
University of Southampton Research Repository

ePrints Soton

Copyright © and Moral Rights for this thesis are retained by the author and/or other 
copyright owners. A copy can be downloaded for personal non-commercial 
research or study, without prior permission or charge. This thesis cannot be 
reproduced or quoted extensively from without first obtaining permission in writing 
from the copyright holder/s. The content must not be changed in any way or sold 
commercially in any format or medium without the formal permission of the 
copyright holders.
  

 When referring to this work, full bibliographic details including the author, title, 
awarding institution and date of the thesis must be given e.g.

AUTHOR (year of submission) "Full thesis title", University of Southampton, name 
of the University School or Department, PhD Thesis, pagination

http://eprints.soton.ac.uk

http://eprints.soton.ac.uk/


UNIVERSITY OF SOUTHAMPTON

INSTITUTE OF SOUND AND VIBRATION RESEARCH

SIGNAL PROCESSING AND CONTROL GROUP

STRAIN TRANSDUCERS FOR ACTIVE CONTROL

by

Y. Aoki

A thesis submitted for the award of Doctor of Philosophy

September 2008
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ABSTRACT
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STRAIN TRANSDUCERS FOR ACTIVE CONTROL

by Yohko Aoki

This thesis presents the results of a theoretical and experimental study of active

vibration control using velocity feedback with piezoceramic actuator(s) and closely

located velocity sensor(s). The first part of the thesis presents modeling and design

studies for a square piezoceramic actuator used to implement a single channel ve-

locity feedback control with a velocity sensor at its center. A fully coupled mobility

model of the panel with a square piezoceramic patch actuator is introduced and

experimentally validated in order to predict the sensor-actuator open loop response

over much wider frequency range than is commonly used, so that the stability of the

feedback control loop can be properly assessed using the Nyquist criterion. These

simulations suggest that increasing the width and reducing the thickness of the

square actuator improves the control performance of a single channel velocity feed-

back control loop in the case considered. The second part of this thesis investigates

a new configuration of the velocity feedback control system, which is composed of a

piezoceramic actuator shaped as isosceles triangle with a velocity sensor at its tip.

A fully coupled mobility model has been developed, which predicts the response of

the sensor-actuator pair more accurately than the conventional modeling method.

The implementation of a 16 channel decentralized control system using triangular

actuator has been experimentally demonstrated. Significant levels of attenuation,

up to 20 dB, are achieved at the first few resonant peaks in term of both structural

vibration and sound radiation. Closed loop measurements have highlighted that the

control performance are significantly improved by increasing the base length and/or

the height of the triangle actuators, with the limitation that the increase of the

height reduces the usable frequency range of the control system. [279 words]

i



Contents

1 Introduction 1

1.1 The vibration and noise problems . . . . . . . . . . . . . . . . . . . . 1

1.2 Introduction to decentralized control . . . . . . . . . . . . . . . . . . 3

1.2.1 Piezoceramic patch actuator . . . . . . . . . . . . . . . . . . . 4

1.2.2 Short review on the modeling of piezoceramic actuators . . . . 6

1.3 Objectives and contributions . . . . . . . . . . . . . . . . . . . . . . . 8

1.4 Structure of the thesis . . . . . . . . . . . . . . . . . . . . . . . . . . 8

2 Velocity Feedback Control using Square Piezoceramic Actuators 11

2.1 Velocity feedback control . . . . . . . . . . . . . . . . . . . . . . . . . 12

2.1.1 Rectangular panel with a square piezoceramic actuator . . . . 12

2.1.2 Open loop FRF of the idealized actuator . . . . . . . . . . . . 15

2.1.3 Experimental results . . . . . . . . . . . . . . . . . . . . . . . 18

2.2 Modeling the local dynamics of the actuator . . . . . . . . . . . . . . 22

2.2.1 Modeling distributed mass . . . . . . . . . . . . . . . . . . . . 22

2.2.2 Modeling distributed stiffness . . . . . . . . . . . . . . . . . . 26

2.2.3 Fully coupled model and experimental verification . . . . . . . 31

2.3 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36

3 Parametric Study of Square Piezoceramic Actuator 37

3.1 Stability and control performance . . . . . . . . . . . . . . . . . . . . 37

3.2 Parametric study . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43

3.2.1 Width with constant thickness . . . . . . . . . . . . . . . . . . 44

ii



3.2.2 Thickness with constant width . . . . . . . . . . . . . . . . . . 49

3.2.3 Width and thickness with constant volume . . . . . . . . . . . 53

3.3 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57

4 Velocity Feedback Control using Triangular Piezoceramic Actua-

tors 59

4.1 Triangular and square actuators; an experimental comparison . . . . 60

4.1.1 Experimental setup . . . . . . . . . . . . . . . . . . . . . . . . 60

4.1.2 Comparison . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61

4.2 Actuation of the triangular piezoceramic actuator . . . . . . . . . . . 65

4.2.1 Conventional modeling . . . . . . . . . . . . . . . . . . . . . . 65

4.2.2 Distributed modeling . . . . . . . . . . . . . . . . . . . . . . . 68

4.3 Modeling the local dynamics of a triangular actuator . . . . . . . . . 74

4.3.1 Modeling actuator mass and stiffness . . . . . . . . . . . . . . 74

4.3.2 Modeling boundary condition . . . . . . . . . . . . . . . . . . 77

4.3.3 Fully coupled model and experimental verification . . . . . . . 85

4.4 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88

5 Demonstration of the multi-input multi-output control system 89

5.1 Physical arrangements . . . . . . . . . . . . . . . . . . . . . . . . . . 90

5.1.1 Smart panel . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90

5.1.2 Sensor dynamics . . . . . . . . . . . . . . . . . . . . . . . . . 92

5.1.3 Decentralized multi-channel analogue controller . . . . . . . . 96

5.2 Stability . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 100

5.3 Vibration control performance . . . . . . . . . . . . . . . . . . . . . . 105

5.3.1 Passive control effects on structural vibration . . . . . . . . . 105

5.3.2 Active control effects on structural vibration . . . . . . . . . . 107

5.4 Sound radiation control performance . . . . . . . . . . . . . . . . . . 114

5.4.1 Total radiated sound power - narrow band analysis . . . . . . 116

5.4.2 Total radiated sound power - one-third octave band analysis . 119

5.5 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 121

iii



6 Parametric Study of Triangular Piezoceramic Actuator 122

6.1 Stability and control performance . . . . . . . . . . . . . . . . . . . . 123

6.1.1 Single control unit . . . . . . . . . . . . . . . . . . . . . . . . 123

6.1.2 Multichannel decentralized control units . . . . . . . . . . . . 124

6.2 Base length with constant height . . . . . . . . . . . . . . . . . . . . 126

6.2.1 Single control unit . . . . . . . . . . . . . . . . . . . . . . . . 127

6.2.2 16 channel decentralized control units . . . . . . . . . . . . . . 128

6.3 Height with constant base length . . . . . . . . . . . . . . . . . . . . 137

6.3.1 Single control unit . . . . . . . . . . . . . . . . . . . . . . . . 137

6.3.2 16 channel decentralized control units . . . . . . . . . . . . . . 139

6.4 Base length and height with constant aspect ratio . . . . . . . . . . . 147

6.4.1 Single control unit . . . . . . . . . . . . . . . . . . . . . . . . 147

6.4.2 16 channel decentralized control units . . . . . . . . . . . . . . 148

6.5 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 155

7 Conclusions and Recommendations for Further Study 157

7.1 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 157

7.2 Recommendations for further study . . . . . . . . . . . . . . . . . . 159

A Plate Theory and Mobility Functions 162

A.1 General equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 162

A.2 Square actuator . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 164

A.3 Triangular actuator . . . . . . . . . . . . . . . . . . . . . . . . . . . . 167

B PZT material 171

C Experimental results 173

iv



List of Tables

2.1 Geometric parameter and physical properties of the aluminium panel 12

2.2 Geometric parameter and physical properties of the square piezoce-
ramic actuator produced by ISTEC in Italy [63] . . . . . . . . . . . . 13

2.3 Resonant frequency of an aluminium panel with 20 mm × 20 mm ×
1 mm piezoceramic actuator . . . . . . . . . . . . . . . . . . . . . . . 21

3.1 Geometric parameter of the square piezoceramic actuator considered
in the parametric study regarding the actuator width. . . . . . . . . . 44

3.2 Geometric parameter of the square piezoceramic actuator considered
in the parametric study regarding the actuator thickness . . . . . . . 49

3.3 Geometric parameter of the square piezoceramic actuator considered
in the parametric study regarding the actuator width and thickness . 53

4.1 Geometric parameter and physical properties of the triangular piezo-
ceramic actuator produced by ISTEC in Italy [63] . . . . . . . . . . . 60

4.2 Control performance of a single velocity feedback control loop . . . . 65

5.1 Geometric parameter and physical properties of the triangular piezo-
ceramic actuator . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91

5.2 Measured resonant frequencies of the plane aluminium panel mounted
on the Perspex box, and excited by an acoustic field . . . . . . . . . . 110

5.3 Coordinate of microphone measurement points of the parallelepipedic
arrangement used in the anechoic chamber experiments . . . . . . . . 115

5.4 Values of the coordinate system of the parallelepipedic arrangement
used in the anechoic chamber experiments . . . . . . . . . . . . . . . 115

6.1 Geometric parameter of the triangular piezoceramic actuator consid-
ered in the parametric study regarding the actuator base length . . . 127

6.2 Control gain h0, experimentally implemented for decentralized MIMO
systems with primary force and acoustic filed disturbance . . . . . . . 131

v



6.3 Measured vibration reduction at resonant frequencies . . . . . . . . . 135

6.4 Geometric parameter of the triangular piezoceramic actuator consid-
ered in the parametric study regarding the actuator height. . . . . . . 137

6.5 Control gain h0, experimentally implemented for decentralized MIMO
systems with primary force and acoustic filed disturbance. . . . . . . 139

6.6 Measured vibration reduction at resonant frequencies. . . . . . . . . 143

6.7 Geometric parameter of the triangular piezoceramic actuator consid-
ered in the parametric study regarding the actuator dimensions. . . . 147

6.8 Control gain h0, experimentally implemented for decentralized MIMO
systems with primary force and acoustic filed disturbance . . . . . . . 152

6.9 Measured vibration reduction at resonant frequencies . . . . . . . . . 152

6.10 Measured vibration reduction averaged between at 1st and 9th reso-
nant frequencies. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 156

A.1 Values of the constants for the natural frequencies of a rectangular
plate with all four edges clamped (from reference [80]) . . . . . . . . . 164

A.2 Values of the modal contribution functions Fi and Fj for the mobility
functions used in Eq. (A.10) . . . . . . . . . . . . . . . . . . . . . . . 166

A.3 Values of the modal contribution functions Fi and Fj for the mobility
functions used in Eq. (A.15) . . . . . . . . . . . . . . . . . . . . . . . 170

B.1 Piezoelectric properties of the piezoceramic actuator, produced by
ISTEC in Italy [63] . . . . . . . . . . . . . . . . . . . . . . . . . . . . 172

C.1 Summary of the figures . . . . . . . . . . . . . . . . . . . . . . . . . . 173

vi



List of Figures

1.1 Velocity feedback control to generate active damping on a structure. . 2

1.2 A rectangular panel with a large number of centralized (left) and
decentralized (right) sensor-actuator pairs. . . . . . . . . . . . . . . . 3

1.3 A rectangular panel with 16 decentralized sensor-actuator pairs, com-
posed of square piezoceramic actuators and velocity sensors at their
centers (left) and triangular piezoceramic actuators and velocity sen-
sors at their tip vertices (right) . . . . . . . . . . . . . . . . . . . . . 6

2.1 Clamped panel with a square piezoceramic patch actuator and an
ideal velocity sensor at its center to implement a fixed gain velocity
feedback control loop . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

2.2 Schematic of the model for the piezoceramic patch moment actuation 15

2.3 Top: Bode plot of the simulated open loop FRF derived with the
ideal model with distributed bending moments (blue-faint line) and
measured open loop FRF (black-solid line), and predicted phase lag
function (red-dashed line). Bottom: Nyquist plots of the simulated
open loop FRF derived with the ideal model with distributed bending
moments (left) and measured open loop FRF (right) . . . . . . . . . 19

2.4 Schematic of the model for inertial effect of the actuator mass . . . . 22

2.5 Top: Bode plot of the simulated open loop FRF derived with the
ideal model with distributed bending moments (blue-faint line) and
the model with the inertial effect (red-dashed line). Bottom: Nyquist
plots of the open loop FRF derived with the ideal model with dis-
tributed bending moments (left) and the model with the inertial effect
(right) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

2.6 Schematic of the models for the elastic effect of the actuator stiffness 26

2.7 Coordinate system for reactive moments . . . . . . . . . . . . . . . . 28

2.8 Top: Bode plot of the simulated open loop FRF derived with the ideal
model (blue-faint line) and the model with the stiffness effects (red-
dashed line). Bottom: Nyquist plots of the open loop FRF derived
with the ideal model with distributed bending moments (left) and the
model with the stiffness effects (right) . . . . . . . . . . . . . . . . . . 32

vii



2.9 Bode plot of the simulated open loop FRF derived with the fully
coupled model (red-dashed line) and measured open loop FRF (black-
solid line). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

3.1 Disturbance rejection block diagram of a SISO control system . . . . 38

3.2 Nyquist plots of the simulated open loop FRF on the panel with the
square actuator with dimensions of 25 mm × 25 mm × 1.05 mm
between 20 and 500 Hz (top), between 500 Hz and 30 kHz (middle),
and between 30 and 80 kHz (bottom) . . . . . . . . . . . . . . . . . . 41

3.3 Bode (left) and Nyquist (right) plots of the simulated open loop FRF
on the panel with the square actuator with dimensions of 25 mm ×
25 mm × 1.05 mm. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42

3.4 Maximum reduction index Rk as a function of the control ratio δk.
The control ratio at the 7th resonant frequency δ7 is shown as a solid
circle . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42

3.5 Schematics of mode shapes (m, n). The square piezoceramic actuator
is shown by black color. . . . . . . . . . . . . . . . . . . . . . . . . . 44

3.6 Bode plots of the simulated (top) and the measured (bottom) open
loop FRFs on the panel with the square piezoceramic actuators with
constant thickness 1 mm and various widthes; 20 mm (blue faint line),
25 mm (black solid line), and 30 mm (red dashed line). . . . . . . . . 47

3.7 Maximum control gain Hmax (left) and phase crossover frequency ω0

(right) computed by using simulated open loop FRFs as a function
of width for constant thickness. . . . . . . . . . . . . . . . . . . . . . 48

3.8 Maximum reduction index Rk (k = 1,3,7) computed by using simu-
lated open loop FRFs as a function of width for constant thickness . 48

3.9 Bode plots of the simulated (top) and the measured (bottom) open
loop FRFs on the panel with the square piezoceramic actuators with
constant width 20 mm and various thicknesses; 1.0 mm (blue faint
line), 1.63 mm (black solid line), and 3.0 mm (red dashed line). . . . 51

3.10 Maximum control gain Hmax (left) and phase crossover frequency ω0

(right) computed by using simulated open loop FRFs as a function
of thickness for constant width . . . . . . . . . . . . . . . . . . . . . . 52

3.11 Maximum reduction index Rk (k = 1,3,7) computed by using simu-
lated open loop FRFs as a function of thickness for constant width. . 52

3.12 Bode plots of the simulated (top) and the measured (bottom) open
loop FRFs on the panel with the square piezoceramic actuators with
various widthes and thicknesses for constant volume; 15 mm × 15
mm × 2.9 mm (blue faint line), 20 mm × 20 mm × 1.63 mm (black
solid line), and 25 mm × 25 mm × 1.05 mm (red dashed line) . . . . 55

viii



3.13 Maximum control gain Hmax (left) and phase crossover frequency ω0

(right) estimated by using predicted FRFs as a function of width and
thickness for constant volume . . . . . . . . . . . . . . . . . . . . . . 56

3.14 Maximum reduction index Rk (k = 1,3,7) (left), and maximum control
gain Hmax (right) estimated by using predicted FRFs as a function
of width and thickness for constant volume . . . . . . . . . . . . . . . 56

4.1 Clamped panel with a triangular piezoceramic patch actuator . . . . 61

4.2 Top: Bode plot of the measured open loop FRF on the panel with
the square actuator (blue-faint line) and with the triangular actuator
(black-solid line). Bottom: Nyquist plots of the measured open loop
FRF on the panel with the square actuator (left) and with the trian-
gular actuator (right) between 25 Hz - 5 kHz (blue solid), 5 - 80 kHz
(black faint). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63

4.3 Actuation distances to the error sensor for the square and triangular
actuators . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64

4.4 Schematic of the actuation model for the moment and force of the
triangular actuator in Ref. [66] . . . . . . . . . . . . . . . . . . . . . 65

4.5 Schematic of actuation model for the rectangular piezoceramic patch
actuator in x- (left) and y-direction(right). The upward force is shown
by the circle with a dot at its center, and the downward force is shown
by the circle with a cross. . . . . . . . . . . . . . . . . . . . . . . . . 69

4.6 Schematic of the actuation model for the distributed moments of the
triangular actuator. . . . . . . . . . . . . . . . . . . . . . . . . . . . 71

4.7 Top: Bode plot of the simulated open loop FRF derived with the
Sullivan’s actuation model (blue-faint line) and measured open loop
FRF (black solid line); Bottom: Bode plot of the simulated open loop
FRF derived with the proposed model distributed moments (blue-
faint line) and measured open loop FRF (black solid line) . . . . . . . 73

4.8 Schematic of the models for the triangular piezoceramic patch: in-
ertial effect of the actuator mass (a), and the elastic effect of the
actuator stiffness (b) and (c) . . . . . . . . . . . . . . . . . . . . . . . 75

4.9 Bode plot of the open loop FRF derived with the ideal model with
the distributed bending moments (blue-faint line) and the the models
with the passive effects (red-dashed line). . . . . . . . . . . . . . . . 76

4.10 Schematic of the model for resiliently mounted panel . . . . . . . . . 78

ix



4.11 Top: Bode plot of the open loop FRF derived with the resilient bound-
ary model with various boundary stiffness: zb = 50 [N/m] (blue-faint
line), zb = 500 [N/m] (red-dashed line), zb = 10000 [N/m] (black-
solid line). Bottom: Bode plot of the open loop FRF derived with
the simply supported model (blue-faint line) and the clamped model
(black-solid line) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 82

4.12 Bode plots of the three components of the open loop FRF derived with
the resilient boundary model with various boundary stiffness: zb = 50
[N/m] (top), zb = 500 [N/m] (middle), zb = 10000 [N/m] (bottom);
bending moment along left lateral edge (blue faint line), bending mo-
ment along right lateral edge (red dashed line), and bending moment
along base edge (black solid line). . . . . . . . . . . . . . . . . . . . . 84

4.13 Bode plot of the simulated open loop FRF derived with the fully
coupled model (red-dashed line) and measured open loop FRF (black-
solid line). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87

5.1 Smart panel mounted on a Perspex box . . . . . . . . . . . . . . . . . 91

5.2 A rectangular panel with 16 decentralized velocity feedback control
units using triangular piezoceramic patch actuators. The position of
the primary force excitation is shown as a solid circle. A virtual active
boundary wedge is depicted by dotted line. . . . . . . . . . . . . . . . 93

5.3 Internal structure of tri-shear piezoelectric sensing accelerometer 352C67 94

5.4 Schematic representation of the piezoelectric accelerometer transducer,
which is modeled as a single degree-of-freedom system . . . . . . . . . 94

5.5 Frequency response function of the accelerometer . . . . . . . . . . . 95

5.6 Top: Bode plot of the open loop FRF measured by the accelerometer
sensor (blue faint line) and by the laser vibrometer (black solid line).
Bottom: Nyquist plots of the open loop FRF measured by the ac-
celerometer sensor (left) and by the laser vibrometer (right) between
50 Hz and 1 kHz (blue solid line), and between 1 and 80 kHz (black
faint lline). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 97

5.7 Front view of the decentralized analogue feedback controller . . . . . 98

5.8 Circuit diagram of each 16 channel decentralized feedback control
system . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99

5.9 Disturbance rejection block diagram of the MIMO velocity feedback
control system . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 101

5.10 Nyquist plots of the diagonal elements of the open loop FRF matrix
G(jω)H(jω) measured on the panel with 16 triangular actuators of
base length 40 mm and height 40 mm, between 25 Hz and 700 Hz
(blue solid line), between 700 Hz and 42 kHz (black dotted line) . . . 103

x



5.11 Locus of the determinant of the return matrix , det[I+G(jω)H(jω)],
measured on the panel with 16 triangular actuators of base length 40
mm and height 40 mm, between 25 Hz and 700 Hz (blue solid line),
and between 700 Hz and 42 kHz (black dotted line) . . . . . . . . . . 104

5.12 Picture of the laser-vibrometer (left), and the panel surface with the
grid of the measurements points (187) scanned by the laser vibrometer
(right) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 106

5.13 Narrow band spectra of the spatially averaged velocity of the panel,
measured between 0 and 1 kHz, per unit force generated by the shaker
(top) and per unit voltage driving the loudspeaker (bottom): without
transducers (blue fain line), and with transducers but no feedback
control (black solid line) . . . . . . . . . . . . . . . . . . . . . . . . . 108

5.14 Narrow band velocity spectra of the panel at 16 control points mea-
sured by accelerometer error sensors between 0 and 1 kHz, per unit
force generated by the shaker; without feedback control (black solid
line), and with feedback control (blue dashed line) . . . . . . . . . . . 109

5.15 Narrow band spectra of the spatially averaged velocity of the panel,
measured between 0 and 1 kHz, per unit force generated by the shaker
(top) and per unit voltage driving the loudspeaker (bottom): without
feedback control (black solid line), and with feedback control (red
dashed line) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 111

5.16 Vibratory fields of the panel excited by the loudspeaker at the 258 Hz
resonance frequency, where the response is controlled by (3,1) natural
mode of the smart panel; without the control (left column) and with
control(right column) at phases φ = 0 (top), φ = 120 (middle) and φ
= 240 (bottom) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 113

5.17 Picture of the chamber (left), and microphone positions in the ane-
choic chamber for a rectangular measurement surface according to
ISO CD 3744 (right). . . . . . . . . . . . . . . . . . . . . . . . . . . . 114

5.18 Narrow band spectra of the total radiated sound power, measured be-
tween 0 and 1 kHz, per unit force generated by the shaker (top) and
per unit voltage driving the loudspeaker (bottom): without trans-
ducers (blue faint line), and with transducers but no feedback control
(black solid line) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 117

5.19 Narrow band spectra of the total radiated sound power, measured
between 0 and 1 kHz per unit force generated by the shaker (top) and
per unit voltage driving the loudspeaker (bottom): without feedback
control (black solid line), and with feedback control (red dashed line) 118

xi



5.20 Total radiated sound power in one-third octave bands between 50 and
800 Hz center bands, per unit force generated by the shaker (top)
and per unit voltage driving the loudspeaker (bottom): measured on
the panel without transducers (first column), with transducers but no
feedback control (middle column), and with transducers and feedback
control (last column) . . . . . . . . . . . . . . . . . . . . . . . . . . . 120

6.1 A rectangular panel with 16 evenly distributed triangular piezoce-
ramic actuators. A virtual active boundary wedge is depicted by
dotted line. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 125

6.2 Bode plots of the simulated (top) and the measured (bottom) open
loop FRFs on the panel with the triangle piezoceramic actuator with
constant height 25 mm and various base length; 25 mm (red faint
line), 40 mm (blue dotted line), and 50 mm (black dashed line). . . . 129

6.3 Maximum control gain Hmax (left) and phase crossover frequency ω0

(right), computed by using simulated open loop FRFs as a function
of the base length bpzt for constant height. . . . . . . . . . . . . . . . 130

6.4 Maximum reduction index Rk (k = 1,3,7), computed by using simu-
lated open loop FRFs as a function of base length for constant height 130

6.5 Locus of the det[I + G(jω)H(jω)] between 25 Hz - 1 kHz (blue solid
line) and 1 - 42 kHz (black faint line) measured on the panel with 16
triangular actuators with dimensions of 25.0 mm × 25.0 mm (top),
40.0 mm × 25.0 mm (middle), 50.0 mm × 25.0 mm (bottom). . . . . 132

6.6 Narrow band spectra of the spatially averaged velocity of the panel
measured between 0 and 1 kHz per unit force generated by the shaker
(top), and per unit voltage driving the loudspeaker(bottom); mea-
sured by using (1) a plane panel without control unit (black solid
line), and the panels with feedback control using the actuators with
constant height and various base lengthes; (2) 25.0 mm × 25.0 mm
(red faint line), (3) 40.0 mm × 25.0 mm (blue dotted line), and (4)
50.0 mm × 25.0 mm (black dashed line) . . . . . . . . . . . . . . . . 134

6.7 Narrow band spectra of the total radiated sound power, measured
between 0 and 1 kHz per unit force generated by the shaker (top),
and per unit voltage driving the loudspeaker(bottom); measured by
using (1) a plane panel without control unit (black solid line), and
the panels with feedback control using the actuators with constant
height 25 mm and various base lengthes; (2) 25.0 mm × 25.0 mm
(red faint line), (3) 40.0 mm × 25.0 mm (blue dotted line), and (4)
50.0 mm × 25.0 mm (black dashed line) . . . . . . . . . . . . . . . . 136

6.8 Bode plots of the simulated (top) and the measured (bottom) open
loop FRFs on the panel with the triangle piezoceramic actuator with
the constant base length 40 mm and various heights; 25 mm (red faint
line), 31.5 mm (blue dotted line), and 40 mm (black dashed line) . . . 140

xii



6.9 Maximum control gain Hmax (left) and phase crossover frequency ω0

(right), estimated by using predicted FRFs as a function of the height
for constant base length . . . . . . . . . . . . . . . . . . . . . . . . . 141

6.10 Maximum reduction index Rk (k = 1,3,7), estimated by using pre-
dicted FRFs as a function of the height for constant base length . . . 141

6.11 Locus of the det[I + G(jω)H(jω)] between 25 Hz - 1 kHz (blue solid
line) and 1 - 42 kHz (black faint line) measured on the panel with 16
triangular actuators with dimensions of 40.0 mm × 25.0 mm (top),
40.0 mm × 31.5 mm (middle), 40.0 mm × 40.0 mm (bottom). . . . . 142

6.12 Narrow band spectra of the spatially averaged velocity of the panel
measured between 0 and 1 kHz per unit force generated by the shaker
(top), and per unit voltage driving the loudspeaker(bottom); mea-
sured by using (1) a plane panel without control unit (black solid
line), and the panels with feedback control using the actuators with
the constant base length and various heights; (2) 40.0 mm × 25.0 mm
(red faint line), (3) 40.0 mm × 31.5 mm (blue dotted line), and (4)
40.0 mm × 40.0 mm (black dashed line) . . . . . . . . . . . . . . . . 144

6.13 Narrow band spectra of the total radiated sound power, measured
between 0 and 1 kHz per unit force generated by the shaker (top),
and per unit voltage driving the loudspeaker(bottom)); measured by
using (1) a plane panel without control unit (black solid line), and
the panels with feedback control using the actuators with constant
base length and various heights; (2) 40.0 mm × 25.0 mm (red faint
line), (3) 40.0 mm × 31.5 mm (blue dotted line), and (4) 40.0 mm ×
40.0 mm (black dashed line) . . . . . . . . . . . . . . . . . . . . . . . 146

6.14 Bode plots of the simulated (top) and the measured (bottom) open
loop FRFs on the panel with the triangle piezoceramic actuator with
various base lengthes and heights; 25 mm × 25 mm (red faint line),
31.5 mm × 31.5 mm (blue dotted line), and 40 mm × 40 mm (black
dashed line) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 149

6.15 Maximum control gain Hmax (left) and phase crossover frequency ω0

(right), estimated by using predicted FRFs as a function of height
and base length for constant aspect ratio . . . . . . . . . . . . . . . . 150

6.16 Maximum reduction index Rk (k = 1,3,7), estimated by using pre-
dicted FRFs as a function of height and base length for constant
aspect ratio . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 150

6.17 Locus of the det[I + G(jω)H(jω)] between 25 Hz - 1 kHz (blue solid
line) and 1 - 42 kHz (black faint line) measured on the panel with 16
triangular actuators with dimensions of 25.0 mm × 25.0 mm (top),
31.5 mm × 31.5 mm (middle), and 40.0 mm × 40.0 mm (bottom). . 151

xiii



6.18 Narrow band spectra of the spatially averaged velocity of the panel
measured between 0 and 1 kHz per unit force generated by the shaker
(top), and per unit voltage driving the loudspeaker(bottom); mea-
sured by using (1) a plane panel without control unit (black solid
line), and the panels with feedback control using the actuators with
various base lengthes and heights; (2) 25 mm × 25 mm (red faint
line), (3) 31.5 mm × 31.5 mm (blue dotted line), and (4) 40 mm ×
40 mm (black dashed line) . . . . . . . . . . . . . . . . . . . . . . . . 153

6.19 Narrow band spectra of the total radiated sound power, measured
between 0 and 1 kHz per unit force generated by the shaker (top),
and per unit voltage driving the loudspeaker(bottom); measured by
using (1) a plane panel without control unit (black solid line), and
the panels with feedback control using the actuators with various base
lengthes and heights; (2) 25.0 mm × 25.0 mm (red faint line), (3) 31.5
mm × 31.5 mm (blue dotted line), and (4) 40.0 mm × 40.0 mm (black
dashed line) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 154

C.1 A rectangular panel with 16 triangular piezoceramic actuators and
its numbering. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 174

C.2 Nyquist plots of the diagonal elements of the open loop FRF matrix
G(jω) on the panel with 16 triangular piezoceramic actuators of base
length 25 mm and height 25 mm between 25 Hz and 1 kHz (blue solid
line), between 1 and 42 kHz (red dotted line) . . . . . . . . . . . . . . 175

C.3 Nyquist plots of the diagonal elements of the open loop FRF matrix
G(jω) on the panel with 16 triangular piezoceramic actuators of base
length 40 mm and height 25 mm between 25 Hz and 1 kHz (blue solid
line), between 1 and 42 kHz (red dotted line) . . . . . . . . . . . . . . 176

C.4 Nyquist plots of the diagonal elements of the open loop FRF matrix
G(jω) on the panel with 16 triangular piezoceramic actuators of base
length 50 mm and height 25 mm between 25 Hz and 1 kHz (blue solid
line), between 1 and 42 kHz (red dotted line) . . . . . . . . . . . . . . 177

C.5 Nyquist plots of the diagonal elements of the open loop FRF matrix
G(jω) on the panel with 16 triangular piezoceramic actuators of base
length 40 mm and height 31.5 mm between 25 Hz and 1 kHz (blue
solid line), between 1 and 42 kHz (red dotted line) . . . . . . . . . . . 178

C.6 Nyquist plots of the diagonal elements of the open loop FRF matrix
G(jω) on the panel with 16 triangular piezoceramic actuators of base
length 31.5 mm and height 31.5 mm between 25 Hz and 1 kHz (blue
solid line), between 1 and 42 kHz (red dotted line) . . . . . . . . . . . 179

C.7 Nyquist plots of the diagonal elements of the open loop FRF matrix
G(jω) on the panel with 16 triangular piezoceramic actuators of base
length 40 mm and height 40 mm between 25 Hz and 1 kHz (blue solid
line), between 1 and 42 kHz (red dotted line) . . . . . . . . . . . . . . 180

xiv



List of Symbols

General Notations
0 Zero Matrix [-]
d, D Vector or matrix with 0 and 1 [-]
I Identity matrix [-]
φn nth mode shape function [-]
ψn First derivative of nth mode shape function [-]
ω Circular frequency [rad/sec]
ωn nth natural frequency [rad/sec]
π Circular constant [-]
λ Wave length [m]
σ Stress [N/m2]
j Imaginary number [-]
n Number of element [-]
t Time [sec]
V Voltage [V]

Parameters
η Loss factor [-]
ν Poisson’s ratio [-]
ρ Density [kg/m3]
apzt Width of a square patch [m]
bpzt Base length of a triangular patch [m]
d31, d32, d36 Piezoelectric strain-charge constant [m/V]
D Flexural rigidity [Nm]
e31, e32, e36 Piezoelectric stress-charge constant [N/(Vm)]
E Young’s modulus of elasticity [N/m2]
h Thickness [m]
lx, ly Length of the panel [m]
m Mass [kg]
tpzt Height of a triangular patch [m]
()pzt Subscript: piezoceramic actuator [-]
()s Subscript: structure [-]

xv



Phasor and mobilities
f , f Point force [N]
m, m Point moment per unit length [N]
w, w Out-of-plane displacement [m]
u, u Inplane displacement [m]
θ, θ Rotational angle [m]
Y , Y Mobility function [m/(sec N)]
Z, Z Impedance function [(sec N)/m]
()b Subscript: boundary effects [-]
()c Subscript: control excitation [-]
()e Subscript: inertia effects [-]
()k Subscript: stiffness effects [-]
()p Subscript: primary excitation [-]
()s Subscript: square piezoceramic actuator [-]
()t Subscript: triangular piezoceramic actuator [-]

Control theory
δk Control ratio at kth resonant frequency [-]
d, d Sensor signal without control [-]
G, G Frequency response function [-]
H,H Frequency-constant feedback Control gain [-]
y, y Sensor signal with control [-]
L Sound pressure level [N/m2]
p Pressure [N/m2]
Rk Maximum reduction index at kth resonant frequency [dB]

Abbreviations
AR Aspect Ratio
ASAC Active Structural Acoustic Control
AVC Active Vibration Control
FRF Frequency Response Function
ISVR Institute of Sound and Vibration Research
MIMO Multi-Input Multi-Output
PZT Lead(Pb)-Zirconate(Zr)-Titanate(Ti)
SISO Single-Input Single-Output

xvi



Acknowledgement

This thesis is the result of my research activities between 2005 and 2008 at the In-
stitute of Sound and Vibration Research, University of Southampton, in the UK. At
this point, I would like to sincerely thank all institutions, organizations and individ-
uals, who contributed with their advices, practical experience and/or encouragement
to the completion of this study.

