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A two-dimensional real waveguide having a parabolic distribution of dielectric permittivity in the core
region, flanked by cladding layers of constant refractive index is proposed as a model for a class of
stripe-geometry injection lasers. The model is analysed by a series-solution method and results are
given in terms of plots of normalized propagation constant, near-field filling factor, and far-field half-
angle, all versus normalized frequency. These results are compared with those for the alternative
models of {a) a homogeneous core waveguide, and (b) a medium whose dielectric permittivity varies
quadratically with position throughout the whole of space.

Apart from the series-solution method which was employed, a survey is included of other techniques
available for analysing this waveguide model. These include perturbation theory, variational analysis, an
exact solution of the scalar wave equation, and the WKB approximation.

1. Introduction

Progress in the development of the injection laser towards the goal of a useful, controllable, and long-
lived source for optical fibre communications systems has depended heavily on improved understanding
of its electromagnetic modal behaviour. The achievement of CW operation at room temperature {1, 2]
and, more recently, single-mode output [3, 4] have come about as a result of a detailed knowledge of
the waveguiding action occurring in these devices both perpendicular and parallel to the junction plane.
In addition, recently developed structures [3—10] utilizing this knowledge promise linear output
characteristics, low noise behaviour, and very high slope efficiencies.

Theoretical models of the waveguiding behaviour normal to the junction plane in the laser have
included the familiar ‘step-index’ case (homogeneous active layer), [11, 12] the linearly-graded dielectric
guide {13, 14], the extended parabolic index medium [15], and the Epstein layer theory [16-21].
Within the junction plane, the models used have largely centred on the step-index {22, 23] and parabolic
profile [15, 24-26] guides, and the latter has yielded a powerful technique for the interpretation of
experimental measurements in stripe-geometry devices. The combined problem of the guiding action
perpendicular and parallel to the junction plane has been treated by a parabolic variation of dielectric
permittivity in both directions [15, 24], by the Marcatili approximation [27] for the step-index case
[23, 28], or more generally by the effective-index method [8, 29, 30]. In this latter theory the guiding
action produced by the epitaxial layers is treated by a step-index model at each position along the active
layer, and the resulting propagation constant is used to calculate an effective refractive index for use in
the solution of the guiding problem associated with the stripe-geometry. The effective index thus retains
the characteristic dielectric profile in the plane of the epitaxial layers due to the stripe-geometry, whilst
also including the guiding effect transverse to the layers. This approach has the advantage that for most
cases of interest the problem reduces to the two-dimensional waveguide due to the ~tripe-geometry or
other guiding structure introduced in the junction plane.

In spite of the successful use of the parabolic-index profile as a model for the guide in the plane of
the junction, there remain some problems associated with this technique. There are, for example,
instances in the literature of experimental observations which may not be accounted for by the
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Figure 1 Refractive index profile for the cladded-parabolic waveguide.
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Hermite-Gaussian modes characteristic of this model [31, 32]. From a theoretical standpoint there are
at least two disturbing features of the model:
(i) the neglect of the full vector nature of the electromagnetic field distributions, and

(ii) the neglect of the surrounding homogeneous ‘cladding’ regions of the guide.

With reference to (i), the conventional theory neglects the term in the wave equation containing the
gradient of the dielectric permittivity. A number of authors [33-38] have examined the effect of this
omission, and it has been concluded on the basis of perturbation theory {35] that for most practical
cases this constitutes a reasonable approximation, with the exception of the values for group velocity
of the lowest-order TM modes. Since the group velocity is of little interest for studies of the injection
laser, we may assume that point (i) is a reasonable justified approximation.

As regards point (ii) above, although a number of analyses of the ‘cladded parabolic profile’ have
been published [39-49] there has been as yet no systematic study of the implications for the stripe-
geometry laser. It is the purpose therefore of the present contribution to explore in some detail the
effects of the cladding regions and to compare the cladded parabolic profile with both the infinitely-
extensive parabolic medium and the step-index waveguide. The results will be presented in the form of
normalized propagation constant and near- and far-field filling factors in order to facilitate comparison
with experimental results.

