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ABSTRACT

Superfluid Neutron Star Dynamics,
Mutual Friction and Turbulence
by Trevor Lloyd Sidery

This thesis investigates the role of superfluidity in neutron stars and associated
phenomena. We model the internal fluid of a neutron star as a two-component
system: one of charged particles and one of superfluid neutrons. We derive a set
of multi-constituent hydrodynamic equations that allows for a mutual friction be-
tween the constituents. We show that when a velocity difference exists between the
two constituents the momentum of each constituent is modified by an entrainment
parameter. Throughout all of this work we take direction from both theoretical
and experimental work on superfluid Helium. This suggests that a force due to
vortex lines in the superfluid acts between the two constituents. The hydrody-
namic equations are on a scale at which the effect of vortices can be averaged
over. The form of the mutual friction between the two constituents depends on
the configuration of the vortices. Firstly, we concentrate on an array of vortices.
The mutual friction is calculated both for a straight array, and then extended to a
‘moderately’ curved array. We also investigate a turbulent model for the superfluid
neutrons in which the vortices are in a tangle. To include rotation in our model we
use a phenomenological approach to construct the mutual friction for a polarised
tangle. The hydrodynamic equations are used to investigate how entrainment and
mutual friction affect plane waves. We show that there are conditions in which the
waves are unstable and discuss how this may lead to turbulence. As a first step

in considering the neutron star crust we consider how oscillations in the fluid are



dissipated on a boundary. As before, we concentrate on the effects of entrainment
and mutual friction. Finally, we consider a simple global model of the glitch phe-
nomenon seen in neutron stars in which the important process is a reconfiguration
of the vortex array. We use this model to consider how the observational data may

constrain parameters.
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Chapter 1

Introduction

The study of physics is a process of observing nature, creating hypotheses, and then
testing the consequences of our theory by again observing nature. To rigorously
test our hypotheses it is important to look at situations in which the physical
parameters are extreme, for example at high and low temperatures or densities.
There is, of course, a limit to how far we can push these conditions in a laboratory.

To overcome this problem we may have to go back to observing nature directly.

Neutron stars provide an exciting test bed for extreme physics [33] [40]. They are
hotter, denser and have stronger magnetic and gravitational fields than anything
we can hope to create on earth. Any denser and a neutron star would collapse to
a black hole in which the properties of the matter are hidden from us. Of course,
unlike in the laboratory, neutron stars are not a controlled environment and so to
test our hypotheses a large amount of modelling is required. Less important effects
must often be neglected so that we can try and piece together what is happening

in the star and check if this agrees with current theories.

Our current knowledge of neutron stars is derived from observation of their electro-
magnetic spectrum [54]. This has given information that, along with the currently
accepted laws of physics, has helped create a model for the structure of the star.
Still, there are observations that are as yet not explained. It is the responsibility

of theorists to try provide useful models that can be tested against the available



data. An important area of research is the study of the internal fluid dynamics of
the star. The properties of the fluid will affect the way a star oscillates and the

various timescales involved.

By looking at the electromagnetic spectrum we can only ever gain information on
how the internal structure affects the surface of the star rather than observing the
fluid directly. However, at some point in the future we should be able to detect
gravitational radiation from neutron stars. A gravitational wave is generated when
a body is accelerated. This includes non-uniform rotation and internal density
changes. Because of this, gravitational waves carry information about the mass as
a whole rather than just the surface. They also are not affected much by passing
through matter and so give a less distorted signal than electromagnetic radiation
which is strongly affected by intergalactic dust. The downside is that they are
difficult to detect as the gravitational perturbation is small. A typical wave from
a nearby binary star system will displace two particles 1 meter apart by 1072

meters.

It is important for theorists to model the expected signature of the gravitational
radiation emitted from neutron stars for a few reasons. Experimenters building the
detectors need to know if there are any particular frequencies at which it is worth
making sure that one has a good sensitivity. Also when gravitational waves are
detected template waveforms will be needed to help pick out the separate sources.
If there is to be any hope that these templates are helpful then good models are

needed. One important part of this will be modelling the fluid in the star.

This thesis starts with a brief introduction to the structure of neutron stars and
the superfluid nature of the internal neutron fluid. We then introduce some of
the properties of laboratory superfluids so that we have a grasp of some neces-
sary concepts. The equations of motion for a multi-constituent fluid, as suggested
by Prix [62], will be derived and extended by comparing with results found for
superfluid helium. Next we concentrate on the mutual friction between the super-
fluid neutrons and other fluid constituents via vortex lines. Chapter 5 provides

a detailed derivation of mutual friction for an array of straight vortices, and has



already been published in MNRAS [10]. We then extend this analysis to a curved
array of vortices (work that has appeared in MNRAS as the appendix of [11]).
Chapter 6 provides a discussion of the mutual friction that should be considered
when the neutron fluid is turbulent. Most of the results can also be found in [11].
Chapter 7 (also published in MNRAS [74]) considers plane-wave propagation and
various dispersion relations. The aim is to understand how the properties of our
multi-constituent fluid affect oscillations. We also investigate instabilities in the
fluid that could lead to turbulent flow. Chapter 8 investigates the role of mutual
friction in two-constituent oscillations at a boundary. This is a first step in calcu-
lating the energy dissipated at the core-crust interface in a neutron star. Finally,
in Chapter 9 we apply the two-constituent model to the glitch phenomenon that

is seen in neutron star observations.



Chapter 2

Neutron Stars

To fully understand the processes in neutron stars many areas of physics are
important. More than this, the conditions inside and around a neutron star are
unlike anything that can be measured directly in a laboratory. This complexity
is the reason that these objects are so interesting to investigate. It is also the
reason that extracting physics from any data gathered is so difficult. Any model
that is used to compare with observations must be highly complex and still may
not account for all the processes involved. It is important to start from a simpler
model and compare with data that might involve fewer of the stars processes. To
do this we need to understand what is expected from currently known physics and

previous observations.

2.1 Birth of a Neutron Star

For billions of years stars like our sun are in a state of equilibrium. In their cores
atoms collide and create heavier atoms. This process, know as fusion, releases
large amounts of thermal energy which stabilises the star from collapsing under
the force of its own gravity. For most of a stars life hydrogen is the fuel and helium
is created. When the core of the star has used up a certain amount of hydrogen,
the star begins to collapse. This increases the temperature to the point at which

helium can undergo fusion. With a new source of fuel the energy created increases



2.1 Birth of a Neutron Star

the thermal pressure and once again stabilises the star. Finally there comes a point
at which this process is no longer sufficient to balance gravity. The way in which
this happens depends upon the size of the star. For a larger star the atoms combine
until they are producing iron. This is the largest atom for which fusion produces
energy. This means that there are fewer atoms involved in useful collisions. For
smaller stars the temperature never increases enough to start fusion processes with
the larger atoms. In both cases the star collapses. For the larger stars this results
in a supernova. The core of the star collapses to what is known as the remnant.
The rest of the star also collapses, but there are extra processes occurring which
release a large amount of energy in the form of neutrinos. Neutrinos have a very
weak interaction with normal matter and so escape the star. With all this energy
being released the collapse happens even faster. The core reaches a critical density
at which point in-falling material crashes into the core, creating an outgoing shock
wave. This is known as core bounce. After only 200 km the shock wave stalls. There
will then be some process which continues to eject the matter, but the details of
this are not yet known. One suggestion is that the denser matter will become
opaque to the neutrinos. The matter is then blown out by the energy contained in

large amounts of neutrinos. This process of mass ejection is the supernova.

After this catastrophic event, the remnant is left with a halo of gas. The mass of
the remnant depends on the mass of the original star. This in turn dictates the
nature of the remnant. For larger remnants a black hole will be formed in which
gravity has overcome all other forces. If the remnant has a mass of approximately
1.4 solar masses then a neutron star will be formed. For this type of nova it is
unlikely that any other types of objects will be formed. Various theoretical models
have given the possible range of neutron star masses between 0.2 and 2 solar
masses [54]. A lower bound of 1 solar mass is more likely from the nature of the
processes involved in producing the star. For a 1.4 solar mass star the possible
range of diameter is between 20 and 30 km [54]. In a neutron star the force of

gravity is balanced by neutron degeneracy pressure.

There is also thought to be a second way in which neutron stars may be formed. A

large proportion (40 %) of stars are in binary systems. That is, systems in which
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two stars orbit each other. One of the stars may at some point go nova and form
a white dwarf. As long as this event does not eject the star from the orbit it will
start accreting matter from its companion. This means that the material in the
atmosphere of the normal star will spiral into the white dwarf. If the white dwarf
accretes enough matter it may push the mass of the star to the point at which the
force of gravity exceeds electron degeneracy pressure. The star will then collapse

to a neutron star [42].

Between going supernova and becoming a stable neutron star there is an interme-
diary stage where the star is known as a proto-neutron star. This is a very short
stage in which more neutrinos escape, which both contracts and cools the star.
It is only about 50 seconds after the supernova before the mean free path of the
neutrinos becomes larger than the radius of the star [17] . It also becomes ener-
getically favourable for the protons and electrons to combine and form neutrons,
releasing more neutrinos. The final star is now very dense, cooling quickly and may
have a significant rotation and very large magnetic field. These last two properties
are the result of conservation of angular momentum and magnetic flux. As the
star collapses it is easy to see that a relatively small initial spin will translate into
a large rotation for the final small object. The period of rotation is thought to
be between 1s and 1ms. We can also see that as the star collapses the density of
magnetic flux lines will greatly increase. The field is thought to get larger than

10'3 Gauss in some cases.

2.2 Structure

The structure of a neutron star is something which we have only limited informa-
tion about. From observations of the stars exterior some progress has been made
in probing the interior of the star. From figure 2.1 we can see the regions that we
tend to split the star into. The outer kilometer of the star is the crustal region.
We also have the inner core and the outer core, though the designation of their

interface is less clear.



2.2 Structure

Crust Nuclei and
Superfluid Neutrons

Superfluid Neutrons
and

Superconducting Protons Crust

Figure 2.1: A sketch of the structure of a neutron star.
2.2.1 The Crust

The density of the crust ranges from 10%g cm™ at the surface to near nucleonic
densities at the crust-core boundary. At the very surface we would expect the
crust to be comprised of a lattice of iron nuclei. As the density increases the nuclei
become more rich with neutrons such that near the inner boundary of the crust
the number of nucleons in a nucleus is about 200 but with a proton fraction of
about 0.1. These nuclei have never been seen in a laboratory, so even at these
relatively low densities the nature of the matter has had to be extrapolated from
current physical models. At a density of 4 x 10'' g cm™3 it becomes energetically
favourable for the neutrons in the nuclei to become free flowing. This is known as
neutron drip. We now have a flow of free neutrons in a lattice of nuclei. There is
a transition from this lattice to homogeneous matter as the nuclei become closer
together at increasing density (fig. 2.2). Moving from the less dense region towards
the crust-core boundary there are several stages to this transition (known as the
pasta phases) [40]. At first there is the array of nuclei in a sea of neutrons. As the
density increases, the form of these nuclei becomes distorted and closer together

until they become cylindrical tubes of nucleonic matter (spaghetti). These then
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Increasing density

OOO ...
o oo 'h.

Figure 2.2: An illustration of the pasta phases at the base of the crust. There is

A

a transition from a lattice of nuclei to uniform matter. The dark areas signify the

nuclei, while the lighter areas contain free nucleons.

join to become sheets of matter between which is a flow of neutrons (lasagna).
As these sheets become thicker towards the boundary it makes less sense to think
of them as nuclei as there is no longer a confinement of nucleons. There are just
alternating layers of both protons and neutrons and layers of just neutrons. Finally
there are pockets of neutrons (Swiss cheese) before there is a sea of nucleonic
matter and the crust has become core material (sauce). The free neutrons in the
crust will be in a superfluid phase if the temperature is less than about 10° K.
The next chapter will discuss the properties of superfluids. When thinking about
how the crust interacts with the core we can see that there is no sharp transition

but the boundary between the two regions is blurred.

2.2.2 The Core

At the temperatures and densities involved in the core we start to loose our intu-
ition about the nature of the matter. In the outer core we expect that the neutron
will be in a superfluid state, while the protons will be in a superconducting state.
There will also be electrons in the mix. We expect that the ratio of protons to
electrons to neutrons will be roughly 1:1:20. As we cannot see the inside of the star
or recreate the environment in a laboratory the process of modelling the dynamics
of the core fluid and investigating how this might interact with the exterior of
the star is necessary in furthering our understanding. By the time we reach the

center of the star we would expect densities of 10'°g cm™3. At this point, various
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Figure 2.3: A sketch of the dipole model of the external magnetic field field of a
neutron star. Also shown is the radius from the star at which field lines would be

traveling at the speed of light if they follow the rotation of the star.

reasonable theoretical models give very different predictions. We may expect to
find more exotic matter, for example hyperons or a quark soup, which may also

have superfluid properties.

2.2.3 The Star Exterior

There are many situations in which the exterior of the star can look different
[54]. For stars in binary systems matter can be accreted on to the surface. There
are various phenomena and oscillations associated with this. When studying the
interior of the star we must look for clues on the surface. For this reason we will
concentrate on a particular class of neutron star called a pulsar. A pulsar is seen
as a pulsating beacon of radiation, like a lighthouse. The beam is due to the stars

enormous magnetic field. As seen in figure 2.3 we would expect a dipolar field. In
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reality we do not expect the magnetic poles of the star to coincide with the axis
of rotation though they will be attached to the crust. There will be some distance
from the star at which the magnetic field lines that are dragged around with the
crust would be travelling at the speed of light. Any field lines that are outside
this radius become open field lines. It is these open field lines which contribute
to producing the beacon of radiation. The exact mechanism that produces the
radiation is a current area of research, but it is thought that these open field lines
are a vital part. As the star is rotating the magnetic pole will move around with the
same period as the star. For an observer these will lead to pulses like a lighthouse.
These pulses therefore give us a direct measure of the period of rotation of the

magnetic field, and hence the rotation of the crust.

2.3 Observing Neutron Stars

Currently all observations are made by detecting electromagnetic radiation. This
gives us a great deal of information about the surface of the star, but none directly
about the core. Observations of a neutron stars spectrum give clues as to the
temperature of the star. If the neutron star is in a binary system then we gain
information about its mass. It is through properties like these that we can apply
our models to try to infer the stars structure. Observations of an accreting star
may give insight into it’s surface properties, in particular it’s magnetic structure.
Pulsars are a very useful source as we can gain a lot of information from the
lighthouse like pulses of radiation. Apart from information about the radiating
magnetic poles themselves this effect can give a clue to the internal structure
of the star. As we would expect the magnetic field to be bound to the crust of
the star, the frequency of the pulses should coincide with the period of rotation.
There are observed phenomena in which the pulses are not as regular as would be
expected from a stably rotating object. If we stick with the assumption that the
pulses give us the angular velocity of the surface then these phenomena could be
due to internal physics. It is in this indirect way that we can gain clues about the

structure of the star. Due to the nature of electromagnetism, currently, it is only

10
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through this seismological approach that we can gather data about the core of
neutron stars. As mentioned in the introduction, detection of gravitational waves
would be a way of observing the star as a whole. As the core of the star contains
the majority of the mass we would hope that there are internal processes that

would be observable.

2.4 Phenomena

When modelling the structure of a neutron star it is necessary to have the observed
phenomenon in the back of your mind. We concentrate on those phenomena that

are thought to be due to the internal structure of the star.

2.4.1 Glitches

The frequency of pulses from a neutron star is thought to give us the rotational
period of the neutron star. We would expect that, in the absence of a companion
star, the stars period will increase slowly over time. The increase in period will be
due to magnetic torque and possibly gravitational radiation. Observations show
that occasionally the period of a neutron star suddenly decreases [55] [49]. After
this so called ’glitch’, there are several time scales over which the star relaxes
back to towards its original behaviour. The final period and rate of decrease in
period may not exactly match those expected if the glitch had not occurred. There
are a two main categories that glitch observations can be divided into. The most
common has a sharp rise in frequency and then a longer relaxation (see fig 2.4).
These are often split into another two categories. We call the size of the glitch the
ratio of the change in angular velocity of the glitch AQ against the initial frequency
Qo. For neutron stars that glitch there often seems to be two separate amplitudes
of glitch. Large glitches have a ’size’ (AQ/€) ~ 107¢ while smaller glitches have
a relative change in frequency of ~ 107°. The size of detected glitches covers the
range 107 — 10~% but seems to show more prevalence for the extremes. A second

class of glitch has only been observed in one pulsar [71] [72]. In this type of glitch
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2.4 Phenomena

Angular
velocity

Q

time

Figure 2.4: A sketch of a typical glitch. The angular velocity €2 of the crust is

plotted against time. The jump in rotation is of magnitude AS).

the rise in frequency occurs on a time scale of 100’s of days. For the more common
glitch this rise is less than 40 seconds and cannot currently be resolved. From this
point on we concentrate on the fast glitches, of which there are a larger number of
observations. There have been several models as to the processes that cause these
glitches. Two popular proposals for the process that causes this phenomenon are

the crust cracking and superfluid vortex unpinning models.

Crust cracking

When a neutron star first forms it may be rapidly spinning. The crust that forms
will be slightly elliptical due to the centrifugal force. Over time the stars angular
velocity will decay. The natural shape of the internal fluid of the star will become
more spherical. This causes stresses in the crust which is still elliptical [15]. At some
point the crust will crack and become more spherical. This shifts the distribution
of matter and so to conserve angular momentum the star spins up. The relaxation
would be the time that it takes for the star to stabilise after the crust cracking. It
has been found that this model as it stands cannot account for the rate at which

larger glitches occur in some pulsars [2].
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2.4 Phenomena

Superfluid vortex unpinning

In the core of the star we expect to find superconducting protons, superfluid neu-
trons and electrons. If all the charged components of the star are coupled then the
crust will be locked to the protons and electrons. The crusts angular velocity will
be linked to the angular velocity of the internal fluid. There will be a magnetic
torque acting on the charged components that causes their angular velocities to
decay. On the other hand the superfluid neutrons angular momentum is deter-
mined by the configuration of superfluid vortices. If the vortices are pinned to
the crust the angular momentum of the neutron fluid will be fixed. There will be
a growing velocity difference between the neutrons and the protons. If, at some
point, there is a way to unpin the vortices then there can be an exchange of angu-
lar momentum [6]. This will increase the angular velocity of the protons which we
would see as the glitch. We will discuss a mechanism that may cause glitches in
more detail in chapter 9 after we have looked at the properties of superfluids more
thoroughly in chapter 3. The neutron fluid moment of inertia could be up to an
order of magnitude larger than that of the proton fluid and so a small decrease in
the neutron fluid velocity will mean a larger increase in the crust. If glitches are a
result of internal dynamics then we have a way to probe the internal structure of

a neutron star [53].

2.4.2 Free precession

The precession of a star occurs when the principal axis of inertia is not aligned
with the rotation axis. In this situation the axis of rotation rotates around a
second axis. As the rate of precession depends on the distribution of the inertia
this phenomenon is a good probe of the neutron star core as the core contains
most of the matter in the star [43]. We will not discuss free precession in detail

here, but work done in this thesis will be relevant for it [32].
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2.4 Phenomena

2.4.3 Timing noise

Timing noise is a variation in the pulse data to which no phenomenon has been
assigned. It is not, as the name suggests, always a seemingly random signal. The
signal can be quite coherent but with no obvious label to attach to it, or not quite
clear enough to say with the necessary confidence that a known phenomenon like

free precession is occurring.
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Chapter 3

Superfluids

As described in the previous chapter, the fluid in neutron star outer cores is a
mixture of superfluid neutrons, superconducting protons, and free electrons. As
we can’t test properties of this fluid in a laboratory it is useful to look at fluids
which are expected to have similar behaviour. We can hope to gather data and
expertise from those who have studied such systems. Such a fluid with a superfluid
phase is helium (*He). The superfluid phase of *He is known as He II. 3He also has
a superfluid phase, but only at millikelvin temperatures and so there have been
less experiments done with this fluid than with “He. We therefore concentrate on

He II.

3.1 Helium (‘He)

Before describing the model for liquid helium we will look at some of it’s observed
properties. As a liquid is cooled down it is usually expected that at some point the
molecules in the fluid will form a solid as the entropy goes towards zero. Rather
than solidifying, helium goes into a superfluid state at approximately 2.17K and
stays in this state down to OK. The fact that it is still fluid with no entropy
shows that something different to a conventional liquid must be happening. To
cool helium down to these temperatures the vapour is pumped away from the

vigorously boiling liquid surface. At the phase transition temperature (known as
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3.1 Helium (*He)

Manometers

& N
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~ N
Fluid Flow

Piston —»

Figure 3.1: An experiment to measure viscosity. The level of the fluid in the
manometers shows the pressure of the fluid. The piston force fluid from the left
container to the right through the thin connecting tube. The more viscous the fluid
is, the greater force is need to push the fluid and hence there will be a pressure

difference between the fluid in each container

the lambda point’) the surface suddenly becomes completely calm. This is a result
of super heat conductivity. The superfluid is such a good conductor of heat that
hot spots cannot form and rise to the surface. It is not true to say that helium
is never solid, but the fluid needs to be under pressure. Experimenters even have

evidence of a supersolid state in helium [47].

The property of superfluidity that gives its name is that it can appear to have zero
viscosity. One can measure a fluids viscosity experimentally by forcing it through
a small tube as in figure 3.1 [34]. The fluid is pushed from one container into the
other by using a piston. For a normal fluid the friction between the tube and the
fluid will cause an increase in pressure in the first container. This will be measured
as a rise in the level on the manometer. When this is done with a superfluid, such
that the velocity of the fluid going through the tube is less than some critical value,

no pressure difference is measured. This would suggest that the fluid is inviscid.

Another way of measuring viscosity is to vibrate a musical string inside the fluid
[34]. By comparing the damping time with that of the string in a vacuum the
viscosity can be found. It would seem that these two experiments should give

the same result as they are measuring the same quantity. In the first case the
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3.1 Helium (*He)

Figure 3.2: An experiment to measure angular momentum. A container full of
rotating superfluid is tilted with respect to the axis of superfluid rotation. The

rate of precession of the container shows the angular momentum of the superfluid.

fluid is being pushed past an object, whereas the second experiment is pushing
an object through the liquid. However, the string in the superfluid helium has a
faster damping time than in vacuum. Contrary to the previous experiment, this

would suggest that the fluid is viscous.

We now consider some rotational properties of superfluids. Taking a cylindrical
container filled with helium with a temperature above the lambda point, we rotate
the cylinder (fig. 3.2) [34]. This will spin up the fluid by viscous effects. Now
we lower the temperature below the lambda point and then stop the spin of the
container. If the superfluid stores angular momentum then it will act as a gyroscope
and tilting the container will cause it to precess around its original orientation. We
find that the rate of precession is proportional to the angular momentum stored,
which in turn can be found to have a relation to the temperature. This may not
seem surprising at first sight. We have seen situations in which there appears to
be no viscous effects in the fluid. No energy will be taken out of the superfluid and
so we expect the angular momentum to be conserved in the fluid. What is unusual
is that once the experiment is set up the rate of precession is still related to the

temperature. As the temperature is lowered the rate of precession increases.
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3.2 The Two-fluid Model

3.2 The Two-fluid Model

To describe these phenomena we must look more closely at the nature of helium
itself. Most molecules have a sufficient attraction to each other that they form
crystalline structures as they cool down. This is because the attractive forces
between the molecules are no longer overcome by energetic movement. The fluid
as a whole can have a range of temperatures but the separate molecules have a
minimum amount of allowable energy. If a fluid is cooled then there will be some
point at which some of the molecules will be in their ground (lowest energy) state.
By the time this occurs most fluids will already have frozen into a solid state.
This is not true of helium as interactions between the atoms are extremely weak.
The point at which some of the helium atoms go into their ground state is the
lambda point. As the temperature is still non-zero we will have a fluid in which

some particles are in the ground state and some in excited states.

To understand why He IT might have unusual properties we need to look at the
consequences of an atom being in its ground state. If an atom has the minimum
energy it is impossible for it to lose any energy to its environment. The amount
of energy that the atom can store is not a continuous spectrum. There are dis-
crete amounts of energy that the atom can have. This means that a atom will
only receive energy from its environment if the amount of energy exchanged is
above a threshold. For a slow moving cool system there will be few interactions
between the fluid and its surroundings. This is how the fluid can seem inviscid
as no energy exchange means no viscous effects. It is often taken that the ener-
getic atoms form the 'normal’ component, while the atoms in their ground state
are the ’superfluid’ component. There will always be a normal component until
the temperature reaches zero as for the fluid to have a positive temperature some
of the molecules must be in excited states. It is, however, a little misleading to
say that there are two separate fluid components as any excited atom may have
enough energy to excite an atom in the superfluid component. This may in turn
lower the energetic atom to its ground state. On the other hand we could describe

the second fluid component as the flow of energy (or entropy). When it comes to
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3.2 The Two-fluid Model

modeling the dynamics of the superfluid helium, the usual approach is to describe

the two components separately with some coupling.

We are now in a position to explain the results of the viscosity experiments. In the
second experiment, in which a string was oscillating in the fluid, the superfluid was
shown to have a non-zero viscosity. It can now be seen that this will come from the
normal component as the temperature will be above absolute zero. Why then did
the first experiment show zero viscosity? In this experiment the fluid was forced
through a small tube. The normal component may not be able to get through
due to its viscosity, but the superfluid component can still flow freely. Hence it
is only the viscosity of the superfluid component that is measured. It should be
noted that a non-zero viscosity is measured once the velocity of the fluid traveling
through the tube exceeds some critical value. At this point the walls of the tube

can excite some of the helium molecules out of their ground state.

3.2.1 Irrotationality

When all the particles are in the same quantum state we can describe the whole
fluid with a single wave function [5]. This is true for a superfluid in which all the
particles are in their ground state. Denoting ¥ as the wave function of all the

superfluid particles in the system we have
Wo(r) = /no(r)e’®) (3.2.1)

What is the definition of ng? The wave function of a single particle describes the
probability of finding the particle within a region. There is no way of distinguishing
between the particles in a superfluid in which all the atoms are in a single quantum
state. The wave function ¥ is the sum of all the identical wave functions and
therefore describes the expected number density of particles. This gives that for a

system with Ny particles in a volume V'

No=Vngy = / |Wo|? dr (3.2.2)
1%
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3.3 Hydrodynamic equations

This gives us that ng is the particle number density. The mass current (j;) is given

by

Ji = 52 [\Ilovz\:[lo — \I/()vijo]
b (Lid i —i¢ -
= [\110 (e Viyv/no + ie \/%Vigb) - (e Viv/no — ie \/%Viqb)]
h
=5 [VnoViv/no +ingVi¢ — v/noViy/no +ingVig)|
= h[noVi¢] (3:2.3)

Using that ng is the particle number density and j; = pv; we get

v = .6 (3.2.4)
m

where m is the mass of a particle. We should note that the definition of the mass
current j; defines v;. We would expect that v; is the conventional velocity, but
we will see later that this is not necessarily the case for multi-constituent fluids.

Taking the curl of this equation gives
ek VIR =0 (3.2.5)

This means a superfluid is irrotational. We will return to this in more detail later.

3.3 Hydrodynamic equations

The first equations that were used to describe the motion of a superfluid were
derived by Landau [52]. In essence the derivation is based on conservation laws
(mass, momentum and energy) and the irrotational behaviour of the superfluid
component. The final equations are similar to the continuity and Navier-Stokes

equations for a conventional fluid. Given in tensor notation they are

g;’ VI =0 (3.3.1)

a(;:fs + Vv (psv}) =0 (3.3.2)

8;5 + vl Vol = —plnvipn + ;ZVQUZ-" (3.3.3)
a;; LV, (;Uz N M) _ 0 (3.3.4)
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3.3 Hydrodynamic equations

where v;, p, s and j; are velocity, density, entropy and current density, respectively.
The subscript/superscripts s and n denote the superfluid and normal fluid part,
while no label denotes total. P is the pressure, while i is the chemical potential
and 7 is the normal fluids viscosity coefficient. The equations (3.3.1) and (3.3.2)
follow from the conservation of total mass and entropy. Note that it would be
slightly misleading to conserve superfluid and normal components separately as
there is a constant exchange of population between the two. When we are writing
equations of motion we are concerned with average properties. When considering
average properties these two expressions can be rewritten as the conservation of
the two constituents as at the scale of observation there is no change in any fluid
property due to particle exchange eg. momentum, energy, etc... Equations (3.3.3)
and (3.3.4) follow from the conservation of each fluid constituent momentum. Note

that the viscous term is zero in the superfluid momentum equation as expected.

