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We present the results of theoretical modelling of the increase in diffraction efficiency in photorefractive BSO under conditions
of photorefractive enhancement via permanent photochromic gratings. The results are modelled using coupled wave theory, in-
cluding the anisotropic nature of the sccondary refractive index grating, optical activity and clectric field induced birefringence.
The dependence of the enhancement of the diffraction efficiency as a function of the input polarisation of the diffracted beam,
and of the applied clectric field is presented for two different crystal gecometries.

1. Introduction

Bismuth silicon oxide (BSO) and other crystals
from the sillenite family (BGO and BTO) have found
many applications in the area of optical phase con-
Jugation and holographic information processing. The
ability to store information permanently in BSO
would open up possibilitics of using photorefractive
crystals for information storage and retrieval appli-
cations. The writing of permanent photochromic
gratings in BSO multiplexed with real time photo-
refractive gratings allows the simultancous storage of
two essentially different holographic gratings. The
long term behaviour of the diffraction cfficiency of
combined permanent and real time holograms has
been previously reported [1] along with applica-
tions of the two multiplexed gratings [2]. Recently
the spatial redistribution of some centres that arc
different from photorefractive centres has also been
demonstrated in BTO [3].

In ref. [4] we presented experimental results and
phenomenological modelling of the enhancement in
diffraction efficiency, observed by uniformly illu-
minating photochromic gratings written in BSO with
488 nm light, for which an increase in the diffraction

cfficiency > 100 was observed. Controllable en-
hancement was demonstrated by simply varying the
applicd clectric ficld or the polarisation of the read-
out beam. The enhancement of the diffraction cffi-
ciency in BSO, which 1s relevant to optical switching
and processing schemes, depends upon the mecha-
nism of photorefractive enhancement of photo-
chromic gratings in BSO. In this paper we further in-
vestigate these effects by considering a coupled wave
theory approach which includes the anisotropic na-
ture of the secondary refractive index grating, dptical
activity and clectric field induced birefringence.

2. Vectorial wave mixing model

To model the enhancement of the diffraction ef-
ficiency in a material such as BSO, requires a cou-
pled wdve theory that includes the vectorial nature
of the beams. It 1s then possible to include the ani-
sotropic nature of induced refractive index grating,
optical activity and clectric ficld induced birefrin-
genee [5]. The absorption modulation that creates
the photorefractive grating is included in a straight-
forward manner if 1t is assumed isotropic. The cou-
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pled wave cquations for the recadout and diffracted
beam can then be written as:

3—If+%8+iHB:(k,,l+ian)C, (1)
3—%+%C+iﬂ(?:(k:l+ik:sw. (2)

The vectors B and C represent the orthogonal po-
larisation components of the diffracted and recadout
beams, respectively. These vectors are Jones vectors
and have the following form:

B_(/),)

“\n,)

C:(C'), (4)
C2

Each clement represents the amplitude of an or-
thogonal polarisation mode. The scalar terms A, (z)
and k,(z) are the grating terms for the absorptive
and refractive grating, respectively. These terms es-
sentially express the strength of these gratings and
their variation with z, the propagation dircction. The
constant « is the lincar absorption cocfficient.

In eqgs. (1), (2) there are also two matrix terms.
These are a scattering matrix S and a perturbation
matrix H. The matrix S allows for the anisotropic
nature of the refractive index grating. The clements
of this two by two matrix are given by

S;=(e-€Rk,€e) (5)

where IEE is the unit grating wavevector, R the suit-
ably normalised clectro-optic tensor, € the suitably
normalised relative permittivity tensor.

The vectors e; and e; are unit vectors in the direc-
tion of the allowed orthogonal polarisation modes.
In the case of the cubic photorefractive material BSO,
in its two most commonly used orientations, the
scattering matrix is

(1)

(1 0
s=(; ). ()

for the Ifg||< 110> crystal direction.
(i1)

1 0
S:(O 0). (7)
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for the Ifg <001 > crystal direction.

In egs. (1)—-(2) it may be noted that no scattering
matrix is associated with the absorption grating term
ko(z). As stated carlier, the absorption grating is as-
sumed isotropic. Therefore, the identity matrix I ap-
pears with this grating term. The perturbation ma-
trix H is used to introduce the effects of optical
activity and electric field induced birefringence. Op-
tical activity is represented as

0 —i
H:/)(i 0), (8)

where p is the rotary power (rad m ).

To see that H does in fact represent a rotation of
the polarisation is easily shown. Considering no ab-
sorptive or refractive perturbations to the medium,
the coupled cquation for a single wave is

d4/dz+iHA=0, (9)
as H is constant this is immediately integrated to give
A(z)=A4(0) exp(iHz) . (10)

The operator H is hermitian and traceless, there-
fore the exponential operator is unitary. Hence, if

A(()):((l)) (11)

it is straight forward to show that

L cos(pz)
A(“)_<sin(p:)>‘ (12)

Thus the polarisation vector is rotated as the wave
propagates through the material. In the case of elec-
tric ficld induced birefringence the matrix H is given
by

H=/S, (13)

where S is the scatiering matrix.

