pulse emitted
from S will also reach R;. These pulses are unwanted and they must be cancelled by
pulses of opposite sign emitted from the opposite source. When a pulse is emitted
with the purpose of cancelling another pulse, it will create an additional unwanted
pulse, which is then cancelled by the other source, and so this cancelling goes on
forever. It is the spherical spreading of the sound that ensures that the amplitude of
the series of pulses emitted from each source is exponentially decaying. This type of
geometry is that studied by Atal, Hill and Schroeder in their patent application from
1966 (Atal ct al [18]) describing a cross-talk canceller, and they also used the physical
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argument given above to justify that the system has a causal and stable inverse. Note,
however, that this argument is only valid when the trénsfer functions contained in
C(z) are of the single-coefficient type given by Equation (4.4.1). If just one of the four
¢(n) contains more than one coefﬁéient, the inverse filters can have poles both inside

and outside the unit circle. An example of that is when C(z) is given by

(%74 576 |

C() = , 47,
@ l_z“6/6 z*"/4+z*5/5J (4.7.6)

the determinant of this matrix has zeros both inside and outside the unit circle. Since
the inverse of the system shown in Figure 4.7b has all its poles outside the unit circle,
the s_table time responses vi(n) and v,(n) are qualitatively “time-reversed” versions of
the time responses shown in Figure 4.7a. As before, the cancellation of unwanted
pulses guarantees that only one pulse at time zero is seen at each of the microphones.
However, the pulse that is seen at the microphone is now emitted as the last of an
exponentially increasing sequence rather than as the first of an exponentially

decreasing sequence.

4.8 Least squares inversion of a 3-by-2 system

The simplest “proper” multi-channel system that cannot be inverted exactly comprises

two sources, S; and S,, and three microphones, R, R,, and Rs;. The electro-acoustic
transfer matrix C(z) for a 3-by-2 system is
|_Z‘fu /l“ Z‘flz /112—|

Clry=|z2 /L, 27211, J (4.8.1)
Lz“’“fl“ 27 /1,

SO
g_ 1 N 1 . 1 Zih: N 7z N Z"ar@z—I
3 17 L LS Ll,  Liby Ll
C'(z)C(z) =[Z.€,2—I,l,l+ sz:wtn 3;.5324,!11 " 121 . 1 . 131 ? J (4.8.2)
+ _— —_— —_—
bili byl Lyly 1122 1222 1322

The determinant of C'(z)C(z) is
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- i 1 1 1 1 1 1 1 1
C'(z")C(z) =(—+—+—][—+—+—]+( + + )
l I 1112 ‘!212 1312 1122 [222 1322 lnzllzz &-121222 13121322 . (4.8.3)

= +h— b=l — Y=l Hayy ~lpn by =gty =t ~by gy ~F; oy =iy iy~
le =i “}'Z“ o+ =y Zn 11731 ].+le 1232 7h) Z‘!ﬂ 2173 i +Z-l 1T

+ +
111112[21122 111112131132 121122[3ll32

This expression looks complicated, but it can be simplified considerably by
substituting the three powers of z with &, &z, and ds, and the four coefficients with ay,

a1, @z, and as. Tt is then evident that the determinant of C(z")*C(z) is of the form
ICT(z“' )C(z)| =a,+a 79 +77%)+a,(z% +27% )+a(zB+77%5),  (4.84)

which illustrates the symmetry in z and 1/z. An example of a 3-by-2 system is shown
in Figure 4.8a. The six distances in samples are [;1 =3, Lo =7, [ =5, [y = 5, I3y = 6,
and 3, = 4, and the exact determinant of C(z") C(z) is given by

1
525

289 1
|CT(Z71)C(Z)| = —(*+z7)

i
= 17640 600 (2 +27*) - (2 +27°).(4.8.5)

504

It is a coincidence that only even powers of z appear in this polynomial. The
polynomial has twelve roots away from the origin. Figure 4.8b shows the pole-zero
maps of the 6 inverse filters. It is seen that the poles appear in pairs at conjugate
reciprocal positions, there are six poles inside the unit circle and six poles outside the
unit circle. Note that the six patterns of zeros do not appear to be related to each
other, and they do not seem to share any common feature. Note also that the zeros do

not tend to be particularly close to the poles.

4.9 Conclusions .

The exact least squares inverse filters in H(z) generally have infinite impulse
responses, and they share a common set of poles. These poles are readily calculated as
the zeros of the determinant of the square matrix C(z) when there are equally many
loudspeakers and microphones, CT(z'l)C(z) when there are more microphones than
loudspeakers, and C(z)C"(z’") when there are more loudspeakers than microphones.
When the number of loudspeakers and microphones is not the same, the poles appear
in pairs at conjugate reciprocal positions which means that for every pole inside the
unit circle there is a corresponding pole outside the unit circle. The number of poles is

generally greater than the number of zeros, but it is still possible, in theory, that all the
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poles outside the unit circle are cancelled out exactly by the zeros of each of the

inverse filters. However, this can only happen by an extraordinary coincidence and has
never been observed with any numerical examples. Thus, the exact least squares
inverse filters are generally unrealisable in the time domain. The recursive nature of
the inverse filters have a physical interpretation since minimising the error in the z-
domain is equivalent to minimising the sum of the energy of the error sequences in the
time domain. Each pulse emitted from a loudspeaker has the purpose of either
reproducing a desired pulse at a microphone, or cancelling out an unwanted pulse at a
microphone. This principle can be used to demonstrate the important application of
cross-talk cancellation i a system comprising two loudspeakers and two

microphones.
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Figure 4.1. Summary of stability and causality properties of the four different types
of time sequences, finite length, right-sided, left-sided, and double-sided
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d(z) are exact copies of the recorded signals u(z)
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Figure 4.6. Three examples of the optimal output v,(n) from a single monopole
source when there are two microphones, R, and R,. Note how the first pulse becomes

weaker as R, is moved away from the source

112

a)
S, R R
L 00 } f >
0 10 20 30 40
% (1) ot
10
v,(-10)=5.9
v, (-12)=4.9 15
40 30 20 _10 n
b) S, R, R,
0 10 20 30 40
xl (CTS) v A
1
v(-100=8.0  TIO
v (-20)=4.0 L5
-40 -30 20 -10 n
C) | hY R, R,
o= f ] O
0 10 20 30 40
X (CTJ v, 4
. 10
v,(-10)=9.4
15
v, (-40)=2.4
_40 230 -20 -10 n




Zeros of 1C(2)l

Alp
; 0.82
S,
# . Re
5 x, (cT)
This pulse Pragl
"seen" at
R —r
l
5¢ o 13 20 S5 o 15 20
b) Zeros of IC(2)l
AIm
1.13
S, ' R S R
1 2 2
A
* O— o> -
x, (cT) Re
-5 3 5 12
This pulse v
% This pulse ?1 "seen" at R, —> 2 2
"seen” at 15 1
10 *[?z’z' M g 'f '". A0 Maae-
-1
5 2
_25v$:21'$_-17-lvvvlvv."v-v-v M0ae- y
* 5
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loudspeakers are calculated by passing the recorded signals u(z)=[1 1]' through the
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5. Time domain analysis

The exact least squares inverse filters are now approximated by causal finite impulse
response (FIR) filters. The mathematical formulation of the inversion problem using
FIR filters is considerably more complicated than the equivalent inversion problem
formulated in the frequency domain and in the z-domain. However, the approach is
fundamentally the same; the inverse FIR filters, denoted by h.{n), are determined by
inverting a usually very large matrix C that contains the electro-acoustic transfer
functions. When C is extremely large, it is advantegeous to be able to calculate the
inverse filters without building C explicitly. This can be done by using adaptive
methods. The definitions of the recorded signals u, the loudspeaker inputs v, and the
reproduced signals w are essentially the same as in Chapters 3 and 4. However, in
order to make the performance of the FIR filters comparable to that of the exact least
squares inverse filters, it is crucial to introduce a modelling delay. The modelling delay
is implemented by a target matrix A, which specifies the desired signals d to be simple
delayed copies of the recorded signals u. The use of a modelling delay serves two
purposes. One is to account for the initial delay, which is the time it takes for the
sound to propagate from the loudspeaker to the microphone, the other is to allow the
inverse filter to include in its response a part of the non-causal components of the
exact least squares inverse (Widrow and Stearns [11] Chapter 10). Here, A is used
only for implementing the modelling delay, but it is included in the model as a general
matrix of FIR filters. With the introduction of A, another variable, T, is introduced. T
is the number of recorded signals, or “tracks”, and A generally specifies the desired

signals d in terms of the recorded signals u.

5.1 Inversion of single-channel systems

A modelling delay m defines the desired signal d(n) to be a copy of the input signal
u(n) delayed by m samples. This is illustrated in the blockdiagram of the system

shown in Figure 5.1. The system function H(z) of the ideal inverse filter is then given

by

1
H(Z)=Z_m6(?) (5.1.1)
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which shows that the net effect on the impulse response %(r) of the filter is a delay of

m samples. For examnple, consider a single-channel system whose impulse response
contains only two non-zero e}cmehts, ¢(5) = 1, and ¢(6) = -0.8. This sequence is
meant to be a crude approximation.io an electro-acoustic transfer function. The initial
delay of five samples indicates the finite distance from the Ioudspeaker to the
microphone, and the two non-zero coefficients indicate the “ringing” of the

loudspeaker. The z-transform of ¢(n) is C(z),
Clz)=7"-08z"°, (5.1.2)

which has one zero at 7 = 0.8. With no modelling delziy (m = 0), the exact inverse is

stable and right-sided, but non-causal, given by
h(n) =2° 3 ,(08)"2™", (5.1.3)
n=0

the first non-zero element of this sequence occurs at time n = -5. With a modelling

delay m = 5, h(n) is shifted five samples towards the right, so

h(n) = }:(0 )z ™" (5.1.4)

n={
which is stable, right-sided, and causal. However, if C(z) has zeros outside the unit
circle, it is non-minimum phase and it is therefore not possible to make the ideal
inverse filter A(n) causal by the use of a modelling delay. For example, if ¢(n) is the
sequence shown in Figure 5.2a, it has the three non-zero elements, ¢(3)=-

c(4) = 2.05, and ¢(5) = -1, then C(z) is given by
Clz)=—7"+2057" -2, " (5.1.5)

There are two zeros of C(z) away from the origin and infinity, both are on the real
axis at the conjugate reciprocal positions z = 0.8 and z = 1.25. The ideal inverse H(z)
of C(7) is found, after partial fraction expansion and rearranging terms, to be

1 =2 20,0 08
C) 1-205z'+22 9 2| 1o8s 108zJ

H(z)= (5.1.6)

The stable sequence h(n) with the z-transform H(z) is given by
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h(n) (5.1.7)

20 { 125" for n<—4

9 (08-08*" forn=-3"

this sequence is shown in Figure 5.2b. It is seen that the ideal inverse cannot be made

causal by delaying 4(r) by a finite amount.

Now assume that both () and c(n) are causal finite length sequences of length N,
and N, respectively. The convolution of c(n) with A(n) 1s then a causal finite length
sequence of length N, + N, - 1. This convolution can be written as a product of the

matrix C and the column vector h,
cmy*h(n)=C-h, (5.1.8)

when C and h are defined in the following way. The coefficients of the inverse filters

are contained in h, the element at the top is A(0), the element at the bottom is A(N;-1),

0
h(l
h=} () g (5.1.9)
Lr(, -1

The matrix C is often referred to as a convolution matrix, its columns containing the
coefficients of the electro-acoustic transfer function ¢(n). The element in the upper

left corner is ¢(0), the element in the lower right corner is ¢(NV-1),

[ «(0)
c(1) c(0)
e(1)
C=|c(N,-1) : R (1) N (5.1.10)
c(N,-1) . D)
i c(N,—1)]

The time index increases as one moves down a column. Each column is shifted one
position down relative to its left neighbour, the matrix therefore has a Toeplitz
structure which means that elements are identical along diagonals (Press et al [71]

p-92). Note that C is not square, its number of TOWS Nypys 18

Nrows:Nh-i_Nc"l’ (5111)
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and its number of columns N, is

N, =N, (5.1.12)

cols

so apart from the trivial case where N, is one, the number of rows is always greater
than the number of columns. However, since the columns are clearly linearly
independent, C is guaranteed to have maximum rank, N, The number of non-zero

elements V,, in C is at most N, times N,
N,=NN,, (5.1.13)

so if Ny is much greater than N, then C is sparse. This can be quantified by defining a
“density” pc as the ratio between the number of non-zero elements and the total
number of elements. When pe is close to zero, C contains almost exclusively zeros.
When pc is close to one, C contains only very few zeros. For the single-channel case,
pcis given by

NC
Pe= o (5.1.14)

TN+N, -1

The sequence given by C times h is identical to the reproduced signal w when the

input sequence u(n) is an impulse. The column vector w is of the same form as h, so
w(0)
w(l)

w(N, + N, —-2)

(5.1.15)

When the reproduced sequence w is compared to a desired sequence d, the difference

between the two gives a measure of the performance error e,
d-Ch=e. (5.1.16)

Since C has more rows than columns, the equation system is over-determined. The
optimal mverse filter hy that minimises a cost function of the type given in Equation
(4.3.13) is determined uniquely by multiplying the pseudo-inverse of C and the

desired signal d,

h,=[C"C] 'C"d. (5.1.17)
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Without the use of a mddelling delay, the desired signal d is the same as the input
signal u, a single impulse at time zero. If the modelling delay is m samples, the desired
signal d is a single impulse at time 7. Consequently, ho 18 the m’th column of the
pseudo-inverse of C. It is important to realise that, even though hy is calculated purely
in the time domain, the error is also minimised in the frequency domain as a

;:onsequence of Parseval’s theorem which is stated in Equation (4.3.11).

