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Mathematical modelling of cell fate dynamics in homeostasis

by Cristina Parigini

Many biological tissues are not static but continuously renewed through cycles of cell
production and cell loss which must be perfectly balanced to maintain the tissue’s
healthy state, also called homeostasis. The underlying dynamics of cell fate choices in
homeostasis are complex and often not well understood. Although an experimental
approach is of utmost importance to understand the mechanism regulating cell fate,
mathematical modelling of the cell fate dynamics is essential to interpret experimental
data. This project develops a framework for studying cell fate dynamics in
homeostasis that combines theoretical modelling and numerical simulations given
lineage-tracing experimental data. A correct and reliable definition of a cell fate model
is a complex task due to the number of unknowns, the scarcity of the data and their
uncertainty. Therefore, our approach is to simplify the problem of identifying the
lineage hierarchy and the cell proliferation, differentiation and death rates by
restricting the search to models compatible with homeostasis and presenting specific
tissue-related features. For doing so, we use graph theory, deterministic
approximation, stochastic models and Bayesian inference. Based on purely theoretical
considerations, this research proves that any homeostatic cell fate model must follow
strict rules, requiring self-renewing cells at the apex of the lineage hierarchy and only
there. Importantly, self-renewal does not need to be an intrinsic property of a cell type
since any cell type located at the apex of a lineage hierarchy may acquire it by
interacting with the cell environment. Besides, we showed how stem cells and their
self-renewing strategy could be determined based on qualitative features of
lineage-tracing experimental data, such as the shape of the clonal size distribution and
discrepancies in cell cluster sizes from tissue assays. The developed framework is
validated using synthetic data for a study case, the mouse mammary gland, paving
the way for future studies where experimental data might be available.
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by the initial or �nal total number, respectively in the non-homeostatic
(left panels) and homeostatic (right panels) cases. The colour and style
of each curve, labelled with the corresponding cell type number, are con-
sistent with its type (see Figure 2.2). The long-term cells' dynamics of the
trivial cell types only depend on the upstream dynamics: if there is no
cell in�ux, the cell type vanishes; otherwise, it presents a constant or di-
verging trend in case of a constant or increasing cell in�ux. Self-renewing
cell types are characterised by a constant cell number only when there is
no connection to other self-renewing types, e.g. d-f . In casec, instead,
the perturbation in the trivial self-renewing cell types T2 is not restored
(shown in the zoom detail) and constantly feed the self-renewing cell
type T5, which shows a slowly diverging behaviour. . . . . . . . . . . . . 38

3.1 Cell state network used in the crowding feedback regulation examples.
This network is composed of three states connected by state transitions,
w, and cell division l (the division outcome probability parameters, r i j ,
are speci�ed on the right). The three states form a single Strongly Con-
nected Component (SCC); based on the de�nition provided in Section 2.1.2,
this means that cells are of the same type. Cells die or exit from the
cell type with rate g. The three test cases, illustrative of an Asymptot-
ically Stable (AS), Locally Unstable (LU) and Unstable (U) dynamics,
differs for the parameters describing the feedback regulation which are
provided in Table 3.1. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46



xii LIST OF FIGURES

3.2 Dependency of the dominant eigenvalue on cell density, m(r ), (left) and
stability parameters, mJ and m0 = ¶m/ ¶r j r � (right) for the three test cases,
representative of an Asymptotically Stable ( AS), Locally Unstable (LU)
and Unstable (U) dynamics. The values shown are expressed in ā =
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3.8 Lineage architecture perturbation test cases results. The two scenarios

modelled are sketched in Figure 3.6 and the details of the stability prop-
erties of the dynamical systems are reported in Figure 3.7. The cell dy-
namics are shown as the time evolution of the cell density, r , normalised
by the initial steady-state, r � (S/ T) (top panels), and the dominant eigen-
value (bottom panels). In the D1 test case (left panels), the dynamical
system models the stem cell type, XS. Initially, the dynamics are based on
u = 0, implying that the cell type is self-renewing, i.e. m= 0. At a time
equal to 0, an upstream self-renewing cell type, modelled as a constant
in�ux of cells u = ū, is added. As a consequence,XS switches to a tran-
sient cell type where m< 0. In the D2 test case (right panels), the opposite
case is modelled. Here, the dynamics represent those of an initially com-
mitted cell type, XC, where u = ū and consequently m < 0. When the
stem cell type XS is removed, that is, u = 0, XC becomes self-renewing
with m= 0. Dynamics are scaled byā = min i ,j f l i (r � ), wi j (r � ), g i (r � )g. . 64

4.1 Examples of two homeostatic cell type networks representative of the
two possible scenarios analysed. In (a), there is only one stem cell type,
the one that is initially labelled, which is shown with green border. In
(b), in addition to the labelled stem cell (green border), there is one stem
cell type that is not labelled (black border). The progeny of the labelled
cell population, i.e. cell types connected to the green ones, is shown in
green. The yellow or red �lling indicates the cell cluster. . . . . . . . . . 70
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Chapter 1

Introduction

During the development, growth and adult life of a multi-cellular organism, cells

continuously proliferate, differentiate and die. Complex dynamics direct the whole

process. These dynamics depend on cell states, related, among others, to the protein

and RNA levels within the cell, and external signals, such as spatial constraint,

biochemical and mechanical signalling. All cells share the same DNA, which contains

the complete genetic information of a given organism. Still, the gene expression

regulates each cell's functionality as a part of a whole complex system [Alberts et al.,

2015].

