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1 Introduction

The primary interest of many users of macroeconomic statistics is in the change
from one period to another rather than the level of any particular variable
(Smith et al., 2003). Most surveys in government are continuing surveys; that
is, repeated monthly, quarterly, annually or with some other fixed frequency.
An important reason for doing this is to estimate the manner in which a popu-
lation changes from one survey period (or wave) to the next. In this case, the
population is sampled repeatedly and the same study variables are measured
at each wave. For example, in many countries, labour-force surveys or business
surveys are conducted monthly or quarterly to estimate the change in the num-
ber of employed or in the volume of retail sales. In many continuing surveys, it
is more and more important to compare cross-sectional estimates for the same
study variable taken on two different waves and to judge whether the observed
absolute change is statistically significant (Smith et al., 2003). Variance esti-
mation would be relatively straightforward if the sample remained the same



from one period to the next. Unfortunately, this is rarely the case, as at each
wave, we have a new sample. Indeed, repeated surveys are usually selected with
rotating schemes, where new units are selected to replace old units that have
been in the sample for a specified number of waves. In this paper, we propose
a variance estimator that copes with rotating sampling schemes.

Consider two population totals for the same study variable taken on two
waves: t =0 and t = 1.

Yo = Z Yo;i

icU

}/1 = Zyl;i

iU

where yg,; and yo,; are respectively values of a study variable at time ¢ = 0 and
t = 1. The set U is the population frame. The aim is to estimate the absolute

change of level:
A=Y, Y. (1)

A reliable way to measure change is to measure successive levels and take differ-
ences. Suppose that A is estimated by the difference of cross-sectional estimators
of level: L

A=Y, — Y, (2)

where Y; and Y; are Horvitz-Thompson (HT) estimators (Narain, 1951; Horvitz
and Thompson, 1952) given by

o Yo;4

Yo = oL
D
1€80

%, Y15i

Y1 = — 3
Z T34 ( )
1€81

where sg and s; denote samples reported on the first and second wave. The
quantities 7g,; and 7y;; are the inclusion probabilities of unit ¢ on ¢ = 0 and
t = 1. These probabilities are defined in Section 2.

There exist alternative point estimators for A. For example, changes can be
estimated from the matched sample sg M sy or by more sophisticated estimators
(Fuller and Rao, 2001). Taylor linearization can be even used to approximate
alternative measures of change (Andersson and Nordberg, 1994). In this paper,
we assume that A is estimated by (2).

Our aim is to estimate the variance of (2) given by

~

var(A) = var(Y;) + var(Yg) — 2 cov(Yp, Y1). 4)

under rotating schemes. Standard methods can be used to estimate Var(ffl)

and Val“(i}o). However, variance estimators of A are complicated by the need to
evaluate a design covariance in (4).



In practice, covariances are usually estimated from the matched sample
(Holmes and Skinner, 2000); that is, by estimating

o~ -1 ~ ~ ~
cov(Yg", V") = o [var(¥3") — var(V)") — var(¥5")| (5)

where Yim = ZiesUﬂsl yO;iWa;'Ll7 YOm = Ziesoﬁsl yl;iwi'} and YQm = Yim - YOm'
This method can overestimate the covariance and produce negative variance
estimates. Furthermore, as (5) is different from the covariance in (4), an esti-
mator of (5) is therefore biased for cov(Yp, ¥1). We will show that the estimator
proposed in Section 5 generally gives positive variance estimates and will not
be estimated only from the matched sample. Simulation in Section 7 will show
that the estimator proposed is more accurate than an estimator based on (5).

We will assume fixed sample sizes for sg, s1 and the matched sample sgMsy.
This is the case for most rotating sampling schemes. The variance estimator
proposed is based on the following idea. First, we estimate the variances and
the covariances unconditionally; that is, assuming the sizes random. Secondly,
in order to capture the fixed size feature of the sampling scheme, we derive
variances and covariances conditionally on the given numbers of units caught
in sg, s1 and so N s1 (see (17)). The final variance estimator estimates these
conditional variances and covariances. We justify this approach (see Section 3)
using a ‘maximum entropy’ model for the sampling scheme.

In Section 2, we define the class of rotating schemes considered in this paper
and in Section 3, we propose a model for the rotating scheme. In Section 4, we
derive the variance estimator proposed when the population is composed of a
single stratum. In Section 6, the estimator proposed is generalized for stratified
samples. In Section 7, a series of Monte-Carlo simulations supports our findings.

2 Rotating sampling schemes

In this section, we define the class of rotating sampling schemes considered in
this paper. These rotating schemes are commonly used in practice (see Example
1 and Example 3). For simplicity, we suppose that the population is composed
of a single stratum of size N. In Section 6, we generalise the variance estimator
proposed for stratified samples.