First I would like to express my deepest gratitude to my supervisor Prof. Paolo
Gardonio for his valuable guidance and continuous support throughout this work.
The assistance and excellent advices from my second supervisor, Prof. Stephen J.
Elliott is acknowledged with sincere thanks and deep appreciation. Special thanks
are also due to Dr. Ken Frampton, who shared his precious practical experience
with me and greatly supported my research progress.

The technical support received from Dr. Carmen Galassi and Mr. Claudio Capiani
(ISTEC in Italy) as well as their efforts to provide us with high quality piezoceramic
patches is greatly appreciated for. The help provided by Dr. Marco Gavagni to
obtain high quality measurement is deeply acknowledged for.

I am particularly grateful to the entire staff, fellow PhD students and scientists at
ISVR (Cristobal, Hong, Ioannis, Jens, Neven, Oil, Paulo and many others) for their
suggestions, advices, practical help and useful ideas, which significantly contributed
to the successful completion of this thesis.

The significant financial support from the InMAR project during my complete re-
search term, and Nakajima Foundation in Japan is deeply appreciated and acknowl-
edged for.

Last but not least I would like to thank very much my family and my best friends
Lumi, Miz and Radu for their useful advices and moral support to complete this
thesis. And thank all, who offered me their kind support, but whose names are not
mentioned here. It has been a great honor for me to work together with you all,
thank you very much for your support.

xvii



Chapter 1

Introduction

1.1 The vibration and noise problems

Reducing interior noise is nowadays an important issue for both land and air trans-

portation vehicles, such as aircrafts, helicopters, cars, and trains. The vibro-acoustic

problems represent a crucial aspect in the design of modern vehicles, especially air-

planes and helicopters. Roughly speaking, there are two main interior noise sources

in any vehicle: those arising from aerodynamics and noise sources (e.g. engines), and

those generated by the vibration. They are referred to as air-borne and structure-

borne noise [1]. Transportation vehicle structures, such as car body and fuselage

panels, are mainly constructed by lightweight thin panels, which efficiently radi-

ate the sound to the interior due to their low-damping properties and out-of-plane

flexibility. Low audio frequency structure-borne broadband noise is often consid-

ered one of the most irritating component of noise, due to interference with speech

communication.

Conventionally, passive treatments are often used to suppress vibration and hence

sound radiation by thin lightweight panel and shell structures [2–4]. However, clas-

sic passive solutions such as insulating and damping materials involve significant

weight and space penalties and are most effective only at high frequencies. At low

audio frequencies, passive approaches tend to have limited performance and require

relatively bulky and heavy treatments.

Alternatively, active control techniques were suggested to reduce the vibration and/or

1



sound radiation at low audio frequencies. Suppression of interior noise can be

achieved by modifying the dynamic behavior of the structure through structural

inputs rather than by exciting the acoustic medium [5, 6]. This control approach

is referred to as active structural acoustic control (ASAC) and has been tackled in

many different projects and publications over the last two decades [6–14]. The ap-

peal of ASAC systems is that sensor and actuator transducers are embedded to the

radiating structure, so that a lightweight and compact smart structure is achieved.

Velocity feedback control is one of the most popular control strategies used in ASAC

systems, and has been successfully applied for many years, due to its simplicity and

efficiency [6, 15]. If an ideal force actuator is used, collocated velocity feedback is

equivalent to a sky-hook damper on the structure, as shown in Fig. 1.1. As men-

tioned earlier, one of the principal structural components of transportation vehicles

are lightweight thin panels, whose low frequency structural response is normally con-

trolled by well separated sharp resonances [5, 6, 15]. Since at resonance frequencies

the response of a structure is principally controlled by damping, velocity feedback

control can add active damping on the structure [5, 15, 16], and thus suppress the

response to broadband disturbances.

-H

w j( )w
.

Active
Damping

f j( )w =-Hw j( )w
.

Figure 1.1: Velocity feedback control to generate active damping on a structure.
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1.2 Introduction to decentralized control

The application of ASAC on large-scale systems with many structural modes has

achieved limited success. This is partly due to the scalability limitations of the

centralized control architectures that have been used. Centralized control consists

of a system, wherein all sensors signals are fed to a single centralized processor and

used to generate all feedback control signals, as shown in left hand side schematics

in Fig. 1.2. One of the draw-backs of these architectures is an overwhelming com-

putational burden on the centralized processor when applied to large-scale systems

with numerous sensors and actuators, and long cables.

Incident acoustic
plane wave

Sound radiated
into free field

Baffled

Controller

h

h

h

h h

h

h

h h

h

h

h h

h

h

h

Incident acoustic
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Sound radiated
into free field

Baffled

Figure 1.2: A rectangular panel with a large number of centralized (left) and decen-
tralized (right) sensor-actuator pairs.

The difficulty in scaling up centralized control systems has led to the consideration

of a simpler control approach, where multiple single channel control units are used

in place of a single multiple channel control system [17–22]. Decentralized control,

as shown in right hand side in Fig. 1.2, consists of numerous feedback control

loops working independently to achieve a global performance objective. Recently,

research on distributed control [23, 24] has also started, which consists of more than

one controller (or nodes), which receives a subset of the system sensor signals and

uses them to produce a subset of the system control signals. This aims to achieve

a global performance similar to centralized control, and to retain the scalability

advantages of decentralized control.

The number of such feedback loops required to control the vibration depends on the
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bandwidth over which control is required, and the size of the structure, which both

affect the number of structural modes of the system. In general, a large number

of control units leads to greater performance, however, it becomes more difficult to

guarantee overall stability of the non-centralized control system [25, 26], since each

controller is affected by neighboring units. Balas [27] and Preumont [16] have shown

that it is advantageous to consider the use of collocated and dual sensor-actuator

pairs [28, 29] to implement decentralized velocity feedback control, because in this

case the open loop frequency response function (FRF) is bound to be positive real.

Thus, the velocity feedback control loops are unconditionally stable [5, 15, 16].

Therefore, large control gains could be implemented, which produce high levels of

damping that reduce the response of the structure at low frequency resonances [5].

Care must be taken, however, to avoid extremely high control gains, since these

would pin the structure at the sensor positions and not add global damping [17].

In practice, it is very difficult to implement sensor-actuator pairs, which are truly

collocated and dual. Sensors and actuators can be characterized by their physical

size and electro-dynamic responses, which introduce non-collocation and non-dual

properties. For instance, considerable work has been dedicated to the development

of velocity feedback using a proof mass electro-dynamic force actuator and an ac-

celerometer sensor located on the base of the actuator [16, 30–32], in which case

the control system is characterized by instability issues due to the fundamental

resonance of the actuator at low frequency [33], and the actuator electrodynamic re-

sponse at higher frequencies [34]. Bingham et al. [35] also considered decentralized

systems, but without dual collocated transduction, and found that more complex

control strategies performed better than constant gain output feedback.

1.2.1 Piezoceramic patch actuator

The use of piezoceramic patch actuators has been suggested in order to overcome

the physical limitations of the proof mass electrodynamic actuators, and provide

an active compact system that is more integrated with the structure. A significant

amount of research effort has been dedicated to the development of active vibration

control (AVC) and ASAC systems using piezoceramic patch actuators [5, 6, 36–40].

This thesis concentrates on the case, where a piezoceramic actuator is used with a
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conventional accelerometer as a sensor, so that in-plane coupling for piezoceramic

actuator and sensor [11] is not accounted for.

Recently Gardonio et al. [19–21] have carried out analytical and experimental stud-

ies regarding the suppression of structural vibration and sound radiation from a flat

panel at low audio frequency using 16 square piezoceramic actuators and closely lo-

cated accelerometer sensors pairs distributed over the whole panel, as illustrated in

left hand side schematics in Fig. 1.3. A number of stability issues have been found

with this arrangement, which are caused by the non-perfect duality and collocation

between the sensor and actuator transducers.

When a piezoceramic patch actuator is bonded on a plate, it can be simply modeled

as generating line moments along its border [6, 41]. These are, however, neither

collocated nor dual with respect to the linear velocity measured at the center of the

patch [20]. Thus, stability can be guaranteed only for a limited range of feedback

control gains even for a single velocity feedback loop. Even though the control sys-

tem acts at the error sensor positions, provided that moderated feedback control

gains are implemented, active damping can be generated on the whole panel, which

reduces the response and sound radiation of well separated resonances of low order

modes. Bianchi [42] has shown that the response and sound radiation of a rectan-

gular panel can be efficiently reduced at low audio frequencies by a 4 by 4 array of

16 decentralized velocity feedback control loops using piezoceramic patch actuators

with accelerometer sensors at their centers.

The stability of these control systems could be improved by changing the shape of

the rectangular piezoceramic actuator. A novel configuration has been presented by

Gardonio et al. [43] to implement velocity feedback control using triangularly shaped

piezoceramic actuators arranged along the borders of a panel, and accelerometer sen-

sors at the top vertices of the actuators, as illustrated in right hand side sketch in

Fig. 1.3. This arrangement has an advantage in that it is not invasive, and thus

could potentially be used in a wider class of applications, including the windows of

transportation vehicles, such as aircrafts, helicopters, cars, trucks, coaches, etc. A

theoretical study [44] suggests that this sensor-actuator pair enables the implemen-

tation of stable feedback control loops with rather high gains.
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Figure 1.3: A rectangular panel with 16 decentralized sensor-actuator pairs, com-
posed of square piezoceramic actuators and velocity sensors at their centers (left) and
triangular piezoceramic actuators and velocity sensors at their tip vertices (right)

1.2.2 Short review on the modeling of piezoceramic actuators

Another way in which to improve the stability properties of a velocity feedback con-

trol unit is to add a filter or compensator in the feedback loop [15, 16]. However,

the design of these devices relies on the knowledge of the dynamics of the structure,

actuators and sensors. They also tend to introduce undesired phase shifts or am-

plitude variations that could reduce the control effectiveness or even lead to control

spillover effects. It is therefore important to design the piezoceramic actuator and

velocity sensor pair in such a way that the open loop FRF is as positive real as pos-

sible and thus guarantees good stability and control performance properties with a

fixed gain feedback loop.

Several approaches to modeling beam, plate, and shell structures with integrated

piezoceramic actuators have been introduced, based on analytical formulations [10,

45–52], or approximate finite element formulations [53–55].

Crawley and de Luis [45] presented one of the first comprehensive modeling studies

of the flexural response of a structure excited by two symmetric piezoceramic patch

actuators. They showed that the actuation field produced by a pair of thin piezoce-

ramic patches bonded on a beam can be modeled in terms of bending moments along

the edges of the patches. In their derivation they also considered the local, fully cou-

pled, passive stiffness effect of the piezoceramic patches. The local, fully coupled,

passive mass effect, however, of the piezoceramic patches was neglected. Later on,

Crawley and Andersson [46] and Lin and Rogers [47] presented improved models
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considering a linear strain distribution across the thickness, and a plane stress field

for the piezoceramic patch actuators. Dimitriadis et al. [10] extended the work by

Crawley and de Luis [45] to the case of a flat plate with symmetric piezoceramic

patch actuators. Kim and Jones [48] further extended this work to investigate the

effects produced by the bonding layer on the actuation strength. Also Gibbs and

Fuller [49] derived the response of a beam with a single embedded piezoceramic

patch actuator. The works presented in references [10, 48, 49] were focused on the

derivation of the actuation bending moment. No explicit formulation was given for

the local, passive stiffness and mass effects of the piezoceramic patches.

In parallel to this work on segmented piezoceramic actuators, Lee and Moon [56, 57]

and Lee [58] presented models for the response of structures entirely covered by dis-

tributed piezoceramic transducers with shaded thin electrodes. In this case the

passive stiffness and inertial effects were taken into account in the plate equation of

motion by considering the equivalent bending stiffness and mass density of a mul-

tilayer plate. Thus the formulation was entirely focused on the derivation of the

bending excitation field generated around the edges of the electrodes. Koshigoe and

Murdock [59] have developed a similar formulation to that proposed by Lee [58] for

a segmented piezoceramic actuator, which explicitly include the local, fully coupled,

passive stiffness effect of the piezoceramic patch. The models discussed above are

derived for beams and plates with rectangular piezoceramic patches. Sullivan et

al. [44] have presented a formulation that gives the actuation field produced by

distributed piezoceramic actuators with electrodes having an arbitrary spatial dis-

tribution. The local, fully coupled, passive mass and stiffness of the piezoceramic

patches have been modeled by Hagood et al. [50], Charette et al. [51] and Wang

and Huang [52].

In most of these studies the response of the structure has been analyzed only within

the operation frequency range of the controller. However, when a piezoceramic patch

actuator is bonded on the surface of a thin structure, actuation strength increases

with frequency up to a limit, where the bending wavelength matches the width of

the actuator patch [60, 61]. Furthermore the amplitude rise is associated with a

rising phase lag effect produced by the time delay it takes for the bending wave

generated along the perimeter of the piezoceramic patch to reach the sensor at its
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center [20]. These two effects result in stability problems at high frequency, beyond

the desirable operation range. Therefore, a better analytical mode is required, which

takes into account (1) the physical effects produced by the piezoceramic actuators,

and (2) is able to predict the open loop Frequency Response Function (FRF) up to

relatively high frequencies, e.g. 80 kHz, in order to properly assess the stability of

the feedback control loop using the Nyquist criterion [5, 15, 16].

1.3 Objectives and contributions

The objectives and contributions of the thesis are the following:

1. To develop a fully coupled mobility model of a panel with a square or a tri-

angular piezoceramic patch actuator to predict the sensor-actuator open loop

FRF over a frequency range up to 80 kHz (Chapter 2 and 4).

2. To validate the developed mobility models with sensor-actuator open loop

FRF measured on test panels (Chapter 2 and 4).

3. To introduce general guidelines regarding the design of square and triangu-

lar actuators to implement active velocity feedback control loops with good

stability properties (Chapter 3 and 6).

4. To demonstrate the control performance of a decentralized velocity feedback

control system, using 16 control loops composed of triangular piezoceramic

actuators and accelerometer sensors pairs (Chapter 5 and 6).

1.4 Structure of the thesis

The thesis is organized into seven chapters. This introductory chapter describes

the motivation and background of this work. Following the introduction chapter,

Chapters 2 and 3 contain theoretical and experimental results regarding modeling

and design studies on square piezoceramic actuators to implement velocity feedback

control.
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Chapter 2 presents fully coupled formulation of the panel with a square piezoceramic

patch actuator, which takes into account for both the inertia and stiffness effects

of the actuator. The open loop FRF predicted with the fully coupled model is

then compared with the FRF predicted with the ideal actuator model in order to

present a physical interpretation of the passive inertia and stiffness effects of the

piezoceramic patch on the stability of the feedback control loop. The validity and

limitations of the fully coupled model is assessed by contrasting the predicted and

measured open loop FRFs.

Chapter 3 presents a theoretical and experimental parametric study on the stability

and control performance of a single velocity feedback control loop with a square

piezoceramic patch actuator. A parametric study is carried out to investigate the

effects of the physical dimensions of the actuator on the stability and control per-

formance. The aim of this parametric study is to provide general guidelines for

the design of a feasible actuator with good stability properties to achieve high con-

trol performance. A simple formula is derived to evaluate the upper bound of the

obtainable vibration reduction of a single velocity feedback unit at low frequency

resonances.

The second part of this thesis, Chapter 4, 5, and 6, contains theoretical and exper-

imental results obtained with triangular piezoceramic actuators.

Chapter 4 first presents a comparison between a square and a triangular piezoceramic

actuator in terms of stability and control performance of velocity feedback loops.

Then, this chapter introduces a frequency domain analytical model of a thin panel

with a triangular piezoceramic actuators in order to predict the open loop FRF.

This model takes into account the boundary conditions of the panel in addition to

the mass and stiffness effects of the piezoceramic actuator. Experimental results are

presented to validate the fully coupled model.

Chapter 5 presents the implementation of a decentralized velocity feedback control

system using 16 triangular piezoceramic actuators and accelerometer sensors. The

dynamics of the accelerometer sensor is briefly introduced, and the open loop FRF

measured using remote sensor is compared with that measured using an accelerom-

eter sensor attached to the structure to highlight its passive effects. Finally, the
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control performance is measured in terms of both vibration and sound radiation

reductions. The principal characteristics of the control performance are reviewed to

highlight the advantages of the proposed control arrangement.

Chapter 6 presents a theoretical and experimental parametric study on the stabil-

ity and control performance of (1) single-input single-output (SISO) velocity feed-

back control loop, and (2) decentralized multi-input multi-output (MIMO) velocity

feedback control loops composed of triangular piezoceramic patch actuator(s) and

structural sensor(s). The goal of the parametric study is to determine the influence

of the physical dimensions of the piezoceramic actuator on the control performance

and on the stability properties of the control loop.

The last chapter is a summary of the work, including a list of suggestions for future

work.
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Chapter 2

Velocity Feedback Control using

Square Piezoceramic Actuators

Chapter 2 introduces the mobility model of the panel with a square piezoceramic

patch actuator by accounting for the effects of both the stiffness and mass of the

actuator on the response of the structure. The discussion begins by considering

the idealized actuator with no mass or stiffness, and then accounting for their ef-

fects separately. Finally, the fully coupled mathematical model is introduced, which

considers both inertial and stiffness effects of the actuator.

The mathematical models suggested in this thesis are derived using the classic

Kirchhoff-Love thin plate theory [62], which is valid up to about 80 kHz for the

1 mm thick aluminium plate considered in this study. The model has been used

to predict the open loop frequency response function in a wide frequency band, up

to 80 kHz, so that the stability of the feedback control loop can be properly as-

sessed using the Nyquist criterion. Full details regarding the panel-actuator coupled

models have been discussed, which consider passive inertial and elastic effects of the

actuator patch.
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2.1 Velocity feedback control

2.1.1 Rectangular panel with a square piezoceramic actuator

The physical arrangement of test structure considered in this study, which is also

used in the simulation study, is a thin rectangular aluminium panel with dimensions

of 474 mm × 374 mm × 1 mm. As shown in Fig. 2.1, the four edges of the panel

are clamped by rigid aluminium frame with 30 mm width by using 12 of M6 screws.

The frame restricts the rotation and plane motion of the panel at the boundaries.

Thus, the free vibration area of the panel is given by 414 mm × 314 mm. The

geometry and physical properties of the panel and the frame are given in Table 2.1.

+

-

Vc

Square piezoceramic
patch actuator

controller

H
controller

Hwc

.

Figure 2.1: Clamped panel with a square piezoceramic patch actuator and an ideal
velocity sensor at its center to implement a fixed gain velocity feedback control loop

Table 2.1: Geometric parameter and physical properties of the aluminium panel
parameter symbol value

Width [mm] lx, ly 414.0, 314.0
Thickness [mm] hs 1.0
Density [kg/m3] ρs 2700.0

Young’s Modulus [GPa] Es 72.0
Poisson’s Ration νs 0.33

Loss Factor ηs 0.0093
Top frame width [mm] – 30.0

Top frame thickness [mm] – 10.0
Bottom frame width [mm] – 30.0

Bottom frame thickness [mm] – 20.0

The panel is equipped with a 20 mm × 20 mm × 1 mm square piezoceramic patch

actuator with thin electrodes deposited on the two faces, and poled direction oriented

12



as shown in Fig. 2.1. The piezoceramic actuators are made of a niobium doped

PZT material [63], produced by ISTEC in Italy. The actuator is firmly bonded on

the top side of the panel by a thin layer of conductive epoxy glue, with its edges

parallel to the borders of the panel. The thickness of the adhesive layer has been

measured approximately as 0.05 mm. The center position of the piezoceramic patch

is located at (xc, yc) = (136.6 mm, 222.9 mm) with reference to the lower left hand

side corner of the panel. A wire was soldered directly on left-top corner of the

exposed side of the patch to complete the electrical circuit necessary to drive the

actuator. The geometry and mechanical properties of the piezoceramic patch are

summarized in Table 2.2. More detailed piezoelectric properties of the piezoceramic

patch is provided by the manufacturer, and are summarized in Appendix B.

Table 2.2: Geometric parameter and physical properties of the square piezoceramic
actuator produced by ISTEC in Italy [63]

parameter symbol value
Dimensions [mm] apzt 20.0
Thickness [mm] hpzt 1.0

Center Position [mm] xc, yc 136.6, 222.9
Poisson’s Ratio νpzt 0.35
Density [ kg/m3] ρpzt 7.82 × 103

Piezoelectric charge constant [m/V] d31 = d32 -183.5 × 10−3

The actuation dynamics generated by a square piezoceramic patch is normally mod-

eled in terms of bending moments along the four edges of the patch [45]. The pre-

vious studies [10, 45, 48] have shown that, when the piezoceramic actuator is firmly

bonded on the base structure, this approximation adequately well models the actu-

ation of the piezoceramic patch. Since piezoceramic transducers are comparatively

stiff materials, their actuation strength is normally expressed in terms of the free

displacement per unit driving voltage measured on an unconstrained sample of the

transducer [16]. Thus, the moment excitations along the four edges of the patch

are derived by integrating the product of the bending stress generated by the in-

verse piezoelectric effect and the offset from the plate middle plane over the lateral

13



surfaces of the piezoceramic patch [16, 45]:

mcy =

∫ y2

y1

∫ hs
2

+hpzt

hs
2

σxx
pztzdzdy (2.1a)

mcx =

∫ x2

x1

∫ hs
2

+hpzt

hs
2

σyy
pztzdzdx, (2.1b)

where x1 and x2 denote the x-coordinate of edges of the piezoceramic patch parallel

to y-axis, and y1 and y2 are the y-coordinate of edges of the piezoceramic patch

parallel to x-axis, as shown in Fig. 2.2. hs and hpzt denote the thickness of the plate

and piezoceramic patch respectively. σxx
pzt and σyy

pzt are the bending stress components

per unit voltage generated in x- and y-directions by the piezoceramic patch:

σxx
pzt =

Epzt

1 − νpzt

d31

hpzt

(2.2a)

σyy
pzt =

Epzt

1 − νpzt

d32

hpzt

, (2.2b)

where Epzt and νpzt are the Young’s modulus of elasticity and Poisson’s ratio of the

piezoceramic material. d31 and d32 are the piezoelectric charge constants, which give

the ratio of mechanical strain to an applied electric field. Therefore, the bending

moments generated along the four edges of the patch per unit voltage excitation are

given by the following expressions:

mcy =
apztd32Epzt

1 − νpzt

(

hpzt + hs

2

)

(2.3a)

mcx =
apztd31Epzt

1 − νpzt

(

hpzt + hs

2

)

, (2.3b)

where apzt denotes the width of the square piezoceramic actuator. As shown in

Table 2.2, for the piezoceramic patch considered in this study, the piezoelectric

strain constants d31 is equal to d32, so that the bending moment in x− and y−
directions are the same, i.e. mcx = mcy = mc.

In order to introduce a consistent formulation to those presented in Section 2.2

for the passive inertial and stiffness effects of the piezoceramic patch, the square

piezoceramic actuator is modeled ns by ns grid of small elements with a square

base, as shown in Fig. 2.2. The number of elements has been chosen in such a way
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mcx

mcx

z

x1 x2

y1

y2

Figure 2.2: Schematic of the model for the piezoceramic patch moment actuation

that the distance between centers of adjacent elements is shorter than a quarter

of the flexural wavelength at the maximum frequency considered in this study, i.e.

λmin = 6 mm at 80 kHz. Therefore, the piezoceramic patch have been subdivided

into grid of ns by ns = 13 by 13 elements, such that the distance between the centers

of two neighbor elements becomes 1.54 mm.

The actuation moments produced by the square actuator per unit voltage is now

modeled by the point moments exerted at four end- surfaces of the n2
s elements of

the square actuator, as:

mc = mc

[

−d1 +d2 +d1 −d2

]T

, (2.4)

where d1 and d2 are n2
s-element column vectors. When the ith element of the

square actuator exerts actuation moments, the ith element of d1 and d2 is given as

1, otherwise, the value of the vectors is zero. As it is assumed in this study that a

piezoceramic actuator generate bending moments only along its border [6, 41], the

active moments is generated along the end surface of the ns elements located along

the four edges of the square actuator. Thus, first ns-elements of d1 are equal to 1,

and the rests are zero, whilst the last ns-elements of d2 are equal to 1, and the rests

are zero.

2.1.2 Open loop FRF of the idealized actuator

As shown in the right hand side plot in Fig. 2.1, the piezoceramic actuator is used

with a velocity sensor at its center to implement velocity feedback control. At this

stage, the velocity sensor is considered ideal. It is later implemented using a laser
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vibrometer to validate the theory. When the feedback control loop is closed, the

output signal of the velocity sensor ẇc is magnified by a constant negative feedback

gain −H , and then fed back to the piezoceramic actuator in order to produce an

active damping effect on the panel. The stability of the feedback control system is

assessed with reference to the open loop FRF between the output signal from the

sensor and the input signal to the actuator. For the control system considered in

this study, the output signal of the sensor is the out-of-plane velocity of the plate

at the control point ẇc, and the input signal is the voltage Vc driving the actuator.

Therefore, the open loop FRF Gc is defined as:

Gc(jω) =
ẇc(jω)

Vc(jω)
, (2.5)

where ẇc(jω) and Vc(jω) are the complex velocity and voltage assuming harmonic

functions with time dependence in the form exp(jωt), and j =
√
−1 and ω is the

circular frequency.

The complex velocity of the panel at the ideal point sensor ẇc has been formulated

using the following mobility matrix expression:

ẇc = YcsmcVc, (2.6)

where Ycs denotes a 4n2
s-element row vector with the mobility functions between

the ideal velocity sensor ẇc and the moment mc on the four edges of the elements.

The kth element of Ycs is defined as follows:

Y k
cs = jω

M
∑

m=1

N
∑

n=1

FiFj

Λ[ω2
mn(1 + jηs) − ω2]

, (2.7)

where m and n respectively denote the modal index in x- and y-direction, and ηs

denotes loss factor of the panel. Λ denotes the modal mass of the panel. ωmn is the

(m,n)th mode natural frequency of the plate. The functions Fi and Fj represent the

modal contributions respectively for the linear velocity at the sensor position, and

the point moment excitations along the edges of the actuator. Fi and Fj have been

derived from the natural modes φ and their derivatives in x− and y−directions, ψx

and ψy, respectively. More detailed analytical expressions for the mobility functions
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and mode functions are given in Appendix A.

According to Eqs. (2.5) and (2.6), the open loop FRF between the output from the

ideal error velocity sensor and the input to the ideal actuator is derived as:

Gc = Ycsmc. (2.8)

These mobility models suggested in this study are derived using the classic Kirchhoff-

Love thin plate theory [62], which is valid up to 80 kHz for the 1 mm thick panel.

Figure 2.3 shows the Bode and Nyquist plots of Gc predicted with the ideal model

with distributed bending moment. The faint line in the Bode plot indicates that the

mean amplitude of the FRF tends to rise with frequency. This is a typical feature of

strain actuators that generates bending moments along the four edges of the patch

and thus better excites the plate as the flexural wavelength approaches or becomes

smaller than the width of the actuator, i.e. at higher frequencies [5]. The phase

plot indicates that the phase is confined between ±90 degree up to about 25 kHz,

and then a constant phase lag takes place. The phase lag of flexural waves Φ is

given as the product of the circular frequency ω and the time delay tb that takes

the bending waves generated at the edges of the piezoceramic patch to travel to the

center position at the velocity sensor location:

Φ = ωtd =
ωapzt

2cb
, (2.9)

where cb denotes the phase velocity of flexural waves in plates. The phase velocity

of the flexural waves in plates is given by the following formula [5]:

cb = 4

√

Ds

ρshs

√
ω, (2.10)

where Ds is the bending stiffness of the plate:

Ds =
Es

1 − ν2
s

∫ hs
2

−
hs
2

z2dz =
Esh

3
s

12(1 − ν2
s )
. (2.11)

Es, νs and ρs denote the Young’s modulus of elasticity, Poisson’s ratio, and density

of the plate. Thus, substituting Eq. (2.10) into Eq. (2.9), the phase lag of flexural
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waves is given by the following formula:

Φ =
apzt

2

√
ω 4

√

ρshs

Ds

. (2.12)

As shown by the dotted line in the Bode plot in Fig. 2.3, the predicted phase lag

increases with the square root of the circular frequency and follows the rough outline

of the phase lag of the simulated open loop FRF. Therefore, the open loop FRF is

bound to be positive real only at low frequencies up to a cut off frequency which is

determined by the width of the square actuator and the phase velocity of flexural

wave in the plate. The Nyquist plot in Fig. 2.3 is characterized by a series of circles,

which are determined by the resonant response of the plate. At low frequencies the

circles start close to the origin, and are aligned along the positive real axis. As the

frequency rises, the size of the circles tends to increase due to the increased actuation

strength of bending moments. At higher frequencies the locus rotates towards the

left hand quadrants in a clockwise rotation due to the phase lag generated by the

non-perfect collocation between the sensor and the actuator pair. Finally, the locus

crosses over the negative real axis, and thus, according to the Nyquist criterion, the

feedback control loop is only conditionally stable.

