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Abstract
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1. Introduction

Hall (1981) introduced the triple sampling sequential technique to achieve the operational savings
made possible by sampling in batches and at the same time to guarantee the asymptotic efficiency of
the one by one sequential sampling of Anscombe (1953), Robbins (1959), and Chow and Robbins
(1965), though see also Liu (1997a) for a discussion of higher order efficiency. Although Hall’s
techniques were specifically devised to construct fixed width confidence for the normal mean with a
prescribed coverage, his results may be modified to treat point estimation problems. Mukhopadhyay
(1985) used Hall’s (1981) results to derive a triple sampling sequential point estimation technique
for the normal mean with bounded cost function. Further progress was made in Mukhophadhyay et.
al. (1987) and Mukhopadhyay (1990) discussed triple sampling mores generally; see also the texts
by Mukhopadhyay and Solanky (1994), Ghosh et. al. (1997) and Mukhopadhyay and de Silva
(2009). Vik and Mukhopadhyay (1988) used the asymptotic properties of U-statistics to obtain
properties of a triple sampling scheme for an unknown distribution.

In developing specific triple sampling schemes, a common approach is to assume that the form of
the distribution from which observations will be sampled is known and to construct an appropriate
triple sampling scheme accordingly. The properties of such a scheme are then derived using the
known distributional form. For example, Hamdy and Pallotta (1987) assumed a Pareto underlying
distribution, while Hamdy (1988) considered the normal case with various loss functions. Our
approach, however, may be motivated by the following scenario.

Suppose a matched pair clinical trial is to be run where one member of each pair receives treatment
A and the other receives treatment B. The mean difference in treatment effect is the parameter of
interest. In the protocol, drawn up in advance of running the trial, a triple sampling scheme is
proposed under the assumption that the differences are normally distributed with unknown variance.
In this paper we attempt to answer questions such as: what are the properties of the point estimator
of the mean difference and the distribution of the sample size when the true underlying distribution
is not normal? The results we derive hold for a wide class of distributions (those with finite absolute
sixth moment) and are presented in terms of skewness and kurtosis so that the sensitivity of the
normal-based triple sampling scheme to the presence of non-normality may be seen both
qualitatively and quantitatively.

Early work on sensitivity to assumptions in sequential inference was conducted by Bhattacharjee and
Nagendra (1964) in the context of the Wald sequential test for the mean, and by Bhattacharjee
(1965), Blumenthal and Govindarajulu (1977) and Ramkaran (1983) for Stein's two stage sampling
procedure. Jureckova and Sen (1996) devoted several chapters to the sensitivity of point and interval
estimation methods in sequential statistical inference. See also Liu et. al. (2002) for results on the
robustness of one-by-one sequential sampling in confidence interval estimation.



We first set up some basic notation. Let X, X ,, X ,,... be a sequence of independent and identically
distributed random variables from a continuous distribution function F(. ) with mean «, variance 8,
skewness y and kurtosis £, all unknown but finite. The main focus in this study is the estimation of
4 in the presence of the nuisance parameter @ or some continuously differentiable and bounded

function g(6). Throughout the paper we require that E(|X,|") < oo in order to obtain our asymptotic
results.

In the literature on sequential sampling for inference about the mean and for most distributions, it is
assumed that the sample size required to satisfy the above conditions takes the general form

n>n"=1g(9), (1.2

where A is a function of some predetermined constants A and C, which may appear in a cost
function incurred in point estimation of 2. Moreover, the function A is also permitted to approach

infinity such that the optimal sample size n” — oo . Having observed a random sample X,, X,,..., X,

from the distribution F (. ) withn > 2, we use the sample mean X :Zn;xi/n and the sample variance
i=1

szZ(Xi—Xn)z/(n—l) as estimators of x and 6 respectively.

i=1

The triple sampling scheme is introduced in section 2. The main asymptotic results are derived in
section 3. The asymptotic distribution of the stopping sample size is obtained in section 4. The
squared error loss function is discussed in the present context in section 5 and some asymptotic
regret and efficiency results for the triple sampling scheme with squared error loss are presented in
section 6. Finally, results of a simulation study are presented in section 7.

2. Triple sampling procedure for inference

Since n”in (1.1) is unknown, no fixed sample size procedure provides the above point estimation for
4 uniformly for all 8. Therefore, we use a sequential sampling procedure to estimate u via

estimation of the optimal sample sizen”. We now give an account of the triple sampling procedure
as described by Hall (1981), which may be described by the following three phases:

Pilot Phase: An initial random sample X,,X,,..., X, of size m>2 is taken from the

distribution F(.). We use X and S? as our initial estimators for x and & respectively.

Main Study Phase: Let 6 (0< ¢ <1) be a fixed design factor. The sample size required to
complete the main study phase is defined by



N, = max{m, [619(S2)]+1, (2.0

where [x | is the integer part of x . If m >[5 2 g(S.)]+1, we stop sampling at this stage.
X

from F(.). We augment the N, —m observations with the previous m observations and estimate the

Otherwise, we continue to observe an additional random sample X Xy, 0f size N, —m

m+1r /N ma21n

parameters using X, andSy, .