As two samples (so and sq) are selected, we have two sampling designs:
po(so) the sampling design used at ¢ = 0 and pi(s1|sg) the sampling design
used at ¢ = 1. The first-order inclusion probabilities of py(sg) and pi(s1]so)
are respectively denoted by mo,; and 7q,;. A rotating sampling scheme is the
combination of pg(sg) and py(s1]so)-

Assume that sqg is an unequal probability sample without replacement with
first-order inclusion probabilities mg,;. The size of sq is denoted by ng. Suppose
that the sample s; is selected conditionally on sqg in the following way: a simple
random sample of ngy units is selected without replacement from sg and a simple
random sample of 71| units is selected without replacement form U/so; where
U/sq is the set of units not selected on the first wave. With this scheme, the



matched samples sg N s1 contains ng; units. We have ny = ng1 + nijo units in
the sample s;. Unless otherwise stated, the sizes ng, n1 and ng; are assumed
fixed.

Let g = no1/no denotes the fraction of the matched sample or the probability
for a unit i € so to remain in the sample at the second wave. Let ¢ = n1)o(N —
no)~! denotes the probability for a non-sampled unit to join the sample at the
second wave. The inclusion probability 71,; for a unit ¢ € U; to be selected in
sy conditionally on sg is

%l;i = 950;2' + Q(l - 60;i) (6)

where 6g.; = 1if ¢ € sp and 6p;; = 0 otherwise. The probability 7,; is random,
as it depends on sg. The probability m1.; in (3) is the design expectation of 71;;
that is,

T = E(T14) = gmo. + q(1 — Toy). (7)

Example 1 Business surveys in Statistics Canada are selected by rotation group
sampling in which each stratum is randomly divided into mutually exclusive rota-
tion groups of the same size. Suppose that we have a single stratum and suppose
that the population is randomly divided into P rotation groups (for simplicity, we
assume N P! integer). For the first wave, the first p groups are selected. On the
second wave, group 1 rotates out and group p+1 rotates in. so and s1 are there-
fore simple random samples and mo,; = pP~ !, ng=pNP~ ! ng = (p—1)NP~!
and nyjo = NP~Y. This implies g = (p —1)/p and ¢ = 1/(P — p).

3 A model for the rotating sampling scheme

We propose to approximate the actual rotating sampling scheme by the maxi-
mum entropy rotating sampling scheme (MERS). In this section, we define the
entropy and the MERS scheme. We will see that the MERS scheme is conditional
on the sizes ng, n; and ng; (see Theorem 1). This important characteristic will
be used in Section 4 to derive a variance estimator.

Definition 1 (Hdajek, 1959) The entropy of a sampling design p(s) is defined
by

H(p(s)) = =) _p(s) log (p(s)),

where . represents the sum over all possible samples and log(.) is the Napierian
Logarithm, where 0log(0) = 0.
Let Q¢ and Q4 denote the sets of all possible samples sq and s7; that is,
Qo = {so:#s0=mno}
Q= {s1:#s1=n1; #(s0Ns1) =no}.

Several schemes can be used to select sg and s; and the actual scheme is one of
them. Let us approximate the actual sampling scheme by the MERS scheme.



Definition 2 The MERS scheme is such that (i) it can select a sample sg € Qo
and a sample s1 € 4 and (i) it is such that po(so) and pi1(si1|se) have the
largest entropy with first-order inclusion probabilities mo,; and 71,;.

The MERS scheme is such that po(so) and p1(s1|so) have the largest entropy
among all possible sampling designs that can select samples sg and s1 from Qg
and €. Theorem 1 gives an analytic expression for the MERS scheme and shows
that the MERS scheme is a Poisson sampling scheme conditional on ng, 71 and
no1-

Theorem 1 The MERS scheme is defined by the combination of two conditional
Poisson sampling designs

plso) = oo € ) ®)
pisiso) = —W1l0) g e g (9)

P1(51 S Ql|50)

where 6{A} = 1 if A is true and 6{A} = 0 otherwise. The sampling designs
Py(so) and Pi(s1]s0) are Poisson sampling designs defined by

Po(so) = [[pos [T(1—poy) (10)

[ISER J¢so
Pi(s1|s0) = Hﬁl,i H(l —DP1j) (11)
1€81 Jj¢si

The po,; are such that the first-order inclusion probabilities of po(so) are given
by moi. The p1,; are such that the first-order inclusion probabilities of p1(s1|so)
are given by 71 ; defined by (6). The probability Po(so € Qo) is the probability
of selecting a sample sg € Qo under P(sg). The probability Pi(s1 € Q4]so) is
the probability of selecting a sample s1 € Q1 under Py(s1]so).

The proof is given in Appendix A.

As (8) and (9) are conditional probabilities, we see that the MERS scheme is
conditional on ng, n1 and ng;. In Section 4, we derive the variance of A with
respect to MERS. The variance will be not derived with respect to (10) and (11),
as ng, n1 and ngy are not fixed with (10) and (11).