In tissue development, regeneration, and maintenance, stem cellsare often de�ned as

cells having the capability of self-renewal. That is the cell's ability to produce more

cells identical to itself and recreate a whole functional tissue through proliferation and

differentiation [National Institute of Health, 2016]. Stem cells can be classi�ed

depending on their degree of potency, which is related to the number of differentiated

cell types they can produce. Remarkably, a pluripotent stem cell has the potential to

build an entire adult organism. However, due to the complexity of their identi�cation

and classi�cation, there is not a clear and unique de�nition of a stem cell [Potten and

Loef�er, 1990, Shostak, 2006, Vorotelyak et al., 2020].

Identifying stem cells and determining their cell fate choices are also not trivial, and

there are still many controversies and open points. As shown in [Blanpain and

Simons, 2013], stem cell-speci�c molecular markers are scarce and rarely linked to

function, and stem cells operate in a noisy and dynamic environment. A review of

different experimental approaches for identifying stem cells is [Snippert and Clevers,

2011]. Here, it is shown that in-vivo cell lineage tracing, based on a genetic marking of

a speci�c cell to study its progeny, is an effective way of studying actual stem cells in

their physiological context. In general, the cell's identity in a given moment depends

on its internal state, which can be determined by measuring the gene expression. One

emerging approach to transcriptome pro�ling is RNA-sequencing(RNA-seq). Recently,
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researchers further exploited RNA-seq approach by applying it to single cells, single

cell RNA-seq(scRNA-seq). Notably, scRNA-seq overcomes the intrinsic limitation of

averaging the expression pro�les when analysing pools of cells [Treutlein et al., 2014].

Although the development and use of experimental procedures are of undoubted

importance, mathematical modelling is essential for unravelling the cell fatedynamics

problem, that is, the cell division and differentiation. Nevertheless, experimental

methods and conventional statistical methods alone cannot always infer the stem

cells' identity and dynamics [Rulands and Simons, 2016]. Within this context, in

[Clayton et al., 2007, Doupé et al., 2012, Alcolea et al., 2014] cell lineage data are

combined with novel mathematical modelling approaches to investigate cell

dynamics, but this type of analysis is tailored for speci�c cell fate models, e.g. single

progenitor cell fate model.

Therefore, the idea behind the present work is to build a framework to determine

suitable cell fate dynamics models representing any homeostatic renewing tissue for

which experimental data are available. Instead of directly applying a model search

and parameter �tting standard methods, we �rst study the generic features of such

dynamics from a mathematical standpoint. Using theoretical and numerical means,

we want to exclude a priori models that are not compatible with homeostasis and

distinguish classes of models presenting common behaviours which we can easily

compare with experimental data. Finally, the derived outcomes are applied to

synthetic data representing a study case based on the mouse mammary gland to

validate the proposed approach.

This chapter provides an introduction to the modelling of the cell dynamics in adult

tissues. More speci�cally, in Section 1.1 the common self-renewing strategies and their

mathematical models are described. The clonal dynamic modelling, which is essential

for assessing self-renewal strategies based on experimental data, is discussed in

Section 1.2. In Section 1.3, an overview of two promising experimental methods,

lineage tracing and single-cell RNA-sequencing, is provided. Section 1.4 presents a

study case, the mouse mammary gland. The research aim and objectives are reported

in Section 1.5 and the methodology applied in this work, the innovative contribution

and the organisation of this thesis are presented in Section 1.6.

1.1 Homeostasis in adult renewing tissues

A renewing tissueof an adult individual, also called cycling, is a tissue characterised by

a cell turnover, in which there is a balance between cell proliferation and death. This

steady-state condition is commonly called homeostasis. Adult stem cells are the key

players for maintaining and renewing such tissues due to their ability to produce cells

through cell division and differentiation persistently [National Institute of Health,
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2016]. Thus, for maintaining tissues in a homeostatic state, stem cells must adopt

suitable self-renewal strategies, a pattern of fate choices that balances proliferation

and differentiation. Any unbalance leading to cell hyper-proliferation is one of the

�rst steps towards cancer development. Thus, understanding and identifying

self-renewal strategies have been a fundamental goal of stem cell and cancer biology

ever since discovering adult stem cells.

Two patterns, sketched in Figure 1.1, taken from [Simons and Clevers, 2011a], are

commonly considered: Invariant Asymmetry(IA), also called asymmetric division, and

Population Asymmetry(PA) [Potten and Loef�er, 1990, Watt and Hogan, 2000, Simons

and Clevers, 2011a, Klein and Simons, 2011]. In these models, cells are classi�ed into

two cell types that share the same function in the tissue. The differentiatedcells are cells

committed to stop proliferating and eventually die, and the stem cells, also called

progenitor, are cells that divide without losing their proliferative potential. In the IA

model (cases A and B), the equilibrium condition is simply a consequence of the fact

that, for every loss of a differentiated cell, a stem cell asymmetrically divides into a

stem and a differentiated cell. In this way, the numbers of stem and differentiated cells

are maintained. Considering the PA model (cases C and D), each stem cell can either

divide symmetrically, asymmetrically or differentiate. In this case, the cell fate is

stochastic, and the system reaches an equilibrium at a global level. The regulation of

both self-renewing strategies may be internal, that is, from factors within the cells

(cases A and C). In other contexts,nichefactors, which are external to cells, regulate

the cell proliferation and differentiation, cases B and D. Over the years, the population

asymmetry model has become more relevant since many recent studies have shown

the prevalence of this model in many mammalian renewing tissues [Simons and

Clevers, 2011a].

