PROPERTY A AND CAT(0) CUBE COMPLEXES
J. BRODZKI, S.J. CAMPBELL, E. GUENTNER, G.A. NIBLO, AND N.J. WRIGHT

ABSTRACT. Property A is a non-equivariant analogue of amenability defined for metric
spaces. Euclidean spaces and trees are examples of spaces with Property A. Simultaneously
generalizing these facts, we show that finite dimensional CAT(0) cube complexes have Prop-
erty A. We do not assume that the complex is locally finite. We also prove that given a
discrete group acting properly on a finite dimensional CAT(0) cube complex the stabilisers

of vertices at infinity are amenable.

INTRODUCTION

This paper is devoted to the study of Property A for finite dimensional CAT(0) cube
complexes. These spaces, which are higher dimensional analogues of trees, appear naturally
in many problems in geometric group theory and low dimensional topology [AR90, Ch07,
HWO7, Sag97, Wis04]. Property A was introduced by Yu as a non-equivariant generalisation
of amenablity from the context of groups to the context of discrete metric spaces. It was
used with great effect in his attack on the Baum Connes conjecture, in which he proved,
among other things, that Gromov’s -hyperbolic spaces, and hence hyperbolic groups, satisfy
Property A, even though they may be very far from amenable [Yu00].

In this paper we prove:

Theorem. Let X be a finite dimensional CAT(0) cube complex. Equipped with the geodesic
metric, X has Property A. The vertex set of X, equipped with the edge-path metric has
Property A.

The proof of the theorem rests on the often used statement that intervals in a CAT(0) cube
complex admit combinatorial embeddings into Euclidean spaces. While this fact appears
several times in the literature no proof has been published and we take the opportunity to
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provide one here. Our proof of this generalises to intervals in measured wall spaces, though
we omit the details here as this is not relevant to the current application.

While interval embeddings exist they are far from unique. Any given interval may admit
a large number of such embeddings in spaces of varying dimensions and the embeddings may
be very different from one another. For each embedding the target interval fibres over the
image, and again these fiberings vary considerably. Nonetheless it is a remarkable fact that
regardless of how we embed the interval into Euclidean space the norms of the functions we
are computing on each fibre are independent of the embedding chosen.

Our technique may well have other applications and we present one here. A group acting
properly on an Hadamard space, a building for example, fixing a point in a suitable refinement
of the visual boundary is amenable [Cap07]. In the context of CAT(0) cube complexes the

natural choice for the boundary is the combinatorial boundary.

Theorem. A countable group acting properly on a finite dimensional CAT(0) cube complex

and fixing a vertex at infinity is amenable.

The advantage to working with the combinatorial boundary rather than the refined Hadamard
boundary is that it is typically much smaller. One might expect the cost of this to be some-
what larger stabilisers at infinity, however our theorem shows that this is not the case. The
stabilisers at infinity in both cases are virtually abelian of rank bounded by the dimension
of the cube complex.

Our main theorem is known to be false for infinite dimensional cube complexes [Now07],
thus our result is the best possible. While it is already known for finite dimensional CAT(0)
cube complexes admitting a cocompact action by a countable discrete group [CNO5], the
approach taken there involved a deformation of the standard embedding of the cube complex
in Hilbert space and rested on a functional analytic argument involving the uniform Roe
algebra to conclude Property A (see [GKO04] and [BNWOT7]). That approach is ultimately
unsuitable for non-locally finite complexes. Here, we shall remove the assumption of local
finiteness by offering a direct proof of Property A in which the asymptotically invariant
functions called for in Yu’s non-equivariant generalisation of the Fglner criterion are explicitly
constructed. Furthermore we do not require the existence of a group action to make this
argument work. The problem of clarifying the relationship between Property A and coarse
embeddability (in Hilbert space) has attracted some attention lately, and indeed was a
motivation for our study. As a consequence of the above theorem, and the coarse invariance
of Property A, we obtain the following corollaries.
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Corollary. A metric space that coarsely embeds in a finite dimensional CAT(0) cube complex
has Property A.

Corollary. A countable discrete group acting metrically properly on a finite dimensional
CAT(0) cube complex has Property A.

Indeed to conclude property A for a group it would, according to our theorem, be sufficient
for the group to embed uniformly in a finite dimensional CAT(0) cube complex, with no
equivariance assumptions on the embedding.

Putting the corollaries in perspective, one can use an approximation argument to show
that a metric space which coarsely embeds in Hilbert space coarsely embeds in an infinite
dimensional CAT(0) cube complex. (This follows from the observations that the infinite
dimensional Euclidean space R* is an infinite dimensional cube complex and a dense subset
of the Hilbert space ¢2.)

1. PRELIMINARIES

1.1. Property A. In his work on the Novikov conjecture Yu introduced Property A [Yu00].
There are now several variants of the basic definition, all of which are equivalent for spaces
of bounded geometry; see for example [HR00, Tu01, DGO05]. We, however, intend to study
spaces that do nmot have bounded geometry and shall restrict ourselves to the definition
below. The definition we have chosen is the strongest, implying all others in full generality.
Before formally introducing Property A we recall some elementary notions from coarse
geometry. Let X and Y be metric spaces. A function ¢ : X — Y is a coarse embedding if:

(a) For every A > 0 there exists B > 0 such that
d(@,a') < A= d(¢(x), (') < B.
(b) For every B > 0 there exists A > 0 such that
A(6(2), 6(2") < B = d(x,2') < A.
A subset Z C Y is coarsely dense if there exists C' > 0 such that for every y € Y there
exists z € Z such that d(y,z) < C. A coarse embedding ¢ : X — Y is a coarse equivalence
if its image is coarsely dense in Y. If there is a coarse equivalence X — Y the metric space

X is coarsely equivalent to Y. Although not apparent, coarse equivalence is an equivalence

relation.

Proposition 1.1. Every metric space contains a discrete coarsely dense subset. In particu-

lar, every metric space is coarsely equivalent to a discrete metric space.
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Proof. A straightforward application of Zorn’s lemma. 0

Definition 1.2. A discrete metric space X has Property A if for every R > 0 and every
€ > 0 there exists an S > 0 and a family of finite non-empty subsets A, C X x N, indexed

by x € X, such that:

(a) For every x, 2’ € X with d(x,2") < R we have [A:84,] o

| Az
(b) For every (z/,n) € A, we have d(z,2") < S.

An arbitrary metric space X has Property A if it contains a discrete coarsely dense subset
with Property A.

Remark. We shall see presently that if one discrete coarsely dense subset of a metric space
has Property A then every such subset has Property A (see Proposition 1.4 below).