The MERS scheme is not necessarily the actual sampling scheme imple-
mented. However, MERS can be implemented exactly if sg is a simple random
sample without replacement (SRSWR). Indeed, if mg,; = n/N, (8) is the SRSWR
design. The MERS scheme approximates the actual scheme, as long as we have
unequal probabilities. For highly randomised (with high entropy) sampling de-
signs, (8) is a good approximation (Berger, 1998). Rao-Sampford, successive,
rejective or simple random sampling designs are highly randomised (Berger,

1998).



The po,; and py;; can be computed exactly (Hajek, 1980 page 139 and Chen
et al., 1994). Using Theorem 5.1 in Hédjek (1964), we can show that po,; ~ o
and p1,; = 71;;. For simplicity, we assume
Po;i = Toyu

P14

T154-

4 Estimator for the variance of change under
MERS

In this section, assuming normality, we will derive a simple approximation for the
variance of A with respect to MERS, using the fact that this scheme is conditional
on ng, n1 and ngi. First, we will estimate the variances and the covariances
unconditionally; that is, assuming that the sample sizes are random. Secondly,
in order to capture the fixed sizes feature of the sampling scheme, we derive
variances and covariances conditionally on the given numbers of units caught
in the first sample, in the second sample and in both. Finally, we will estimate
these conditional variances and covariances.

First, consider the following Poisson scheme: where sg is selected according
to (10) and s; is selected according to (11). The Poisson scheme and the MERS
scheme are two different schemes. It is important to note that under this Poisson
sampling scheme, the sizes ng, n; and ng; are now random.

Let us assume that the vector

u = (Y1, Yo,m0, 71,101 (12)
has a normal distribution under the Poisson sampling scheme; that is,
ur~ N (py, ) (13)

where pt,, and 3, are respectively the mean and the variance-covariance matrix
of u under the Poisson scheme. In Section 4.3, we derive the expression for 3.

This normality assumption is not an assumption about the distribution of
the study variable. It concerns the sampling distribution of u under the Poisson
scheme. This assumption is natural, as each unit is selected independently under
Poisson sampling. Moreover, using Lemma 3.2 in Héjek (1964), we can derive
the Lindeberg conditions for asymptotic normality.

4.1 An approximation for the variance

The variance-covariance matrix 3, in (13) can be partitioned as

— Yyy  Yyn
w5 5]

where 3, is the variance-covariance of the vector (Y7, Y0)’, Znn is the variance-
. . / . . > <
covariance matrix of (ng,n1,n01) and Xy, is the covariance between (Y7,Yp)’



and (no,nl,nm)'. All the variances and covariances are with respect to the
unconditional Poisson sampling scheme (10) and (11).

As (8) and (9) are conditional probabilities, the MERS scheme is conditional
on (ng,n1, nm)/. Thus, the variance-covariance matrix of (?1, SA/O)’ under MERS is
the conditional variance-covariance matrix conditionally on (ng,n1, ngl)/ given

by

_ Yo)  covar(Yo, Y1)
S = By - DB, = | o) a , (14
YY| Yy Y nn“<yn COVM(Y(), }/1) Vaij[(yl) ( )
as the distribution of u is normal under the Poisson scheme. X, denotes a
generalised inverse of 3y,. Lawley (1943) shows that (14) holds under assump-

tion weaker than (13). The variance of A with respect to the MERS is therefore
approximated by

~

varpr (A) = vara (Yo) + varas (Y1) — 2 covar (Yo, V). (15)

As 3y vy is a function of 3y, the approximation (15) depends on X,. In Section
4.3, we will derive an analytic expression for 3.

4.2 The estimator proposed for the variance

Suppose that we have an estimator ZAIU of ¥,,. A natural estimator of (15) is

@inr(B) = iy (o) + @rar (Vi) — 2 var (Vo, 1) 16)
where
R N - o - vai }7) C/O\VM(% ?1)
S s S S5 _ /XarMA( 0) Vamito, 17
¥yl yy yninn2iyn covar (Yo, Y1)  vara(Yr) ()

where f)yy, f)yn and f)nn are the submatrices of f)u.

The variance estimator (16) should be asymptotically unbiased. Indeed, the
variance (15) is a function of population totals given by the components of
Y. (see Appendix C). In (16), these totals are replaced by their unbiased HT
estimators (see Appendix C). If we assume that this function of total is smooth
enough, the estimator (16) is then asymptotically unbiased.

When s¢ and s; are selected the permanent random number sampling or
with collocated sampling (Brewer et al., 1972), the sizes ng, ny and n1jg are not
fixed. Sequential Poisson sampling scheme (Ohlson, 1990) is another example of
sampling scheme with random sizes. If the variability of these sizes is small, on
can assume them fixed. However, if we want to take this variability into account,
we can use Nordberg’s approach (Nordberg, 2000 page 367). Note that if the
actual sampling scheme is the Poisson sampling scheme, the transformation (17)
is not necessary and a variance estimator is obtained by using gyyln instead of

3,y in (16).