We now use an FIR filter to invert the system whose impulse response is shown in
Figure 5.2a. The inverse filter A(n) is chosen to have eight coefficients, so N, = 8. The
electro-acoustic transfer function ¢(z} has only three non-zero elements, the last of

which occurs at time 5, so N = 6, consequently C written out in full is

0
0 0
0 0 0

C= -1 205 -1 0 0 0 . (5.1.18)

-1 205 -1
-1 205
-1

where only coefficients of ¢(n) are included. A row of zeros in C does not affect the
solution to the problem, because C still has rank N, but it is nevertheless numerically
inconvenient. For example, it causes the corresponding column in the pseudo-inverse
of C to contain all zeros, and it also causes C to have a singular value of zero which
makes it impossible to estimate the condition number of C. Thus, it is usually
advantageous to discard the rows of C that contain all zeros because of the inital
delay of c(n). This suggests that N can be thought of as an “effective” duration of
¢(n) rather than the length of the whole sequence including the initial delay, so for the
above example, the effective duration of ¢(n) is three. For a modelling delay m of

seven, d is given by
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d=[0 0 0000010000 0. (5.1.19)

The inverse filter hy is calculated according to Equation (5.1.17). The inverse filter hy
is shown in Figure 5.3a. Note that it has the same structure as the ideal inverse shown
in Figure 5.2, and, in particular, that it includes “a part of” the non-causal component
of the ideal inverse. Figure 5.3b shows C times hy which shouid ideally be a single
impulse at time seven. It is seen that C times hy is quite close to the desired signal
considering that the length of the inverse filter is very short. Figure 5.3¢ shows the
total performance cost E; = e'e as a function of the modelling delay, and Figure 5.3d
shows C times h, for three choices of the modelling delay. When m is zero, one, or
two, the error is unity and the inverse filter contains all zeros. As demonstrated in
section 3.6, this is the worst case since there is no output from the inverse filter. This
result indicates that the modelling delay must be at least as long as the initial delay
inherent in the electro-acoustical transfer path, otherwise it is not possible to reduce
the total error. The reason for this is that when m is less than three, any signal that is
passed through C is delayed too long to arrive at the microphone at the “right time”,
m. There is an efficient, and simple, rule of thumb for how to choose the modelling
delay; take the initial delay and add hélf the filter length. In this example, this is
3+8/2 = 7. The exact value of the modelling delay is not critical, and there is usually

quite a wide range of modelling delays that will all work almost equally well.

Once the coefficients of the inverse filter are determined, the reproduced sequence w

can be calculated for any input sequence u by the matrix-matrix-vector multiplication

(5.1.20)

Wy onen,2 = CNC+N,1+N"—2, Ny+N, -1 HN,,+N"-1.N,, Uy,

where the subscripts indicate the dimensions of the vectors and matrices. H is a
convolution matrix of the same form as C. The column vector u is of the same form
as w, and contains the N, most recent samples of the input. Written out in full,

Equation (5.1.20) becomes

c(0) R(0)

w(0) : : w0) |, (5.1.21)
: =le(N, -1 . o0) ||N,-1) . R0) :

w(N,+N,+N,-3) . : . u(N, -1
(N, -1} AN, - 1)
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The desired sequence can be calculated for any input in a similar way to w. The target

matrix A must be cast into the form of a convolution matrix whose columns contain
the N, coefficients of the impulse response from the input u to the desired signal d. By

using the same notation as in Equation (5.1.20), d can be written as

dy, =AUy . (5.122)

d

Note that if the objective is to compare d directly to w, then V; must be equal to the
number of elements in w, N,+N+N;-2. Even though it is notationally convenient to be
able to express convolutions as matrix multiplications, it is a very inefficient way to

convolve sequences in practice.

5.2 Inversion of multi-channel systems

The multi-channel sound reproduction problem is illustrated in block diagram form in
Figure 5.4. A filter matrix is added to the system; it is the target matrix A which
specifies the R desired signals d(z), one for each microphone, in terms of the 7'
recorded signals u(z), one for each track. We will use A for implementing the
modelling delay only, but A can also be used for more sophisticated purposes, such as
virtual source imaging (Kirkeby et al [50], Cooper and Bauck [80]) and compensation
for head-related transfer functions (Orduna-Bustamente et al [41]). As in the previous
section, the aim is be able to calculate h by minimising a cost function of the type ee
in the least squares sense. It is convenient to define, and minimise, the error e
separately for each track rather than for the system as a whole. When the input to the
system is a single impulse on track ¢, R error sequences e, are generated, one at each
microphone. These error sequences are “stacked” on top of each other to form a

composite error vector €,

(5.2.1)

This error vector is the difference between the desired signals d, and the reproduced

signals w;, so
e=d —w, S (5.2.2)
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where d, and w; are defined in a similar way to e,

A

w?,t
(5.2.3)

I

d |
la, ] Lwal
In order to be able to calculate w,, it is necessary to define H and C as “composite”
matrices. Both H and C contain a number of digital filters. In C, each digital filter is a
convolution matrix of the form given by Equation (5.1.10). Each convolution matrix

C,, has a double index that indicates the row and column number of its position in its

“parent” matrix. By using this notation, we can write C as

%—Cll C1s—|

C:[: C, J (5.2.4)
Cm CRS '

Equivalently for H, each digital filter is a column vector h, whose double index

indicates its position in H,
I_hll o th-]|

H={ : hs, : J (5.2.5)
hSl hST

The column ¢ of H corresponds to track ¢, so

h, zl L p (5.2.6)
b ]
and w, is now calculated by the matrix-vector multiplication
w,=Ch (5.2.7

t t?

which means that the problem is now in the familiar form of a linear equation system.
This formulation of the multi-channel sound reproduction problem was derived, in a
slightly differeht form, independently by Nelson and Elliott [54] and Miyoshi and
Kanada [51]. In Section 5.1 it was demonstrated that in the single-channel case an

initial delay in the electro-acoustic transfer function causes C to have rows of zeros.
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This also occurs in the multi-channel case when there is an initial delay in all the

transfer functions C,1, Cp..., Cis fhat make up one row of convolution matrices in C.
Such a row of convolution matrices contains the transfer functions from the r’th
microphone to all the loudspeakers, and it is the minimum initial delay of these S
transfer functions that determines how many rows of zeros there are in the 7’th row of
convolution matrices in C. Consequently, it is necessary 1o define an effective
duration N,, for each microphone in order to calculate the number of ‘“‘non-zero” rows
in C. The number of non-zero rows Ny i C is given by

R -R
Nrows:E(Nh+Ncr_1):R(Nﬁ_1)+ZNC,s (528)
r=1

r=1

and the number of columns Ne in C is given by

N, =SN,. (5.2.9)
In the special case where all the N,, have the same value N,, the number of non-zero

TOwWS is

N_ =R-(N,+N, -1}, (5.2.10)

TOWS

and the density pc is then the same as in the single-channel case: the value of pc is
given by Equation (5.1.14). Thus, C gencrally has more rows than columns for all
systems that comprise at least as many microphones as loudspeakers. All such systems
lead to an over-determined least squares problem but, as opposed to the single-
channel problem, it is possible that the columns of C are lincarly dependent. If there
are more loudspeakers than microphones, it is possible for C to have more columns
than rows, provided that the number ‘of filter coefficients &, in each of the inverse
filters is sufficiently large. When Neg is equal to Nyws, C is a square matrix that can be
inverted exacily provided it is not singular, a result first published by Miyoshi and
Kanada [51] in 1988. When C has more rows than columns, the least squareg problem
is over-determined as in the single-channel case. In the special case where all the N,

have the same value N., the difference between the number of columns and rows in C

is given by

Nco?s_"Nrows:Nh(S—R)'_R(Ng—]-)- (5211)
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The desired signal d, is the result of passing a single impulse on track 7 through the

target matrix A which is generally a matrix of the same form as H. When each
~ element of A is used only to implement a modelling delay m,,, is z-transform is of the

form

I_Z"mn e Z*mlr -]

A(z)=| S I (5.2.12)
[Z’an zmmJ

In the special case where the objective is to reproduce R recorded signals at the R
microphones, it is usually sufficient to use only one modelling delay m that is common

to all the elements along the main diagonal of A. Theréfore,
A()=Iz"", (5.2.13)
where 1 is the identity matrix of order R.

A simple, and purely hypothetical, example illustrates the dimensions of the different -
matrices and vectors. There are two tracks, two sources, and two microphones, so T
= § = R = 2. Each of the four electro-acoustic transfer functions ¢,(r) has an impulse
response whose two coefficients take the values r and s, so for example cqi(1) = 1,
c11(2) = 1, and ¢2(1) = 2 and ¢(2) = 1. The two inverse filters each contain three
coefficients. The target matrix is of the “diagonal” type given by Equation (5.2.13)
with a common modelling delay of two. For these choices of system parameters, the

error e;, which corresponds to track one, is given by

1 I
11 121 [k
1 11l 2 1 Ay
Ly !_Cn Clz-"_hu—l ' 1i 24y (2)
e, =d, ~-Ch, ZL 21J_LC21 C22J|-h21J= - 1= i——-“——%“i*“*“' EE@ ,(5.2.14)

12 122 By, (1)
12 2 2|l

LIl 1 2.

where zeros have been left out for clarity. For track number two, the single non-zero

element of d, would be in row seven.

124




The expression for each column of H, h,, is derived using standard least squares

theory. Formally, b, is calculated by pre-multiplying d; with the pseudo-inverse of C,
C,inv- In practice, it is usually not desirable to calculate the pseudo-inverse of C
explicitly. However, if Cyy is available, then it is possible to calculate all the inverse
filters in H by a single matrix-matrix multiplication. A matrix D is needed, formed by
storing each of the desired signals d, in column number ¢ of D. The inverse filter

matrix H is then given by

H=C_ D. (5.2.15)

pinv

Once the coefficients in the inverse filters are known, it is possible to write down an
expression for the output sequence w caused by any input sequence u. The
coefficients of the inverse filters must be arranged in a convolution matrix H of th_e
same form as C given by Equation (5.1.10). As in the single-channel case, the number
of rows and columns in u, H, and C must match each other. The dimensions of u, H,
and C depend on the number of tracks, microphones and loudspeakers in addition to
the filter lengths N;, N., and the length of the recorded sequences, N,. We will use the
notation M. sy to denote a filter matrix that consists of r times ¢ convolution
matrices that each have sr rows and sc columns (sr for “sub-rows”, sc for “sub-
columns™). The notation g, denotes a column vector that consists of r column
vectors, each containing sr coefficients, stacked on top of each other. The resulting
expression for w is very similar to the single-channel expression given by Equation

(5.1.20),
(5.2.16)

W(R),(NC+N,,+N“—2) = C(R,S),(NE+N,x+N“—2,N,!+N"71) H(S,T),(N,,+N"*I,N") u(T),(N")’
the only difference being the additional indices that indicate the relevant numbers of

tracks, microphones and loudspeakers. Equivalent to Equation (5.1.22), the

expression for d is

gy, = Armin, v B, (5.2.17)

Equations (5.2.16) and (5.2.17) are notationally convenient but are very inefficient for

convolving sequences in practice.
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5.3 Direct inversion methods

Once the electro-acoustic transfer matrix € is known, it is in principle straightforward
to calculate H using the standard least squares method. However, a direct least
squares inversion of C is complicated in practice for two reasons. The first is that C is
usually a very large matrix, typically of the order 1000-by-1000, but since C is usually
also sparse, it is not necessary to store and operate on the full matrix. The second is
that C is uvsually extremely ill-conditioned which makes its exact pseudo-inverse
almost entirely useless. The undesirable effects of ill-conditioning are alleviated by the

use of regularisation.