2. The cladded parabolic profile waveguide

We consider here a real dielectric waveguide whose profile is shown schematically in Fig. 1, consisting of
a central ‘core’ region where the dielectric permittivity has a quadratic dependence on position, lying
between two ‘cladding’ regions of homogeneous dielectric. The extension to the corresponding wave-
guide of complex permittivity will be given in a future paper. The refractive index variation n(x) with
position x normal to the waveguide axis is given by

2
n%(x) = n%[l—ZAp(g)}, x| <a (1a)

ni[1—24l=n3, |x|>a (1b)

where 1, = refractive index at core centre (x = 0), n, = cladding refractive index, ¢ = guide half-width,
2A=(n}—n3)/n?, and p is a parameter introduced [39] to permit an index discontinuity at the core-
cladding interface. The cases p <1, p = 1 and p > 1 are indicated on the figure; the case p = 0 corre-
sponds to the familiar step-index waveguide. This model is to be contrasted with the infinitely-extensive
parabolic guide where Equation la (with p = 1) is allowed to hold for all values of x, so that all effects
of the cladding layers are ignored.

Quite recently several theoretical treatments of the cladded parabolié waveguide, for both the slab and
cylindrical geometry, have appeared [39-49]; the methods employed include perturbation theory
[40-41], variational analysis [39, 42-46], an exact solution [47], and WKB methods [47-49]. These
approaches are reviewed in Appendices 1-4, respectively. Since our interest here lies principally in a fast,
efficient method of solution for the situation relatively close to cut-off of the lowest-order modes, for
the reasons given in the Appendices we opt for a simplified series solution method based on the
approach used for optical fibre analysis by Dil and Blok [50] and Gambling et al. [51]. For simplicity
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we restrict attention here to the weakly-guiding situation (A < 1) so that TE and TM modes are degene-
rate. Table I gives expressions for the field distributions and eigenvalue equation obtained by this
method; the corresponding results for the step-index and extended-parabolic cases are also shown for the
sake of completeness and convenience of reference. It was found for the cases considered here that the
convergence of the series was such that an adequate degree of accuracy was achieved in about 20-30
terms. Solution of the appropriate eigenvalue equation shown in Table I was easily effected numerically.

The notation employed in Table I and throughout the paper uses the normalized variables originally
proposed for optical fibres and now widely used for all dielectric waveguides [22, 30, 52, 53]:

u? = a®(k*n?—p?) 2
v? = a%k*(n}—n?) 3)
w? = p?—y? C))
b = wv? &)

where § is the longitudinal propagation constant, k = 2@/A, and X is the wavelength in air. The quantity
b defined in Equation S represents a normalized propagation constant, since in the weakly-guiding
situation considered here b is approximately proportional to g [52].

Results for the three waveguide models of Table 1 are given in Figs. 2, 3 and 5 and in Table II; for
simplicity we restrict attention to the important case p = 1 in Equation 1a. Fig. 2 shows the variation of
the normalized propagation constant b with normalized frequency v for the lowest-order mode in each
guide. The normalization is such that each mode in a waveguide of a given profile is represented by a
single line on the b—v plot. Cut-off for each mode occurs when » = 0 = w, and far from cut-off the value
of b tends asymptotically to 1. The step-index results shown in Fig. 2 are well-known [53] as is the
curve for the extended parabolic medium. However, it should be noted that the condition w = 0 for this
latter case does not correspond physically to a cut-off condition, since the effects of the cladding regions
are omitted from this model. In other words the field distributions at w = 0 do not display any charac-
teristics corresponding to cut-off and this leads, as we shall see later, to considerable errors in the com-
putation of filling factors and far-fields over a range of v-values for each mode. The cladded-parabolic
model described above corrects these errors and gives realistic field distributions for all ’s including the
situation close to cut-off. In particularit is clear that the lowest-order mode has no cut-off, as anticipated
from physical considerations. The cut-off values of v for the first six modes of the three models discussed
are given in Table I1. Also shown are the approximate analytic results for the mode cut-offs of the
cladded-parabolic profile obtained from a recently-proposed variational formulation of the problem
[39] (see Appendix 2).

