
 
 
 
 
 
 
 
 
 

 
 
 

Abstract 
 
 
 

Survey sampling textbooks often refer to the Sen-Yates-Grundy variance estimator for 

use with without replacement unequal probability designs. This estimator is rarely 

implemented, because of the complexity of determining joint inclusion probabilities. In 

practice, the variance is usually estimated by simpler variance estimators such as the 

Hansen-Hurwitz with replacement variance estimator; which often leads to 

overestimation of the variance for large sampling fraction that are common in business 

surveys. We will consider an alternative estimator: the Hájek (1964) variance estimator 

that depends on the first-order inclusion probabilities only and is usually more accurate 

than the Hansen-Hurwitz estimator. We review this estimator and show its practical 

value. We propose a simple alternative expression; which is as simple as the Hansen-

Hurwitz estimator. We also show how the Hájek estimator can be easily implemented 

with standard statistical packages. 
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D Vlpsoh Yduldqfh Hvwlpdwru iru Xqhtxdo
Suredelolw| Vdpsolqj Zlwkrxw Uhsodfhphqw

\yhv J1 EhujhuGhsduwphqw ri Vrfldo Vwdwlvwlfv/Xqlyhuvlw| ri Vrxwkdpswrq/Vrxwkdpswrq/ VR4: 4EMXqlwhg NlqjgrpH0pdlo= |jeCvrwrq1df1xn
Pd| 53/ 5336

Devwudfw
Vxuyh| vdpsolqj wh{werrnv riwhq uhihu wr wkh Vhq0\dwhv0Juxqg| yduldqfh
hvwlpdwru iru xvh zlwk zlwkrxw uhsodfhphqw xqhtxdo suredelolw| ghvljqv1
Wklv hvwlpdwru lv uduho| lpsohphqwhg/ ehfdxvh ri wkh frpsoh{lw| ri ghwhu0
plqlqj mrlqw lqfoxvlrq suredelolwlhv1 Lq sudfwlfh/ wkh yduldqfh lv xvxdoo|
hvwlpdwhg e| vlpsohu yduldqfh hvwlpdwruv vxfk dv wkh Kdqvhq0Kxuzlw} zlwk
uhsodfhphqw yduldqfh hvwlpdwru> zklfk riwhq ohdgv wr ryhuhvwlpdwlrq ri wkh
yduldqfh iru odujh vdpsolqj iudfwlrq wkdw duh frpprq lq exvlqhvv vxuyh|v1
Zh zloo frqvlghu dq dowhuqdwlyh hvwlpdwru= wkh Kämhn +4<97, yduldqfh hv0
wlpdwru wkdw ghshqgv rq wkh �uvw0rughu lqfoxvlrq suredelolwlhv rqo| dqg
lv xvxdoo| pruh dffxudwh wkdq wkh Kdqvhq0Kxuzlw} hvwlpdwru1 Zh uhylhz
wklv hvwlpdwru dqg vkrz lwv sudfwlfdo ydoxh1 Zh sursrvh d vlpsoh dowhu0
qdwlyh h{suhvvlrq> zklfk lv dv vlpsoh dv wkh Kdqvhq0Kxuzlw} hvwlpdwru1
Zh dovr vkrz krz wkh Kämhn hvwlpdwru fdq eh hdvlo| lpsohphqwhg zlwk
vwdqgdug vwdwlvwlfdo sdfndjhv1

Nh| zrugv= Ghvljq0edvhg lqihuhqfh/ Kdqvhq0Kxuzlw} yduldqfh hvwlpdwru/ Lqfox0
vlrq suredelolwlhv/ �0hvwlpdwru/ Vhq0\dwhv0Juxqg| yduldqfh hvwlpdwru1

4 Lqwurgxfwlrq
Xqhtxdo suredelolw| vdpsolqj zdv �uvw vxjjhvwhg e| Kdqvhq dqg Kxuzlw} +4<76,
lq wkh frqwh{w ri zlwk0uhsodfhphqw vdpsolqj1 Qdudlq +4<84,/ Kruylw} dqg Wkrps0
vrq +4<85, ghyhorshg wkh fruuhvsrqglqj wkhru| iru vdpsolqj zlwkrxw uhsodfh0
phqw1 Jdeohu +4<;7, vkrzv wkh vxshulrulw| ri vdpsolqj zlwkrxw uhsodfhphqw ryhu
vdpsolqj zlwk uhsodfhphqw1 Yduldqfh hvwlpdwlrq iru vdpsolqj zlwk0uhsodfhphqw
lv vwudljkwiruzdug +Kdqvhq ) Kxuzlw}/ 4<76,1 Krzhyhu/ iru vdpsolqj zlwkrxw
uhsodfhphqw/ wkh ghvljq xqeldvhg Vhq0\dwhv0Juxqg| yduldqfh hvwlpdwru +Vhq/
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4<86> \dwhv dqg Juxqg|/ 4<86, lv kdug wr frpsxwh ehfdxvh ri mrlqw lqfoxvlrq
suredelolwlhv1 Dowkrxjk h{dfw frpsxwdwlrq ri wkhvh suredelolwlhv lv srvvleoh zlwk
vshfl�f vdpsolqj ghvljqv olnh zlwk wkh Fkdr +4<;5, vdpsolqj ghvljq/ wkhlu fdo0
fxodwlrq ehfrphv sudfwlfdoo| lpsrvvleoh zkhq wkh vdpsoh vl}h lv odujh1 Lw lv dovr
lqfrqfhlydeoh wr surylgh wkhvh suredelolwlhv lq uhohdvhg gdwd0vhwv/ dv wkh vhw ri
mrlqw lqfoxvlrq suredelolwlhv lv d vhulhv ri q+q� 4,@5 ydoxhv> zkhuh q ghqrwhv wkh
vdpsoh vl}h1 Pruhryhu/ vwdqgdug vwdwlvwlfdo sdfndjhv olnh VSVV � / VDV � / VWDWD �
gr qrw ghdo zlwk wkhvh suredelolwlhv1 Vshfldol}hg vriwzduh olnh VXGDDQ � qhhgv wr
eh xvhg1 Krzhyhu/ hyhq VXGDDQ

� grhv qrw lqfoxgh dfwxdo frpsxwdwlrq ri wkhvh
suredelolwlhv1 Wkh| qhhg wr eh vshfl�hg e| wkh xvhu1

Wkh dlp ri wklv sdshu lv wr vkrz wkdw lw lv srvvleoh wr hvwlpdwh wkh vdpsolqj
yduldqfh zlwkrxw frpsxwlqj mrlqw lqfoxvlrq suredelolwlhv e| xvlqj wkh Kämhn
+4<97, yduldqfh hvwlpdwru1 Rxu dlp lv wr vkrz wkh sudfwlfdo lpsruwdqfh ri wklv
hvwlpdwru dqg krz lw fdq eh lpsohphqwhg xvlqj zhljkwhg ohdvw vtxduhv +ZOV,
uhjuhvvlrq/ zklfk lv vwudljkwiruzdug zlwk vwdqgdug vwdwlvwlfdo sdfndjhv1