This is not necessarily the same as the scattering
matrix of the induced refractive index grating, but if
the electric field is applied in the same direction as
the grating wavevector, then the two are equivalent.
The constant f§ is given by

ﬂ:%k()n3r4]|E/\| . (14)

where | E,| is the modulus of the applied electric field
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and r,, the relevant clectro-optic cocfficient.

3. The solution of the coupled wave equations

The solution of the coupled equations given in the
previous section is in general very difficult. A num-
ber of approximations are made so that progress can
be made. The first approximation 1s 10 assume an
undepleted read beam C. This means wave C loses
a neghgible amount of energy through diffraction into
wave B. Then

dB/dz+aB+iHB= (k,1+ik,S)C, (15)
dC/dz+aC+iHC=0. (16)

The matrix H can be, for the cases that will be in-
vestigated, considered a hermitian matrix. This can
be decomposed as

H=h1+H", (17)

where H' is hermitian and traceless.
Therefore, the introduction of the following trans-
formation upon the beam vectors

B =Bcexp| —(a/2+hy)z] . (18)
C'=Cexp[—(a/2+hy)z], (19)
leaves the coupled equations as

dB’/dz=iH'B= (k, 1+ik,S)C", (20)
dC’/d-+1H'C=0. (21)

A unitary transformation can now be performed upon
the beam vectors so that

B"=UB', (22)
C'=UC’ (23)

and the coupled equations become

dB”/dz= (k, JI+ik, USUT)C" | (24)
dC”/dz=0, (25)
where

U=cxp(iH'z) . (26)

Therefore, C” is a constant and with the boundary
condition for the readout beam B(0) =0, the solu-
tion for B”(1L)=0 is given by
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L
B"(z)= J (h Jd+ik, USUT)YdzC” . (27)

0

In all cases of interest the scattering matrix S is
also hermitian, and can be decomposed to

S=s5,1+S", (28)

where S’ is now hermitian and traceless. Therefore

L
B'(L)= J (ke +isoka JT+i[£, USU L dz C7
0

(29)

or
B"(L)=(ul+vT)C". (30)

The experimentally observable is the diffraction
cfficiency, and this is given by

ne (B(L),B(L)) _(B"(L),B"(L))
(C(0),C(0))  (C"(0),C"(0))

Xexp[—(al+2hy) 1, (31)

where (., .) is the hermitian inner product with def-
inition (X, ¥Y)=X,X,Y?.

Taking (C”(0), C”"(0))=1 gives the diffraction
cfficiency # in the following form

n=cxp[ —(aL+2hy)] [lu|*+ur*(C”", TC")
+u*(TC”. C") + | 0]2(TC", TC") ] . (32)
To find analytical solutions it ts assumed that the
grating term k,, is constant in z. Then

L
U= J kodztisohka L=k, L+isok, L , (33)
0

where k, is the space averaged absorption grating
term.

v=ik, L (34)
and
L
T= }JUS’U*d:. (35)
’ 0

To obtain explicit expressions for diffraction ef-
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fictency specific cases will have to be considered. This
is shown in the next section.,

4. Solution for specific cases

The two cases to be considered are for the crystal
artentated inoats two most common orientations,
these are given below as cases (A) and (B).

(A) Apphied  field and  grating  wavevector
Ifg [ <1105 crystal direction (fig. la).

(B) Applied field | <110 crystal direction, and
grating wavevector kﬂg 1 <001 > crystal direction (fig-
ure 1b).

In case (B) the applied field being perpendicular
to the grating wavevector is a slight departure from
the usual casc, but this s still casily accommodated
within the theory. To manipulate the equation fur-
ther, a conventent decomposition of the hermitian

() .
1 [quioR
- T (o
(1o i LA
L] K
= g —
. [ — — —
-
-
(b)
C11o)
|
= T e
(o)
-
]
B J
-~
-~

-
L

Fig. 1. Principal crystal orientations. {a) I;g and appliced ficld
1< 110> direction. (b) Kg\{<()()l >, and applied field (110>
direction.
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traceless matrices H and S’ in terms of the Pauli spin
matrices 1s adopted. The Pauli spin matrices are de-
fined here as:

1 0
0 1

63:(1 0), (37)
0 —i

These are supplemented with the identity matrix,
which is now renamed o,,. The matrices S and H can
now be expanded 1n terms of these composite
matrices:

S=s5y0,+S"=5,6,+s0

=5,00+5 6, +5.06>+3,0;4 (39)
and similarly for H:

H=ly00+h,6,+h 06+ 6. (40)

In case (A) with the clectrice field and grating wave
vector parallel to the ¢ 1105 crystal direction, S and
H arc¢ given by

S=S8'=y,0,. (41)
with s, =1
H=H'=h,6,+/,06,. (42)

with /1y = f and /i;=p.