2.1.3 Experimental results

In order to assess the validity of the ideal model with distributed bending moments,

the predicted open loop FRF is compared with that measured results using the test

rig shown in Fig. 2.1. The out-of-plane velocity of the panel at the error sensor

position has been remotely measured with a laser vibrometer. Figure 2.3 shows the

Bode and Nyquist plots of the open loop FRF Gc, measured between the velocity

at the center of the piezoceramic actuator and the input voltage to the actuator.

Both analytical and experimental values of the resonance frequencies for the first

10 flexural bending modes of the panel are listed in Table 2.3. The amplitude plot

in Fig. 2.3 highlights large differences between the simulated and measured FRFs.

At low frequencies, below 1 kHz, the two FRFs have similar amplitude spectra but

shifted by about 15 dB.

Since the modal overlap of plates rises proportionally to frequency [64], at higher
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Figure 2.3: Top: Bode plot of the simulated open loop FRF derived with the ideal
model with distributed bending moments (blue-faint line) and measured open loop
FRF (black-solid line), and predicted phase lag function (red-dashed line). Bottom:
Nyquist plots of the simulated open loop FRF derived with the ideal model with
distributed bending moments (left) and measured open loop FRF (right)
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frequencies, the amplitude spectra of the two FRFs are characterized by clusters

of resonant peaks. In this case, the mean spectra are still shifted from each other,

although the measured one tends to rise at a smaller rate with frequency so that at

about 5 kHz the two spectra are shifted by about 20 dB. Nevertheless the predicted

and measured FRF still show very similar phase spectra up to 5 kHz.

Above 5 kHz the amplitude spectrum of the predicted FRF flattens and is much

smoother since at each frequency the response is determined by multiple, heavily

damped, resonant modes. The amplitude spectrum of the measured FRF is also

much smoother although it is characterized by a peculiar modulation effect with a

sequence of two wide frequency band peaks with center frequencies at about 20 kHz

and 80 kHZ. At these two frequencies the panel flexural wavelength is approximately

19 mm and 10 mm, which are very close to the width and half of the width of the

square actuator, respectively. Above 5 kHz the phase spectra of the predicted and

measure FRFs also start to diverge although at about 25 kHz they get quite close

to each other again.

The discrepancies between the measured and the simulated open loop FRFs high-

lighted by the Bode plot in Fig. 2.3 suggest that the ideal model is not sufficient

to accurately predict the open loop FRF both in the controlled frequency band and

also at the high frequencies that are required for a stability analysis. This may be

due to the fact that the ideal model neglects all passive physical effects of the piezo-

ceramic actuator. In the following section, more detailed models are introduced for

the response of the piezoceramic actuator, which account for the local inertial and

stiffness effects of the piezoceramic patch actuator generated on the panel up to high

frequencies, where the bending wavelength is shorter than the width of the square

actuator. The aim is not only to replicate the measured results, but also to provide

a physical interpretation of the principal characteristics of the response function,

which can be used to design new configurations of the transducers with open loop

FRF that result in better stability properties.
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Table 2.3: Resonant frequency of an aluminium panel with 20 mm × 20 mm × 1
mm piezoceramic actuator

Mode (m,n) Measured [Hz] Predicted [Hz]
(1,1) 64.92 72.64
(2,1) 120.9 123.0
(1,2) 158.5 170.3
(3,1) 200.5 205.6
(2,2) 216.3 216.8
(3,2) 287.5 295.0

(4,1), (1,3) 309.3 318.2
(2,3) 347.5 363.8
(4,2) 396.0 404.6
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2.2 Modeling the local dynamics of the actuator

In the previous section, the open loop FRF is simulated with a ideal model that does

not take into account the fully coupled passive inertial and the stiffness effects of the

actuator on the vibration of the panel. The predicted FRF was compared with the

measured FRF, and Fig. 2.3 highlighted the principal modeling problems that need

to be improved in order to develop a reliable model for the stability analysis and for

the design of the velocity feedback loop. Therefore, in this section, three advanced

analytical models are introduced: (1) the first model takes into account the inertial

effect of the actuator only, (2) the second model includes only the passive elastic

effect of the actuator, and (3) the third model considers both inertial and stiffness

effects of the actuator. In this way, it has been possible to separately assess the

passive inertial and stiffness effects of the piezoceramic patch.

2.2.1 Modeling distributed mass

As shown in Fig. 2.4, the inertial effect of the actuator mass is modeled by subdi-

viding the piezoceramic patch into ns by ns grid of small elements with a square

base. The transverse inertial effects of these elements have been modeled in terms of

lumped masses located at the centers of these elements. Thus the rotational inertial

effects of these elements have been neglected.

fe
i we

i
.

,
z y

x

Figure 2.4: Schematic of the model for inertial effect of the actuator mass

When the inertial effect of the piezoceramic patch actuator mass is taken into ac-

count, the response can be given as the superposition of the responses due to the

moment excitations and the reactive transverse forces produced by the inertia effects

of the grid of small elements into which the actuator patch has been subdivided.
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Thus the complex transverse velocity at the sensor position ẇc is given by the fol-

lowing mobility expression:

ẇc = YcsmcVc + Ycefe, (2.13)

where Yce is a n2
s-element row vector with the mobility functions between the ideal

velocity sensor ẇc and the forces applied on the centers of lumped mass elements

fe. Expressions for these mobility functions are given in Appendix A. The column

vector fe contains the forces generated by inertial effects at the center of the mass

elements. According to Newton’s second and third laws, the force vector is expressed

as:

fe = −meẅe, (2.14)

where me denotes the mass of each element that is given by dividing the mass of

the actuator mpzt by the number of element n2
s as,

me =
mpzt

n2
s

. (2.15)

ẅe is a n2
s-element column vector with the accelerations at the centers of the mass

elements:

ẅe =
[

ẅ1
e ẅ2

e · · · ẅ
n2

s
e

]T

. (2.16)

For the harmonic vibration, ẅe is expressed in terms of the velocities at the centers

of the mass elements, ẅe = jωẇe, so that fe is given by:

fe = −Zeẇe, (2.17)

where Ze is n2
s by n2

s impedance matrix due to the inertia of the actuator, given

below:

Ze = jωmeId, (2.18)

where Id denotes a n2
s by n2

s identity matrix.

The complex elemental velocity vector ẇe can be derived from the following mobility

expressions:

ẇe = YesmcVc + Yeefe, (2.19)
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where Yes is a n2
s by 4n2

s matrix with the mobility functions between the velocities

at the centers of the mass elements ẇe and the moments along the edges of the patch

actuator mcVc. Yee is a n2
s by n2

s matrix with the mobility functions between the

velocities at the centers of the mass elements ẇe and the forces at the centers of

the mass elements fe. Expressions for the mobility functions in these two matrices

are given in Appendix A. Substituting Eqs. (2.17) and (2.19) into Eq. (2.13), the

velocity at the sensor ẇc can be expressed with reference to the control voltage only:

ẇc =
(

Ycs −Yce [Id + ZeYee]
−1

ZeYes

)

mcVc. (2.20)

Thus, according to Eqs. (2.5) and (2.17), the open loop FRF between the output

from ideal error velocity sensor and the input to the ideal actuator is derived as

Gc =
(

Ycs − Yce [Id + ZeYee]
−1

ZeYes

)

mc. (2.21)

Figure 2.5 shows the Bode and Nyquist plots of the simulated open loop FRF de-

rived with the ideal model and the model with the inertial effect of the piezoceramic

patch. Comparing the faint and dashed lines in the Bode plot, it is noted that the

mass of the actuator produces no effects up to about 5 kHz. Above this frequency

it tends to reduce the amplitude of the FRF and also it enhances the higher fre-

quencies phase lag. Thus, as shown by the Nyquist plots in Fig. 2.5, the inertia

effect of the piezoceramic patch slightly squeeze the higher frequency locus of the

FRF, which occupies the left hand side quadrants, towards the imaginary axis. In

this way the maximum stable gain margin slightly increases. The size of the low

frequencies circles in the right hand side quadrants are instead left unaltered so that

the maximum reductions of vibration produced by the feedback loop at the low fre-

quency resonances are slightly increased compared to those predicted with the ideal

model. In conclusion, the inertial effect of the actuator piezoceramic patch brings

a beneficial effect that improves the stability, and thus the low frequency control

performance, of the feedback control loop.
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Figure 2.5: Top: Bode plot of the simulated open loop FRF derived with the ideal
model with distributed bending moments (blue-faint line) and the model with the
inertial effect (red-dashed line). Bottom: Nyquist plots of the open loop FRF derived
with the ideal model with distributed bending moments (left) and the model with
the inertial effect (right)
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2.2.2 Modeling distributed stiffness

The elastic effect of the actuator flexural stiffness is modeled by subdividing the

piezoceramic patch into ns by ns grid of thin strips over the surface. As shown in

Fig. 2.6, these strips are aligned parallel to the edges of the patch. Only the axial

stiffness of each strip has been modeled in terms of lumped axial springs. Thus the

cross axial stiffness effects between parallel strips have been neglected. Also, the

self and mutual shear stiffness effects between parallel springs have been neglected.

Finally, the cross stiffness effects due to coupled axial and shear stiffness effects

between pairs of strips oriented one orthogonal to the other have been neglected.

Thus, the two proposed models for the inertial and stiffness effects are simplified

models which however, as will be shown in the next subsections, are sufficient to

replicate the main features of the measured open loop FRF both at low and higher

frequencies.
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Figure 2.6: Schematic of the models for the elastic effect of the actuator stiffness

When the passive stiffness effect of the piezoceramic patch actuator is taken into

account, the response can be given as the superposition of the responses due to the

actuation moment excitations shown in Fig. 2.2 and the reactive moment produced

by the axial stiffness of the dense grid of strips into which the actuator patch has

been subdivided as shown in Fig. 2.6. Thus the complex transverse velocity at the

sensor position ẇc is expressed by the following mobility relation:

ẇc = Ycs(mk + mcVc). (2.22)

The passive moment column vector mk is composed of four n2
s-elements vectors, as

shown by the schematics in Fig. 2.6, is given by:

mk =
[

myL myR mxB mxT

]T

. (2.23)

26



Each vector denotes the reactive moments generated at the ends of the elastic strips

into which the piezoceramic patch actuator has been subdivided:

myL =
[

m1
yL m2

yL · · · m
n2

s

yL

]T

(2.24a)

myR =
[

m1
yR m2

yR · · · m
n2

s

yR

]T

(2.24b)

mxB =
[

m1
xB m2

xB · · · m
n2

s

xB

]T

(2.24c)

mxT =
[

m1
xT m2

xT · · · m
n2

s

xT

]T

. (2.24d)

These reactive moments are derived by integrating the products of the distance from

the middle plane of the panel, z, and the z-distribution of the reactive axial forces

per unit thickness at the end surfaces of the elastic strips over the thickness of the

piezoceramic patch actuator. Thus, the reactive moment vector along four edges of

the actuator are give by:

myL =

∫ hs
2

+hpzt

hs
2

fxLzdz (2.25a)

myR =

∫ hs
2

+hpzt

hs
2

fxRzdz (2.25b)

mxB = −
∫ hs

2
+hpzt

hs
2

fyBzdz (2.25c)

mxT = −
∫ hs

2
+hpzt

hs
2

fyTzdz. (2.25d)

According to Hooke’s law, the tension produced by a pair of reactive forces at the

opposite ends of an elastic strip is proportional to the elongation of the strip itself.

Thus, the reactive force per length at four edges of the elastic strips are give by:

fxL = −Epzt(uxL − uxR) (2.26a)

fxR = Epzt(uxL − uxR) (2.26b)

fyB = −Epzt(uyB − uyT) (2.26c)

fyT = Epzt(uyB − uyT). (2.26d)
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The above four formulas can be rewritten by using matrix form as:

fk =
[

fxL fxR fyB fyT

]T

= EpztDeuk, (2.27)

where De is a 4n2
s by 4n2

s matrix composed of n2
s by n2

s identity matrix, Id, and n2
s

by n2
s matrix with zeros, 0, as written below:

De =















Id −Id 0 0

−Id Id 0 0

0 0 Id −Id

0 0 −Id Id















. (2.28)

myL
myR

qyL

uxR

fxL

uxL

fxR

qyR

A

x

z

mxB
mxT

qxB

uyT

fyBuyB

fyT

qxT

A

y

z

Figure 2.7: Coordinate system for reactive moments

The column vector uk is composed by four n2
s-elements vectors with the z-distribution

of the axial displacements at the end surfaces of the strips:

uk =
[

uxL uxR uyB uyT

]T

. (2.29)

As shown in Fig. 2.7, the z-distribution of the axial displacements at the end surfaces

of the strips uk can be expressed in terms of the distance z from the middle plane of

the panel and the rotation angles θ of the end surfaces of the strips with reference

28



to either x- and y-axis. Assuming that the rotation angles are small, reactive force

vectors can be expressed by the following formula:

uxL = zθyL (2.30a)

uxR = zθyR (2.30b)

uyB = −zθxB (2.30c)

uyT = −zθxT . (2.30d)

The above equation can be rewritten using matrix form as:

uk = zDtθk, (2.31)

where Dt is a matrix composed of n2
s by n2

s identity matrix, Id, and n2
s by n2

s matrix

with zeros, 0, as written below:

Dt =















Id 0 0 0

0 Id 0 0

0 0 −Id 0

0 0 0 −Id















. (2.32)

θk is composed by four n2
s-elements vectors with the rotations of the end surfaces of

the strips either in x- or y-directions:

θk =
[

θyL θyR θxB θxT

]T

. (2.33)

Assuming harmonic vibration, the angular displacement vector θk is given in terms

of the angular velocities at the end surfaces of the strips with reference to either x-

and y-axis:

θk =
θ̇k

jω
. (2.34)

After substituting Eqs. (2.27) and (2.31) into Eq. (2.25), the reactive moment

vector mk is derived in terms of the vector with the angular velocities of the end

surfaces of the strips:

mk = −Zkθ̇k, (2.35)
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where the impedance matrix Zk is given below:

Zk =
ck
jω

De. (2.36)

ck is the bending stiffness coefficient:

ck = Epzthpzt

(

hpzt + hs

2

)2

. (2.37)

The angular velocity vector θ̇k of the end surfaces of the strips can then be derived as

the superposition of the responses of the panel generated by the active and reactive

moments produced at the end surfaces of the strips into which the piezoceramic

patch actuator has been subdivided:

θ̇k = Yks(mk + mcVc), (2.38)

where Yks denotes 4n2
s by 4n2

s matrix with the mobility functions between angular

velocities θ̇k and the passive moment mk along the edge of the stiffness strips. Ex-

pressions for these mobility functions are given in Appendix A. Substituting Eqs.

(2.35) and (2.38) into Eq. (2.22), the velocity at the sensor ẇc can be expressed as

a function of control moment,

ẇc = Ycs [Is + ZkYks]
−1

mcVc, (2.39)

where Is denotes a 4n2
s by 4n2

s identity matrix. Using the equation above and Eq.

(2.5), the open loop FRF of the model with distributed stiffness derived as:

Gc = Ycs [Is + ZkYks]
−1

mc. (2.40)

Figure 2.8 shows the Bode and Nyquist plots of the simulated open loop FRF derived

with the ideal model and the model with the stiffness effect of the piezoceramic patch.

Comparing the faint and dashed lines in the Bode plot, it is noted that, the passive

stiffness effect produced by the piezoceramic patch effectively reduces the amplitude

of the FRF at low frequency without affecting the phase. However the stiffness

effect falls at a rate of 1/ω; thus the difference in amplitudes between the two FRFs
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becomes smaller as frequency rises. The passive stiffness effect of the piezoceramic

patch also produces an amplitude modulation effect which is characterized by two

wide frequency band peaks at about 20 kHz and 80 kHz. Around these frequencies

the flexural wave length of the panel is close to the width or half width of the

square piezoceramic patch. In this case the flexural vibration of the panel along

the borders of the piezoceramic patch is such that the patch does not undergo large

axial deformations in both x- and y-directions so that the stiffening effect is largely

reduced and thus the amplitude of the FRF tends to raise up to maxima that

coincides with the amplitude derived with the ideal model. This phenomenon also

tends to reduce the higher frequencies constant phase lag effect noted on the FRF

derived with the ideal model. As a result, the FRF remains confined between ±90

degree up to about 20 kHz.

These amplitude and phase effects have a clear impact on the Nyquist plot of the

FRF. In fact, comparing the two Nyquist plots in Fig. 2.8, it is noted that when

the stiffness effect of the piezoceramic patch is taken into account, the size of the

locus on the right hand side quadrants is halved while its size on the left hand

side quadrants remains the same. Therefore the gain margin of the feedback loop

remains the same. However, the reduced size of the low frequency resonant circles

of the locus in the right hand side quadrants indicates a reduction of the control

performance at low frequencies resonances. In summary despite the stiffness effect

of the actuator piezoceramic leaves unaltered the maximum control gain, the low

frequency control performance of the feedback control loop are lessen.

2.2.3 Fully coupled model and experimental verification

In this section the measured open loop FRF is compared with the simulated open

loop FRF derived with the fully coupled model, which takes into account both

inertial and stiffness effects of the piezoceramic patch. The formulation of the fully

coupled model is derived by combining the two models discussed above. Thus,

according to Eqs. (2.13) and (2.22), the complex transverse velocity at the sensor
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Figure 2.8: Top: Bode plot of the simulated open loop FRF derived with the ideal
model (blue-faint line) and the model with the stiffness effects (red-dashed line).
Bottom: Nyquist plots of the open loop FRF derived with the ideal model with
distributed bending moments (left) and the model with the stiffness effects (right)
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position ẇc can be expressed by the following mobility relation:

ẇc =
⌊

Yce Ycs

⌋







fe

mk + mcVc







, (2.41)

where fe and mk are derived using Eqs. (2.17) and (2.35), which can be cast together

in the following matrix expression:







fe

mk







= −





Ze 0

0 Zk











ẇe

θ̇k







. (2.42)

According to Eqs. (2.19) and (2.38), the elemental velocity vector ẇe and the

angular velocity vector θ̇k can be derived from the following mobility expression:







ẇe

θ̇k







=





Yee Yes

Yke Yks











fe

mk + mcVc







, (2.43)

where Yke denotes a 4n2
s by n2

s matrix with the mobility functions between angular

velocities along the edges of the actuator θ̇k and the forces applied on the centers

of lumped mass elements fe. Expressions for these mobility functions are given in

Appendix A. Thus, after substitution of Eq. (2.43) into Eq. (2.42), and then of the

resulting equation into Eq. (2.41), after some algebraic manipulations, the following

expression is found for the velocity at the control position:

ẇc =
⌊

Yce Ycs

⌋





Id + ZeYee ZeYes

ZkYke Is + ZkYks





−1





0

mc







Vc. (2.44)

Using the equation above and Eq. (2.5), the open loop FRF of the fully coupled

model which includes both inertia and stiffness effects of the piezoceramic patch

actuator is derived as:

Gc =
⌊

Yce Ycs

⌋





Id + ZeYee ZeYes

ZkYke Is + ZkYks





−1





0

mc







. (2.45)

Figure 2.9 compares the Bode plots of the open loop FRFs simulated with the fully
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coupled model and measured on the test rig shown in Fig. 2.1. Comparing the

dashed and thick lines in the Bode plot, it can be noted that the predicted FRF

agrees very well with the measured one up to about 6 kHz. At higher frequency, the

simulated and measured FRFs show similar spectra, which are characterized by the

two wide band peaks due to stiffening effects of the piezoceramic patch, although

the predicted peaks are slightly shifted down in frequency, and the amplitude of

simulated open loop FRF is lower than that of the measured FRF. Nevertheless, the

model proposed in this paper has captured adequately well the principal features

that characterize the open loop FRF of the velocity sensor and piezoceramic patch

actuator control unit under study. Moreover it has provided a rational interpretation

of the physical effects produced by the mechanical and geometrical properties of the

piezoceramic patch actuator.

The higher frequencies mismatch between the predicted and measured FRFs could

be ascribed to two principal physical effects that have been neglected in the model

of the composite plate and piezoceramic patch thick region of the panel: (a) the

inertial effects produced by the bending rotations and (b) the effective stiffness

that should include both bending and shearing effects. In particular it would be

important to properly model the elastic response of the strip without neglecting the

cross effects via axial and shear vibration between all strips, including those oriented

one orthogonal to the other. Also at very high frequency, it could be important

to model the in-plane fully coupled response of the panel and piezoceramic patch

actuator. Finally, it is thought that the thin layer of bonding material used to fix

the piezoceramic patch should also introduce some viscoelastic effects. Nevertheless,

comparing the Bode plots in Fig. 2.9 it is clear that the agreement between the

simulation and measured FRFs is significantly improved by using the fully coupled

model introduced in this paper. This result confirms the validity of the proposed

model for the mass and stiffness loading effects of the piezoceramic patch on the

panel.
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Figure 2.9: Bode plot of the simulated open loop FRF derived with the fully coupled
model (red-dashed line) and measured open loop FRF (black-solid line).
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2.3 Conclusions

This chapter has introduced a fully coupled mathematical model of a rectangular

panel with a square piezoceramic patch actuator. Full details regarding the panel-

actuator coupled models have been discussed, which consider passive inertial and

elastic effects of the actuator patch.

The piezoceramic patch actuator inertial effect has been modeled by a grid of lumped

masses, and the stiffness effect has been modeled by arrays of springs oriented in

directions parallel to the lateral edges. With these models it has been possible to

identify the principal physical effects produced by the actuator on the open loop

FRF of the control system. It has been found that the inertia of the piezoceramic

patch generates a constant amplitude roll off and phase lag of the open loop FRF

at higher frequencies. Also, the bending stiffness of the piezoceramic patch locally

increases the stiffness of the smart panel, and thus lowers the amplitude of the open

loop FRF at low frequencies. At higher frequencies, this stiffness effect is modulated

by a coincidence phenomenon between the bending wavelength and the width of the

square actuators which causes wide frequency band peaks in the open loop FRF.

The FRF predicted by the fully coupled model has been compared with the mea-

surements taken on a panel with the piezoceramic patch actuator. The measured

response confirms quite well the validity of the fully coupled model which captures

the most important passive effects generated by the patch on the panel.
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Chapter 3

Parametric Study of Square

Piezoceramic Actuator

This chapter presents a theoretical and experimental parametric study of the control

performance of a single velocity feedback control loop with a piezoceramic patch

actuator used to suppress the vibration of a thin plate. A stability-performance

formula is derived to evaluate the vibration reduction of the plate with reference to

the maximum control gain that guarantees stability.

The aim of this parametric study is to provide general guidelines for the design

of a feasible actuator with good stability properties allowing high feedback gains

in order to obtain good control performance and thus high active damping effects.

The fully coupled analytical model derived in the previous chapter is used in this

parametric study to investigate the effects of the physical dimensions of the actuator

on the control performance. The parametric analysis is performed with reference

to a) width, b) thickness, and c) both width and thickness of the square actuator.

For the third parametric study, the dimensions are modified in such a way that the

volume, and hence the mass of the square actuator, is kept constant.

3.1 Stability and control performance

It is important to quantify the control performance in order to provide a design

guide line of the velocity feedback control using a piezoceramic actuator. As the
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feedback is primarily effective around the resonance frequencies of the lower modes

of the panel [5, 16], the control performance of the velocity feedback loop has been

assessed in terms of vibration reduction at resonance frequencies.

Assuming harmonic vibration, the vibration reduction at the error sensor position

for the k-th resonance frequency ωk of the structure can be expressed as the ratio

between the error sensor signal without control and the error sensor signal with

feedback control, that is:

Rk = 20 log10

∣

∣

∣

∣

d(jωk)

y(jωk)

∣

∣

∣

∣

, (3.1)

where |d(jωk)| and |y(jωk)| respectively represent the frequency dependent com-

plex amplitudes of the time harmonic error sensor signal without control and with

feedback control at the k-th resonance frequency ωk.

S

+

+
G jc( )w y j( )w

d j( )w

-H

Figure 3.1: Disturbance rejection block diagram of a SISO control system

The block diagram for the velocity feedback loop shown in Fig. 3.1, from which the

error sensor signal with control y(jω) is given by:

y(jω) =
d(jω)

1 +Gc(jω)H
, (3.2)

where H is the constant feedback control gain, and Gc(jω) is the open loop FRF

as discussed in chapter 2. Substituting Eq. (3.2) into Eq. (3.1), the maximum

vibration reduction Rk in decibels is defined as:

Rk = 20 log10 |1 +Gc(jωk)Hmax| . (3.3)

As discussed in Chapter 2 with reference to the Bode plot, at low frequencies the
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open loop FRF is characterized by well separated resonances. Thus, as shown in the

top plot in Fig. 3.2, the k-th resonant circle of the locus of Gc(jω) starts from the

vicinity of the origin, and its center is aligned with the real positive axis so that the

resonant point is also located on the real positive axis. Thus, the open loop FRF

at the k-th resonance frequency can be approximated by the distance between the

origin and the crossover point of the real axis by the locus of the open loop FRF

Gc(jω):

Gc(jωk) = Re{Gc(jωk)}. (3.4)

In Eq.(3.3), Hmax is the maximum control gain that guarantees stability. According

to the Nyquist stability criterion, the upper limit of feedback gain H is given by the

reciprocal of the distance between the origin and the crossover point of the negative

real axis by the locus of the open loop FRF Gc(jω). The middle plots in Fig. 3.2

show that as frequency rises, the locus of the open loop FRF drifts away from the

positive real axis towards the imaginary negative quadrants. Finally, as shown in

the bottom plot, the locus of the open loop FRF crosses the real negative axis, so if

the frequency of crossover is ω0, thus:

Hmax =
1

|Gc(jω0)|
(3.5a)

= − 1

Re{Gc(jω0)}
, (3.5b)

This term Hmax is often expressed in decibels and is equal to the gain margin for a

system with unity gain, assuming this is stable.

Substituting Eq. (3.4) and Eq. (3.5) into Eq. (3.3), the maximum reduction index

Rk can be approximated as:

Rk = 20 log10 |1 + δk| , (3.6)

where δk denotes the control ratio at k-th resonant frequency defined as follows:

δk = −Re{Gc(jωk)}
Re{Gc(jω0)}

. (3.7)

Equation (3.6) provides a simple estimate of the control performance of a velocity
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feedback control loop at low frequency resonances, using the open loop FRF Gc(jω).

This formula indicates that the control performance is given as the ratio between the

amplitude of Gc(jω) at low frequency resonances, where the control action is desired

and the amplitude at the frequency when instability would occur. The maximum

reduction index Rk has been plotted in Fig. 3.4 for a range of control ratios δk

between 0 and 5. This graph can be used to directly assess the control performance

of a velocity feedback loop at low resonance frequencies. In fact, it is sufficient to

estimate the ratio δk from the Nyquist plot of the open loop FRF Gc(jω) and then

convert it into dB reduction using the plot in Fig. 3.4.

For example, the control ratio at the 7th resonant frequency δ7 is approximated as

1.2 using the Nyquist plot in Fig. 3.3. Therefore, according to Fig. 3.4, this single

feedback control unit can generate up to around 7 dB structural attenuations at

sensor position. Furthermore, this graph also indicates that, in order to obtain 10

dB vibration reduction at the control position, the size of the low frequency resonant

circles in the right hand side quadrants of the Nyquist plot of Gc(jω) should be about

2.5 times bigger than the cross over point on the real negative axis of the Nyquist

plot of Gc(jω0).
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Figure 3.2: Nyquist plots of the simulated open loop FRF on the panel with the
square actuator with dimensions of 25 mm × 25 mm × 1.05 mm between 20 and
500 Hz (top), between 500 Hz and 30 kHz (middle), and between 30 and 80 kHz
(bottom)
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3.2 Parametric study

A theoretical and experimental parametric analysis has been performed that con-

siders the control performance of the feedback loop with reference to a) width, b)

thickness, and c) all dimensions of the square actuator. For the third parametric

study, the dimensions are modified in such a way that the volume, and hence the

mass of the actuator, is kept constant. As this study is a part of a wider investiga-

tion concerning decentralized multiple control system composed of 4 by 4 array of

control units [19–21], the width of the square actuator has been limited to 1/6 of the

smallest width of the panel. The part of simulation analysis has been validated with

three sets of the measured FRFs taken on the panel with the piezoceramic patch

actuators.

In order to substantiate the theoretical parametric study, seven identical panels

were constructed, and the open loop FRF between the out-of-plane velocity and

the input voltage to the piezoceramic actuator is measured. Since the aim of this

chapter is to investigate how the dimensions of the piezoceramic patch influence

the stability and control performance of the feedback loop, the velocity error signal

has been measured remotely with a laser vibrometer pointed to the center of the

piezoceramic patch actuator.

Each panel is equipped with a single square piezoceramic actuator, centered at (x,

y) = (136.6 mm, 222.9 mm) with reference to the lower left-hand side corner of the

panel. The piezoceramic patch has been bonded on the top side of the panel with its

edges parallel to the clamping frame. The thickness of the adhesive bonding layer has

been measured to be approximately 0.05 mm. All the square piezoceramic actuators

used in this study are made of a niobium doped PZT material [63]. The physical

properties and geometry of the panel and piezoceramic actuators are summarized

in Table 2.1 and Table 2.2, respectively.

The parametric analysis begins with the Bode plot of three examples of the simulated

and measured open loop FRFs in order to provide physical insight of the plate-

actuator coupled system. The simulation were performed using the fully coupled

model, described in Chapter 2, with both distributed mass and stiffness of the

actuator accounted for. Then, the maximum achievable reduction using single the
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velocity feedback unit Rk is estimated using the predicted open loop FRFs for the

1st, 3rd, and 7th resonances of the panel, which are observed at approximately 70

Hz, 165 Hz and 310 Hz respectively. As shown in Table 2.3, the response of the

structure at these frequencies is primarily controlled by the (1,1), (1,2), and (4,1)

natural modes of the panel. For further reference, a schematic of the mode shaped

for a clamped plate is presented in Figure 3.5.

Mode (1,1)
Mode (1,2) Mode (4,1)

Figure 3.5: Schematics of mode shapes (m, n). The square piezoceramic actuator is
shown by black color.

3.2.1 Width with constant thickness

This section investigates the effect of width of the square piezoceramic patch on the

stability and control performance. In the simulation study, the width of the square

actuator varies between 20 mm and 50 mm, while the thickness is fixed to 1 mm.

