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ABSTRACT
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Doctor of Philosophy

THERMOELASTIC STRESS ANALYSIS OF LAMINATED COMPOSITE

MATERIALS

by Shamala Sambasivam

In this work thermoelastic stress analysis (TSA) is used to obtain quantitative stress/

strain data from a variety of multi-directional laminated composites. In order to in-

terpret the thermoelastic signal correctly the source of the thermoeleastic response has

been investigated in detail. In this thesis four possible routines to extract quantitative

stress/strain information from thermoelastic data have been explored. A set of carefully

selected glass/epoxy composite specimens with designated stacking sequences provided

a scheme to identify the source and nature of the thermoelastic response. All of the

material properties of the composite laminate were obtained experimentally, to aid an

accurate assessment of each routine. The variation in the stress experienced by the

laminate in the surface resin layer and ply by ply there after leads to large variations in

the temperature change through the thickness. The thermoelastic measurements from

different laminates revealed a local non-adiabatic condition within the layered medium.

Therefore, the implication of applied loading frequency on the heat conduction properties

of the laminates was studied. Based on the experimental observation from a representa-

tive specimen, numerical models have been developed to understand the nature of the

heat transfer in the glass/ epoxy material considered in this work. An analysis of the

effect of holes in a variety of laminated components is presented to provide stress concen-

tration factors (SCF’s) based on TSA data. The conventional, orthotropic surface ply

model most often used for thermoelastic stress analysis of composite material is revisited

in order to elucidate the invariant nature of the equation. This is an important base

for the analysis of structures which are better notated in coordinate system other than

Cartesian, or as ratio of thermoelastic measurements in two different coordinate systems.

The nature of the thermoelastic response in the presence of the in-plane stress gradient

is investigated with the aid of numerical and analytical models. An introductory work

for quantifying the SCF’s around pin-loaded holes in laminated composite based on

TSA measurements is also presented. The work presented in this thesis provides a step

forward in the application of TSA to the composite materials in a quantitative manner.

http://www.soton.ac.uk
http://www.soton.ac.uk/about/academicschools/esm.shtml
http://www.soton.ac.uk/ses
http://www.soton.ac.uk


Contents

Abstract i

List of Figures v

List of Tables viii

Declaration of Authorship ix

Acknowledgements x

Abbreviations xi

Symbols xii

1 Introduction 1
1.1 Background . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.2 Aims and Objectives . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3
1.3 Novelty . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4
1.4 Content of thesis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

2 Thermoelastic stress analysis 7
2.1 Theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
2.2 Infrared systems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

2.2.1 Infrared radiation detectors . . . . . . . . . . . . . . . . . . . . . . 10
2.2.2 Photon detectors . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11
2.2.3 Silver 480M infrared system . . . . . . . . . . . . . . . . . . . . . . 13
2.2.4 Data acquisition and post processing . . . . . . . . . . . . . . . . . 15

2.3 Full-field stress analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16
2.3.1 Specimen preparation . . . . . . . . . . . . . . . . . . . . . . . . . 16
2.3.2 Calibration techniques . . . . . . . . . . . . . . . . . . . . . . . . . 16

2.4 Application of TSA to composite material . . . . . . . . . . . . . . . . . . 17
2.5 Practical applications of TSA . . . . . . . . . . . . . . . . . . . . . . . . . 20
2.6 Justification for current work . . . . . . . . . . . . . . . . . . . . . . . . . 20

3 Thermoelastic theory for laminated composites 22

ii



List of Contents iii

3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22
3.2 Thermoelastic response from a single lamina . . . . . . . . . . . . . . . . . 23
3.3 Thermoelastic response from a multi directional laminate . . . . . . . . . 29

3.3.1 Definition of a multidirectional laminate . . . . . . . . . . . . . . . 29
3.4 Lamina and laminate strains . . . . . . . . . . . . . . . . . . . . . . . . . 31
3.5 Four approaches for defining the thermoelastic response . . . . . . . . . . 33

3.5.1 Influence of the surface resin rich layer on thermoelastic response . 33
3.5.2 Orthotropic surface ply . . . . . . . . . . . . . . . . . . . . . . . . 33
3.5.3 Homogeneous orthotropic material . . . . . . . . . . . . . . . . . . 34
3.5.4 CTE coupled in the stack . . . . . . . . . . . . . . . . . . . . . . . 35

3.6 Definition of laminate configurations for experimental work . . . . . . . . 35
3.6.1 Unidirectional laminates (UD) . . . . . . . . . . . . . . . . . . . . 35
3.6.2 Cross-ply laminates (CP) . . . . . . . . . . . . . . . . . . . . . . . 36
3.6.3 Angle-ply laminates (AP) . . . . . . . . . . . . . . . . . . . . . . . 37
3.6.4 Quasi-isotropic laminates (QI) . . . . . . . . . . . . . . . . . . . . 37

3.7 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38

4 Test materials and properties 39
4.1 Manufacture of test specimens . . . . . . . . . . . . . . . . . . . . . . . . 39
4.2 Elastic properties . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40
4.3 Coefficient of thermal expansion . . . . . . . . . . . . . . . . . . . . . . . 44
4.4 Specific heat capacity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46
4.5 Density . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47
4.6 Global laminate properties . . . . . . . . . . . . . . . . . . . . . . . . . . . 47
4.7 Uncertainty in the calculation of the material properties . . . . . . . . . . 48
4.8 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51

5 Thermoelastic analysis of composite materials 52
5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52
5.2 Experimental data . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53
5.3 Analysis of the thermoelastic response . . . . . . . . . . . . . . . . . . . . 57
5.4 Non-adiabatic behaviour . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60

5.4.1 Background to surface coatings . . . . . . . . . . . . . . . . . . . . 60
5.5 Experimental model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61
5.6 FE model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63
5.7 Periodic heat transfer model . . . . . . . . . . . . . . . . . . . . . . . . . . 66
5.8 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69

6 Stress concentration at holes in laminated composite material 73
6.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73
6.2 Stress concentration factor . . . . . . . . . . . . . . . . . . . . . . . . . . . 75
6.3 Stress and strain concentration in composite materials . . . . . . . . . . . 76

6.3.1 Analytical methods . . . . . . . . . . . . . . . . . . . . . . . . . . . 77
6.3.2 Numerical methods . . . . . . . . . . . . . . . . . . . . . . . . . . . 82
6.3.3 Experimental investigations . . . . . . . . . . . . . . . . . . . . . . 83
6.3.4 Stress concentration for damaged composites . . . . . . . . . . . . 84

6.4 Derivation of the thermoelastic stress and strain concentration factors . . 84



List of Contents iv

6.5 Thermoelastic stress analysis of holes in laminated composites . . . . . . . 87
6.6 Edge effect . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88
6.7 Finite element analysis of composite laminates with holes . . . . . . . . . 91

6.7.1 2D Finite element analysis . . . . . . . . . . . . . . . . . . . . . . . 91
6.7.2 3D Finite element analysis . . . . . . . . . . . . . . . . . . . . . . . 92

6.8 Validation of FE model . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93
6.9 Strength reduction factor . . . . . . . . . . . . . . . . . . . . . . . . . . . 95
6.10 TSA Results and discussion . . . . . . . . . . . . . . . . . . . . . . . . . . 97
6.11 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 101

7 Stress analysis of pin-loaded joints 103
7.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103
7.2 Review of pin-loaded plate studies . . . . . . . . . . . . . . . . . . . . . . 105

7.2.1 Stress concentration . . . . . . . . . . . . . . . . . . . . . . . . . . 105
7.3 Review of mechanical fasteners in composite structure . . . . . . . . . . . 107

7.3.1 Material parameters . . . . . . . . . . . . . . . . . . . . . . . . . . 108
7.3.1.1 Fibre orientation and laminate stacking sequence . . . . . 109
7.3.1.2 Manufacturing routes . . . . . . . . . . . . . . . . . . . . 110

7.3.2 Geometry parameters . . . . . . . . . . . . . . . . . . . . . . . . . 112
7.3.3 Fastener parameters . . . . . . . . . . . . . . . . . . . . . . . . . . 113
7.3.4 Stress and strain concentration in composite joints . . . . . . . . . 115

7.4 Thermoelastic stress analysis of isotropic pin-loaded plates . . . . . . . . . 116
7.4.1 Test specimens and loading arrangements . . . . . . . . . . . . . . 116
7.4.2 Analysis of isotropic pin-loaded plates . . . . . . . . . . . . . . . . 118
7.4.3 Non-linearity of the load-stress relationship at the contact arc . . . 118

7.5 Finite element analysis of isotropic pin-loaded joints . . . . . . . . . . . . 119
7.5.1 2D finite element analysis . . . . . . . . . . . . . . . . . . . . . . . 121
7.5.2 3D finite element analysis . . . . . . . . . . . . . . . . . . . . . . . 121
7.5.3 Results and discussion . . . . . . . . . . . . . . . . . . . . . . . . . 123

7.6 Thermoelastic stress analysis of composite pin-loaded joints . . . . . . . . 126
7.7 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 126

8 Recommendations for future work and conclusions 129
8.1 Future work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 129

8.1.1 Numerical modelling of thermoelastic behaviour of composite lam-
inate . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 129

8.1.2 Heat transfer analysis in composite medium . . . . . . . . . . . . . 130
8.1.3 Material characterisation . . . . . . . . . . . . . . . . . . . . . . . 131
8.1.4 Post processing of thermal data . . . . . . . . . . . . . . . . . . . . 131

8.2 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 131

A List of publications 134

References 135



List of Figures

2.1 Typical operational setup of Silver 480M infrared system for TSA . . . . . 15
2.2 a) On-axis b) Off-axis configurations of a composite . . . . . . . . . . . . 18

3.1 Schematic diagram of the coordinate system and nomenclature . . . . . . 25
3.2 Thermal expansion of composite lamina under free thermal stress (a) prin-

cipal stress axes (exhibit extension shear coupling) (b) principal material
axes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

3.3 Shear thermal expansion of composite lamina (a) as shear thermal ex-
pansion tensor (b) total shear thermal expansion (known as engineering
shear thermal expansion) . . . . . . . . . . . . . . . . . . . . . . . . . . . 26

3.4 Typical stacking sequence of a symmetric laminate . . . . . . . . . . . . . 30

4.1 Cure cycle for Glass/ Epoxy pre-preg material . . . . . . . . . . . . . . . 40
4.2 Test specimens . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40
4.3 Micrograph showing the cross-section of a UD laminate . . . . . . . . . . 41
4.4 Three mutually perpendicular plane of symmetry for an orthotropic com-

posite laminate . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42
4.5 Typical stress-strain curve for a UD laminate . . . . . . . . . . . . . . . . 43
4.6 Experimental setup for through thickness measurement . . . . . . . . . . 44
4.7 Experimental setup for CTE measurement . . . . . . . . . . . . . . . . . 45
4.8 Typical output from CTE measurements on a UD laminate . . . . . . . . 46
4.9 The specific heat capacity of an UD glass/epoxy composite in the tem-

perature 10-50 oC . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48

5.1 Temperature profiles obtained from specimens at loading frequncy of
10Hz; a)Epoxy, b)UD(0), c)UD(90), d)CP(0), e)CP(90), f)CP(0)3, g)CP(90)3,
h)AP, i)AP(3), j)OA, k)QI(0/45), l)QI(0/90) . . . . . . . . . . . . . . . . 55

5.2 Predicted and measured thermoelastic response of the laminated composite 58
5.3 Temperature difference between the orthotropic surface layer and the

isotropic resin layer . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60
5.4 Aluminium strip specimen: with part of the surface coated with epoxy

resin and the other part coated matt black paint . . . . . . . . . . . . . . 62
5.5 Change in the surface temperature of aluminium coated with an epoxy

layer and paint coating . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63
5.6 The relation between the thickness of the resin rich surface layer and the

required loading frequency to achieve adiabatic conditions (from 2D FE
analysis) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64

5.7 The variation of thermoelastic temperature change for different loading
frequencies (10,15 and 20Hz) . . . . . . . . . . . . . . . . . . . . . . . . . 65

v



List of Figures vi

5.8 The variation of thermoelastic temperature change for different mean load 66
5.9 Temperature change in the surface and combination of heat diffusion and

thermoelastic effect at frequency of 80 Hz . . . . . . . . . . . . . . . . . . 68
5.10 Comparison of experimental data and FDM results) . . . . . . . . . . . . 68
5.11 Temperature change at the surface and from a combination of heat diffu-

sion and the thermoelastic effect, at a loading frequency of 10 Hz . . . . . 69
5.12 Temperature change in the surface and combination of heat diffusion and

thermoelastic effect, at a loading frequency of 20 Hz . . . . . . . . . . . . 70
5.13 Temperature change in the surface and combination of heat diffusion and

thermoelastic effect, at a loading frequency of 120 Hz . . . . . . . . . . . . 70

6.1 Hole in a plate nomenclature . . . . . . . . . . . . . . . . . . . . . . . . . 76
6.2 Tensile load applied a) in the principal direction of an anisotropic plate

with circular hole b) at an angle to the principal material direction . . . . 79
6.3 Graphical presentation of the a) point stress criterion b) average stress

criterion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79
6.4 Stress distribution for a finite plate containing a hole . . . . . . . . . . . . 81
6.5 Distribution of ∆T

∆TF
around holes from TSA data for a) UD(0) b) CP(0)

c) AP d) QI . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89
6.6 SCF contour plot from TSA data at the edge of the hole . . . . . . . . . . 90
6.7 SCF line plot from TSA data . . . . . . . . . . . . . . . . . . . . . . . . . 90
6.8 Orthotropic plate with a hole in the centre under uniaxial tension . . . . . 92
6.9 Typical mesh of the composite laminate . . . . . . . . . . . . . . . . . . . 92
6.10 Defined laminate stacking sequence for AP laminate (45/-45/-45/45)T . . 93
6.11 Typical mesh of 3D laminated plate . . . . . . . . . . . . . . . . . . . . . 94
6.12 Comparison of notched failure strength of UD(0),CP(0),QI(0/45) and AP

laminates . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 96
6.13 Comparison of unnotched failure strength of UD(0),CP(0),QI(0/45) and

AP laminates . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 97
6.14 Comparison of experimental SCFTSA with those from an analytical solu-

tion and FEA for an UD(0) laminate with a central circular hole . . . . . 99
6.15 Comparison of experimental SCFTSA with those from an analytical solu-

tion and FEA for a CP(0) laminate with a central circular hole . . . . . . 99
6.16 Comparison of experimental SCFTSA with those from an analytical solu-

tion and FEA for a QI(0/45) laminate with a central circular hole . . . . 100
6.17 Comparison of experimental SCFTSA with those from an analytical solu-

tion and FEA for an AP laminate with a central circular hole . . . . . . . 100

7.1 Lug nomenclature . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104
7.2 Test specimen and loading configuration . . . . . . . . . . . . . . . . . . . 117
7.3 Contour plot around AlS20 joint . . . . . . . . . . . . . . . . . . . . . . . 119
7.4 Line plot through the horizontal centre line of the pin for specimen AlS20 120
7.5 SCF contour plot for (a) specimen AlS10 (snug fit) (b) AlC10/1 (clearance

fit) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 120
7.6 2D mesh of the pin joint . . . . . . . . . . . . . . . . . . . . . . . . . . . . 122
7.7 Comparison of TSA and FE results (r = 5 mm) . . . . . . . . . . . . . . . 122
7.8 Finite element mesh of a geometry of pin-loaded lug . . . . . . . . . . . . 122
7.9 Comparison of TSA and FE results (r = 10 mm) . . . . . . . . . . . . . . 123



List of Figures vii

7.10 Comparison of TSA and 3D FEA results (r = 5 mm) . . . . . . . . . . . . 124
7.11 Comparison of TSA and 3D FEA results (r = 10 mm) . . . . . . . . . . . 125
7.12 Comparison of stress concentration factors for snug fitting pins . . . . . . 125
7.13 Assembly of the composite pin-loaded joint . . . . . . . . . . . . . . . . . 126
7.14 Thermoelastic temperature signal from UD laminate . . . . . . . . . . . . 127
7.15 Thermoelastic temperature signal from QI laminate . . . . . . . . . . . . 128



List of Tables

2.1 Technical specification of the Silver 480M infrared system . . . . . . . . . 14

3.1 Stacking sequence of the test specimens . . . . . . . . . . . . . . . . . . . 36

4.1 Lay-ups and dimensions of test specimens . . . . . . . . . . . . . . . . . . 41
4.2 Elastic properties of E-glass/epoxy pre-preg composite and epoxy resin . . 44
4.3 Average physical properties of an UD glass/epoxy composite laminate

and epoxy specimen . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47
4.4 Global mechanical and physical properties of cross-ply, angle-ply and

quasi-isotropic laminate . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48
4.5 Estimate of reading error for error analysis . . . . . . . . . . . . . . . . . 49

5.1 Details of applied load, strains and thermoelastic data from the test . . . 54
5.2 Thermoelastic response (measured and calculated) with experimental er-

ror from composite specimens . . . . . . . . . . . . . . . . . . . . . . . . . 57
5.3 Mechanical and physical properties of aluminium . . . . . . . . . . . . . . 63

6.1 Lay ups and dimensions of test specimens . . . . . . . . . . . . . . . . . . 88
6.2 Loading conditions and strain reading from the far-field region . . . . . . 88
6.3 Comparison of strain (µε) in the composite strip for conditions given in

Table 5.1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95
6.4 The comparison of the differences between the measured strain and the

strain obtained using numerical and analytical approaches . . . . . . . . . 95
6.5 Comparison of strain in the far-field region for conditions given in Table 6.2 95
6.6 The comparison of the differences between the measured strain in the

far-field region and the strain obtained using numerical and analytical
approaches . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95

6.7 SCFTSA, SRF and SCF (from FEA and analytical work) for specimen
with holes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 96

6.8 Values and position of the maximum SCFTSA for the different composite
laminates . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 98

7.1 Pin and plate configurations . . . . . . . . . . . . . . . . . . . . . . . . . . 116
7.2 Stress concentration factor data for different plate configurations . . . . . 118
7.3 Elastic properties of pin and plate . . . . . . . . . . . . . . . . . . . . . . 121
7.4 Comparison of SCF’s obtained from experimental and numerical data . . 124

viii



Declaration of Authorship

I, Shamala Sambasivam, declare that this thesis titled, ‘Thermoelastic stress analysis of

laminated composite materials’ and the work presented in the thesis are both my own,

and have been generated by me as the result of my own original research. I confirm

that:

� this work was done wholly or mainly while in candidature for a research degree at

this University;

� where any part of this thesis has previously been submitted for a degree or any

other qualification at this University or any other institution, this has been clearly

stated;

� where I have consulted the published work of others, this is always clearly at-

tributed;

� where I have quoted from the work of others, the source is always given. With the

exception of such quotations, this thesis is entirely my own work;

� I have acknowledged all main sources of help;

� where the thesis is based on work done by myself jointly with others, I have made

clear exactly what was done by others and what I have contributed myself;

� parts of this work have been published as: (Appendix A).

Signed:

Date:

ix



Acknowledgements

First and foremost I offer my sincere gratitude to my supervisor, Prof. Janice Barton,

who has supported me throughout my thesis with her advice and knowledge. One simply

could not wish for a friendlier supervisor than Dr. Simon Quinn, without his continuous

encouragement and support, this thesis would not have been completed.

In the various laboratories I have been assisted in many ways by technicians, Eric

Roszkowiak, David Beckett and Chris for producing test specimens with consistent qual-

ity. The School of engineering sciences has provided the financial support and facilities

that needed to produce and complete my thesis and the EPSRC has funded my studies.

I am thankful to the TSA users for organising group meetings and generating fruitful

ideas and discussion on using ‘Cedip system’; special thanks to Richard Fruehmann. In

my daily work I have been blessed with a friendly and cheerful group of fellow students;

who provided healthy discussions about science and engineering in general and helped

me regain some sort of fitness: healthy mind and body.

I wish to thank all my family members and close friends for providing a loving and

caring environment. Special thanks to Sairam, Sevvearl, Dilan, Lingesh and Hashanthy

for helping me get through the difficult times and for all the emotional support, enter-

tainment and care they provided.

Lastly, and most importantly, I wish to thank my parents. They raised me, supported

me, taught me, and loved me. To them I dedicate this thesis.

Thanks everyone.

x



Abbreviations

AP Angle Ply

ASTM American Society for Testing Material

CFRP Carbon Fibre Reinforced Polymer

CLPT Classical Laminate Plate Theory

CP Cross Ply

CTE Coefficient of Thermal Expansion

DIC Digital Image Correlation

DSC Digital Scanning Calorimetry

ESPI Electronic Speckle Pattern Interferometry

FDM Finite Difference Method

FEM Finite Element Method

FFT Fast Fourier Transform

FRP Fibre Reinforced Polymer

GFRP Glass Fibre Reinforced Polymer

IR Infra red

MATLAB MATrix LABoratory

NDT Non Destructive Testing

QI Quasi Isotropic

SCF Stress Concentration Factor

SPATE Stress Pattern Analysis by measurement of Thermal Emissions

TSA Thermoelastic Stress Analysis

UD Uni Directional

xi



Symbols

[a] Extensional compliance matrix -

c Speed of light ms−1

n Temperature correction power index -

k Stress concentration factor -

A Isotropic calibration constant MPaU−1

[A] Extensional stiffness matrix -

B′ Stefan Boltzmann constant Wm−2K−2

C1 First radiation constant Wm2

C2 Second radiation constant mK

Cε Specific heat at constant strain Jkg−1K−1

Cp Specific heat at constant pressure Jkg −1K−1

E Young’s modulus MPa

G Shear modulus MPa

K Thermoelastic constant MPa

M Mass Kg

Nb Photon flux phs−1m−2sr−1

P Load N

Qij Reduced stiffness terms -

R Temperature correction factor -

S Thermoelastic signal U

T Ambient temperature K

Vo Volume m3

α Coefficient of linear thermal expansion oC−1

ε Direct strain -

η Emissivity -

γ Shear strain -

κ Thermal diffusivity m2s−1

λ Wavelength m

xii



Symbols xiii

ρ Density kgm−3

σ Stress MPa

σx + σy Sum of principal stresses MPa

σ1 + σ2 Sum of stresses in the principal material direction MPa

τ Shear stress MPa

ν Poisson’s ratio -

∆ Change in -

Φb Spectral radiant power Wm−2



Dedicated to my parents. . .

xiv



Chapter 1

Introduction

1.1 Background

As composite manufacturing technologies have advanced, the use of composites for en-

gineering components has increased significantly. The introduction of composite com-

ponents can reduce weight and has the potential to reduce the through life cost of the

component. Although corrosion is less pronounced in structures made of composites,

it should be considered that repairing these structures can be costly. In using com-

posite materials, a typical design objective is to meet the mechanical performance (i.e.

strength and stiffness) of the same structure made of other materials (e.g. metals) with

improved characteristics such as weight reduction. Advanced polymer composite sys-

tems composed of various fibre forms and matrix types, are used to meet specific service

requirements. Their overall performance is influenced by the constituent materials, their

distribution and the interaction between them. To fully exploit the potential of com-

posite material, it is extremely important to understand and develop procedures for

analysing the mechanical behaviour of composite material.

Most of the composite laminates used today are symmetrical and have orthotropic lay

ups. The differently oriented layers are stacked in a specific sequence to tailor the prop-

erties of the laminate to best withstand the applied load, therefore enhancing weight

reduction. Composite materials also can be formed into single, continuous parts (unlike

their metallic counterparts), therefore not only reducing the number of parts required for

a component, but also reducing the need for fasteners and joints. The unique character-

istics of composite materials also provide some significant challenges in developing safe,

strong structures. While the primary concerns in metallic structures typically relate to

crack growth and corrosion, damage such as delamination and fibre breakage are major

concern in fibre reinforced polymer (FRP) matrix composites.

1
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FRP composites laminates have been successfully incorporated into the design of lightweight,

high-performance structures (e.g. marine and aircraft components) in recent years, en-

abled by extensive laboratory testing and advances in computational methods. Efforts

continue to increase the need for designs with better performance, reliability, and dura-

bility requirements and drive composite design to higher levels of structural efficiency.

Conventional strain measurement techniques, such as resistance strain gauges and pho-

toelastic coatings provide a means for characterisation of composite materials for design

purposes. In addition, more recent full-field stress and strain analysis techniques such as

digital image correlation (DIC) and Electron Speckle Pattern Interferometry (ESPI) are

being used increasingly in a variety of fields including assessment of composite material.

Thermoelastic stress analysis (TSA) can be used to give equivalent full-field data and is

the technique being studied in the current work. Compared to numerous applications

involving isotropic solids, the practical problems solved in composite material by TSA

are mostly limited to qualitative applications. This is due generally to a lack of a thor-

ough understanding of the thermoelastic behaviour of composite material. Therefore,

this work is aimed at identifying the source and prominent factors influencing the ther-

moelastic response from laminated composites for successfully implementing a routine

for extracting quantitative full-field stress data from the thermal measurements.

Virtually every large-scale primary composite structure contains joints. Joints are re-

quired to adhere to manufacturing constraints and to meet requirements related to

functionality of the structure and part replacement. Mechanically fastened joints have

been found to be well suited to composite structures as these joints are relatively inex-

pensive to manufacture and can be easily disassembled [1]. The design and testing of

joints is therefore important because the load bearing capacity of a joint is critical for

full exploitation of high performance composite structures. The presence of discontinu-

ities, such as cut-outs and joints, which are common in actual structures, increase the

difficulty in accurately predicting detailed local stress distributions, especially when the

component is manufactured from a composite material. However, this information is vi-

tal as it provides the strategy for efficient design, as well as providing insight into damage

and fracture initiators. In most instances numerical techniques are preferred because

experimental approaches are expensive in comparison. However, full-field experimental

techniques are vital to assess the validity and accuracy of numerical approaches.

TSA is an experimental technique based on IR thermography, where the small temper-

ature changes resulting from a change in elastic stress are obtained by measuring the

change in infrared photon emission [2]. It has advantages over other experimental tech-

niques since only minimal surface preparation (i.e. coatings, grids or speckle patterns are

not needed) is required for obtaining full-field stress data with spatial resolution of 4 µm

[3]. The resulting temperature variations at the component surface are measured with
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commercially available infrared (IR) cameras, which have sensitivities in the order of 1

mK. The underlying physics is that under adiabatic conditions, changes in the stresses

within the elastic region produce reversible conversion between mechanical and ther-

mal forms of energy. The standard TSA procedure utilises a cyclic load to prevent heat

transfer within test parts to ensure the temperature change occurs adiabatically [4]. The

near real time nature of TSA also makes it suitable for monitoring the fatigue behaviour

of composite joints [5]. It is convenient to apply the method to structures experiencing

dynamic loading and it has great potential as a design or theoretical model validation

tool because there are a limited amount of full-field experimental data available for this

complex and difficult stress analysis problem [6, 7].

Investigations into applying TSA to composites were instigated by Stanley and Chan [8],

who modified the original thermoelastic equation for isotropic material for orthotropic

materials and showed the temperature change as a function of stress change to be:

∆T = − T

ρCp
(α1∆σ1 + α2∆σ2) (1.1)

where Cp is the specific heat at constant pressure, T is the ambient temperature, ρ is

the density, α1 and α2 are the coefficients of thermal expansion in the principal material

directions and σ1 and σ2 are the direct stresses in the principal material directions.