4.3 The unconditional variance-covariance matrix X,

It can be shown (see Appendix B) that

S.=A}, Cy Ay (18)
where
Jo 0 % 0 0
Av=|0 % 0 % o0
0 0 0 0 Z

5}0 = (gﬂ;h "'7?0;1\7)/7 gO;i = y(];iﬁ(?;,}7 5’1 - (gl;la -"agl;N)/a gl;i - yl;iﬂ-]_;}; z(] is a
N x 1 vector of 1 and
Coo ©Co1  Coor
Cy=| Con Cin Crom |- (19)
Co01 Cro1 Cornon

The sub-matrices of (19) are N x N diagonal matrices given by

Coo = diag{mo;(1—mo;):1€U} (20)
Ci1 = diag{m,(1—m;):i€U} (21)
Cotor = diag{gmo;i(1 — gmoy) 14 € U} (22)
Co1 = diag{mo(g—m14):i€U} (23)
Com = diag{gmo;i(1 —mo;i) 11 € U} (24)
Ci01 = diag{gmoi(1—m):i€U}. (25)

5 Estimation of the matrix X,

All components of (43) are population totals that can be estimated by their
corresponding unbiased HT estimators (see Appendix C). The estimators of 3,
is (see Appendix C)

S, =ALC. A, (26)
where A is the n x 5 sub-matrix of the N x 5 matrix AU, that is, A, is obtained
by striking out the rows corresponding to the non-sampled units. The n X n
matrix C, is the principal sub-matrix of the N x N matrix Cy; (defined by (27));
that is, Cj is obtained by striking out the same rows and columns corresponding
to the non-sampled units. The matrix Cy is defined by

Coo Coa Copo

Cy = (:30;1 (?1;1 (:31;1 (27)
Coo Cin Conon



where

Coo = diag{(l —mo;):i€ s} (28)
Cii = diag{(1—7y,):i€s) (29)
601;01 = diag{(1 —mo,9): 1 € s} (30)
Co1 = diag {(1- T1ig Y) i € s}. (31)

The sub-matrices of EA]“ give f]yy, f]yn and f]nn, which substituted into (17)

give the variance estimator. The Matrix 3 is a 5 x 5 matrix of HT totals. The
expression of these totals can be derived from (26).

Remark 1 ZAIU can be computed using the S-Plus® and R® routines that can
be downloaded free of charge from the author webpage. These routines also
accommodate stratification (see Section 6).

Example 2 Consider a simple random sample so = {1,11,15,16,19,20} of
sizes ng = 6 in a population of size N = 20. Consider that sy = {1,5,7,11,16,17}
has been selected with g = 0.5 and ¢ = 3/14. This implies mo,; = m1;; = 6/20.

The matrix f}u is the following symmetric matrix

0.7w2300 0.4(4)2/0'\01 0.7(4)5'\0 04&)5'\6” 04w?6”
— 0.7w%61; | 0407 0.7w7T1  0.7w7]"

S, = _ _ 4.2 1.2 2.1
. . . 4.2 2.1
. . . . 2.55

where w = W&} = 20/6 is the sampling weight and Goo = ) ;c,. y(Q];i, 011 =

2 o~ _ —~ _ o~ _ _
ZiGSO Y15, 001 = ;iesoﬁsl Y0;iY156, To = Zieso Yosi, T1 = Ziesl Yi;i, Tg =
icsons, Y0 and Ty = Zz‘esoms] y1;i. Thus (17) implies

~2
0.702 (300 - E) cov(Yo, Y1)
Y n
Syyin = - -2 (32)
cov(Yp, Y1) 0.7w? (311 - ﬁ)
where
cov(Yo,Y1) = w?[04 50 —0.1778 7 7
—0.0445 (7¢ 7 — 74" 75 — 76 7)) (33)

and T = Ziesl\so Y1, To = Zies(]\sl Yo.s- The constant 0.7 = 1 — mo,; and
04=1- 771;1-9*1 are finite population correction (see Section 5.2). It is worth
noticing that the diagonal components of (32) are the usual variances under
SRSWR. Note that the covariance between Yy and Yy estimated from the matched



sample is cov(Yg, V) = w2(1 — f*)501 — (1 — f*)(n* — 1) 7 (See (5) and
Sérndal et al., 1992 page 170). If f* = mo.ug ! = 0.6 and n* is the size of the
matched sample (n* = 3), we have

oYy, V) = w? (0.4 5g1 — 0.2 70 77

which is approzimately the first two components of (33). The third term of (33)
can be therefore interpreted as a bias correction.

5.1 Non-negativeness of the variance estimator

Negative variance estimates of change is a common issue (Hidiroglou et al.,
1995). Theorem 2 shows that the estimator (16) for the variance generally gives
positive estimates.

Theorem 2 the matriz f]yy|n is non-negative definite, if n; > 0 and 7; > 0 for
all i € U; where

N, = P13 T P2,iP35 T P2,i P15 — @%;i - Sﬁg;i - ‘P%;z‘
Ti = 3801;1'802;2'903;2' - <P2;¢<Piz' - 80%;1'901;1‘ - 90421;1‘803;2'

P1i = 1 — 7y, P2i = 1 — 7oy, P3ii = 1 — mo;i9, P3i = 1 — mo;i9 and Payi =
1- 7Tl;ig_l‘

The proof is given in Appendix D. R R

Theorem 2 implies that the Variancerf any linear combination of Yy and Y;
is always positive and in particular var(A) > 0. Note that the conditions n, > 0
and 7; > 0 are not necessary conditions; that is, EA]yy|n can be non-negative
definite even if n; <0 or 7; <O0.