It is relevant to enquire at this stage how these results would be changed in the case of an index dis-
continuity of the core—cladding interface. The calculations for this situation show: (i) for p < 1in
Equation 1a, the b-v curves shift towards the step-index case, since the profile now more closely

‘l-
08
06
b | 1
0-4r
A Figure 2 Normalized propagation constant b versus normalized fre-
o2 2 quency v for the lowest-order mode in the cases:
F 1 — step-index profile
2 — cladded parabotic-index profile
0 i 2 3 " '

v 3 — extended parabolic-index profile
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Figure 3 Filling factor, 1: versus normalized frequency v for the
lowest-order mode in the cases:

1 — step-index profile
2 — cladded parabolic-index profile
3 — extended parabolic-index profile

resembles the step-index one, and (ii) for p > 1 the curves shift in the opposite direction. For higher-
order modes these changes are accompanied by corresponding shifts of the cut-offs, e.g. for p = 0.5 the
cut-offs of Table II, column 4, for modes 1-3 are diminished by about 12-15%.

3. Near-field filling factor and threshold calculations
3.1. Filling factor

For interpretation of stripe-geometry laser observations and calculations of threshold currents, an
essential pre-requisite is a knowledge of the near-field filling factor I"' [54—57] defined as

P i a it
p o towerincore _ e, / [ 1B ©
Total power s —e

where £'(x) is an electric field component at position x. Appropriate expressions for I" for the three
waveguide models discussed are given in Table I. Previous calculations of I" have been made [54-57]
only for specific device configurations concentrating on the waveguide perpendicular to the junction
plane and without the generality of the normalized units used here. Hence Fig. 3 shows plots of I" versus
v for the lowest-order mode in each of the three guides discussed. From a value of zero at mode cut-
off, the filling factors increase in a way characteristic of the waveguide dielectric profile and converge
asymptotically for high v. As anticipated earlier, the infinite parabolic medium yields values markedly
different from the cladded parabolic guide over a substantial range of v-values.

3.2. Optimal waveguide parameters for minimum threshold current
In order to give an idea of the use of I'in practical calculations, we may apply these results to the deter-
mination of optimal laser structures for minimum threshold currents. The general threshold relation may

TABLE 11 Mode cut-off v-values for the first six modes of the waveguide models of Table |
Mode number Step-index Extended-parabolic Cladded-parabolic profile
profile
Analytic
Series variational
solution result (Equation A.12)
0 0 1 0 0
1 1.571 3 2.263 2.221
2 3.142 5 4.287 4.443
3 4.712 7 6.298 6.664
4 6.283 9 8.304 8.886
S 7.854 11 10.308 11.107
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be written in terms of I', the nett gain per unit leagth in the core region, g, the loss « in the cladding
regions, and the end-loss In (1/R)/L (R = facet reflectivity, L = cavity length) as:

gl = a(l =1) +%ln (113) (7)

Hence the threshold current /;;, may be found via the relation [56, 58, 59]
Iy, = Ca(g —go) (8)

where Cis a constant and g, is a loss corresponding to cavity transparency. In the situation frequently
encountered g > g,, the calculation may proceed to simplified results for the two cases:

(i) dominant loss due to absorption in the cladding, or

(ii) dominant end-loss.

In case (i) we find that the minimum threshold current is achieved for the minimum value of the
normalized quantityv(1 —I")/I", whereas in case (ii) we require instead to minimize v/I". For the step-
index waveguide these situations correspond respectively to those considered for guiding normal to the
junction plane (i) of homostructures by Anderson [11], and (ii} of double heterostructures by Unger
[60]. For case (i) we find that the threshold expression is a monotonic decreasing function of v so that
we need only choose always the highest value of v subject to the non-existence of higher-order modes,
namely 7/2 for the step guide and 2.26 for the cladded parabolic profile. For case (ii) on the other hand,
a minimum value of the threshold function exists in each case, leading to optimum v-values of 0.71 for
the step guide and 0.91 for the cladded parabola.