Later, the possibility of a influence from the surface resin rich layer as a consequence of

the manufacturing process in glass fibre reinforced composite (GFRP) was suggested by

Cunningham et al. [9]. Some authors have identified the possibility of using the surface

layer as strain witness and to obtain quantitative TSA data [10, 11, 12]. In this work,

a full evaluation of the strain witness approach is carried out and it is shown that this

may not be appropriate for the type of material used [13] and alternative approaches

are identified and investigated further.

The findings have been incorporated in developing an experimental procedure for as-

sessing the stresses in the vicinity of holes and pin loaded joints in laminated composite

components.

1.2 Aims and Objectives

The overall aim of this work is to develop the TSA technique so that it can be used

quantitatively in the analysis of laminated composite structures. Of particular interest

are the stress distribution of circular cut-outs that facilitate mechanical fasteners. To
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achieve this aim significant challenges need to be overcome; these form the objectives of

this work and are as follows:

• Determine the source of the thermoelastic response and assess the prominent fac-

tors influencing the thermoelastic response from a multi-directional laminated com-

posite material.

• Devise a technique or routine to extract quantitative stress/strain data from TSA

data obtained from composite laminates.

• Investigate the non-adiabatic thermoelastic effect and the influence of the periodic

heat diffusion through a layered medium on the thermoelastic temperature change

measured on the surface of a laminated composite material.

• Complete characterisation of the mechanical and physical material properties of

multi-directional laminated composite material to theoretically define its thermoe-

lastic response.

• Obtain experimentally the stress/ strain distribution around holes in laminated

composite plates using thermoelastic stress analysis.

• Investigate effects of both in-plane and through thickness temperature gradients on

the thermoelastic response in the neighbourhood of holes in composite laminate.

• Devise approaches to relate the thermoelastic data to finite element models and

analytically derived results to provide a means for direct comparison and valida-

tion.

• Provide an initial insight into application of TSA to composite pin loaded joints

by defining an experimental approach that is validated using isotropic metallic

materials.

1.3 Novelty

After conducting a thorough literature review, it is evident that studies conducted using

TSA for quantitative stress analysis of realistic composite components are limited. There

is no prior work on mechanically fastened composite joints and most studies are limited

to composite coupons/strips. It is also notable that in many cases the anisotropic prop-

erties of composite materials contributing to differences in mechanical and thermoelastic

properties have not been fully considered. Although large variations arise as a result

of the material palettes available for composite materials no real effort has been taken
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to characterise these materials in order to obtain the physical properties that are vital

in verifying the thermoelastic theory. Most importantly, is the means of obtaining the

coefficient of thermal expansion.

In this work, all the factors that influence the thermoelastic response of composite

materials are considered. This includes consideration of extension shear coupling which

has been neglected in the previous quantitative work on orthotropic composites.

The influence of the periodic heat diffusion between the layered medium on the thermoe-

lastic response is explored using the finite difference method. All the necessary material

properties are obtained experimentally, including the definition of procedures to obtain

the coefficient of thermal expansion. The findings of this work provide a complete,

definitive and clearer procedure for quantitative stress data for composite components.

This procedure is then applied to laminate with cut-outs, sucessfully quantifying the

stress concentration factor (SCF) around circular holes. A new way of presenting SCF

is formulated in order to use TSA as a validation tool of numerical and analytical models.

Also, initial investigation on pin-loaded joints in isotropic and composite structures are

conducted.

1.4 Content of thesis

Chapter 2 provides a detailed review of the state of the art in TSA. A clear description

of the current standing of the theory, equipment, operational procedure, developments

of the technique and practical applications of TSA is provided. The advantages and

suitability of the experimental technique are highlighted in this chapter. The evolution

of the conception, theories and applications of TSA to isotropic, orthotropic and woven

composites are described, along with identification of the gaps in knowledge that require

further exploration.

Chapter 3 concentrates on the specific theoretical consideration required to apply TSA

successfully to composite materials. Two clear routes adopted by previous researchers to

develop calibration techniques based on the orthotropic nature of the composite material

are described. One utilises the orthotropic surface ply and the other considers the

presence of a surface resin rich region (isotropic behaviour). Additionally two further

cases are considered, the first in which the CTE’s and laminate stresses are assumed to

provide the thermoelastic response from the laminate as a whole (i.e. global response)

and in the second case CTE’s of the laminate are coupled with the stresses in the surface

ply. The choice of material selection required to capture the distinct assumptions made

in deriving each theoretical model is described in this chapter.
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Chapter 4 outlines the experimental procedures to fully characterise the mechanical and

physical properties of composite materials. The associated error analysis is presented to

show the uncertainty in the measurements.

The comparison between the proposed theoretical models and thermoelastic measure-

ments are given in Chapter 5. The suitability and limitations of the calibration tech-

niques are highlighted in this chapter. The applied loading frequency and the associated

heat transfer problem is discussed based on heat transfer analysis conducted using a sim-

ple FE model and periodic heat transfer analysis performed using the Finite Difference

Method.

In Chapter 6 details of the stress concentrations in laminated composites, focusing on

circular cut-outs is provided. The underlying theory and development of the research on

laminated composites with holes is presented. A comparison of the SCFTSA obtained

from experimental, analytical and FEA data for laminates with different fibre lay-ups is

reported in this section.

Chapter 7 gives detail of the factors that influence the design and analysis of mechanical

fasteners in composite joints. The detailed literature review demonstrates the crucial

need for further full-field experimental data to enable the development of more reliable

design procedures and further development of analytical and computational models.

TSA of both isotropic and composite pin-loaded joints are presented. Finite element

analysis has been used to assist the interpretation and validation of the experimental

data.

Future work and the overall conclusions derived from this research work are provided in

Chapter 8.



Chapter 2

Thermoelastic stress analysis

2.1 Theory

Thermoelastic stress analysis (TSA) is based on the measurement of the temperature

changes that occur when an external load is applied to a component as a result of a

reversible effect [14]. When a structure is loaded within the elastic range the resulting

temperature profile can be related to the surface stress state. To acquire this, the

standard TSA procedure utilises a cyclic load to prevent heat transfer within test parts

and ensure the temperature change is reversible (adiabatic).

Themoelasticity is a general term used to describe the change in stresses within the

elastic limit that occur as a result of reversible conversions between mechanical and

thermal forms of energy. The theoretical basis for thermoelasticity was established in

the 19th century [14, 15], although it did not find practical application in experimental

stress analysis until the advent of highly sensitive IR detectors, which have the ability to

measure the small temperature changes resulting from the thermoelastic effect [16]. For

isotropic materials the use of TSA is well documented, i.e. [17, 18, 19]. The relationship

between the small temperature changes, caused by the change in the stress state of

a homogeneous, linear elastic, isotropic solid can be derived [16] from the laws of the

thermodynamics in the form:

∆T = − T

ρCε

∂σ

∂T
ε+

Q

ρCε
(2.1)

where T is the absolute temperature of the material, Cε is the specific heat at constant

strain, ρ is the density, σ is the stress change tensor, ε is the strain change tensor and

Q is the heat input.

7
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The partial derivatives in Equation 2.1 can be obtained from the stress strain tempera-

ture relationships for an isotropic material and the second term in the equation can be

neglected for adiabatic conditions (Q=0). By assuming that E and ν are independent

of temperature the equation reduces to:

∆T = − EαT

ρCε(1− 2ν)
(εx + εy + εz) (2.2)

where E is Young’s modulus, α is the coefficient of linear thermal expansion and ν is

Poisson’s ratio.

The relationship between thermal stress and strains in an isotropic elastic solid is given

by the following equation [20]:

εx =
1− 2ν
E

(σx + σy + σz) + 3α∆T (2.3)

The relationship between the specific heat at constant strain (Cε) and the specific heat

at constant pressure (Cp) is given in [21] as:

Cε = Cp −
3Eα2T

ρ(1− 2ν)
(2.4)

Substituting for
∑
ε from Equation 2.3 and Cε from Equation 2.4 into Equation 2.2

gives:

∆T = − α

ρCp
T (σx + σy + σz) (2.5)

∆σz can be considered as zero because the measurements are taken using an IR detector,

which is a surface technique where plane stress conditions apply. The quantity α
ρCp

is

known as the thermoelastic constant, K, so that the temperature change, ∆T , can be

expressed as:

∆T = −KT∆(σx + σy) (2.6)

where ∆σx and ∆σy are the changes in the principal stresses.

In a similar manner the thermoelastic temperature change for an anisotropic material

can be derived and this is discussed in detail in Chapter 3. Equation 2.6 is the famil-

iar form of the thermoelastic equation and has been used as the basis of many TSA
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studies. The temperature change has been assumed to be linearly dependent on the

stress amplitude. As a result, the temperature amplitude resulting from an applied

cyclic stress is assumed to be independent of the mean stress. This is as a consequence

of the assumption that the elastic constants are independent of temperature. Wong et

al. [22] re-examined the theoretical basis and provided an explanation for the observed

mean stress dependence of aluminium and titanium alloys on the temperature change

[23]. The re-derived temperature and stress relationship incorporates the temperature

dependence of the elastic constants,∂E∂T and ∂ν
∂T includes the effect of the mean stress,

σm. For a uniaxial case this gives:

∆T = − αT
ρCε

(1− 1
αE2

∂E

∂T
σm)∆σx (2.7)

However, the change in the thermoelastic temperature change due to the temperature

dependence of the modulus of elasticity is very small for common engineering materials

[2]. For the case of steel, it was shown that for a 1% error in the derived ∆σ, the

contribution of σm needs to be 29% of the yield stress of steel, which is within the noise

threshold of the measurement. Although it has been shown that the effect of the mean

stress may be neglected in isotropic metallic materials, this will be considered in the

analysis of the orthotropic composites in Chapter 3.

Where there is a temperature difference between different volumes in proximity, heat dif-

fusion can never be stopped; it can only be slowed. The typical non-adiabatic behaviour

that can influence the TSA measurements are critically reviewed in Ref. [24]. This

behaviour can cause attenuation of the thermoelastic signal. High stress gradients that

lead to high temperature gradients cause internal heat conduction. This is particularly

important for layered materials such as laminated composites because materials with

high thermal conductivity (e.g. carbon fibre composites) or high thermal diffusivity can

induce these effects. McKelvie [25] studied the surface temperature oscillation induced

thermoelastically by cyclic loading through solutions of heat conduction equations. In

this study the effects of the paint coating that is typically used on the surface of the

specimen was discussed and it was shown how variation in the paint coating thickness

attenuate the thermoelastic signal (paint coating is discussed in detail in section 2.4).

In Ref. [24] it was also shown that the thermoelastic signal varies with change in the

loading frequency (between 5 and 15 Hz), highlighting possible heat loss to the environ-

ment or heat transfer at lower frequencies. In Ref. [26] point by point correction for

non-adiabatic thermoelastic measurement to obtain the true stress values for a speci-

men under fatigue loading (loaded below the adiabatic frequency) was presented. In the

current work, possible errors due to non-adiabatic effects are considered carefully.
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2.2 Infrared systems

2.2.1 Infrared radiation detectors

Infrared thermography techniques use an infrared detector to measure invisible infrared

energy being emitted from an object. Everything with a temperature above absolute

zero emits infrared electromagnetic energy. The infrared spectrum is divided into three

different wavelength regions: far infrared (> 25 µm), mid infrared (2.5 to 25 µm) and

near infra-red (0.75 to 2.5 µm) [27]. In the last few decades a number of infrared

detection systems have been launched in the commercial market. These imagers are

highly sensitive to small temperature changes and can produce faster frame rates and

at better resolution [28]. The combination of reduced cost and better performance has

led to an increased use of infrared equipment for thermography and TSA.

Infrared detectors are based on two main categories namely selective detectors (photon

detectors) and non-selective detectors (thermal detectors) [27]. For selective detectors

the output signal is dependent on the intensity of the incident radiation and its wave-

length. However, the signal from thermal detectors is independent of the wave length

of the incident radiation and therefore can be used over the entire range of the infrared

spectrum. The response from the selective detectors in the selective ranges is substan-

tially higher than the response from the non-selective detectors. Therefore, photon

detectors are necessary for TSA as the thermoelastic temperature change is very small,

of the order of a few mK.

The first commercial TSA system was produced by Ometron Ltd, which was named

SPATE (Stress Pattern Analysis by the measurement of Thermal Emisions)[29]. The

single cadmium-mercury-telluride (CMT) detector scans point to point in a raster fash-

ion over a pre-defined area. Depending on the selected system parameters and the

number of pixels (size of region) TSA data could take several hours (typically 2 or 3) to

accumulate. In 1994, DeltaTherm, a thermoelastic stress analysis system built with an

Indium Antimonide (InSb) focal plane array (128 x 128) detector was introduced [30].

DeltaTherm replaced the analogue signal processing of the SPATE system with more

modern digital signal processing, which together with its detector array, rather than a

single detector, reduced TSA data collection time to a matter of minutes.

In the present work, a high performance InSb focal plane array camera developed by

Cedip Infrared Systems, described in detail in Section 2.2.3, is used.
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2.2.2 Photon detectors

A photon detector responds to the number of photons absorbed by the detector over

a given period. If an atom is to emit radiation, it must first be excited so that its

peripheral electron must pass to an orbit of higher energy. The radiation is visualised as

a flux of individual particles, called photons. According to quantum theory, a photon of

electromagnetic radiation with frequency û has energy hû, where h is Planck’s constant.

If this quantum radiation, of magnitude = h û, is greater than Eg (the energy band

width separating the valence and conduction band of a semiconductor) it is absorbed

by the semiconductor. This causes an electron to be excited, which contributes to the

conductivity of the semiconductor and is translated to a temperature response [27].

A photon detector converts the photon strikes into a proportional voltage signal. The

spectral emissive power (Φλ,b) for a blackbody in a hemisphere can be obtained using

Planck’s law [31]:

Φλ,b =
C1

λ5(e
C2
λT − 1)

(2.8)

where C1 and C2 are the first and second radiation constants, and given as:

C1 = 2πc2h (2.9)

C2 =
ch

k
(2.10)

where c is the speed of light, λ is the wavelength and k is the Boltzmann constant.

Integration of Equation 2.8 between 0 and∞ gives the well-known fourth-power Stefan-

Boltzmann relationship for evaluating the radiant emittance over all wavelengths:

Φb =
2π5k4

15C2h3
T 4 (2.11)

Equation 2.11 is suitable for thermal detectors as it covers the entire infrared wavelength

range. However, in this work photon detectors are used. Noting that the photon detector

functions in a discrete manner, it is important to obtain a discrete formulation for the

number of photons, Nb, emitted by a blackbody at a specific temperature. By considering

the complete wavelength range between zero and infinity, the photon flux can be derived
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for the total number of photons per unit area and time by producing a closed form

integral of the equation for spectral radiant emmitance:

Nb =

∞∫
0

2πc

λ4(e
hc
λkT − 1)

∂λ (2.12)

The InSb array based photon detectors typically used in modern approaches to TSA do

not operate over the entire IR spectrum but rather in a window from 2-5 µm. Therefore,

it is necessary to integrate Equation 2.12 between 2 µm and 5 µm. This is only possible

numerically and therefore an approximate approach is suggested for detectors in which

the response of the detector to temperature changes follows an approximate power law

(Nb ∝ Tn) [32]. By adopting this procedure is possible to propose an equation that

relates the surface temperature of a body to the total number of photons emitted over

a particular wavelength range as follows:

Nb,λ = B′T 3 (2.13)

where B′ is Stefan Boltzmann constant for photodetectors (1.52 x 1015 photons s−1 m−3

sr−1 K−3).

Introducing the surface emissivity, η gives the following:

Nλ = ηB′Tn (2.14)

By differentiating Equation 2.14 with respect to T the following expression is obtained:

∆T =
∆Nλ

nBTn−1η
(2.15)

By assuming that ∆Nλ is proportional to the detector response, S (i.e. S = ZNλ, where

Z is the detector response factor) Equation 2.15 becomes:

∆T =
S

nBZTn−1η
(2.16)

The relation between temperature change and the change in the principal stress as is

given in Equation 2.6. When this is incorporated into Equation 2.16 the relationship

between S and stress sum is given as:
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∆(σx + σy) =
1

nBZTn−1

(
1

TηK

)
S (2.17)

The first term on the right-hand side of the equation is the detector responsivity, D:

∆(σx + σy) =
(

D

TηK

)
S (2.18)

where D
TηK can be defined as the thermoelastic calibration constant, A, to give the

familiar thermoelastic equation:

∆(σx + σy) = AS (2.19)

It is clear from Equation 2.18 that the calibration constant is a function of the temper-

ature of the specimen. In Ref. [33], a correction factor, R, was developed to account

for any departure in the absolute temperature of the specimen and accumulation of

generated heat during cyclic loading. This phenomenon is particularly important for

composite materials where viscoelastic heating plays a role in heat generation in the

specimen. However, the infrared system used in this work has the capability of process-

ing the data directly as ∆T , the thermoelastic temperature change, since it is radiomet-

rically calibrated. This is a distinct advantage over other system and the operation of

the instrument is detailed in the following section.

2.2.3 Silver 480M infrared system

The Silver 480M infrared system is a high performance InSb focal plane array cam-

era developed by Cedip Infrared Systems (now FLIR). Although its primary use is for

thermography, the system also has TSA capabilities. A summary of the technical spec-

ification of the Silver 480M system is given in Table 2.1 [34].

The operation of the camera includes variable integration settings that give flexibility for

different temperature ranges and different data acquisition speeds. The camera can also

accommodate interchangeable lenses that allow specific spatial resolution requirements

to be met and provide finer resolution in areas of rapidly changing stress. The InSb

detector requires cooling to about 77 K, to avoid thermal ionisation of the impurity

levels in the semiconductor. Different types of dedicated software are used to control

and operate the system, which are summarised below:
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Table 2.1: Technical specification of the Silver 480M infrared system

Wavelenth band 2-5µm

Frame rate 5-380 Hz

Number of pixels 320 x 256

Pitch 30 µm x 30 µm

Cooling type Integral stirling cycle cooling engine

Integration time 10 µs to 20000 µs programmable, in 1 µs
steps

Noise equivalent difference < 30 mK (25 mK typical)
temperature

Operational temperature range -20 oC to +55 oC

Cirrus software: The Cirrus software is used to set various camera configuration set-

tings such as focusing using a motorized lens, uploading the non-uniformity correction

and setting the frame rate and integration time in the flash memory. Since the cam-

era is equipped with multiple independent detectors it is possible to capture images at

high frame rates. However, the slight differences between the responsivity of the indi-

vidual detectors of the IR focal plane array (FPA) affect the quality of the image and

non-uniformity correction of the image needs to be performed following the procedures

detailed in Ref. [34]. The software also controls the FPA frame rate and the exposure

time (integration).

Altair: The camera is equipped with a ’CAMLINK’ interface, compatible with the

Windows computer operating environment that allows video data to be recorded or

viewed live using the Altair software. This, combined with Cirrus, can be used to

manage video specifications and viewing the post-processed data.

Motion: In the case where large displacements exist (> 1 pixel), usually when higher

resolution lens are used, the raw data can be motion compensated using the random

motion software. This is particularly important when looking at areas of high stress

gradient at high resolution, where mismatches in the positions of the individual pixels

from frame to frame can corrupt the data.

Altair-LI: The Altair-LI software is used to produce full-field stress images of struc-

tures under cyclic loading based upon the principles given in section 2.2. An intuitive

colour coded pattern is displayed and graphs of stress profiles, temperature change or

uncalibrated signal units (also known as Digital Level, DL) can be produced.
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Figure 2.1: Typical operational setup of Silver 480M infrared system for TSA

2.2.4 Data acquisition and post processing

Cedip have developed a multiplex digital synchronised detection technique for their

infrared systems, where all the pixels are dealt with in parallel in their signal processing

routines. The signal corresponding to each pixel is time sampled and then digitally

signal processed.

The raw thermoelastic signal (DL) is created by combining of large number of sine

waves (each with a unique frequency) at various amplitude. All of the acquired signal

(recorded as video data) in the time domain is converted into its frequency domain using

Fast Fourier Transform (FFT) to break the signal back down to the frequencies that

it is composed of in order to eliminate non-synchronous components with the acquired

reference signal.

The raw signal, DL, for each pixel is converted to ∆T using a predetermined calibration

curve. The outputs from the radiometrically calibrated system can be obtained in DL

and as well as temperature difference, ∆T. A typical operational setup of the Silver

480M infrared system is shown in Figure 2.1.
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2.3 Full-field stress analysis

TSA is a versatile and rapid, non-contacting technique that can provide the stresses

in full-scale structures and requires minimal surface preparation. To obtain reliable

quantitative stress data, prior knowledge of the component material properties is usually

required. However there are standard methods for calibrating thermoelastic data [35]

that can be applied, which are described in section 2.3.2.

2.3.1 Specimen preparation

As the thermoelastic signal is dependent on the emissivity of the surface of the compo-

nent, it is important that this is uniform across the surface. For common engineering

metals this is achieved by applying a matt black paint coating to the surface. A typi-

cal example is RS matt black spray paint which has an emissivity of 0.92 [36]. It has

been shown that a thin coating of paint is thermoelastically inert for low loading rates.

However, at higher frequencies attenuation in the thermoelastic signal can occur. This

is because there is insufficient time for the heat to diffuse through the paint and the

strain induced in the paint layer provokes a secondary thermoelastic effect [37]. In Refs.

[4, 24, 38] it has been shown that the thickness of the paint coating also has an, often

adverse, effect on the thermoelastic response. Materials with a high natural emissivity

in the IR wavelength range, such as polymers, often do not require the prior application

of a surface paint coating.

2.3.2 Calibration techniques

There are three standard methods of calibrating thermoelastic data from isotropic ma-

terials (for the cases where Equation 2.6 is valid), namely:

i direct calibration from the properties of the detector, system variables, surface

emisivity, and the thermoelastic constant of the test specimen material

ii calibration against a measured stress

iii calibration against a calculated stress

To employ the first method both the material properties and infrared detector param-

eters are required to calculate the calibration factor A (as shown in section 2.3.3). The

second method of calibration uses an independent measure of the stress responsible for
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the thermoelastic signal by utilising a strain gauge rosette attached to an identical spec-

imen to the test specimen in an area of uniform stress. For the case of an isotropic

material under plane stress conditions, the sum of the principal stresses at the surface of

the components can be related to the principal strains obtained from the strain gauges,

can be related by applying Hooke’s law to give:

∆(σx + σy) =
E

1− ν
∆ (εx + εy) (2.20)

This can be related to Equation 2.19, to give an expression for the calibration constant,

A, as follows:

A =
E

(1− ν)S
∆ (εx + εy) (2.21)

This equation can be further simplified by using a uniaxial strain gauge on a tensile

specimen, which reduces Equation 2.21 to:

A =
E∆ε
S

(2.22)

The final method involves relating a measured thermoelastic signal to a known stress

value produced in a specimen by a known applied load. If an expression for the principal

stress values, σx and σy is available for a point on a specimen then these expressions can

be substituted into Equation 2.19, and relate it to A. For the case of a tensile specimen

(where σ = 0), the signal will be directly proportional to the applied stress. Therefore

the calibration constant can be found by:

A =
∆σapplied

S
(2.23)

A similar procedure can be applied to other closed form stress analysis cases such as a

Brazilian disk specimen, or a beam in four-point bending. It should be noted that these

calibration technique will not be used in this work as the Cedip System provides the

thermoelastic response in ∆T directly.

2.4 Application of TSA to composite material

The proven methodology for application of TSA in metallic structures cannot directly be

applied to composite materials, as these materials are anisotropic in their mechanical and
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Figure 2.2: a) On-axis b) Off-axis configurations of a composite

physical properties. In this section, developments of theoretical and practical approaches

for application to orthotropic composites material are reviewed.

Two orthogonal planes of symmetry exist for a unidirectional laminate: one plane is

parallel to the fibres (1); and the other is transverse to the fibres (2). The two orthogonal

planes are shown in Figure 2.2(a). When the reference axis (x,y) coincides with the

material symmetry axes, this is called on-axis orientation. When the ply orientation

is different from 0 or 90 degrees, the ply configuration is known as off-axis (shown in

Figure 2.2(b)). Transformation equations can be used to find the off-axis stresses from

the applied strain or vice versa. The literature review is presented based on this notation

and will be followed throughout the thesis.

Stanley and Chan [39] developed the TSA theory for composite material and derived cal-

ibration equations in terms of stress. The theory for an orthotropic material is outlined

by going a through a similar process to section 2.1 but incorporating changes required for

orthotropic materials. For orthotropic materials the temperature change as a function

of stress increment is given as [39]:

∆T = − T

ρCp
(α1σ1 + α2σ2 + α6σ6) (2.24)

It is notable that the differences in the coefficients of thermal expansion in the different

directions of the composite material need to be accounted for, where α and ∆σ are in

the principal material axes for an off axis laminate (shown in Figure 2.2(b)). However,

both approaches, principal stress or material axes have been used by works in TSA. A

good example of this is the work done by Dulieu-Smith and Stanley in Refs. [40, 41].

The general thermoelastic equation which relates the change in the temperature to a
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given change in strain was derived by Potter [42]. Reformulation of Equation 2.24 in

terms of strain (based on the principal material directions) was given as [42]:

∆T = − T

ρCp
[α]T1,2[Q]1,2[T ][∆ε]x,y (2.25)

where Q is the stiffness, T is a transformation matrix relating the local material (1,2)

and principal stress axes (x,y) and ∆ε is the change in the in-plane strain in the principal

stress axes.

Bakis et al. [43] combined the plane stress solution with micromechanics for carbon fibre

laminates to account for the non homogeneous strains in the fibre and matrix inorder to

compute the average temperature change in the surface ply of a laminate. The results

showed that the material parameters such as volume fraction, thermoelastic properties

of the micro constituents and orientation of the lamina on the surface of observation

affect the thermoelastic signal. Wong [44], investigated the effects of thermal conduction

on the thermoelastic temperature changes for carbon fibre composite materials where

large stress gradients exist between the fibres and matrix and between adjacent plies

orientated at different orientations in a laminate. Later, assuming that heat transfer can

be neglected in glass fibre reinforced composite (GFRP) the possibility of an influence

from the surface resin rich layer present as a consequence of the manufacturing process on

thermoleastic response was suggested by Cunningham et al. [9]. Potter and Greaves [45]

highlighted that if the observed infrared emission were generated only at the outermost

surface, significant differences in thermoelastic output should be observed if the surface

resin were removed entirely. However, only small effects due to changes of resin layer

thickness were observed and further work was required to define the relationship between

the thermoelastic response and resin layer thickness.

Zhang et al. [46] reported that for resin thickness greater than 0.03 mm the signal is

constant and independent of thickness. El Hajjar et al. [10] took advantage of the

transversely isotropic surface and related the measured temperature change to the sum

of the surface strains. Pitarresi et al. [12] investigated the source of the thermoelastic

signal from different laminate lay-ups for orthotropic composites and created a model

that accounts for the presence of the resin rich layer. This provided closer predictions for

a wider range of lay-ups; these results were confirmed by Emery et al. [11]. It is apparent

that a full understanding of the effect of the fundamental uncertainties for quantitative

TSA work from the different approaches given in the literature, such as the thermal-

mechanical behaviour, source of the thermoelastic signal, non-adiabatic behaviour and

the influence of the applied loading conditions does not exist.
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The quantitative studies on the application of TSA to composite materials have always

been for a specific material or a particular structure and there is no general methodology

of applying TSA to composite materials.