In showing the derivation for the irrotationality of the superfluid constituent a vital
detail was missed out. When integrating the circulation over a circular area, it can
be found that the circulation is non-zero. In fact we know it must be, otherwise
the superfluid cannot rotate at all. In the rotation experiment the precession of
the container showed some evidence of angular momentum being retained in the
superfluid part. Noting that the phase (¢) of the superfluid can be larger by any

multiple of 27 without changing the wave function of the system and using (3.2.4)

we get,
/ ek VIvidSt = f vsdl (3.3.5)
S 88
iy pdl? (3.3.6)
- omJss ! a
h +
= — [¢]o- 3.3.7
(gl (3:3.7)
h
=—n n ez (3.3.8)
m
Defining k = % we get that
/ e VIvEdS = kn (3.3.9)
s

We have already shown that eijkvj v¥ = 0 so how can we explain the above re-

sult that integrating this quantity over a surface can give a non-zero value? The
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3.3 Hydrodynamic equations

D

Figure 3.3: A sketch of an array of superfluid vortices. The macroscopic rotation

of the superfluid is due to averaging over the effect of the vortex array.

quantisation of circulation of a superfluid was first noted by Onsager [59]. It was
Feynman [22] who suggested that a superfluid could have a non-zero circulation
via the existence of an array of vortices in the fluid (figure 3.3). These are lines
along which the superfluidity breaks down and which have an inverse radial ve-
locity distribution around them. At each point in the superfluid the circulation
is zero, but taken over an area the circulation includes the vortex singularities.
In fact it can be shown that on a larger scale, the angular velocity of a rotating
fluid is given by n,x (where n, is the vortex number density). Going back to the
rotation experiment, once vortex lines have been created, it is hard for them to be
destroyed. Vortex lines must end on a boundary and so to be destroyed their ends
must join somehow. In fact there is often a force between a vortex line and the
walls of the container that keeps the ends in place. This means that the circulation
of a superfluid in the rotating system will be conserved. It is easy to see that the
superfluid will retain it’s angular momentum and hence we see precession. More-
over, if the temperature changes there is a change in the proportion of molecules
in their superfluid state. The number of vortices will stay constant, so the angular
momentum of the superfluid will change. This in turn will cause a different rate

of precession.

The inclusion of vortices in a model will modify the equations. This is because the
vortices are part of the superfluid component, but are themselves 'normal’ fluid.

This means that they set up a coupling between the two components which we
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3.4 A few extra properties

see as a mutual friction, a dissipative force within the fluid. There is also a non-
dissipative part to the force. Here are the HVBK equations, so named because they
were found by Hall, Vinen, Bekharevich and Khalatnikov [39] [16]. They describe
the motion of the superfluids as before, but also include the forces associated with

curved vortices.

0 j s 1 On 5 i . FmM

o +vIV; ) v + ;V,P - SV, T — %Vi(vn —v)° = v Ve — 0
(3.3.10)

9 1 Ps Ps o_ No2n  Fi°

Yo wivi e iv.pae PBrev i Py (n )2 = g2y T

<8t —I—van> v+ sz + . VT + 2sz(vn Vs) an v+ P
(3.3.11)

where
F"¥ =pswa [eijkd)jeklm@l(v% —vy,) + Veijkvjd)k}

+ pswal [eijkwj(v,’z — k) v vjwz} (3.3.12)

a and o are coefficients relating to the mutual friction, while v relates to the
curvature of the vortices. w; is the vorticity (average circulation) of the superfluid
given by

w; = ;/Seijkvjvﬁds (3.3.13)

where S is an open surface.

3.4 A few extra properties

This section provides a brief overview of some other properties of superfluids that
will be useful in later discussions. The first property is something known as second
sound. In any fluid a wave of density perturbations can propagate. This is of course
just sound waves. For a superfluid there is a type of sound wave known as second
sound. As we now have a two-component fluid, we can get a wave in which the total
density is constant but the component densities are perturbed. The temperature
(or entropy) of the fluid will therefore be perturbed as it is carried with the normal

fluid component. The dispersion relation for this wave depends on the vortex line
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3.5 Neutron-Proton fluid

A

Figure 3.4: A sketch of a pair of vortices crossing (a) and reconnecting (b). The

reconnection produces Kelvin waves along the vortex.

density. The detection of second sound is used as a way of determining the vortex

line density in the superfluid.

We now consider vortex dynamics. As the large scale motion of superfluids are
due to the vortices it is often useful to concentrate on the vortex dynamics before
considering the macroscopic dynamics. It has been found that there are waves
which are perturbations of the vortex lines. These are known as Kelvin waves
and are helical in nature. The last property of vortices to mention is something
known as reconnection. When two vortex lines cross they can change configuration
(figure 3.4). Kelvin waves are excited when they reconnect. This can even cause

more reconnections and loops of vortices to break off.

3.5 Neutron-Proton fluid

At first sight the situation in a neutron star looks very different. The temperature
is of the order 107 — 108K which seems far removed from the helium lambda point
at 2.17K. However, the densities in a neutron star raise the energy of the first
excited state such that the equivalent to the lambda point is approximately 10°K.
In fact it is often taken as an approximation that the neutrons are all superfluid
in the outer core. When modelling superfluids, this is the same as taking the zero

temperature limit in the equations of motion. Because of this it is now accurate
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3.5 Neutron-Proton fluid

to say that there is a mixture of two distinct fluids. The first fluid is the neutrons
and the second is the charged particles (protons and electrons). The properties
of the helium fluid arose from the energy gap between the ground state and first
excited state. This is still true here but there will be subtle differences. For *He
the atoms are bosons and so can all be in the same state. Neutrons are fermions
and so cannot all be in the same state. At the pressures and temperatures found
in a neutron star the neutrons pair up, similar to cooper pairing found in *He.
The paired neutrons are now bosons and so can all be in the same quantum state.
We also find that the momentum of the superfluid flow must be modified due to
nuclear forces. This leads to extra terms in the equations of motion and is called

entrainment.
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Chapter 4

Formulation of multifluid

hydrodynamic equations

Before deriving the equations that will help us to model the behaviour of the
neutron star core fluid, it is important to consider the scales involved. Casual
examination of a typical fluid, for example a cup of water, might suggest that
it is calm. If the fluid is magnified such that we can distinguish the individual
molecules our conclusions would be very different. We would observe a sea of
molecules travelling in seemingly random directions and at different speeds. There
would be collisions between the fluid particles which would exchange energy. How
then are these two pictures of the fluid consistent? The particles are so small that
a casual observer will only see the average velocities of the particles. If the motions
of the particles are truly isotropic then the fluid would appear static. Even when
a fluid flows, the particles will not all have the same velocity. If it was possible
to know the positions and velocities of all the particles then in theory it might
be possible to model the subsequent behaviour as seen by the casual observer.
In reality this system would be too complicated to correctly model on even the
fastest of supercomputers. A more realistic approach would be to find some way
of describing the averaged behaviour directly. On the other hand, these equations
will have lost the fine detail. If we want to model what the particles are doing

then a different set of equations will be needed which describe directly the particle
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4.1 Methods of Modelling

interactions with its environment.

Superfluids are unusual in the fact that quantum effects impact on a large scale.
The vortices are threaded throughout the fluid when it rotates. They may be as
long as the superfluids container but only a few Fermi in radius. They directly
impact on all scales. In this case we have three different important scales. The
casual observer sees what is known as the macroscopic scale. There is the particle
scale, known as the microscopic level. Lastly there is the mesoscopic. At this scale
the particle flow appears averaged, but we can observe directly the interaction
of vortices. Macroscopically the motion of the vortices is averaged as a changing
rotation of the superfluid. When considering the macroscopic equations it will
be necessary to include some averaged effect of the vortices. Again there may be

situations where it is useful to consider the mesoscopic scale.

4.1 Methods of Modelling

Traditionally superfluids have been modelled as a two component fluid, split into
the normal component and superfluid part. The flow of the two fluids have been
modelled in many different ways. One common way to describe superfluid helium
has been to start from conservation laws [46] [52]. Apart from the conservation
of mass, momentum, energy and entropy another equation had to be found con-
cerning the superfluid component of the fluid. This was found by assuming that
superfluid flow is irrotational and that the momentum of a helium particle can be
given as muv;. The assumption of irrotational flow is well founded by looking at
the physics of these quantum fluids, but the form of the momentum that needs to
be used in a multifluid system is under contention. Another method is to derive
the equations of motion from the Lagrangian of the system (see for example Prix
2004 [62]). This method involves minimising the Lagrangian integrated over some
4 dimensional (space + time) volume. This is done by making variations in this
integral, due to changes in the Lagrangian, vanish. It is possible to derive the basic
Euler equations by using this method and varying the Lagrangian with respect to

velocity and momentum. The problem with this is that we also need to set extra
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4.2 Lagrangian variation

Time

Space

Figure 4.1: This diagram shows how we define the Lagrangian variation. To vary

a quantity we displace the underlying flow lines x;(a,t) by an active displacement

&(cc,t).

conditions, like the conservation of mass, to complete the equations. To gain mean-
ingful results without having to impose extra conditions, such as the conservation
of mass, it must be the underlying flow lines that we vary. By constraining the
variation in this way we find quantities that would normally be varied (current
density and number density) in terms of variations in the flow lines. By using this
method it is straightforward to see that no extra conditions need to be imposed.
The following derivation of the hydrodynamic equations follows this method from

Prix (2004) [62].

4.2 Lagrangian variation

To determine the equations of motion we use the principle of least action [50]. We
need to vary the Lagrangian (A) with respect to the flow lines. Following the work
done by Prix [62] we define the flow lines by z; = z;(a,t) and an active variation
by & = &i(x,t), see fig 4.1. Here a is the position of a particle at time ¢ = 0. Then

the variation is

ri(a,t') = z;(a,t) + &z, t) where ¢ =t + 7(x,t) (4.2.1)

(2
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4.2 Lagrangian variation

If we have a physical quantity @) an Eulerian variation (J) will be a change in the
quantity itself, e.g.

0Q = Q'(z,t) — Q(z, 1) (4.2.2)
A Lagrangian variation (A) on the other hand will be due to a displacement of

the flow lines. eg.
AQ = Q'(a,t) — Q(a,t) = Q'(z',t') — Q(z, 1) (4.2.3)
Expanding this to first order using (4.2.1) gives

AQ = Q1) +§V,Q(,1) + 75 Qla,) ~ Qe 1)

=0Q+&V;Q(x,t) + TaatQ(a:, t) (4.2.4)

We should note that this is not the only way to define the Lagrangian variation.
This way of defining the variations is linked to parallel transport of the flow lines.
We can see this if we rewrite the Lagrangian variation using the 4-vector form of
§uand V, as

AQ =6Q +£'V,Q(z, ) (4.2.5)
We could have defined the Lagrangian variation using Lie derivatives [8] so that

for scalars

Af =0f+Lef
=5f+8V,f (4.2.6)
For scalars the difference between the two approaches is that there is no time
variation in the Lagrangian variation defined by the Lie derivative. Time variations

are necessary for extracting an energy equation and including particle creation

terms. For vectors the Lagrangian variation using a Lie derivative would be

Aff=0f"+ Lef!
=0f + V" = V¢ (4.2.7)

which we can see has extra terms that include the spacial variation £. We could

have even used a 4-dimensional Lie derivative to gain time variations as well. We
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4.2 Lagrangian variation

can see that the definition of the Lagrangian variation is a choice, though we
will continue to follow the formulation in Prix (2004) [62]. Using the Lagrangian
variation derived from the active displacement (4.2.1) and (4.2.4) we can show
how a variation in the flow lines affects the velocity of the fluid. The velocity is

defined by

i_ 9
V= o (a,t) (4.2.8)
The varied velocity is
0 0 0
/1 N _ = / o et
(G/?t) - 8t, (a’7t) " at/’m (a’7t) + at/g (Q},t) "

0 ot 0 0 dx | Ot
gtang| +{ge@ns pewn ST
0 0 0 0
Sai(a (1 - Srla ) + £ e )(1- Srat)  (129)

To first order the varied velocity will be
v'(a,t') = v'(a,t) - vigT(a t)+ gfi(a t) (4.2.10)
) b at ) 8t ) M
This gives the Lagrangian variation of the velocity as
i i 9 .
Av' = —v'—7(a,t) + Eé (a,t) (4.2.11)
Equivalently, by putting £ and 7 in terms of @ and ¢

i |9 i o i 0 il
Av' = [(%5 —|—le§:| |:U 8tT+UUVﬂ] (4.2.12)

The Eulerian variation is therefore

. o . . . o . .
ovt = | =€ 0!Vl — eVt | — | S (vir) + vl VT (4.2.13)
ot ot
Noting that a change in volume (V') from the position of the particles at time

t = 0 to time t will be given by
V(x,t) = Vo(a)det(T) (4.2.14)

where J is the Jacobian denoting the map between the physical space () and

material space (a). ‘
_ Ox'
oal |,

jji

(4.2.15)
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4.2 Lagrangian variation

By conservation of mass

V(x,t)n(zx,t) = Vo(a)no(a) (4.2.16)
Rearranging gives,
_ no(a)
n(x,t) = Jet ] (4.2.17)

Also ng(a) = n(a,0). Now the change in the Jacobian is found when the flow lines
are varied

_ 91'(a,t)

t/ aa‘]

9z’ (a, t')

o (x, 1)
Oal * j

t/ 8@‘7

T (a,t') = (4.2.18)

t/
To first order this will be

_ 0z'(a,t) N 8xi(a,t)ﬁ

T(at) o0& (x,t) 0z*  O€i(x, 1) ot
3 dal ot dall, Ok al ot 0al [ |,
o L OT O (x,t) ) 028 02k ot O (z,t) OT
= I @) =Vt Tk Yoa T ot awi|, (ot 0w

higher order higher order

= jji(a, t) — .ZlviVlT + levlfi (4.2.19)
so the Lagrangian variation of the Jacobian is
AT =T} (Vig' = v'VT) (4.2.20)
There is an identity that says that for some square matrix A;;

Odet A _1Nid
oA, = det(A4) (A7) (4.2.21)

As the Lagrangian variation is small we can therefore use

A(det J) = det(T) (71! AT (4.2.22)
so that
A(det
c(le(z jj) = Vi =o'V (4.2.23)

According to Prix [62] we now use this with (4.2.17) to get

An =n'(2',t") — n(z,t) = —nV, & + m' V1 (4.2.24)
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4.3 The Principle of least Action

This was done using (4.2.23) so that

, no(a)  no(a) detJ —detJ’ —A(det J) no(a)
—n = — = = 4.2.25
NS G detg  detgdetd "W T kg dergr AP
To first order this is
—A(det J) no(a)
'—n= 4.2.2
TTUT T det T detJ (4.2.26)
Using this result the Euler variation of the number density is
on=An—¢Vn— Tgn
B ! ot
= Vi — Vi + ' vir — T%n
0
= —V(ne") + [nlelT - Tatn] (4.2.27)

Using this together with the result for a change in velocity gives the Lagrangian
variation of the density flow n; as
An' = A(nv') = nAv® +v'An

=n {gtfl —+ lelgl} -n {vigtT + vilelT] — o'Vl + o' VT

0 o ioel] i
= [natf +n' Vi —n Vlﬁ} vl (4.2.28)

The Eulerian variation of n’ is therefore,

on' = An' — §jvjni - Tgni

ot
9 g i i el i 0 io i 0
= [natﬁ +n'Vi€ nvlé] naT §'Vin To"
= nggz +n!v,et — viniet| — Q’I’LiT (4.2.29)
ot : : ot -

4.3 The Principle of least Action

Variations of the number density and the number current have now been found

with respect to changes in flow lines. The action of the system is defined by,
7= /AHdth (4.3.1)

The hydrodynamic Lagrangian density Ay will depend on the densities (ny) and
currents (n;¥) in the fluid. Note that X and Y will be from here on used as con-

)

stituent labels, with X # Y. The principle of least action says that the Lagrangian
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4.3 The Principle of least Action

should be defined such that the mechanics of a system will be found by showing
where the action is a local minimum. This can be shown to be the kinetic energy
density of the system minus the potential energy density. It can also be shown
)

that the momentum (p;*) and energy (pgX) per fluid particle are defined by

= — &= —= 4.3.2
Therefore a variation in the Lagrangian is given by
dAy = (pg dnx + plydny) (4.3.3)

where the summation (>) is over the different constituents. Using (4.2.27) and
(4.2.29) it is now possible to define the change in the Lagrangian by changes in

the flow lines

dA g ZZ {pé( {—Vj(nxfgx) + < FVirx - Txgtnxﬂ

+rX [nxatgf + (nfVHE — (& Vn —nf (Vi) - at(n;%x)] }

(4.3.4)
Expanding this term by term we get
dApg = Z { — V(& nxpy ) + & nx Vg + Vipinitx — mxn} Vipy
0 g 0 ;0
X X _ X X
— TXDp Vj ~TXP) X + &p?)(anj —& nXap]X —& pjxanX
+ Vlnzxpé}f] @X Vgt @X an vlpg; - fjfplxvjnx = Vgt
0
X,

Any divergence terms and time differentials will not affect the integral and can be
ignored. This is because at the boundaries of the action integral the variations of

the Lagrangian are taken as zero. So for a divergence,
/ V/Rjdvdt = / Rjndadt (4.3.6)

where n/ is a unit vector pointing out of the surface of integration. If all the terms
in R; include & or 7 then on the surface of integration R; will vanish. Similarly,

taking a function R with every term including &; or 7 then
OR; tt
5 Qv = / [Ri]t,dv (4.3.7)
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4.3 The Principle of least Action

+
where [RiH, is the function a(.ﬁ" integrated over t between the bounds ¢* and

t~. At the limits between which ¢ is integrated, any variations are zero and the

integral vanishes. Grouping the terms by type of variation (&; or 7) gives

4 9 P .
dAg = Z {TX [—ni(vjpé( —l—ni(apg( - <8tnx +V’n§(>}

o . , "z
- & [nxatpjx —nxVIpy + <8tnx + Vlnix>

+ Vi — n Viply 4 p VIngt — plXanlX] } (4.3.8)
If we take that in a fluid there may be particle creation, and designate the rate as
I'x, then,
_9 X

Using eijkn&eklmvlpg = n&Vip]X — nj)'(Vjp;X, (4.3.8) becomes

- f}'x [nx <8thX — Vjp5(> + i Tx — ijlnkxezmqvmpgg] }

(4.3.10)
so that the varied action action can be shown in the form
6T = Z/ {TXgX - @ng;} dVdt (4.3.11)
where
i d i X ijk, X I.m j
fx=nx apx_vl’o — €75 em Vpx +p7XFX (4.3.12)
gx = v (f% —4Tx) - piTx (4.3.13)

It can be seen from looking at the dimensions of the terms that f{* is a force and
gx an energy. For convenience we define a hydrodynamic force which does not

include the particle creation term.

) o . ) y
fux =nx [atpfx — leé(} — e”knfeklmvpo (4.3.14)
Then the force and energy can be shown as

i = Firx +PxTx (4.3.15)

gx = vj)»(fgfx —pXTx (4.3.16)
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4.4 Equations of Motion

4.4 Equations of Motion

A general variation of the Lagrangian will give an action of the following form

oA oA
0T = — —¢&; ) dVdt 4.4.1
/<6t7+5:nj£]> v (4.4.3)
where &; and 7 are common variations in all the constituents. We also know that
oA 0H oA d §A
— = — = 4.4.2
ot — ot % sx; T dtou; (442)

where H is the Hamiltonian. From this we can redefine the variation in action

using the external force (f¢,;) and energy rate (gest)

0T = [ (geam = F2u&s) vt (4.4.3)

Comparing this with the form of the action calculated directly from variations

(4.3.11) gives the equations of motion

Zf;{ = feimt and ZQX = Yext (4'4‘4)
X X

4.5 The Hydrodynamic Lagrangian

Up until now the Lagrangian has been of a general form. To apply it to superfluidity
we need to specify its form for fluids. We assume that the Lagrangian of a fluid
constituent will depend on the fluids kinetic energy and its potential energy (F).

It is worth noting that the potential may depend upon other constituents.

Ag(nx,n) EmeéTXX—E (4.5.1)

As this point we make the assumption that the energy of the system depends only
upon number densities and the velocity difference between fluid components. We
choose these quantities as they do not depend on the inertial frame of the observer
and they are scalar quantities.

E = E(nx,w¥y) (4.5.2)
where we have defined
XY

and  wky = whyw; (4.5.3)
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4.6 Rewriting the Hydrodynamic Force

A variation in the energy is therefore found by

OE OE
SE=Y" Snx + Z —— ) dwky (4.5.4)
nx 8wXY
X —— S——r

KX «a
It can be seen that ux are the chemical potentials of the fluid constituents. From

this the momentum and energy, defined in (4.3.2), are

X = 0 <an;,Xn7X>_ OE Ow?y Ovy
! 8an 2nx oWy BUZX 871?
2a
mXvX XY XY
4.5.5
-y 459
X = 0 (anZXnX>_ OE  0E dw?y O onX
0 onx 2nx onx GwE(Y 8viX 8nJX onx
1
= —px + QvaX - UXpJ (4.5.6)

4.6 Rewriting the Hydrodynamic Force

For the equations of motion we want the hydrodynamic force in terms of quantities
such as the fluid velocities and chemical potentials. We substitute the form of the

conjugate momenta (4.5.5) and (4.5.6) into the hydrodynamic force (4.3.14).
2

X> + Vi(vhp') — €ijk0§(6klmvlpﬁ}

0
HX _
i —nx{(%pZ + Vip™ — V; (m 5

0
=ny <6t +UXV )sz +nXVZ-,uX

2
v - j
+nx {—Vi <m§> + Ez'jkpjxfklmvlvr)g "‘pjxvjvz‘x}

-~

Taking the terms signified by the underbrace and substituting the conjugate mo-

mentum (4.5.5) they expand to become

2
/U . .
=nx {—Vi <m§(> + mXeijkvﬁ(eklmVlvé + mxvﬁ(vjviX}

=0 by vector identity

Xy |kl X j X
- Z 20 e pwhey €V v, 4+ whey V07 |
Y

= = 20wl Viuk (4.6.1)
Y
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4.7 A Single fluid

We have found that the hydrodynamic force (4.3.14) can be written as

0 . .
X — iy (Ot + UJXv]') P+ nx Vet +> 20wl Vi (4.6.2)
%

4.7 A Single fluid

We expect that for a single fluid (o) the equations of motion should reduce to the
usual Euler equations. To show this we consider a single fluid that is acted on by

a gravitational potential. From (4.4.4) we have that

of _ pext — _ 5 WV, (4.7.1)

7 K3

where we set fe,: to be the force due to the gravitational potential ®. From (4.6.2)

we find ffH is given for a single fluid by

0 .
o7 =n, <8t + UZVJ') Py + noVul (4.7.2)

where all of the constituent velocity difference terms are ignored as there is no
separate constituent with which velocity differences can be set up. The result
would have been the same if we had two constituents which we lock together with

a ‘fast’ dissipative effect. From (4.5.5) we also have that
Py = movy (4.7.3)

Where m,, is the mass of a single particle. Finally we combine (4.7.1), (4.7.2) and
(4.7.3) to get,
o

0 .
MoNo ( + ngj> v§ + meno Vi (:”L

= —p,V;® 4.7.4
g ) oV (4.7.4)

Dropping the index as we only have a single fluid and noting that mn = p then

we are left with
0 - 7
Ava R v) _
(875 ! ]> v ‘ ((I) m) 0 (4.7.5)

which is the expected Euler equation except that the pressure is written using the
chemical potential. From (4.3.9) and assuming no particle creation we also get the

usual continuity equation.
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4.8 The two fluid equations

4.8 The two fluid equations

Now that we have derived the multi-constituent fluid equations we need to spe-
cialise to the situation in a neutron star. The first decision we need to make is how
many constituents we think are important. For a full description of a neutron star
core we expect there to be neutrons, protons, electrons and possibly other strange
matter like hyperons. These particles many be in several states throughout the
star. For example, for temperatures less than 10° K some proportion of the neu-
trons will be superfluid and the rest will be ‘normal’. We can model the normal
fluid by an entropy flow. If we apply similar ideas to the other types of particles
we may end up with 8 or more fluids. For the remainder of this thesis we are con-
centrating on the outer core. In this region we expect that there will be protons p,
neutrons n, and electrons e. The neutrons will be superfluid and paired. We also
introduce an entropy fluid constituent s that acts as the neutron ‘normal’ fluid.
We will assume that all of the protons are in the same state. Then we have 4 con-
stituents. We now assume that on the macroscopic scale the electrons and protons
are locked together. Depending upon the state of the protons there are different
reasons to accept this assumption. For a normal proton flow the mean free path of
an electron interacting with a proton is of the order of micrometers whereas we are
concerned with a system which is kilometers in size. On the macroscopic scale the
viscosity between the two components will make them flow together. For a neutron
star core we would expect the protons to be superconducting. Then the viscosity
argument no longer holds. For a neutron star with magnetic field B; = 102G ,

proton density n,, Maxwell’s equations give

; 4
Eijkvak = %enpw-ep (481)

(2

where c is the speed of light and e is the charge of an electron. If the magnetic

field varies over 1 km scales then

_ B
Wep ~ 10712 (1012(;) cm/s (4.8.2)

For the size of magnetic field that we expect in a neutron star we therefore expect

a small velocity difference between the two constituents. Locking the two fluids
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4.8 The two fluid equations

will still be a reasonable approximation. There has been some work done with
the 3 constituent model [7] but this is still too complicated for a first step in
understanding the properties of neutron star cores. For a neutron star that is more
than a few minutes old the temperature will be less than the critical temperature
at which the neutrons become superfluid. We expect that the temperature of the
star will be at least an order of magnitude colder than this critical point. Below the
critical point the proportion of superfluid neutrons to normal neutrons increases
exponentially with time. There will be a very small proportion of normal neutrons.
We therefore take the zero temperature limit and assume that there is no entropy
flow for the neutrons. The fluid will then have two components, the first ”¢” will
consist of the charged particles ”p, e” and the second constituent ”n” will consist
of the neutrons. For simplicity we set the number of particles of each species to
be constant.

I'x =0 (4.8.3)

This just assumes that the effect of nucleonic processes is negligible on the timescales
at which other processes occur. We assume charge neutrality so that the number

densities of the electrons and protons have the relation
Ne = Ny (4.8.4)
This allows us to ignore magnetic effects. We also use
m" =mP +m =m (4.8.5)
to give the fluid component densities as
pn =mn, and p.=mn, (4.8.6)
From (4.5.4) we have that
dE = p"dny, + pcdne + pPdng, + o dw?, + ozp”dwzn (4.8.7)
where the relative velocities are now related by

wi" = vf — o = wi" = w” (4.8.8)
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4.8 The two fluid equations

The total entrainment is given as
a=a”+af" (4.8.9)

As we are trying to consider the protons and electrons as being combined into a

single constituent we define the combined chemical potential using
pPdny + pcdne = pdn, (4.8.10)
This gives the form of the change in energy as
dE = p"dn, + pCdn. + adw?, (4.8.11)

For the neutron star model there will be an external force due to the gravitational

potential ® such that the minimal equations of motion(4.4.4) are

'+ fe=—-pV,® and g"+g°=—p'V;® (4.8.12)

The total density p is the sum of the two constituent densities. p; is the sum of

the momentum densities. The force and energy rate of the c-fluid are given by

ff=1+1 and ¢°=g'+¢° (4.8.13)
From equations (4.3.15) and (4.3.16) the forces are given by

fr=frH e = fell (4.8.14)

7 7 7 3

The energy rates are

g =it g =l (4.8.15)
Using (4.8.14) we can rewrite (4.8.12) as
4 ppVi® = =1 — p. Vi@ (4.8.16)
We can then split this into two equations by introducing a mutual force.

FrH 4+ Vi = fut (48.17)

4 p V@ = — fMut (4.8.18)

We call this force the mutual friction. As can be seen above it is a force between the

two constituents. We now have a complete set of hydrodynamic equations. From
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4.8 The two fluid equations

this point on we will use the constituent index p for the charged fluid component.
This stands for proton, and the constituent will often be described as the proton

fluid. The continuity equations come from (4.3.9) giving the expected

Opn o
- Vv (pnvj) =0 (4.8.19)
Ipp j D
We define
2 2
= = — (4.8.21)
Pn Pp

It is these parameters that we will often refer to as the entrainment. (4.8.17) and

(4.8.18) can therefore be written as

0 nyvj n n n n j
(m—i-vjV’) (o + en (V) — 0] + Vi <q5+ :%) +en (v?—vj)vivﬁl
fmut
"~ pn

(4.8.22)

0 : n Hp n j
<8t +’U§)V]> [V + &, (v — )] + V; <¢+ mp> +ep (vj —vf) Viv,,

fmut
7

7
Pp

(4.8.23)

These are the change in momentum equations. They are essentially balance of
force equations. At this point it is worthwhile noting the differences between these
equations with two constituents and the single fluid equations. We now have a
mutual friction between the two constituents. The exact form and possible origin
of this force will be discussed in the next chapter. We also have the entrainment
parameter that enters the equations as a modification of the momenta of the
two constituents. The total momentum has not been changed (we would worry
about the formulation if it had) but each constituents momentum now depends
upon the velocity difference. We can think of the entrainment as representing a,
non-dissipative, drag between the two fluids such that the momenta are now not
necessarily aligned with the constituent velocities [12]. There has been some work
to constrain the values that entrainment may take [19] [64]. These find €, to be of

order unity and so it will be an important quantity to consider.
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Chapter 5

Mutual Friction

When deriving the two-fluid equations of motion it was shown that the formalism
allowed a mutual force between the constituents. To use these equations as a
model for neutron star cores we need to find the form of this force. As we can’t
study the interaction of superfluid neutrons and protons in a laboratory we cannot
know all of the forces that might come into play. Hence, we turn to the properties
of superfluid helium to help us to include the effects that are most likely to be
important. Remembering the helium equations of motion we had some mutual
force terms due to vortices. In this chapter the mutual friction is calculated for a
straight vortex array. This is then modified for an array of curved vortices which

will be important when investigating turbulence in the fluid.