4. Far-field half-angle for the zero-order mode

The other principle quantity required for laser analysis is the far-field pattern, especially that of the
lowest-order mode. The appropriate expression for the far-field /(6) at angle 6 in terms of an electric
field component E(x) is [61-66]

[% E(x)exp (ika sin ) dx ?
2 E(x)dx

10) _
100y

g(9) 9)
where g(8) is an obliquity factor, allowing for reflected radiation at the facet, whose form has been given
elsewhere [61-66]. For ¢ less than about 20° the value of g(@) remains close to unity; this restriction

is usually satisfied for the beam divergence due to a stripe-geometry contact. For larger angles 6, an
approximate formula has been given by Lewin [65] which converts the far-field half-angle calculated in
the presence of the obliquity factor g(6) to that deduced without g(8). Hence, since the obliquity factor
cannot be expressed in terms of the normalized variables used here and must be computed for each indi-
vidual case, we restrict attention here to cases for which g(8) = 1, [8, 12, 55, 67, 68] and refer readers
to Lewin’s paper [65] for details of the conversion to the general half-angle expressions as noted above.

b3
- a
waveguide Sz z
-a
Figure 4 Schematic far-field of a slab waveguide, illustrating the defi-
nition of 6,,, = half-angle to the half-power points.
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In order to characterize the far-field we use half the angle to the half-power points in the far-field, as
illustrated in Fig. 4, given by

16, _ 1

0 " 3 (10)

Hence we may express the half-angle 6, ,, in terms of the naturally-occurring quantity y = ak sin 6,,,,
and the appropriate equations defining y for the zero-order mode are given in Table 1. In order to pro-
duce a normalized plot whose values occur always between 0 and 1, in common with those of the
variables b and I' in Figs. 2 and 3, we define a new normalized parameter vy which may be thought of as
a filling-factor’ for the far-field:

aksin 0, ,, sin 0y,
Y = = . (11)
v o)

Plots of 7y versus v for the three waveguide models considered here are given in Fig. 5. Once again it is
clear that use of the extended-parabolic profile leads to considerable deviations from the results of the
cladded-parabolic profile. Use of the extended-parabolic profile for calculations of far-field half-angle
(Fig. 5) and near-field filling factor (Fig. 3) clearly leads to strongly unphysical results. In addition it is
clear both in Fig. 5 and Fig. 3 that the detailed differences between curves calculated for the step-index
and cladded-parabolic profiles are sufficient to enable these curves to be used in interpreting exper-
imental measurements in terms of the underlying waveguide structure.

5. Conclusions
The cladded parabolic-index profile waveguide has been proposed as a model for the electromagnetic
confinement in the junction plane in stripe-geometry lasers. Results have been obtained for a real dielec-
tric waveguide of this type in the form of normalized plots for the lowest-order mode. The plots show a
normalized propagation constant, near-field filling factor, and a far-field filling factor (related to the far-
field half-angle) all versus normalized frequency v. These results show the strong effect of the cladding
layers for a range of v-values near mode cut-off. When compared to the results for the step-index guide
and the extended parabolic-index medium the new model shows considerable departures. It is concluded
that:

(i) the extended parabolic-index medium, although yielding simple analytical formulae which are
very useful in interpretation of laser experiments, must be used with considerable caution over quite large
ranges of normalized frequency v where it yields unphysical results.

(ii) the differences of structure in the curves for different waveguide models may be used as a
diagnostic tool for determining the type of waveguide present.