Proposition 1.3. Let X and Y be discrete metric spaces. If X is coarsely embeddable in'Y
and Y has Property A then X has Property A.

Proof. Let ¢ : X — Y be a coarse embedding. Let v : Y — X be a function satisfying
d(d(¥(y)),y) < d(¢(X),y) + 1.

Let R > 0 and € > 0. Since ¢ is a coarse embedding there exists R’ > 0 such that
d(z,7') < R = d(¢(x), 6(2")) < .

Since Y has Property A there is a family { B, },cy and an S’ satisfying the conditions of
Definition 1.2 for R’ and . Define

A, = { (x’,n) ce X xN:n< |{(y’m) c Bd)(a:) : ¢(y) 2:17/}|}
and, using once more the fact that ¢ is a coarse embedding, we obtain S such that
d(o(z),p(x')) <28 +1=d(z,2") < S.

The family { A, },ex and S satisfy the conditions of Definition 1.2 for R and . Indeed, if
(2',n) € A, then there exists (y,m) € By, such that ¢ (y) = 2. It follows that d(¢(x),y) <
S’ and

d(¢(x), o)) < d(¢(x),y) + dly, 6(z")) = d($(x), y) + d(y, o(¥(y))) < 25"+ 1,
hence also d(x,z") < S. Finally, suppose d(z,2’) < R. Then d(¢(x), ¢(z’)) < R’ so that

[AeAAw| _ | By ABya|

pS U
|As| | Bo(w)|
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Proposition 1.4. Property A is a coarse invariant of discrete metric spaces. Precisely, if

X and Y are coarsely equivalent discrete metric spaces then X has Property A if and only
if Y has Property A.

Proof. If X and Y are coarsely equivalent then each is coarsely embeddable in the other. [
We shall work exclusively with the following characterisation of Property A.

Proposition 1.5. A discrete metric space X has Property A if and only if there exists a
sequence of families of finitely supported functions f,, : X — NU{0}, indered by v € X,
and a sequence of constants S, > 0, such that:

(a) For every n and x the function f, . is supported in Bg, ().
(b) For every R >0
”fn,a:_fn,a:’H N
[ fnall

uniformly on the set {(z,2’) : d(z,2") < R} as n — oo.

0

Furthermore, if X 1is the vertex set of a graph, equipped with the edge-path metric, it is
sufficient to require (b) only for R = 1.

Remark. The norm ||-]| is the £*-norm on the space of (finitely supported) functions on X.
This is the only norm we shall encounter.

Proof. Both Property A and the conditions in the proposition are equivalent to the following
statement: for every R > 0 and £ > 0 there exists a family of finitely supported functions
fz: X — NU{0}, indexed by z € X, and an S > 0 such that f, is supported in Bg(x), and

Hf:fc — f:v’H

d(z,7') < R— ——"— <.

[BA
The equivalence with the conditions of the proposition is elementary. The equivalence with
Property A is given by mapping A, to f.(y) = |A. N ({y} x N)|, and conversely by mapping

foto Ay ={(y,n) : 1 <n < fuly)}-
It remains to check that in the case of a metric graph (b) for R = 1 implies (b) for every

R > 0. It follows from (b) for R =1 that

(1) ||fn,zH an,m’”_l —1

as n — oo, uniformly on the set of pairs of adjacent vertices x and x’. Given two vertices x

and 2’ with d(z,z) < R we find an r < R and a sequence of vertices © = xg, x1,..., 2, = &
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comprising an edge-path from x to z’. Writing

’ b= an,on an,mHil ’ an,mH an,szil e ||fn,xr—1H ”fn,xrlrl

it follows that the convergence in (1) is in fact uniform on the set { (z,2’) : d(z,2") < R }.

The condition (b) for R is now an application of the triangle inequality: writing

anx fnx H ||ntZ fn,leH anxl fn,a:HlH . an,zz
el Z [ frel Z | e I fnell”

note that each summand converges to zero uniformly on the appropriate set. U

Definition 1.6. We shall refer to functions f,, , as in Proposition 1.5 as weight functions.

1.2. CAT(0) cube complexes. A cube complex is a polyhedral complex in which the cells
are Euclidean cubes of side length one, the attaching maps are isometries identifying the
faces of a given cube with cubes of lower dimension and the intersection of two cubes is a
common face of each [Gro87, Sag95, BH99]. One dimensional cubes are called edges, two
dimensional cubes are called squares and a cube complex is finite dimensional if there is a
bound on the dimension of its cubes.

The Euclidean distance between points in a cube is well-defined, allowing us to define the
length of a rectifiable path. If a cube complex is finite dimensional it is a complete geodesic
metric space with respect to the geodesic metric, in which the distance between two points
is defined to be the infimum of the lengths of rectifiable paths connecting them [BH99]. A
finite dimensional cube complex is a CAT(0) cube complex if the geodesic metric satisfies
the CAT(0) inequality, according to which a geodesic triangle in the complex is ‘thinner’
than a triangle in Euclidean space with the same side lengths. Equivalently, the underlying
topological space of the complex is simply connected and the complex satisfies Gromov’s
link condition, [Gro87|; these requirements comprise the definition for infinite dimensional
CAT(0) cube complexes.

The vertex set of a cube complex is also equipped with the edge-path metric, in which the
distance between vertices is defined to be the minimum number of edges on an edge-path
connecting them.

A CAT(0) cube complex possesses a rich combinatorial structure. A (geometric) hyper-
plane H divides the vertex set into two path connected subspaces which we shall refer to as
half-spaces. Two hyperplanes provide four possible half-space intersections; the hyperplanes
intersect if and only if each of these four half-space intersections is non-empty. Two vertices
in a half-space are connected by an edge-path that does not cross H whereas an edge-path
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connecting a vertex in one half-space to one in the other must cross H. In the latter case
we say that H separates the two vertices. The set of hyperplanes separating the vertices x
and y is denoted $)(z,y). The interval from x to y, denoted [z, y], is the intersection of all
half-spaces containing both = and y. A set of vertices is convez if whenever it contains both
x and y it contains the entire inverval [z,y]. Finally, the set of vertices of a CAT(0) cube
complex is a median space; the median of the vertices w, x and y is the (unique) vertex in
[w, z] N [z,y] N [w,y] [Rol98].

Proposition 1.7. Let X be a CAT(0) cube complex. The restriction of the geodesic metric
to the verter set is coarsely equivalent to the edge-path metric. Moreover, if X is finite

dimensional the vertex set (with either metric) is coarsely equivalent to X.