It is worth noting that the number of cell types and transitions between them can be

much more complicated than that assumed for the IA and PA models, and, in general,

it is not clear whether those concepts can be generalised to much more complicated

lineages. In this frame, [Greulich and Simons, 2016] proposes a more general

mechanism to describe homeostasis in adult renewing tissues. In this work, the

authors suggested the existence of a reversible state change, proposed in [Potten and

Loef�er, 1990] to explain tissue regeneration, in which generic differentiated and

non-proliferative cells are capable of turning back into a proliferative state. This

model, called Dynamic Heterogeneity, agrees with experimental data equally well as a

more classical model where this reversal rate is not present. However, in contrast to

the classical model, the cell population's stability is more robust in the case of a

Dynamic Heterogeneity model. As shown in this work and others, such as [Johnston

et al., 2007, Sun and Komarova, 2012], homeostasisrobustnessis another crucial topic

that requires investigation since, in the absence of proliferation and differentiation

control, any stochastic �uctuation potentially disrupts homeostasis.
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FIGURE 1.1: Sketch of the strategies of stem cell self-renewal taken from [Simons and
Clevers, 2011a]. Reprinted from Cell, 145/6, B. D. Simons and H. Clevers, Strategies
for homeostatic stem cell self-renewal in adult tissues, Pages No. 851-862, Copyright
(2011), with permission from Elsevier. Stem cells are shown in pink, differentiated cells
in light blue, and the niche in yellow. In the Invariant Asymmetry pattern (A and B), a
stem cell asymmetrically divides into another stem cell and a differentiated cell. In the
Population Asymmetry pattern (C and D), symmetric division and cell differentiation
are possible stem cell fates. In both patterns, the regulation can be internal to the stem

cell (A and C) or external, coming from the environment (B and D).

1.1.1 Mathematical modelling of cell fate dynamics

The two classical stem cell self-renewal strategies described above, the Invariant

Asymmetry and the Population Asymmetry, are commonly represented as two cell

types systems. These types are the stem cells (S), which can self-renew, i.e. divide

without reducing their future potential to divide, and the differentiating cells ( D). A

multi-type branching process [Haccou et al., 2005], de�ned by the outcomes of cell

divisions, the cell fate choices, models both strategies. This parametric model is as

follows

S
l�!

8
>>><

>>>:

S+ S with probability rS

S+ D with probability 1 � rS � rD

D + D with probability rD

, (1.1)

in which cells of type S divide with the rate l . Assuming that divisions events are

independent for different cells and that the waiting time between two consecutive

events is exponentially distributed with average 1/ l , the process is Markovian. Here,

daughter cells con�guration S+ S corresponds to symmetric self-renewal divisionand

D + D to symmetric differentiation, while daughter cells of different type, S+ D, marks

an asymmetric division. The two self-renewal strategies, IA and PA, are distinguished

by the value of the fractions of symmetric division, rS and rD . The PA model corresponds

to any 0 < rS,D � 1 (with rS + rD � 1); the IA model is de�ned by rS = rD = 0, i.e.

only asymmetric divisions occur. Concerning the D-cells, in the simplest model

version, cells of this type are eventually lost with the rate g, D
g

�! Æ, in which Æ

corresponds to death, shedding, or emigration of D-cells. Other versions may include
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the possibility of limited proliferation of D-cells and a direct differentiation of S-cells,

where stem cells differentiate with the rate w.

To maintain a homeostatic condition, the number of cells must stay constant on

average. Thus, deterministic models based on Ordinary Differential Equations (ODEs)

for the average cell numbers commonly describe the cell population dynamics.

Following this approach, which is usual in modelling biological processes such as

chemical reactions [Baker, 2017], the stochastic cells' fate choices are not modelled in

detail but averaged to catch the global behaviour of the population.

Considering the stochastic model (1.1) in its simplest version and assuming constant

rates, the system of ODEs describing the average number of cells,n̄S and n̄D ,

respectively of type S and D, is

8
>><

>>:

dn̄S

dt
= l (rS � rD )n̄S

dn̄D

dt
= l (1 + rD � rS)n̄S � gn̄D

. (1.2)

From the �rst equations, it is clear that, on average, the number of S-cells remains

constant when rS = rD
1. This means that stem cells following the PA strategy must

regulate symmetric self-renewal and differentiation probabilities to be precisely equal,

whereas this is trivially assured for the IA model. Assuming that a cell of type D is

eventually lost with rate g, the average total number of D-cells stabilises around the

homeostatic value n̄�
D = ( l / g) n̄S. This value uniquely depends on the number of

stem cells, n̄S which equals the initial number of stem cells n̄S,0 = n̄S(t = 0). Thus, the

(Lyapunov stable) stationary state of total cell numbers n̄ = n̄S + n̄D is given by

n̄� =
�

1 +
l
g

�
n̄S,0. (1.3)

Based on Equation (1.3), the process ratesl and g determine the proportion of type D

cells with respect to type S ones. Crucially, there is no difference at tissue level

between the IA and PA models, so these self-renewal strategies cannot be

distinguished by a deterministic model and by comparison with tissue cell population

data only. However, only for the IA model, is the number of stem cells strictly

conserved, meaning that there is no gain or loss of stem cells.

In general, the applicability of the deterministic approach is widely exploited to model

more complex systems (as in the case of several cell types), non-homeostatic scenarios

(like cancer stem cells), and internal regulation mechanisms [Ganguly and Puri, 2006,

Johnston et al., 2007, Smallbone and Corfe, 2014, Situ and Lei, 2017].

