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The indoor pass-by noise measurement can nowadays be realised in a laboratory environment with a 
microphone array and a stationary vehicle on a rolling road, according to ISO – 362-1:2016. Within 
this indoor testing procedure, the different contributions from the various noise sources on a car can 
be estimated using an inverse method with a set of microphones close to the various sources. This 
work assumes a 2D-tyre model to approximate the behaviour of a real car tyre at low frequencies. 
The inverse method is then adopted using this model for the tyre noise contribution synthesis and 
corresponding source strength and synthesised pressure estimates are calculated. A novel regularisa-
tion method is finally investigated to further optimise the far field pass-by noise pressure estimates 
through the frequency range of interest. 
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1. Introduction 
The exterior sound emission of a vehicle is an increasingly important criterion for the homologation 

of road vehicles. Until recently, pass-by noise has been measured outdoors, but can now be measured in 
an indoor environment with a microphone array and a stationary vehicle on a rolling road, according to 
ISO-362-1:2016 [1]. In-room pass-by noise testing systems using a roller bench in a semi-anechoic room 
increase the total robustness and repeatability of the measurements, while there exists the ability to quan-
tify the various car noise source contributions, which is described as the pass-by noise contribution anal-
ysis, and gives further insight into the total noise disturbance.  

Pass-by noise contribution analysis is typically realised by using a set of additional microphones close 
to the real car sources. Each source is approximated by a set of uncorrelated point sources and an inverse 
method is then implemented in order to quantify the various noise source distributions [2-6].  To accom-
plish this inverse identification procedure, acoustic transfer responses are measured between all point 
sources and all microphone positions to allow full matrix coupling between all sources and indicators, 
while the synthesis of the acoustic pressure or power in the far field is realised by using a linear sensor 
array at 7.5 m away from the car. Within the work described above, the equivalent point source positions 
have been predefined based on the physical insight of the car source noise generating mechanisms. With 
the aim of overcoming this limitation, the work presented herein utilises corresponding regularisation 
methods that can effectively optimise the positions of the chosen equivalent point sources for the tyre 
pass-by noise contribution synthesis.  
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2. The tyre model 
The tyre noise contribution is approximated herein by using a 2D linear tyre model, following the 

work done by Rustighi and Elliott in [7] and is presented in detail in [8]. The tyre model used is the 
stationary ring model, as originally proposed by Huang and Soedel [9]. In this model, the stiffness of the 
sidewalls, the inflation pressure and the loss factors of sidewalls, tread and internal pressure have been 
taken into account. However, the model only includes the vibration of the belt and it does not take into 
account the effects due to the rotation and the anti-symmetric rigid belt modes. The two-dimensional ring 
can provide a good approximation to the behaviour of a real car tyre in the low-frequency range (below 
about 400 Hz) given that the parameters of the model are properly tuned to the tyre characteristics.  

A very simplified contact model is used which assumes that all of the contact patch is in contact with 
the road at all times and that only a set of isolated, locally acting springs generate the contact stiffness, 
which is called a Winkler bedding. In this case, the spectral density matrix for the contact forces can be 
calculated from a statistical model of the road roughness using a linear analysis.  

The excitation of the tyre running over a rigid road profile is modelled as a random displacement 
distribution with a specified spatial correlation. For a vehicle travelling at a constant velocity, the dis-
placement can be considered as a realisation of a multi-variate stationary random process and so can be 
described by a spectral density matrix. Each contact point travels over the same profile as that of the 
forward contact points, so that each point experiences, after a speed-dependent delay, the same imposed 
displacement. 

With this model, it is possible to linearly express the relationship between road profile and tyre vibra-
tion. The spectral density matrix of the tyre’s radial velocities, Svv, due to the road excitation can be 
expressed in terms of the road displacement spectral density matrix, Sdd, as 

 𝐒𝐒𝐯𝐯𝐯𝐯 = 𝐓𝐓𝐒𝐒𝐝𝐝𝐝𝐝𝐓𝐓𝐇𝐇 (1) 

where T is the overall transfer matrix and equal to YF[I + ΚTCCCT]-1KTC, YF is the mobility matrix, KTC a 
matrix describing the linear contact stiffness and CCT a matrix of tyre compliances at the points in the 
contact patch. The radial velocity distribution around the tyre can then be calculated from the diagonal 
elements of Svv.  

