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UNIVERSITY OF SOUTHAMPTON
ABSTRACT
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Doctor of Philosophy

by Tipsuda Chaipiboonwong

Scanning near-field optical microscopy (SNOM) has been applied to investigate the dis-
persion and nonlinear phenomena in a multimode TasOs rectangular waveguide. Unlike
the conventional approach of observing only the output spectra, the SNOM technique
can collect the localised spectra from the evanescent field at various locations of the
waveguide. This provides the visualisation of pulse evolution prior to the final develop-
ment as the output light. The SNOM-acquired spectra consist of unique features which
have not been observed before in previous nonlinear pulse propagation researches. These
distinctive characteristics are attributed to the localised nature of the data and the mul-
timode nonlinear pulse propagation. In order to understand the underlying physics of
the experimental data, a numerical model simulating this SNOM visualisation has been
developed. The simulation was based on the nonlinear Schrodinger equation, adapted

for multimode pulses, and performed by the split-step Fourier algorithm.

The spectra exhibit very fine features which can be attributed to the interference of var-
ious modes with different phase modulation owing to dispersion and nonlinear effects.
Accordingly, the complexity of the spectral features increase with the propagation dis-
tance and the number of contributing modes. The multimode spectra rapidly broaden
at the beginning stage of the propagation, owing to the supplementary intermodal phase
modulation. Unlike the single-mode case, in which the spectral broadening caused by
the self-phase modulation continuously develops along the propagation distance, the
broadening process in the multimode pulse is decelerated at the later distance. This is
owing to the separation of the higher-order modes and consequently the influence of the

cross-phase modulation on the spectral broadening is reduced.

The SNOM technique can also provide the observation of high resolution evolution of
the pulse spectra. Both spectral variations along the length of the waveguide and across
the waveguide are observable. Such a variation over the wavelength scale is caused by
the interference of modes with different phases complexly formed by the dispersion and

nonlinear effects.
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Chapter 1

Introduction

In this research, the characteristics of the spectral broadening of a nonlinear multi-
mode waveguide were studied by the technique of scanning near-field optical microscopy
(SNOM). The spectral data was collected experimentally with a SNOM probe along the
propagation distance of the waveguide. In contrast to conventional studies, which detect
only the output spectra from the end face of the waveguide, this novel approach enables
the visualisation of spectral development at various propagation distances of the optical
pulses. By comparing the experimental results qualitatively with the simulated spectra
(generated from a numerical model developed in this research for nonlinear propagation
of multimode pulses), the interplay between the dispersion and nonlinear effects, con-
tributing in the spectral development, can be better understood. For instance, it was
found that the additional cross-phase modulation, due to the multimode nature of the
waveguide, can provide the rapid spectral broadening at the shorter length scale of the
propagation distance, than in the case of single mode, and before the spectral growth
is decelerated by the mode separation. Such a knowledge can be useful for the design
of continuum generation light sources, as the proper dimension of the waveguide or the
refractive index of waveguide material can be optimised in order to take the benefit of

the cross-phase modulation.

This chapter provides a preliminary overview of SNOM, including its concept and tech-
nology development in Section 1.1. Then, in the following Section 1.2 the application
of SNOM as a waveguide characterising tool, as in the case of this research, will be
concisely reviewed. Finally the outline of the thesis and each chapter’s brief content are

given in Section 1.3.

1.1 General review of SNOM

The resolution of conventional optical systems is based on detecting propagating waves

scattered from objects, and therefore is limited by diffraction. Firstly formulated by

1
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Abbe and rearranged later on by Rayleigh [1-5], the far-field resolution cannot go far
beyond approximately half the wavelength, which falls between 200 - 300 nanometres for
the visible region. The resolution can be enhanced by using short wavelengths such as
UV or X-ray, applying higher index material in oil-immersion microscopy or excluding
out-of-focus light to increase image contrast in confocal microscopy. Unfortunately all

these improvements do not make a significant impact on the resolution limit.

Conversely another component of scattered light, the near-field, is not governed by the
Abbe limit and hence provides the finest details of the object. The field adheres to the
complex propagation wave number and confines itself within the surface of the object.

As a result, the field cannot be detected by any conventional imaging optics.

The idea of near-field imaging was firstly proposed by Synge [6] in 1928. He suggested
improving images of biological samples by illuminating them with light passing through
a tiny pinhole, of diameter around 10 nm, on an opaque screen. The screen must be in
the region that is not further away from the surface than the aperture size. Since the
scheme of illuminating is localised, the screen must scan across the whole interesting
area. The transmitted light through the sample is collected by a remote detector. This
arrangement of detecting the near-field is called illumination mode. Likewise the task
can be achieved in collection mode. A subwavelength aperture can be utilised to collect
scattered light from an object illuminated by a far-field light source. By reciprocity,
both schemes are equivalent. Nevertheless, the excited area on the sample in collection

mode is larger than that in illumination mode.

Synge’s proposal was technically challenging at that time, especially the ability of bring-
ing down and maintaining the aperture in the near-field region. Therefore the idea was
neglected until the advent of scanning tunneling microscopy (STM) which introduced
the technology of nanopositioning. The first two designs of scanning near-field optical
microscopy (SNOM) were independently invented by IBM Zurich Research Laboratory
[7, 8] and Cornell University [9-12]. In both works, sharply pointed transparent rods
were utilised as near-field probes. The probes were metal coated except the very end in
order to form apertures. They were moved by piezoelectric translators in both the scan-
ning plane and probe height plane. The other type of near-field probe is the so-called
apertureless probe. In this case the probe is not required to be transparent. Therefore a
very fine metal tip can be utilised. This allows the size of the probe to be smaller, which
improves spatial resolution. The tip behaves as a scattering centre which perturbs the
field and results in field enhancement [13-15].

Another crucial requirement for the SNOM system is the maintaining of the probe in
the near-field region. Unlike STM, which makes use of the detected signal from electron
tunneling for the probe height control, SNOM cannot always exploit the optical signal
because the relationship between the optical field and the gap distance is not linear and

is quite complicated. Therefore the distance-dependent effect of shear force is applied
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instead. The shear force, whose exact nature is still ambiguous, consists of several force
types such as van der Waals, capillary, or frictional forces. The shear force retards
the oscillation of the probe by the amount dependent on the gap distance between the
surface and the probe. Hence, controlling the probe height is achieved by detecting
the vibration characteristics of the probe and its change. The amplitude of oscillation
can be monitored by optical means, such as interferometric techniques, or by detecting
the reflection of light incident on the probe [16, 17]. Another approach, proposed by
Karrai et al. [18], is based on electronic signals. The probe is attached to one prong
of a piezoelectric tuning fork which is dithered laterally. The electrical signal from the
fork, associated with the amplitude of oscillation, is fed into the electronic feedback
system. The amplitude signal is compared with the dithering signal and the deviation
is compensated by the correcting signal fed back to the height-translating unit. The
electronic technique prevents the interference of stray light into the imaging system and
provides compactness and a less tedious setup. The topographical resolution of SNOM is
not at the same level as other high-resolution topography-based microscopy techniques
such as scanning electron microscopy (SEM) or atomic force microscopy (AFM). The

SNOM technique is non-destructive and able to work under ambient conditions.

1.2 Application of SNOM to investigate continuum gener-

ation light sources

The application of SNOM to gain optical information about light propagating inside
a waveguide can be found in many research studies. The evanescent field collected by
the SNOM probe can provide the modal intensity profile inside a planar waveguide
[19, 20]. With the addition of heterodyne interferometric detection, the phase evolution
of the optical pulse can be detected, which leads to information on the phase and group
velocity of propagating modes [21, 22]. The technique has also been applied to the
more complex structure of photonic crystal waveguides [23-26]. In this research, the
SNOM technique was exploited to gain insight into the spectral development within a
nonlinear waveguide which is designed as a continuum generation source. Additionally,
the corresponding Fourier-transformed temporal information has provided the relative

group velocity of various propagating modes.

The supercontinuum generation light source is a useful tool for optical coherence tomog-
raphy (OCT) [27], optical frequency metrology [28, 29], and femtosecond-pulse phase
stabilisation [30]. The phenomenon can be observed when pico- or femto-second light
pulses are launched into a nonlinear medium. Various nonlinear effects such as self- or
cross-phase modulation, four-wave mixing or stimulated Raman scattering contribute
to the spectral broadening of the light pulse. The first observation was performed by
Alfano et al. in crystal and glass filaments [31] and later in different types of medium

by various research groups [32-38]. However, the most common form of the light source
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is probably an optical fibre which can be a photonic crystal type or tapered standard
fibre [39-41].

The investigation of the phenomena is normally performed by observing the output
spectra from the optical sources [42-44]. However, the information acquired by such an
approach is an accumulative outcome and does not provide the visualisation of spectral
evolution inside the devices. Alternatively, by the application of SNOM collecting the
localised spectra, the visualisation of spectral evolution inside the waveguide becomes

attainable.

Numerical modeling has been evoked in order to understand the interplay of various
effects in the spectral broadening process seen in the experimental observations. The
propagation of pulses through a nonlinear dispersive medium can be mathematically
depicted in the form of a nonlinear partial differential equation, namely the nonlinear
Schrodinger equation (NLS), which originated from Maxwell’s equations [45]. To re-
duce computational tediousness, the slowly varying envelope approximation (SVEA) is
normally applied and only one spatial dependence of the field envelope along the propa-
gation direction is retained. This assumption is valid as long as the spectral bandwidth
Aw is much less than the central frequency wg [46]. The equation can be extended to in-
clude the dispersion effect with higher-order terms and many nonlinear phenomena such

as self-phase modulation, stimulated Raman scattering, and four-wave mixing [47-51].

Recently there has been interest in the nonlinearity in waveguides on silicon-based chips
owing to the future prospect for the application in optical integrated systems [52-56].
The dimensions of the waveguides are in micron or submicron scales and the wide expan-
sion of the spectra can be achieved over the length scale of few centimetres, in contrast to
metre length scale in the case of optical fibres. A strong intensity-dependent nonlinearity
is obtainable owing to tight confinement of the propagating light inside the waveguide
and the higher value of nonlinear refractive index of the waveguide in materials such
as TasOj or silicon, which have the value of no that is one or two orders of magnitude
higher than the silica glass of optical fibres [53, 55, 57].

In this study, TagOs waveguides, fabricated on a silicon chip, were investigated exper-
imentally by the SNOM probe and numerically by a numerical model developed for
multimode pulse propagation. Such a waveguide was fabricated as a continuum genera-
tion light source which can operate at low power [58] and provides a potential device to
be applied in optical integrated circuits. However, owing to the physical structure of the
waveguide, the pulse propagation is in the multimode regime and the optical phenomena
inside the waveguide become more complicated. The study of the spatial variation of
the spectra can reveal the effect of the multimode nature contributing in the spectral

development, as will be described in detail in later chapters.

The brief overview of the thesis contents will be given in the next section.
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1.3 Thesis overview

The layout of the thesis generally consists of three parts. The first part, Chapter 2
and Chapter 4, is the theoretical framework of the research associated with SNOM
and the waveguide characteristics. The next part, Chapter 3 and Chapter 5, is the
research methodology including the construction of SNOM and the numerical model
utilised in the research. Finally both experimental and numerical results are presented

and discussed in Chapter 6 and Chapter 7.

The contents of the chapters are briefly given in the following sections.

1.3.1 Chapter 1, Introduction

This chapter provides a general overview related to scanning near-field optical mi-
croscopy and its application as a visualising tool to observe optical phenomena in a

nonlinear waveguide.

1.3.2 Chapter 2, Scanning near-field optical microscopy theory and

review

In this chapter, the principles of SNOM will be described. The resolution of a con-
ventional imaging system, which is bound by diffraction, will be described. With the
analysis of the angular spectrum, it can be shown that the scattered light containing the
high spatial frequency components is confined within the surface of the object whereas
a far-field imaging system can detect only low spatial frequency information. Therefore,
the basic scheme for a SNOM system consists of a subwavelength optical probe and a
control system which retains the probe in the near-field proximity. The various types
of probes, optical data collecting schemes and the interaction of probe and samples will

also be discussed in the chapter.

1.3.3 Chapter 3, Construction of a SNOM system

The technical features of a SNOM system, constructed in the research, are presented.
Basically the system consists of three integral parts: the subwavelength optical probe,
the probe-dithering system and the probe height control. The probe is fabricated from
an optical fibre that is tapered by pulling while it is melted by a heating laser. The
operation of controlling the gap distance between the probe and the sample is based
upon the interaction of the distance-dependent shear-force. The probe is attached to
a tuning fork driven by a signal generator and its deviation of oscillation amplitude

is monitored by a feedback system. The evanescent light is collected by a probe and
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directed to a spectrometer in order to be analysed. Finally, the issues of vibration and

thermal effects are also discussed.

1.3.4 Chapter 4, Waveguide Characteristics

Theoretical characteristics of a waveguide will be focused on in this chapter. Light con-
fined by a step index profile waveguide propagates with discrete propagation constants
that are specified by the polarisation and the properties of the waveguide medium.
For a one-dimensional index profile, the characteristic equation of the propagation
modes can be formulated by utilising ray optics and the modal field is determined by
Maxwell’s equations and the boundary conditions. When the index profile becomes
two-dimensional, the effective index method (EIM) can be applied to approximate the
propagation modes under the assumption that the two-variable function of the modal
field is separable. Consequently the mode analysis in a rectangular waveguide is simpli-
fied to a one-dimensional problem, i.e. two orthogonal planar waveguides with refractive
index distribution corresponding to the two-dimensional index profile. The propagation
modes in the rectangular waveguide are determined from one planar waveguide with
the refractive index of the core specified by the propagation constants determined from
the other planar waveguide. Moreover, the perturbation theory can also be adapted to

enhance the accuracy of the method.

The interaction of the electric field of the propagating light with the medium results
in the induced polarisation density which can be linearly and nonlinearly proportional
to the field. The former leads to the dispersion effect whereas the latter contributes
to optical nonlinear phenomena. The interplay of all the effects can be formulated
as a nonlinear partial differential equation, namely the nonlinear Schrédinger (NLS)

equation, which originates from the Maxwell’s equations.

1.3.5 Chapter 5, Numerical modeling of nonlinear pulse propagation

This chapter addresses the technical aspect of the numerical model utilised in the re-
search. The split-step Fourier (SSF) method, widely adopted to numerically solve a
nonlinear partial differential equation, will be applied to model the pulse propagation
in a nonlinear waveguide. Its algorithm is described together with a discussion on its
numerical error. Two main parameters are required for the numerical models: the
dispersion attribute of the waveguide and the nonlinear parameters. The first can be
mathematically determined from the dispersion curve, given by the wavelength depen-
dence of the propagation constants, whereas the nonlinear parameter is specified by the
nonlinear refractive index of the waveguide material and the transverse field distribu-
tion. The EIM is adapted to determine both the propagation constants and the field

distribution of various modes.
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The propagation of multimode pulses is modeled by the set of NLS equations which
are coupled via the nonlinear part of the equations. The coupling nonlinear parameter
is proportional to the overlapping transverse field integration of contributing modes.
Finally, the error of the numerical model is investigated with suggestions to enhance the

accuracy.

1.3.6 Chapter 6, Visualisation of nonlinear pulse propagation by SNOM

Both the spectral data collected by the SNOM probe and generated by the numerical
model are presented in parallel in this chapter. The continuum light source investi-
gated in the research is in the form of a silicon-based chip on which various sets of rib
waveguides are fabricated. The evolution of the spectra observed by the probe along the
distance of propagation exhibits the spectral broadening, including features of compli-
cated fine fringes. The phenomenon is confirmed by the simulation results which show
that such a spectral complexity is introduced by the mode inference, and therefore the
degree of complexity increases with the number of contributing modes. The spectral
broadening of the multimode pulses is enhanced by the intermodal phase modulation at
the very beginning of the pulse propagation, which occurs before the mode separation,
caused by different group velocities, comes into play. The SNOM technique also enables
the observation of spectral variation on the subwavelength scale. It was revealed by
the simulation result that such a variation is the result of phase velocity differences of

contributing modes.

The spectral variation across the waveguide is unprecedentedly observed by the SNOM.
This variation is attributed to the superposition of propagation modes involving various

phase and transverse mode field distributions, as confirmed by the simulated spectra.

1.3.7 Chapter 7, Modal dispersion analysis and other aspects relating
to the accuracy of the simulation

The phenomenon of mode separation is presented in this chapter. The temporal evo-
lution of the pulse along the propagation distance can be acquired from the Fourier
transform of the corresponding spectral data. The relative temporal separation of vari-
ous contributing modes along the distance of propagation is seen as a consequence. This
provides an alternative method to obtain information on group velocity differences of
the waveguide’s modes. The simulation data also displays similar mode separation and

elucidates the spectral interference effect.

Other aspects related to the accuracy of the simulation are also presented in the chapter.
The deviation of the simulation results, with the inclusion of the third-order dispersion

and the wavelength-dependence of the transverse field, is investigated.
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1.3.8 Chapter 8, Conclusions and suggested further work

The final chapter reviews the work of the research and its results. Suggestions for future

work are also provided.
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Chapter 2

Scanning near-field optical

microscopy theory and review

2.1 Chapter introduction

In this chapter, the theoretical aspects of scanning near-field optical microscopy (SNOM)
will be presented. In Section 2.2, the resolution limit of the conventional imaging system
is described. The limit is bound by diffraction and, approximately, the limit cannot be
below half a wavelength. Consequently, in order to achieve better resolution, a novel
imaging criteria based on the detection of the near-field, instead of the far-field, is
necessary. The analysis of scattered light from a finite object, in Section 2.3, illustrates
that the fine details of the object’s features, which is equivalent to the high spatial
frequency components, are inherent in the non-propagating wave. Such a wave confines

itself at the surface of the object and is not collected by a far-field optical detector.

The system for detecting the evanescent field will be explained in Section 2.4. Basically
the system consists of two main components: the SNOM probe and the height control
system. Firstly it requires a subwavelength probe to collect the localised light informa-
tion from the object. Various types of SNOM probes are available. However, the widely
utilised probe design is a tapered fibre with or without metal coating. The tapering
process can be performed by chemical etching or heating and pulling techniques. The
probe is required to be positioned into the near-field region, tens of nanometres from the
surface of the waveguide, in order to detect the evanescent field and transform it into the
propagating field to be processed by an imaging system. As a result, the height control
system is imperative. Several techniques have been applied in SNOM research but the
most adopted technique is probably based on detecting the shear force. Since the shear
force interaction is distance dependent, a feedback system measuring the strength of the

interaction can succeed in controlling the probe height.

13
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The last section, Section 2.5, explains the interaction of the probe and the near-field
which contributes to the intensity collected by the probe. Approximated theoretical
models, of scattering from a small sphere and diffraction of light through a small hole,
have been adopted to represent the light collecting mechanisms of the uncoated and
metal coated probes respectively. However, more rigourous analysis should include the
coupling between the probe and the sample, especially in the case of metal coated
probes or samples where the coupling becomes strong and cannot be neglected. Some
researchers have studied the propagation of ultrashort light pulses through a SNOM

probe in which the pulses can be distorted in both time and frequency domains.

2.2 Diffraction-limited resolution

The resolution of far-field optics is limited by diffraction. The limitation was firstly
described by Abbe [1] and later rearranged by Rayleigh as the Rayleigh criterion [2-5],

which can be expressed as

1.22)

~ 2nsinf

(2.1)

where r is the separation distance between the two points, A is the wavelength, n is the
refractive index of the medium in which the light from the object propagates, and 6 is

the half angle of light cone accepted by the imaging system.

From Equation 2.1, the observable separation between two points can be approximated
to be around half a wavelength, for observation in air, although in practice the resolu-
tion of a conventional imaging system is less than that due to the quality limitation of
optical devices such as aberrations. The resolution can be improved by decreasing the
operation wavelength (electron or ultraviolet microscopy) or increasing the numerical
aperture nsin @ (increasing the size of lens or the oil-immersion objective) [6, 7]. How-
ever, detection of the near-field, which confines itself within the surface of the sample,

can provide much higher resolution which is not bound by the diffraction limitation.

2.3 Angular spectrum of diffracted field

It has been shown that scattered light from a finite object contains both propagating
and non-propagating fields [8]. Only the former can be collected by a remote imaging
system to give an image containing low spatial frequencies of the object. The latter,
which relates to the finer details of the object, exponentially decays within a few tens of

nanometres from the surface of the scattering object. Therefore the resolution beyond
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the diffraction limit can be acquired if the non-propagating field is detected. The differ-
ent nature of both fields can be clearly described by analysing the angular spectrum of
the scattered field [9].

Consider a space-limited object at the plane z = 0. If the transmittance or reflectance
of the object is described by f (z,y,0), then the spatial spectrum of the object is given
by the Fourier transform of f (z,y,0) as

+00
F (u,v) = //_ f(z,y,0)exp [—727 (ux + vy)] dz dy (2.2)

where v and v are the spatial frequencies of the object along the x and y axes, re-
spectively. If a unit plane wave is incident on the object, the transmitted or reflected
field U(z,y,0) will be equal to f (z,y,0). Therefore, U (x,y,0) can be expressed as the

inverse 2D Fourier transform of Equation 2.2.

U(z,9,0) = //:Op(u,v)exp [jQ;\r((u/\)x—i-(v/\)y) du dv

+o0 a B
— // F (, ) exp [jk (ax + By)] dudv (2.3)
o AT
where
a=\u (2.4a)
8= (2.4b)

Equation 2.3 physically means that the field U (z,y,0) is actually the superposition of
plane waves propagating with direction cosine (a, 3,7) with v = (1 e — ﬂz)l/ ?. The
term F <%, g) gives the angular spectrum of the field U (x,y,0). Then if this field
propagates by a distance z, the field at the new plane can be written as

Ul(x,y,z) = //J:O F (())\[, f,z) exp [jk (ax + By)] du dv (2.5)

where the angular spectra F' (%, %, z) are related to I (%, g) by the Helmholtz equation
[10]

VAU 4+ KU =0 (2.6)
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Substituting Equation 2.5 into Equation 2.6 gives

d2
@F <i‘fz> + k2 [1—a2—52]F<i‘,f,z> =0 (2.7)

The solution of the differential equation Equation 2.7 is given by

F(i,f,z) :F<i,§> exp (—jk: (1—@2—[32)1/22) (2.8)

Equation 2.8 represents the propagating field along the z axis as long as (1 e [5‘2) 1/2

is real. That is,

1
o?+ 3 <1 or u2—|—v2<ﬁ (2.9)
Therefore, the evanescent field, which has rapid attenuation along the z axis and confines

itself within the zy plane, is related to the condition

o>+ >1 or u2—|—v2>% (2.10)
The condition in Equation 2.9 specifies that only lower spatial frequencies of the scattered
light can propagate and are detected by a remote imaging system. However, high spatial
frequencies are inherent in the non-propagating field, whose wavenumber is complex, as
shown in Equation 2.10. This non-propagating field exponentially decays within a few
tens of nanometres from the surface of the scattering object. The rapidness of decay
depends on the finesse of the object’s features. Higher spatial frequency components

will be attained if a detector is brought closer to the surface.

2.4 Scanning near-field imaging system

The basic elements of a scanning near-field imaging system are a nanoprobe and a height
control unit to keep the probe in the near-field region. Both, together with SNOM

operation modes, will be described in more detail in this section.

2.4.1 Operation modes

SNOM can be operated in various configurations. The choice depends on the types
of samples and optical phenomena to be observed. For transparent samples, SNOM

can be operated in the illumination or collection modes, as shown in Figure 2.1. In
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FIGURE 2.1: Schematic diagrams of illumination and collection modes

the illumination mode, light is coupled to the probe and the sample is illuminated by
the output light from the end of the tip. Then, transmitted light from the sample is
passed through a far-field detector. On the contrary, in the case of the collection mode,
the direction of light is reversed and the locations of the source and the detector are
interchanged. That is, the sample is illuminated by a far-field source and the transmitted
light is detected by the near-field probe. Owing to the reciprocity, both schemes are
theoretically equivalent and the resolution, which depends on the probe size, is not
expected to be different. Nevertheless, both the difference in the size of the illuminated
area and the type of fields (near-field for the illumination mode and far-field for the
collection mode) can excite the effect of surface plasmons differently [11, 12]. The
SNOM images acquired experimentally from both operation modes, however, display no

significant difference [12].

On the other hand, for an opaque sample, the reflected light can be detected instead.
Fisher et al. applied a subwavelength pinhole as an aperture for the scattered light from
the sample, which was illuminated by the diffracted light from the pinhole itself [13, 14].
Alternatively the illumination can be performed by the light beam from the far-field
light source and then the reflected light is collected by a fibre probe [15], or the function
of the probe is reversed as an illuminator and the reflected light is collected by a remote
detector [16, 17]. However, in this case, Cline et al. suggested that a shadowing effect
could be caused by the different nature of reflection within a cavity formed between the
aluminium coating of the probe and the sample, before the light gets to the detector [18].
On the other hand, the same fibre tip can both illuminate the sample and also collect
the reflected light [9]. One drawback of the reflection configuration is the interference in
the detected optical signal with the illuminating light. Additionally the reflected light

from the probe, or coupling lens, can reduce the signal-to-noise ratio, and therefore this
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lowers the resolution and image quality. The approach can be improved by analysing
the light signal with cross-polarised detection [19, 20] in which a polariser is used with
its axis rotated 90° from the polarisation of the incident light. The discrimination is
fulfilled owing to the conversion of the polarisation of the reflected light from the sample’s

surface.

Another configuration is based on the principle of frustrated internal reflection. By plac-
ing a dielectric probe within the skin depth, the evanescent field can be transformed into
a propagating wave which is collected by the probe itself and sent to a remote detector
[21-28]. Since the detection is associated with the phenomenon of the optical tunnel-
ing, the configuration is normally referred to as photon scanning tunneling microscopy
(PSTM).

2.4.2 Near-field probe
2.4.2.1 Probe shape

The nanoaperture can play a role as a near-field collector or emitter. In the case of
the collection mode, a sample is illuminated by a far-field light source. By optical
tunneling, the scattered evanescent field is converted to the propagating field which
passes through the aperture of the near-field probe and is collected further away by a
remote detector. Alternatively the sample can be illuminated by the evanescent field
exiting from the aperture and the scattered light is collected by far-field optics. Both
regimes are theoretically equivalent but practically the excited area of the sample in

collection mode is much larger than that in illumination mode.

Several designs of apertures have been available. The most basic shape is a pinhole,
with diameters ranging from 50 nm to 1 um, on a glass substrate coated by a metal film
[13, 29]. The disadvantage of such an aperture is that due to the large dimension of the
screen it can easily make contact with the sample’s surface. Another more favourable
candidate is a quartz rod that is etched by hydrofluoric acid (HF') to make a sharp point
and then coated with a thin gold film [30]. The aperture is created at the end face
by pressing the tip on a microscope slide until the gold film gets thinner and becomes
transparent. This type of near-field probe can give good results but the fabricating

process is not reproducible.

Firstly introduced by Betzig et al., the most widely-used probe is a tapered fibre [31].
The tapering process can be done by chemical etching or heating and pulling. In the
primitive etching technique, called meniscus etching [32], a bare fibre is submerged into
HF that is covered by an organic protective layer such as toluene. The layer forms a
menicus etching area which determines the taper shape, as shown in Figure 2.2. Another

tapering technique applies a tungsten coil or focused COg2 laser beam to melt a fiber
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which is later pulled by a tensile force. The latter technique is adopted in this research to
fabricate a SNOM probe. Several parameters, such as the power of the heating source,
the velocity of the pulling and the strength of the force, contribute towards defining
the taper shape and its quality. Rigourous experimental and theoretical studies can be
found in the literature [33, 34].

Protective Bare fibre

layer

HF

FIGURE 2.2: Meniscus etching method

Both techniques are quite competitive. Transmission efficiency is a crucial quality for
near-field probes. That is because the field amplitude of the evanescent field detected by
the probe has a tremendously small signal-to-noise ratio. A small change in the amount
of light throughput can reduce the achievable resolution. The efficiency depends on the
tip shape parameters: the cone angle and the aperture size. The etching technique can
produce a tip with a greater cone angle and has less affect on the core diameter. Novotny
et al. theoretically showed that such a shape provides better optical throughput [35].
A transmission efficiency of 1072 has been reported for tips fabricated by the etching
method [36] whereas 10~° - 107° is recorded for the heating and pulling technique [37].
Note that the transmission efficiency is defined as the ratio of the output optical power
at the end of the tip, measured by a far-field detector such as a photomultiplier tube
(PMT), to the launched power coupled into the probe [38]. However the shape and
surface roughness of the tip are highly susceptible to the etching environment such
as temperature or acid concentration. This drawback can be reduced by the selective
etching technique in which the polymer cladding of the fibre is not peeled off but left
to form the enclosure [39]. Because the etching takes place inside the polymer cladding,
the fluctuation of environmental conditions is diminished. Nevertheless the hazardous

etchant and long processing times are still disadvantages of the etching method.

There are still more varieties of probe shape utilised among SNOM researchers, such
as a nanoparticle, a dielectric tip, a metal tip, or an AFM tip [40-45]. This kind of
apertureless probe behaves like a scattering centre perturbing the global field and the

outcome is a scattered signal that is detected by remote optics [11].
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2.4.2.2 Metal coated or uncoated probes

FIGURE 2.3: Metal coating on the side walls of a tapered fibre tip

There are two categories of probes which are utilised in the SNOM research community:
uncoated or metal-coated probes. The former, which is the type of probe used in the
experiments described in this thesis, behaves as the scattering point whereas the latter

acts as the diffracting aperture.