The part of simulation analysis has been validated by three sets of the measured

FRFs taken on the panel with the piezoceramic patch actuators listed in Table 3.1.

Table 3.1: Geometric parameter of the square piezoceramic actuator considered in
the parametric study regarding the actuator width.

sample apzt × apzt × hpzt [mm] weight [g]
1 20.0 × 20.0 × 1.00 3.3
2 25.0 × 25.0 × 1.05 5.1
3 30.0 × 30.0 × 1.00 7.0

Figure 3.6 shows the Bode plots of the simulated (top plot) and measured (bottom

plot) open loop FRFs Gc(jω) between the out-of plane velocity of the panel and

the input voltage to the piezoceramic actuators with constant thickness and various

widths; i) 20 mm × 20 mm × 1 mm (blue faint line), ii) 25 mm × 25 mm × 1 mm

(black solid line), and iii) 30 mm × 30 mm × 1 mm (red dotted line).
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The two plots in Fig. 3.6 show that the simulated open loop FRFs agree very well

with the measured ones up to around 7 kHz in terms of both amplitude and phase. At

higher frequency, although the simulated and measured FRFs show similar spectra

that are characterized by a wide amplitude modulation, the mean amplitude of the

measured FRFs is in general higher than that of the simulated open loop FRFs,

and the measured amplitude modulation is more pronounced. Nevertheless, Fig.

3.6 confirms that the analytical model captures very well the principal features of

the response of the panel with the piezoceramic patch actuators in the simulated

frequency range.

Both simulated and measured Bode plots show that, at low frequency, the amplitude

of the open loop FRF Gc(jω) increases with the width of the actuators. This is

because the piezoceramic actuator generates bending moment along its edges, and

thus better excites the plate, as the width of the actuator approaches the plate

bending wavelength. According to classic thin plate theory, the flexural wavelength

of a thin plate becomes equivalent to the width of the actuator, i.e. 20 mm, 25

mm, and 30 mm at respectively 23.6 kHz, 15.1 kHz, and 10.5 kHz. Figure 3.6 also

highlights that the amplitude modulation is repeated at higher frequency, where

the flexural wavelength is comparable to the half width of the square actuator. The

phase plots in Fig. 3.6 indicates that, as the width of the actuator rises, the constant

phase lag takes effect at lower frequency, and thus a bigger phase lag is generated.

Therefore, as shown in the left hand side plot in Fig. 3.7, the phase crossover

frequency ω0 monotonically decreases as the width of the actuator rises.

The right hand plot in Fig. 3.7 shows the maximum stable gain Hmax with reference

to the width of the square actuator. The feedback gain curves has uneven shape,

because the locus of the open loop FRF Gc(jω) can vary significantly as the width

of the actuator is changed. For instance, even little changes of width of the actuator

patch produce a change of its local mass and stiffness effects, which a) significantly

shift and change the amplitudes of the resonances of the lower order modes and

b) significantly shift the modulation effect. As a result the crossover amplitude

of the open loop FRF does not follow a smooth curve but can go through abrupt

variations. Nevertheless, this plot clearly indicates that the maximum feedback gain

Hmax decreases as the width of the square actuator increases.
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In summary, Fig. 3.8 shows that the maximum reduction index Rk, (k = 1, 3, 7)

evaluated by using the predicted open loop FRFs for the width of the piezoceramic

patch in the range between 20 mm and 50 mm tends to rise as the width increases.

It is important to underline that, since the study is related to the implementation

of multiple feedback loops over the surface of the panel, the parametric analysis

has been limited to piezoceramic patches with width lower than 1/6 of the smallest

width of the panel.
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Figure 3.6: Bode plots of the simulated (top) and the measured (bottom) open loop
FRFs on the panel with the square piezoceramic actuators with constant thickness
1 mm and various widthes; 20 mm (blue faint line), 25 mm (black solid line), and
30 mm (red dashed line).
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Figure 3.7: Maximum control gain Hmax (left) and phase crossover frequency ω0

(right) computed by using simulated open loop FRFs as a function of width for
constant thickness.
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Figure 3.8: Maximum reduction index Rk (k = 1,3,7) computed by using simulated
open loop FRFs as a function of width for constant thickness
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3.2.2 Thickness with constant width

This section investigates the effect of thickness of the square piezoceramic patch on

the stability and control performance. In the simulation study, the thickness of the

actuator varies between 0.5 mm and 3.0 mm, while the width is fixed to 20 mm.

The part of simulation analysis has been validated with three sets of the measured

FRFs taken on the panel with the piezoceramic patch actuators listed in Table 3.2.

Table 3.2: Geometric parameter of the square piezoceramic actuator considered in
the parametric study regarding the actuator thickness

sample apzt × apzt × hpzt [mm] weight [g]
1 20.0 × 20.0 × 1.00 3.3
2 20.0 × 20.0 × 1.63 5.1
3 20.0 × 20.0 × 3.00 9.4

Figure 3.9 shows the Bode plots of the simulated (top plot) and measured (bottom

plot) open loop FRFs Gc(jω) between the out-of-plane velocity of the panel at the

error sensor position and the input voltage to the piezoceramic actuator with the

same width and various thicknesses i) 20 mm × 20 mm × 1 mm (blue faint line),

ii) 20 mm × 20 mm × 1.63 mm (black solid line), and iii) 20 mm × 20 mm × 3.0

mm (red dotted line).

In this case, as well, there is reasonably good agreement between the simulated and

measured FRFs up to about 7 kHz. At higher frequencies the spectra are similar

although the wide band peaks in the measured FRFs are much sharper than in the

simulated open loop FRFs.

Both measured and simulated Bode plots indicate that the thinner the actuator, the

larger the amplitude of the FRF at low frequency up to the first peak of the higher

frequency modulation. As the thickness of the piezoceramic patch rises, both the

bending actuation around the perimeter of the piezoceramic patch and the passive

bending stiffness effect of the patch go up. These two phenomena have contrasting

effects on the open loop FRF. The first phenomenon tends to increase the amplitude

of the FRF while the second one tends to reduce the amplitude of the FRF, especially

at low frequencies. Nevertheless the plots in Fig. 3.9 indicate that the increase in

stiffening effects is more significant than the increase in actuation strength.
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The Bode plots in Fig. 3.9 also indicates that, as the thickness of the actuator

increases, the higher frequencies modulation peaks are shifted up in frequency, i.e.

towards 24 kHz, 28 kHz, and 40 kHz with the 1.0 mm 1.63 mm, and 3.0 mm thick

actuators respectively. The shift of the higher frequencies in modulation peaks is

caused by the local stiffening effect produced by the increasing thickness of the

patch, which locally stretches the bending wavelength of the panel. Therefore, the

local bending wavelength of the panel with an increasingly thicker actuator becomes

comparable with the width of the actuator at increasingly higher frequencies.

The phase plot in Fig. 3.9 highlights that, the phase lag effect takes place at higher

frequency, as the thickness of the actuator goes up. As shown in the right hand

side plot in Fig. 3.10, when the actuator is thicker than 2.5 mm, the phase remains

below -180◦ up to 80 kHz. Therefore, the gain margin, and hence the maximum

reduction index Rk, can not be estimated for the third case. For this reason the

maximum reduction index Rk shown in Fig. 3.11 has been plotted with reference

to piezoceramic patches with 30 mm width and thickness between 0.5 mm and 2.5

mm.

The amplitude plots in Fig. 3.9 highlights that, beyond the wide modulation fre-

quency, the amplitudes of all FRFs become comparable. As the cross over frequency

ω0 is found beyond the wide peak, the maximum stable gain Hmax remains the same

as the width of the actuator rises, as shown in the right hand plot in Fig. 3.10.

In summary, reducing the thickness of the actuator brings a beneficial effect, since

at low frequency the amplitude of the open loop FRF is bigger, while the maximum

feedback gain remains the same with reference to the thickness. As a result, Fig. 3.11

indicates that the control performance goes down as the thickness of the actuator

rises. The thinner the actuator is, the higher the maximum reduction at the control

point for the 1st, 3rd, and 7th resonant frequencies is. As an example, the maximum

reduction at the first resonant frequency R1 can be approximately doubled by halving

the thickness. This result confirms that the control performance can be significantly

improved by modifying the thickness of the actuator. However, it must be noted

that reducing the thickness of the piezoceramic actuator results in a lower limit for

the maximum voltage that can be feed to the actuator without electrical discharge.
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Figure 3.9: Bode plots of the simulated (top) and the measured (bottom) open loop
FRFs on the panel with the square piezoceramic actuators with constant width 20
mm and various thicknesses; 1.0 mm (blue faint line), 1.63 mm (black solid line),
and 3.0 mm (red dashed line).
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Figure 3.10: Maximum control gain Hmax (left) and phase crossover frequency ω0

(right) computed by using simulated open loop FRFs as a function of thickness for
constant width
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Figure 3.11: Maximum reduction index Rk (k = 1,3,7) computed by using simulated
open loop FRFs as a function of thickness for constant width.
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3.2.3 Width and thickness with constant volume

This section investigates the effect of the dimensions of the square piezoceramic

patch on the stability and control performance. In the simulation study, the width

of the square actuator varies between 25 mm and 50 mm, while the thickness is

given between 2.9 mm to 0.26 mm in such a way as to keep the same volume. The

part of simulation analysis has been validated with three sets of the measured FRFs

taken on the panel with the piezoceramic patch actuators listed in Table 3.3.

Table 3.3: Geometric parameter of the square piezoceramic actuator considered in
the parametric study regarding the actuator width and thickness

sample apzt × apzt × hpzt [mm] weight [g]
1 15.0 × 15.0 × 2.90 5.1
2 20.0 × 20.0 × 1.63 5.1
3 25.0 × 25.0 × 1.05 5.1

Figure 3.12 shows the Bode plots of three simulated (top plot) and measured (bottom

plot) open loop FRFs Gc(jω) between the out-of-plane velocity of the panel at the

error sensor position and the input voltage to the piezoceramic actuators. In this

case the square actuators have different dimensions, but the volume is kept constant

to about 650 mm3: i) 15 mm × 15 mm × 2.9 mm (blue faint line), ii) 20 mm × 20

mm × 1.63 mm (black solid line), and iii) 25 mm × 25 mm × 1.05 mm (red dotted

line). Figure 3.13 shows the maximum control gain Hmax and the phase crossover

frequency ω0 with reference to the width of the square actuator.

These figures confirm the indications obtained by the previous two parametric stud-

ies regarding width and thickness. Figure 3.12 highlights that the flexural actuation

generated by the piezoceramic actuator rises up to the first higher frequencies mod-

ulation peak, as the width of the actuator increases and the thickness decreases.

The Bode plots in Fig. 3.12 show that the first higher frequency amplitude modu-

lation peak occurs at 68 kHz, 28 kHz, and 16 kHz with the 15 mm, 20 mm, and 25

mm square actuator. The bending wavelength at these frequencies is respectively

predicted as 11.8 mm, 18.4 mm, and 24.3 mm. As discussed in Section 3.2.3, a

thicker actuator adds stronger local stiffening effects, such that the local wavelength

of the panel with thicker actuator becomes comparable with the actuator width at

higher frequency. The left hand plot in Fig. 3.13 indicates that the maximum feed-
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back gain Hmax decreases as the width of the actuator increases, and the right hand

plot highlights that the phase crossover frequency ω0 monotonically decreases as the

width of the actuator rises.

In summary, as indicated from the previous two parametric studies, a thinner and

larger actuator results in better control performance. Figure 3.14 shows the maxi-

mum reduction index Rk (k = 1,3,7) obtained for a set of piezoceramic patches when

the width are varied between 25 mm and 50 mm and the thickness is also varied in

order to keep the volume equal to 656.25 mm3. This plot confirms that a thinner

and larger actuator produces a greater control performance around resonances of

the lower order modes of the panel.
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Figure 3.12: Bode plots of the simulated (top) and the measured (bottom) open loop
FRFs on the panel with the square piezoceramic actuators with various widthes and
thicknesses for constant volume; 15 mm × 15 mm × 2.9 mm (blue faint line), 20
mm × 20 mm × 1.63 mm (black solid line), and 25 mm × 25 mm × 1.05 mm (red
dashed line)
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Figure 3.13: Maximum control gain Hmax (left) and phase crossover frequency ω0

(right) estimated by using predicted FRFs as a function of width and thickness for
constant volume
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Figure 3.14: Maximum reduction index Rk (k = 1,3,7) (left), and maximum control
gain Hmax (right) estimated by using predicted FRFs as a function of width and
thickness for constant volume
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3.3 Conclusions

This chapter reports a parametric study on the control performance produced by a

velocity feedback loop using a square piezoceramic actuator bonded on a rectangular

panel. A simple formula has been derived using the open loop FRF in order to

predict the maximum vibration reduction at well-separated resonances of the lower

order modes of the panel. The parametric study has been conducted with reference

to: a) width, b) thickness, and c) dimensions of the piezoceramic patch. In the

third case, the dimensions have been varied in such a way as to keep the volume

constant. The principal effects produced by the piezoceramic actuator on the open

loop FRF can be summarized as follows: a) the mean amplitude rises as the width

of the square actuator increases; b) the mean amplitude at low frequencies decreases

as the actuator thickness increases and c) the phase lag increases as the width of the

actuator increases. The relative influence of these effects produce contrasting effects,

as shown in the parametric study presented in this chapter. As a conclusion, it has

been found that increasing the width and reducing the thickness of the piezoceramic

patch actuator improves the control performance over the control bandwidth in these

simulation.
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Chapter 4

Velocity Feedback Control using

Triangular Piezoceramic Actuators

Chapters 2 and 3 have discussed the analytical formulation and the control perfor-

mance of a single velocity feedback control loop using a square piezoceramic actuator

and a velocity sensor bonded on a thin panel. In this chapter, a new configuration

for the velocity feedback control unit is introduced, which consists of an isosceles

triangular piezoceramic actuator with the velocity sensor at its tip. This new control

unit is arranged with the triangular actuator along the edges of the panel in order

to generates ”boundary active damping”, while a conventional control unit using a

square patch actuator generates ”surface active damping”. This new arrangement

acting along the boundary of the panel has a great potential advantage in that it

is not invasive. Thus this configuration can be used in a wider class of application

including windows for transportation vehicles, for example.

This chapter consists of four sections: In section 1, the stability and control per-

formance of the new control unit is compared with that of the conventional control

unit composed of a square strain actuator and a velocity sensor. Section 2 intro-

duces a formula to estimate the actuation excitation terms produced by a triangular

piezoceramic actuator on the panel. Section 3 presents mathematical models to pre-

dict the response of a thin plate equipped with a triangular piezoceramic actuator.

The open loop FRF is analyzed in detail in terms of actuation components, and

experimental results are presented to validate the proposed mobility model. A short
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summary and conclusions are presented in section 4.

4.1 Triangular and square actuators; an experimental com-

parison

4.1.1 Experimental setup

Figure 4.1 shows the experimental rig used to test the new control unit. In order to

maintain consistency with the study presented in Chapter 2 and 3, the same basic

structure is considered, i.e. a thin rectangular aluminum panel clamped along its

edges. The panel is equipped with a triangular piezoceramic patch actuator with a

base length bpzt = 40 mm, a height tpzt = 25 mm, and a thickness hpzt = 0.75 mm.

The actuator is firmly bonded on the thin panel, with its base edge aligned along

the perimeter of the panel. The base edge of the actuator is shifted 1 mm from the

clamped border of the panel for electrical insulation purposes. The tip position of the

triangular actuator is located at (xc, yc) = (167.0 mm, 26.0 mm) with reference to the

lower left hand side corner of the panel. The triangular piezoceramic actuator has

the same physical and piezoelectrical properties as the square piezoceramic actuator

used in Chapter 2 and 3. The geometry and physical parameters of the triangular

actuator are summarized in Table 4.1. More detailed piezoelectric properties of

the piezoceramic patch is provided by the manufacturer, and are summarized in

Appendix B.

Table 4.1: Geometric parameter and physical properties of the triangular piezoce-
ramic actuator produced by ISTEC in Italy [63]

parameter symbol value
Base length [mm] bpzt 40.0

Height [mm] tpzt 25.0
Thickness [mm] hpzt 0.75
Tip angle [deg] θpzt 77.3

Tip position [mm] xc, yc 167.0, 26.0
Poisson’s Ratio νpzt 0.35
Density [ kg/m3] ρpzt 7.82 × 103

Piezoelectric charge constant [m/V] d31 = d32 -183.5 × 10−3
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Figure 4.1: Clamped panel with a triangular piezoceramic patch actuator

4.1.2 Comparison

This section compares the control performance of the two velocity feedback control

units using measured open loop FRF between the out-of-plane velocity of the panel

and the driving voltage of the actuator; one control system is composed of a 20 mm

× 20 mm × 1.0 mm square actuator with the velocity measured at its center located

at (xc, yc) = (136.6 mm, 222.9 mm) with reference to the lower left hand side corner

of the panel as shown in Fig. 2.1, and the other one is composed of a 40 mm ×
25 mm × 0.75 mm triangular actuator with a velocity measured at its top tip, as

shown in Fig. 4.1. The velocity of the panel is remotely measured by using a laser

vibrometer.

The Bode and Nyquist plots for the measured open loop FRFs of the two control

systems are shown in Fig. 4.2. The Bode plot indicates that, at low frequency up to

around 500 Hz, the amplitude of the open loop FRF measured on the panel with a

square actuator is slightly higher than that using a panel with a triangular actuator.

The primary reason is the location of the error sensor in the two control systems:

with the triangular actuator, the sensor is located close to the clamping edge of

the panel. Thus, when the bending wavelength is longer than the distance between
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the clamping edge and the velocity sensing position, the detected velocity signal is

smaller, compared with the signal measured at the center of the square actuator,

which is located in the middle of the panel. However, as frequency rises, and hence

a quarter bending wavelength becomes comparable with the distance between the

panel edge and the sensor, the amplitude of both FRFs become comparable.

At higher frequency, the amplitude of both FRFs is characterized by a wide fre-

quency modulations. As discussed in Chapters 2 and 3, this frequency modulation

is caused by the passive stiffness effects of the actuator. With the square actua-

tor, the modulation effects are observed at frequencies where a multiple number of

bending wavelength λ is equivalent to the distance between the edge of the actuator

and the sensing position i.e. λ = 10 mm at 23.6 kHz for a 20 mm square actuator.

When the triangular actuator is used, the first and second amplitude modulations

are observed at frequency around 10 kHz and 45 kHz, respectively. These modu-

lation effects are not as clearly marked as that of the square actuator. This is due

to the fact that the lateral edges of the triangular actuator are not parallel, while

the opposite edges of the square actuator are parallel. Thus, as shown in Fig. 4.3,

the coincidence phenomenon between the ”actuation distance” (i.e. the distance be-

tween the actuation points along the border of the actuator and the sensor position),

and the bending wavelength (or multiples of the bending wavelength) varies over a

wider range for triangular actuator than the parallel edges of the square actuator.

The phase plot of Fig. 4.2 indicates that the FRF measured on the panel with the

square actuator is positive definite up to about 25 kHz, while the phase of the FRF

with the triangular actuator is positive definite only up to about 2 kHz. In both

cases, the phase constantly increases beyond these frequencies, and thus a bigger

phase lag is generated with the triangular actuator at high frequency. This lower

transition frequency for the triangular actuator was not predicted in the earlier theo-

retical study [43], and prompts a reexamination of the model used for the excitation

generated by such a triangular device.

The Nyquist plots in Fig. 4.2 show that the locus of the FRF with triangular

actuator enters the left hand quadrants in a clockwise rotation at around 2 kHz,

and the locus crosses the real negative axis at around 3.1 kHz. As the phase lag

increases with frequency, the locus of the open loop FRF goes back to the right hand
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Figure 4.2: Top: Bode plot of the measured open loop FRF on the panel with the
square actuator (blue-faint line) and with the triangular actuator (black-solid line).
Bottom: Nyquist plots of the measured open loop FRF on the panel with the square
actuator (left) and with the triangular actuator (right) between 25 Hz - 5 kHz (blue
solid), 5 - 80 kHz (black faint).
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Figure 4.3: Actuation distances to the error sensor for the square and triangular
actuators

side quadrants and eventually crosses the real negative axis again at around 20 kHz.

Therefore, the control system formed by a triangular actuator with a velocity sensor

at its tip vertex is only conditionally stable, as is to the control system with a square

actuator, but with a lower transition frequency.

According to Chapter 3, when a conditionally stable control unit is used, the up-

per limit of the control performance at the kth resonant frequency can be simply

estimated with the following formula:

Rk = 20 log10 |1 + δk| , (4.1)

where δk is given by the product of the amplitude of the FRF at the kth resonant

frequency and the maximum control gain, δk = |G(jωk)|Hmax. The Bode plot

indicates that the amplitude of open loop FRF with a square actuator G(jωk) is

bigger than that with a triangular actuator at low frequency. The maximum control

gain Hmax is given by the reciprocal of the horizontal distance between the origin

and the locus of G(jω0) at the frequency, where the locus crosses the real negative

axis:

Hmax =
1

|Gc(jω0)|
. (4.2)

Comparing the two Nyquist plots in Fig. 4.2, it can be seen that higher gain can

be implemented with triangular actuator, because |Gc(jω0)|, where ω0 is the phase

crossover frequency, is smaller than that with a square actuator. The combination of

these two effects can be assessed by using the maximum reduction index Rk. Table

4.2 summarizes the Rk for the 1st, 3rd, and 7th resonances of the panel, which

are observed at approximately 70 Hz, 165 Hz and 310 Hz respectively. This table

highlights that the velocity feedback control system using triangular actuator has

comparable control performance with that using the square actuator.
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Table 4.2: Control performance of a single velocity feedback control loop
kth peak Reduction [dB]

square triangular
k=1 (70 Hz) 2.0 0.7
k=3 (165 Hz) 1.4 2.6
k=7 (310 Hz) 3.8 2.9

4.2 Actuation of the triangular piezoceramic actuator

4.2.1 Conventional modeling

Compared with the past studies on rectangular piezoceramic actuators, only a small

number of papers considering control systems using spatially shaped strain actuators

have been issued [43, 44, 57, 65–67]. The most important study regarding the

modeling of triangular actuators has been carried out by Sullivan et al. [44, 66].

These authors have introduced a formula to estimate the excitation terms generated

by a triangularly shaped strain actuator. Their studies indicate that a triangular

actuator generates bending moments along its three edges plus transverse point

forces at its three vertexes, as shown in Fig. 4.4.

2me31 2me31

4me31

m e +e
2

31 32

m e +e
2

31 32

e31

z
y

x

Figure 4.4: Schematic of the actuation model for the moment and force of the
triangular actuator in Ref. [66]

In their paper, the strength of excitation terms generated by the piezoceramic patch
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are given as:

ft = −2me31 (4.3a)

fl = −2me31 (4.3b)

fr = 4me31 (4.3c)

mb = e31 (4.3d)

ml = m2e31 + e32 (4.3e)

mr = m2e31 + e32, (4.3f)

where ft, fl, and fr respectively denote the generated point forces at the top, base

left, and base right vertexes of the triangular actuator per unit voltage, and per unit

thickness of the structure. mb, ml, and mr are respectively bending moments along

the base, and left and right lateral edges of triangular actuator per unit voltage and

per unit thickness of the structure. m represents the aspect ratio of the triangular

shape, m = tpzt/2/bpzt. The piezoelectric stress-charge constants, e31 and e32, are

derived from the piezoelectric strain-charge constants d31, d32, and d36, assuming

thin plate theory as reference [58]:
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

, (4.4)

where Epzt and νpzt respectively denote the Young’s modulus of elasticity and the

Poisson’s ratio of the piezoceramic actuator. The strain actuator used in this study

is made out of a homogenous PZT - lead titanate zirconate - ceramic [63], which

is a symmetric type of polarized polycrystalline ceramic material. This material

is associated with the crystallographic class 6mm of the hexagonal crystal system.

According to IEEE standard [70], this material shows d31 = d32, and d36 = 0.

Therefore, the piezoelectric stress-charge constant e31 is equal to e32, and e36 is zero.

Thus, according to Eq.(4.3), the force exerted at the top vertex has an opposite

direction and is twice as big as the forces exerted at the base vertexes, and the

bending moments produced along the lateral edges are (m2 + 1) times bigger than

the bending moment along the base edge.
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When the actuator has an equilateral triangular shape, this formulation leads to a

paradoxical conclusion. When an equilateral triangular actuator is used, the magni-

tude of the exerted forces at all three vertexes should be identical, and hence zero,

due to its geometric symmetry. However, this conclusion is contradicted by Eq.

(4.3), which indicates that the derivation of these formulas might include potential

errors.

To try to understand this paradoxical conclusion, we consider the simpler model

for the triangular actuator, which is a superposed combination of the unidirectional

piezoelectric strips (of infinitesimal width) in x- and y-directions, as shown in Fig.

4.5-(a1) and (a2). Assuming unidirectional strips, the piezoelectric strips aligned

along y-axis shows d32 = 0, while strips aligned along x-axis show d31 = 0. Thus, as

given in Eq. (2.3), the magnitude of the bending moments generated by the unidi-

rectional piezoelectric strips per unit voltage are given by the following expressions:

mcx =
bsd31Epzt

1 − νpzt

(

hpzt + hs

2

)

(4.5a)

mcy =
bsd32Epzt

1 − νpzt

(

hpzt + hs

2

)

, (4.5b)

where bs denotes the width of the piezoelectric strip, thus the moments are indepen-

dent of the length of the strip. Considering that the bending moments in x-direction

can be modeled as a pair of out-of-plane forces pointing up and down to the panel,

the bending moment model shown in Fig. 4.5-(a1) and (a2) are equivalent to the

pair forces model shown in (b1) and (b2). The closely located forces shown by the

dashed circles in Fig. 4.5-(b1) and (b2) cancel out, thus only the forces at the ver-

texes of the triangular actuator are left, as shown in Fig. 4.5-(c1) and (c2). It is

noted that the forces at the top vertex of the triangular actuator points an opposite

direction, and are twice as large as the forces exerted at bottom vertexes, as visually

illustrated by the size of the circles. Thus, ftx + flx + frx = 0 and fty + fly + fry = 0,

which comply with force equilibrium. Moreover, the force generated by piezoelec-

tric strips aligned along y-direction shows opposite dictions by that aligned along

x-direction.

Combining the excitation terms produced by the strips in x- and y-directions, the
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overall actuation forces at vertexes of the triangular actuator are given by:

ft = ftx + fty (4.6a)

fl = flx + fly (4.6b)

fr = frx + fry. (4.6c)

If d31 is equal to d32, then ftx = −fty, flx = −fly, and frx = −fry, so that the

terms in Eq. (4.6) cancel, and thus no forces are exerted. This indicates that,

when the isosceles triangular actuator is made out of a symmetric type of polarized

polycrystalline ceramic material, no point forces are generated at the vertexes of the

triangular actuator. In contrast, if d31 is not equal to d32, the triangular actuator

does generate point forces at the vertexes as well as bending moments along its

edges, because the terms in Eqs. (4.6) do not cancel. The overall force at the top

vertex is in the opposite direction, and twice as large as that exerted at bottom

vertexes. This result agrees with the conclusion given in Eq. (4.3) in Sullivan et al.

[44].

In conclusion, Sullivan’s theory thus works only with anisotropic piezoelectric ma-

terial, e.g. PVDF, while it does not appear to be valid for PZT devices, which are

always isotropic in the plane, i.e. d31 = d32. It is not, however, clearly stated in Sul-

livan’s paper that the proposed theory is only applicable for anisotropic material. In

fact, both PVDF and PZT material are said to be considered in [44], which, accord-

ing to the above discussion, is not appropriate. It should be noted, however, that

even if the piezoceramic material is isotropic, any triangular actuator shape, which

is not equilateral will still produces net forces at the corners, since the cancelation

of the terms in Eqn. (4.6) will no longer be perfect.

4.2.2 Distributed modeling

In stead of Sullivan’s theory, the distributed bending moment model is therefore

used, which was introduced in Chapter 2 to predict the response of the panel with

a square piezoceramic actuator, as illustrated in Fig. 4.6. In order to maintain a

consistent formulation with that presented in the previous chapters, the triangular

piezoceramic patch is segmented into a finite number of rectangular elements. As
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Figure 4.5: Schematic of actuation model for the rectangular piezoceramic patch
actuator in x- (left) and y-direction(right). The upward force is shown by the circle
with a dot at its center, and the downward force is shown by the circle with a cross.
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shown in Fig. 4.6, the base edge of the actuator is subdivided into ntx elements, while

the actuator is subdivided into nty elements in y-direction. Thus, the dimensions of

an element dex by dey are given as:

dex =
bpzt

ntx

(4.7a)

dey =
tpzt

nty

, (4.7b)

where bpzt and tpzt respectively denote the base length and the height of the triangu-

lar actuator. The number of elements in x-direction, ntx, is defined by, ntx = 2nty−1,

in order to easily create the mesh of the triangle object with a rectangular base el-

ements. Therefore, the total number of the elements nt is given by the square of

nty, thus nt = n2
ty. The number of elements nt has been chosen in such a way that

the smaller value of dex and dey is shorter than a quarter of the flexural wavelength

at the maximum frequency considered in this study, i.e. λmin ≈ 6 mm at 80 kHz.

Therefore, the 40 mm × 25 mm triangular piezoceramic patch has been subdivided

into ntx by nty = 33 by 17 elements, and the dimensions of the elements are given

by dex = 1.21 mm and dey = 1.47 mm.

The bending moments produced by the triangular piezoceramic patch actuator are

modeled by point moments located along four end-surfaces of the rectangular ele-

ments. Thus, the bending moments vector mc is expressed by a 4nt-element column

vector, as:

mc = mc

[

−d +d +d −d

]T

, (4.8)

where d is a nt-element vector with zero and one. mc is the bending moment

generated along the four edges of a rectangular element per unit voltage, given in

Eq. (2.3).

Assuming an ideal velocity sensor and an ideal piezoceramic actuator, the complex

transverse velocity of the panel at the sensor position ẇc is given by the following

mobility expression:

ẇc = YctmcVc, (4.9)

where Yct represents a 4nt-element row vector with the mobility functions between

the velocity ẇc at the velocity sensor and the actuation moments along the edges of
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Figure 4.6: Schematic of the actuation model for the distributed moments of the
triangular actuator.

the triangular actuator. A detailed expression for this mobility function is given in

Appendix A.3. Vc is the driving voltage given to the actuator.

Figure 4.7 shows the Bode plots of the simulated open loop FRFs derived with

Sullivan’s model (top) and with proposed model given in Eq.(4.9) (bottom), and

compared with the measured open loop FRF on the panel shown in Fig. 4.1. The

top plot shows that, at low frequency below 1 kHz, the simulated and measured

FRFs have similar amplitude spectra, but shifted by about 10 dB. In contrast, in

the bottom plot, the measured FRF shows good agreements with the simulated FRF,

which is derived using the proposed model with distributed bending moments. It

indicates that the large differences in amplitude are caused by the point forces. As a

force excites the panel more efficiently at low frequency, while the bending moment

more efficiently excites the plate as the flexural wavelength approaches to the width

of the actuator, i.e. at higher frequencies, the low frequency response of the panel

is controlled by force excitation terms.