1Steady-state wheren̄S = 0 is not biologically relevant.
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1.2 Cell clonal dynamics

A way to assess self-renewal strategies experimentally is via genetic cell lineage

tracing [Kretzschmar and Watt, 2012, Blanpain and Simons, 2013] (details of the

experimental background will be provided in Section 1.3.1). By marking single cells

with an inheritable genetic marker, each cell's progeny, called a clone, which retain that

marker, can be traced. The number of cells per clone, also called theclone size, is

measured, and the statistical frequency distribution of clone sizes, i.e. the clone size

distribution, is determined. To test the cell fate choice models on that data, one

evaluates the models with a single cell as the initial condition and samples the

outcome in terms of the �nal cell numbers, the size of a clone. Importantly, the clonal

statistics cannot be based on a deterministic approximation which only describes the

average cell numbers without modelling the details of the stochastic process. Hence,

in the following sections, we review the typical mathematical modelling of clonal

dynamics and the standard Bayesian �tting methodology for estimating the cell fate

model parameters.

1.2.1 Mathematical modelling

While population modelling cannot discern between IA and PA self-renewing

strategies, as shown in Section 1.1.1, a distinction is evident when we look at the

dynamics of single cells and study the clone size distribution, that is, the distribution

of its progeny. For the IA model, the number of S-cells is strictly constant, and thus the

joint probability distribution, P(nS, nD ), of both the number of S- and D-cells,

respectively indicated as nS and nD , is fully determined by the distribution of D-cells,

P(nD ). In the basic version of the stochastic model (1.1), where D
g

�! Æ, the

probability P(nD ) given a single initial cell of type S is the solution of

dP(nD )
dt

= l P(nD � 1) + g(nD + 1)P(nD + 1) � ( l + gnD ) P(nD ) . (1.4)

This differential equation, also called the master equation2 [Baker, 2017], corresponds to

a simple birth-and-deathprocess for which the distribution is Poissonian with mean

l / g, [Van Kampen, 1981].

Considering the PA model, the master equation is instead given by

dP(nS, nD )
dt

= l (r(nS � 1)P(nS � 1,nD ) + ( 1 � 2r)nSP(nS, nD � 1)

+ r(nS + 1)P(nS + 1,nD � 2))

+ g(nD + 1)P(nS, nD + 1) � ( l nS + gnD ) P(nS, nD ) .

(1.5)

2In general, the master equation is a system of ODEs describing the time evolution of the probability
distribution.
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In [Antal and Krapivsky, 2010], an exact solution for the distribution of total cell

numbers n = nS + nD is found when l = g and r = 1/4. In general, for different

values of l , g and r, the long-term distribution is shown to be always Exponential.

Thus, the IA and PA models predict, respectively, a Poisson and an Exponential clone

size distribution for long times. These two distributions are fundamentally different,

meaning that the self-renewing strategy can easily be distinguished by the shape of

the distribution of the clonal data. A series of lineage-tracing experiments con�rmed

that exponential clone size distributions prevail for most mouse tissues, supporting

the PA strategy [Clayton et al., 2007, Lopez-Garcia et al., 2010, Simons and Clevers,

2011b, Doupé et al., 2012, Klein and Simons, 2011].

Another signi�cant feature of the PA model is that the average clone size increases

over time, seeming, at �rst sight, not representative of a homeostatic condition.

However, this is consistent with tissues in which a fraction of cell divisions is

symmetric. In that case, some clones shrink and eventually die, and others grow,

keeping the size of the tissue constant on average. Thus whilst the average size of all

the clones, survived and extinct, remains constant, the mean of the surviving clones,

which is measured3, grows. In this context, the extinction probabilitygives a measure of

the ratio between the extinct over the total clone number. Its estimation is analytically

possible only in some simple models as single-typebranching process [Haccou et al.,

2005]. A generalisation of this approach for generic multi-type processes, which

describe proliferation and differentiation if there is more than one proliferating cell

state, increases the complexity of the model considerably, as shown in [Hautphenne

et al., 2013], [Hautphenne, 2015].

Although computationally expensive, numerical simulations of stochastic processes

are often used for assessing complex cell fate systems. For example, this is the case

when analytical solutions to describe the experimental data are unfeasible, such as

multi-type branching processes or non-Markovian processes [Andrews et al., 2009,

Paździorek, 2014, Aguilera et al., 2017, Kostiou et al., 2021, Rompolas et al., 2016]. A

commonly used method is the Gillespie algorithm, [Gillespie, 1977]. This approach,

part of the family of Monte Carlo methods, allows for the estimation of the full clone

size distribution, including extinction, [Alcolea et al., 2014, Greulich and Simons,

2016].

1.2.2 Bayesian inference for model �tting

The model �tting aims at �nding a set of parameters of the mathematical model that

describe the available experimental data. A standard methodology for �tting lineage

3A measure of the number of extinct clones might be possible with live imaging techniques (see Sec-
tion 1.3.1), but this is not always practically feasible.
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tracing data based on Bayesian inference is used in several works, such as [Douṕe

et al., 2012, Alcolea et al., 2014, Frede et al., 2016].

As shown in [Box et al., 1992], the main principle of the Bayesian inference builds on

the estimation of the posterior probability, called hereafter the posterior. The posterior

is a measure of the certainty of a model and a particular set of model parameters, q,

being representative of a set of observed data,D (i.e. the experiments). The Bayes'

theorem gives the posterior probability as

P(qjD ) =
L (Djq)
P(D)

P(q), (1.6)

in which L (Djq) is the likelihood function, representing the probability of the

observed data given the parameters, P(D) is a normalisation factor and P(q) is the

prior probability, called hereafter the prior, representing known information about the

parameters before the data. Based on this approach, the best �t is given by the set of

parameters q� that maximise the posterior.