Proof. For the purposes of the proof denote the geodesic metric by d, and the edge-path
metric by d;. Let x and y be vertices in X. Let x = x¢,21,...,2, = y be the ordered

sequence of vertices on a shortest edge-path from x to y. By the triangle inequality,

d2($7y> < ZdQ(xiflaxi) =n= dl(xay)

i=1
Conversely, given two vertices z,y with d;(z,y) = k the interval between them is a CAT(0)
cube complex with exactly k& hyperplanes, and therefore embeds as a subcomplex of the
k-dimensional unit cube. This embedding is an isometry for the edge-path metrics and a
contraction at the level of the geodesic metrics. We denote the image of a point z under
this embedding by Z, and abuse notation by letting d; and dy to refer to the edge-path and
geodesic metrics in both cube complexes. We conclude dy(z,y) = di(Z,7) = \/d2(T,7) <
do(z,y). Thus, the metrics are coarsely equivalent as required.

If X is finite dimensional the vertex set is \/le(X) /2-dense in X in the geodesic metric.
Consequently, the vertex set with the (restriction of the) geodesic metric is coarsely equivalent

to X. O

A CAT(0) cube complex also possesses a combinatorial boundary, which we now describe.
A function o assigning to each hyperplane one of its two half-spaces is an wultrafilter if it
satisfies the following condition: for two hyperplanes H and K the half-spaces o(H) and
o(K) have non-trivial intersection. (The condition is vacuous when the hyperplanes H and
K themselves intersect.)

A vertex x € X defines an assignment of half-spaces to hyperplanes as follows: assign to
the hyperplane H the half-space H, that contains x. The assignment is an ultrafilter since
for two hyperplanes H and K we have v € H, N K,. Further, distinct vertices define distinct
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ultrafilters; indeed, if = # y then H, # H, precisely when H separates z and y. We have
thus described an injective function from vertices of X to ultrafilters. Ultrafilters that are
not in the image of this map are vertices at infinity; these comprise the ideal boundary 0X
of X and we denote X = X UJX.

The elementary combinatorics of hyperplanes and half spaces extends to X. Let z, w € X.
Being an ultrafilter, z associates to each hyperplane H one of its two half spaces; we denote
this half space by H,. A hyperplane H separates z and w if H, # H,; the set of these
hyperplanes is denoted $(z, w). We say that H, contains z, and define the interval [z, w] to
be the intersection of of all half spaces containing both z and w. Observe that [z, w] C X.

Lemma 1.8. Let 7, w € X and z € X. If w € [z, 2] then [x,w] C [z, 2].
Proof. The intersection of convex sets is convex; in particular, intervals are convex. 0
Lemma 1.9. Letz, y, w € X and z € X. Ifw € [v, 2] and y € [z, w] then H(y,w) C H(y, 2).

Proof. If not there is a hyperplane H such that H, = H, # H,. We must have either
H, = H, or H, = H,, but the first of these statements contradicts w € [z, z] and the second
contradicts y € [z, w]. O

The set X carries a natural topology. We shall require only the following, which we take
as a definition: a sequence of vertices z; € X converges to a vertex z € X if and only if for
every hyperplane H we have H ¢ $)(z;, z) for almost every j € N. (As usual, we say that a
property holds for almost every j € N if the set of those j € N for which the property does
not hold is finite.) We defer the question of whether or not there exist sequences converging
to a given vertex at infinity until later. For now we note the following properties of such

sequences.

Lemma 1.10. Let z; € X, z € X and let zj — z. A hyperplane H separates y from z

percisely when it separates y from almost every z;:
”6<y7 Z) = U m f-)(y7 Zj)'
k j>k
Proof. A hyperplane H separates y from z means that H, # H.; z; — z means that for
every hyperplane H we have H, = H for almost every j. 0

Lemma 1.11. Let z; € X, z € X and suppose zj — z. Let x and y € X. Precisely one of
the following two statements holds:

(a) y € [z, 2] for almost every j,
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(b) y & [z, zj] for almost every j.

In the first case y € [z, z] whereas in the second y ¢ [z, z].

Proof. The first statement fails if and only if y ¢ [z, ;] for infinitely many j; this is clearly
implied by the second statement, and we must show it implies the second statement. Now, if
y & [, 2] there exists exists H € 9(x,y) such that H, = H,,. Assuming this is the case for
infinitely many j then, since $(w,y) is finite, there exists H € $(z,y) such that H, = H_,
for infinitely many j. By the definition of convergence we have H, = H_; for almost every j.
Thus, H, = H, = H;, for almost every j. In particular, y ¢ [z, z;] for almost every j, and
y ¢ [z,z].

It remains only to see that the first statement implies y € [z, z]. But, if y ¢ [z, z| there
exists an H € $(x,y) such that H, = H,. By the definition of convergence, we have
H, = H, for almost every j, so that y ¢ [z, z;] for almost every j. O

Lemma 1.12. Let z, y € X and z € X. The intersection of the intervals [x,y], [z, 2] and
ly, z] consists of a single vertex of X.

Proof. To prove uniqueness suppose m # m' are in [z,y] N [z, z] N [y, z] and let H be a
hyperplane separating m and m’. Two of the three half spaces H,, H, and H, must be
equal; suppose, for example, H, = H,. Since H,, # H,, only one of these can be H,; if, for
example, H,, # H, we have m ¢ [z, z], a contradiction.

To prove existence, let z; € X be such that z; — z. The interval [z, y] is finite and contains
the medians m; = m(z,y, z;). Hence there exists an m € [z, y] such that m = m; € [z, ;] for
infinitely many j. By Lemma 1.11, m € [z, z;] for almost every j and m € [z, z]. Similarly,
m € [y, z]. O

Let + € X and z € X. Denote by 91.(z) the set of hyperplanes separating = and z and
adjacent to x. (The notation is inspired by [NR98]; when z € X the hyperplanes in 9, (z)
span the first cube on the normal cube path from x to z.)

Lemma 1.13. Let X be a finite dimensional CAT(0) cube complex. Let v € X and 2 € X.
The cardinality of M. (x) is bounded by the dimension of X.

Proof. Since a family of pairwise intersecting hyperplanes have a common point of intersec-
tion the cardinality of such a family is bounded by the dimension of X [Sag95, Theorem 4.14].
Thus, it suffices to show that every pair of hyperplanes H and K € I,(x) intersect. For
such H and K we have H, N K, # (). Further the vertex immediately across H from x lies
in H, N K,; similarly H, N K, # 0. Finally, if z; € X converge to z then for almost every j
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we have z; € H, N K,. All four half-space intersections being nonempty, H and K intersect.