After the tapering process, the probe is ready to use directly or can be further passed
through the metal-coating process in which the side wall of the taper region is coated
by a metal film. Aluminium is the most common coating material owing to its small
skin depth and its ability to attach well to the surface of glass and silica. The process
is arranged in such a way that the tip is rotated during vapour deposition and the very
end is aligned away from the vapour path, as shown in Figure 2.3 [46]. This provides a
smooth coating on the side walls without covering the extremity of the tip. Both types
of probes dissimilarly interact with the sample and therefore can give different optical
information. The details of the interaction between the probe and sample will be later

discussed in Section 2.5.

2.4.3 Height controlling system

In order to keep the probe in the near-field region and avoid a collision between probe
and surface, a controlling system for the probe height is required. The system monitors
the gap distance and adjusts the height corresponding to the topography of the surface.
Though several gap-dependent phenomena, such as electron or optical tunneling, can be
applied for height control, the most effective technique is the shear-force control method.
Several phenomena have been proposed to participate in the shear force, including van
der Waals and capillary forces [47], nonlinear bending forces [48], and friction forces

[49]. Some literature also demonstrates the dependence of shear force on humidity, which
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causes contamination of water layers on the surface [50, 51]. In reality, the combination of
various mechanisms influences the overall shear force, where the dominant contribution

depends upon working conditions and types of surfaces.

To visualise the effect of the shear force, the probe is driven to oscillate at its resonant
frequency. When the tip is brought down into the shear force range (a few tens of
nanometres), the oscillation is damped and the amplitude is decreased by the amount
depending on force strength and distance from the surface. Previously the amplitude
variation has been inspected by optical means such as differential interferometry [47]
or measuring the oscillation of the transmitted intensity from the probe [52]. These
techniques are quite reliable but risk the interference of stray light with the near-field
optical signal. Besides, the space requirement of the height-detecting system curtails

the compactness of the whole system.

FIGURE 2.4: A quartz tuning fork with near-field fibre probe attached

Another technique, suggested by Karrai et al., is more widely employed among SNOM
research communities [53, 54]. A fibre probe is attached to a piezoelectric tuning fork
which is laterally dithered by a piezoelectric disk at the resonant frequency of the fork,
as shown in Figure 2.4. The amplitude of oscillation is transformed into an electrical
potential by the piezoelectric effect. Then the signal is fed into the feedback system to
compare it with the dithering signal and the probe height is subsequently adjusted to

maintain the desired gap distance.

The oscillating tip/tuning fork can be viewed as a damped oscillation system whose
characteristic can be described by its frequency response, as shown in Figure 2.5 which
depicts the energy or amplitude of oscillation of the system responding to various driving
frequencies. The peak of the oscillation occurs when the driving frequency is equal to
the resonant frequency of the system (fp) and the response falls down when the driving
frequency departs from the resonant frequency. The concentration of the energy of the
oscillation around the resonance frequency can be measured in terms of the quality or
Q-factor, which is defined as
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FIGURE 2.5: An example of frequency response of an oscillating system. The energy
or amplitude of oscillation is plotted against various driving frequencies

o

Y

(2.11)

where fg and A f are the resonant frequency and the bandwidth of the frequency response
of the system measured at the half value of the maximum energy or amplitude as depicted
in Figure 2.5. Normally a bare tuning fork has the resonance frequency at 32.768 kHz
and the Q-factor ranges from 64000 in vacuum to 7500 in air [53]. However, both
parameters change when a tip is attached and the Q-factor will drop down to hundreds

or thousands.

The Q-factor corresponds to the sensitivity of the shear-force detection. The high value
reflects the rapid drop of the amplitude of oscillation when the system is disturbed by a
damping force. The system with a Q-factor of around a thousand can be responsive to
drag forces of the order of a piconewton [53, 54]. However the Q-factor is relative to the
relaxation time which affects the response time of the feedback system. Thus the high

sensitivity comes at the expense of a slower system.

2.5 Interaction of probe and near-field

2.5.1 Various approaches for analysing the interaction

The theoretical study of the interaction of light in the near-field region with the probe
and sample can be treated with two approaches: non-global and global [11]. The first
treats the tip as a passive collector and its presence does not disturb the interaction
of the optical field and the sample, whereas in the latter, the modification of the field

distribution owing to the presence of both tip and sample is studied.

In the non-global scheme, several approaches have been utilised to describe the optical
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intensity collected by the probe. The total energy can be calculated from integrating
the flux of the Poynting vector along the tip surface. In the case of the dielectric
probe functioning as a light collector, the extremity of the tip can be modeled as a
sphere scattering the near-field through the probe. For a small radius of the sphere, the
scattering of the field can be approximated as that of only a dielectric dipole, d, induced
by the incident field, E, [55]

d=ad (2.12)

where « is the polarisability of the sphere depending on its radius, R, and dielectric

constant, &;.

(e —1)
=Ty R3 (2.13)

The intensity collected by the electric dipole can be written as [55]

4
I(z,y,2) = 9(27 [(|d$|2 + |dy|2> (16 — 15cosd — cos 39)
+ |d.|? (16 — 18 cos§ + 2 cos 35)} (2.14)

where d;, d, and d, are the z-, y- and z-components of d, w is the angular frequency,
c is the speed of light and 9§ is the collection angle, and the coordinates x, y, and z are
defined such that x and y are on the cross-section plane whereas z is along the length

of the probe.

Unlike the case when the incident field is the propagating field, Barchiesi et al. showed
that the electrical Mie coefficients (the weight of the interaction) for multipolar terms do
not decrease monotonically and the magnetic terms are also enhanced [56]. Therefore a
more accurate study was performed by taking the scattering of the sphere as the Mie’s
scattering of a multipolar system. However the model of dipolar scattering is accurate

enough as long as R < 200 nm [55].

On the other hand, the approach of light diffraction through a subwavelength aperture
should be applied for an aperture probe such as a tapered fibre with metal coating.
Diffraction through a small hole had been studied theoretically by Bethe [57] and the
model later on corrected by Bouwkamp [58]. Therefore the model was generally referred
to the Bethe-Bouwkamp model. In contrast to the case of a dielectric tip, the detected
intensity for this kind of probe also depends on the magnetic field. For a circular aperture

with radius R, the intensity can be written as [55]
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4
w
I(x,y,2) = 963 [(Lux]z + |y | + |ma]® + \,uy|2) (16 — 15cos § — cos 39)

+ <|,uz|2 + ]mz|2> (16 — 18 cos d + 2 cos 30)

+6 (cos 26 — 1) (mgdy + dym}y — myd; — dyms)] (2.15)

where p .. and my , . are the components of the effective electric and magnetic dipole
moments which are induced by the electric field E (z,y, z) and magnetic field B (z, y, 2)
respectively. The diffracted intensity does not only depend on the sum of intensity
from each kind of dipole but also on the interference from both, as can be seen in
the last term on the right-hand side of Equation 2.15. For the polarisation of electric
field perpendicular to the aperture plane and therefore the magnetic field lines on the

xy-plane, both dipole moments can be determined by [55]

P = [y = (2.16a)
2 3
Wy = —%Ez(x,y, z) (2.16b)
AR’
™
AR?
my = gBy(:r:,y, z) (2.16d)
m, =0 (2.16¢)

The coupling between the tip and the sample depends on the distance between the
probe and the sample, the polarisability of the tip, and the amplitude surface reflection
factor for the sample in air (5 — 1) / (5 + 1), where €4 is the dielectric constant of the
sample [55, 59]. For the case of both dielectric probe and sample, the coupling is weak
even if the gap distance is 8 times shorter than the radius of the tip [60]. However, the
coupling becomes strong when the tip or sample is metal or both are metal. Moreover,
the polarisation of incident light also affects the detected intensity. In such a case,
numerical techniques in the global scheme such as finite difference time domain (FDTD)
[61-63], multiple multipole method (MMP) [64] or the differential method [60] have been

utilised to analyse the interaction of the tip and sample in the near-field region.

2.5.2 Ultrashort light with SNOM probes

There have been several experimental and theoretical studies of ultrashort light prop-

agation through both metal-coated and uncoated tapered fibre probes [65-69]. The
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temporal profile of a femtosecond light pulse passing through an aluminium coated
probe was experimentally measured by Kawashima et al. and the output is found to
be slightly distorted [66]. However, a numerical simulation utilising the FDTD method
demonstrates the propagation of a 10 fs Gaussian pulse through a trapezoidal-shaped
fibre probe placed in front of a 100 nm thick GaAs layer [67]. The result demonstrated
that the temporal shape of the pulse for the s-polarisation (perpendicular to the plane of
incidence) pulse through a probe coated with perfectly conducting metal, alters notice-
ably. Additionally, the pulse spectral width was narrowed by 40% and the spectra blue
shifted by more than 15 nm. In the same study, on the contrary, no such temporal and
spectral deviation is observable in the output from the case of p-polarisation (parallel to
the plane of incidence) or any kinds of polarisation for an uncoated probe. Similar de-
viations in temporal and spectral profile were also observed in another numerical study
applying the finite integration technique (FIT), although the changes were much less
than in Muller’s study [69]. Furthermore the phase and group velocity of the pulses also
change along the central axis of a metal coated probe, and even the negative values of
those velocities are present at some locations inside and outside the probe. The origins
for such characteristics, as suggested by Pack et al., are probably due to the multiple re-
flections at the metal coating and the propagation of surface plasmon polaritons (SPP),

which are excited at the interface of metal and dielectric material [69].

2.6 Chapter conclusion

The theoretical basis of SNOM has been described in this chapter. In a conventional
far-field imaging system, the resolution is limited by the diffraction and results in the
resolving power being bound by ~ A/2. By a simple angular spectrum analysis of
scattered light from a finite object, the propagating field detected by the far-field detector
contains only low spatial frequency components of the scattered field whereas high spatial
frequency components belong to the evanescent field, confined above the surface of
the object. As a result, detecting this non-propagating field will give subwavelength,

localised optical information about the object.

Basically, the near-field detection system consists of the subwavelength probe and the
height control system that is maintaining the probe within very close proximity to the
surface of the sample. Several types of probe have been used in SNOM research. How-
ever, the tapered fibre is probably the most widely adopted. The tapered probe can
be used directly, or otherwise its side walls can be coated with a metal layer to form
an aperture at the extremity of the tip. Many distance-dependent mechanisms can be
applied for the height detection system and one of these is the shear force technique in

which the interaction of shear force on the probe oscillation is monitored.

The characteristics of the field collected by the probe depends on the interaction of the
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near-field, the probe and the sample. The light collection mechanisms of the uncoated
probe can be explained approximately by a scattering model whereas that of a metal
coated probe is based on the theory of diffraction through a small aperture. For the case
of a dielectric probe and a dielectric sample, the coupling between the probe and the
sample can be negligible. However, the coupling becomes strong when either probe or
sample becomes a metal or when both are. In such a case, and where ultrafast light is
utilised, several research studies have shown some changes in the temporal and spectral
profiles in the field collected from the input light pulse, and the strong dependence on

the polarisation.

Since the SNOM system in this research is applied to visualise the spectra of ultrashort
pulses propagating in a waveguide, an uncoated probe type is appropriately chosen as
the SNOM probe to minimise any artifacts introduced in the spectral data. Further
details of probe and other components of the SNOM system will be fully given in the

next chapter.
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Chapter 3

Construction of a SNOM system

3.1 Chapter introduction

FIGURE 3.1: Schematic diagram of the SNOM system used during this research

In this chapter, the construction of a SNOM system applied in this research to visu-
alise the spectral evolution inside a nonlinear waveguide will be presented. The SNOM
system in this research is arranged as shown in Figure 3.1. The signal generator feeds
the oscillating voltage to the piezoelectric disc which sits beside and drives the tuning
fork. The mechanical oscillation motion of the tuning fork is transformed to an elec-
trical signal (through the piezoelectric effect) which is measured by a lock-in amplifier
(LIA) and compared with the original dithering signal. The error signal is then fed

into the Proportional-Integral-Derivative (PID) unit which provides a signal to correct

32
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the height of the probe. The probe is translated laterally along the sample plane (z
and y coordinates) and vertically (z coordinate) by the stage controller. Note that the
definition of the coordinates for the translation of the SNOM probe is different from the
coordinate of the waveguide geometry which was described in Chapter 4. The spectral
data is collected by the spectrometer. The topographical data is read by the digital
voltmeter (DVM) connected to the z (height) channel of the stage controller. Each part

of the system will be explained in detail in the following sections.

Firstly the fabrication of the SNOM probe is described in Section 3.2. Basically a
fibre was heated by a CO; laser and then pulled to taper the melting section of the
fibre. All these processes were performed by a commercial micropipette puller, whose
instrumental parameters are required to be adjusted for producing a near-field probe.
The probe needs to be brought into, and restrained within, the near-field region while
it detects the evanescent spectra of the waveguide. The task is accomplished by the
application of the feedback system controlling the distance-dependent interaction of the
shear force with the probe oscillation. The probe dithering setup and the characteristics
of the probe oscillation are explained in Section 3.3. When the probe is in close proximity
to the waveguide surface, the oscillation of the probe is damped by the shear force where
the amplitude of the oscillation is inversely proportional to the gap distance between
the probe and the surface. As a result, the probe height is controlled by a feedback
system which detects changes in the amplitude of the oscillating electrical signal and
correspondingly adjusts the probe height. The details of the height control system are
described in Section 3.4.

Lastly the scanning system controlling the lateral movement of the probe and the data
acquisition will be described in Section 3.5, with a brief discussion relating to the vibra-

tion and thermal effects in Section 3.6.

3.2 Near-field probe fabrication

FIGURE 3.2: Diagram of a Sutter P-2000 micropipette puller [1]
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Parameter Description Used Value Physical Value
HEAT Power of COs laser 330 Laser power of ~ 2.5 W
FILAMENT Longitudinal scan length of 0 Scan length of 1 mm

the laser beam
VELOCITY Velocity that the fibre car- 20 N/A
riage must reach before the
hard pull
DELAY Timing for the start of the 126 The hard pull starts 2 ms
hard pull before the laser turns off
PULL Force of the hard pull 150 N/A
TABLE 3.1: Puller parameters (arbitrary units) for pulling fibres as near-field probes.

The used value is an integer unit with its corresponding physical value shown in the
last column. More details of these parameters can be found in Appendix B

In this research, the fibre tip is produced by the heating and pulling method using a
commercial micropipette puller (Sutter P-2000). The benefits of this method are that
it does not require hazardous chemical etchants and it can provide a reliable tip within

a fraction of second.

A diagram of the puller is shown in Figure 3.2 and the controlling parameters of the
puller, whose values are integer units, are shown in Table 3.1. The fabrication starts
with the heating process in which the laser light from the COq laser, whose power is
specified by the parameter HEAT, repetitively scans along a small section of the fibre.
The process is achieved by a scanning mirror at the back of the fibre. The length of
the scanning is specified by the parameter FILAMENT. The uniform heating, all over the
surface of the fibre, is fulfilled by the retro mirror at the front which collects the reflected
light from the scanning mirror and focuses it on the front part of the fibre. After the
fibre melts, the carriage starts to pull apart with a velocity, that depends on the viscosity
and therefore on the temperature of the heated area of the fibre. By monitoring this
velocity, the hard pull can be applied to break the fibre at the right temperature and
this is controlled by the parameter VELOCITY. The force of the hard pull and the time
gap between the shut down of the laser and the application of the hard pull are specified
by the parameters DELAY and PULL respectively. A greater force in the pull, and a longer
time delay, results in a longer taper length of the tip and a smaller tip diameter. The
values recommended, by the puller manufacturing company, for an optical fibre can be
taken as guidance [1] to fabricate a fine tip with a diameter in the region of 100 pum
and a taper length of ~ 1 cm. However, the parameters are suggested to be adjusted
empirically to achieve the desired tip shape for various types of fibres. The value of the
parameters, used in the probe fabrication of this research, is shown in the third column
of Table 3.1 with the corresponding physical values described in the last column. The

fibre utilised in this research is a single mode fibre with a cut-off of 665 nm and core
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diameter of 4 pum with a cladding diameter of 125 ym. The VELOCITY and PULL are
not directly related to the velocity of the carriage and the force of the pull. The first
specifies the voltage of the velocity transducer whereas the latter controls the current of
the pull solenoid. The specific values of the velocity and the pull force are not available

from the instrument company since they vary from one puller to another [2].

(a)

(b)

FIGURE 3.3: A fibre tip fabricated by the Sutter P-2000 puller. (a) A microscope
image displaying the taper length of the tip ~ 1 cm (b) An SEM closeup image of the
tip diameter which is in the range of 100 nm [3]
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Before loading the fibre on the puller, the polymer coating of a 3cm section at approx-
imately 15 cm from one end of the fibre is removed. The peeled area is cleaned with
methanol and then loaded on the puller’s carriage. The fibre is placed into the V groove
making sure that the stripped area is in the laser light path, as shown in Figure 3.2.
Before clamping, the alignment of the fibre should be straight along the groove. This can
guarantee a good quality tip because it provides symmetric heating and a uniform pull.
The quality of the pulling can be checked by recording the time taken by the process.
By experience, the processing time of 0.1640.1 seconds usually produces a good tip.
Each pulling procedure produces two identical tips, one from each side of the ruptured
fibre. The longer part is used as a near-field probe whereas the shorter one is for quality
inspection under a microscope. Examples of tips pulled by the Sutter P-2000 puller can

be seen in Figure 3.3.

In experiments requiring the optical image of a nanostructured sample, the tapered fibre
probe is normally required to be metal coated to achieve the required high resolution.
However, in this research the sample is a planar waveguide of the order of micron scales,
and the probe is applied to collect only high resolution spectral information. As has been
pointed out in Chapter 2, the metal coating could possibly affect the collected spectra
and temporal profile. Moreover, the collected field is also polarisation dependent. Since
the interaction of light inside the waveguide is the main objective of this research and
the probe is expected to provide similar spectral information to what is happening inside
the waveguide, such spectral alterations should be avoided and therefore the uncoated
probe is adopted as a SNOM probe in this research. Indeed, since we are only concerned
with scattering an evanescent field, our resolution will depend mainly on the size of our

probe tip, which is around 100 nm.

3.3 Probe oscillation

The probe height control technique applied in this research is based on Karrai et al.[4, 5].
Basically the gap distance between the probe and the surface is monitored via the
interaction of the shear force on the resonance of the oscillating probe. The variation
in signal is processed and the outcome fed back to the piezoelectric stage, to adjust the

height of the probe accordingly.

The oscillation of the probe is performed by attaching the probe to a piezoelectric tuning
fork, as shown in Figure 3.4. The fibre probe is glued to one side of the tuning fork by
cyanoacrylate (Superglue) and allowed to overhang by around 2-3 millimetres. The fork
is actually a timing crystal whose outer tube was removed. It is laterally driven by the
signal generator which supplies an oscillating voltage (around 1 volt peak-to-peak) to the
piezoelectric disc attached nearby to the fork, which is in mechanical contact with the
fork. The dithering signal is also fed to the reference input of the LIA (Stanford SR530
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FI1GURE 3.4: Probe dithering diagram

dual channel lock-In amplifier). The oscillating amplitude of the fork and also the probe
is transformed to the voltage signal, pre-amplified by the instrumental amplifier, and
then fed to the LIA. For a typical oscillating system of probe/tuning fork, the amplitude
is of the order of 107! nm - 1 nm [4, 6-8].

The LIA is a phase-sensitive detector (PSD) which can measure small AC signals even
when those are buried in noise with a much larger amplitude. The detector isolates the
signal, which has the same frequency as the reference, and rejects the noise at other
frequencies. The scheme is carried out by multiplexing the signal with the reference,
which is the driving signal from the function generator in this case. The result consists of
the sum and difference frequency components. If the frequencies of signal and reference
are exactly the same, after passing the low-pass filter, only the DC component, whose
amplitude is related to the magnitude of the signal (R) and the phase difference ()
between the signal and the reference, can be detected. The separation between R and
® can be achieved by two PSDs. One multiplexes the signal with the reference and
the other with its 7/2 phase shift which gives out two DC signals X = Rsin® and
Y = Rcos ® after passing the low-pass filter. The amplitude and phase of the signal are
derived by

R=+vX2+Y2 (3.1)
Y
® = arct = 3.2
arctan ( X) (3.2)
The characteristics of the oscillating tuning fork attached to a fibre tip at various fre-

quencies can be seen in Figure 3.5. The response was measured when there was no

sample. The X and Y curves are derived directly from the outputs of the LIA whereas
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FIGURE 3.5: Frequency response of the fibre tip/tuning fork system, measured when

there was no sample. (a) measured X output (Rcos ®), Y output (Rsin ®) and calcu-

lated amplitude (R) from the LIA as a function of frequency (b) calculated phase ()
as a function of frequency

R and ® curves are obtained from the calculation utilising Equation 3.1 and Equa-
tion 3.2. A commercial tuning fork generally has the resonance frequency at 32.768
kHz. However, when the probe is attached and therefore the overall mass of the oscil-
lating system increases, the resonance frequency drops down. As seen in Figure 3.5, the
maximum amplitude is present at 32.274 kHz. The asymmetry of the R curve can be
attributed to both parasitic capacitance of electrical contacts and connecting wires and
the asymmetric coupling of the oscillations of the prongs since one is attached to the

probe and the other is not [8].

From Figure 3.5(a), the Q-factor calculated from the Y curve is 686.89 which can be
too small for fragile samples. However in this research the sample is a planar waveguide
with a smooth surface and therefore the high sensitivity of the probe height control is
not crucial. On the other hand, a high Q-factor can retard the response of the feedback
system [9] since the settling time of the oscillating system is around 5 times its time

constant (7) which is proportional to the Q-factor as [4, 5]

__ V3 V3Q
TAf  7fo




Chapter 3 Construction of a SNOM system 39

The previous value of @Q-factor gives the settling time around 60 ms. However, all
parameters change from one system to another, depending on the position of the probe
on the tine of the tuning fork and the amount of glue applied to attach both. Moreover,
the resonant frequency and also the Q-factor varied within a day after gluing the probe,

due to stiffening of the glue.

3.4 Probe height control

As the probe is brought down to the surface, the interaction of the shear force with the tip
changes both the resonant frequency and the Q-factor. Different phenomena contribute
to these variations. As suggested by Wei et al., interactions related to frictional force
change the Q-factor whereas the resonant frequency is altered by elastic forces [10]. The
overall outcome is a decrease in the amplitude of oscillation. The range of shear-force
interaction for which it was measured in previous research with the same instrumental
setup is found to be around 10 nm - 20 nm. [3, 11, 12]. The interaction range provides

only roughly an approximation of the probe-surface distance.

FIGURE 3.6: Schematic diagram of the feedback system

The gap distance of the surface and the probe is maintained by a feedback system, whose
schematic diagram is shown in Figure 3.6. As suggested by an experimental study of
probe-surface interaction [13], the physical contact of the probe and the surface occurs
at the beginning of the damped oscillation. Therefore, in order to avoid damage to
the tip, the setpoint of the feedback system should be at the position more than 95%
of the undamped amplitude of the oscillation [3]. The value is set by the Y offset of
the LIA. The Y output is directly derived from the phase-sensitive detector of the LIA
whereas the R output comes from an extra calculating electronic circuit inside the LIA
whose digitisation may introduce more noise in the feedback system [11, 14]. Since the
SNOM probe in this research operates in the constant height mode, owing to the plain
surface of the sample, the phase is constant and the Y output is directly proportional
to the R output and used for the feedback system. The deviation of the detected
amplitude voltage from the setpoint value is an error signal which is then relayed to

the Proportional-Integral-Derivative (PID) unit. The output signal from the PID unit
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is sent back to the z (height) channel of the piezoelectric stage controller to correct the

probe height, resulting in the correction of amplitude voltage toward the setpoint.

As its name suggests, the PID unit consists of three functions: proportional, integral
and derivative components. The output of each subunit, which has the error signal (e)
as its input, can be described by Equation 3.4a-Equation 3.4c, and the overall feedback

signal (F') is the summation of all, as shown in Equation 3.4d,

P =cpe (3.4a)
I= cpci/edt (3.4b)
de
D= CpCd gy (3.4c)
de
F=P+I1+D=cpe+cpc [ edt+ CpCd 4 (3.4d)

where P, I and D are proportional, integral and derivative components, respectively.

The constants ¢, ¢; and ¢4 are adjusted to optimise the feedback system.

The proportional element corrects the steady-state error. To get back to the set point
as promptly as possible, the gain should be high but the rapid response impairs the
stability of the system. If only a proportional component contributes to the feedback
system, an offset, a deviation from the setpoint, will persist. This can be minimised by
the integral unit whose output signal compensates the accumulation of errors during the
period of time. Additionally the unit, a lowpass system, is highly responsive to slowly
varying noise such as thermal expansion of the stage and probe mount. Therefore it is
effectively diminished from the feedback system. The derivative unit has the controlling
signal proportional to the rate of error change, so it decreases the time response of
the system. This unit should be used only when the scan speed is very low and high-

frequency disturbance exists.

The PID unit utilised in the research is a SIM960 Analog PID Controller (Stanford Re-
search Systems). As suggested by the instrument’s manual [15], the tuning is manually
performed by adjusting the proportional gain first with the integral unit still not oper-
ating. The gain should start at a small value and then be increased by factors of two

until the oscillation of the system is observed, that is, the fluctuation of the Y-output of
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the LIA around the Y offset. After that, the gain should be reduced by a small amount
to stabilise the system. Then it should be followed by setting the integral gain, which

can be performed in the same way as has been already done for the proportional gain.

3.5 Scanning system and data acquisition

The translation of the probe in the x and y directions is performed by a Melles Griot
3-axis piezoelectric stage with additional stepper motor drivers for coarse translation.
The piezoelectric translation range is a maximum of 20 ym with 5 nm resolution and

the maximum motor-driven translation range is 4 mm with 25 nm resolution [16].

LabVIEW programmes have been written for scanning control and topographical data
acquisition. The programmes communicate with all the instruments via a GPIB inter-
face. The topographical data is gained from a Keithley-196 digital multimeter which
reads the voltage from the z channel of the stage controller (corresponding to the height
of the probe) because the direct communication with the Melles Griot stage controller
via its GPIB port is relatively slow. For the same reason, scanning is controlled indi-
rectly via a Stanford SR400 photon counter’s auxiliary voltage outputs, displayed as
Portl (pl) and Port2 (p2) of the voltage supply unit in Figure 3.1. The auxiliary volt-
age outputs of the photon counter, which supplies +10 V, are connected to the z and y
external control channels of the stage controller. The scanning of the stage is executed
by stepping the output voltage of the photon counter. At each location on the scanning
plane, the coordinates of the location, height and spectral data are read and recorded
into text files which are later processed by MATLAB scripts.

The spectra collected by the SNOM probe are measured by a high resolution spectrome-
ter, HR20004 Ocean Optics, which responds to the wavelength range 200-1100 nm with
the resolution of 0.035 nm (FWHM) [17]. Unlike other instruments, the spectrometer
is interfaced to a computer via a USB 2.0 port and spectra are separately recorded as

data files by the software provided with the instrument.

Successive scans in the same area for topographical information of the sample, can show
the data repeatability of the system. In Figure 3.7, three consecutive line scans show
inclined plane-removed topography on the same region of a grating. These sets of data
were acquired without vibration isolation and during the laboratory fabrication with
workmen walking in and out regularly. Later on the SNOM system was moved into a
new laboratory and placed on an anti-vibration optical table. Therefore, in order to
avoid the crashing of the tip into the sample’s surface, the scanning was performed at
low speed by setting the rest time between each position at 1 second. The speed of
scanning is 0.2 um/s. The overall distance of each line scanning in Figure 3.7 is 15 ym
with 128 positions of data collecting. As a result, the total time for each scan is 3.36

minutes. The second and third scans were performed after the first scan by 6.05 minutes



Chapter 3 Construction of a SNOM system 42

0.6
.
o
"%
0.5F gl 8
. .
4 »
R o™, gl et
0.4 v, sl SR
e ss%04 [ O S T AU ARt M
—~ b o
= s K
3
=
- *
£ 0.3f |
<]
(7]
I
‘
0.2r - J
* 4+
. * . [
s
0.1f ~ Rl
PR
nd
*’ 2
R * 3rd
0 *2 ! !
0 5 10 15

Distance (um)

F1GURE 3.7: Three consecutive line scans on the same area of a grating shows the data

repeatability of the system. There was no vibration isolation while the data was being

acquired and the time for all scans is around 12 minutes. Note that the data has been

processed by removing an inclined plane inherent in the data, caused by the sample
stage not being entirely flat.

and 17.56 minutes, respectively. As can be observed from Figure 3.7, the height drift
from the first scan to the third scan is in the range of around 40 nm. Nevertheless, the
observable repeatability of small features on the surface guarantees the reliability of the

feedback system.

L1 pm *

09 pim *

30 um

FIGURE 3.8: SEM image and schematic diagram of TGXO01 test sample [18]. The
grating is the periodic pattern of trapezoidal ridges with the period 3 pm. Each ridge
is 0.9 pum high and 1.1 pm wide (the top side).