The conditions 1, > 0 and 7, > 0 can be verifies prior sampling. For
example, with equal probability sampling, mg,; = 71, = f = no/N and 7; is
always positive as

o= 20-HA-fg)-(1-F>-QQ-fg ")
> 21— f)(1— fg) — 21— f)? =2(1— f)(f — fg) > 0.

The values of 7; are positive when g is not too small; that is, when the size of
the matched sample is not too small. In Table 1, we have the minimum value of
g that guarantees 7; > 0 for f ranging from 0.01 to 0.20 and for SRSWR. We see
that g must be larger than 0.56. Thus, when the matched sample is composed
of more than 56% of sq, 3yyin is non-negative definite and var(A) > 0. This
can be interpreted by the fact than small matched samples imply inaccurate
covariance estimates. For smaller value of g, (16) is not necessarily negative, as
n; > 0 and 7; > 0 are not necessary conditions. However, Theorem 2 cannot
guarantee that (16) will be always positive.

10



f min{g:7; >0} f min{g:7; >0}
0.01 0.50 0.12 0.53
0.03 0.51 0.14 0.54
0.05 0.51 0.16 0.54
0.07 0.52 0.18 0.55
0.09 0.52 0.20 0.56

Table 1: Minimum value for g that guarantees positive variance estimates
with SRSWR.

Note that the minimum value of g in Table 1 only increase slightly with
f. Thus, we do not expect different conclusion with unequal probabilities. In
Table 2, we have minimum of ¢ that guarantees 7; > 0 and 7, > 0 for all ¢ under
unequal probability sampling with a population of size N = 1000 and a skewed
distribution for mg.; given by mo.; oc (i/N)® +1/5. We see that g must be larger
than 0.62. The skewness of the m,; can explain why we obtain this larger value.

f min{g:7;>0andn;, >0}| f min{g:7;>0andn; >0}
0.01 0.60 0.12 0.61
0.03 0.60 0.14 0.61
0.05 0.60 0.16 0.61
0.07 0.60 0.18 0.62
0.09 0.60 0.20 0.62

Table 2: Minimum value for g that guarantees positive variance estimates
with unequal probability sampling.

5.2 Finite population correction involved

The estimator (16) proposed for the variance involves different finite population
corrections (FPC). In fact, these FPC are given by the non null components of
Cy. We have four different sort of FPC.

o (1 —mg;) and (1 — 1) are the FPC for the variance of HT totals based
respectively on sg and s1. These FPC varie between units because of the
unequal probabilities. These FPC are small for units selected with a large
probability. Note that if sg is a SRSWR, (1 — mg,;) equals (1 —ng/N).

o (1— gmo,;) are the FPC of the matched sample so Ns1. The quantity gmo.;
is the probability for i € sg N s;. These FPC are small for units having a
large probability to be selected in the matched sample.

e We can interpret (1 — Wl;ig’l) as generalised FPC for covariance between
HT totals based on sg and s;. As 1,9 1 = pr(i € so)pr(i € s1) /
pr(i € spand i € s1), these FPC are small when s and s; are independent.
These FPC can be interpreted as FPC due to the dependence of sy and sy.

11



6 Generalisation to stratification

In this section, we show how the estimator (16) can be generalised to take
stratification into account. We will show that the variance estimator (16) can
still be used; if we modify the matrix A or the matrix Cs.

6.1 Fixed stratification

Suppose that the population is split into the same strata {Ui,...,Ug} on both
waves. Suppose that at ¢ = 1, units are selected from sy with the same prob-
ability ¢ and from U\so with the same probability ¢q. Consider a set of Hy
stratification variables given by the indicator variables for the strata; that is,
20;sn = 1 if 7 belongs to the h-th stratum and zo,;, = 0 otherwise. This infor-
mation is summarized in the following matrix

Zy = {ZO;ih}izl,..,N;hzl,..,Ho (34)
Consider a vector u containing the strata sample sizes.
~ o~ /
u = (3/17%’”0;1’"'anO;H7n17n01) (35)

where ng., = #(Un N so). As (12) and (35) are different, the matrix Ay is now
given by

5 Yo 0 Zo 0 O
AU - 0 g’l 0 i(] 0 (36)
0 O 0 0 zZ
The MERS is still defined as in Section 3 but now
Qo = {So:#(UhﬂSO)Ing;h; hIl,..,H}

O

{s1: #({UnNs1)=n1; #{UNs1Nso) =ne1; h=1,..,H}.