Compare [NR98, Proposition 3.3]. O

Finally we consider the geometry of intervals in CAT(0) cube complexes. We shall make
extensive use of the following often used result; apparently no complete proof exists in the
literature so we also provide a detailed discussion. Compare [CRO5].

We view R? as a cube complex in the obvious way; the vertex set is the integer grid Z¢
and the (top dimensional) cubes are the translates of the unit cube with vertices {0, 1 }4.
An interval in R? is a cuboid. Precisely, the interval [Z,7] for the vertices T = (z1,...,74)
and ¥ = (y1,...,yq) is the product

(2) {z1, .. yn b x{@ay .. ,y2 b X oo X { gy ., Ya b,

where for simplicity we assume that x; < y; for all 7. To include vertices in the combinatorial
bounday we allow the possibility that one or both of x and y are vertices at infinity, meaning
that x; = —o0 or y; = oo (or both) for some 1.

Theorem 1.14. Let X be a CAT(0) cube complex of dimension d and let x and y be vertices
in X. Then the interval [z, y] admits an isometric embedding as an interval [T, 7] in the cube

complex RY.

For purposes of the proof we define a partial order on the set $(z,y) of hyperplanes
separating x and y as follows:

H<K<&H, CK,.

Lemma 1.15. Two hyperplanes H and K € $(x,y) are incomparable for the partial order

precisely when they intersect.

Proof. The intersections H, N K, and H, N K, are always non-empty since H, N K, = ()
contradicts the fact that x defines an ultrafilter; further H, N K, = 0 < H, C K, and
H,NK, =0« K, C H,. Consequently, H and K are incomparable precisely when the
four possible intersections of half-spaces determined by H and K are non-empty, in other

words, when they intersect. 0

Lemma 1.16. The partially ordered set $(x,y) is a disjoint union of d (possibly empty)

chains:

Dz, y) =P U---UPBs (disjoint).
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Proof. According to the previous lemma an anti-chain in $(z,y) is a collection of pairwise
intersecting hyperplanes. A collection of pairwise intersecting hyperplanes has a common
intersection [Sag95, Theorem 4.14]. As a consequence, the cardinality of an anti-chain in
$(z,y) is bounded by the dimension of X. With this remark, the result is an immediate
consequence of Dilworth’s lemma [Dil50, Theorem 1.1]. O

Proof of Theorem 1.14. We shall require, and prove, the result only in the case x is a vertex
of X. We use the decomposition of $(x,y) given in the previous lemma to define a function
z +— % of the interval [z,y] C X into Z? (the d-dimensional Euclidean cube complex together
with its combinatorial boundary):

E:(El,...id), EZ:|{H€$BZZEHy}’

Note that T = 0, whereas the coordinates of 7 are 7, = |'B;|; we allow the possibility that
some 7; = 0o. For every z € [z, y] the coordinates of Z are finite and further Z € [Z,7]. The

function is an isometric embedding. Indeed, we calculate for v, w € [z, 1],
d
d@,w) =Y [{HeP;: H € Hv,w) }| = |[9(v,w)| = d(v,w),
i=1

since (v, w) C H(x,y). O

Now we return to the question of the existence of sequences of vertices converging to a

given vertex at infinity.

Lemma 1.17. Let v € X and let z € X. There exists a sequence (z;)jen of vertices in [z, 2]

such that z; — z.

Proof. We follow the construction of normal cube paths as in [NR98|. Let zy = x. Assuming
we have constructed the vertex z; in the sequence we define the vertex z;.1 to be the vertex
opposite to z; on the unique cube adjacent to z; crossed by all the hyperplanes adjacent to z;
separating z; from z. Since no hyperplane separates z;1; from both z and z all the vertices
in the sequence lie in the interval [z, z]. It remains to show that given any hyperplane h
there are only finitely many values ¢ for which h separates z; from z. To see this we note that
when h separates z; from z the set of hyperplanes separating z; from h is properly contained

in the set of hyperplanes separating z;_; from h and that both sets are finite.
O
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1.3. Combinations. The weights that we give to vertices in a CAT(0) cube complex will
be defined in terms of the function (’Z) A priori this function is defined on pairs of integers
with 0 <r <mn. It is uniquely determined by the following properties:

(a) (5) = () =1forn>0.

b)) (=D + "N for 1 <r<n.
In fact the function (:f) can be defined for all pairs of integers. It is the unique function on

7, x 7 with the following properties

(a) (;) =1forn >0, and (7) =1 for all n € Z.
(b) (M) = (")) + (") for all n,r € Z.

r r—1
It follows that (’Z) vanishes when r > n or r < 0 < n. Moreover it satisfies the identity
(’;) = (=1)"*" (:i::;), which allows one to compute (f) for r < 0.

We will make use of (:) for r > —1 and n € Z, where the function takes exclusively
non-negative values. In particular note that (_”1) = (=1t (—10—n> which is 1 if n = —1 and
vanishes otherwise.

2. THE EUCLIDEAN CASE

The standard proof that Z¢ has Property A proceeds as follows. The weight function f,,
is the characteristic function of the ball of radius n and center x. The variation property,
condition (b) of Proposition 1.5, follows from the facts that balls are Fglner sets for Z% and
that the weight functions f,, , are translates of the single function f, o.

In this section we shall offer a different proof of Property A for Z¢. Our proof parallels the
standard proof for Z?, but with several differences, each of which is important for generalising
the argument to arbitrary finite dimensional CAT(0) cube complexes (which do not in general
admit an action by an amenable group). First, our weight functions f,, , will be supported
on a certain subset of the n-ball with center x, rather than the whole ball. Second, they will
not be characteristic functions. Finally, for fixed n and varying x the f,, will be defined
separately, rather than being translates of a single function.

For the remainder of the section fix an ambient dimension N > d — 1. In proving that R?
has Property A we will take N > d; it will nonetheless be useful to note that the definitions
and some of the results remain valid in the case N = d — 1 when the codimension is said to
be —1.

2.1. Construction of weight functions. Our definition of weight functions for Z9, and
indeed for general CAT(0) cube complexes, is motivated by the following example.
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Ezample. Let X be a (simplicial) tree. To show that X has Property A one can use weight
functions defined as follows. Fix a basepoint O € X. For each vertex x € X place weights
on the interval [O, z] according to

1 if y# O and d(z,y) <n
Jnae(W) =S n—d(x,y)+1 ify=0 and d(z,y) <n
0 if d(z,y) > n.

Heuristically we imagine that a charge of n + 1 units has been placed at the vertex x and
has then flowed towards the origin, where, ultimately it ‘piles up’.