In order to characterise the topographical data acquisition capability of the SNOM
system, a calibrated test sample was scanned by an uncoated tapered fibre probe. The
test structure is a TGXO01 silica grating used for lateral calibration in SPM [18]. The

SEM image and dimensions of this grating are shown in Figure 3.8. The grating is a
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F1cURE 3.9: A false-color topographical image of TGX01. The height data from
scanning is plane removed by MATLAB scripts. The pitch of pattern in the image
ranges 3.15-3.21 pm whereas the height is around 0.8 pm.

periodic pattern of trapezoidal ridges with a period of 3 pm. Each ridge is 0.9 pm high
and 1.1 pym wide (the top side).

The probe height data was collected at different locations on the sample plane by the
shear-force feedback system. An oblique plane in the data was removed to increase image
contrast and the result is shown in Figure 3.9. The scan direction is along the z-axis,
with a scan step of 0.078 um. The pitch of pattern in the image ranges 3.15-3.21 pym
whereas the height is around 0.8 ym. The ridges in the image look oversized. Since the
topographical image is the result of a convolution between the tip and surface profiles,
the false dimension is probably because the tip has been damaged. Moreover, the scan
was performed with the lack of vibration isolation. Disturbances such as air currents
from the air conditioner, or people walking by, can dislocate the scanning probe and also
cause dimensional discrepancies in the topographical image. The image consequently
becomes obscure. Accordingly, the inclusion of vibration isolation will improve spatial

accuracy.

3.6 Vibration and thermal effects

The gap distance between the probe and the sample is in the range of nanometres.
Hence any disturbance such as mechanical vibration or thermal expansion can induce a
great deal of changes in the detected signals. The system should be placed on an anti-

vibration table or vibration damping materials such as rubber or foam. Moreover air
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currents can also make the probe drift. Therefore the system is covered by a Styrofoam

box during scanning.

Material such as brass or aluminium, which is widely used as mounts or bases of instru-
ments, has a thermal expansion too high for the SNOM system. During the placement
of the sample, the assistance of a microscope is necessary, but its light can generate heat
in the system. This causes the dimensional expansion and later the contraction when
the light is turned off. Compared to aluminium with the expansion coefficient 24 x 1076
°C~1 [19], Invar has an expansion coefficient less than 0.07 x 1076 °C~! [20] which can
increase the stability of the system more than 20 times. Therefore, the SNOM cantilever

has been constructed with Invar.

3.7 Chapter conclusion

The experimental setup for the SNOM system has been described in this chapter. The
near-field probe fabrication technique utilised in this research is the heating and pulling
technique. The fabrication is performed by a commercial micropipette puller which melts
a fibre with a COs laser and then applies a tensile force to break the fibre. As a result,
the tapered shape is formed. The probe is utilised as uncoated to avoid introducing

some deviation in the spectral and temporal profile of the collected light.

The height control is achieved by the shear-force technique, in which the deviation of
the probe oscillation caused by the interaction of shear force is monitored. The probe is
attached to a tuning fork which is mechanically driven by a piezoelectric disc with the
oscillating signal from a function generator. The dithering of the probe is transformed to
an electrical voltage and measured by a lock-in amplifier. A feedback system consisting
of a PID unit controls the probe height by monitoring the change in amplitude voltage
from the tuning fork since the strength of the shear force depends on the distance between
the probe height and the surface of the sample. The feedback system can then provide
an appropriate voltage to adjust the height channel of the piezoelectric stage according

to the magnitude of the error signal.

The computer-controlled lateral scanning of the probe is performed by providing a step
voltage to the stage. At various locations of the sample, topographical and spectral
information are collected. Finally vibration and thermal effects were also discussed in

the chapter.
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Chapter 4

Waveguide characteristics

4.1 Chapter introduction

In this chapter, the physical background relating to the characteristics of the waveguides
will be studied. The propagation modes of light guided by total internal reflection
will be analysed. The study is focused on only the case of Cartesian symmetry owing
to the rectangular shape of the waveguide utilised in this research. It begins with
the simple structure of the planar waveguide, with a one-dimensional index profile, in
Section 4.2. The propagation constants and modal field distribution will be derived
from the Maxwell’s equations and the boundary conditions. This one-dimensional mode
analysis will be later adapted for the rectangular waveguides in Section 4.3. Such a
waveguide consists of a two-dimensional refractive index profile where the problem of
solving the propagation modes becomes more complicated, and normally non-analytical
solutions are preferred. Among many approaches, the effective index method adopted in
this research to determine the propagation modes is probably the simplest technique and
is very accurate. The approach is based on the assumption that the spatial dependency
of the field in two orthogonal directions is separable. As a result, the problem of the two-
dimensional waveguide is converted into the two planar waveguides with their refractive
index profiles perpendicular to each other. Then the propagation modes are determined
from one of the planar waveguides containing the refractive index profile specified from
the propagation modes of the other waveguide. The accuracy can be enhanced further
by optimising the equivalent refractive index profile of the effective index method, to

nullify the first-order error according to the perturbation theory.

The last section, Section 4.4, will provide the underlying theoretical background of
nonlinear pulse propagation in a medium. The evolution of pulses induced by dispersion
and nonlinear effects is expressed in the form generally acknowledged as the nonlinear
Schrodinger equation. The derivation of the equation starts with the general form of

wave equation given by the Maxwell’s equations. The induced polarisation, taken as the

47
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response of a nonlinear system with the electric field of the launched light as the input,
can be approximated by the Volterra series with the Volterra kernels related to the
electric susceptibility of the medium. The derived propagation equation will be further

utilised in later chapters for the numerical modeling of the research.

4.2 Planar waveguides

We start by considering the light confinement in a planar waveguide with a one-dimensional
distribution of the refractive index. Even though real rectangular waveguides have light
confined along two dimensions, which are perpendicular to the propagation direction,
their characteristics are based on those of basic one-dimensional waveguides. Moreover,
the simple structure of planar waveguides can be utilised as an approximation for waveg-
uides whose length in one dimension is much longer than the other, so that the light

confinement in the longer dimension can be neglected.

4.2.1 Field distribution of planar waveguides

The basic structure of planar waveguides is shown in Figure 4.1. The plane of incidence
is in the yz plane, whereas the z-axis aligns perpendicular to the plane. The core is
2d wide and the light, which is confined within the core area, propagates along the z-
direction with the angle of incidence 0. The step-index profile of the waveguide is along

the y direction and its dielectric constant profile can be described by a function n?(y) as

FIGURE 4.1: Total internal reflection in a one-dimensional waveguide

nt, lyl<d
772(3/) =4 n3, y < —d (4.1)
n3, y>d

where n? > n3, n3 and the materials are assumed to be homogeneous. This structure of
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the waveguide can represent any arbitrary planar waveguides which are not necessarily
symmetric, with the same material for both upper and lower cladding layers. Certainly
the analysis of this waveguide can also be applied to the symmetric case by substituting
ng = ng. For the waveguide utilised in this research, along the height dimension, light
is confined by an asymmetric waveguide, whereas by a symmetric waveguide along the

width dimension.

Since the dielectric profile varies only along the y-direction, the electric field € and
magnetic field JH for the waveguide in Figure 4.1, are assumed to be independent from

the z-direction and can be written as

E(y,z,t) =E(y)exp[i(wt — (2)] (4.2a)
H(y,z,t) =H(y)exp[i(wt — B2z)] (4.2b)
with
E(y) = E: (y)X+ Ey (y)y + E. (y) 2 (4.3a)
H(y) = Hy (y)X+ Hy (y) ¥ + H: (y) 2 (4.3b)

where E (y) and H (y) are the field amplitudes with (X, ¥,2) as the unit vectors, w is the
angular frequency and [ is the propagation constant of the waveguide medium which is

the z-component of the wave vector k = k,§ + k.2, i. e.

B =k, =ksin6 (4.4)

There are two types of modes according to the polarisation of the electric and magnetic
fields. For the transverse electric (TE) modes, the electric field is perpendicular to the
plane of incidence and the magnetic field aligns in the plane. Therefore the nonzero com-
ponents of the electric and magnetic fields for the TE modes are E,, H, and H,. On the
other hand, the transverse magnetic (TM) modes with the magnetic field perpendicular

to the plane of incidence have the nonzero components H,, F, and E..

The fields € and H in Equation 4.2 can be determined from the curl Maxwell equations

for a charge-free isotropic medium which are

OH

Vxﬁz—uﬁ

(4.5a)
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o€
VxH=c (4.5b)

where ¢ is the electric permittivity and p is the magnetic permeability of the waveguide

medium. Substituting the fields of Equation 4.2 into Equation 4.5 results in

TE mode:
BE, = —pwH, (4.6a)
Ey .
a@y = —ipwH, (4.6b)
H, .
—i3H, — 8@3/ =icwk, (4.6¢)
TM mode:
BH, = ewE, (4.6d)
H, .
aay = iewk, (4.6e)
E, .
iBE, + 8@ = ipwH, (4.61)
Y

By applying the partial derivative /0t to Equation 4.6b with the assistance of Equa-
tion 4.6a, Equation 4.6¢c and the relation pus = 1/v? = 7%(y)/c®> where v and c is the
speed of light in medium and free space respectively, the wave equation of the transverse

electric field component E, for the TE modes is derived.

TFE mode:
0’E,
Oy?

+ (n*(y)k§ — %) B, =0 (4.72)

With a similar procedure, but applied to Equation 4.6e, the wave equation of H, for the

TM modes can be written as

TM mode:
0’H,
0y?

+ (1P (y)ks — 5°) Hy = 0 (4.7b)

where kg is the magnitude of the wave vector in free space. Furthermore, the compo-
nents of the fields in the plane of incidence, H, and H, for TE modes and E, and £,
for TM modes, can be determined by substituting the solutions of Equation 4.7 into

Equation 4.6a, Equation 4.6b, Equation 4.6d, and Equation 4.6e respectively. After
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arithmetical rearrangement, H,, H., E, and F, can be expressed as

TFE mode: 5
H,=—"F, 4.
Y 1w (4.8a)
1 OF,
H,=— 4.8b
o Oy (4.8b)
TM mode: 5
E,=~H, 4.8
U (4.8c)
1 OH,
E,=—— 4.8d
ew Oy ( )

Since the guided field in the waveguide is confined within the core (|y| < d) and decays
rapidly within the cladding region (|y| > d), the solution of Equation 4.7 can be written
in the form [1]

TE mode:
Arcos (kyy — 1), |yl <d
By =4 Agenrlt+d), y < —d (4.9a)
Age_'}’B(y_d)7 Y > d
TM mode:
Ay cos (kyy —0), lyl <d
Hy =4 Ayenly+d) y < —d (4.9b)
A38_73(y_d)’ Yy > d

where A 2 3 are arbitrary constants whose relations can be determined from the bound-
ary conditions, k, is the propagation constant for the field propagation in the core area,
72,3 are the extinction coefficients in the lower and upper cladding layers respectively

and ¢ is the arbitrary phase shift.

The fields are sinusoidal inside the core with the feature specified by the propagation

constant k, which is the y-component of the wave vector k

ki = k? cos® 0 = nikg — (4.10)

On the other hand, the fields becomes evanescent in the cladding regions and attenuated
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exponentially in the lower and upper cladding regions with the extinction coefficients 79

and -3 respectively. The values of v and 3 can be calculated from

73 = % — n3kg (4.11)

73 = % — nikg (4.12)

From Equation 4.10 - Equation 4.12, the parameters k,, 72 and 73 are related by

(kyd)® + (12d)* = V3 (4.13a)

(kyd)* + (y3d)® = Vi (4.13b)

with V5 and V3 defined as the normalised frequency corresponding to the quality of light

confinement within the core and are also related to the numerical aperture (NA) by

Vos = kod (n? —n34)""* = kod NA (4.14)

where

NA = (n? —n3,)" (4.15)

Since all the mode parameters k,, 72 and 3 must be real, their upper limit value is
bound by V3 3/d. Normally a non-symmetric waveguide has the refractive index of the
substrate higher than that of the cover layer, that is, no > ng and consequently Vo < V3.
This physically means that the critical angle for the lower interface is greater than that
of the upper interfaces and therefore light must propagate with the angle of incidence
higher than 6. = sin~! (ny/n1) for the condition of total internal reflection to be fulfilled

at both interfaces. Equivalently k, is required to be less than V5 /d.

The constants Aj 23 and ¥ in Equation 4.9 are determined by the boundary conditions.
At the interface y = +d, the tangential components to the interfaces, F, for TE modes

and H, For TM modes, are continuous as long as Aj 2 3 satisfy

Ay = Aj cos (kyd + ) (4.16a)

As = A cos (kyd — ) (4.16b)
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By substituting Equation 4.16 into Equation 4.9 and taking the constant A; as unity,

F, and H, can be written as

TE mode:
cos (kyy — V), ly| <d
Ey = cos (kyd 4 0)er2+d), y < —d (4.17a)
cos (kyd — 0)e 3=, y>d
TM mode:
cos (kyy — V), ly| <d
Hy = 4 cos (kyd + 9)er2Wtd) y < —d (4.17b)
cos (kyd — 9)e 3W=4) y>d

On the other hand, the phase constant 19 can be determined by the condition of continuity
for H, and E,. By substituting Equation 4.17a and Equation 4.17b into Equation 4.8b

and Equation 4.8d respectively, H, and E, are continuous at y = £d as long as

TE mode:
ky sin (kyd + 9) = 72 cos (kyd + ) (4.18a)
kysin (kyd — 9) = ~3 cos (kyd — ) (4.18b)

TM mode:
n3 ky sin (kyd +9) = y2 cos (kyd + ) (4.18¢)
n3 ky sin (k,d — 9) = 3 cos (kyd — 9) (4.18d)

where n21 31 are defined as

ngp = — and n3g = — (4.19)

Note that Equation 4.18a and Equation 4.18b are derived on the assumption that the
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waveguide’s material is nonmagnetic and therefore ps 3 = 119 where pig is the permeability
of free space. Two sets of coupled equations in Equation 4.18 are solved for 1, and finally

the phase constant for each mode with mode index n can be determined from [1]

TE mode:

29 = nr +tan~' [ 2 ) —tan~! [ 22 (4.20a)

ky ky
TM mode:
- 72 -1 3
29 = nr + tan ™! < ) — tan ( ) (4.20b)
n3, ky n3 ky
where n is an integer n = 0,1,2.... Equation 4.17 accompanied by Equation 4.8 and

Equation 4.20, provides the field distribution inside the waveguide which will be later

utilised in the calculation for the transverse field profile in Chapter 5.

4.2.2 Propagation modes of planar waveguides

To be guided by the waveguide, the light inside needs to satisfy total internal reflection
at the interfaces, as shown in Figure 4.1. The incidence angle 8 of the guided modes
are required to be more than the critical angle 6.. There are various modes which
satisfy such a condition and propagate with different optical paths. The ray optics of
light propagating within the waveguide is adequate enough for solving the propagation
constant 3 of these guided modes. From the ray path in Figure 4.1, after one round trip
for the light traveling between the upper and lower cladding layers, the twice reflected
wave experiences a phase shift caused by the optical path difference (OPD), and the
reflection phase shift ¢,.o and ¢,3 at the lower and upper interfaces respectively. For

guided modes, the overall phase shift must satisfy

ko (OPD) — g — dp3 = 27n (4.21)

where n is the mode index number and the optical path difference is determined from

OPD = ny (AC - AB)
< 2d 2d >
= n - — — cos 2¢p
sinp sine
= 4dnydsingp (4.22)

The reflection phase shifts ¢.2 and ¢,3, which depend on the angle of incidence and po-

larisation, can be determined from the Fresnel equations. The argument of the complex
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reflection coefficient provides the phase shift for the reflected wave and can be written

as [2]
TFE mode: 12
. 2 9 _ . 2 0
tan <¢;) _ (sin Sl 2) (4.230)
in2 6 — sin2 0, 1/2
tan <¢;) _ (sin il 3 (4.23b)
TM mode: 12
) 0 _ si 2 03
tan <¢T2> = (sin 5] i) (4.23c)
2 ng, cos
in2 6 — sin2 0, 1/2
tan <¢T3> = (sin 5] i) (4.23d)
2 ng; cos 0

where 0.0 and 6.3 are the critical angles at the bottom and top interfaces of the waveg-

uide. i.e.

n
Sinf. = — and sinf.3 = =3 (4.24)

ni ni
The phase shift ¢,2 and ¢,3 can be expressed in terms of modal parameters ky, 72,
and 3 by applying Equation 4.4, Equation 4.10, Equation 4.11, Equation 4.12 and

Equation 4.24 to Equation 4.23. As a result, the simplified forms are derived.

TFE mode:
tan (gb;) = Zi (4.25a)
®r3 V3
=12 4.2
tan( 5 by (4.25D)
TM mode: 5
T2 72
t = 4.2
an( 2 n3, ky (4:25¢)
o3 V3
t = 4.25d
an( 2 ”%1@ ( )

By substituting Equation 4.22 and Equation 4.25 for the OPD, and the phase shift ¢,o
and ¢,3 into Equation 4.21, we get

TFE mode:

2k, d — tan ™! (f) — tan~! <Z3> =nm (4.26a)
Y y
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TM mode:

2kyd — tan ™ ( ;2 ) —tan~! < ;3 > =nm (4.26b)

Ny ky n3; ky

Finally, with the assistance of the trigonometry identities,

tan 91 —|— tan 92
- o 4.2
an (01 + 62) 1 — tan 0y tan 0, e

and
tan (01 — nm) = tan 6, (4.28)
Equation 4.26 becomes
TE mode: Ky (15 + )
tan (2k,d) = W (4.29a)
TM mode:

ky ((v2/n31) + (v3/n31))

kg — (v213/m3n3,)

tan (2k,d) = (4.29D)

Equation 4.29 is generally referred to as the characteristic equation of the waveguide
which specifies the propagation modes with the propagation parameters ky, v2 and 73
and consequently (3, through the relation Equation 4.10 - Equation 4.11. The equation is
transcendental and its roots can be found by graphical means. The left and right terms
of Equation 4.29 are plotted against kyd whose value varies from 0 to min [V3, V3] /d.
The intercepts between two curves from both sides of the equation specifies the mode
propagation constants and the extinction coefficients in the cladding regions. The ap-
proach can be viewed in Section 5.3, Chapter 5. The tangential function on the left side
of Equation 4.29 is periodic with the period kyd = 7/2. On the other hand, the term
on the right is a decreasing function and its curve intercepts with the tangent curve at

every period of the latter. Therefore the number of modes IV can be determined from

Vas.  Ad
ol =[5, V4] (4.30)

N=]
where || denotes the ceiling function whose value is an integer not less than the argument

and \g is the wavelength in free space.

For a symmetrical waveguide in which ny = nj3, the phase condition in Equation 4.21

becomes
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By applying the tangent function to both sides of Equation 4.31, the characteristic

equation is given by

TFE mode:
tan (kyd — n%) = Zj (4.32a)
TM mode:
™ V2
tan (kyd — 4) _ 4.32h
an ( D) n3,ky (4.32b)

For arbitrary dimensions, the structure of a planar waveguide supports at least one
mode. However, in order to remain single mode, Equation 4.30 suggests that the width
of the waveguide must be less than A\g/(2 NA). According to Miller’s rule, high-order
susceptibility is proportional to the linear susceptibility and consequently a medium
with high optical nonlinearity tends normally to come with high refractive index [3-5].
Therefore, the width dimension for operation in the single-mode regime becomes smaller
and probably more tedious to fabricate than a linear waveguide. For example, a guiding
medium of highly nonlinear TasOs thin film on a silica substrate gives the condition
of the waveguide’s dimension less than ~\y/3 which is less than half a micron for the
operation wavelength of 800 nm. On the other hand, the upper limit rises up to ~ Ag/0.9
for a widely utilised medium in planar waveguide applications such as SiO3/GeO2 on
the same kind of substrate [6-8].

4.3 Rectangular waveguides

The scalar wave equations in Equation 4.7 for a planar waveguide is a specific case of the
full wave vector equation when there is only one transverse component of the field. For
the propagation in a rectangular waveguide with a two-dimensional step index profile
and homogeneous medium, the transverse component of the field (E¢) which contains

both the z- and y-components satisfies [9, 10]

2 2 9 2 . Vt772
ViE: + (kgn” — %) Ey = -V, E'nQ (4.33)

where 7n? is the dielectric constant of the waveguide and the transverse del operator V;

is defined as

The term V;n? on the right hand side of Equation 4.33 is the coupling term of various
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field components and specifies the polarisation characteristics of the modes. For rect-
angular shapes of the waveguide, the coupling term can be neglected and the equation

can be separated into each component’s wave equation [9]

0 (E,on?
2 2.2 2 _ x
ViE, + (kon* — 5°) Ex P <772 (%) (4.35a)
o (E, 0n?
’E K- 3E, = —— | =2 =L 4.35b

with E, and E, as the z- and y-components of the field. Two polarisation modes are
normally classed according to a much greater strength of electric field component aligning
along the x- or y-axis whereas the other orthogonal component, (y or x, respectively), is
small and can be ignored. In contrast to the case of a planar waveguide in Section 4.2 in
which only the z-axis is recognised as the transverse direction, the notation TE and TM
becomes the unclear definition of the polarisation directions for the case of a rectangular
waveguide. Therefore in order to avoid such an ambiguity, the notations E¥,, and Ej,,
are adopted instead, to represent the propagation modes derived from Equation 4.35a
and Equation 4.35b respectively with the superscript stating the direction of the strong
electric field and the subscript mn specifying the mode indices for the field distribution

along the x- and y-directions respectively.

The problem of determining propagation modes for a two-dimensional waveguide is
complicated. The approximated solutions for the propagation modes of the waveguide
can be derived by both analytical and numerical methods. The discussion of these
methods in detail can be found in Chiang’s review [9]. For the rectangular geometry, the
effective index method (EIM) [11] is efficient and widely utilised owing to its simplicity
and reasonable accuracy, as long as the frequency region in the analysis is not near the

cut-off frequency [12].

FIGURE 4.2: Basic structure of a rectangular waveguide

The general schematic structure of a rectangular waveguide is displayed in Figure 4.2.
The core area is 2d high and 2w wide with the refractive index ny. The length of the

waveguide aligns along the z-axis whereas light is confined in two transverse dimensions
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FIGURE 4.3: Various types of rectangular waveguides

x and y by the higher value refractive indices no, ng, and n4 of the cladding area. Such a
structure can represent several types of rectangular waveguides such as strip waveguides
(ng = ng < ng), embedded strip waveguides (ny = ng4 > ns), or fully embedded strip

waveguides (ng = n3 = ny) [2, 12], as portrayed in Figure 4.3.

(a) (b)

FIGURE 4.4: Two orthogonal planar waveguides for the analysis of a rectangular waveg-

uide by the EIM. There are two choices of utilising the method: (a) determining the

propagation modes from the planar waveguide along the z-direction with the effective

index of the core given by the propagation constant previously determined from the
planar waveguide along the y-direction or (b) vice versa

The EIM is based on the separation of variables which changes a two-dimensional prob-
lem of the rectangular waveguide to the problem of two one-dimensional planar waveg-
uides. The analysis of propagation modes in one planar waveguide provides the effective
index for the core of the other orthogonal planar waveguide. The procedure of the EIM
is portrayed in Figure 4.4 in which there are two choices for applying the method. The
propagation modes of the waveguide, are those determined from the planar waveguide
with the step index profile along the z-direction, in which the effective index of the core
is specified by the propagation constants previously determined from the planar waveg-

uide, aligning parallel to the y-axis as summarised in Figure 4.4(a). On the other hand,
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the order of both planar waveguides can be reversed, as in Figure 4.4(b). The effective

indices ngf g or n?éf f of the lower waveguides in Figure 4.4(a) are specified by

x ﬂw Yy v
neff:?O or neff:FO (436)
where 8% and (Y are the propagation constants determined from the upper waveguides

in Figure 4.4(a) and Figure 4.4(b) respectively.

(a) (b)

FIGURE 4.5: Schematic diagram of the effective index method with the introduction of

the correcting parameter (¢) in the dielectric constant of the side cladding area. The

analysis starts with determining modes in the planar waveguide with the refractive

index profile along the y direction in (a), and is then followed by the planar waveguide
along the = direction in (b)

However, it has been found that the approach is not commutative. The procedures
in Figure 4.4(a) and Figure 4.4(b) do not provide exactly the same solutions and, if
the analysis starts with the shorter dimension waveguide, the result is more accurate
than the other option [13]. Furthermore, Kumar et al. demonstrated that EIM always
gives an overestimated value of the propagation constants. As suggested by Chiang, the
accuracy can be enhanced by adding a correcting parameter in the refractive index of
cladding area in order to minimise the error between the EIM approximation and the
exact value [14], as displayed in Figure 4.5. The dielectric constant of the side cladding

regions is different from that of the conventional scheme in Figure 4.4(a) by the amount
2
¢ (n% — (n*;fff> ) where ( is a constant whose value is optimised by a perturbation

analysis. In such an approach, the error in the calculation for the propagation constants
of the EIM is assumed to have originated from the deviation of the equivalent index

profile of the EIM from the waveguide’s original index profile.

For a homogeneous medium, V;1?/n? becomes zero and the scalar form of Equation 4.35

can be written as

62¢mn(ma y) + 82¢mn(xv Y)

o2 dy2 + (k'(2)772($, y) — 72,m) Ymn(z,y) =0 (4.37)
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where the scalar field ¥, (x,y), which can represent either EZ, or Ej,, modes, is a two-
dimensional function of z and y and the mode can be identified by two indices m and n
corresponding to the x- and y-directions respectively, and n(z,y) is the refractive index
profile of the waveguide, and (,,, is the propagation constant. Since the EIM is based
on the assumption that the mode field is a separable function of variables, ¥, (x,y) can

be written as

P (2, y) = X (2)4n(y) (4.38)

where X,,,(z) and Y,(y) are the mode field distributions for two planar waveguides in
Figure 4.5(a) and Figure 4.5(b) respectively. Both field distributions are in the same
form as that of Equation 4.17 with a sinusoidal profile of the field inside the core specified
by the x and y components of the wave vector (k, and k), and the exponential decay
in the lower, upper and side cladding regions is described by the extinction coefficients

Y2, 73, and 74 respectively.

The wave equation in Equation 4.37 can give such solutions if the dielectric constant

distribution function n?(z,y) is in the form [13].

n*(z,y) = n3(x) + no(y) (4.39)

By substituting Equation 4.38 and Equation 4.39 into Equation 4.37, the following

expression is derived.

1 dQDCm(a:)+ 1
X (x)  da? Yn(y)

2 e
: 322( Dt [ (20a) 4+ 02(0) — 2] =0 (4.40)

On the other hand, the modal field Y, (y) for the waveguide in Figure 4.5(a) must still

satisfy the following one-dimensional wave equation

1 d?Y,(x)
Yn(y) da?

+ |k - (32%] =0 (4.41)

where the dielectric constant profile along the y-direction 775 (y) is the same as that in

Equation 4.1. By subtracting Equation 4.41 from Equation 4.40, the wave equation for

the planar waveguide along the x axis, which provides the final value of the propagation
constants (3,,, of the rectangular waveguide, is derived.
1 d®Xp(x) 2,2 (5‘70)2

k ) -85, =0 4.42

_|_
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Since Equation 4.42 describes the modes of the planar waveguide in Figure 4.5(b), the
2

dielectric constant term in the round brackets must be equal to (nfjf f> in the core region

2
and n3 — ¢ (n% — (ngf f) ) in the cladding regions. This condition will be satisfied if

the value of n2(x) is given by

FIGURE 4.6: Equivalent waveguide by the effective index method

The combination of n2(x), from Equation 4.43, and 775 (y), from Equation 4.1, gives the
total dielectric constant n?(x, y) for all areas of the waveguide, which can be illustrated by
the diagram in Figure 4.6. This is the equivalent structure of the waveguide analysed by
the EIM. Compared with Figure 4.2, the dielectric constants in the side cladding regions
are increased by <n% — (ngff)2> whereas they are decreased by <(n§ff> 2 ni) in the
corner area in the case of the conventional EIM in which ( is zero. These alterations in
the dielectric constant profile lead to the error in the mode calculation. Introducing the
parameter ( adds extra terms in the dielectric profile which can decrease the original
deviation. The deviation of the approximated propagation constant 5 by the EIM from

the exact value § can be quantified as the error parameter € which is defined as

e=p%— 32 (4.44)

For the first-order approximation by the perturbation theory in which changes in the
dielectric constant profiles in Figure 4.2 are taken as a perturbation to the original

structure, the error parameter € can be determined from [10]
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_ I O =) b da dy
DS ddady

(4.45)

where 7 and v are the refractive index and mode field of the equivalent waveguide by
the EIM and 7 and 1/; are those of the original waveguide. For the case of large values
of normalised frequencies, most of the energy of the mode field is well confined within
the core and therefore 1[1 can be approximated by . Since (7]2 — ﬁ2) is not zero only in

the side cladding region and corner areas, Equation 4.45 can be simplified as [12]

e=(1-2¢) (rg - (ngff)z) k2P, — (g (rg . (ngff)Q) - (nz - (ngff)2)) k2P, (4.46)

with P; and P, as the fractional powers in the side cladding regions and corner ar-
eas respectively. The confined field in the core area of the planar waveguide, in Fig-
ure 4.5(a), and the decaying field in the cladding area of the lower planar waveguide, in
Figure 4.5(b), are contributed to P; whereas P, is the result of the fields in the cladding

regions of both planar waveguides.