A key aspect of Bayesian inference is the proper choice of the prior. The prior has to be

dominated by the likelihood function to increase the parameters knowledge by the

data. The opposite case is an indication that the observed data are not suf�cient to

improve the knowledge of the model parameters, resulting in a posterior not so

different from the prior. Therefore, when no other information about the model

parameters is knownthe prior is just a uniform distribution in the interval in which the

likelihood is appreciable (maximum entropy principle, [Cox, 2007]). Instead, speci�c a

priori knowledge of the parameters requires a proper selection of the prior.

Considering now the lineage tracing data �tting, since each observed clone is

statistically independent, the formulation of the likelihood is based on a multinomial

distribution with a countable number of outcomes [Doup é et al., 2012, Frede et al.,

2016]. A generalisation for two-dimensional clonal size distribution is used in [Alcolea

et al., 2014]. Although being a commonly used approach, there are practical

complexities related to its implementation. Among others, the noise in the numerical

estimation of the clonal statistics might result in an erroneous value of the likelihood,

and the large variability of the posterior with potentially multiple local minima often

requires a large sampling size. An ef�cient implementation is found, for example, in

[Doup é et al., 2012], where the analytical solution of the clone size distribution

replaces its estimation based on numerical simulations. Instead, in [Kostiou et al.,

2020], the authors propose the use of a Sequential Monte Carlo (SMC) technique

coupled with an Approximate Bayesian Computation (ABC) methodology 4. However,

both these approaches are tailored for speci�c cell fate models of the type (1.1), and

their generalisation for more complex cell fates might not be straightforward.

4ABC substitutes the classical likelihood computation with a proper distance metrics, as the inter-
quantile distances between distributions, or the Kolmogorov–Smirnov (KS) statistic.
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1.3 Experimental background

In the following sections, we review two standard experimental methods to assess cell

fate dynamics, lineage tracing and single-cell RNA-sequencing, the combination of

which is proving to be a promising strategy in the study of stem cells [Kester and van

Oudenaarden, 2018].

1.3.1 Lineage tracing

Lineage tracingis an experimental technique aimed at identifying the progeny of a

single or a group of cells. Different methods exist, but they all have in common the

idea of studying, at different time points, cells that correspond to the progeny of some

initially labelled cells. An example for epidermal cells, taken from [Clayton et al.,

2007], is shown in Figure 1.2. The design of each speci�c experiment, which includes

the choice of an experimental procedure, de�nes the cell labelling method, how many

cells and which ones are initially labelled. In [Ya-Chieh, 2015], there is a review of

different methods, their advantages and limitations, and some examples. Among the

key points highlighted in this work, there is the selection of the labelling approach.

First of all, knowing the initially marked cells is the basis for studying the time

evolution of their progeny. Besides, the cells and their progeny must retain the marker

without spreading it over other cells. Importantly, the marker must not affect the cell

behaviour.

FIGURE 1.2: Example of in-vivo lineage tracing of epidermal progenitor cells showing
the time evolution of a clone (cells in yellow), [Clayton et al., 2007]. Reprinted by
permission from Springer Nature Customer Service Centre GmbH: Springer Nature,
Nature, A single type of progenitor cell maintains normal epidermis, E. Clayton et al.,

Copyright (2007).

Based on this experimental procedure, a marked clone snapshots the cell proliferation

dynamics at single-cell resolution. The evolution of the clone size at different times

after labelling gives indirect information about differentiation. Thus, when dealing

with clonal dynamicsassays (in contrast to population-based assays), the challenging
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aspect is the initial labelling of the cells. In this case, the initial clone labelling must be

well distributed to ensure that single spare cells are marked and that, after some time,

different clones do not merge.

One approach to in-vivo cell labelling makes use of genetic markers, also called

reporters[Debnath et al., 2010], that enable the production of �uorescent proteins that

colour the cell when they are expressed. The Cre-lox technology, in which transgenic

animal models are used, is a widely adopted method [Sauer, 1998, Kretzschmar and

Watt, 2012]. The principle is based on a drug-inducible protein production controlled

by speci�c cell promoters (regulatory sites on DNA that activate or suppress protein

production by binding other regulatory molecules) that enable the expression of some

colour reporter. A scheme of this process in mammary gland cells is shown in

Figure 1.3, taken from [Elias et al., 2017]. In this case, cells containing the

CreERT2-IRES-nLacZ cassette (a mobile part of DNA [Hall and Collis, 1995]) express a

red tomato reporter initially; the injection of a drug, for example, tamoxifen, TAM,

removes the STOP cassette at the site of the colour reporter, switching the cell to the

production of a green �uorescent protein. The expression of the reporter is

irreversible, and the progeny of a marked cell inherits the marker as well. Thus, this

approach overcomes the limitation given by the dilution of the marker in subsequent

rounds of cell division, common in other methods. Recent techniques also allow the

multi-colour labelling of the clones, as shown in [Livet et al., 2007]. Finally, live

imaging techniques that track the cells in situ and real-time are worth mentioning

[Ritsma et al., 2014]. The main problems of this type of method are mainly related to

the actual complexity and invasiveness of the experimental procedure, e.g. making

tissue transparent for imaging, �xing animals for long periods alive, which also have

ethical issues.

FIGURE 1.3: Sketch of the Cre-recombinase process reprinted from [Elias et al., 2017],
Copyright S. Elias et al. (2017), this work is licensed under a Creative Commons Attri-
bution 4.0 International License (http://creativecommons.org/licenses/by/4.0/ ).
Cells containing the CreERT2-IRES-nLacZ cassette express initially a red tomato (mT)
reporter (left); the injection of tamoxifen (TAM) removes the STOP cassette at the site
of the colour reporter, switching the cell to the production of a green �uorescent pro-

tein (mG).

