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.ibstract. Soliton propagatton In poi~z.zion-preserwng
tibres IS analysed. Bzsed on the
coupled nonhnes Schrddinper equanons we cen\e ZI analytical approximation for such t>pe
of soliton propagatton. Exploitzton of soliton poimnzatlon
propemesfor passive mode-lockmg

tn fibre ILWSISalsoconsldered.
1. Introduction
In recent years much work has been devoted to the development of erbium-doped fibre
lasers [ 1-91. because a broad zain bandwidth centred nearly I.54 urn. cegative group
velocitv dispersion and tight confinement of optical field allow the exploitation of nonlinear
optical effects for very efficient generatlon of ultra-short optical pulses.
In the last few years several schemes of fibre soliton lasers have been reported [Z-9].
Experimental study of such lasers has reveaied a strong influence of fibre lxrefringence on
laser output CharacterIstxs.
Polarization propenles of optical fibres manifest themselves more clearly in mode-locked
svstems based on polarlzation switch [7-91. It is interestmg illat the desirable et’fecect
can be
reached in both linear [7] and ring configurations [8.9].
Thus the problem of soliton propagation in birefringent optical fibres becomes of
considerable interest and various aspects of the problem have been studied in many papers
:10-15].
4s has been shown [ IO-121 a bound state of orthogonally polarized solitons can exist in
fibres with arbitrary blrefringence provided there is compensation of polarization time dela!
by the proup velocity
iiisperston
that causes spectral separation of orthogonal componenrs.
Formally it means that. if input conditions for the coupled nonlinear ShrCdinger equations
have a properly designed spectrum, the term describing birefiingence
can be omitted.
Another soliton behaviour occurs if an initial pulse has unshifted spectral components.
In this case there will be a transient region, characterized by an oscillating behaviour of the
ortho’gonal spectral components and depending upon the value of birefringence this process
might result in formation either of a single soliton with coupled polarization components or
two independent solitons with an orthogonal state of polarization.
Thus the problem of soliton propagation in an optical fibre has in fact two aspects.
The first question IS concerned with polarization evolution of the steady bound state of
orthogonally polarized solitons. This problem is closely related to an effect of polarization
intensity discrimination which plays a key role in the operational principle of a passive
mode-locked laser based on polarization switch [8,9], and in the general case this problem
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has not yet been solved. Manassah [16] and Malomed and Wabnitz [17] have considered
a case when one polarization component is much smaller than the other one. But the
practically interesting case for passive mode-locking when the polarization component ratio
is around 2 has so far no solution.
The second aspect is related to soliton formation from low level noise in an fibre
amplifier which, in particular, takes place in fibre lasers. In this instance fibre birefringence
plays a significant role and affects the capability of the laser to pass into self-started modelocking.
Taking into consideration the importance of fibre polarization properties for fibre laser
performance we consider in this paper soliton propagation along a birefringent fibre and
show how intensity dependent birefringence causes passive mode-locking. We also discuss
the influence of various fibre laser parameters on the quality of mode-locked pulses.

2. Soliton propagation in birefringent fibres
2.1. Analyticci approach
We begin our consideration from the system of coupled nonlinear Schrodinger equations in
the form [lg:

(1)
where y = 2 for circularly polarized eigenmodes $, and $1 and y = 2/3 for linearly
polarized ones. 6 = Bq/(2lk”l)
and B is a fibre birefringence.
Since we consider here a steady bound state. then 6 = 0. These equations have the
well-known exact soliton solution
ti[(r, Z) = A; sech(r) exp(-jr,:)

i = 1,2,

(2)

where A,. T. are some constants. and the relattonship between A,, T, may be found by
direct substuurion of (2) to (1). However, solution (2) exists only in three particular cases:
(i) Manakov’s case, when y = 1, (ii) only one polarization is excited Al = 1, AZ = 0, or
vice versa. I lri) the symmetric case A, = A? = 1/m.
We seek an approximate soiution in the form (2), where now A, and Ti are functions
of the polanzation angle CY. Let us introduce the unknown real soliton amphtude p(a),
then Al = plcu)coscx, AZ = p(u)sincr. The function p(o) should satisfy the boundary
conditions p(O) = p(rr/2) = 1. p’(n/4) = 2/(1 + v) and should be periodical with period
;7/2. TO find this function in an explicit form, we substitute (2) into (1)
cash-s(r)[(T,

- l/2 + S,) cash’ r + (1 - Si) sinh’ ?]A, = Di

(3)

where S; = .A: + yAi_,, and D, = D;(r) are the discrepancies. These discrepancies
arise in the nght-hand side of (1) because we use the approximation (2) instead of exact
solution, and we suppose that 1D, 1 do not depend on z. We assume that Ti should satisfy
the relationships
r, = 1/2-s,

(4)
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so
_- Q = (I - S,)A, sinh’(s) coshm3(r).