Pl = (Pﬁ)claddzng (Py)core (4-473)

P2 = (Px)cladding (Py)claddmg (4'47b)

where P, and P, are the total fractional powers of the fields of the waveguides in Fig-
ure 4.5(a) and Figure 4.5(b) respectively, with the subscripts identifying the portion of
the power in the specific areas. These power parameters can be expressed in the terms
of the field distribution X(z) and Y(y) as

X (@) da + [ X (x) da

(Pr) ctadding = 702 (2) da (4.48a)
S22 ) dy + [ 92 (y) dy

(Py)cladding = fjoo g2(y) Cly (448b)

(Py)core =1- (Py)cladding (448C)

The parameter ¢ is optimised when the error parameter € becomes zero. In such a case,

Equation 4.46 results in
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P 2 .2
Copt =1 — ( _— 2 _ > AR . (4.49)

With Equation 4.47 and Equation 4.48c, the fraction P, / (]51 + 152) can be simplified as
(Py) yad ding- DY integrating the field Y(y) according to the expression in Equation 4.48b,

the power fraction can be written as [12]

Py K < SCAI— ) (4.50)

Pi+ Py yat+y3+2dyys \k2+93 k243

Lastly the expression for (., is obtained by substituting Equation 4.50 into Equa-
tion 4.49

1 n? —n? n? —n?
=1 i) ()] e
= e 2k [\ = = (51

The characteristic equations in Equation 4.29 are still utilised to determine the propaga-
tion constants and the extinction coefficients for the planar waveguides in Figure 4.5. In
the case of EY ~modes, the characteristic equations for TE and TM modes are applied
to the planar waveguide in Figure 4.5(a) and Figure 4.5(b) respectively whereas vice
versa in the case of Ey,, modes. The sets of the characteristic equation related to both

modes can be summarised as the following.

E*:
ky (v2 +73)
tan (2k,d) = —L——~ 4.52a,
k) = ST (4:520)
12k, tan (kyw) = v4 (4.52b)
EY:
k(% + %)
tan (2I€yd) = W (452(3)
Y n%lngl
kg tan (kyw) = 4 (4.52d)

where 712 is defined as
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2
n3 — Copt (”% - (”?ff) )
2

n° = (4.53)

- 2
(”eff)

Note that the relations between £, , and 72 34 are still the same as that of the equation

Equation 4.14 which can be rewritten as

(kyd)? + (2d)* = Vs (4.54a)
(kyd)? + (y3d)® = V5 (4.54b)
(kod)? + (1ad)® = V} (4.54c)

where

Vaga = kod\/nf —n3 5, (4.55)

The propagation constant 3 for a rectangular waveguide is related to the z and y com-
ponents of the wave vector (k, and k,) and the extinction coefficients in the cladding

area (2, v3, and y4) as

3 =nikg — ks — k; (4.56a)
3 = 8% + k2 — n3k? (4.56Db)
v = 0%+ ki — n3kd (4.56¢)
v =B+ k; — njkp (4.56d)

4.4 Nonlinear pulse propagation

A pulse propagating in a medium experiences various phenomena such as absorption

loss, chromatic dispersion or nonlinearities. The strength of these effects depends on the
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responsive characteristics of the medium to the electromagnetic field of the propagating
light. The overall response contributes to the induced polarisation density which is
related to the electric field. In order to clearly present all the influences on the alteration
of the propagating pulse, the equation which relates the input and output of the system
must be derived. This can be achieved with the Maxwell’s equations. By application of

the curl operation to the curl equation in Equation 4.5a, it results in

2
VXVXS:V(V~8)—V28:—/L03—V><5}C (4.57)

o2
The medium is assumed to be non-magnetic where p ~ pg. From Maxwell’s equations,
the divergence of the electric field for a medium with no free electric charges is zero
whereas the curl of V xH is equal to —9D /It where D is the electric displacement which
is related to the electric field €, the polarisation density P and the electric permittivity

in vacuum gg by

D=cogE+P (4.58)
Therefore by substituting Equation 4.58 in Equation 4.57, it gives

1 92 2P

2or ~MgE (4:59)

The complexity of solving Equation 4.59 for a light pulse can be simplified by the slowly
varying envelope approximation (SVEA) in which the change in the field amplitude of
the pulse along the distance of propagation is assumed to be very small in comparison
with the oscillation of the field with frequency wg. Therefore the scalar form of the field

€ can be expressed as

E(r,t) = = [E(r,t) exp (—jwot) + c.c.] (4.60)
where the rapidly varying phase term exp (—jwot) is separated from the amplitude term
E(r,t) and c.c. denotes the complex conjugate part. The polarisation P can be assumed
to align in the same direction as the electric field and have the similar function form as
that of the field. Therefore, P can be also written as

P(r,t) = = [P(r,t) exp (—jwot) + c.c] (4.61)

The electric field €(r, t) can be represented as the superposition of monochromatic plane
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waves as

+oo
E(r,t) = / E(r,w)exp (—jwt) (4.62)

—0o0

with the spectral amplitude é(r, w) given by

N o0

E(ryw) = / E(r,t) exp (jwt) dt
1
2

[E(r, w—wp) + E(r,w+ wo)} (4.63)

where E (r,w) is the Fourier transform of the field amplitude E (r,t). Equation 4.63
implies that the spectrum of the field is actually the spectrum of the amplitude function
shifted by the amount of the central frequency wgy. Similarly the Fourier transform of

the polarisation P(r,t) can also be written as

P(r,w) = [P(r,w —wp) + P(r,w + wp) (4.64)

N

Since the derivation of the pulse propagation equation in the frequency domain is much
easier, it is preferable to convert Equation 4.59 to the equation for the Fourier trans-
form of the field. By substituting Equation 4.60 and Equation 4.61 into Equation 4.59
and applying the Fourier transform to both sides of the equation, the equivalent wave
equation of the field amplitude E(r,w — wp) in the frequency domain can be expressed

as

V2E + K*E = — (pow?) P (4.65)

where k = w/c and the polarisation P(r,w) is linearly and nonlinearly proportional to
the field amplitude E (r,w). For the propagation of ultrashort pulse light in a dispersive
nonlinear medium whose intensity is high enough to induce significant nonlinearity,
the polarisation density P (r,t) can be perceived as the output of a nonlinear system
responding to the input € (r,t). Therefore, P (r,t) can be represented by the Volterra

series as [2, 15]

1T tco 400
) = 20X [ o [ -ttt
n=1v" -0

o0

XE(r,t1) - € (v, tn) dty - diy (4.66)

where y(™ is the n-th order of the Volterra kernel and related to the n-th order electric
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susceptibility. Equation 4.66 consists of both linear P;, and nonlinear Py, parts which

contribute to the total polarisation P.

P=Pr+Pns (4.67)

The linear polarisation Py, is given by the first-order term of the series which can be

written as

+oo
Pp (r8) = PO (r,8) = 2 / At — )€, #1) diy (4.68)

—0o0

where y() (t) is the linear susceptibility function of time. By the convolution theorem,

the corresponding Fourier transform Py, (r,w) can be determined from

Pr (r,w) = eoxV (w) E (r,w) (4.69)

where Y1) (w) is the Fourier transform of x(!)(t) which describes the frequency depen-
dence of the linear susceptibility. If the system consists only of the linear response,
the complex ¥ (w) is related to the dielectric constant (w), refractive index n(w) and

absorption coefficient a(w) of the system as [2]

a(w)

cw) = (n<w> +i ) — 14 W) (4.70)

From Equation 4.70, the complex value of e(w) can be separated to the real () and

imaginary () parts which can be expressed as

a\w 2
Rle(w)] = n?(w) + ikg) =1+ ER[;z(U(w)] (4.71a)
Se(w)] = a("’]i:(“) - %[x“)(w)} (4.71b)

For a weakly absorbing medium in which a(w) is very small and the o?(w) term can be

neglected, n(w) and a(w) can be determined from

n(w) ~ (1 + %[X(l)(w)Dl/Q ~14 %?R[;z(l)(w)} (4.72)
a(w) ~ 7’2%[%”(@] (4.73)
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Note that Equation 4.72 is derived by assuming that %[)Z(l)(w)] < 1 and the approx-
imation by the first two terms of the Taylor expansion can be applied, whereas the
refractive index at the central frequency wy is utilised instead of n(w) on the right side
of Equation 4.73. Therefore it can be roughly stated that the linear refractive index
and absorption coefficient are given by the real and imaginary parts of the first-order

susceptibility.

The nonlinear polarisation begins with the second-order term of Equation 4.66 which is

+oo
PO (r.1) = 2 / / YOt — 1t — t2)E(x, 11)E(r, ) di dts (4.74)

The second-order kernel x(?) (¢, ') is a function of two variables and related to the second-
order susceptibility which becomes zero for a centrosymmetric material. Therefore if
the higher-order terms of Equation 4.66 are small enough to be truncated, the nonlinear

polarisation Py, is approximated by the third-order term of Equation 4.66

+oo
s () ~ PO (r,1) — 50/// O (= b1t — ta,t — 1)
><8(I‘, tl)g(l‘, tg)é’(r, t3) dtl dtg dtg (4.75)

with the third-order kernel x(3) (¢, ¢, ") related to the third-order susceptibility. In the
non-resonant regime, the nonlinear response is proportional to the optical intensity and

then Equation 4.75 can be rewritten as [16]

o0
Prr (r,t) = eoxPe(r,t) / h(t —t1) |E(r, 1) dty (4.76)

—00

where h(t) is the impulse response of the system and normalised such that fj;o h(t)dt =
1. Several nonlinear phenomena are attributed to the third-order nonlinearity [17]. For
the system that lacks phase matching, however, the Kerr and Raman effects are probably
the most substantial nonlinear phenomena. The first is the outcome of the instantaneous
electronic response of the system whereas the latter is attributed to the time-delayed

response owing to phonon relaxation. In such a case, h(t) can be represented by

h(t) = (1 — 0)d(t) + ohr(t) (4.77)

The first term represents the instantaneous phenomenon which is expressed by the delta
function whereas the last term configures the Raman response as a function of time

hr(t) and the fractional parameter o specifies the relative strength of the Raman effect
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to the total nonlinearities. The model of damped oscillation is exploited to characterise

the time-delayed response and therefore hg(t) can be written as [16]

hit) = 5T exp (<t/m)s
R 5= exp (—t/72)sin (t/11) (4.78)

7'17'2

where 7 and 79 are parameters characterised according to the Raman gain spectrum
whose phonon central frequency and spectral linewidth are given by 1/7; and 1/7
respectively. However, if the pulse width is much longer than the nonlinear response
time, the Kerr effect can be assumed to be much more prevalent and therefore the
second term on the right-hand side of Equation 4.77 can be omitted. By substituting
h(t) = 4(t) in Equation 4.76, it can be written as

Pyp (r,t) = coenp E (1, 1) (4.79)

with exr denoting the nonlinear permittivity, which is given by

3
eve = XO 1B () (4:80)

Note that the factor 3/4 is from the multiplication of E(r,t)exp (—jwot) and its conju-
gate terms. Actually P does not contain only the fundamental frequency wg terms but
also the third-harmonic 3wy terms, but only the fundamental term with the coefficient
3/4 is retained.

By substituting the Fourier transform of Py (r,w) and Equation 4.69 for P (r,w), Equa-

tion 4.65 becomes

V2E +&(w)k3E =0 (4.81)

where the complex dielectric constant (w) is given by

Ew) =1+ XY (W) +ens (4.82)

In contrast to e(w) in Equation 4.70, the dielectric constant £(w) depends on the field
intensity and so does the corresponding refractive index n(w) and absorption coefficient
&(w), which are related to £(w), the same as Equation 4.70. Therefore n(w) and &(w)

can be determined from

#2(w) ~ 1+ R[FD ()] + Rlewi] (4.83)
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a(w) ~ ?]z(()) (% [fé”(w)} + %[6NL]> (4.84)

The intensity dependence of both parameters can be emphasized by expressing n(w) and

a(w) in such a form that

A(w) = n(w) + ng |E|? (4.85)

o))

(w) = a(w) + az | B[ (4.86)

where n(w) and a(w) are the linear refractive index and absorption coefficient as already
defined in Equation 4.72 and Equation 4.73 respectively, whereas the nonlinear refractive

index coefficient, no, and two-photon absorption coefficient, ao, can be determined from

ng = éfn()%[x(g))} (4.87)
ay = fm)%[x(?))} (4.88)

Equation 4.81 can be solved by the method of separation of variables in which the
z-dependence of FE (r,w) is assumed to be separable from the function of z and y.

Therefore, E (r,w) can be written as

E(w—wy) =U(z,9)V (z,w — wp) exp (jfo2) (4.89)

where U (z,7) describes the transverse field profile and V (z,w — wp) is a slowly varying
amplitude function of z with V(z,t) as the corresponding function in the time domain.

By substituting Equation 4.89 into Equation 4.81, two equations of the field are derived.

U U . i

PR (s(w)kg - 2) U=0 (4.90)
v 1 /4 -
5 o (ﬁQ - 53) V=0 (4.91)

Equation 4.91 is based on the assumption that 92V /Ot? ~ 0 owing to the slowly varying
V along the distance of propagation z. Equation 4.90 characterises the transverse field

U(z,y) with the eigenvalue B as the propagation constant of the field. On the other
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hand, Equation 4.91 describes the development of a light pulse envelope affected by the
dispersion and nonlinearity. Both equations are coupled with the propagation constant
B which can be determined from Equation 4.90, in which B is the eigenvalue. The pertur-
bation theory can be applied to solve the equation. In this approach, the unperturbed
system contains only the linear effect and its eigenvalue can be approximately deter-
mined by the effective index method which has already been explained in Section 4.3.
Now the nonlinear effect is treated as the perturbation and B can be approximated by
the perturbation theory. In order to separate the linear and nonlinear operators, the

dielectric constant £(w) should be expressed as

E(w) = <ﬁ(w) + j;:i()) = (n(w) + An)? = n?(w) + 2n(w)(An) (4.92)

where n(w) is the linear refractive index and from Equation 4.85, the perturbing factor

An in Equation 4.92 is given by

(%

An = ny |E|? +j2l<;0

(4.93)

If B(w) is the propagation constant, determined from the unperturbed system in which
£(w) is replaced by n?(w), by the first-order perturbation theory, the true value B(w)

can be determined from

[ (2kEnAn) |U(z,y)* dz dy
[[2 U (2, y))? dody

FP(w) = 2 (w) + (4.94)

Note that the denominator | f;o \U(2,y)|? dz dy is the normalising factor which gives
the unity power of transverse field and the total power of the propagating field is given
by |V (2)|?. If the perturbation is very small, from Equation 4.94 the eigenvalue 3 can

be approximated as

@™

(w) = B(w) + AB (4.95)

where AS is defined as

+o0 2
An|U(z,y)? dzd

(4.96)

By substituting Equation 4.93 into Equation 4.96 with
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B U@V G0 (o)

[[2U (2, y)[? do dy

it can be written as

AB =V +55 (4.98)

where « is the nonlinear parameter which is defined as

noko
v = (4.99)
Acyy

with Ay as effective mode area which is given by

+o0 2 2
o (ff_oo U (z,y)| dwdy) 100
R U, ) * dwdy (4.100

The nonperturbed eigenvalue f(w) can be expanded around the central frequency wy by

a Taylor series as

Bm n m

Blw) = oty —HAw (4.101)
m>1
1 1
= fo+ fAw + 5,32Aw2 + gﬁgAwg +... (4.102)
where
amp

= — 4.103
Bm Hom . ( )

The zeroth-order term of the series in Equation 4.102 is related to the phase velocity of
the light whereas the reciprocal of the first derivative 81 provides the group velocity, vg,

of the pulse envelope.

Ow 1

=95 =% (4.104)

Vg
The frequency dependence of the group velocity is described by the group velocity disper-
sion (GVD) which is related to the second-order term in Equation 4.102. The quantity

of GVD is commonly measured by the parameter D which is defined as
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_ 96 _Ophow _ 2me
D=y “awan - (4.105)

The next terms in the series contribute to the higher-order dispersion which can be
negligible as long as Aw < wg. The approximation becomes inaccurate when the pulse
is very short in the order less than picoseconds [18]. However, only the first three terms
in Equation 4.102 are utilised for $(w) in this research. By Equation 4.95, Equation 4.98
and Equation 4.102, the term BQ — ﬁg can be expressed as

3 - Bt 260 (B(w) + AB — fo)

%

~ ﬁm m o 2 Ne%
~ 20 ngl o (D) +lV(z W) +i5 (4.106)
Substituting Equation 4.106 into Equation 4.91 gives
avgzw * % AP % (Aw)™ | V(z,w) = 7|V (z,0) PV (z,0) (4.107)

m>1

The corresponding equation with Equation 4.107 for the pulse envelope in the time

domain is obtained by replacing Aw with j0/0t.

= 7|V (2,1)]*V(z,1) (4.108)

oV(z,t) « N B, 0V (2t
2, o 5~ )" Vet
0z 2 m! ot™m
m>1
Equation 4.108 is generally referred to as the nonlinear Schrodinger equation which can
be either analytically or numerically solved. The process of solving this equation will
be described in the following chapters relating to the numerical study of light pulses in

nonlinear waveguides.

4.5 Chapter conclusion

The propagation modes and the pulse propagation in a nonlinear waveguide have been
explained and the related equations, which will be utilised later in the following chapters,
are formulated in this chapter. The modal field and the propagation parameters of the
guided modes in a planar waveguide with a one-dimensional step index profile can be
described by Maxwell’s equations with the boundary conditions and ray optics. The
propagation modes, which depend on the polarisation of the light, the refractive index

of the waveguide medium and the dimension of the waveguide, are specified by the
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characteristic equation which is also the basis for determining the propagation modes
in a two-dimensional waveguide. For the case of rectangular waveguides, the effective
index method is generally adopted to approximate the propagation constants of the
guided modes. The approach is based on the separation of variables by which the two-
variable function of the field can be separated into two independent functions of each
variable. Therefore the propagation can be solved from two planar waveguides instead.
The index profiles of those waveguides are perpendicular to each other where the value
of refractive index of one waveguide is specified by the propagation modes of the other.
The accuracy can be further improved by the application of perturbation theory. An
additional parameter is added to the index profile of the waveguides and optimised to

nullify the error approximated by the perturbation theory.

Finally, pulse propagation in a nonlinear medium has been theoretically explained. The
response of the medium toward the optical field is in the form of the polarisation density
which is linearly and nonlinearly proportional to the field. The linear response, propor-
tional to the first-order susceptibility, corresponds to the dispersion of the light pulses.
On the other hand, the higher-order electric susceptibilities contribute to the nonlinear
response of which only the instantaneous and intensity-dependent Kerr effect is retained
for the numerical study of this research. All these effects upon the electric field are
formulated as a nonlinear partial differential equation which will be later numerically
solved to describe the pulse propagation in the nonlinear waveguide examined in this

research.
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Chapter 5

Numerical modeling of nonlinear

pulse propagation

5.1 Chapter introduction

The spectra from a nonlinear waveguide observed by the SNOM probe in this research
contain several unique features which cannot be explained by a simple numerical model of
single-mode pulse propagation. The prominent deviation between the measured spectra
and the simulated results from the single-mode model, which will be presented later
in Chapter 6, is assumed to be owing to the unique multimode property [1, 2]. This
motivates the development of a novel model for the nonlinear pulse propagation which
can include the multimode effect. In this chapter, the principles of the modeling will be
described whereas its results will be presented along with the experimentally measured

data in the following chapters.

Firstly, a numerical method, namely the split-step Fourier method, on which the simu-
lation of this research is based will be explained in Section 5.2. The section includes the
basic concept of the method which is based on dividing the total span of the waveguide
into many tiny segments in which the separation of linear and nonlinear interaction can
be assumed with reasonable accuracy. Then the accuracy of the approach and the degree

of the approximation error will be discussed.

Section 5.3 explains the determination of the propagation constant and its derivatives
whose value will be used for the dispersion effect in the simulation. It starts with the
application of the effective index method to determine the propagation modes in the
waveguide. To acquire the higher-order dispersion constants, it is necessary to obtain
the wavelength dependency of the propagation constant and a differentiation operation
is used to determine the derivatives. Also the discrepancies of the approach are discussed

in the section. Although the task can be performed by commercial software, a source

"
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code for mode calculation was developed in this research in order to be integrated with
the source code of the simulation of the pulse propagation. The accuracy of the mode
calculation was testified by comparing with the results generated by the finite difference

method (FDM) from a commercial mode-solving software.

In addition, the mode determination provides the mode field distribution, which will be
discussed in Section 5.4. The field distribution is elementary for the determination of the
intensity-dependent nonlinear processes: self and cross-phase modulations. Moreover,
the transverse field is required in the theoretical calculation of the total field perceived
by the SNOM probe to simulate the visualisation of the local variation of the nonlinear

spectra.

Then Section 5.5 explains the adaptation of the nonlinear Schrédinger equation for
pulse propagation in the multimode waveguide. Basically it contains a set of differential
equations each of which is specified for the propagation of the particular mode. However
these equations are coupled in their nonlinear part with the other contributing modes.
The nonlinear coupling is parameterised as the nonlinear parameter whose value depends
on the degree of overlapping of the mode field distribution. The envelope field equations
are numerically solved individually and then the results are combined with the transverse
field to form the SNOM-acquired spectra.

The last section, Section 5.6, will discuss the improvement of the simulation efficiency.
The section begins with the investigation of the step-size effect on the numerical error and
the optimisation of the size value. Then the scheme adapted from the methods utilised
for solving ordinary differential equations will be proposed to enhance the numerical
accuracy. Finally there will be another suggestion for improving the calculation efficiency
by the adaptive step size algorithm in which instead of being constant the size of the
numerical step is adjusted along all the calculation process in accordance with the local

error occurring at each step.

5.2 Split-step Fourier Method

5.2.1 Basic algorithm

For the specific case of the nonlinear Schrédinger (NLS) equation which does not contain
a perturbation term, the equation becomes integrable and can be analytically solved
by applying the inverse scattering transform [3]. The approach is complicated and
therefore, in general, the behaviour of a light pulse in a dispersive and nonlinear medium
is numerically investigated. One of the most widely utilised numerical algorithms is the
split-step Fourier method (SSFM) which was first introduced by Hardin et al. [4] and
later applied to an optical system by Fisher et al. [5]. The algorithm divides the

waveguide span into many small segments. In each segment the linear and nonlinear
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effects are treated separately. The output from the segment is then fed, as the input,

into the next segment. This operation is iterated over all the waveguide length.

In each segment, the temporal and spatial evolution of the propagating pulse can be
described by the NLS equation which has been already derived in Equation 4.108, Chap-

ter 4, and can be rewritten as

Wa(jt) _ (f}+*5“(> V(z,1) (5.1)

In Equation 5.1, the waveguide is treated as a system consisting of linear £ and nonlinear
N operators. The first manipulates the system’s dispersion and absorption loss, whereas
the effect of nonlinearities are dealt with in the latter. For a basic nonlinear waveguide,
which contains only second-order dispersion and self-phase modulation, the operators

become

A B O
£="577 ot? (52)
N =jy|V (2,) (5.3)

The parameter t is the retarded time with the frame of reference moving with the group
velocity v, and related to the real time, ¢/, by t =t — z/vy. The parameter (3, is the
GVD parameter which is the inverse of the group velocity and its basic unit is s2/m.
The nonlinear parameter, v, the SPM phase change per unit optical power, describes
the strength of the nonlinear effect and its unit is W=!/m. The detail of the parameter

will be described later in Section 5.5.

For each segment of length h with the input envelope field V (z,t), the exact solution
V (2 + h,t) of Equation 5.1 can be written as

V(24 h,t) = exp [h (£+ m)} V (2,1) (5.4)
To simplify, the linear and nonlinear effects are assumed to interact independently on

the input pulse at different times and, therefore, V (z + h,t) in Equation 5.4 can be

approximated as

V(z+ h,t) =~ exp (hfl) exp (h‘j’t) V (z,t) (5.5)

The nonlinear part of the equation can be more easily solved in time whereas analysing

the solution of the linear part is achievable in the frequency domain. The linear operation
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FIGURE 5.1: 1%t-order algorithm for modeling pulse propagation

is mostly related to a differentiation operation which is equivalent to the multiplication
operation in frequency. Therefore the Fourier transform is applied to change the field
back and forth between two domains. Figure 5.1 shows the scheme of basic SSFM
algorithm. Firstly only the linear effect is applied to the input field in frequency for the
whole length A of the step, which provides the outcome V7, (z + h,w).

Vi (z + h,w) = exp (hfl (jw)) V(z,w) (5.6)
where V (z,w) is the Fourier transform of V (z,t) and can be calculated by the relation

~ +oo
Vi(zw) = V (z,y)exp[j (w —wo)] dt (5.7)

—00

and £ (jw) is the frequency response of the linear operator E( t) which is derived from
n

substituting all differentiation terms 0" /9t™ with (j (w — wp))".

Then V7, (z + h,w) is inversely transformed to Vi, (z + h,t) in the time domain to be
operated by exp (h‘fi) The output of the current step V (z + h,t) will be further

forwarded as the input of the next step and the process is repeated.

5.2.2 Numerical errors and 2"-order approximation

There are two types of error which are related to numerical simulations. The round-
off error originates from the imperfect representation of real numbers by floating point
numbers. For each floating point operation this kind of inaccuracy is bound by O (€)
where the big O notation, generally used in mathematics and computer science, describes
the growth rate of the error and € is the smallest value represented by the calculating
system. Since all the calculation in this research is executed in MATLAB, which applies
the double-precision format by default, the value of € is 2.22 x 10716, This participates
in the local error which is incurred at every step of the modeling and keeps accumulating
with the increasing number of segments during the simulation process. If h is the step
size, the overall number of steps is proportional to 1/h and therefore the total round-off

error of the modeling or the global error is O (%)
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Another type of error is the truncation error which is the deviation of the approximation
from the true solution owing to omitting some higher-order terms. In contrast to the
round-off order, the truncation error varies depending on the algorithm adopted in the
simulation. For the SSFM algorithm, utilising the approximation in Equation 5.5, the
quantity of the truncation error can be determined by applying the Baker-Campbell-

Hausdorff formula. For two non-commutable operators, x and y, it can be written as

[6]

1

exp(a)exp(s) = exp (G 9) + 5 ol + g ol = Gy lnfoll =) 58)

where [z,y] = zy — yz. If x and y are substituted by A0t and hE respectively, by com-
paring with Equation 5.4, the first term on the right side of Equation 5.8 corresponds
with the true solution of the NLS equation whereas the term on the left side represents
the approximation solution in Equation 5.5. The latter terms on the right side of Equa-
tion 5.8 are accordingly: the discrepancy of the approximation starting with the term
proportional to h? (which is the most significant one) and followed by the terms with
higher-order powers of step size. As a result, the local error is bound by O(h?) and the
global error is O(h). Therefore the SSFM in Equation 5.5 is classed as the 15%-order

approximation.

To enhance the accuracy, Equation 5.5 can be adjusted into the symmetrised form as [7]

V(24 hot) ~ exp (Zs) exp ( / ) dz’> exp (Zs) Viey (5.9

FIGURE 5.2: 2"order algorithm for modeling pulse propagation

In Equation 5.9, the nonlinear interaction is sandwiched by the separated linear in-
teraction, applied twice over the half-step distance length, h/2, at the first and last
halves of the step. The nonlinear operation includes taking the distance-dependency
of the nonlinearities into account. However for small step size, M can be assumed to
be constant and the integral term is reduced to hM. The calculation procedure of this
symmetrised scheme is displayed in Figure 5.2. Compared with Figure 5.1, the new
procedure consists of another linear operation for the second half of the segment which
is just the multiplication between the frequency response of the linear operation and

the previous output of the nonlinear operation without an additional Fourier transform.
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This implies no significant increase in the calculation expense since the main cost of the
calculation comes from the performance of the Fourier transform. On the contrary, by
applying Equation 5.8 for an extra multiplication between the operators, the discrep-
ancy between the exact and new approximated solution is found to be proportional to
h3. Therefore the accuracy of the symmetrised scheme is confined to O (h?’) locally and

0 (h2) globally. This algorithm is classed as the 2"-order approximation.

The numerical modeling in this research, whose results will be presented further in
later chapters, has adopted the second-order scheme. Although the algorithm of higher-
order approximation is also available, the overall efficiency is not improved owing to the
increase of calculation cost. The details of the higher-order approximation will be given

later in Section 5.6.2.

5.3 Determination of propagation modes and dispersion

parameters

The linear operator of the NLS equation consists of the terms relating to the dispersion
characteristic of the propagation modes. These effects are parameterised as the propa-
gation constant and its derivatives. The value of these parameters can be derived from
the determination of the guided modes of the waveguide. In addition, the wavelength
variation of the mode propagation constant is required in order to enable the differenti-
ation for the parameters of high-order dispersion, such as the group velocity dispersion

or the third-order dispersion.