5.1 Vortices and circulation

To calculate the mutual friction it is necessary to understand where this force
originates from. As a vortex moves through the neutron fluid the Magnus force
will act on the vortex. This is the force that makes a spinning ball curve through
the air. It is due to a pressure gradient over the vortex because of the effect known
as Bernoulli’s principle in which faster flow has a lower pressure. There will also
be a force on the vortex due to the electrons in the charged fluid scattering off

the vortex. It is the balance of these two forces on the vortex line that leads to
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5.1 Vortices and circulation

a mutual friction. In our discussions on helium there was no issue in saying that
the normal fluid flow interacts with the normal fluid vortex core. For the neutrally
charged neutrons this is not so clear. To understand the processes involved we have
to return to the circulation of the superfluid component. For *He it was shown
that the circulation was zero throughout the superfluid except where there were
vortices. Conventionally to find the circulation we integrate the curl of the velocity
field. It is more correct to say that you integrate the curl of the momentum so
that the circulation is

1 .
CZ' = /Eijkv]pkds (5.1.1)
mJs

For a single fluid this is exactly equivalent to what was done before. However, for
a two component system the momentum of each component is modified via the

entrainment. The circulation of the neutron component is therefore given by

C; = /S {e,-jkvj {vg +éen (v}]; - vﬁ)} } dsS
_ f W+ e (0F — o] dr (5.1.2)

We know from (3.2.3) that the nature of a superfluid means that the momentum

can be written as the gradient of the phase. The circulation is therefore

h%vi(bdr = KiNy (5.1.3)
m

n, is defined here as the number of vortices that intersect the integrated area and
¢ is the phase. So it is the momentum of the neutron fluid that is quantised. To
emphasise this point we take the curl of the neutron equation of motion found in

the previous chapter.
9 il k k k
a + [,vn Eijkv |:Un +én (Up - Un)} =0 (5.1.4)

We have rewritten the equations using the Lie derivative because it is commuta-
tive with curl. We have ignored the mutual friction force. If there are no forces
acting then the circulation will not change. In fact we can see that (5.1.4) shows
the circulation is constant, but only when we define the circulation from the mo-
mentum. This means that the quantized vortices now involve the velocities from

both constituents. We can consider entrainment like a drag effect that causes some
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5.2 The mutual friction in Neutron stars

of the protons to be dragged around the vortices in the neutron fluid. This will
create a magnetic field which the electrons scatter off. When modeling helium it
is possible that entrainment should be included, but is not necessary for mutual
friction. For the fluid inside neutron stars entrainment is crucial for the interaction

between the two constituents.

5.2 The mutual friction in Neutron stars

Before launching into the derivation of the mutual friction we will take a closer
look at the nature of the fluids involved. In our discussions in chapter 4 we split the
important length scale into three definite categories. The microscopic, mesoscopic
and macroscopic scales in which the characteristic length scales are respectively,
particle mean free paths, inter vortex spacing, and observable quantities. There
are some subtleties to this. When calculating the mutual friction we will want to
consider the protons and neutrons as a fluid on the mesoscopic scale. We can then
derive the forces acting on a single vortex and then average over many vortices to
find the macroscopic force on the separate constituents. We would like to consider
the electrons and protons locked together on the macroscopic scale, but on the
mesoscopic scale we require them to flow separately so that a magnetic field can
be set up around the vortex. We will now have to specify what type of state
we expect the protons to be in. For a normal proton fluid the proton-proton
and proton-electron mean free path is of the order of the inter-vortex spacing.
This means that we would not be able to treat the protons as a fluid on the
mesoscopic scale. For a neutron star we expect the protons to be superconducting.
The important length scale then becomes the coherence length which is much
smaller than the inter-vortex spacing so the protons will behave as a fluid on the
mesoscopic scale. Similar arguments apply for the neutrons as they are superfluid.
The electrons on the other hand are not a fluid and on the mesoscopic scale are
not coupled to the proton fluid. We have shown in section 4.8 that the electrons
will be coupled to the protons on the large scale. For the following calculations we

are considering that the interaction between the vortices and the fluid constituents
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5.3 Magnus Force

is due to the magnetic field created by entrained protons. It should be noted that
other mechanisms have been suggested. There have been calculations done with
normal protons [21] which are relevant in the crust of a neutron star. There have
also been some calculations in which the vortex core has been considered as the

region in which protons scatter [65].

5.3 Magnus Force

To find the mutual friction force we will start by considering a single straight
vortex line. This calculation is on the mesoscopic scale. We will then have to
make some assumptions about how to average over many vortices to find the
macroscopic forces. We will be assuming that on the mesoscopic scale both the
protons and neutrons can be considered as fluids. As previously mentioned the
Magnus force will be acting on the vortex. We calculate this by considering a single
vortex traveling through a constant flow. To calculate the force on the vortex it
is necessary to find the change in momentum of the surrounding fluid over the

entirety of the vortex. The change in constituent momentum plX will be given by.

apX 0
b = o tnx [ ex () =)}
= nxg [UZX +ex (UZY —’Uz‘X)] + [UZX +ex (vZY - UZX)] agil‘fx (5.3.1)

The Euler equations for the two fluids are

<(‘()9t —i—vaj) [U;X +ex (vZY —U;-X)] +ex (U}f —’U]X) Vz-vg(

The equations of continuity are

=+ V¥ (nxvy) =0 (5.3.3)
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5.3 Magnus Force

Combining (5.3.1), (5.3.2) and (5.3.3) gives

op; Hn n j
S = —np Vi <q25 + mn) — NpEn (véJ - vj) Vv,

— 1V V7 0! e (F = o)) =[] +en (0] — o)) VF (n2f)

= —n,V; <q25 + 5;) — NpEn (véJ - v?) Vvl
n

v {nnvy [l + & (VF — o]} (5.3.4)
and
Opf__ \v2 (25_,_& — (n_ P)VAJ‘
5 = Vi ", npep (V) — 07 ) Vi,
-V {npvf [Vf + € (vf — vf)]} (5.3.5)

Assuming that the entrainment is locally constant and combining these equations
gives the total change in momentum. Defining wX¥ = v¥ — v} as in (4.5.3) this
is
8 (0 D\ v v Hon, v :up v 2
a(pi +pi) = - (”n+np) i@ —npV; min —Np Vi min + i(awnp)

— Vi [(nn — 2a)vFo? + (n, — 2(1)1);;1)? + 2« <v£vf + vﬁv?)}

= — V,IIF (5.3.6)

where in the frame moving with the vortex velocity vf: we find the momentum
current Hf is
Ik = <n¢ + nn& + np& — ozw,%p> ok
My my

k ,.nL k . pL k ,,.np
+ npw, wi™ + npw,pw;” = 20wp,wt (5.3.7)

We have defined n = n,, + n, and assumed that the separate constituent number
densities are homogeneous. This will be approximately true except near the core
of the vortex. On the scale we are considering the vortex core is very small. The
core itself is a similar scale to the fluid particles and so the assumption seems
reasonable. The force per unit length that will act on the vortex will be due to

the rate of change of momentum over a cylinder enclosing the vortex (fig 5.1).
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5.3 Magnus Force

Volume § V

Figure 5.1: To find the force acting on the vortex we integrate the change in
momentum of the surrounding fluid over a volume that encloses the vortex line.
For a straight vortex we choose a cylindrical volume with the vortex line at it’s
centre. §V is a small segment of this volume, while C' is a closed line encircling
the vortex line. K is the direction of vortex circulation and nj, is a unit vector that

points out of the volume of integration.

F; = / Vi Ilkav (5.3.8)

%

Using Stokes theorem this is

F; = / 1¥n,dS (5.3.9)

6S

For a straight line vortex this reduces to
F; = f 1% n,dl (5.3.10)

C
where C encloses the vortex and nj is the unit vector normal to the cylinder. To

further simplify Hf we rewrite the Euler equations in the frame of the vortex line.

d , 1y .
<6t - wj“VJ) (WXl + exw! ™) +V; <¢ - mX> texw] XV, =0 (5.3.11)

In this frame we expect that the fluid flow will be stationary. As the neutrons and
protons are superfluid they will be irrotational around the vortex line. We can also

show that
w;(LVj (w;XL + EXwYX) + axw}/Xviw&L

)

1 . )
=V, <2w§@ + sxw;“w{/x> — eijkwg@eklmvl (wﬁL + exwzx) (5.3.12)
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5.3 Magnus Force

From the assumption that the fluid is irrotational the curl of the momentum is

zero. By applying the stationary assumption (5.3.11) becomes
1
Vi <2wXL+5XwXLwYX—|—¢>+> =0 (5.3.13)
mx

By writing this out for the two constituents we find

1
Co= ¢+ ﬂ + 5wl + e (5.3.14)
C, = & L i wh” 5.3.15
¢+ + 2pr+6pwnpwJ (5.3.15)
Combining these using nye, = nyep = 2a gives
D= Un Hp 1 2 1 2 2) 2 5.3.16
—nqb—knn—m +npm—+nn§wnL+np§pr— Qwy, (5.3.16)
n D

We use this to rewrite the momentum current (5.3.7) as

()

1 1
Hk:(D—nn2w121L py pL+2aw — aw? )5k

+ npwk  wit +npw£Lw — 20uwF Wi (5.3.17)

For a single vortex we would expect that the flow of each constituent will be ap-
proximately the sum of a uniform flow and a flow around the vortex. We therefore

assume that

wtt = — ok = U o wa o —vf = UP + )P (5.3.18)

where UZ-X is the constituents uniform flow and UZ-”X is the flow around the vortex.

Substituting these into the integrand of (5.3.10) we get
I, :{D (U oda) (U + o)~y (U o) (U7 4 057)

+a[(UF — U) + (o — o] [(U7 = 07) + (w27 = )] }n
1o (Uf 405, (UF + 0" my (o = o ) (F = oF) e

~ 2 [(U;; - Uj:) + (vk - u{j‘n)] (U = UP) + (0 — "™ nge (5.3.19)

vp

Some of these terms will disappear when integrated around the contour. The

coefficients of n; which will be constant for both fluids on the contour are

vl el D (5.3.20)
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5.3 Magnus Force

These terms will disappear when integrated around a circle. As the vector n; in
polar coordinates is proportional to the radial vector and U}’X is in the 6 direction
(i.e. orthogonal to n;) then vanj = 0. As U is a constant flow then the integral
round the vortex of U¥n,U; vanishes. The momentum current (5.3.19) is therefore

given by

*n; = n, (vf"Uﬂ;nj - vfmUJ"nl> — 2007, (Uj’-’ - UJ") n; + 2av]" (Ug —Ul) n,

+np (VP Un; — vl UTn;) = 200, (UF = UF ) i + 200 (U], = UJ) g

p
(5.3.21)
Equivalently
ank =Np€ijk [Ug +ep, (U;Z — Ug)] eklm’ul”"nm
+ np€ijk [Ug +&p (U,]1 — Ug)] eklmfufpnm (5.3.22)

To simplify this we want to determine v?™ and v;”. We can do this by using (5.1.2),
where the number of vortices n, is one and the surface of integration is a circle
with the vortex at the center. Equivalently

/circle iV’ {Ufl tén (vﬁ N vfl)} dsS = ief (5.3.23)

2m

where e} is the z axis basis vector in cylindrical polar coordinates which is aligned
with the vortex line. Evaluating the integral by using Stokes theorem and noting

that the distance between the contour and vortex will be constant (R) we get

where QX is the angular velocity of constituent X. Taking the vorticity of the

charged fluid as 0 then

,U;m +ep (,U’Up _ v?m) = — ¢’ (5325)

)

v;}p +&p (1}”” — v;}p) =0 (5.3.26)

)

where ef is the 6 direction in polar coordinates where z is along the vortex line,
and

K= — (5.3.27)



5.4 Mutual Friction

This rearranges to give the vortex velocities as

1 —
oo = <E”> L e (5.3.28)

l—ep—¢p) 2mr "
L N 5.3.2
Vi <€p+€n—1> ol (53.29)

Substituting these into the integrand gives

k. _ (1 —ep)ny j j j k
IIing = — Sr(l— e 5p)€ijk [U,Jl +en (Ug — U,Jl)] K
Eplp

- J J_77J k
omr(1 — e, — Ep)fuk [Up +ép (Un Up)] K (5.3.30)

Where k; is defined by k; = /ﬁeijkegnk = ke;. Noting that ank will be constant

around the integration contour in (5.3.10) the Magnus force is

fi = —pneijrUjr" (5.3.31)

5.4 Mutual Friction

Having found the form of the Magnus force, the friction between the moving fluid
and the vortex can be calculated. The Magnus force acting on the vortex will
be balanced by the electrons scattering off the vortex. We expect that this force
will be proportional to the difference in velocity between the vortex line and the

normal fluid flow (protons and electrons).
fe=C (W —o}) (5.4.1)

The force due to electron scattering must be equal to the Magnus force giving the

relationship between them as.

C (o = vF) = pueggr? (vh - o}) (5.4.2)

where the constant flow U has been written in the frame in which we measure
the fluid velocities. v}’ represents the uniform part of the flow in the frame of
an observer. When we look at the macroscopic scale both vf and v]' will be the

measured velocities of the constituents.

vF = of — %Leijkﬁj (vﬁ — vf) (5.4.3)
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5.4 Mutual Friction

Taking the cross product with k; gives
eiprivl = eijkm]v;f - Eneijkﬁ]eklmm (v, — o)) (5.4.4)

and again ...

j _klm

€ijkk’ € !

Kok = eprd M P, — p—geijkfijek " K1€mgrk? (v], — V) (5.4.5)
The last term expands to give

Pn

C

i _klm r r
€ijkk’ € Ki€mgrk? (U, — V)

einit KRy (0F —of)  (5.4.6)

Pn

C

n L

€7jj]€/€j/€kﬁl ('Ul — U ) — pj

C
€ijik? k¥ = 0 as this is a symmetric tensor (in 7, k) contracted by an anti-symmetric

tensor. Then (5.4.5) becomes

2
. . K .
KM gl = ek M P, 4 Pnc €ijkk? (vﬁ - v,]-j) (5.4.7)

€ijk
Expanding (5.4.4) and substituting in (5.4.7) gives

ik ik Pn j klm, n  Pn j klm . L
€k V] = eijknjvp - EGijkﬂje KU, + geijkﬂje KiVm

= eijk/@jvg — %qjknjeklmmv%
+ %L [eijk/ﬁjeklmlizvgl + pncl,g Eijk’ij (vﬁ - U%)] (5.4.8)
This gives
(1 + pgf) eijk/@'jvf = eijk/fjv;; + %eijk/@jeklmm (vh — ) + ifeijkﬁjvﬁ

(5.4.9)

Substituting this into (5.4.3)

of = of = Beunlof + Brenivg
= v - %nﬁz'jkﬁjvfz + %n (1 i P2§2>_1 {Eijk“jvg + pé/j €ijhti vy

+ %"eijkﬁjeklmm (v — ”%)] (5.4.10)

After some rearrangement this becomes

C 1 |
L= P 3 ko k
T e (1 +02/p%n2> ! (15~ 1)
1 1 .
B e J klm D .n
+ 5 (T ) et~ ) a1

o1



5.4 Mutual Friction

Substituting this back in (5.4.1) gives the force per unit length acting on the vortex

as

fi= C(Uf - UzL)

C? 1 ek
- () oo ()

+ ? <HCQ/p7%/§,2> EiijJJE m//il (U?n — U%) (5412)

The form of the mutual friction that can be used in hydrodynamic equations must

be in terms of the average force per volume. v/ and v! were just a local constant
flow. If we assume that the inter-vortex spacing is large enough that there is

no vortex-vortex interaction then any macroscopically measured velocities will be

locally uniform on the mesoscopic scale. We can therefore take the velocities fuiX
as macroscopic quantities. By assuming that there is no vortex-vortex interaction
the force on a straight vortex array in a fluid box will just be the vortex density,

n,, multiplied by the force per vortex length. This gives

C . .
g = (st ) [Cenn? (o = of) + puciad ™ (5, 1)) 5.4.13)
n

From (5.3.24) we find the quantisation of vorticity gives

200 + £, (200 — 207) = ’%rLR? = Kily (5.4.14)

where n is the number of vortices in the area of integration and n, is the vortex

line density. Substituting this in to (5.4.13)

e Cpn o
fi = [2Qn + en (20 — 2] <W> [Ceijkﬁ] (vfl — v]’;>

+ pnéijklijeklml%l (’U% — U%)] (5.4.15)

Rearranging this into a form similar to the mutual friction calculated in *He gives

c? e
1= (rm) poean (v +f)
C ] A
+ (WTCQ> priciiX € iy (v, —ob,)  (5.4.16)
n
where

)\i =2 [Qn + En (Qp — Qn)] I%i

= 207 + &, (20F — 207) (5.4.17)
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5.5 Estimating the coefficients

To clean this up we define the dimensionless coefficients,

() eh) o

. C\? 1
=) (emze) (419

so that the mutual friction force on the neutron fluid is given by

FM = BpneiiN €™y (v, — v8,) + B pneije X (Ufb - Uﬁ) (5.4.20)

As the force is a mutual friction, the force on the proton fluid is given by —f;" 7
This looks almost identical to the equations given for mutual friction in the Helium

case [38]. The difference is that A\, 3 and " are dependent upon entrainment.

5.5 Estimating the coefficients

To study the effect of the mutual friction force in neutron stars it will be useful to
have some idea of the expected magnitude of the coefficients 3 and 3. We need
to calculate the coefficient C' that represents the drag between the electrons and a
vortex line. The main problem at this point is that the microscopic physics becomes
very important. There have been several ways in which the electron scattering
has been modelled. Feibelman [21] has calculated the coefficient for superfluid
neutrons mixed with a normal proton fluid. This may be more relevant in the
crust. We expect the protons in the core to be superconducting. Sauls et. al.
[65] have calculated the coefficients for electrons scattering off the normal fluid
core of the vortex. It has since been found that the coefficient is larger if the
electrons are assumed to scatter off the magnetic field produced by the protons
that are entrained around the vortex [3] [57]. This effect has also been studied in
the formalism that we use here [10]. The general idea is that we can write the
momentum of the proton fluid [63] and then use the Maxwell equations and the
assumption that there are no proton vortices to calculate the magnetic field. The
coefficient is found by considering electrons scattering off this field. For expected

typical values in a neutron star core we find

I (5.5.1)
Pnks
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5.5 Estimating the coefficients

Because this quantity is small we find
Br~4x107* and [~ 3? (5.5.2)

As a result, we will tend to neglect 4’ in many of our calculations. It should
be noted that in the paper by Sedrakian and Sedrakian [70], they assume that
the protons that are entrained around the vortex will contain their own array of
quantised vortices. This leads to an even smaller value for 3 but a larger 5'. We
should also be aware of the possibility that the coefficients may depend upon some
physics that is as yet unaccounted for. If there is a mechanism by which there is

strong coupling between the vortex line and the proton fluid then we would find
C — oo, 8—0 B —1 (5.5.3)

The ( coefficient is still small, but we must take into account the inertial part of

the mutual friction force.

If the protons are a type I superconductor then we find that the calculation pro-
ceeds along the lines of that for type II [68]. A type I superconductor expels
magnetic flux. For a neutron star this would happen over a timescale of mega
years. In the meantime the flux tubes created by the entrainment of protons to
the neutron vortices will be surrounded by an area of normal protons. So each
neutron vortex will be enclosed by a fluid of normal protons which is surrounded
by the superconducting protons. As the normal protons mean free path is of the
order of the inter-vortex spacing there will not be any significant scattering of
electrons off these protons. When calculating the electron scattering, this area of
protons effectively just increases the apparent vortex core size. The analysis that
was applied to type II superconducting protons can then be applied with a larger

vortex core.

Throughout the rest of this thesis we will assume that the protons form a type
II superconductor, and use 3 ~ 4 x 10~ as a typical value. We will often use
the approximation 3’ = 0 as ' < (3. We can use these coefficients to work out
the coupling timescale between the proton and neutron fluids due to the mutual

friction. The rate of change in constituent velocity difference can be calculated
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5.6 Curved Vortices

from (4.8.22) and (4.8.23) as

2ap) 0 . P pmf
1— — w4 5.5.4
( PpPn) O " Pp J: ( :
or
0 np PPn np
! ce g — R e CE—Y 5.9.5
8tw’ + BKn, P — 2apwl ( )

This gives us that the coupling due to the mutual friction will act on timescales

of

_ 1 papp—2ap
BNy ppn

We will assume that 3 = 4x10~* and Pp/Pn = pp/p = 0.05. For small entrainment

(5.5.6)

Tmf

and assuming that both constituents are rotating close to the observed angular
velocity, we have the relation xn, = 47/P, where P is the period of rotation of
the star. This gives

Tmf =~ 10P s (5.5.7)

Comparing this to the timescale calculated by Alpar & Sauls [4] we find that their
estimate is an order of magnitude larger. In their calculation, the velocity difference
between the vortex motion and the electrons is fixed. They are considering the
vortex motion directly, whereas we only consider the effect that the vortices have
on the two fluid constituents. Even with these differences, the main astrophysical
conclusions are the same. The coupling time scale is less than the resolution of
pulsar timing data. This means that mutual friction is a viable coupling mechanism
in the superfluid model of the glitch phenomenon, in which the jump in rotation

is not resolved.

5.6 Curved Vortices

The mutual friction that has been calculated so far is for a straight array of
vortices. This is very restrictive on the dynamics of the flow. In this model, any
variation in the neutron flow from rotation around an axis is through entrainment.
The angular momentum of the neutrons will in fact be aligned throughout the

system. If we want to be able to model less restricted dynamics then we need to

95



5.6 Curved Vortices

allow the vortices to bend. In the most general case we would want to allow the
vortices to move with no modelling restrictions. That is, their motion is governed
by the microscopic physics. In reality this throws up some challenges. We are trying
to derive a set of macroscopic equations in terms of macroscopic quantities. If the
vortices end up in a tangle in which there is significant curvature of the vortex
lines on the mesoscopic level then it becomes less clear how to average the forces
involved over a macroscopic fluid box. If the vortices get close enough to interact
with each other then the system becomes a lot more complicated. For the moment
we must restrict ourselves to a less general case. We will model a curved array in
which the radius of curvature of the vortex lines is a macroscopically measurable
quantity. We will also ignore vortex-vortex interaction by assuming that the inter-
vortex spacing is ’large enough’. In this case we can return to the mesoscopic scale
and concentrate on a single vortex line. For a straight vortex, all of the forces
on the vortex are acting perpendicular to the line. For a curved vortex the flow
around one part of the line can effect the flow around another part of the line. In
the equations of motion for *He we find a correction to the velocities in the mutual
friction known as the self induced velocity [14] [20]. This is the correction to vy,
from the surrounding vortex line. To describe the vortex we define s(&,t); as the
position vector of the vortex line from an arbitrary origin (see fig 5.2), where & is

a parameter denoting position along the vortex.

5.6.1 Biot-Savart

To calculate the self induced velocity on a point of the vortex we must solve for
the flow created by the rest of the line. This will then tell us how the rest of the
line affects a single point. The method to calculate this is the same as that used
to find the magnetic field from a current in a wire. The result in electromagnetism

is known as the Biot-Savart law. We have the equation

ik VIpk = K (5.6.1)
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5.6 Curved Vortices

Increasing 3
Arbitrary origin

Figure 5.2: The figure shows how we parametrise the vortex. We define s as the

position vector of the vortex with parameter £ that denotes distance along the

vortex from an arbitrary, but fixed, point. The tangent vector s’ = Z—g is also the

direction of circulation of the vortex 4. The normal vector is defined by s” = %g

and the binormal by s’ x s”.

Where k; only has support on the vortex line. As p}' is a vector we can assume

that we can define A; such that
ek VI AR = plt (5.6.2)

We have assumed that local to the vortex line the flow is incompressible. There is

still some freedom defining A; so we can choose that
VIA; =0 (5.6.3)
From vector identities and (5.6.1) we find
ik VIE N Ay = ViVIA; — VWA = —V,;VIA; = K, (5.6.4)

It can be noted that this is equivalent to the Poisson equation. We will solve this

using a Green’s function. Taking G as the solution to

V2G(r,s) = =6(r — ) (5.6.5)
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5.6 Curved Vortices

where the index indicates that the operator acts on r, and integrating over a small

volume 7 with surface o, including the point source gives [13]
/vgvg;G(r, s)dr, = —1 (5.6.6)

Using Gauss law we find

/V;G(r, s)do) = —1 (5.6.7)

We can show that (5.6.7) is satisfied if G is taken as

1
G(T, S) = m (568)
This leads to
” _Olr—s| d 1
ViG(r,s) = ort  dlr — s| 4rw|r — s|
1 i — Si
= i (5.6.9)

CAdxwlr — s r — s
Substituting this in to (5.6.7) gives the required result as when we integrate over

a sphere with center s, |r — s| will be constant, giving

/ 1 Ti 780 — ( 1> (drlr — s2) = -1 (5.6.10)

_47r]r—s|2 r—s| " _47T|’r‘—8|2

We will use Green’s theorem [13] to find

/ [Ai(s)VIG(r, s) — G(r, )V Ai(s)] do]

:/ Ai(s)V;VIG(r, s) —G(r,s) V,;VI Ai(s) | drs  (5.6.11)
(r—s)
—d(r—s —Ki

Integrating the delta function gives

Ai(r) = / [—G(r,s)(—ki(s))] drs + / {G(r,s)VIAi(s) — Ai(s)VIG(r,s)} dos;
(5.6.12)
We should note here that the integral over the volume 75 only has support on the
vortex line. The function k effectively contains delta functions in the directions
orthogonal to the vortex line. We should instead replace drs by ds to signify
that we are integrating over the vortex line. We need to assume that the surface

integral vanishes. G is inversely proportional to the distance (r; — s;) so as we
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5.7 Induced Velocities

move the boundary of integration further from r; then G — 0. This assumption

seems reasonable and we are left with

Rj

From (5.6.2) we get
k
< K
The variable that we are integrating over is s so the derivative V[ can be brought

inside the integral. We also note that eijkV$m(s)k = 0 because V; is acting on 7.

By defining |R| = |r — s| the above equation rearranges to give

ke
n K GiijjFL d
== Y 5.6.15
using
1 i i

(RjRj)l/Q (RjRj)3/2 _|R|3
This is similar to the Biot-Savart law, where we have vorticity and velocity instead

of current and magnetic field.

5.7 Induced Velocities

From (5.6.15) and assuming that there are no vortices in the proton fluid we
can solve for the constituent velocities. We now want to determine the motion
that this induces on the vortex line itself. We use this velocity field and take the
limit as r; — sg; where sg; is a chosen point on the vortex line. This tells us
how the fluid moves near the point sg; due to the rest of the vortex line. This is
known as the self induced velocity. To rewrite the integral form of the momentum
field in a more suitable form we make the approximation that the significant
contribution to the velocity field at so; will be the parts of the vortex line local to
so;- This is a reasonable assumption as we have assumed that the vortex is curved
on macroscopic scales and so on the mesoscopic scale the line will not curve back

on itself. We can expand s; around the point sg; to give

1
Si =2 Sp; + S6z€ + 58&52 (5.7.1)
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5.7 Induced Velocities

This gives the Taylor expansion of s as

as;
sh = a—g = s0; + S0; (5.7.2)
Rewriting the momentum field (5.6.15) in terms of s; using s; = &; gives

nw K el-jks’j(rk — sk)

i = ds (5.7.3)

4m r—s®

The Taylor expansion of the cross product in the integrand is
eiji (57 —17) s = €ijn [(Soj — 1) + 576+ < "352] (30 + s’o’kg) (5.7.4)

The term ;i (soj —rd ) s{)k will be the solution to the flow where the vortex is
straight. We want to know how the flow behaves near sq; and so (so? —r7) is small.

