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The steady state modelocking of a laser incorporating a mirror with an intensity dependent reflection coefficient is analysed.
The pulse length is determined by the balance between pulse stretching due to gain narrowing and pulse shortening due to the
nonlinear mirror. The final pulse length can approach the limit set by the gain bandwidth of the active medium.

1. Introduction

Recently it has been demonstrated that second
harmonic generation can be used to provide a mirror
with an intensity dependent reflection coefficient
[1,2]. In particular the reflectivity can increase with
intensity so that when used intracavity the laser will
tend to become passively modelocked. Using such a
scheme pulses as short as ~ 100 ps at the second har-
monic wavelength have been generated after only
~ 16 cavity round trips. However it is clear that the
lower limit on pulse length should ultimately be set
by the gain bandwidth of the active medium or by
group velocity dispersion in the nonlinear crystal, this
limit has not been reached so far. An analysis of this
method of modelocking, based on an extension of
the well tested theory of active modelocking in solid
state lasers [3], i1s presented in this paper. It dem-
onstrates that the steady state pulse length is deter-
mined by a balance between pulse shortening by the
nonlinear mirror and pulse stretching through gain
narrowing by the active medium and that pulse du-
rations approaching those set by the limiting band-
width can be achieved in principle.

2. Theory

The nonlinear mirror consists of a second har-
monic crystal separated by an adjustable distance
from a mirror. The mirror has a different intensity

reflection coefficient for the harmonic, R, than for
the fundamental R,, (R,,,> R,,). If the mirror-crys-
tal separation is adjusted to give the correct phase
difference between the fundamental and harmonic,
via the dispersion in air and the dispersion associ-
ated with the mirror reflectivity, then the funda-
mental can be amplified by the second harmonic [4].
This increases the effective reflectivity over that of
the mirror alone. The effect of the nonlinear mirror
is similar to a saturable absorber but with a much
faster time constant. The full expression for the non-
linear mirror intensity reflectivity, Ry, is derived in
ref. [ 1] for a conversion efficiency of # from the fun-
damental to the harmonic on the first pass through
the doubling crystal and is

Ry, =B {1 —tanh?[/Barctanh (/)

—arctanh(\/nR,,,/B)]1}, (1)

where
B:nR2m+ ( 1 —U)Rm .

The normalized reflectivity Ry, /R,, is shown in fig.
1(a) while fig. 1(b) shows the normalised reflectiv-
ity plotted on a logarithmic scale. The curves nearly
have an exponential dependence on 7 so that the fol-
lowing approximation can be made

RNL=RmeXp(U’7) ) (2)

which agrees within 5% of the exact curve calculated
using eq. (1) for R,,=1. The parameter ¢ is a func-
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Fig. 1. (a) Normalised intensity dependent reflectivity of the
nonlinear mirror-plotted for a number of values of the funda-
mental mirror reflectivity R,,,. The reflectivity for the second har-
monic is R,,,= l. (b) The same graph as figure 1 (a) but with the
normalised reflectivity plotted on a logarithmic scale.

tion of R,, and values are given in table 1. This ap-
proximation will be used to derive an analytical form
for the steady state pulse length.

The cavity that will be analysed is shown in fig. 2.
The light travels clockwise round the resonator, first
passing through the modulator, then the active me-
dium, then the modulator and finally the nonlinear
mirror. The amplitude modulator is included for two
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reasons. Firstly it enables the well known gaussian
pulse solutions to be obtained if the sccond har-
monic conversion is switched off [3]. Secondly the
laser operation will be stabilised by the inclusion of
the modulator. Similar effects have been observed in
active/passive modelocking of solid state lasers where
the passive medium is a saturable dye [5]. An ad-
ditional practical advantage is that the rf voltage, used
to drive the modulator, can be used to synchronise
the laser with other equipment.

The passage of the light pulse, described by its
electric field amplitude f(¢), through the gain me-
dium and modulator in the time domain is

LD =m(1) [&)®f (D] . (3)

Here g5(t) is the Fourier transform of the double pass
frequency dependent gain and the amplitude trans-
mission of the modulator in double pass is described
by m(1). It has been assumed that the ordering of the
effects of the modulator and gain medium does not
significantly modify f,(¢). This is a realistic as-
sumption since the magnitude of the modulator will
be shown not change the steady state pulse length
significantly. The symbol ® represents convolution
defined using the Fourier transform pair

fw)=5- [ 1) exp(—ion
0= | flw) eplion do,

to be

1
£ (0= 5- | &) fiti—r) dr'