F1GURE 5.3: Waveguide geometry and the detail of polarisation notation

The effective index method (EIM) is an efficient technique to study the mode characteris-
tics of the waveguide used in this research owing to its rectangular geometry. The details
of the method, made with enhanced accuracy by eliminating the first-order perturbation
error, have been explained in Section 4.3, Chapter 4. The geometry of the waveguide,
utilised in the calculation, is shown in Figure 5.3. The z-axis aligns along the width
dimension whereas the y-axis is along the height, with the centre of the waveguide as the

origin of the coordinate. The location along length of the waveguide is specified by the
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m=0,n=0 m=1.n=0
~—~ N EK ~—~ N K
> -0.5 > -0.5
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X (um) X (um)
(a) (b)
m=0,n=1 m=1,n=1
~ NK ~ NEK
X (um) X (um)

(c) (d)

FI1GURE 5.4: Calculated intensity distributions for modes with various mode indices m
and n. Note the white lines indicating the waveguide profile

z-coordinate. The polarisation notation for a two-dimensional rectangular waveguide is
adopted, as already explained in Section 4.3, Chapter 4, as EX  and E},, (representing
the alignment of the electric field along the z- and y-direction respectively) with the
two indices m and n related to the number of antinodes in the field distribution along
both directions. The examples of the intensity profile of first few modes are shown in
Figure 5.4.
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FIGURE 5.5: Refractive index dispersion of TasOs and SiOs calculated from Equa-
tion 5.10 and Equation 5.11 respectively, for the wavelength range 400-1200 nm

The material dispersion of TagO5 and SiOs is also considered in the calculation. The em-
pirical formula for both materials can be found in the literature [8, 9]. The wavelength-

dependent refractive index, n(A), of TagOs is given by a Cauchy’s equation.
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B
Mhay05(\) = A+ 33 (5.10)
where A and B are 4.2454 and 0.06677 pm? respectively [8]. On the other hand, the

refractive index of SiOs is calculated from a Sellmeier’s equation, which is

CA\?
nio,N) =1+ 575 (5.11)
where C and D are 1.1760 and 0.015 pm? respectively[9]. The plot of both materials’

dispersion is shown in Figure 5.5.

The EIM starts its one-dimensional mode calculation firstly on the y—axis. The modal
propagation constants are determined from the intercept of the curves plotted from both
sides of the transcendental characteristic equations, Equation 4.52a and Equation 4.52c,
Chapter 4, against k,d where k, is the propagation constant component along the y-axis
and d is half the length of the guide’s height.

LH, RH

LH
—=— RH (TM)
RH (TE) | - :
4 2 314
kd

FIGURE 5.6: Mode determination along the y-direction. The left-hand (LH) and right-
hand (RH) sides of the characteristic equations in Equation 4.52a and Equation 4.52c.

Figure 5.6 presents the graphical method applied to determine the modes. The no-
tations TE and TM, for E along the z- and y-directions respectively, are utilised to
distinguish the polarisation modes of the planar waveguide from those of the rectangu-
lar waveguide. The tangent function of the left-hand side of the characteristic equations
in Equation 4.52a and Equation 4.52¢ is displayed by the grey dotted curve whereas
the right-hand side is shown in the red curve for TM polarisation (Equation 4.52c) and
the green curves for TE polarisation (Equation 4.52a). Since the guide’s height is in



Chapter 5 Numerical modeling of nonlinear pulse propagation 85

Refractive index EY E*

n=0|n=1|n=0|n=1

Effective index 1.9624 | 1.6078 | 1.9957 | 1.7183

Side cladding index | 0.6586 | 0.4759 | 0.6671 | 0.5653

TABLE 5.1: Effective index and side cladding index of the waveguide with the index
profile along the x direction. The values are determined from the one-dimensional mode
calculation along the y-axis.

the wavelength scale, the structure cannot support many modes but only two modes
for each polarisation as identified by the intercept points in the graphs. Those are de-
noted as symmetric (n = 0) and antisymmetric modes (n = 1) according to their field
distribution along the y axis. The first is the even function without any nodes in the
field distribution whereas the latter is the odd function with one node at the centre.
The effective index corresponding to these two modes is further used for the next mode

calculation along the z-axis as the index of the core. On the the other hand, the index of

2
the side cladding layers is adjusted from ny = 1 to \/ 1 — Copt <n% — (ngf f> > , by which

means the accuracy of the EIM is enhanced according to the first-order perturbation
theory as already described in Section 4.3, Chapter 4. The values of all these refractive

indices are displayed in Table 5.1.

“oo LH

—S— RH(EY,n=0)

=4 RH(EY, n=1)
RH (EX, n=0)
RH (E, n=1)

LH, RH

FI1GURE 5.7: Mode determination along the z-direction

Since a calculation for modes in a planar waveguide deals with a set of refractive indices
for core and cladding, there are two different waveguides and characteristic equations for

each kind of polarisation to be calculated for the modes along the z-axis. Similarly the
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Mode | B (m™!) | Mode | B (m™!)
Ef, | 1.5395 x 107 | E§ | 1.2607 x 107

EY, | 15344 x 107 | EY, | 1.2546 x 107

EY, | 1.5259 x 107 | EY¥, | 1.2442 x 107

EY, | 15138x 107 | EY | 1.2295x 107

EY, |1.4982x 107 | EY | 1.2105x 107

EY | 14789 x 107 | EY | 1.1867 x 107

EY, | 14558 x 107 | E§, | 1.1581 x 107

EY | 14287 x 107 | EY | 1.1242 x 107

EY | 1.3974x 107 | E¥ | 1.0847 x 107

EY, | 1.3615x 107 | E§ | 1.0387 x 107

Efyo | 1.3209 x 107 | EY;, | 0.9856 x 107

)

EY o | 1.2750 x 107 | EY;; | 0.9226 x 107

EYyo | 1.2232x 107 | EY,; | 0.8530 x 107

Efyo | 11652 x 107 | Efy, | 0.7692 x 107

EY,y | 1.0995 x 107 | EY,, | 0.6688 x 107

) )

EYso | 1.0252x 107 | Ef;; | 0.5439 x 107

Efso | 0.9403 x 107 | EYs, | 0.3777 x 107

EY; o | 0.8425 x 107
Elgo | 0.7286 x 107

(a)

TABLE 5.2: Propagation constant 3 for modes determined from Figure 5.7 at the
wavelength 800 nm (a) EY-polarisation modes (b) E*-polarisation modes

modes are determined from the intercepts of curves from two sides of the characteristic
equations but this time the curves are plotted against k,w where w is the half length
of the waveguide’s width and the intercepts come from two pairs of curves relating to
different symmetry of modes along the y-axis, as shown in Figure 5.7. Even though
there are four tangent function curves, they are not much different and superimpose
on one another. Therefore only one set is displayed in the figure. The right side of the
equation for EY (red curves) and E” (green curves) polarisations are separated into those
of symmetric (solid curves) and asymmetric (dash-dot curves) modes with the circles
and asterisks marking those modes respectively. Owing to the fact that the waveguide
width is around 8 times longer than that the height, a much greater number of modes

is present for the planar waveguide along the z-axis. The propagation constants [ of
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TABLE 5.2: Propagation constant § for modes determined from Figure 5.7 at the
wavelength 800 nm (a) EY-polarisation modes (b) E®-polarisation modes (cont)

(b)

Mode | B (m~!) | Mode| B3 (m™!)
E%, | 1.5657 x 107 | EF | 1.3475 x 107
Ef, | 1.5604 x 107 | E¥ | 1.3413 x 107
E%, | 1.5515 x 107 | E% | 1.3308 x 107
E% | 1.5390 x 107 | E% | 1.3161 x 107
E%, | 1.5228 x 107 | E% | 1.2970 x 107
E% | 15027 x 107 | EZ | 1.2732 x 107
E%, | 14787 x 107 | EE | 1.2444 x 107
E%, | 1.4505 x 107 | E% | 1.2105 x 107
E% | 14178 x 107 | EZ% | 1.1708 x 107
E%, | 1.3805 x 107 | EF | 1.1248 x 107
Efyo | 1.3380 x 107 | Ef;; | 1.0718 x 107
Ef o | 12901 x 107 | Ef;; | 1.0106 x 107
Efyo | 12359 x 107 | Ef,; | 0.9397 x 107
Efyo | 11749 x 107 | Efy; | 0.8568 x 107
Ef,o | 11060 x 107 | Efy; | 0.7583 x 107
Efso | 1.0280 x 107 | Efy; | 0.6380 x 107
Efso |0.9394x 107 | Efs; | 0.4863 x 107
Ef;o | 0.8393x 107 | Ef,; | 0.3648 x 107
Efso | 0.7340 x 107

those markers are summarised in Table 5.2. As can be seen from the figure, for each

kind of polarisation, the geometry of the waveguide supports around 30 modes at the

pump wavelength of 800 nm. Since the wavelength is close to the cut-off wavelength

of the antisymmetric modes, which is around 1 pum, for the index profile along the y

direction, the field has greater penetration into the upper and lower cladding layers.

To determine the dispersion characteristic of the modes, the propagation constant must

be calculated at various wavelength ranges covering the range of spectra used in study.

Figure 5.8 shows the calculation of § over 400-950 nm for some of lower-order modes.

As expected from the inversely proportional relation between 3 and A, the value declines

while the wavelength is increasing. The trends of the curves are parallel with the de-
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FIGURE 5.8: The variation of propagation constant § for some of the low-order modes
calculated by the EIM over the wavelength 400 nm - 950 nm

viation originated by the difference in polarisation and modal symmetry. However, the

first accounts for less significant divergence that the latter does.

To confirm the accuracy of the mode calculation programme written in this research, the
finite difference method (FDM) from an optical mode solving software, namely CV2’s
OymplOs, is also utilised to calculate the propagation constant for some modes and the
comparison of the values from two techniques is quantified as the percentage difference,
shown in Figure 5.9. The curves of the difference between the EIM and FDM, displayed
in Figure 5.9(a), do not grow beyond 0.13% for symmetric modes E;, EY{,, Ef, and
EY, at the wavelength region of 400 - 950 nm. On the contrary, a much higher value
of percentage difference can be viewed in Figure 5.9(b) for asymmetric modes E¥,, E{,,
E§, and EY|. This is owing to the fact that the inaccuracy of the EIM increases with the
optical power in the cladding area [10, 11] into which the modal field of the asymmetrical

modes can penetrate deeper.

Directly differentiating methods may be not suitable to be utilised to determine the
higher-order derivatives of 3 because of the discontinuous nature of the data. Otherwise
an uncertainty could arise in the attained values. The process of the calculation begins
with determining the value of the propagation constant 3 at various wavelengths from
400 nm to 950 nm. The data is then interpolated by a polynomial function of the
angular frequency (w) with the degree up to 20. Therefore the propagation constant as

a function of frequency, 3(w), can be written as
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FIGURE 5.9: Percentage difference between the propagation constant, 3, calculated
by EIM of the mode calculation programme written in this research and FDM of the
commercial software OymplOS for (a) symmetric modes and (b) antisymmetric modes

= apw™ (5.12)

where a,, is the function coefficients. From the interpolating function, the n** derivative

of B (w) can be calculated from

b= T = Y (5.13)

— —n)
For the sake of clarity, the approach of interpolating the data before determining its
derivatives will be referred to later in the text as the non-direct method, in contrast to the
direct method which simply directly differentiates the data of the propagation constant
for B,,. The results are displayed in Figure 5.10 showing the first-order, second-order and
third-order terms of the Taylor expansion. From the data in the figures, the value of those
dispersion parameters at any particular wavelength \. is determined from the linear
relationship of two adjacent points which have A, in-between, as shown in Figure 5.11.
Therefore the corresponding value of the dispersion parameters at wavelength A. can be

calculated from

o ﬁb ﬁa
Be = Ba + (Ab Ma ) ()\c - )\a) (5'14)
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F1cURE 5.10: The dispersion of the propagation constant over the wavelength range
400 - 950 nm. On the left column ((a), (c) and (e)) are for the symmetric modes whereas
the asymmetric modes are shown on the right ((b), (d) and (f)). The dispersion of (1,
B2 B3 are shown in the first row ((a),(b)), second row ((c),(d)) and last row ((e),(f))

respectively.
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F1GURE 5.10: The dispersion of the propagation constant over the wavelength range

400 - 950 nm. On the left column ((a), (c) and (e)) are for the symmetric modes whereas

the asymmetric modes are shown on the right ((b), (d) and (f)). The dispersion of 3,

B2 B3 are shown in the first row ((a),(b)), second row ((c),(d)) and last row ((e),(f))
respectively. (cont)

FiGURrE 5.11: Evaluation of the values of the dispersion parameters at a particular
wavelength
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The calculated values of the dispersion constants, at the wavelength 800 nm, are shown

in Table 5.3.

TABLE 5.3: The propagation constant and its derivatives at the wavelength 800 nm
for (a) EY-polarisation modes (b) E®-polarisation modes

Mode B1 B2 B3
(fs/mm) (fs? /mm) (fs3/mm)
EY, | 5.8750x103 |  11.9404 103.2344
EYy | 5.8933x10% | -1.1554 117.8598
EY, | 5.9242x103 | -23.5758 142.5681
EY, | 5.9682x10% | -56.1934 179.7312
EY, | 6.0264x10% | -100.3087 231.5426
EY, | 6.1000x10% | -157.8550 301.7020
EY | 6.1303x10% | 1.0457x10% | -3.2722x 103
(a)
Mode B1 B2 B3
(fs/mm) | (fs?/mm) | (fs/mm)
E% | 5.7477x10% | 95.0119 | 45.3786
E¥, | 5.7670x10% | 81.2189 | 60.2500
E% | 5.7996x10% | 57.6281 | 86.2623
E%, | 5.8462x10% | 23.2465 | 125.0608
E%, | 5.9077x10% | -23.3822 | 179.7024
EZ, | 5.9855x103 | -84.4071 | 253.8276
E% | 6.1080x103 | 108.3749 | 134.7366

(b)

The left side of Figure 5.10 is for symmetric modes and the right side for asymmetric

modes. The first-order term (1, in Figure 5.10(a)-Figure 5.10(d), is inversely propor-

tional to the group velocity of the pulses and therefore provides the information of time

delay. The variation of the values among different modes results in the modal sep-

aration in time. Figure 5.10(c)-Figure 5.10(d) presents the group velocity dispersion

(GVD) parameter, or 2, which contributes to the broadening process of the pulse. At

the wavelength 800 nm, the waveguide is in the normal dispersion regime for most of the

lower-order modes and the dispersion of the symmetric £EY modes becomes anomalous

when the mode index increases. The frequency dependency of GVD is connected with
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the third-order dispersion (TOD), or 3, which is shown in Figure 5.10(e)- Figure 5.10(f).

For a small region of frequency, this effect can be negligible and excluded in the linear
operator of the simulation. However, the contribution of TOD to the modeling will be
discussed in Section 7.3, Chapter 7. The results in Figure 5.10(e)-Figure 5.10(f) show
a kind of calculation instability especially at the border region of the wavelength range.
The stability of this calculation approach is shown to be decreasing with the increasing
order of derivatives. The accuracy can be enhanced with the increased number of discrete

data points in the calculation.

The effect of data size on determining the value of the propagation constant and its
derivatives is also studied. Firstly, the value of the propagation constant, 3, of E, at
various wavelengths from 400 nm to 950 nm is determined from the mode calculation al-
gorithm, which was described previously, while varying the parameter of the wavelength
data size from 2° to 2'2. The non-direct method interpolates the data as Equation 5.12
and the higher-order dispersion constants are determined from Equation 5.13. Then
the value of the dispersion parameters at the wavelength of 800 nm is determined by
Equation 5.14. The effect of the wavelength data size is quantified by calculating the
percentage difference between the value determined from utilising different wavelength
array data sizes and that derived from the maximum data size of 2'2. This percentage
difference is plotted against the wavelength data size, as shown in Figure 5.12. The
effect of the wavelength data size on the direct method is also included. Direct differ-
entiation is performed by the numerical gradient function of MATLAB. The n'"-order
derivative comes from applying the gradient function to the (n — 1)*-order one. For the
0*_order derivative, or By, the direct method determines the value directly from the orig-
inal data of the propagation constant from the mode calculation programme, whereas
the non-direct method acquires the value indirectly from the interpolating function in
Equation 5.12.

In Figure 5.12(a), the effect of data size is not evident and the deviation is less than
10~%. Since there is still not any differentiating process, the error is directly related
to the method of mode determination. There are slight discrepancies between the two
curves and these are much reduced when the data size increases. For the deviation
of first derivatives, in Figure 5.12(b), the non-direct method gives a value of less than
5% whereas it is in the range of 1072 for the direct method. However, in the case
of higher-order derivatives, as can be observed in Figure 5.12(c) and Figure 5.12(d),
the deviation of the value for the direct differentiating approach increases enormously
compared with that calculated from the non-direct method. As can be seen in all the
figures, the deviation of the non-direct method stabilises when the data size is more than
210 The value should be taken as the lower limit for the data size in the calculation of
the dispersion of the propagation constants to guarantee the reliability of the calculated

values.
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FIGURE 5.12: The effect of wavelength data size on determining (a) the dispersion
constant and (b)-(d) its first three orders of derivatives at the wavelength 800 nm for
the EY, mode. The effect is quantified as the percentage difference between the value
determined from utilising different wavelength data sizes ranging from 2° to 2'2 and

that derived from the maximum data size of 212.

Two methods of determining the

derivatives of the dispersion constants can also be compared in the plots: red curves

are for the non-direct method whereas green curves are for the direct method.
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5.4 Mode transverse field distribution

Each mode calculated in the last section has its own corresponding modal field distri-
bution whose feature is specified by the mode’s propagation constants. The transverse
field distribution does not play any important role in the single-mode simulation which
assumes that the transverse field is constant over the distance of propagation. Therefore
the dispersion effect and nonlinear phase modulation is applied to the envelope field only.
To calculate the approximated total field experienced by the SNOM probe, the value of
the transverse field at each location along the diameter of the probe is multiplied with
the envelope field and the outcome is integrated over the diameter. Although the probe
can sense the intensity variation across the waveguide, the dominant feature perceived
by the probe is from the envelope field which notably develops along the length of the
waveguide. On the contrary, when multimode propagation is simulated, the transverse
fields of contributing modes strongly participate in defining the spectral feature which
this time varies across the width of the waveguide. The details of this will be discussed
later in the next chapter. Additionally the field distribution participates in building the
intermodal nonlinearity. Therefore, for the simple model of nonlinear multimode prop-
agation, not only self-phase modulation (SPM) but also cross-phase modulation (XPM)

are the main nonlinear processes, as will be seen in Section 5.5.

The transverse field can be calculated by solving the Helmholtz equation with the
boundary condition requiring the continuity of the field at the top and bottom faces
of the waveguide. The derivation of the modal field has been previously discussed in
Chapter 4. The transverse fields for some of the first few modes are shown in Fig-
ure 5.13. The transverse field is normalised such that it provides a total intensity of 1,
[ f_Jr;o \U (z,y)|* dedy = 1. This will allow the envelope field to hold the total energy
of the pulse and represent itself as the input pulse for the waveguide system in the sim-
ulation. The number of nodes observed in each figure corresponds with the indices of
the mode label. There are discontinuities at the boundaries along the y—axis for the EY
modes, as can be observed in Figure 5.13(a)-Figure 5.13(c), whereas such discontinuities
are not present in the case of E¥ in Figure 5.13(d). This is owing to the fact that, for
EY polarisation, the boundary condition requires only the continuity of magnetic field

at the top and bottom surfaces of the waveguide but not for the electric field.

The integration of the mode field intensity is related to the nonlinear parameter spec-
ifying the degree of nonlinearity, which will be discussed in the next section. Since, in
numerical calculations, the indefinite integration of continuous data is replaced by the
definite integration of discrete data, the appropriate large number of data points and
wide range of z- and y-values are required in order to obtain the accurate approxima-
tion of the integration. However, in the case of the guided field, confining itself within
the waveguide, the range can be much reduced without inducing much reduction in the

accuracy. On the contrary, the widening of the range for the fixed number of data points
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FIGURE 5.13: Normalised field distribution of various propagation modes: (a) Ef, (b)
EY, (¢) EY; and (d) EF;. The waveguide area is also displayed as a dashed rectangle.

raises the values of Az and Ay which are the discrete approximation of dx and dy. Con-
sequently the convergence of the discrete integration approaching to the real continuous
integration is reduced. The effect of this can be viewed in Figure 5.14, which displays
the values of the intensity integration of various modes against the parameter p which

is the ratio between the relative range of x (or y) and the number of data points.

Ly, /¢
p= —“ﬁ\/[ o (5.15)
where L, , is the overall range of x (or y) value, ¢, , is the dimensional length of the
waveguide along the z (or y) direction, and N is the number of data points. The
parameter p is directly proportional to Az and Ay which are L, ,/N. Therefore the

larger the value the lower is the accuracy of the intensity integration. The significant
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FIGURE 5.14: Intensity integration ff:r;: U (z,y)|” dzdy against the parameter p

which is the ratio between the relative range of = (or y) and the number of data

points, as defined in Equation 5.15: (a) symmetric EY-polarisation modes (b) asym-

metric EY-polarisation modes (¢) symmetric E®-polarisation modes (d) asymmetric
E*-polarisation modes

deviation of the integration values occurs when the ratio is, approximately, more than

0.15 and therefore this is taken as the limit for selecting the value range and the number

of data points.

The effect of the z and y data size on the field intensity integration is shown in Fig-

ure 5.15. The range of x and y is chosen to be 5 times wider than the width and height

dimensions of the waveguide respectively. The displayed value is the percentage devia-

tion of the intensity integration | j;o U (,y)|? dz dy calculated from other data sizes

compared with that generated by the maximum data size of 22 x 212, As can be seen

for both polarisation and mode symmetry, the highly abrupt changes of the value at
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the small number of data points starts to stabilise when the field is calculated from the

matrix size chosen to be more than 28 x 28.

5.5 NLS equation for multimode pulses

In order to better describe the characteristics of nonlinear pulses propagating in a nonlin-
ear multimode waveguide in this research, the NLS equation whose theoretical derivation
has been already explained in Section 4.4, Chapter 4, is required to be adapted for mul-

timode pulses. In contrast to the single mode case, the nonlinear phase modulation
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occurring in each mode is not only caused by the intensity distribution of the mode
itself but also that of all contributing modes. The additional cross-phase modulation

term can be added to the nonlinear propagation equation as [12]

oV ®) (1)
0z

ot 2 ot?

) A\ VP () A 8PV (2,1
= (B -3

N
1 |3 AP@ ’Vm) (2,1)
q=1

(2 V) (2, 1) (5.16)

where V(®) (z,1), ﬁgp ) and ﬁép ) are the slowly varying field envelope, group velocity
parameter, and GVD parameter for mode p, respectively. The frame of reference is
chosen such that it moves with the lowest-order mode. Therefore the first term at the
right side of Equation 5.16 is related to the relative phase change of each mode to the
fundamental mode E; (or Ef), caused by their different group velocities, and the term
disappears when the mode is the fundamental mode or p = 1. The second term results
in the group velocity dispersion of each mode in the pulse. Any inaccuracy introduced

by the truncation of high-order dispersion terms will be further discussed in Chapter 7.

The nonlinear term in Equation 5.16 retains only self- and cross-phase modulations,
which are shown to be the most important nonlinear effects in this research system.
Other nonlinearities such as the Raman effect and four-wave mixing are neglected since
the input power in the study is far below the Raman threshold, and the phase-matching
condition is not satisfied in the waveguide. The quantity of both nonlinear effects de-
pends on the nonlinear refractive index no of the guide material and the overlapping
integrals of the transverse mode intensities, which is parameterised as the nonlinear

parameter v(P)(@ | which can be formulated by [12].

[ 22109 @y |09 @) dedy
(J 122 [0 ()] dedy) (1 U@ (@,)[ dedy)

A PN@) = o ko b P)(@) (5.17)

The value of ny for TasOs, which is experimentally determined in the literature [13]
and based on the similar waveguide’s structure, is 7.237'9 m?/W. The constant h®)(9)
in Equation 5.17 is 1 for p = g and 2 for p # ¢. This gives the integral term the value
of each mode’s effective area and the intermodal effective area respectively. The field
is calculated over the area z = —10.50 pm to x = +10.50 pm and y = —1.25 pym to
y = +1.25 ym. The discrete integration is done over the number of data points 219 x 219
The calculated values of v for E* and EY polarisations are shown in Table 5.4, in

which each value in a cell is for the contributing modes in the corresponding row and



Chapter 5 Numerical modeling of nonlinear pulse propagation

100

column. The values are in the range 3-5 W~!/m for SPM and in the range 2-6 W~!/m
for XPM. The parameters in 1 are for SPM which decrease with the increase of

the mode index. Those in [ are the XPM parameter for modes having the same

symmetry along the y—axis and 1 is for the modes containing the same mode index

along the x—axis, whereas [ is for the modes lacking in similarity in the mode field

in both directions. Obviously the XPM parameters depend on the degree of overlapping

of contributing mode fields.

Mode

T
EOO

T
ElO

T
EZO

T
E3O

T
EOl

T
Ell

T
E21

T
E31

T
EOO

4.4614

5.9470

5.9444

5.9407

5.3864

3.6020

3.5989

3.5976

4.4593

(a)

3.85907

Mode

Yy
EOO

Yy
'EIO

Yy
E20

Yy
E30

Yy
EOI

Yy
E11

Yy
'E21

Yy
E31

Y
EOO

4.6011

6.1339

6.1325

6.1278

3.7559

2.4934

2.4951

2.4946

(b)

TABLE 5.4: Nonlinear parameter v®)(@ for (a) E®-polarisation modes, and (b) EY-
polarisation modes. Each value in a cell is determined from Equation 5.17 by applying
the transverse field of the modes in the corresponding row and column for U®) (z,y)
and U@ (2,y)

The numerical simulation of pulse propagation for each mode, based on Equation 5.16, is

performed individually by SSFM. The outcome is each mode’s envelope field V) (2, w).



Chapter 5 Numerical modeling of nonlinear pulse propagation 101

By assuming that there are insignificant changes in the mode transverse field along the
propagation distance, the total field perceived by the SNOM probe can be determined

from

B(2,y.2,w) = > VW (2,0) U @ y)exp (5 87 + 40| 2)  (5.18)

p
5
10
8 S
EOO
Yy
ElO
6 ] Ey
20
Yy
ESO
Ak = Yy
= Elo
= y
) E50
o | ;
% EOl
c
©
'—
ot 1
_2 . u
004 -0.02 0 0.02 0.04

X (nm)

FIGURE 5.16: Transverse field distribution of various modes along the diameter of the
SNOM probe, which is placed at the central position of the waveguide and 20 nm above
its top surface

where U®) (z,y) is the mode transverse field, which is normalised in such a way that
the total input power is distributed among the mode envelope fields V(®) with differ-
ent contributing ratios. The result of Equation 5.18 is not the total output from the
waveguide but the spectra collected by the SNOM probe and therefore the transverse
field U® (z,y) is a part of the total transverse field intercepted by the probe area. Fig-
ure 5.16 displays the transverse field distribution of various modes along the 100 nm
diameter of the SNOM probe placed at the central position of the waveguide with the
gap distance 20 nm from the waveguide’s top surface. The value of the field is nor-
malised for the unity transverse field integration. The modes EY,, EY,, and EY, have an
asymmetric field distribution around the central axis of the waveguide x = 0. Therefore
these modes would disappear in the time profile observed by the probe. On the other
hand, the field distribution of the modes Ef,, Ey, and Ej; is symmetric around z = 0
and the sign of the value alternates back and forth between positive for every mode
index m = 4(p — 1) and negative for every mode index m = 4(p — %) where p = 1, 2,
3, and so on. The higher value of the transverse field of the mode Ef; is due to the
deep penetration of the field since the modes with the mode index n = 1 are nearly the

cut-off mode for the operation wavelength of 800 nm.
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The exponential phase term in Equation 5.18 consists of the general propagation phase
shift exp (j ﬂé”)z) and the compensating phase shift exp (jml)wz> for the relative trans-
formation with the fundamental mode. In contrast to the transverse field, the envelope

field is complex and can be written as

VP (2 w) = ’V(p) (z,w)’ exp (jQD(p) (z,w)) (5.19)

where (cp(p) (z,w)) is the spectral phase of the envelope field which is formed by the

interplay of the dispersion and nonlinearity in the waveguide.

The intensity observed by the probe can be determined from the multiplication of the

field in Equation 5.18 with its conjugate and the result can be written as

~ 2

By sl = Y70 el (00 @)

p
23 3|V (z,0)| |79 (2,0)| U (,) U (2,)
P q

q7#p
X €OS (Agb(p)@ (z,w)) (5.20)
with
AP (2 0) = ( ) _ 5[<)q>> . (go(p) (2,w) — @ (,z,w)) (5.21)

The first term on the right side of Equation 5.20 is the intensity of each mode whereas
the second term originates from the mode interference. The variation of the spectral
intensity is modulated by the factor Ag®(@) (z,w) which consists of the propagation
phase difference and the envelope field’s phase difference. As can be directly deduced
from Equation 5.20, the greater the number of modes the higher the complexity of the

spectral modulation.

However, what the SNOM system really detects is the intensity of the guided field from
the fibre probe. Hence, the calculation for the total intensity above is a simple ap-
proximation which neglects the coupling of the near-field into the SNOM probe. With
some approximations, the coupling between the evanescent field and the fibre mode field
can be simply represented by the scalar amplitude coupling function [14]. The coupling
function becomes constant in the case of detecting the field from waveguides because the
spatial spectra of the field are narrow. Therefore the SNOM signal quite faithfully rep-
resents the intensity distribution of the guided field, as evident in previous experiments
[15-17]. In Balistreri et al.’s work [18, 19], the SNOM technique was found to introduce
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the polarisation conversion to the detected field and consequently the interference pat-
tern, which is caused by two orthogonal waveguide modes, can be observed. However,
the measured beat length agrees well with the calculated value of the propagation modes

inside the waveguide.