2.5 Practical applications of TSA

Thermoelastic stress analysis is a technology that has and is still developing rapidly. One

of its advantages is that it can produce experimental data that is the basis for reliable

design, which leads to optimum structural efficiency. For isotropic materials under

adiabatic conditions the use of TSA is well defined. It has been used to characterise

stress concentration factors (SCFs) around a variety of hole configurations in flat plates,

cylinders and pin-loaded lugs [47, 48, 49] (explained further in Chapter 4).

As the thermoelastic output is insensitive to shear stresses for isotropic materials; it

must be combined with other experimental or theoretical methods when shear stresses

need to located and quantified. Although the data from TSA is in the form of the sum of

the principal stresses, it can be integrated with theoretical analysis for stress separation.

The review of different approaches that can be used to evaluate the individual stress

components from the TSA data and potential areas for further research are proposed in

Ref. [50].

The developments of analytical methods for the interpretation of data acquired from

composite materials have also lead to the use of TSA for structural characterisation of

composite components [39, 44, 51, 52, 53](explained further in Chapter 3). Characterisa-

tion of the fatigue damage process in composites is important in developing fatigue and

fracture criteria. Theories have also been developed to characterise damage evolution

using TSA [33, 54].

Previous work has also focused on the use of TSA in identifying high-stress regions in

prototypes in a qualitative manner [55, 56, 57] in an attempt to apply TSA to realistic

structures. In conjunction with this type of work, there are proposed methods that

do not need a reference signal [58] or use a random reference signal [59] that reduces

the amount of noise in the thermoelastic signal. This allows TSA to be applied to real

industrial components under service loads.

2.6 Justification for current work

TSA has been used in numerous applications involving isotropic solids. However, ap-

plication to composite structures are limited, almost none are applied in a quantitative
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manner to assess the detailed local stress distributions in realistic structures. However,

this is where experimental data are crucial and there is often a need to validate results

from the ever increasing use of numerical techniques. The use of composite materials

requires special consideration due to the anisotropic nature of the material system and

the complexity of the failure modes. For TSA to be applied successfully, a definite and

robust stress analysis routine based on the thermoelastic response need to be devised.

Composite technologies have progressed a great deal in the last decade and encouraged

the incorporation of composite material in load bearing structures. This has resulted

in the use of different material system and manufacturing techniques that need to be

considered in TSA. However, the focus of this work is the application of TSA to com-

posite materials in a general manner. The validity of a stress analysis routine needed

to be demonstrated experimentally, which this work provides by quantifying the stress/

strain distribution for standard features in realistic structures, such as around the holes

and joints. This will allow the advantages of TSA, as a quantitative NDT technique,

to be exploited fully to develop design methodologies for composite members that are

lighter in weight and have greater structural efficiencies. TSA can be used to validate

FEA results, which often require the use of full-field experimental techniques. A detailed

study of the theoretical considerations required to apply TSA to composite materials in

a general quantitative manner are presented in following chapters.



Chapter 3

Thermoelastic theory for

laminated composites

3.1 Introduction

Analysis of laminated composite materials can be grouped into different classes, depend-

ing on the degree of detail required for analysis. The following classes are of practical

interest:

i Micro level: distinct, continuous phases of fibre, matrix and in some cases, the

interface and voids.

ii Ply or lamina level: homogeneity within each ply and no longer recognised as

distinct phases.

iii Laminate level: average values of ply properties through the thickness of the lam-

inate.

At the micromechanical level, the fibre and matrix stresses vary within each constituent

phase. However, in composite materials it is virtually impossible to know exactly the

inhomogeneity in each constituent and the distribution and locations of the fibres, so

the average of these constituents is usually homogenised as the ply. Therefore, in this

work (i) is disregarded and the treatments focus on (ii) and (iii) only. In a laminate,

or at the macromechanical level, each ply (or ply group) has its own ply stress. As

the primary objective is to devise a general treatment for laminates, distinction must

be made between (ii) and (iii). TSA is a surface measurement technique; therefore the

influence of the inner laminate on the surface ply is uncertain. In this chapter, a detailed

22
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appraisal of the possible origins of the thermoelastic response focusing on the surface

thermoelastic temperature changes of orthotropic fibre reinforced laminates is presented.

The chapter starts by establishing the nature of the thermoelastic response from a sin-

gle orthotropic lamina. This has been the basis of most of the previous thermoelastic

work on laminated orthotropic composite materials. Complete definition of the notation

associated with this treatment and clarification of its previous use are included. This pro-

vides a firm basis to understand the behaviour of laminated materials. To interpret the

thermoelastic response from an orthotropic laminated composite material, the usual ap-

proach is to assume that the response is a function of the orthotropic surface ply stresses

and their associated coefficients of thermal expansion (CTE), this approach is presented

along with the stress-strain transformation. Two further theoretical approaches to de-

fine the thermoelastic response of a laminate are then explored; (i) consideration of the

global mechanical and thermal properties, and (ii) consideration of a combination of the

ply by ply mechanical properties with the global thermal properties. A full description of

each approach is provided in the chapter, along with a justification for the consideration

of these two new treatments.

Next, the ‘strain witness’ assumption used by previous researchers, [11, 12] is also de-

scribed and the formulation established for a resin rich surface layer presence on an

orthotropic substrate.

Finally a means of establishing the validity of the four approaches is described in terms of

the types of the laminates that enable a straightforward interpretation and comparison

of the thermoelastic data.

3.2 Thermoelastic response from a single lamina

The starting point for practically all thermoelastic studies on orthotropic/ anisotropic

composite material has been Equation 1.1. This was defined in the mid 1980s and is

often referred to through two key publications [39, 42]. Before embarking on a study

of the response of a laminated material, it is necessary to understand fully the origin

of Equation 1.1 and its validity. It is clear that ∆T is a scalar quantity and that the

thermoelastic response from any point in an orthotropic material is independent of the

reference axes used on the right hand side of the Equation 1.1. In Equation 1.1 the

principal material axes have been used as the reference, which is entirely logical as the

material properties, e.g. α1 and α2, are most easily defined when referred to the material

directions. In this work, all the treatments will be based on a plane stress assumption.
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Therefore for a single orthotropic lamina there are three axes of interest, as shown on

Figure 3.1:

• The principal material axes denoted 1,2

• The principal stress axes denoted x,y

• An arbitrary set of axes denoted i,j

The corresponding stress tensors (in contacted notation [60]) are:

[σ]1,2 =


σ1

σ2

σ6

 ; [σ]x,y =


σx

σy

σs

 ; [σ]i,j =


σi

σj

σij

 (3.1)

The other tensor property in Equation 1.1 is the coefficient of thermal expansion (CTE),

which are defined with reference to the three different axes as follows:

[α]1,2 =


α1

α2

α6

 ; [α]x,y =


αx

αy

αs

 ; [α]i,j =


αi

αj

αij

 (3.2)

The change in the dimensions under free thermal stress of a lamina in the principal

stress direction and material directions are shown in Figure 3.2. In Figure 3.2(a) where

the system is referred to the principal stress axes, shear coupling occurs in any arbitrary

direction and will exhibit extension shear coupling. In Figure 3.2(b) the system is refered

to the principal material axes and it is clear that α6 is always zero. This explains why

the common expression given in Equation 1.1 does not include the coupling term that

is given in Equation 2.24. The CTE is a second-order tensor therefore transforms like

the strain components, (i.e. αs = 2αxy) as shown in Figure 3.3. Here αxy is the shear

CTE on the x axis along the y direction and αyx is in the y axis along the x direction

(αxy = αyx) and αs is the total measure of the shear CTE in the x-y plane (also known

as the engineering shear CTE). So more correctly, the CTE tensors should be expressed

as follows:
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Figure 3.1: Schematic diagram of the coordinate system and nomenclature
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Figure 3.2: Thermal expansion of composite lamina under free thermal stress (a) prin-
cipal stress axes (exhibit extension shear coupling) (b) principal material axes

[α]x,y =


αx

αy
αs
2

 and [α]i,j =


αi

αj
αij
2

 (3.3)

From the above it can be seen that the only tensor quantities in Equation 2.24 are the

CTEs and the stresses. Therefore as ∆T is a scalar quantity, the product of these terms

in any three axes systems defined in Figure 3.1 must be equal:

[α]Ti,j [σ]i,j = [α]Tx,y[σ]x,y = [α]T1,2[σ]1,2 (3.4)

where the superscript T denotes the transpose of a matrix
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Figure 3.3: Shear thermal expansion of composite lamina (a) as shear thermal ex-
pansion tensor (b) total shear thermal expansion (known as engineering shear thermal

expansion)

To prove the validity of the assumption given in Equation 3.4, it is necessary to demon-

strate that the quantities given in Equation 3.4 are equal. Here the x,y quantities will be

examined as an example. The starting point is to transform the values in the x,y direc-

tion through the angle, θ, shown in Figure 3.1, so they can be expressed with reference

to the i,j axes. The transformation of the CTE and the stress is as follows:

[α]Ti,j [σ]i,j = [[T ][α]x,y]
T [[T ][σ]x,y] (3.5)

where T is the transformation matrix given by:

[T ] =


cos2 θ sin2 θ 2 cos θ sin θ

sin2 θ cos2 θ −2 cos θ sin θ

− cos θ sin θ cos θ sin θ cos2 θ − sin2 θ

 (3.6)

The transformation of the CTE tensor is as follows:

[T ][α]x,y =


cos2 θ sin2 θ 2 cos θ sin θ

sin2 θ cos2 θ −2 cos θ sin θ

− cos θ sin θ cos θ sin θ cos2 θ − sin2 θ



αx

αy
αs
2

 (3.7)

which simplifies to:
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[α]i,j = [T ][α]x,y =


αx cos2 θ + αy sin2 θ + αs cos θ sin θ

αx sin2 θ + αy cos2 θ − αs cos θ sin θ

−2αx cos θ sin θ + 2αy cos θ sin θ + αs
(
cos2 θ − sin2 θ

)
 (3.8)

Similarly the transformation of stress is given as:

[σ]i,j = [T ][σ]x,y


σx cos2 θ + σy sin2 θ + 2σs cos θ sin θ

σx sin2 θ + σy cos2 θ − 2σs cos θ sin θ

−σx cos θ sin θ + σy cos θ sin θ + σs
(
cos2 θ − sin2 θ

)
 (3.9)

[α]Ti,j [σ]i,j can be obtained by multiplying the transpose of Equation 3.8 with Equa-

tion 3.9. By multiplying the first column and first row it can be shown that (sin θ=s

and cos θ=c):

(c2αx + s2αy + scαs)(c2σx + s2σy + 2scσs) = c4αxσx + c2s2αxσy+

2sc3αxσs + s2c2αyσx + s4αyσy + 2s3cαyσs + sc3αsσx + s3cαsσy + 2s2c2αsσs
(3.10)

By multiplying the second column and second row it can be shown that:

(s2αx + c2αy + scαs)(s2σx + c2σy − 2scσs) = s4αxσx + s2c2αxσy−

2s3cαxσs + c2s2αyσx + c4αyσy − 2sc3αyσs − s3cαsσx − sc3αsσy + 2s2c2αsσs
(3.11)

Multiplying the third column and third row it can be shown that:

(−2scαx + 2scαy + (c2 − s2)αs)(−scσx + scσy + (c2 − s2)σs) = 2s2c2αxσx−

2s2c2αxσy − 2sc3αxσs + 2s3cαxσs − 2s2c2αyσx + 2s2c2αyσy + 2sc3αyσs − 2s3cαyσs

−sc3αsσx + c3sαsσy + c4αsσs − s2c2αsσs + s3cαsσx − s3cαsσy − s2c2αsσs + s4αsσs

(3.12)
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By adding Equations 3.10, 3.11 and 3.12 and factorising the combined equation gives:

αxσx(c4 + s4 + 2s2c2) + αyσy(c4 + s4 + 2s2c2) + αsσs(c4 + s4 + 2s2c2 + 2s2c2 − c2s2 − c2s2)+

s2c2(αxσy + αyσx + αxσy + αyσx − 2αxσy − 2αyσx)+

s3c(2αyσs + αsσy − 2αxσs − αsσx + 2αxσs − 2αyσs + αsσx − αsσy)+

sc3(2αxσs + αsσx − 2αyσs − αsσy − 2αxσs + 2αyσx − αsσx + αsσy)

(3.13)

By solving the linear algebra and using the trigonometric identity (s2 + c2 = 1), so

(s2 + c2)2 = (s4 + c4 + 2s2c2) = 1 it can be shown that:

[α]Ti,j [σ]i,j = αxσx + αyσy + αsσs (3.14)

If a similar treatment is applied in the 1,2 axes then it can also be shown that:

[α]Ti,j [σ]i,j = α1σ1 + α2σ2 + α6σ6 (3.15)

Therefore the general term [α]Ti,j [σ]i,j can be concluded to be an invariant. Furthermore,

in the lamina principal material directions α6 = 0, and in the principal stress direction

σs = 0, so for an orthotropic laminate Equation 3.14 reduces to:

[α]Ti,j [σ]i,j = αxσx + αyσy = α1σ1 + α2σ2 (3.16)

This confirms the treatment in Ref. [39] and shows clearly that the shear terms can

be neglected from the analysis. The introduction of the stress invariant concept, to

formulate the temperature change from the orthotropic substrate clears any confusion

relating to the use of reference axes for the system [42] and that a consistent use of any

axes system is acceptable. In this section, it has been assumed that mechanically induced

volumetric changes produce very small local temperature variations isolated in a surface

orthotropic ply, however the effective thermoelastic response should be considered as a

function of the entire laminate. The net effect and influence of the whole laminate on

the thermoelastic response will be developed in the next section.
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3.3 Thermoelastic response from a multi directional lam-

inate

3.3.1 Definition of a multidirectional laminate

A general laminate has layers of different orientation, θ (between -90o and 90o). The

behaviour of the laminate depends on the material stiffness, layer thickness and layup.

Therefore, a laminate is a collection of a lamina stacked in the desired direction to

obtain the preferred material stiffness, strength and behaviour. A section through a

multidirectional laminate is shown diagrammatically in Figure 3.4. This orthotropic

laminate comprises eight plies, labelled A to H. Each ply has its own principal material

direction 1,2. The construction is known as ‘stack’. At the top and bottom of the stack

there is a resin rich layer that exists due to the manufacturing process and for TSA

this needs to be included in the analysis. The plies A to H can be oriented at different

angles with reference to the principal laminate axes and relative to each other. The ply

by ply orientation is called the stacking sequence and is of paramount importance in

laminate analysis. If all the plies are orientated in the same direction, this is known as a

unidirectional (UD) material. If the plies either side of the mid plane (i.e. A & H, B &

G, C & F and D & E) are orientated in the same direction, this is known as a symmetric

lay-up. A laminate is said to be ‘balanced’ if for every layer in the laminate, another

layer with identical thickness and opposite fibre orientation exist (i.e. +45, -45). For

example, if the orientation of A is 0o, B is +45o, C is -45o, D is 90o, E is 90o, F is -45o,

G is +45o and H is 0o this is notated as follows:

[0,±45, 90]s

In the following analysis, it is essential to denote the layers in the stack appropriately.

The layer immediately beneath the surface resin layer is known as the ‘orthotropic surface

ply’ and the rest of the layers below that are known as the ‘orthotropic substrate’.

The elastic material properties are given in terms of reduced stiffness constants in the

principal material directions in each ply as:
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Figure 3.4: Typical stacking sequence of a symmetric laminate

Q11 =
E1

1− ν12ν21

Q12 =
ν12E2

1− ν12ν21

Q22 =
E2

1− ν12ν21

Q66 = G12

(3.17)

where E1 is the elastic modulus in the fibre direction and E2 in the transverse direction.

The major Poisson’s ratio is denoted by ν12 and the shear modulus is denoted by G12.

In the following analysis a plane stress state is considered, so the reduced stiffness

constants are sufficient to describe the stress-strain relationship as:


σ1

σ2

σ6

 =


Q11 Q12 0

Q12 Q22 0

0 0 Q66



ε1

ε2

ε6

 (3.18)

To find the specific stiffness in any coordinate system (x,y) relative to the principal

material axes a rotational transformation is required to obtain the off-axis stiffness in

each lamina:

[
Q̄i,j

]
= [T ]−1 [Qi,j ] [T ]−T (3.19)

Since the stiffness varies ply by ply, in practice an average stress for the laminate is

established using classical laminated plate theory (CLPT) than the actual stress across

the laminate. This average stress is used to define the stress-strain relationship of the

laminate. For a balanced and symmetric laminate under in-plane loading the in-plane
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strains (i.e. plane strain conditions, εlamina = εLaminate, or εx = εxL) remain practically

constant through the laminate thickness and this assumption is reasonable when the

thickness of the laminate is small. Therefore, the in-plane stress-strain relation for a

laminate based on the average stress is given by:

σx = A11εx +A12εy +A16εs

σy = A21εx +A22εy +A26εs

σs = A16εx +A26εy +A66εs

(3.20)

where A is called the extensional stiffness and the components of this stiffness matrix

are defined as follows:

Aij =
N∑
n=1

(Q̄ij)nhn (3.21)

where hn is the thickness of the nth layer.

Equation 3.20 can be inverted to yield the in-plane strains in terms of the stresses as

follows (stress-strain relationship in terms of compliance):

εx = a11σx + a12σy + a16σs

εy = a21σx + a22σy + a26σs

γs = a16σx + a26σy + a66σs

(3.22)

where a is the compliance of the laminate.

3.4 Lamina and laminate strains

The in-plane stresses within a particular ply depend upon the fibre orientation for a

multi-directional laminate. Therefore, it is more convenient to work in terms of strain

by assuming that the strain field in the surface layer is constant through the laminate

thickness under uniaxial tensile loading (i.e. εx = εxL). Also, to compare the measured

∆T value with a measured strain value for validation purposes, it is convenient to refor-

mulate the stress based equation in terms of applied strain in the laminate. So in this
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section a strain based approach is devised for investigating the thermoelastic response

from an orthotropic material.

In classical laminate plate theory, all three through thickness strain components (i.e. in

standar tensor notation, εzz, εxz and εyz) are assumed to be zero. Therefore, if the types

of laminate to be examined confirm this assumption, Equation 3.16 can be written in

terms of the in-plane strains in the laminate:

∆T = − T

ρCp
[α]T1,2 [Q]1,2[T ][∆ε]x,y (3.23)

Equation 3.23 can be expanded as:

∆T =
[
α1 α2 0

]
Q11 Q12 0

Q12 Q22 0

0 0 Q66



c2 s2 2cs

s2 c2 −2sc

−sc sc c2 − s2




εx

εy

γs/2

 (3.24)

This equation can be simplified as:

∆T =
[
α1 α2 0

]
Q11(c2εx + s2εy + csγs) +Q12(s2εx + c2εy − csγs)
Q12(c2εx + s2εy + csγs) +Q22(s2εx + c2εy − csγs)

Q66(−scεx + scεy + (c2 − s2)γs/2)

 (3.25)

Equation 3.25 can factored in terms of material constants and strain terms as:

∆T = − T

ρCp
[(α1Q11 + α2Q12)

(
εx cos2 θ + εy sin2 θ + γs cos θ sin θ

)
+ (α1Q12 + α2Q22)

(
εx sin2 θ + εy cos2 θ − γs cos θ sin θ

)
]

(3.26)

This strain based thermoelastic equation will be used in the experimental work to make

the comparison between the proposed models and measured thermoelastic data, by

incorporating the measured in-plane strains experienced by the laminate.
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3.5 Four approaches for defining the thermoelastic response

3.5.1 Influence of the surface resin rich layer on thermoelastic response

In general analysis of the thermoelastic response from composite laminate the stresses

in the orthotropic material are coupled with CTEs in the direction of interest. It would

therefore be very convenient to be able to apply the strain witness assumption to com-

posite components (by treating it as an isotropic surface medium), so that the coupling

between the stresses and the CTE can be neglected in the analysis. In previous studies

[11, 12] it has been assumed that the thermoelastic response is from the surface resin

layer and it is said to act as a ‘strain witness’. Therefore the resin must be such that it

prevents the temperature change that occurs in the surface ply from conducting through

the resin to the material surface. To act as a strain witness the surface layer must be

thin compared to the thickness of the specimen so that the laminate strains are fully

transmitted from the surface ply to the surface of the resin. If the resin is acting as a

strain witness then the strain in a given direction in the resin layer is equal to the strain

in that same direction in the laminate:

εxr = εxc

εyr = εyc (3.27)

The sum of the principal strains in a composite laminate can be related to the stresses

in the resin layer as follows:

εxc + εyc =
1− νr
Er

(σxr + σyr) (3.28)

where E is Young’s modulus and ν is Poisson’s ratio, σx and σy are the change in

the principal stresses and the subscript c and r represent composite material and resin

respectively.

∆T = − Tα
ρCp

(σx + σy) = − Tαr
ρrCpr

[
Er

1− νr
(εxc + εyc)

]
(3.29)

3.5.2 Orthotropic surface ply

For this approach a strain based approach is devised for investigating the thermoelastic

response from the orthotropic surface ply. When a uniaxial tensile stress is applied to a
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balanced, symmetric orthotropic laminate the shear strain in the laminate (γs) is zero,

so Equation 3.26 can be simplified as:

∆T = − T

ρCp
[(α1Q11 + α2Q12)

(
εx cos2 θ + εy sin2 θ

)
+ (α1Q12 + α2Q22)

(
εx sin2 θ + εy cos2 θ

)
]

(3.30)

In this work, the theoretical temperature change is computed as a function of in-plane

strain given by Equation 3.30 instead of Equation 3.16 which requires the in-plane

stresses to be calculate using CLPT based on the applied load.

For a balanced orthotropic laminate constructed from ±45o angle ply Equation 3.30 can

be further simplified to (sin 45o = cos 45o):

∆T = − T

ρCp

[
εx + εy

2

]
[(α1Q11 + α2Q12) + (α1Q12 + α2Q22)] (3.31)

This provides a unique equation for angle plies with 45o plies where the applied strain

and material constants are uncoupled (can be separated), unlike Equation 3.30.

3.5.3 Homogeneous orthotropic material

When assessing the behaviour of a general multidirectional composite laminate (con-

sisting of lamina with arbitrary orientations) classical laminate plate theory (CLPT) is

generally used so that the material can be treated as a homogeneous orthotropic plate.

Here the mechanical and thermoelastic properties are considered ply by ply and then

brought together relative to (say) the laminate axis to provide a ‘global’ stiffness and

CTE. This might also be relevant for analysing the thermoelastic effect, where the small

temperature change is influenced by the global material behaviour. For quasi-isotropic

laminates, it is evident that the global CTE is equal in the longitudinal and transverse

directions (i.e. α = αxL = αyL) because of the net effect of the stacking sequence.

By substituting Equation 3.20 into Equation 3.16, it may be pertinent to express the

thermoelastic temperature change in the following manner:

∆T = − T

ρCp
[αxL (A11 +A12) ∆εxL + αyL (A12 +A22) ∆εyL] (3.32)
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3.5.4 CTE coupled in the stack

Equation 3.32 simply assumes that the material response is that of a homogeneous

orthotropic material. A further and as yet unexplored idea is that the CTE is coupled

in the stack. This is because, like the mechanical strain, the thermal strain maybe

considered to be constant in the through thickness direction. Therefore the surrounding

layers may have an effect on the response from the orthotropic substrate. To explore

this, the orthotropic nature of the surface ply is retained in the treatment but the CTE

is treated as a global property as the plies are bonded together and are not free to deform

independently, which gives the following equation:

∆T = − T

ρCp
[αxL (Q11 +Q12) ∆εxL + αyL (Q12 +Q22) ∆εyL] (3.33)

3.6 Definition of laminate configurations for experimental

work

In this section, definition of laminate selections and their characteristics are discussed

in detail. The material chosen for the experimental work can be categorised into three

main groups such as having same surface ply (0o or 90o in this case), exhibit similar

global properties (i.e. CTE and stiffness) and laminates without a temperature gradient

through the thickness (such as balanced laminates). Some laminates exhibit one or more

of these general characteristics. Based on this, eleven different sets of composite samples

and a pure epoxy specimen were studied in this work. All the laminates considered in

this work are summarised in Table 3.1 and the reason for choosing each type of laminate

is explained in the following sections. The composite specimens were chosen to provide

variation in the thermoelastic response, so that a systematic assessment of the influence

of different inherent properties on the thermoelastic signal is possible.

3.6.1 Unidirectional laminates (UD)

Unidirectional fibre reinforced laminate consist of multiple layers of lamina stacked only

in one direction (i.e.(0)6 or (90)8) and exhibit the highest stiffness in the fibre direction

but exhibit low strength and modulus in transverse to the fibre direction. The UD(0)

and UD(90) laminates with fibres orientated parallel and perpendicular to the applied

load provide fundamental data for evaluation of the thermoelastic response. This set

of test specimens exhibits the same mechanical and thermoelastic response locally (on

the surface) and globally as well as discounting heat transfer between the layers. If the
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Table 3.1: Stacking sequence of the test specimens

Specimen Stacking sequence

Epoxy n/a
UD(0) (0)6

UD(90) (90)8

CP(0) (0,90)s
CP(90) (90,0)s
CP(0)3 (03,903)s
CP(90)3 (903,03)s

AP (±45)s
AP3 (+453,-453)s

OA(45) (45)8

QI(0/45) (0,±45,90)s
QI(0/90) (0,90,±45)s

thermoelastic response is a function of surface ply only, then one would expect all the

laminates with a 0o or 90o surface ply to behaving in the same way as the UD laminate

for the same applied strain sum.

3.6.2 Cross-ply laminates (CP)

Cross-ply laminates are those which have a ply orientation of 0o or 90o. Since for layers

with 0o and 90o plies Q̄16 and Q̄26 are zero, A16 and A26 are thus also equal to zero (see

equation Equation 3.20). The two CP laminates; one with a 0o surface ply and another

with a 90o surface ply will allow the effect of the surface ply on the thermoelastic signal

to be assessed (obtained from the same panel). This would provide indication if the

thermoelastic response is from the surface ply or a global response, as both laminates

have identical global mechanical (i.e A11 = A22) and physical properties. The large

variation in each ply stiffness will lead to large temperature gradients ply by ply and

therefore will show if heat transfer is occuring between the layers.

The CP laminates with 3 surface plies of the same orientation were selected to aid

assessment of the influence of the sub-surface ply, as it has 3 layers of similar surface

laminae before the next sequence. This again would indicate if the introduction of the

three surface plies in the same direction effectively change the heat transfer properties

through the thickness of the laminate.
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3.6.3 Angle-ply laminates (AP)

Angle ply laminates have ply orientations of θ and -θ with layers having an orientation

other than 0o and 90o (i.e. (45,-45)s). For this type of laminate the Q̄16 and Q̄26 terms

of the +θ and −θ have equal values with different signs such as:

(
Q̄16

)
θ

= −
(
Q̄16

)
−θ

Therefore, for balanced angle-ply laminates, the sums of the values for each set of angle

ply, Q̄16 will cancel each other and A16 will be zero (similarly for Q̄26 and A26). There-

fore, the choice of AP laminate would indicate the possible existence of small amount of

shear strain in the surface ply and the its influence on the thermoelastic signal. Similar

to CP, the AP laminate with 3 surface plies stacked in the same direction was selected

to understand how the increase in the number of surface plies affect the thermoelastic

response.