An example using the loudspeaker-microphone layout shown in Figure 5.5 is now
used to demonstrate the properties of a “typical” C matrix. The four loudspeakers are
positioned in the “quadraphony” arrangement shown in Figure 3.13b, and the
microphone arrangement is similar in shape to the circular 3 shown in Figure 3.20d.
The difference between the two microphone arrays is that the microphone at the top
on the x,-axis is moved up slightly, and the radius of the circle is increased from 3cm
to 10cm. When the sampling frequency is 34kHz and the speed of sound is 340m/s,
the sound travels 1m in 100 sampling intervals. The distance matrix L in samples is

then

[273 273 293 293
L=|280 293 273 286, (5.3.1)
{293 280 286 273J

where the values are rounded to the nearest integers. The smallest value in each row
is the initial delay for each microphone. This delay must be compensated for in order
to avoid rows of zeros in C. Since thez initial delay is 273 for each microphone, 273
rows of zeros can be Aremoved from each row of convolution matrices in € as

explained in Section 5.2. Thus, the distance matrix L can also be written

[0 o0 20 20} {1 11 1]
L=l7 20 0 131427341 1 1 1, (5.3.2)
Lzo 7 13 OJ {1 11 1J
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Since the maximum difference between the elements in each of the three rows of L is

20, the three effective durations N1, Neo, and N all have the same value, N, = 21.
This is the reason for modifying the circular 3 microphone array slightly. The
difference between the number of columns and rows can now be calculated from

Equation (5.2.11); the result is

N . —N_. =N,—60. (5.3.3)

cols OWS

Figure 5.6 shows the non-zero elements in C and C"C for the four different values 15,
30, 60, and 120 of the filter length N, when C is calculated using the single-coefficient
approximation given by Equation (4.4.1).- The number of non-zero elements Ny, in
the matrices is indicated below each plot, and it is seen that C*C contains more non-
zero elements than C. The difference between the number of non-zero elements of
C"C and C is sometimes referred to as fill-ins (Press et al [71] Section 2.7), and as C
becomes larger, the “relative” amount of fill-ins iﬁcreases. Note that each of the 12
convolution matrices in C is identified by a diagonal line, and that C'C is square and
symmetric with non-zero elements along its diagonal. When N, is 15, there are rows
of zeros in the middle of the first row of convolution matrices in C because the
effective duration N, is larger than the filter length N;. This problem of “displaced”
convolution matrices in the same row is more serious than it looks at first sight
because the same phenomenon also occurs when there is a large difference between
the initial delays of the transfer functions relating to one particular microphone. Thus,
when two loudspeakers have different distances to the microphone array, their
contributions to C are bound to be displaced because the initial delay for each row is
always given by the nearest 1_‘_0udspeaker only. This phenomenon is examined in some
detail by Orduna-Bustamante et al [62]. There is no way to avoid this problem with
the techniques deséribed here. One possible solution, however, is to delay the input to
the nearest loudspeakers such that the shortest initial delays are artificially increased
(Gerzon [75]).

Now the properties of the C-matrices shown in the left column of Figure 5.6 are
investigated. Figure 5.7 shows the singular values of C for the four values 15, 30, 60,

120 of N, on a linear scale. Surprisingly, the four plots are very similar, The largest

809%-90% of the singular values are quite evenly spread within approximately one
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decade, then they drop off to zero (within machine precision) very rapidly. An exact

inversion of any of these C matrices would be disastrous, and a regularisation factor
must be used to avoid the effect of the small singular values on the solution. This
suggests that for this particular geometry there is no particular reason to prefer any
particular kind of least squares problem (over-determined, square, or under-
determined), but it is intuitively obvious that the performance of the inverse filters is
best when N, is large. An interpretation in terms of vector spaces indicates that there
are always some dimensions in the desired output space that cannot be reached by C
no matter how large N, is. The singular values of zero, which indicate linear
dependence between the columns of C, are caused by the layout of the loudspeakers
and microphones in this specific example. The “cause” of the linear dependence is not
obvious, for example, if any two loudspeakers are removed, then C has full rank. It is
the combination of two pairs of loudspeakers that makes C singular. This

phenomenon is examined in more detail in Section 6.3.

5.4 Adaptive inversion methods

Adaptive filters are useful for many applications (Nelson and Elliott [9], Widrow and
Stearns [11]), and they are useful for the active control of sound mainly for three
reasons. The first is that an adaptive algorithm is relatively simple to implement, the
second is that the algorithm does not need any information about the desired signal as
long as the error signal is known, and the third is that the algorithm can “track”
relatively slow changes in the system parameters in real-time. Adaptive filters are
digital filters whose coefficients change with time depending on the input. By
comparing the output of the filter with a desired output signal, the adaptive filter is
able to adjust its filter coefficients in order to improve its performance. The vital
information that is necessary for the filter to converge to the unknown optimal
solution is supplied by the error signal. The error signal is crucial; without it, the filter
has no way of assessing its own performance. In order to account for the dependence
on time, the theory of adaptive filters is usually described in terms of statistical results
rather than deterministic results. For example, instead of defining a deterministic input

signal, a correlation matrix is used to indicate the average behaviour of a whole family

of input signals.
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The adaptive filter H assesses its own performance by comparing its output to a

desired signal d. However, as illustrated in Figure 5.4, the output of H is filtered by
C, the electro-acoustic transfer matrix, before it is compared to d. There is a simple
and straightforward way, in principle, to overcome this problem. The idea is to
interchange the two filtering operations of H and C. If both H and C are linear, it
does not make any difference whether H is applied directly to the recorded signals u,
or to the acoustic signals at the microphone positions after the recorded signals have
been played back through the reproduction system. The latter signals are called the
“filtered reference signals”, and are denoted by the letter r. The only difficulty with
this formulation is a purely practical one. The objective is effectively to make the

“new” matrix product CH equal to the “old” matrix product HC regardless of the

dimensions of C and H, and this inevitably leads to quite a complicated mathematical

formulation. It is possible to derive an expression for the error e(n) of the type

(Nelson and Elliott [9] Section 12.8)
e(n)=d(n)—wrn) =d(n)-R(@)h, (54.1)

where R(x) is a matrix containing all the filtered reference signals, and h contains all
the coefficients of the inverse filters (not just the coeffients relating to one track). In
the statistical formulation, the optimal filter hy is defined as the filter that does the best
job, on average, in the least squares sense. “On average” refers to the average over an
ensemble of input seguences, Or recordings, so hy depends on the average behaviour
of u. Usually, u is assumed to be the outcome of a stationary stochastic process with
zero mean and variance o°, and a white (constant as a function of frequency)

spectrum (Widrow and Stearns [11] Chapter 10). The cost function J is defined as
J = E[e" () e(n)+Pv" (m) v(m)]. ' (5.4.2)

where E is an expectation operator (not performance cost} and B is a regularisation

factor that penalises large outputs. The least squares solution hy that minimizes J is
-1
h, = {E[R*(mR@)]+Bc’l] E[RT(md(n). (5.4.3)

One of the most common methods for updating the coefficients of h is the steepest
descent algorithm (Widrow and Stearns [11] p.56, Nelson and Elliott [9] Section

12.4). The name of the method is quite descriptive of the way it works: after each
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new sample, h is adjusted in such a way that it takes a step from its current position

on the quadratic error surface down the locally steepest slope. The length of the step
is proportional to the gradient, so the steeper the slope is, the longer is the step. The

update equation for his
A
h(n+1)=h(n)— ua—h . | (5.4.4)

where |t is a positive convergence factor, and the minus sign on the right hand side
indicates that the step is in the opposite direction of the gradient. The value of p is
crucial for the convergence properties of the adaptive algorithm; if L is too big, the
algorithm is unstable and the error grows without bound, if W is too small, the
algorithm converges extremely slowly because it takes a very large number of short
steps to get to hy. The best way to see how quickly the algorithm converges is by
plotting J as a function of the number of itcrations. Such a plot is often referred to as
a learning curve (see Widrow and Stearns [11] p.108, for a typical example). The
learning curve is ideally a sum of exponentials, each decaying with its own time
constant, and [ is effectively a common divider of all these time constants. So, the
larger 1\ is, the quicker the solution converges. There are useful general guidelines for
how to choose a sensible initial value for | (Widrow and Stearns [11] p.103), but in

practice it is always necessary to make trial-and-error experiments. The gradient as a

function of h is given by
aJ iy 33 T
£=2E[R (m)R(mh-R"(n) d(n)]+62[3h, (5.4.5)

which means that the desired signal, d(n), has to be known. However, Equation

(5.4.5) can also be expressed as

%: *ph-2E[R" (n)e(n)], (5.4.6)

which shows that if the error signal, e(n), is known, it is not necessary to know d(n).
Equation (5.4.6) also shows that the gradient’s exact value depends on the average
behaviour of e(n), and pot just its instantaneous value. This means that it is not
possible to update h after each sample without having some information about the

statistical properties of the error signal (Widrow and Stearns [11]). One way to avoid
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this problem is simply to remove the expectation operator from Equation (5.4.6). The

update equation for h then becomes
h(n+1)=(1-ps’Byh(n) +2uR" (n) e(n), (5.4.7)
or, after simplifying the notation by setting 1-uo*p =y and 2 = «, |
h(n+1)=vh(m)+aR" (n)e(). (5.4.8)

This update equation uses an estimate of the gradient instead of the exact value as
given by Equation (5.4.6). Note how the regulérisation factor enters the update
equation. At each iteration, the [3-term makes h take a step back towards the origin
before it continues down the local gradient. The larger h(n) is, the longer is the step
backwards. This is how h is prevented from becoming very large. If o is suddenly set
to zero, h decays exponentially to zero, so 7y is effectively the time constant of the

regularisation.

The steepest descent algorithm has its own “built-in” regularisation. Since the change
made to h is proportional to the gradient of the error surface, it is clear that the closer
the cost function J is to its minimum Jy, the smaller are the changes made to h at each
update. If the problem is ill-conditioned, then the error surface has very long valleys,
so even though J is very close to Jp, h can be very far away from its optimal value h.
The steepest descent algorithm is very efficient for ill-conditioned problems because
the local gradient guides h towards the nearest point on the valley floor rather than
towards ho. As J approaches Jy, h approaches hy very slowly. For example, it might
take 100 iterations to make the normalised cost (J-Jo)/Jy less than 1%, but it would
take another 10.000 iterations to make (J-Jo)/Jo less than 0.25%. At the same time,
the length of h might increase by a factor of 10, and still be a factor of 1000 smaller
than ho. In practice, it is not possible to obtain an exact solution to an ill-conditioned
problem with an adaptive algorithm; instead the algorithm is stopped when J no
longer decreases significantly and the solution “looks good”. Therefore, the algorithm
can be stopped when the learning curve is flat. When the learning curve is flat, it 1s
impossible to tell whether the solution has actually converged to the exact solution or
it has just found a point close to the valley floor, but in either case there is no point in

continuing the adaptation. Figure 5.8 shows the nine learning curves for the system
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illustrated in Figure 5.5. The adaptive algorithm is a steepest descent algorithm,

without regularisation (y = 1), trained with a deterministic impulse rather than random
white noise (this algorithm is developed by Orduna-Bustamante and described n
[36]). There are nine learning curves J, in total, each one relating to the contribution
to J from track ¢ at microphone r. Each of the twelve adaptive filters contains 60
coefficients, and the modelling delay is 30. Tt is seen that the learning curves for the
three tracks are qualitatively similar. Since the adaptive filters are initialised with
zeros, there is no oufput from the filters at first. Therefore, the cost is large for the
elements corresponding to the diagonal elements in the target matrix, and small for
the elements corresponding to the off—diagbnal elements in the target matrix. As the
filters start to adapt for a given track, the distance between the individual learning
curves becomes smaller, and after about ten iterations (impulse inputs), they are
almost flat. The value of the total cost J after 20 iterations agrees well with results
obtained by direct inversion of C using a regularisaﬁon factor of 0.000001. For track
number one, direct inversion gives a value of 0.1362 for J, adaptive inversion gives a
value of 0.1391 for J (found as the sum of J,,, Ja1, and J3;). For track number two and
three, direct inversion gives a value of 0.2295 for J, adaptive inversion gives a value
of 0.2329 for J (found as the sum of Ji2, J22, and J32). The two sets of inverse filters
are almost exactly identical, and this indicates that the steepest descent method’s
“built-in” regularisation works just as well as the corresponding regularisation of

direct inversion problems provided the adaptive algorithm is given enough time to

converge.

5.5 Conclusions,

In order to be able to deconvolve a system using inverse filters hg(n) that have finite
impulse responses, a modelling delay m, which specifies the desired signals d to be
simple delayed copies of the recorded signals u, is crucial. The filter coefficients in
hy(n) can be calculated either by a least squares inversion of a large matrix C, which
contains the finite impulse responses of the electro-acoustic transfer functions, or by
using an adaptive algorithm that uses a steepest descent method to approximate the
exact least squares solution. C usually has more rows than columns, but when there

are more loudspeakers than microphones, it is possible to invert C exactly provided
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the number of filter coefficients in the inverse filters is sufficiently large. However, an
exact inverse does not seem to offer any obvious advantages over a close-to-exact
least squares solution. In fact, if C happens to be square and is inverted exactly
without regularisation, the solution is likely to be very large becaﬁse the inversion
problem is usually ill-conditioned. Since the condition number of C, which is the ratio
between its largest and smallest singular values, is not a very good measure for how
ill-conditioned the inversion problem is, it is necessary to [ook at the distribution of all
the singular values of C. If many of these are very small compared (o the largest

singular value, then C is very singular and extremely difficult to invert.