Using the same methodology as in Section 5, we obtain a variance approx-
imation (15) based on the matrix 3, defined by (18) with Ay given by (36)
and Cy given by (19). The final variance estimator is given by (16), where A,
is the sub-matrix of (36). It is worth noticing that A, specifies the stratifica-
tion and the survey variables. On the other hand, C, does not depend on the
stratification.

The variance estimator (16) gives also positive variance estimates under the
condition of Theorem 2, as 3, is still given by (26) with A, a sub-matrix of
(36) and as (27) is non-negative definite under the condition of Theorem 2 (see
Appendix D). Indeed, C, is non-negative, as Cyis non-negative (see Appendix
D and Harville, 1997 pp. 214). Thus, the quadratic form (26) is non-negative
(see Harville, 1997 pp. 213).

Example 3 With the British Labour Force Survey, a systematic samples of
addresses (clusters) is selected each wave (quarter). Each systematic sample is

12



retained in the survey for five consecutive waves. Systematic sampling implies
an implicit stratification where approximately the same number of units rotate in
and out. This stratification is fized if we assume that the population of addresses
is the same on both waves. The probability g is the fraction of addresses retained
in sg. The estimator in this Section can be used with this survey.

6.2 Fixed stratification and varying rotation within strata

Suppose that at ¢ = 1, the probabilities to join and leave the sample are
not constant, as previously assumed; that is, suppose that these probabili-
ties varies from one stratum to another and are given by g, = no1h /n(]h and
qn = n1|0h(Nh —nop)~! for i € Uy . In this case, the matrix CU is given
by (19) after replacing g by gn and ¢ by gn. The matrix A, is the sub-
matrix of (36) where, %o is replaced by Zg, as the sizes nin = #(Un N s1)
and no1,, = #(Up N's1 N sg) are fixed. The conditions of Theorem 2 applied for
each stratum guarantee (16) positive.

6.3 Dynamic stratification

By dynamic stratification, we mean that the stratification at ¢ = 0 is different
from the stratification at ¢ = 1; that is, new strata are created and units move
between strata. If at ¢ = 1, units are selected from sy with the same probability
g and from U\sg with the same probability ¢, the probabilities g and ¢ are
constant across strata and 3, is still given by (26) with A, a sub-matrix of
(36).

If at t = 1, these probabilities varies from one stratum to another (see Section
6.2), we need to take into account of the fixed number of units that rotate in
and out at ¢ = 1; that is, we need to take the stratification at ¢ = 1 into account
in Ay, Suppose that U is composed of Hy strata at t = 0 and of H; strata
at t = 1. At t = 0, we have a set of Hy stratification variables given by (34).
Equivalently, the stratification variables at ¢t = 1 are given by an N x Hy matrix
Z, = {z1.in}. As ng.n, n1;n and ney,p, are fixed, A, is the sub-matrix of

Yo 0 Zo 0 O
Ay=|0 y1 0 Z, 0
0 0 0 0 Z

and C, are the sub-matrix of (19) after replacing g by gn and ¢ by ¢,. The final
variance estimator is still given by (16).

7 An empirical study

Consider a population composed of a single stratum of size N = 500. The study

variable yo.; will be generated according to a log-normal distribution LogN (y, o)
with ¢ = 3. Different values for o will be considered. The mg,; are proportional
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to a size variable correlated with the yo,; with a coefficient of correlations of 0.6.
The study variable y;;; is generated randomly from yo,; with a linear model that
gives a correlation of 0.9 between the y;,; and the yg,;. The values of y;,; and
Yo;; are standardized such that the mean of y1;; and yo,; are respectively given
by 10 and (10+ A/N); and such that the standard deviation of y1.; and yo.; are
5 and 7. We will consider different values for A varying from 1 to 10.

At t = 0, the S-Plus® function sample() is used to select sg. At ¢t =1, we
select a simple random sample from sg and U/sg with ¢ = 0.8. On both wave,
the sample sizes are the same and given by n = ng = ny. Different values for n
will be considered.

We will compare the accuracy of the variance estimator proposed (16) with
the estimator based on (5) where the variances are computed with the standard
variance estimator based on the assumption of with replacement sampling; that

1S
2

@)= —— 3 (L (37)

n—1 T Tp. i
i€s0Ns1 &i j€sons, G

where £ = 0, 1, 2. By substituting @(}70*), var(Yy) and var(Yy) into (5), we
obtain an estimates for the covariance that can be used to estimate the variance
(4).

The accuracy of the variance estimators are measured by the relative bias
(RB) and the root mean square error (RMSE)

RB = [E(V/?ar(ﬁ))—var(ﬁ) var(A)~! (38)
RMSE = MSE(var(A))Y? (39)

where E(-), var(-) and MSE(-) represents the empirical expectation variance
and mean square error operator based on 10000 samples.