Fine Tuning Phase: Let

N =max{N,, [29(S2)]+1 }. (22)

IfN, > [ﬂg S 2N1)}+1, we stop at this stage. Otherwise we continue and take N —N, more

observations from F(. ), Xy .;, Xy s+ Xy, after which sampling is terminated and we propose X,
as a point estimator of .

Throughout the following sections, the asymptotic characteristics of the triple sampling scheme are
developed under the assumption made by Hall (1981) that

/im Sup(m/n) < & as m — oo, and n =0(m"), for r >1 (2.3)

Before developing the theory of the triple sampling procedure specified above, we state the
following preliminary results in the fixed sample size case which will facilitate proofs of the
theorems to follow.

Lemma 1

Let X be a random variable with distribution function F(.) as above and let Z =X — . Fora
random sample of Z,,Z,,...,Z_ we have:

)E(Z)=0, E(Z%) =6, E(Z°)=y6", E(Z")=p6".

EZ)=0 EC) -2, 6z -10 e, )—w
i) E(Z. S, %) = 7‘93/2 E(Z.2S. )_w EQY Y 2.2,5,%) = 26"

I¢j

Proof of (i) is immediate and for (ii) the two terms E(Z,°) and E(Z,*)follow immediately from
Rohatgi (1976, p303). The proof of (iii) follows by taking the expectation over the identities:

Z,S,’ =(m(m-1)) {Zz +ZZzzz—mzz‘m3},

1#])



Z?S’= (m—1)1{m2 [Zz;‘ +ZZzzizj2 +szZZzizj}—mz‘m4}

i#]j i#]

and

> 72,8, :ml[zzszzj +Y Zszzjzk}

i#] i#] i#j#k

—(m(m—1))-{2Zszzf+4z Y>zizz,+ ), ZZzizjzkzl}.

i] i#jzk i=jzk=l

3. Asymptotic characteristics of the triple sampling procedure

The asymptotic characteristics of the triple sampling procedure are thoroughly discussed through the
following theorems. Theorem 1 provides results regarding the asymptotic characteristics of the main
study phase. Specifically, second order approximations of the expectation and the variance of the second
stage sample mean are given as the initial sample size gets large.

Theorem 1
For the triple sampling rule (2.1)-(2.2), if condition (2.3) holds, then asm — oo, we have
DE(K,,) = =70 - m(g(0) (o) *+o(4")

ii)Var()?Nl) =0(on) " - 2492(ﬂ—3);—6£n(g(<9)) (6n) % +0(17?)

Proof: To prove (i), consider the transformationZ =X — x, and we may write

E(Xy,) = E(Nllizijw: E{E(Nllizi |N1]}+/,l. (3.2

i=1

Then, conditioning on the o — field generated by the random variablesZ,,Z,,...,Z  , we have

m N1 m
E(XNl):E{N[lE (). Z+), Zi|Zl,Zz,---,Zm)}+/J. GivenZ,,Z,,..,Z,,, the firstsum, > Z, , is non-random,

i=1 i=m+1 i=1

and the second sum has an expectation zero. Hence:
E()?Nl)zE{NllzZi}+y (3.2)
i=1

A Taylor series expansion of N, *around 5n”gives:

N, =(6n) " = (on") * (N, =6n")+77° (N, —on')?, (33



where 7 is a random variable lying between N, and Sn”. For large 4 we
approximate N, ~5 19 (S, %) as A — oo, where g is a differentiable bounded function around . By

expanding g(S2)and g*(S2) around & and substituting in (3.3), we obtain:
E ( N> Z, j =—(6n")* [d% In g(@)} 76 +o(1), (3.4)
i=1

where the remainder term is of ordero (A1) . By substituting this in (3.2), (i) follows.
To prove (ii), we also write
Var()le) = E()ZN1 - u)’
N, N,
= E(E{le [sz +>.>2.Z, J|zl, Z,Z,, D : (3.5)
i=1 i ]
The first term in (3.5), conditioned on the o —field generated by the random variablesZ,,Z,,...,Z , ,
can be written as

(v elnce(See S arlnz, | @5)

i=m+1

and therefore,
Ny m
E[le sz] = E(le sz}LeE(Nl1 -mN,?). (3.7)
i=1 i=1

The first term on the right hand side of (3.7) can be treated along the same lines that led to (3.4). The
second term of (3.7) can be written as

E{N,*(N,—-m)} <E(N,™)
=0(4") as m—oow
Finally,
E[Nl‘z _Nzlzfj =o(on') " ~20*(p-1)(on")" Lf—& In g(e)} +0(4™), (3.8)

Similarly, the second term of (3.5) yields

i#]

E(le %:Zzizj j =467 (sn") " [% In g(@)} +o(17), (3.9)

where we have used Lemma 1 and the assumption that g and its derivative are bounded. Hence, the
proof of part (ii) is complete.

From part (i) of Theorem 1 the bias of X v, depends on the variance and skewness of the underlying

distribution and the form of the function g, as well as on the optimal sample size n” and the design
factor & . In the normal case, where y =0 , we observe that the bias is zero.