The results presented are those for no index discontinuity at the core~cladding interface. In the case
of a positive discontinuity (on the core-side of the interface) the normalized plots shift towards those for

1
0-8
3
0-6r
i 1
O-4r
F 2 Figure § Far-field filling factor, v, as defined in Equation 11, versus
02t normalized frequency v for the lowest-order mode in the cases
1 —step-index profite
0 1 3 3 2 — cladded parabolic-index profile
% 3 — extended parabolic-index profile

23



M. J. Adams

the step-index guide; for a negative discontinuity the opposite behaviour occurs. Corresponding changes
of the cut-offs for higher-order modes are also found.

As regards the analysis of the cladded parabolic guide, the simplest and most convenient method for
low-order modes was found to be a series solution. The perturbation theory approach (Appendix 1) was
found to hold over only limited ranges of v-values, although for 0 <v < 2 it yielded useful results. The
numerical variational analysis (Appendix 2.1.) yielded accurate results at all v-values but required fairly
lengthy numerical computation involving the solution of 10 x 10 determinants. The analytical variational
expression (Appendix 2.2) gave substantial errors for v greater than about 1.8, and its predictions for
mode cut-offs became progressively worse with increasing mode number. Whilst the exact solution
(Appendix 3) would give accurate results in principle, the practical difficulties of computing the neces-
sary functions rendered an approximation necessary which resulted in some errors in the range
0 <v <1. For the WKB approximation (Appendix 4) it was found that the errors for the zero-order
mode below v = 2 were such as to exclude this method from further consideration.

Finally, it should be emphasized that the results presented herein are for real dielectric waveguides
and hence apply to injection lasers only in situations where the real waveguiding effect dominates over
gain-guiding. Examples of such situations include the recent structures intended to yield linear output
characteristics, including the channelled substrate buried heterostructure [8], the deep-diffused stripe
laser [10], and the double stripe laser {72].

Appendix 1. Perturbation theory
[t has been proposed {40, 41] that perturbation theory may provide useful results for the cladded
parabolic profile waveguide in the two limiting situations (a) near cut-off, and (b) well above cut-off. In
case (a) the unperturbed system is the step-index dielectric waveguide and the perturbation is produced
by the grading of the dielectric profile, whilst in case (b) the unperturbed system is the infinite para-
bolic medium and the perturbation is a result of the cladding layers. It is the object of this Appendix
to evaluate the accuracy and range of applicability of these two approximations.

To express the results for zero-order modes in terms of our normalized variables, we write the
perturbed value of u (Equation 2) as

u® = u(0)® —u(1)? (A1)

where 4(0) is the value for the unperturbed system, and u (1) is the correction resulting from first-order
perturbation theory. For case (a) near cut-off, the result ([40], Equation 9) may be written as

u(1)? = v? [1 4 cos 2u+ sin 2u (1 1 )] (A2)

T+ Iiw|3 T 22 T 2w\ 22
For case (b) far above cut-off the result ([40], Equation 5) becomes

u(1)* = o2 [erfc (\/v)(%— 1) + \e/—v}. (A3)
v

The values of the normalized propagation constant b obtained by applying Equations A.1-A.3 together
with the appropriate expressions for #(0) for the step-index and extended-parabolic waveguides (see
Table I) are shown plotted against v as solid lines on Fig. 6. Also shown (dotted line) is the series solu-
tion result for the cladded parabolic guide, taken from Fig. 2. It is clear that the ranges where the pertur-
bation theory holds are rather restricted. ForEquation A.2 the range 0 < v < 2 gives perhaps reasonable
accuracy in the determination of b, whilst Equation A.3 gives only a limited improvement over the
results of the unperturbed extended-parabolic model and is only applicable with any degree of accuracy
for v-values greater than about 2.
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Figure 6 Normalized propagation constant b versus normalized fre-
quency v for the lowest-order mode of the cladded parabolic profile
waveguide calculated by the methods as follows:

solid line, perturbation theory {Equations A.2 and A.3)
dashed line, analytic variational analysis (Equation A.9)
crosses, numerical variational analysis (Equation A .6)
dotted line, series solution (final column of Table 1}