The results of the multimode simulation will be presented and discussed together with

the experimental results in the following chapters.

5.6 Enhancement of numerical simulation

5.6.1 The effect of step size

The accuracy of the SSF scheme depends on the step size. By intuition, the smaller the
step the better is the accuracy of the calculation expected. However, it comes with the
expense of the computational time, since the number of steps grows with the reduction
of the step size. Therefore the trade-off can be optimised by analysing the error trend

in response to different values of step size.

The total error of the simulation is the combination of the round-off and the trunca-
tion errors, whose definition is already given in Section 5.2.2. For the second-order

approximation, the total error € over all the calculation span can be written as

€~ <+ R (5.22)
h
From Equation 5.22, the minimum error €,,;, occurs at the optimum value h,y; of the

step size, which is approximately equal to

£\ 3
Ropt  ~ <2> (5.23)
~ 1076 (5.24)

This provides the error €,,;, ~ 3 (§)§ or €min ~ 10712, Reducing the step size to less
than h,y; does not give more accuracy, because the simulation is subject to the round-off
error, but increases the calculation time instead. On the contrary, the truncation error
becomes prominent when the step size is increased to more than hey. This behaviour
is confirmed by Figure 5.17 which displays the effect of step size on the simulation error
of the single-mode (Ef,) propagation in the waveguide over the distance of 6 mm. The

relative error, shown in the graph, is calculated from
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FIGURE 5.17: Relative error from single-mode (E,) simulations calculated by using
different values of step size

AR

T (5.25)

where the operator ||V is defined as

wi= ([ we ) 1/2 (5.26)

Since there is no available exact solution, the spectrum V., simulated by using the step
size 1 um, is adopted as the reference spectrum to be compared with the spectrum
V, calculated by using other values of step size. From the figure, the higher degree of
deviation of the error is present before the 1 um point. The inverse proportion to the
step size suggests the predominance of the round-off error over the truncation error.
However when the step size is increased to more than 1 pum the degree of truncation
error becomes able to compensate the round-off error and results in the plateau after
this point. The inconspicuous growth of the truncation error with the step size indicates
that the linear and nonlinear effects are still not strong enough over the length range

displayed in Figure 5.17 to introduce significant changes in the pulse shape.

Similarly the relative error from various multimode simulations, which is calculated by
the same criteria as previously applied to the single-mode case, is plotted against the
step size and displayed in Figure 5.18. The simulations of 3-mode, 5-mode and 7-mode
pulse propagation are represented by the green, blue and orange curves respectively. The

details of contributing modes and their relative intensity ratio, displayed in the table,
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(b)

FIGURE 5.18: (a) Relative error from multimode simulations calculated by using dif-
ferent values of step size (b) Details of contributing modes and the relative intensity
ratio

are the same as that of the simulation result which will be discussed in Section 6.3,
Chapter 6. In contrast to the case of single mode, the truncation error in a multimode
simulation grows much more rapidly with the step size and completely suppresses the
effect of round-off error. The rise of the error when the step size is reduced, as occurring
in Figure 5.17, is not noticeable anymore. As predictable, the error also increases when

there are more modes contributing.
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FIGURE 5.19: Spectra and time profiles through the probe simulated from different step

sizes, shown in the inset box. (a),(b) Single-mode simulation (c),(d) 3-mode simulation

(e),(f) 5-mode simulation. Note that the deviation of the spectra in (a) and time profiles

in (b), (d) and (f) for various step sizes is hardly noticeable and the curves are quite
superimposed
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The variation of simulation results caused by different step sizes is shown in Figure 5.19.
The simulation is performed for single-mode, 3-mode and 5-mode propagation over the
distance of 6 mm with the same details of the contributing modes and the relative inten-
sity ratio as those in Figure 5.18. The step size extends over four orders of magnitude
from 107! pm to 10 um. Spectra through the probe (Figure 5.19(a), Figure 5.19(c),
and Figure 5.19(e)) are shown on the left whereas their corresponding time profiles
(Figure 5.19(b), Figure 5.19(d), and Figure 5.19(f)) are on the right. In the case of
single-mode simulation, there is no observable deviation in the simulation results gen-
erated from the step size less than 10? um. However, the deviation clearly appears in
the multimode simulation and its degree is sensitive to the number of modes, as can
be observed in Figure 5.19(c) and Figure 5.19(e). In contrast to the spectra, the time

profile is much less sensitive to the step size over the range investigated.

The total error of the simulation can be further reduced by improving the approximation
of the NLS equation to a higher-order approximation which decreases the truncation

error. This issue will be discussed later in the next subsection.

5.6.2 Higher-order approximation

The scheme of higher-order approximation for the NLS equation is based on the nu-
merical techniques such as the Runge-Kutta method for solving ordinary differential
equations (ODE). Higher-order approximation is carried out by combining the results
calculated from lower-order approximations with full and half step sizes. If the combi-
nation is done with the proper coefficients, the local error can be canceled out and the
next higher-order error becomes the most significant error instead [20]. For example, the
third-order approximation V) (z + h, t) for the envelope field can be found by calculat-
ing two 2"d-order solutions Vh(2) (z+ h,t) and Vh(?% (z + h,t). The first is calculated from
Equation 5.9 by using the step size h, whereas the step size h/2 is used for the latter
with twice the calculations in order to fulfil the same amount of propagation distance

h. If V (z + h,t) is the exact solution, those approximations can be written as

V(24 ht) =V (2 + h,t) + oh® (5.27)
2 R\ 3
Vh(/% (z+h,t) =V (z+h,t)+20 <2> (5.28)

If Equation 5.27 and Equation 5.28 are combined such that

VO (2 4+ ht) = VD (24 hyt) + asVio) (z+ hyt) =V (z+ h,t) + O (hY)  (5.29)
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the coefficients a; and as must satisfy

ay+az =1 (5.30&)
ay + % =0 (5.30D)

The coupled equations Equation 5.30 can be arithmetically solved and the values of the
coefficients are a; = —% and ao = %. Therefore the third-order approximation can be

rewritten as [20]

42 1 @
VO (z+ht) =3 Ao (24 ht) — gv,f ) (z+ h,t) (5.31)
10°
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FIGURE 5.20: Comparison of the efficiency of 2°4-order and 3"-order algorithms

Although Equation 5.31 provides a higher accuracy than Equation 5.9 by one order, the
calculation cost is tripled owing to additional calculation for Vh(/Q% (z + h,t). The justifi-
cation of numerical efficiency for both algorithms should be based on the comparison of
the accuracy against the cost of the calculation, as pictured in Figure 5.20. The graph
expresses the calculation cost in terms of the number of fast Fourier transforms (FFTs)
required in each simulation whereas the relative error is calculated by the same error
formula, Equation 5.25, previously used. The reference field is from the 2"d-order ap-
proximation in Equation 5.28 with the step size 1 um, which has been proved to be the
optimum value providing the accuracy at the level of machine precision. The simulations

were carried out on the single-mode (square) and 5-mode (triangle) pulse propagation
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over a distance of 6 mm in the waveguide with the red line from the 2"d-order ap-
proximation in Equation 5.28 and the green line from the 3"-order approximation in
Equation 5.31. The single-mode pulse is the Ej, mode whereas the 5-mode pulse is
the product of the mixing of Ego, E%’O, Ego, Eé’o, and E4y0 by the relative intensity ra-
tio 0.7:0.1:0.1:0.05:0.05. The plot clearly shows that the degree of accuracy from the
3'd-order approximations for both the single-mode and 5-mode cases is not high enough
to compensate for the increased expense. Therefore the 2"-order algorithm is more

efficient and this was used by all the simulations in this research.

5.6.3 Adaptive step size

The adaptive step size is a numerical technique that can enhance the computation ef-
ficiency by investigating the local error occurring at each step of the simulation and
adjusting the step size for the next step. The simulation algorithm which has been
discussed so far uses a fixed step size in the simulation. Such a scheme accumulates
the error generated in each step and therefore the total error increases with the number
of the simulation steps. The accumulation of the error can be observed in Figure 5.21
which displays the relative error of the simulations utilising a step size 2 ym (red), 5 ym
(green), and 10 pum (blue) plotted against the propagation distance. Like the previous
error value, the error in Figure 5.21 is also calculated by Equation 5.25 with the spectral

results simulated by utilising a step size 1 um as the reference.

In Figure 5.21(a), which is from the single-mode propagation, the error curves are in
a small scale of 107!, with those from the longer step size being on the higher level.
The relationship of the step size and the error is not linear as can be witnessed by
the proximity of the 5 pm and 10 pum curves compared with the separation from the
2 pm curve. The range of error value rises to the scale of 1073 for the case of 5-mode
propagation, as displayed in Figure 5.21(b). The details of the contributing modes and
their relative intensity ratio are the same as those of Figure 5.20. The rapid increase
of the value observable at the beginning of the propagation is owing to the nonlinear
phase modulation of the multimode case, that is intensified by XPM. The strong phase
change at each step in the simulation amplifies the influence of the step size. However,
the phenomenon is reduced at longer propagation distances. The slope of the curves
decreases after the propagation distance of ~ 1 um where the mode separation takes
place and therefore XPM is slackened. The details of the mode separation will be

discussed later on in Chapter 7.
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FIGURE 5.21: The spectral error accumulated along the propagation distance, calcu-

lated from the simulation results utilising the step size 2 pym (red), 5 ym (green) and
10 pm (blue) with (a) single-mode propagation and (b) 5-mode propagation
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Obviously the direct method to reduce the error is by decreasing the step size in the
numerical simulation. Although simple, such an approach is inefficient because in some
cases the small step size is required only for certain parts of the simulation. For example,
the characteristic of the accumulated error of the multimode simulation (previously
mentioned) suggests the shortening of the step size over the beginning of the propagation,
whereas the action is redundant for later distances. A more efficient alternative is
attained by adopting the adaptive step size algorithm which has been widely used for
numerical solutions of many problems [21, 22]. The algorithm allows the adjustment of
the step size in order to control the local error presenting at each step in the simulation.
For the numerical analysis, by utilising the (n + 1)%-order approximation bearing the
nt'-order local truncation error, the local error e will be bound by the error tolerance T

if the step size h is adjusted to the new value h

h<h (:)l/n (5.32)
In the case that the local truncation error is unknown, owing to the lack of the exact
solution, the error control can focus on the relative deviation between the result sim-
ulated from the full and half step size [22]. The error control scheme is applied here
in the multimode simulation, for 3-mode and 5-mode propagation, and Figure 5.22(a)
displays the value of step size adjusted along the simulated propagation of the pulse in
order to retain the local error of each step according to the error tolerance. The details
of contributing modes and their intensity ratio are shown in Figure 5.22(b). In order to
make the data comparable, both curves use the same value of tolerance, 1.2728 x 1077,
which is the error value of the first step in the simulation of 3-mode propagation with

the initial step size of 1 pm.

In the case of 5-mode simulation, the initial step size is shortened down to maintain the
local error at the same level as that of the 3-mode simulation. As can be observed in
both curves, the step size is increased by the error control along the propagation distance
due to the abating of nonlinear phase modulation caused by the mode separation. Note
that the walk-off of the higher-order modes for the 5-mode case leaves less energy in
the main pulse than that of the 3-mode case. For example, at the distance where Ej,
and EE, separate themselves from the main pulse, the residual energy, contributing in
nonlinear interaction of the 5-mode pulse is decreased by 10% below that of the 3-mode
pulse. Therefore the lower strength of the energy-dependent nonlinear phase modulation
enables the step size of the 5-mode simulation to be expanded. This explains why the
green curve of the 5-mode simulation is above the red curve of the 3-mode simulation

in Figure 5.22.

Additionally, Figure 5.23 illustrates the relative error of the spectral results calculated
from the error-controlled simulation. Like those in Figure 5.21, the error values are

compared with the results from the simulation utilising a constant step size of 1 pm,
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FIGURE 5.22: (a) The step size in the multimode simulation, adjusted along the dis-

tance of propagation in order to maintain the tolerance error of 1.2728 x 10~". The red

curve is for 3-mode simulation whereas the green curve is for 5-mode simulation. (b)
Details of contributing modes and their intensity ratio

which is the same reference for the error as in Figure 5.21. The aggregation of the error
with the increasing number of simulation steps disappears and instead it stays constant

for the whole simulation.

Nevertheless, for such a small system as the waveguide in this research, the efficiency of
the adaptive step size may not be significant in comparison with the extra computational
cost for calculating the local error at each step of the simulation. Therefore, the constant
step size of 1 pm is still utilised in the simulation in this research. On the other hand,
for a system with a long distance of propagation or strong nonlinear and dispersion
effects, the constant step size may result in a large amount of computation time and
the adaptive step size can be considered as an alternative algorithm to maintain the

accuracy and alleviate the computational time burden.



Chapter 5 Numerical modeling of nonlinear pulse propagation 113

x 107

2.8

2.6

2.4r 1

2.2r 1

|| —— 3 modes
5 modes

Error
N
L

18

1.6f 1

1.4r 1

1.2r 1

0 1000 2000 3000 4000 5000 6000
Distance of propagation (um)

FIGURE 5.23: The spectral relative error of the error-controlled simulation compared

with the results from the constant step size of 1 um for 3-mode (red) and 5-mode

(green) pulse propagations. In contrast to Figure 5.21, the error stays constant for all
over the distance of propagation.

5.7 Chapter conclusion

This chapter concentrates on the general knowledge of the numerical simulation em-
ployed in this research. It starts with the explanation of the split-step Fourier method,
a numerical algorithm for solving the nonlinear propagation equation. The background
of the method relies on the assumption that the linear and nonlinear effects interact
individually on the light pulse over the small section of the waveguide. The outcome
from one section is delivered into the next section and the process is repeated across all
the waveguide length. The error of the approximation is investigated and the algorithm

can be adjusted to achieve the second-order accuracy.

Then the determination of the propagation constant, participating in the linear effect
of the simulation, is described. The effective index method is applied to determine the
propagation modes at various wavelengths and is followed by the application of interpola-
tion and differentiation to evaluate the higher-order dispersion constant. Corresponding
with the mode propagation constant, the transverse field is solved from the Helmholtz
equation. The mode fields’ distribution and their degree of overlapping mainly defines
the intensity-dependent nonlinear effect which is quantified as the nonlinear parameter
in the NLS equation.

From the basic form of single mode, the NLS equation is adapted for multimode pulses
by constructing a set of differential equations. The equations represent the propagation

of each mode in the waveguide and are coupled by the intermodal nonlinear effect.
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Numerical solving is performed separately and the results are later combined with the

transverse field to define the observed spectra measured by the SNOM probe.

Several aspects of the numerical approximation scheme are also studied. The effect of
the step size on the error of the simulation is measured in order to estimate the optimised
value of the step size. With the application of a numerical method, used in solving ODE,
the third-order approximation for the solution of the NLS equation can be achieved but
with a triple calculation cost. Finally, the adaptive step size technique, in which the step
size is altered corresponding with the local error control, can improve the efficiency of the
numerical simulation. The technique provides the future prospects for the application
of the numerical models in a system with a long length of pulse propagation or with

greater strength of linear and nonlinear phase modulations.
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Chapter 6

Visualisation of nonlinear pulse

propagation by SNOM

6.1 Chapter introduction

In this chapter, a SNOM-based technique will be described as a visualising tool for
studying the spectral evolution along a nonlinear multimode waveguide. The measured
data demonstrates several unique features which are only observable in a multimode
waveguide. The multimode simulation results, performed by the modeling technique
already described in the previous chapter, will be presented and compared with the
measured data from the experiment. This will provide the better understanding of the

underlying phenomenon of spectral evolution in the waveguide.

The chapter begins with Section 6.2 which provides the physical description of the contin-
uum light source which was investigated in this research. In addition, the experimental
setup utilised to acquire the spectral information from the evanescent field of the waveg-
uide will be described in detail. The effect on the spectra caused by the wavelength
dependence of the evanescent intensity experienced by the SNOM was also taken into

consideration and will be discussed in the section.

In Section 6.3, the experimental data and the multimode simulation of the spectral
evolution along the waveguide will be presented. The measured spectra display compli-
cated features which suggests the complex interplay of various propagating modes. The
assumption is qualitatively confirmed by the simulation results, which utilise similar pa-
rameters to those of the experiment although several significant experimental parameters
are missing such as the power loss of light coupled into the waveguide, the absorption
loss within the waveguide, and the intensity ratio of contributing modes. Similarly, sim-
ulated spectra possess complicated fine detail which are caused by the modal interference

and this obviously grows with the number of modes.
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The growth of the spectra in the waveguide is also studied in Section 6.4. The growth
rate of the spectra from the experiment is rapid at the beginning of the propagation and
then slows down at the later stage. The behaviour can be explained with the simulation
modeling. The results show that in the multimode case the spectral broadening is
enhanced by the additional cross phase modulation whereas only self-phase modulation
participates in the broadening in the single-mode propagation. However, the nonlinear
phase modulation is suppressed by the separation of modes caused by the difference
in the group velocities of various modes and therefore results in the depression of the

spectral growth at later distances.

The SNOM detection system makes the subwavelength observation of the spectral evolu-
tion possible and the visualisation of high resolution spectral variation along the waveg-
uide from the experiment will be showed in Section 6.5. With the study of the simulations
from various categories of mode mixing, such subwavelength variation is proven to exist
when modes with different symmetry along the y-axis are mixed. The evidence, there-
fore, suggests that the origin of the variation over such a small scale length is the phase

velocity difference of the contributing modes.

In the final part of this chapter, Section 6.6, another uncommon spectral feature observed
from multimode nonlinear waveguides, namely its variation across the waveguide, will
be discussed. The simulations will show that such a feature is not present in single-mode
spectra. Instead, it is caused by the superposition of propagation modes with different

phase and transverse field distributions.

6.2 SNOM setup for detecting continuum spectra

The conventional study of continuum spectra has been based on investigating the spectra
at the end face of the waveguide by the far-field detector. Even though the acquired data
can provide the information about contributing dispersion and nonlinear processes in
constructing the spectrum, the nature of the data is based on the accumulated outcome
from all distances of propagation. However with the application of a near-field scanning
optical microscopy system, which possesses the ability of subwavelength detection, the
new prospect of localised continuum generation has been revealed. The technique can
provide the visualisation of developing phenomena at different points inside the waveg-
uide. This additional knowledge can be useful for the characterisation of continuum

generation sources.

In this section, the experimental setup will be described.
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6.2.1 Continuum light sources

Continuum generation is a process of spectral broadening in which several nonlinear ef-
fects contribute. The phenomenon has been observed in many forms of material such as
crystals and glasses [1], liquids [2], gases [3], dielectrics and semiconductors [4]. Recently,
continuum generation in photonic crystal fibers and tapered fiber has been demonstrated
at much lower threshold input powers than that of a bulk medium, owing to high non-

linearity caused by the effective confinement of light in small areas [5, 6].

FIGURE 6.1: Continuum generation chip (CGC)

However, the continuum light source utilised in this research is another novel design
based on silicon chip technology which provides future prospects for the application to
all-optical integrated circuits. The continuum generation chip (CGC), fabricated by
Mesophotonics Ltd, is 1 cm long 0.6 cm wide and contains sets of rib waveguides with
various widths in the range of 1 ym - 5 pum, as displayed in Figure 6.1. The structure
of each waveguide guide consists of a ridge of tantalum pentaoxide (TazOs5) film on a
silicon substrate, which has a buffer layer of silicon dioxide (SiO2) in between, and the
rib structure is built by photolithography and argon-ion milling. Owing to the high
nonlinear refractive index (nz) of TasOs, which is one order higher than silica glass
[7], the input pulse energy can be of the order of tens of nJ. Moreover the CGC has
more compactness and robustness to fracture damage, which can be caused by short

wavelength energy in the broadband spectrum, as is observed in fibres.

6.2.2 Collecting continuum spectra

The experimental setup is displayed in Figure 6.2. The Gaussian light pulse is generated
from a COHERENT Ti:Sapphire laser with repetition rate 76 MHz and wavelength 800
nm. The pulse width, determined from the Fourier transform of the intensity spectra,
is around 86 fs, whereas the autocorrelation measurement gives around 100 fs. The
spectral FWHM of the input pulse is around 11 nm and the pulse energy varies from 0.8
nJ to 2.1 nJ. The pulse was focused and launched into the waveguide with the assistance
of an aspherical lens with 0.68 NA and 3 mm focal length. Then the light propagating

in the waveguide is confined within the higher refractive index layer of TasOs that is
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FIGURE 6.2: Experimental setup for visualising continuum spectra developing inside
the waveguide

surrounded by the lower-refractive index of air on the top and SiO2 on the bottom.
Theoretically, full confinement of light is achieved for the light ray incident with the
angle more than the critical angle of the TayO5-SiO4 interface, which is around 45° at

the wavelength of 800 nm with ng;o, = 1.48 and nma,0, = 2.08.

The SNOM probe was placed at around 10 nm - 20 nm above the surface of the waveguide
and controlled by the shear force feedback system, as explained in Section 3.4, Chapter 3.
The probe detects the evanescent field induced by the total internal reflection at the air-
TasOj5 interface of the waveguide. The intensity decays exponentially along the gap

distance, in a direction away from the surface of the guide, by the relation

I,(y) o exp (—2v,y) (6.1)

where 7, is the extinction coefficient for the mode field with the mode index n. The
extinction coefficient, which is the transverse component of the wavevector, is also de-
termined in the process of the calculation of the propagation modes, which has already
been described in Section 5.3, Chapter 5. The value of the coefficient can be more phys-
ically viewed as the penetration depth (), which is the depth in the cladding area at
which the intensity is reduced down to 1/e ~ 36.79% of the maximum intensity at the

interface. Therefore

Gy = — (6.2)
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Polarisation Penetration depth (nm)
n=20 n=1

EY 37.70 50.56

E* 36.85 45.56

TABLE 6.1: Penetration depth for the evanescent field at the interface of air and TasOs
of the waveguide
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FIGURE 6.3: (a) Variation of penetration depth over the study wavelength range (b)
Intensity variation caused by the wavelength dependency of the penetration depth when
the probe height is 20 nm above the surface

As previously mentioned in Section 5.3, Chapter 5, for the light confinement along the
height dimension of the waveguide, only modes with the mode index number n = 0 and
n = 1 can exist. The penetration depths, at the input wavelength 800 nm, for these
mode fields at the upper surface of the guide are given in Table 6.1. The higher-ordered
mode and EY polarisation can penetrate deeper and therefore a greater amount of the
field will be collected by the SNOM probe. Moreover the shape of the spectra can also
be affected by the wavelength dependency of the penetration depth. Figure 6.3(a) shows
the variation of the penetration depth as a function of wavelength. Over the wavelength
range covering the studied spectra, the penetration depth varies around 15% - 20%.
However, the effect causes much less variation of intensity experienced by the probe as
shown in Figure 6.3(b). The intensity collected by the probe is plotted in terms of the
percentage deviation from the value at the wavelength of 800 nm. The deviation is only

5% over the wavelength 750 nm - 850 nm.
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FIGURE 6.4: Topography of (a) Waveguide A (b) Waveguide B

Waveguide label | Average width from topographical data(um)

A 4.124+4.35%
B 4.29+1.86%

TABLE 6.2: Label and average width of waveguides from topographical data. The

SNOM probe scanned across the waveguide at various distances from the front face of

the waveguide and the precision in the table is calculated from the standard deviation
of the measured data.

The light collected from the probe was passed through a computer-controlled high res-
olution spectrometer with the details of instrument specification already given in Sec-
tion 3.5, Chapter 3. Two adjacent waveguides on the chip were chosen to use in the
experiment. Both are 0.5 ym high and 6 mm long but with different widths. The label
for each waveguide and its width are shown in Table 6.2. The width is the average
value measured from the topographical data of across-waveguide scanning at different
locations along the length of the guide. Some of the topographical data are shown in
Figure 6.4. Certainly, the width values acquired by the SNOM technique are larger
than the real physical width of the waveguide since the topographical data is the outer
contour of the waveguide which includes the gap distance between the probe and the
waveguide surface. Additionally, the accuracy also depends on the cleanliness of the

surface and the sharpness of the probe.

Note that the setting-up of the instruments and the collection of the experimental results
of this research were assisted by Dr. John Mills [8-10] whereas the simulation work is

based on discussions with Dr. Peter Horak.
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6.3 Spectral evolution along the waveguide

6.3.1 Experimental data

Figure 6.5 displays the spectra collected by the system. The spectra are in the wave-
length scale and the intensity of the spectra shown is normalised to unity at the maximum
intensity. Unlike the spectra at other locations, the input and output spectra from the
waveguide are measured by a far-field detector. Both are added at the ends in the fig-
ures, whereas the SNOM-acquired spectra collected by the probe placed at the position
of z = 0.5 mm to z = 5.5 mm are shown in-between. As can be clearly observed, the
spectra are broadened along the length of the waveguide, owing to the increase of the
dispersion and nonlinearity effects with the distance of propagation. By comparing the
spectra from different input pulse energies, the increase of the broadening phenomenon
with the input pulse energy is certainly apparent, as can be expected owing to the
dependency of nonlinear processes on the intensity. The locality of the information is
confirmed by the reappearance of several distinctive peaks in the spectra from the same
propagation distance at different input energies. The complex appearance of the spectra
from the probe may illustrate the localised and high spatial resolution nature of the
SNOM data. On the contrary, such fine details do not appear in the output spectrum
which is theoretically the integrated spectral data from all points on the exit face of
the waveguide and, as a result, contains only spatially averaged information. Note that
there is a noticeable reduction in the oscillatory behaviour of the spectra collected at the
distance 2 and 3 mm for Waveguide B. Although the cause of this appearance cannot be
specifically explained, changes in the oscillatory pattern of the spectra at various prop-
agation distances may be related to the interference of propagation modes, as observed
in Balistreri et al.’s research [11]. In that study, the near-field probe could visualise the
spectral interference of two waveguide modes and the variation of the period length in

the interference pattern along the length of the waveguide.
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6.3.2 Simulation of multimode pulse propagation along the waveguide
length

In order to explain the unique features observed in the experiment, the NLS equation cor-
responding to the nonlinear system of the experiment was numerically solved. However,
since the system is not a single mode system but a multimode one, the NLS equation
needs to be adapted, as was previously discussed in Section 5.5, Chapter 5. Therefore
Equation 5.16, Chapter 5 was simulated by using the parameters similar to those of the
experiment. However, there are some other unknown parameters such as the number of
guided modes induced by the pump light and the division of the input energy among the
modes which depends on the correlation between the field distribution of the pump light
and that of the guided modes [12]. Therefore the simulation results, which will be shown
in this chapter and the following one, are not a theoretical replica of the experimental
results. Instead they provide the understanding of the underlying physical background

in a complicated spectral evolution in multimode nonlinear waveguides.

The simulation starts with creating the input envelope field fed into the modeling. The

input pulse is constructed from a Gaussian function which is in the form as

2a

V)=V <7r> i exp (—at?) (6.3)

The Equation 6.5 is normalised such that

+oo
| vera=v (6.4)

— 00

The parameter V}) in Equation 6.5 is the pulse amplitude whose squared value is the
peak energy of the pulse. Therefore Vj can be written in terms of the pump power P;

and the repetition rate I' as

Vo= (?) (6.5)

The parameter a in the exponential term of Equation 6.5 specifies the width of the
Gaussian function and relates to the FWHM width of the pulse intensity profile Atpwim

via the relation

21n2
a

A2
Alpwiw
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FIGURE 6.6: The spectrum of the input pulse, where the red curve is from the measured
spectra and the green curve is from the simulation

The simulated input pulse is created by using 2'? data points. This covers the wavelength
range of 0.6 - 1.3 nm. The time window size is 10 ps, which is around 150 times the
pulse width. The value of the parameter Atpwywm is 85.707 fs. The Fourier transform
of the time profile provides the spectra with the FWHM width AApwranv = 11 nm. The
value is equal to that of the measured input spectrum in the experiment. Figure 6.6
displays the Fourier transform of the simulated input pulse (green curve) in comparison

with the measured input spectrum from the experiment (red curve).

The input pulse energy of 2.1 nJ is chosen for the simulation. However, in practice, not all
the amount of energy was coupled into the waveguide. The coupling loss is attributed to
the power spill over the top, bottom and side faces of the waveguide and the reflection loss
at the front face. The exact figure of the loss is unknown. The coupling efficiency of 0.03
is arbitrarily chosen for the simulation. This parameter is defined as the ratio between
the coupled power through the waveguide to the incident power. The total energy is
divided among the contributing modes, as specified by the parameter of relative intensity
ratio. The step size in the simulation is 1 pm which is justified to provide numerical
stability, as already discussed in Section 5.6.1, Chapter 5 for the effect of step-size on
the numerical results. The dispersion and nonlinear parameters corresponding to the
modes are available from the calculation criteria, which were previously explained in
Section 5.3 and Section 5.5, Chapter 5. The resultant spectrum is calculated from
the integration of the evanescent field at each location over the diameter of a 100nm
SNOM tip, at the height of 20 nm above the surface of the guide. The area of the tip
is parallel to the xz-plane of the waveguide geometry but the integration is performed
one-dimensionally. Only the field in the range of the probe diameter, 100 nm, along

the xr—axis is gathered whereas the variation along the z—axis is negligible because
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the transverse field is assumed to be z—independent and the envelope field changes
insignificantly over such a distance, which is 100 times less than the simulation step size.