Lq Vhfwlrq 5/ zh uhylhz wkh lvvxh ri yduldqfh hvwlpdwlrq1 Lq Vhfwlrq 6/ zh
lqwurgxfh wkh Kämhn yduldqfh hvwlpdwru dqg zh sursrvh d vlpsohu dowhuqdwlyh
h{suhvvlrq1 Lq Vhfwlrq 7/ zh lqwurgxfh dowhuqdwlyh yduldqfh hvwlpdwru wkdw duh
dv vlpsoh dv wkh Kämhn yduldqfh hvwlpdwru1 Lq Vhfwlrq 8/ wkh dffxudf| ri wkh
Kämhn hvwlpdwru lv vwxglhg wkurxjk Prqwh0Fduor vwxglhv1

5 Frpsoh{lw| ri Yduldqfh Hvwlpdwlrq
Frqvlghu d �qlwh srsxodwlrq X @ i4> = = = > l> = = = > Qj frqwdlqlqjQ xqlwv1 Vxssrvh
zh zlvk wr hvwlpdwh wkh srsxodwlrq wrwdo

\ @ [
����� |

�

zkhuh | � lv wkh ydoxh ri d vwxg| yduldeoh ri d xqlw odehoohg l1 Wkh �0hvwlpdwru
+Qdudlq/ 4<84> Kruylw} dqg Wkrpsvrq/ 4<85, ri \ lv

e\ @ [
����� �| � = +4,

zkhuh v lv d vdpsoh/ �| � @ | � � 	 
� dqg zkhuh � � lv wkh �uvw0rughu lqfoxvlrq sured0
elolwlhv ri xqlw l> wkdw lv/ wkh suredelolw| iru xqlw l wr eh vdpsohg1 Wkh yduldqfh
ri wkh �0hvwlpdwru sod|v dq lpsruwdqw uroh lq yduldqfh hvwlpdwlrq/ dv prvw hv0
wlpdwruv ri lqwhuhvw fdq eh olqhdul}hg wr lqyroyh �0hvwlpdwruv1 Wkh vdpsolqj
yduldqfh ri e\ iru �{hg vdpsoh vl}h ghvljqv lv jlyhq e|

� �� @ [
�����

[

���� +�

� 
 � � � � 
 , �| � �| 
 = +5,

� � 
 lv wkh mrlqw lqfoxvlrq suredelolwlhv ri xqlw l dqg m> wkdw lv/ wkh suredelolw|
wkdw erwk xqlwv l dqg m duh vhohfwhg1
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D ghvljq xqeldvhg hvwlpdwru ri � �� lv jlyhq e| wkh Vhq0\dwhv0Juxqg| hvwl0
pdwru e� ���� @ 4
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���� +� � � 
 � � � 
 ,� 	 
� 
 +�| � � �| 
 , � = +6,

Wkh hvwlpdwru +6, lv kdug wr lpsohphqw lq sudfwlfh/ dv wkh � � 
 duh riwhq xqnqrzq
h{fhsw iru vshfldo fdvhv vxfk dv vwudwl�hg vlpsoh udqgrp vdpsolqj +VWVUV,1
Pruhryhu/ wkh grxeoh vxp ihdwxuh lv frpsxwdwlrqdoo| lqfrqyhqlhqw iru odujh vdp0
sohv1 Ixuwkhupruh/ wkh frpsxwdwlrq ri wkh � � 
 uhtxluhv wkh ydoxhv ri wkh � � iru
doo wkh xqlwv ri wkh srsxodwlrq/ zkhuhdv lw lv frpprq wr nqrzq wkh ydoxh ri � �
rqo| iru wkh vdpsohg xqlwv1 Lq wklv fdvh/ wkh � � 
 fdqqrw eh frpsxwhg1 Wkhuh
duh dowhuqdwlyh phwkrgv +Vplwk/ 5334,ri yduldqfh hvwlpdwlrq wkdw gr qrw lqyroyh
� � 
 / vxfk dv uhsolfdwlrq phwkrgv1 Lq wkh qh{w vhfwlrq/ zh vkrz wkdw wkh yduldqfh
fdq eh hdvlo| hvwlpdwhg zlwkrxw xvlqj frpsxwdwlrqdoo| lqwhqvlyh phwkrgv olnh
uhsolfdwlrq phwkrgv ru dq| phwkrgv wkdw zrxog lqyroyh wkh dfwxdo frpsxwdwlrq
ri wkh � � 
 1

6 Wkh Kämhn dssurdfk
Wkh Kämhn +4<97, yduldqfh hvwlpdwru fdq eh lqwhusuhwhg dv d prgl�hg Kdqvhq0
Kxuzlw} +4<76, hvwlpdwru +vhh +44, ehorz, iru vdpsolqj zlwkrxw uhsodfhphqw1
Wkh Kämhn hvwlpdwru lv lpsohphqwhg e| Vwdwlvwlfv Vzhghq lq wkh vriwzduh FODQ �
+Dqghuvvrq dqg Qrugehuj/ 4<<7, dqg e| wkh Iuhqfk R!fh iru Vwdwlvwlfv +LQ0
VHH,1

Zh vxssrvh wkdw wkh vdpsolqj ghvljq lv d vlqjoh vwdjh vwudwl�hg vdpsolqj
ghvljq zlwk xqhtxdo suredelolwlhv zlwklq hdfk vwudwxp1 Ohw xv ghqrwh wkh vwudwd
e| X 
 > ===> X � 1 Zh vxssrvh wkdw d vdpsoh v � ri vl}h q � lv vhohfwhg zlwkrxw
uhsodfhphqw zlwklq hdfk vwudwxp X � ri vl}h Q � 1 Lq wklv sdshu/ zh xvh ghvljq0
edvhg dujxphqwv1 Iru vlpsolflw|/ zh dvvxph wkurxjkrxw wkdw wkh vdpsoh gdwd
duh iuhh iurp huuruv gxh wr qrq0uhvsrqvh dqg iurp huuruv ri phdvxuhphqw1
614 Wkh Kämhn Yduldqfh Dssur{lpdwlrq
Kämhn +4<;4, sursrvhg wkh iroorzlqj dssur{lpdwlrq=

� � 
 � � � � 
 ^4� +4� � � ,+4� � 
 ,g 	 
� ` +7,
zkhq l 9@ m 5 X � dqg zkhuh

g � @ [
������� �

� +4� � � ,=

Kämhn +4<97/ 4<;4, vkrzhg wkdw wklv dssur{lpdwlrq lv ydolg zkhq uhmhfwlyh vdp0
solqj lv lpsohphqwhg lq hdfk vwudwxp1 Ehujhu +4<<;, vkrzhg wkdw wklv dssur{0
lpdwlrq fdq eh xvhg iru d odujhu fodvv ri kljko| udqgrpl}hg ru kljk hqwurs|
vdpsolqj ghvljqv> zklfk lqfoxghv wkh vxffhvvlyh +Kämhn/ 4<97, dqg wkh Udr0
Vdpsirug +Udr/ 4<98 dqg Vdpsirug/ 4<9:, vdpsolqj ghvljqv1 Wkh v|vwhpdwlf
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vdpsolqj ghvljq lv qrw d kljk hqwurs| vdpsolqj ghvljq1 Krzhyhu/ lq Vhfwlrq 615/
zh vkrz eulh | krz wkh Kämhn yduldqfh hvwlpdwru fdq eh h{whqghg wr dffrp0
prgdwh wklv vdpsolqj ghvljq1