Next, the pulse f,(7) is passed through the non-linear
mirror. A pulse compression results since the non-
linear reflectivity 1s less in the wings of the pulse than
at the peak. The conversion efficiency for each point
on the pulse profile is found from the analysis in ref.
[1] or [4] to be

n(t)=tanh’(Kf(1))
=tanh®{ [f(1)/fuma: ] arctanh (/7o) }
z”(),fz(t)/féaixw (4)

where K is a constant which includes the crystal
properties and length, 5, is the conversion efficiency
at the peak of the pulse, /... The last part of eq. (4)
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Table !
R, I n Gain Pulsc length (ps)
G
(a) active approximate exact
modelocking (c) (d)
(b)
0.8 0.21 0.1 1.22 72.5 13.8 21.3
0.3 0.85 0.1 3.06 111.3 16.7 25.8
0.2 1.0 0.1 4.52 119.9 18.0 27.2
0.2 1.0 0.2 4.09 117.8 12.8 18.4
0.2 1.0 0.3 3.70 115.7 10.5 14.7
0.2 1.0 0.5 3.03 111.0 8.1 10.6

” Calculated from exp(g:)\/Ri,u exp(on,/2)=1and G=exp(2g,).

Y Calculated assuming n=0 from eq. (10), 4=1, and f,,= 100 MHz.

¢ Calculated using eq. (14).
4 Calculated using an iterative method from eq. (9).

§ f4(t)

| S —

Nenlinear Mirror

fiit)

B}

falt) -

Modulator Gain Medium

Fig. 2. The model laser cavity. f; (¢) is the starting electric field
pulse profile while f;( 1) is the pulse profile after a double pass of
the gain medium and amplitude modulator. Passage of f,(¢)
through the nonlinear mirror results in f3(¢). For a steady state
solution f3(1) =/, (1).

is valid if depletion of the fundamental may be ne-
glected. The reflected pulse f5(¢) is found from eq.
(1) to be

S =R () (1),

remembering that Ry, is the intensity reflectivity of
the nonlinear mirror. The time dependence arises
through the conversion efficiency from eq. (4). The
final expression for the pulse evolution through a
single round trip of the cavity is

Si(1) =/ R (1) m(1) [£2©/(D)], (5)

and for self consistency the condition f5() =f,(¢) is
applied. This condition implicitly assumes that the
round trip time, taking into account the dispersion
in the amplifier and other components, is equal to
the modulation frequency. Notice that the inclusion
of the nonlinear mirror means that the self consis-
tent profile is no longer gaussian. This complicates
the analysis, but it will be shown that the peak of the

pulse can, under certain conditions, be approxi-
mated by a gaussian. In this way an analytical esti-
mate of the steady state pulse length can be obtained.
To do this the modulator transmission #(¢) and the
gain, g-(w), will be assumed to be gaussian in shape.
The modulator transmission is written as
m(t)=exp[—4(1—coswy,t)]
rexp(—dwyt?/2) , (6)

where 4 is the double pass modulation index. The
gain is approximated by a gaussian profile as

£2 -
1 +2i(w—wa)/5wa] ~exp(s2)

X ex 2 i(w_w“> 4 <w-wﬂ>]
p &> S, 8> S, .
The function g,(t) is calculated using the appropri-
ate Fourier transform

gz(w)zexp[

&)= fgz(w) exp(iwt) dw= (n/a)'?

Xexp(g) exp[ — (1—pB)*/4a] exp(iwyt) ,  (7)

where a=4g,/dw? and f=2g,/dw,.
Assuming a gaussian input pulse with no fre-
quency chirp centred at the peak of the gain profile

L) =foexp(—yt?) exp(iw,1)

then from eqgs. (3), (6) and (7), fo(¢) 1s
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Joexp(g)
(1+4ay)'/?

y A g, )
XCXD[_<1+4ay+T> (=5 ] (8)

and the reflected pulse from the nonlinear mirror is

S =R (1) (1) . (9)

If the conversion efficiency, #=0, then this reduces
to

VR, Ty exp(gy)
fi)= T +dan)

y 4wy, 5
XeXp[_<l+4ay + — > (1—p) :|

which, together with the self consistent condition
leads to the well known solutions for the equilibrium
value of y and the full width at half maximum of the
intensity 7.,

VY= (4w} /8a)'?