The OA(45) laminate would allow the thermoelastic assessment of a non-orthotropic

laminate. In this laminate all the lamina are orientated at 45o (not symmetric, also

known as the off-axis laminate). Therefore, the presence of extension shear coupling

terms, A16 and A26 (because of the existence of Q̄16 and Q̄26), leads to the existence of

shear strain under uniaxial loading. This test specimen should aid the assessment of the

influence of shear strain on the thermoelastic response and demonstrate the validity of

Equation 3.26.

3.6.4 Quasi-isotropic laminates (QI)

Laminates that demonstrate isotropic extensional stiffness in the plane of the laminate,

such as A11 = A22 are called quasi-isotropic laminates. Examples of quasi-isotropic

laminates are (0, 45, -45, 90)s and (60, 0, -60)s. The QI laminates represent stacking

sequences commonly used in industrial composite structures. QI(0/45) and QI(0/90)

laminates were chosen for this work, because they have identical surface ply orientations

as well as identical global mechanical and physical properties. This is expected to provide

information on the influence of the sub-surface ply, and again indicate if the themoelastic

response is a global effect.

In general, a laminate composed of multiple orthotropic layers that are symmetrical

about the mid- plane of the laminate does not exhibit shear extension coupling. Sym-

metric laminates are much easier to analyse and they do not twist due to thermal

contraction during the cooling process of the manufacture.
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3.7 Summary

The work in this chapter has shown the quantities αxσx + αyσy and α1σ1 + α2σ2 are

invariants. The theory presented in this chapter has categorically defined the thermoe-

lastic response from an orthotropic lamina. This has been used as a basis to define four

possible treatments for assessing the thermoelastic response from a multi-directional

laminate. Four theoretical treatments will be used to identify the source and the promi-

nent factors that influence the thermoelastic response from laminated composites; these

are crucial in implementing a routine that can be followed to extract reliable and quan-

titative full-field data from the infrared measurements. It is shown that careful selection

of ply orientation within the laminate are necessary. A set of stacking sequences that will

demonstrate different possible effects on the thermoelastic response have been defined.

In Chapter 4 a suitable material and manufacturing process is determined and panels

with different stacking sequences are produced. In developing the four different equa-

tions, it can be seen that for any quantitative interpretation of thermoelastic data to

be made between the theory and measurements, a full set of material properties are

required. To provide a more detailed assessment of the origin of the thermoelastic re-

sponse, in Chapter 5 the thermoelastic temperature change based on each treatment is

compared with the measured temperature change from an orthotropic laminate. Fur-

ther to this, the definitive proof that αxσx+αyσy and α1σ1 +α2σ2 are invariants, which

has been provided for the first time, is an important part of this work. This is demon-

strated in Chapter 6, where thermoelastic data from two different coordinate systems

are compared.



Chapter 4

Test materials and properties

4.1 Manufacture of test specimens

The overall aim of this work is to ascertain the fundamental quantities that influence the

thermoelastic behaviour of laminated composite materials. Therefore, secondary effects

such as the large material and manufacturing variability, high void content and high

thermal conductivity were set aside. Hence, standard off the shelf material was chosen

for all the work described in this thesis. Therefore, unidirectional glass/epoxy pre-

impregnated (pre-preg) material consisting of E-glass and Novalac epoxy that requires

controlled vacuum assisted autoclave manufacturing process, which minimises the void

content in the laminate was selected. It is well known that this process will produce

laminates with the most practical repeatable material properties.

Composite panels (0.3 m x 0.3 m) were manufactured from the unidirectional glass/epoxy

pre-preg to form the laminates with the stacking sequences given in Section 3.6 from

which the test coupons were obtained. The fibre volume fraction was approximately

57%, which was determined from a burn-off test, following the procedures given in ASTM

D2584-08 [61]. The specimens were manufactured by curing the stacked pre-preg for 1

hour at 125oC under 3 bar of pressure in an autoclave and post cured at 150oC for 16

hours (as shown in Figure 4.1). Finished laminates were cooled and trimmed to size (as

shown in Figure 4.2) and bonded with composite end tabs. The dimensions of the test

specimens are given in Table 4.1. The epoxy resin used in the prepreg was supplied in

solid form by the manufacturer as they receive it, before it is combined with the glass

reinforcement to form the prepreg sheets. To simulate the vacuum consolidation process,

a bar of epoxy was produced by applying pressure in a hot press at a temperature of

70oC to melt the epoxy in a mould. Once the material had formed the shape of the

mould it was removed from the press and cured and post cured in an oven using the

39
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Figure 4.1: Cure cycle for Glass/ Epoxy pre-preg material
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Figure 4.2: Test specimens

same temperatures as the prepreg material. A typical micrograph of the surface layer of

a cured UD laminate showed that the thickness of the resin rich layer is about 30µ±9µm

(see Figure 4.3).

Since composite materials generally exhibit substantial variation from one material type

to another, the mechanical and physical properties need to be determined experimentally

for the specific material considered in this work. Therefore, the mechanical and physical

properties described in Chapter 3 such as the CTE, specific heat capacity and density

for both the resin and composite material need to be measured experimentally. The

procedures for measuring these properties are detailed in the following sections.

4.2 Elastic properties

An orthotropic material possesses nine elastic parameters, namely three Young’s mod-

uli, three shear moduli and three Poisson’s ratios. Most investigations have discussed

in-plane material constants, reducing the nine independent material constants to four.
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Table 4.1: Lay-ups and dimensions of test specimens

Specimen Stacking sequence
Dimensions (mm)

Length, l Width, w Thickness, t
Epoxy n/a 250 40.1 8.2
UD(0) (0)6 220 20.2 1.5
UD(90) (90)8 166 39.7 1.9
CP(0) (0,90)s 220 23.2 1.0
CP(90) (90,0)s 230 23.3 1.0
CP(0)3 (03,903)s 220 25.2 3.0
CP(90)3 (903,03)s 224 26.6 3.0

AP (±45)s 230 24.1 1.0
AP3 (+453,-453)s 217 25.7 2.9

OA(45) (45)8 230 33.9 1.9
QI(0/45) (0,±45,90)s 230 24.2 1.9
QI(0/90) (0,90,±45)s 222 23.7 1.8

Composite laminate 

Resin rich surface layer 

m

 
 
 
 
 
 
 
 
 
 

Figure 4.3: Micrograph showing the cross-section of a UD laminate

However, for studies involving 3-D modeling (for the work presented in Chapter 6), ma-

terial constants in the through-thickness direction (3rd direction) are important. The

three mutually perpendicular plane of symmetry for an orthotropic material is shown

in Figure 4.4. The elastic properties, E1, E2, E3, G12, G13, G23, ν12, ν13 and ν23 of an or-

thotropic material can be determined experimentally using appropriate test specimens.

The mechanical properties of the epoxy and composite were measured according to

ASTM D638-03 [62] for the in-plane properties and ASTM D7291 [63] for the through-

thickness properties. In this work, the mechanical properties of the lamina were mea-

sured from UD laminates (UD(0) and UD(90)) and the global properties were obtained

from each different stacked configuration. The solid epoxy bar was used to obtain the

mechanical properties of the resin. The tensile tests were performed using an electro

mechanical Instron universal testing machine with a 50 kN capacity. The longitudinal
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Figure 4.4: Three mutually perpendicular plane of symmetry for an orthotropic com-
posite laminate

and transverse strains were measured using clip extensometers. By applying uniaxial

tensile load to the UD(0) specimens (3 different specimens were tested in this work)

along the fibre direction and measuring the applied load, P, the cross-sectional area, A,

and the longitudinal and transverse strains, E1 can be calculated as:

E1 =
P/A

ε1
(4.1)

and ν12, as:

ν12 = −ε2
ε1

(4.2)

A typical in-plane stress-strain curve for an unidirectional laminate is shown in Fig-

ure 4.5.

Similarly, E2 and ν21 can be determined from the UD(90) specimen (5 different specimens

were tested in this work). The G12 can be obtained from a tension test of a ± 45

symmetric laminate. This allows the in-plane 0 degree shear stress strain curve to be

generated. This technique has the advantage of using relatively inexpensive straight

forward specimens and test equipment. Using the relation derived from CLPT [64], the

shear stress (τ12) and shear strain are given as:

τ12 =
P

2A
(4.3)

γ12 = εx − εy (4.4)
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Figure 4.5: Typical stress-strain curve for a UD laminate

The unidirectional shear modulus can be calculated as following:

G12 =
τ12

γ12
(4.5)

The through thickness test specimens were manufactured from 60 identical plies of

glass/epoxy lamina (as shown in Figure 4.6) with dimensions: 20 x 20 x 50mm, to

obtain the material properties in the third direction. A fixture with cylindrical ends was

built to apply the load to the specimen (as shown in Figure 4.6), which was bonded to

the specimen on both sides. The applied load and horizontal and vertical strains in the

specimens were measured using strain gauges. This enabled the values of E3 and ν13 to

be computed as follows:

E3 =
P/A

ε3
(4.6)

ν13 = −ε3
ε1

(4.7)

The measured average mechanical properties for the epoxy resin and the composite

specimens are reported in Table 4.2. If transverse isotropy exists (which is a valid

assumption for the UD laminate), only five independent elastic constants, such as E1,

E2, ν12 and the shear moduli in two orthogonal planes (i.e. G12 and G13) are sufficient

to define the orthotropic material. In this work, the value of G13 is assumed to be equal

to G12 and the value of ν23 and G23 is obtained from the following equations [65]:
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Figure 4.6: Experimental setup for through thickness measurement

ν23 = ν12 ∗
νm(1 + νm − ν12

Em
E11

)

(1− νm3) + (νmν12
Em
E11

)
(4.8)

G23 =
E22

2(1 + ν23)
(4.9)

where the subscript m denotes the matrix/resin property.

Table 4.2: Elastic properties of E-glass/epoxy pre-preg composite and epoxy resin

Specimen
Young’s Modulus (GPa) Poisson’s ratio Shear Modulus (GPa)
E1 E2 E3 ν12 ν13 ν23 G12 G23

UD(0) 34.2±0.5 10.0±1.2 7.8 0.25±0.12 0.27 0.40 3.00 3.57

Epoxy 4.0 n/a n/a 0.27 n/a n/a n/a n/a

4.3 Coefficient of thermal expansion

The determination of the coefficients of thermal expansion (CTEs), α, requires precise

measurement of the change in length of a specimen with temperature. There are various

test methods and techniques available for determining a temperature induced displace-

ment ranging from electrical transducers (e.g. resistance strain gauges, dilatometer) to
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Figure 4.7: Experimental setup for CTE measurement

electrical-optical transducers (e.g. fibre optics, scanning beams). The CTEs of the com-

posite material used in the work were measured using two element rectangular rosette

(electrical resistance strain gauges) following the procedure of Ref. [66]. The experi-

mental set-up for the 20 mm x 25 mm x 1.5 mm specimen is shown in Figure 4.7. The

technique determines the thermal expansion behaviour of a glass fibre-reinforced epoxy

unidirectional lamina using a pure copper specimen (with known CTE) as a reference

material. In this case the CTE of copper (αref ) was taken to be 17.00 x 10−6/oC. The

strain gauges were attached to the specimens by adhesive bonding. The two specimens

were exposed to the same variation of temperature (heating rate was 1oC/min). The

CTE of the test material relative to the CTE of the reference specimens can be obtained

from the difference of the output of the two strain gauges as:

α = αref +
εi − εref

∆T
(4.10)

where αref is the CTE of the reference specimen and αi is the CTE in the principal

material direction, i = 1, 2. The CTE in the 1 and 2 direction for UD laminate is shown

in Figure 4.8. The measured values for the UD laminate are reported in Table 4.3 and

the global CTEs are given in Table 4.4.
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Figure 4.8: Typical output from CTE measurements on a UD laminate

4.4 Specific heat capacity

The physical properties of the composite laminate such as the specific heat capacity

and density are independent of the directionality of the material. The test method

used to determine the specific heat capacity is a standard method based on Differential

Scanning Calorimetry (DSC) [67]. Four UD composite and two epoxy specimens with

an approximate mass of 10 mg, were tested to account for material variability. The

specific heat capacity was determined for temperatures ranging from 10 to 50oC. This

is the range of practical application of TSA for composite material. The DSC system

was nitrogen cooled to achieve temperatures below ambient. The heating program for

the heat capacity measurements started with an equilibration at 10oC for 15 min and

then progressed to 40oC by applying a ramp of 5oC per minute (the heating rate)

and continuous measurements were taken by the DSC system. The quantity of heat,

q, necessary to raise the temperature of the material of mass, M by ∆T at constant

pressure is obtained by:

Cp =
q

M∆T
(4.11)

The average value of the heat capacity measurements for the composite material is

calculated for each temperature and plotted as shown in Figure 4.9. Clearly, variation

of the Cp value between the four composite specimens can be seen. It is important to

note that the fibre/epoxy weight fraction of the material is ignored in the process of

deriving the Cp values for the composite specimens. The results for all the specimens
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are found to be closer to values given in Ref. [68]. The average values of Cp for the

composite material and epoxy resin are given in Table 4.3.

4.5 Density

The density of the epoxy and the composite specimens were measured based on the

method of measuring the volume of small objects using a version of the hydrostatic

weighing method. This involves submerging the object in a container of water placed

on an electronic balance. A retort stand is used to suspend the object in the container

of water. The volume of the immersed object, vo, is simply the increase in mass divided

by the density of the fluid:

Vo =
∆M
ρwater

(4.12)

where ρwater is the density of the fluid (water), ∆M is the change in the mass recorded

by the balance with and without the object. The precision of the technique depends on

the precision of the scales, which was ± 0.01 mg. The density of the composite material

with known mass can be determined using this technique. The average density of the

composite and epoxy specimens is given in Table 4.3.

4.6 Global laminate properties

The properties of the laminates were determined in a similar way as for the lamina and

are shown in Table 4.4. Also given in Table 4.4 are the theoretical values for the Young’s

modulus and Poisson’s ratio for the laminates considered based on CLT and these show

close agreement with the measured data. However, the value of measured Poisson’s ratio

and predicted using CLT is greater than 0.5.

Table 4.3: Average physical properties of an UD glass/epoxy composite laminate and
epoxy specimen

Specimen Density(kg/m3) Cp (at 25oC) J/(kgoC)
CTE, α (x10−6/oC)

α1 α2

UD(0) 1895 843 9 31
Epoxy 1156 1230 52 n/a
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Cp(J/(KgoC))= 4.1683T(oC) + 767.63

Cp(J/(KgoC)) = 3.9012T(oC) + 746.62

Cp(J/(KgoC)) = 4.3037T(oC) + 720.23

Cp(J/(KgoC)) = 3.8608T(oC) + 713.56
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Figure 4.9: The specific heat capacity of an UD glass/epoxy composite in the temper-
ature 10-50 oC

Table 4.4: Global mechanical and physical properties of cross-ply, angle-ply and quasi-
isotropic laminate

Specimen
CTE,α Young’s Modulus, Poisson’s ratio,

(x10−6/oC) E(GPa) νxy
Measured CLT Measured CLT

CP(0) 10.59 20.0 22.4 0.15 0.11
AP 16.20 9.5 9.5 0.55 0.62

QI(45) 9.25 20.0 17.2 0.29 0.32

4.7 Uncertainty in the calculation of the material proper-

ties

Often two or more quantities need to be measured separately and combined arithmeti-

cally to obtain the resultant quantity. Examples include dividing a mass by volume to

obtain density, or adding two lengths to get a total length. The general rule for the error

in the case of sums and differences is that the absolute error of the result is the sum of

the absolute errors of the original quantities.

It is important to determine the error in each measured quantity and analyse how these

errors propagate to form a combined error in the final result. Based on the explanation
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given in the previous sections on different characterisation techniques and the instru-

ments involved, the estimated reading error in each instrument utilised is summarised

in Table 4.5.

Table 4.5: Estimate of reading error for error analysis

Instrument Estimate of reading error

Strain gauge 0.1% [69]
Extensometer 0.5%

Thermocouple (Type K) ±2oC[70]
Instron load cell (50kN) ±0.25%[71]

Laboratory balance ±0.01 mg
Oxford Precision Digital Caliper ±0.01 mm

DSC 2% [72]

Based on the values given in Table 4.5 the amount of estimated error in each material

property determined experimentally can be calculated. The amount of error involved in

calculating the different material properties can be shown as:

i Poisson’s ratio

ν =
strain[Extensometer]
strain[Extensometer]

=
[0.5%]
[0.5%]

=
(1 + 0.005)
(1− 0.005)

= 1 + 0.01003 = 1% (4.13)

The terms in the brackets [], show the type of instrument involved and also the

amount of [percentage] of error involved. The identity, 1
(1−g) = (1 + g) is true for

small value of g and is useful to obtain reasonable solution. This shows about 1%

of error is expected in obtaining the values of Poisson’s ratio.

ii Young’s modulus

The largest error in the digital caliper occurs while measuring the thicknesses of

the laminate, where t = 1 ± 0.01mm therefore contributing to 1% of error. In a

similar way, the smallest width measured using the caliper is 20.2 ± 0.01 mm and

contributing 0.05% error while measuring the width.

E =
Load[Loadcell]
Area[Caliper]

strain[Extensometer]
=

[0.25%]
[1%][0.05%]

[0.5%]
(4.14)

The solution for this equation need to be considered in two parts, by solving

the numerator before the denominator. For the numerator, Load[Loadcell]
Area[Caliper] can be

simplified as (when multiplying two quantities, their relative errors are added):



Chapter 4. Test materials and properties 50

=
[0.25%]

[0.0105%]
= (1+0.0025)(1+0.0105) = 1+0.0105+0.0025+2.625e−5 = 1+0.013026

(4.15)

This solution is combined with the denominator to provide:

= (1+0.013026)(1+0.005) = 1+0.005+0.013026+1.1275e−4 = 1+0.01809 (4.16)

In total about 1.8% of error is estimated for Young’s modulus measurements.

iii Coefficient of thermal expansion

The αref value is an estimation of different values of pure copper available in the

open literature, the highest value available is 17.6oC/min and lowest is 16.5oC/min

and the values used in this work is 17.00/oC. This gives the CTE value to be 17

± 0.55/oC or 3% scatter in the value of αref . By taking the differences between

temperature and strain values the possible constant offset from the instruments

have been mimimised. Also, noticeble scatter is not present (shows also a very close

fit nearing 1) in ∆ε[strain gauges]
∆T [Thermocouple] values (slope of the graph shown in Figure 4.8).

Therefore, the error from this measurement is assumed to be negligible.

αi = αref [strain gauge] +
∆ε[strain gauges]

∆T [Thermocouple]
(4.17)

= [3%]

Therefore, about 3% of error due to the estimated value of αref is the main source

of error in measuring the CTE.

iv Density

The minimum quantity of weight measured is 0.01313 g ± 0.01 mg which gives

about 0.076% of error. The smallest value of volume measured in this work is 1450

mm3 or 1450 mm3± 0.01mm3 which contributes about 0.0007% error in total for

the measurement of the density.

It is evident from the analysis that the measurement of CTE provides the largest error

(about 3%). Combination of all of these estimated error in experimentally determining

the actual material properties, will lead to accumulated error in the prediction of the

∆T/T values based on the proposed models in Chapter 3.
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4.8 Summary

To assess the validity of each approach proposed in Chapter 3 accurate material prop-

erties are required. Therefore each relevant material property has been obtained exper-

imentally for all the material configurations used in this work. Thus the mechanical

and thermal behaviour of the composite material is fully defined, enabling theoretical

treatment of each assumption in Chapter 3. By using the measured material properties

and the associated error, the comparison between the experimental ∆T values and ∆T

based on the proposed models is presented in the next chapter.



Chapter 5

Thermoelastic analysis of

composite materials

5.1 Introduction

The purpose of the experimental work reported in this chapter is to assess the prominent

factors that influence the thermoelastic response from laminated composites. Thereby

providing the essential base for implementing a routine that can extract quantitative

full-field stress/ strain data from TSA data obtained from laminated composite struc-

tures. The average thermoelastic response (∆T ) is recorded from the infrared detector

from each specimen. To provide the detailed assessment of the nature of the thermoe-

lastic response it has been decided to focus on glass fibre/epoxy system composites and

examine the experimental results from the variety of laminates with different stacking

sequences in comparison with theoretical values given by the four treatments listed in

Chapter 3. Although there have been a number of quantitative studies (as detailed in

section 2.4) on the application of TSA to composite materials, they have always consid-

ered a specific material or a particular structure and there is no general methodology of

applying TSA to composite materials. The goal of the work described in this chapter

is to assess and demonstrate if this is possible. In doing this, fundamental parameters

such as non-adiabatic effects, the source of the thermoelastic signal and the influence

of the applied loading conditions (e.g. mean load and frequency) on the thermoelastic

response are considered in detail.

52



Chapter 5. Thermoelastic theory for laminated composites 53

5.2 Experimental data

The starting point of the experimental work is in evaluating the response from the

different laminates for the same applied strain sum. To do this a strain gauge rosette

was attached to each of the test specimens. The test specimens were mounted in an

Instron servo-hydraulic test machine and a cyclic load applied at 10 Hz so that the strain

sums (εx+ εy) were almost the same. It was decided to use a practical loading frequency

of 10 Hz to obtain the thermoelastic response as previous work, e.g. [10, 11], has

indicated that this is sufficient to achieve adiabatic conditions in glass/epoxy specimens.

The thermoelastic readings were taken directly from the specimens, as the material

provided a high and uniform surface emissivity of 0.92 [34, 36]. To aid comparison

of the response it was decided to apply approximately the same strain sum to each

specimen. A target of 1600 µε was set for the strain sum but because of differences in

the Poisson’s ratios of the specimens this was difficult to achieve exactly; a summary of

the applied load conditions and the strains is given in Table 5.1. TSA data was collected

from all twelve specimens; the thermoelastic response from each specimen is shown in

Figure 5.1. The average thermoelastic response, ∆T , recorded from the infrared detector

from each specimen is provided in Table 5.1, these values were taken from a box of data

indicated in Figure 5.1(a). Since it is difficult to obtain the strain sum and practically

impossible to control the surface temperature of the specimen the temperature data have

been normalised to discount for the variations. The scatter in the measured ∆T data

(as mean value ± standard deviation) is also given in Table 5.1 to indicate the point

wise variation in the data.

In all the images from the composite materials the indentation of the peel ply can be

seen, although this does not cause a large detraction. It is also apparent that the surface

ply orientation is indicated in the data; this suggests that the response is coming from the

orthotropic material and not the resin rich layer or possibly a combination of both. It is

also clear that the response in each composite specimen is not uniform, with large point

wise variations. This is particularly evident for the CP(90), UD(90) AP(45) and OA

specimens. It is noteworthy that the epoxy specimen shown in Figure 5.1 (a) provides

the most uniform response. Finally, it is also clear that although the strain sums are

similar, the response from each specimen is different. The scatter in the data is large, as

reflected in the images and it is evident that the response is affected by the orthotropic

subsurface ply.

There is no question that the epoxy resin is homogeneous and this as provides the most

uniform response of all specimens and Equation 3.29 is valid in this situation. If the

strain witness assumption is correct and the strain sums are similar, the epoxy resin

should give the same response as the other composite specimens. To aid comparison
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the ∆T data in Table 5.1 has been normalised for strain sum and surface temperature.

Whilst the specimens provide a similar normalised response to each other it is clear that

the thermoelastic response is not in general equal to that of the epoxy resin. However,

there are groups of specimens, in the normalised data in Table 5.1 that show close

correspondence with each other. The first group, indicated with *, UD(0), CP(0),

CP(0)3 and QI(0/45), all show values within a few percent of each other and greater

than the value for the pure resin, strongly indicating that the 0 degree surface ply is

giving a uniform response for the same ply orientation. The only laminate with a 0

surface ply is the QI(0/90) that does not fit this pattern. The second group, indicated

with **, UD(90), CP(90)3 have values within a few percent of each other and less than

the pure resin. The CP(90) value does not correspond and in fact is closer to that of the

0 degree surface plies. In a similar fashion the AP3 and the OA (denoted ***) laminates

show similar values (very close to the pure resin) but the AP shows a value that is less.

This initial scrutiny of the data indicates that the strain witness assumption is not valid,

but does not clarify the source of the response as the surface ply.

The scatter in the data is the highest for laminates with 90 surface plies (fibre directions

are perpendicular to the loading direction). This is because the resin has a different

response to the fibre. The mismatch between the response of the resin and the fibres

indicates the clear influence of the surface ply. However this can only be determined by

knowing the local variation and fibre distribution in the laminate. A further observation

from the images is that there are significant differences in the thermoelastic temperature

change obtained from the CP(0) and CP(90) specimens due to the differences in the

surface ply orientations and the data becomes much more uniform when there are more

plies at the surface introduced in the same way. A similar trend is also observed for

the AP and AP3 plies indicating the possible influence from sub-surface plies. This

statement is further supported by the observed difference between the two different

QI laminates, which have the same surface plies and global mechanical and physical

properties, yet there are clear differences in the thermoelastic data.

The conclusion from this part of the work might go some way to indicate the response

from the composite specimens is from the orthotropic substrate; however, there are

other influencing factors such as mean stress levels, possible heating and non-adiabatic

behaviour, which are considered in subsequent sections of this Chapter. To resolve the

issues of scatter a detailed analysis will be conducted in the next section that quantifies

the scatter in the data.
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5.3 Analysis of the thermoelastic response

Based on the experimental data presented earlier, comparison between each model (see

Equations 3.30, 3.32, 3.33 and 3.29) and the measured data is expected to provide fur-

ther insight into the thermoelastic behaviour of composite material. This is achieved by

computing the thermoelastic temperature change based on each treatment using the ma-

terial properties given in Chapter 4 and comparing it with measured temperature change

for all the cases. The measured (with standard deviation) and calculated thermoelastic

temperature changes are summarised in Table 5.2 and illustrated in Figure 5.2 with

error bars inclused for the measured data. The values that provide the closest match

with the measured data are highlighted in Table 5.2.

For the UD(0) and UD(90) specimens each theoretical treatment predicts an identical

response with the exception of the resin. For the UD(0) laminate the measured ∆T

value is 12% greater than the calculated resin value and 4% greater than the other

three techniques. Likewise for the UD(90), the calculated resin value gives a slightly

different response and the measured values are identical for the surface, global and

mixed values. For CP(0) the calculated value based on the global approach gives the

largest difference and closest to mixed approach. Similarly the global approach gives the

largest deviation from measurements taken from CP(90), CP(0)3, CP(90)3, AP3 and

QI(0/90) specimens. The measured values from the CP(90) and CP(0)3 specimens are

closest to the resin approach. The measured ∆T values from the CP(90)3, AP, AP3

and QI(0/45) specimens shows close match (with a maximum difference of 4%) with

∆T values obtained from surface ply approach. The measurement from QI(90) and OA

laminate shows close prediction with the resin approach.