3. Application of inverse method to tyre pass-by noise synthesis 
In this section, the formulation of the inverse method for the tyre pass-by noise contribution synthesis 

is given, as described in [10] for a line source. 

3.1 Use of near field source estimates for far field pressure reconstruction 
The model considers the tyre as a circular source of length L = 0.56 m equal to its diameter. A polar 

microphone array, consisting of 32 sensors, is used covering 3000 along an arc of radius 0.65L, excluding 
a region of 600 close to the contact patch, as shown in Figure 1(a). A linear microphone array at 7.5 m 
away from the tyre is also used, as shown in Figure 1(b). 
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Figure 1(a): Schematic of the tyre and the polar microphone array in the near field, 2(b): Schematic of the tyre 

and the linear microphone array in the far field 

The radiation from the tyre is approximated by using the spectral density matrix of the radial tyre 
velocities for a vehicle speed of 100 km/h. The matrix of pressure cross spectra at the microphones is 
then given by [10] 

 𝐒𝐒𝐩𝐩𝐩𝐩,𝐧𝐧𝐧𝐧𝐧𝐧𝐧𝐧 = 𝐆𝐆𝐒𝐒𝐯𝐯𝐯𝐯𝐆𝐆𝐇𝐇 (2) 

where Svv is the radial tyre velocity spectral density matrix and G is the matrix of (3D free-space) Green 
functions, linking each radial source velocity to each pressure such that  

 𝑮𝑮𝒎𝒎,𝒏𝒏 = 𝒋𝒋𝝆𝝆𝝄𝝄𝝎𝝎𝒆𝒆−𝒋𝒋𝝎𝝎𝒓𝒓𝒎𝒎,𝒏𝒏/𝒄𝒄𝟎𝟎

𝟒𝟒𝟒𝟒𝒓𝒓𝒎𝒎,𝒏𝒏
 (3) 

where rm,n is the distance from tyre element n to microphone m and c0 is the speed of sound. To this end, 
the tyre source is divided into a small number of equivalent sources and the inverse method is applied to 
the pressure cross spectra defined in Equation 2 using the inverse (or, more generally, the pseudo-in-
verse G+) of the matrix of Green functions G. This yields an estimate of a simplified source cross-spectral 
matrix, such that [10] 

 𝐒𝐒�𝐯𝐯𝐯𝐯 = 𝐆𝐆+𝐒𝐒𝐩𝐩𝐩𝐩𝐆𝐆+𝐇𝐇. (4) 

This estimate is then used to calculate the far field power spectra for a linear microphone array at 7.5 
m away from the tyre, as shown in Figure 2(b). An estimate of the pressures at the sensors using the 
simplified source distribution is then given by 

 𝐒𝐒�𝐩𝐩𝐩𝐩,𝐟𝐟𝐟𝐟𝐟𝐟 = 𝐆𝐆𝐒𝐒�𝐯𝐯𝐯𝐯𝐆𝐆𝐇𝐇 (5) 

which can be compared to the exact directly radiated field Spp,far to give a root mean square error in dB 
between the exact and reconstructed pressure fields averaged over all M microphones, as given by 

 𝐄𝐄 = 𝟏𝟏
𝐌𝐌
∑ �𝟏𝟏𝟏𝟏𝐥𝐥𝐥𝐥𝐥𝐥𝟏𝟏𝟏𝟏 ��

𝐩𝐩�𝐦𝐦,𝐦𝐦
𝐏𝐏𝐦𝐦,𝐦𝐦

���𝐌𝐌
𝐦𝐦=𝟏𝟏 . (6) 

where pm,m is the mth diagonal component of Spp etc., and M is the number of microphones. 