In higher dimensions we take the same heuristic point of view, that we will ‘low’ a charge
from a vertex x towards the origin O, distributing it across the interval [O,z]. As with the
tree case, excess charge will collect at the origin, but, unlike the tree case, there will be
additional points at which the charge accumulates. This occurs wherever the charge reaches
the boundary on its journey towards the origin, losing a degree of freedom in the routes it
can travel as it continues to flow. This loss of freedom is quantified as a ‘deficiency’, defined
below. Fix a basepoint O = (0,0,...,0) of R%.

Definition 2.1. The deficiency 6(y) of a vertex y = (y1,...,%4) € Z* is N minus the number

of non-zero coordinates of y.
Definition 2.2. For a vertex z € Z¢ define the weight function f, ., : Z? — NU {0} by

n—d(z,y)+4(y)
( 5(12)) "), yel0,q]

0, otherwise.

fn,x (y) =

We make several remarks on the definition. First, since N > d — 1 we have 6(y) > —1 for
all y, so that f,, is non-negative integer valued. Second, f,, , is supported in the interval
(O, x| so that it lies in the space of finitely supported functions on the vertex set. Finally,
although it is not reflected in the notation, the weight functions depend on the fixed ambient
dimension N.

The definitions are motivated by the following geometric intuition. Imagine a vertex z in
the ambient RY, all of whose coordinates exceed n. The intersection of the interval from z to
the origin with the ball of radius n is an N-dimensional tetrahedron containing ("TVN ) points
of Z. Projecting R onto a subspace R? (supposing d < N) the image is a d-dimensional

tetrahedron, and the fibre over a vertex y will be an (N — d)-dimensional tetrahedron, the
n—d(z,y)+N—d

o ) points of

sides of which have length n — d(z,y). Hence each fibre contains (
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ZN. We thus take a weighting of (”_d(?\}y_);“N _d) on each point of the image tetrahedron
in Z¢. Now suppose that the coordinates of z do not all exceed n. Then the tetrahedron
will cross outside the interval from z to the origin, and we must further project points of
the tetrahedron onto the faces of the interval. This results in higher deficiencies than the

standard N — d.

2.2. Analysis of weight functions. We conclude our proof of Property A for Z¢. The
first step it to show that the norm of the weight function f,, , depends only on n and N, and
in particular does not depend on z or d. Indeed, as the intuition above indicates the norm

is exactly the number of points of Z" contained in a tetrahedron of side length n.

Proposition 2.3. For every N > d — 1 and x € Z%, the (*-norm of f, . is ("TVN)
Proof. In the proof we write f;f,x in place of f,, ,. We shall show that for every 0 < d < N +1
and for every n € N and x € Z¢

>rt=("3")

yeZd

Recall that for d in the range considered fix is non-negative and integer valued.

The proof is by induction on d. In the case d = 0 we also have x = O. The sum has the
single term y = O and, since the deficiency is IV, we have ng(O) = ("J*VN )

Suppose d > 0 and let & = (x1,...,74) € Z%. Denote the projection of z = (21,...,2q4) €
7% to 7471 by Z = (2,...,24). The decomposition of the interval [O,x] as a product
[0, 1] x [O, ] gives a natural fibring of [0, z] over [0, Z]. The interval [0, 2] in Z is ordered
from 0 to x1, which is the usual order in Z when z; > 0 and is the reverse order when z; < 0.
We enumerate the points in the fibre over 7 in [5, 7] in the order ¢, 4!, ..., y/*l determined
by the ordering of the interval [0, z1]. This is illustrated in Figure 1.

o~

We shall show that for every y € [O, 7]

def

|21 - )
(3) D)) = 1510 = (” - d(ﬂg,(%)) + 5@))
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Once we have established this equality, we can compute the ¢!-norm of fffm as follows:

|z1

Do =) fE =D > )

2€7% 2€[0,z] 7€[0,7] =0
= > fE®
7€(0.3]
N n—+ N
- > a-(")
yezZd-1

where the equality on the second line follows from equation (3) and the final equality follows
from the induction hypothesis.
To establish (3) let § € [O, Z]; we shall prove by induction on i that, for 0 < ¢ < |z4],

~ 0y (1) + 8@
(@) Z;nay»—( .

In coordinates, § = (y2,...,%a) so that ¢y° = (0,92,...,94) and o/ = (&35, vs,...,yq) for

J > 1, where we choose £ according to whether x; is greater or less than zero. It follows

that  and 3" have the same number of non-zero coordinates, and hence the same deficiency:

5(7) = 6(y°). Similarly for j > 1 we find that 6(y’) = 6() — 1. In particular, we see that
40 = (”_d(“éyf)M@) yielding equation (4) in the case i = 0.

®)
Assume that (4) holds for ¢. Split the sum for i + 1 into the sum for i and the term for

1+ 1, apply the induction hypothesis and the definition of fgw to obtain

i+l N 155

> L) = (n - d(xé’ (yA) * (y)) + iy

= 0)
_ (n —d(z,y") + 5(?7)) N (n —d(z,y™) + 5(y”1)>

o(y) o(y"+)

_ (” —d(z,y™*) +0(y) — 1> n (n —d(z,y™") +6(y) — 1)
- 5(y) 6(y) —1
_ (n —d(z,y™*) + 5@))
- 6(y) ’

where we have used §(y"*') = 6(y) — 1 (i > 0) and d(z,y") = d(z,y"™") + 1 in the third
equality. The final equality is the binomial coefficient formula from Section 1.3.
The formula (3) follows from (4) taking i = |x;| and noting that d(x, yl*1l) = d(7,7). O
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8)
8

y y’ ylol

Zd—l < Zd

FIGURE 1. Projecting to Z3~!

The second step in our proof of Property A for Z¢ is to estimate the norm of the difference
fnz — fna of weight functions when x and 2’ are adjacent vertices. We shall see that the
norm of this difference depends only on n and N, and in particular does not depend on the
points x and 2’ or on d.

Proposition 2.4. For every N > d and adjacent vertices x and x' € Z%, the (*-norm of

fw = fuar i 20"351).