133




Desired

signal D(z)
Z‘I‘)’I
Recorded

signal

1' U(z)

E‘:

H(?) C(@)
| ~ Source Reproduced
: input signal signal W(z)
V(2)

Figure 5.1. The single-channel inversion problem in block diagram form including a
modelling delay m
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Figure 5.2. a) An example of a system which has zeros both inside and outside the
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unit circle. Consequently, its exact stable inverse, which is shown in b), is

double-sided
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Figure 5.4. The discrete-time multi-channel sound reproduction problem in block
o diagram form including a general target matrix A '
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Figure 5.5. Four sources positioned in a "quadraphony" arrangement and a
microphone array which is similar in shape to the circular 3 shown in Figure 3.20d

138




Non-zero elements of C Non-zero elements of C'C

ZZT\——T_ 0 =
NN ah

40 \ 20{™, T -
a) N=15 ' S
) k 60\\ F ._‘. '... '....

b) N,=30 \\\\ | 50\\\ \\\\\

150;

AN =R

] RS
d)N,=120 200 \\\\ 200\ \\

NN AN

0 100 200 300 400 0 200 400
nz = 1440 nz = 3924

l GN=60 \\\\ 100\\ \\\\

Figure 5.6. An illustration of the N_, non-zero elements in C and C'C for the four
different values 15, 30, 60, and 120 of the filter length N,
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Figure 5.7. The singular values of the four C-matrices shown in the left column of

Figure 5.6
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Figure 5.8. Learning curves for a steepest descent adaptation of the system shown in
Figure 5.5. The length ¥, of each of the inverse filters is 60, the modelling delay is-
30 ‘

141




!
i
H
:
i
1
:
i

6. Transient response of multi-channel sound
reproduction systems

The theory developed in the previous chapters is now used to model the transient
response of some simple multi-channel systems working in discrete time. In order to
make the model realistic, it is necessary to consider how to approximate an electro-
acoustic transfer function given only the distance between the source and the receiver.
If the time it takes for the sound to travel that distance is not an integer number of
sampling intervals, a suitable interpolation scheme can be used to obtain a more
accurate approximation. Some examples illustrate how the properties of the inverse
filters depend on the electro-acoustic transfer function, the distance between adjacent
microphones, and the sampling frequency. One has to be careful about generalising -
the results from these examples, however, because even very sﬁbtle changes made to
a system’s parameters can make the behaviour of that system change quite
dramatically. Certain “symmetrical” layouts of microphones and loudspeakers lead to
extremely ill-conditioned inversion problems, which means that in practice they are
impossible to invert even with an extremely large number of coefficients in the inverse
filters. The transient response of a sound reproduction system is best illustrated by
using an input that has a short duration. However, the duration of the input cannot be
too short, otherwise spatial aliasing occurs. It is convenient to use a “Hanning pulse”,
which is a digital Hanning window, to define a desired “plane wave transient” sound
field, because the Hanning pulse looks like a “smooth” pulse, and by varying its
duration, its bandwidth can be controlled. When the desired field is recorded and
passed through the inverse filter matrix, the input to each of the sources is the sum of
the outputs from several inverse filters. For this reason, the source inputs can be
qualitatively different from the individual outputs from the inverse filters. By looking
at the spatially reproduced sound field, it is possible get a physical feel for the size of

the area over which the sound can be controlled.
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6.1 Modelling the electro-acoustic transfer function

In the previous chapters, the continuous-time transfer function from a monopole

source to a microphone position is approximated in the discrete-time z-domain by

!

C(Z)=%, (6.1.1)

where [ is the number of sampling intervals it takes for the sound to travel from the
loudspeaker to the microphone (given earlier in Equation (4.4.1), repeated here for
convenience without the indices  and s). If the exact value of I is not an integer ly,,

then it has a non-zero fractional part /g, S0

=1, +1, (6.1.2)

Tac "

For example, if [ = 11.3, then [, = 11 and /[y, = 0.3, Since Equation (6.1.1) requires
that / is an integer, a non-zero value of Iy, will cause an approximation error. The
error as a function of frequency caused by an approximation Cuppmx(e’szs) to the exact
electro-acoustic transfer fﬁnction Cexm(eﬂws) is split into a “distance-normalised”

amplitude error

B (€7 ) = |G (6715 = € (7 )! (6.1.3)
and a phase error
Ephusc (eﬂﬁf’fs ) = ‘4 Cexact (e,iZch/fs) - ‘4 Capprox (ejZTrfffs )E (6 14)

Since the quantisation of / is equivalent to a quantisation of the distance between the
source and the microphone, the approximation can be improved by increasing the
sampling frequency. An example of this technique, referred to as over-sampling, is
given in Figure 6.1. The integer part /i, of / is removed since the phase error depends
only on fi,.. The value of I, determines the slope of the exact phase response, which
is linear. When [ is rounded to the nearest integer, the phase response of the
approximation is also linear, consequently the phase error is a linearly increasing
function of frequency. As seen in Figure 6.1a, when the sampling frequency is fi, the
phase error is largest when lg is 0.5, in that case Eps is 90 degrees at fyyg. An

increase of the sampling frequency f; by a factor of 10 to fio effectively increases the

143



phase resolution of the approximation by a factor of 10. This is illustrated in Figure

6.1b.

If the system is going to be capable of using the differences between the arrival times
at the different microphones of a sound wave, it must take the sound several sampling
intervals, for example 10, to travel from any one microphone to its nearest neighbour.
However, in order to avoid the undesirable effect of spatial aliasing as described in
Section 3.6, the acoustic wavelength corresponding to fi., the highest frequency
component in the recorded signals, must be at least three times longer than the
distance between adjacent microphones. Consequently, the sampling frequency f; must
be a factor of 30 higher than fou. So, if the microphone spacing is 10 cm, then the
sampling frequency must be greater than 34kHz, but fr. is only about 1kHz. Thus,
without affecting frequencies lower than fia, it is possible to lowpass filter the signal
and then to decimate it in order to obtain a shorter digital filter that runs at a much
lower sampling rate. For example, if one of the optirhal filters contains 200
coefficients and runs at 34kHz, then after lowpass filtering and decimation by a factor
of 10, the new filter runs at 3.4kHz and contains only 20 coefficients. This “over-
sampling, lowpass-filtering, decimation” - scheme is simple to implement, and has
been used for high-resolution beam-steering (Pridham and Mucci [6], Dudgeon [46]).
The principle is illustrated qualitatively in the frequency domain in Figure 6.2, and in

the time domain in Figure 6.3.

The transfer function approximation problem is essentially an interpolation problem
and it can be approached in different ways (see for example Schafer and Rabiner [2]
or Pridham and Mucci [32]). One such approach is to use multirate digital signal
processing. The over-sampling technique described above is a special case of a more
general method for implementing a fractional delay in a discrete time system
(Crochiere and Rabiner [66] Section 6.3), and the resulting filter is referred to as a
“ﬁactional sample phase shifter”. The basic idea is to approximate the real number g,
by the fraction N/D where the numerator N and the denominator D are positive
integers. A delay by N/D of c(n) is implemented in three steps. Fimst, c(n) is
interpolated by a factor of D, this is the opposite operation of decimation, it
effectively increases the sampling frequency from f, to D times f; by “filling in the

gaps” between the samples of the original signal. Secondly, the new signal is shifted
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by N samples to the right. Finally, the signal is lowpass filtered and decimated by a
factor of D, this changes the samp]jng frequency back to f.. Figure 6.4 illustrates the
three steps in the time domain for a delay of 0.4. In practice, errors are caused by the
interpolation and the decimation because a lowpass-filtering is included in both
operations (see Schafer and Rabiner [2] for details). Figure 6.5 shows a comparison
of the quantization error eg.m as a function of the fractional delay /s, for three
different approximation schemes, a) rounding to the nearest integer, b) rounding to
the nearest integer after increasing the sampling frequency by a factor of 10, and c)
rounding to the nearest fraction N/D where the maximum value of D is 10, In all three
cases, the phase error is a linear function of frequency as illustrated in Figure 6.1, and
the maximum phase error, which occurs at the Nyquist frequency fuyg, iS €quam times
180° (this assumes that the lowpass-filters are ideal). It is seen that [y, is overall well
approximated by a fraction apart from near zero and one where the error is identicél

to that of rounding after increasing the sampling frequency by a factor of 10.

Another way to model a fractional delay is to approximate the transfer function with a
digital FIR filter containing two coefficients. When the two coefficients are found by

linear interpolation, the z-transform of the filter becomes

1
cua=;memgf%+lzﬂ“ﬂ. (6.1.5)

frac

where [ is the exact delay. For example, if I = 5.4, then ¢(5) = 0.6/5.4 and ¢(6) =
0.4/5.4. This simple approximation is remarkably efficient because it is very accurate
at low frequencies. The use of linear interpolation for the purpose of approximating
an electro-acousic transfer function was originally an idea of Orduna-Bustamante
[36]. The ainplitude error Famy and the phase error Fpye as a function of the
normalised frequency and the fractional delay are shown in Figures 6.6 and 6.7
respectively. For frequencies lower than 0.5fuy, the phase error is roughly equal to
the. phase error obtained by using the more sophisticated fractional sample phase
shifter. The linear interpolation is easy to implement, and it only doubles the number
of elements in the C-matrix, therefore the sparse structure of C, which is illustrated in

Figure 5.6, is preserved.
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6.2 General properties of the inverse filters

Some simple examples are now présented in order to give a feel for how the inverse
filters depend on three system parameters: the distance between adjacent
microphones, the sampling frequency, and the type of electro-acoustic transfer

function (rounding or linear interpolation).

The system that is investigated comprises four sources in a 4m X 4m square, and four
microphones in a square whose sidelength is either 10cm or Scm. Both the sources
and the microphones are positioned in the corners of a square, both squares are
positioned symmetrically around the origiﬁ of the coordinate system. There are 16
elements in the transfer function matrix C, each of them depend only on the distance
from the source to the microphone, but due to the symmetry of the geomeirical
arrangement of the sources and the microphones, only three of the sixteen distanceé
are different. These three distances, measured in sarripling intervals, are denoted by /;,
I,, and I5, where I; < I, < 5. The corresponding three acoustic transfer functions are

denoted C,(z), C2(z), and C5(z) so

[C(2) GE GE G&]
Jew c@ co @)
6@ GO G G|
e 60 Go Gl

(6.2.1)

The exact inverse of this matrix also contains only three different elements, they are

denoted H;(z), H2(z), and H(z), consequently

[H() H,(z) H,(z) ()]
HZ(Z) HI(Z) H3(Z) Hz(z)|

CO=RO=\ o) e B H©| (6.2.2)
L) HG) HG HE@)
By dividing the adjoint of C(z) by its determinant D(z) we find -
o, =(C?=2¢,C2 +2C2C,~CC)ID, (6.2.3)
H,=(-C2C,+2C,C,C, -~ C,C)I D, (6.2.4)

and
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H,=(2CC-C’C,-2C2C,+C}2)I D, (6.2.5)

where
D=C*-4C2C,*+8C,C, C, —2C2C 4G G+ G (6.2.6)

In the Equations (6.2.3-6), the variable z has been omitted for notational convenience.
It is clear that, because of the symmetry, this geometry is not representative of a large
class of systems. On the other hand, the behavioﬁr of the system is determined by only
a few system parameters, this makes it relatively easy to relate certain properties of
the solution to certain system parameters. When the sampling frequency is either
34kHz or 12kHz, there are eight different sets of transfer functions, one for each
sampling frequency, microphone spacing and type of electro-acoustic transfer
function. Table 6.1. lists the three integer approximations /l..g that are used to
approximate C(z) by Equation (6.1.1), and the three values of /i and /g, that are used

to approximate C(z) by Equation (6.1.5).

Samphng— Micr ophone— lruund Iint lfrac
frequency array
276 275 0.77
10cmx10cm 283 282 0.93
34kHz 290 289 0.91
279 279 0.31
ScmixSem 283 282 (.86
286 286 0.38
o7 o7 0.35
10cmx<10cm 100 99 0.87
12kHz 102 102 0.34
99 98 0.60
ScmxScm 100 99 (.85
101 101 0.09
Table 6.1.