E| vxevwlwxwlqj � � 
 iurp +7, lqwr +6,/ zh rewdlq dq hvwlpdwru iru wkh yduldqfh/
zklfk lv krzhyhu qrw vxlwdeoh/ dv wkh dssur{lpdwlrq +7, dqg wkh grxeoh vxp lq
+6, jlyh xqvwdeoh yduldqfh hvwlpdwhv1 Lq rughu zrugv/ wkh Vhq0\dwhv0Juxqg|
hvwlpdwru lqyroylqj dssur{lpdwlrqv ri � � 
 fdq eh xqvwdeoh1 Lq Vhfwlrq 615/ zh
sursrvh dq dowhuqdwlyh phwkrg wkdw frqvlvwv ri hvwlpdwlqj dq dssur{lpdwlrq wr
wkh yduldqfh1

E| vxevwlwxwlqj +7, lqwr +5,/ zh rewdlq wkh iroorzlqj dssur{lpdwlrq wr wkh
yduldqfh

� � ��� 
 @
�[
��� 


[
����� � �

� +4� � � ,+�| � �E � , �

zkhuh
E � @ g 	 
�

[
����� � �

� +4� � � ,�| � =

Dq dowhuqdwlyh h{suhvvlrq iru � � ��� 
 lv
� � ��� 
 @

[
����� f

� h �� +8,
zkhuh

h � @ �| � �E � +l 5 X � ,>
f � @ � � +4� � � ,=

Dq dowhuqdwlyh h{suhvvlrq iru E � lv

E � @
3
C[

���� f
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� �| � } � � +9,

zkhuh } � � @ 4 li wkh l 5 X � dqg rwkhuzlvh } � � @ 31 Wkh vwudwl�fdwlrq yduldeohv
} � � duh wkh lqglfdwru yduldeohv iru wkh vwudwd1 Lw lv xvhixo wr zulwh E � wklv zd|/
dv h � fdq qrz eh lqwhusuhwhg dv ZOV uhvlgxdov ri wkh zrunlqj uhjuhvvlrq

�| � @
�[
��� 


E � } � � . h � = +:,
Wkh whup czrunlqj uhjuhvvlrq* lv xvhg wr hpskdvl}h wkdw zh gr qrw dvvxph wkdw
+:, lv d vxshu0srsxodwlrq prgho1 Wklv uhjuhvvlrq lv xvhg wr gh�qh h � lq +8,1 Wkh
idfw wkdw wkh h � fdq eh lqwhusuhwhg dv uhvlgxdov lv d frqvhtxhqfh ri dssur{lpdwlrq
+7, ri wkh mrlqw0lqfoxvlrq suredelolwlhv1 Reylrxvo|/ wkh pruh wkh srsxodwlrq lv
vwudwl�hg/ wkh pruh wkh srsxodwlrq vfdwwhu frqirupv wr d olqhdu sdwwhuq +:,/
wkh vpdoohu wkh srsxodwlrq uhvlgxdov h � dqg wkh vpdoohu wkh yduldqfh1 Li wkh
srsxodwlrq lv qrw zhoo ghvfulehg e| +:,/ wkh lpsuryhphqw rq wkh �0hvwlpdwru
pd| eh prghvw/ exw +8, lv vwloo d jrrg dssur{lpdwlrq wr wkh yduldqfh1
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615 Wkh Kämhn Yduldqfh Hvwlpdwru
D qdwxudo hvwlpdwru ri � � ��� 
 lv jlyhq e|

e� � ��� 
 @ [
����� �f � eh

�� +;,

zkhuh �f � @ q � +q � �4, 	 
 +4�� � , +l 5 X � , lv d idfwru lqfoxglqj d �qlwh srsxodwlrq
fruuhfwlrq +ISF, dqg d fruuhfwlrq iru ghjuhhv ri iuhhgrp +GI,1 Wkh eh � duh wkh
ZOV uhvlgxdov

eh � @ �| � �
�[
��� 


eE � } � � +<,
zkhuh

eE � @
3
C[

���� �f 
 }
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 �
4
D 	


 [
����� �f � �| � } � � =

Vlpsoh dojheud hvwdeolvkhv wkdw +;, lv dojheudlfdoo| htxlydohqw wr wkh vwudwxp0
e|0vwudwxp Kämhn +4<97/ s1 4853,1 Li zh vxevwlwxwh � � e| q � @Q � lqwr +;, zkhq
l 5 X � / zh rewdlq wkh xvxdo vwudwxp0e|0vwudwxp yduldqfh hvwlpdwru iru VWVUV

e� � ��� 
 @ �[
��� 


Q �
�
�
4� q �

Q �
� eV ��

q �

zkhuh eV �� @ +q � � 4, 	 
 S ������� +| � � | � , dqg | � @ q 	 
� S ������� | � 1 Wkxv/ zkhq
wkh xqlwv duh vhohfwhg zlwk htxdo suredelolwlhv lq hdfk vwudwxp/ +;, htxdov +6,1
Wkxv/ +;, lv dq dssur{lpdwlrq ri +6, zkhq zh kdyh ydu|lqj �uvw0rughu lqfoxvlrq
suredelolwlhv zlwklq vwudwd1

Lq sudfwlfh/ +;, lv vlpsoh wr frpsxwh/ dv lw grhv qrw uhtxluh wkh � � 
 1 Pruhryhu/
+;, lv vwdeoh dv lw lv d vlpsoh vxp wkdw hvwlpdwhv d vlpsoh vxp +8,1 Li zh nqrz
lq zklfk vwudwxp hdfk xqlw ehorqjv/ lw lv hdv| wr vshfli| wkh K vwudwl�fdwlrq
yduldeohv } � � 1 Dv eE � lv wkh xvxdo ZOV hvwlpdwh ri d uhjuhvvlrq frh!flhqw/ dq|
vwdqgdug vwdwlvwlfdo sdfndjhv fdq eh xvhg wr frpsxwh wkh eE � dqg wkh vhw ri
uhvlgxdov eh � 1 Wkh yduldqfh +;, lv mxvw d zhljkwhg vxp ri wkhvh uhvlgxdov1 Wkh
phulw ri wklv phwkrg lv wkh idfw wkdw wkh yduldqfh hvwlpdwru lv rqo| frpsxwhg
wkurxjk d vhw ri uhvlgxdov dqg rqo| uhtxluhv wkh ydoxhv ri � � iru wkh vdpsohg
xqlwv1