3.2 Use of L1 – norm regularisation  
Ιn general, the conditioning of the Green function matrices and thus the accuracy of the matrix inver-

sion in Eq. (4) is strongly dependent on the geometry of the problem. This means that it can be controlled, 
to a large extent, by either reducing the possible degrees of freedom in the problem [11] or by carefully 
choosing the optimum number and spacing of source elements as a function of frequency. In Section 3.1, 
the simplified equivalent source positions are predefined for a given number of elements. Therefore, this 
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means that the accuracy of the synthesis process can be improved by optimising the equivalent source 
geometry. 

In this section, the optimisation of the source number and position is realised by using the sparsity – 
promoting properties of the l1-norm regularisation technique, widely known as the Lasso method. Within 
the method, the power spectral matrix of the pressure distribution Spp,near is analysed with an eigenvalue 
factorisation [12] 

  𝐒𝐒𝐩𝐩𝐩𝐩,𝐧𝐧𝐧𝐧𝐧𝐧𝐧𝐧 = 𝐕𝐕𝐕𝐕𝐕𝐕𝐇𝐇 (7) 

where V is a unitary matrix with the columns containing the eigenvectors vμ, μ = 1, 2, ..., Μ and S is a 
diagonal matrix with the real non-negative eigenvalues on the diagonal. Each eigenvector represents a 
coherent signal across the microphones under the constraint of orthogonality. Based on the factorisation 
in Equation (7), the Principal Components of the pressure pμ can be calculated as 

  𝐩𝐩𝝁𝝁 = 𝐕𝐕𝐇𝐇𝐩𝐩 (8) 

These principal components represent the eigenmodes of the sound field, that is the eigenvector in-
cluding its magnitude. The selection method is applied independently to each one of them and, subse-
quently, the output is added on a power basis since they represent incoherent parts of the sound field. In 
this paper, the selection method is used by only taking into account the first eigenmode for the frequency 
range of interest since this is found to give accurate results. The problem can therefore be described in 
linear matrix – vector notation as  

  𝐩𝐩𝟏𝟏 = 𝐆𝐆𝐯𝐯𝟏𝟏 (9) 

where G is the Green function matrix, p1 is the principal component derived by the first eigenmode and 
v1 is the corresponding radial velocity component. The configuration used in this problem is more flexi-
ble, meaning that the circumference of the tyre is filled with 40 equally spaced virtual point sources. The 
minimised cost function is then given by 

 𝐦𝐦𝐦𝐦𝐦𝐦‖𝐩𝐩𝟏𝟏 − 𝐆𝐆𝐯𝐯𝟏𝟏‖𝟐𝟐𝟐𝟐 𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬 𝐭𝐭𝐭𝐭‖𝐯𝐯𝟏𝟏‖𝟏𝟏𝟏𝟏 ≤ 𝜹𝜹 . (10) 

This convex optimisation problem is solved by using the SPGL1 toolbox [13]. The computational 
demand for the problem is high because no analytic solution exists. However, the utilisation of this Lasso 
technique gives the opportunity to choose the number of sources with which the source reconstruction is 
realised from a number of candidate sources. The l1 norm of the source velocity distribution promotes 
sparsity which is adjusted by tuning the regularisation parameter δ. The smaller the regularisation para-
meter δ is chosen, the more it is going to enforce sparsity in the solution and thus a smaller number of 
non-zero equivalent sources, but that will happen at the cost of a loss of reconstruction accuracy. The 
level of the regularisation parameter δ essentially provides a trade off between accuracy and the number 
of equivalent sources involved in the inversion. 