Figure 6.8 shows the positions in the complex z-plane of the poles of the exact inverse
filters (exact in the frequency domain least squares sense) of each of the eight systems
derived from the data in table 6.1. The set of poles are the zeros of the determinant of
C(z) as given by Equation (6.2.6). The number of poles increases with both the

sampling freqﬁency fs and the spacing between adjacent microphones, because the
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difference between the maximum and minimum values of [ increases with f; and the

microphone spacing. When that difference is large, the order of the determinant
polynomial, which is calculated by multiplying and adding together elements from
C(z), is also large (see also Section 4.3). The number of poles therefore becomes
larger when the spatial resolution is increased. This phenomenon is essentially caused
by spatial aliasing of the elements of C(z). For example, in Figure 6.8a there are 56
poles which appear in 14 groups of four, in Figure 6.8¢c there are 28 poles which
appear in seven less clearly defined groups of four. In Figure 6.8a, the maximum value
of the difference between the maximum and minimum values of / is 14 samples, in
Figure 6.8c it is 7 samples. The regular pattern in Figure 6.8a appears because the
difference between the rounded values of /; and /4 is the same as the difference
between the rounded values of /; and /5. This is not the case when the microphone
spacing is reduced by a-factor of two (see Table 6.1), and the poles in Figure 6.8c are
therefore more “spread out”. Clearly, a large number of poles makes it difficult to
approximate the exact inverse filters with FIR filters, in particular when the poles are
close to the unit circle. There are always poles of the exact inverse close to the unit
circle on the real axis, which indicate the ill-conditioning of the inversion problem at
low frequencies. Since the approximation of the electro-acoustic transfer function is
accurate only at relatively low frequencies, there is no point in trying to minimise the
error above, say, half the Nyquist frequency. Unfortunately, as shown in Section 4.3,
the least squares method minimises the integral of the error around the unit circle.
This means that a significant fraction of the coefficients in the inverse filters are
inevitably used for minimising the error at' frequencies above the upper working
frequency limit of the system. When ‘the acoustic wavelength at the sampling
frequency is comparable to the spacing between adjacent microphones, there are
relatively few poles in the exact inverse, and they tend to be scattered over mainly the
left hand side of the complex plane as shown in Figure 6.8h, This is highly desirable,
and it means that the FIR approximation to the exact inverse 18 likely to be very
accurate, particularly at low frequencies (apart from very close to OHz). The
approximation to the electro-acoustic transfer function by rounding the distance in
sampling intervals is not only less accurate than the linear interpolation technique, it

also tends to make the poles appear in clusters, which is undesirable.
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Figure 6.9 shows the frequency response of an FIR approximation to one of the exact

inverse filters, Hy(z), for each of the eight systems whose poles are shown in Figure
6.8. The FIR filicrs Hy(z), Hx(z), and Ha(z) cach contain 120 coefficients, and the
modelling delay is 60. Note how the peaks in the frequency response correspond well
to the pole positions in Figure 6.8, Figure 6.10 shows the frequency responses, using
the FIR approximations to the exact inverse filters of each of the eight systems whose
poles are shown in Figure 6.8, of two of the signals that are reproduced at the
microphones. One is |Wyl, the frequency response from track number one to
microphone number one, which is ideally 1 (0dB), the other is 1Wy,l, the frequency
response from track number two to microphone number one, which is ideally O (minus
infinity dB). The performance of the filters is overall very good. The agreement with
the desired signals is worst near a pole close to the unit circle, in particular at OHz, at
those frequencies there is a dip in IWl. The FIR approximations to the exact inverse
filters are all calculated without regularisation, the reason being that this particular

geometry always leads to well-conditioned least squares problems.

6.3 Loudspeaker-microphone layouts and conditioning

The conditioning of the inversion problem seems to depend more strongly on the
layout of loudspeakers and microphones than any other system parameter. The
geometry investigated in the previous section leads to well-conditioned inversion
problems for almost any choice of system parameters. However, if the loudspeaker
array (or the microphone array) is rotated 45 degrees, any choice of system
parameters leads to a singular, and not just ill-conditioned, inversion problem. The

electro-acoustic transfer matrix C(z) for such a system is of the type

[C) C G G@]
(G G G G@)
V= 0w Gl G GE|
e 6w a@ 6@)

( (6.3.1)

assuming that each element in C(z) depends only on the distance from the loudspeaker
to the microphone. The matrix C(z) contains only two different elements, and its
determinant is zero for all values of z. Many other geometries that are much less

trivial also lead to highly singular inversion problems (Swanson [107]). Even though
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there is no direct way to find out whether the C-matrix used for the design of the
inverse FIR filters is highly singular, there is a way to find out whether a geometry
leads to a singular C(z)-mairix. At the frequency OHz, z is equal to one, so both the
rounding approximation and the linear interpolation technique give each of the
elements in C(z) a real value of 1/l,,, where I is the distance from loudspeaker s to
microphone r. Thus, if the “inverse distances matrix”, which is the matrix containing
the values 1/1,,, does not have full rank, then C(z) cannot be inverted exactly because
the frequency response at OHz is infinite. Consequently, the C-matrix that is generated
in order to calculate the FIR approximation to the exact inverse is bound to have
many zero singular values. However, even when the exact inverse is well-behaved it 1s
still possible for the C-matrix to have many zero singular values. This phenomenon
occured with the geometry used for the example in Section 5.3. Thus, a certain
geometry usually leads to either a well-conditioned or ill-conditioned C-matrix for all
choices of sampling frequency, microphone spacing, and filter length. An ill-
conditioned C-matrix can be caused by either a singular “inverse distances matrix”, in
which case C(z) is singular and the inversion of C is bound to be virtually impossible,
or, seemingly, by the block Toeplitz structure of C, in which case a “good” inversion
of C might be possible. Figure 6.11 lists some geometries and the different types of

inversion problerns they can lead to.

Since the conditioning of the inversion problem depends on the layout of the
microphones and the loudspeakers in a seemingly unpredictable way, it is not possible
to design a good universal microphone array containing only three or four
microphones. However, Figure 6.11 suggests that a combination of (wo square
microphone arrays, each containing four microphones, could work for most
loudspeaker setups. Such a microphone array is shown in Figure 6.12. This
microphone array seems to lead to well-conditioned least squares problems for all
coﬁceivabl_e loudspeaker setups (at least as long as the number of loudspeakers is not
greater than eight), and it has a very good resolution with respect to different angles
of incidence. The acoustic wavelength at the sampling frequency should be
approximately equal to the sidelength of the “outer” square, this ensures that there are
not too many poles in the exact inverse and that the system is not too ill-conditioned

at low frequencies.
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One final point needs to be made about the conditioning of inversion problems. Two
types of ill-conditioning can occur. One is caused by poles near the unit circle in the
exact least squares inverse. This Ieadé to very long impulse responses of the inverse
filters, so without the use of regularisation, many values of the coefficients in the FIR
approximations are different from zero even if the inverse filters contain many
coefficients, The second type of ill-conditioning is caused by lincarly dependent
columns in the C-matrix that determines the optimal values of the coefficients in the
FIR approximations. There is no obvious reason why the iwo types of ill-conditioning
should be related because they occur in different domains. One is in a complex “pole-
space”, the other is in a finite-dimensional coefficient space. The pole map of the
exact inverse is the most important indicator of ill-conditioning because it is related to
the physics of the problem. The conditioning of the C-matrix relates to the optimal
values of the coefficients in the FIR filters, and this is relative only to the available

filter coefficients, not directly to the physical problem that generated the equations.

6.4 The Hanning pulse

Before considering the outputs from the inverse filters, and eventually the reproduced
sound field, it is necessary to find a sequence that is suitable for modelling a recorded
transient discrete-time signal. A Hanning pulse, which is a digital Hanning window,
seems to be a good choice not only because it “looks” like a transient, but also
because its bandwidth can be controlled by varying its duration. Figure 6.13 shows
four digital Hanning pulses and their corresponding zero-maps. The lengths of the
pulses are 5, 10, 20, and 50 samples. The zeros of the Hanning pulse are all on the
unit circle, the high frequencies are therefore attenuated very efficiently. Almost all of
the energy is concentrated in the main lobe near DC, and the longer the pulse is, the
narrower is its main lobe. Figure 6.14 shows the frequency spectrum of each of the
four pulses, the positions of the first zero as a fraction of the sampling frequency fs are

0.3333, 0.18i‘8, 0.0952, and 0.0392 respectively.

6.5 Properties of the source inputs

The output from a loudspeaker is the sum of T convolutions, one for each track. In

the z-domain, the output V, from source s is given by
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V() =[H, (z) - H_;T(z)]-{ Pl (6.4.1)
'UT(Z)J

Thus, the set of recorded signals u(z) are first filtered by the elements of one row of
H(z), then they are added together. If the properties of both H{z) and Ujz) are
known, it is straightforward to derive the properties of the convolution of the two. If
the z-transforms of two signals are given by Ni(z) /D:(z) and Ny(z)/D2(z) respectively,
then the z-transform of their product Npwe(2)/Dpred(z) 15 given by

Nprod(z) _ N1 (Z)NZ(Z)
D,..(z) D(2)D,(z)’

(6.4.2)

which shows that tﬁe poles and zeros of Hy(z) and Uxz) are also the poles and zeros
of Hy(z)*U«(z) (unless a pole and a zero cancel out exactly). An equivalent result does
not exist for the sum of two signals. The z-transform of the sum Nam(z)/Dam(z) of two
signals is given by

Now(2) _ N.(2) N N,(z) _ N(2)D,(2)+ N, (2) Dy (2)
D, (z) D(z) D,(2) D{(2)D,(2)

sum

; (6.4.3)

which shows that the zeros of the sum are generally not directly related to the zeros of
either of the two signals, not even when they are both finite length sequences (D;(z) =
Ds(z) = 1). In the special case where all the recorded signals are simple delayed copies

of each other, the output V(z) from source s is given by
V(@) =U@z™"H, () +2" H,(2)+.. 427" H . (2)]. (6.4.4)

provided the delays »,, na, ... nr between the tracks are all integers. The “reference”
for the recorded signals, U(z), acts as an overall filter, so if’ U(z) is a long Hanning

pulse, it effectively performs a very efficient lowpass-filtering of the elements of H(z).

The following example illustrates that the poles in the inverse filters can be cancelled
almost exactly by combining the recorded signals with the inverse fiiters according to
Equation (6.4.4). Consider the geometry studied earlier: four speakers are positioned
in a 4m X 4m square, and four microphones are positioned in a 10cm X 10cm square.
When the sampling frequency is 34kHz, and the electro-acoustic transfer function is

approximated by the rounding technique described in Section 6.1, each of the inverse
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filters have 56 poles which appear in 14 groups of four as shown in Figure 6.8a.

These poles are all just inside the unit circle, and the distance from each group of
poles to the unit circle is approximately 0.0035. Consequently, the exact inverse filters
are all stable in forward time, but they all have long impulse responses; the
contribution from each group of poles has a time constant of approximately 600
samples (see Equation (4.2.6)). When the outputs from the system are decimated by a
factor of 10, the influence of the groups of poles away from the positive half of the
real axis is eliminated, but there are still four poles near one, and they are not
cancelled by corresponding zeros of the numerator. Thus, the impulse responses of
the optimal filters are very long, even after decimation. When the recorded signals are
delayed copies of a Hanning pulse of length 50, each of the outputs from the inverse
filters in H(z) are approximately 20 times longer than the input. Nevertheless, after
decimation, the duration of the inputs to the loudspeakers are still comparable to the
length of the Hanning pulse (this will be demonstrated in Section 6.6). The reason for
this is that when the contributions from each of the inverse filters are added up, the

four poles near one are almost exactly cancelled out by zeros.

A high sampling frequency and a wide microphone spacing generally leads to least
squares problems whose exact solutions have many poles. Occasionally, some, or all,
of these poles are cancelled out by zeros of the numerator, or by zeros that are
generated by the addition of the individual filter outputs. In Figure 6.8, there are eight
examples that demonstrate the influence of three system parameters on the number,
and positions, of the poles of the exact inverse. The three system parameters are the
approximation to the electro-acoustic transfer function, the microphone spacing, and
the sampling frequency. The example above represented one extreme with many poles
and a high degree of “symmetry” in the pole map as shown in Figure 6.8a. The other
extreme is shown in Figure 6.8h. The sampling frequency is reduced from 34kHz to
12kHz, the microphone spacing is reduced from 10cm to Sem, and the approximation
to the acoustic transfer function is improved from the rounding technique to the linear
interpolation technique. The inverse filters are calculated by using a filter length N, of
60, a modelling delay m of 30, and a regularisation factor of 10 (although use of
regularisation is not crucial in this case). Figure 6.15a shows the geometry of the

system, and Figure 6.15b shows the input Vil to source number one (positioned at
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(-2m,2m)) as a function of the frequency f and the angle of incidence 8,,; of the

recorded plane wave. Figure 6.15¢ shows five slices of Figure 6.15b along the
B.-axis. Figure 6.15b can be compared directly to Figure 3.22b, but note that the
results plotted in Figure 3.22 are all obtained using cight loudspeakers rather than
four. It is seen that |V)! takes its largest values along the slice 8,,; = -45° as it ideally
should, and that it becomes smaller as B.0i approaches a value that corresponds to the
position of one of the other loudspeakers. The system does not work well above
3kHz, which is half the Nyquist frequency, but this is not surprising since the
approximation to the electro-acoustic transfer function is known not to be accurate

above this frequency.

6.6 Properties of the reproduced sound field

The transient responses of two sound reproduction systems are now simulated. In the
first example, the reproduced sound field is illustrated in photographs of a few
rendered frames that are taken from an animation. In the second example, the
reproduced sound field is illustrated by a more comprehensive set of frames. Each
frame is shown both as a basic “wire-frame plot” using only relatively few spatial

sampling points, and as a “shaded density-plot”.