Wkh vhw ri +4 � � � , lq +;, fdq eh ylhzhg dv jhqhudolvhg ISF1 Lqghhg/ zlwk
VWVUV zh kdyh wkh xvxdo ISF 4�� � @ 4�i � 1 D fruuhfwlrq iru GI q � +q � �4, 	 
lv dovr lqfoxghg lq +;,1 Wkhuh duh rwkhu h�hfwv ri wkh vdpsolqj ghvljq dovr
lqfoxghg lq +;,1 Wkh h�hfw ri vwudwl�fdwlrq lv vshfl�hg e| wkh uhvlgxdov eh � /
dv wkh zrunlqj uhjuhvvlrq +:, xvhv wkh vwudwl�fdwlrq yduldeohv dv lqghshqghqw
yduldeohv1 Wklv lv wkh pdmru h�hfw ri wkh vdpsolqj ghvljq1 Wkh h�hfw ri wkh � � lv
dovr lqfoxghg lq wkh uhvlgxdov dv wkh lqghshqghqw yduldeohv �| � lq +:, lv wkh vwxg|
yduldeoh glylghg e| wkh � � 1 Wkhuh duh uhpdlqghu h�hfwv qrw lqfoxghg lq +;,> zklfk
h{sodlqv wkh voljkw gl�huhqfhv lq wkh yduldqfh +5, gxh wr wkh phwkrg ri vdpsolqj
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xvhg1 Wkh dowhuqdwlyh h{suhvvlrq +;, kdv wkh dgydqwdjh ri uhyhdolqj wkh pdlq
h�hfwv ri wkh vdpsolqj ghvljq gxh wr= vwudwl�fdwlrq/ wkh xqhtxdo suredelolwlhv/
wkh ISF dqg wkh fruuhfwlrq iru GI1 Wklv doorzv xv wr txdqwli| wkh lpsdfw ri
wkhvh h�hfwv rq wkh yduldqfh1

Dowkrxjk e� � ��� 
 lv dssolfdeoh xqghu vlqjoh vwdjh vwudwl�hg vdpsolqj ghvljqv/
lw fdq eh jhqhudolvhg wr pruh frpsoh{ vdpsolqj ghvljqv1 Iru h{dpsoh/ zlwk wzr
vwdjh ghvljqv/ wkh yduldqfh lv xvxdoo| hvwlpdwhg +Vnlqqhu/ 4<;<, e| d yduldqfh
ehwzhhq wkh sulpdu| vdpsolqj xqlwv +SVX,1 Wkxv/ +;, fdq eh lpsohphqwhg zlwk
l uhsuhvhqwlqj wkh SVX odeho dqg | � dq hvwlpdwh ri wkh wrwdo ri wkh l0wk SVX1

Dv douhdg| vwdwhg/ +;, lv vxlwdeoh iru kljk hqwurs| vdpsolqj ghvljqv1 Wkxv/
+;, pd| qrw eh vxlwdeoh zlwk v|vwhpdwlf vdpsohv/ dv wkh hqwurs| ri wklv vdpsolqj
ghvljq lv orz1 Ehujhu +5336d/ 5336e, sursrvhv dq dgmxvwhg Kämhn yduldqfh hvwl0
pdwru iru v|vwhpdwlf vdpsolqj wkdw lqfoxghv dgglwlrqdo lqghshqghqw yduldeohv lq
wkh zrunlqj uhjuhvvlrq +:,1 Iru h{dpsoh/ li X lv frpsrvhg ri d vlqjoh vwudwxp/
zh kdyh rqh dgglwlrqdo lqghshqghqw yduldeoh jlyhq e|

{ � @ � ��
# �[
� � 


L � � � qL � 

$

+43,

zkhuh � �� @ S
����! 
�"#� � 
 � � � @5 lv wkh vprrwk fxpxodwlyh vxp ri wkh � � dqg L � �
lv wkh lqglfdwru yduldeohv iru wkh jurxs J � @ il 5 x = t � 4 ? � �� � tj> wkdw lv/
L � � @ 4 li l 5 J � dqgL � � @ 3 rwkhuzlvh1 Wkhvh jurxsv uhsuhvhqwv wkh lpsolflw
vwudwl�fdwlrq1 Wkh uhdvrq iru xvlqj wklv yduldeoh lv mxvwl�hg xvlqj wkh hqwurs| lq
Ehujhu +5336e,1 D vhulhv ri vlpxodwlrqv lq Ehujhu +5336d/ 5336e, vkrzv wkdw lw
lv uhfrpphqghg wr lqfrusrudwh +43, lq wkh zrunlqj uhjuhvvlrq zlwk v|vwhpdwlf
vdpsohv1 Dq dqrwkhu dssurdfk sursrvhg e| Euhzhu +5335/ sdjh 48<, frqvlvwv
rq fuhdwlqj svhxgr vwudwd zlwk dw ohdvw wzr vdpsohg xqlwv dqg dvvxplqj kljk
hqwurs| zlwklq vwudwd1 Wkh dssurdfk duh vwxglhg yld vlpxodwlrq lq Vhfwlrq 81

7 Dowhuqdwlyh Hvwlpdwruv iru wkh Yduldqfh
Li zh vxevwlwxwh �f � e| q � +q � � 4, 	 
 +l 5 X � , lqwr +;,/ zh jhw

e� � �%$#& @ �[
��� 


q � +q � � 4, 	 
 [������� +�| � � eE '� , � > +44,

zkhuh eE '� @ q 	 
� S �����(� �| � 1 Wkh yduldqfh hvwlpdwru e� � �%$#& lv wkh xvxdo vwudwxp0
e|0vwudwxp Kdqvhq0Kxuzlw} yduldqfh hvwlpdwru1 Zh qrwh wkdw +;, lv dv vlpsoh
dv +44, wr frpsxwh/ dv erwk lqyroyh vlqjoh vxpv dqg grhv qrw ghshqg rq xq0
nqrzq txdqwlwlhv1 Lw lv zhoo nqrzq wkdw yduldqfh hvwlpdwlrq lv juhdwo| vlpsol�hg
e| wuhdwlqj wkh vdpsoh dv li wkh xqlwv zhuh vdpsohg zlwk uhsodfhphqw1 Wklv
dssurdfk lv riwhq dgrswhg lq sudfwlfh1 Krzhyhu wklv dssurdfk xvxdoo| ohdgv wr
ryhuhvwlpdwlrq ri wkh yduldqfh1 Wkh Kämhn hvwlpdwru lv dv vlpsoh dv wkh zlwk0
uhsodfhphqw yduldqfh hvwlpdwru +44, dqg kdv d vpdoohu eldv1
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Li �f � @ +4 � � � , orj+4 � � � ,� 	 
� / +;, lv dojheudlfdoo| htxlydohqw wr wkh Urvìq
+4<<4, hvwlpdwru lpsohphqwhg e| Vwdwlvwlfv Vzhghq1 Li �f � @ +4 � � � , ^4� g 	 ��S
���� +4 � � � , � ` 	 
 +l 5 X � ,/ +;, jlyhv wkh Ghylooh +4<<<, yduldqfh hvwlpdwru1
Wkhvh hvwlpdwruv duh forvh wr +;,1