Appendix 2. Variational analysis

A2.1. Numerical results

A recent variational formulation [39, 45] of the cladded waveguide problem is particularly suitable for
use here. The technique was originally applied to analysis of optical fibre propagation but we modify it
here to treat two-dimensional symmetric guides. For this case the function to be minimized J(y/)
becomes [69]

J(y) = —g [V2(a) + qﬂ(—a)]—j_ (a‘l’ix)) dx +[a [K2n2(x) — 2] ¥2(x)dx  (A4)

Restricting attention to even-order modes the problem may be solved by a Rayleigh—Ritz technique
using as trial function [69]

N 1 (wrx)
x a, — cos . (A.5)
b0 = 3@ oeos|
For the cladded parabolic profile of Equation 1 it is then possible to evaluate each of the terms on the
right-hand side of Equation A.4. Applying the condition for minimization of the functional (8J(y)/

da, = 0) yields the required eigenvalue equation in the form [45]

det (S,,) = 0 (A6)
where [69]
2
Sy =|—wll+(— 1)“”]+(u2—T)6W—pCH,, (u, v not both 0)
— 2w+ 2ul—pCoo (u =v = 0) (A7)
with
v%4 1 1
Co = | = [1+ (= D)#* + for u +
w | e ][(M—VY (u+V)2} rRTY
2 1
02(?‘—;4‘5) foru=v+#0
v?% foru=v=0.

Equation A.6 has been solved numerically [69] for a 10 x 10 determinant with p = 1 to give the b-v
plot shown as crosses on Fig. 6. These results are in excellent agreement with those from the series
solution described in the main text. However, for the low v-values considered there was a considerable
saving in computer time in using the series rather than the variational technique and this was the principle
factor in the choice of solution method.
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A2.2. Analytic approximation

Thus far in this Appendix we have followed the variational analysis suggested for optical fibres by
Okamoto and Okoshi [45]. However, these authors have also suggested an extension of this technique
which results in a simplified closed-form expression for the eigenvalue equation [39]. This extension
relies on the use of the re-formulated scalar wave equation in order to express the final term on the right-
hand side of Equation A.4 in terms of integrals free from the refractive index profile n(x). The method
is applicable only to ‘a-profiles’ (i.e. of the form n?(x) = n?[1 —2Ap(x/a)®]) and when adapted to
even-order modes for the cladded parabolic guide in two dimensions yields the following re-formulation
of the function, Equation A.4 [69]:

o 05 2070 o 5
JW)y= —— dx+—u \l/( ) 32 [—3w+2%(1—p)]. (A.8)
Applying again the Rayleigh-Ritz solution with trial function as discussed above, the eigenvalue equation
for even-order modes becomes [69]

u 3
\72tan w/\V?2) = ZW' (A9)

Similarly, for odd-order modes an analogous derivation using as trial function
N 1 X
X)) =) a sin |— (¥ — (A.10)
w()v;”\/a [a( )]
the eigenvalue equation becomes [69]
3
\/ cot (u/v2)= — e (A.11)

These results (Equations A.9 and A.11) form a clear analogy to the even and odd-order eigenvalue equa-
tions for the step-index guide (cf. Table I). They are easily solved numerically [69] and the result for the
lowest-order mode has been plotted as a 5-v curve on Fig. 6 (broken line). We see that whilst the agree-
ment with the exact solution is good for v less than about 1.8, for values above this the curve gives very poor
agreement and greatly overestimates the b-values. Presumably this is a result of the re-formulated vari-
ational expression (Equation A.8), although it is not as yet clear as to the exact cause of the discrepancy.
Equations A.9 and A.11 yield also a simple expression for the cut-off values v, of the modes in this
approximation:

v —p (p=0,1,2,..) (A.12)

p \/2
and these values are shown for the first six modes in the final column of Table II. It is clear that for
increasing mode number the level of agreement with the ‘exact’ results (i.e. those from the series
solution) becomes progressively worse. A further cause for concern with this variational analysis has
been pointed outin [51] and is supported by the two-dimensional analogue presented here. It is that the
electromagnetic field distributions resulting from this approximation reduce to those of the correspond-
ing step-index guide whose v-value has been reduced by a factor 1/+/2. We conclude that the results of
this approximate variational analysis must be used with considerable caution.