Several approaches use lineage tracing data to map the cell fate in healthy tissues or

study early cancer development. In [Elias et al., 2017], for instance, a subpopulation of
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mammary gland stem cells are analysed to study their impact on the development of

the gland and tissue homeostasis. In [Clayton et al., 2007] and [Rompolas et al., 2016],

models for the homeostasis of the epidermis based on the experimental data are

proposed. Studies for the gastric epithelial homeostasis are [Barker et al., 2010], and

[Leushacke et al., 2013]. In [Frede et al., 2016] and [Alcolea et al., 2014] instead, the

growth of oesophageal tumours and hyper-proliferating mutant cells are assessed via

lineage tracing experiments. From these examples, it is clear that a statistical approach

to the clonal size data, as done, for instance, in [Clayton et al., 2007] and [Alcolea et al.,

2014], is essential to provide quantitative information about the cell fate dynamics.

1.3.2 Single-cell RNA-sequencing

RNA-sequencing is a recent experimental method based on the so-called

next-generation sequencing techniques. Its goal is to measure the gene expression of

groups of cells by quantifying its RNA content [Chu and Corey, 2012],[Wang et al.,

2009]. Among the advantages of this method there are accuracy, high resolution and

low cost. The single-cell RNA-sequencing (scRNA-seq) applies the same approach at

single-cell resolution and is primarily used to infer the cell identity [Treutlein et al.,

2014].

In addition to the technical challenges of the method not discussed here (from the

single cells isolation to the RNA ampli�cation and measuring), the use of this

technique implies working with a high amount of data that have to be stored and

analysed [Kolodziejczyk et al., 2015]. The data, downstream of a bioinformatic data

processing step5, consist of the expression levels of a large number of genes in each

cell. The data processing identi�es the most differently expressed genes, explores the

potential correlations and distinguishes cell clusters. This process is even more

challenging, considering the noisy environment. Notably, the underlying assumption

in this methodology is that cells close to each other in the gene expression space share

the same identity. In this frame, clustering and visualisation are crucial for the analyst

in post-processing and interpreting the data. Common scRNA-seq data visualisation

methods are the gene expression heatmap [Wilkinson and Friendly, 2009] and

t-distributed Stochastic Neighbor Embedding (t-SNE) plot [van der Maaten and

Hinton, 2008].

However, being an emerging method, a standardised procedure for the scRNA-seq

analysis is not yet available. For example, in [Treutlein et al., 2014], principal

component analysis and unsupervised hierarchical clustering are employed to classify

the epithelial cell populations in the distal lung. Other clustering methods, such as

k-means and k-medoids clustering, are used in [Kim et al., 2016] and [Gr ün et al.,

5More speci�cally, raw data are the number of RNA fragments in each cell. Bioinformatic tools map
these fragments with known genes to estimate the mRNA concentration in the cells.
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2016]. A completely different approach to RNA-seq data analysis, proposed in [Arai

et al., 2020], uses machine learning techniques to determine cells' identity. The idea is

to train the model on a known database (e.g. based on cell types markers) and then �t

the scRNA-seq output.

Further uses of the single-cell transcriptome data are the derivation of the lineage tree

[Grün et al., 2016], the developmental lineage relationships [Pal et al., 2017], and the

study of the dynamics of the differentiation [Bach et al., 2017].

1.4 Study Case: the mouse mammary gland

The mammary gland is an interesting case of study as it is an organ that reaches full

development after birth, [Inman et al., 2015, Visvader and Stingl, 2014]. In fact, in

female individuals during puberty, a branching structure develops through the

mammary fat pad forming ducts. These ducts are composed of two layers of cells,

called epithelialcells: the inner layer is composed of luminal cells, the outer one of

myoepithelial cells, also called basalcells. Besides, during adult life, mammary glands

experience changes in their structure and functionality due to pregnancy, lactation,

and involution cycles, as sketched in Figure 1.4, which is taken from [Visvader and

Stingl, 2014]. During pregnancy and lactation, alveolarcells also appear within the

luminal compartment (i.e. cells aimed at producing milk). All these features indicate

that there are pools of (quiescent) mammary stem cells(MaSCs) and progenitors

necessary to develop and change the structure of the gland and to sustain

homeostasis. Interestingly, homeostasis is a condition encountered whilst the adult

maintains virginity (i.e. before the �rst pregnancy) and during involution stages (i.e.

between the end of lactation and the following pregnancy).

FIGURE 1.4: Developmental stages of the mouse mammary gland, from the embryo
(E) to adulthood. Reprinted from [Visvader and Stingl, 2014], Copyright 2014 Visvader
and Stingl; Published by Cold Spring Harbor Laboratory Press. This work is available
under a Creative Commons License (Attribution-NonCommercial 4.0 International),
http://creativecommons.org/licenses/by/4.0/ . In adulthood, the tissue under-
takes cycles of pregnancy, lactation and involution. Homeostasis is only encountered
before the �rst pregnancy and later, between the involution stage and the successive

pregnancy.
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Given the complexity of this gland, there are signi�cant discrepancies across studies

on cell type markers and, crucially, on cell lineage and hierarchy [Inman et al., 2015].

In works such as [Davis et al., 2016], lineage-tracing experiments suggest that

MaSC/progenitors in adulthood are unipotent, meaning that they only contribute to

the progeny exclusively of the basal or the luminal compartment. Nevertheless, in this

work, it is also stated that rare quiescent bipotent embryonic MaSCs that are not

initially labelled may exist (i.e. giving rise to both the luminal and the basal lineages).