Wkh Euhzhu*v idplo| ri vlpsoh hvwlpdwruv dovr phulwhg frqvlghudwlrq +Euhzhu
5335/ Fkds1 <,1 Wklv idplo| xvhv wkh dssur{lpdwh irupxod iru wkh � � 
 ghulyhg
e| Kduwoh| dqg Udr +4<95,1 Dq hvwlpdwru ri wklv idplo| lv jlyhq e|

e� � ) &(*+$#*+& @ [
����� �f '� eh ' �� +45,

zkhuh eh '� @ �| � �S � ��� 
 eE '� } � � duh wkh ruglqdu| ohdvw vtxduhv +ROV, uhvlgxdov dqgeE '� lv wkh ROV frh!flhqw gh�qhg e|

eE '� @
3
C[

���� }

�
 �
4
D 	


 [
����� �| � } � �

Qrwh wkdw eE '� @ q 	 
� S ������� �| � 1 Euhzhu +5335/ Fkds1 <, sursrvhg gl�huhqw fkrlfh
iru �f '� +l 5 X � ,=
+l, �f '� @ 4� � �
+ll, �f '� @ q � +q � � 4, 	 
 +4� � � , @ �f �

+lll, �f '� @ �f � . +q � � 4, 	 

k
q 	 
� S
���� � �
 � � �

l
Wkh �uvw fkrlfh ljqruhv wkh fruuhfwlrq ri GI dqg lv qrw uhfrpphqghg zkhq

ihz xqlw duh vdpsohg shu vwudwxp1 Wkh odvw fkrlfh ghshqgv rq S
���� � �
 zklfk
lv xqnqrzq li wkh � � iru l @5 v duh qrw dydlodeoh1 Zlwk wkh vhfrqg fkrlfh/ wkh
vdph zhljkwv duh xvhg lq +;, dqg lq +45,1 Lq wklv fdvh/ wkh rqo| gl�huhqfh lv lq
wkh uhjuhvvlrq frh!flhqw= zh kdyh wkh ZOV uhjuhvvlrq frh!flhqwv dqg lq +;,/
dqg wkh ROV uhjuhvvlrq frh!flhqwv lq +45,1 Lq wkh uhvw ri wklv vhfwlrq/ zh vkrz
zk| ZOV uhjuhvvlrq frh!flhqwv duh uhfrpphqghg1

Ohw e]@S ����� +} � 
 > ===> } � � , , @ +q 
 > ===> q � , , dqg E @ +E 
 > ===> E � , , 1 Dv e] lv
d �{hg +qrq0udqgrp, yhfwru/ zh kdyh � �� @ ydu+e\ � e]E,> zkhuh ydu+�, ghqrwhv
wkh yduldqfh rshudwru1 Wkxv +5, htxdov

� �� @
�[
��� 


[
������� �

� +4� � � ,+�| � �E � , � .� +46,

zkhuh E � lv gh�qhg e| +9, dqg
� @ [

�����
[

����
.-� �

+� � 
 � � � � 
 , h � h 
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zklfk lv qhjoljleoh frpsduhg wr wkh �uvw whup ri +46,/ dv li zh uhsodfh +7,/ zh kdyh
� @ 3 +vhh dovr Euhzhu/ 5335 Fkds1 <,1 Krzhyhu/ dv wkh dfwxdo � � 
 duh gl�huhqw
iurp +7,/ � dssur{lpdwho| htxdov }hur1 Frqvlghu d idplo| ri dssur{lpdwlrq
jlyhq e|

� � @
�[
��� 


[
������� �

� +4� � � ,+�| � � � � , �

zkhuh � � lv dq| frqvwdqw1 Lw lv zhoo nqrzq wkdw wkh � � plqlplvh � � zkhq
� � @ E � 1 Wkxv/ wkh huuru m� � � � �� m ri wkh dssur{lpdwlrq lv plqlpdo zkhq
� � @ E � > wkdw lv/ zkhq � � @ � � �/� 
 1 Ilqdoo|/ zh uhfrpphqg wr xvh ZOV
uhjuhvvlrq frh!flhqwv E � / dv wklv vkrxog uhgxfh wkh huuru lq wkh dssur{lpdwlrq1
Wkxv/ zkhq �f '� @ �f � / wkh eldv ri e� � ��� 
 vkrxog eh vpdoohu wkdq wkh eldv ri e� � ) &0*%$1*%& 1
8 Vlpxodwlrqv
Lq wklv Vhfwlrq/ wkh Kämhn yduldqfh hvwlpdwru lv vwxglhg wkurxjk vlpxodwlrq vwxg0
lhv1 Zh frqvlghu d srsxodwlrq ri Q @ :333 zlwk d vwxg| yduldeoh | � jhqhudwhg
iurp wkh glvwulexwlrq ri zhhno| krxvhkrog wrwdo h{shqglwxuhv hvwlpdwhg iurp
wkh <;0<< XN Idplo| H{shqglwxuh Vxuyh|1 Wkh wrwdo krxvhkrog h{shqglwxuhv
duh dgmxvwhg iru wkh gl�hulqj vl}hv dqg frpsrvlwlrqv ri krxvhkrogv +Ghsduwphqw
ri Vrfldo Vhfxulw|/ 5334,1 Wklv vwxg| yduldeoh kdv d vnhzhg glvwulexwlrq zlwk d
frh!flhqw ri vnhzqhvv ri 5=8: dqg frh!flhqw ri yduldwlrq ri 3=91

Zlwk d olqhdu prgho/ zh jhqhudwh d vl}h yduldeoh fruuhodwhg zlwk wkh vwxg|
yduldeoh dqg zlwk d frh!flhqw ri fruuhodwlrq ri 3=91 Zh xvh wkh Gdohqlxv )
Krgjhv +4<8<, phwkrg wr frqvwuxfw K vwudwd dffruglqj wr wkh vl}h yduldeoh1 Zh
frqvlghu d sursruwlrqdo doorfdwlrq ryhu wkh vwudwd dqg d ghvljq zlwk d zlwklq
vwudwd �uvw0rughu lqfoxvlrq suredelolwlhv sursruwlrqdo wr wkh vl}h yduldeoh1 Zh
zloo frpsduh wkh eldv dqg wkh dffxudf| ri +;,/ +44, dqg +45, zkhq �f '� @ �f � 1
Zh xvh wkh Fkdr +4<;5, vdpsolqj ghvljq wr vhohfw xqlwv lq hdfk vwudwxp vlqfh
wkh � � 
 fdq eh frpsxwhg h{dfwo| +Fkdr/ 4<;5,1 Wklv doorzv xv wr frpsduh wkh
glvwulexwlrq ri e� ��2� zlwk wkh glvwulexwlrq ri e� � �/� 
 1Wr frpsduh wkh shuirupdqfh ri wkh yduldqfhv hvwlpdwruv/ zh gudz P @ 4333
Fkdr vdpsohv wr frpsxwh wkh hpslulfdo uhodwlyh eldv +UE, dqg wkh hpslulfdo urrw
phdq vtxduh huuruv +UPVH, iru hdfk yduldqfh hvwlpdwru= +6,/ +;, dqg +44,1 Wkh
UE ri d yduldqfh hvwlpdwru e� � lv jlyhq e| UE+e� � , @ 433Eldv+e� � ,� 	 � > zkhuh