Proof. In the proof we shall encounter weight functions for various values of ambient dimen-

sion INV; we incorporate the ambient dimension into the notation where necessary to avoid
N

n,x*

confusion writing, for example,

Let z and 2’ € Z% be adjacent vertices and suppose, without loss of generality that z’ is
closer to the origin than z. It follows that the interval [O, 2/] is contained in [O, z|. Further,
for every y € [0,2'] we have 2/ € [y, z] so that d(x,y) = d(2',y) + 1. We calculate the
difference, for y € [0, 2'],

N ) — Y () = (n—d(x’ Y +5(y)) B <n— (d(=’,y) +1) +5(y)>

n,r’ n,r 5(y)

_ <n - d(l‘l7y + 5(y) - 1) _ Nfl(y)
o(y) —1 e
where the last equality results from the observation that replacing N by N — 1 has the effect
N—

of reducing all deficiencies by one. Note also that N —1 > d—1 so that f~! is non-negative

!
T
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‘_ n+N—1
S\ N—-1 )

Recall that f,, is supported in [0, 2] C [O, z], whereas f,', and the difference f,',, —

valued. We conclude from Proposition 2.3 that

Q >R 1w = X R =5
]

y€[0,z'] y€[0,z’

N

n,x

are supported in [O, z]. Applying again Proposition 2.3 we obtain
y€[0,2] y€[O,x]
which, by rearranging, leads to
yE[O,:D/} yG[O,x]\[O,i’]

where all terms in both sums are positive. Thus

S 1 - il =2 2 - =2(" 1) o

y€[0,x] y€[0,2’]

Theorem 2.5. The Euclidean space R? has Property A for every d.

Proof. As R? and Z¢ are coarsely equivalent, it suffices to show that Z?¢ has Property A.
To accomplish this we shall show that the sequence of families f,, , defined above, together
with the sequence of constants 5,, = n satisty the conditions given in Proposition 1.5. The
support condition (a) is immediate: f, . is supported in B, (z) since ("_d(fskz))’L‘s(y)) vanishes if
n—d(z,y) + d(y) < d(y). The variation condition (b) follows directly from Propositions 2.3

and 2.4: if d(x,2’) <1 then

e = Furll 2085 2N
el = () 0t N

as n — 0o, the convergence being uniform on { (z,2') : d(z,2’) < 1}, O

0

3. PROPERTY A FOR CAT(0) CUBE COMPLEXES

In this section we shall generalise the techniques of the previous section to prove that a
finite dimensional CAT(0) cube complex has Property A. The construction of the weight
functions f, , generalises in a fairly straightforward manner. The main obstacle to the
analysis of the weight functions is the computation of their norm, as in Proposition 2.3.
To accomplish this step we shall develop a fibring technique for intervals in a CAT(0) cube
complex. Let X be a CAT(0) cube complex of dimension d < oo. As in the previous section,
fix an ambient dimension N > d — 1.
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3.1. Construction of the weight functions. The definition of the weight functions is
exactly as in the Euclidean case. Fix a basepoint O € X.

Definition 3.1. The deficiency d(y) of a vertex y € X is the ambient dimension minus the
number of hyperplanes both adjacent to y and separating it from O:

6(y) = N — [No(y)].

In the Euclidean case, with basepoint O = 0, the cardinality of 9o (y) is the number of
nonzero coordinates of y. Thus, the definition generalises the one in the previous section.

Definition 3.2. For a vertex z € X define the weight function f,, : X — NU {0} by

n—d(z.y)+6(y)
, yel0,x]
fraly) = U556

0, otherwise.

As in the Euclidean case, f, , is a non-negative integer valued function because N > d — 1
implies that d(y) > —1 for all .

3.2. Fibring intervals. Let x € X. According to Theorem 1.14 we may embed the interval
(O, 2] into an interval in Z¢. We denote the image of a vertex y by 7 and assume that
the embedding maps the basepoint O € X to the basepoint O = (0,...,0) € Z% by our
convention the coordinates of T are non-negative. Our objective is to fibre the interval
I =[0,7] (in Z%) over the image J of the interval [O, z].

5]

Y= @1@2)

FIGURE 2. An interval embedded in the plane
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Definition 3.3. Let y € [O, z] with image 7. The i-coordinate is y-bound if the vertex in Z4
with coordinates (7,,...,7;, — 1,...,7,) is in the image of the embedding. The i-coordinate
is y-free if it is not y-bound.

In Figure 2 the first coordinate of 7 is y-bound, whereas the second coordinate is y free.

Definition 3.4. Let y € [O, z]. The fibre of I over 7 is the set of vertices a = (aq,...,aq) €
Z4 with coordinates satisfying

(a) if 7 is y-bound then a; = 7;,

(b) if i is y-free then 0 < a; <7,.
The fibre of I over ¥ is denoted by §,.

Remark. For every y € [O,z] the fibre §, is an interval in R in fact if O, is defined in

coordinates by

Y,;, 1 1is y-bound
0, = Y Y

)

0, i is y-free

then §, = [0,,7]. In particular, for every y € [O, x| we have § € §,.

As the terminology suggests we shall show, in a sequence of lemmas, that each fibre
contains a unique vertex of J, that the fibres of distinct vertices are disjoint, and indeed that

they partition I.
Lemma 3.5. For every y # z € [O, x| the fibres §, and §. are disjoint.

Proof. Let y # z € [O,z]. Since y # z it follows that either y ¢ [O,z] or z ¢ [O,y];
exchanging y and z if necessary we may assume that y ¢ [O, z]. Let m be the median of
O, y and z; since m is the unique vertex in [O,y] N[O, z] N [y, 2] it follows that m # y and
m € [0, z]. Let H € H(y, m) be adjacent to y. See Figure 3.

It follows from the definition of m that H € $(y,z) N H(y, O) so that also H ¢ $H(z,0).
Let 7 be the coordinate to which H contributes, and suppose that H is the pth hyperplane in
the chain. It follows that Z; < p—1, so that the same inequality holds for every vertex in §,.
On the other hand, it follows from the definitions that 7, = p and that 7 is y-bound so that
every vertex in §, has i-coordinate equal to p. We conclude that §, and §, are disjoint. [J

Lemma 3.6. For every a € I there ezists y € [O, x| such that a € §,.

Proof. Let § € [a,T| minimise the distance from a to [a,Z] N J. We shall show that a € §,.
The condition § € [a,T] is equivalent to the inequalities 7; > a;, for all coordinates i.
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FIGURE 3. Medians

Consequently, it remains to show that for every y-bound coordinate ¢ we have a; > ¥,. But,
if the i-coordinate is y-bound and a; < 7, then (¥,...,y;, — 1,...,7,) € [a,7] N J and is
nearer a than y. This contradicts the choice of . 0

From these lemmas and the preceeding discussion we obtain:

Proposition 3.7. The interval I is the disjoint union of the fibres of the vertices in (O, x|,
and each fibre intersects J in exactly one point. 0

Definition 3.8. For vertices x and z in a CAT(0) cube complex we define n,(z) = [N, (x)|.
Recall that 0, (z) is the set of hyperplanes in $(z, z) adjacent to x.

Remark. We shall employ this notation when z is the basepoint of an interval |z, y| containing
x. In this case M. () C H(z, ).