The phase plots indicates that the phase lag of the open loop FRFs is confined

between ± 90 degree up to around 5 kHz derived with Sullivan’s model, and up

to 3 kHz with the proposed model with distributed bending moments, while the

phase lag of the measured open loop FRF exceeds -90 degree at around 2 kHz. This

is because Sullivan’s model considers the force at the top vertex of the triangular

actuator, which is collocated with the linear velocity sensor, and thus the sensor-

actuator pair has better collocation and duality features than the one without the

force.
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At high frequency beyond around 3 kHz, the difference of two FRFs in both ampli-

tude and phase gets smaller. In fact, the overall agreements between the measured

and simulated response of the panel using both models are relatively poor, specially

at mid-high frequency, because both mathematical models have been derived us-

ing the idealized sensor-actuator pair, and thus the passive effects produced by the

actuator are ignored. As discussed in Chapter 2, it is important to consider the

passive effects in order to accurately predict the response of a thin panel with a

piezoceramic patch up to high frequencies.

Nevertheless, Fig. 4.7 confirms the conclusion obtained in Section 4.2.1, that the

previous model suggested by Sullivan et al. has potential problems that less accu-

rately model the measured response of the panel with the triangular actuator than

the model with distributed bending moments.
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Figure 4.7: Top: Bode plot of the simulated open loop FRF derived with the Sul-
livan’s actuation model (blue-faint line) and measured open loop FRF (black solid
line); Bottom: Bode plot of the simulated open loop FRF derived with the proposed
model distributed moments (blue-faint line) and measured open loop FRF (black
solid line)
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4.3 Modeling the local dynamics of a triangular actuator

This section presents developments of three model introduced for a triangular piezo-

ceramic patch attached to a rectangular plate.

The first model takes into account the passive inertia and stiffness effects of the

actuator. This model is equivalent to the fully coupled model for the panel with a

square actuator introduced in Chapter 2.2.3. The second model includes the resilient

mounting effects of the panel, and the third model considers both the passive effects

of the actuator and the resilient mounting effects of the panel.

4.3.1 Modeling actuator mass and stiffness

As discussed in Chapter 2, it is important to consider the passive inertia and stiffness

effects of the actuator in order to accurately predict the response of a thin panel with

a piezoceramic patch up to high frequencies. In Chapter 2, the passive inertia and

stiffness effects of the square actuator have been modeled by using arrays of lumped

elements. The comparison with measured data has confirmed the validity of the

lumped element model. Therefore, the passive effects of the triangular actuator

are also modeled by using the distributed element method. In order to maintain a

consistent modeling with the actuation moment produced by the triangular actuator

shown in Fig. 4.6, the inertia and stiffness effects of the triangular actuator is

modeled by subdividing the actuator into the nt rectangular elements, as shown

in Fig. 4.8. The transverse inertia effects of the elements are modeled by lumped

masses locate at the center of each element. The stiffness effects of the elements

are modeled by a pair of axial springs aligned parallel to the x- and y-axis of the

panel. Thus, as for the square piezoceramic patch actuator, the cross axial stiffness

effects between parallel strips have been neglected. Also, the self and mutual shear

stiffness effects between parallel springs have been neglected. Finally, the cross

stiffness effects due to coupled axial and shear stiffness effects between pairs of

strips oriented one orthogonal to the other have been neglected.

According to Eq. (2.45), the open loop FRF for the fully coupled model of the panel
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Figure 4.8: Schematic of the models for the triangular piezoceramic patch: inertial
effect of the actuator mass (a), and the elastic effect of the actuator stiffness (b) and
(c)

that includes inertia and stiffness effects of the triangular actuator is derived as:

Gc =
⌊

Yce Yct

⌋





Id + ZeYee ZeYet

ZkYke Is + ZkYkt





−1





0

mc







. (4.10)

The mobility functions Yce, Yee, Yet, Yke and Ykt have been introduced in Chap-

ter 2, and the analytical formulas of these matrices are given in Appendix A.2.

The identity matrices Id and Is have the dimensions of nt by nt, and 4nt by 4nt,

respectively.

The impedance matrices due to inertia and stiffness effects of the triangular actuator

Ze and Zk are given below:

Ze = jω
mpzt

nt

Id (4.11a)

Zk =
1

jω















ckxId −ckxId 0 0

−ckxId ckxId 0 0

0 0 ckyId −ckyId

0 0 −ckyId ckyId















, (4.11b)

where mpzt denotes the mass of the triangular actuator, mpzt = ρpztbpzttpzt/2, and

ρpzt denotes the mass density of the triangular actuator. The bending stiffness
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coefficients of a segmented element ckx and cky are given as:

ckx = Epzt

2tpzt

bpzt

hpzt

(

hpzt + hs

2

)2

(4.12a)

cky = Epzt

bpzt

tpzt

hpzt

(

hpzt + hs

2

)2

, (4.12b)

where hs represents the thickness of the plate.

Figure 4.9 shows the Bode and Nyquist plots of the simulated open loop FRFs

derived with the ideal model given in Eq.(4.9) and the model with the passive effects

given in Eq.(4.10). The Bode plot in Fig. 4.9 highlights that at low frequency the

amplitude of the FRF using the passive model is lower than that of the ideal model.

The previous study regarding the square actuator discussed in chapter 2 has shown

that the stiffness effect of the actuator reduces the amplitude of the FRF at low

frequency. As the stiffness effects decrease with the frequency ω, the difference in

amplitude between the two FRFs becomes smaller. At higher frequency beyond 3

kHz, the Bode plot of the FRF derived with the passive model is characterized by

modulation effects in amplitude.
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Figure 4.9: Bode plot of the open loop FRF derived with the ideal model with the
distributed bending moments (blue-faint line) and the the models with the passive
effects (red-dashed line).
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4.3.2 Modeling boundary condition

As the triangular piezoceramic patch actuator is attached to the panel along its

edge with 1 mm gap from the clamping frame, the response of the panel at the tip

of the actuator, where the velocity sensor is attached, is strongly affected by the

panel boundary condition. All the simulated results presented above are obtained

by assuming clamped boundary conditions, in which the deflection along this edges

is assumed to be zero, and the rotation with reference to the edge line is zero, as well.

However, for the practical implementation of the test rig considered in this study,

the boundary condition can neither be considered clamped nor simply supported.

At lower frequencies where the wave length of the panel is much longer than the

width of the clamping frame, both the deflection and the rotation of the panel along

the edges are well canceled by the clamping flame. However, as frequency rise,

and hence the wave length gets shorter, the motion of the panel along the edges

is not fully counteracted by the frame, due to the rigidity of the frame and the

manufacturing imperfection, such as non-perfect cross section shape and roughness

of the surface. In this case, the boundary of the panel becomes closer to a simply

supported condition, and eventually, free-free condition. Therefore, it is important

to consider flexible boundary conditions, which allows transverse and/or rotational

motion of the panel along its edges, instead of ideal clamped boundary condition. In

this chapter, it is assumed that the linear motion of the panel is perfectly constrained

by the boundary frame, while the rotation along the edge of the panel is resiliently

restricted by rotational springs along the border.

In order to maintain a consistent formulation for the physical passive effects pro-

duced by the actuator, the boundary condition of the panel is modeled by using nb

distributed rotational springs along the x- and y-border, as shown in Fig. 4.10. The

number of boundary springs nb has been chosen in such a way that the distance

between two adjacent springs is shorter than a quarter plate bending wavelength at

the maximum frequency of interest. i.e. λmin ≈ 6 mm at 80 kHz. Therefore, the

resilient mounting condition has been modeled by using nb = 261 rotational springs

per each edge. In this case, the distance between two neighbor springs along x- and

y-border becomes 1.59 mm and respectively 1.20 mm.

In this section, the passive inertia and stiffness effects of the triangular actuator
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Figure 4.10: Schematic of the model for resiliently mounted panel

are not considered in order to highlight the passive effects produce by the flexible

boundary conditions on the open loop FRF. The response of the panel can be given as

the superposition of the responses due to the moment excitations of the piezoceramic

actuator and the reactive moments produced by the rotational springs along the

border of the resiliently mounted panel. Thus the complex transverse velocity at

the sensor position ẇc is given by the following mobility expression:

ẇc = YctmcVc + Ycbmb, (4.13)

where Yct denotes a 4nt-element row vector with mobility function betweens the

velocity at the error sensor location ẇc and the actuation moment produced by the

triangular actuator on the panel with simply supported boundary conditions. Ycb is

a 4nb-element row vector with mobility functions between the transverse velocity ẇc

and the reactive moment along the edge of the panel. The detailed formulations for

the mobility functions are given in Appendix A. The column vector mb is composed

of four nb-elements column vectors:

mb =
[

mx0
mxL

my0
myL

]T

. (4.14)

Each vector denotes the reactive moments generated by the rotational springs along
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the x = 0, x = Lx, y = 0, and y = Ly axis respectively:

my0
=

[

m1
by0

m2
by0

· · · mnb

by0

]T

(4.15a)

myL
=

[

m1
byL

m2
byL

· · · mnb

byL

]T

(4.15b)

mx0
=

[

m1
bx0

m2
bx0

· · · mnb

bx0

]T

(4.15c)

mxL
=

[

m1
bxL

m2
bxL

· · · mnb

bxL

]T

. (4.15d)

The reactive moment is given by the product of the impedance of the rotational

springs zb and the angular displacement along the edge of the panel θb, thus:

mb = −zbθb. (4.16)

Assuming a harmonic vibration, the angular displacement vector θb can be expressed

in terms of the angular velocities along the border of the panel with reference to

either x- or y-axis:

θb =
θ̇b

jω
. (4.17)

After substituting Eq.(4.17) into Eq.(4.16), the reactive moment vector mb can be

derived based on the angular velocities vector along the border of the panel:

mb = −Zbθ̇b, (4.18)

where Zb denotes the impedance matrix, given by the following formula:

Zb =
zb

jω
Ib, (4.19)

where Ib is the 4nb by 4nb identity matrix.

The angular velocity vector θ̇b along the border of the panel can be written as the

superposition of the responses of the panel generated by the actuation moments

produced by the triangular actuator, and the reactive moment along the border of

the resiliently mounted panel, as:

θ̇b = YbtmcVc + Ybbmb, (4.20)
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where Ybt is a 4nb by 4nt matrix with the mobility function between the angular

velocities along the edges of the panel and the actuation moment generated by the

triangular actuator. Ybb is a 4nb by 4nb matrix with the mobility functions between

the angular velocities and the reactive moments along the panel border. Expressions

for these mobility functions are given in Appendix A.

Substituting Eqs. (4.18) and (4.20) into Eq. (4.13), the velocity at the sensor

position ẇc can be expressed as a function of control moment,

ẇc =
(

Yct + Ycb [Ib + ZbYbb]−1
ZbYbt

)

mcVc. (4.21)

Using the equation above and Eq. (2.5), the open loop FRF derived with the flexible

boundary model is given as:

Gc =
(

Yct + Ycb [Ib + ZbYbb]−1
ZbYbt

)

mc. (4.22)

This equation allows to predict the response of a simply supported panel with rota-

tional springs along its border, which resiliently restrict the rotation motion along

the edges. When the impedance of the rotational springs along the edges of the

panel zb is equal to zero, this equation gives the response of the simply supported

panel.

The Top plot in Fig. 4.11 compares the predicted open loop FRFs derived using the

flexible boundary model with different boundary stiffness; zb = 50 (blue faint line),

500 (red dotted line), and 10000 (black solid line) [N/m]. This plot highlights that,

at low frequency as the boundary impedance zb increases, the resonant frequencies of

the panel are shifted up in frequency. As frequency rises, the spectra of the medium

boundary stiffness model approaches that of the low boundary stiffness model, and

above 5 kHz, both spectra are almost overlapped. At high frequency, the amplitude

of the FRF derived with the high-impedance model is in general lower than the

others.

The phase plot in Fig. 4.11 shows that the phase predicted by the low-impedance

model starts from -90 degree. This indicates that, when the rotational motion of

the panel along its border is softly constrained, the velocity of the panel at error

sensor position is negative below the first resonant frequency. The phase is confined
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between -90 and -270 degree up to about 3 kHz, and then a constant phase lag takes

place. In contrast, with the high-impedance model the phase starts from +90 degree,

and remains within ± 90 degree up to 5 kHz. As frequency rises, the difference in

phase among the three FRFs becomes smaller.

The bottom plot in Fig. 4.11 shows the Bode plots of the predicted response of the

panel with two ideal boundary conditions. The blue faint and black solid lines are

respectively derived by assuming clamped and simply supported boundaries along

all four edges of the panel. The blue faint line in the top and bottom plots in Fig.

4.11 indicates that, when the boundary stiffness is low, the spectra obtained by

the flexible boundary model is similar to that of the simply supported model. The

black solid line in Fig. 4.11 highlights that the open loop FRF derived using high

boundary stiffness model agrees very well with that of the clamped model. These

results indicate that when a moderate boundary stiffness is used, this mobility model

can predict the response of a panel, whose boundary condition shifts from a clamped

condition to a simply supported condition with reference to frequency.

In order to better understand the physics that determine the coupling between the

panel and the triangular piezoceramic patch actuator, a frequency response func-

tion was decomposed into the excitation components of the triangular piezoceramic

patch, as shown in Fig. 4.12.

The top, middle and bottom plots in Fig. 4.12 respectively show the Bode diagrams

of the open loop FRFs derived using the resilient boundary model with different

boundary stiffness, zb = 50 [N/m], zb = 500 [N/m], and zb = 10000 [N/m]. Each

plot includes three excitation components of the open loop FRF, such as the bending

moment along left lateral edge(blue faint line), bending moment along right lateral

edge (red dashed line), and bending moment along base edge (black solid line). As

mentioned earlier, the base edges of the triangular actuator is aligned along the

border of the panel with 1 mm distance from the edge of the panel, and thus the

bending moment along base edge is exerted even for the high boundary stiffness

model.

The blue faint and red dashed lines in Fig. 4.12 shows the mean amplitude of

the FRF components due to the bending moments along lateral edges rises with
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Figure 4.11: Top: Bode plot of the open loop FRF derived with the resilient bound-
ary model with various boundary stiffness: zb = 50 [N/m] (blue-faint line), zb = 500
[N/m] (red-dashed line), zb = 10000 [N/m] (black-solid line). Bottom: Bode plot of
the open loop FRF derived with the simply supported model (blue-faint line) and
the clamped model (black-solid line)
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frequency up to 1 kHz, and then remains almost constant at around -80 dB. In

contrast, the black solid line in Fig. 4.12 shows that the mean amplitude of the

FRFs due to the moment along the base edge keeps rising with frequency in the

whole frequency range. At around 5 kHz, the amplitude of all FRF components

becomes low, because at these frequencies the response of the panel is controlled by

modes with nodal lines close to the tip of the piezoceramic patch, where the sensor

is located. This type of phenomenon is repeated at higher frequencies, where the

response of the panel is yet again controlled by clusters of higher order modes with

nodal lines close to the tip of the actuator.

The three plots in Fig. 4.12 indicate that the relative magnitude among the three

actuation components changes with frequency. At low frequency the actuation mo-

ments along the lateral edges are comparable or higher than the moments along

the base edge for any boundary stiffness models. At higher frequency, the domi-

nant actuation components change from the lateral edge moments to the base edge

moments. As the bending moments along the base edge produce an out-of-phase

motion, when the actuation moments along the base edge become stronger than the

others, the phase lag of the open loop FRF between the velocity sensor and the

triangular actuator exceeds -90 degree.

It must be noted that, when the panel is perfectly clamped and the base edge of

the actuator is accurately aligned along the perimeter of the panel, the line moment

along the base edge is counteracted by the clamping frame, such that no line moment

along the base edge is exerted on the structure. In practice, however, because of

manufacturing imperfections, bonding inaccuracy and electrical insulation issues, it

is rather difficult to perfectly align the base edge of the triangular actuator with

the border of the panel. Therefore, in this thesis it is assumed that piezoceramic

actuator is bonded on panel along the edge with 1 mm distance from the clamping

frame.
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Figure 4.12: Bode plots of the three components of the open loop FRF derived with
the resilient boundary model with various boundary stiffness: zb = 50 [N/m] (top),
zb = 500 [N/m] (middle), zb = 10000 [N/m] (bottom); bending moment along left
lateral edge (blue faint line), bending moment along right lateral edge (red dashed
line), and bending moment along base edge (black solid line).
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4.3.3 Fully coupled model and experimental verification

In this section the measured open loop FRF is compared with the simulated open

loop FRF derived with the fully coupled model, which takes into account both

the passive mass and stiffness effects of the triangular actuator, and the resilient

mounting effect of the panel. The formulation of the fully coupled model is derived

by combining the two models discussed above. Thus, the fully coupled repones of

the piezoceramic actuator bonded on a resiliently mounted panel can be expressed

by the following mobility equation:

ẇc =
⌊

Yce Yct Ycb

⌋






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. (4.23)

According to Eq. (2.42) and Eq. (4.18), fe, mk and mb can be cast together in the

following matrix expression:



















fe

mk + mcVc

mb



















= −











Ze 0ek 0eb

0ek
T Zk 0kb

0eb
T 0kb

T Zb





























ẇe

θ̇b

θ̇r



















+



















0e

mc

0b



















Vc, (4.24)

where 0ek, 0eb, and 0kb are matrices with zeros, with dimensions of nt by 4nt, nt

by 4nb, and 4nt by 4nb, respectively. 0e and 0b are respectively nt-element and

4nb-element column vectors with zeros.

The transverse velocity vector ẇe, and the angular velocity vectors θ̇k and θ̇b are

given as the superposition of the response of the panel generated by active moments

of the actuator, passive effects of the actuator, and the resilient mounting effects:
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, (4.25)

where Yeb denotes a nt by 4nb matrix with mobility functions between the velocities

at the centers of the elements and the reactive moments along the border of the

panel. Ykb denotes a 4nt by 4nb matrix with mobility functions between the angular
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velocities at the four edges of the rectangular lumped elements of the actuator and

the reactive moments along the border of the panel. Ybe is a 4nb by nt matrix

composed of mobility functions between the angular velocities along the border of the

panel, and the forces produced by the inertia effect of the actuator on the center of

the elements. Ybt is a 4nb by 4nt matrix composed of mobility functions between the

angular velocities along the border of the panel, and the reactive moment produced

by the stiffness of the actuator along the four edges of the rectangular element.

Detailed formulas for these mobility functions are found in Appendix A.

Substituting Eq. (4.24) and Eq. (4.25) into Eq. (4.23), the velocity at the sensor

position is expressed as:

ẇc =
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Using the equation above and Eq. (2.5), the open loop FRF of the fully coupled

model, which includes both the passive effects of the actuator and the resilient

mounting of the panel is derived as:
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. (4.27)

Figure 4.13 shows the Bode plot of the simulated open loop FRF predicted by using

the fully coupled model with a boundary impedance zb = 1800, and the measured

open loop FRF using the test rig shown in Fig. 4.1.
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Comparing the red dashed line with the black solid line in the Bode plots, it is

noticed that the simulated open loop FRF well agrees with the measured FRF in

terms of both amplitude and phase at frequency up to around 1 kHz. At around

1.1 kHz, the amplitude of the measured FRF goes down. In contrast, the amplitude

of the predicated FRF tends to slightly rise with frequency up to 10 kHz. Thus,

there is not perfect agreement between the two FRFs around 1.1 kHz. At higher

frequency, the amplitude of the measured FRF is characterized by modulation peaks.

These principal features of the measured FRF are reasonably well captured by the

simulated open loop FRF, although the measured modulation effects are slightly

stronger than the simulated one. The phase plot in Fig. 4.9 shows that the analytical

model agrees relatively well with the measured phase up to 50 kHz. The phase lag of

both FRFs exceeds -90 degree at around 1.1 kHz, and then the phase lag constantly

increases.

In summary, Fig. 4.13 indicates that this fully coupled analytical model captures

well the principle feature of the measured FRF. This model is used in Chapter 6 in

order to investigate the effects of the physical dimensions of the triangular actuator

on the stability and control performance.
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Figure 4.13: Bode plot of the simulated open loop FRF derived with the fully
coupled model (red-dashed line) and measured open loop FRF (black-solid line).
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4.4 Conclusions

This chapter presented the configuration of a new control unit, composed of a tri-

angular piezoceramic actuator with a velocity sensor at its tip. This chapter has

highlighted that the triangular actuator and velocity sensor pair has a comparable

control performance with a square actuator and a velocity sensor at its center.

A fully coupled mathematical model has also been introduced for a resiliently

mounted rectangular panel with a triangular piezoceramic patch actuator, which

consider both the passive effects of the actuator patch and the flexible boundary

condition of the panel. It is shown that the model predicts the measured results

much better than the previous model of Sullivan et al., which also leads to paradox-

ical results in the case of an equilateral triangular actuator.

The open loop FRF was decomposed into the excitation components generated by

the three edges of the triangular actuator. At low frequency the response of the panel

is determined by the bending moments along the lateral edges of the patch actuator.

As frequency rises, the bending moments along the base edge more effectively excite

the panel, and thus it controls the open loop FRF at higher frequencies. It must be

noted that, when the panel is fully clamped, and the base edges of the triangular

actuator is perfectly aligned along the border of the panel without the gap between

the edge and the actuator, the bending moment generated by the base edge of the

actuator is fully counteracted by the frame. In this study, the triangular actuator is

bonded on the panel along the edge of the panel with 1 mm gap from the clamping

frame.

The predicted response has been compared with the measured FRF to confirm the

validity of both models. Both the measured and the simulated open loop FRFs are

characterized by modulation peaks at high frequency, and the simulated response

has in general a good agreement with the measured response.

The following chapter describes a decentralized velocity feedback control system

implemented on a panel by using 16 such control units, in order to demonstrate the

effectiveness of the triangular actuator and sensor pairs.
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Chapter 5

Demonstration of the multi-input

multi-output control system

Chapter 4 has compared the control performance of the single-input single-output

(SISO) velocity feedback control systems, which are composed of triangular actuator

with a velocity sensor at its tip, and a square actuator with a velocity sensor at

its center. The measured open loop FRFs of both control loops have highlighted

that the velocity feedback control system using triangular actuator has comparable

control performance with that using the square actuator. It would be interesting to

compared the control performance of the multi-input multi-output (MIMO) control

systems using triangular and square actuators, as well as the SISO systems.

Recently Bianchi et al. [21] have presented a decentralized MIMO velocity feedback

control system by using 4 by 4 array of square piezoceramic actuators and cen-

trally located accelerometer sensors pairs. They have shown that significant levels

of attenuation can be achieved in terms of both structural vibration of the panel

and sound radiation by the panel. Therefore, this chapter presented a decentral-

ized MIMO velocity feedback control system by using 16 triangular piezoceramic

actuators and closely located accelerometer sensors pairs, in order to highlight the

advantage of this new control configuration compared with the conventional control

unit with square actuators. The control performance is discussed in terms of the

structural vibration of the panel and its sound radiation in the frequency range 0 to

1 kHz in two stages: first, the passive control effect produced by the sensor-actuator
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transducers, and second the active control effect of the 16 decentralized control

loops. The passive control performance is assessed by comparing the responses of

the panel without transducers and the panel with transducers but no feedback con-

trol. The active control effect is assessed by comparing the responses and sound

radiation produced by the panel with transducers but no feedback control and the

panel with transducers and decentralized velocity feedback control.

This chapter is organized in three sections. Section 1 describes the physical arrange-

ments of the test rigs to implement the decentralized control system, as well as the

design and the main features of the 16 channel analogue controller. In section 2,

the stability properties of the control system are discussed using the generalized

Nyquist criteria. Section 3 presents the experimental results regarding vibration

reductions due to passive and active control effects. In section 4, the experimental

results related to sound radiation from the panel are discussed.

5.1 Physical arrangements

The test structure is a rectangular aluminium panel clamped to a rigid frame, as

discussed in the previous chapters. As shown in the left hand side picture in Fig.

5.1, this panel is now mounted on the open side of a Perspex box in order to measure

the sound radiation by the panel. The box is composed of 30 mm thick Perspex

plates, so that the sound transmission through the lateral walls of the box is much

lower than that through the aluminium panel in the frequency range of interest [21].

The inner dimensions of the Perspex box are 414 mm × 314 mm × 400 mm. The

panel is excited either by an acoustic field generated by a loudspeaker placed in the

box (see Fig. 5.1), or by a point force generated by a shaker (LDS v201) acting

on the aluminium panel. The shaker is fixed at (xp, yp) = (167 mm, 127 mm) with

reference to the lower left hand side corner of the panel, as highlighted by the solid

circle in Fig. 5.2.

5.1.1 Smart panel

As shown in right hand side picture in Fig. 5.1, 16 isosceles triangular piezoceramic

patch actuators, having a size of 40 mm base length, 40 mm height and 1.0 mm
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Figure 5.1: Smart panel mounted on a Perspex box

thickness, are bonded to the inner side of the panel using a thin layer of conductive

glue. The geometric and the piezoelectric properties of the triangular piezoceramic

actuators are given in Table 5.1. The layer of glue was maintained as thin as possible,

i.e. approximately 0.05 mm. While the panel is used as ground reference (GND), a

wire was soldered directly on the top vertex of the exposed side of each triangular

patch to complete the electrical circuit necessary to drive the actuator.

Table 5.1: Geometric parameter and physical properties of the triangular piezoce-
ramic actuator

parameter symbol value
Base length [mm] bpzt 40.0

Height [mm] tpzt 40.0
Thickness [mm] hpzt 1.0
Poisson’s Ratio νpzt 0.39
Density [kg/m3] ρpzt 7.7 × 103

Piezoelectric charge constant [m/V] d31 = d32 170 × 10−3

As illustrated in Fig. 5.2, the 16 piezoceramic patches are evenly distributed along

the perimeter of the panel, in such a way as the top vertex of the triangular actuator

are placed along the virtual rectangular shape. Four actuators are evenly placed on

each edge of the rectangular panel, and there is one actuator at each corner of the

inner rectangular shape. The base edges of the actuator is aligned along the border

90



of the panel with 1 mm distance between the clamping frame and the base edge

of the actuator. Therefore, the distances dx between the centers of the base edges

aligned along the x = 0, lx borders of the panel are given by:

dx = (lx − 2tpzt)/5 (5.1)

where lx is the length of the panel in x-axis, and tpzt denotes the height of a triangular

piezoceramic actuator, i.e. tpzt = 40 mm. The distances dy between the centers of

the base edges aligned along the y = 0, ly borders of the panel are given by:

dy = (ly − 2tpzt)/3, (5.2)

where ly is the length of the panel in y-axis. The centers of the base edges of the

outer patches aligned along the x = 0, lx borders of the panel are located at a

distance dx + tpzt from the y = 0, ly border, and the centers of the base edges of

the outer patches aligned along the y = 0, ly borders of the panel are located at a

distance tpzt from the x = 0, lx border. Thus, as shown in the scheme of Fig. 5.2,

top vertex of 16 actuators forms a virtual active boundary wedge with dimensions

of (lx − 2tpzt) × (ly − 2tpzt).

5.1.2 Sensor dynamics

At this stage, the accelerometer sensors are used instead of a laser vibrometer to

close the velocity feedback control loops. As shown in the left hand side plot of

Fig. 5.1, accelerometer sensors are bonded on the open side of the panel at the top

vertices of each triangular actuator. The position of each accelerometer sensor is

fixed at the top vertex of the corresponding triangular actuator bonded on the other

side of the panel.

Accelerometers provide an output signal proportional to acceleration, vibration, and

shock. Piezoelectric accelerometers are one of the most common sensing transducers,

as piezoelectric materials have the ability to output an electrical signal proportional

to the applied stress. In this study, high sensitivity tri-shear mode Inductively

Coupled Plasma (ICP) accelerometer sensors (PCB Piezotronics, model 352C67)

are used. A tri-shear accelerometer consists of seismic masses, base, piezoelectric
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Figure 5.2: A rectangular panel with 16 decentralized velocity feedback control units
using triangular piezoceramic patch actuators. The position of the primary force
excitation is shown as a solid circle. A virtual active boundary wedge is depicted by
dotted line.

material, preloaded ring, and a center post. As shown in Fig. 5.3, shear mode

accelerometers sandwich the sensing material between a center post and the seismic

mass. A compression ring or stud applies a preload force to create a rigid linear

structure. Under acceleration, the mass applies a shear stress to the sensing material.

The result is an electrical signal that is collected by the electrodes and transmitted

by lightweight lead wires to the built in signal conditioning circuitry. The shear

operation and small size gives a high frequency response while minimizing mass

loading effects on the test structure. Thus, the upper frequency limit of the sensor

used in this study is higher than 35 kHz, while the mass of the sensor is less than 6

g.

When a shear accelerometer is considered, the frequency response of the sensor is

determined by the resonant frequency, which can be modeled as a simple single-

degree-of-freedom system, as shown in Figure 5.4, where ka and ca respectively

represent the stiffness and damping coefficients of the piezoelectric element, and ws

and wc are the displacement of the seismic mass and the accelerometer base, which

is firmly attached to the panel. According to Newtons second low, the equation of
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Figure 5.3: Internal structure of tri-shear piezoelectric sensing accelerometer 352C67

motion for this single degree of freedom system is given by the following expression:

maẅa = ca(ẇc − ẇa) + ka(wc − ws). (5.3)

A voltage signal va generated by the sensor is given as the product the detection

constant of the piezoelectric elastic element cσ and the relative displacement between

the seismic mass and the sensor base, thus:

va = cσ(wc − wa). (5.4)

va

+

ka ca

ma

mh

S

-

wa

wc

Figure 5.4: Schematic representation of the piezoelectric accelerometer transducer,
which is modeled as a single degree-of-freedom system

Assuming harmonic excitation, the frequency response function Ga(jω) between the

sensor output voltage va(jω) and the acceleration of the base mass ẅc(jω) is given

by using to Eq.(5.4) and Eq.(5.3), as:

Ga(jω) =
va

ẅc

= cσ
1

ω2
a − ω2 + 2jζaωωa

, (5.5)
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where ωa and ζa respectively denote the natural frequency and viscous damping

factor of the piezoelectric elements in the sensor, given as:

ωa =

√

ka

ma

(5.6a)

ζa =
ca

2
√
kama

. (5.6b)

Equation (5.5) indicates that below the resonance frequency of the accelerometer,

the output voltage of the accelerometer sensor va is approximated as the opposite

of the its base acceleration:

va
∼= − cσ

ω2
a

ẅc. (5.7)

Therefore, as shown in Figure 5.5, at low frequency, the amplitude of Ga(jω) is

flat, and the phase angle remains 180 degree. Around 35 kHz, the Bode plot of

the Ga(jω) is characterized by a sharp peak with 180 degree phase shift, which is

caused by the resonance of the accelerometer sensor. More details regarding the

sensor dynamics can be found in reference [68].
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Figure 5.5: Frequency response function of the accelerometer

Figure 5.6 shows two open loop FRFs measured on the panel with 16 triangular actu-

ators between one of closely located sensor-actuator pairs by using an accelerometer

sensor (blue faint line) and by a laser vibrometer (black solid line). At low frequency

below about 3 kHz, two open loop FRFs show very similar spectra. Above 3 kHz,
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the open loop FRF measured by the accelerometer is characterized by a constant

amplitude roll off and additional phase lag, which are introduced due to its mass

loading effects of the accelerometer and its low signal strength beyond the resonant

frequency. These effects of the sensor are more clearly visualized in two Nyquist

plots in Fig. 5.6. The blue solid lines indicates that the size of the low frequencies

circles in the right hand side quadrants are left unaltered, while the black dotted line

shows that at higher frequency, where the locus occupies the left hand side quad-

rants, the size of the locus of the FRF measured by the accelerometer is squeezed

towards the imaginary axis.