Eldv+e� � , @ 4
P

3[
4 � 


e� �4 � � �

zkhuh � � lv wkh hpslulfdo yduldqfh ri wkh �0hvwlpdwru> wkdw lv/ � � @ P 	

S 3

4 � 
 +e\ 4 �\ , � / \ @ P 	

 S 3

4 � 
 e\ 4 / e\ 4 lv wkh srlqw hvwlpdwhv +4, dqg e� �4 lv d
yduldqfh hvwlpdwhv iurp wkhpwk vdpsoh gudzq1 Lq dgglwlrq/ zh suhvhqw ydoxhv ri
udwlrv ri UPVH= UPVH+e� � ��� 
 ,@UPVH+e� ��2� ,/ UPVH+e� � ) &0*%$1*%& ,@UPVH+e� ���� ,

;



dqg UPVH+e� � �%$#& ,@UPVH+e� ���� ,/ zkhuh
UPVH+e� � , @

yxxw 4
P

3[
4 � 


+e� �4 � � � , �

Wkhvh udwlrv duh jlyhq lq ehwzhhq eudfnhw lq froxpq 7/ 8 dqg 91 D udwlr vpdoohu
wkdq 4 phdqv wkdw wkh UPVH ri wkh fruuhvsrqglqj yduldqfh hvwlpdwru lv vpdoohu
wkdq wkh UPVH ri e� ���� 1

Wdeoh 4 jlyhv wkh hpslulfdo UE iru gl�huhqw vdpsolqj iudfwlrq +i, dqg gli0
ihuhqw qxpehu ri vwudwd +K,1 Zh h{shfw e� � ��� 
 wr eh voljkwo| eldvhg dv lw lv dq
hvwlpdwru ri dq dssur{lpdwlrq +8, ri wkh yduldqfh1 Qhyhuwkhohvv/ zh vhh wkdw
wkh UE ri e� � �/� 
 lv qhjoljleoh dqg dv wkh vdph rughu ri wkh UE ri e� ���� / exw qrw
dozd|v1 Dowkrxjk/ e� ���� lv xqeldvhg/ wkh UE ri e� ��2� lv gl�huhqw iurp }hur/ dv
UE lv dq hvwlpdwh ri wkh dfwxdo eldv1 Iru vpdoo vdpsolqj iudfwlrq +i � 3=38,/e� � ��� 
 lv dv dffxudwh dv e� � �%$#& dqg e� � �+$5& lv hyhq ehwwhu zkhq wkh qxpehu ri vwudwd
lv odujh1 Wklv lv qrw vxusulvlqj dv wkh ISF lv qhjoljleoh iru vpdoo vdpsolqj iudf0
wlrqv1 Iru odujh vdpsolqj iudfwlrq/ e� � �%$#& kdv d odujh srvlwlyh eldv dqg e� � ��� 
 lvd ehwwhu rswlrq1 Dv h{shfwhg +vhh odvw sdudjudsk ri Vhfwlrq 7,/ wkh eldv ri wkh
Euhzhu hvwlpdwru e� � ) &(*+$#*+& lv voljkwo| odujhu wkdq wkh eldv e� � ��� 
 1Wkh Kämhn yduldqfh hvwlpdwru lv frpsxwdwlrqdoo| vlpsohu wkdq wkh Vhq0\dwhv0
Juxqg| yduldqfh hvwlpdwru dqg |hw ohdgv wr ydoxhv forvh wr wkh Vhq0\dwhv0Juxqg|
yduldqfh1 Wklv frqfoxvlrq lv edvhg rq wklv vlpxodwlrq vwxg| dqg rwkhu vwxglhv
pd| ru pd| qrw frq�up wkhvh uhvxowv1 Krzhyhu/ Kämhn +4<97, ghulyhg +;, iru
wkh pd{lpxp hqwurs| uhmhfwlyh vdpsolqj ghvljq1 Wkh kljk hqwurs| ri wkh Fkdr
vdpsolqj ghvljq fdq h{sodlq zk| e� � ��� 
 lv dv jrrg dv e� ���� 1

Wdeoh 5 jlyhv wkh hpslulfdo UE dqg udwlrv UPVH zkhq wkh vdpsoh lv vh0
ohfwhg xvlqj wkh v|vwhpdwlf vdpsolqj ghvljq zlwk xqhtxdo suredelolwlhv1 Wklv
vhulhv ri vlpxodwlrq lv edvhg rq wkh vdph gdwd0vhw vruwhg dffruglqj wr wkh vl}h
yduldeoh1 Wkh v|vwhpdwlf vdpsoh lv vhohfwhg dvvxplqj wkdw wkh srsxodwlrq lv
frpsrvhg ri d vlqjoh vwudwxp1 Krzhyhu/ iru yduldqfh hvwlpdwlrq/ zh fuhdwh K
svhxgr vwudwd1 Wkhvh svhxgr vwudwd duh frqvwuxfwhg dv deryh1 Wkh froxpq e� � )
jlyhv wkh UE ri Ehujhu +5336d/ 5336e, yduldqfh hvwlpdwru +vhh Vhfwlrq 615, zlwk
d zrunlqj uhjuhvvlrq kdylqj wzr lqghshqghqw yduldeohv= wkh lqwhufhsw +dv X lv
frpsrvhg ri d vlqjoh vwudwxp, dqg dq dgglwlrqdo lqghshqghqw yduldeoh +43,1
Wkh UE ri e� � ) lv wkh vdph iru ydu|lqj ydoxhv ri K/ dv e� � ) grhv qrw ghshqgv
rq wkh svhxgr0vwudwd1 Wkh ydoxh lq ehwzhhq eudfnhwv jlyh udwlrv ri UPVH> wkdw
lv UPVH+e� � ��� 
 ,@UPVH+e� � ) ,/ UPVH+e� � �%$#& ,@UPVH+e� � ) ,1 Zh kdyh lqwhqwlrq0
doo| rplwwhg wkh UE ri e� ���� lq Wdeoh 51 Dowkrxjk/ lw lv srvvleoh wr frpsxwh h{0
dfwo| wkh � � 
 ri wkh v|vwhpdwlf vdpsolqj ghvljq +Frqqru/ 4<99> Slqfldur/ 4<:;>
Klglurjorx dqg Jud|/ 4<;3,/ prvw ri � � 
 htxdo }hur/ lpso|lqj wkdw e� ��2� lv el0
dvhg1 Wkhuhiruh/ e� ���� fdq eh plvohdglqj dqg lv qrw uhfrpphqghg iru v|vwhpdwlf
vdpsolqj +Vçuqgdo hw do1/ 4<<5 s1 7:,1