The geometry of the first example is shown in Figure 6.16. In the photograph in
Figure 6.16c, the white spheres are the sources, and the red square is the “target area”
which has a microphone in each of its corners. In the following photographs, the
sources are excluded in order to be able to see more clearly what the sound field looks
like near the target arca. The sound field is calculated at 30 times 30 points over the
yellow area. Two angles of incidence of a plane wave Hanning pulse are used to show
first the desired sound field that is recorded by the microphones, and then the sound
field that is’_caused by the sound radiated by the sources as a result of passing the
recorded signals through the inverse filters. The instantancous sound pressure is
plotted as a three-dimensional surface which is rendered using artificial light-sources
(the animations were originally done by Nick Gant who used the software 3D-Studio
with the interface utility 3D-Surf). The sound pressure is calculated as a time
sequence at a number of points on a two-dimensional grid assuming that the sampling

frequency is 34kHz and that the speed of sound is 340m/s. The transfer function from
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_ a source to a microphone, and from a source to a grid point, is approximated by

rounding the distance in sampling intervals to the nearest integer. All the poles of the
exact inverse ﬁltérs are inside the unit circle; their impulse responses are therefore
stable in forward time. Thus, it is staightforward to implement the inverse filters
exactly as IIR filters. The time sequences observed at the 900 grid points are
eventually low-pass filtered and decimated by a factor of ten to give the frames that
are plotted and rendered as 3D-surfaces. Figure 6.17a shows the desired sound field
for the first angle of incidence. It is a plane wave having a Hanning pulse time history
of duration 50 samples, and it comes in from the upper left corner propagating down
towards the lower right corner (84, = -45°). The source S; can easily reproduce waves
coming from this direction, and Figure 6.17b shows the reproduced sound field when
the recorded signals are passed through the inverse filter matrix. It is seen that only S;
gives a significant output, and this indicates that the system reconstructs the direction-
of-arrival information in the recorded sound field very accurately when the original
sound comes in from a direction that corresponds to a source position. Figure 6.18a
shows the desired sound field for the second angle of incidence, it is a Hanning pulse
of duration 50 samples that comes from a direction perpendicular to the line joining
the sources S| and S (8, = -90°). Figures 6.18b and ¢ show the reproduced sound
field at two different times. Figure 6.18b shows the sound field at a time just before
the interfering wavefronts reach the target area, and it illustrates how the sound
emitted by S, and S, creates an approximately plane wavefront. Figure 6.18¢ shows
the sound field a while later, and it is seen that 53 and S4 also emit sound, although of
an amplitude much smaller than S, and §;. Note that for both 6,y = -45" and 0,,; =
-90°, the output from the sources is of short duration even though the poles of the
system are close to the unit circle (see Figure 6.8a and also Section 6.5). This happens
because the féur poles near one are almost exactly cancelled by zeros of the sum of

the filter oufputs from each row of H(z). The influence of all other poles is eliminated

. by the lowpass-filtering preceding the decimation, and the many zeros of the Hanning

pulse on the unit circle.

The geometry of the second example is shown in Figure 6.19. There are four
loudspeakers in a narrow-arc arrangement as shown in Figure 3.4b, and three

microphones in a circle whose radius is 10cm as shown in Figure 3.20d (for a radius
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of V3cm). Figure 6.19b is equivalent to Figure 6.16b. It views the geometry from the
same position as used in the frames that show the desired and the reproduced sound
field. The sampling frequencsz is 12kHz, and the electro-acoustic transfer function is
approximated by the linear interpolation technique described in Section 6.1. There are
120 coefficients in each of the inverse filters. They are calculated using a modelling
delay of 60. Even though the positions of the 22 zeros of the determinant of
CT(z1C(z) do not appear to indicate an ill-conditioned inversion problem, the
C-matrix used for the design of the twelve inverse filters have singular values of zero,
and therefore a regularisation factor {3 of 107 is necessary. The recorded sound field is
a Hanning pulse of length 25, which means that the main part of its energy is

distributed over frequencies below 920Hz. Figures 6.20-25 show nine frames of a) the

desired sound field, and nine frames of b) the reproduced sound field for the three

angles of incidence 90° (Figures 6.20 and 6.21), 45° (Figures 6.22 and 6.23), and 0°
(Figures 6.24 and 6.25). For each angle of incidence, the sound field is illustrated by a
3D wire-frame plot (Figures 6.20, 6.22 and 6.24) and a shaded density-plot (Figures
6.21, 6.23 and 6.25). There are twelve sampling intervals between each frame, this is
indicated by a frame index which is shown above each 3D wire-frame (the frame index
is relative 1o a reference that is not unique, it is specific to each sequence of frames).
The recorded sound field is shown in the range from zero to one, the dynamic range
of the reproducéd frames is limited by using an exponential clipping function (the
parameter values are Yeip = 1.5 and ymax = 2.0, see Equation A6.1.1 in Appendix 6.1).
When 0, is 90° or 45°, the reproduced field corresponds well to the recorded field
over an area which is quite large compared to the area covered by the microphones.
When 8,,; is (°, the recorded plane wave comes in from a direction that is not covered
by the loudspeakers. It is seen that the four loudspeakers succeed in making the
wavefront bend near the microphones in order to obtain the desired effect, but it is

clearly a very localised phenomenon.

6.7 Conclusions

A two-coefficient digital filter is very efficient for modelling an electro-acoustic
transfer function from a monopole source to a field point. It is extremely accurate at

low frequencies, and it is simple to implement. It also tends to break up the symmetry
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of the poles in the exact least squares inverse, which makes it easier to invert the

system with finite impulse response filters. When the microphones are moved closer
together, or the sampling frequency is decreased, the poles decrease in number, and
they also tend to move round the unit circle towards the left half of the complex
plane. However, some “symmetrical” layouts of microphones and loudspeakers
cannot be inverted properly because they always result in extremely ill-conditioned
inversion problems. This is sometimes indicated by a singular “inverse distance
matrix”. Consequently, it is impossible to design a microphone array with only three
or four microphones that will work well with almost any loudspeaker setup, but it
might be possible with more microphones, for example cight. When a transient, such
as a Hanning pulse, is recorded by a microphone array that covers a relatively small
arca, the recorded signals are to a good approximation delayed copies of the same
“reference” pulse. After the reference pulse has been passed through the inverse filter
matrix, the outputs from one row of inverse filters are added together to form the

input to one loudspeaker. This addition can sometimes eliminate the influence of a

'poie, and thus make the sequence that is input to a source much shorter than

expected. The spatially reproduced sound field confirms the results from the
frequency analysis; the size of the area over which the sound field can be controlled is

of the order of a few acoustical wavelengths.
Appendix 6.1 Modelling the spatially reproduced sound field

Once the source outputs in v(z) are known, all the information necessary for
calculating the spatially reproduced sound field is available. At any point in the
listening space, the contributions from the individual sources are added together, and
the result is the sound pressure at that point. This is straightforward in principle, but
there are two problems with the practical implementation. One is that the source
outputs are Known only in discrete time, and it is generally not possible to calculate
the reproduced sound field without knowing the source outputs as a continuous
function of time. The other problem is that if the spatial grid is too coarse compared
to the spatial variations in the reproduced field, the visual appearance of the sampled

field varies from unpleasing at best to deceptive at worst.

The hypothetical example shown in Figure 6.26 illustrates the problem caused by v(z)

being known only in discrete time. The output from two sources, S; and S, are the
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two finite length sequences vi(n) and va(n). At a listening point, the two sequences are

delayed by an amount equivalent to the time it takes for the sound to travel from each
of the sources to the listening point, and they are also attenuated by the spherical
spreading of the sound (see Equation (6.1.1)). The delay is generally not an integer
number of sampling intervals. It is therefore necessary to interpolate in the delayed
and attenuated versions of vi(n) and v»(n) in order to find the values at the sampling
times. The two contributions are then added together, and the result is the sequence
w(n) that is reproduced at the listening point, and it is sampled at the same time
instances as v;(r) and v»(n). The interpolation can be made with any curve-fitting
method, for example with splines or polynomial approximation (Press et al [71]
Chapter 3), or the fractional delay technique demonstrated in Section 6.1. The linear
interpolation technique given by Equation (6.1.3) is a special case of a polynomial
approximation, and it is an efficient and simple way to approximate a non-integer

delay.

Once it is decided how to calculate the reproduced sound field at any position in the
listening space, it must be decided how many listening points that are necessary to
represent the spatial variations in the field. The set of listening points are also referred
to as grid points ([58] pp.246-247). If the field varies very quickly with the spatial
position, many grid points are necessary. If too few points are used, important detail
is lost due to spatial aliasing. When the objective is to achieve a faithful “snapshot” of
the sound field, it is not sufficient to use the sampling theorem to determine the
minimum spacing between grid points. A subjective assessment of the plot of the
sound field must be made in order to determine when the plot “looks good”. When
sequences of plots are used for animations, it is also necessary to determine the time
interval between consecutive plots. If that time interval is too long, the animation will
not be smooth, instead “jumps” will appear. Each plot (or “snapshot”) in an animation
is referred to as a frame, and it is assigned an index that indicates its number in the
sequence. Figure 6.27 illustrates how the guality of an animation depends on the
spatial sampling grid. Three sampling grids are used to show what the sound field
looks like after linear interpolation between the sampling points. The left column in
Figure 6.27 is the reference sequence. A pulse, which is four spatial sampling intervals

wide, is sampled in seven frames without loss of information. When the grid spacing is
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doubled (middle column), some detail is lost because the peak of the original pulse

falls in between the spatial sampling points in some of the frames. This phenomenon
becomes even more apparant when the grid spacing is increased further to three times
the original spacing (right column); in this case the pulse starts to look wider than it
really is. Another way of assessing the interpolation error is to look at the observed
time sequence at a position between the grid points, this is shown in the bottom row
of Figure 6.27 for the position x = 5. The interpolated signal looks qualitatively similar
to the original pulse only when the pulse extends over two, or more, sampling
intervals, which is in agreement with the sampling theorem. As a rule of thumb, a
sound field looks acceptable for animation as long as the spatial extent of its finest
detail is no smaller than four spatial sampling intervals. Equivalently, an animation
does not “jump” as long as there are at least four frames to cover the spatial variation
of the finest detail in the reproduced field as indicated in the left column of Figure
6.27. Consequently, the time interval between two consecutive frames must be
approximately equal to the time it takes for the sound to travel from one spatial
sampling point to its nearest neighbour. For single frequency fields, this implies that at
least eight frames are necessary for animation of one period, twelve are
recommended. For animation of fransient responses, a sensible starting point is to
generate a minimum of 30 frames on a square grid consisting of 30 times 30 points.
These choices, along with the size of the area over which the sound field calculated,
sct a limit for the highest frequency component in the reproduced signal. For example,
if the sound field is calculated over a 2m X 2m square, then the shortest wavelength in
the reproduced signal must be less than 4 x 2m /30 which is approximately 27c¢m
which corresponds to a frequency of 1275Hz (assuming the speed of sound is
340m/s). These guidelines are based on experience with basic mesh plot routines
(linear interpolation between grid peints). The details of three-dimensional surfaces
are greatly eﬁilanced by rendering them using artificial light-sources and sophisticated

smoothing algorithms, and it also makes them look visually pleasing.

One final problem relating to the modelling of spatially reproduced sound fields is
worth mentioning. Sometimes it is desirable to have sources close to the area over
which the sound field is calculated, or perhaps even inside that area. This causes a

problem with the dynamic range of the plot because the sound pressure close to a
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source is very high. Software clipping must therefore be used. A rule of thumb is to

aim for a ratio of three between the highest value at any grid point and the typical
value of the acoustical phenomenon that we wish to observe. For example, if the
desired value at a microphone is one, then there should be no grid points where the
value of the sound field is greater than three. The simplest way to clip the values at
the grid points is to set all values outside a certain range equal to the closest member
of that range (for example, all values greater than three are set to three, and all values
smaller than minus three are set to minus three). However, this method tends to result
in very “brutal” clipping. It is better to compress the signal gradually, for example by

using an exponential clipping function of the type
_ (x+yclip )'l(ymax _-vclip )

jx<“yciip _yclip_(ymm( _yclip)[l € ]
y(x): myclip>x>yc]jp X ,(AG.]..].)