The results are shown in Table 3. The column o gives the standard deviations
of yo,; considered. The column f gives the different sampling fractions f = n/N
considered. The values of A/N are given in the second column. The column
“RB with (37)” gives the RB of the variance estimator based on (37). We
observe a large negative bias. The column “RB of (16)” gives the RB of (16).
We see that the bias of (16) is smaller. However, the bias is still slightly negative.
The column “Coverage” gives the coverage of the 95% confidence interval using
(16) and the quantile of a normal distribution. The coverage is good except for
f =0.05. This is not surprising as n = 25 in this case. In addition, the column
“Ratio RMSE”, gives ratios between the RMSE of (16) and the RMSE of the
estimator based on (37). A value less than 1 means that (16) is more accurate
than estimator based on (37). This is what we observe.
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o A/N f RB with (37) RB of (16) Ratio RMSE Coverage

02 1 0.05 -0.32 -0.12 0.73 0.92
02 1 0.10 -0.33 -0.06 0.54 0.94
02 1 0.15 -0.42 -0.03 0.37 0.94
02 1 0.20 -0.54 -0.02 0.24 0.94
02 5 0.05 -0.33 -0.13 0.71 0.92
02 5 0.10 -0.34 -0.05 0.52 0.94
02 5 0.15 -0.44 -0.03 0.34 0.94
02 5 0.20 -0.57 -0.03 0.22 0.94
0.2 10 0.05 -0.31 -0.11 0.71 0.92
0.2 10 0.10 -0.33 -0.05 0.53 0.93
0.2 10 0.15 -0.44 -0.04 0.35 0.94
0.2 10 0.20 -0.57 -0.04 0.23 0.94
09 1 0.05 -0.35 -0.12 0.80 0.92
09 1 0.10 -0.38 -0.05 0.61 0.94
09 1 015 -0.51 -0.04 0.41 0.95
09 1 0.20 -0.67 -0.03 0.27 0.95
09 5 0.05 -0.35 -0.11 0.75 0.93
09 5 0.10 -0.41 -0.07 0.54 0.94
09 5 0.15 -0.53 -0.03 0.36 0.94
09 5 0.20 -0.69 -0.03 0.24 0.95
0.9 10 0.05 -0.35 -0.12 0.70 0.92
0.9 10 0.10 -0.37 -0.05 0.51 0.94
0.9 10 0.15 -0.52 -0.07 0.32 0.94
09 10 0.20 -0.64 0.00 0.22 0.94

Table 3: Measure of accuracy (%) for the estimators of variance.

8 Conclusion

The variance estimator proposed generally gives positive estimates. This es-
timator can be generalised for stratified populations. We have assumed that
we have a fixed number of units rotating in and out as well as a fixed number
of units in the matched sample. The variance estimator proposed is based on
these assumptions which hold in most rotating sampling schemes. First, we
estimate the variances and the covariances unconditionally; that is, assuming
the sample sizes random. Secondly, using the multivariate normal theory, we
derive variances and covariances conditionally on the given sizes (see (13) and
(14)) to capture the fixed sizes feature of the sampling scheme.
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Appendix A - Proof of Theorem 1

First, let us show that (8) is the maximum entropy sampling design. Lagrange
multipliers gives the maximum entropy sampling design (see Hdjek, 1959)

Pmax(SO) = 5{30 (S Qo} H Qk (40)
kesg
where 0;, are such that
Z Pmax(SO) = TO;k- (41)
k3s0

It is clear that 0) > 0 otherwise Ppax(Sg) is negative. Now (8) implies

Po(so) = 8{so € 2} JT(1 = posd) [T 72— (42)

€U J€so ~ Poij

We can see that (40) equals (42) when
b, = 2k TT = po).

=1
Posk Sy

As the first-order inclusion probabilities of pg(so) are given by the mo., (41)
holds when po(sp) = Pmax(s). Héjek (1959) shows that Pmax(s) is unique.
Thus, po(sg) is the maximum entropy sampling design. Moreover, 8, > 0 implies
posk < 1. The po;;, are therefore the first-order inclusion probabilities of a Poisson
sampling design. Similar proof yields to the expression for py(s1|so). O

Appendix B - Proof of (19)
First, using matrix notation, we have
u=A},4d

where & = (8,07, 661)/. The vectors 8o, 81, dg1 are respectively the indicator
of so, s1 and of the matched sample sg N s1; that is, do = (d0;1, .-, 60;1\;)'7 01 =
(61:15 v, 51;N)’ and o1 = (60;161:15 -, 60;N51;N)’; where the sample indicators
0o;s and 61;; are defined by 6o;; = 1 if © € s¢ and 6¢;; = O otherwise; 61,; = 1 if
i € s1 and 61;; = 0 otherwise.

As the matrix X, is the variance-covariance matrix of u under the Poisson
scheme, we have

Eu = A/U VaI‘p((S) AU

where varp(d) is the variance of § under the Poisson scheme (10) and (11). In
the rest of Appendix B, we show that varp(d) = C,, defined by (19).
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The matrix (20) is the variance-covariance matrix of the vector dp under
the Poisson scheme. The extra-diagonal components are null, as the dg;; are
independent. Indeed, the i-th diagonal component of (20) is the variance

varp (80:1) = Ep(85,;) — Ep(80:1)* = moi(1 — mo:4)

which gives (20). An analogous proof gives (21).