This leaves

Cijk ( B T]) ’%k = (ﬁijksé)js() ) §+ 6z]ksg]30k’£2 + ijso Slolk§2 (575)
—
=0
So that
A o 1
€ijk (3] — 7“]) jF = 5%1650 sgkf (5.7.6)

Expanding the denominator of the integrand in (5.7.3) gives
3

s = 1f* =|(s0 =) + 6 + 55€
= |s'¢|’
=3 (5.7.7)

where it has been used that |s'| = 1 and that £ is small. So that the notation is
clearer we rewrite ds as d€ to signify integrating along the vortex line. Substituting

this in to (5.7.3) gives
d .
p?‘ = —/{ /Eezjks”sﬁk (578)

We now need to decide on the limits of this integral. As the line locally has constant
curvature then we will integrate as far along the vortex in each direction from sg;.
It makes no physical sense to integrate over the area where £ < ag, the vortex
core size. We take the outer boundary, L, as the vortex radius of curvature. Using

these integral limits we find

L
Py = Rln( >e”ks /' (5.7.9)
ap



5.8 Mutual Friction for Curved Vortices

We use this to find the induced velocities of the two fluids. Using (5.7.9) and
assuming no vortices in the charged fluid we rewrite the momentum in terms of

velocities to give

K L ;
v 4 en (v — o) = . In (a()) eijns st (5.7.10)
o +ep(vf — o) =0 (5.7.11)
Rearranging this gives
1—¢ K L ;
n p 15 Mk
no_ —In| =)es" 5.7.12
v 1—ep—epdn n<a0>€”ks ° ( )
p_ & Ry LY. gign 5.7.13
v; [ a— n(ao €S’ s (5.7.13)
The difference of the velocities is
1 K L ke
’U,Ln — ’Uf = mﬂ In <a0> Giij/']S” (5714)

These equations show the extra pieces that must be added to the background

velocities.

5.8 Mutual Friction for Curved Vortices

The inclusion of curved vortices modifies the fluid motion as an addition to the

flow around the vortex by

Up — Un + VUn (581)

vp — Up + V1p (5.8.2)

So the mutual friction for a straight vortex array (5.4.20) is modified to give

MF 15 klm 1 / 15 (K k
F"" = BppAeijps? e ™ sy (v, —vh) + B pnreijips? (Un - vp)

+ Bpneiis” € sy (vt — o) + B poresjps” (U’fn - U’fp> (5.8.3)

IX

Currently we have these induced velocities (v;

) in terms of s} and s. This is not

ideal as we would like to have this modification written in terms of macroscopic
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5.8 Mutual Friction for Curved Vortices

quantities. We have already connected s, with the unit vorticity vector &;. To write

s in terms of macroscopic quantities we return to the definition

0s’
n__ 77
s; = o€
. s’ )
= 8;52;‘ =s7V;s; (5.8.4)
J

The right hand side comes from the fact that s’ is a unit vector along the vortex.

Further rearrangement gives

no__ i
s; = 87V s;

= S’JVis;- —eijks/]eklmvls;n (5.8.5)
——
0
so that
eijksljs"k = —eijks”eklmsfempqvps'q
= €ipg V75" — 57 8}e;pg VP (5.8.6)

Note that in the mutual friction these terms are always contracted with eijks’j SO

that the second term vanishes. If we define

L
v="ln( = and . (5.8.7)
4 ag 1—ep—¢p

One can show that

17 _klm 1/ In I ~ 17 _klm 1 I
Beijps? e s (v — vpl) = DP€jsT € s1€mgr Vs

= —Beiji V5" (5.8.8)
Also, by vector identities
ﬂ/Eiij/j (v’fn — v’fp) = —ﬁs/jvjsg (5.8.9)

Combining these results gives the modified mutual friction (5.8.3) as,

MF 5 klm o / ik k
F"" = Bpueijii’ €™ iy (vﬁ1 — v%) + B pneijihi? <vn - vp>

— UBpreijk VIR — 03 pp ATV iy (5.8.10)

62



5.9 Conservation of vorticity

5.9 Conservation of vorticity

To calculate the force density we have looked at the forces on a single vortex and
multiplied this by the vortex density. We have said nothing about the stability of
the array of vortices. For a simple system we expect no creation or destruction
of vortex lines. They can only be destroyed when they form loops which are of
the size of the vortex core. The superfluid will only create vortices if there is a
driving force. For a simple case we expect conservation of vortex lines. If vorticity
is conserved then the change in length of vortices per fluid element depends on
the flow of vortices out of the fluid element. The total vorticity in an element dV
is

/V KinydV (5.9.1)

The change in vorticity is therefore given by

D .
/ KinydV = —//imvv]Lde (5.9.2)
Dt ),

where the right hand side is the rate at which vortices travel through the surface
of the fluid element. The fluid element is taken as fixed so that the time derivative
can be brought within the volume integral. We know that the vorticity w is given

by w; = kin,. Using the divergence theorem,

8&)1' :
ot dV = —/ijiU]LdV. (5.9.3)
v
so that
Oow; ;
8—“‘; + VjwivhdV =0 (5.9.4)
\%4

This must be true for any element dV'. This means that the integrand must vanish.

8(,(}'5‘ j .
SV (wzv ) —0 (5.9.5)
or
O iy
E + inj’UL + ULVjWi =0 (5.9.6)

We expect no gradients of v in the direction of vorticity so that w’ VjviL =0. By

vector identities we can also show that
Loi, okl i
EV €jklv Ps = \% wj = 0 (5.9.7)

63



5.9 Conservation of vorticity

Adding these two terms to (5.9.6) gives

Ow; - , . y
0= a—tl + w;Vv} + v} Viw; — 0oFViw; — wI Vi
ow; ; -
= 87; + Vjwiv] — ijjv{‘
Ow; :
= % — eijkvjeklmvlem
(0
=€k V’ {Bt [vfb +ep (v]’; - vﬁ)] — eklmvlem} (5.9.8)
For this to hold it must be case that
0 n P n ik
g [0 + en (v; —v}")] — epviw” = V@ (5.9.9)

Where @ is any scalar potential. From the derivation of mutual friction we have
seen that the Magnus force on the vortex is equal to the force due to electron

scattering off the vortex (5.4.2). This gives us that

ik k / ik .k ~j klm n
Prk€ijih’ (vL — vn) — B pnké€ijik’ (vp — vn> — Bpnkeiji? €M Ry (vh, —vl) =0

(5.9.10)

which we can factorise to give
pureigiid | (vh = o) = 8" (o = of) = B (o, — )| =0 (3.9.11)
This means that
oF = o + B (0F — o) + Beijrk? <v]’§ - vﬁ) (5.9.12)
Substituting this back into (5.9.9)
9 n p_.n ik
¢ i T en (v —ul)] = Vi — e X
= Vi — e X [of + 8 (v — oF) + By (of, — )|
(5.9.13)

where we have used that the vorticity w; has previously been written as A;. If we

include the modification due to the induced velocity then we find
5 i T en (v — v = Vil — ey (’Un +’Um>
+ eijkﬁjﬂl [(vfb + v’fn) — <v’; + vlfp)}

+ BeijpN MM iy [(Uﬁl + vﬁ?) - (vﬁl + U,I,f)] (5.9.14)
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We define
v(l—egp)
l—en—¢p

We expand the second term on the write hand side of (5.9.14) to get

(5.9.15)

U=

—eijk)\J (Uz + Ulfn> = — Eijk)\JUfL + I7/\IA€JVJ‘IA€Z'
= vl MMV [T+ gy, (0B, — 0] 4+ DARIV R
— T.0J | D _.n\| _[.J J_d 2y
= Vv, [vj +en (v]- 5 )] [Un +en (vp vn)] Vlvj

— VIV, [V + &n (W) — )] + DARI V4 (5.9.16)

where on the right hand side the first term and first part of second term are
gradients and can be absorbed into the potential term. The third term is just
the transport operator that we expect on the left hand side in the equations of
motion. The final term is an extra term that we have not had before. This is known
as the tension and has been associated with the stability of the array [38]. This
force keeps the vortex lines in the configuration which minimises the fluid internal
energy. Substituting this back into (5.9.14)
9 J n P n J J n
o + )V | [v) +en (V] — ') +en (vp — vn) Vivj
=V,;® + I?)\I%jvj'/%i + Eijk)\jﬂ/ [(Uﬁ + v§n> — (’Uﬁ + vlfpﬂ
+ BeipN Fm iy [(vﬁ1 + vf;f) — (qu)@ + vf;f)} (5.9.17)

Combining these with the continuity equations for each constituent we have found
the equations for the neutron-proton fluid that are equivalent to the HVBK equa-
tions. These equations hold as long as we have an array of vortices such that
the macroscopic velocity field at a point can be described by the vortex number

density and the curvature of the vortex at that point.

5.10 Summary

We have set up the equations of motion for a two-constituent fluid with an array
of vortices. We are now in a position to investigate the consequences of the mutual

friction that acts between the two constituents. We can also apply these equations
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5.10 Summary

to a simple model of neutron star cores in which we are concerned with a charged

fluid and a superfluid neutron fluid.
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Chapter 6

Turbulence

Up until this point we have concentrated on arrays of superfluid vortices with a
radius of curvature larger than a fluid element. That is, the structure of the vortex
array can be directly matched to the velocity field on the macroscopic scale. We
were able to calculate the forces involved on the macroscopic scale by multiplying
the density of vortices by the force on a single vortex. If we have a tangle of
vortices, or waves with a wavelength comparable to the inter-vortex spacing, this
is no longer possible as not all of the vortices in a fluid box will ’act’ in the same
direction. The density of vortex line in a ’fluid box’ is greater than that we would
expect from the macroscopic velocity field. In this chapter we concentrate on the
case where the tangle of vortex lines can be considered turbulent. Before looking
at ways to derive the forces involved in this case we need to consider if turbulence

will be relevant for neutron star modeling.

6.1 Conditions for turbulent flows

There have been studies of the conditions for a superfluid Helium flow to go tur-
bulent. In Helium the mutual friction coefficients (8 and ') can be altered by
changing the temperature of the fluid, and one finds that there is some tempera-
ture at which instabilities of the vortex lines evolve into a turbulent state. Finne

et. al. [23] derive a quantity which they relate to the classical fluid Reynolds num-
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6.1 Conditions for turbulent flows

ber. They take the curl of the superfluid equations of motion to find an evolution
equation for vorticity. Following their analysis for the neutron star case we fix the
proton fluid (v?). For simplicity we also neglect the entrainment. The equations

of motion will then take the form

0 - 1
+vzlv>vj§+vi... =t 6.1.1
(55 +0iv) ()= (6.1.1)
It can be written as
0 - 1
TP+ V() = epvi \E 4 —fmd 6.1.2
oyt + Vi) = el + (612)

where for this section we take A\I' = eijkvj v,’i. For a straight vortex array we have
mf _ gl NIk N klmoy n
i = =BejpNv, + BejpN e Ny, (6.1.3)

Taking the curl of equation (6.1.2) gives

0 n j klm, nyn j kim 3 r
S = (1= B eV {e vl )\m} + Beyj Vo {e )\lemqr)\qvn} (6.1.4)

The right hand side of this equation has been written as two terms. The first is
an inertial part and would act towards increasing the vorticity. The second term
is dissipative and so would act to reduce the vorticity. We now define the quantity

q as the ratio of the 'strengths’ of these two terms

_ B
1-p0
This is the same quantity designated ¢ in the analysis by Finne et. al. [23]. Tt is

q (6.1.5)

suggested that it plays a similar role in quantum fluids as the Reynolds number
plays in classical fluids. They suggest that when ¢ > 1 then the dissipative term
will dominate and so turbulence will not develop. In particular if we consider a
single vortex then Kelvin waves on a vortex will be over-damped [41]. For values
g < 1 the inertial term is dominant. In this situation Kelvin waves can propagate
along the vortex and so instabilities can lead to turbulence [48]. For the Helium
case we can compare with experiments. It is found that the onset of turbulence
corresponds to ¢ ~ 1.3. This is close enough to 1 to suggest we take this analysis
seriously. For a neutron star we already have estimates of the values of 3 and ('
as 4 x 107 and (? respectively. This leads to ¢ ~ 4 x 10~* which is a long way
into the turbulent region. Though the analysis is fairly simplistic it is certainly a

reason to take the possibility turbulence in neutron star cores seriously.
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6.2 Isotropic Turbulence

Having convinced ourselves that turbulence may be an important consideration in
neutron star core dynamics we need to model it. Similarly to the situation with
an array of straight vortices it will be useful to calculate the force between the
two fluid constituents on the macroscopic scale. We cannot approach the forces
in turbulent flow in the same way as before due to the averaging problem previ-
ously discussed. As a starting case we consider a completely isotropic turbulent
state. This means that the vortex lines have no preferred direction and so on the
macroscopic scale the velocity field of the neutrons (neglecting entrainment) will
be stationary. We will follow the analysis of both Vinen [78] and Schwarz [67].
The approaches are from slightly different view points and both are useful. Vinen
tackles this problem from the macroscopic scale more directly, whereas Schwarz
considers the problem from the scale of the vortex lines. We will show that the

solutions are essentially equivalent.

6.2.1 Vinen

When deriving the macroscopic turbulent force it is important that the variables
used to describe it are macroscopic. Because of this, the derivation will include
more assumptions than the tangle being isotropic. The first assumption made
by Vinen [78] is that the only force on the vortices is via the scattering of the
normal fluid off the vortices. This ignores the effect of the Magnus force and self
induced velocity on the vortex but on the average scale we would not expect any
inertial terms to contribute to the force. The assumption also makes the following

derivation simpler. The force per vortex line length will be given by

ff = Cw® (6.2.1)

1

This is the same force used in the derivation of the straight vortex mutual friction

(5.4.1). Vinen then uses this to construct the turbulence force

= Zowr (6.2.2)



6.2 Isotropic Turbulence

where L is the vortex line density. L is calculated by adding up the length of
vortex line in a fluid box and dividing by the volume of the box. Equation (6.2.2) is
equivalent to taking the vortex line in a fluid box, extending it and calculating the
force over the whole line length. There is also a geometrical factor due to the fact
that the vortex is not in a straight line but in an isotropic tangle. The problem with
this formulation is that the vortex line density is not a macroscopically measurable
quantity. The next step in the derivation is to determine this density in terms of
macroscopic quantities. To do this Vinen sets up an evolution equation for the
vortex line density. He does this by considering what processes change the line

length. That is, he assumes

dL  dL, dL_
s B 2.
dt — dt  dt (62.3)

where L, and L_ designate the processes that increase and decrease the line
density respectively. The increase in vortex line length will be proportional to the
Magnus force acting on the vortex line. From the discussions on the derivation
of the forces on straight vortices we know that the Magnus force is balanced by
the dissipative force fo = Bpnkwp,. Assuming that the change in line length will
depend only upon p,, x and L then dimensional analysis gives

dLy  x1feL?
dt — ppk

(6.2.4)

where 1 is a geometrical factor. At this point Vinen suggests that superfluid

turbulence will be dissipated similarly to classical turbulence. e.g.

dL_ Yok L?
dt 2«

(6.2.5)

where 2 is a geometrical factor. We can now construct the line density evolution

equation as
% _ leeL3/2 XQKLQ
At ppk 2

(6.2.6)

We assume that fully developed turbulence will be in a stable state. This corre-

sponds to %—f = 0. (6.2.6) now gives us an equation in terms of LY2,

LY? = (%:) <>;> Bny (6.2.7)
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6.2 Isotropic Turbulence

Finally we substitute this back into Vinen’s form of the turbulent force (6.2.2) to

get

8m4p
= 3/{"( ) BBuw? w” (6.2.8)

This shows that the force has a cubic relation to the velocity difference rather than
the linear relation in the straight vortex case. This was first proposed by Gorter
and Mellink [35] and as such is known as the Gorter-Mellink force. For isotropic

turbulence Vinen takes 1 =~ x2 ~ 1.

6.2.2 Schwarz

Whereas Vinen started by assuming the form of the force on a vortex line and then
calculated the vortex length, Schwarz takes the full form of the mutual friction on
a single vortex [66] [67]. As we are now considering the mesoscopic scale then this is
just the form of the force calculated in chapter 5 for curved vortices (5.8.10). There
are still some simplifying assumptions when doing this. We are still assuming that
the vortices have radius of curvature large compared to the vortex core size. The
effect of vortex reconnections are not being considered. From (5.8.10) we know the

force on a vortex line, per unit vortex length, is
15kl s ~ 15 Jk / 15,k ~ M
fi = kpnBleijrs”? Vs — Deiirs 8" + kpnB [€ijkS” Why, — V87 ] (6.2.9)

Where s; = s;(&, t) is the position of the vortex line with parameter £ that describes
distance along the line from some arbitrary point on s; (fig 5.2). Derivatives in £
are designated by ’ so that s is the tangent to the vortex line. The average force

over a fluid element, with volume V', will be

= [ e

np B . j
_ n 6’ijS/]€klm$/wnp _ Veijkslj s//k) df

Kpn3 e -
+ v /(eijksljwnp—us;') dg (6.2.10)

We now impose that the turbulence is isotropic. Terms which have s’ or it’s deriva-
tive only linearly will vanish by symmetry. For this to hold we have had to assume

that w,? will be a constant vector over the fluid element. Pictorially this just says
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6.2 Isotropic Turbulence

that over a fluid element the vortex line in the tangle has no preferential direction
of tangent or curvature. This means that all of the 3’ terms vanish. Similarly the

term with eijks’Js”k

will vanish over the fluid element as it is just the binormal
vector which we would also expect to have no preferential direction. These simple
statements are equivalent to Vinen’s initial supposition that the important force

on the vortices is the electron scattering (6.2.1). The force can be rewritten as

/ /
fl.mf = Hp‘;ﬂ /eijks’jeklmsgw%’df = /W{/Lﬁ/(s’]sgw?p — w?p) d¢  (6.2.11)

np

We split s} into a parts that are parallel and perpendicular to w;” as such, s} =

/

S
lld

+ §'|;- Then we have

/ (Sljsgw;m _ w?p) ¢ = —/w?p(l _ 31|2)d£ + /wnps’slidg (6.2.12)

The second integral vanishes due to the symmetries of an isotropic tangle. We

then state that the remaining

/Eijksljeklmsfwgzpdf = —VLw"I (6.2.13)
where
1
=37 /(1 — s )dé (6.2.14)

and we define the vortex line density explicitly as

1
L= V/d§ (6.2.15)

Substituting this back into the expression for the average force on the fluid element
(6.2.11)
FM = kpaBLIwW!P (6.2.16)

For an isotropic tangle I) = 2/3. If we assume that the vortex line density will be
dependent upon the magnitude of the velocity difference we can use dimensional

analysis to construct

L=2& (w"”)2 (6.2.17)

where ¢, is some dimensionless number. In making this final assumption most of

the advantages gained by the clarity of the working so far have vanished. We are
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6.3 Digression

back to dimensional analysis in which there are unknown constants. We can easily

get Vinen’s form of the turbulent force by setting

2
cp = =X g (6.2.18)
K X2

The least satisfying thing about these two approaches is that at some point di-
mensional analysis becomes important. This makes including the dimensionless
entrainment parameter in a sensible way impossible. At this point we perhaps
have to accept that while investigating turbulence it makes little sense to include
the effect of entrainment directly. This is slightly inconsistent as we may need the
entrainment effect to have any friction at all between the two fluids. We are left
in the uneasy situation of taking ex = 0 and § # 0. Of course, this is reasonable
as long as we are content to consider entrainment on the microscopic scale but

neglect its macroscopic effect.

6.3 Digression

Having calculated the force that this idealised turbulence would contribute to the
equations of motion we are in a position to consider the relevance to the neutron
star model. If the effect of superfluid turbulence is negligible then we do not need
to go any further in our investigations. We compare the strength of the force of
turbulence with the force of a straight array of vortices by taking the ratio of their
magnitudes. Remembering from chapter 5 equation (5.4.20) that the force on the
constituents from a straight array of vortices is Frray = Bpnknywp, then

Fturb 8772 (Xl > 2 2 92
_ X\ g2, 6.3.1
Farray 3nyk? X2 P ( )
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6.3 Digression

As we are considering a simple case we assume solid body rotation in the two
constituents with some angular rotation difference. We also know that n,x = 29,
from the discussions on superfluids. It is not worth considering entrainment here
as we have not included its effect in the turbulence force. We take the expected
value of 3 as 4 x 107* and x = 2 x 107* cm? s~!. Pulsar glitch data [55] suggests
that a relative velocity difference AQ/Q of 5 x 104 is attainable in a neutron star.

Assuming that the geometrical constants y; = y2 = 1 then the ratio becomes

Frury N2 [ AQ/ \2 P\
=2 - 3.2
Farray °0 (1060m> <5 x10-%) \1s (6.3.2)

We can see that the there are different regions of the star in which we would expect

each arrangement of vortices to have a greater effect. Near the center of the star
the straight array case will always create a larger force between the constituents.
For a large enough difference in rotation, turbulence will have a greater dissipative

effect at large radii.

We now consider the timescales that turbulence would be effective over. We as-
sume that there is a situation in which the neutron constituent is in an isotropic
turbulent state. In a similar way to the straight vortex array case we can calculate
a characteristic time scales for the neutron and proton constituents to relax after

a velocity difference is included. From before (5.5.4)

i, ( Pln )f?”f (6.3.3)
ot Pnpp — 2ap ) "
which for isotropic turbulence leads to
ow;” wo

%Aw?’ — w =

ot P 1+ Aw%t

A (o )87 () (6.3.5)
pnpp —2ap) 3k \Xx2 o

This is a longer timescale than the exponential decay of the mutual friction. Defin-

(6.3.4)

Where

ing
1

tinear = Aw% (636)

then in the region ¢ < tjjneqr the decay of the velocity difference will be linear.

For the same typical parameters that we assumed in (6.3.2) then

ta5x 1078 (XL _2(%) Lid 2( " )_23 (6.3.7)
- X2 0.05/ \1s ) \106em -
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6.4 Polarised Turbulence

where x,, is the proton fraction. Near the core this has a relaxation of the order of

days.

6.4 Polarised Turbulence

The previous sections of this chapter have dealt with completely isotropic turbu-
lence. However, in a neutron star we would not expect this to be the case. The star
will be rotating and so we would not expect that all of the neutron constituents an-
gular momentum is shed when it goes turbulent. It is unlikely that the momentum
from the superfluid could be transferred to other fluid constituents as the neutrons
make up the majority of the star. We would hope to continue to benefit from work
done by the superfluid Helium community. At this point we find ourselves having
caught up with their progress. Very few experiments have been done on rotating
turbulence, and only a few people have delved into the analysis. To make further
progress we have to take a more phenomenological approach. This is not such a
surprise as even for isotropic turbulence we had an element of uncertainty in the
precise strength of the forces involved. Before delving into the phenomenology we

will have a look at what progress has been made by the Helium community.

Currently there is only one set of experiments that investigate polarised turbulence
in superfluids [75]. It was done with superfluid *He. Throughout the description of
this experiment we will use the indices s and n for the superfluid and normal fluid
components, respectively. The experiment was set up as in figure 6.1. A square tube
containing superfluid is heated by a resistor from below. The bulk temperature is
1.6 K. The tubes dimensions are lcmx1lcmx40cm. The heater creates a flow of
normal fluid along the tube which also draws superfluid down so that the mass flux
of the fluid is zero. This is known as superfluid counterflow. The velocity difference
between the two components is found by using

PsVs — Prn =0 (6.4.1)
which is the previously mentioned conservation of mass flux. We also use

Q = pT'Svy, (6.4.2)
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Figure 6.1: The setup of the Swanson et. al. [75] rotating counterflow experiment.
A square tube filled with superfluid “*He is set into rotation with angular velocity
Q. A heat flux Q is applied from the heater below the tube. This induces a normal

fluid flow v,, and a superfluid counterflow v,.

Where Q is the heat flux from the heater. S and T are the specific entropy and
absolute temperature, respectively. We will also use Vs to notate the constituent
velocity difference for this section. This is so that the experimental data matches
our notation. Combining the above equations gives
_Q
psT'S

Vs = Un — Vs (643)

The velocity difference is therefore controlled by adjusting the heat flux from the
heater. The whole apparatus is placed on a rotating table. To detect the vortex
line density the attenuation of second sound across the width of the tube is found.
From previous discussions we know that the purely rotating superfluid will have a
straight array of vortices and so the expected vortex line density relates easily to
the angular velocity. The equipment can also produce a turbulent flow through the
counterflow. As the velocity difference and rotation are independent we can have

any combination of these two effects. The vortex line density for pure rotation is
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Figure 6.2: Swanson et. al. [75] results. For various fixed slow rotation rates the
relation between the vortex line density and the constituent velocity difference are

plotted.

given by

Lp= il (6.4.4)
K

For homogeneous turbulence the line density is
Ly = V72 (6.4.5)

Where v depends upon the temperature and geometry. This relation comes from
experiments, and is also the result obtained from the isotropic turbulence analysis.
We shall first look at the results for slow rotation, for which the velocity difference
is plotted against the vortex line density in figure 6.2. For the zero rotation case
there is a sharp transition at which the density of vortex lines goes from zero to
behaving like isotropic turbulence. This critical velocity seems to be non-existent
as soon as rotation is introduced. The graph shows that the initial vortex line
density is non-zero for the rotating superfluid as is necessary, but the plateau
before the change in behaviour is not as significant as for the zero rotation case.
Next we look at the results for fixed velocity difference and varying rotation (fig

6.3). The y-axis for the graph shows the vortex line density once the turbulent flow
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Figure 6.3: Swanson et. al. 1983 [75] results. For various fixed constituent velocity
differences the relation between vortex line density and rotation is plotted. The
vortex density shown is the measured density minus the expected vortex density
of a turbulent flow for a particular velocity difference. The numbers to the right

2

of the graph are V,2, in cm? s72 calculated from the heat flux.

for the equivalent non-rotating case has been subtracted. Naively we might expect
that the graph should be a set of straight lines that exactly match the density of

vortex lines for pure rotation, such that
L= LR + LH (6.4.6)

It is clear from the graph that this is not the case. The inclusion of rotation into a
turbulent flow does not seem to simply add as many vortex lines as the equivalent
purely rotating case would. In fact as the velocity difference gets larger, the addi-
tion of rotation seems to have less and less effect on the vortex line density. The
final result comes from again comparing the vortex line density with counterflow
for various rotation rates. In this case the rotation was more substantial ranging
in frequency from 0.2Hz to 1Hz. By dividing the y-axis by Lr and the x-axis by 2
all of the results overlay to give some general features (fig 6.4). From these results
it seems that there are two critical velocities (V.1 and Vi2) at which there is a

change in the behaviour of the fluid. To understand what is happening we split
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Figure 6.4: The results from Swanson et. al. [75] used to plot L/Lg vs V.2 /K.
Also shown are the apparent critical points at which the behaviour of the fluid

changes.

the analysis into 3 regions Vs < V1, Vo < Vs < Vg and Vi > Veo.

In the first region (V,,s < V1) we have L/Lr = 1 which means that no turbulence
has developed. There is just pure rotation and so all of the vortices are in a straight

array.

What then happens at the transition at V,,s = V.17 Swanson et. al. 1983 [75]
suggest that this coincides with the onset of the Donnelly-Glaberson instability.
The vortex lines themselves can oscillate by the helical Kelvin mode. At the point
at which the counterflow is greater than the wave speed of the vortex line modes
there is a growing instability of the oscillations [30]. Once the amplitude of the
waves exceeds the inter vortex spacing the vortex lines can cross and reconnect.
This produces vortex loops which themselves can reconnect with other vortex
lines and we get a turbulent flow. We will discuss this instability in more detail
in chapter 7 where the corresponding critical velocity difference is found for our
neutron star model. For the moment we will take the result from Glaberson et. al.

1974 [30] that the critical velocity is given by
Ver = 2v200 (6.4.7)
Where v is the vortex tension. For superfluid Helium V2 /Qx a2 3 which we can
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see from figure 6.4 matches the experiment well. More recently there have been
numerical simulations of a system of straight vortices becoming unstable via the
Donnelly-Glaberson instability in the presence of counterflow. The results match
the experimental results well [76] [77]. Finally we need to understand why the
behaviour of the fluid is different in the non-rotating case. For this instability to
occur it is necessary to have vortices in the fluid initially. Therefore this instability
is not relevant for the non-rotating problem. It is because of this that there is a
completely different behaviour, and the critical velocity may be have to do with

the counterflow needed to produce vortices on the container walls in the first place.

Now we need to look at the second region (Vg1 < V5 < Ve2). Until this point the
analysis was sufficient to explain the results, with the simulations acting as an extra
confirmation. For this region we have to rely on the numerical results. Tsubota
et. al. simulate a box of superfluid Helium containing a slightly perturbed array
of vortex lines. They have a counterflow that has a velocity within this second
region. The simulations then run until the turbulent state seems to be ’stable’.
These simulations show that once the flow has gone turbulent the tangle of lines
has some polarisation. More of the lines point along the axis of rotation. So as
the rotation is increased the turbulence becomes more polarised. It is because of
this that the increase in vortex density when including rotation does not correlate
with the density of vortex lines for pure rotation. The turbulent flow is modified
by the rotation, rather than vortex lines being added. The results shown in figure

6.3 seem to fit with this explanation.