<



i K e� ���� e� � ��� 
 e� � ) &(*+$1*%& e� � �%$#&
3134 48 51<6 :139 +4147, :153 +4147, 618; +4133,
3134 63 3135 6175 +4189, 71:4 +4189, 31<< +4133,
3134 83 813: 46137 +4189, 4619: +4189, 918; +4133,
3138 48 6169 61:6 +4135, 61:7 +4135, :14; +4133,
3138 63 071:5 07167 +4139, 07166 +4139, 031:9 +4133,
3138 83 313< 03143 +413<, 03138 +413<, 7186 +4133,
313; 48 8145 8165 +4134, 8167 +4134, 45133 +4134,
313; 63 04135 03195 +4136, 03193 +4136, 71;; +4133,
313; 83 4165 4137 +4139, 4139 +4139, ;1;7 +4134,
3143 48 6177 619< +4134, 61:5 +4134, 45144 +4135,
3143 63 06186 06145 +4135, 06143 +4135, 61;4 +4133,
3143 83 3173 3149 +4137, 314; +4137, <1<8 +4135,
3148 48 6179 61<< +4134, 7138 +4134, 48198 +4134,
3148 63 43144 43185 +4136, 4318; +4136, 581<5 +4138,
3148 83 8186 8183 +4136, 8188 +4136, 54196 +4147,
3153 48 51:3 6169 +4133, 617: +4133, 4:1:: +4133,
3153 63 4198 5145 +4134, 5156 +4134, 541:3 +4139,
3153 83 07186 07176 +4135, 07167 +4135, 4913: +413;,
3158 48 041;6 03188 +4134, 03167 +4134, 531<; +4136,
3158 63 04173 0319; +4134, 03184 +4134, 55149 +4134,
3158 83 8174 914; +4135, 9167 +4135, 6614: +4135,

Wdeoh 4= UE +(, ri e� � ��� 
 / e� ���� / e� � ) &0*%$1*+& dqg e� � �%$#& zlwk Fkdr vdpsolqj1
Udwlrv ri UPVH duh lq ehwzhhq eudfnhwv1

i K e� � ) e� � ��� 
 e� � �%$5&
3138 5 :315: 97195 +31;8, 9;14; +31;8,
3138 8 :315: <3169 +4166, <81:3 +4168,
3138 45 :315: 5<1<4 +3198, 6;15: +319<,
3143 8 6<134 4;18< +316<, 5615< +3173,
3143 43 6<134 5149 +3164, :194 +3165,
3143 58 6<134 7<158 +4184, 961:3 +4197,
3153 43 43166 441:4 +4166, 4;1:6 +4167,
3153 53 43166 9178 +31<;, 471<3 +4134,
3153 83 43166 06:196 +3165, 05:135 +3168,

Wdeoh 5= UE +(, ri e� � ) / e� � ��� 
 dqg e� � �%$#& zlwk xqhtxdo suredelolw| v|vwhpdwlf
vdpsolqj1 Udwlrv ri UPVH duh lq ehwzhhq eudfnhwv1

Dv idu dv wkh UPVH lv frqfhuqhg/ e� � �/� 
 vrxqgv wr eh wkh ehvw fkrlfh zkhq wkh
qxpehu ri svhxgr vwudwd K lv odujh/ exw qrw wrr odujh1 Zkhq K lv odujh/ e� � ��� 

fdq eh zruvw wkdq e� � ) dqg frxog hyhq kdyh d odujh qhjdwlyh eldv/ zklfk lv qrw
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uhfrpphqghg iru lqihuhqfh1 Dowkrxjk e� � ) lv qrw wkh prvw dffxudwh hvwlpdwru/
lw dsshduv wr eh wkh prvw frqvhuydwlyh fkrlfh/ dv lwv eldv dsshduv wr eh dozd|v
srvlwlyh1

9 Frqfoxvlrq
Yduldqfh zlwk xqhtxdo suredelolw| vdpsolqj zlwkrxw uhsodfhphqw fdq eh hdvlo|
hvwlpdwhg zlwk wkh Kämhn +4<97, yduldqfh hvwlpdwru1 Wkh frqwulexwlrq ri wklv
sdshu lv wr jlyh dq dowhuqdwlyh h{suhvvlrq ri wklv hvwlpdwru dv d zhljkwhg vxp ri
uhvlgxdov1 Wklv dowhuqdwlyh h{suhvvlrq lv frpsxwdwlrqdoo| vlpsohu wkdq wkh Vhq0
\dwhv0Juxqg| yduldqfh hvwlpdwru dqg grhv qrw uhtxluh frpsxwdwlrq ri mrlqw0
lqfoxvlrq suredelolwlhv1 Pruhryhu/ vlpxodwlrqv vkrz wkdw wkh Kämhn yduldqfh
hvwlpdwru lv dv dffxudwh dv wkh Vhq0\dwhv0Juxqg| yduldqfh hvwlpdwru1

Dfnqrzohgjhphqwv
Wkh <;0<< XN Idplo| H{shqglwxuh Vxuyh| gdwd zhuh pdgh dydlodeoh e| wkh
R!fh iru Qdwlrqdo Vwdwlvwlfv +XN,1 Wklv zrun zdv vxssruwhg e| wkh Hxurshdq
uhvhdufk surmhfw hqwlwohg �Gdwd Txdolw| lq Frpsoh{ Vxuyh|v zlwklq wkh Qhz Hx0
urshdq Lqirupdwlrq Vrflhw|� +GDFVHLV,1 Wkh dxwkru lv judwhixo wr Fkulv Vnlq0
qhu +Xqlyhuvlw| ri Vrxwkdpswrq/ XN,/ Gdq Khgolq +Xqlyhuvlw| ri Vrxwkdpswrq/
XN, dqg Sdvfdo Ulylëuh +LQVHH/ Iudqfh, dqg wr wkh uhihuhh iru khosixo frp0
phqwv1