5.1.3 Decentralized multi-channel analogue controller

In order to implement the decentralized velocity feedback control, an analogue con-

troller has been built for each control unit. The front view of the resulting 16-channel

controlling device is shown in Fig. 5.7, and the corresponding internal analogue cir-

cuit for each channel is illustrated in Fig. 5.8. As shown in the circuit diagram, the

analogue controller consists of 8 circuits: (1) a high pass filter, (2) an integrator, (3)

a phase lag-compensator, (4) a non-inverting amplifier, (5) a voltage divider, (6) a

voltage follower, (7) an inverter, and (8) a power amplifier.

To implement the active velocity feedback control loops, the error sensor output

signals are connected to the input ports of the analogue controllers and the output

signals are fed to the corresponding piezoceramic transducers. The low frequency

noise of the input signal is first filtered by high pass filters with a cutoff frequency of

3.7 Hz. Then, the signals are integrated by integrators with an identical amplifica-

tion gain, which provide the velocity signals. The integrated signals are then filtered

by phase lag compensators, with a lower cutoff frequency of 550 Hz and an upper

cut off frequency of 10.6 kHz, in order to improve the stability of the system, which

is limited due to the non collocated property of the point sensor and strain actuator

pairs. The resulting filtered signals at this point in the circuit can be measured via

the BNC output port of each controller, marked as ’Velocity’. Then, the signals

are applied to voltage dividers with independent gains for each channel, which can

be tuned by the front dial on each controller unit, as shown in Fig. 5.7. Voltage

followers are introduced after the resistor dividers as impedance adaptation stages
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Figure 5.6: Top: Bode plot of the open loop FRF measured by the accelerometer
sensor (blue faint line) and by the laser vibrometer (black solid line). Bottom:
Nyquist plots of the open loop FRF measured by the accelerometer sensor (left)
and by the laser vibrometer (right) between 50 Hz and 1 kHz (blue solid line), and
between 1 and 80 kHz (black faint lline).

96



between the previous circuitry and the inverting amplifiers, respectively the power

amplifiers. Depending on the position of the switch SW1, inverted or non inverted

output signals may be generated as input for the power amplifiers. Inverted signals

are necessary in order to implement negative feedback. The signals are finally am-

plified by power amplifiers with an identical amplification gain in order to drive the

piezoceramic actuators. The output signals are accessible via the red port marked

as ’Output’. More details regarding the controller can be found in reference [42].

Figure 5.7: Front view of the decentralized analogue feedback controller
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5.2 Stability

As shown in Fig. 5.9, the decentralized Multiple-Input-Multiple-Output (MIMO)

control system can be formulated in terms of a classic disturbance rejection block

diagram. Provided that the control system is stable, the vector of the spectra for

the residual signals at the sensors output y(jω) = [y1 y2 ... y16]
T is given by:

y(jω) = [I + G(jω)H(jω)]−1
Gp(jω)fp(jω), (5.8)

where I is the 16 by 16 identity matrix, and G(jω) is a fully populated matrix

with the frequency response functions between the sensor signals y(jω)|fp=0 and

the actuator control signals u(jω) = [u1 u2 ... u16]
T , while no primary excitation is

applied to the panel. Gp(jω) is a column vector of the frequency response functions

between the sensor outputs y(jω)|H=0 and the primary disturbance input signal

fp(jω), while no control excitation is applied to the panel. The disturbance input

signal fp(jω) is either the driving voltage of the loudspeaker Vin or the applied force

to the panel generated by the shaker Fin.

For decentralized control, the gain matrix, H(jω), is a diagonal matrix of fixed

control gains for each control unit, multiplied by frequency response function of

the analogue controller HT (jω). In this study the decentralized controller has the

same constant gain h0 over the frequency in each control loop. Thus, the feedback

frequency response matrix H(jω) is given by:

H(jω) = h0HT (jω)I. (5.9)

The identical control gain h0 is chosen to be the highest possible value for which the

system remains stable.

It is well known that velocity feedback control using collocated and dual sensor-

actuator pairs is unconditionally stable, even for multiple channels [17, 27]. In this

case, the fixed feedback gains can, in principle, be increased without limit, so that

the signals from the error sensors can be driven to zero. However, as discussed in the

previous chapter, the triangular piezoceramic actuator and the velocity sensor pairs

considered in this study strictly are neither dual nor collocated, such that the control
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Figure 5.9: Disturbance rejection block diagram of the MIMO velocity feedback
control system

system is only conditionally stable. Therefore the control performance is limited by

the maximum stable control gain that can be implemented in the feedback loops.

The stability of MIMO decentralized control system can be assessed using the gen-

eralized Nyquist criteria [69]. Assuming that the open loop system is stable, this

criteria states that the closed loop system depicted in Fig. 5.9 is stable if and only

if the locus of the determinant of the measured return matrix, det[I+G(jω)H(jω)],

does not encircle the origin, nor passes though the origin, as the angular frequency

ω varies between −∞ and +∞.

In order to assess the stability, the 16 by 16 elements of the open loop FRF matrix

G(jω)H(jω) has been experimentally obtained between 25 Hz and 42 kHz. This

frequency range is sufficient to evaluate the stability, because the upper limit of the

usable frequency range for a standard sensor is much lower than 42 kHz, and beyond

the upper limit, the signal strength significantly decreases. Therefore, the higher

frequency response of the system does not affect the stability property.

Figure 5.10 shows the Nyquist plots corresponding to the diagonal elements of the

measured open loop FRF matrix G(jω)H(jω), which would be important if any

one of the feedback loops were closed individually. The locus between 25 Hz and

700 Hz is plotted by blue solid line, and the locus for frequencies above 700 Hz is

plotted by black dotted line. The blue solid line in Nyquist plots is characterized

by a series of circles, which are determined by the resonant response of the plate.
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The circles start close to the origin, but are aligned along the positive real axis,

due to the extra phase lag introduced by the phase-lag compensator in the analogue

controller. The black dotted line highlights that the locus of the open loop FRF

enters real negative quadrants at around 700 Hz due to not-collocation and non-

dual properties, as discussed in the previous chapter. In general, the size of the

low frequency resonant circles in the right hand side quadrants of the Nyquist plots

is much bigger than that of the FRF at the cross over point on the real negative

axis of the Nyquist plots. As discussed in Section 5.2, this is mainly due to the

mass loading effects of the accelerometer sensor, and its upper limit of the usable

frequency range. Although these plot can not be used to asses the stability of the 16

decentralized feedback loops, these plots clearly indicates that the non collocation

and non duality properties of each sensor- actuator pair is likely to be characterized

by instability problems at higher frequencies above 1 kHz.

Figure 5.11 shows the locus of det[I + G(jω)H(jω)] between 25 Hz and 42 kHz.

The locus between 25 Hz and 700 Hz is plotted by blue solid line, and the locus for

frequencies above 700 Hz is plotted by black dotted line. The locus is characterized

by a series of large circles at low frequency, which are determined by the resonant

response of the plate. At low frequencies, the circles start close to the point (1, 0j).

As the frequency rises, the circles tend to drift away from (1, 0j), and around 700

Hz the locus moves into the left-hand side of the vertical axis passing through the

point (1, 0j) due to propagation delays between the sensor and the actuator pairs.

This plot indicates that the decentralized feedback control system under study is

only conditionally stable, and thus generates positive feedback at high frequencies.
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Figure 5.10: Nyquist plots of the diagonal elements of the open loop FRF matrix
G(jω)H(jω) measured on the panel with 16 triangular actuators of base length 40
mm and height 40 mm, between 25 Hz and 700 Hz (blue solid line), between 700
Hz and 42 kHz (black dotted line)

102



0 0.5 1 1.5 2 2.5 3
−2

−1.5

−1

−0.5

0

0.5

1

real 

im
ag

.

Figure 5.11: Locus of the determinant of the return matrix , det[I + G(jω)H(jω)],
measured on the panel with 16 triangular actuators of base length 40 mm and height
40 mm, between 25 Hz and 700 Hz (blue solid line), and between 700 Hz and 42
kHz (black dotted line)
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5.3 Vibration control performance

The following two sections present the experimental results regarding the control

performance of the new smart panel. In section 5.3, the control performance is dis-

cussed with reference to the vibration level of the panel in the frequency range 0 - 1

kHz. Section 5.4 presents the reduction in terms of the total radiated sound power

in the same frequency range. For both cases, the control performance is discussed

in two stages: the passive effect produced by the sensor-actuator transducers, and

the active control effect of the 16 decentralized control loops. The passive control

performance is assessed by comparing the responses and sound radiation produced

by the panel without transducers (blue faint lines), and the panel with transducers

but no feedback control (black solid lines). The active control effect is assessed by

comparing the responses and sound radiation produced by the panel with transduc-

ers but no feedback control (black solid lines) and the panel with transducers and

decentralized velocity feedback control (red dashed lines).

5.3.1 Passive control effects on structural vibration

The spectra of the vibration level has been derived by remotely measuring, with a

scanning laser vibrometer, the out-of-plane velocity of the panel at the centers of a

grid of 17 by 11 elements, hence a total of N = 187 points evenly distributed over

the panel surface, as shown in Fig. 5.12. The averaged spectra KE was derived by

mean-square basis over the measurement surface, as:

KE =
1

N

N
∑

i=1

|Gi|2, (5.10)

where Gi denotes the ith frequency response function between the velocity of the

panel at ith measurement point and the primary excitation input.

Figure 5.13 shows the measured narrow band spatially averaged spectra of the out-

of-plane vibration levels of the panel per unit structural primary excitation input

Fin (top plot), and per unit acoustic primary excitation input Vin (bottom plot),

respectively. The thick solid line represents the measured response of the plane plate

without the actuators attached, while the faint line represents the response of the
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Figure 5.12: Picture of the laser-vibrometer (left), and the panel surface with the
grid of the measurements points (187) scanned by the laser vibrometer (right)

panel equipped with 16 actuator and sensor pairs attached but no feedback control.

Comparing the two plots in Fig. 5.13, it can be observed that, when the panel

is excited by a point force generated by a shaker, the response of the panel is

characterized by a rather large number of resonant peaks. In contrast, when the

panel is excited by acoustic field, the spectra show fewer sharp resonant peaks.

When the panel is excited by acoustic field, the response of the panel is characterized

mainly by the 1st, 3rd and 5th resonance frequencies, which correspond to the odd

modes, (1,1), (3,1), and (1,3) of the panel, respectively. The peaks of the 2nd and 4th

resonances, which are controlled by (2,1) and (1,2) vibration modes, are relatively

low. This is due to the fact that the shaker excites nearly all structural modes of the

panel, while the acoustic field generated by the loudspeaker efficiently excites only

specific structural modes of the panel that are well coupled to the acoustic modes

of the cavity underneath the panel [5].

The thick solid line and the faint line in Fig. 5.13 also highlight the fact that, when

the 16 actuator and sensor pairs are bonded to the panel, the resonant peaks are

shifted towards higher frequencies, and the amplitudes of the peaks are reduced by

approximately 3 dB with acoustic excitation, and by a maximum of 10 dB with

structural excitation. A significant increase in the natural frequencies is generated

by the piezoceramic actuators, which generate a local stiffness effect on the panel

especially at low frequencies, as discussed in chapter 2. The response at resonant
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frequencies is reduced, because the bonding layer between the actuator and the panel

adds some damping to the panel. The sensor-actuator control units also produce

mass loading effects on the panel. As discussed in Section 5.1, however, these effects

are most important at high frequencies above the frequency range considered in this

study.

5.3.2 Active control effects on structural vibration

Figure 5.14 shows the 16 frequency response functions between the integrated signal

of the accelerometer sensors and the structural primary excitation input Fin. The

black solid line represents the measured response of the plate without control, while

the red dotted line represents the response with decentralized velocity feedback con-

trol using the identical maximum control gain that guarantees stability. These plots

indicate that the response of the panel at low frequency resonances is significantly

reduced, by up to 20 dB at error sensor positions, because the velocity feedback

control adds an active damping term on the plate. However, at higher frequen-

cies beyond 700 Hz, the response of the panel is increased due to positive feedback

effects, as suggested by the stability analysis presented in Section 5.2.

The two plots in Fig. 5.15 show the measured narrow band spatially averaged

spectra of the out-of-plane vibration levels of the panel per unit structural primary

excitation input Fin (top), and per unit acoustic primary excitation input Vin (bot-

tom), respectively. The black solid line represents the responses and sound radiation

produced by the panel with transducers but no feedback control, while the red dot-

ted line is response of the panel with transducers and decentralized velocity feedback

control.

This figure highlights that the active control system smoothes the resonant peaks

between 100 Hz and 700 Hz by approximately 6 to 18 dB, except for the resonance

peaks at around 390, 445 and 500 Hz. As listed in Table 5.2, these non-controlled

peaks are dominated by the resonances of the cavity beneath the panel. The natural

frequency of the rigid walled cavity underneath the panel is given by the following

formula [71]:

ωlmn =
c

2

√

(

nx

Lx

)2

+

(

ny

Ly

)2

+

(

ny

Ly

)2

, (5.11)
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Figure 5.13: Narrow band spectra of the spatially averaged velocity of the panel,
measured between 0 and 1 kHz, per unit force generated by the shaker (top) and
per unit voltage driving the loudspeaker (bottom): without transducers (blue fain
line), and with transducers but no feedback control (black solid line)
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where c denotes the speed of sound, and nx, ny, and nz denote the mode number in

x−, y−, and z−direction, respectively. Lx, Ly, and Lz denote the dimension of the

internal cavity of the Perspex box in x−, y−, and z−direction, which are 414 mm,

314 mm, and 400 mm, respectively.

Using above equation, the first three natural frequency of the Perspex box are pre-

dicted as 414.3 Hz, 476.4 Hz, and 546.2 Hz, which correspond to the (1,0,0), (0,0,1),

and (0,1,0) acoustic modes, respectively. The measured cavity resonant frequencies

are slightly lower than the predicted ones, because the cavity inside the Perspex

box does not have perfectly rigid walls, especially due to the smart panel on the top

side. This cavity-plate coupling characteristic [72] is particularly strong with this

test rig set-up. Therefore, it is expected that in applications, where the panel has

no backing cavity, and is excited by an acoustic disturbance that comes from a free

field or a very large enclosure with diffuse acoustic fields, the control performances

would be more significant than those shown in Fig. 5.15. At frequencies higher than

700 Hz, the response of the panel slightly increases when control loops are closed,

because of the positive feedback control effect mentioned in section 4.2.

Table 5.2: Measured resonant frequencies of the plane aluminium panel mounted on
the Perspex box, and excited by an acoustic field

Frequency [Hz] Domain
78.44 Structure (1,1)
112.8 Structure (2,1)
156.1 Structure (1,2)
188.1 Structure (3,1)
201.3 Structure (2,2)
249.8 Structure (3,2)
274.2 Structure (4,1)
292.2 Structure (1,3)
333.8 Structure (2,3)
373.3 Structure (4,2)
389.7 Acoustics (1,0,0)
402.0 Structure (3,3)
419.8 Structure (5,1)
453.0 Acoustics (0,0,1)
470.5 Structure (1,4)
504.4 Structure (5,2)
514.2 Acoustics (0,1,0)
573.4 Structure (6,1)

109



0 100 200 300 400 500 600 700 800 900 1000

−10

0

10

20

30

40

Frequency [Hz]

S
pa

ci
al

ly
 a

ve
ra

ge
d 

ve
lo

ci
ty

 [d
B

 r
el

. 1
m

 s
 −

1  / 
V

 ]

0 100 200 300 400 500 600 700 800 900 1000
−60

−50

−40

−30

−20

−10

0

Frequency [Hz]

S
pa

ci
al

ly
 a

ve
ra

ge
d 

ve
lo

ci
ty

 [d
B

 r
el

. 1
m

 s
 −

1  / 
V

 ]

Figure 5.15: Narrow band spectra of the spatially averaged velocity of the panel,
measured between 0 and 1 kHz, per unit force generated by the shaker (top) and
per unit voltage driving the loudspeaker (bottom): without feedback control (black
solid line), and with feedback control (red dashed line)
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When active control is implemented, the spectrum of the vibration level has fewer

peaks, as active damping can effectively reduce the response at resonances of the

panel. This is confirmed by comparing the vibratory field of the panel at resonant

frequency with and without control. Figure 5.16 shows the vibratory field of the

smart panel excited by the acoustic field produced by the loudspeaker in the cavity

at 258 Hz, which is the resonant frequency corresponding to the (3,1) natural mode

of the panel. The pictures on the left hand side show the vibratory fields of the panel

without control at phases φ = 0◦ (top), φ = 120◦ (middle) and φ = 240◦ (bottom).

The right hand side pictures show the vibratory fields with decentralized MIMO

velocity feedback control. The left hand side pictures indicate that the response

of the plate at 258 Hz is dominated by the (3,1) natural mode of the panel. In

contrast, the right hand side pictures highlight that when active damping is applied

to the panel, the response is not characterized by the (3,1) natural mode shape. The

(3,1) natural mode shape is still present, but with reduced amplitude, and thus the

residual effects from the neighboring modes are observed especially in the middle

picture in the right hand column of Fig. 5.16.
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Figure 5.16: Vibratory fields of the panel excited by the loudspeaker at the 258 Hz
resonance frequency, where the response is controlled by (3,1) natural mode of the
smart panel; without the control (left column) and with control(right column) at
phases φ = 0 (top), φ = 120 (middle) and φ = 240 (bottom)
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5.4 Sound radiation control performance

The sound radiation from the rectangular panel mounted on the rigid box were

measured in a large anechoic chamber by using free-field microphones produced by

Bruel & Kjaer (Type 4165). The chamber has a dimension of 9.15 m × 9.15 m ×
7.32 m, and its walls, ceiling and floor are covered with 910 mm long wedge. Thus,

the cut off frequency of the chamber is given by approximately 80 Hz.

The measurements are performed according to ISO 3744 [72], which specifies re-

quirements for measurement surfaces and locations of microphones, procedures for

measuring the sound pressure levels and methods to compute the sound power level

from the surface averaged sound pressure level. This standard is strictly for hemi-

anechoic environment measurement, and thus the floor of the anechoic chamber was

covered with solid wooden baffle panels, as shown in the left hand side picture of

Fig. 5.17. According to ISO 3744, acoustic measurements are obtained by using a

parallelepiped array of nine microphones, as illustrated in the right hand side picture

of Fig. 5.17. All geometric details of the microphone positions are given in Tables

5.3 and 5.4.

c
 =

 L
+

 d
z

2a = Lx+2d

2b
=

L
+2d
y

Lx

L
z

L y

h
 =

 c
/2

d
1

9

3

2

6

8
7

4

5

Figure 5.17: Picture of the chamber (left), and microphone positions in the anechoic
chamber for a rectangular measurement surface according to ISO CD 3744 (right).

A sound pressure level Lp is derived using the measured pressure by a microphone

p as:

Lp = 10 log10

p2

p2
ref

= 20 log10

p

pref

, (5.12)

where pref is the reference value, i.e. pref = 2× 10−5 [N/m2] = 20 [µPa]. Thus, the

average sound pressure level over the measurements surface, Lpm, can be calculated
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using sound pressure levels measured by nice microphones as:

Lpm = 10 log10

(

1

np

np
∑

i=1

10
Lpi

10

)

, (5.13)

where np denotes the number of microphones, np = 9. Finally, the sound power

level LW emitted by the source is determined by using the following formula:

LW = Lpm + 10 log10 S, (5.14)

where S is the surface area of the measuring surface; i.e. S = 8(ab+bc+ca) = 19.37

[m2]. It is recommended to include a correction factor ∆ in Eq. (5.14) to take

into account the absorption characteristics of the room and any nearby reflecting

surfaces. However, in this study this correction factor is ignored.

Table 5.3: Coordinate of microphone measurement points of the parallelepipedic
arrangement used in the anechoic chamber experiments

No. x y z
1 0 0 c
2 a -b c
3 a 0 h
4 a b c
5 0 b h
6 -a b c
7 -a 0 h
8 -a -b c
9 0 -b h

Table 5.4: Values of the coordinate system of the parallelepipedic arrangement used
in the anechoic chamber experiments

Parameter Value [m]
Lx 0.475
Lx 0.375
Lx 0.428
a 1.238
b 1.188
c 1.428
d 1.0
h 0.714
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5.4.1 Total radiated sound power - narrow band analysis

Figure 5.18 shows the measured narrow band total radiated sound power per unit

structural primary excitation input Fin (top), and per unit acoustic primary excita-

tion input Vin (bottom), respectively. The thick solid line represents the measured

response of the plane plate without any control unit mounted, while the faint line

represents the response of the panel equipped with 16 control units, but without

active control. This figure shows as well that, when the 16 passive transducer pairs

are attached to the panel, the resonances are shifted up in frequency, and the ampli-

tudes of the spectra are reduced. Figure 5.18 also highlights that, the sound power

responses are characterized by a smaller number of resonances compared with the

spectra for the structural response presented in the previous section in Fig. 5.13.

This is due to the fact that the even modes of the panel do not radiate sound

efficiently [72].

Figure 5.19 shows the measured narrow band total radiated sound power per unit

structural primary excitation input Fin (top), and per unit acoustic primary excita-

tion input Vin (bottom), respectively. The thick solid line represents the responses

and sound radiation produced by the panel with transducers but no feedback con-

trol, and the dotted line is the response of the panel with transducers and decen-

tralized velocity feedback control. Figure 5.19 confirms the conclusion derived in

the previous section regarding the structural reduction obtained by implementing

decentralized feedback control; the sound pressure level transmitted via the panel

at resonant frequencies can be significantly reduced up to around 700 Hz at all mi-

crophone locations. Higher than 700 Hz, the sound pressure level increase due to

positive feedback effects.

Figure 5.19 indicates that the active control system reduces the resonant peaks be-

tween 100 Hz and 500 Hz by a maximum 15 dB, for both acoustic and structural

excitations. At higher resonance frequencies, between 500 Hz and 700 Hz, although

the control system suppresses the vibration of the structure, the sound power re-

duction is relatively poor. At frequencies higher than around 700 Hz, no active

control effect is observed. In general, the obtained reduction in sound power is

lower than that in structural vibration, since the radiation efficiency of the panel is

not considered [5, 73].
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Figure 5.18: Narrow band spectra of the total radiated sound power, measured
between 0 and 1 kHz, per unit force generated by the shaker (top) and per unit
voltage driving the loudspeaker (bottom): without transducers (blue faint line),
and with transducers but no feedback control (black solid line)
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Figure 5.19: Narrow band spectra of the total radiated sound power, measured
between 0 and 1 kHz per unit force generated by the shaker (top) and per unit
voltage driving the loudspeaker (bottom): without feedback control (black solid
line), and with feedback control (red dashed line)
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5.4.2 Total radiated sound power - one-third octave band analysis

The previous subsection presented a narrow band frequency analysis, which is use-

ful in understanding the control performance. When acoustic noise is measured,

however, it is customary to analyze the continuous spectrum sound in constant per-

centage bandwidths, because the hearing system is responsive to frequency bands

rather than individual frequencies. Therefore, in this section, one-third octave spec-

tra [71] is used to evaluate the control performance in terms of the total radiated

sound power per unit structural primary excitation input Fin (top), and per unit

acoustic primary excitation input Vin (bottom), respectively. The primary excita-

tion sources are driven by a pink noise signal between 0 to 1 kHz in order to give

equal energy in all octave bands.

The top plots in Fig. 5.20 highlight that, when the 16 transducers are attached to

the panel, the radiated sound power is significantly reduced, by 5 to 15 dB at the first

three one-third octave bands for both acoustic and structural primary excitation.

These reductions are generated by the shift of the resonant frequencies due to the

increased stiffness of the panel. When active control is implemented, the radiated

sound power is reduced by 1 to 7 dB for the fourth to the eleventh one-third octave

band in both plots. No control effect is found in the first three one-third octave

bands, where the response of the panel is not characterized by resonances, and thus

cannot be controlled by implementing active damping. At higher frequencies, very

little or no control effect is observed.
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Figure 5.20: Total radiated sound power in one-third octave bands between 50 and
800 Hz center bands, per unit force generated by the shaker (top) and per unit volt-
age driving the loudspeaker (bottom): measured on the panel without transducers
(first column), with transducers but no feedback control (middle column), and with
transducers and feedback control (last column)
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5.5 Conclusion

This chapter focuses on the experimental results regarding the control effectiveness

of a smart panel using triangular piezoceramic actuator and accelerometer sensor

pairs. 16 decentralized velocity feedback control loops have been implemented in

order to generate active damping and to reduce both the response and the sound

radiation via the panel at resonant frequencies.

The experimental results have highlighted that, when the control transducers are

attached to the thin aluminium panel, its natural frequencies are shifted up due to

the passive stiffening effect of the piezoceramic patch actuators, and the amplitudes

of the resonant peaks are slightly reduced due to passive damping effects gener-

ated by the bonding layer and the dissipative effects induced by the short circuited

piezoceramic actuators.

Significant levels of attenuation is achieved at the low resonant peaks in the fre-

quency band between 100 and 700 Hz with reductions of up to 15 dB in both struc-

tural vibration and sound radiation, except for some resonance frequencies controlled

by the resonances of the cavity under the panel. At frequencies higher than around

700 Hz, the vibration level and the radiated sound power slightly increases.

These results have been obtained from a prototype smart panel. It is believed that

the control performance can be further enhanced by properly designing the size

and shape of the triangular piezoceramic actuators in such a way as to improve

the limit of the stable control gain and extend the frequency range. Therefore,

the following chapter presents a theoretical and experimental study concerning the

control performance of single or multiple velocity feedback loop(s) with various

shapes and sizes of isosceles triangular actuators.
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Chapter 6

Parametric Study of Triangular

Piezoceramic Actuator

This chapter investigates the effect of the physical dimensions of triangular actua-

tors on the stability and control performance of the velocity feedback control loop.

The aim of this chapter is to provide general guidelines for the design of a feasi-

ble triangular actuator,which gives good stability properties allowing high feedback

gains in order to obtain a good control performance and thus high active damping

effects. The design parameters of the physical dimensions considered in this study

are a) base length b) height, and c) combined base length and height of the trian-

gular piezoceramic actuator. For the third parametric study, the height and base

length vary in such a way that the aspect ratio of the triangular actuator is kept

constant. The parametric study is carried out experimentally as well as theoretically

in this chapter, rather than only by simulation, as in Chapter 3, since a large set of

triangular actuators were available for the study.

The effects of the geometric parameters of the triangular actuator on the stabil-

ity and control performance are investigated in two stages. First, a single-input

single-output (SISO) control system is considered, and then the discussion moves

to a decentralized multi-input multi-output (MIMO) control system. The control

performance of the SISO system is assessed using the open loop FRF in terms of

the maximum reduction index. The control performance of the decentralized multi-

channel control system is experimentally measured in terms of structural vibration
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reduction and sound radiation reduction.

6.1 Stability and control performance

The parametric analysis considers stability and control performance properties with

reference to a) base length, b) height, and c) both base length and height of the

triangular actuator. For the third parametric study, the dimensions are modified

in such a way that the aspect ratio of the triangular actuator is kept constant.

For all three parametric studies, the stability and control performance are assessed

in two stages: first, a SISO velocity feedback control using a triangular actuator

and a velocity sensor at its top vertex, and second, a decentralized MIMO velocity

feedback control system, composed of 16 triangular piezoceramic actuators and 16

accelerometer sensors on the top vertex of the corresponding triangular actuator.

6.1.1 Single control unit

The parametric study begins with a SISO control system using a triangular piezo-

ceramic actuator and an ideal velocity sensor. As introduced earlier in Chapter 3,

the stability and control performance of a SISO system can be assessed by means of

open loop FRF Gc(jω) between the velocity of the panel at the error sensor position

and the driving voltage of the triangular actuator. The fully coupled model pre-

sented and experimentally validated in Chapter 4 is used to predict the open loop

FRF Gc(jω). A simple formula was introduced in Eq.(3.6) to compute the maxi-

mum reduction index Rk, which denotes the upper limit of the obtainable vibration

reduction at the kth resonant frequency ωk of the panel. The formula of Rk is again

addressed below:

Rk = 20 log10 |1 +Gc(jωk)Hmax| , (6.1)

where Hmax is the maximum control gain, which is expressed as the reciprocal of

the horizontal distance between the origin and the Gc(jω) at the frequency, where

the Bode phase is equal to -180 degree, which is referred to as the phase crossover

frequency ω0. As in Chapter 3, the maximum reduction index Rk is computed for

the 1st, 3rd, and 7th resonances, which occur respectively at approximately 40 Hz,

160 Hz, and 330 Hz.
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The part of theoretical study is validated by three sets of the measured FRFs for each

parameter considered in the theoretical study, i.e. the change in base length, height,

and both height and base length of the isosceles triangular piezoceramic patch. In

total, six aluminum rectangular panels were constructed for the parametric study of

the SISO control system. Each panel is equipped with a single piezoceramic actuator

of different dimensions. The top vertex of the triangular actuator is located at (xc, yc)

= (167.0 mm, tpzt+1 mm) with reference to the lower left hand side corner of the

panel, where tpzt denotes the height of the triangular actuator. The y-coordinate of

the top vertex of the actuator yc is 1 mm bigger than the height of the triangular

actuator, because the base edge of the actuator is shifted 1 mm from the clamped

border of the panel for electrical insulation purposes.

It is important to emphasize that the stability analysis with a SISO control system

does not provide the effective stability margin for a MIMO control system. However,

the stability of a single control unit provides an important insight, whether or not

the MIMO control system is to be only conditionally stable. Moreover, a general

idea about the control performance of a multichannel control system is derived from

the stability analysis of a single-input single-output control unit.

6.1.2 Multichannel decentralized control units

The discussion of MIMO system follows the theoretical and experimental results of

the parametric study of the SISO control system.

The essential difference in a multichannel control system from single channel control

system is that the stability of the entire system is usually not assessed by using

individual frequency response functions, since the stability of each feedback control

loop is affected by the other feedback loops. As discussed in section 5.2, the stability

analysis for the multi-channel control system has been graphically illustrated by the

plot of the determinant of the return matrix [69, 74], det[I + G(jω)H(jω)].

The control performance of the decentralized multichannel control system is dis-

cussed in terms of structural vibration level of the panel and sound radiation from

the panel in the frequency range 0 to 1 kHz, as in Chapter 5. The control effect is

assessed by comparing the vibration level of a plane panel and sound radiation from
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a plane panel with that from the panel with 16 control units and decentralized ve-

locity feedback control. A detailed description regarding the physical arrangements

to measure the spatially averaged mean velocity of the panel and to measure the

sound radiation from the panel are respectively given in Section 5.3 and 5.4.