(5)

After integration (5) from --‘=o to fco on r we obtain
Tf + T; = p’[(S, - l)‘cos’(cr)

+ (S? - 1)’ sin’(o!)].

~6)

where
sinh’(r) cash-‘(r) dr )‘.
After integration (6) from 0 to rr/2 on (Y we obtain a functional of unknown function p(o)
-.7 2
J(p)

=

J0

[T/(P)

+

(8)

T;(p)1 dol.

To find p(u) the functional J should be minimized. Because the sub-integral expresston
does not depend on the derivative of p(a), the Euler-Lagrange condition of functional
minimum means:

d(T,’ + T,‘,jdp = 0.

(9)

After substitution (6) in (9) we obtain
d(T; +

T,?)/dp = 2p(3Ap4 + 2Bp’ I c)

( 10)

where
A = co? 01+ sin6 (I! + (2y + y’) sin’c1 cos2Q!
B = -2Ccos401 + 2y cos’ 01sin’ OL+ sin’o~)

c=

1.

(11)

Introducing r = p’, we obtain a square equation with respect to r. The first root of this
equation (corresponding to ‘+‘) is the solution we are looking for
p?(a) = r, = (-B

+ JB*

- 3AC)/3A.

(12)

Figure 1 shows the graphic representation of this function and the insert represents the
discrepancy at y = 213.
2.2. hmerical

results and discussion

To examine the accuracy of analytical solution (12) we have numerically solved the system
(1). The system (1) has been solved by the usual split-step method with a Fast Fourier
Transform at the dispersion step and (2) and (12) as initial conditions. The propagation

distance has been chosen as long as 40 dispersion lengths to ensure a steady state regime
of soliton travelling.
Numerical solution of the system (1) shows that the variation between analytical and
numerical solutions are small enough (figure 1). The computer simulation has also shown
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Figure 1. Dependences of full soliton intensity pl and intensities of x and y polarization
components
A; and AS on polanzation
angle a; lines are analytical
approximation
(12).
asterisks-numerical
calculattons.
Insert shows the sum of discrepancies.

time

Figure 2. IGmtetical
simulation
of two-component
soliton propagation:
the intensities
of polarization
components at the input (dashed lines) and at z = 40
(solid lines).

that both the approximate solution (2) and the representation of the function by (12) have
marginally small deviation from the numerical results.
Propagation over 40 dispersion lengths causes small changes (less than’;%) in the soliton
amplitude accompanied by insignificant growth of smaller soliton pulsewidth (figure 2).
The pedestal formation may be explained by the fact that the initial nonlinear pulse
is not an exact solution of (1) and therefore the originally ‘ragged’ soliton throws off the
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Figure 3. Polarizatlon intensity dlxnmination: dependences of energy after polarizer on propagaoon distance
for CL= 0.2~ (I). a = 0.1% 12, md a = 0.1~ (3).
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Figure 4. Dependence of fibre length of optimal
poltizaoon switch on polarization angle CX.theoretical
curve (13) and numerical calculations (asterisks).

dispersive wave which is an origin of the pedestal.
We would like to point out the increase of soliton amplitude with its azimuth with respect
to the fibre axis (see figure 1). which may indicate an increase of the soliton energy for
constant pulsewidth or decreasing pulsewidth for a given energy. The former case is likely
to take place in the figure S laser, having a constant pulsewidth defined by the length and
dispersion of the laser cavip. Small variation in the state of polarization of the circulating
pulses originating from their fluctuation nature results in its different energy, which has
been observed experimentally [ 191.
Evolution of the soliton state of polariza::Jn has one very important application i.e. the
possibility of exploiting this effect for polarization mode-locking (PML).
The basic idea of PML is different loss for linear and nonlinear waves provided by a
polarizer placed and orienred in the proper position. To consider how a soliton passes a
polarizer let us look at the nonlinear phase difference between two orthogonal components.
In deriving (12), we have assumed that the phases of these two components obey the
relations (4) and the distance at which an effective polarization discrimination occurs might
be defined as
L = n/(S, - Sz)

(13)

i.e. at this distance the phase difference of the two components is equal to Jo.
Since the relation (13 j is based on an approximate solution of the system (I), we have
checked this result in computer simulations. A polarizer has been modelled as
$=

( Zf,“,

2:)

(A

i) (2,”

ZY)

(14)

Figure 3 shows the result of polarization discrimination (energies before and after the
polarizer) depending upon normalized fibre length. Note that for any input azimuth a the
maximum transmission exceeds 99%, which indicates the bandwidth-limited nature of the
passing pulses.
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Figure 4 represents the dependence of the fibre length corresponding to maximum
transmission against input polarization azimuth or (that is, equivalently) polarization
component ratio. One can see that the analytical and numerical dependencies are in
good qualitative agreement in the practically interesting range (Y = 0.2n (Al/A2 = 2
for (r = 0.194X).
3. Polarization

mode-locking

3.1. Numerical results
We consider the simplest ring configuration shown schematically in figure 5 which is
similar to that described in [9]. It consists of an optical fibre having length L, a polarizer,
polarization control discs (PC) and an isolator providing unidirectional generation.