The details of field integration was described in Section 5.5, Chapter 5.

The transverse field U (z,y) is approximated to be constant over the wavelength range
of the spectra. Its value at the central wavelength 800 nm is utilised in the calculation.
The effect of the wavelength dependency of U (z,y) will be later discussed in Section 7.4,
Chapter 7.

The simulated spectral evolution along the length of the waveguide, of various multimode
pulses, is shown in Figure 6.7(a) with details of the corresponding modal intensity ratio
given in Figure 6.7(b). The total power, which is equal for all simulations, is distributed
among various modes in such a way that the main part of the input energy, 70% in
this case, is concentrated in the fundamental mode and the rest is divided quite evenly
among the higher-order modes. Since there is no measurement of power distribution
among the waveguide modes from the experiment, the intensity ratio of the simulation

is just chosen arbitrarily for demonstrating the effect of contributing modes.

The modeling of the pulse propagation is done over the 6 mm length of the waveguide
with the simulated position along the z-axis of the SNOM measuring probe set at x = 200
nm, in order to avoid a zero contribution from the field of the odd modes which possess
an antisymmetric field distribution around the central axis of the guide (z = 0). The
intensity is normalised to unity at the maximum intensity in order to compare spectral

shapes.

Unlike the SPM spectral profile of the single-mode (dotted red curve), the multimode
spectra in Figure 6.7(a) lack symmetry, exhibiting a more complex structure which is
similar to results gained from the experiment. Indeed the fine details of interference
become more complicated with increasing modal contribution, and distance traveled.
This is due to the interference of individual modes with different linear and nonlinear
phase shifts. However, the simulated spectra seem to possess more features than the
measured one. This lower refinement is possibly caused by fluctuations of experimental
conditions such as thermal changes in the refractive index of waveguide material (the
temperature coefficient of the refractive index of TasQj5 varies in the range of 3.64 x 1076
K1 -7.89 x107% K~! at 632.8 nm for the temperature range of 298 K - 328 K [14]),

pulse-to-pulse energy variation or spatial vibration of the waveguide and the probe.
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6.4 Spectral growth along the distance of propagation

6.4.1 Experimental data
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FIGURE 6.8: Comparison of the width of the measured spectra along the length of
the waveguide, which is illustrated in Figure 6.5(b), with that from the single mode
simulation [9]

The spectral growth is studied by measuring the spectral width of the evolving spectra,
displayed in Figure 6.5(b), as a function of propagation distance and the result can
be viewed in Figure 6.8. The width is measured at the point where the intensity is
1/e? ~ 13.53% of the peak. The data is compared with the result from the single-mode
simulation, which is performed by approximating the value of launch efficiency to fit with
the output from the intermediate input energy 1.4 nJ. The same value of the efficiency

is used to simulate the results for other input energies, 0.8 nJ and 2.1 nJ.

The significant deviation between the measured value and the single-mode simulation is
noticeable, especially at the beginning of the propagation. The continuous growth of the
simulated spectra cannot fit with the spectral growth of the experimental data, which
has retarded spectral growth rate at various points along the length of the waveguide.
Since the experiment is under the low-energy regime, in which the nonlinear process is
least complicated, the deviation suggests that the multimode nature of the nonlinear

propagation yields some specific characteristics.

6.4.2 Spectral growth of the multimode simulation data

The measurement of width is also applied to the simulated spectra, shown in Fig-

ure 6.7(a). However, for such complicated features of the simulated spectra, the root-
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mean-square (RMS) width is more preferable for describing the spectral broadening.
The RMS width Atrums of the pulse specified by the field E (z,y, z,t) is defined as [15]

N =

Atrss = (%) — (1)?) (6.7

where

[ B (2, 2, 1)) dt
CRE (2,0 dt

(t") (6.8)

Figure 6.9(a) displays the spectral width of the simulated spectral data as it develops
along the waveguide, over the propagation distance of 6 mm, whereas Figure 6.9(b) is
the closeup of Figure 6.9(a) at the first one mm from the beginning of the propagation
distance. The data is from various mode mixing, which has already been displayed in
Figure 6.7, with an additional 3-mode curve (violet) which is the mixing of Ej;, EY,
and Ej; with intensity ratios 0.4:0.3:0.3. The width shown in the figure is normalised in
terms of the pulse width broadening factor, which is defined as Atgrms/Atrms,o Where
Atrms,o is the pulse width at the beginning of the propagation.

The results agree with the experiment, in which the growth of the spectrum is slower
than expected, and cannot be fitted by a simple single-mode, SPM calculation.At the
beginning of the propagation shown in Figure 6.9(b), when mode separation is insignif-
icant, the strength of XPM between the modes can cause multimode broadening that
is stronger than the single-mode case, as can be observed in the 3-mode and 5-mode
curves. In contrast to the single-mode curve, there is fluctuation of pulse width along
the propagation distance and the degree of fluctuation rises with the number of mixing
modes. Such a feature is caused by the difference of phase velocity of modes, the term
<ﬁ(()p ) ﬁ(()q)> z in Equation 5.20, Chapter 5. In order to observe the interplay of the
nonlinear phase modulation and the mode separation more clearly, the phase velocity
difference is removed from the data in Figure 6.9(a) and the outcome is shown in Fig-
ure 6.10. The curves in the latter figure display the overall trend of the spectral growth,
which is not obscured by rapid changes caused by the phase velocity difference. The
deviation between both figures is higher at the beginning of the propagation where more
rapid fluctuations in pulse width are noticeable, as shown in Figure 6.10. This is due to
the strong coupling of modes which intensifies the phase velocity difference before the

mode separation at a later distance.
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FIGURE 6.9: (a) RMS pulse width broadening factor along the length of the waveguide

of the simulated multimode spectra shown in Figure 6.7, except for an additional 3-mode

curve (violet) which is the mixing of Ef,, E}, and EY, with intensity ratio 0.4:0.3:0.3
(b) Details of (a) at the first 0.5 mm distance of propagation



Chapter 6 Visualisation of nonlinear pulse propagation by SNOM 132

Figure 6.10 clearly demonstrates that, in order to strengthen the effect, a higher amount
of energy must be concentrated in higher-order modes. The evidence can be viewed by
comparing both 3-mode curves in which the violet curve has twice the energy concen-
trated within the higher-order modes. The spectral growth of the violet 3-mode curve,
which initially has the greatest rate of growth, diminishes due to the separation of Ej,
at around the distance of 1.5 mm. After this point, the main contribution of spectral
broadening is due to the interaction of Ef, and E},. Consequently, the green curve,
which has higher energy within these modes, continues broadening at a rate such that
it overtakes the violet curve. The 5-mode (blue) and 7-mode (orange) curves also show
the retardation of nonlinear phase modulation caused by mode separation. In the 5-
mode case the rate is reduced to less than that of the single-mode case at a shorter
distance, due to the early separation of EY, and EY, whereas broadening in the 7-mode
system cannot be higher than in the single-mode case owing to the temporal walk-off of

higher-order modes at the very beginning of the propagation.

16r oo 1 mode ]
3 modes )
14 —— 3 modes* 1
5 modes =
12} 7 modes 1
S o
2
g 10} §
(o)) >
g \
£
3 8r J
=
]
6t 1

2 3 4 5 6
Distance along waveguide (mm)

FIGURE 6.10: Same as Figure 6.9(a) but the phase velocity difference of modes is
neglected [13]

To clarify the effect of contributing modes on the overall spectrum, the spectral widths
of individual modes for two cases of three-mode mixing (green and violet curves in
Figure 6.10) are also displayed in Figure 6.11. In the first millimetre, the spectrum of
each individual mode grows rapidly, in addition to the total spectrum. Note that the
widths of the curves E}, and EY, are greater than that of EY, at this stage, because
XPM in the higher-order modes is fed by the main contribution of intensity from the
E§, mode. Conversely, only a fraction of 30% is contributing to Ej, XPM from these
higher order modes. At the distance when Ej; starts to separate, the decrease in the

slope of the Ego spectral growth, caused by the lack of Ego and E?fo in the Ego spectral
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development, is apparent in both figures. After this stage, Fy, grows with distance only
due to its SPM. The SPM spectral growth of EY, in Figure 6.11(b) increases to higher
than that in Figure 6.11(a) owing to 50% higher intensity ratio of Ej,. The effect of
mode separation also occurs with EY, at a later stage. The more distinct drop of the
EY, curve in Figure 6.11(a) than the same curve in Figure 6.11(b) is owing to a stronger
influence of the fundamental mode in spectral development at a previous distance. The
amount of EY; is 70 % in the first case, whereas only 40 % for the latter. Finally, after
all the mode separation, the overall spectral growth is totally governed by the SPM of

the fundamental mode.

So far, propagation losses have been neglected in the modeling. However, based on
the above discussion, the spectral modifications can be predicted if higher-order modes
exhibit significant losses. If losses are small on the length scales where temporal walk-off
occurs, no significant spectral changes are expected since all broadening due to XPM
occurs at an early stage of pulse propagation. On the other hand, if higher-order mode
losses are large over much shorter distances, no significant XPM takes place and the

observed spectra will probably resemble the single-mode spectrum of Figure 6.7(a).
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6.5 High resolution spectral evolution

In this section, the spectral development over the subwavelength distance was observed
in the experiment. The variation in such a diminutive scale length is uniquely observed
only in the multimode spectra as it can only be explained by the effect of phase velocity

difference.

6.5.1 Experimental data

The high-resolution details of spectral evolution were also observed, as shown in Fig-
ure 6.12. The probe was moved to the position of z = 3 mm. Then it scans at 100
nm intervals within the distance of 2 pum, to collect the spectra. The spectra are in the
wavelength scale on the x-axis and the distance along the waveguide is on the y-axis.

The spectral variation is clearly observable.
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FIGURE 6.12: High-resolution spectral mapping along the waveguide over the distance
of 2 um. The spectra were collected when the probe was at the position of z = 3 mm
and moved toward the end face by the steps of 100 nm [9]

6.5.2 Simulation result

As previously demonstrated in Equation 5.20, Chapter 5, the spectrum of a multimode
pulse is spatially modulated by the propagation phase difference term, ( [()p ) ﬂ[()q)) z
and the phase difference term induced from the interplay of dispersion and nonlinearity,

(go(p) (z,w) — (@ (z,w)). The modulation period of the latter is much longer than the
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first and therefore the wavelength-scaled spectral variation observed in Figure 6.12 can

be traced back to the interference of modes owing to the propagation phase difference.
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FIGURE 6.13: Simulated high-resolution spectra through the probe when the probe
moves along the length of the waveguide by the distance of 2 pm, starting from the
position of z = 4 mm. The simulation is performed with various multimode pulses in
the waveguide: (a)E{:EY):EY, (0.4:0.3:0.3) (b)E§:EY,:E3, (0.4:0.3:0.3) (¢)Efy:EYy:EY;
(0.4:0.3:0.3) (d) Same as (c) but the phase velocity difference is neglected

The behaviour of multimode pulse propagation over the distance of few hundred nanome-
tres can be studied by the multimode simulation by reducing the step size to the scale of
100 nm. The simulation results shown in Figure 6.13 are the spectral features observed
by the probe over the distance interval 2 pym along the length of the waveguide. The
probe translation starts from the position of 2z = 4 mm and then moves toward the
end face. The spectra of three different mode mixing examples are demonstrated here.
Figure 6.13(a) displays the mixing of three symmetric (the mode index n = 0) modes
EY,, EY, and EY, by the relative intensity ratio 0.4, 0.3 and 0.3 respectively whereas
Figure 6.13(b) is from the mixings of asymmetric (the mode index n = 1) E§;, EY|, and
EY, by the same ratio. The mixing of modes from both types is in Figure 6.13(c) which

consists of E,, EY, and E§; also mixed by the same ratio.
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From the numerical value of ﬁ(()p ) for various modes in Table 5.2, Chapter 5, the period
of spatial variation of the term <ﬂép ) _ ﬂ(()q)) z for some first lower-ordered modes is
in the range of 10 pum - 100 pum if both modes p and ¢ have the same symmetry.
However the frequency of spatial modulation is decreased by one order for modes from
different symmetry and therefore the period is around the order of 1 pm. This explains
the absence of any spatial variation of spectra in Figure 6.13(a) and Figure 6.13(b),
which are from the mixing of modes possessing the same symmetry. In contrast, the
variation within the range of 2 pm appears in Figure 6.13(c) whose simulation is from
the multimode mixing consisting of both symmetric (E§, and EY,) and antisymmetric
modes (Egl). To confirm that the cause of variation comes from the propagation phase
shift between symmetric and asymmetric modes, the term (ﬂép ) _ ﬂ[()q)> z is nulled in the
calculation of intensity in Equation 5.20, Chapter 5 for the simulation utilising the same
set of contributing modes as Figure 6.13(c). The outcome is shown in Figure 6.13(d),

where no spectral variation is noticeable.

To confirm that the variation is exactly owing to the multimode nature, Figure 6.14
displays the high resolution spectra of the individual contributing modes of the spectrum
in Figure 6.13(c). Although it can be easily predicted, there is no observable variation

occurring in any spectra of Figure 6.14(a)-Figure 6.14(c).
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FIGURE 6.14: Same as Figure 6.13(c) but for individual contributing modes (a) Ef,
(b) Efy and (c) Eg,
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6.6 Spectral variation across the waveguide

This section discusses another unique characteristic of observed spectra, which is the
spectral variation across a multimode nonlinear waveguide. The simulation can prove
that the cause of the feature is the interference of modes containing various transverse

field distributions, whose degree of complexity increases with the mode number.

6.6.1 Experimental data

(a)

(b)

FIGURE 6.15: High-resolution spectral mappings across the waveguide over the distance
of 12 pym and their corresponding topographical image. The spectra were collected by
the probe translating across the waveguide by the steps of 500 nm at various positions
from the entrance face: (a) z = 2.2 mm (b) z =3 mm (¢) z =4 mm and (d) z = 5 mm
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(c)

(d)

FIGURE 6.15: High-resolution spectral mappings across the waveguide over the distance

of 12 pm and their corresponding topographical image. The spectra were collected by

the probe translating across the waveguide by the steps of 500 nm at various positions

from the entrance face: (a) z =2.2 mm (b) z =3 mm (¢) z =4 mm and (d) z =5 mm
(cont)
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Additionally, the spectral evolution across the waveguide was studied and the result is
shown in Figure 6.15. The SNOM probe was placed at various locations from the front
end and then moved across the waveguide to collect the spectra at 500 nm intervals
and thus the topography was obtained simultaneously. The spectral image is displayed
in wavelength scale over the distance of 12 microns across the waveguide. The left
graph shows the corresponding surface topography of the waveguide given by the SNOM
probe’s height control system. It spatially maps with the spectral image on the right-
hand side and the points in the graph are the locations where the probe collected the

spectra.

As already described in Section 3.3, Chapter 3, in the shear force technique, the probe is
attached with a laterally dithering tuning fork. The oscillation of the probe may affect
the spatial accuracy for such high resolution spectral maps, as shown in Figure 6.12 or
Figure 6.15. Since the typical oscillating amplitude is of the order of 107! nm - 1 nm
[16-18], the error of the position on the waveguide where the probe collects the spectra

can be approximated to be in the range of 0.1% - 1%.

Furthermore, the end faces of the waveguide form a Fabry-Perot etalon which can behave
as a spectral filter. The filtering performance might not be effective owing to the low
reflectivity of the end faces and therefore low-finesse of the etalon. However, it can have
an affect on the output spectra but probably not on the measured spectra from the

near-field above the waveguide.

6.6.2 Simulation result

Similarly to what was observed in the experiment, the spectral feature of the simulation
result also varies noticeably across the waveguide. Three-mode mixing spectral varia-
tions across the central line (z = 0) of the waveguide, observed by the probe placed at
the position of z = 4 mm, are shown in Figure 6.16. The intensity ratio of contributing
modes is the same ratio as in Figure 6.7(a). The individual modal contributions are also
displayed in Figure 6.16(b) - Figure 6.16(d). Modal interference is clearly apparent in
Figure 6.16(a), where both the shift in wavelength range and fluctuations of the spec-
tral linewidth can be observed. In contrast, the spectral features across the guide for
the individual modes, as seen in Figure 6.16(b) - Figure 6.16(d), appear to be constant.
Note that the shift of individual modal spectra from the central frequency is due to their

phase shift in time, relative to the fundamental mode pulse.
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FIGURE 6.16: (a) Simulated spectra through the probe across the centre of the waveg-

uide for the propagation of three-mode pulses. The position of the probe is z = 4 mm.

The similar spectra of the contributing modes are also displayed: (b)E§, (c) Ef, (d)
Ej
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6.7 Chapter conclusion

The nonlinear spectral development has been investigated in this chapter both exper-
imentally and numerically. The SNOM system was set up and the probe was placed
in the near-field region above the waveguide to detect the evanescent field. The field
was delivered to the spectrum analyser. The spectral data exhibits irregular features
which were not previously observed in a single mode waveguide. Therefore the numer-
ical model, which was developed in the previous chapter, was adopted to simulate the
propagation of a multimode pulse. By studying the simulated spectra, the knowledge of

the physical background of spectral broadening is attainable.

The experimental results of the spectral evolution along the waveguide displayed com-
plicated spectral features which suggest the effect of the interference of various modes.
The assumption is confirmed by the simulation of the propagation of single mode and
multimode pulses with various types of mixing. The spectra of the single-mode case
contain only the plain feature of the self-phase modulation which is the only nonlinear
effect included in the simulation. On the contrary, the multimode spectra possess fine
details caused by the interference of various modes with different amounts of linear and
nonlinear phase shift. Consequently its degree of complexity rises with the number of

modes in the simulation.

The growth of the spectral broadening was also studied. The nonlinear broadening
observed in the experiment grows with the propagation distance and the input pulse
energy, similarly to that generally observed in the single mode case, as described in many
research papers. However, the rate of the growth is retarded at the later distances of the
waveguide propagation. By studying the simulated spectral growth along the length of
the waveguide, the spectral development at the beginning is shown to be strengthen by
the cross-phase modulation, in addition to the self-phase modulation. The phenomenon
is decelerated by the modal separation, which is due to the group velocity difference of
various modes. At a later distance of propagation, which is long enough to separate the
higher-ordered modes from the main pulse in time domain, the remaining lower-ordered
modes mainly contribute to the spectral broadening. The degree of this setback depends
on the energy distribution among modes. Less significant changes appear in the curve
of spectral growth along the distance of propagation when more energy is concentrated

in the fundamental mode.

The high resolution of the spectral development was also measured and the data ex-
hibited the subwavelength-scaled variation. The scale of the variation is much smaller
than the dispersion and nonlinear lengths and therefore the variation cannot be induced
by both effects. Studying the simulation results from multimode pulses containing var-
ious categories of modes can link the variation to the effect of phase velocity difference

between the symmetric and asymmetric modes.
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Finally, the experimental results displayed that the observed spectra also fluctuate across

the waveguide. The multimode simulation affirmed the cause of modal interference. The

simulated spectra, from the superposition of modes with different transverse modal fields

and relatively complicated phase shifts, built up by the linear and nonlinear effects, keep

changing at different locations along the width dimension of the waveguide. However,

this feature does not appear in the spectra of individual modes.
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Chapter 7

Modal dispersion analysis and
other aspects relating to the

accuracy of the simulation

7.1 Chapter introduction

In this chapter, the novel technique developed for measuring the group velocity differ-
ence will be explained in Section 7.2. The temporal profile of the multimode pulse can
be attained from the SNOM-acquired spectral data (which has already been presented
in Chapter 6) via the Fourier transform. From the spectral information obtained from
various locations along the length of the waveguide, the increasing temporal separation
of higher-ordered modes from the fundamental mode becomes apparent. Since the ex-
tent of this separation is proportional to the group velocity of the modes, relative to
that of the fundamental mode, the relation of temporal separation and propagation dis-
tance directly provides the group index difference of the higher-ordered modes and the
fundamental mode. The same criteria are also applied to the simulation results and the
modal separation is shown to exist in the time domain. As expected, the determination
of the group index difference from the simulated time profile gives the group index dif-
ference of the contributing modes to be nearly the same value as the theoretical values
that were calculated directly from the propagation constants of the modes which have
been determined in Chapter 5. The discrepancy of the technique can be caused by the
uncertainty in locating the temporal position of the separated modes especially owing

to the superposition between adjacent modes.

All the previous simulation results have included the dispersion effect, only up to the
second-order term, and therefore the effect of third-order dispersion will be discussed
in Section 7.3. By comparing the dispersion length of the third-order term with the

dispersion length of the second-order term and the nonlinear length, the strength of

146
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the third-order dispersion is shown to be minimal and any changes in the spectra are
insignificant when the term is included in the modeling for the propagation distance in
the range of few millimetres. The evidence for this is given by the unobservable deviation
of the simulated result, with the addition of the third-order term in the dispersion

operator.

Finally the effect of the wavelength dependence of the transverse field will be studied in
Section 7.4. In the previous simulation, the transverse field is assumed to be constant
and the field distribution at the central wavelength is used in the calculation for the
total spectral field over the whole wavelength range. Since the propagation constant
actually depends on the wavelength of the propagating light, the mode field distribution
also varies with the wavelength. However, in comparison with the previous spectra,
including the wavelength dependence in the calculation does not significantly change
the spectral features but only changes the height of the peaks in the feature. The extent
of the deviation is associated with the spectral bandwidth and, therefore, the deviation
grows with the propagation distance when the broadening is strengthen by the dispersion

and nonlinear effects.

7.2 Measurement of group velocity difference

7.2.1 Spectral interference

In a multimode waveguide, each mode propagates with its own group velocity. The
temporal separation of the modes induces the interference fringes in the spectral feature
owing to the superposition of modal spectra with different spectral phase. The phe-
nomenon is demonstrated theoretically in Figure 7.1 when a Gaussian input pulse, at
the wavelength 800 nm, induces only two modes Efj, and EY, with the group velocities
1.70214 x 10® m/s and 1.63936 x 10® m/s respectively. On the left are the time profiles at
various propagation distances which start from the beginning of the propagation, z = 0
mm in Figure 7.1(a), and go to the distance z = 4 mm in Figure 7.1(e) whereas their
corresponding spectral profiles are displayed on the right. The shape of the time profile
contributes to the envelope of the spectrum, whereas the temporal separation (At) be-
tween the modes, caused by the different group velocity, introduces the modulation by
means of the function cos (wAt/2). Since the modulation length is inversely proportional
to At, the increasing temporal separation along the length of the waveguide causes the

greater number of fringes in the spectra, as can be observed in the figure.
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FIGURE 7.1: Spectral interference caused by 2-mode pulse propagation with different

group velocities. The time profiles at various locations along the length of the waveg-

uide are shown on the left whereas their corresponding spectra are on the right. The

propagation distances are (a)-(b) 0 mm (c)-(d) 2 mm and (e)-(f) 4 mm. The number
of fringes in the spectra increases with the propagation distance.
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FIGURE 7.2: Spectral variation over the distance of 200 um along the length of the
waveguide after the propagation of 5 mm (a) without and (b) with the phase velocity
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FIGURE 7.3: (a) Spectral intensity variation along the length of the waveguide at
the wavelength of 800 nm, marked by the white line in Figure 7.2(b) (b) The Fourier
transform of (a)
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On the other hand, the phase velocity difference leads to the spatial modulation along
the propagation distance. Figure 7.2 displays the spectral variations of the same 2-mode
pulse as Figure 7.1 over the range of 200 pum after the propagation of 5 mm. Both spectra
consists of the interference fringes originated from the group velocity difference of the
contributing modes. However only in the spectrum map on the right, which includes
the phase velocity difference term, is the spatial modulation observable. If a SNOM
probe can be applied to collect the localised field along a planar waveguide, as in recent
research [1, 2], the information of phase velocity can be extracted. For example, from
the spectral map in Figure 7.2(b), the spectral intensity variation along the waveguide
at the central wavelength of 800 nm, the intensity along the white line, is displayed in
Figure 7.3(a) in which the modulation feature is clearly seen. On the right, Figure 7.3(b),
is the Fourier transform of the variation in the spatial frequency domain. The peak in

the figure, which is the modulation frequency of the spatial variation and therefore the

(ﬁéo,m_ (()5,0))

T =9.6464 x 10* m™'.

phase velocity difference, is at the position

On the contrary, in reality the waveguide contains many more modes each of which
has the spectrum broadened due to the nonlinearity of the guide. As a result, the
superposition of all these provides the complex interference feature and spatial variation
of the spectral intensity, as already observed in the spectra collected by the SNOM
in Chapter 6. The Fourier transform of the spatial variation can still give the phase
velocity difference of all the modes. However the number of location points of the
experimental spectra is so small that the Fourier transform cannot provide accurate
results. On the contrary, the extraction of the group velocity information embedded
in the localised spectra can be performed and will be explained in the next section,
including the comparison with the results derived using the same criteria applied to the

simulation spectra.

7.2.2 Experimental result

The manipulation of the Fourier transform on the measured spectra in Figure 6.5, Chap-
ter 6, which displays the spectral development along the length of the waveguide, can
implement the visualisation of the propagating of a pulse in time inside the waveguide
at various locations. The spectral data, straightforwardly derived from the spectrome-
ter, is in the wavelength scale (which is reciprocal to the frequency scale) whereas the
frequency is directly related to the time scale via the Fourier transform. Direct transfor-
mation from the wavelength scale to the frequency scale by the relation f = ¢/\, where
f, c and X\ are the frequency, speed of light in vacuum and wavelength, respectively,
will make the spectral data unevenly distributed and cause a problem in defining the
correct corresponding time scale. Therefore an interpolation process was utilised to ob-
tain interpolated spectra with an evenly spaced frequency scale, which covers the same
frequency range 3.5081 x 10 - 4.0293 x 10'4 Hz as that of the measured data, with the
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data size N = 22 and frequency step Af = 1.0200 x 10! Hz. The interpolation process is
achieved by the MATLAB function of cubic spline interpolation. Both the experimental
data (from Figure 6.5(a), Chapter 6) and the interpolated spectra, for various locations
along the length of the waveguide, are displayed in Figure 7.4. The interpolation fits
with the data so well that the deviation is hardly noticeable.
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FIGURE 7.4: Measured spectral data at various locations along the length of the waveg-
uide (solid violet curves) in comparison with the interpolated data (dashed orange
curves) in the new evenly-spaced frequency scale
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Then the inverse Fourier transform was applied to the interpolated spectra by the in-
verse discrete Fourier transform (DFT) function of MATLAB. The time scale ¢ can be

determined from

+N/2—-1

1
=57 3 % (7.1)

p=—N/2

The outcome is the corresponding time profile with the time range from -4.9021 ps
to 4.8830 ps and the time resolution At = 19.1490 fs. The inverse Fourier transform
results, from the spectra of three different input pulse energies from 0.8 nJ to 2.1 nJ
in Figure 6.5(a), Chapter 6, are displayed in Figure 7.5. The consistency of the data is
evident as the minor peaks in three different curves are situated at the same proximity in
time. These peaks are the higher-ordered modes and separate themselves from the main
pulse due to their different group velocities. The separations of three higher-ordered
modes are clearly noticeable and the dashed lines are added to mark their translation
in time at various propagation distances. For future reference, these modes are labeled

as (a), (b) and (c), as shown in the figure.

Obviously the pulse separation increases with the distance of propagation. Its temporal
interval is proportional to the relative group velocity difference of the modes to the

fundamental one, and can be written as

(B)n = (U9>mn_(vg)oo
- Ws (7.2)

where (At), - is the temporal separation of the mode E},;, from the fundamental mode

E§, at the distance of propagation s, (vg)  is the group velocity of the mode E}p,

mn
(vg)qg is the group velocity of the mode Ef, and (Any), is the group index difference,

which is defined as

(Ang)mn:c<( LI > (7.3)

Ug)mn (vg)oo
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F1GURE 7.5: Fourier transform of spectra along the waveguide at different input en-
ergies of 0.8 nJ (red curves), 1.5 nJ (green curves) and 2.1 nJ (blue curves). The
separations of higher-ordered modes can be observed with the dashed lines (a), (b) and
(¢) marking the temporal positions of three different modes at various locations along
the waveguide. The details of temporal separations and distances of these three modes

will be later shown in Figure 7.6 [3].
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Therefore the measurement of time separation of the minor peaks in Figure 7.5 from
the central one, at various propagation distances, can give the information of the group
index difference of various modes. Figure 7.6 shows the values of time separation of
the modes (a), (b) and (c) plotted against the distance of propagation. The polynomial
curve fitting, based on the least square algorithm, was applied to determine the line
equation in which the slope provides the value of (Angy), /c from the relation of s and
(At),,,, in Equation 7.2. These interpolating lines are also included in the figure and the
value of An, and the coefficient of determination (Rg) of all three lines are summarised
in Table 7.1. The interpolation fits well with the experimental data, as can be confirmed
by the value of R? close to 1.
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FIGURE 7.6: The separation in time of the mode (a), (b) and (c) in Figure 7.5 at
various propagation distances

Mode Curve Ang R?2
(m/s)

(a) 0.2484 | 0.9962
(b) — 0.1689 | 0.9946
(c) 0.1012 | 0.9948

TABLE 7.1: Group index difference (Ang) of some higher-ordered EY modes whose
separation from the main pulse can be observed in Figure 7.5

On the other hand, the group index difference of the calculated propagation modes in

Section 5.3, Chapter 5, can be determined from

(Ang),,, = € ((B1)mn = (B)oo) (7.4)
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where (1),,,,, is the first-order term of the Taylor expansion of the propagation constant,
at the wavelength 800 nm, and reciprocal to the group velocity (vy), ... The calculated

value of Angy for some higher-ordered £Y modes is displayed in Table 7.2.