In casc (B) with the clectric field parallel to the
< 110> erystal direction, and the grating wave vector
parallel to the (001> direction S and H are given by

S=y3,0,+5, 06, . (43)
with s,=y5,=1. This gives 8'=10g,. and
H=H'=/,06,+/1,06;. (44)

again with /i, =f and hy=p.

Therefore the expression of i in eq. (33) is casily
found in cach case. It is then only the expression for
matrix T in eq. (35) that requires evaluation,

I
|
= JUS'U*d:. (45)
- (
U=cxp(iH'D) . (46)
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As H' is hermitian and traceless, the matrix U is
unitary. Also S’ is hermitian and traccless. There-
fore, US'UT represents a “rotation” of matrix §'. This
can be seen if a three space vector approach is taken.
To show this, U is expanded into its lincar form:

U=cos(hz) I+isin(hz)yH’'/h , (47)

where A is a positive cigenvalue of the matrix H’.
It has alrcady been shown that matrices 8" and H'

can be expanded 1n terms of the Pauli spin matrices.

Therefore, 8" and H’ can be represented as

S'=s-g
H=ho. (48)
with

Y
§= S2>, (49)
Sy
h,
) . (50)
hs

[l
I
=

~

(50)

S
il
Q

[

If US'UT is multiplicd out, and the following re-
lations for commutator and anticommutator are
used, a gcometrical interpretation of US'UY is found.

[H,S'1=2i(hxs)g (52)

(ﬁ,S>:2<Zz-;>-ao, (53)

where H=H/h (the unit operator) and h=#/h (the
unit vector).

Theretore,
US'UT={(h-$)h+[s— (h-5)h] cos(2hz)
— (hxs)sin(2h))-a. (54)

The vector within brackets {} is shown in fig. 2.
This figure shows that vector s is rotated to vector
s”ata rate =2hz. Hence h, which depends upon the
malterial anisotropy, the field induced biretringence
and the optical activity controls the rate at which
scattering of the readout beam diffracts into cach po-
larisation mode of diffracted beam B. The matrix T
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S The rotated version of S

[y
’
[§%7)
>
=

Fig. 2. The rotation of the vector s by the amount 24z, This pic-
torially represents the rate at which each polarisation clement of
the diffracted beam is altered by propagation through the medium.

then represents a space averaged form of this scat-
tering. The integration is easily performed and T is
given by

T={(h-s)h+[s—(h-s)h] sinc(2hL)
— (hxs)[(1—cos(2hL))/2hL] |0 . (55)

If T 1s represented as T'=¢- g then is case (A) where

s=10]. (56)
0

and
hy Jii

h=| h, |=| 0}, (57)
hs )

ll/\
I =\ l2a
l3a
( h? /;%) . )
al _ ot 2
hz+<l e sinc(24L)
| ik o /171( LOS(Z/IL))
=| 72 [l —sinc(2AL)] — ShL
/11/li N hy ( —cos(2hL) )
\ [V —=sinc(2AL) ]+ n L
(58)

(9]
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In case (B) where

%
s=|0 (59)
0
=1y is simply given by
Lig
g=|tp |=11a- (60)
[3B
In both cascs the cigenvalue /4 is given by
h=(h3+h3+h3)'2=/B+p> . (61)

The readout beam C is chosen so that the cxpres-
sion for the diffraction efficiency in eq. (32) can be
evaluated. At z=0 the vector C=C", and can be
written as

_ CcoS ¢

where ¢ is the angle that linearly polarised light of
the readout beam makes with the fast induced axis
of the crystal.

Since T is hermitian and T2=/?I, where ¢ is the
positive cigenvalue of T, the diffraction efficiency
expression of eq. (32) can now be written as
n=exp(—al) | 'k—(rL+iS()knL!2

+ [ (ENL+iX()knL) ( _Ik:L)

+ (kX L—isokXL) ik, L1(TC", C")

+ |tk L1?212(C”, C”)) . (63)

The inner product (C”, C”)=1, and (TC", C”)
can be cvaluated as follows
(TC”, Cn) :[1(0_1 C“, (/wr)

+16,(6,C", C")+1;(6,C", C")

=1, ¢c08 20+, sin 2¢ . (64)

In casc (A) 5,=0 and T={4 g, thercfore
Ma = Ry L+ [ (— Rk S L2+ K2k, L?)