The matrix (22) is the variance-covariance matrix of §g;. The extra-diagonal
components are null, as the 8p;;61;; are independent. The i-th diagonal compo-
nent of (22) is

varp(60,61;) = Ep ((80;6151)?) — Ep(60,i6154) = gmosi(1 — gmoyi).-

The matrix (23) is the covariance matrix between dg and §;. This matrix is
diagonal, as &o,; is independent of 61,5 if ¢ # j. The i-th diagonal component of
(23) is

covp (60, 01:i) = Ep (60:i615) — Ep(605i) Ep(61:) = mosi(g — T134)-

The matrix (24) is the covariance matrix between 8¢ and dp;. This matrix
is diagonal, as dq;; is independent of 6¢,;61,; if ¢ # j. The diagonal components
of (24) are

covp(80:i, 00:i01:5) = Ep (80:00:i01:5) — Ep(00:i) Ep(60;601:) = gm0:i(1 — To54)-

An analogous proof gives (25). Finally, varp(d) = C;. This complete the proof.
O

Appendix C - Proof of (26)
With (18) and (19), we have

¥6Co0¥0  ¥0Co¥1  Y6CooZo ¥0CoiZo ¥6Co01Zo
¥0Con¥1  ¥1Cui¥1  F6ConZo F0CinZo  ¥6Cr01Zo

Yu=| ¥:Co0Zo ¥,Co1z0 Z,Coo0Zo Z;CoaZo Z;Co01Zo | . (43)
¥0Coi1Zzo J0Ci1Zzo 2,Coa1%0 2oCiaZ0 ZoCri01%0
¥0Co:01Z0 ¥0Cr01Z0 Z5Co.01Z0 ZoCr01Z0 ZoCor,01Z0

Consider ¥ = (91,...,0y5)" and X = (#1,...,&n) be any N x 1 vectors and
C =diag{c; : 1 € U} an N x N diagonal matrix. It can be easily shown that

o/ o o U
vV Cx= g ;0 T,

U

Thus, all components of (43) are population totals that can be estimated by
their corresponding unbiased HT estimators.
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The component (1, 1) of ¥, and S, are respectivelly

o/ o o o
Y11 = ¥0Coo¥0 = g 0. (1 — mo.3) Yo.i Ysi
[Y=104
~ I
Yin o= g b0si moyi(1 — 70:i) T, Yosi Ytsi-
1€ 80

It is then clear that f]n is an unbiased estimator of 311, as E(do;i) = mo;i-
Analogously we can show that the component (2,2), (3,3), (4,4) of X,, are

A~

unbiased. The remaining components (k,¢) of 3, and X, can be written as

Yrpe = g ¢ Ui Ty

icU
~ i
e = 250;1' 015 i (9T0) ™ U5 Ty
icU
The estimator S is unbiased as E(60:i61;1) = g70;i- O

Appendix D - Proof of Theorem 2

If Cy is non-negative definite, it implies the Theorem. Indeed C.isa principal
sub-matrix of Cyy and by Corollary 14.2.12 (Harville, 1997, pp. 214), C, is non-
negative definite. Thus by Theorem 14.2.9 (Harville, 1997, pp. 213), S, = Al
és As is non-negative definite. The Schur complement gyyln of f)u is therefore
non-negative definite by Theorem 14.8.4 (Harville, 1997, pp. 242).

Cy is positive definite if all its eigen-values are positive (Harville, 1997, pp.
543). This is the case if for all A < 0,

det(éU — )\IgN) >0

where I3y is the (3N x 3N) identity matrix. As Cy is a partitioned matrix (see
(27)), we have

det(Cy — MIzy) = det(A)det(Crq — X Iy — Cr.iACy)
det(Co.0 — A In — Co,0ACo.0 — (Co.1 — Co0ACH1)
(él;l Ay — él;lAél;l)_l(éo;l - él;lAéo;O))
= [[FM

€U

where A = 601;01 — A1y, Iy is the (N x N) identity matrix and

Fi(A) = Q=m0 — A1 =71 = A)(1 = o9 — A)

+2(1 = 719~ ) (1 = m04) (1 = 7134)
—(1 = oy — A)(1 — 71;)?
—(1 = moi)*(1 = 710 = A)
—(1 =797 (1 = moug — )
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The proof is complete if we can show that F;(A) > 0 for all A < 0. The second
derivative of F;(\) is
0?F;())
(02D

=6(1—N) — 2(7o,:9 + 714 + Toyi) (44)

is clearly always positive when A < 0. Moreover, (44) increases as A decreases.
This imply that 0F;(A)/O\ decreases as A decreases. Now, the first derivative
of F;(\) at A = 0 is negative, as

oF;(\)

)N o = —"N; < 0.
Thus the first derivative of F;(\) is negative for A < 0. Moreover F;(0) = 7; > 0.
Thus F;(A) > 0 for all A < 0. This completes the proof. O
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