Uhihuhqfhv
DQGHUVVRQ/ F1 DQG QRUGEHUJ/ O1 +4<<7,/ D Phwkrg iru Yduldqfh Hv0
wlpdwlrq ri Qrq0Olqhdu Ixqfwlrq ri Wrwdov lq Vxuyh|v1 Mrxuqdo ri R!fldo
Vwdwlvwlfv/ 43/ ss1 6<907381
EHUJHU/ \1J1 +4<<;,1 Udwh ri Frqyhujhqfh iru Dv|pswrwlf Yduldqfh iru wkh
Kruylw}0Wkrpsvrq Hvwlpdwru1 Mrxuqdo ri Vwdwlvwlfdo Sodqqlqj dqg Lqihu0
hqfh/ :7/ ss1 47<�49;1
EHUJHU/ \1J1 +5336d,1 D Prgl�hg Kämhn Yduldqfh Hvwlpdwru iru V|vwhpdwlf
Vdpsolqj1 Vwdwlvwlfv lq Wudqvlwlrq/ Srolvk Vwdwlvwlfdo Dvvrfldwlrq/ Mxqh Lvvxh1
EUHZHU/ N1U1Z1 +5335,1 Frpelqhg Vxuyh| Vdpsolqj Lqihuhqfh +Zhljk0
lqj Edvx*v Hohskdqwv,/ Duqrog sxeolvkhgv1
EHUJHU/ \1J1 +5336e,1 Yduldqfh Hvwlpdwlrq iru V|vwhpdwlf Vdpsolqj zlwk
Xqhtxdo Suredelolwlhv xqghu Il{hg Rughulqj ri d Srsxodwlrq1 VVUF zrunlqj
sdshuv vhulhv/ Vrxwkdpswrq/ sdshu vxeplwwhg1
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FKDR/ P1W1 +4<;5,1 D Jhqhudo Sxusrvh Xqhtxdo Suredelolw| Vdpsolqj Sodq1
Elrphwulnd/ 9</ss1 986�9891
FRQQRU/ Z1 V1 +4<99,1 Dq h{dfw irupxod iru wkh suredelolw| wkdw wzr vshfl0
�hg vdpsoh xqlwv zloo rffxu lq d vdpsoh gudzq zlwk xqhtxdo suredelolwlhv dqg
zlwkrxw uhsodfhphqw/ Mrxuqdo ri wkh Dphulfdq Vwdwlvwlfdo Dvvrfldwlrq/
94/ ss1 6;706<31
GDOHQLXV/ W1 ) KRGJHV/ M1O1 +4<8<,1 Plqlpxp Yduldqfh Vwudwl�fdwlrq1
Mrxuqdo ri wkh Dphulfdq Vwdwlvwlfdo Dvvrfldwlrq/ 87/ ss1 ;;�4341
GHSDUWPHQW RI VRFLDO VHFXULW\ +5334, Krxvhkrogv Ehorz Dyhudjh
Lqfrph 4<<<233/ Dsshqgl{ 5= Phwkrgrorj|1
GHYLOOH/ M1F1 +4<<<, Yduldqfh Hvwlpdwlrq iru Frpsoh{ Vwdwlvwlfv dqg Hvwlpd0
wruv= Olqhdul}dwlrq dqg Uhvlgxdo Whfkqltxhv1 Vxuyh| Phwkrgrorj|/ 58/ ss1
4<6�5361
JDEOHU/ V1 +4<;7,1 Rq Xqhtxdo Suredelolw| Vdpsolqj= Vx!flhqw Frqglwlrqv
iru wkh Vxshulrulw| ri Vdpsolqj zlwkrxw Uhsodfhphqw1 Elrphwulnd/ :4/ ss1
4:4�4:81
KÄMHN/ M1 +4<97,1 Dv|pswrwlf Wkhru| ri Uhmhfwlyh Vdpsolqj Zlwk Ydu|lqj
Suredelolwlhv iurp d Ilqlwh Srsxodwlrq1 Dqqdo ri Pdwkhpdwlfdo Vwdwlvwlfv/
68/ ss1 47<4�48561
KÄMHN/ M1 +4<;4,1 Vdpsolqj iurp d Ilqlwh Srsxodwlrq +Qhz \run/ Pdufho
Ghnnhu,1
KDQVHQ/ P1K ) KXUZLW]/ Z1Q1 +4<76,1 Rq wkh Wkhru| ri Vdpsolqj iurp
Ilqlwh Srsxodwlrq1 Dqqdo ri Pdwkhpdwlfdo Vwdwlvwlfv/ 47/ ss1 666�6951
KDUWOH\/ K1R1 ) UDR/ M1Q1N1 +4<95,1 Vdpsolqj zlwk Xqhtxdo Suredelolwlhv
dqg zlwkrxw Uhsodfhphqw1 Dqqdo ri Pdwkhpdwlfdo Vwdwlvwlfv/ 66/ ss1 683�
6:71
KLGLURJORX/ P1D1 ) JUD\/ J1E1 +4<;3,/ Frqvwuxfwlrq ri mrlqw suredelolw|
ri vhohfwlrq iru v|vwhpdwlf ssv vdpsolqj/ Dssolhg Vwdwlvwlfv/ 5</ ss1 43: 4451
KRUYLW]/ G1J1 ) WKRPSVRQ/ G1M1 +4<85,1 D Jhqhudol}dwlrq ri Vdpsolqj
Zlwkrxw Uhsodfhphqw Iurp d Ilqlwh Xqlyhuvh1 Mrxuqdo ri wkh Dphulfdq
Vwdwlvwlfdo Dvvrfldwlrq/ 7:/ ss1 996�9;81
QDUDLQ/ U1G1 +4<84,1 Rq Vdpsolqj zlwkrxw Uhsodfhphqw zlwk Ydu|lqj Sure0
delolwlhv/ Mrxuqdo ri wkh Lqgldq Vrflhw| ri Djulfxowxudo Vwdwlvwlfv/ 6/ ss1
49<�4:71
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SLQFLDUR/ V1M1 +4<:;,1 Dq dojrulwkp iru fdofxodwlqj mrlqw lqfoxvlrq suredelol0
wlhv xqghu SSV v|vwhpdwlf vdpsolqj/ DVD Surfhhglqjv ri Vxuyh| Uhvhdufk
Phwkrgv Vhfwlrq/ ss1 :731
UDR/ M1Q1N1 +4<98,1 Rq Wzr Vlpsoh Vfkhphv ri Xqhtxdo Suredelolw| Vdpsolqj
zlwkrxw Uhsodfhphqw1 Mrxuqdo ri wkh Lqgldq Vwdwlvwlfdo Dvvrfldwlrq/ 6/ ss1
4:6�4;31
URVÌQ/ E1 +4<<4,1 Yduldqfh iru v|vwhpdwlf ssv0vdpsolqj1 Uhsruw 4<<4=48/
Vwdwlvwlfv Vzhhghq1
VDPSIRUG/ P1U1 +4<9:,1 Rq Vdpsolqj zlwkrxw Uhsodfhphqw zlwk Xqhtxdo
Suredelolwlhv ri Vhohfwlrq1 Elrphwulnd/ 87/ ss1 7<7�8461
VÇUQGDO/ F1H1/ E1 VZHQVRQ ) M1 K1 ZUHWPDQ +4<<5,1 Prgho Dv0
vlvwhg Vxuyh| Vdpsolqj/ Vsulqjhu0Yhuodj1
VHQ/ S1N1 +4<86,1 Rq wkh Hvwlpdwh ri wkh Yduldqfh lq Vdpsolqj zlwk Ydu|lqj
Suredelolwlhv1 Mrxuqdo ri wkh Lqgldq Vrflhw| ri Djulfxowxudo Vwdwlvwlfv/
8/ ss1 44<045:1
VNLQQHU/ F1M1 +4<;<,1 Lq= VNLQQHU/ F1M1/ KROW/ G1 DQG VPLWK/ W1P1I1
+Hg1,/ Dqdo|vlv ri Frpsoh{ Vxuyh|v +Fklfkhvwhu/ Zloh|,1
VPLWK/ W1P1I1 +5334,1 Elrphwulnd Fhqwhqdu|= Vdpsoh Vxuyh|v1 Elrphwulnd/
;;/ ss1 49:�4<71
\DWHV/ I1 ) JUXQG\/ S1 P1 +4<86,1 Vhohfwlrq zlwkrxw Uhsodfhphqw iurp
zlwklq Vwudwd zlwk Suredelolw| Sursruwlrqdo wr Vl}h1 Mrxuqdo ri wkh Ur|do
Vwdwlvwlfdo Vrflhw| Vhulh E/ 4/ ss1 586�5941
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