The variance of the second stage sample mean Var(le) depends on g (8), the kurtosis, the
variance €, n" and & . Suppose g (&) > 0. Then platykurtic, leptokurtic and mesokurtic distributions
yield estimators of the mean with variances larger than, less than and equal to @(Sn”)™" respectively.

Note that, for largen”, the variance of X , tends to zero, as expected.

It is of interest to see whether the fine tuning stage (third stage) reduces the amount of bias evident
from Theorem 1. The following results in Theorem 2 provide asymptotic characteristics of the

second stage sample size N, which are essential for proving Theorems 3 and 4 later.

Lemma 2

For the triple sampling rule (2.1)-(2.2), if condition (2.3) holds, then conditioning on the o -field
generated by Z,,Z,,...,Z,,, we have

(i)E[(sﬁl—a)iiz 22,2 J——zNZ[ZZzzz +6° (N, m)(Nl—m—l)J

i=l i=]j i=1 i=]j

(ii)E[(Sﬁl—e)iZi2|Zl,Zz ..... } N’l(ZZ +B6% (N, m)+222222

i=1l i=j

+6% (N —2mN, =N, +m? +m)) —6°N,

(iii) E[(sf,l—e):zllzi |zl,zz,...,zm} (Zz +ZZZZZ —uZZzz J

i=1 i#j i=1 i=j

+N, (7072 (N, —m))+ﬂ[;zi2 +O(N, —m)j

(V) E[ N, (S}, ~0)[Z,, 2,2 ]—N*ZZZZ

i=l i#]

+ Nl—l(iizizzf +0%(N,” —2mN, — N, +m? + m)j

i=1 =]

4 Nl—{iizfzf +0° (Nl—m)(Nl—m—l)J

i=1 %]

Theorem 2

For the triple sampling rule (2.1)-(2.2), if condition (2.3) holds, then asm — oo, we have

0) E{(Sf,l —a)iiziz,} =—26%+20°(5n") +o(AY)

i=1 %]



(ii)E[( ) 2}92 (B-1)+0(17)
(iii) E 32 -0 Zz }=y93/2+0(/11)
: 2 2 1| d -1
(uv)E[Nl(s —49)]:—29 (on") [d—elng(e)]+o(ﬂ )
(v)El:Nl(Sﬁl—H)z]:HZ (B-1)+20%(sn")  +o(2?)

Proof:
To  prove (1), we write

E|(Ss, —H)iiz.zj = E{E[(th —e)iizizj |zl,zz,...zm}}

i=1 i=]j i=1 i#]j

Hence from (i) of Iemma 2, we have

E| (S )222,21 E{—ZNl‘Z (iizfzf +67 (N, —m)(N, —m—l)j}.

i=1 i#]j i=1 i#j

Consider the expansion of N,*and N,? around on". The first term leads to

{ ZNZLZZZ Z, j}=—202+292(5n*)_1+o(11)

=1 i#j

and the second term leads to

E{-2N, (6% (N, =m)(N,-m-1))} =o(4 ™),

where we have used the assumptions in (2.3) and the fact that g and its derivatives are bounded.
Therefore, (i) follows.

N
Similar arguments can be used to verify (ii) and (v) using E{Nllz Zi“} = B6*+0(47") and

i=1

i#]j

E{Nﬁizzizzjﬂ =o(1") . Part (iii) follows along similar lines and the fact that

E{Nllzzf} =y 0¥ +0(A™"). To prove (iv), recall (iv) of Lemma 2 and part (iii) of Lemma 1.,

The proof of Theorem 2 is completed. We delete details for brevity. The following Theorem 3
presents the asymptotic characteristics of the third stage sample.

Theorem 3

For the triple sampling rule (2.1)-(2.2), if condition (2.3) holds, then as m — o, we have



i)E(XN)=u—w”(n*)‘l[(f—g(In(g(e))}o(ﬂ)

ii)var(X,)=0(n") " ~20*(p-3)(n")" { (In(g(6)) }
d?n

+6’3(ﬂ—1)51(n*){ (dd—eln (0)) 1 dﬁz} +0(17%)

Proof: To prove (i), conditioning on the o -field generated by the random variables Z,,Z,,...Z ,

we write
N, N
E(XN)zE{N—lE(Zzi+ >z, \zl,z2 ..... leJ}ﬂz. (3.10)
i=1 i=N;+1

N,y
Again the first sum "7, in (3.10) is non-random. Thus, (3.10) reduces to

E()?N)=E[Nlizi]+y (3.11)

Also, N = ﬂg(Sle), as 4 —oo, where g(.) is adifferentiable and bounded function around 6. By

expanding N ™ around n”, and g(S2 ) around @, using Taylor series we obtain

(N-lzzj —[—Ing(@)}(n )-lE{(s 2—9)22 }+o(/1 ). (3.12)

Application of part (iii) of Theorem 2 completes the proof of (i) of Theorem 3.