However, the use of the l1 regularisation at each single frequency implies the use of different equiva-
lent source positions at different frequencies which is impractical in a real measurement campaign. 
Therefore, the method can be modified to choose the optimum equivalent source distribution over the 
frequency range of 10 to 1000 Hz. Within this procedure, the frequency range of interest is divided into 
N = 200 frequency intervals and the l1 regularisation is performed iteratively by taking into account the 
l1-norm of the radial velocity distribution associated with each distinct frequency. The minimised cost 
function is then given by 

 𝐦𝐦𝐦𝐦𝐦𝐦∑ �𝐩𝐩𝐢𝐢,𝟏𝟏 − 𝐆𝐆𝐢𝐢𝐯𝐯𝐢𝐢,𝟏𝟏�𝟐𝟐
𝟐𝟐𝐍𝐍

𝐢𝐢=𝟏𝟏  𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬 𝐭𝐭𝐭𝐭 ∑ �𝐯𝐯𝐢𝐢,𝟏𝟏�𝟏𝟏
𝟐𝟐𝐍𝐍

𝐢𝐢=𝟏𝟏 ≤ 𝜹𝜹 (11) 

where the subscript i corresponds to the discrete frequencies. The final chosen equivalent source distri-
bution is the one that delivers the minimum summed least squares error over the given frequency range. 
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In Section 3.3, corresponding source strength and far field pressure directivity results are presented by 
using the inverse method for the predefined equivalent source positions, as formulated in Section 3.1, 
and the l1 regularised ones, as in Section 3.2.  

3.3 Results 
For values of kL = 2.57, 6.7, 10.2 (f = 200 Hz, 650 Hz and 1 kHz respectively), the near field recon-

structed 4 - element source distributions and the corresponding magnitude of their reconstructed pressure 
directivities in the far field are given in Figure 2. In the first case (orange dots), the equivalent sources 
are uniformly positioned covering the whole tyre circumference, when 4, 8 or 16 equivalent sources are 
assumed, while for 2 sources, they are placed very close to the tread pattern. In the second case (green 
dots), the equivalent source positions are determined by adjusting the regularisation parameter δ until 
there are only 4 dominant equivalent sources at each frequency. In the third case (purple dots), the source 
positions are determined by performing the l1 regularisation over the frequency range of 10 to 1000 Hz.  

 

  

  

  
Figure 2(a), (b), (c): Comparison between original and near field reconstructed source distribution: 4 equivalent 
sources either chosen to give uniform spacings(orange) as in Section 3.1, chosen to give the best least squares 
solution (green) as in Section 3.2 or regularised over frequency (purple), 2(d), (e), (f): Comparison between di-

rect and synthesized far field pressure directivities, kL = 2.57, 6.7 and 10.2 
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 In Figures 2(a), (b) and (c), the original source distribution is compared with the uniformly spaced 
equivalent one and the l1 regularised ones. The inverse method does not reproduce the short wavelength 
components of the radial velocity, but focuses on the long wavelength components. The l1-norm mini-
mization at each single frequency chooses a different equivalent source distribution of four elements with 
irregular spacing compared to the uniform one. It is shown that, for the l1 regularised source, at 200 Hz 
the point sources tend to group together in larger size sources as the pressure directivity results are similar 
if δ is adjusted to give only 3 equivalent sources. In the 650 Hz and 1 kHz cases, the point sources tend 
to spread out a bit more across the tyre circumference, forming smaller size sources. This phenomenon 
is better illustrated if the sparsity criterion is relaxed and the number of point sources is increased. At 
lower frequencies, a small number of block sources is then created, while at higher frequencies a larger 
distribution of small sources is formed, which is in accordance with the anti-aliasing spatial sampling 
criterion. The l1-norm minimisation over frequency gives, as projected, the same equivalent source po-
sitions for the three frequencies examined. At 200 Hz, the regularised positions over frequency are very 
close to the ones acquired by regularising in the single frequency, whereas, at 650 and 1000 Hz, there is 
a significant deviation between the equivalent source positions.  