Table 5.2: Thermoelastic response (measured and calculated) with experimental error
from composite specimens

Specimen
∆T, ∆T, Resin(K)

∆T, Surface
∆T, Global(K) ∆T, Mix (K)

Measured (K) (Eq. 3.29)
ply (K)

(Eq. 3.32) (Eq. 3.33)
(Eq.3.30)

UD(0) 0.147(±0.0090) 0.129 0.141 0.141 0.141

UD(90) 0.104(±0.0135) 0.124 0.104 0.104 0.104

CP(0) 0.147(±0.0089) 0.127 0.135 0.175 0.141

CP(90) 0.129(±0.0214) 0.130 0.106 0.171 0.104

CP(0)3 0.119(±0.0069) 0.118 0.125 0.174 0.143

CP(90)3 0.101(±0.0107) 0.118 0.097 0.173 0.106

AP 0.121(±0.0152) 0.133 0.125 0.132 0.127

AP3 0.127(±0.0111) 0.130 0.125 0.135 0.131

QI(45) 0.138(±0.0102) 0.123 0.136 0.144 0.136

QI(90) 0.112(±0.0090) 0.120 0.133 0.143 0.129

OA 0.095(±0.0134) 0.094 0.100 0.100 0.100
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Figure 5.2 provides a visual representation of the data. Here it is clear that the exper-

imental data straddles the resin values. The global values are clearly not providing a

good model in many instances, they are far outside the experimental error. The mixed

approach provides close agreement in many cases. The surface ply assumption also

predicts well for many cases.

The differences in the thermoelastic temperature change obtained from the specimens,

can only be due to the difference in the ply orientations as some of the specimens were

obtained from the same panel and in some cases the specimens (i.e. CP(0), CP(90)

and CP(0)3, CP(90)3) were subjected to same loading conditions. This clearly violates

the ‘strain witness’ assumption, since local variability in the constituent material is

discounted. By accounting for the scatter in the data, the predictions based on both

surface ply and mixed seem to be valid. The approach in which the CTE is coupled

in the stack, gives a better agreement to the measured data than the ‘strain witness’

and ‘Global’ assumptions, as does the surface ply assumption. However, by accounting

for the large scatter in the data, it is difficult to establish if one prediction is providing

better results than another. For laminates with stacked ply group of surface layers there

is a good agreement between the measured data and the surface ply approach. It should

be noted that the stresses in the orthotropic layers of a composite laminate vary with

fibre orientation and moreover it is certain that the stress carried by the resin surface

layer will be small compared to that of laminate. This means that the stress induced

temperature change in the resin surface layer will be different to that in the surface

ply of the laminate and depending on the ply orientation may cause large temperature

gradients between the surface layer and the orthotropic substrate. Heat transfer between

the resin and the laminate and vice versa is therefore a distinct possibility. The measured

surface temperature changes could therefore be a result of the ‘strain witness’ effect, a

result of heat transfer through the resin giving a response from the surface ply, or a

combination of both. The response is clearly dependent on the thickness of the surface

resin and the orientation of the subsurface ply.

To illustrate the difference in the stress induced temperature change in the resin and

the orthotropic substrate for each specimen in each loading case, the calculated ∆T

values for the resin are subtracted from ∆T for the orthotropic substrate (as shown in

Figure 5.3). In instances where the difference is greatest non-adiabatic behaviour (i.e.

heat transfer between the resin layer and the orthotropic surface layer) can be expected.

The negative region shows the heat transfer is from resin layer to substrate (i.e. UD(90),

CP(90) and CP(90)3). Accordingly, the measured values also show similar trends, such

that when the heat transfer is from the resin to substrate the measured value is lower

than the calculated resin value see Figure 5.2. When the heat transfer is from the surface

ply to the resin the measured value is higher than the calculated resin value. This is
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a clear indication of possible heat transfer between layers, in which the thermoelastic

response can be a combination of the temperature change in the resin layer and in the

orthotropic surface layer. To provide further insight into this, the effect of heat diffusion

with respect to loading frequency is investigated in detail in the following section.

 

Figure 5.3: Temperature difference between the orthotropic surface layer and the
isotropic resin layer

5.4 Non-adiabatic behaviour

5.4.1 Background to surface coatings

The stresses in the different plies in a composite laminate vary with fibre orientation.

This could lead to high stress induced temperature gradients between the plies and affect

the observed surface temperature changes. A non-adiabatic thermoelastic theory was

developed by Dunn [73] for laminated carbon fibre composite by modelling interlaminar

heat transfer, which showed a good agreement with the surface temperature measure-

ments using the SPATE 8000 system. The normalised signal change (amplitude) for

aluminium, CFRP laminates with (±45)6 and (0,±45)4 configurations at different load-

ing frequencies were measured. Carbon has a very high thermal conductivity compared

to the GFRP composite used in the current work. However, it is not just the thermal
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conductivity that is important but the stress gradient between the layers. It was ob-

served that for (±45)6 laminates in a similar manner to aluminium, a change of signal

was not observed with an increase in the frequency. However, (0,±45)4 laminates re-

sponded differently at different loading frequencies, and it was concluded that adiabatic

conditions were not achieved in the specimen. So far, in the current work, it has been

assumed that heat transfer between layers in the glass/fibre epoxy specimens is small.

This is because of the low thermal conductivity of the constituent materials. The cyclic

loading frequency has to be high enough to avoid internal heat conduction between re-

gions of different stress levels. In this work, the surface resin layer is of the order of

30 µm thick. This is more than a standard paint coating, but it should be considered

that the surface resin layer has very similar thermal conduction properties to that of

a paint coating. Mackenzie [74] reported progressive attenuation in the thermoelastic

signal with increasing frequency and thickness of the paint coating and then a recov-

ery of the signal beyond 50 Hz and at thicknesses above 70 µm. It is likely that at

higher frequencies the paint coating was actually acting as a ‘strain witness’. In the

case of the resin layer, the question is if the mismatch in results shown in Figure 5.2

is as a result of non-adiabatic behaviour in the surface resin layer (the specimens in

this work were unpainted) as observed by Mackenzie in the paint coating. Experiments

on composites have shown that if the strain amplitude is large, a loading frequency in

excess of 5 Hz can cause significant heating of the specimen and it is desirable to keep

the loading frequency low [42]. In this work, where experiments are conducted at 10

Hz, thermoelastic data was corrected for changes in surface temperature. During each

test the temperature of the specimen was monitored and it was shown that the greatest

temperature change occurred in the AP specimen and this was only 0.2 oC. Therefore,

it can be concluded that the heating of the specimen is not significant. In the following

sections, numerical models have been developed in comparison with experimental model

to study heat transfer effect in the composite laminate.

5.5 Experimental model

In TSA, a cyclic load is applied to achieve pseudo adiabatic conditions. The question is at

what frequency is heat diffusion through the resin rich surface layer prevented so that it

can act as a strain witness. It is impossible to remove the epoxy layer effectively from the

surface of a composite laminate. Furthermore, it is extremely difficult to manufacture a

fibre reinforced polymer composite without a surface resin layer, particularly if a vacuum

consolidation is used. Therefore it was decided to add a resin layer to a simple specimen.

A simple way of addressing this would be to produce two specimens one with and one

without a surface resin layer. An aluminium strip specimen of dimensions 105 x 13 x
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1.2 mm was prepared with part of the surface coated with epoxy resin (about 60 µm

thick) and the other part coated with two passes of RS matt black paint (as shown in

Figure 5.4).

To examine if at practical laboratory loading frequencies adiabatic conditions could

be achieved the specimen was subjected to a constant uniaxial stress range of 52.2

MPa whilst the loading frequencies was varied from 10 to 60 Hz. Under pure tension

loading, the stress in the specimen is uniform and therefore no heat transfer can occur

in the specimen, enabling the diffusion characteristics of the coatings to be examined in

isolation. If the response is constant over the frequency range this is a good indication

of adiabatic behaviour.

The temperature changes measured from the painted and epoxy coated parts of the

specimen are shown in Figure 5.5. Using the material properties for the aluminium given

in Table 5.3 it is possible to derive a theoretical temperature change for the aluminium;

this is shown in Figure 5.5. It is also possible to derive the temperature change for the

epoxy acting as a strain witness using the values given in Table 4.3. It is assumed that

the emissivity of the paint and the epoxy is 0.92 [34, 36]. The response from the painted

surface is constant over the frequency range and virtually identical to the calculated ∆T

value. This is a clear indication that the response is adiabatic and the paint coating is

sufficiently thin to allow complete heat transfer from the surface of the aluminium to its

painted surface. The measurements from the resin do not correspond with the calculated

value for the strain witness response and show a monotonic decrease over the frequency

range. As the frequency increases the values approach the strain witness value. These

results indicate that there is heat transfer from the interface between the epoxy and the

aluminium to the surface of the resin. As the resin layer is usually much thinner than

60 µm in a polymer composite this clearly indicates that the orthotropic surface layer

plays a significant role in the thermoelastic measurements.

Figure 5.4: Aluminium strip specimen: with part of the surface coated with epoxy resin
and the other part coated matt black paint
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Figure 5.5: Change in the surface temperature of aluminium coated with an epoxy layer

and paint coating

Table 5.3: Mechanical and physical properties of aluminium

Specimen Young’s Modulus, Poisson’s Density CTE
Specific heat

(GPa) ratio (kg/m3) (x10−6/oC) capacity, Cp

(J/(kgoC)
Aluminium 68 0.33 2700 21 900

5.6 FE model

In order to understand the effect of the resin layer on the thermoelastic response, a simple

2D heat transfer model was constructed to determine the thickness of the surface resin

required to prevent heat conduction in order for the ‘strain witness’ assumption to be

applicable. The model was constructed using ANSYS with PLANE55 thermal elements

and the experiment was replicated numerically. The model was constructed assuming

that the coating has a initial uniform temperature (initial boundary conditions) and a

fixed temperature was applied to one end to replicate the temperature change in the

substrate (which is equal to the measured value in the paint coating). Then transient

heat transfer analysis was performed to obtain the time (i.e. f = 1/t) required to achieve

equilibrium between the interface and the surface.
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The model showed that a loading frequency above 33 Hz is required for the ‘strain wit-

ness’ treatment to be applicable. This finding is somewhat supported by the data in

Figure 5.5 as at around 30Hz the response seems to become uniform. The difference be-

tween the experimental and calculated values at higher frequencies could be attributed

to the differences in material properties and the assumed emissivity. It was considered

that the same model could be implemented for a unidirectional laminate (to consider

the resin layer and composite material interface) and was expected to give a reasonable

approximation of the heat transfer characteristics. The initial uniform temperature in

the surface layer was calculated using Equation 3.29 and at the interface, using Equa-

tion 3.30, for a given loading condition. The FE results showing the relationship between

the resin thickness and the loading frequency for thermal equilibrium to be achieved in

the surface resin layer for UD(0) and UD(90) are shown in Figure 5.6. This clearly shows

that for a loading frequency of 10 Hz, for the given temperature gradient the resin layer

thickness should be a minimum of 80 µm for UD(0) and 110 µm for UD(90) so that

the surface measurements are not affected by the heat transfer. The thickness of the

resin layer for the specimens used in this work is 30 µm according to Figure 5.6 and

thus a loading frequency of approximately 67 Hz for UD(0) and 112 Hz for UD(90) are

required to achieve adiabatic conditions for the ‘strain witness’ treatment to be valid.

This shows that for the material considered in this work (considering the temperature

gradient between the interface and surface layer) result of heat transfer through the resin

a response from the surface ply.

Figure 5.6: The relation between the thickness of the resin rich surface layer and the
required loading frequency to achieve adiabatic conditions (from 2D FE analysis)
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To further support the analysis, the tests results reported in Table 5.1 were repeated at

loading frequencies of 15 and 20 Hz; Figure 5.7 shows a plot of thermoelastic temperature

change against frequency. The values vary somewhat for the CP(90) specimen where

the stress induced temperature change ply by ply is different, but also indicate that the

same attenuation reported previously as the frequency increases.

 

Figure 5.7: The variation of thermoelastic temperature change for different loading
frequencies (10,15 and 20Hz)

The effect of mean load was also investigated in this work; it is show in Figure 5.8

that the thermoelastic signal is influenced to some degree by the applied mean load.

However, the effect was not systematic and no clear trend was observed. The changes in

the thermoelastic response are small and thus the effect of mean load can be neglected.

The FE analysis explained in this section was performed considering only the tempera-

ture gradient and performing the transient heat transfer analysis to obtain the time (i.e.

t = 1/f) required to achieve the adiabatic condition (i.e. to reach temperature equilib-

rium). Therefore, this analysis does not reveal how the thermoelastic effect is coupled

with the heat diffusion to account for the sinusoidal temperature change occuring in the

surface layer. Therefore, the next section explores fully the coupling of the sinusoidal

thermoelastic temperature change and heat diffusion from the substrate.
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Figure 5.8: The variation of thermoelastic temperature change for different mean load

5.7 Periodic heat transfer model

To study the coupling of the thermoelastic effect and heat diffusion, a 1D heat transfer

model was constructed to determine the thickness of the surface resin required to prevent

heat conduction in order for the ‘strain witness’ assumption to be applicable. The model

was developed using the the finite difference method to study the periodic heat diffusion

through the surface resin layer. As the sub-surface temperature changes in a sinusoidal

manner, the heat will diffuse from the substrate to the surface layer in the same way.

Mathematically, diffusion may be represented by:

∂2T (t, z)
∂z2

=
1
κ

∂T (t, z)
∂t

(5.1)

where T (t, z) is the temperature at time t and depth z, and κ is the thermal diffusivity

of the resin. The above equation may be solved “analytically”, i.e. T (t, z) may be given

as a solution for simple cases with temperature variation described by a cosine function

(without the internal heat generation term and by ignoring transient perturbation)[75].

In this work MATLAB code has been developed for solving the problem using the Finite

Difference Method (FDM). The analysis will allow the effect of sinusoidal temperature

variation in the bottom boundary (i.e. resin surface adjacent to the substrate), to be

amounted for and the observed surface temperature change can be computed. The heat
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diffusion is assumed to occur in the through thickness direction only and changes with

the loading frequency.

If the time be 0, ∆t, 2∆t,......, N∆t and position be a, a+∆z, ......, a+J∆z = thickness

of resin layer, then Equation 5.1 in the form of finite difference equation (FDE) can be

written as:

Ti−1 − 2Tn + Ti+1

∆z
=

1
κ

T
′
i − Ti
∆t

(5.2)

where Tn is the temperature at the node. Since the surface temperature is unknown

(i.e. the value of interest), the bottom boundary is assumed to be a radiative boundary

condition.

The result from the analysis is shown in Figure 5.9, which shows 4 different lines indi-

cating: a) the thermoelastic temperature change in the substrate (Aluminium) obtained

using Equation 3.30, b) the heat diffusion from the substrate to the surface resin layer,

which is the solution based on Equation 5.2 or FDE, c) the thermoelastic temperature

change of resin based on Equation 3.29 and d) the point by point addition of (b) and

(c) (in the time domain) to obtain the combined effect (i.e. combination of the two

sinusoidal plots). To make the comparison between the results of the FDM and the

experimental model, the output from the FDM analysis, which is the diffusion from the

substrate, is post processed in two different ways. Firstly, the net temperature change in

the resin layer is combined with the temperature change due to the diffusion (i.e (b)+(c))

and this is labelled ‘FDM’ in Figure 5.10. In the second approach the combination of

(b) and (c) in the time domain is labelled as ‘Combined’ in Figure 5.10.

Clearly, the numerical FDM results show similar trend to the experimental data. There

is a small difference between the experimental and numerical result at 10 Hz. The

surface temperature change and diffusion at 10, 20 and 120 Hz are shown in Figures

5.11, 5.12 and 5.13. The surface temperature change (contribution of diffusion) is not

in phase (different shape and frequency) with the source but the thermoelastic temper-

ature change in the resin layer is assumed to be in phase with the source. Although

these results fit well with the experimental data, intuitively both the diffusion and ther-

moelastic temperature change should be added (combination of two sine waves) in the

time domain to form a new signal that reflects the measured temperature change in

the surface layer (as shown as ‘Combined’ in Figure 5.9, Figure 5.11, Figure 5.12 and

Figure 5.13. The results of this analysis deviate from the experimental data a great

deal at lower and higher frequencies but it captures the recovery of the thermoelastic

signal at higher frequencies as reported previously by Mackenzie [74]. The build up of

signal using the two frequencies would complicate (i.e. contain two spikes) the process
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Figure 5.9: Temperature change in the surface and combination of heat diffusion and
thermoelastic effect at frequency of 80 Hz

 

Figure 5.10: Comparison of experimental data and FDM results)
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Figure 5.11: Temperature change at the surface and from a combination of heat diffusion
and the thermoelastic effect, at a loading frequency of 10 Hz

of converting the signal in the time domain to the frequency domain where the signal

breaks back down to the frequencies that it is composed of, and how the Cedip software

accounts (i.e. FFT and noise filtering routines) for this is unknown.

5.8 Summary

The thermoelastic temperature change from several laminates subjected to in-plane

stresses has been computed and compared with experimental results. The results show

that the thermoelastic response is affected by several factors, one of which is orientation

of the surface lamina. The pattern of the surface lamina is clearly visible in the TSA

images. Detailed analyses show that there are differences in the thermoelastic signal

from the surface resin layer from the laminates considered and that there is an influence

from the orthotropic layer but that the existence of the resin layer should not be disre-

garded in the analysis. However, the response is not solely due to the orthotropic layer,

below the resin surface either, since both the UD and CP(0) specimens have the same

0o surface ply and their thermoelastic response is different. The UD(90) and CP(90)

laminates show that the unequal thermoelastic properties of the fibre and matrix in a

fibre reinforced composite material result in non-uniform deformation and temperature

changes in their micro-constituents and not the net effect of such phenomena. This
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Figure 5.12: Temperature change in the surface and combination of heat diffusion and
thermoelastic effect, at a loading frequency of 20 Hz

Figure 5.13: Temperature change in the surface and combination of heat diffusion and
thermoelastic effect, at a loading frequency of 120 Hz
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shows the necessity for a detailed micromechanical model to interpret the thermoelastic

effect (coupling of change in the mechanical and thermal properties) precisely and are

not averaging over the whole laminate (e.g. averaging over a large number of pixels)

which leads to large scatter in the data and disregards precious information. This will

support a more accurate interpretation of the thermoelastic response.

This study has shown that for the material considered, E-glass/ epoxy pre-preg lami-

nates, consideration of the surface resin layer does not give the best agreement to the

measured thermoelastic data. However, the small difference (within the error/scatter of

the measured data) between the predicted thermoelastic temperature change based on

the resin (the strain witness assumption) and the orthotropic substrate formulations for

this material hinders clear conclusions being drawn. It is clear from the experimental

results that the crucial parameters that distinguish each laminate are the differences in

the Poisson’s ratio and orientation of the orthotropic surface layer. The experimental

work carried out using laminates with identical properties to properly identify the source

of the thermoelastic response (e.g. (0, ±45, 90)s and (0,90,±45)s), which are identical in

terms of global stiffness, CTE and surface ply) provided additional information to judge

the depth and detail of the source of the thermoelastic response, and showed that the

response is not a function of the global behaviour. A new approach, in which the CTE

is coupled in the stack, gives a much better agreement to the measured data than the

strain witness assumption, similar to consideration of the surface ply only. This study

has shown that for the material considered, E-glass/epoxy pre-preg laminates, of the

two standard approaches the orthotropic surface layer interpretation provides the better

agreement to the measured data.

The strain witness assumption also needs to be investigated further, although it is ap-

parent that it is not suitable for the current work, as this assumption would simplify the

stress analysis of composite laminates using TSA for those materials it was valid for.

It is crucial to identify the relative thickness of the resin rich layer to the orthotropic

substrate that allows the strain witness assumption to be applicable, bearing in mind

that it should be relatively thin compared to the substrate in order for the plane stress

assumption to be valid. This adds further complication unless it is possible to identify

material or material types that would show such behaviour, where the resin layer would

be thin enough so that it experiences the same amount of strain as the substrate but

still able to prevent heat transfer from the substrate at practical loading frequencies.

The work in this Chapter has clearly shown that the proposed theoretical models predict

the thermoelastic temperature change as a function of applied strain giving values in all

cases that are close to the measured data, even for the global model. It is essential to

be able to theoretically formulate to quantify accurate the behaviour accurately, so that
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a better understanding of the thermoelastic response is provided the strain and stresses

experienced in the material. With the shortcomings of the approach described in this

Chapter in mind (i.e. non-adiabatic behaviour, scatter) in the next Chapter it is shown

how the proposed models can be applied to a specimen with a stress raiser. This will

provide further understanding of the thermoelastic behaviour of composite structures.



Chapter 6

Stress concentration at holes in

laminated composite material

6.1 Introduction

The heterogeneous and anisotropic properties of composite materials make their appli-

cation complicated in design and analysis. Structural members with cut outs and holes

add additional difficulty due to stress raisers caused by these features. Failure of struc-

tures at holes is generally caused by an excess amount of stress/strain around the holes

which leads to crack initiation and propagation of delamination (due to interlaminar

stresses occurring at the free edge) [76].

When an isotropic plate containing a circular hole is subjected to uniaxial tensile load,

the tangential stress at the boundary in the direction perpendicular to the loading axis

reaches a value of three times the remote tensile stress, which is independent of the hole

size for an infinite plate (assuming plane stress conditions). However, for the case of

anisotropic materials such as composites, the value and position of the maximum stress

at the edge of a hole shifts depending on the fibre orientation and stacking sequence of

the laminate [77].

There are many publications that address failure prediction or failure strength of com-

posite laminates with stress concentration; a detailed review can be found in Ref. [77].

In this book, a procedure for determining the strain and stress concentrations based on

an analytical method is given, with some results validated against experimental data.

Best laminate configurations are also investigated by considering the failure strength.

However, the problems addressed are limited to the behaviour of the laminate under

static conditions, which provide the ratio of the ultimate strength of the laminate with

73
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and without a hole. Thus, this provides a means for an adequate safety margin for

design purposes. It is well known that stress concentration in components subjected to

repeated stresses are potential sites for initiation of fatigue cracks, which may lead to

failure. In the context of composite material the stress concentration can cause damage

accumulation in the form of delamination, fibre failure and matrix cracking or various

combinations of these. The distribution of stress in the vicinity of the hole is one of the

parameters that has a large influence on the fatigue behaviour of the material. Therefore,

before simple and robust models can be developed for understanding fatigue behaviour,

the stress concentration in the structure needs to be understood.

The purpose of this Chapter is to build on the findings from the detailed characterisation

of the thermoelastic thermoelastic response from orthotropic materials presented in the

previous Chapter. Quantitative thermoelastic studies of stress concentrations in metallic

plates is a straightforward matter, all that is required is the ratio of the response from

the hole and a far-field reading. For orthotropic materials the situation is more complex

as the response is not simply proportional to the sum of the principal stresses. In general

the thermoelastic response of an orthotropic laminate is a function of the stresses in the

principal material directions and the associated coefficient of thermal expansion (see

chapter 3). The approach in this Chapter is to obtain ‘stress factors’ around the hole

and identify the maxima in the plot to give a stress concentration factor. Specimens

manufactured from four different laminate lay-ups (unidirectional (UD(0)), cross-ply

(CP(0)), angle-ply (AP) and quasi-isotropic (QI(0/45))) are considered in this work.

One of the main conclusions in Chapter 5 was that through thickness heat conduction

from the orthotropic substrate influences the surface response. This is clearly a major

finding for the application of TSA in a quantitative manner to composite structures.

The purpose of the work in this Chapter is also to assess the magnitude of the non-

adiabatic effect in the contex of more realistic structure and define if TSA can provide

meaningful data that is useful in an industrial context. In a specimen with a stress

concentration developed by a hole there will be a conduction of the through thickness

non-adiabatic response and a possibility of in-plane heat conduction because of the severe

stress gradient local to the hole. In an attempt to mitigate the through thickness effect

the results are normalised to a ‘far-field’ reading that will also contain similar through

thickness characteristics. To validate this approach the experimental data are compared

to analytical models. To better understand the nature of the response the results from

finite element models, that mimic the thermoelastic response are considered. The results

from the FE and analytical models were modified to provide SCFTSA that gives takes

into account different theoretical approaches presented in chapter 3.
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6.2 Stress concentration factor

Structural components are strongest when the service loads are evenly distributed over

their area, where a reduction in this area, (i.e caused by discontinuities) occurs, this

results in a localised increase in stress, which can be expressed as a stress concentration

factor (SCF) and must be established for effective engineering analysis and design. SCF’s

also provide strategy for design and even form a prerequisite for some modelling and

analysis approaches in theoretical investigations in damage and fracture mechanics, as

the stress raisers are often the location for initial failure and fracture. For orthotropic

materials it is not possible to obtain exact and explicit SCF expressions due to variation

in the available material selection. Therefore, it is important to seek approximate (e.g.

from analytical models) SCF expressions which are accurate and simple.

The SCF can be defined as the ratio of the maximum stress in the structure to a refer-

ence stress experienced by the structure. Stress concentration factors can be obtained

analytically from elasticity theory [78], computationally using finite element methods

and experimentally using a wide variety of techniques such as photoelasticity, strain

gauges and TSA. Stress concentration factors related to the reference stress or nominal

stress are defined using either the original gross cross-section or the net cross section. In

some cases calculations are made with respect to bearing area (for loaded holes). The

general representation of a plate with a hole is shown in Figure 6.1.

If a plate is loaded in uniaxial tension, the SCF based on the gross cross-sectional area

can be defined as following:

ktg =
σmax
P
wt

=
σmaxwt

P
(6.1)

where σmax is the peak stress in a component and P is the applied load.

In a similar manner, SCF’s based on the net cross-section are taken to be the ratio of

the average stress on the minimum net section of the plate to the stress at which the

specimen failed. The stress concentration factor based on the net cross-sectional area is

given by:

ktn =
σmax
P

(w−d)t

=
σmax (w − d) t

P
(6.2)

The SCF most easily determined from TSA data by taking the ratio of the maximum

tensile stress at the edge of the hole to the average stress at a far-field location of the

plate and this is equivalent to ktg. TSA data can be obtained in the form of temperature
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Figure 6.1: Hole in a plate nomenclature

difference, or uncalibrated signal. For isotropic specimens under uniaxial tensile load,

the SCF can be extracted from the thermal maps by taking a ratio of the highest

temperature signal adjacent to the hole to the average temperature signal measured in

the far field:

ktg =
∆Tlocal

∆Tfarfield
=
−KT∆σxlocal
−KT∆σxfarfield

=
∆σxlocal

∆σxfarfield
(6.3)

The uncalibrated signal data can also be used in a similar manner to obtain the SCF:

ktg =
∆Slocal

∆Sfarfield
=

∆σxlocal
A

∆σxfarfield
A

=
∆σxlocal

∆σxfarfield
(6.4)

Equations 6.3 and 6.4 are derived based on the assumption that the average stress over

some distance away from the hole is equal to the unnotched material stress. Equation 6.4

has been used in previous work [47] to successfully derive SCF’s at holes in isotropic

materials.

6.3 Stress and strain concentration in composite materials

There are limited analytical models for determining stress concentrations in composite

materials. The available models are expressed in terms of complex parameters [79] and

in most cases the composite material is assumed to be a homogeneous plate [80]. These

models are usually incorporated in the strength analysis of composite loaded holes (e.g.

pin-loaded holes) [81]. Such work is essential for the design and optimisation of lam-

inates to withstand repeated loading cycles. In most cases a three-dimensional model
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needs to be considered, from the fact that only then the influence of stacking sequence

and through-the-thickness loadings (e.g. additional fittings at the hole) on strength can

be rigorously addressed. This means that an efficient method is still not available for

preliminary design. It is important to note that as most of the available analytical solu-

tions considering holes in composite components address infinite orthotropic plates an

additional scaling factor, also known as the finite width correction factor, FWC is re-

quired when comparing experimental data available from composite strips (finite plates).