Proof of (ii) can be obtained directly from the following

Var()?N)zE( 2E(ZZ +ZZZ,ZJ\Z Zyyos leD

i=]

+6?E(E(N’1—N1N’2

2,.Z,,... le)) (3.13)
By conditioning on the o -field generated by Z,,Z,,...,Z,, and expanding N “ and g(Sle) around

n"and & respectively, it can be shown that

E(NZ[_NZIZf 2,.2,0.2,, D =0(n") E(N)-26*(p-1)(n")" [%In 9(9)}0(/12) (3.14)

[ < .| d \-2 -1 "
E[N (ZZZiZjIZpZz ----- ZNJJ:M {d—glng(ﬁ)}(n) (1—(5n) )+o(& ). (3.15)

i#]

Also



E(N*-N,NZ)=—(n") "E(N,)+(n")”

+92(ﬂ_1)(n*)2{@@_151}251(9(6’)}2_392"(9)}0(12) (3.16)

g(o)\ 2 9(0)) 29°(9)
By adding (3.14), (3.15) and (3.16) the proof of Theorem 3 is completed.

In view of (i) and (ii) of Theorem 3, it is worth mentioning that the third stage has indeed reduced
the bias noticed in (i) and (ii) of Theorem 1.

Theorem 4 gives asymptotic results regarding the second stage estimator of the unknown variance 6.
Theorem 4

For the triple sampling rule (2.1)-(2.2), if condition (2.3) holds, then asm — oo, we have:
(E(S3,)=0-0°(5=D)| 5pin(ao) o) +o(i")

() E(St,)=6%+6*(B-1)(5n") " +o(1 ™)

(iii) Var(S2 ) = 6*( -1 (5n") * +0(4 ™)

d’n’
do?

(VE(9(SF)) = 9(0) - 67 (B-1) (Aon")* [(n*)l (‘iig} -(1/2)

] +0(217)

Proof: To prove (i), we write

o ez )

i=]
Consequently
d

E(Nll E[ iziz 1Z,.2,,..., sz =0-6° (,B—l)(5n*)l|:@ Ing (9)}0(,11)

while

E[(Nl(Nl—l))‘1 E[iZzizj 12,2, 2, J]: E[(Nl(Nl—l))_lzm:Zm:ZiZj]

] i=1 %]

gE[iizizjjzo (3.17)

To prove (ii), we write

10



i#]

i#=]j

E(Sy, )= E[Nl‘z [E[ §Zi4j|zl,zz,...,sz+ E(NI‘ZE[ iZzizzf |zl,zz,...,sz

Arguments similar to those used to verify (3.17) can be used to prove

E[(Nl(Nl—l))z E( iZzizzj |zl,zz,...,zm2n:o,

i#]

while
E| N, {E( izﬁ}zp Z,,..., zmn = B6? (5n*)’1 +o(17)
and

N, _
E N;ZE[ >N zz)? |zl,zz,...,sz =" ~0*(6n") +o(1Y).

i#]

The proof of (iii) follows immediately from parts (i) and (ii).
A more general second order approximation of the expectation of a continuously differentiable
function g of S? as m— o is presented in (iv). The proof of (iv) follows by expanding the

function g(S,ﬁl) around g (¢) and using (i), (ii) and (iii) of Theorem 4.

Clearly, (i) of Theorem 4 illustrates that Sf,l is biased for €. The bias depends on the kurtosis of the

underlying distribution, the form of g, & and n”. Similar arguments can be applied to discuss (ii)
and (iii) above.

Next, the expectation of the final stage sample size N and other asymptotic characteristics may be
easily obtained from (iv) of Theorem 4 above as given in the following Theorem 5.

Theorem 5
Let N be defined as in (2.2) and assume that condition (2.3) holds, then as m — oo, we have:

d?n”
do?

DE(N)=n"-6*(8-1) (5n*)—1(n* [:—Hm(n*)j —@/ 2)( J J+ E(ey,)+0@)

iiVar(N) = %(B —1)(sn")* (%} +0o(A)

iii)E|N—E(N) =0(1?),

where the continuous random variable & =1—{ﬁg (S Nzl)—[/lg (S Nzl )]} is defined over the interval
(0, 1).

11



Proof: To prove part (i), note that N = [ﬂ,g(Sle)] +1, a.s. except possibly on a set
&= {(Nl > [ig (Sﬁ,l )}+1)u(m > [&g (Sﬁ)}+1)} of measure zero, such that_[ N dP =0(1); see, for
example, Hall (1981) for details. Further discussion of this will be given later in section 7. Hence,
N =[1g(S,*)]+1
= 29(8,)—-{49(5,) - [29(5,, ) ]| +1
= /Ig(Sle)JrgNl (3.18)

Thus, E(N)=2E (g(Sy,"))+E(sy,), asm—oo.
Using Theorem 4 part (iv), we obtain the result.

Proof of (ii): From (3.16), Var(N)zJZVar(g(s,ﬁl)) as m-— o,
Var(9(351))=Var(9(l9)+gl(t9)(S§l—9)+...+%g"(f)(s§1_9))

- (g'(e))ZVar (Sﬁl)+o(/1‘l),
where 7 is a random variable between Sle and 6. By using Theorem 4 part (iii), and the
assumption that g and its derivatives are bounded, part (iii) of Theorem 5 follows similarly.