We record two special cases of this notation. If a € I = [0, T] then ng(a) is the number of
non-zero coordinates of a; further, if y is the unique element of [0, z| such that a € §,, an

interval with basepoint O,, then np, (a) is the number of non-zero y-free coordinates of a.

Lemma 3.9. For every y € [O,z| the number of y-bound coordinates is no(y); for every
a € §, we have

(6) ng(a) = no,(a) +no(y).

Proof. Suppose the i-coordinate is y-bound. Obtain z € [O, z] such that 7 and Z agree except
in the i-coordinate for which z; = 7, — 1. Since the embedding y — 7 is an isometry, we have
d(y,z) = 1 and d(O,y) = d(O, z) + 1. Hence, the unique hyperplane H separating y and z
also separates O and y.
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We have thus described a function 2 — H from the set of y-bound coordinates to the set
of hyperplanes adjacent to y and separating y from O. It remains to show it is bijective.
For injectivity, we merely observe that the hyperplane H associated to i separates O from
x, belongs to the chain J3; and the distinct 3; are disjoint. For surjectivity, we observe that
if H is adjacent to y and separates y from O then H separates O from x and is the image of
the 7 for which H belongs to the chain ;.

For the equation we need to count the number of non-zero coordinates of a. Each of
these is either y-bound or y-free. By the observation above the number of non-zero y-free
coordinates is precisely np,(a). By definition of the fibre all y-bound coordinates of a are
equal to the corresponding coordinates of 7 which are themselves non-zero so the number of
these is given by np(y). d

Remark. Tt is instructive to examine the case a = 7 of the lemma. The number np, () of
non-zero y-free coordinates of 7 is simply the dimension of the interval §,. As a consequence,
subtracting both sides of (6) from N, we conclude that this dimension is the difference of
the deficiencies of y and 7¥:

dimension of §, = d(y) — 0(y).

Figure 4 illustrates the fibring in the case of an interval [O, z] embedded in R3. The vertex
x maps to T = (2,1,2), while O = (0,0,0). The fibres of the points w, =, y and z are as
indicated:

Sw = {@}
Sm = { (2707 2)7 (27 172) = f}
§y,=1{(2,0,0),(2,0,1),(2,1,0),(2,1,1) =7}
5. =1{(0,0,2),(0,1,2),(1,0,2),(1,1,2) =z }.
The vertex z has deficiency one (computed with N = 3) while both y and z have deficiency
two. However, the corresponding elements T, 7 and Z € [ all have deficiency zero. As
expected, the fibre §, has dimension one and the fibres §, and §. both have dimension two.

The vertex w has deficiency two, as does w, so the fibre §,, has dimension zero and is reduced
to the single point w.

3.3. Analysis of the weight functions. We complete our analysis of the weight functions
defined for a CAT(0) cube complex following the strategy we used in the Euclidean case.
The following analog of Proposition 2.3 provides the crucial step.
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FI1GURE 4. Fibring an interval over the embedding

Proposition 3.10. Let X be a CAT(0) cube complex of dimension at most d, and let N >
d—1. For a vertex of v € X, the (*-norm of the weight function f, . is ("TVN) In particular

the norm does not depend on the vertex x or the complex X.

The proof rests on a rather remarkable fact: although the construction of the fibres relies
heavily on the non-canonical embedding of an interval of X into a Euclidean interval the
process of summing the weights over each fibre gives a quantity which is independent of all
choices. Specifically, summing over the fibre §, one gets the value of f, ,(y), a quantity that
is defined intrinsically without reference to an embedding.

Proof. In the proof we shall encounter weight functions for the complex X and Euclidean

spaces of various dimensions, as well as for various values of the ambient dimension. To avoid

N, X
n,x °

Fix x and an identification of the interval [O, x] with a subset J of an interval I = [0,7]
in R?. As described above, we shall prove that for y € [O, ]

(7) VX)) =3 N a).

aEFy

confusion we incorporate these parameters into the notation writing, for example,

N,X

Assuming this equality for the moment, we complete the proof of the theorem. Since f;';

is non-negative valued and supported in the interval [O, x] and since the fibres partition I it
follows that

+ N
125 = 5 2w =X 2@ =a= = (")
acl

y€[0,a]

the last equality being Proposition 2.3.
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We turn to the proof of (7). Fix a vertex y € [O,z]. If d(z,y) > n then d(a,Z) > n for all
a € §, and both sides of (7) are zero. Therefore, we may assume d(z,y) < n.

The deficiency of y with respect to the basepoint O is denoted 6" (y). A vertex a € g,
has two deficiencies: one with respect to the basepoint O € I, which we denote 6™V:/(a) and
another with respect to the basepoint O, of the interval §,, which we denote 6V (a). As
one might expect, these are related by a shift in the ambient dimension according to

(8) 0" (a) = 0™ (a), N, =N —no(y).

According to our conventions, the deficiency on the right is defined only when the dimension
of §, does not exceed N, + 1. Indeed, this is the case: §, has dimension ng (%) and applying
Lemma 3.9 we conclude

no,(H) = n5(y) —no(y) <d—mo(y) <N +1-no(y) = N, + L.
The proof of (8) is straightforward. Indeed, directly from the definitions we have
(9) 0% (a) = N —ngla) %% (a) =N —no,(a) 6™ (y) =N —no(y).
so that applying Lemma 3.9 we conclude
0% (a) = N —ng(a) = (N —no(y)) — no,(a) = 6% (a).

On the basis of (8) we complete the proof of (7). For a € §, we have the coordinate-wise
inequalities 0 < a; <7, < T; so that d(Z,a) = d(T,y) + d(y, a). Hence

MR ) (n — d(F,a) + 5N’I(a))

n,T (SNJ(CL)
_ ((n - d(f, @)) — d(g, a) -+ 5Ny73y (a))
V0 (a)
- ri\[i/;l?%,y),y(a)

Observe that n — d(z,y) = n — d(x,y) > 0. Summing over a € §,, applying Proposition 2.3
and using again the fact that d(Z,y) = d(z,y) we get

a n—d(z,y)+ N,
FYE () = - ( )

Ny
Comparing (8) and (9) we see N, = 6"¥(y). A glance at the definition of f,;*(y) reveals
that (7) is proved. O

fNy73y
n—d(z,9),y
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The following results are direct analogs of Proposition 2.4 and Theorem 2.5; their proofs
are identical to the proofs of their analogs in the Euclidean case, except making use of
Proposition 3.10 in place of Proposition 2.3.