In contrast, lineage tracing experiment results shown in [Rios et al., 2016] demonstrate

that bipotent MaSCs exist in adulthood. Besides, in a recent scRNA-seq study, [Pal

et al., 2017], a mixed-lineage basal-like pool of cells has been identi�ed: these cells,

part of the basal compartment, are believed to be transient population before

committing to the luminal lineage. The cell hierarchy proposed in this work is shown

in Figure 1.5. A detailed review of this work and others based on scRNA-sequencing

is provided in the next section.

FIGURE 1.5: Mammary gland cells hierarchy proposed in [Pal et al., 2017]. Reprinted
from [Pal et al., 2017], Copyright B. Pal et al. (2017), this work is licensed under a Cre-
ative Commons Attribution 4.0 International License ( http://creativecommons.org/
licenses/by/4.0/ ). Mammary Stem Cell (MaSC), myoepithelial and mixed-lineage
cells are part of the basal compartment; luminal, ductal and alveolar cells form the

luminal compartment.

1.4.1 Single-cell RNA-sequencing literature review

Four pieces of work based on the scRNA-seq of the mouse mammary gland were

recently published. The main features of the data are summarised in Table 1.1. We

observe that the four works differ for the experimental setup (e.g. platform 6 and type

of raw data 7). Additionally, from the review of the methods used for the statistical

6Two commonly used platforms are the 10X Genomics Chromium (10X) and the C1 Fluidigm (C1)
[Valihrach et al., 2018].

7Raw data can be based onRead Counts(RC); normalised and �ltered RC (NRC); Fragments Per Kilobase
Million (FPKM), which is a normalised RC that takes into account the length of the genes; and Unique
molecular identi�ers(UMI), which is based on an innovative experimental method aimed at reducing some
technical errors and biases in the quanti�cation of the RNA content.
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analysis, it is clear that the approach to the analysis of the data varies in each case (e.g.

type of normalisation, clustering method, pseudotime 8). Thus, whilst we leave for

later (see Section 5.2.1) a consistent comparison of these data, here, we brie�y recall

the key �nding of each work.

Data Platform Type Stage Age/time Cells

[Bach et al., 2017]
(GSE 106273) 10X UMI

Nulliparous 8 week 4223
Pregnant 14 day 5826
Lactation 6 day 9319
Involution 11 day 5642

[Pal et al., 2017]9

(GSE 103275)

10X RC
Puberty 5 week 5387
Adult Virgin 10 week 3308

C1 RC

Newborn 2 week 117
Puberty 5 week 181
Adult Virgin 10 week 162
Pregnant 12.5 day 99

[Sun et al., 2018]10 C1 FPKM
Adult Virgin 3-4 month 88
Pregnant 12 day 151

[Giraddi et al., 2018]11

(GSE 111113)
10X NRC

Embryonic (1) 16 day 690
Embryonic (2) 18 day 1047
Newborn 4 day 849
Adult Virgin 10-16 week 3838

TABLE 1.1: Summary of the main features of the scRNA-seq data available. Rows in
grey correspond to the samples that will be examined in Section 5.2.1.

1. In [Bach et al., 2017], it is shown that: i) there is not always a unique marker that

uniquely de�nes a cell identity; ii) the luminal compartment is seen as a

continuum in which cells in an intermediate state exist, i.e. between progenitor

and mature; iii) pregnancy and lactation have an impact on the luminal

progenitors with a shift towards the alveolar phenotype.

2. Key results of the analysis reported in [Pal et al., 2017] are i) a shift in gene

expression from a homogeneous basal-like to distinct lineages is detected from

pre-puberty to adulthood; ii) Cd55is identi�ed as an early progenitor marker; iii)

a rare basal mixed-lineage cluster is detected showing expression of both basal

and luminal genes, and an intermediate luminal stage is identi�ed in both the

adult and puberty samples; iv) the proposed cells lineage, shown in Figure 1.5, is

characterised by luminal cells descending from stem cells from the basal

compartment.

3. The primary outcomes in [Sun et al., 2018] are summarised as: i) key markers

characterising cell clusters are de�ned; ii) Cdh5is identi�ed as a marker for a

rare cell subpopulation within a basal compartment which is considered as

quiescent Mammary Stem Cell (MaSC); iii) mammary epithelial cells hierarchy is

8This analysis is aimed at the reconstruction of cells differentiation trajectories, [Trapnell et al., 2014].
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inferred from pseudotime analysis, based on which MaSC, part of the basal

compartment, is at the apex of the lineage hierarchy.

4. In [Giraddi et al., 2018], key results are: i); foetal Mammary Stem Cells (fMaSC)

are identi�ed; ii) fMaSC de�ne distinct lineages, i.e. basal and luminal, which

are separated in adulthood; iii) cell types and signatures are identi�ed in the

early mammary epithelial development.

The main discrepancies and open questions include a) the existence of a mixed

basal-luminal type of cells; b) the existence of luminal intermediate cells; d) the

existence of distinct lineages for luminal and basal cells; and e) the identi�cation of

common markers for the de�nition of the cells' identity 12.

1.5 Research aim and objectives

Provided the complexity and controversy of the research area previously described,

this project aims at developing a mathematical framework to study cell fate dynamics,

i.e. the cell proliferation and differentiation, to improve the understanding of the

homeostasis mechanism in adult renewing tissues. From the biological standpoint,

this translates into determining the cell differentiation, proliferation and division

outcomes that describe a set of experimental data. Challenges include a) the vast

search space, in which there are potentially in�nite possible models compatible with

data; b) the problem of model over�tting, in which the �tting of noisy data results in

an overly complex model that does not represent reality. Therefore, before following a

Bayesian inference approach for model �tting, we study these dynamics from a

mathematical perspective by theoretical and numerical means to substantially restrict

the number of candidate models. As a study case, we will focus on the mouse

mammary gland.