Remarks

If the underlying distribution is normal, Hall (1981, pg. 1237) proved that &, —>U (0,1) as

A —oo. More generally, & is continuous over the interval (0,1) and is independent of A . This can
be shown easily from (2.2) and the inequality Ag (S,ﬁl ) < [lg (Sf,1 )} +1<Ag (S,ﬁ1 ) +1. We were

unable to prove that &, —>U (O,l) for general underlying distribution F. A simulation study to
investigate the behaviour of &, for non-normal underlying distributions is given in section 7 and the

results tend to support the conjecture that Hall’s result applies for any continuous distribution. In
particular & only enters our results via its expectation and this is very close to 0.5 in all our

simulations.

It is also evident from Theorem 5 above that Hall’s (1981) Theorem 1 is obtained for the normal
distribution case, when the optimal sample size n” = 16.

We also stress that both the expectation of N and its variance depend on the kurtosis of the

underlying distribution and accordingly will reflect the amount of departure from normality while
estimating the optimal sample sizen”. To reiterate, for distributions with kurtosis close to 3, E(N)

12



and Var(N) will be little affected by such departures from normality. However, a more substantial
effect will accrue for underlying distributions that are either very flat or very peaked.

It is also of interest to consider the general form of the expectation of a real valued continuously
differential function on the final stage sample size N to be able to derive asymptotic results for all
moments of N, provided they exist. We also stress that we have not assumed independence between

X, and S2 or X and th , and therefore the above results are more general in that sense.

Theorem 6

Let h(> 0) be a continuously differentiable real valued function in a neighborhood around n” such
that Suph(n) =0O(h™"(n")). Then,as A —

n=m

2
* * * * _1 1 * n * ' * 2 *

E(h(N)) =h(n")-02(8—1)(sn") L [di] [(n ) h(n")-(1/2)h"(n )]—(1/2)h(n yamn
do &

+h (0" Ey)+0(2 1) ).

Proof: The proof follows by expanding the differentiable function h(N ) around h(n") using Taylor

series and applying the results of Theorem 5. The general form of the second order asymptotic
expansion of the expectation of a real valued continuously differentiable function h(> 0) enables one to

obtain the expectations of positive and negative moments of N in subsequent analysis.

4. Asymptotic normality of the stopping sample size N
Theorem 7

Let N be defined as in (2.2) and assume that condition (2.3) holds. Thenas m—oo, N is

asymptotically normal with mean n” and variance
*\ 2
Var(N)=6*(S-1)(on")™ [%j +0(4).

Proof: The proof of Theorem 7 is a straightforward application of Theorem 6 above with h(v)=e"

and v=(N-n")/Var(N).

5. Squared error loss function to estimate the mean
In this section our main objective is to develop a triple sampling point estimation procedure to estimate
the mean x of the population. In particular, if a point estimate of the unknown 4 is required, we

assume that the incurred cost of estimating mean x by the corresponding sample mean X can be

approximated by the following squared error loss function in (5.1) with a linear sampling cost. The
literature in sequential sampling has considered several forms of higher order cost functions to

13



model estimation cost. However, squared error loss functions are recommended and commonly used
in sequential point estimation problems (see, for example, Degroot, 1962). Therefore, we write the
cost (loss) function as

L, (A) = A(X — z)? +Cn, (5.1)
where C is the known cost per unit sample and Alis a constant permitted to approach «. We
elaborate further on determination of A in subsequent developments. The risk associated with (1.1)
can be written as

R (A) = E(L, (A)) = AE(Xn —1)>+Cn=A9/n+Cn (5.2)
Treating n as a continuous variable in (5.2), we differentiate (5.2) with respect to n and equate the
results to zero to obtain the optimal sample size as

x fAH
n>n =, |——— . 5.3
C ©-3)

The value of n”in (5.3) is unknown because the population variance @ is unknown. It has been shown
by Dantzig (1940), Stein (1945, 1949) and Seelbinder (1953) that no fixed sample size procedure

exists to achieve the above optimal requirement uniformly over 6. In light of (5.3), n” — o in two
ways, first, either A is permitted to approach infinity (extremely high cost of estimation error) or the
cost of sampling is cheap.

Since the optimal sample size in (5.3) depends on the unknown variance 8, no fixed sample size
procedure can be used to estimate w uniformly over all 6. Therefore, the triple sampling procedure

in (2.1)-(2.2) can be used to provide a point estimator of # with 2 =+A/C andg(6)=+/6. The
question arises: how efficient is this estimator?

6. The asymptotic regret and efficiency of triple sampling point estimation under squared error
loss function

In the literature on sequential point estimation several measures have been developed of the efficiency of
the sequential procedures (triple sampling, or accelerated sequential schemes) relative to the fixed sample
size counterpart had the form of g(&) in (1.1) been completely specified. The regret reflects the

expected cost of missed opportunity which measures the risk in using the triple sampling procedures to
perform point estimation of the population mean instead of the fixed sample size procedure, had the
nuisance parameter(s) been known. Other weaker measures like the asymptotic relative efficiency,
7(A) = E(L (A))/ E(L - (A)) , which is the ratio of the triple sampling risk to the optimal risk are

also used. For an efficient sampling procedure we expect 77(A) —1 and that @(A) is bounded

asn —o.