.
Figure 5.
polarizat~on

Scheme of soliton
mode locking.

fibre

ring

laser with

In the steady-state regime the output signal from the right passes the polarizer and
reiaunches into the fibre from the right exciting both eigenpolarized modes. Both waves then
attain differential linear and nonlinear phase delays, establishing under certain conditions a
bounded steady state.
As has been shown experimentally [9], an intensity-dependent transmission, and proper
position and orientation of the polarizer, results in lower loss for a steady-state soliton
in comparison with cw radiation, which in turn leads to a mode-locked regime of the
laser. Recently a fibre ring soliton laser has been considered numerically in [20], where
dispersionless approximation was used for specification of the soliton polarization. But as
has been shown in the previous section. the requisite distance is approximately 20 dispersion
lengths and the possibility of using the dispersionless approximation is questionable.
Based on the results from the previous section it is easy to define the position and
azimuth of the polarizer and fibre length, required for self-starting of the system. From the
results represented in figure 4 one can see that to achieve n relative phase difference one
needs about 20 dispersion lengths of the steady-state soliton pulses. In physical units it
means that for a dispersion D = 15 ps nm -I km-’ and steady-state pulsewidth of 1 ps the
required differential phase shift is achieved at the length of 400 m.
To demonstrate the ability of such configuration to provide a self-started mode-locking
regime we have carried out computer simulations of this laser, based on the coupled
nonlinear SchrBdinger equations (1). We adopt a lumped model of an amplifier described
by the following expression
@Cw) =exP (1 +zly2)

$i(wl

(15)

Soliton propagation and polarization mode-locking

53

i.e. we assume a Lorentzian shape of gain with bandwidth equal to y (here Ii/i(W) and
$Ch(w) are normalized fields before and after the amplification, correspondingly).
Laser saturation effects have been taken into account by the expression
G = Go/(1 t E/E,,)

(16)

where E is the total intracavity energy and E,,, is the energy of saturation.
We have performed a set of numerical calculations to reveal key points affecting the
performance of this laser.
In the first set we have choose a long, low intensity pulse as an initial signal
+, (r, z = 0) = p(a) cos(a)x sech(Kr)
qq(5, z = 0) = p(a) sin(or)lc sech(Kr).

(17)

This situation takes place when a phase or amplitude modulator is incorporated into the
laser cavity. Our results show that the system is able to maintain one or several pulses
depending upon saturation intensity (figures 6(a)and (b)).

Figure 6. Stan of laser from weak long pulse (17) to one-pulse (a) and three-pulse
K = 0.1; E,,, = 1.25 and E,,, = 4.5. correspondingly.

Figure

7. Start

(6) reyme.

of laserfromnoiselevel: (a) intensity,(b) spectrum.

The system is also capable of self-starting from a noise level. Figure 7 shows the results
of computer simulations when initial conditions are
$1.2

=

4.2(5)

(18)

where tr.z(~) are two independent values of random function (0 c 6 < l), K = 0.01,
E sat= 1.5, y = 0.2.
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3.2. Discussion
Obviously the main advantage of this configuration of a self-started mode-locked laser, in
comparison for instance with the Figure 8 laser, is its simplicity. In principle the same effect
might be exploited in a linear configuration that allows us to avoid the use of an isolator
and has been demonstrated experimentally [7]. (Note that the authors of [7] did not claim
that the laser described in their paper exploits intensity-dependent birefringence effects.
However from the description of the laser behaviour the reader can conclude*that nonlinear
birefringence is responsible for self-sustained mode-locked regime). An important property
of this laser is marginally small changes in soliton amplitude while travelling around the
cavity. Long cavity length, relatively small gain and an absence of intracavity beam-splitters
lead to the generation of clean solitons with a very small amount of non-soliton component,
which is especially attractive for soliton transmission lines.
However the 20 dispersion lengths required for attainment of the differential nonlinear
phase shift make the abiiity of the system to self-start rather low. A possible solution
to overcome this problem is to increase transmission of the system in the linear regime.
But as our computer simulations show this brings about an undesirable growth of the cw
component in the steady-state regime, spoiling the quality of the pulses produced, i.e. pulse
to cw component energy ratio.