In adition to the usual test procedure (i.e. failure test), non-contact measurements such

as electronic speckle pattern interferometry (ESPI) and strain mapping techniques (e.g.

Digital Image Correlation, DIC) have been used to study stress profiles in composite

laminates. A detailed review of the available literature on the analysis of composite

laminates with open holes is given in following section in three parts: analytical, numer-

ical methods and experimental investigations.

6.3.1 Analytical methods

An analytical model for expressing the stresses (tangential stresses) around a hole in an

anisotropic plate subjected to uniaxial tensile stress) was first developed by Lekhnitskii

et al. [82]. The aim was to show that based on the tangential stress (σφ) acting on the

edge of the hole (radial stress, σr = 0) with known applied stress, the SCF around the

rim of the hole, kφ can be obtained.

For a plate subjected to uniaxial tension at a distance from the opening, which is acting

at an angle, θ in relation to the principal material direction, (see Figure 6.2), kφ is given

as:

kφ =
σφ
σ̄

=
Eφ
E1

[− cos2 θ + (k + n) sin2 θ]k cos2 φ+ [(1 + n) cos2 θ−

k sin2 θ] sin2 φ− n(1 + k + n) sin θ cos θ sinφ cosφ
(6.5)

where Eφ is the modulus of elasticity in the φ direction given by:

1
Eφ

=
sin4 φ

E1
+
(

1
G12
− 2ν12

E1

)
sin2 φ cos2 φ+

cos4 φ

E2
(6.6)

Values of k and n are given as:

k = −µ1µ2 =
√
E1

E2
(6.7)
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n = −i(µ1 + µ2) =

√
2
(
E1

E2
− ν12

)
+

E1

G12
(6.8)

where i =
√
−1 and µ1 and µ2 are the complex roots of the following characteristic

equation:

µ4 +
(
E1

G12
− ν12

)
µ2 +

E1

E2
= 0 (6.9)

In this case the largest stress will not be at the horizontal hole diameter normal to the

applied load but will be at another location.

For the case where uniaxial tension is in the principal direction Figure 6.2 (θ = 0), kφ
can be simplified as:

kφ =
σφ
σ

=
Eφ
E1

[
−k cos2 φ+ (1 + n) sin2 φ

]
(6.10)

In this case the stress distribution will be symmetrical with respect to the principal

material directions.

The most frequently referred criteria for predicting the strength of composites with

circular holes are the point stress criterion (PSC) and the average stress criterion (ASC).

Both were derived by Whitney and Nuismer [83, 84] based on:

σx(0, y) =
σ̄

2

(
2 +

(
R

y

)2

+ 3
(
R

y

)4

−

[
(kT − 3)

(
5
(
R

y

)6

− 7
(
R

y

)8
)])

(6.11)

where y is the distance along the horizontal diameter of the hole (see Figure 6.2) and

σx is the applied stress. kT is the orthotropic stress concentration factor for an infinite

width plate as determined from the following relationship:

kT = 1 +

√
2
A22

(√
A11A22 −A12 +

A11A22 −A2
12

2A66

)
(6.12)

At the hole boundary, where y is equal to R (see Figure 6.3), Equation 6.10 gives the

stress concentration factor as follows:

σx(0, y)
σ̄

= kT (6.13)
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Figure 6.2: Tensile load applied a) in the principal direction of an anisotropic plate
with circular hole b) at an angle to the principal material direction
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Figure 6.3: Graphical presentation of the a) point stress criterion b) average stress
criterion

This indicates that the stress concentration value for a similar material is not dependent

on the size of the hole.

The point stress criterion (see Figure 6.3a) for laminated composites containing stress

concentrations is based on the assumption that the failure occurs when the stress at some
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distance (do) away from the notch is equal to or greater than the unnotched laminate

strength (σo):

σ(0, y)for y=R+do = σo (6.14)

Since the stress concentration factors at a point (0, do) are dependent on the hole size,

this technique takes into account the influence of the size of the hole.

Based on this criterion the stress concentration factor can be written as:

σx
σo

=
2

2 + ξ2
1 + 3ξ1 − (kT − 3)(5ξ6

1 − 7ξ8
1)

(6.15)

where ξ1 = R/(R+ do).

The average stress criterion (see Figure 6.3b) is based on the assumption that failure

occurs when the average stress at some distance (ao) ahead of the notch is equal to the

unnotched laminate strength (σo):

1
ao

R+a0∫
R

σx(0, y)dy = σo (6.16)

It can be observed from Figure 6.4 that a larger volume of material is subjected to high

stress in the case of the plate containing the larger hole. Compared to the previous

criterion, ASC considers the average stress over a characteristic length, ao.

In this case the stress concentration factor can be written as:

σx
σo

=
2(1− ξ2)

2 + ξ2
2 + 3ξ4

2 − (KT − 3)(5ξ6
2 − 7ξ8

2)
(6.17)

where ξ2 = R/(R+ a0).

In both cases, the values of do and ao need to be determined experimentally, by obtaining
σx
σo

from failure tests of notched specimens. By substituting σx
σo

in Equations 6.15 and

6.17 with R value measured from the failed specimen the approximate values of do and

ao can be determined.

For an isotropic material, the elastic stress concentration factor is equal to the strain

concentration factor (SCFσ = SCFε). In the case of composite plates, the relationship

is less straightforward. The relationship between SCFσ and SCFε is given by [77]:
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SCFε =
εφ(φ = 0)

ε̄1
=
a11σφ(φ = 0)

a22σ̄x
(6.18)

where a11 and a22 are the compliance of the laminate in the 1 and 2 directions.

Equation 6.18 shows that SCFε is dependent on the lay-ups and is only equal to SCFσ
when a11 = a22, which is true for quasi-isotropic laminates including angle ply and

cross ply laminates. Therefore, laminates with these configurations are used in the

experimental work.
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Figure 6.4: Stress distribution for a finite plate containing a hole

The SCF around holes in multilayered laminates can be expressed as the average of the

SCFs for all layers [85] given as:

kσ =
∑m

i=1Niki
N

(6.19)

where N is the number of the layers, m is the number of plies with different fibre lay-up

directions, Ni is the repeated layer number of the ith ply, and ki is the SCF in the ith

ply. The ratio between the SCF of a finite plate and the corresponding infinite plate,

k∞i , is given as:

k∞i
ki

=
3(1− d/w)

2 + (1− d/w)
+

1
2

(
d

w
B

)
(k∞i − 3)

[
1−

(
d

w
B

)2
]

(6.20)

where B is a magnification factor given as:

B2 =

√
1−

[
3(1−d/w)

2+(1−d/w)3
− 1
]
− 1

2(d/w)2
(6.21)
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It is important to note that kσ can only be found if all the ki values in each layer are

known. Depending on the stacking sequence the maximum value of the stress concentra-

tion is not necessarily at the same position (e.g. perpendicular to the loading direction)

and largely depends on the fibre orientation of the lamina. However in many cases, once

the strain concentration at the hole edge is measured, the stress concentration at the

hole edge can be determined accordingly using Equation 6.18.

The theoretical solution for the SCF in a finite-width composite laminate with a hole

does not exist. For a finite width orthotropic plate the SCF can be calculated by using

a finite width correction (FWC) factor to assess the SCF of smaller strips (commonly

used in laboratory testing) with a similar opening. These factors, which are dependent

on material properties, can be obtained by elasticity equations [77] or finite element

methods.

6.3.2 Numerical methods

It is clearly shown in the previous section that the analytical treatment of SCFs in lam-

inated composites is tedious and finite element analysis is need to be adopted to fully

determine the stress state in a plate, where a three-dimensional analysis is required.

There are a number of numerical investigations [85, 86, 87](i.e. finite element method)

devoted to analysing the effect of holes and cut outs in laminated composites by consid-

ering factors that are too complex to be assessed by analytical methods. A study of the

effect of fibre orientation on stress concentration factor under in-plane static load on a

rectangular laminated plate with a central hole is given in Ref. [88]. Bakhshandeh and

Rajabi [89] studied the effect of orthotrophy ratio and plate length on the SCF of similar

problem. They also showed that Tan’s [77] finite width orthotropic plate equation has

limitations and proposed a transition ratio that depends on the length of the specimen.

A three dimensional stress state occurs at free edges (i.e. at the rim of a hole) caused by

the mismatch of Poisson’s ratios between plies with different orientations in a laminated

plate. This raises the interlaminar shear and normal stresses at the free edge. Therefore

a detailed and accurate stress analysis requires all the individual plies and the resin-rich

zone between the plies to be incorporated in an FE model for accurate results. In most

cases considerable simplification was made by omitting the interlaminar stresses close to

the edge of the hole by treating the laminate as a homogeneous anisotropic plate (e.g.

similar to classical laminate theory). It is shown, using 3D finite element analysis [89],

for a large finite thickness plate containing a hole that the maximum stress and strain

concentration factors increase from their plane stress value to their peak values, then
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decrease gradually with increasing thickness. Examples of 2D and 3D FE analysis of

laminates with different layups are given in Section 6.7.

6.3.3 Experimental investigations

Strain gauges have been widely used to measure strain concentration in laminated com-

posite material. Many experimental studies have used strain gauges to study the effect

of hole size on stress concentration [77]. However the accuracy of the technique depends

on the size of the strain gauges, which determines how close to the edge of the hole

the measurement is taken and the degree of strain averaging (distance from the edge of

the opening) over the active area of the strain gauge. It has been generally concluded

that laminates with smaller holes have significantly lower stress concentrations and thus

higher strength than those with larger holes yet it is important to pay attention to the

lay-up of the composite, which has a significant role in determining the SCF. In inter-

preting the reading from the strain gauges, only the stress concentration at the edge of

the hole and the axis normal to the applied loading are the same as the strain concen-

tration. The stress concentration at the top of the hole (90o) and along the 45o direction

can be calculated by multiplying the measured strain with the laminate modulus parallel

to the applied direction of the strain gauge and divided by the applied laminate stress

(see Equation 6.18).

Apart from strain gauges, other full field strain measurement techniques such as DIC

[90], Electronic Speckle Pattern Interferometry (ESPI) [91] and moiré interferometry

[92, 93] have been used to investigate the presence of stress concentrations in composite

materials. In using the DIC and ESPI techniques it has been identified that the strain

concentrations are influenced by the loading direction and the dimension of the hole

size to the size of the unit cell of the plain woven fabrics. Good agreement between

the SCF for woven fabric composites subjected to an on-axis (weft direction) tensile

load has been found with Lekhnitskii’s model but not in the off-axis directions (i.e.

90o, 45o directions)[91]. In a similar manner, ESPI was used to investigate the tensile

strain field of a composites plate in the presence of stress concentrations (measuring

the field strain with sub-micrometer spatial accuracy). The experimental results were

compared with the predictions of a theoretical model developed by Lekhnitskii and a

finite element study. The SCF values obtained near the holes from the experiments were

lower compared to the analytical and numerical models. The agreement between the

models was again poor in the off-axis loading direction.

In Ref. [93] the moiré pattern of stress concentration around holes in graphite/epoxy

composite laminate subjected to uniaxial tension was explored. The experimental results
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were compared with Savin’s elasticity theory and excellent agreement for the displace-

ment obtained in the loading direction was obtained but was not the case for values of

displacement obtained in the transverse direction.

6.3.4 Stress concentration for damaged composites

Interlaminar stresses occurring at the free edge of a hole or notch cause composite

laminate to delaminate. After damage starts to occur at higher stress levels, the stress

concentration factors are different from the strain concentration factor because the local

stiffness of the laminate is not the same as for the undamaged laminate. It was shown in

Ref. [77] that the SCF at the location of damage was reduced by about 18%, suggesting

stress relaxation occurs due to microdamage in the laminate and redistribution of stress

around the stress concentration site. These mechanisms involve a combination of matrix

cracking, fibre debonding or fibre pull-out.

A finite-element approach is given in Ref. [94] for modelling the detailed damage devel-

opment in notched composites using interface elements to include spitting and delami-

nation. The method is applied to a cross-ply laminate with a centre crack in tension,

predicted the development of delamination zone.

Microdamage also occurs during the machining of holes in composite laminates. It was

shown in Ref. [95] that damage from the machining process can be characterised using

TSA and a modified stress concentration factor is presented as a measure of damage

parameter. However, the parameter was quantified using Equation 6.4 assuming the

behaviour of the composite laminates are similar to an isotropic material. However, the

ranking of severity of the damage based upon the SCF was in good agreement with the

fatigue life of the specimen.

6.4 Derivation of the thermoelastic stress and strain con-

centration factors

In this section different ways of obtaining the stress/strain concentration at holes in

orthotropic composite plates from thermoelastic data are developed. To achieve this, it

is necessary to understand the nature of the thermoelastic response; three approaches

are presented (as discussed in Chapter 3) to quantify SCF’s from the thermoelastic data.

A stress concentration factor, SCFσ, for a single hole in the centre of a strip of material

loaded under uniform uniaxial loading is defined as follows:
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SCFσ =
σHole

σFar−field
(6.22)

where σ is the principal stress.

Figure 6.2 shows a strip of orthotropic material with a central circular hole loaded along

the principal axes (Figure 6.2a) and loaded ‘off axis’ (Figure 6.2b). To relate the stresses

at the hole to those in the plate it is simpler to define the stresses at the hole in a polar

coordinate system (r and θ and the stresses in the far-field in a Cartesian system (x,y),

as shown in Figure 6.2). In the polar coordinate system the laminate stresses are defined

as: σrL (radial stress), σθL (tangential stress) and σrθL (shear stress). At the edge of

the hole at the surface of the plate the radial stress and shearing stress are both zero,

since no external tractions exist at the periphery of the hole.

Also, to satisfy the stress free boundary condition in the far-field, when considering the

laminate as a homogeneous body, only the applied stress exists, so the SCFσ is generally

given as:

SCFσ =
σφL
σapp

(6.23)

where σφL is the laminate tangential stress at the hole and σapp is the stress applied to

the laminate.

The thermoelastic temperature change, ∆T, for a composite lamina (e.g. the surface

ply of the laminate) is given by:

∆T = − T

ρCp
(αxσx + αyσy + αsσs)

= − T

ρCp
(α1σ1 + α2σ2 + α12σ12)

= − T

ρCp
(αrσr + αφσφ + αrφσrφ)

(6.24)

where the subscripts x,y denote the principal stress directions in the surface ply, 1,2

are in the principal material directions of the surface ply and r,φ denotes the system in

the surface ply in polar coordinates. It is important to note that the bracketed term

in Equation 6.24 is an invariant since ∆T is a scalar quantity (as explained in Chapter

3). Equation 6.24 deals with the surface ply. In this case the shear terms in the xy

direction disappear as σs is zero in the principal stress directions and the shear terms

in the 12 direction also disappear as α6 is zero in the principal material directions. It is

only in the last expression in Equation 6.24 that the shear terms need to be retained.
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Even if the values are taken at the hole for a general laminate both the radial and shear

stresses will exist. Equation 6.24 could be recast to denote the overall behaviour of the

laminate, treating it as an orthotropic homogeneous block of material. Here the shear

terms in the first and second expressions vanish to zero as before. In the third expression

in Equation 6.24 the laminate radial stress and shear stress would also be zero.

It is possible to formulate the stress concentration factor from TSA data (as SCFTSA)

in three different ways. Firstly, and most conventionally, it is assumed that the ther-

moelastic response is purely from the surface ply, so that:

∆TH
∆TF

=
αrσr + αφσφ + αrφσrφ

α1σ1 + α2σ2
(6.25)

where σ1 and σ2 are the stress changes in the principal material directions (α6=0) and

∆TH and ∆TF are the measured thermoelastic temperature changes at the edge of the

hole and in the far-field region, respectively.

In the work in chapter 5, it was shown that the global response was unlikely to be

relevant. However, for completion it is referenced here. Therefore,the second option is

to define the thermoelastic response as a function of the global laminate behaviour to

correspond with the definition given by Equation 6.23 so that SCFTSA is defined as:

∆TH
∆TF

=
αφLσφL
α1Lσ1L

(6.26)

where the subscript L denotes the laminate behaviour.

For laminated composites with a low thermal conductivity (e.g. GFRP) under adiabatic

conditions, the thermoelastic effect from the inner zones of the material is not able

to affect the surface temperature. Therefore, the measured thermoelastic temperature

change relies on the properties of the surface material. As explained in chapter 3, this

assumption would simplify the stress analysis of composite laminates where the presence

of the surface resin layer on a composite laminate can replicate the strain field of the

laminate and serves as a strain witness, which provides the third case for comparison,

where the thermoelastic temperature change can be expressed as the strain concentration

factor, SCFε, that can be defined as follows:

SCFε =
εφ
εapp

(6.27)

where εθ and εapp denote the local strain and applied strain, respectively. The SCFε is

generally not equal to SCFσ because of the difference in the directional modulus of the

laminate, i.e.:
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SCFε =
εφ(φ = 90)

εapp
=
aφσφ(φ = 90)

aLσapp
=
aφ
aL
SCFσ (6.28)

where aφ and aL are the compliances of the laminate. Therefore, SCFε is only equal to

SCFσ when aφ=aL.

Since the resin layer is isotropic, SCFε is equal to SCFσ then a third formulation of the

SCFTSA is as follows:

∆TH
∆TF

=
εφ + εr
εx + εy

(6.29)

6.5 Thermoelastic stress analysis of holes in laminated com-

posites

In this section, an analysis of the effect of holes in a variety of laminated composite

plates is presented to provide experimental SCF’s based on TSA data. For composite

specimens under uniaxial tensile load the SCF can be extracted from the temperature

change, ∆T , data by taking a ratio of the highest thermoelastic signal adjacent to the

hole to the average signal measured in the far-field region.

The validity of this approach is demonstrated by investigating four different finite width

plates with a central hole under in-plane loading with different ply lay-ups for glass/e-

poxy composite orientations (UD(0), CP (0), QI, AP). Specimens containing a central

circular hole were machined from the composite panels. All the specimens had a 10 mm

central circular hole produced with a tungsten carbide drill to minimise machining dam-

age. The dimensions of the specimens and the loading conditions are given in Table 6.1.

To minimise the effect of signal noise, the applied loads for the TSA tests were chosen

to give a strong thermoelastic response from each laminate; the effect of the mean load

on the thermoelastic signal has previously been shown not to be significant (see Chapter

5). The principal strains in the far-field region were measured using strain gauges in

the far-field region. The loading conditions and measured far-field strain readings are

shown in Table 6.2.

A loading frequency of 10 Hz was used in these tests. The TSA data around the hole

and the far-field region was collected from all four specimens. The TSA measurement

provide directly the quantities in the left hand side of Equations 6.25, 6.26, 6.27 and

6.29. To populate the right hand side of these equations the stresses and strain were

obtained from the analytical and finite element models which are described in the next
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Table 6.1: Lay ups and dimensions of test specimens

Specimen Stacking sequence
Dimensions (mm)

Length Width Thickness
UD(0) (0)6 251.0 39.3 1.50
CP(0) (0,90)s 249.2 40.8 1.00

QI(0/45) (0,±45,90)s 249.1 39.8 1.90
AP (±45)s 249.7 38.5 1.00

Table 6.2: Loading conditions and strain reading from the far-field region

Specimen
Applied load (kN) Far-field Strain Strain sum

Mean load Amplitude εx εy (εx+εy)
UD(0) 3.0 1.0 0.000997 -0.000275 0.000722
CP(0) 2.0 1.0 0.002126 -0.000245 0.001881

QI(0/45) 3.0 1.0 0.001510 -0.000328 0.001182
AP 0.6 0.5 0.001907 -0.001036 0.000871

section. The different distribution of ∆T
∆TF

around the hole for different laminates are

shown in Figure 6.5, where it is clear from these plots that the fibre orientation has a

major effect on the stress distribution and the ±45 fibre orientation has the effect of

‘spreading’ the strains.

6.6 Edge effect

Depending on the size of the pixel, the TSA data at the boundaries are affected by the

measurement region because the pixel only partially covers the area of interest on a test

specimen. In this location the data will be influenced by the input from the specimen

and from the background. This could lead to a reduction in the measured value of the

thermoelastic signal. There have been several techniques suggested previously to im-

prove the measured TSA data at the edge boundaries [96, 97, 98]. Barone developed a

technique that works based on compatibility and implementation of an iterative proce-

dure to smoothen the interior values which is used to correct the boundary values [97].

This method was applied to thermoelastic data to quantify the SCF around a hole in an

Araldite plate and by applying the technique an increase of 16% of the measured value

at the edge of the hole was demonstrated. In a similar manner, in Ref. [98], a tech-

nique was developed based on an effective iterative least-squares method for calculating

reliable edge isopachic stresses from measured interior values. Galietti and Pappalettere

[96] developed an algorithm, which performed polynomial smoothing and automatically
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Figure 6.5: Distribution of ∆T
∆TF

around holes from TSA data for a) UD(0) b) CP(0) c)
AP d) QI

located edges in the data set that allowed the SCF to be recalculated. All the approaches

show that edge readings give a reduced value for the SCF and therefore it would be use-

ful to apply one of these to the current data. However, the Cedip system used in this

work has higher pixel resolution compared to the work given in Refs. [96, 97, 98] which

actually reduces the length of edge efffect. Additional work was performed using higher

resolution lens in a steel plate (300 x 40 x 6 mm) with 14 mm diameter hole. An infinite

plate with an open hole under uniaxial load creates a stress concentration factor of 3.

The SCF for an unloaded hole in the middle of a finite strip based on the geometry is

given by [99] as:

kt = 2 + (1− d/w)3 (6.30)



Chapter 6. Stress concentration at holes in laminated composite material 90

 

1mm 

Figure 6.6: SCF contour plot from TSA data at the edge of the hole
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Figure 6.7: SCF line plot from TSA data

The value of maximum SCF in this experiment (kt = 2.27) was found to be 2.42 (as

shown in Figure 6.6). In a similar manner, by repeating the experiment with normal

lens (i.e. 27 mm lens) the maximum SCF was found to be 2.39 (as shown in Figure 6.7).

These results confirmed that, most likely the data is not influenced by edge effect, but

indicating the possibility of non-adiabatic effect in the presence of high stress gradients.
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6.7 Finite element analysis of composite laminates with

holes

To aid the interpretation of the TSA data, Finite Element (FE) models of the specimens

were produced using ANSYS commercial software [100]. The stress distribution in a

rectangular laminated composite plate with central hole has been studied using 2D and

3D finite element methods. The effect of fibre orientation on stress concentration factor

under in-plane static loading is assessed for the specimens mentioned in the previous

section. The layered nature of composite materials means that only a limited type

of elements can be used efficiently for FE analysis of composites. For laminates with

a symmetric layups, 2D elements can be used by incorporating the global laminate

properties. Such elements are widely used in composite analysis for modelling the in-

plane behaviour of flat plates. In practice, it is more usual to utilise some form of plate

or shell element. It would be possible to stack 3D brick elements with each layer of

brick representing a single ply. Layering brick elements for relatively thin plates leads to

an ill-conditioned set of equations [101]. Therefore, brick elements are only used where

composite lay-ups are very thick and the geometry is more solid than a plate or where

there is a 3D stress field such as can occur at the free edges (a 3D sub model can be used

for such regions). In shell elements the standard bending theory assumption is made,

that the strains only have a combination of constant and linear variations through the

thickness of the shell. The ANSYS package for FE analysis was selected to model the

different laminated plates with holes. The detailed description of the 2D and 3D FE

analyses are given in following sections.

6.7.1 2D Finite element analysis

The 2D finite element model was developed using 8-node structural solid elements

(PLANE82). The detail and geometry of the element is given in Ref. [100]. Firstly,

a quarter of a thin orthotropic plate following same geometry and loading conditions

provided in Table 4.1 is modelled for UD(0), CP(0), AP and QI laminates. This was

done to verify the accuracy of the numerical modelling by comparing it to the measured

in-plane strain. Next, a series of rectangular plates with the same geometry and loading

conditions as the specimens tested in the experimental work have been modelled for the

different laminate types. Due to the symmetric nature of the specimen, only quarter

models have been considered, see Figure 6.8. The material properties assigned to the

laminate were the same as in Table 4.2 and Table 4.4. A denser mesh was used close

to the hole to capture the stress gradient accurately, as shown in Figure 6.9. Based on

the results the SCFTSA for an infinite orthotropic plate was calculated based on right
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hand terms in Equations 6.25, 6.26 and 6.29. The strain sum in the far-field region was

compared with the experimentally measured far-field strain in the plate.

r=5mm 

P w/2 

L/2 

Symm. 

Symm. 

 
 
 
 
 
 
 
 
 
 

Figure 6.8: Orthotropic plate with a hole in the centre under uniaxial tension

 
 
 
 
 
 
 
 
 
 

Figure 6.9: Typical mesh of the composite laminate

6.7.2 3D Finite element analysis

An eight noded linear layered structural 3-D Shell Element with six degrees of freedom

at each node (specified as Shell99 in the ANSYS package [100]) was selected for the 3D

analysis. In the layered element the fibre direction has to be specified in the input to

the FE package as shown in Figure 6.10. In this case all the layers are at fixed known

angles to each other (e.g. stacking sequence) and the thickness of each layer needs

to be specified separately. In this case each ply is treated as an homogeneous, elastic
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and orthotropic material. In order for the 3D model to exhibit the same stress as the

2D model, the applied force had to be recalculated to account for the difference in the

thickness between the two models. The 3D mesh of the rectangular plate was built within

the plane of the plate and layered sub-elements stacked together with one element in the

through thickness direction to model the laminate. Figure 6.10 illustrates the stacking

sequence of the (±45)s laminate. The through thickness material properties given in

Table 4.2 are incorporated in the model. The geometry and boundary conditions of the

specimens with holes were similar to the 2D model (as shown in Figure 6.11). Based

on the results the SCFTSA for an infinite orthotropic plate was calculated following the

left hand terms in Equations 6.25. The strain sum in the far-field region was compared

with the experimentally measured far field strain to assess the accuracy of the model.

 
 
 
 
 
 
 
 
 
 

Figure 6.10: Defined laminate stacking sequence for AP laminate (45/-45/-45/45)T

6.8 Validation of FE model

Firstly, to validate the 2D and 3D finite element results, the data obtained for strips

without holes were used. The results are then compared to experimental results taken

from strain gauges installed on actual test specimens (i.e. data collected in Chapter 5,

see Table 5.1). Here the 2D model is a global model using material properties for the

laminate given in Table 4.4. Table 6.3 presents both the measured strain, FE data and

the calculated strain values based on the CLT. To aid interpretation Table 6.4 shows

departures from the measured data. It can be seen that the 2D FEA corresponds well
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Figure 6.11: Typical mesh of 3D laminated plate

in all cases, with the greatest error being for the CP(0) specimen. The error in the 3D

FEA is very similar to that of CLT. As the 3D FEA is based on CLT to combine the ply

property to form a global behaviour it is not surprising that this is the case. However,

the large errors shown, particularly in the angle-ply specimens, are a major cause for

concern.