The final thing to understand about figure 6.4 is what is happening at the critical
velocity V2. We would expect that the polarised turbulence would be a reasonable
picture for all higher critical velocities. T'subota et. al. suggest that there is a
change in the nature of the turbulence [77]. They suggest that there are two
important timescales in the problem. The first being the decay timescale of vortex
rings, and the second being the growth of Kelvin waves. In the region below Vo
the decay of vortex rings is the dominant timescale and so the turbulence will
never fully loose its large scale structure. Above V.o the dominant timescale is

the growth of Kelvin waves. This leads to more reconnections and vortex rings
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being created than are decaying. The flow becomes fully unstructured turbulence,

though there must be some polarisation as we still have a rotating superfluid.

Unfortunately the simulations do not give us a force that we can use to model
the neutron star. They were simulating directly the motion and reconnection of
vortices, whereas we would like to know the macroscopic effect. When writing
down a force to add to the Euler equations for the system we would like to be able
to split the force into a part which comprises the usual form of the mutual friction
and a part which is turbulent. The usual part would be the long range effects,
the equivalent vortex array for the macroscopic velocity field of the neutrons. The
turbulent part would take care of all the hidden vortex motion when considering
the macroscopic scale dynamics. As seen in the Swanson et al. experiment [75] it

is not as simple as adding a ratio factor, e.g.

dpx

dt = RFarray + (1 - R) Fturbulence (648)

The experiment suggests that the form of the turbulent force changes once rotation
is included. At this point we move to the more phenomenological method. Thanks
to Swanson et al. we have a useful graph of the behaviour of polarised turbulence in
Helium. Jou and Mongiovi have suggested a model in this case [44] [45] [58]. As in
the Vinen calculation for isotropic turbulence they start with by constructing the
equation describing the change in vortex line length. They do this by introducing
the two dimensionless quantities
1/2

% ) </<QL) (6.4.9)

Where W is given by

~

W =wl (6.4.10)

np
There are several reasons why the quantities are chosen in this way. Each quantity
corresponds to a property that we expect to be important, the constituent velocity
difference that drives the turbulence and the rotation. For a modest W we use these

quantities to construct the evolution equation for the vortex line density as

dL

Q
i —y1 kL2 4 (W +v3VReQ) L2 — (749 + ’V5W\/:> L (6.4.11)
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Note that the terms involving +; and o are exactly what we get in the Vinen

analysis of isotropic turbulence. We therefore already have two of the coefficients.

_xe
il o

=x15 (6.4.13)

(6.4.12)

Solving (6.4.11) for a constant L gives
2o 2 W s 0
2k 2mV K

W2 W Q (13-4
+1 - W25 Ly \/ <73 75) + = (W) (6.4.14)
K '71 7 Y2 K M

This can be simplified greatly by choosing,

(73 - 275> 13 4 (6.4.15)
71 72 ’Y1 71
Equivalently
%:%(%_%) (6.4.16)
a! 72\ V2

which gives the two solutions

Q
L= (6.4.17)

Y2V K
Ll/z:wW%%%)‘/Q:w W, on /2
7R Y12 kK m| K Y5V R

The first of these solutions is of the form of a straight array. It is not dependent

and

(6.4.18)

upon the velocity difference which would suggest that this is the solution to use
when there is no turbulent flow. The second solution gives the vortex line length
when there is a turbulent flow. We need to analyse the stability of these solutions.
If they are always unstable then they are never going to describe physical states of
the system. We can do this by perturbing L. Replacing L by Lo+ L then (6.4.11)
becomes

ddoL Q
- —2vikLg + = ( VoW 4+ v3VK ) - (749 +’}/5W\/:>] 0L (6.4.19)
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This is stable when the factor inside the square brackets is negative. For (6.4.17)

we find that
2 3 Q Q
27155 4 (oW sV 2 /= — [+ Wy /= | <0 (6.4.20)
V5 k2 YoV K K

This leads to a critical velocity difference, below which the solution (6.4.17) is
stable.

W, = (V:" - 2'74) Vi (6.4.21)

72 75

In this model the straight array will be stable until the critical velocity difference
W, is reached. This is exactly what we need our phenomenological model to do.
Above W, the second solution is stable. We now have a model in which there are
two different behaviours in different regions. It therefore makes sense to choose
the critical velocity such that it corresponds to the onset of turbulence from a
normally rotating fluid. It is known that for Helium the onset of turbulence is
due to the Donnelly-Glaberson instability. The critical velocity difference at which
the instability first occurs is be found to be (6.4.7). Comparing with the critical

velocity in the model this leads to

23/2\/; = <73 - 2“) (6.4.22)
K Y2 Y5

Below the critical velocity we would expect the behaviour to be that of a straight

array of vortices. The vortex density will be given by

20
L==" (6.4.23)
K
Giving
V= V272 (6.4.24)
Using (6.4.22) and (6.4.16) we get
_ X2 ARSI
=4 (;«) X108 =~ 2m (6.4.25)
1/2
g =2 [XQ ) (5) Xlﬁ] ~ 2%/2, (6.4.26)
m K

since # << 1. Returning to the experimental results found by Swanson et. al. (fig

6.4) we can see that we have modeled two of the three regions. We have a region
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6.4 Polarised Turbulence

with a straight array and a region of fully developed polarised turbulence. We
have not accounted for the region V.1 < Vs < Vio. This is the region in which the
dynamics are more involved and there are fewer assumptions that we can make in
trying to analyse the behaviour. We must be aware that the superfluid needs to

be in a fully developed turbulent state to use our model.

6.4.1 Applying this to Neutron Stars

Having found the length of vortex in a fluid box, how do we now extend this to
derive a force that can be used in the equations of motion? We must make an
educated guess. The force must account for long range effects and also the hidden
details. It is this that guides us to split the vortex line length into a long range
rotational effect plus a tangle. The picture shifts from the tangle having some over
all direction, to the picture of a tangle added to an ordered array. This sounds
suspiciously like the picture that we discarded at the beginning. However, the
original picture didn’t deal with the fact that the rotation modifies the form of the
turbulent part of the force as well as adding a large scale rotation force. We can
also think of this as splitting small segments off from the tangle that are aligned
with the rotation. These segments will act as a large scale array and the rest of
the tangle will be left as a dissipative force on the fluid. We split up the vortex
line length as

L=Lg+ Ly (6.4.27)

It is straight forward to calculate Lr. On the macroscopic scale (neglecting en-
trainment) we have,

<eijkvjv§> — 20 = nyky (6.4.28)

where €2 is the macroscopic angular velocity. Taking the magnitude of this,
<6¢j kvj Uﬁ>

where Lrp = n, is the vortex line density of an array producing the observed

=20, = Lgk (6.4.29)

rotation. We can now rewrite the total vortex line length in terms of Lp
S w L

=2 |2 1k
M|k V5 2
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Expanding this and substituting in the necessary coefficients
27TX15)2<W>2 drx18 W
L=|—"F— — ) +———+/Lr+Lpg 6.4.31
( X2 K X2 R ( )
The geometrical coefficient x; is usually taken as 1. Assuming this to be true then

we get,
Lr=L-Lg
2
= 47?32 (W> + 4#,6%\/&% (6.4.32)
K

We then assume that the mutual friction force is of the form

MF / ik klm ».j n
F; = anR{,B eijk/i]wnp + ﬁeijke R kjwy?

. ~ 2L
- [ﬁ’/%Jij + ﬂeijkm]/%lvl/%k} } + TTp,mﬂwgm (6.4.33)

This represents our best guess at the form of the turbulent flow force. There have
been assumptions made along the way, and the whole model is phenomenological,
but it is currently the best we can do. We should note here that there has been
work done on a more algebraic derivation of polarised turbulence (see [24] - [29]).
The vortex tangle is treated as a third fluid and we would hope to investigate
this further in the future. More experimental work is currently being done on
superfluid Helium which will hopefully improve our understanding of polarised
turbulence and reduce the number of ‘guesses’ involved in the modeling process

[79].

6.5 Summary

We have shown the derivation of the forces on the fluid constituents when the
neutron superfluid is turbulent. It has been argued that we should consider the
possibility of turbulence seriously in neutron star cores. As neutron stars rotate we
have had to extend the isotropic turbulence model to one in which the turbulence
is polarised. We have obtained this force phenomenologically using results from

experiments with superfluid Helium [75]. Now that we have this force we can apply
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6.5 Summary

it to models of neutron star phenomena, e.g. glitches and free precession. It may be
necessary to use numerical methods to simulate these phenomena, in particular,
since turbulence may be localised in neutron stars. This makes analytical work on
global models very tough and so a numerical approach would be more appropriate.

Some work has already been done on this with isotropic turbulence [60] [61].
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Chapter 7

Plane Waves

We now have a system of equations that describes some of the effects that may
be found in the neutron star core superfluid. This allows us to investigate how the
fluid properties influence motions in the fluid. We can claim only that some of the
effects have been included as our discussions have been based on a comparison with
He II. We have included the properties that we expect to be the most important
but as we don’t have direct access to a fluid of neutrons, protons and electrons at
nucleonic densities we can’t do much more at this point. To gain useful information
from our proposed system we can look at how the fluid reacts in different situations.
If an event occurs in the neutron star we would expect waves to travel through
the fluid. We can model a wave traveling through the fluid as a perturbation on
a background solution. This can give us an idea of how different fluid properties
affect the oscillations. Solving the full equations including all the different property
variables will be too difficult without using a computer. A numerical approach may
seem the next natural step but this would loose the detail of how each included
property of the system affects the wave. To gain some insight into this, it is useful to
find the dispersion relation of a plane wave, relating the frequency of a wave to its
phase speed. Throughout this chapter we will consider various dispersion relations
to investigate different properties. These include rotation of the fluid, entrainment,
mutual friction and vortex tension. Throughout the plane wave analysis the wave

is taken as a perturbation on a simple background. To simplify the algebra the
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7.1 Time Derivative of a Vector

Figure 7.1: The vector A is being rotated by €2, this is shown at time t and ¢ + §t.
A is at an angle v to the axis of rotation. In time Jt the vector has rotated by

angle 66, which is a change of § A in the vector A.

equations are transformed into a rotating frame so that when rotation is included
some of the hard work has already been done. The background velocities can be

then be taken as zero in the rotating frame.

7.1 Time Derivative of a Vector

Rewriting the equations of motion in a rotating frame is a standard piece of un-
dergraduate mathematics. We include the derivation here as a check that the
entrainment does not enter into the terms that are added to our equations due
to rotation. We first consider a constant vector A which we rotate with angular
velocity © (fig. 7.1). The total time derivative of this rotating vector can be found
by calculating the change in the vector between times ¢ and t + dt. We define ~
as the angle between the vector A and the axis of rotation. The difference in the

vector between times ¢t and t + §t is therefore given by
A(t+6t) — A(t) = 0A = n|A|sin(7)66 + O((66)?) (7.1.1)

Where n is the direction of d A

OQx A
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7.1 Time Derivative of a Vector

As 4t tends to zero we have

65—? = % = |A] siln(’y)zl;:’gij| (7.1.3)

but
€2 x A] = Q[ |A] sin(7) (7.1.4)

SO
% _axAa (7.1.5)

Now we take an arbitrary vector and compare it in an inertial frame and a rotating

frame. Calling the vector B, seen in the rotating frame as
B = Bii+ Byj + Bsk (716)

According to an observer in the rotating frame we have

iB dBy . dBs . dBs
el I k 1.
<dt>R a Tt w (7.1.7)

The coordinates will not move relative to the frame. The R is to emphasis that
the differentiation is with respect to the rotating frame. For an inertial observer

it will no longer be the case that the coordinates of B are stationary. We get

dB\ dB,. dB,. dBs & dj - dk
el I k+ B2 BY g% 7.1.8
(dt)I T T TR e TP T (7.1.8)

and as the coordinate vectors are of constant magnitude then we can use (7.1.5)

(@) -(@)mn o

Now if B is a velocity measured in the respective frames

to give

B[:BR—I—QX’I‘ (7.1.10)

where r is measured in the rotating frame Then

dB; dBp
— ) === 20 x Bp — 7.1.11
< dt )I < dt >R+ R VSO ( )

where the rotation has been taken to be uniform and the centrifugal force (€2 x
Q x r) has been re-written as the gradient of a potential (). For a slowly rotating

frame we can make the assumption that the centrifugal force is negligible.
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7.2 Equations of Motion in a Slowly Rotating Frame

Throughout this section the centrifugal force is neglected. The equations of motion

in an inertial frame are

0 j =
<at wxv]) [ +ex (0 = o)) + Vi (“ mf)

+ex(v) —v))Vivk = X (7.2.1)
The momentum expressed in the rotating frame is
m [”ix + EX(%Y - UQX)] + mEiijjT])“( (7.2.2)
The first term in a rotating frame becomes

<a + U]XV]) [U;X +ex (UZY — U,;X)] + Eka] [21}];( + €x (’Ué“/ — Ul)ﬁ():| -0 (92)

ot
(7.2.3)
while the second term is given by
Ex (v{, — vﬁ() Viv])-( +ex (vgf — v&) Viejlekrl
=cx (v{/ — ) VZ"U]X +ex (v{, — v&) ejlekéf
=ex (v{, — v&) Viv]X — eiijjEX (v{“/ — vl)“() (7.2.4)

The gradient of a scalar will not change when rotated and neither will the force.
The equations of motion with a moderate frame rotation then become
0 ; j HX
<8t + U;(V]> [U;X +ex (UZY — 'U;X)] + 26i]’kﬂjv§( + V, <¢ + Tnx>

+ex (1)3/ - fujy) Vivg( =FYX (7.25)

)

This shows that the entrainment does not enter the new terms. It was necessary
to check this as the entrainment is a modification of the momentum and as such
it would not be surprising if it entered as new force terms. On the other hand en-
trainment is connected to the velocity difference between the two fluid constituent

velocities. Rotating the fluid does not modify this velocity difference.
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7.3 Single Fluid

Before leaping into the analysis of waves in the two constituent case it is worth
examining the simpler case of a single fluid. The main purpose is to introduce the
method and observe some properties of this simple system. In this way we will
have a base from which we can observe how the inclusion of a second constituent

changes various properties. The equations of motion for a single fluid are

P ) .
<8t + Ujv]) v; + 2€iijJUk + Vz(ﬂ) =0 (7.3.1)
The continuity equation is
o .
a—f + V(o) =0 (7.3.2)

To analyse the behaviour of waves in this fluid we will assume some simple back-
ground velocity field and perturb this. To simplify things we take the background
velocity field as stationary and the background density as constant (both in space
and time). We also take the background chemical potential as constant. Denoting
perturbations by d and background pieces with a subscript 0, these quantities will

be rewritten as,

v; — 0U; (7.3.3)
p — po+ 5p (734)
o — fig + 5/1 (7.3.5)

To perturb the equations we also assume that the energy E of the system is

dependent only upon the density. Therefore the chemical potential is given by

_ dE _dp c?
h=——0ji=—0p=—0p 7.3.6
dp dp p (7.3.6)

where the sound speed is defined by

2_ OB

= 7.3.7
=50 (7.3.7)
The perturbed equations are therefore
00 -
an + poV;(6v7) = 0 (7.3.8)
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and

) 2
%m + 260 00" + S V4(5p) = 0 (7.3.9)
Po

We will assume that the perturbations are plane waves and so can be written as
Sv; = vyt @tkIT;) (7.3.10)
5p = pe'@i=kz;) (7.3.11)
Where v; is a constant vector and p is a constant scalar. This assumption is useful

as spatial gradients of these quantities can be replaced by —ik; and time derivatives

by iw. The equations of motion and continuity are therefore,

2 P

iwb; + 261 V0" — ikic® = =0 (7.3.12)
Po
and
iwp — ipok; v’ =0 (7.3.13)
The latter rearranges to give
kol
p= 10" (7.3.14)
w
Substituting (7.3.14) into (7.3.12) gives
, kgl
iwd; + 261,V — k21 = 0 (7.3.15)
w

7.3.1 Finding the frequencies

We have now reduced the problem to one in which the only perturbed quantity
in the equation is the velocity. We would like to find the relationship between the
frequency and phase velocity. To continue we split the vector equation into 3 scalar
equations by taking the dot product with k%, Q¢ and Qjej kik.. At this point we use
vector notation, where vectors are shown in bold. This is to make a connection
with the two fluid calculation later on where we will define vectors where the
elements are constructed from various vector products. Contracting (7.3.15) with

k,i
A2k?

i(v- k) <w - w) 2w (kxQ)]=0 (7.3.16)
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Contracting the perturbed equations of motion with ¢ gives
2
(v-Q)= (k- Q) 5(v- k) (7.3.17)
Contracting with Qjejkikk gives

—iw(v - (kx Q) +20%v-k)—2(k-Q)(v-Q) =0 (7.3.18)

We now define 6 as the angle between k and € so that (k- €2) = k€ cos 6. Substi-
tuting (7.3.17) into (7.3.16) and (7.3.18) we get

c2k?
i(v-k)(w-— )+2(v-(kxQ)=0 (7.3.19)
w
and
2
—w(v- (kx Q) =2i0%v - k) — 2ikQcos bk - Q) 5(v- k) (7.3.20)
or
02 E2c2
(v-(kxQ)) = —22‘;(1} - k)(1 — cos 97) (7.3.21)
Combining these gives
02k2 92 k2c?

This means that for waves that are not purely transverse (k- v # 0) then
wh — w? [Pk + 407 + 407 cos® Ok*c® = 0 (7.3.23)

Solving this as a quadratic in w gives

Ak 1 802 16Q* 1692 cos®
2 _ 2
W= - +20 2\/c4k‘4 <1 tIEt AT T e ) (7.3.24)

For slow rotation to first order

2 _ Czk‘z 24 k? 2 2 2
w®=——+20° £ ( + 207 — 497 cos 9) (7.3.25)

This gives the solutions

Q2
w = ek 42— sin? 0 ~ +ck (7.3.26)

w = +2Qcosd (7.3.27)
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These are sound waves and inertial modes respectively. Remembering that (7.3.23)
only applies for a wave that is not transverse, we need to consider this situation.
Taking the cross product of the perturbed equations of motion with € and then

assuming that the wave is purely transverse (k- v = 0) leaves
W Xv+22x (X xv)=0 (7.3.28)
which together with (7.3.15) simply gives the dispersion relation
w = £20 (7.3.29)

This is the limit of the inertial waves at # = 0. By contracting (7.3.15) with v we
can also see that

v? =0 (7.3.30)

So it must be true that, for a non-trivial mode that in Cartesian coordinates where
the z-axis is aligned with the rotation vector, we have v, = +iv,. This represents

a helical oscillation.

7.4 Two Fluids

At this stage we can begin the plane wave analysis for two constituents. As a first
step in modeling possible situations in neutron star cores we would like to have a
rotating fluid. As well as the obvious reason that neutron stars rotate, it also allows
us to consistently include the effect of an array of vortices in the neutron fluid.
This is only a first step so we will assume a straight array. To include rotation in
the dispersion relation we use the equations of motion in a rotating frame. To find
a dispersion relation it will be assumed that the fluid components are stationary
in the rotating frame. On top of this simple background solution we add a plane
wave perturbative term. This is a slightly simplified situation, but to keep the
analysis manageable it is necessary at this point to avoid velocity differences in

the background solutions of the two components. The equations of motion with
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an array of straight vortices in the neutron fluid are,

0 . i ~
<8t +v§(Vj> [0 +ex (v = v )] +ex(v) —v)Vivk + Vi(e + fix)

+ 2eiijjv§( = %ﬁ'eijk)\j (v’)“( - U@) + pp—nﬁeijk/%jeklm)\l (vﬁ — v}%) (7.4.1)
X X

Where
A =2Q; + Eijkvj [U,ﬁ +en (US - Uﬁ)} (742)
The rotation of the frame has been denoted €);. As usual mass conservation gives
0 .
XV (pxv)) =0 (7.4.3)

Perturbing the background solutions according to

v — sufk

i
px — pox +0px (7.4.4)

where we again denote background quantities by the index 0 and perturbations
by §. The continuity equations therefore become

S .
aa’zx + V7 (poxdv') =0 (7.4.5)

Using the Cowling approximation (V;d¢ = 0) the perturbed equations of motion
become

8875 ((51}1-X +ex [57}2/ — 51}5(]) + Vi(Ojix) + 2¢;1. Q7 50%

N ﬁﬂﬁ/ez’jkkg(%ﬁ — uy) + ppﬂﬁfijkﬁjﬁklm)\?@vfg — duy,)  (7.4.6)
0X 0X

It can be seen here in the mutual friction terms that taking the background rotation
as that of the frame has greatly reduced the complexity of the equation. If there was
a velocity difference in the background then we would also have to perturb A;. Note
that the background quantity )\? = 2Q); = 2QFk;. This is because the background
velocity field has been taken as vanishing in the rotating frame. Moreover, the
array of vortices is aligned with the rotation vector. We again assume that the

perturbations are plane waves;

suX = X ilwt=aik,) (7.4.7)

(2

opx = ﬁxei(m_xjkj) (7.4.8)
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Where v and px are constant vectors. The continuity equation then becomes

0 = iwpx — ipox kv (7.4.9)
kvl = X0 (7.4.10)
POX

To perturb the equations of motion we need to know how to deal with the chemical
potential. We will assume that the background quantity is constant so that its
derivative vanishes. For a two-constituent fluid a perturbation in the chemical
potential is generally given by

Ofix 3ux Opx
apx PX T a0 B

Sjix = 2 dw? (7.4.11)

But for our problem there is no background velocity difference between the two

fluid constituents. This means that
dw? = 2wl Sw; = 0 (7.4.12)
So if we define apX = [ixx and “X = [ixy then
Ofix = fixx0px + ixyopy (7.4.13)

The perturbed momentum equations (7.4.6) then become

w(® +ex (@) — %)) — iki(ixxpx + fixypy) + 2660
— PO g1 N (0% — 08) + L2 Bey i FA) (X — BY) (7.4.14)
POX PoX
Rearranging this and using the perturbed continuity equation (7.4.9) gives
o i m Pon o) meyi
v liw(l —ex)o" + (2 -2 €ij
PoX
Pox

- Q@ﬁﬁijkﬁj "y — Zkzuxka]

+ 172; [’iu)&x(ﬂn + Q%ﬁlqjmfﬂ 2 Pon ﬂewkﬁj klle lkZ,U,XYpOYkm] =0
0X

(7.4.15)
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As in the single fluid analysis we separate this into three equations by contracting

with three vectors. Firstly we contract with k° giving

v [ w(l —ex)k™ + (2 P g ) ke Q0

PoOX
ok Lo Beijiid FmQy — ik fix x —— pox km]
Pox w
+ o) [zweka 4220 e mQi 4 2 flon ﬂ/& wRI My,
PoOX

- ik:Q[LXypOYkm] —0 (7.4.16)
w
Contracting with Q¢

X [mu —ex)Q™ — ik QzMXX”OX km]

oY [iws O™ ik Qi Xypo—yk;m] —0 (7.4.17)
w
Finally contracting with )/ ejkik‘k

[ w(l — ex) Qe+ (2 L > Qie*le ™
POX

- zwﬁgieiq%me“mkqmgl}
Pox

+0) [m X + 2@B’Qieikleljmkk9j
PoX

n QMﬂQ?EiqTGTjkalmkq/%le] =0 (7.4.18)
PoX

At this point we could push on with the analysis, but we are now working with
8 equations and it will get messy. Instead we introduce a set of vectors and ma-
trices that take advantage of the symmetry in the equations between the two
constituents. To introduce the notation we write (7.4.17) explicitly as two equa-
tions.
T [iw(l - sn)Qm—z’kiQiﬂm%km}
+ P, [iwsnﬂm - immnp%km} ~0 (7.4.19)
*, [iw(l - ep)Qm—ikiQmpp%km]

0 fiwep 2" = ik i PR = 0 (7.4.20)
w

97



7.4 Two Fluids

We then define

1- En €n - ﬂnnp()n [anpOp
§= p={ )
€p I—ep HpnPon  HppPop
Qio? ki om
vo = / v = / (7.4.21)
Vol k0%

which allows us to write (7.4.17) simply as

w2

oY Evq = Ly (7.4.22)
As a note for future reference
1 1—¢ —e
gl==C P " E=det(§) =1—¢e, —¢p
§ —&p 1l—¢€n
Qe kI vk _
e po=| " T (7.4.23)
Q’eijkk:] 17]]; —Pon  POn

Here we have made the assumption that 1 — ¢, — ¢, # 0. Writing out (7.4.16) in

it’s separate constituents gives

an [iwa — e k™ 4 (2 — 28) ke
— 2k Beyjpoid MOy — ikZ/lmpﬂkm}

s [zwsnkm + 28 ki€ + 2k e R Yy — ik iy P2 km} —0 (7.4.24)
w

and
o s m Pon i mQJ
ob [zw(l —ep)k™ + (2 - Qﬁ) E'e;;™ S
Pop

— 2k 2 gy i My, — z'k;2,1pppopkm}
Op w

+ T, [iwepkm + 2pﬂﬂ ke ™ + 2”0—"51{% KRy — k2, km} =

(7.4.25)
These equations can be combined as
k2 /
[zw{ — z—u + QQQpO} v — [QI 25p0] b (k-Q)pova =0 (7.4.26)
Pop Pop p()pQ
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Writing (7.4.18) out in separate components we get

O 1901 = )2 kg + (2 = 20') el "y
—2ﬁQieiqT6rjkeklmkq/%le]

P [iwsnﬂieijmkj + 2/3/Qieikleljmk‘ij+QBQieiqTeTjkeklmk:q/%le] —0 (7.4.27)
and

P, [zw(l — )R MRy + (2 _ gl )Qieikleljmkkﬁj
Pop

—2””ﬁQieim’emke“mkqml]
Pop

+op, [iwgpgieijmkj + 2ppﬂ B ek, O
Op

+2,OOnIBQieiqreTjkﬁklmkq,%le] =0 (7.4.28)
Pop

Again writing this into matrix form gives

/

[zw{ + 2mp0} Ve + [21 2— g pg] Q%o — [21 2ﬁpg} (k-Q)vg =0 (7.4.29)
Pop Po P

From (7.4.22) we know that

vo = 0;2 ¢ oy, (7.4.30)
Substituting this into (7.4.26) and (7.4.29)

2 /
[zw{ — zk—u—i— 2ﬂQp0] v — [21 2ﬂp ] 2i (k- Q) Lt
Pop Pop pOpQ
(7.4.31)

and

/ / . 2
[iwﬁ + ZBQpO} Ve + [21 — 2ﬂp0] Qv — [21 — 2£ 0] (k ?) &, =0
Pop Pop Pop w
(7.4.32)

These rearrange to give

k2 k-Q 2 /
[iwﬁ — ’i*ﬂ—F 2 ﬁ PO (Q2 - ( 3 ) _1ﬁ>:| Ve — [21 — Qﬁpg] Ve =
w Pop§l w

and

[iwg + 259,)0] ve = [(21 -2 py) <Q2 - ;02 g—lﬁ)] v, (7.4.34)
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Note that up to this point the only assumption in the algebra is that 1—¢,—¢, # 0.

The matrix from the left hand side of equation (7.4.34) has determinant

det (iw& + 2mpo> =liw(l — &,) + 289 {iw(l —&p) + 2”0”59]
Pop Pop
— [iwen — 269 {z‘wsp — 9P 59}
Pop
=—w?(1—e, —gp) + 12000 (1 + p””) (7.4.35)

Pop

This means that the inverse of the matrix is

1 iw(l—ep) + 2%59 —iwey, + 26Q
W2 — 12008 (1 n %) —iwe, +22250 w1 —ep) +260
(7.4.36)
To continue working with this notation we define
piero — | P Pow (7.4.37)
Pon  POp

Noting that pop§® = 0 then (7.4.34) can be rewritten as

. =1 4 9089 ,zero ' :
- iwEEL + poppo |:<21 _ Qﬁp()) <QQ . (k 9)25_1;1)] Vg

o . n 2
w2€ — 203 (1 + ZOTP) Pop w
(7.4.38)
Substituting into (7.4.33) gives
k% _ k-Q)2 .
[iwﬁ L NP Po <92 — (2)6‘1/1)] vk
w Pop§2 w
P iwgg ! 4 285 pgere
— | 2I - 27p0 L
pop ) w2g — 2008 (1+ )
/ k-Q 2
[(21 — 25,;0) <92 — (2)51;1)] v, =0 (7.4.39)
Pop w
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This expands to give

K k)2 02
vk{zwﬁ—lu+2 ﬂon <Q2—( 2) 3 1u> —
W' pop w w26 — 12008 (1+ 22 )

/ / 2
<4w§§1 — it T (o €7 po] + it ( o ) pot " po + 822 pero
P Y Pop

Op Op
(k : Q)2 C el e—1~ . ﬂ, -1 -1 -1~
_ R [4zw£ & n— 41(,«)7%(,005 +£ P0)£ 4
/ 2
+idw ( 0 ) pot L po +8mp5€mslﬁ] >} —0  (r.440)
p()p pOpg

For v # 0 the determinant of the matrix part of the above must vanish. This
leads to waves which are not transverse. As an aside, if we consider the transverse
case (v, = 0) then we can see from (7.4.33) and (7.4.34) that these two conditions
must be satisfied unless either the wave direction vector or oscillation vectors are

aligned with the rotation,

Q
det (iw£ + Qﬁp()) =0
Pop
3
det (21 - 2p0> =0 (7.4.41)
Pop

That is, we would have to demand that
0=w?(l—¢,—¢cp) — 2003 <1 + po")
Pop

0=4—48 (1 + Z‘;”> (7.4.42)
/4

The second condition is very restrictive and so a purely transverse wave in which
k; and §; are not parallel seems unlikely. In the single fluid problem we found
a dispersion relation for the parallel case. The calculation for two constituents is
more complicated. Later on we shall look at a similar case but with no perturbation

of the proton fluid and 3 taken as small.