X ({14 €OS 20+ 15 sin 20) + | ik, L]|%14) . (65)
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where 7, 1s the length of vector ¢4 and 1) . 1,4 arc the
first two components of vector /4.
In cas¢ (B) where so=14 and T={3-0:

'IBZC?NL { |k_<¥L+l/\nL/2]2
+ [ (ko L4ik,L/2) (—ik3 L)+ (k% —ik5L/2)]
X (11p €08 20+ lop sin 2¢) + |1k, L%ty } (66)

where ¢ is the length of vector fg and 7, - arc the
first two components of vector /.

These are the two analytical expressions required
for the predictions of diffraction efficiencies from the
photorefractive enhanced photochromic grating. All
that is required arc cstimates for k,, and k,.

5. The evaluation of k, and k,

The grating terms can be written as
kn:(]"nr+i;yni)’nn/2 - (67)
k—u: (}’ur+i’)!(¥i)mu/2 - (68)

where 1, is the modulation of the refractive grating
and s, the space averaged modulation of the ab-
sorption grating.

The y terms represent the real and imaginary parts
of the coupling constants for cach grating. Indices n
and « represent refractive and absorptive parts, re-
spectively, and indices r and 1 represent real and im-
aginary parts, respectively. It can immediatcely be as-
sumed that the absorptive grating will be in phase
with the illumination, therefore y,,=0. To find val-
ucs for the quantity ., is difficult, and will be left as
a fitting parameter. The photorcfractive part of the
grating will in general be out of phase with the il-
lumination. Hence

ko=Ie"VYm,/4, (69)

where I is the intensity coupling constant and y the
grating phase shift.

The modulation m, can be connected to the mod-
ulation s, therefore, it is only /" and y that nced be
evaluated. This can be achieved by solving the band
transport equations in the usual manner [6]:

p=2lec¢V="1knr E, . (70)

where
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= N(v+Ey)
T ltiv(Ey+ipv)]

2

E, (71)
where v is the normalised grating spatial frequency
and F, the normalised applied field.

In the casc under consideration the space charge
field can gencrally be assumed unsaturated. Therefore

E ~—L(iv+E,). (72)

This expression may need some modification be-
cause it is possible that the photochromic grating
causes a redistribution of the available donor sites,
which may cause an asymmetry in the size of the
space charge field with respect to the applied electric
field.

The expressions (65) and (66) were used to gen-
erate theoretical curves for the enhancement factor,
which is defined as the diffraction efficiency with a
photorefractive grating divided by the diffraction ef-
ficiency with only the photochromic grating, versus
the input polarisation ¢ and the applied electric ficld
I ,. The refractive part of the grating, without any

applicd ficld, was assumed to have a strength of

I'=100m~', and the absorptive part of the grating
was assumed to have a strength y,,=20m~!. The
optical activity parameter was p=30°mm~!, the
linear absorption at 633 nm a=30m~!. The results
of this analysis can be seen in figs. 3 to 6. In figures
3 and 4 the variation of enhancement with input po-
lartsation is seen. Figure 3 shows the case of the
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Fig. 3. Enhancement factor as a function of input polarisation for
the <001 ) gecometry, for various applied ficlds.
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Fig. 4. Enhancement factor as a function of input polarisation for
the (110> gecometry, for various applicd ficlds.

Enhancement
3
Q

0.0 ,
-5 -4 -3 -2 -1 0 1 2 3

Applied field E,

Fig. 5. Enhancement factor as a function of applied field for the
<001 geometry, for various input rcadout beam polarisations.

<001 geometry. Figure 4 shows the (110> gcom-
ctry. It can be seen that the enhancements are 7 out
of phase, and that enhancements are generally better
for the (001> gcometry. Figures 5 and 6 show the
variation with appliced clectric field. Figure 5 shows
the <001 > geometry and fig. 6 shows the {110 ge-
ometry. This again shows that enhancements are
greater for the <00l > gecometry.
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Enhancement
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|
|
1
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Fig. 6. Enhancement factor as a function of applied field for the
<110 geometry, for various input readout beam polarisations.

6. Conclusion

The results of the theoretical modelling, in partic-
ular the enhancement as a function of the input po-
larisation, shows good qualitative agreement with
experimental observations [4]. The quantitative
agreement is not exact, but no systematic attempt has
been made at direct comparison. The quantitative
agreement could be improved by including into the
model the effect of the asymmetric density of donor/
acceptor sites induced by the photochromic mech-
anism. Further quantitative agreement may be
achievable by measuring accurately the experimental
values of absorption coefficient, grating strength and
other experimental parameters. From these results it
is clear that a permanent photochromic grating does
induce a sccondary photorefractive grating upon

|99}
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uniform illumination of the crystal containing the
photochromic gratings. The induced photorefractive
grating produced by uniformly illuminating these
photochromic gratings is essentially equivalent to the
interference pattern produce by interfering two
beams. Further improvement of this coupled wave
cquation model is possible, but is not being pursucd
at this point.
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