In Figures 2(d), (e) and (f), it is also shown that despite the errors in the reconstructed source distri-
bution, the synthesised far field directivity is a good representation of the direct field because the short-
wavelength components in the reconstructed source distributions, which are not reproduced with only a 
few equivalent sources, do not radiate efficiently into the far field. However, as frequency increases, 
errors in the radiated pressure far field become more apparent. The use of the l1 regularisation at each 
single frequency results in an improved far field pressure directivity at the three frequencies examined 
here, as shown in Figure 2(d), (e) and (f), compared to the ones acquired using the uniform equivalent 
source distribution. The l1-regularisation over frequency still gives an improved far field directivity com-
pared to the uniform source one, but is, as expected, a worse representation than the one acquired at each 
single frequency. It is also interesting to note that, at 200 Hz, where the l1 regularised source positions 
are very similar, the corresponding far field directivities are also very much alike, while, at 650 and 1000 
Hz, there is a significant deviation between the curves.  

 

  

  
Figure 3: dB error in reconstructed far field pressures for various number of source elements: (a) 2 elements, (b) 

4 elements, (c) 8 elements and (d) 16 elements chosen with the methods described in Sections 3.1 and 3.2 
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Figure 3(a)-(d) shows the error E in the reconstructed pressure far field as a function of frequency 
using a simplified source distribution of 2, 4, 8 and 16 elements respectively. As noted above, for the 
uniform equivalent source, in the 2-element case the source positions have been chosen to be very close 
to the tread pattern, while for a larger number of elements (4 and above) the source positions have been 
chosen uniformly spaced across the circumference of the tyre. For the l1 regularised source, the source 
positions have been chosen by adjusting the regularisation parameter δ at each frequency, while, for the 
one regularised over frequency, the source positions are the ones that minimise the summed least squares 
error between 10 and 1000 Hz. It is shown that as the number of equivalent source elements increases, 
the error decreases correspondingly towards 0 dB which would indicate no error. The high error levels 
are due to the use of the ill-conditioned inverse method, associated with the conditioning of the Green 
function matrices. At lower frequencies, the condition number rises rapidly when the number of equiva-
lent sources is too small and the accuracy of the inversion is subsequently limited. At higher frequencies, 
the conditioning of the transfer matrices improves and the errors are mostly associated with the number 
of equivalent sources per wavelength required for the spatial sampling criterion to be satisfied. The com-
parison between the errors associated with the use of the uniform and l1 regularised source distribution 
shows that optimising the positions of the equivalent sources improves the source reconstruction when 
using the near field array and, thus improves the far field directivity estimates in the frequency range of 
interest. The effect of the method is mostly visible when using a small number of sources as the errors 
decrease significantly, especially at lower frequencies. 

The error curve corresponding to the l1 regularised source distribution over the frequency range of 
interest is, as expected, located between the one associated with the uniform distribution and the l1 regu-
larised one for all the various numbers of equivalent sources. The frequencies, where the orange and 
green curves coincide, are the ones at which the final l1 regularised source distribution coincides with the 
ones associated with these single frequencies, while the frequency bands, where there is a deviation be-
tween the two curves, are the ones at which the optimum single frequency distribution does not coincide 
with the one chosen over the whole frequency range, but instead there is another one that can deliver a 
lower error.  

4. Conclusions 
In this paper, an application of the inverse method to the indoor synthesis of tyre pass-by noise con-

tribution is studied. The tyre noise contribution is approximated by a 2D-tyre model, which does not take 
into account the acoustic sources but can be a very good approximation to the vibration of a real car tyre, 
especially at lower frequencies. The tyre model is then embedded into a model of the acoustic radiation 
where the far field pressure directivity is synthesised by using a polar array close to the tyre and then 
compared to the one radiated directly in the far field linear array. Within this method, the equivalent 
source positions on the tyre circumference are predefined. In the last section, an additional l1-norm re-
gularisation term is used in the inverse method, which optimises the positioning of the equivalent sources 
by choosing from a number of candidate sources on the tyre circumference. The final optimised far field 
pressure directivities are compared to the direct and the near-field synthesised ones and it is shown that 
very small synthesis errors can be achieved in the frequency range of interest with careful selection of 
the regularisation parameter.  
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