To further examine and confirm the measured results using a different test specimens,

strain gauges were installed on specimens with holes. The results from these are shown

in Table 6.5 and the departures in Table 6.6. A similar trend is observed here and

confirms that the 3D FE result must be considered unreliable for the specimens that

contain angle plies (i.e. AP and QI(0/45)). A possible error in the 3D FEA is the

through thickness material properties, but it is expected that this will be similar in each

lay-up. If this was the source of error, then results for the UD(0) would not should show

such a good agreement. Therefore, the conclusion must be it is the limitation of CLT,

which is beyond the scope of this work. A simple way to address this is to create a

homogenised global model in 2D as has been done here; in all the cases the agreement

is good.
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Table 6.3: Comparison of strain (µε) in the composite strip for conditions given in
Table 5.1

Specimen
Measured strain Strain (2D FEA) Strain (3D FEA) Strain (CLT)
εx (µε) εy (µε) εx (µε) εy (µε) εx (µε) εy (µε) εx (µε) εy (µε)

UD(0) 2264 -581 2316 -579 2316 -579 2300 -575

CP(0) 1949 -296 2109 -239 2121 -241 2119 -239

QI(0/45) 2281 -694 2237 -712 2133 -679 2235 -711

AP 3371 -1640 3438 -1615 3441 -2114 3510 -2161

Table 6.4: The comparison of the differences between the measured strain and the
strain obtained using numerical and analytical approaches

Specimen
Strain (2D FEA) Strain (3D FEA) Strain (CLT)
εx (µε) εy (µε) εx (µε) εy (µε) εx (µε) εy (µε)

UD(0) 52 2 52 2 36 6

CP(0) 160 57 172 55 170 57

QI(0/45) -44 -18 -148 16 46 -17

AP 67 25 70 -474 139 -521

Table 6.5: Comparison of strain in the far-field region for conditions given in Table 6.2

Specimen
Measured strain (µε) Strain (2D FEA) (µε) Strain (3D FEA)(µε)

εx εy εx εy εx εy
UD(0) 997 -275 1026 -205 1145 235
CP(0) 2126 -245 2236 -209 2206 -191

QI(0/45) 1510 -328 1644 -477 1613 -493
AP 1907 -1036 2623 -1210 2686 -1632

Table 6.6: The comparison of the differences between the measured strain in the far-field
region and the strain obtained using numerical and analytical approaches

Specimen
Strain (2D FEA)(µε) Strain (3D FEA)(µε)

εx εy εx εy
UD(0) 29 70 148 40
CP(0) 110 36 80 54

QI(0/45) 134 -149 103 -165
AP 716 -174 779 -596

6.9 Strength reduction factor

The composite laminates given in Table 6.1 were loaded to failure under tensile loading

to determine the failure strength. The derived SCFTSA were compared with strength

reduction factors (SRF) obtained from failure tests, by taking the ratio of the failure
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stress of notched (first noticeable failure) and unnotched specimens (following Equa-

tion 6.1). The failure strength of the notched specimens in comparison with the un-

notched specimens (i.e. failure strength vs displacement curves) are given in Figure 6.12

and Figure 6.13. The comparison between the SCFTSA, measured SRF and SCF based

on raw FE data (following Equation 6.1) are shown in Table 6.7. Here the 2D model is a

global laminate model. It is clear from Table 6.7 that the SCFTSA does not correspond

with the SRF and in all cases provides a smaller value than the SCFTSA approach.

When comparing the raw FE output (as a stress ratio) and analytical data, in most

cases the SRF provided a more conservative value.

 

 

Figure 6.12: Comparison of notched failure strength of UD(0),CP(0),QI(0/45) and AP
laminates

Table 6.7: SCFTSA, SRF and SCF (from FEA and analytical work) for specimen with
holes

Specimen SCFTSA
Strength reduction

Analytical 2D FEA
factor(SRF)

UD(0) 3.83 4.51 5.21 5.18

CP(0) 2.81 2.29 4.03 5.04

QI(0/45) 3.38 2.33 2.93 3.03

AP 3.80 1.60 2.55 2.71
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Figure 6.13: Comparison of unnotched failure strength of UD(0),CP(0),QI(0/45) and
AP laminates

6.10 TSA Results and discussion

The SCFTSA values for the orthotropic plates were calculated using Equations 6.25,

6.26, 6.27 and 6.29 from the raw FE output (i.e. stress and strain values) incorporating

the measured CTE values. To evaluate SCFTSA based on Equation 6.25 the 2D model

(known as 2D FEA 6.25) for the surface ply only (i.e. the UD surface layer for the UD,

CP, and QI models and the AP surface layer for the AP model) is modelled for a given

applied load. For Equations 6.27 and 6.29 the stress and strain have been evaluated for

the laminate as a whole. The 3D FEA results were modified to fit with Equation 6.25

(known as 3D FEA 6.25). Equation 6.5 was modified accordingly to a form similar to

Equation 6.26 to provide SCFTSA values.

The values of the maximum SCFTSA values for the experimental, analytical and FEA

data and the position around the hole are shown for the different lay-ups in Table 6.8.

By comparing the values of the maximum SCFTSA it is difficult to identify a clear match

between the experimental data using any of the treatments derived above. It is the case

that in the presence of large stress gradients, such as those experienced local to the

holes, non-adiabatic behaviour may occur. To investigate if the large mismatch in the
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Table 6.8: Values and position of the maximum SCFTSA for the different composite
laminates

Specimen
Experimental Analytical 2D FEA

(Equation 6.26) (Equation 6.25)
SCFTSA θ(0) SCFTSA θ(0) SCFTSA θ(0)

UD(0) 3.83 0 5.21 0 4.57 0
CP(0) 2.81 170 4.04 0 4.56 0

QI(0/45) 3.38 180 2.93 0 4.52 0
AP 3.80 0 2.56 25 3.91 34

Specimen
2D FEA 2D FEA 3D FEA

(Equation 6.26) (Equation 6.29) (Equation 6.25)
SCFTSA θ(0) SCFTSA θ(0) SCFTSA θ(0)

UD(0) 5.19 0 5.23 0 4.19 18
CP(0) 4.18 0 5.91 0 5.11 0

QI(0/45) 3.14 0 5.04 0 2.69 0
AP 2.73 0 5.08 0 5.54 0

derived SCFTSA values could be attributed to non-adiabatic effects, values of SCFTSA
were obtained around the hole, away from the maxima, in increments of 10 degrees.

These were compared with the values obtained from the FEA and analytical models for

the three different treatments. The SCFTSA data presented in Figures 6.14 to 6.17 are

shown for a quarter of the region around the hole (i.e. from 0 to 90).

‘Edge effects’ are a common phenomena observed at the boundary of holes in TSA mea-

surements [47]. However, these are not a concern in this work due to the relatively small

applied strain, as demonstrated in Section 6.6. In all cases, the agreement improves

away from the maximum stress concentration region, indicating that non-adiabatic ef-

fects could be the cause of the poor agreement in the SCFTSA values given in Table 6.8.

Another clear indication that the disagreement in the data is not due to the ‘edge effect’,

as commonly reported.

It is clear from all the figures that the strain witness surface resin layer response approach

given by Equation 6.29 shows the greatest deviation from the experimental data in all

cases, which indicates that the strain witness assumption is not valid in this application.

The analytical model (analytical (6.26)) and FEA model (2D FEA (6.26)) are in close

agreement with each other and with the experimental data. This provides an indication

that the thermoelastic response can be represented by the global laminate behaviour in

the presence of in-plane stress gradient and not that of the surface ply as described in

Chapter 5. In general, it can be concluded that the 2D FEA (6.26) assumption gives
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Figure 6.14: Comparison of experimental SCFTSA with those from an analytical solu-
tion and FEA for an UD(0) laminate with a central circular hole

  

Figure 6.15: Comparison of experimental SCFTSA with those from an analytical solu-
tion and FEA for a CP(0) laminate with a central circular hole



Chapter 6. Stress concentration at holes in laminated composite material 100

  

Figure 6.16: Comparison of experimental SCFTSA with those from an analytical solu-
tion and FEA for a QI(0/45) laminate with a central circular hole

Figure 6.17: Comparison of experimental SCFTSA with those from an analytical solu-
tion and FEA for an AP laminate with a central circular hole
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the best agreement to the experimental data. This is exemplified for the QI laminate

with very clear correlation between the experimental data and the analytical and FE

model. It is also important to note that the 2D finite element model (i.e. 2D FEA

(6.25)) neglects the influence from the adjacent plies. Therefore, there is a requirement

for a 3D FE model to better simulate the ply-by-ply material behaviour. However, it

is clear that the 3D FEA provides values that not corresponding to rest of the data

showing probably the limitations shown in Table 6.5.

6.11 Summary

A novel attempt to examine different approaches in quantifying the thermoelastic re-

sponse from the neighbourhood of holes in orthotropic composite laminates as an ‘SCFTSA’

is detailed in this Chapter. The different approaches are compared with analytical and

finite element models. In the presence of through thickness temperature gradient as

well as in-plane temperature gradient caused by the discontinuity in the structure, the

results show that the SCFTSA derived for composite materials is best represented by

global laminate behaviour. The effect of in-plane temperature gradient is apparent as

better agreement between the measured SCFTSA data and numerical models are ob-

served away from the edge of the hole. The assumption that the thermoelastic response

depends solely on the properties of the surface layer (i.e. the resin rich layer or the

orthotropic surface ply) of composite laminates is not compelling in this analysis.

The results show that the TSA signal from composite materials is significantly affected

by several factors which cause difficulties in stress analysis but also demonstrates the

necessity and usefulness of experimental data in the design process. It has still not been

shown that the routine for obtaining the thermoelastic data for quantitative prediction

of stress/ strain are accurate for all lay-ups of composite laminates. The assumption

that the surface resin rich layer masks the infrared emission generated by the sub-surface

laminate is shown to be invalid for all the cases. However, a reliable calibration routine

based on the surface resin layer (for materials for which the assumption is valid) could

avoid extensive material testing in order to obtain SCFTSA based on the two normalised

temperature values.

In the next Chapter, the possibility of using TSA for analysing loaded holes, (pin-loaded

joints) is explored. Bearing in mind the level of complexity involved in analysing this

problem, the experimental work is done in two stages, firstly looking at an isotropic

pin-loaded joint and perform experimental studies with numerical validation. Secondly,

some preliminary experiments are performed to understand the possible application of

TSA to composite pin-loaded joints. Despite the shortcomings mentioned in TSA so far
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the following chapter will highlight the necessity of full-field experimental data in the

design process.



Chapter 7

Stress analysis of pin-loaded

joints

7.1 Introduction

Mechanical fastening and adhesive joints are the most common joining techniques for

assembling structural components of similar or dissimilar materials. In comparison with

adhesive joints mechanical fastening offers the following advantages: no surface prepara-

tion is required, the joined member can be disassembled easily for inspection and repair

purposes and it is relatively inexpensive. However, the presence of holes for positioning

of the fastener reduces the load bearing capability of the joint members. It is known

that there will be localised increases in the stresses close to the edge of the hole. In

order to maintain the structural integrity of a load bearing structure it is necessary

to determine the stress concentration adjacent to the holes. The determination of the

stress concentration factor (SCF) for a joint is complex, as many parameters need to be

accounted for. Experimental methods therefore have a lot to offer in this difficult stress

analysis problem.

Bolts and rivets are the preferred form of mechanical fasteners used in primary load

bearing structures. However, the common method used to determine the strength of

mechanically fastened joints is through pin-loading, where the bolt is replaced by a

pin. The loss of clamping pressure reduces the fatigue life with reduction in the static

strength. However, the clamping action should not be relied upon for design purposes

because it would be difficult to detect a single untorqued fastener. The general repre-

sentation of a pin loaded plate is shown in Figure 7.1.

103
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Figure 7.1: Lug nomenclature

The SCF in plates with central circular holes loaded through pins depends on the fol-

lowing parameters [6] :

1. The plate/pin geometry (dimensions and shape details)

2. The fit between the pin and the hole

3. The loading condition (i.e. through-thickness pressure, contact properties, static,

dynamic)

4. The plate and pin material

The thermoelastic stress analysis method has been used to characterise experimentally

composite structures in a quantitative manner, as given in previous chapters. However,

the application of TSA to mechanical joints has been previously limited to pin-joints

in isotropic plates [102]. The requirement of an optical path (for the infrared camera),

which allows the stress distribution around the joints to be characterised limits the

application to pinned joints rather than bolted joints. It should also be noted that, unlike

pin-joints in metallic structures, the through thickness clamping mechanism provided by

the bolt head and nut has a influence on the bearing strength of the composite laminates.

The literature survey has revealed that there are not many full-field experimental studies

of mechanical fasteners in composite material available in the open literature. It is

notable that only one study is available on the study of pin-loaded joints in composite

materials, in which the stress analysis performed using TSA has been applied in a

qualitative manner [103]. The intention of this chapter is to build on the findings of

quantitative TSA data obtained from isotropic pin joints to assist in the development

of better design procedure for mechanical fasteners in composite joints.
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In this chapter, the behaviour of mechanically fastened joints is reviewed. The possibility

of applying TSA to characterise mechanical joints is also discussed. The effect of different

pin fits, namely snug and clearance and the pin/plate geometry is the main focus of this

chapter. The aim of this Chapter is to show quantitative stress concentration data for

isotropic (Aluminium) pin joints. Then demonstrate how this is applicable to composite

joints. Finally, some initial results on pin-loaded joints in aluminium and composite

plates are presented. The repeatability of the technique is also assessed by comparing

it with previous work done using similar material and geometry parameters. Also, the

importance of full-field experimental data is highlighted by detailing the limitation of

available analytical solutions and comparison with 2D and 3D FE models.

7.2 Review of pin-loaded plate studies

The majority of early work on isotropic pin-loaded plates has used experimental methods,

mainly strain gauges and photoelastic techniques. Most of it has concentrated on pin

fit profiles and different plate geometries. Based on this, engineering design data as

a function of joint or plate geometry for standard loading cases have been developed

for isotropic pin-joints [104]. Hand calculations with reference to stress concentration

design curves are useful to quickly assess simple joints. However, discrepancies occur

for complex joints, as secondary effects such as the pin to plate stiffness ratio, friction

and pin finish are neglected in these calculations. The need for a more universal design

method, by incorporating various parameters, requires the analysis of pin and plate

design using the finite element method. Detailed FEA can take into account secondary

parameters and provide more accurate results. However, it requires high computational

time and in the case of multiple fasteners, severe convergence problems are faced. In

this section, a general review of defining SCF’s for isotropic pin joints are discussed.

7.2.1 Stress concentration

In practice, engineering components tend to have discontinuities in section such as fas-

teners. Stress concentration values for pin-loaded holes are defined using either the

original gross cross-section or the net cross-section. In some cases calculations are made

with respect to bearing area. The theoretical stress concentration factor, kte, for bolted

joints on the net section immediately adjacent to the hole is given by [105]:

kte =
w

d
+ 1−

(
1.5q

(w/d− 1)
(w/d+ 1)

)
(7.1)
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the parameter q, for e/w < 1,

q = 1.5− 0.5
e/d

(7.2)

and for e/w > 1, q is equal to zero

The stress in the plate, adjacent to the hole in the direction perpendicular to the load

direction, is therefore given by:

σmax = kte
P

t(w − d)
(7.3)

Equation 7.1 can be re-expressed with respect to the gross cross-sectional area in a

similar manner to Equation 6.1 or as:

ktg =
kte

1− (d/w)
(7.4)

Equation 7.1 can also be re-expressed with respect to the bearing area as:

ktb =
σmax(
P
td

) =
kte
w − d

=
kte(

w
d − 1

) (7.5)

In a similar manner, the experimental reference stress, or nominal stress, is defined using

either the net cross-section or the original gross cross-section. In the first instance, the

SCF is taken to be the ratio of the average stress on the minimum net section of the

plate to the load at which the specimen failed [105]. The stress concentration factor

based on the net cross-sectional area is given by:

ktn =
σtu
P

(w−d)t

=
σtu(w − d)t

P
(7.6)

P is the load at which the specimen failed and the numerator is the unnotched net

section strength. The stress concentration factor based on the gross cross sectional area

is given by Ref. [105]. The SCF is taken to be the ratio of the maximum bearing load

to the ultimate tensile load remote from the fastener hole, as follows:

ktg =
Ptu
PB

=
σtuwt

σBdt
(7.7)
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where PB is the bearing load transferred by the fastener to the plate and Ptu is the

ultimate tensile load for the plate without a hole. In experimental work it is usually easier

to use ktg as the reference stress can be obtained simply from the specimen geometry.

In order to use the value of ktn, the net cross-sectional area is needed to calculate the

reference stress. However, the stress in the net cross section is usually of more interest,

and ktn is more generally used [104] for design purposes. The value of ktn can be related

to ktg as follows:

ktn =
(

1− d

w

)
ktg (7.8)

For specimens under uniaxial tensile load SCF determined from TSA data is equivalent

to Equation 6.3, where it is the ratio of the maximum stress at the edge of the hole to

the average stress over some distance ahead of the fastener hole. In Section 7.4.1, an

experimental program on isotropic pin-joints is detailed to show the comparison between

the different methods to obtain SCF to highlight the importance of TSA data.

7.3 Review of mechanical fasteners in composite structure

The behaviour of mechanical fasteners in carbon and glass fibre reinforced composite

laminates have been extensively investigated by many researches by means of analytical,

computational and experimental methods. A wide range of variables such as geometry

parameters, lay-ups, fastener parameters and their influence on the joint strength and

failure modes have been considered. A large part of the research has been concentrated

on the determination of the influence of geometric factors on the joint strength, as this

has been identified as the major governing parameter of the strength of the joint. This

is mainly the case for the behaviour of the structure under static loads. The complex

studies on the change in stress-strain relationship when joints are subjected to fatigue

loading are still limited, especially in terms of experimental data.

More detailed experimental methods such as strain gauges and photoelasticity, have also

been applied to the problem of obtaining strain concentration factors. A similar concept

is applied to analytical methods, where analytical models are developed to predict the

failure load based on the joint geometry and mechanical properties of the material. These

methods give an indication of the safety factor that needs to be applied in the design of

the joint, however, they do not provide any information of the stress distribution in the

joints, which is essential in optimising and improving joint efficiencies. Computational

methods do give an indication of the stress distribution around joints, as well as the SCF.

Several numerical models have also been developed to predict failure of pinned and bolted
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joints, and most of them are reviewed in detail by Camanho and Matthews [6] and a

recent one by [106]. However, fine meshes or higher order interpolation polynomials are

needed to capture the steep stress gradients for accurate predictions. For large 3D models

and joints with multi-fasteners this could be a major obstacle. In order to overcome this

problem, the analysis is usually performed in three different stages. Firstly, the global

structural analysis is performed, followed by the load distribution analysis in the joint

members and finally local stress analysis around the joint. In the case of joints with

multi-fasteners, prior calculations (optimisation algorithms) are needed to identify the

critical fastener before the single fastener is modelled in order to avoid the convergence

problems. In general, to simulate final joint failure, progressive damage models have

been developed and implemented in finite element codes. This procedure is repeated

for increasing load levels until the material properties have been fully degraded, and the

joint fails. In most cases, the FE programs often stop before the failure load is reached

due to excessive element distortions.

The general parameters that influence the strength of mechanically fastened joints are

presented in the following section. While the main part of the published work has focused

on parametric studies on strength and failure of mechanical fasteners, there is limited

work published regarding the manufacturing process to improve the joint performance.

An insight into some of the development in manufacturing techniques to improve joint

efficiency is also presented in next section.

7.3.1 Material parameters

For general engineering purposes there are 3 main types of reinforcement fibres in com-

mon use, E-glass, carbon fibres and aramid fibres (e.g. Kevlar 49). E-glass fibres are

often used as random reinforcement (e.g. chopped fibres) or roving (e.g. bundles or

parallel fibres). E-glass is the most cost effective reinforcement fibre available. Carbon

fibres are used for higher integrity applications (e.g. aerospace industry), where their

higher specific stiffness is required. The price ratio for general purpose resin is 1:2:4 for

polyester, vinylester and epoxies. However, epoxy resins out-perform other resin types

in terms of mechanical properties and resistance to environmental degradation (suitable

for aircraft components). Composites manufactured using low temperature prepreg are

of high quality and give good mechanical performance, as vacuum bagging and high

pressure (using autoclave), eliminates the voids by compaction. On the other hand,

the original advantages of using composites were room temperature curing and ambi-

ent pressure moulding. This method is widely used for manufacturing large structures.

However, poor quality can arise as a result of mainly from uncontrolled fibre to resin

ratios, large voids, dry reinforcement patches and under-cure.
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One of the advantages claimed for fibrous composite structures is that orthotropic prop-

erties can be tailored for specific application. However, the desire to develop adequate

strength tends to restrict the choice of fibre patterns to those that produce quasi-isotropic

material. The overall intention is to show that material selection, manufacturing feasi-

bility and material properties are strongly interrelated factors that have to be considered

in the design process in order to achieve highly efficient composite joints. In this section,

the effect of fibre orientation and laminate stacking sequence on composite joints and

the methods to improve the efficiency of the joints are presented.

7.3.1.1 Fibre orientation and laminate stacking sequence

The fibre orientation has an influence on the position around the hole circumference at

which failure is initiated and further influences the mode of failure. The quasi-isotropic

pattern gives the highest structural efficiency (lowest SCF) for a composite joint. An

increase in the strength associated with the 0 plies is almost nullified by the large increase

in the stress concentration factor. Less homogeneous stacking sequences exhibit lower

bearing strength due to the higher interlaminar shear stress presence in the laminate.

The minimum values of w/d and e/d ratios to achieve full strength depend on the lay-up

used. High w/d ratios are necessary to achieve full strength in ±45 and 0/90 laminates.

Okutan and Karakuzu [107] chose two different laminate configurations (90,0)2s and

(45)2s in order to determine the significance of fiber orientation on bearing strength. It

was evident from the load displacement curves that the (±45)2s laminates failed in a

more sudden fashion than (90,0)2s laminates. For this reason, the use of mechanically

fastened joints in (±45)2s laminates is not recommended. Hart-Smith [7] concluded that

shear-out failures are frequent for laminates rich with 0 fibres and deficient in 90 fibres.

As a general guide, it was also stated that there should not be more than 3/8 or less

than 1/8 ratio of the fibres in any one direction (0,45 and 90) in the laminate. This

means that the bearing strength is maximised for quasi-isotropic laminates, while the

stacking sequence should be optimised in order to obtain highest strength and desired

mode of failure.

The pin-bearing strength of glass/epoxy laminates for eight different stacking sequences

of laminates with 0, 90 and 45 layers were studied by Quinn and Matthews [108]. The

joint strength was clearly dependent on the stacking sequence. The study suggested that

placing 90 fibres on the surface increases the bearing strength because this will produce

a compressive through thickness direct stresses than can restrain delamination. Park

[109] investigated the effects of stacking sequence and clamping force on the delamination
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bearing strength and the ultimate bearing strength of pin and bolted joints in carbon/e-

poxy composite laminates. The results of the pinned joint test for orthotropic composite

laminates with stacking sequences of (906,06)S and (06,906)S , shows that both lay-ups

have almost same ultimate bearing strengths. Thus, the stacking sequence with 90 fi-

bres on the surface has a higher delamination bearing strength. The delamination failure

was characterised using acoustic emissions (AE). The work also demonstrated that the

increase in ultimate bearing strength for bolted joints results from the effect of lateral

boundary constraint by bolt head, washer and nut, rather than the clamping pressure.

The clamping pressure changes the failure mode from a catastrophic type to a progres-

sive one. Hamada et. al. [110], reported that the quasi-isotropic laminates with had 0

plies on the outer surfaces, 90 plies next to the 0 plies, and ±45 plies interspersed in the

middle of the laminate (0,90,±45)2s had the highest bearing and net-tension strength.

It is clear that there are many options for selection of stacking sequence depending on

the specific use and also including geometry and fastener parameters.

7.3.1.2 Manufacturing routes

Currently, there are few methods employed in industry to reduce stress concentrations

in composite joints based on the general behaviour of the joints. For example, extra

layers of material are incorporated at the fastener region to increase the bearing area.

Also, a number of ±45 plies are added to the laminate to promote delamination that

behaves as a stress relief in the joint. There are other additional methods that can be

found in the literature to reduce the stress concentration at the joint and improve the

efficiency of the joint.

The conventional method of making a hole in a laminate is to drill a hole in a cured

composite. However, this method destroys the continuity of the fibres in the struc-

ture leading to large stress concentrations. To improve the continuity in the laminate,

Chang et. al. [111] used a steel punch to bypass the fibre around hole (also known

as a moulded-in hole). The experimental result shows that specimens with moulded-in

holes demonstrated higher failure strength than drilled specimens an increase of nearly

46% was reported. Similar experiments were done by Lin et al.[112] for woven fabric

composite and the experimental results show that specimens of a (0,90)s lay-up with

a moulded-in hole shows higher failure strength than the drilled hole specimen. How-

ever, significant differences were not observed for (±45)s laminates with drilled and

moulded-in holes. The local reinforcement in the moulded-in holes, changes the fibre

content and fibre orientation in the laminates. Thus, owing to their anisotropic and

inhomogeneous properties, the material strength also varies with direction and location.

Therefore a suitable numerical method is needed to predict the failure of a laminate
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with a moulded-in hole. Lin et. al. [112] used the modified rule of mixtures to define

the material moduli of laminates with a moulded-in hole. The Hashin strength criteria

and a material degradation model are incorporated in the finite element analysis, which

demonstrated reasonable correlation with the experimental results.

Mechanical fasteners impose a compression load on the bearing surface of laminate

causing microbuckling of the fibres at the bearing surface and delamination of plies

under through-thickness stress. In order to improve the bearing strength of bolted joints

the use of adhesively bonded metallic inserts is investigated by means of experimental

and computational methods [113, 114, 115]. Manufacturing defects relating to hole

machining can reduce the strength and fatigue life of pin-loaded joints in comparison

to defect free laminates. Therefore metallic inserts can be used to decrease the stress

concentration or to repair damage near the hole boundary. The insert provides a localised

plastic zone, which provides stress relief in the joint. However, the drawback is that

the method requires addition of extra weight around the loaded hole. Therefore, the

shape of the inserts should be accounted to for in order to minimise the weight. This

will provide optimised use of isotropic material and also the maximum possible stress

reduction at the hole boundary. Camanho, et. al. [113] performed a 3D FE analysis

by incorporating bolt-insert contact analysis, elastoplastic behaviour of the adhesive

to evaluate the effects of the insert material and thickness on the performance of the

joint. The results showed strength improvement when inserts are used. The prediction

of stress concentration reductions around loaded holes employing photoelastic analysis

showed a large reduction of stress concentration at the joints [115]. However, none of

the mentioned research work indicates the size or shape of an optimum insert should be

used.

The literature indicates that continuity of the fibres and strengthening of the bearing area

could provide significant improvement in the joint efficiency. Based on that assumption,

Li et al. [116] introduced fibre steering technique to enhance the bearing strength of

bolted joints. The procedure requires dry tows of fibres to be placed precisely on a

prepreg fabric following by both the tensile and compressive principal stress trajectories

around the hole. An improvement in stiffness and strength is expected when the fibres

are steered to match the path by which the load traverses the structure. The mechanical

test on the joint indicates that fibre steering improved the ultimate failure strength by

a factor of 1.36 for a specimen reinforced by 3k fibre tows in tensile principal stress

patterns and 6k fibre tows in compressive principal stress patterns.
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7.3.2 Geometry parameters

The design methodology for mechanical fasteners in metallic structures cannot be applied

directly to joints in composites because of material anisotropy and the brittle nature of

the material. Among the different geometry parameters considered in metallic joints

the ratio of the width of the plate to the diameter of the pin (w/d) have gained the

most attention in the literature. The lug nomenclature is same as shown in Figure 7.1.