The multi-channel experimental measurements have been taken with three sets of

smart panels for each parametric study in terms of height, base length, and both

height and base length of the triangular actuator. In total, six smart panels were

constructed in order to experimentally carry out the parametric study of the de-

centralized MIMO velocity feedback control. Each smart panel is equipped with 16

triangular piezoceramic actuators along the panel border and accelerometer sensors

located at the top vertex of the triangular actuators. The design of the smart panel

with 16 triangular actuators, which was introduced in Chapter 5, is illustrated again

in Fig. 6.1.

dx

d
y

tpzt

Corner

Figure 6.1: A rectangular panel with 16 evenly distributed triangular piezoceramic
actuators. A virtual active boundary wedge is depicted by dotted line.

It must be underlined that the dimensions of the triangular piezoceramic actuator are

limited in order to evenly allocate 16 control units on the panel, which is measured

lx× ly = 414 mm × 314 mm. The base length of the triangular actuator bpzt must be

shorter than the distance between two adjacent actuators along x- and y-axis, dx and

dy. Furthermore, half the base length must be shorter than the height. Therefore,
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the dimensions of the triangular actuator are limited to:

bpzt ≤ dx = (lx − 2tpzt)/5 (6.2a)

bpzt ≤ dy = (ly − 2tpzt)/3 (6.2b)

bpzt ≤ 2tpzt. (6.2c)

Combining the three formulas in Eq.(6.2), the base length of the triangular actuator

bpzt is bound to be shorter than lx/6 ≃ 69 mm. Consequently the height of the

actuator is bound to the following values:

bpzt

2
≤ tpzt ≤

lx − 5bpzt

2
. (6.3)

When the base length bpzt is equal to 69 mm, the height is given to be 34.5 mm

to comply with the constraint expressed in Eq.(6.3), and thus the dimensions of

the actuator are completely fixed. In order to carry out the parametric study with

reference to the height for constant base length, and vice versa, the dimensions of

the triangular actuator must be shorter than the maximum limit. Thus, in this

study the upper limit of the height and base length of the actuator is given as 50

mm. The thickness of the triangular piezoceramic patch actuator is constant, as

the effect of the thickness on the stability and control performance of the velocity

feedback control system has been discussed using a square actuator in Chapter 3.

6.2 Base length with constant height

This section investigates the effect of the base length of the isosceles triangular piezo-

ceramic patch on the stability and control performance of both SISO and MIMO

systems. In the theoretical parametric study on a SISO system, the base length of

the triangular actuator bpzt varies between 20 mm and 50 mm, while the height and

the thickness are fixed to 25 mm and 0.75 mm, respectively. The part of this simu-

lation analysis has been validated by three sets of the measured FRFs taken on the

panel with the piezoceramic patch actuators listed in Table 6.1. In the experimental

parametric study on a MIMO system, the vibration level and the sound radiation

have been measured by using the smart panel equipped with 16 piezoceramic actu-
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ators listed in Table 6.1.

Table 6.1: Geometric parameter of the triangular piezoceramic actuator considered
in the parametric study regarding the actuator base length

sample bpzt × tpzt × hpzt [mm3] aspect ratio weight [g]
1 25.0 × 25.0 × 0.75 0.50 3.7
2 40.0 × 25.0 × 0.75 0.313 5.9
3 50.0 × 25.0 × 0.75 0.25 7.3

6.2.1 Single control unit

Figure 6.2 shows a comparison of the Bode plots of the simulated (top) and measured

(bottom) open loop FRFs Gc(jω) between the out-of-plane velocity of the panel at

the error sensor position and the input voltage to the piezoceramic actuators with

a constant height tpzt = 25 mm and various base lengthes bpzt; i) 25 mm (red faint

line), ii) 40 mm (blue dotted line), and iii) 50 mm (black dashed line).

As plotted in Fig. 6.2, the predicted open loop FRFs show very good agreement

with the measured ones in terms of both amplitude and phase at low frequency up

to 1.5 kHz. At around 1.5 kHz, the peak amplitude of both predicted and measured

FRFs become lower than the neighbor peaks, and the phase lag exceeds - 90 degree.

This indicates that at around 1.5 kHz, the response of the panel is controlled by the

modes, whose nodal lines are close to the tip of the triangular piezoceramic actuator.

In fact, the wavelength of the panel at 1.5 kHz is predicted as approximately 48 mm.

Thus, the half of the wavelength is comparable with the distance between the base

edge of the actuator and the velocity sensor. Considering that the response of the

panel at higher frequency is mainly controlled by the bending moment generated

along the base edge rather than that along lateral edges, the further phase lag at

around 1.5 kHz is caused by the time delay, which takes the bending wave generated

at the base edge to travel to the tip of the triangular actuator at the velocity sensor

location.

Above 1.5 kHz, the mean amplitude of both measured and predicted FRFs rises

with both the frequency and the base length up to 10 kHz. Above 10 kHz, the

spectra of the measured FRFs are characterized by modulation effects. The same
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feature can be found in the simulated open loop FRFs, although the these ampli-

tude modulation peaks are weaker than ones with measured FRFs. Above the first

amplitude modulation, the mean amplitude of three FRFs are comparable.

The phase plots in Fig. 6.2 show that the phase lag of FRFs using three actuators

with different dimensions show very similar spectra up to 10 kHz. Beyond 10 kHz,

slightly bigger phase lag is generated by using the actuator with longer base length.

Therefore, as shown in the right hand side plot in Fig. 6.3, the phase crossover

frequency ω0 slowly decreases as the base length rises. This indicates that the phase

lag is not strongly related to the base length of the triangular actuator. Therefore,

the effective frequency range, where the response of the panel can be reduced by a

velocity feedback loop, remains unaltered with the change in the base length. The

left hand side plot in Fig. 6.3 shows the maximum stable gain Hmax that can be

implemented to the SISO system before instability occurs. The plot highlights that,

as the base length of the triangular actuator increases, the upper limit of the control

gain monotonically decreases.

In summary, Fig. 6.4 shows the maximum reduction index Rk achieved by using a

SISO velocity feedback control at kth ( k = 1,3,7) resonant frequencies. This plot

indicates that increasing the base length brings beneficial effects, as the maximum

reduction index Rk slightly increases with base length.

6.2.2 16 channel decentralized control units

Figure 6.5 shows the locus of the det[I + G(jω)H(jω)] with unity gain measured

between 25 Hz and 42 kHz using three smart panels equipped with 16 control units

with different dimensions. The three plots shows that the size of the locus of the

determinant increases with the base length. In all plot, the locus of the determinant

is characterized by a series of circles. At low frequency, the circles start from the

(1, 0j), and the centers of the circles are aligned along the positive real axis. As

frequency rises, although the circles still start from the origin, the centers of the

circles drifts away from the positive real axis towards the imaginary negative quad-

rants, due to the extra phase lag generated by the phase lag compensator. At higher

frequency, the locus enters the left hand side of the vertical line parallel to y-axis
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Figure 6.2: Bode plots of the simulated (top) and the measured (bottom) open loop
FRFs on the panel with the triangle piezoceramic actuator with constant height 25
mm and various base length; 25 mm (red faint line), 40 mm (blue dotted line), and
50 mm (black dashed line).

128



20 25 30 35 40 45 50
0

1

2

3

4

5

6

7

8

9

10

base length [mm]

G
ai

n 
m

ar
gi

n 
[d

B
]

20 25 30 35 40 45 50
0

5

10

15

20

25

30

35

40

base length [mm]

P
ha

se
 c

ro
ss

ov
er

 fr
eq

ue
nc

y 
[k

H
z]

Figure 6.3: Maximum control gain Hmax (left) and phase crossover frequency ω0

(right), computed by using simulated open loop FRFs as a function of the base
length bpzt for constant height.
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Figure 6.4: Maximum reduction index Rk (k = 1,3,7), computed by using simulated
open loop FRFs as a function of base length for constant height
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passing through the point (1, 0j), and finally, at higher frequency beyond 1 kHz, the

locus crosses the positive real axis again. According to the Nyquist criterion, this

result indicates that these three decentralized velocity feedback loops are all only

conditionally stable [69].

Table 6.2 summarized the identical control gains h0, which is experimentally imple-

mented for decentralized MIMO systems. As in Chapter 5, the control gain h0 is

chosen to be the highest possible value, for which the system remains stable. This

table shows that as the base length of the triangular actuator increases, the highest

possible gain h0 decreases. This result confirms the parametric study using SISO sys-

tems presented in previous section. This table also highlights that, when the shaker

is attached to the structure to generate the primary excitation, the maximum con-

trol gain is slightly higher than that used with the acoustic excitation generated by

a loudspeaker. This is because the shaker adds further mass and damping terms on

the structure. Thus, the amplitude of the open loop FRFs of the panel with the

shaker becomes lower than that without the shaker at higher frequencies, where the

phase lag exceeds -180 degree. As a result, the gain margin of the control system

with the shaker is bigger than that without the shaker, and thus higher gain can be

implemented.

Table 6.2: Control gain h0, experimentally implemented for decentralized MIMO
systems with primary force and acoustic filed disturbance

dimensions [mm] Control gain h0

bpzt × tpzt force acoustic field
25.0 × 25.0 5.3 4.6
40.0 × 25.0 2.5 2.4
50.0 × 25.0 1.7 1.6

Figure 6.6 show the narrow band spectra of the spatially averaged velocity of the

panel measured between 0 and 1 kHz per unit force generated by the shaker (top),

and per unit voltage driving the loudspeaker(bottom). Each plot includes four

spectra measured by using a plane panel without control unit, and three panels with

feedback control using 16 triangular actuators with various base lengthes. Table 6.3

summarizes the obtained vibration reduction at the first 9 resonant peaks, and the

averaged reduction between at 1st and 9th resonant frequencies of the panel with a

point force primary disturbance.
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Figure 6.5: Locus of the det[I+G(jω)H(jω)] between 25 Hz - 1 kHz (blue solid line)
and 1 - 42 kHz (black faint line) measured on the panel with 16 triangular actuators
with dimensions of 25.0 mm × 25.0 mm (top), 40.0 mm × 25.0 mm (middle), 50.0
mm × 25.0 mm (bottom).
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Four lines in Fig. 6.6 indicate that, as the base length of the actuator increases,

the resonant peaks of the averaged velocity of the panel are shifted up in frequency.

This is because the piezoceramic actuator adds the local stiffening effects on the

panel. The difference in the peak frequency gets smaller as frequency rises, because

the stiffness effect decreases with frequency.

The increase of the base length also results in the improvement of the narrow band

control performance in the measured frequency range 0 to 1 kHz. This conclusion

agrees with the indication obtained by the parametric study using SISO control

systems. As summarized in Table 6.3, up to 5 dB improvement is obtained in the

narrow band control performance by increasing the base length of the triangular

actuator from 25 mm to 40 mm. However, it must be underlined that the measured

vibration reductions are achieved by both passive and active effects of control units.

As early discussed in Chapter 5, a part of the passive control effects is generated

by viscous-elastic effect of the bonding layer between the actuator and the panel.

Additionally, a weak shunt-damping effect is also generated by the internal electric

resistance of the piezoceramic actuator, since they are attached to voltage amplifiers,

and hence short circuited. Therefore, a bigger actuator can generate more passive

damping effects because of larger area of actuator surface and bonding layer. It

indicates that a part of higher control performance of bigger actuator is achieved by

its stronger passive effects.

Figure 6.6 also shows that, when the panel is excited by an acoustic field generated

by a loudspeaker, the resonant peaks at around 390 and 450 Hz are not attenuated

by decentralized velocity feedback control. This is because these peaks are controlled

by the resonances of the acoustic cavity under the panel. When the higher order

resonances of the acoustic cavity control the response of the panel at around 800,

820, and 880 Hz, again no vibration attenuation is achieved.

Figure 6.7 shows the total radiated sound power by the panel, measured between 0

and 1 kHz per unit force generated by the shaker (top), and per unit voltage driving

the loudspeaker(bottom). Each plot includes four spectra measured by using a plane

panel without control unit, and three panels with feedback control using 16 actuators

with various base lengthes.
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Figure 6.6: Narrow band spectra of the spatially averaged velocity of the panel
measured between 0 and 1 kHz per unit force generated by the shaker (top), and
per unit voltage driving the loudspeaker(bottom); measured by using (1) a plane
panel without control unit (black solid line), and the panels with feedback control
using the actuators with constant height and various base lengthes; (2) 25.0 mm ×
25.0 mm (red faint line), (3) 40.0 mm × 25.0 mm (blue dotted line), and (4) 50.0
mm × 25.0 mm (black dashed line)
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Table 6.3: Measured vibration reduction at resonant frequencies
frequency [Hz] reduction [dB]

25 × 25 40 × 25 50 × 25
80.2 8.2 8.2 10.3
115.6 9.3 11.6 10.4
154.4 11.4 16.2 13.2
170.5 4.0 9.8 9.3
197.0 12.5 15.6 16.2
241.9 2.4 7.2 9.7
285.3 10.0 13.7 14.3
331.9 18.7 16.0 16.4
352.2 9.2 12.7 13.6

average 9.5 12.3 12.6

The top plot shows that the radiated sound power at 2nd and 4th peaks are amplified

after velocity feedback control is implemented. It is not caused by the positive

feedback at these frequencies, but rather caused by the low quality measurements

of the reference spectra, which is obtained using a plane panel without control unit.

As the response of a thin panel is principally controlled by damping at resonance

frequencies [75], small variation of the structural damping can result in big changes

of the peak amplitude. As mentioned early, the shaker and the clamping frame

produce the additional damping effects on the panel. The amount of the added

damping effects added to the panel depend on the torque used to tighten the screws

to fix the frame and the head of the shaker, and also the attachment angle of the

shaker to the panel. Therefore, when the panel or shaker is improperly arranged,

they introduce additional high damping, which causes the low amplitude of the

spectra at resonant frequencies.

Nevertheless, the narrow band control performance in terms of total radiated sound

power is improved by increasing the base length of the triangular actuator in mea-

sured frequency range of 0 - 1 kHz. The obtained sound radiation reduction is in

general lower than the obtained vibration reduction, because this control system

does not consider the radiation efficiency of each mode [5].
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Figure 6.7: Narrow band spectra of the total radiated sound power, measured be-
tween 0 and 1 kHz per unit force generated by the shaker (top), and per unit voltage
driving the loudspeaker(bottom); measured by using (1) a plane panel without con-
trol unit (black solid line), and the panels with feedback control using the actuators
with constant height 25 mm and various base lengthes; (2) 25.0 mm × 25.0 mm (red
faint line), (3) 40.0 mm × 25.0 mm (blue dotted line), and (4) 50.0 mm × 25.0 mm
(black dashed line)
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6.3 Height with constant base length

This section investigates the effect of the height of the isosceles triangular piezo-

ceramic patch on the stability and control performance of both SISO and MIMO

systems. In the theoretical parametric study on a SISO system, the height of the

triangular actuator tpzt varies between 20 mm and 50 mm, while the base length

and the thickness are fixed to 40 mm and 0.75 mm, respectively. The part of this

simulation analysis has been validated by three sets of the measured FRFs taken

on the panel with the piezoceramic patch actuators listed in Table 6.4. In the ex-

perimental parametric study on a MIMO system, the vibration level and the sound

radiation have been measured by using the smart panel equipped with 16 piezoce-

ramic actuators listed in Table 6.4.

Table 6.4: Geometric parameter of the triangular piezoceramic actuator considered
in the parametric study regarding the actuator height.

sample bpzt × tpzt × hpzt [mm3] aspect ratio weight [g]
1 40.0 × 25.0 × 0.75 0.313 5.9
2 40.0 × 31.5 × 0.75 0.394 7.4
3 40.0 × 40.0 × 0.75 0.5 9.4

6.3.1 Single control unit

Figure 6.8 shows a comparison of the Bode plots of the simulated (top) and measured

(bottom) open loop FRFs Gc(jω) between the out-of-plane velocity of the panel at

the error sensor position and the input voltage to the piezoceramic actuators with

a constant base length bpzt = 40 mm and various heights tpzt; i) 25 mm (red faint

line), ii) 31.5 mm (blue dotted line), and iii) 40 mm (black dashed line).

Again, at low frequency the amplitude and phase of simulated and measured FRFs

agree well. The amplitude of FRFs rises with both the height of the triangular

actuator and the frequency. At around 800 Hz, the amplitude of both measured and

simulated open loop FRFs using 40 mm height triangular actuator becomes low,

and the phase lag exceeds - 90 degree beyond this frequency. The same phenomena

occurs with other two FRFs using 31.5 mm and 25 mm height actuators respectively

at 1.1 kHz and 1.5 kHz. According to classic thin plate theory, the bending length
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of the panel at these frequencies are respectively predicted as 48 mm, 60 mm, and

75 mm, which are close to double length of the height of the triangular actuator.

This indicates that at around these frequency, the sensor is located along the nodal

line of the half wavelength of the mode, and thus the amplitude of the open loop

FRF becomes low.

The phase plots show that, as the height of the actuator rises, the constant phase

lag takes effect at lower frequency, and thus a bigger phase lag is generated at higher

frequency. Therefore, as shown in the right hand plot in Fig. 6.9, the phase crossover

frequency ω0 decreases as the width of the actuator rises. Comparing two plots of

the ω0 in Figs. 6.3 and 6.9, it is shown that the phase crossover frequency ω0 is

mainly controlled by the height, rather than the base length of the actuator.

At higher frequency beyond 4 kHz, the amplitude of the measured FRFs are char-

acterized by modulation effects. This characteristic of the measured FRFs is well

replicated in the simulated open loop FRFs, although the peak frequency of the

modulation is shifted up and down in frequency, and in general the predicted mod-

ulation effects are weaker than the measured ones. These plots also highlight that

the mean amplitude of all FRFs becomes similar at higher frequency beyond the

first modulation peak. Therefore, as graphically shown in the right hand side plot

in Fig. 6.9, the control gain remains almost constant with small variation, while the

height changes between 20 mm and 50 mm. This variation is caused because the

crossing value of Gcjωover the real negative axis is strongly dependent on whether

it occurs at either resonance or off-resonance.

To summarize these effects, Fig. 6.10 shows the maximum control index Rk achieved

by using a SISO velocity feedback control at kth ( k = 1,3,7) resonant frequencies.

This plot highlights that the control performance is significantly improved by in-

creasing the height of the triangular actuator. However, it is important to emphasize

that the upper bound of the workable frequency range of active velocity feedback is

more limited as height increases, because phase lag takes place at lower frequency.

As discussed earlier, phase lag of the FRF using 40 mm height triangular actuator

exceeds - 90 degree and reaches -180 degree below 1 kHz. Therefore, when 40 mm

height actuator is used, the control system starts generating positive feedback effects

below 1 kHz. As a conclusion, an increase of the height of the triangular actuator
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causes two effects: (a) significant improvements of the low frequency control per-

formance, and (2) reduction of the usable frequency range of the velocity feedback

control.

6.3.2 16 channel decentralized control units

Figure 6.11 shows the locus of the det[I + G(jω)H(jω)] measured between 25 Hz

and 42 kHz using three smart panels equipped with 16 control units with different

dimensions summarized in Table 6.4. In Fig. 6.11, the loci start around (1, 0j),

and as frequency rises it enters the left hand side of the vertical line parallel to

imaginary-axis passing through the point (1, 0j). Finally, the locus drift further,

and cross the positive real axis again. In top, middle, and bottom plot, the locus

crosses over the real positive axis respectively above 1 kHz, around 1 kHz, and

below 1 kHz. This indicates that as the height of the triangular actuator increases,

the workable frequency range of feedback control system get smaller, and positive

feedback effect takes place at lower frequency.

Table 6.5 summarized the control gains h0, which is experimentally implemented

for MIMO systems. In agreement with the indication obtained by Fig. 6.9, the

maximum control gain remains almost constant with small variations in change of

the height.

Table 6.5: Control gain h0, experimentally implemented for decentralized MIMO
systems with primary force and acoustic filed disturbance.

dimensions [mm] Control gain h0

bpzt × tpzt force acoustic field
40.0 × 25.0 2.5 2.4
40.0 × 31.5 1.5 1.5
40.0 × 40.0 2.1 2.2

The two plots in Fig. 6.12 show the narrow band spectra of the spatially averaged

velocity of the panel measured between 0 and 1 kHz per unit force generated by

the shaker (top), and per unit voltage driving the loudspeaker (bottom). Each

plot includes four spectra measured by using a plane panel without control unit,

and three panels with feedback control using 16 triangular actuators with various

heights. 6.6 summarizes the obtained vibration reduction at the first 9 resonant
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Figure 6.8: Bode plots of the simulated (top) and the measured (bottom) open loop
FRFs on the panel with the triangle piezoceramic actuator with the constant base
length 40 mm and various heights; 25 mm (red faint line), 31.5 mm (blue dotted
line), and 40 mm (black dashed line)
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Figure 6.9: Maximum control gain Hmax (left) and phase crossover frequency ω0

(right), estimated by using predicted FRFs as a function of the height for constant
base length
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Figure 6.11: Locus of the det[I + G(jω)H(jω)] between 25 Hz - 1 kHz (blue solid
line) and 1 - 42 kHz (black faint line) measured on the panel with 16 triangular
actuators with dimensions of 40.0 mm × 25.0 mm (top), 40.0 mm × 31.5 mm
(middle), 40.0 mm × 40.0 mm (bottom).
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peaks, and the averaged reduction between at 1st and 9th resonant frequencies of

the panel with a point force primary disturbance.

Figure 6.12 shows that, at low frequency up to 550 Hz, the control performance is

significantly improved by increasing the height of the triangular actuator. As listed

in Table 6.6, the control performance is nearly doubled by increasing the height of

the actuator from 25 mm to 40 mm for all listed resonant frequencies. However, Fig.

6.12 also indicates that the increase of height results in stronger positive feedback

effect at higher frequency. When the decentralized control system is implemented

by using 40 mm × 25 mm actuators, the vibration of the panel is attenuated in

the entire measured frequency range, 0 to 1 kHz, because the positive feedback is

produced outside of the operating frequency range. In constant, with 40 mm ×
31.5 mm actuators the vibration level of the panel is attenuated up to around 900

Hz, and beyond this frequency, the vibration level slightly increase due to positive

feedback. When the 40 mm × 40 mm triangular actuators are used, the reduction

is obtained up to around 700 Hz only. Beyond this frequency, the response of the

panel significantly increased, and thus the spectra of the averaged velocity level of

the panel is characterized by sharp peaks, which are not present in the response

measured with the plane panel.

Table 6.6: Measured vibration reduction at resonant frequencies.
frequency [Hz] 40 × 25 40 × 31.5 40 × 40

80.2 8.2 11.5 17.1
115.6 11.6 15.1 22.4
154.4 16.2 19.0 24.1
170.5 9.8 10.3 18.3
197.0 15.6 17.9 18.6
241.9 7.2 10.7 16.3
285.3 13.7 16.2 18.0
331.9 16.0 16.9 20.1
352.2 12.7 14.1 18.6

average 12.3 14.6 19.3

The two plots in Fig. 6.13 show the total radiated sound power via the panel,

measured between 0 and 1 kHz per unit force generated by the shaker (top), and

per unit voltage driving the loudspeaker(bottom). Each plot includes four spectra

measured by using a plane panel without control unit, and three panels with feedback
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Figure 6.12: Narrow band spectra of the spatially averaged velocity of the panel
measured between 0 and 1 kHz per unit force generated by the shaker (top), and
per unit voltage driving the loudspeaker(bottom); measured by using (1) a plane
panel without control unit (black solid line), and the panels with feedback control
using the actuators with the constant base length and various heights; (2) 40.0 mm
× 25.0 mm (red faint line), (3) 40.0 mm × 31.5 mm (blue dotted line), and (4) 40.0
mm × 40.0 mm (black dashed line)
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control using the actuators with various heights.

The tendency of the obtained control performance in terms of sound radiation is

slightly different from that of vibration levels. For example, comparing Figs. 6.12

with 6.13, stronger spillover effects are found by using 40 mm × 40 mm actuators

for the structural vibration than that found for the sound radiation. The principle

reason for this effect is that these two measurements were taken in different occa-

sions, which caused small change in physical arrangements. Nevertheless, the overall

tendency is the same, i.e. the control performance at low frequency is improved by

the increase of the height of the actuator, but also results in limiting the working

frequency range, where the control system can suppress the vibration of the struc-

ture. Furthermore, the positive feedback effect at higher frequencies is enhanced by

increasing the height of the triangular actuator.
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Figure 6.13: Narrow band spectra of the total radiated sound power, measured
between 0 and 1 kHz per unit force generated by the shaker (top), and per unit
voltage driving the loudspeaker(bottom)); measured by using (1) a plane panel
without control unit (black solid line), and the panels with feedback control using
the actuators with constant base length and various heights; (2) 40.0 mm × 25.0
mm (red faint line), (3) 40.0 mm × 31.5 mm (blue dotted line), and (4) 40.0 mm ×
40.0 mm (black dashed line)
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6.4 Base length and height with constant aspect ratio

This section investigates the combined effect of the base length and the height of

the isosceles triangular piezoceramic patch on the stability and control performance

of both SISO and MIMO systems. The base length and the height vary in such a

way to maintain the constant aspect ration of the isosceles triangular shape. In the

theoretical parametric study on a SISO system, the base length and the height of

the triangular actuator vary between 20 mm and 50 mm, while the aspect ratio is

fixed to 0.5. The part of this simulation analysis has been validated by three sets

of the measured FRFs taken on the panel with the piezoceramic patch actuators

listed in Table 6.7. In the experimental parametric study on a MIMO system, the

vibration level and the sound radiation have been measured by using the smart panel

equipped with 16 piezoceramic actuators listed in Table 6.7.

Table 6.7: Geometric parameter of the triangular piezoceramic actuator considered
in the parametric study regarding the actuator dimensions.

sample bpzt × tpzt × hpzt [mm3] aspect ratio weight [g]
1 25.0 × 25.0 × 0.75 0.5 3.7
2 31.5 × 31.5 × 0.75 0.5 5.8
3 40.0 × 40.0 × 0.75 0.5 9.4

6.4.1 Single control unit

Figure 6.14 shows a comparison of the Bode plots of the simulated (top) and mea-

sured (bottom) open loop FRFs Gc(jω) between the out-of-plane velocity of the

panel and the input voltage to the piezoceramic actuators with a constant aspect

ratio AR = 0.5 and various heights tpzt and base lengthes bpzt ; i) 25 mm × 25 mm

(red faint line), ii) 31.5 mm × 31.5 mm (blue dotted line), and iii) 40 mm × 40 mm

(black dashed line). Figure 6.15 shows the maximum control gain Hmax (left) and

the phase crossover frequency ω0 (right) with reference to the height and hence the

base length of the triangular actuator.

These figures confirm the indications obtained by the previous two parametric stud-

ies regarding the base length and the height of the triangular actuator. The am-

plitude plots in Fig. 6.14 highlights that the flexural actuation generated by the
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piezoceramic actuator rises up to the first higher frequencies modulation peak, as

the height and base length of the actuator increases. The phase plots of the mea-

sured open loop FRFs show that the phase lag exceeds - 90 degree at 1.5 kHz, 1.1

kHz, and 0.8 kHz with the 25 mm, 31.5 mm, and 40 mm height and base length

triangular actuator, respectively. The left hand plot in Fig. 6.15 indicates that both

maximum feedback gain Hmax and the phase crossover frequency ω0 decreases with

small variations as the base length and the height of the actuator rises.

The maximum reduction index Rk plotted in Fig. 6.16 also agrees with the results

derived from the previous two parametric studies regarding the base length and

the height; i.e. the control performance is significantly improved by increasing the

base length and/or height of the actuator. However, it must be underlined that the

effective frequency range of the control system is further limited by using the actu-

ator with longer height. Also, beyond the frequency range of control, the positive

feedback occurs, which results in amplification of vibration level of the panel.

6.4.2 16 channel decentralized control units

Figure 6.17 shows the locus of the det[I + G(jω)H(jω)] measured between 25 Hz

and 42 kHz using three smart panels equipped with 16 control units with different

dimensions. Table 6.8 summarized the control gains h0, which is experimentally

implemented for MIMO systems. As expected from the pervious studies, both the

effective frequency range and maximum control gain h0 decrease as the size of the

triangular actuator increases.

The two plots in Fig. 6.18 show the narrow band spectra of the spatially averaged

velocity of the panel measured between 0 and 1 kHz per unit force generated by the

shaker (top), and per unit voltage driving the loudspeaker(bottom). The two plots

in Fig. 6.19 show the total radiated sound power by the panel, measured between 0

and 1 kHz per unit voltage driving the loudspeaker (top) or unit force generated by

the shaker (bottom). Each plot includes four spectra measured with a plane panel

without control unit and three panels with feedback control using the actuators with

various base lengthes.

Figures 6.18 and 6.19 clearly indicate that low frequency control performance up
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Figure 6.14: Bode plots of the simulated (top) and the measured (bottom) open
loop FRFs on the panel with the triangle piezoceramic actuator with various base
lengthes and heights; 25 mm × 25 mm (red faint line), 31.5 mm × 31.5 mm (blue
dotted line), and 40 mm × 40 mm (black dashed line)
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Figure 6.15: Maximum control gain Hmax (left) and phase crossover frequency ω0

(right), estimated by using predicted FRFs as a function of height and base length
for constant aspect ratio
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Figure 6.16: Maximum reduction index Rk (k = 1,3,7), estimated by using predicted
FRFs as a function of height and base length for constant aspect ratio
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Figure 6.17: Locus of the det[I+G(jω)H(jω)] between 25 Hz - 1 kHz (blue solid line)
and 1 - 42 kHz (black faint line) measured on the panel with 16 triangular actuators
with dimensions of 25.0 mm × 25.0 mm (top), 31.5 mm × 31.5 mm (middle), and
40.0 mm × 40.0 mm (bottom).
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to around 500 Hz significantly increases by using bigger actuators. As listed in

the Table 6.9, the control performance is more than doubled at the first 7 resonant

frequencies by increasing the height and base length from 25 mm to 40 mm. However,

at higher frequency beyond 700 Hz, the response of the panel is amplified by using

decentralized velocity feedback control with 40 × 40 mm actuators, because of the

positive feedback control effects.

In summary, as indicated by the previous two parametric studies regarding the base

and height of the actuator, the effect of increasing the base length and height of the

actuator on the control performance can be summarized in the following two points:

(1) higher control performance at low frequency, and (2) smaller usable frequency

range.