Theorem 8

The risk associated with the squared error loss equation (5.1) as m — oois given by
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Ry(A) =E[ Ly (A)]
=2Cn" —C(B-3)+(1/4)(B-1)Cs ' +CE(s,, )+0()
Moreover, the asymptotic relative efficiency of the triple sampling scheme and the asymptotic regret
are given by
) n(A)=1+0(17) ,
ii) w(A)=—C(B-3)+(1/4)(B-1)Cs*+C E(gy,)+0(),as m— o

Proof of Theorem 8:
This is immediate if we recall (ii) of Theorem 3 and (i) of Theorem 5. Moreover, the regret of triple
sampling associated with equation (5.1) is given by

o(A) =Ry (A-R.(A)

=—C(B-3)+(1/4)(B-1)Cs™ +CE(s,) +0()

If the cost of unit sampling tends to zero, then we expect zero regret. However, for C non-zero, the
regret is bounded, as illustrated in Theorem 8, and depends on the kurtosis 3 .

Theorem 8 has several consequences. First, the case of normal distributions treated by
Mukhopadhyay et al. (1987) and Hamdy (1988) are special cases. Secondly, for distributions with

S <3 a non-vanishing positive regret is expected. In addition, for distributions with £ >3 we expect
either positive or negative non-vanishing regret, depending on the values of the kurtosis and the
design factor 6 . Specifically, for distributions with 5 > 6, negative regret is expected with 6 =1/2.
Martinsek (1988) argued that for one-by-one sequential procedures negative regret is expected when
£ >3. Itis also worth mentioning that the regret of purely sequential procedures depends on both the
kurtosis and skewness of the underlying distribution, as indicated by Martinsek (1988), while our
findings in Theorem 8 emphasize that the triple sampling procedure depends only on the kurtosis.
This could be due to the nature of one-by-one purely sequential procedure which filters data. This
filtration may cause either acceleration or delay. On the other hand, triple sampling is based on
bulks (batches). Therefore, if an extreme observation presents, its effect on such the decision to stop
or continue sampling will be diluted by the rest of the bulk at that stage, which may cause the triple
sampling procedure to be less sensitive to extreme observations than one-by-one sequential
procedures.

However, a general formula for the regret incurred in estimating x with squared error loss function
(6.1) can be written as

. , 2
w(A) =—200(,8—3)(M]+C02(,B—1)5‘1 (M] +CE(g, ) +0(1) (6.)
9(9) 9(9) 1
Obviously, the non-vanishing regret in (6.1) dependson £, ¢, C and the form of g(&). To elaborate
further, consider the loss function in Martinsek (1988) of the form
Lo (A) = AG° (X, —2)? +n.
This, under the triple sampling scheme, provides the following regret:
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o(A) =—~(B-3)b+b’(B-1)/ 45 +E(s,, ) +0(D) (6.2)

The regret of the triple sampling procedure in (6.2) is the same as Martinsek’s (1988) equation (7)
for symmetric underlying distributions.

The above results are asymptotic and therefore to study the small to moderate sample size
performance of triple sampling a series of Monte Carlo simulation experiments were performed and
are presented in section 7.

7. Simulation results

Since the results obtained above are asymptotic in nature, a series of simulation studies, each based on
50,000 replications were undertaken to investigate the small, moderate, and large sample size
performance of the normal-based triple sampling procedure (2.1) and (2.2) under squared error loss with

(without loss of generality) C=1 and consequently from (5.3) A= (n*)?/ &. The optimal sample size
n”was allowed to vary from small to large (24, 43, 61, 76, 96, 125, 171, 246, 500); 5 =0.3, 0.5, 0.8;

m =10, 15 and the underlying distributions were U(0, 1), N(0, 1) and exponential with mean 1, thereby
giving 8= 1/12, 1 and 1 respectively. For each replicate the stopping sample size, the stage at which
sampling was stopped, the estimate of the mean, the loss and the value of &, were recorded. In addition,
in order to investigate the practically important case of symmetric underlying distributions with thicker
than normal tails, we used contaminated normal and t distributions. Relevant summary statistics for each
combination of conditions were recorded across replicates and these results form the basis of the
discussion given below in sections 7.1 and 7.2. To save space the results for ¢ =0.5 and m=15 are
reported; other combinations gave qualitatively similar results.

7.1 Termination stage, the distribution of &, and regret

Tables 1, 2 and 3 show the estimated probabilities of stopping after the first and second stages,
summary statistics for the mean and standard deviation of &, , the p-value of a Kolmogorov-Smirnov

test of uniformity for the distribution of &, and the estimated regret.

For the normal and uniform cases (Tables 1 and 2) there is little early stopping unless n* is small,
whereas for the exponential case (Table 3) the proportion of early stopping declines more slowly.

For all three distributions the hypothesis that the &, follow a U(0, 1) distribution mostly cannot be

rejected even on the basis of 50,000 replicates when n* is large, which suggests that the asymptotic
result of Hall(1981) for the distribution of &, may also hold for other underlying distributions. In

particular note that the estimate of E(e, ) is very close to 0.5 in all our simulations.