Appendix 3. Exact solution

The general solution of Hermite’s differential equation has been applied to the cladded parabolic profile
waveguide by Hashimoto [47]. This approach leads to solutions for the field components which are
represented by contour integrals and hence not easily adaptable to computation of numerical results.
However, an approximation is possible [47] which yields reasonably accurate results. Expressed in con-
ventional normalised variables the eigenvalue equation for the p mode becomes
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_(@p+1+2an)

b =1 (A.13)
v
where A v, is given by the solution of [47]
AT / \V2H,(V20) + [(v —2p — 1 —24v,)!"2 —0V2| H,(V/20) (A14)
2 2/ \V2h,(W20) + [(v —2p — 1 —24p,)V 2 =22 b, (V20) '

where the functions H,, /1, represent respectively Hermite polynomials and Hermite functions of the
second kind, and the primes represent differentiation with respect to the argument. A somewhat similar
expression to Equation A.14 for Ay, has been derived by Hashimoto [48] via an argument based on the
WKB approximation.

Numerical results of b versus v calculated from Equations A.13 and A.14 for the lowest-order mode
(p = 0) are shown in Fig. 7 as crosses. For comparison, the series solution is again represented by a
dotted line. The level of agreement is very good over most of the range except close to cut-off. In this
region the errors are due to the use of the Hermite functions and polynomials in Equation A.14 rather
than the integral representations of the exact solutions of Hermite’s equation. In view of the nature of
this difficulty we conclude that this approach is more suitable for use away from the regions close to
mode cut-offs.

Appendix 4. WKB approximation

In its familiar application to optical waveguides, the WKB resonance condition (analogous to the Bohr~
Sommerfeld quantization rule) when applied to the parabolic-index profile yields [70] the same results
for the eigenvalue equation as that for the Hermite~Gaussian modes (see Table I). However, a recent
analysis of the cladded parabolic-index profile optical fibre [49] uses a more extended version of the
WKB approximation. This approach, which has already been applied to a study of leaky modes in
graded-index fibres [71], utilizes the WKB fields in the core and cladding regions. An eigenvalue
equation is derived in the usual way by matching the fields and their derivatives at the core-cladding
interface. Applying this technique to the two-dimensional waveguide considered here, the eigenvalue

equation becomes
uln v? W {o+w
cot|—| = | —5—— —1 —wl. AlS
( 21)) (8w3—27)2>exP[v n( u (A.15)

The numerical solutions of this equation for the lowest-order mode are represented as squares on the
b-v plot of Fig. 7. It is clear that the behaviour departs from the known solutions for v less than about 2

and gives meaningless results in the vicinity of the true cut-off. The method yields cut-off values for the
p mode of

2
v, = 2p—=tan"' (2)=2p —0.705. (A.16)
T
1T
o o
0-8t
o
0 St a . a0 ame!
b %o og"® =° }
Yoopoof Figure 7 Normalized propagation constant b versus normalized fre-
OLr N x quency v for the lowest-order mode of the cladded parabolic profile
< waveguide caiculated by the methods as follows:
02 x crosses, approximation to the exact solution {Equations
o A.13 and A.14)
0 7 7 4:'3 squares, WKB approximation (Equation A.15)
\Y

dotted line, series solution {final column of Table 1}
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Comparison with Table II shows that the results of Equation A.16 are considerably different from the
accurate cut-off values. Although we therefore dismiss the WKB approximation as not suitable for
further application to the problems considered here, it remains a valid and accurate tool for the analysis
of multimode waveguides and especially for the computation of group velocities of higher-order modes
{49].
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