Proposition 3.11. Let X be a CAT(0) cube complex of dimension at most d, and let N > d.
For every pair x and ' adjacent vertices in X the (*-norm of the difference fy . — fow of

weight functions is 2(";{;1) O
Theorem 3.12. A finite dimensional CAT(0) cube complex has Property A. O

4. POINT STABILISERS AT INFINITY

An amenable group of isometries of a locally compact Hadamard space is known either to
fix a point at infinity, or to preserve a flat subspace [AB98]. Under certain circumstances
there is a converse to this result, for example when a group G acts properly on a proper
CAT(0) space the stabiliser of a flat is virtually abelian [BH99], and if the space is an
Hadamard space, e.g., a building, then the stabiliser of a point in a suitable refinement of
the visual boundary is necessarily amenable [Cap07]. We shall adapt our construction from
the previous section to prove an analogous result for the combinatorial boundary of a CAT(0)
cube complex.

Of the numerous characterizations of amenability for countable groups we select the Reiter

condition, which is most convenient for our purposes.

Definition 4.1. A countable discrete group G is amenable if there exists a sequence of
finitely supported probability measures &, € ¢*(G) such that for every g € G

An action of a discrete group G on a CAT(0) cube complex X is understood to be cellular.
In particular, G acts on the set of vertices of X and on the sets of hyperplanes and half spaces,
and preserves all relevant combinatorics of the complex. In particular, the action on vertices
is isometric for the edge-path metric. Further, the action extends to the combinatorial
boundary 90X and to the completion X. Not having gone into detail concerning the topology
on the combinatorial boundary, we remark only that if z; — 2z then g-2; — g - 2.

Theorem 4.2. Let G be a countable discrete group acting properly on a finite dimensional
CAT(0) cube complex X and let z be a vertex at infinity of X. The stabiliser of z in G is
amenable, and hence virtually abelian.
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Our proof will use the following criterion for amenability.

Proposition 4.3. Let G be a countable group acting properly on a discrete metric space X .
Assume X admits a sequence of families of ¢* functions fn. : X — NU {0}, indexed by
x € X, such that:

a) For every pair of points x and x' € X we have
Y

an,x — fn,x’” 0.
[ fe

(b) For everyge G,z € X, andn €N, fr0=9" fou-

Then G is amenable.

Remark. The properness assumption is equivalent to the action having finite point stabilizers.

Proof. We shall construct a sequence of probability measures as required by Definition 4.1.
Fix a base point xg € X. Let T be a transversal for the action of G on X; thus 7" contains
precisely one point from each G-orbit. For each n € N and g € GG define

Jrzo (gx)
¢n(g) = 7 )
e

where G, is the stabilizer of . Observe that f, , is finitely supported, being an element of
(*(X) with values in NU{0}. Consequently the sum is finite, as indeed are all sums below.

Further, ¢, is finitely supported. We compute ||¢y, || as follows:

ol = oty = 3 el

geG geGxeT
:Z Z fn,xo(y) Z ‘é ’
z€T yeG-x g€Ggz=y '
- Z Z fn,xo(y) = ||fn,xo|| .
z€T yeG-x

A similar calculation yields the following estimate:

H¢n —g- (an < an,xo - fn,gﬂﬁoH .

We obtain the required probability measure by normalizing: &, = ¢,/ ||®x]|- O
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Proof of Theorem 4.2. Let z be a vertex at infinity. Replacing G by the stabiliser of z, we
assume that G stabilises z. Define weight functions as in Definition 3.2, with z playing the
role of the base point O:

n—d(z,y)+(y)

("), € [, 4]
O? y ¢ [x7 Z]?

where the deficiency is defined relative to an ambient dimension N by d(y) = N — |N.(y)|.

(10) fnaly) =

Choosing N to be at least the dimension of the cube complex we ensure that all deficiencies
are non-negative so that f, , takes its values in the non-negative integers.

We first note that the support of f,, , lies in the intersection of the ball of radius n around
x with the interval [z, z]. While the ball itself may contain infinitely many vertices, Theorem
1.14 tells us that the interval embeds in R™ for some (finite) n, so the intersection is in fact
finite, and f,, . is finitely supported, and therefore ¢'.

The equivariance condition is an immediate consequence of the manner in which G acts on
X and the fact that G fixes z. We verify the remaining condition through a limiting process.
Let z; be a sequence of vertices of [z, z] converging to z; this is possible by Lemma 1.17.
Define the weight functions as in Definition 3.2 with z; playing the role of the base point O:
(UESTW), g o]

0, y ¢ [r 2],

where the deficiency is defined relative to an ambient dimension N by ¢/(y) = N — |9, (y)|.

(11) we(y) =

We now show that fp%s = f,.., for almost every j. The support of f,, is contained in
[z,2] N B(x,n); similarly the support of f% is contained in [z,z;] N B(x,n). Applying
Lemma 1.8 (with w = z;) we see that the support of f,% is also contained in [z, 2] N B(z,n).
According to Theorem 1.14 this is a finite set.

It remains to show that for y € [z, 2]N B(z,n) we have f%(y) = f..(y) for almost every j.
The only terms in (10) and (11) dependent on j are the deficiencies §(y) and ¢/ (y). Applying
Lemma 1.11 we see that y € [z, 2;] for almost every j and applying Lemma 1.9 (with w = z;)
we conclude that

(12) N, (y) C N(y),

for almost every j. Applying Lemma 1.10 we have

M(y) = J() M )

kE >k
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Since M, (y) is a finite set, and the union on the right is increasing, we conclude that
(13) MN.(y) C N, (y),

for almost every j. Combining (12) and (13) we conclude that 6(y) = ¢/ (y) for almost every
j. Comparing the definitions (10) and (11) we are done.

The almost invariance of the f, . now follows. Let x and 2’ € X. Let m = m(x,2', 2) so
that m € [z, 2] N [2/, 2], hence also [m, z] C [z,z] N [2/,2]. Let z; — 2z and z; € [m, z]. We
have shown above that if z; — z and z; € [z, 2] then fi% = f,, . for almost every j. Applying
this to both x and 2’ we conclude that if x and 2’ are adjacent then

_o n+N-—-1
N N-—1

N
lmall =zl = (" %)

where in each case the first equality holds for almost every j and the second for every j by

25 Zj
_ — i
an,:l? fn,a?’H an,m n,z’

and also

Propositions 3.11 and 3.10, respectively. The argument now follows exactly the same course
as that of Theorem 2.5:

n+N—-1
an,m - fn,m’” < Qd(:U w/)( 41;/—1 ) _ 2d(x,x’)N
Fel S GRS
which tends to zero uniformly on {(z,2’) : d(z,2") < R} as n — o0. O
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