=Yg Y mn — Paip )
X > Vaip ycﬁp+(ymﬂx—ych-p)[1—€ ' ' ]

where yq, i the magnitude of the value at which clipping starts (for example 2.5), and
ymax 18 the highest value the output can possibly take (for example 3). A function that

compresses its argument even more gradually is

2 i '
YD = ArcTan(Eﬁ}. (A6.1.2)

The first derivative of both the exponential clipping function and the ArcTan
compression function is continuous everywhere. The paper by Krause and Petersen
[48] demonstrates how software clipping can increase the dynamic range of digital

recordings.
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Figure 6.2. Frequency domain interpretation of the principle of increasing the phase
resolution by using over-sampling '
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Figure 6.3. Time domain interpretation of the principle of increasing the phase
resolution by using over-sampling
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Figure 6.4. An example showing how to realise a delay of 0.4 samples with the
fractional sample phase shifter
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Figure 6.8. Pole-maps and the number of poles N, of the exact inverse filters for the

eight systems derived from the data in Table 6.1 (four poles at approximately -3.33
are omitted from b))
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Figure 6.9. Frequency response of the optimal filter [H| for each of the eight systems
whose poles are shown in Figure 6.8. Each of the optimal filters contain 120
coefficients, the modelling delay is 60 (no regularisation is used). Note the good
agreement with the frequency response expected from the pole-maps in Figure 6.8
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spheres), and the types of inversion problems they can lead to
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Figure 6.12. A microphone array comprising eight microphones arranged in two
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Figure 6.14. Frequency spectrum of the four Hanning pulses shown in Figure 6.13
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Figure 6.16 (first page of two). The first example of a geometry used for simulation
of a transient response. a) is viewed from directly above, b) is viewed form the same

position as used in the photographs of the sound field shown in Figures 6.17 and
6.18
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Figure 6.16 (second page of two). Photograph showing the geometry as illustrated in
Figure 6.16b
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Figure 6.17. a) Desired plane wave Hanning pulse (duration 50 samples, 0,
and b} the reproduced sound field
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Figure 6.18 (second page of two). The reproduced sound field b) just before the
pulse reaches the target area, and c) a while after it has passed through the target area
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Figure 6.19. The second example of a gecometry used for the simulation of a transient
response. a) is viewed from directly above, b) is viewed from the same position as
used for the frames shown in Figures 6.20, 6.22, and 6.24
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Desired sound field

i

b)

Reproduced sound field -

Figure 6.20. 2 X 9 frames derived from the geometry shown in Figure 6.19. a) shows
the desired plane wave Hanning pulse of duration 25 samples whose angle of
incidence is 90°, and b) shows the reproduced sound field. The number above each
frame is the frame index
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Desired sound field

b)

Reproduced sound field

Figure 6.21. Shaded density plots of the 2 x 9 frames shown in Figure 6.20
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Figure 6.22. 2 x 9 frames derived from the geometry shown in Figure 6.19. a) shows
the desired planc wave Hanning pulse of duration 25 samples whose angle of
incidence is 45°, and b) shows the reproduced sound field. The number above each
frame is the frame index
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Figure 6.23. Shaded density plots of the 2 x 9 frames shown in Figure 6.22
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Figure 6.24. 2 X 9 frames derived from the geometry shown in Figure 6.19. a) shows
the desired plane wave Hanning pulse of duration 25 samples whose angle of
incidence is 0°, and b) shows the reproduced sound field. The number above each
frame is the frame index. Note the bend in the wavefront at the centre of frame 156
in b)
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7. Experimental results

- It is evident that the assumptions used throughout this work are unrealistic. In

practice, loudspeakers do not behave like perfect monopoles, microphones are not
ideal, and listening rooms are not anechoic. The results of two set of experiments
made in an anechoic chamber are now compared to the simple numerical model
developed in the previous chapters. For the first set of experiments, three
microphones are used, for the second set, four microphones are used. The
loudspeaker setup is the same for both microphone arrays, four loudspeakers are
positioned in a 4m X4m square. This is equivalent to the “quadraphony” setup
described in Chapter 3. In each set of experiments, two sets of desired signals are
measured, one set for an angle of incidence corresponding to the position of a
loudspeaker, the other set for an angle of incidence corresponding to a position right
in the middle between two of the loudspeakers. These desired signals are then passed
through an inverse filter matrix, and the inputs to the loudspeakers are analyzed.
Ideally, the input to the loudspeaker that is nearest to the direction of the source that
generated the desired sound field must be the largest; if not, there is too much “cross-
talk”. For each set of desired signals, two sets of inverse filters are used; one
calculated from the measured electro-acoustic transfer functions, the other calculated
from modelled electro-acoustic transfer functions. As mentioned in Chapter 4, we
expect the system based on modelled data to be easier to invert than the system based

on measured data.

7.1 Measured data

The two layouts of loudspeakers and microphones are shown in Figure 7.1. The first

microphone atray is a 2-by-2 array with a relatively wide microphone spacing of

10cm, the second array is a more compact circular 3 array with a radius of 3cm. The

microphones are of the electret type, mounted in the top of an aluminium tube whose
radius and height are 0.7cm and 9cm respectively. The loudspeaker layout is the same
for the two microphone arrays: there are four loudspeakers in & 4m X 4m square. The
measurements are made i an anechoic chamber with the Yamaha YDAP signal

processing system (see Appendix 7.1). The YDAP is capable of measuring four sets
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of very long impulse responses (more than 100.000 coefficients in each)

simultaneously at a sampling frequency of 48kHz, so rather than using four different
loudspeakers, a single KEF 101 loudspeaker is moved between each set of
measurements. The YDAP controls 2 Yamaha DA8SX digital-to-analog converter and
a Yamaha ADBX analog-to-digital converter. The setup for both experiments are
shown in Figure 7.2. The YDAP system can also implement a four-by-four FIR filter
matrix, whose elements can contain up to 64,000 coefficients each, at a real time
sampling rate of 48kHz. This makes it possible to make subjective tests on systems

comprising up to four loudspeakers and four microphones.

For the 2-by-2 microphone array, there are 16 measured electro-acoustic tramsfer
functions. For the circular 3 array, there are 12. The first 1024 coefficients of these 28
impulse responses are measured at 48kHz, with the results shown in “matrixform” in
Figure 7.3. The performance of the two systems is assessed by using two sets of
measured impulse responses as the recorded signals. The purpose is to confirm that, in
practice, the relative magnitudes of the inputs to the loudspeakers correspond to the
direction from which the recorded sound field originated. Two angles of incidence are
used, one is. .00 = -135°, which corresponds to the position of loudspeaker number
two, and 0,,; = -90°, which corresponds to the direction in the middle between the
positions of loudspeakers number one and two. The four sets of measured recorded
signals are shown in Figure 7.4 (the initial delay does not correspond exactly to the
distance between the loudspeakers and the microphones because the YDAP itself

mtroduces an additional delay for unknown reasons).

In order to reduce the amount of measured data, all the measured impulse responses
are decimated by a factor of four after being lowpass-filtered by a 30-coefficient FIR
filter. This reduces the effective sampling frequency to 12kilz. The decimated impulse
responses are then windowed by removing the initial delay and the “late” part of the
ringing. Tohyama and Lyon [112] recommends to use an exponential weighting
function when windowing time data, but this is not done here since the decimated
impuise responses decay away quite quickly with time. Each of the impulse responses
used for the analysis of the experimental data contains 128 coefficients. Figures 7.5
and 7.6 show the electro-acoustic transfer functions and the recorded signals afier

decimation and windowing of the original measured data shown in Figure 7.3 and 7.4.
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7.2 Inverse filters calculated by inversien of measured transfer

functions

The two sets of impulse responses shown in Figure 7.5 are deconvolved by an
adaptive stecpest descent algorithm trained with a deterministic impulse (described in
Orduna-Bustamente [36]). The inverse filters, which each contain 256 coefficients,
are trained with 100 “block impulse” inputs using a modelling delay m of 128 (for the
2-by-2 microphone array, the convergence coeffiéient W is 0.4, for the circular 3 array,
U is 0.5). Figure 7.7 shows, in the time domain for the 2-by-2 microphone array, a)
the 16 inverse filters A,(n), and b) the 16 “reproduced” signals w,(n) that are
calculated by convolving C and H. The impulse response w,(n) is essentially an
approximation to the element a,(n) in the target matrix, and so Figure 7.7b indicates
how well the inverse filters succed in deconvolving the electro-acoustic transfer
functions. Figure 7.8 shows the frequency responses a) 1C),l and b) 1H,,), and Figure
7.8¢c shows the frequency responses IW;,i and Wy, 1Wyyl is the contribution from
track one to the signal reproduced at microphone one. This contribution is ideally 0dB
because it corresponds to a diagonal element of the target matrix. Wyl is the
contribution from track one to the signal reproduced at microphone two. This
contribution is ideally zero (minus infinity dBs) because it corresponds to an off-
diagonal element of the target matrix. Figure 7.9 shows the frequency responses of
the two sets of inputs to the four loudspeakers when the two sets of measured
recorded signals are passed through the inverse filters shown in Figure 7.7a. Figures
7.10,7.11, and 7.12 show the results for the circular 3 array that are equivalent to the

results shown in Figures 7.7, 7.8 and 7.9 for the 2-by-2 array.

By comparing Figures 7.8c and 7.11c, it is seen that the deconvolution of the circular
three array is overall more succesful than for the 2-by-2 array. The 2-by-2 array starts
to suffer from the effects of spatial aliasing at about 2kHz. This is indicated by a
decrease of IWy)| and an increase in |W,l. Since the microphones are closer together in
the circular 3 array, spatial aliasing is not a problem at frequencies below 6kHz.
Furthermore, since the number of loudspeakers is one greater than the number of
microphones, we would expect the system to be easier to deconvolve even if the

distance between adjacent microphones had been greater. In terms of direction-of-
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arrival reproduction, however, the 2-by-2 microphone array seems to be better than

the circular 3 array since it results in less “cross-talk” within its restricted working
frequency range. When 0, is -135°, the input [Val to loudspeaker number two should
ideally be significantly greater than |Vi], V3], and IV,]. When 6, is -90°, the inputs IV
and 15l should ideally be identical and significantly greater than 1V3l and IVil. Figure
7.9 indicates that the 2-by-2 array works well up to about 2kHz when 0,; is -90°, and
up to about 2.5kHz when 6,y is -135°. The working frequency bandwidth of the
system depends on the angle of incidence of the recorded sound field because the
spatial sampling frequency as “seen” by the incident sound field is higher when the
sound travels diagonally across the array (the distance between adjacent microphones
is perceived to be 7cm) than when the sound travels straight across the array (the
distance between adjacent microphones is perceived to be 10cm). Within the working
frequency bandwidth, iVal is approximately 20dBs greater than V)1, IV3l, and V4! when
8,01 1s -135°, and V|| and |V, are approximately 10dBs greater than Vil and 1V,] when
Buoi is -90°. For the circular 3 array, the results are qualitatively the same but the
difference between the source inputs are not as large as for the 2-by-2 array. Note that
for this particular geometry, the system, surprisingly, works better in terms of

direction-of-arrival reproduction when 6,; is -90° than when 0,,; is -135°.

7.3 Inverse filters calculated by inversion of modelled transfer

functions

The performance of the inverse filters designed from experimental data is now
compared to the performance of a set of inverse filters designed from electro-acoustic
transfer functions that are modelled using the linear interpolation technique. Each of
the inverse filters contain 120 coefficients, the modelling delay is 60, and the
regularisation parameter is 10°°, Figures 7.13, 7.14, and 7.15 show the results for the
2-.by~2 microphone array that are equivalent to those shown in Figures 7.7, 7.8 and
7.9 respectively. Figures 7.16, 7.17, and 7.18 show the results for the circular 3
microphone array that are equivalent to those shown in Figures 7.10, 7.11 and 7.12
respectively. It is seen that the results derived from modelled electro-acoustic transfer
funcﬁons are qualitatively very similar to those derived from measured electro-

acoustic transfer functions. The deconvolution of the circular 3 array is more
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succesful than for the 2-by-2 array because spatial aliasing is not a problem for the
circular 3 system for frequencies below 6kHz. As illustrated in Figure 7.14b, for the
2-by-2 array there is a dip in |Hy,| at the frequencies OHz, 2.4kHz and 4.8kHz. These
frequencies correspond to the poles of the exact inverse that are close to the unit cirfle
as illustrated in Figure 6.8f. It is surprising that at low frequencies the deconvolution
of measured transfer functions works almost as well as the deconvolution of modelled
transfer functions. The most notable difference between the results derived from
modelled and measured data is that the frequency responses of the inverse filters and
the loudspeaker inputs calculated from the modelled electro-acoustic transfer function
oscillate less wildly. This happens because the inverse filters do not have to
compensate for the frequency responses of the loudspeakers as well as realise the
multi-channel deconvolution. As described in Section 4.3, the multi-channel
deconvolution does not equalise the loudspeakers individually (see Equations (4.3.9)

and (4.3.10)).

7.4 Conclusions

The results of the experiments confirm the expected limitations of the performance of
the inverse filters. At very low frequencies, the ill-conditioning and the relatively short
length of the inverse filters prevent the system from giving any output of significance.
At high frequencies, it is quite easy to identify the frequency at which spatial aliasing
sets in. The exact “spatial aliasing frequency” depends, in a non-trivial way, on both
the spatial components of the recorded signals and the specific layout of loudspeakers
and microphones. It is possible to obtain a good inversion of the matrix of electro-
acoustic transfer functions even when the impulse responses of those transfer
functions are measured and therefore of relatively long duration. The magnitude
épectra of the loudspeaker inputs that are calculated by passing a set of measured
recorded signals through the inverse filters are qualitatively similar regardless of
whether the inverse filters are calculated from measured or modelled electro-acoustic
transfer functions. Quantitatively, the power spectra of the loudspeaker inputs
calculated from measured data oscillate more rapidly with frequency than the power
spectra calculated from modelled data. Within the working frequency range of the

system, the most of the input power to the loudspeakers goes to the ones that are
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closest to the direction of the recorded sound source, this suggests that, as a simple
direction-of-arrival reproduction system, the system seems to work in practice. It is
encouraging that even with the use of cheap electret microphones, the system still
behaves as expected, at least up to approximately 4kHz. However, at higher
frequencies, the performance of the system is bound to get worse because of
diffraction phendmena and the differences in both the phase and the amplitude

response of the microphones.
Appendix 7.1. Making measurements with the YDAP

This section gives the information that is absolutely vital for measuring the impulse
response from one loudspeaker to four microphones. The “instruction manual” style is

used for the benefit of future users of the equipment.

