MODES IN CURVED STEP-INDEX
OPTICAL FIBRES

Indexing terms: Optical fibres, Optical-waveguide theory

By using parabolic, instead of circular, cylindrical co-ordinates
the field distributions of the natural modes of curved step--
index fibres can be described completely, yet simply. The
mode caustics corresponding to the geometrical guiding limit
of the equivalent rays of a curved fibre can be clearly demon-
strated. Near-field mode patterns and caustics obtained experi-
mentally are in excellent agreement with the theory.

Introduction: Analyses of propagation in curved optical fibres
normally assume®? that the modes approximate to those of a
straight fibre. However, it has been shown theoretically>*
that the field distributions are considerably deformed by bend-
ing, and experimental confirmation of this result is presented
here (Fig. 2). Theoretical studies of the ‘real’ modes of a
curved fibre have proved rather complex, involving, for
example, a double Fourier-Bessel-series expansion® or a
perturbation method,® in terms of circular cylindrical co-
ordinates. However, the results are not easy to assimilate
without complex numerical calculations.

In experimental studies of propagation in curved fibres® it
was noted that the near-field and far-field radiation patterns
are not circularly symmetric, or.even circular, but that the
modal field distribution is parabolic in shape. In the same way
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Fig. 1

@ Variation of P(u) and its components with u. Os and Ev denote
regions of oscillation and evanescent fields, respectively. The
core-cladding interface is denoted by u, and p = (kn)* - g*—
knp)*/R

b Variation of Q(A) and its components with A. The core-cladding
interface is denoted by A, and g = (kn)? - g% + (kmA)*/R

¢ Schematic of mode lines in curved fibre of bend radius R

that one uses circular cylindrical, and not rectangular, co-
ordinates to study modes in a uniformly circular system such
as a straight fibre, it seemed worth while, in view of the
observed mode patterns, to attempt to analyse a curved fibre in
terms of a parabolic system. As a result, we find that by
invoking parabolic cylindrical co-ordinates the modes and the
caustics of a curved fibre can be simply and accurately
obtained. The method gives a clear insight into the mode
structure and is in excellent agreement with experimentally
observed field patterns.

Theory: From the weak-guidance approximation and the con-
formal-mapping technique for the field of the guided modes,
Marcuse has shown® that the transverse field component E can
be obtained from the scalar wave equation

VE + (km)*(1 + 2r cos 6/R)E =0 1)

where n is the refractive index, R is the radius of curvature and
k is the free-space wave number. If, now, parabolic cylindrical
co-ordinates (u, A, z) are used,* instead of the usual circular
cylindrical co-ordinates (r, 8, z), together with the relations

p=(2r)%sin (8/2) and \=(2r)*% cos(8/2) )

then using the technique of separation of variables the scalar
wave equation can be written.

E = n(\)Ew) exp (/i) ()
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* Throughout this letter, A is used as the standard symbol for a
parabolic co-ordinate and not to denote wavelength
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where 7(\) and ¥(u) are the solutions of the differential
equations
d* §(p)
Yy + u P)k(p) = 0,
“

d*n(A
—% +32 0 =0

having the separation constant a, and
P(u) = (kn)? - B2~ (kn)* ¥R + kofu?

O\ = (kn)? — B2 + (kn)*\¥R — kay/A?

These equations can be used to find the eigenfunctions (n, £)
and the eigenvalues (a,f). Since the eigenfunctions are
independent, the field distribution of a guided mode can be
completely described by the parabolic co-ordinates. We show
here only the schematic of the mode pattern, which is
compared with those obtained experimentally; more detailed
calculations will be presented elsewhere.

With the help of the WKB method it is found that there
are regions of oscillating fields, corresponding to Q(A) >0,
P(u) >0, and evanescent fields, Q(A) <0, Pu)<0, as
indicated by the plots of P(u) against p and Q(A) against A in
Figs. 1a and b. It can be seen that in the g direction there is a
caustic at g =y, and the locations of the evanescent field
and the oscillating field are shown schematically in Fig. 1c,
relative to the core of the fibre and the centre of curvature.
Similarly, in the A direction a periodic field exists for
A <A<\, where Aq is the value of A at the core-cladding
boundary. There is a second caustic at A = A,, beyond which
the radiation corresponding to bend loss appears. As expected,
the radiation is emitted, and a shift of energy in the core
occurs, in the direction away from the centre of curvature, as
illustrated in Fig. lc.
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Experiment: Experimental confirmation of the theory
presented above has been obtained during studies of the
bending loss in single-mode fibres. The fibres were given a
silicone-rubber coating having a refractive index lower than
that of the cladding, which thus acted as the core of a multi-
mode step-index fibre. The inner core of this 3-layer structure
acted as the excitation source, since the bend-loss studies have
shown® that when the cladding of a single-mode fibre has a
finite thickness the HE,, mode couples with the LPy,, cladding
modes. As the volume of the single-mode core is small com-
pared with that of the cladding, these cladding modes can be
thought of as the core modes of the step-index, silicone-clad,
multimode fibre.

Another factor to be bome in mind is that the cladding
modes excited in a single-mode fibre depend strongly on the
spot size of the HE;; mode, which, in tumn, is directly related
to the numerical aperture (n.a.;) of the single-mode fibre, and
on the cladding/core diameter ratio C. Two typical near-field
patterns in a curved multimode fibre are shown in Figs. 2a
and b for na.,=0-094, C=26 and na,=0063, C=18,
respectively. In each case the numerical aperture of the multi-
mode fibre is 0-333 and the bend radius R is 15 mm. It can be
shown® that higher cladding modes are excited with higher
values of n.a.g,and this is evident from the photographs. The
mode in Fig. 22 contains five lobes in the u direction and
seven in the A direction and the parabolic shape of the former
can be clearly seen. In this case the energy (rays) propagates
without striking the core~cladding interface on the inside of
the bend and the caustic separating the oscillation and
evanescent regions is well inside the core. In contrast, because
of the smaller diameter (83 um compared with 133 um in
Fig. 2a), the rays still strike the interface on the inside of the
bend for the fibre in Fig. 2b. There are five lobes in the u
direction, starting near the inside bend wall. The parabolic
shape is evident in the three A\ lobes. Thus both Figs. 22
and b comprise a combination of two parabolic mode patterns,
although the X lobes in Fig. 2a look circular because of the
higher value of X there. It is interesting to note that the far-

field pattern in Fig. 2¢, which was obtained for the same fibre
and conditions as in Fig. 2a, is similar to those illustrated by
Kapany.$

Conclusions: The field distribution in a curved fibre can be
simply and clearly analysed by using parabolic cylindrical
co-ordinates. The theory presented is in good qualitative agree-
ment with experiment. Parabolic co-ordinates have apparently
been used previously” to calculate bend loss, but no details are
given. It should be possible to make a direct measurement of

Fig. 2 Near-field (a) and far-field (c) mode patterns of multimode fibre
of core diameter 136 um., n.a. = 0-333 and bend radius = 15 mm
The near-field pattern in (b) is for a fibre of core diameter 86 um
and n.a.g= 0-063




the axial propagation constant by- observing the positions of
the two caustics p; and A, and solving eqn. 5. Detailed
theoretical and experimental results will be reported elsewhere.
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