The estimated regret is rather volatile in the simulation results but it is interesting that in Table 3 the
estimated regret approaches the limiting value, —1.5, from above. It appears that the asymptotic
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results in Theorem 8(ii), which let m — oo, are poor approximations to the actual regret when m is
not large, such as in our case with m=15.

(Tables 1, 2, 3 near here)

7.2 The estimator for the mean and the stopping sample size
Table 4 shows estimates obtained from the simulations for the mean and standard deviation of

X, together with the corresponding asymptotic values obtained from Theorem 3 for the N(O, 1),

U(0, 1) and exponential(1) . There is good agreement with the asymptotic results for the estimator of
the mean: it is clearly unbiased for symmetric underlying distributions and the estimated standard

deviation is close to the asymptotic value except for n*=24, where m/n”is not less than the design

factor o (as required by (2.3)). For the exponential distribution the slight negative bias for the
estimator of the mean predicted by Theorem 3 is clearly present but the asymptotic standard
deviation is lower than the actual estimated variance for intermediate values of n*, probably a result
of the early stopping seen in Table 3.

Table 5, for the same set of underlying distributions, shows estimates obtained from the simulations
for the mean and standard deviation of the stopping sample size N together with the corresponding
asymptotic results obtained from Theorem 5. Table 6 shows the corresponding results for two
contaminated normal mixture distributions (N(O, 1) with probability 0.9 or 0.95 and N(0O, 9) with
probability 0.1 or 0.05), which model moderately thick tailed underlying distributions, and for the
t(5) distribution, which models a heavy tailed underlying distribution. Indeed since t(5) has only four
moments, it can be thought of as the most extreme symmetric underlying distribution for our
asymptotic results. Apart from the case n*=24 the mean stopping sample size is well approximated
by the asymptotic result which has been calculated assuming that E(e, )=0.5. For the variability in

N the situation is more complicated but when n*>24 for the lighter tailed underlying distributions
(normal, uniform) the asymptotic standard deviation is an underestimate, whereas for the heaviest
tailed distribution t(5) the asymptotic standard deviation is an overestimate.

(Tables 4 to 6 near here)
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™ [P(N=m) [ P(N=N,) [ E(s,) | Sd(s,) |p-valie |,

24 |0.768 0.000 0.497 0.288 0.007 5.232
43 |0.221 0.001 0.495 0.289 0.001 3.938
61 |0.061 0.003 0.498 0.288 0.032 1.652
76 |0.024 0.005 0.497 0.288 0.003 1.842
96 | 0.007 0.007 0.500 0.289 0.821 0.633
125 | 0.002 0.009 0.501 0.289 0.507 1.320
171 | 0.000 0.010 0.499 0.288 0.507 1.413
246 | 0.000 0.012 0.497 0.289 0.015 2.564
500 | 0.000 0.013 0.498 0.288 0.154 -0.101

Table 1 Estimated probabilities of early stopping, estimated mean and standard deviation of &, and
the estimated regret (asymptotic value 1.5) for the N(0O, 1) case with m=15and 6 = 0.5.

n*

P(N =m)

P(N=N,)

E(ey,)

Sd(z,)

p-value

10
24 10.839 0.000 0.496 0.288 0.006 5.471
43 10.112 0.000 0.497 0.289 0.006 5.219
61 |0.016 0.000 0.501 0.288 0.250 2.970
76 | 0.005 0.000 0.501 0.288 0.759 2.154
96 |0.001 0.000 0.498 0.290 0.113 1.710
125 | 0.000 0.000 0.500 0.288 0.400 1.287
171 | 0.000 0.000 0.498 0.289 0.151 1.466
246 | 0.000 0.000 0.501 0.289 0.211 5.923
500 | 0.000 0.000 0.500 0.288 0.303 7.641

Table 2 Estimated probabilities of early stopping, estimated mean and standard deviation of &, and
the estimated regret (asymptotic value 2.1) for the U(0, 1) case withm=15and 6 =0.5.

n* | P(N=m) | P(N=N,) | E(g,) | Sd(g,) |p-value |,

24 [0.748 0.010 0.495 0.289 <0.001 |-1.494
43 10.413 0.035 0.499 0.289 0131 [17.779
61 |0.232 0.056 0.498 0.288 0.076 | 22.727
76 | 0.150 0.065 0.496 0.289 0.013 [18.896
96 | 0.084 0.072 0.499 0.289 0.164 |15.153
125 [ 0.040 0.078 0.499 0.288 0.145 [8.634
171]0.014 0.085 0.499 0.289 0.324 [7.505
246 | 0.005 0.083 0.498 0.289 0.019 [9.994
500 | 0.000 0.084 0.501 0.288 0.439 [9.809