7.5 Solutions

The equation that we now have to solve represents a very general case that includes

a lot of different properties of our two fluid system. It is useful to consider some
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simple situations to get a feel for how each fluid property included in the model

affects the waves.

7.5.1 No rotation, coupling, or friction

We start with the simplest case with the two fluids completely decoupled. This is

equivalent to saying that the equation of state is given by

E = f(n) + g(ny) (7.5.1)

The equation that gives the dispersion relation when Q = 3=/ =ecx = fixy =0

is
2

wl —i—p
w

- (7.5.2)

This expands to give
w? <1 - f;ﬂnnﬂﬂn> <1 - f;zgﬂpppﬂp) =0 (7.5.3)
which gives solutions as
W = K fianpon & = K fipppop (7.5.4)
Defining the sound speed of each fluid by ¢4 = fixxpox these become

w = tkec,

w = tkep (7.5.5)

These can be associated with the neutron and proton longitudinal sound waves
respectively. There is no interaction between the two fluids as there is no coupling

mechanism included.

7.5.2 Entrainment

At this point we can begin to investigate how various parameters modify these
modes. Including entrainment allows the equation of state to depend on relative

velocities. We denote the relative velocity of the two constituents by wy, and take
E = f(n) + g(ny) + h(u2,) (7.5.6)
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The assumption that we can separate the velocity difference and the densities in
the energy is equivalent to Taylor expanding for small w;? In this case we take

Q=p3=p = jxy =0, and obtain the equation,

k2
wg-x#%:o (7.5.7)

We expand this to get

k2 k2
w? [(1 —En — u}2031> <1 —&p — wzﬂpppop) — €n€p] =0 (7.5.8)

Solving for w? gives

1
w? = % [(1- 6n)kzcg + (1 —gp)k*c2]

k? 2 212 2 21?2

ii{m—%m+u—%m}—%%ﬁ (7.5.9)
To make further progress it is useful to assume that the entrainment is a small effect
and use Taylor expansions on ex. From (7.5.8) we can see that the frequencies

then are
1
w==+ (1 + 25n> ke, (7.5.10)

1
w=d= <1 + 25p> ke, (7.5.11)

(7.5.10) and (7.5.11) are sound waves with a correction due to entrainment. Even
though entrainment is a coupling between the constituents there appears to be no
interaction between the two fluids wave speeds. These effects are of higher order

in the entrainment parameter.

7.5.3 Chemical coupling

For completeness we consider the effect that “chemical coupling” has on the fre-

quency. The equation of state for this situation is of the form
E = f(nn,np) (7.5.12)

This is allows the chemical potential of one fluid to be affected by the population
density of the other constituent. This gives
k2
‘wI — ;1‘ =0 (7.5.13)
w
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which expands to give
wt — w? [k:2 (ch + 012,)] + Kk (cicf, - pOPC2> (7.5.14)
Pon
where C' = jixy pon = [ty X Pon- Solving this quadratic for w?, taking C? as small,

gives the dispersion relation as either

Pop 02
==+ | ke, k 7.5.15
¢ ( ot 2pon cnlch — C;z2))> ( )

or

o=t (ke + Lo & (7.5.16)
; P 2p0n Cp<012u_c%) o

These are still modified sound waves in each constituent.

7.5.4 Slow rotation

We now move on to the case of slow rotation. As well as finding the appropriate
modes associated with rotation, this is done in order to later be able to include
mutual frictional effects. To first order mutual friction will affect waves when the
background rotation is non-zero. For the moment we take the mutual friction
coefficients as zero. To keep the problem tractable, we will be taking zero coupling

in the equation of state. That is
E = f(n) + g(ny) (7.5.17)
Taking 6 = ' = ex = fixy = 0 the equation to solve is

2 QQ 2
il — i = <4mI i cos? 9,1) ’ =0 (7.5.18)
w w w

Defining 6 as the angle between k; and ©; such that k7Q; = k€2 cos 6, this expands

to give
k2 402 O2K2 k2 402 O2K2
w——c - — 44 cos’0c2 ) (w—"—c2 — —— +4 cos’0c2 ) =0
w w w3 w? o ow w3 P
(7.5.19)
The solutions can thus be found from either
0=w! —w? [k + 407 + 4Q%k* cos® Oc? (7.5.20)
0=w—u? [k:2c§ + 492] + 492k cos? 90127 (7.5.21)
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These are both quadratics in w?. Solving these and using the assumption of slow

rotation (2 < kcx) the dispersion relations are

w = £ (kep 4 207 sin” 0) (7.5.22)

w = £20cosd (7.5.23)
and

w = =£ (ke, + 207 sin” 0) (7.5.24)

w = £2Qcosd (7.5.25)

(7.5.23) and (7.5.25) are inertial modes which were trivial in the previous calcula-
tions. These solutions appear degenerate because the background rotations of the
two constituents is the same. If higher powers of ) are included then these two
solutions are no longer degenerate. The frequencies found in (7.5.22) and (7.5.24)
are the sound waves with a correction due to rotation. All of these solutions are

exactly what we expect from comparing with the single fluid case.

7.5.5 Mutual friction with slow rotation

Up until now there have not been any dissipative mechanisms included so that the
waves were not damped. By including mutual friction in the calculation we should
gain some insight into how oscillations inside a neutron star are damped. Due to
the complicated nature of the system of equations we would like to simplify the
problem as much as possible. We will therefore take the chemical coupling and
entrainment as negligible (ex = fixy = 0). In principle it is not quite consistent
to ignore the entrainment as it is necessary for the interaction between the two
constituents that leads to the mutual friction force. We are, however, concerned
here with the dissipative effects of mutual friction, which the explicitly written
entrainment term in the equations should not effect too much. We are forced to
set a non-zero rotation as it directly relates to how mutual friction affects the fluid.
It is by the neutron fluid rotating that we have vortices in the fluid by which we get
the force between the constituents. Carrying on from the previous section we take

Q) as small. It is also sensible to take 3 as small as we have seen previously that we
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might expect 3 < 1. As 3’ ~ 3% we will neglect /. To find the dispersion relation
we will use the solution found for slow rotation and assume that the addition of
mutual friction into the problem will be a small correction to the frequency. So we
replace the frequency w by wg + dw. wy is the frequency when 8 = 0 and dw is the

correction. The equation to solve is

) L0)2
iwl— g 20 o <QQI—(k ) ﬁ)
w p

w2

0?2 Q
{illwI 1 g% prero
w? — 2000 (1 + Zgi) Pop

k- Q)2 ca = ﬂQ zero ~

Op

=0 (7.5.26)

Before choosing the form of w it is useful to take 8 as small so that,

0? e 20) n
~ [1+ 2420 <1+ po)] (7.5.27)
w? —2wQ 3 (1 + ZOTZ) w w Pop

At this point we rewrite (7.5.26) with the assumed form of w.

7.2
iwo <1 + 5w> I - L (1 — 5w> o+ 25 Po [QQI (k- Q) (1 — 2(5w> ﬁ}
wo wo wo popS? wi wo

2
e [1 EPLCELE (1 + po”)] {i4w0 (1 + 5) 1+ 892 pero

wy wo wo Pop wo Pop
k-Q 1) 1) QO
( R ) 1—2—w 14wy 1+7w ,LL—I-Sﬂ—pzemﬁ =0
52 wo wo Pop
(7.5.28)
This can be written in the form
a b
b =0 (7.5.29)
Bc d

As (3 is small then solutions are found from either a = 0 or d = 0. This means

that we need to solve either

2 . 2
iwo <1 + M) LS <1 - (5w> 2+ 26 <Q2 _ ?) Ci)
wo wo wo wo

k)
¢ [1—25w+ 296( +p0">]{4 <1+>+8mp0n

wo wo pop pOp

k-Q 5 5 0
- % <1 - 2‘”) [i4w0 (1 + “’) 2+ 8ﬁp0nci} } =0
whs2 wo wo Pop

106



7.5 Solutions

or

) 280, -0)?2
iwo(1+&u)m<15w>c§+ bp <92(k 2)0127)
wQ wo wo Qpp wp

02 20)
-~ [1—25“’“’5 (1+p°”>] {i4w0 <1+iw> 1850
0

wo wo Pop

I S R ) PR R
% 1 2w0 14w 1+w0 ¢, +808%c,| ¢ =0

(7.5.31)

Expanding (7.5.30) and collecting small terms we get

k2 0
wo — ;Oci - 4(70 + 4w—gk2 cos? 0c?
;2 0 k20 cos?0
+ 0w [1 R 1230802}
“o “o “o
02 k2 cos? 6
— 260 [1 + 42} [1 - COZSCEL:| —0 (7.5.32)
“0 “o

The first line is exactly the equation we solved for the slow rotation, no friction
case. If we substitute the solutions (7.5.22) or (7.5.23) this line will cancel out.

Solving for dw, we get

(w2 + 407 [w3 — k2 cos? 0c2]

ow = 1269 7.5.33
w =20 wi + k2wic2 + 492wk — 12k202 cos? Oc2 ( )

Looking first at the inertial modes we use wg = 402 cos® 6 to get

[1 + cos? 9] [402 — k202]
= 12060 i .5.34
ow =126 402 (1 + cos? 0) — 2k2c2 (7:5:34)
To first order in Q this is

Sw = i [1 4 cos® 0] (7.5.35)

The other solution is for sound waves in the neutron fluid. We make the substitu-
tion w2 = k22 + 402 sin? 6 into (7.5.33) and find

[k%c2 + 4Q% sin? 0 + 40?] [k?c2 + 402 sin? § — k? cos? 02 ]
2kicd + 12k2c202 sin? 0 — 12k2c202 cos? 0 + 4k2c2 02 + 3204 sin? 0
= 60 [1 — cos? 9]

dw = 12060

= iBQsin%0 (7.5.36)

107



7.5 Solutions

We now use (7.5.31) to find the other set of solutions. Again expanding this and

collecting small terms we obtain

k2 02 k2Q? cos? 0
o B 2 e,
wo wo wo
2 2 2002 12
+ b [1 TR B 12Wc§]
“o “o “o
n 02 k%c2 cos? 6
D Y619 i B Yl I e Uil (7.5.37)
2 2
Pp “o “o

Again the first line equals zero for the two previously found solutions (7.5.24) and

(7.5.25) of wp. Solving for dw gives

2 2 2 2 ..2p.2

wi + 407 | |ws — k“ cos® B¢
5w:i2ﬂ9pn Z [2022 ][202 2 2p}2 2
pp wy + kPwyep + 4Q%w5 — 12k2Q% cos® Oy

(7.5.38)

Again looking at inertial modes we use the substitution wj = 4Q2 cos? § giving,
bw = iBQL" [1 + cos? 6] (7.5.39)
Pp
The second solution for wq is for the sound waves in the charged fluid. Using the
substitution w} = k2c2 + 40Q% sin® 6 (7.5.38) becomes,
. Pn . 2
dw = iBQ— sin“ (7.5.40)
Pp

To summarise the results of this section we have two sets of sound waves with

frequency
w = =+ (kep 4+ 207 sin® 0) 4 iBQsin® 0 (7.5.41)
w = =+ (kep + 20 sin® 6) + iBOL sin® 6 (7.5.42)
Pp

We also have two sets of inertial modes. Previously these solutions were degenerate,
but they become distinct with the inclusion of the damping effects of mutual

friction. We have

w = £2Qcosb +ifQ[1 + cos? 6] (7.5.43)
w=+20 cosf + z’ﬁQZ—” [1 + cos? ] (7.5.44)
p

(7.5.41) and (7.5.42) show that there will be no dissipation of sound waves when

they are travelling along the axis of rotation. On the other hand the inertial modes
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(7.5.43) and (7.5.44) always feel the effect of dissipation. In fact, the greatest effect
is when the wave travels along the direction of rotation (# = 0) To investigate in
more detail why the dissipation acts like this on the various modes we return to

the single fluid case.

7.5.6 A More Detailed Look at the Waves

The single fluid case can help show why the different types of wave are affected in
different ways by the mutual friction. In the two fluid case we have assumed that
straight vortices create friction between the two constituents. All frictional forces
are orthogonal to the direction of circulation. This means that any flow along a
vortex will not be modified by the inclusion of these forces. It is therefore only
modes in which the particles move orthogonally to the circulation that will be
damped. To see how much mutual friction is expected to affect each type of wave
it is useful to find |v x 2| and v - Q. The vortex array will be taken as parallel
to the rotation of the frame. These two quantities will therefore give a measure of
how much of the velocity field points in the directions parallel and perpendicular
to the vortex array. For sound waves we found the dispersion relation w = +kc
(7.3.26). Substituting this into the perturbed equations (7.3.15) and dotting with

the unit vector ; we get
tikeni (Y — i%@ikikﬁj -0 (7.5.45)
Rewriting this and dividing by |v| gives
+ik2e? (v : Q) ik (Q : k) (k: : @) ~0 (7.5.46)
so that
+ik2c? (v : Q) ik (Q : k) (k: : @) ~0 (7.5.47)

This rearranges to give

+ (v . Q) = cosf (k . @) (7.5.48)
Dotting (7.3.15) with v gives

Cc

k@iki/@-@j =0 (7.5.49)

+ikcv;0' — i
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Finally, rearrange to get

+1= (@ : 1%)2 (7.5.50)

As expected for sound waves, the above equation says that the perturbations are
completely longitudinal. Substituting this in to (7.5.48) shows the angle between
the vectors 2; and v; as

(@ . Q) = cos @ (7.5.51)

This shows that v; is parallel to €; when cosf® = 1. This suggests that when
a sound wave travels along the direction of rotation we would expect no mutual
friction effects in the two fluid problem. Comparing with the sound wave dispersion
relations in the two fluid case, (7.5.41) and (7.5.42), this is exactly what we found.
Let us now consider the inertial modes. Substituting w = £2€ cosd into (7.3.15)
we have

+402 cos Heijkflgf)k = ik2Phik; 07 — 1492 cos? 0 (7.5.52)

Rearranging and squaring this gives

N2 1 . .
<eijkﬁjﬁk> = 1600 020 ket (k- )% +160Q% cos® 0 — 8K (k - ©)2Q2 cos? 6
(7.5.53)
Dotting (7.3.15) with €; and v; gives
N2
402 cos? 0 = k*c? (k: : O) (7.5.54)
and
402 cos? 6 (17 . Q) = k2c? cosh (l% . 6) (7.5.55)
This gives
~ 2Q2cos 0
hoi) =+ 5.
( o = (7.5.56)
Finally substitution of (7.5.56) into (7.5.53) gives
a0) = L 12202 cos?9 - 160" cos? 0 7.5.57
E’ij v = m [ C COS — COS ] ( .. )

We see that there is no wave motion orthogonal to the rotation when kc = 29 cos 6.
It is worthwhile noting that this is when the wave speed of the inertial modes equals
the speed of sound. We find from (7.5.55) and (7.5.56) that
A ke
i Q) =— 7.5.58
(“ 20 ( )
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This means that the vector v; will be parallel to €2; only when kc = 2Q2. Comparing
this with what we have just found it seems that the only situation in which there
will be an inertial wave in the fluid which has no motion orthogonal to the rotation
axis is when kc = 2. The wave is then longitudinal and travels in the direction
of rotation. The two types of wave have a degeneracy for kc = 2{2cosf and are
both longitudinal. Except for this special case we would expect mutual friction to
dissipate the inertial modes as there will always be some part of the fluid velocity
orthogonal to the axis of rotation. This correlates with the two fluid dispersion

relations (7.5.43) and (7.5.44).

7.6 Hall modes

So far the superfluid neutron vortices have been assumed to be in a straight array.
We have not accounted for the possibility of the vortex lines bending and so the
tension term has been zero. Hall [37] found modes by including the vortex tension
and constraining the direction of wave propagation to be parallel to the rotation
axis, the z-axis in the following. Redoing this calculation with our equations will
show how entrainment affects these modes. Mutual friction will be neglected for

this calculation. The equations of motion in a rotating frame are now

s, - . ,
(875 + vglv]) [vf + en (V) —v)] + &5, (vf — U;L) Vivd 4+ Vi(jin) + 26100 0F

== V)\jvj'j\i
(7.6.1)
9 7 V4 n P n P Vi ~ 7,k
o + oIV ) v +ep (v —v))] + &p (vj — vj> Vv + Vi(fip) + 2€;1.Q7 v,
=0 (7.6.2)

The A; in the tension term is the average circulation in the neutron fluid at a

point. It is therefore defined as,
C o ) S vl P k k
i = npki = 2Q; + €5V [vn +&n <vp — vn)] (7.6.3)

The gravitational potential has been ignored. To proceed we assume that the

background flows of the two fluids are both zero in the rotating frame. Except for
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the tension term these two equations have been perturbed before, so we concentrate

on the tension. Perturbing v* and A; we use the substitution
v — vy’ (7.6.4)

1 .
i — A 40N =20 + mfeijkvaﬁ (7.6.5)

Where, as before, the subscript 0 denotes the background part and the § denotes
the perturbation. p! is the momentum of the neutrons and as before, see (4.5.5),
it is defined by

P = my (V] + e (v — 0f')] (7.6.6)

As the background part of \; is a constant unit vector in the z direction;
SNV, Ai) = V0 (7.6.7)

To find 6); we expand Ai to get

P v AR Y .
p— €k V7 opy, + 28);
erstvsép% + 20,

AN =

Sl
Mn

(7.6.8)

Expanding the denominator of this fraction we have

1 . 1 . .
= \/<€Z’jkv]5p7]§ + 291) <€llmvl5p21 + QQZ>
my, My

1 .
’ 76ijkvj (5;012 + 291
Mp

(7.6.9)
To first order in dp}' this becomes
o1 Q1 )
€ijk V mfnpﬁ +2Q;| = \/(29)2 <1 + mmneijkvali)
=201 i ik VI opk 7.6.10
= T a0z Ciik Y OPn (7.6.10)

Note that at this point we can no longer take the 2 — 0 limit. Substituting (7.6.10)
back into (7.6.8) and using Ag = /€ we find the perturbed tension is

1 j sk ;
‘ R . €1k VIOpE + 2Q); a1 , Q.
I 5N = Ave mn Y n NIk e
YaVoh = (2V5) { ( 2Q) (1 202 m,, I 6pn) Q

B (QQjV ) %neijkvjdpﬁ — Qi%%ﬂemjkvjdpﬁ
N J 20

(7.6.11)
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We again assume that the perturbations are plane waves. For reasons of clarity, we
also add the assumption that the waves travel along the axis of rotation (k, = k).
This gives Q"¢ V7 6pF = 0 in (7.6.11). After dividing by the oscillating part
gi(wi—kz;) (as we have done for the rest of the equation of motion) we find that
the tension term that needs to be included in the perturbed equations of motion
is,
_n;kzeijkkgpﬁ = —kaeigihd [0k + 2 (05 — 4] (7.6.12)
It can be seen that the tension will have no effect on longitudinal waves along
the axis of rotation. As we are concentrating on the modes found by Hall [37]
the perturbations are now taken as completely transverse waves. By the continu-
ity equation this means that there are no density perturbations. The perturbed
equations of motion are therefore,
iw [@? +&n <17§’ - z‘;{‘)] + 206,08 = —kZe;j,Q [17,’3 +éen (17]’; - ﬁﬁ)] (7.6.13)

iw [@f +¢&p (17? - @f)} + 206,05 =0 (7.6.14)
To solve these equations we take the cross product with €2;.

%

iw [eijkﬂéﬁfl(l —en) + aneijkﬁéf)ﬂ = [k2(1 — &) + 2Q] 0 + DkZe, 00 (7.6.15)
i e Qfuh (1 = &) + epegQuk| — 2007 =0 (7.6.16)

We now use (7.6.15) and (7.6.16) to solve for eiij%'DfL and eiij%T}];. These results

can then be substituted into (7.6.13) and (7.6.14) to give

n 27]{/.2 n 2
U;L{[2Q+(1—en)yk§]2 — (1 — ) [1 ey e Y ] _ Enop }

2Q 2Q

_ vp{wzgn(l ) [1 - €p)uk§} el =g

i Q0 20

— 29+ (1 - 5n)z7k:§]snﬂl~c§} (7.6.17)

and

o (7.6.18)
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7.6 Hall modes

From these two relations we see that the required dispersion relation is

[40% — (1 — &) %07] { 20 + (1 — ,)7k?]?

Enepw vk’ ] Enepw? }

— W21 = 1—g, —
Wil —¢n) |1 =en 20 20

_ 2.2) 2 (1 —ep)vk?
= w €p{w En(l — En) |:1 — T
2

en(l —ep)w

50 — [2Q+ (1 —&,)7k2] snukg} (7.6.19)

We now have a quadratic in w?. This is possible to solve but even with all the
assumptions we’ve included the result is very messy. As a starting point we ignore

entrainment to get
[40% — w?] [(2Q + PE2)? — w?] =0 (7.6.20)
This gives the solutions

w = £(2Q + vk?) (7.6.21)

w = +20Q (7.6.22)

We see that the second solution is just the proton inertial modes. The first solution
is the inertial mode in the neutron fluid. This mode is modified by the tension and
is the same relation found by Hall [37] for superfluid Helium. To extend this result
we reintroduce the entrainment. As in the mutual friction case we assume that the
entrainment is a small quantity and that its inclusion will be a small modification
of the previously found solutions. To first order in entrainment the dispersion

relation is,
[402 — (1 — £,)%w?] { 20+ (1 — £,)7k2]” — w2(1 — an)Q} —0  (7.6.23)
Hence, we can see that the solutions are

w= £ [2Q(1 + &,) + vk (7.6.24)

w=£20(1 +¢,) (7.6.25)

There is no reason why the entrainment should be small, but the assumption

makes the solutions more tractable. The purpose of this section was to get some
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7.7 The Donnelly-Glaberson Instability

feel, analytically, for the way that entrainment comes into the problem. We can
see that for weak entrainment the frequency is modified via the rotation rather

than the tension.

7.7 The Donnelly-Glaberson Instability

A logical next step in pushing this analysis forwards is to include a background
velocity difference between the two constituents. This will greatly complicate the
analysis and so we are forced to look at special cases. In a paper by Glaberson
et. al. [30] unstable modes were found by introducing a velocity difference along
the axis of rotation. They also confine themselves to looking at transverse waves
that travel in the direction of the velocity difference. In their paper they show that
the unstable modes are due to mutual friction. It would be interesting to see if
other coupling effects like entrainment can do the same job. The investigation of
instabilities is important in discussions of the onset of turbulence. In fact, it is the
instability found by Glaberson et. al. [30] that is thought to lead to turbulence. It is
known as the Donnelly-Glaberson instability and was already discussed in section
6.4. It is clearly important that we understand this instability in the neutron star

case.

We will consider a transverse wave traveling parallel to the axis of rotation and
velocity difference. This will again be labelled as the z axis. To gain as full a picture
of the instability as possible we include the mutual friction force for curved vortices,
the tension and entrainment. We will take 3 as a small quantity. The problem will
lead to a complicated set of equations so we will clamp the proton fluid. That is,
we assume that the proton velocity is zero in the rotating frame. This means that
the velocity difference between the two constituents will just lead to a term in
the neutron fluid background. This is not so unreasonable. If the coupling terms
are taken as small, as we have done here, then one constituents velocity field only

affects the dispersion relation of the other constituent at the second order level.
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7.7 The Donnelly-Glaberson Instability

To summarise, the assumed velocity fields are

o = e =0 (1.1.1)

where k; = k7. The perturbed continuity equation for the neutrons is given as

X kK03

The right hand side of the equation vanishes as the wave is transverse. We there-
fore have a set of three equations from the neutron equations of motion. When

perturbed and the assumptions are implemented these equations lead to
i(w— VE)I(1 — &) + 267 0F = G (7.7.3)

As discussed above the perturbed force will consist of a perturbed tension, mutual
friction and a self induced velocity piece. The previous section has given us that

for a transverse wave the perturbed tension is given by
SELmsion — _pk e nkIoh (1 — &) (7.7.4)

Previously we calculated the perturbed mutual friction force for a straight vor-
tex array. This, however, did not allow for a background velocity difference. The

perturbed force before implementing the assumptions is given by,
gEmutual _ 5 (ﬂeijk)\jeklmjxl(vfn - vfn)) (7.7.5)

Applying the assumed form of the velocity fields and remembering that )\? = 2€);,

we get
5ﬂmU‘tual = /6(5 <)\‘]5\1U;L — AJS\]U?)
_ g (sxt Q6N — 5|\ 0 Y sun — 9qsun

For a transverse wave we know that k7 TJJX = 0 and §); is perpendicular to k;. After

dividing by eiWi=k'2;) then the perturbed mutual friction for a straight array is
SEMal — _iBVe kI k(1 — e,) — 26Q0" (7.7.7)

116



7.7 The Donnelly-Glaberson Instability

Lastly we need to find the perturbed force due to the vortex self induced velocity;
gRinduced _ g (—ymeijkvj&k> = —20f3Qe;;, VISAF (7.7.8)
Using (7.6.8) this becomes

SEfmduced — yge kI M ko (1 — &,,)

= vBk kv (1 — en) — vBK v} (1 — &p) (7.7.9)

Substituting (7.7.4), (7.7.7) and (7.7.9) into (7.7.3) gives us the perturbed equa-

tions of motion.

[i(w — VE)(1 — n) +28Q + vk (1 — &,)] o)

= [-20 — vk} (1 — ;) — iBVE(l — £)] ejikivf (7.7.10)
Contracting this with el-jk/%j and combining the two equations we find that

[(w—VE)(1 —e,) — 280 — vk (1 —&,)]”

2

= 20+ vk’ (1 - e,) + V(1 —,)]” (7.7.11)

which for small entrainment gives the dispersion relation
w—Vk==£[20(1 +ep) +vk*] +i28Q(1 + &,) +ivpk* £ipVEk  (7.7.12)

There will be a growing unstable mode when w has a negative imaginary part.

This means that the amplitude of the oscillations grows for

20
V> So(Lten) + vk (7.7.13)

Neglecting entrainment for the moment we have found a velocity at which the wave
will become unstable that depends upon the wave vector k. To find the critical
velocity at which the instability will set in we simply need to minimise the right

hand side of the equation. This gives

2Q 2Q

So we will have an instability when

V>V, =2V20w (7.7.15)
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7.7 The Donnelly-Glaberson Instability

This is exactly the relation found for the Helium case by Glaberson et. al. [30].
From the discussion of Glaberson et. al., we know that these are helical Kelvin
waves that travel along the vortex lines. We have shown that they are inertial
waves on the macroscopic scale. For a neutron star we will have entrainment as

well. When we include entrainment as a small quantity then the critical wave

20 1
ky =1/ 1+ =¢, 7.1
V<+2a~> (7.7.16)

vector is

while the critical velocity becomes
1
Ve =2V 2Qu (1 + 2€n> (7.7.17)

We would like to know what is physically significant about this velocity. We can

find the phase velocity (o,) of the wave from

r
oy = E:)) (7.7.18)
For the inertial waves this leads to
2Q
op=V=E|—1+e,) +vk (7.7.19)

k

We can see from this that the critical velocity corresponds to o, = 0. This is when
the velocity of the wave is the same as the counterflow velocity. So the critical
velocity coincides with the point at which the counterflow is at the same speed
as the helical oscillations that travel along the vortex line. This instability is one
of a more general class of two stream instabilities [9]. The instability found here
is the same one that was discussed in chapter 6 as the onset of turbulent flows.
We need to check that this instability is reasonable for neutron stars. For these
rough estimates we neglect entrainment. From (7.7.14) we find that the critical

wave vector is

Q 1/2
k. ~ 250 <1003—1> cm ™t (7.7.20)
This corresponds to a wavelength of
Q —-1/2
A =4x1073 <1003—1> cm (7.7.21)
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We expect that the inter vortex spacing to be

Q —1/2
_ -3
dy = 3.4 x 10 <10051) cm (7.7.22)

Hence there would be a large range of wavelengths for which the modes would be

unstable. The corresponding critical velocity is

0 —-1/2

For a star with an angular velocity of 100 s~! the critical velocity is as small as
5.7 cm s~ 1. This seems to be a very low velocity and so it seems likely that there

will be situations in which this is relevant.