*O Figure 8. Pulse shape in logarithmic scale after start
from notse.

Figure 8 shows the shape of the steady pulse on a logarithmic scale for self-starting from
noise level. One can see an almost ‘ideal’ sech’ r-shape pulse and some pedestal. Note
that pedestal intensity is a very important characteristic of any mode-locked laser because
it is closely related to peak power of the emitted pulses. However since in a passively
mode-locked fibre laser the ratio of round-trip time to pulse duration exceeds lo3 then a
cw component with intensity 10m3less than the soliton intensity substantially modifies the
laser output characteristics. The problem of non-soliton component extraction in computer
simulations will be considered more fully elsewhere [21].
Our computer simulations also reveal that the system comes into a mode-locked regime
not only when the differential phase shift is exactly equal to IT but also when the cavity length
is so short that this value is less than rr (figure 9) and the residual phase is compensated by
the corresponding choice of the PC parameters [22]. However in the last case the pedestal
level is higher compared with the pure nonlinear phase shift.
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Figure 9. Stan of laser from noise level for short resonatorlength L’ = O.JL.

This configuration also possessessome features which make it a very promising source
for nonlinear transmission lines. In particular, by altering the polarizer azimuth one can
easily change the steady-state output pulse duration. Indeed, from (15) one has
$(cY) - L/k”\ cos 2~

(19)

where r,(cy) is steady state pulse width. As azimuth CYtends to rr/4, the steady-state pulse
duration gets shorter.
Another interesting feature of this laser is the prospect of gradually tuning the operating
wavelength by rotating the PCs [9]. It is known [22] that a certain configuration of
polarization control discs acts ‘as a i/2 plate. Since gain bandwidth of erbium-doped
fibres is much broader than a similar value of steady-state laser pulses, it makes it possible
to change the operating wavelength by rotating the PCs due to polarization-dependent loss
varying periodically with wavelength.
As has been mentioned above, birefringence of an optical fibre causes spectral separation
of the polarization components. Therefore we can expect that in the steady-state regime
the PML laser output spectrum consists of two peaks and spectral separation between them
is defined by the fibre birefringence and group velocity dispersion. For example, for fibre
birefringence B = IO-’ and chromatic dispersion D = 1.5ps nm-’ km-’ the wavelength
separation between orthogonal components Ai = 3 x 10-l nm.
An interesting and important question arising out of consideration of PML laser
operation is the role of fibre birefringence in the self-starting process. Since for the
compensation of polarization dispersion one needs the spectral splitting of the orthogonal
components then the PML process can be self-started for any birefringence only if an
originally low level seed arising from mode beating has correctly separated spectral
components.
On the other hand, one can consider this system as a modification of a laser with
fast saturable absorber [23] and operational key points can be described in the framework
of the fluctuation model [24]. In the linear stage of the laser output the laser spectrum
is (in the absence of any intracavity etalons) a bell-shaped peak at the wavelength of
minimal laser loss. Thus, if one does not make any arrangements for dual wavelength
generation, the laser starts to operate at a single wavelength and for successful development
of a mode-locked pulse one needs to compensate polarization time delay by chromatic
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dispersion. Otherwise, if time separation between two polarization components is large
enough, then it may destroy the process of PML. For relatively low birefringence one
polarization component ‘captures’ the orthogonal one. This interaction via cross phase
modulation results in a bound steady state. Thus, for a successful PML process one needs
to use a fibre possessing low birefringence.
The effect of spectral separation has two interesting effects on the laser behaviour.
Firstly, in the transient region of steady-state pulse development a variable state of the
polarization across the pulse results in some pulse sharpening after passing the polarizer.
The second effect is connected with finite gain bandwidth. Since the laser operates at the
point of equilibrium gain and loss, then even small spectral separation causes non-uniform
gain for orthogonal components that in turn results in a change of polarization state.

4. Conclusion
In this paper we have considered soliton propagation in birefringent optical fibres using
both an analytical approach and computer simulations. It has been shown that, for a given
energy. the soliton pulsewidth depends on the ratio of orthogonal component amplitude.
Based on polarization properties of solitons in birefringent optical fibres we have
analysed a passively mode-locked fibre laser. exploiting intensity-dependent birefrinpence.
Such types of lasers have several advantages over other configurations of similar lasers.
Beyond the obvious advantage-simpiiclt!-this
configuration admits wavelength tuning
by the rotation of polarization control discs and pulsewidth tuning by altering the polarizer
azimuth.
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