Table 3 Estimated probabilities of early stopping, estimated mean and standard deviation of &, and

the estimated regret (asymptotic value —1.5) for the exponential case with mean 1 withm=15and ¢ =
0.5.
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Underlying distribution
Normal (0, 1) Uniform (0, 1) Exponential (1)
n* E(Xy) Sd(Xy) E(Xy) Sd( Xy) E(Xy) Sd( Xy)
24 | 0.0008 (0) | 0.253(0.214) | 0.5003 (0.5) | 0.074 (0.062) | 0.970 (0.958) | 0.219 (0.220)
43 | 0.0007 (0) | 0.162 (0.157) | 0.5000 (0.5) | 0.047(0.045) | 0.951(0.977) | 0.183(0.159)
61 | -0.0005 (0) | 0.131(0.131) | 0.4999 (0.5) | 0.038(0.038) | 0.971(0.984) | 0.152 (0.132)
76 | -0.0008 (0) | 0.116 (0.117) | 0.5003 (0.5) | 0.034(0.034) | 0.981(0.987) | 0.130 (0.118)
96 | -0.0004 (0) | 0.103(0.103) | 0.5001 (0.5) | 0.030(0.030) | 0.986 (0.990) | 0.111 (0.104)
125 | 0.0001 (0) | 0.090 (0.090) | 0.5002 (0.5) | 0.026 (0.026) | 0.991 (0.992) | 0.095 (0.091)
171 | 0.0005 (0) | 0.077(0.077) | 0.5000 (0.5) | 0.022 (0.022) | 0.993(0.994) | 0.079 (0.077)
246 | 0.0004 (0) | 0.064 (0.064) | 0.4999 (0.5) | 0.019(0.018) | 0.996 (0.996) | 0.066 (0.064)
500 | -0.0002 (0) | 0.045 (0.045) | 0.5000 (0.5) | 0.013(0.013) | 0.998 (0.998) | 0.045 (0.045)

Table 4 Estimated mean and standard deviation (asymptotic values in parentheses) of X, for N(0, 1),
U(0, 1) and the exponential case with mean 1 with m=15and 6 = 0.5.
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Underlying distribution
Normal (0, 1) Uniform (0, 1) Exponential (1)

n* E(N) Sd(N) E(N) Sd(N) E(N) Sd(N)

24 16.36(23) 4.64(4.90) 15.24 (23.9) 1.96 (3.10) 18.00(18.5) 7.11 (9.80)

43 41.11 (42) 8.83 (6.56) 42.52 (42.9) 5.55 (4.15) 36.70(37.5) | 14.28(13.11)

61 59.78 (60) 8.54 (7.81) 60.77 (60.9) 5.49 (4.94) 55.42(55.5) | 16.22(15.62)

76 74.90 (75) 9.33(8.72) 75.82 (75.9) 5.97 (5.51) 70.67(70.5) | 18.11(17.44)

96 94.88 (95) | 10.42(9.80) 95.76 (95.9) 6.64 (6.20) 90.71(90.5) | 20.44(19.60)
125 | 123.90(124) | 11.74(11.18) | 124.86(124.9) 7.47 (7.07) | 119.59(119.5) | 23.36(22.36)
171 | 169.83(170) | 13.72(13.08) | 170.86(170.9) 8.60 (8.27) | 165.67(165.5) | 27.64(26.15)
246 | 244.95(245) | 16.34(15.68) | 245.78(245.9) | 10.26 (9.92) | 241.02(240.5) | 33.55(31.37)
500 | 498.82(499) | 23.19(22.36) | 499.86(499.9) | 14.54(14.14) | 495.23(494.5) | 48.71(44.72)

Table 5 Estimated mean and standard deviation (asymptotic values in parentheses) of N for N(O, 1),

U(0, 1) and the exponential case with mean 1 with m=15and 6 = 0.5.
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Underlying distribution
0.95N (0, 1)+0.05N(0, 9) 0.9N (0, 1)+0.1N(0, 9) t(5)

n* E(N) Sd(N) E(N) Sd(N) E(N) Sd(N)

24 17.48(18.76) 6.48(8.94) 17.95(19) 6.93(9.38) 17.33(18.5) 6.37(9.80)

43 38.26(37.76) | 12.07(11.96) 36.97(38) | 13.42(12.55) 38.65(37.5) | 12.22(13.11)

61 57.40(55.76) | 12.75(14.24) 56.38 (56) | 14.09(14.96) 57.65(55.5) | 12.75(15.62)

76 72.37(70.76) | 14.53(15.90) 71.32(71) | 16.10(16.69) 72.70(70.5) | 14.38(17.44)

96 92.42(90.76) | 16.77(17.87) 91.53(91) | 18.56(18.76) 92.81(90.5) | 16.66(19.60)
125 | 121.47(119.76) | 19.68(20.39) | 120.52(120) | 21.24(21.41) | 121.68(119.5) | 19.65(22.36)
171 | 167.40(165.76) | 23.70(23.85) | 166.59(166) | 25.71(25.04) | 167.73(165.5) | 23.30(26.15)
246 | 242.25(240.76) | 28.85(28.61) | 241.57(241) | 31.30(30.03) | 242.64(240.5) | 28.68(31.37)
500 | 496.56(494.76) | 42.26(40.78) | 495.91(495) | 45.39(42.82) | 496.85(494.5) | 43.31(44.72)

Table 6 Estimated mean and standard deviation (asymptotic values in parentheses) of N for two

contaminated normal underlying distributions and t(5) with m =15 and 6 = 0.5.
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