7.8 Turbulence

To conclude this chapter we now introduce turbulence into the discussion. The
previous section showed that the instability that is thought to be crucial in set-
ting up a turbulent flow is physically possible. In fact the calculations showed
that the necessary conditions are likely to be satisfied. It is important to un-
derstand oscillations in a turbulent flow as it may significantly influence neutron
star dynamics. We will approach this in a similar way to the calculation for the
Donnelly-Glaberson instability. In this way we can see how turbulence affects the
instability. All assumptions used in the previous section still hold except that we

use the polarised turbulent force given in chapter 6 as,
£ = poLr [ﬁleijk/\jwfip + Begje™™ N Ny
. . 2
—v (ﬂ,)\JVj)\i + B)\EijkvjAk> :| + gpnﬂAwfnLT (7.8.1)

Hence we have

w\? W
Ly = 47232 <,z.-,> + 4775?\/LR (7.8.2)
and
20)
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7.8 Turbulence

moreover, p, is constant for a transverse wave and v, = 0 when the proton fluid
is clamped. We are also taking (3 as small so (3’ is negligible. W is defined by
W = |w),k;| = |v}k;] (7.8.4)
Perturbing this gives
oW =

Svdkej + ViekFovl| =0 (7.8.5)

where the first term vanishes due to the wave being transverse, while the second

is the cross product of two parallel vectors. We also have
0Lr =0 (7.8.6)

as Lp relates directly to the fixed quantity 2. As we were not able to include
the entrainment in the derivation of the turbulent force it does not make sense
to include the parameter here. We therefore take ex = 0. This means that the

perturbed equations of motion of the neutron fluid are given by
i(w — VE)OP 4 2e6 008 = —vk ek 08 — iV ek vl — 26Q07
+ vBk kv — vBk* ] — gﬁm;LOT (7.8.7)
Rearranging gives
[i(w —Vk)+28Q + vpk* + znﬂLOT] o
= [-20 — vk® —iBVE] ejpkivl  (7.8.8)
Contracting this with eijkfcj and combining the two equations gives
[(w —Vk) —i28Q — ivpk* — ii/@ﬁLOT] t_ 20+ vk® +igVE]"  (7.8.9)
so that
w—Vk=1i26Q + ivBk* + i%mﬁLOT + [2Q + vk® 4+ iBVE] (7.8.10)

Written out in full the dispersion relation is

) 2
w—Vk=14260+ivBk® + z‘gw [4772/32 <V) + 4W6L
K

—7 (29)1/2

+ [2Q 4 vk? +iBVE] (7.8.11)
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7.9 Summary

This shows that there will be a growing instability when

2 V\? 1%
20 + vk* + 3 4?32 <,{> + 4ﬁﬁm(2§2)1/2 +VEk<0 (7.8.12)

We can see from this that the turbulence has a damping effect and so stabilises
the instability. On the other hand as 5 < 1 this will be a small effect. For small

0 the critical velocity becomes

20

For a larger B we can see that there will be a second root in which the system

1/2
14378 <QQ> (7.8.13)

3k K

would become stable again for larger V.

7.9 Summary

We have investigated the nature of the waves that will be present in a two-
constituent fluid with a mutual friction due to vortices. The role of various fluid
properties has been discussed, in particular the mutual friction force. We have
shown that the presence of vortices, and hence mutual friction, can make the in-
ertial waves unstable. This instability is a mechanism that can create turbulence
in the fluid. A further step in this work would be to find the relevance of the
mutual friction coefficient 3. For a strong coupling between the proton fluid and
the vortices this coefficient can no longer be neglected. Strong coupling may be

important for a number of neutron star phenomena [32].
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Chapter 8

Boundary Effects

In previous chapters we have studied the behaviour of waves in a fluid with no
boundaries. However, we know that boundaries and interfaces can have significant
effect on fluid motion. Hence, it is interesting to see how entrainment and mutual
friction affect the motion of a fluid at a boundary. This will hopefully provide
insight into how energy is exchanged between the neutron star crust and the core.
The discussion here will only be a very simple first step as in reality the crust
is not a solid wall like boundary but a lattice structure for which elastic effects

would be important.

Following a similar philosophy to the approach taken in the plane wave analysis in
chapter 7 we will first investigate a simple single fluid problem and then introduce
a second fluid component. The general strategy for all of these calculations is to
set up an oscillation in the fluid with no boundary by adding a ’hand of God’
force. Then a boundary is inserted with a no-slip condition (i.e. the fluid velocity
vanishes on the boundary). The velocity field can then be solved for. In this way
the modelled fluid is forced to oscillate far from the boundary, but the flow is
modified by viscosity over some length scale near the boundary. The oscillations

will be assumed to be small enough that non linear velocity terms can be neglected.
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8.1 One Fluid

8.1 One Fluid

The simplest case that we shall investigate is a single viscous rotating fluid. The

equations of motion in a rotating frame for this situation are,

<§t + 'UjVj> v; + Vi + 2€iijj1)k = VVQ'Ui + F; (8.1.1)

Where F; is some force that drives the system with a prescribed oscillation. We will
ignore chemical potential gradients from now on. For a stationary (in this frame)
velocity with a small oscillation added this is equivalent to an incompressibility
condition. In reality we are making this assumption for simplicity. Once we have
set up an oscillation in the fluid we will insert a boundary at z = 0 in Cartesian
coordinates. The length scale over which the boundary effects are important is
known as the Ekman boundary layer. Setting v; to oscillate so that in the rotating
frame (in Cartesian coordinates) v; = [Vp cos(wt), 0, 0] we find that the form of the
force is

F; = [~wVp sin(wt), 2QV} cos(wt), 0] (8.1.2)

We now want to substitute this back into the full equations of motion. Before
returning to the algebra we take a detour to discuss the methodology of this type

of problem.

For problems in which the fluid is spun down by a boundary that is rotating slower
than the fluid, the Ekman boundary layer is an important part of the evolution of
the flow. In these problems it is assumed that '/ is small and v; is expanded in

powers of /2 [36]. At each order of v1/2

it is assumed that there is a background
flow that is not dependent upon the boundary, and a small correction due to the
boundary. The spatial derivative of the correction term is taken as proportional

—1/2_ This just assumes that the characteristic size of the boundary layer is

to v
proportional to the inverse square root of the viscosity. To first order the expansion
of v; is.

v =0 + 0 + v1/2 (v} +9}) (8.1.3)

where the corrections are denoted by tildes. When applying this to the equations

of motion we find that we have a set of equations at each order of v. Applying
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8.1 One Fluid

this method to our problem it is found that the first order terms in wv; vanish.
Reinvestigating the types of problems that have non-zero first order terms we find
that they are situations in which there is time dependence. In problems where the
boundary rotates faster than the fluid the first order terms are the part of the flow
that helps spin the whole fluid up. In our case nothing is being spun up. We are
looking for a stable solution, in the sense that the solution is periodic with no time

dependent decay. It also signifies the lack of any secondary large scale motion.

For our problem, in which we are looking for stable solutions, we do not need
to consider the higher order terms. This method is equivalent to solving for a
background oscillating solution and then inserting the boundary as a separate
calculation. The difference is that we do not need to assume the dependence of

1/2 a5 we have not needed to consider v as small. If we take

the correction term on v
the oscillations as small then we only need to solve the linearized Euler equation.
In Cartesian coordinates we take v; = [Vx(2)e™", Vy (2)e™", Vz(2)e™!]. Since we
have assumed that the oscillations themselves are linear, the only dependence will
be on the distance from the boundary. We have also taken w as constant so that

we have a periodic solution. As the equations are now linearized we can divide

through by ™" to get the component equations

2
iwVx — 20Vy — iwVy — OVx
022
2
iwVy 4+ 20Vy — 20V — O g
022
2
1%
iwVy — 1/88722 =0 (8.1.4)

We can see from this that we need 6 boundary conditions. We get 3 from the
non-slip condition on the boundary. The other conditions are found by assuming
that the velocity field will not be affected by the boundary at infinity and so will

oscillate as in the no boundary case. That is, we have

lim V; = (1,0,0)

Z—>00

lim V; = (0,0,0) (8.1.5)

We can see that the z component is completely decoupled. The solutions to these
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The z-component of the fluid velocity

ke
fo
Koy

vV,

Figure 8.1: The velocity field of the rotating boundary problem at time ¢ = 0. The
boundary is at z = 0. We can see that the field is only significantly modified from

the non-rotating case when the rotation is large.

equations are found to be

VX:VO—%eXp [—(1—!—1')

W = %exp [—(1 +1)

Vz=0 (8.1.6)

Defining w1 = w + 20 and w; = w — 2€), this gives the physical velocity field as

Vo _ @ Vo -2
vx = Vpcos(wt) — 200—VE cos A —wt) = e VEZ cos 22—t
9 2w 2 2v
Vo _ @ Vo %
vy = ?Oef 2% sin <\/gz - wt> - ?067 7% sin (@z - wt)

vy =0 (8.1.7)

Figure 8.1 shows the velocity field plotted at time ¢ = 0 for various 2. We have
taken v = lem? s™! and w = 2s~!. This is not for any physical reason but just to
have a visual way of seeing the effect of rotation. We can see that there is not a

great difference in the solutions when 2 = 0 and 2 = w. For larger 2 the solution
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8.1 One Fluid

is more significantly modified. Having solved this problem we now look specifically

at the no rotation case. Setting {2 = 0 the velocity field is
vy = Vycos(wt) — Ve  V 2% cos <\/272 — wt)
v

vy =0 (8.1.8)

We can see that the solution is made of two parts, the original oscillation and a flow
modification near the boundary. The modification has characteristic length scale
W. This is known as the size of the Ekman boundary layer. This second term
will be negligible far from the boundary. Now that we have a solution to compare
to we reintroduce the rotation. We can see from the velocity field that the effect
of rotation is to split the frequency of the oscillations into two. To investigate

the effect of rotation further we Taylor expand the velocity field in € near the

w Q
~exp |—(1+i)y/— 14+
w Q
~ e —(1+1)4/ = 1—(1+2 8.1.9
o [~y fo] [1-av 2] s19
Substituting this back into (8.1.6) gives to first order in Qz
N Jw

=Y CEETNES

V=0 (8.1.10)

boundary. So,

w + 20
2v

exp |—(1+1) z

We can see from these equations that to first order the z-component does not
depend on 2. This suggests that for slow rotation it is approximately the case
that the x-component of the velocity is unchanged. This is the result we saw
in figure 8.1, that for small values of {2 the solution is only slightly modified.
When we introduce a second fluid component we expect the problem will be much
more complicated. We also know that physically we need rotation in the fluid to

have a mutual friction. The above calculation suggests that for slow rotation the
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8.2 Two Fluids

single fluid solution is not significantly modified. It will thus not be completely
inconsistent to include the mutual friction in the two fluid problem while neglecting
the centrifugal force. This will simplify the two fluid problem so that we can
concentrate on the coupling effect of mutual friction. It is obviously inconsistent
to ignore rotation while including mutual friction as the force originates from the
superfluid vortices, but for calculating purposes we can still show how the mutual
friction modifies the velocity field. It is also worth noting that to first order in
rotation the y-component will vanish for z < 1 and z > 1. In these regions the

y-component of the velocity field is equivalent to the non-rotating case.

8.2 Two Fluids

We now move on to the situation with two fluid constituents. We shall consider
one fluid as normal fluid (protons) and one as superfluid (neutrons). The equations

for protons and neutrons with mutual friction are

o . o i .
<8t + U%Vj) [ + en (v = V)] + en(vy, — v}) V] + Vifin + eiij]va

= ﬁﬁjk)\jﬁklmj\l(vg@ —oh,) + F

o . - ) .
(875 + vg,Vj> [ +ep (v — )] +&p (v), —v)) Vivl + Vify + eijkﬁjvﬁ

— VP + ﬁ;’—”qjkvek’mxl (v2, — v™) + FP (8.2.1)
p

where F;X is the force that we shall use to impose an oscillation in the fluid. The
equations assume that the superfluid vortices are in a straight array and the usual
3 coefficient is negligible. These are assumptions that we would like to relax in

the future, but for now we consider this constrained problem.

8.2.1 No Mutual Friction

As in the single fluid case we will ignore perturbations in the chemical potentials
and linearise in vZ-X . We consider the no rotation case as we discussed in the single

fluid section. To investigate the effect of entrainment we will first set the mutual
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friction coefficients to zero. The equations of motion are therefore

O 4 el — o)) = EP

ot

O P (o] — o)) = VL 4 FP (8.2.2)

Setting the velocities in a similar way to the single fluid case the field is given, in

Cartesian coordinates, by

v;' = [Von cos(wt), 0, 0] (8.2.3)

()

v = [Vop cos(wt), 0, 0] (8.2.4)

The oscillation amplitudes in the two constituents have been assumed to be dif-
ferent so that we can see what happens when each fluid is driving the motion.

Substituting (8.2.3) into (8.2.1) we find that the driving force is
F' = [—{wVon(1 — &) + enwVpp } sin(wt), 0, 0] (8.2.5)
FP = [—{wVop(1 — &p) + epw Vi, } sin(wt), 0, 0] (8.2.6)
Substituting this back into (8.2.1) we have the equations of motion in which we
can include a boundary and solve for the velocity field. We assume that the fluid
motion is only dependent upon time and the distance from the boundary. As in
the single fluid case we insert a non-slip boundary at z = 0. The form of the
component velocities are therefore taken as,
vy = [V}f(z)em,Vﬁ(z)eiwt,vg(z)eiwt] of = [V}g(z)em,Vﬁ(z)eim, Vg(z)em]
(8.2.7)
Once this assumed form of the velocity is substituted into the equations of motion
(8.2.1) we divide through by ™! to get
0=riw [V +en(VE = V)] — iw [Von(1 — £n) + enwVip]
0=iw [WW+en(VE — V3]

0=1iw [V} +en(VE - VZ)]

' . 82‘/10
0=1iw [V +e,(VR — VR)] —iw [Vop(1 — €p) + epwVon] — v 822X
- . 82vp
0=iw [Vf+ep(WW—VP)] —v az2y
a2vp
0=iw[V)+ep(Vy = VD) —v 8222 (8.2.8)
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For this set of equations we need six boundary conditions. These are taken by
fixing the velocity of the protons at the boundary and infinity (similar to the
single fluid example). That is, we have

lim V7 = (Vip,0,0)

zZ— 00

lin% VP =(0,0,0) (8.2.9)

For the neutron fluid we do not need to set boundary conditions as it is superfluid.

This gives the solutions

nV . 1_ n -
V)?:V()n-i-f Zpexp{—(l—i—z) w( 68”)4

—€n 2v 1—¢,
) w l—e,—¢
where the other components vanish. We define
N = l-en—g (8.2.11)
o l—g, -

The form of the velocity fields are therefore

Vir (—V2 [oR
v = Vop, cos(wt) + fn(]pe< v Z) cos ( ;—Vz - wt)

e,
R N
vk = Vop cos(wt) — Vope( 2 ) cos (\/ (;)T/Z — wt) (8.2.12)

All the other velocity components vanish. In the proton fluid we can see that the
entrainment enters as a modification to the Ekman layer size. For the neutrons
the coupling due to entrainment has introduced an Ekman layer into the neutron
velocity field. This is shown in figure 8.2 where the z-components of the two
constituent velocity fields have been plotted for ¢ = 0 and ¢, = 0 and &, = 0.1.
All other free parameters have been set to unity. The purpose of the plot is not to
give physical velocities, but to sketch the effect that the entrainment has on the
velocity field. We can see the shift in the proton fluid velocity due to modifying the
Ekman boundary layer size. We can also see that the velocity field of the neutrons

only varies with position when &, is non-zero.
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Figure 8.2: The z-direction velocity field of the two constituent rotating boundary

problem at time ¢ = 0. The boundary is at z = 0.
8.2.2 Mutual Friction

Finally we include the mutual friction. We ignore the chemical potentials and
linearise in v;. It is at this point that we introduce a rotation into the mutual
friction term, but neglect it otherwise. This corresponds to effectively inserting
vortices in the fluid but ignoring the associated large scale rotation. This is a
reasonable assumption to make as we showed in the single fluid case that to first
order the velocity field in the z direction is not modified for slow rotation. The

equations are now

0 ) .
ot W + 5 (V) — ")) = 28657 My (vl — oB)) + T

0 , .
g (WF +ep (v — D)) = vV2P + ZBZ—”eiijJeklle (b, —v) + FP (8.2.13)
p

Using the same method as before we set the velocity as

v)' = [V cos(wt), 0, 0] (8.2.14)

)

vf = [Vop cos(wt), 0, 0] (8.2.15)
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8.2 Two Fluids

This gives us the "hand of God’ force

F¥ = [—wVon (1 — &p) — enwVop] sin(wt) + [28Q(Von, — Vop)] cos(wt)
F? = [~wVip(1 — &) — epwVon] sin(wt) + wsz%”(vop — Von)| cos(wt) (8.2.16)
P
The other components of the force vanish. Substituting this back into the equations

of motion (8.2.13) and dividing through by e™? gives

0=iw [V +en(VE = VR)] —iw [Von(l — €5) + nwVop)]
+269Q [(VX = VE) = (Von — Vop)]

0 =iw [W+ e, (VE — )] +28Q(Vy — V)

0=iw [V} +en(VE - V2]

0=riw [V +ep(VE = VR)] —iw [Von(1 — €n) + enwVoy)

n . 82‘/17
+2BQ& [(V)]? - VX) - (VO;D - VON)] -V ) 2X
Pp <
n 0*Vy
0= iw [VE + e, (Vi — VE)] + zm%(vﬁ ~ V) - v
P
0*V?
0=riw [V +ep(Vy = V)] —v 8222 (8.2.17)
Introducing the same boundary conditions as before
lim V? = (Vy,,0,0)
lin%) VP =(0,0,0) (8.2.18)

the solutions are

; — 20 3
VE = Vou + Vopr—n =2 ) <—(1+2~> wZ)

iw(l —ep) + 260 2v

VE =Vop — Vopexp <—(1 +1i)y/ iz) (8.2.19)

where the other components vanish and

w(l = ey — ) = 2040 (1+ 22)

2= w(l —ep) — 21682

(8.2.20)

To find the velocity fields we need to multiply the above equations by e** and take

the real part. This is shown in several steps as the algebra is more complicated
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8.2 Two Fluids

than in previous cases. Firstly we split 3 into real and imaginary parts.

W1 = — (1 — £9) + 45202 (1 + £2) — 2§02
(1 — en)? 1 45202

1= (8.2.21)

Now we need to do the same for —(1+1) % To simplify the algebra we will use.

A=w (1 —¢e, —ep)(1 —e,) + 43202 (1 + f}") (8.2.22)
p
B = 230w (8.2.23)
Pp
C =W (1 —en)? + 458702 (8.2.24)

so that

_(1+¢)\/§:_(1H)\/g\/?

2 2\ /4
——iy o (T ) b
1%

s () e[z (5)]
i anl (g)} — i cos [; tan ! (g)]
+ i sin [; tan~! (g)} }

(8.2.25)
Using various trigonometric identities,
cos 1ta 1 (BY] 2 1—Flcos tan—! B
2 \a)] T\ 272 o\
1 A 1 VA2+ B2+ A
=— . J1+ = TR (8.2.26)
21/2 VAT B2 212 (g2 4 g2/t
Similarly
1 B 1 VA?2+ B2 - A
sin [~tan™' [ = || = + (8.2.27)
2 A 212 (A2 4 B2)l/A
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8.3 Dissipation

Leading to

~(1+1) 2)3: \/4:0 [\/\/W+A+\/\/WAJ
+¢4WC [\/\/m+A+\/\/mAJ
— o VAT B+ 5]
g AT

2vC
—— D, —iD_ (8.2.28)
Where,
Dy = \/2:"0 [\/\/A2+BQ+BJ
D_ = L[\/A—B} (8.2.29)
- Ve o

Using this in the velocity fields we get
v = Vop, cos(wt) + % [wen (1 — &,) — 4977 e P+# cos(D_z — wt)
+ %ZBQw(l —2e,)e P+2sin(D_z — wt)
v = Vo cos(wt) — Vope P+ cos(D_z — wt) (8.2.30)

This gives us that the Ekman boundary layer size for both fluids is 1/D.

8.3 Dissipation

What information can we extract from the velocity fields that we have calculated?
We have been able to find the length scales over which the fluid is affected by
the presence of a boundary. We can also say something about how the boundary
dissipates energy from the system. We will consider the three cases previously

discussed.

8.3.1 Single Fluid

Having already assumed incompressibility we find that a constant density gives us

a very simple way of calculating the change in energy from the Euler equations.
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8.3 Dissipation

Contracting the equation of motion with pv; gives

) . .
vl —v; = pvl vV, + pv’ Fj

ot
gt (pv2> (8.3.1)

As any solutions we found are periodic then we would expect that the kinetic
energy averaged over an oscillation will be constant. Denoting averaging over an

oscillation by < >, equation (8.3.1) gives,

9 . .
(LG - somy e
The left hand side will vanish as it is the averaged change in kinetic energy and
we are in a steady state. The right hand side contains two energy terms. The first
is dissipation due to shear viscosity, while the second is due to the driving force.
Any energy dissipated in the boundary layer must be balanced by energy given to

the system by the driving force, giving,
(Ep) =~ (p'Fy) (8.3.3)

where Fp is the energy dissipated per unit volume. Substituting F; and v; from

(8.1.2) and (8.1.7) respectively, we find

<ED> =p <V02w cos(wt) sin(wt)>

Vi (-3
— COS
P\ "9
2
COS<

[y

\/gz - wt) sin(wt)>

BTN
—p <Q‘/02€<\/;Z> sin < %z - wt) cos(wt)>
+p <QV02€<\/;TZ> sin < w—jz - wt) cos(wt)> (8.3.4)

Noting that (sin(2wt)) = 0 and (sin®(wt)) = (cos?(wt)) = 1,

2 @ 2 @
<ED> = _pvoidle(—\/;,z) sin (@z) — pvo4w26<_ ﬁz) sin (\/§Z>

(8.3.5)

When the frame rotation is set to zero the change in energy dissipation will be

<ED> - —pV;e( V%7 sin <\/gz> (8.3.6)
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8.3 Dissipation

We can integrate this over all positive z to find the total energy dissipated per

second per area of boundary. For a constant § we have the identity

e 0
/ e~ sin(z/6)dz = B (8.3.7)
0
This gives that the change in energy dissipated by the boundary is
. < . V2
E= / <ED> dz = —p 0 |&¥ (8.3.8)
0 2\ 2

8.3.2 Two Fluids

We would like to do a similar calculation for the two fluid system. When entrain-
ment is not included then finding the change in kinetic energy is a simple task as
we can calculate
J 0 n J 9 »

Prn 5.V + Pl ;) (8.3.9)
This is the change in total kinetic energy. When entrainment is included, the av-
eraged quantity that should vanish is not so obvious as the momentum of each
constituent is modified. There have been two approaches to this, though the con-
clusions are equivalent. The first is to define an internal energy due to the en-
trainment and add this to the kinetic energy [18]. It is this new quantity, the total
energy dependent upon velocity, (when averaged) that can be assumed constant.
On the other hand we could redefine the kinetic energy to include the effects of
entrainment [57]. This may seem strange, but we have already accepted that en-
trainment modifies the separate fluid component momenta. It is no great leap to
suggest we should also redefine the kinetic energy. Rewriting the modified energy

in our notation we find

. .0 0
Er = pnvfl& [v;‘ +eéen (v? - U;Z)} + ppv;a [v;‘ +eéen (vg-’ — v}‘)] (8.3.10)

where E7p is the energy dependent upon velocity. This is again fairly simple to

calculate from the multi-fluid momentum equations.

Entrainment

We will start by neglecting the mutual friction so that we can concentrate on the

effect of entrainment in a multi-fluid system. Using the linearised equations of
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8.3 Dissipation

motion gives
-0 ;0
nv%@t [v +en <v] — v )] + ppvs b {v}l +¢p (v}I 71)?)}
= ppvg;VV%? + ppvl F' + ppngip (8.3.11)

Averaging over an oscillation gives

0:<pnvn§t [U;l-f—&‘n(? )}—f—pp pgt <U§L+€p (v?—v§>}>
= <ppvgyv2v§> + <pnv¥LFj" + ppngf> (8.3.12)
giving
<ED> - < WUl FT + p,,vJFP> (8.3.13)

Inserting the relevant quantities, (8.2.5) and (8.2.12), from earlier in this chapter
and using (sin(2wt)) = 0 and (sin*(wt)) = (cos?(wt)) = 3 we find that

<ED> = —p;VOQPwNe(\/gz) sin <\/§z) (8.3.14)

where N was defined in equation (8.2.11) Using (8.3.7) we calculate the total

dissipation per second per area of boundary as

Vi W
E= / ED dz = —p, ;p 5 (8.3.15)

This result shows how the dissipated energy is affected by entrainment.

Mutual Friction

Constructing a multi-fluid energy equation, including mutual friction, gives

0 ;0
iy [+ en (5 =) i [+ (07 =)
= ppvzj;VVij + pnvi2B€iu Y MOy (v — b))

+ vy 20€i Y M (vh, — vrt) + puvh FJ + ppuf FT - (8.3.16)
Which when averaged over an oscillation becomes
(Er)y = (Ep)+ (puoh ' + ppol ) =0 (8.3.17)
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8.3 Dissipation

where Fp now includes the effect of mutual friction. We substitute FX (8.2.16) and
vX (8.2.30) into this while remembering that (2sin(wt) cos(wt)) = (sin(2wt)) = 0
and (sin?(wt)) = (cos?(wt)) =  to get

<ED> = — <an%FJn —I-ppUgF;-)>
= — pnfBQ (Von — Vip)?

v
+ an—OC}je_Dﬂ“z sin(D_z){ — 8320wV (1 — €,)

+ 4320wV, <1 — 2, — Z”) — Z—pwgVop(l —ep—en)(1 — 5n)}

+ pn‘%’e*mz cos(D_z)wQ{VOpw?u — 26, 4+ 262) — 2V (1 — en)2}

(8.3.18)

The first term in this expression is due to the mutual friction between the two
constituents throughout the fluid. It is due to the velocity difference set up in the
background and is not an effect of having a boundary. So that we can concentrate
on boundary effects we set Vo, = Vo, = Vo. We also neglect (3% terms as we have
already neglected 3’ which is of the same order. Integrating this expression over z
we find the dissipated energy per area of boundary as
) 2
/0 <ED> dz = — ppw3;/gl)2fi—’%(1 —ep—en)(1—€p)

Viw® Dy

C D2 +D?

— pnfB0 (1 - 2e,) (8.3.19)

This is unfortunately still too complicated to substitute the expressions for C, D
and D_ back in to this solution without getting lost in algebra. Concentrating on

the role of mutual friction we set &, = €, = 0. We then find that

A w? (8.3.20)
B = 230w™ (8.3.21)
Pp
C ~w? (8.3.22)
1 n
Dy~ — <w n BQp> (8.3.23)
2vw Pp

o2 (0 galm
D=5 <w ﬁQpp) (8.3.24)
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This gives us that (8.3.19) is approximately

. Rl Vi v Q pn
E :/ Ep)Ydz = —ppw—2y ) — <1+ ) 8.3.25
p 0 < > P72\ 2w w Pp ( )

We can look at how large an effect we expect the mutual friction to have by taking
the ratio of the energy dissipated in the mutual friction case Eg to the single fluid
case Ey. In the absence of any coupling, the two-fluid case reduces to the single
fluid problem where p is the proton density. We find that the ratio is

L5 _ <1 + Qp") (8.3.26)

Ey w Pp
For typical values, 3 =4 x 1074, Q = 40 s and p,/p, = 0.05, we find

g’z = <1 + 12210_1> (8.3.27)

This shows that w does not have to be very small for mutual friction to have
a significant effect. On the other hand if we choose the oscillation is an inertial
mode we know that w ~ 2Q. Substituting this into (8.3.26) and leaving /3 as a free
parameter we find

Eg _
%= (1+100) (8.3.28)

This shows that we need # > 0.1 for the energy dissipated to be significantly
modified by mutual friction. For expected values of 3 this is not the case. For
inertial waves we would not expect mutual friction to be important in calculating
the effect of Ekman layers on inertial modes. It is only for lower frequency waves

that mutual friction will be important.

8.4 Summary

We have carried out an initial investigation into the significance of including a
boundary when considering superfluid oscillation problems. This will be important
when considering global oscillations of a neutron star (see for example or references
[31]). In particular, we have set up a two constituent model with a boundary
and calculated how the mutual friction affects the energy that is dissipated from

the system by the boundary. We have shown that there are situations in which
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8.4 Summary

the mutual friction has a significant effect on the solution. This is particularly
important when considering the damping of global modes. For future work we
would like to relax the 8 = 0 assumption so that the strong coupling case of
the vortex lines to the proton fluid can be investigated. This may be particularly

important in models of free precession [32]
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Chapter 9

Glitches

So far we have only considered some of the local effects of a two constituent fluid.
We need to apply these findings to the model of a neutron star and observed
phenomena. To describe any neutron star phenomena in full will take a more
complicated model than we will construct, but we can take the first few steps. In
this chapter we concentrate on the glitch phenomenon in which the interaction
between the internal constituents is thought to be important. A glitch is a global
phenomenon and so we want to use our equations of motion to describe the star
as a whole. In doing so we will focus on the bulk motion, neglecting the detailed
fluid dynamics. The hope is that this will lead to a representation of the basic

dynamics of the system [69].