Tw=[(2In2)/7°]"* 22/ )" (1/fun f)'? .
(10)

L=

exp(iw,t)

exp(iw,t)

Using the approximation of eq. (2) in eq. (9) for
low conversion efficiency, n,<0.2 yields

_ oo f3(t)
S = Rmexp< 2 £2(0)

Near the peak of the pulse the exponential ineq. (11)
may be expanded and retaining only quadratic terms

fa) y 4w,
7300 ~[1‘2<1+4ay+ > >’+}

which together with (8) gives
[ =R,/ (1+4ay)]"* fyexp(g)

Xexp(iw,t) exp(on,/2)

v Aoy ,
Xexp[—(l+an())<m+ > >t‘}. (12)

The application of self consistency gives y as

2 S o172
p= aMo + ll:( Mo > +Aw?n:I
T 8a(l+on) 2| \da(l+on, 2 '

(13)

>fz(l)- (1)
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Notice that if 7,=0 then this reduces to eq. (10).
For most values of #, the final term under these
square root sign may be neglected, so the steady state
values of y are

yr,:(’nt)/4a(l+arl()), Or.Vr1:0-

Thus there is the possibility of two states of the laser.
Either there is a constant output which corresponds
to y=0 or there is a modelocked output with fwhm
intensity width 7,

:2\/21n(2)<g3(1+m]u)>l/zi (14)

n oty .

The question of which state a laser will tend to op-
erate in is open and depends on the detailed laser
dynamics. However, the inclusion of a modelocker
does reduce the number of states available to the laser
from two to one since only the positive sign can be
taken in eq. (13) [3]. Note that eq. (13) can be
written in the form

y=y/25[(n/2)*+yi1"2,

where the negative sign may only be taken if v,,=0.
In this case y, is the value of v if there is no active
modelocking (y,,=0) while y,, is the value of v if the
nonlinear mirror makes no contribution (y,=0).

Ty

3. Discussion

A number of values of steady statc pulse lengths
have been calculated using the approximations of eq.
(14) and an iterative numerical method based on
eq. (9), and are displayed in table 1. The laser band-
width, f,, corresponded to Nd: YAG, f,=120 GHz.
The modulator frequency, f,, was 100 MHz while
the modulation depth, 4, was 1. The modulator had
very little effect on the resultant pulse length if £,
and 4 were varied over the range of presently achiev-
able values. For example, variation of A4 over the
range 0.1 to 2 varied the pulse length calculated us-
ing eq. (9) by less than 0.1%. Fig. 3 illustrates a typ-
ical steady state pulse profile together with a gaus-
sian pulse with the same fwhm. Significant
differences only occur in the wings of the pulse. It is
clear from table 1 that the approximate pulse length
is in agreement with the exact pulse length but is sys-
tematically smaller by about 30%. The accuracy of
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Fig. 3. The stcady state profile calculated numerically for R,,=0.2,
n=0.2. Also shown is a gaussian pulse with the same fwhm. The
agreement over much of the profile justifies the approximation
of eqgs. (2)and (12).

the numerical technique was checked by setting the
conversion efficiency to zero and generating the
standard active modelocking pulse durations which
may be calculated using eq. (10). Typically the nu-
merical method and eq. (10) differed by 1.5% or less.
An example of the pulse length reduction that could
be achieved by the inclusion of a nonlinear mirror
may be found considering a modelocked cw Nd: YAG
laser. Active modelocking of such a system with
R,,=80% and A=1 yields a pulse length of 72.5 ps
which with the inclusion of a nonlinear mirror can
be reduced to 21.3 ps, assuming a peak steady state
conversion efficiency of n,=0.1.

In deriving the steady state pulse length the ques-
tion of whether the laser will reach this condition has
not been answered. As the pulse forms the conver-
sion efficiency increases because the peak intensity
increases. The pulse energy should increase slightly
over the n=0 case due to the reduction in threshold
[2], and this may alter the approach to steady state
through the relaxation oscillations. An additional ef-
fect which could modify the laser properties is due
to the transverse mode profile. The conversion ef-
ficiency varies spatially as does the reflectivity of the
non-linear mirror. The stability of such a laser is at
present under study.
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If the bandwidth of the active medium is suffi-
ciently large then group velocity differences between
the fundamental and harmonic in the doubling crys-
tal will limit the achievable pulse length. This will
also introduce a time delay in the passage through
the nonlinear mirror [6,7] and will complicate the
arguments used in this paper.

The results indicate that this method can be used
to modelock lasers with a wide range of properties
provided that a sufficiently high peak conversion can
be obtained. In particular it may have benefits in the
case of novel tunable solid state lasers which can have
very large bandwidths.

4. Conclusion

A simple analysis of modelocking using a mirror
with an intensity dependent reflectivity coefficient
has been presented. The pulse formation mecha-
nisms represents a balance between pulse stretching
in the gain medium and pulse shortening in the non-
linear mirror. Using the fact that in steady state these
processes are balanced, the resulting pulse length may
be calculated numerically. A simple analytic solution
was obtained with a wide range of validity. This mo-
delocking scheme has the benefit that it may use
much of the available bandwidth the active medium.
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