By tailoring other parameters, such as fibre orientation and the stacking sequence of

the laminate, etc. with the increase in the w/d ratio, significant reductions in the

stress concentration can be achieved. The other geometric parameters, i.e. e/d and

t/d ratios, have smaller influences on the joint efficiency and become insignificant after

certain limits. For example, by increasing the e/d ratio beyond 2 and increasing the w/d

ratio beyond 3 does not have a significant effect on the load bearing capability of the

connection [117]. Combination of different geometry parameters has a significant effect

on the mode of failure of composite joints. Failure modes are characterised as bearing

failure, shear failure, net tension failure, cleavage tension failure, fastener failure (e.g.

bolt failure) and fastener pull through laminate failure. The failure stresses in composite

joints are given as:

σb =
P

dt
(7.9)

for the bearing stress, localised hole damage (due to delamination or matrix cracking)

σs =
P

2et
(7.10)

for shear out stress (can be prevented by increasing e/d >3)

σnet =
P

(w − d)t
(7.11)

for net section stress (prevented by increasing w/d above a critical value)

When any one of the stresses reaches a critical value the joint will fail. Among these, only

bearing failure and tension through the hole are considered desirable and the rest are

considered as premature failures. Okutan [117] studied the behaviour of single hole pin-

loaded specimens experimentally, by varying w/d and e/d ratios and concluded that net

tension failure occurred for specimens that had small w/d ratios and large end distances.

Also, when the width was increased, the specimens with small end distances failed in a

shear out mode, while by increasing the end distance, bearing failure developed. It is also
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evident that joints with higher w/d ratios increase the joint efficiency and that generally

bearing failure is preferable (higher efficiency) as catastrophic failure is undesirable in

composite joints. However, using small diameter fasteners could result in excessive

bending and may lead to failure of the fastener. Therefore, it is important to optimise

the geometry parameters to obtain joints with the highest joint efficiency.

In Ref. [118] it was reported that the optimum composite joint strength is obtained at

w/d values close to 3, which are believed to be the transition point between bearing and

tension failure. Similar geometry effects were also observed in woven glass laminates

showing there was no large change in the SCF [118]. Liu et al. [119] investigated

the relation between the efficiency of mechanical joints and the laminate thickness to

pin diameter ratio (t/d) of material with a woven glass fabric and phenolic matrix by

experimental and computational methods. It was reported that, as the composite joint

thickness increases the contact interaction between the pin and the plate changes and it

was concluded that thick plates with smaller pins and thin plates with larger pins have

lower joint efficiencies. It was found that the t2/d2 ratio could be used to distinguish

between the two failure modes, pin bending and bearing failure.

It can be concluded that, the distinction between bearing and net tension failure is

largely established by the joint geometry. Scaling effects include both in-plane and

thickness as the stress distributions and failure modes in thick section composites will

be different from those of thin plates.

7.3.3 Fastener parameters

A wide range of fasteners (e.g. rivets, screws, bolts and pins) depending on the appli-

cation are available to join metallic parts, but the particular characteristic of composite

laminates limits the choice. Bolts are required in high load bearing structures and have

been found to be the most efficient way of mechanically fastening composite members.

Rivets are not efficient, as they can produce variable lateral clamping forces. Counter-

sunk fasteners are also not preferable because of fastener rotation in a single lap joint.

Due to the lower through thickness strength than the in-plane strength in composite

material, the fastener head is less effective than the shank in transferring the bearing

load [1].

There can be almost a factor of 2 difference between the strength of a pin-loaded joint,

in which there is no lateral constraint (clamp-up) and a bolted joint. The bolt head

and nut prevent any initial damage to the composite material by deflecting sideways

when load is applied. The lateral clamping pressure suppresses the delamination and

propagation of interlaminar cracks. A plain pin will give the lowest bearing strength and



Chapter 7. Stress analysis of pin-loaded isotropic plates 114

a fully tightened bolt shows the highest joint strength. An increase in the temperature

will decrease the strength of a laterally constrained joint. Care should be taken with

the relief of clamp-up over the life of the joint. A common method used to determine

the strength of mechanically fastened joints is through pin-loading, where the bolt is

replaced by a pin. Especially in the case of analytical studies and 2D FE analysis, the

through thickness pressure is not accounted for. In these cases the strength increases

from changing from pin to a bolted joint should be accounted for in design purposes.

However, the 2:1 ratio is a maximum and there is no general factor that can be applied,

as this is dependent on the particular clamping force and other material properties for

each particular joint considered.

An important manufacturing and assembly related issue is machining tolerance and fit

between the fastener and the hole. Mechanically fastened joints in aerospace structures

are characterised by tight tolerances on both the fasteners and the machined holes. In

some non-aerospace applications, larger clearances are required to facilitate installation

of the fasteners to the structural members. This can lead the connection to experience

a loss of strength due to a more concentrated load distribution at a single location and

higher stress concentration will lead to local deformation of the joint. The effect of

clearance has been found to be significant in both the distribution and the magnitude of

the stresses around a hole. Kelly et al. [120] showed, using a 3-D computational model

that for carbon epoxy laminates, the magnitude and distribution of the stress depends

on the level of the clearance. Clearance results in a shift in position of the maximum

tangential stress from the net-section plane (φ = 90) towards the bearing plane (φ =

180) with increasing clearance. This is directly related to the reduction in the contact

angle between the fastener and the hole, where the maximum stress is at the end of the

contact angle. The contact area has found to increase with load in clearance fit joints,

but not in neat-fit joints [121, 122]. However, these effects have not been validated using

any full-field experimental method to date. Hyer et. al. [121] investigated the effect

of pin elasticity, clearance and friction on the stresses in a pin-loaded orthotropic plate

and concluded that the effect of friction and clearance was most significant on the joint

strength. It was highlighted in his work that a 22% reduction in the contact arc can

lead to a decrease in the joint strength about 12%. Most of studies that have considered

clearance in the joints have been mainly used by analytical and computational methods.

DiNicola and Fantle [123] performed experiments on the bearing strength of clearance fit

fastener holes in graphite/epoxy woven laminates and measured hole deformations using

a compressometer. Pierron et. al. [124] investigated woven glass/fibre epoxy pin-joints

with clearance using both experimental and FE techniques. The load deflection curves

were used to assess the effect of clearance on the joint strength. It is also notable that

careful installation of an interference fit in composite structures can increase the static
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tensile strength of the joint [7]. However, literature on the influence of the interference

fit on the joint strength is not available.

The effect of friction on the stresses at a pin-loaded hole has mainly been analysed using

analytical and computational models. Zhang and Ueng [125] developed an analytical

model to evaluate the effect of different coefficients of friction for laminates of different

configurations. It was concluded that a small increase in the value of the maximum

hoop stress was noted with increasing boundary friction. Therefore, friction should be

accounted for in numerical modelling of stress distribution in pin loaded holes, to avoid

introducing error. In the same work, it was also reported that pin elasticity is not as

important as friction and clearance as the effect of these parameters on the peak stress

is not as significant.

7.3.4 Stress and strain concentration in composite joints

The methodology for mechanical fasteners in metallic structures cannot directly be ap-

plied to composites joints, yet Hart-Smith, [7] developed a methodology for composite

joints analysis that correlates the isotropic stress concentration analysis with concen-

tration relief that occurs in composite joints prior to the failure. The effective stress

concentration factor experienced by composite laminates at loaded holes is given by:

Ktc = 1 + C(Kte − 1) (7.12)

where C is the correlation factor.

C varies with both the fibre pattern and the hole size. The value of C has been found

to be close to 0.25 for 6.5 mm bolts in three different carbon/epoxy quasi-isotropic

laminates. It was noted that the fraction is same as the percentage of 0o plies in the

laminate. It is important to note that C can be justified only when net tension failure

is observed. It is stated in Ref. [126], that C is not dependent on geometry and varies

linearly with the 0o fibre percentage.



Chapter 7. Stress analysis of pin-loaded isotropic plates 116

Table 7.1: Pin and plate configurations

Pin-fit type Specimen w/d e/d t/d λ(%)

Snug
AlS10 5.0 2.5 0.6 -
AlS20 2.5 1.25 0.3 -

Clearance

AlC10/1 5.0 2.5 0.6 0.695
AlC20/1 2.5 1.25 0.3 0.695
AlC10/2 5.0 2.5 0.6 0.990
AlC20/2 2.5 1.25 0.3 0.498

7.4 Thermoelastic stress analysis of isotropic pin-loaded

plates

7.4.1 Test specimens and loading arrangements

The effect of pin and plate geometry and fit types are the main focus of this section and

the experimental SCF’s for pin-loaded plates were obtained using TSA. The details of

the pin and plate configurations are given in Table 7.1. The hole diameter in the lug

was either 10 or 20 mm, giving w/d ratios of 5 and 2.5 respectively. For the snug fit

type the pin diameter was made almost equal to the hole diameter (dpin/dhole=1). For

the clearance fit the pin diameter was smaller than the hole diameter with clearance, λ

defined as:

λ =
dhole − dpin

dhole
(7.13)

The lowest practical limit for λ is 0.1% which can be only be obtained in laboratory

conditions. In most cases a larger clearance is desirable to facilitate installation of the

pin, therefore λ values in this work are much greater.

The pin-loading condition is created by a double-lap joint configuration, where the effect

of load eccentricity and secondary bending is omitted (as shown in Figure 7.2) and the

surfaces of interest are optically accesible. Prior to testing, the specimen surfaces coated

with two passes of RS matt black paint. The aluminium plates were loaded through

two silver steel pins (ground close to tolerance) situated in the holes on the longitudinal

centre line of the plate, using a servo hydraulic test machine. The dynamic loading

frequency was set to 10 Hz, in order to maintain adiabatic conditions. Each specimen

was loaded to 10 kN with a sinusoidal load variation of ±7 kN about the mean value.

Each arrangement provided two plate configurations, one at either end.
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Figure 7.2: Test specimen and loading configuration
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7.4.2 Analysis of isotropic pin-loaded plates

The stress concentration factors for the specimens described in Section 7.4.1 have been

determined using TSA and the maximum SCF’s are summarised in Table 7.2. Two

positive peaks on either side of the pin (at φp = 90o and 270o) and two negative peaks

above (φp = 0o) and below the pin (φp = 180o) are evident in Figure 7.3. In the case

of pin-loaded plates, the ‘edge effect’ is small as there is a continuous transition from

the plate to the pin. The equivalent line plot along the horizontal diameter of the

hole is shown in Figure 7.3. However, the line plot is not symmetrical. The difference

between the two maximum SCF’s at the edge of the hole is approximately 17% (as

shown in Figure 7.4). This is attributed to the quality of the pin/hole interface, which is

dependent on the quality of the manufacturing process when the specimens were made

and loading conditions. The average of these two values has been considered.

For the plate configurations with clearance fits there is an increase in the SCF with an

increase in clearance. Comparison of the stress contours plot for a snug fit and clearance

fit specimen (AlS10 and AlS10/01) is shown in Figure 7.5. For a snug-fitting pin the

tangential stresses along the contact arc were found to be small. However, increasing

the clearance resulted in a decrease in the contact arc and hence an increase in the

tangential stresses. The position of the maximum SCF also changed as a result of the

changes in the contact arc and this is clearly noticeable in Figure 7.5b.

Table 7.2: Stress concentration factor data for different plate configurations

Pin-fit type Specimen w/d λ(%) SCF

Snug
AlS10 5.0 - 4.25
AlS20 2.5 - 3.32

Clearance

AlC10/1 5.0 0.695 4.50
AlC20/1 2.5 0.695 4.25
AlC10/2 5.0 0.990 3.75
AlC20/2 2.5 0.498 3.50

7.4.3 Non-linearity of the load-stress relationship at the contact arc

At the area around the non-contact region around the edge of the hole, only the tangen-

tial stress exists and along the contact arc both tangential and radial stresses are present.

Unless friction between the pin and lug has been completely eliminated there will be a

shear stress at the interface. In increasing the applied load, in the pin-loaded lug the

hole in the lug will wrap around the pin, thus spreading the contact arc over a large

area and dispersing the load. The degree of non-linearity in the stress-load relationship
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Figure 7.3: Contour plot around AlS20 joint

and the implication on thermoelastic effect is presented in Ref. [49]. It was concluded

that the stress sum show slight non-linearity at θ=90 and 180 for snug fit specimen by

increasing the load by 4 to 9%.

7.5 Finite element analysis of isotropic pin-loaded joints

In order to provide the full comparison of available SCF’s values derived from analytical

method, experimental data and FE work, a set of 2D and 3D FE work is presented in

this section.
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Figure 7.4: Line plot through the horizontal centre line of the pin for specimen AlS20
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Figure 7.5: SCF contour plot for (a) specimen AlS10 (snug fit) (b) AlC10/1 (clearance
fit)
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7.5.1 2D finite element analysis

The double shear lap joint (as shown in Figure 7.2) containing a single pin joint is

modelled using ANSYS [100]. The dimensions of the plate were taken to be L = 300

mm, W = 50 mm and thickness t = 6 mm. The radius of the hole are for the two

types of the pin sizes, where r = 5 mm or 10 mm the distance from the upper edge to

the center of hole is e = 25 mm. The material properties of the pin and the plate are

given in Table 7.3. These material properties are incorporated in the model in defining

element attributes. A two-dimensional, plane 183 [100] element which is suitable for

modeling irregular meshes has been used. The element input data includes thickness for

the plane stress condition. Due to the symmetric nature of the problem, only half of the

geometry is modelled and the finite element mesh of the plate is also shown in Figure 7.6.

Symmetric boundary conditions are applied along the length of the laminate. The pin is

assumed to be rigid and radial boundary condition using the link element (link1) [100].

This technique is simple and no extra elements are required compared to contact method

(explained in Section 7.5.2) and the time taken to reach to the solution is less.However,

it is not possible to include friction and clearance effect in this technique.

The distribution of stresses around the pin hole (for r = 5 mm) from the 2D analysis

is compared with the TSA plot in Figure 7.7. The two results compares well, but more

realistic results can be obtained from 3D analysis which enables the secondary effects

such as contact properties and friction can be included and this will be discussed in

following section.

Table 7.3: Elastic properties of pin and plate

Component Material
Young’s Modulus (GPa), Poisson’s ratio,

E ν

Pin Silver steel 200 0.33
Plate Aluminium 69 0.30

7.5.2 3D finite element analysis

The 3D model consist of a mesh of eight-noded, three-dimensional (SOLID185 [100]), fi-

nite elements for the pin and lug, with 3-D surface-to-surface contact elements (CONTA174)

for the interface between the pin and the hole. A friction coefficient, of µ = 0.2 was

applied between the pin and the hole surfaces. Due to the symmetry, only half of the

assembly was modelled with the application of the similar boundary condition to the 2D

model (as shown in Figure 7.8). The material was assumed to remain as elastic. As the
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Figure 7.6: 2D mesh of the pin joint
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Figure 7.7: Comparison of TSA and FE results (r = 5 mm)

contact area between the pin and lug depends upon on the applied load, the model is

solved by considering the geometric non-linear behaviour. The plate has been simulated

to be loaded through the end of the loading plate by applying a uniform tension, with

the rigid steel pin is being held fixed in position. An incremental-iterative analysis was

done to apply the load into 1000 sub steps.

Figure 7.8: Finite element mesh of a geometry of pin-loaded lug
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The stress distribution around the pin hole (for r = 10mm) from the 3D analysis is

compared with the TSA plot (as shown in Figure 7.9). The two results compares well in

a qualitative manner. Polar and Cartesian components of stresses have been presented.
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Figure 7.9: Comparison of TSA and FE results (r = 10 mm)

7.5.3 Results and discussion

Because of the symmetric nature of the assembly of pin-loaded lug, the discussion is

limited to 0o to 180o along the edge of the hole. The comparison between the different

values of SCF obtained for the 2D and 3D analysis together with the TSA data for the

2 different w/d ratios (for snug fit only) is presented in the Table 7.4. The SCFTSA
was obtained by taking the ratio of the maximum stress at (φp = 90) divided by the

average stress in the far-field region ( σφh+σrh
σφff+σrff

). Based on the close replication (by

incorporating most of the realistic features) made in the 3D modelling this provides a

better match with the experimental data. However, the maximum SCF obtained from

TSA is relatively smaller than the experimental value, which could be attributed to the

heat transfer problem face in the regions close to the high stress gradient region (as

reported in Chapter 6). To further evaluate this statement, the SCF at φp = 0 to 180o

is shown in Figure 7.10 for r = 5mm and Figure 7.11 for r = 10 mm. It can be seen

that the difference in the SCF’s between the 3D model and TSA improves significantly

as the value is taken away from the hole (similar observation was made in Chapter 6).

Figure 7.12 shows the comparison of different SCF values obtained based on analytical

solutions, FEA and previous TSA work on isotropic pin lug. The average values of

experimental SCF’s obtained from this work is close to values available in previous TSA

work (as shown in Figure 7.12). Figure 7.12 clearly demonstrates the scatter in the
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Table 7.4: Comparison of SCF’s obtained from experimental and numerical data

Specimen w/d Experimental 2D FEA 3D FEA
AlS10 5 4.25 3.21 5.35
AlS20 2.5 3.32 3.02 3.58

Figure 7.10: Comparison of TSA and 3D FEA results (r = 5 mm)

data available for the same plate pin/plate parameters and shows the importance of the

experimental data so that less conservative design guidelines can be used. It is useful to

note that Refs. [48, 127] represent steel specimens and also in Ref. [48] the joints are

slightly lubricated for ease of assembly. The values for Refs. [104, 127] are based on net

section SCFs.

A set of tests examining the effects of width to pin diameter ratio (w/d) and pin-fit

has been described and the the experimental and results presented. It was found that

SCFs decrease with an increase in the w/d ratio. The snug fitting pins induced smaller

stresses at the edge of the hole than clearance fit pins. One of the important aspects of

the study lies in the good agreement between the results of the thermoelastic tests and

those obtained from the 3D numerical results and the comparison with previous results,

which are generally good. This shows the potential in developing an accurate method to

predict joint efficiency of axially loaded composite plates using this work as a starting

point.
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Figure 7.11: Comparison of TSA and 3D FEA results (r = 10 mm)

Figure 7.12: Comparison of stress concentration factors for snug fitting pins
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Figure 7.13: Assembly of the composite pin-loaded joint

7.6 Thermoelastic stress analysis of composite pin-loaded

joints

Based on the findings of the thermoelastic stress analysis of the isotropic pin-loaded

joints, similar composite pin-loaded joints with similar geometry and applied loading

conditions were designed manufactured. The assembly of the joint is shown in Fig-

ure 7.13. Two different type of composite pin-loaded joints are considered in this work,

namely the UD(0) and QI(0/45) joints. Since the initial idea was to relate the work done

in Chapter 6 on holes in the laminate, therefore the composite plate with pin holes of

radius, r = 5 mm and r =10 mm were obtained from the same panel. However, the prob-

lem in using the thin plates obtained from the same panel is that at a very low applied

load the thermoelastic signal from these joints are very noisy and unreliable (including

the phase data). Therefore, it is not possible to obtain reliable thermoelastic data. In

attempt to increase the applied load, the joint either fails or creates damage around the

pin-loaded hole further increasing the difficulty in obtaining reliable data. This requires

a new type (thicker specimen) specimen need to be designed and manufactured in or-

der to obtain reliable thermoelastic data. However, the thermoelastic theory developed

so far is based on the plane stress assumption, which is valid for thiner specimens and

where the through-thickness stress between the different layers are negligible, (also plane

strain assumption is valid).

7.7 Summary

The initial results from the isotropic pin-loaded joints shows potential in developing

an accurate method for predicting SCF of axially loaded composite plates. There is a
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Figure 7.14: Thermoelastic temperature signal from UD laminate

clear match between the thermoelastic measurements and 3D FEA results. However,

slight differences in the peak SCF are observed in the TSA data possibly due to the

high temperature gradient at the location of maximum stresses. Although, the results

are presented for a snug fitting pin, it is not possible to manufacture the pin and plate

with such tight tolerance in reality (i.e. λ = 0). However, this is the actual condition

modelled in the FEA analysis.
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Figure 7.15: Thermoelastic temperature signal from QI laminate



Chapter 8

Recommendations for future

work and conclusions

8.1 Future work

The primary focus of this research work as outlined in the objectives of this thesis, meant

to provide a step forward in the application of TSA to laminated composite material in

a quantitative manner have been fulfilled. At this stage of the research project it has

became evident that there are areas that need further investigation to provide a deeper

understanding in order to improve and widen the application of TSA to composite

materials.

8.1.1 Numerical modelling of thermoelastic behaviour of composite

laminate

The thermoelastic behavior of composite laminate depends on the fibres, resin, associ-

ated geometrical scales (i.e. yarn, fibre waviness, braided fabric) and stacking sequences.

By introducing a homogenisation method, due to the limitation of the analytical solution

(i.e. CLPT), to predict the thermoelastic behaviour the crucial parameter at microme-

chanical level are not possible to be incorporated. This limitation is even applicable

to simple unidirectional materials considered in this work, where the surface variation,

surface ply features, separation between the fibre and matrix regions and micro-cracks or

in homogeneity present in the laminate are noticeable in the thermoelastic data. These

minute effects need to be accounted for in the TSA data in order to obtain more accurate

interpretation of the thermoelastic data.

129
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Moving to the next level of complexity, where due to the stacking sequences of the

laminate, there is concern for the fabrication stresses or residual stresses that develop

due to the variations in coefficient of thermal expansion (CTE). These stresses superpose

on mechanical loads and therefore influence the load capacity. There is still a lack

of information available on the effect of residual stresses on thermoelastic response of

composite material. Within the laminate the deformation of one ply is constrained by

the other plies with different fibre orientations and residual stresses builds up in each

ply. This will clearly have influence on the thermoelastic response and this effect is not

taken in simple analytical models. Although the effect of residual stress on TSA has

been investigated previously, in most TSA studies this is assumed to be negligible.

3D numerical models are needed to provide a better representation of the themoelastic

behaviour in order to provide more information on the thermoelastic behaviour of the

composite laminate. With the advances in the computational techniques and facilities it

is possible to implement a thermoelasticity model in order to improve the fundamental

understanding of the thermoelastic behaviour of the composite material.

8.1.2 Heat transfer analysis in composite medium

In order to analyse the thermoelastic behaviour of the laminate, the problem needs to

be separated into two parts. First one deals with the periodic heat transfer within the

composite medium. The second one is to deal with the thermoelasticity issues. The heat

conduction effects in the composite material need to be modelled accurately in order to

understand the heat transfer problem in a layered medium. The in depth understand-

ing of the heat transfer issues, will allow possible development and implementation of

routines that enable the TSA data to be compensated for analytically to represent the

actual temperature measurements in the presence of through thickness temperature gra-

dient as well as in the presence of in-plane temperature gradient. This will also allow

the thermoelastic measurements to be taken at practical loading frequencies (between

2-5Hz).

With the level of complexity present at a the micro-structural level in composite material

in mind, a control experimental model needs to be build up in order to understand

the fundamental heat transfer issues. Therefore, simple representative model with well

understood/ defined materials (e.g. a resin matrix and periodic metal rods) needs to

be analysed to obtain the general understanding of periodic heat transfer problem in

a simple laminate (i.e. a UD(0) and UD(90) configurations). This will provide the

explanation for the possible heat transfer between the two distinct mediums (fibre and

resin). This should be followed by incorporating the effect of stacking sequence to
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account for the through thickness temperature gradient. Then, extend this work to

account for the effect of geometry discontinuity in the specimen that leads to in-plane

temperature gradient.

8.1.3 Material characterisation

It is well known that the mechanical and thermoelastic behaviour of E-glass is practically

independent of temperature. However, taking into account the non-linear behaviour of

the thermal strain of the resin as a function of temperature, more accurate characteri-

sation methods (i.e. dilatometer or high resolution optical methods) of CTE is needed,

which is a crucial parameter in defining the thermoelastic behaviour of the composite

material.

8.1.4 Post processing of thermal data

It is absolutely crucial to a have clear understanding of the post-processing performed

in the Cedip software in order to obtain the measured temperature change based on

the acquired raw thermal data. This is particularly important since it has been shown

that the thermoelastic response is possibly a combination of heat diffusion from the sub-

strate and the thermoelastic temperature change of the surface coating. It is important

to understand how the ‘filtering’ of the thermoelastic signal is done, since the FFT of

the temperature data, will show the presence of two different loading frequencies (com-

bination of temperature change due to the thermoelastic effect and diffusion). The two

signals are not in phase. By combining the two sinusoidal temperature changes, there

is a chance that either one might get removed randomly as noise in the thermoelastic

data.

8.2 Conclusions

In the following section, conclusions based on the findings of Chapters 3, 4, 5, 6 and 7

are discussed.

In chapter 3, the theoretical background required to apply TSA to a composite material

is presented. The important findings in this chapter are:

• Detailed analysis that shows the term α1σ1 +α2σ2 +α6σ6 is an invariant, is docu-

mented in this Chapter. This is an important foundation for the following analysis
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and clarifies the derivation of the thermoelastic relationship for orthotropic ma-

terials. This is particularly important when conducting quantitative analysis in

components where the reference axes are not the principal stress or material axes.

An example of where this is important is in Chapter 6 where the reference system

is defined in polar coordinates.

• Four different theoretical approaches to define the source of the thermoelastic

response from multi-directional laminates have been identified that provide the

basis for the analysis in Chapter 6.

• In this chapter a strain based approach is devised for investigating the thermoe-

lastic response from an orthotropic material.

The experimental procedures for obtaining the mechanical and physical properties of a

composite material are detailed in Chapter 4.

• Material selection and the accurate material properties required for assessing the

nature of the thermoelastic response is presented.

The validity and limitation of the theoretical models presented in chapter 3 are assessed

in Chapter 5. The detailed analysis has shown that:

• An approach based on the ‘strain witness’ assumption is not suitable for calibrating

the thermoelastic data for quantitative prediction of stress/ strain data.

• The thermoelastic response from a composite laminate is affected by the orienta-

tion of the surface lamina and is a function of a combination of the response from

the orthotropic surface layer and the resin layer.

• Findings from the numerical analysis showed the necessity of including heat con-

duction properties in the thermoelastic analysis for accurate interpretation of ther-

moelastic signal.

In Chapter 6, analysis of the stress concentration in laminates with different fibre lay-up,

focusing on circular hole is presented. In this Chapter:

• A novel attempt to examine different approaches in quantifying ‘SCFTSA’ in the

presence of holes in multi-directional composites is presented.

• The effect of in-plane temperature gradient on the thermoelastic response is iden-

tified with better agreement between the measured ‘SCFTSA’ data and numerical

models are observed away from the maximum stress concentration point.
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Chapter 7 provides background for analysis of mechanical fasteners in composite joints.

• Initial experiments in isotropic material for addressing the application of TSA

to characterise the stress concentration in pin-loaded joints have shown that the

technique can be applied successfully to this problem.

• Due to the complex nature of the problem, the experiments need to be redesigned

for composite joints to obtain stronger thermoelastic signal from TSA measure-

ments.
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