9.1 Conservation of energy and angular momentum

If we consider the star as a closed system then the energy and angular momentum
of the star will be conserved. As a starting point we will consider a star composed
of a single fluid. This will give us a feel for how to approach the more complicated

two-constituent problem.
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9.1 Conservation of energy and angular momentum

9.1.1 Single fluid
For a single fluid we can write the Euler equations as

& = (aatJrvjVj) v+ Vi (fi+¢)=0 (9-1.1)

where ¢ is the gravitational potential and i = u/m is the chemical potential
divided by the mass of a particle. We have assumed that the energy E depends
only upon the number density n. From this the pressure P of the fluid is defined
by
1
dy = —dP (9.1.2)
n
For simplicity we will assume that the fluid in the whole star is rotating like a
solid body around an axis, which we label z. We will now derive the conservation
of angular momentum and energy from the Euler equations. The fluid velocity can

be written as

v = €Wk = Qry; (9.1.3)
where we take Q2 = Q(t), r is the distance from the z-axis and ¢; is a unit vector
in the direction of rotation. It follows that

Vv =0 (9.1.4)

VVi(+¢)=0 (9.1.5)

Contracting (9.1.1) with pv; and integrating over a fixed volume V' gives

oE 0V 0 (1
_— ]7] ‘/ = — —_ 2 ‘/ =
ot ST d ot (2/’” d ) 0 (9.1.6)

This shows that the kinetic energy is conserved in the system. It was unnecessary
to specify the shape of the volume so this holds when V' is the volume of the

neutron star. From the assumption that the fluid is in solid body rotation we have
v? = Q;QF (5£x2 - xjxk) (9.1.7)

2

where 22 = 27 xj. From this we define the moment of inertia as

I = /p (6j2* — 2'z)) AV (9.1.8)
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9.1 Conservation of energy and angular momentum

We can use (9.1.7) and (9.1.8) to rewrite the change in kinetic energy equation

(9.1.6) as
OE 10

S = 55 (1i91) =0 (9.1.9)

We now consider the z component of the angular momentum. We need to assume
etV (i+¢) =0 for i=2 (9.1.10)

Contracting & with pe;jr2’/ and integrating gives

0J; ;
5 / peijrpr! EFAV
= g /ij (5i$2 _ x’x) av| = g (ﬂQj) =0 for i=z (9.1.11)
ot J J ot \7

We can see that for cylindrical polar coordinates with Q¢ = (0,0,9) and I7 = I

we will get the standard results

1
E = 5192 and J* =1IQ (9.1.12)

9.1.2 Two constituents

We now consider a two constituent star. In order for this to be a simple step we

ignore any mutual friction effects. The Euler equations can be written as
0 ; ~ .
EX = ((% + v&Vj> (v +exw! ™) + Vi (¢ + fix) + exw) XVivk =0 (9.1.13)

Following the analysis in the previous section, we take the velocity fields of the
constituents to those of rotating solid bodies. We also assume that the two con-

stituents are rotating around the same axis so that we can write
v = Qxret and  why =0l — vl = (Qy — Qx) ¢ (9.1.14)

As we are assuming solid body rotation Q2x are constant. From these assumptions

and the axial symmetry of the system we find that

vl Vv =0 (9.1.15)

VeV (¢ +fix) =0 (9.1.16)
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9.1 Conservation of energy and angular momentum

We continue to follow the method used in the single fluid case and contract SZ.X
with pxv;¥ and integrate over a fixed volume to find

OFx Y

—/ istV—l/( 900202 140l 2 v =0 (9.117)
5 = | PXUXEi =3 pX —20) 5. vx oan = 1.

Writing the constituent indices explicitly, we have

OF, 1 0 0
n_Z _ el Vil _
It 2/ [(pn 2a)atv + daw), n 5 Ui ] dV =0 (9.1.18)
ok, 1 0 ;0 B
or 2/ [(Pp 20 )8*11,, + 4av vl } dvV =0 (9.1.19)

From this we can find the total change in energy by adding these two expressions

to get

OE 0E, 0E, 10
5 = 5 + 5~ 25 {/ [,onv —I—,opv — dow? ] dV} (9.1.20)

We know that this represents the conservation of energy of the system. It is clear
that this equation contains more than the combined kinetic energies of the two
constituents. The total energy also includes the internal energy due to entrainment.
This was shown in section 8.3.2, equation (8.3.10). The constituent moment of

inertia is defined by
IXZ-‘ = /pX (5?:152 - xixj> dV (9.1.21)
so that for QX aligned along the z-axis

oE 0

1
5= B { L, [ + €0 (2 — Q)] + §Ipr [Qp + ep (2 — Qp)]} =0

(9.1.22)
where Ix = IxZ. Similarly we can calculate the total change in angular momen-

tum. We note that
eijkxjlevkle = eijkxjku?X — eijkxjﬁfxlﬁlx =0 for i==z2 (9.1.23)

as QZX is parallel to the z-axis. Contracting S,L»X with pxeijkxj and integrating over

a volume V' gives,

aJX -
3: :/pxeijkaﬂé’kdv
- ok 0
:/pxeijkx] [(1—5)();?—1—6)( gz/ dV=0 for i=2z (9.1.24)
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9.2 Simple spin down model

We can write this in terms of inertia to get

0" o
ot ot

{Ixﬁ [ +ex (O - Qf)]} =0 for i=z (9.1.25)

Adding the two equations we find that

aJ, 0
= = (1,9, + 1,Q,) =0 (9.1.26)

We have shown the unsurprising result that total angular momentum is conserved.

If one constituent spins down then the other must spin up.

9.2 Simple spin down model

We are not yet in a position to model a simple glitch as we have not included the
mutual friction as a coupling mechanism. Before we do this it is useful to look at
how we may use the conservation equations we have found to model the rotational
evolution of a neutron star. We showed in (9.1.25) that the angular momentum
of each separate constituent is conserved. In a neutron star we would expect the
protons to be spun down due to a magnetic torque me We include this in the

equations by breaking the conservation of the proton angular momentum, so that

arr .
= —dm (9.2.1)

We will assume that the magnetic torque is related to the angular velocity of the

protons by
Jem = AL (9.2.2)

This represents the standard magnetic dipole model. We will assume that the
constituent moments of inertia are constant. Noting that I,,e,, = I,¢, and defining

€ = ¢p the equations (9.1.25) become
L2 + Iye (€2 = ) =0 (9.2.3)
1,0y + I (9 — Qp) — —ALQ} (9.2.4)

Defining I = I,,/1,, then (9.2.3) gives

. el .
Qp =— = 9.2.5
AL (9.2.5)
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9.2 Simple spin down model

Substituting this into (9.2.4) gives

1 L\~ a0 (9.2.6)
—€— = =— 2.
1—el b P
Rearranging this gives
g .
1- -] Q, = —AQ3 9.2.7
(1- 15 ) = 027
=TI

This is a separable equation and so we must solve the integral equation

D 40 A [t
- T dt 9.2.8
/Qo Qg I to ( )

where (2 is €2, at time ¢o. Setting ¢ty = 0 we find the solution is

1 1 2A
- =_Ty 9.29
Q% QI% I ( )

or equivalently

2.\ —1/2
2“4190’5> (9.2.10)

Qp:QO<1+

For AQ3t/I < 1 we can expand to get
Q3t
Q, ~ Q) <1 — AI_O ) (9.2.11)

From this we can find the characteristic timescale 7 for the protons to become

static. Ignoring entrainment effects we have that

1

T

A has been calculated from the standard dipole model of neutron stars [73]. Mod-
ifying the standard result so that the torque acts on the proton fluid rather than
the whole star we find

B2RSsin” 0

A= 631,

(9.2.13)

where B, is the magnetic strength of the dipole with axis at an angle 6 to the
rotation axis. R is the radius of the star and c is the speed of light. As I, < I,, = I

we write
I I, 2M R?
I, ~ LPra L

I, I, 5

(9.2.14)

where M is the mass of the star. Typically accepted values for these parameters

for a glitching neutron star are, B = 102G, R = 10cm, I,/I, = 0.1, Qy =
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9.2 Simple spin down model

2m/0.15 s~ and M is 1.4 solar masses. We set § = /2 to find the timescale over
which €, decays is
T~ 4 x 10*%s ~ 10°years (9.2.15)

We can now use this to find the change in period P. We know that

2m . 2 .
P=——->P=—-——=Q 2.1
0, — ' (9.2.16)
From (9.2.7) and (9.2.12) we have that
: Q
(I ~ - (9.2.17)
so that
P (QO> LRt (9.2.18)
Q) T
From (9.2.5) we have that
el
Q, — Qop = ——= (2, — Q) (9.2.19)
1—el

where Qg,, = ©,,(0). We substitute (9.2.11) into this, to get

eI ot
1—el T

Qn ~ Qo + (9.2.20)

We can use this to find how long it takes for a ‘reasonable’ lag to develop between
the two constituents. Assuming that the two constituents are rotating together at

time t = 0 then g, = Q. The lag is then given by

AQ=Q, 0= L ot S
1—el 7 T
I \Q 1 Q
S SR LU (9.2.21)
1—el) 7 1l—el 7
or
AQ 1t
= L (9.2.22)
Qp 1—8[7—

It has been suggested [55] that the neutron star can sustain a relative lag %—? of

~ 10~*. From (9.2.22) we find that

¢
~ ~107% - t ~ 10 years (9.2.23)
-

Glitches have been observed to occur every few years in some neutron stars. The

time that we have calculated is thus of the correct order.
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Figure 9.1: A typical glitch profile

9.3 Modelling a Glitch

Before incorporating the mutual friction into this global model, we will look at a
possible mechanism for glitches. Figure 9.1 shows a typical glitch frequency profile.
In our discussions of superfluids we have concentrated on the vortices that allow
the superfluid to rotate. We know that these vortices must end on a boundary of
the fluid, or form loops. For the neutrons in a neutron stars core to rotate there
will be many vortices threading through the star. The usual assumption is that
the vortices are in a straight array. This is because it is the simplest configuration
of vortex lines that allows rotation in the superfluid. For our simple glitch model
we will also use this assumption. It is worth noting that a polarized turbulent
configuration of vortices also involves rotation. We will not consider turbulent
flows as we have seen that we expect turbulence to be a localised effect. It would
be difficult to apply this to a global model. We should also investigate the simpler
case of straight vortices before complicating the problem. For either case there
will be vortex lines that end on the boundary of the fluid. For a neutron star
this boundary will be the crust. It has been suggested that there will be a force
between the vortex core and the nucleons in the crust lattice. This will 'pin’ the
vortices in place. It is easy to see that in the case of a straight array this pinning
will fix the vortex number density. This in turn fixes the neutron fluids angular

momentum. If we assume that the charged fluid is locked to the crust via magnetic
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9.3 Modelling a Glitch

effects then there will be no drag on the vortex lines from electron scattering. The
vortices will be rotating with the charged fluid component. The crust, and hence
the charged fluid and vortices, will be acted on by the magnetic torque and will
be ’spun down’. The Magnus force will be acting on the vortices as there will
be a velocity difference between the vortex lines and the neutron fluid. For the
vortices to stay pinned this Magnus force must be balanced by the forces on the
vortex from the crust. At some critical velocity difference we would expect the
Magnus force to overcome the pinning force. This velocity difference is the lag
AQ that was discussed in the previous section. Assuming that all of the vortices
unpin simultaneously then the mutual friction will act throughout the star. This
becomes the mechanism by which the two fluid constituents couple and the lag
decays. This is the glitch jump. There is an exchange of angular momentum from
the neutron fluid to the protons. Now that the lag is smaller the vortices can begin
to repin to the crust. This repinning is the relaxation part of the glitch. Finally
the system is in a position for the lag to increase and eventually glitch again. To
model this proposed mechanism we are going to need to split the model in several
sections. Referring to figure 9.1 we look at the regions ¢ < 1, t1 < t < t9 and
t > to. In the pre-glitch region ¢ < t; the vortices are completely pinned. For
the glitch region where ¢; < t < to the most important force will be the mutual
friction. This should be a short phase of the glitch and so the magnetic torque will
be a small effect. In the relaxation region where t > to we need to find a way to
repin the vortices and investigate the interaction of the mutual friction with the

magnetic torque.

9.3.1 Pre-glitch

For this region we have already mentioned that there will be no friction between
the two constituents due to electron scattering off the vortices. For a completely
straight array we can assume that the Magus force on the vortices will be balanced
by pinning forces in the crust. This problem reduces to the one already studied
in section 9.2. The evolution of the rotation of the proton and neutron fluids

will be given by (9.2.11) and (9.2.20), respectively. As a comment on the effects of
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9.3 Modelling a Glitch

entrainment, if we look at a small part of this region then Jerm will be approximately
constant. Solving (9.1.25) we find

0, = 1 (1 - d”) - Jem (9.3.1)
I, —¢l,

This tells us that even though there is a spin down torque acting on the proton

momentum the velocity of the protons can, in fact, increase when

I, I
— 9.3.2
Lo+, ~° 1, (9:32)

For ¢ of order unity and I,,/I, ~ 0.1 which are expected to be typical in the outer
core [19] we find that the crust would be spun down as expected. On the other

hand if we look at the neutron fluid we find the condition for spin up is

0<e< (9.3.3)

n
I, + 1,
For the expected values of € and I,,/I,, we find the neutron fluid spins up. As
we do not observe the neutron fluid directly this does not help us to constrain
the entrainment parameter, though it is a nice example of the drastic effect that

entrainment can have on a system.

9.3.2 The glitch

To model the glitch we need to include the mutual friction into our model. As the
glitch occurs over a short timescale we will ignore spin down effects due to the

magnetic torque. As in section 9.2 we need to set up global evolution equations.

Evolution equations

The equations of motion for the two constituents are
0 ; _ .
& = <6t + U%(vj> (v¥ +exw ™) + Vi (¢ + fix) + exw) ¥ Vivk
_ Pn YX _ Pn ik
= —BMNw; * — —BeuNwyx (9.3.4)
PX Px

where

A = 200 + &, (207 — 207 (9.3.5)
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9.3 Modelling a Glitch

We will again assume that the two constituents are rotating around a common
axis z. From this we can find the energy equations for each constituent as

0Ex

5 :/vag(ejfdv
= [ ook B2 N W)X — ok P uxu xav (9.3.6)
px px

X

The second term on the right hand side will vanish as v; yx,

is parallel to w;

Written in terms of inertia IXg (9.1.21) and setting QF = (0,0,2;) the total
change in energy is given by

OEx 0

ot ot

= =B \[(Q — Q)*1n (9.3.7)

{5100 00 20 (0~ 2]+ 52,19+ & (0, - )1}

We can see that when mutual friction is included then there will be a loss of
kinetic energy. The stable state will be when the two fluids are rotating together
(Q, = Q). We can also calculate the global change in angular momentum for each

constituent. Looking at the z component of the angular momentum we find

8;5( = /pXeijkijde
= / ik Bpn [N whx — €ijea’y 8 pne ™ Nwh X dV (9.3.8)
Noting that
eukxxeklm)\leX = xX/\ wYX — a:X)\ wYX =0 for 1=z (9.3.9)

and

ezjkazxwéX = e”kxxeklmQYX X QYX:chX QYXxXxX (9.3.10)

we can write the change in angular momentum in terms of the constituent moments

of inertia to get

8JX

=B () - ) 1] (9.3.11)

The total angular momentum is given by

oJ; oJr  9Jf
ot ot ot

—0 (9.3.12)

This shows that the angular momentum is conserved. This is exactly what we

would expect as there are no external forces involved.
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9.3 Modelling a Glitch

Solving the evolution equations

To solve these equations we will rewrite them in terms of the lag and a quantity
related to the total angular momentum. The conservation of angular momentum
will make this variable a simple one to deal with, while the lag is an important
quantity. For simplicity we will neglect the effect of entrainment. From (9.1.26),
(9.3.12) and assuming that the moment of inertia of each constituent is constant

we define V from the angular momentum such that
L,y + L,y =1V =0 (9.3.13)

This will give us that V' is a constant. From (9.1.26) and (9.3.11) we find that the
rate of change of lag is given by
. ) . I,
Q, —Q, =W=-20,0 (1 + I> 4% (9.3.14)
P

where W = Q,, — ,, is the lag. From (9.3.13) we can rewrite V as

L. L L. I,
V= IQn+ IQp— IQn—i- 7 (Qn, —W)
I
=Q, — TPW (9.3.15)
Substituting this into (9.3.14) gives
. I, I,
P

This is the stage at which the change of variables helps us. Because V is a constant

(9.3.16) is a separable equation so we must solve the integral

w I -1
/ (V + ”W) w=taw
Wo I

—/WIP<1—1>dW——2ﬂI " (9.3.17)
we IV.\W ~ W=1V/I, I, )i, e

where Wy = W(tp). For simplicity we assume that the glitch occurs at time ¢y = 0.
This means that the lag at the moment of unpinning is Wy. Solving the integral

we find

1A% 1A% v
In(W) —In(Wp) — In (W + ) +In (Wo + ) =-20—t (9.3.18)
Ip I Ip
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which rearranges to give

v
w0t st (9.3.19)
W+ % Wo
Finally, the evolution of W is given by
_oglv.
v (o)
W= — - (9.3.20)

BV
Iy Wo — (Wo-l—%)e S

It would be better if we could define V' in terms of initial conditions. We would
then be able to plot the function with realistic parameter values. Defining the

initial rotation of the protons as {2y we can find V' at time ¢t = ¢y. From (9.3.13)

we can show that

1 I, I 1,
This rearranges to give
I,
V=—Wy+Q (9.3.22)

I
We can substitute this back in to the evolution equation for W (9.3.20) to give

; ; (%Wo N %Qo> e—2,6<§—zW0+éQo>t
W= (I”Wo + IQO> ? ? — (9.3.23)
b b Wo — <éW@ + éQo) e_w(ﬁw()*ﬁ%)t
or
I, I IT(Wo+ ) 26(mwortan)e 7
. —_0 — - 7 Ip Ip -1 .3.24
W (IPWO+IP O) [ IPWO ‘ (93 )
This gives us that the relaxation timescale 7, is
1 (I, I\
P P

For a neutron star we expect Wy < 0y and so the quantity Wy can be neglected
in this equation. Considering expected parameters, § = 0.0005, I/I, = 10 and
Qo =40 s, we find

Ty =25s~17P (9.3.26)

For these parameters we have found a value of 7, < 40 s. This coincides with the
observation that the glitch jump is shorter than the time resolution of about 40

seconds [1].
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Angular velocities of fluid in the glitch model using typical parameters from PSR B1737-30
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Figure 9.2: Simulated results for the pre-glitch and glitch regions using initial fluid
rotations suggested by data from PSR B1737-30. The angular velocities of the two
constituents in the first 50 seconds are not parallel but the effect of the magnetic

spindown torque is smaller than the resolution of the graph.

To bring the results of the last two sections together, figure 9.2 shows the output
of a simple script that models these two regions. We have taken ¢ = 0.01, § =
0.0005 and I,/I, = 0.1. Over this region the spin down torque has been assumed
approximately constant and A ~ 10716, The script evolves the initial rotations of
the two constituents according to the pre-glitch model, with no mutual friction
and a spin down torque. Once the lag reaches a critical point the model follows the
evolution equation that includes mutual friction. The rest of the parameters have

been chosen so that they fit with the observations of the pulsar PSR B1737-30.

9.3.3 Relaxation

To model the relaxation we need to include both the effect of mutual friction
and the magnetic torque. We must also model the repinning of the vortex lines
to the crust. If we don’t then the model cannot explain multiple glitch events.

We noted that the difference between the pinned and unpinned models was the
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9.3 Modelling a Glitch

mutual friction. To simulate repinning we shall introduce a continuous function
that ‘switches off’ the mutual friction. The quantity 8 will be replaced by 5(t)
where at time ¢ = 0 we set 3(0) = (. f must decrease with time, simulating
vortices repinning to the crust. Physically we would not expect this function to
depend explicitly on time, but on quantities like the lag. The size of the lag sets
the magnitude of the Magnus force on the vortex lines which must be overcome
for the vortices to repin. In reality we have not modelled in detail the repinning
mechanism and so we cannot be that accurate. Representing the ‘switching off’
function as a function of time allows us to see if repinning can recreate observed

features of the relaxation. We will choose an exponential function so that
B(t) = Be /™ (9.3.27)

where 7, is the characteristic timescale for repinning. We need to solve the change
in angular momentum equations again. Including the repinning mutual friction

and the magnetic torque we find

L% = 282, (2 — Q) I, (9.3.28)

IPQP =26(t) Q2 (U — Qp) I, — AIpQ3 (9.3.29)

This is not a simple system to solve analytically and so we solve it numerically..

In private communications with observers at Jodrell Bank Observatory we have
been told that the glitch data shows an interesting feature in the frequency deriva-
tive of the pulses. The curve relating to the relaxation of a glitch seems to be split
into two elements. There is some background spin down which is linear in the fre-
quency derivative. We would assume that this is the effect of the magnetic torque.
Closer to the glitch the frequency derivative has a smaller magnitude than the
linear part. We might suggest that this is the effect of the torque acting on both
fluid constituents, through the unpinned vortices. As the same force is effectively
acting on a larger mass then the torque will not have as great an effect on the
angular velocity as when the neutrons are decoupled from the proton fluid. By
using some exaggerated numbers in our relaxation model and using MAPLE to

solve the system numerically we can show this type of feature. Typical results are
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The rate of change of the protan angular velocity

-0.0001 1
-0.00012 1
-0.00014 4
-0.00016
-0.00013

-0.0002 1
-0.00022

-0.00024

0 2000 4000 G000 a000 10000

Figure 9.3: The rate of change in angular velocity (d€2,/dt) is plotted with respect
to time. Note that parameters that were used to plot this graph were not realistic,

but chosen to emphasise the overall features.

shown in figure 9.3. The main problem in using realistic parameters is that we
found that the coefficient 8 needed to be of similar order to A in order to avoid
numerical difficulties. In nature we do not expect this as we have already shown
that if A ~ 107'% then the timescales for the lag to reach an expected critical
point is of the right order for glitching pulsars. We also need a large enough value
of ( so that the glitch jump occurs within ~ 40 s. This just means that we have
not guessed the correct form of 3(t), but we expected this. The important point
is that a repinning model has the potential to deal with features associated with

glitch relaxation.

9.4 Matching Data

Now that we have a simple model of the glitch phenomenon, we can start to
consider what information the observations can give us. We shall again consider

the three regions. In the pre-glitch region the data gives us the spin down rate of
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9.4 Matching Data

the crust. Our model suggests that this in fact gives us the spin down of the proton
fluid and hence the magnitude of Je,,. The glitch jump shows two things. Firstly
the magnitude of the jump will be related to the largest supported lag and the
ratio of fluid inertia. Equation (9.3.24) shows that at late times we expect the lag
to go to zero. This will be modified if we include the pinning function, but should
be approximately true for these timescales. From the definition of V' (9.3.15) we

are given that V is constant throughout the glitch. We have

I,
=0 =0 4.1
\%4 o+ I+ IpWO 1 (9 )

where g and €y are the proton angular velocities before and after the glitch
respectively. W is the initial velocity difference between the two fluid constituents.
From this we find the size of the glitch is given by

I
I+ 1,

O — Qg =AQ = Wo (9.4.2)

We have mentioned previously that observations limit the characteristic timescale
of the glitch rise to < 40 s. Equation (9.3.25) shows us that this timescale 7, is
inversely proportional to 8. This would give us a lower limit on the ‘average’ value
of # over star. We should note that this quantity has a dependency on the neutron
density, and hence varies with position. This timescale still gives us a handle on
this quantity. The relaxation region will give us information on the form of the
repinning function. Further study should give us a better idea of the form of this
function. We can certainly match the timescales of the function 3(¢) and the region
that we have associated with repinning in frequency derivative data. Finally we
should note that we can match these parameters when including entrainment into
the problem. To constrain entrainment we would need more information about
the glitch. The entrainment modifies the constituent momenta and so even if we
‘turned off” the mutual friction after the initial jump our model shows a different
frequency derivative before and after the glitch. In the pre-glitch region there is
a lag between the constituents and so the entrainment modifies the constituent
momenta. The magnetic torque will be acting on a modified angular momentum.
After the glitch there is no lag and so the proton fluid momentum is not modified

by entrainment and hence the rate of spin down will change. We have even noted
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that in the pre-glitch region the increase in lag can be faster than we expect
from the crust rotation rate. For the range of € given in (9.3.3) the neutron fluid
spins up, hence increasing the lag. Extracting these effects from the data would
be very difficult and may require a more sophisticated data analysis. The effect of
entrainment will be hidden with a lot of other unknown physics. However as more
of the processes are understood it is possible that glitches will help us to constrain

the entrainment parameter.

9.5 Summary

We have constructed a simple model for the neutron star glitch phenomenon using
the two fluid model and the mutual friction due to superfluid vortices. For typical
values of the parameters our model has a glitch rise time shorter than the upper
bound set by observation. We also have a way of getting a long relaxation time by
using a ‘switching off” function to simulate repinning. More work needs to be done
on investigating the likely form of this function and whether repinning can fully
explain the observations. It may be necessary to use numerical methods to carry
this idea forwards if further complications are needed to properly simulate a glitch.
This will certainly be the case if we try to make the repinning dependent upon

quantities like the constituent velocity difference, which will be position dependent.

We also need to consider the role of superfluid turbulence in glitches. We have
already stated in chapter 6 that there are cases in which the neutrons may be
turbulent and other studies show it may be relevant in glitches [56]. We expect
the force due to turbulence to be position dependent and so it is not clear that a

‘body averaged’ model, like the one we have discussed, will work.
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Chapter 10

Summary

In this thesis we have investigated the role of superfluids in a multi-constituent
model of neutron star cores. In particular we have considered the effect of entrain-
ment and the mutual friction force. We have used different model scenarios to
illustrate the complex dynamics associated with superfluid turbulence, wave prop-
agation, pulsar glitches and viscous boundary layers. This study lays the founda-
tion for future work in this area, and provides key insights into the modelling of

realistic neutron stars.

In chapter 5 we set up the equations of motion for a two-constituent fluid with an
array of vortices. This allowed us to investigate the consequences of the mutual

friction that acts between the two constituents.

Chapter 6 provided the derivation of the forces on the fluid constituents when
the neutron superfluid is turbulent. It was argued that we should consider the
possibility of turbulence in neutron stars seriously. We extended the isotropic
turbulence model to one in which the turbulence is polarised. We derived this
force phenomenologically using results from experiments with superfluid Helium
[75]. This force can now be applied to model neutron star phenomena, e.g. glitches
and free precession. In the future it may be necessary to use numerical methods
to simulate these phenomena. The fact that turbulence may be localised makes

analytical work on global models very tough and so a numerical approach will be
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more appropriate. Such work would extend existing studies of isotropic turbulence

[60)].

In chapter 7 we investigated the nature of the waves that are present in a two-
constituent fluid with a mutual friction due to vortices. The role of various fluid
properties was discussed, in particular the mutual friction force. We established
that the presence of vortices, and hence mutual friction, can make the waves
unstable. This instability is a mechanism that can create turbulence in the fluid.
A further step in this work would be to find the relevance of the mutual friction
coefficient 3. For a strong coupling between the proton fluid and the vortices this
coefficient can no longer be neglected. Strong coupling may be important for a

number of neutron star phenomena [32].

In chapter 8 we carried out an initial investigation into the significance of including
a boundary when considering superfluid oscillation problems. This is important
when considering global oscillations of a neutron star (see [31] for discussion and
references ). We set up a two constituent model with a boundary and calculated
how the mutual friction affects the energy that is dissipated from the system by the
boundary. We showed that there are situations in which the mutual friction has a
significant effect on the solution. This is particularly important when considering
the damping of global modes. Future work should relax the 3 = 0 assumption
so that the strong coupling case of the vortex lines to the proton fluid can be

investigated. This may be particularly important in models of free precession [32].

In chapter 9 we constructed a simple model for the neutron star glitch phenomenon
using the two fluid model and the mutual friction due to superfluid vortices. For
typical values of the parameters our model has a glitch rise time shorter than the
upper bound set by observation. We also have a way of getting a long relaxation
time by using a ‘switching off’ function to simulate repinning. More work needs
to be done on investigating the likely form of this function and whether repinning
can fully explain the observations. Again, it may be necessary to use numerical
methods to carry this idea forwards if further complications are needed to properly

simulate a glitch. This will certainly be the case if we try to make the repinning
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dependent upon quantities like the constituent velocity difference, which will be
position dependent. We also ought to consider the role of superfluid turbulence
in glitches. We have already stated in chapter 6 that there are cases in which the
neutrons may be turbulent and other studies show it may be relevant in glitches
[56]. However, we expect the force due to turbulence to be position dependent and
so it is not clear that a ‘body averaged’ model, like the one we have discussed, will

work.
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