Mode Ang Mode Ang
EZ{O 0.00549 Egl 0.07661

ES, |0.01476 | EY, | 0.08487

EY, |0.02798 | EY |0.09891

EY, | 004544 | EY, |0.11913

EY, |0.06749 | EY, | 0.14616

EY, |0.09465 | EY, |0.18091

EY, |0.12755 | EY, | 0.22464

E}, |0.16706 | EY, | 0.27912

EY, |021434 | EY, | 0.37346

EYy, | 027101
EY o | 042750

TABLE 7.2: Group index difference (Ang) of some higher-ordered EY modes calculated
from the dispersion curves that are determined by the effective index method

By inspecting the results from the calculation and the experimental measurement, the
value of An, for the modes (a), (b), (c) in Table 7.1 are seen to be close to those of the
modes EY,, EY,, EY, with percentage differences of 10.5769%, 1.1014%, and 2.3152%
respectively. The origin of the error can be attributed to the uncertainty in determining
the time position of the high-ordered mode pulses. Firstly, the time resolution limits the
precision by the error of 1% - 3%. This error can be reduced by increasing the time data
size. However, the uncertainty in determining the temporal position of the separated
higher-ordered mode pulses is mainly caused by the overlapping of adjacent modes that
have a close value of group velocity. Even though their group velocity difference, relative
to the fundamental mode, is significant enough that they are absolutely separated from
the main pulse at some distance of propagation, their group velocity difference with
respect to each other is still small such that only the superposition of them is present.
From Table 7.2, one pair of such modes is Ef; and E§,. At the propagation distance of
2 mm, their group velocity difference gives the temporal separation between two modes
of 68.6667 fs. Such a range of separation, which is less than the pulse width, cannot
allow the modes to be resolvable. Therefore the identification of these modes in time
can be ambiguous. This probably results in the large percentage difference of the group
index difference from the mode (a) in Figure 7.5, which is determined within the range

of only the first few millimetres of propagation distance.
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7.2.3 Simulation result
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FIGURE 7.7: Simulated time profile at various propagation distances for the spectrum
of the 7-mode pulse in Figure 6.7(a), Chapter 6 [4]

Similarly to that done with the experimental spectra, the inverse Fourier transform is
applied to the simulation result in Figure 6.7(a), Chapter 6. The simulated spectrum of
the 7-mode pulse was collected by a SNOM probe placed at the location 20 nm above
the top surface and the lateral position shifted by 200 nm from the vertical central line
of the waveguide. The corresponding temporal evolution of the pulse for 7-mode mixing
is shown in Figure 7.7. The time profile in this example shows the pulse separating into
its various modes along the length of the waveguide, which is similar to what has already
been seen in Figure 7.5. Without taking account of absorption loss in the waveguide,
the peak height of these higher-ordered mode pulses is expected to be constant and

its value should be related to the relative intensity ratio of the mode mixing. On the
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contrary, the fluctuation of peak height is clearly noticeable and such a fluctuation also
appears in the experimental result in Figure 7.5. This feature is similar to what can be
observed as the result of light interference where the intensity varies with the distance.
The vast change of intensity occurs in the farthest peak in the first half length of the
waveguide. This is owing to the interference of EY, and Ef;. However, when E{; starts
to separate, at the distance of 3 mm, the effect of interference is subdued and the peak

height becomes stable.
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F1GURE 7.8: Relative integrated intensity collected by the SNOM probe in the simula-
tion. The dashed curve displays the envelope of the variation when the phase velocity
difference term is removed.

The effect of interference also results in the alternating intensity collected by the SNOM
probe, as shown in Figure 7.8. The solid curve is the simulated data of the integrated
intensity over time, collected by the probe at different locations along the length of the
waveguide. The huge intensity variation, especially within the first few millimetres of the
propagation, is caused by the mode field interference, which becomes less predominant
when a greater number of higher-order modes separate themselves from the main pulse.
Consequently, the curve tends to settle towards the end of the guide. The rapid spatial
variation is due to the phase modulation caused by phase velocity difference among the
modes. The dashed curve shows the envelope of the variation when the effect of phase

velocity difference is neglected.

In the same way as previously demonstrated with the time profile of the experimental
data, the time separation of various modes from the central peak is measured and plotted
against the distance of propagation, as shown in Figure 7.9. The group index difference
is determined from the slope of the linear least-square fitting, which is also displayed as

lines in the figure. The values of An, and R? are shown in Table 7.3. Compared with
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those calculated values in Table 7.2, the determination of the group index difference
from the time profile provides the percentage error in the range of 0.0880% - 0.4065%.
Obviously the degree of error is much smaller than that from the experimental result.
This is owing to the fact that the simulation result is not subject to experimental noise
and the number of contributing modes is much less than the real waveguide. As a result,

the modal separation can be clearly identified.
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F1GURE 7.9: Time separation from the fundamental mode of various higher-ordered
modes in Figure 7.7 against the distance of propagation

The extraction of the group velocity information from the simulation results not only
testifies to the correctness of the simulation but also describes the intensity variation

of separated higher-ordered mode peaks and the inaccuracy of locating their temporal

positions.
Mode Line Ang R?
(m/s)
E}, 0.0147 | 0.9996
EY, — 0.0279 | 0.9997
EY, — 0.0454 | 1.0000
EY, 0.0674 | 0.9996
E}; — 0.0768 | 0.9997

TABLE 7.3: Group index difference An,, of EY,, EY, EY), EY, and E§; whose separation
from the main pulse can be observed in Figure 7.7
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7.2.4 The effect of nonlinearity on the measurement

The nonlinearity is hardly expected to play any important roles in the determination of
the group velocity difference. As has already been shown in Figure 7.5, the locations
of separated higher-ordered mode peaks are at the same positions at different energies.
Since the nonlinearity directly depends on the input power, it can be assumed that
the effect does not cause any significant changes in the measurement of group velocity
difference. The assumption is confirmed by the comparison between the simulation
performed when both dispersion and nonlinear effects are included in the numerical
model and when the nonlinear effect is nullified, as shown in Figure 7.10. The simulations
are the propagation of a 7-mode pulse with the same contributing modes and relative
intensity ratio as that in Figure 6.7, Chapter 6. The probe in the simulation is at
the position of z = 5.5 mm. Although in Figure 7.10(a) the spectra, observed by
the probe, from both cases consist of the complex interference feature, an enormous
difference between those is clearly seen and only large broadening is present in the case
of the inclusion of the nonlinearity. However the time profiles, shown in Figure 7.10(b),
display insignificant deviation and the separated higher-ordered peaks from both cases

locate at the same position.



Chapter 7 Modal dispersion analysis and other aspects relating to the accuracy of the
simulation 160

[En

— With nonlinearity
= = =Without nonlinearity H

o
©
T

Normalised intensity
© o o o o o
w » 6] (o] ~ [o¢]

o
[N

0.1

(a)
7 modes
1 T T T T
— With nonlinearity
0.9+ = = = Without nonlinearity 4
0.8f 4
0.7+ 4
=
£ 0.6 1
=
® 05 i
]
©
€ 0.4f B
o
2z
0.3F E
0.2 4
0.1r J
0 1 1 L L Il
-500 0 500 1000 1500 2000 2500 3000
Time (fs)
(b)

FicUre 7.10: Comparison between the simulations of a 7-mode pulse propagation

with the same contributing modes and relative intensity ratio as that in Figure 6.7,

Chapter 6. Two cases of the simulations are that one includes both dispersion and

nonlinear effects (solid red curves) and the other excludes the nonlinear term (dashed

green curves): (a) simulated spectra observed by the probe which is placed at the
position of z = 5.5 mm and (b) their corresponding time profiles.
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7.3 The effect of third-order dispersion

All the simulation results, which have been discussed so far, are generated by the model
containing the dispersion terms up to the second-order. The accuracy of the simulation
can be enhanced by adding the third-order term 3 in the dispersion. The input pulse in
this research is in the femtosecond regime, which makes the fraction Aw/wy become more
significant. In such a case, neglecting the higher-order terms further reduces the accuracy
of the approximation and the next higher-order term, namely the third-order term, is
probably required to be included in Equation 5.16, Chapter 5. Moreover, some low-
ordered EY modes of the waveguide have a zero-dispersion wavelength in the proximity
of the pump wavelength, 800 nm, as can be observed in Figure 5.10, Chapter 5. In
the absence of GVD, third-order terms become predominant for the dispersion effect.

However this can be compensated by a much higher strength of nonlinear effect.

The efficiency of these contributing effects on the nonlinear pulse propagation can be
quantified in terms of the length scale over which the dispersion and nonlinear effects
become predominant. By inspecting the NLS equation, the strength of the dispersion
term is proportional to the dispersion parameter and the derivatives of the field with

respect to time. Therefore the dispersion length is defined as [5]

Lo =3 (7.5)
!/ Tg
L= (7.6)

where Tj is the half-width of the pulse at the intensity 1/e of the maximum value, (o
and s are the second-order and third-order dispersion constants respectively. Since
the pulse width, Atpwum, of the simulated input pulse is 85.707 fs, the value of Ty =
Atpwim/2(In 2)1/ 2 is 51.47 fs. For the contributing modes of the previous simulated
spectra in Figure 6.7, Chapter 6, the value of |32 is of the order of 10727 — 10~
whereas |33] is around 1074° — 1073% and therefore the dispersion length Lp ~ 1 mm
tolm and L, ~ 1 cm to 10 cm. On the other hand, the nonlinear term in the NLS
equation grows with the nonlinear parameter and the optical power and as a result the

nonlinear length is defined by

1
Ly, = — 7.7
7Fo -7
where Py is the peak power of the input pulse and ~ is the nonlinear parameter. The
value of nonlinear parameter v, shown in Table 5.4, Chapter 5, and the peak power

Py ~ 0.7 kW will result in the value of the nonlinear length Lz ~ 0.2 mm to 0.7 mm.
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FiGUrRE 7.11: The simulated spectra observed by the probe which is placed at the

position of z = 5.5 mm for (a) 3 modes (b) 5 modes. The result when the dispersion

consists only of the second-order term is shown by the solid red curve whereas the

dashed green curve is for including the third-order term. The intensity ratio is the

same as those in Figure 6.7, Chapter 6. Both curves are totally superimposed and their
deviation cannot be observed.
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For the length of the waveguide of the order of 6 mm, the nonlinear effect is stronger
than the others by at least one order of the length scale. Therefore the additional third-
order term in the dispersion effect is not expected to make any noticeable changes. This
assumption can be certified by the comparison between the simulations, including the

dispersion up to the second-order and third-order terms.

Figure 7.11 displays the simulated spectra observed by the probe, placed at the position
of z = 5.5 mm , for the propagation of 3-mode and 5-mode pulses. The details of the
contributing modes are the same as those in Figure 6.7, Chapter 6. The solid red curves
represent the results when the dispersion effect is taken into account up to the second-
order term, (32, whereas the dashed green curves are the simulation results when the
dispersion effect includes the additional third-order term (3. Both curves are totally

superimposed and their deviation cannot be observed.

7.4 The effect of wavelength-dependent transverse field
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FIGURE 7.12: Variation of transverse field over the wavelength 700 - 900 nm for Ef,
(red), EY, (green), Ef, (blue), and EY, (orange) at different distances from the centre
of the waveguide along the line x = 200 nm parallel to the height dimension

Transverse field distributions of various modes are actually wavelength-dependent and
the effect of this dependency will be discussed in this section. Figure 7.12 displays the
percentage field variation of the transverse field for various modes, over the wavelength
range 700 - 900 nm, which covers the wavelength range of the study spectra. The average

field variation, from that of the central wavelength 800 nm, is calculated by
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N
SRS e o
where N is the wavelength data size and U (z,y, \p) and U (z,y, \g) are the transverse
fields for the wavelength )\, and the central wavelength Ag. The variation is plotted
against the distance along the vertical line x = 0.2 pm and starts from the centre of
the waveguide (y = 0) and extends to the evanescent region (y > +0.25 pm). The
horizontal shift of the vertical axis by 200 nm is the same as the position where the
simulated SNOM probe was placed for the results displayed in Figure 6.7(a), Chapter 6.
The features of the variation can be categorised into two types according to the mode
symmetry around the central line y = 0. Within the waveguide y = 0 to y = +0.25
pm, the variation is less than 1% for symmetric modes. More fluctuation of the field,
with a value in the range of less than 10%, can be observed in asymmetric modes which
consist of one node in their field distribution along the y-direction and have the studied
wavelength range close to their cut-off. The variation turns to increase abruptly in the
area near the surface of the waveguide and then grows linearly in the evanescent region
for all types of modes. At the position y = 4+0.27 pm, which is the position of the SNOM

probe in the previous simulation results, the variation of the field is around 7%.
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FIGURE 7.13: Variation of transverse field over the wavelength 700 - 900 nm for Ef,
(red), EY, (green), EY; (blue), and EY, (orange) at different distances along the y = 0.27
pm parallel to the horizontal dimension of the waveguide

On the other hand, Figure 7.13 displays the transverse field variation along the horizontal
line y = +0.27 pm, where the SNOM was supposed to be situated. In contrast to
the field variation along the height dimension, the wavelength dependency of the field
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distribution changes much more slowly over the distance range x = —1 pym to x = +1
pum over which the transverse field variation is 7% - 8%. In this region the variation in
higher-ordered modes is lower than the fundamental mode. The discontinuity around
the centre x = 0 occurs in the curves of E%O and EY, owing to the node at the centre in

their field distribution, where the field becomes zero.
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FIGURE 7.14: Normalised transverse field U (z,y) over the wavelength 700 - 900 nm
for E§, (red), EY, (green), EY, (blue), E¥, (orange)and Ej, (violet) at the position of
the SNOM probe (x,y) = (0.2 pm, 0.27 pm)

The normalised transverse field U(x,y) at the position of the SNOM probe, (z,y) =
(0.2 pm, 0.27 pm) at various wavelengths in the range of 700 nm - 900 nm, is displayed
in Figure 7.14. The field varies in such a way that |U(z,y)| rises with the increase of the
wavelength. This is due to the deeper penetration of the field into the evanescent region
for higher wavelengths. When this wavelength-dependent U (x,y) is included in the
calculation of the total field collected by the SNOM probe in Equation 5.18, Chapter 5,
the effect causes some changes in the spectral features, as shown in Figure 7.15. The
spectra are displayed with the solid red curve whereas the previous results in Figure 6.7,
Chapter 6, which were calculated from the assumption of constant U (z,y) over all the
wavelength range of the spectra, are also included in the graphs and displayed with the
dashed green curves. Figure 7.15(a) and Figure 7.15(b) are the simulated spectra from
5-mode pulse propagation. The spectra are observed by the probe while it is at the
position of z = 1 mm and z = 5 mm respectively. The five modes consist of Ef,, EY,
E2yo, Ego, Effo and E5y0 mixed by the relative intensity ratio 0.7:0.05:0.05:0.05:0.05.
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FIGURE 7.15: Comparison of 5-mode mixing simulated spectra between the case of

constant (solid red curve) and wavelength-dependent (dashed green curve) transverse

field. The simulated spectra are observed by a probe which is placed at the position of
(a) z=1mm and (b) z =5 mm



Chapter 7 Modal dispersion analysis and other aspects relating to the accuracy of the
simulation 167

As can be seen from the graphs, both solid red and dashed green curves contains similar
spectral features. The effect of introducing the wavelength dependence of U (z,y) in
the field calculation causes only a minor alteration in spectral energy distribution, in
such a way that the energy in the low wavelength region is transferred into the high
wavelength region. By comparing the spectral features at 1 mm and 5 mm, it seems
that the effect of wavelength dependence becomes more evident when the pulse prop-
agates longer distances. The statement is confirmed by the calculation of root mean
squared deviation (RMSD) between both types of spectra over all the wavelength range
at different propagation distances. For two sets of data I (\) and Is ()\), with the data
size N, RMSD can be determined from
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FIGURE 7.16: The root mean squared deviation (RMSD), calculated by Equation 7.9,
between the spectra simulated when U (z,y) is constant and wavelength-dependent.
The deviations are from the spectra of single mode (red curve), three-mode (green
curve) and five-mode pulses (blue curve). The detail of contributing modes and the
relative intensity ratio is the same as already described in Figure 6.7, Chapter 6.
Figure 7.16 displays RMSD between the spectra from the calculation, with and without
taking account of the wavelength dependency of the transverse field from single-mode
(red curve), three-mode (green curve) and five-mode (blue curve) pulse propagation, with
the details of the contributing mode and their relative intensity ratio the same as that in
Figure 6.7, Chapter 6. For all the three curves, the deviation increases with the length
of the propagation distance. The deviation in the single mode case is distinctly higher
than in the multimode case and grows almost linearly along the distance of propagation.

This is owing to the growth of the spectral bandwidth, which raises the degree of field
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variation and therefore results in higher values of the deviation from the spectra with
the constant transverse field. As already discussed in Section 6.4, Chapter 6, at the
beginning of the propagation the spectral broadening of the multimode pulse is stronger
than the single-mode and therefore results in a higher deviation of the three-mode and
five-mode curves over the single-mode in Figure 7.16. The retardation of the spectral
development caused by the walk-off of higher-ordered modes leads to the small increase
of the deviation at the later stage compared with the steep rise of the deviation in the

single-mode case.

7.5 Chapter conclusion

The temporal characteristic of the multimode pulse in the waveguide was derived by the
application of the Fourier transform on the SNOM-acquired spectra developing along
the length of the waveguide. The temporal profile reveals the modal separation owing
to different group velocities of the propagation modes inside the waveguide. The group
index difference of higher-ordered modes, relative to the fundamental mode, can be
directly determined from the relation of temporal separation and propagation distance.
Such a phenomenon was also visualised in the Fourier transform of the simulated spectra.
However, the inaccuracy of measuring the mode index difference by this approach can
be caused by the obscurity in defining the positions of separated higher-ordered mode

pulses in time, especially when the pulses are superposed on one another.

In the previous chapter, the simulated spectra are based on the modeling whose dis-
persion effect is approximated by only up to the second-ordered term of the Taylor
expansion and the adequacy of the approximation can be questionable. Therefore the
strength of the third-ordered term in comparison with the second-ordered term and the
nonlinear effect was investigated. With the order of the value of the dispersion and
nonlinear parameters in this study, no significant deviation can be anticipated in the
extension of the third-order term. Additionally the sufficiency of the second-order term
is further confirmed by the unobservable alteration in the spectral results generated by

the simulation including the third-order dispersion term.

Finally the aspect of the wavelength-dependency of the transverse field was discussed.
The modeling was performed with the transverse field varying at various wavelengths
and the results were compared with the previous simulation which took the transverse
field as a constant value for all the range of wavelengths. Both kinds of results contain
the same spectral feature and the only discrepancy is the redistribution of the intensity

among the wavelengths.
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Chapter 8

Conclusions and suggested

further work

8.1 Conclusions

Scanning near-field optical microscopy has been applied to study the dispersion and
nonlinear phenomena in a multimode rectangular waveguide. The research consists of
both experimental and numerical studies. The basic theory of SNOM was fully explained
in Chapter 2. In contrast to conventional optical detectors, the SNOM technique can
collect the localised evanescent field which contains the higher spatial frequency part of
the scattered field. Therefore the technique provides subwavelength resolution which is
not bound by diffraction. A SNOM system basically contains a subwavelength optical
probe and a height control system which maintains the probe in the near-field range,
which is around a few tens of nanometres from the surface of the sample. However,
the particular details of the system configuration vary depending on the nature of the
data required and the samples. The technical specification of the SNOM system in this
research was given in Chapter 3. The probe was fabricated from a tapered optical fibre
and its height was controlled by a shear-force technique, in which a probe is glued to
a dithering tuning fork. The deviation of the amplitude of oscillation, caused by the
varying shear force interaction while the probe is brought down toward the surface of the
waveguide, was monitored by an electronic feedback system retaining the probe in the
near-field region. The SNOM tip was positioned on a piezoelectric stage and translated
over the surface of the waveguide to collect the evanescent field. The scattered light

passed to a spectrometer connected at the other end of the fibre probe.

The theoretical background of light confinement in a rectangular waveguide was ex-
plained in Chapter 4. The mode determination was approximated by the effective index
method (EIM) which is based on the assumption of a variable-separable field function.

Therefore the two-variable problem is converted to the determination of propagation
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modes on two planar waveguides with the index profiles orthogonal to each other. Both
waveguides are coupled by the fact that the propagation constant of the first waveguide
renders the effective index for the core of the second waveguide. The perturbation the-
ory was also applied to enhance the accuracy of the EIM. The light pulse of each mode
propagating inside the waveguide experiences both dispersion and nonlinear effects. The
evolution of the pulse can be formulated as the nonlinear Schrédinger equation which
is based on Maxwell’s equations relating the interaction of the electric field and the

polarisation of the waveguide medium.

The technical aspect of the numerical modeling was explained in Chapter 5. The al-
gorithm utilised in the research to numerically model the nonlinear pulse propagation
was the split-step Fourier method (SSFM). As its name suggests, the method divides
the waveguide span into many small sections. In each section, the nonlinear and dis-
persion operators are assumed to interact independently. The former has its analytical
solution in the time domain whereas the latter is in the frequency domain with the
assistance of the Fourier transform. The accuracy of the algorithm is achieved owing
to the non-commutability of the operators. The basic scheme, which treats both types
of effects over the full step, is the first-order approximation whereas the second-order
procedure is achieved by breaking up the operation of dispersion to half a step. Further
improvement of the algorithm to the higher-order can be achieved by the application
of a Runge-Kutta-like method. Alternatively the adaptive step scheme can be utilised
to keep controlling localised error. However, all these come at the expense of the extra
calculation cost. The dispersion operator is determined from the dispersion curves of
the propagation constant and its higher derivatives. Unlike the single mode case, the
intensity-dependent nonlinear parameter for multimode pulses are related to not only
the integral of the transverse field distribution of the mode itself but also the overlapping

integral of all the contributing modes.

This numerical modeling was applied to study the nonlinear pulse propagation in a
TasO5 multimode waveguide fabricated on a silicon chip. The silicon-based compatibil-
ity can provide a future prospect for the waveguide to be applied to optical integrated
circuits. The evolution of a pulse along the length of propagation was presented in Chap-
ter 6. Both experimental and numerical results displayed similar qualitative features of
the pulse spectra. The very fine complicated features are observable in both experi-
mental and calculated spectra. Since such features are not present in the single-mode
case, which retains only the self-phase modulation for the system’s nonlinearity, the fine,
unique features can be attributed to the interference of the contributing modes. This is
also certified by the increase of the complexity with the number of modes. Moreover, the
spectral growth reduces at a later distance of propagation even though the broadening
process is rapid at the beginning. This cannot be fitted with the single-mode model in
which the spectra broadens uniformly over the waveguide’s full length. By analysing the

simulated spectral broadening of contributing modes individually, it was shown that at
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the beginning of the guide, the broadening grows quickly owing to additional cross-phase
modulation. However, the broadening retarded later on when higher-order modes with

different group velocities started to separate themselves from the main pulse.

The SNOM technique also provides the high-resolution observation of pulse develop-
ment on a few hundred microns scale. As demonstrated by the simulated spectra, the
variation of spectral features along the length of propagation over such a length scale is
attributed to the phase velocity difference of contributing modes from different modal
field symmetries. On the other hand, the variation across the waveguide over a similar
range of scale is owing to the difference of phase and transverse field distribution of the

contributing modes.

By applying the Fourier transform to the experimentally acquired spectral data, the
corresponding time profile was available. In the time domain, the pulse exhibits mode
separation according to the different group velocities at various distances along the
length of the waveguide. As presented in Chapter 7, this can be utilised to derive the
group index information of the waveguide modes. As demonstrated by the numerical
result, this technique of acquiring the mode’s group velocities is not affected by the
nonlinearity of the waveguide. However, the accuracy of the method is bound by the
precision of locating the time position of the separated higher-order mode peaks which

can be obscured by the adjacent modes.

Other effects which were omitted in the numerical simulation were also discussed. For
the scale length of the waveguide in this research, the higher-order dispersion was not
expected to play a significant role in the pulse evolution. This claim was supported by
the result from the simulation with the inclusion of the third-order dispersion. The final
issue is the effect of wavelength dependence. For the sake of computational simplicity,
the transverse field had been assumed to be constant over all the wavelength range of the
observed spectra. The validity of the assumption was investigated by comparing the sim-
ulated spectra from the modeling by applying both the constant and wavelength-varying
transverse field. The deviation, which grows with propagation distance, is however neg-
ligible, since the spectral features do not change because only the relative intensity of

the peaks in the spectra is redistributed.

8.2 Suggested further work

More measurements of the characteristics of the waveguide are required in order to
enable quantitative comparison between the measured and simulation data. One of
the crucial parameters which is absent from the experimental work of this research is
the relative ratio among propagation modes excited in the waveguide. This can be
acquired by measuring the intensity distribution from the end face of the waveguide

and comparing it with the calculated intensity profile of various propagation modes.
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Moreover, controlling mode excitation in the waveguide would improve the investigation
of the multimode effect on the spectral broadening. The task can be achieved by utilising
a prism coupler instead of an objective lens to control the angle incidence of propagating
light inside the waveguide.[1]. The further enhancing the accuracy of the study can be
fulfilled by including the propagation loss of waveguide modes. The propagation loss
can be measured by the nondestructive Fabry-Perot resonance technique. The structure
of the waveguide can be considered as a Fabry-Perot resonator with two end faces as the
resonator’s reflecting planes and the loss of light propagating inside can be determined
by the ratio between the maximum and minimum intensity outputs of the resonator
[2]. Furthermore, the loss measurement for individual modes of multimode waveguides
can be accomplished by implementing a prism as the output coupler to separate the

waveguide modes [3].

So far in this work, the acquisition of the optical information by the SNOM technique
has provided only the spectral intensity, whereas the spectral phase has been neglected.
The localised spectral phase could possibly be gained by the simultaneous use of SNOM
with other ultrashort pulse characterising methods such as spectral phase interferometric
techniques [4-6] or frequency-resolved optical gating (FROG) techniques [7-9]. The
complete information would allow a full understanding of the temporal and spectral
pulse shaping induced by dispersion and optical nonlinearities and could assist in the
optimisation of continuum generation sources. Furthermore, the numerical model can
be developed to include other nonlinear effects such as Raman scattering or four-wave

mixing and utilised to model other types of the waveguide.

Finally, the cooperation of both models for waveguide mode calculation and nonlinear
pulse propagation may provide another waveguide design tool for optimising continuum

generation or any desired nonlinear performance.
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Appendix B

Operation parameters of P-2000
Micropipette Puller

The details of five parameters required to be set for the operation of the micropipette
puller are described below. All the information is from the instrument manual and

private communication with engineers of the Sutter company [1-3]:
1. HEAT (Range 0-999)

The HEAT parameter specifies the power of the laser with the maximum value of
10W. The suggested value for the optical fibre is in the range of 280-350. The
unit of the parameter is calibrated by two points: 190 units — 1 W and 820 units
— 8 W. As a result, the relation between the unit and the laser power can be

determined from

Power = 0.0111 x Unit — 1.1111 (B.1)

2. FILAMENT (Range 0-15)

The FILAMENT parameter specifies the length of the region scanned by the laser
beam. The lengths for the first six units are shown in Table B.1. For the optical
fibre, FILAMENT should always be set at 0.
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FILAMENT | Scan length (mm)
0 1
1 1.5
2 1.9
3 4.5
4 6.5
) 8

TaBLE B.1: Corresponding scan length for the unit of FILAMENT [1]

3. VELOCITY (Range 0-255)

The VELOCITY parameter sets the velocity of the carriage system measured before
the hard pull is applied. The velocity monitoring system consists of a velocity
transducer circuit. One unit of the parameter is comparable to a change in the
transducer’s output voltage by one or more millivolts, depending on the transducer
being used. The recommended value for the optical fibre is in the range of 18-20.
Typically the circuit is calibrated in such a way that 120 mV corresponds to a
velocity of 1 inch/s.

4. PULL (Range 0-255)

The PULL parameter specifies the current passing through the pull solenoid and
therefore is proportional to the force of the hard pull. The maximum unit of 255 is
set to produce the solenoid current of 2.5 A. The suggested value of 150 is for the
optical fibre which gives the solenoid current of around 1.47 A. The pull force is
proportional to the solenoid current and the relative position of the solenoid and
the plunger. The latter factor depends on the cable adjustment and therefore the

resultant force varies from one puller to another.

5. DELAY (Range 0-255)

The DELAY parameter defines the time delay (At) for the start of the hard pull
after the laser turn-off. One unit is equivalent to 1 ms and the unit of 128 is set
for At = 0, that is, the hard pull starts just as the heat turns off. Therefore, At

is determined by

At = (DELAY — 128) x 1073 (B.2)

If DELAY > 128 then the hard pull starts at At before the laser turns off and vice
versa for DELAY < 128. For example, the unit of 126, which is the recommended
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value for the optical fibre, will set the system activating the hard pull 2 ms before
the laser heating is deactivated whereas for the unit of 130, the hard pull will start
after the laser turns off by 2 ms.
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