Table 6.8: Control gain h0, experimentally implemented for decentralized MIMO
systems with primary force and acoustic filed disturbance

dimensions [mm] Control gain h0

bpzt × tpzt force acoustic field
25.0 × 25.0 5.3 4.6
31.5 × 31.5 2.1 2.2
40.0 × 40.0 1.0 1.0

Table 6.9: Measured vibration reduction at resonant frequencies
frequency [Hz] 25 × 25 31.5 × 31.5 40 × 40

80.2 8.2 9.5 17.1
115.6 9.3 13.3 22.4
154.4 11.4 16.7 24.1
170.5 4.0 10.9 18.3
197.0 12.5 17.3 18.6
241.9 2.4 9.3 16.3
285.3 10.0 13.8 18.0
331.9 18.7 16.4 20.1
352.2 9.2 13.0 18.6

average 9.5 13.3 19.3
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Figure 6.18: Narrow band spectra of the spatially averaged velocity of the panel
measured between 0 and 1 kHz per unit force generated by the shaker (top), and
per unit voltage driving the loudspeaker(bottom); measured by using (1) a plane
panel without control unit (black solid line), and the panels with feedback control
using the actuators with various base lengthes and heights; (2) 25 mm × 25 mm
(red faint line), (3) 31.5 mm × 31.5 mm (blue dotted line), and (4) 40 mm × 40
mm (black dashed line)
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Figure 6.19: Narrow band spectra of the total radiated sound power, measured be-
tween 0 and 1 kHz per unit force generated by the shaker (top), and per unit voltage
driving the loudspeaker(bottom); measured by using (1) a plane panel without con-
trol unit (black solid line), and the panels with feedback control using the actuators
with various base lengthes and heights; (2) 25.0 mm × 25.0 mm (red faint line), (3)
31.5 mm × 31.5 mm (blue dotted line), and (4) 40.0 mm × 40.0 mm (black dashed
line)
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6.5 Conclusions

This chapter presented a parametric study of stability and control performance of the

velocity feedback control using triangular piezoceramic actuator(s). The parametric

study has been carried out in terms of (1) the base length, (2) the height, and (3)

both height and base length of the triangular actuator. The stability and control

performance are investigated in two stages; first, with a single-input and single-

output control system, and second with the decentralized multi-input multi-output

control system.

The parametric study on a SISO feedback control system can be summarized in

the following conclusions: a) the low frequency actuation strength generated by

the actuator rises with the base length and/or height increases, b) the maximum

stable feedback gain decreases as the base length and/or height increase, c) the

usable frequency range of the velocity feedback control is reduced as the height

increase. As the first effect, the growth in actuation strength, is larger than the

second effects, the decrease in the maximum control gain, the control performance

is improved by increasing the height and/or base length of the triangular actuator

over the bandwidth considered

The experimental parametric study with MIMO control systems confirmed the in-

dication derived with SISO systems. Table 6.10 summarizes the measured vibration

reductions averaged between at 1st and 9th resonant frequencies of the panel, which

occur between 80 Hz and 350 Hz. This table clearly indicates that the control perfor-

mance of the decentralized MIMO system using 16 triangular actuators is improved

by increasing both base length and the height of the actuator. However, it must

be emphasized that the increase of the height also results in limiting the usable

frequency range of the control system. Beyond the usable frequency range, positive

feedback is generated, and thus the control system amplifies both the vibration level

and the sound radiation.
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Table 6.10: Measured vibration reduction averaged between at 1st and 9th resonant
frequencies.

tpzt = 25.0 tpzt = 31.5 tpzt = 40.0
bpzt = 25.0 9.5 — (*1) — (*1)
bpzt = 31.5 — (*1) 13.3 — (*1)
bpzt = 40.0 12.3 14.6 19.3
bpzt = 50.0 12.6 — (*1) — (*1)

(*1) The sample is not available.
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Chapter 7

Conclusions and

Recommendations for Further

Study

7.1 Conclusions

The aim of this thesis has been: (1) to introduce a mobility model of rectangular

and triangular piezoceramic actuators bonded on a panel, which allows an accurate

prediction of the frequency response function up to high frequencies, (2) to provide

general guidelines on the design of rectangular and triangular piezoceramic patches

to implement velocity feedback control with velocity sensors, and (3) to experimen-

tally demonstrate the implementation of decentralized MIMO control system using

triangular piezoceramic actuators with accelerometer sensors.

In Chapter 2, a fully coupled model of a rectangular panel with a square piezo-

ceramic patch actuator has been introduced, which considers passive inertial and

elastic effects of the actuator patch. The validity of the fully coupled model has

been compared with measurements taken on a panel with the piezoceramic patch

actuator, which has confirmed that the fully coupled model captures the most im-

portant passive effects generated by the patch on the panel. The theoretical study

highlighted that the inertia of the piezoceramic patch generates a constant amplitude

roll off and phase lag of the open loop FRF at higher frequencies. Also, the bending
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stiffness of the piezoceramic patch locally increases the stiffness of the smart panel,

and thus lowers the amplitude of the open loop FRF at low frequencies. At higher

frequencies, this stiffness effect is modulated by a coincidence phenomenon between

the bending wavelength and the width of the square actuators, which causes wide

band frequency peaks in the open loop FRF.

Chapter 3 presented a parametric study on the control performance achieved with a

velocity feedback loop using a square piezoceramic actuator bonded on a rectangular

panel. A simple formula has been derived using the open loop FRF in order to

predict the maximum vibration reduction at the resonant peaks of lower order modes

of the panel. The parametric study has been conducted with reference to: a) width,

b) thickness, and c) dimensions of the piezoceramic patch. The principal effects

produced by the piezoceramic actuator on the open loop FRF can be summarized as

follows: a) the mean amplitude rises as the width of the square actuator increases; b)

the mean amplitude at low frequencies decreases as the actuator thickness increases

and c) the phase lag increases as the width of the actuator increases. It is concluded

that increasing the width and reducing the thickness of the piezoceramic patch

actuator improves the control performance over the bandwidth considered.

In Chapter 4, a new configuration for the velocity feedback control unit has been

introduced, which is composed of a triangular piezoceramic actuator with a velocity

sensor at its tip. A conventional modeling method was found to be less accurate and

to lead to paradoxical results. A new fully coupled model of a rectangular panel with

a triangular piezoceramic patch actuator has been developed in this thesis. The fully

coupled model takes into account both the passive effects of the actuator patch and

the resilient mounting effect of the panel. The proposed model has been compared

with measurements taken on a panel with triangular piezoceramic actuators, and it

was confirmed that in general the simulated response has was in good agreement with

the measured response. The contribution to the open loop FRF have been considered

of the indication excitation components generated by a triangular actuator. This has

highlighted that the response of the panel was determined by the bending moments

along the lateral edges of the patch actuator at low frequencies . As the frequency

rises, the bending moments along the base edge excite the panel more effectively,

and thus they dominate the FRF at higher frequencies.
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Chapter 5 presented experimental results achieved with multi-channel decentralized

velocity feedback control units having 16 triangular piezoceramic actuator and ac-

celerometer sensor pairs. The control performance is discussed in terms of spatial

structural vibration level of the panel and sound radiation in the frequency range

0 to 1 kHz. The closed loop experiments have highlighted that significant control

effects are obtained in the frequency band between 100 and 700 Hz with reductions

of up to 15 dB at the resonant peaks in both structural vibration and sound radia-

tion. At frequencies higher than around 700 Hz, the vibration level and the radiated

sound power slightly increased.

Chapter 6 described a parametric study of stability and control performance of

the velocity feedback control using triangular piezoceramic actuators with velocity

sensors. The parametric study has been carried out in terms of (1) the base length,

(2) the height, and (3) both height and base length of the triangular actuator. The

stability and control performance are investigated in two stages; first, with a single-

input and single-output control system, and second with the decentralized multi-

input multi-output control system. The findings of the parametric studies on SISO

and MIMO control systems can be summarized in the following conclusions: (1) the

control performance of the velocity feedback control using triangular actuator(s)

with accelerometer sensor(s) is improved by increasing both base length and the

height of the actuator, and (2) the usable frequency range of the control system

is reduced by increasing the height of the actuator. Beyond the usable frequency

range, positive feedback is generated, and thus the control system amplifies both

the vibration level and the sound radiation.

7.2 Recommendations for further study

1. In this thesis, several mobility models were developed to predict the open

loop FRF between the output signal of an ideal velocity sensor and the volt-

age signal drives a piezoceramic actuator. However, the decentralized MIMO

feedback control system presented in Chapters 5 and 6 involved a practical

velocity sensor, i.e. an accelerometer. A detailed investigation of effects of the

accelerometer sensor dynamics on stability and control performance is a good

direction for further work. Also, only a conventional inertial accelerometer has
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been considered, but there may be advantages to using a MEMS accelerometer,

whose response can be more carefully tailored for this application [76].

2. When a piezoceramic actuator is used with a point sensor, e.g. a velocity or

accelerometer sensor, the stability of the feedback system is limited due to its

non collocated and no dual properties. If a sensor-actuator pair is collocated

and dual, transducers observe and excite the structure in a similar manner

[27, 85], and thus better stability and higher control performance is expected.

It would therefor be interesting to investigate the stability and control perfor-

mance of velocity feedback control loops, composed of collocated piezoceramic

sensor and actuator pair using the analytical models proposed in this thesis.

3. The theory presented in Chapter 4 suggests that triangular actuators would

be more effective at producing forces at their vertexes if they are made from

anisotropic piezoelectric material, such as PDVF. Their efficiency would thus

be improved if such materials could be designed as stiff as PZT, and were thus

able to exert significant forces on a panel.

4. In this thesis, the actuation of the piezoceramic patch is modeled by the bend-

ing moment along its border. In fact, when the piezoceramic patch is attached

to a single side of the base structure, i.e. a thin panel in this thesis, the actu-

ator generates in-plane forces for as well as the bending moments. Gardonio

et al. [11] have shown that at high frequency the response of strain sensor-

actuator pair is controlled by the in-plane longitudinal and shear vibration of

the panel, rather than flexural motion. It may therefor be important to take

into account the in-plane and shear vibration in order to get better agreements

between predicted and measured response of the panel at high frequency, par-

ticularly if piezoceramic patch sensors as well as actuators are considered.

5. It is believed that the control performance could be further improved by de-

signing better compensators in feedback loop. The performance of the decen-

tralized MIMO feedback control system should be evaluated using different

configurations of the controller.

6. In this thesis, the frequency response of the panel with a piezoceramic patch

actuator is predicted with a mobility method. It would be interesting to
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compare this method with a numerical method, e.g. finite element analysis,

and the analytic results with inifinite plates.

7. The viscous elastic effects of bonding layers should be investigated in order to

accurately evaluate the actuation strength of the piezoceramic patch bonded

on the structure.
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Appendix A

Plate Theory and Mobility

Functions

A.1 General equations

The general formula for the mobility function Yij between a linear or angular velocity

at positions (xi, yi), and a point force or moment excitation at positions (xj , yj) has

been derived with a modal summation that takes into account the contribution of

the first M and N natural modes in x- and y-direction [80]:

Yij = jω
M
∑

m=1

N
∑

n=1

FiFj

Λ[ω2
mn(1 + jηs) − ω2]

, (A.1)

where m and n respectively denote the modal index in x- and y-direction, and ηs

denotes loss factor of the panel. Λ denotes the modal mass of the panel, which is

given by:

Λ =
4ρshslxly

4
, (A.2)

where lx and ly are the dimensions, and ρs and hs the density and the thickness

of the rectangular panel. ωmn is the (m,n)th mode natural frequency of the plate,

which can be calculated by suing the following formula [80]:

ωmn = π2

√

Ds

ρshs

√

G4
x(m)

l4x
+
G4

y(n)

l4y
+

2Hx(m)Hy(n)

l2xl
2
y

, (A.3)
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where Gx(m), Hx(m), Gy(n), and Hy(n) are function of the mode number m and

n. Table A.1 gives these values for simply supported and clamped plates. Ds is the

flexural of the plate, given below:

Ds =
Es

1 − ν2
s

∫ hs
2

−
hs
2

z2dz =
Esh

3
s

12(1 − ν2
s )
, (A.4)

where Es and νs denote the Young’s modulus of elasticity, Poisson’s ratio.

In Eq. (A.1), the general functions Fi and Fj represent the modal contributions

respectively for the linear or angular velocities, and the point force or moment exci-

tations. Fi and Fj have been derived from the natural modes φ and their derivatives

in x− and y−directions, ψx and ψy, respectively. The natural modes of a thin plate

φ are given by the product of the beam natural modes functions φx and φy [80]:

φ = φxφy. (A.5)

For a simply supported plate, the beam function is given in the following formula:

φx = sin

(

mπx

lx

)

(A.6a)

φy = sin

(

nπy

ly

)

. (A.6b)

For a clamped plate, the beam function is given below:

φx = cosh

(

λmx

lx

)

− cos

(

λmx

lx

)

− σm

{

sinh

(

λmx

lx

)

− sin

(

λmx

lx

)}

(A.7a)

φy = cosh

(

λny

ly

)

− cos

(

λny

ly

)

− σn

{

sinh

(

λny

ly

)

− sin

(

λny

ly

)}

. (A.7b)

σm and σn can be defined as follows:

σk =
cosh λk − cosλk

sinh λk − sinλk

, (A.8)

where λk denotes the wavelength, and it can be obtained by numerically solving the
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following equation:

tan
λi

2
+ tanh

λi

2
= 0 , i =

k + 1

2
(k = 1, 3, ...) (A.9a)

tan
λj

2
− tanh

λj

2
= 0 , j =

k

2
(k = 2, 4, ...). (A.9b)

Table A.1: Values of the constants for the natural frequencies of a rectangular plate
with all four edges clamped (from reference [80])

Boundary conditions m or n Gx or Gy Hx or Hy

Simply supported 1,2,3,... m m2

Clamped 1 1.506 1.248

2,3,4,... m+ 1
2

(

m+ 1
2

)2
[

1 − 4
(2m+1)π

]

A.2 Square actuator

Chapter 2 has introduced the formula to predict the open loop FRF of the fully

coupled model, which includes both inertia and stiffness effects of the square piezo-

ceramic patch actuator. The fully coupled equation is again addressed below:

Gc =
⌊

Yce Ycs

⌋





Id + ZeYee ZeYes

ZkYke Id + ZkYks





−1





0

mc







. (A.10)

The above equation includes eight mobility vectors and matrices: i.e. Yce, Ycs,

Yee, Yes, Yke, and Yks. This appendix provides the formulas to calculate these

mobility functions.

• Yce

The ith mobility function is defined between the velocity at the sensor ẇc and

the force at the center of the ith element, f i
m.

• Ycs

This vector consists of four n2
e-element row vectors as follows:

Yck =
⌊

Ywc,meL
Ywc,meR

Ywc,meB
Ywc,meT

⌋

. (A.11)
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In the above equation, the ith item of Yc,meL
and Yc,meR

are defined between

the velocity at the sensor ẇc, and the point moment along y-axis at the left

and right edges of the ith element, mi
eL and mi

eR. The ith element of Ywc,meB

and Ywc,meT
are defined between the velocity at the sensor ẇc, and the point

moment along x-axis at the bottom and top edges of the ith element, mi
eB and

mi
eT .

• Yee

The (i, j)th mobility function is defined between the velocity at the center of

the ith element ẇi
e, and the force at the center of the jth element, f j

e .

• Yes

This matrix consists of four n2
e by n2

e matrices as follows:

Yek =
[

Ywe,meL
Ywe,meR

Ywe,meB
Ywe,meT

]

. (A.12)

In the above equation, the (i, j)th item of Ywe,meL
and Ywe,meR

is defined

between the velocity at the center of the ith element, ẇi
e, and the point moment

along y-axis at the left and right edges of the jth element, mj
eL and mj

eR. The

(i, j)th element of Ywe,meB
and Ywe,meT

is defined between the velocity at the

center of the ith element ẇi
e, and the point moment along x-axis at the bottom

and top edges of the jth element, mj
eB and mj

eT .

• Yke

This matrix consists of four n2
e by n2

e matrices as follows:

Yke =
[

YθeL,fe YθeR,fe YθeB,fe YθeT,fe

]T

. (A.13)

In the above equation, the (i, j)th element of YθeL,fe and YθeR,fe is defined

between the angular velocity along y-axis at the left and right edges of the ith

element, θ̇i
eL and θ̇i

eR, and the force at the center of the jth element, f j
e . The

(i, j)th element of YθeB,fe and YθeT,fe is defined between the angular velocity

along x-axis at the bottom and top edges of the ith element, θ̇i
eB and θ̇i

eT , and

the force at the center of the jth element, f j
e .

• Yks
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This matrix consists of 4 by 4 arrays of n2
e by n2

e matrix with mobility functions,

as:

Ykk =















YθeL,meL
YθeL,meR

YθeL,meB
YθeL,meT

YθeR,meL
YθeR,meR

YθeR,meB
YθeR,meT

YθeB,meL
YθeB,meR

YθeB,meB
YθeB,meT

YθeT,meL
YθeT,meR

YθeT,meB
YθeT,meT















. (A.14)

The (i, j)th element of each matrix in the above equation is given between the

angular velocity along the four borders of the ith element, θ̇i
eL, θ̇i

eR, θ̇i
eB and

θ̇i
eT , and the moment along the four borders of the jth element, mj

eL, mj
eR, mj

eB

and mj
eT .

The modal contributions Fi and Fj for the above discussed six mobility functions in

Eq. (A.10) are summarized in Table A.2.

Table A.2: Values of the modal contribution functions Fi and Fj for the mobility
functions used in Eq. (A.10)

Mobility function Item Fi Fj

Yce ẇc/f
i
e φ(xc, yc) φ(xi

e, y
i
e)

Ycs ẇc/m
j
eL φ(xc, yc) ψy(x

j
eL, y

j
eL)

ẇc/m
j
eR φ(xc, yc) ψy(x

j
eR, y

j
eR)

ẇc/m
j
eB φ(xc, yc) ψx(x

j
eB, y

j
eB)

ẇc/m
j
eT φ(xc, yc) ψx(x

j
eT , y

j
eT )

Yes, Yke ẇi
e/m

j
eL = θ̇j

eL/f
i
e φ(xi

e, y
i
e) ψy(x

j
eL, y

j
eL)

ẇi
e/m

j
eR = θ̇j

eR/f
i
e φ(xi

e, y
i
e) ψy(x

j
eR, y

j
eR)

ẇi
e/m

j
eB = θ̇j

eB/f
i
e φ(xi

e, y
i
e) ψy(x

j
eB, y

j
eB)

ẇi
e/m

j
eT = θ̇j

eT /f
i
e φ(xi

e, y
i
e) ψy(x

j
eT , y

j
eT )

Yee ẇi
e/f

j
e φ(xi

e, y
i
e) φ(xj

e, y
j
e)

Yks θ̇i
eL/m

j
eL ψy(x

i
eL, y

i
eL) ψy(x

j
eL, y

j
eL)

θ̇i
eL/m

j
eR = θ̇j

eR/m
i
eL ψy(x

i
eL, y

i
eL) ψy(x

j
eR, y

j
eR)

θ̇i
eL/m

j
eB = θ̇j

eB/m
i
eL ψy(x

i
eL, y

i
eL) ψx(x

j
eB, y

j
eB)

θ̇i
eL/m

j
eT = θ̇j

eT/m
i
eL ψy(x

i
eL, y

i
eL) ψx(x

j
eT , y

j
eT )

θ̇i
eR/m

j
eR ψy(x

i
eR, y
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j
eR, y
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eR)
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eR/m

j
eB = θ̇j

eB/m
i
eR ψy(x

i
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eR) ψx(x

j
eB, y

j
eB)

θ̇i
eR/m

j
eT = θ̇j

eT/m
i
eR ψy(x

i
eR, y

i
eR) ψx(x

j
eT , y

j
eT )

θ̇i
eB/m

j
eB ψx(x

i
eB, y

i
eB) ψx(x

j
eB, y

j
eB)

θ̇i
eB/m

j
eT = θ̇j

eT/m
i
eB ψx(x

i
eB, y

i
eB) ψx(x

j
eT , y

j
eT )

θ̇i
eT/m

j
eT ψx(x

i
eT , y

i
eT ) ψx(x

j
eT , y

j
eT )
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A.3 Triangular actuator

Chapter 4 has introduced the formula to predict the open loop FRF of the fully

coupled model, which includes both passive effects of the triangular piezoceramic

patch actuator and resilient mounting effects of the rectangular panel. The fully

coupled equation is again addressed below:

ẇc =
⌊

Yce Yct Ycb

⌋











Id + ZeYee ZeYet ZeYeb

ZkYke Is + ZkYkt ZkYkb

ZbYbe ZbYbt Ib + ZbYbb











−1

×



















0e

mc

0b



















mcVc. (A.15)

The above equation includes 12 mobility vectors and matrices: i.e. Yce, Yct, Ycb,

Yee, Yet, Yeb, Yke, Ykt, Ykb, Ybe, Ybt, and Ybb. The three mobility functions,

Yce, Yee, are Yke, are already discussed in the precious section. Moreover, the

following three mobility functions Yct, Yet, are Ykt are respectively equal to Ycs,

Yes, are Yks, because the triangular actuator is modeled by arrays of rectangular el-

ements. This section provides the formulas to calculate the other mobility functions

used in Eq. (A.15).

• Ycb

This mobility vector consists of four nb-element row vectors as follows:

Ycb =
⌊

Ywc,my0
Ywc,myL

Ywc,mx0
Ywc,mxL

⌋

. (A.16)

The ith item of Ywc,my0
and Ywc,myL

are the mobility functions between the

velocity at the sensor ẇc, and the ith point moment along the edge of the panel

parallel to x-axis at y = 0 and y = Ly, as mi
y0 and mi

yL, respectively. The ith

item of Yc,Mx0 and Yc,MxL are the mobility functions between the velocity at

the sensor ẇc, and the ith point moment along the edge of the panel parallel

to y-axis at x = 0 and x = Lx, as mi
x0 and mi

xL, respectively.

• Yeb
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The mobility matrix Yeb consists of four n2
e by nb matrices as follows:

Yeb =
⌊

Ywe,my0
Ywe,myL

Ywe,mx0
Ywe,mxL

⌋

. (A.17)

The (i, j)th item of Ywe,my0
and Ywe,myL

are the mobility functions between

the velocities at the center of the ith mass element of the actuator, and the

jth point moment along the edge of the panel parallel to x-axis at y = 0 and

y = Ly, as mi
y0 and mi

yL, respectively.

• Ykb

The matrix Ykb consists of 4 by 4 arrays of n2
e by nb matrix with mobility

functions, as:

Ykb =















YθeL,my0
YθeL,myL

YθeL,mx0
YθeL,mxL

YθeR,my0
YθeR,myL

YθeR,mx0
YθeR,mxL

YθeB,my0
YθeB,myL

YθeB,mx0
YθeB,mxL

YθeT,my0
YθeT,myL

YθeT,mx0
YθeT,mxL















. (A.18)

• Ybe

The mobility matrix Ybe consists of four nb by n2
e matrices as follows:

Ybe =
⌊

Yθy0,fe YθyL,fe Yθx0,fe YθxL,fe

⌋

. (A.19)

• Ybt

The matrix Ybk consists of 4 by 4 arrays of nb by n2
e matrix with mobility

functions, as:

Ybk =















Yθy0,meL
Yθy0,meR

Yθy0,meB
Yθy0,meT

YθyL,meL
YθyL,meR

YθyL,meB
YθyL,meT

Yθx0,meL
Yθx0,meR

Yθx0,meB
Yθx0,meT

YθxL,meL
YθxL,meR

YθxL,meB
YθxL,meT















. (A.20)

• Ybb

The matrix Ybb consists of 4 by 4 arrays of nb by nb matrix with mobility
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functions, as:

Ybb =















Yθy0,my0
Yθy0,myL

Yθy0,mx0
Yθy0,mxL

YθyL,my0
YθyL,myL

YθyL,mx0
YθyL,mxL

Yθx0,my0
Yθx0,myL

Yθx0,mx0
Yθx0,mxL

YθxL,my0
YθxL,myL

YθxL,mx0
YθxL,mxL















. (A.21)
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Table A.3: Values of the modal contribution functions Fi and Fj for the mobility
functions used in Eq. (A.15)

Mobility function Index Item Fi Fj

Ycb ẇc/m
j
eL φ(xc, yc) ψy(xeL, yeL)

ẇc/m
j
eR φ(xc, yc) ψy(xeR, yeR)

ẇc/m
j
eB φ(xc, yc) ψx(xeB, yeB)

ẇc/meT j φ(xc, yc) ψx(xeT , yeT )

Yeb, Ybe ẇi
e/m

j
y0 = θ̇j

y0/f
i
e φ(xi

e, y
i
e) ψy(x

j
eL, y

j
eL)

ẇi
e/m

j
yL = θ̇j

yL/f
i
e φ(xi

e, y
i
e) ψy(x

j
eR, y

j
eR)

ẇi
e/m

j
x0 = θ̇j

x0/f
i
e φ(xi

e, y
i
e) ψx(x

j
eB, y

j
eB)

ẇi
e/m

j
xL = θ̇j

xL/f
i
e φ(xi

e, y
i
e) ψx(x

j
eT , y

j
eT )

Ybb θ̇i
eL/m

j
eL ψy(x

i
eL, y

i
eL) ψy(x

j
eL, y

j
eL)

θ̇i
eL/m

j
eR = θ̇j

eR/m
i
eL ψy(x

i
eL, y

i
eL) ψy(x

j
eR, y

j
eR)

θ̇i
eL/m

j
eB = θ̇j

eB/m
i
eL ψy(x

i
eL, y

i
eL) ψx(x

j
eB, y

j
eB)

θ̇i
eL/m

j
eT = θ̇j

eT/m
i
eL ψy(x

i
eL, y

i
eL) ψx(x

j
eT , y

j
eT )

θ̇i
eR/m

j
eR ψy(x

i
eR, y

i
eR) ψy(x

j
eR, y

j
eR)

θ̇i
eR/m

j
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i
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i
eR, y

i
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j
eB)

θ̇i
eR/m

j
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i
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i
eR, y

i
eR) ψx(x

j
eT , y

j
eT )

θ̇i
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j
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i
eB, y

i
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j
eB)
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j
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i
eB, y

i
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eT , y

j
eT )
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j
eT ψx(x

i
eT , y

i
eT ) ψx(x

j
eT , y

j
eT )

Ykb θ̇i
y0/m

j
eL=θ̇j

eL/m
i
y0 ψy(x

i
eL, y

i
eL) ψy(x

j
y0, y

j
y0)

θ̇i
y0/m

j
eR=θ̇j

eL/m
i
yL ψy(x

i
eL, y

i
eL) ψy(x

j
yL, y

j
yL)

θ̇i
y0/m

j
eB=θ̇j

eL/m
i
x0 ψy(x

i
eL, y

i
eL) ψx(x

j
x0, y

j
x0)
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j
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eL/m
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i
eL, y

i
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j
xL, y
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xL)
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yL/m

j
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eR/m
i
y0 ψy(x

i
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i
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j
y0, y

j
y0)
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j
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i
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j
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j
yL)
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i
y0 ψx(x

i
eB, y

i
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j
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j
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j
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i
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j
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j
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j
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i
xL ψx(x
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eB, y

i
eB) ψx(x

j
xL, y

j
xL)
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j
eL=θ̇j

eT/m
i
y0 ψx(x
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eT , y
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eT ) ψy(x

j
y0, y

j
y0)

θ̇i
xL/m

j
eR=θ̇j

eT/m
i
yL ψx(x

i
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j
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j
xL)

Ybt θ̇i
y0/mt ψ(xi

y0, y
i
y0) Ft

θ̇i
yL/mt ψ(xi

yL, y
i
yL) Ft
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x0) Ft

θ̇i
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xL) Ft
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Appendix B

PZT material

In this appendix the properties of the piezoceramic actuator are presented. Table

B.1 shows the piezoelectric properties of the square and triangular actuators given

by ISTEC, Italy [63].
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Table B.1: Piezoelectric properties of the piezoceramic actuator, produced by ISTEC
in Italy [63]

parameter symbol value

Sonic velocity [m/s] Vtr 2767
Acoustic impedance [106 kg/m2s] Z 21.6

Mechanical quality factor Qm 84.6
k33 0.72

Electromechanical k31 -0.38
Coupling Factor k15 0.77

kp 0.67
Piezoelectric d33 355.0

charge constant d31 = d32 -183.5
10−3 m/V d15 724.4

Piezoelectric g33 25.9
voltage constant g31 -13.4

10−3 Vm/N g15 47.6
Relative dielectric KT

33 1551
constant KT

11 1718
cE11 11.8

Elastic stiffness cE33 11.7
(short circuit) cE44 1.7

1010 N/m2 cE12 7.3
cE13 -7.6

Elastic compliance sE
11 16.7

(short circuit) sE
33 17.9

10−12 m2/N sE
44 58.4
sE
13 -7.1
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Appendix C

Experimental results

In this appendix, the detailed results of the experimental tests discussed in chapter

6 are presented. Figure C.2 to Fig. C.1 show the 4 by 4 arrays of Nyquist plots of

the diagonal element of the measured open loop FRF matrix G(jω). The first and

third rows of the array show the locus of the FRF between closely located sensor

and actuator units along left and right edges of the panel parallel to y-axis, and

the second and forth rows of the array show the locus of the FRF between closely

located sensor and actuator units along bottom and top edges of the panel parallel

to x-axis. The number of the sensor and actuator control units is illustrated in Fig.

C.1. The locus between 25 Hz and 1000 Hz is plotted by faint line, and the locus

for frequencies above 1000 Hz is plotted by black dotted line. Table C.1 shows the

summary of the figures given in his appendix.

Table C.1: Summary of the figures
Figure No Actuator [mm]

C.2 25.0 x 25.0
C.3 40.0 x 25.0
C.4 50.0 x 25.0
C.5 40.0 x 31.5
C.6 31.5 x 31.5
C.7 40.0 x 40.0
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# 1

# 2

# 3

# 4

# 5 # 6 # 7 # 8

# 9

# 15 # 14

# 12

# 13

# 10

# 11

# 16

Figure C.1: A rectangular panel with 16 triangular piezoceramic actuators and its
numbering.
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Figure C.2: Nyquist plots of the diagonal elements of the open loop FRF matrix
G(jω) on the panel with 16 triangular piezoceramic actuators of base length 25 mm
and height 25 mm between 25 Hz and 1 kHz (blue solid line), between 1 and 42 kHz
(red dotted line)
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Figure C.3: Nyquist plots of the diagonal elements of the open loop FRF matrix
G(jω) on the panel with 16 triangular piezoceramic actuators of base length 40 mm
and height 25 mm between 25 Hz and 1 kHz (blue solid line), between 1 and 42 kHz
(red dotted line)
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Figure C.4: Nyquist plots of the diagonal elements of the open loop FRF matrix
G(jω) on the panel with 16 triangular piezoceramic actuators of base length 50 mm
and height 25 mm between 25 Hz and 1 kHz (blue solid line), between 1 and 42 kHz
(red dotted line)
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Figure C.5: Nyquist plots of the diagonal elements of the open loop FRF matrix
G(jω) on the panel with 16 triangular piezoceramic actuators of base length 40 mm
and height 31.5 mm between 25 Hz and 1 kHz (blue solid line), between 1 and 42
kHz (red dotted line)
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Figure C.6: Nyquist plots of the diagonal elements of the open loop FRF matrix
G(jω) on the panel with 16 triangular piezoceramic actuators of base length 31.5
mm and height 31.5 mm between 25 Hz and 1 kHz (blue solid line), between 1 and
42 kHz (red dotted line)
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Figure C.7: Nyquist plots of the diagonal elements of the open loop FRF matrix
G(jω) on the panel with 16 triangular piezoceramic actuators of base length 40 mm
and height 40 mm between 25 Hz and 1 kHz (blue solid line), between 1 and 42 kHz
(red dotted line)
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