The YDAP, the AD8X, and the DA8X have all been supplied by YAMAHA in Japan,
and they must be used only with the blue 100V AC power supply. Always check the

mains connections before switching on any of the equipment. The switches on the

back of the ADSX should be set to:

clk out ON
mode INT
internal sampling frequency 48kHz
emphasis OFF

digital output DMR8

The ADSX and DA8X are connected to the YDAP via the Digital In/Out
connection. Now to the operation of the YDAP itself. Start up the system by first
switching on the power supply, then push the power-switch on the back of the
YDAP, and finally turn the key on the front of the YDAP. Give the user name dap,
then select Irmec with the mouse. Return gives the options that are currently
available and their settings, g moves up one directory. Go to the measurement

menu and set the following parameters:

signal length 2048 (or whatever, this is in samples)
signal interval 100, 000 (or whatever, this is in samples)

input select  dsub
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storage input siOand sil
signal 3) time stretched pulse, 4) 32K (double, 4ch) (must

be done last!)

Go to the generator menu, and use the load command to load the data files
@tsp_32k and @zero_4k. Both files must be loaded, even though only one of
them is actually used. Go to the storage menu and set trigger control,
mode, to internal. Always make sure that trigger mode is internal before
doing level adjust or averaging. If it isn’t, the system hangs because it is
waiting for a trigger it never receives, and the only way to recover is by rebooting. Go
back to the measurement menu and set averaging times appropriately.
Always do level adjust before a measurement unless you are confident that the
input Iével is already matched to the internal scaling factor. Do not do level
adjust if several sets of measurements need to be relative to a common reference.
Use the wave monitor to look at the measured impulse responses, use the save
menu to store the measurements on disk. To leave the Irmec menu, press control-
z, then enter logout. Switch of the equipment in the reverse order it was switched
on, so first turn the key on the front, push the power-switch on the back, and finally

switch of the power supply.

Once the measurements are made, the data can be transferred from the YDAP to a
SUN workstation over the RS232C interface using the program cp_aux. Similarly, if
a set of filters is to be imi)lemented by the YDAP, it can be transferred from the SUN
to the YDAP with the same program, cp_aux. This program is run simultaneously in
both the YDAP and the SUN. cp_aux must always be run at the receiving end first.

In order to transfer data from the YDAP to the SUN, change directory on the SUN to

“where the data is going to be stored. Enter the following command on the SUN:

cp_aux -p /dev/ttyva -s 9600.

This sets the SUN in listening mode. Change directory on the YDAP to where the
data is stored (irmec/data in the case of measured impulse responses). Enter the

following command on the YDAP:

cp_aux <filename> -p /term -s 9600 -n.
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The -n makes the program continue without quitting on the SUN after the

- transmission, and it should be omitted when transmitting the last filter. Transferring

data from the SUN to the YDAP is very similar to the above procedure. Give the files

on the SUN names of the type h_1.tm4, h_2.tmé..h_g.tmd. Using these
names will later make it easier to load the filters in to the YDAP’s working memory.

Enter the following command on the YDAP:
cp_aux -p /term -s 9600.
This sets the YDAP in listening mode. Enter the following command on the SUN:

cp_aux <filename> -p /dev/ttva -g 9600 -n.

The -n should be omitted when transmitting the last filter,

The data received from the YDAP needs to be converted from YAMAHA’s own
binary format to text format, this data conversion is done on the SUN with the

program tmcvt. From binary format to text format, the command is

tmevt -N = 2048 -B -I -R -a -f -h -r source destination,
from text format to binary format, the command is

tmevt -N = 2048 -A -F ~H -R -b -1 -r source destination

It is well worth the effort to create a few batch files to make the file transfer and

conversion quicker to perform.
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b)

Figure 7.1. The two layouts of loudspeakers and microphones used for the
experiments (microphone arrays not drawn to scale)
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Figure 7.2. Schematic illustration of the experimental setup

199




%

a) ' c,{n) ' o) () : culr)
500 100 )

0

e 1 -1 1 15

[ 0 0 500 7000 0 500 140 500 1000

P 1 1 1 1

i (1) cuin) caln) CalF)

i

i

a—lw-——— 0 0 0

] & 5 |

I 0 500 1000 506 1000 500 1000 1] 500 000
1 1
Cﬂl(n) ;1)

=]

cxln) 1 C341)

500 1000 o 500 1000

' c(r) ! c.m)

500 100 R0 500 1000

1
Cy (n) C‘ﬂ(ﬂ)

{L

:
e
—

500 1000

o
wn
2
—_
[=]
(=}
(=}
o

%
t

o)

—_
'
—

=1

500 1000

<
h
ey
=
—_
=
(=3
[=]
[=]

1 1
¢

500 10

o
S
=
%
—
5
=
[=] —_
5
S
=
Rl
=
=
O
&
—
o
Nt

[=]
2
[=]
Ln
b=
—
o)
(=
(=]

I 500 1060 Iy 500 1000

=
By
=
St
[
Al
B
=
s
o —_
o
Bfg-\
S
=
(=]
o
L
)
K

-1{) 500 1000 Y 500 1000 500 1000 0 500 100
i i
Cy (n) sz(n) C33(1’E) CJ4(n)
0 0 0 0
-1 I -1 1
0 500 1000 4] 500 1000 0 500 1000 ] 500 1000

Figure 7.3. Measured electro-acoustic transfer functions for a) the 2-by-2
microphone array shown in Figure 7.1a and b) the circular 3 microphone setup
shown in Figure 7.1b. The sampling frequency is 48kHz
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Figure 7.7. a) The 16 inverse filters in H and b) the matrix W of reproduced signals.
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off-diagonal element of C¥*H. The matrix C*H is shown in Figure 7.7b
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Figure 7.13. a) The 16 inverse filters in H and b) the matrix W of reproduced
signals. W is calculated by convolving C, which is a 4-by-4 matrix of modelled
electro-acoustic transfer functions, with H
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Figure 7.16. a) The 12 inverse filters in H and b) the matrix W of reproduced
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8. Conclusions

The least squares techniques known from the active control of sound are very suitable
for assessing the quality of a reproduced sound field, and the physical limitations that
apply to sound field reproduction are demonstrated to agree well with the results
already known from listening tests. With only relatively few loudspeakers available, a
sound reproduction system based oh those techniques is capable of reproducing a
sound field faithfully over a “target” area whose size is no greater than a few
acoustical wavelengths. When the original sound field is recorded inside the target
area with only relatively few microphones, the sound reproduction system still works
well as long as the distance between adjacent microphones is no greater than half the

acoustical wavelength.

The multi-channel sound reproduction problem is cast into the form of a linear
equation system which is then solved in the least squares sense. The task is essentially
to invert a matrix which is not necessarily square, and the crucial property of this
matrix is its number of linearly independent columns compared to its number of rows.
The use of regularisation alleviates the problem of ill-conditioning, and it also makes it
possible to define a least squares inversion formula which is applicable to any linear
least squares problem regardless of its number of equations and unknowns. The
solution is a set of inverse filters specified in either the frequency domain, the z-
domain, or the discrete-time domain. When the inverse filters are designed in the
frequency domain, it is not straightforward to calculate the time response of those
filters directly because that requires solution of divergent integrals, and the results can
only be expressed using delta functions. When the inverse filters are designed in the z-
domain, they are usually unrealisable in the discrete-time domain because they are
either non-causal or unstable in forward time. Nevertheless, the frequency domain
analysis is very useful for assessing the physical limitations of the reproduction of a
sound field, and the z-domain analysis gives very useful information about the

performance of a sound reproduction system impleimented by a matrix of inverse finite

impulse response {filters.
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In the frequency domain, and in the z-domain, the resulting equation systems are
generally quite easy to solve as a function of the frequency f, or as a function of the
complex variable z, since there are only relatively few unknowns, one for each
microphone. However, in the discrete-time domain, the resulting equation system is
usually very large, and there is an unknown for every single coefficient in each of the
inverse filters. This makes the system difficult to solve numerically, particularly when
the electro-acoustic transfer functions do not have very short impulse responses. Long
impulse responses of the electro-acoustic transfer functions also tend to lead to very
ifl-conditioned equation systems. Thus, short impulse responses are advantageous
numerically, and they can be realised by using modeiled transfer functions rather than
measured data. Since it is easy to calculate the inverse digital filters as a function of
the coniplex variable z, it seems a good idea to try to design the inverse filters in the
z-domain rather than in the time domain. For example, a very simple way of doing this

would be to sample the z-transform of the exact least squares inverse filters as defined

in Chapter 4 at N points around the unit circle, and then to use an N point discrete
Fourier transform to obtain the N coefficients of the impulse responses of each of the
inverse filters. An added advantage of the z-domain filter design is that it would be
possible to introduce a frequency weighting of the error. Since the human hearing
uses mainly frequencies below a few kHz for localisation, and since standard program
material suitable for listening contains most of its energy at relatively low frequencies
anyway, it is reasonable to assume that the performance of the system could be
improved by optimising the performance of the inverse filters at low frequencies. As
stated in Section 4.3, the minimisation of the error in the discrete-time domain is
equivalent to a minimisation of the error averaged over the frequencies from OHz to
the Nyquist frequency fiyq and so this strategy does not seem to make the best use of

the coefficients available in the inverse filters.

By looking at the spatial reproduction of a recorded “transient plane wave”, it is
possible to get a physical feel for the size of the target area over which the sound field
can be controlled relative to the duration of the transient. Since any sound field can be
. decomposed into plane waves, and since plane waves are conceptually simple, this is a
very efficient way to understand the physical limitations of sound field reproduction.

This technique is particularly useful when the angle of incidence of the recorded plane
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wave is “outside” the range of angles covered by the loudspeakers. For such angles of

incidence it can be quite difficult to imagine how the loudspeakers can succeed

“pending” the wavefront near the target area in order to achieve the desired effect.

The results of the initial experiments are in good agreement with the results expected
from the simple numerical model of the system: when a sound source is recorded and
passed through the inverse filters, most of the sound is emitted from the loudspeaker
closest to the position of the original source. This is true for frequencies up to
approximately 3kHz when the original sound source is recorded by three microphones
positioned in a triangle whose sidelength is Secm. This performance is surprisingly
good considering that the microphones used were of the relatively cheap electret type.
In principle, the upper working frequency of the system can be increased by
decreasing the distance between the microphones. However, diffraction around the
microphones and the differences between the amplitude- and phase responses of the
individual microphones inevitably limit this upper working frequency. Ultimately, the
potential that the least squares techniques known from active control has for sound
reproduction must be judged by listening tests. Such tesis should be done with
systems that preferably use more than four microphones for the recording and

certaintly more than four loudspeakers for the reproduction.
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Notation

Scalar variables are in italics (examples: x, X)

Scalar functions of time variables are in lowercase italics (examples: x(r2), x(£))
Scalar functions of frequency variables are in uppercase italics (examples: X(z), X(®))
Vectors are in lowercase bold (examples: x, x(7), X_((z)))

Matrices are in uppercase bold (example: X)

Subscript O indicates an optimal value (example: xg)

a target response

c ' electro-acoustic transfer function, or speed of sound
d desired signal

€ performance error

Eomp amplitude error

Ephase phase eﬁor

€qaant quantization error

Eiin kinetic energy

Epot potential energy

Ems root mean squared performance error
f frequency

Js sampling frequency

Smax a signal's highest frequency component
Frvg half the sampling frequency (fy/2)

h inverse filter

I sound intensity

I active sound intensity

L reactive sound intensity
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lfrac
lint

lraund

total cost

wave number

spectral condition number

distance measured in sampling intervals

fractional part of /

integer part of /

I rounded to nearest integer

modelling delay in samples

discrete time index

number of filter coefficients in an electro-acoustic impulse response
number of columns in a matrix

number of filter coefficients in an inverse filter

number of non-zero elements in a matrix

number of poles of a complex function (not including zero and infinity)
number of rows in a matrix

number of filter coefficients in a recorded signal

number of zeros of a complex function (not including zero and infinity)
source strength

number of microphones (r for receivers)

number of loudspeakers (s for sources)

time

number of tracks

sampling interval

recorded signal, or particle velocity

source acceleration, or loudspeaker input signal
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X, X], X2, X3
Z

Zre

Pc

eaoi

eVﬁI’

Ixi
X|

Jixdl

XT

XH

reproduced signal

spafial coordinates

specific acoustic impedance

specific acoustic resistance

specific acoustic reactance
regularisation parameter

acoustical wavelength

phase

density of medium

density of elements in the matrix C
discrete time constant

angle of incidence of plane wave

angle of vertical component of plane wave
angular frequency

target area or target volume

Absolute value of the complex number x
Determinant of the matrix X

Euclidean length of the vector x
Conjugate of x

Transpose of the matrix X

Hermitian transpose of matrix X, equivalent to (X')
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