For achieving the aim above described, the research project is articulated around the

following main objectives.

Obj. 1 To exclude lineage hierarchies not compatible with homeostasis in adult

renewing tissues by deriving generic rules that constrain the structure of

the dynamical model.

Obj. 2 To identify conditions under which a regulation mechanism gives

homeostasis robustness to perturbations and stochastic �uctuations.

12Only a few markers are mentioned in all the four articles, e.g. Krt14 and Acta2for the basal cells, and
Krt18 for the luminal cells.
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Obj. 3 To distinguish classes of cell fate models characterised by universal

features that can be qualitatively compared with experimental data.

Obj. 4 To validate and apply the developed theoretical framework using a

speci�c study case for which experimental data might be available in the

future.

1.6 Research approach, innovative contribution and thesis

outline

This work is organised into four tasks, as outlined in the following sections and

schematised in Figure 1.6. Tasks 1-3 cover the generic theoretical modelling of cell

dynamics in homeostasis. Task 4 is speci�cally related to the study case. Each task is

associated with an objective set in Section 1.5.

The results and �ndings of the research have been published in three journal papers,

one as the �rst author. In particular, [Parigini and Greulich, 2020] was awarded a

Doctoral College Research award for the School of Mathematical Sciences, University

of Southampton, June 2021. Another journal paper is in preparation (Regulation of

homeostasis via crowding feedback: robustness and quasi-dedifferentiation). Ideally,

this work will be submitted in one of the following journals: PLOS Computational

Biology, Journal of Mathematical Biology, Physical Biology, Bulletin of Mathematical

Biology. Lastly, I presented my work in two poster sessions and a seminar.

FIGURE 1.6: Organisation of the work. Tasks 1-3 (orange) cover the generic theoretical
modelling of cell dynamics in homeostasis; Task 4 (blue) is related to the study case.
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1.6.1 Task 1. Theoretical modelling of homeostasis in adult renewing
tissues.

Objective 1. / Chapter 2.

Approach. Generic cell fate dynamics are modelled as a generalised multi-type

branching process for which the classical deterministic formalism is combined with

graph theory. Such a generic cell system is seen as a network used to gain insight into

the cell fate dynamics' features and determine candidate models for tissue

homeostasis. Numerical simulations illustrate the theory developed.

Contribution. A conceptual mathematical model is de�ned to represent arbitrary cell

fate dynamics. Based on that, the conditions required to achieve homeostasis are

mathematically derived and then translated into the biological context, proposing a

de�nition of adult stem cells. Such de�nition strictly relates to a speci�c hierarchical

ordering of the cell types, which is the only one compatible with homeostasis.

Consequently, this result signi�cantly simpli�es the model �tting problem since all the

non-homeostatic cell dynamics can be a priori excluded.

This part of the work is partially based on results published in [Greulich et al., 2019]

and [Greulich et al., 2021], which I co-authored. My contribution to [Greulich et al.,

2019] is in supporting and verifying the theory developed and its mathematical proof

with numerical analyses. Concerning [Greulich et al., 2021], I mainly worked on the

mathematical analysis of the crowding feedback modelling (see next section).

Chapter 2 placed these results in a broader context and integrated them with an

intuitive view of the developed theory. My analyses were also translated into speci�c

numerical examples practical to illustrate the cell dynamics in different scenarios.

These examples were presented in [Greulich et al., 2021] and, more extensively, in this

thesis.

1.6.2 Task 2. Homeostasis regulation via crowding feedback.

Objective 2. / Chapter 3.

Approach. Starting from Task 1 research outcomes, the cell fate dynamical models are

extended to include homeostasis regulation via crowding feedback. From a

mathematical standpoint, both theoretical and numerical, a stability analysis of the

homeostatic condition is performed. Successively, realistic scenarios in a biological

context are used for assessing the robustness of such homeostasis regulation.

Contribution. Under reasonable biological assumptions, cell dynamics regulated via

feedback is shown to remain con�ned around a (dynamic) homeostatic condition.

This result is published in [Greulich et al., 2021], where my contribution is the

identi�cation of the dynamic homeostatic condition, including its numerical
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veri�cation and the illustrative examples reporting.

In Chapter 3, this concept is further assessed, determining a necessary condition and a

suf�cient one that guarantee a homeostatic state in a strict sense, that is, an

asymptotically stable steady state. Homeostasis regulated via crowding feedback is

also demonstrated to be robust to perturbations and failures, explaining why the

initial stage of cancer development is possibly associated with successive cell

mutations. Finally, the stem cell concept derived under Task 1, is generalised showing

that stemness naturally arises from the interaction with the environment rather than

being an intrinsic property of cells. Based on purely theoretical considerations, the

quasi-dedifferentiation mechanism is proposed as an alternative response to the

experimentally observed cell dedifferentiation process, activated in case of tissue

damage.

1.6.3 Task 3. Qualitative features of lineage tracing dynamics in
homeostasis.

Objective 3. / Chapter 4.

Approach. The dynamics of lineage tracing in cell fate models, restricting to those

ful�lling homeostasis requirements derived under Task 1, are studied. The idea is to

derive features of such dynamics that could simplify the de�nition of the cell fate

model via qualitative comparison with experimental data. That translates into stem

cell types identi�cation via scRNA-sequencing data and self-renewing strategy via

clonal data. The ODE formalism, as done in Task 1, and analytical solutions and

numerical simulations of the stochastic process are used for modelling lineage tracing

dynamics.

Contribution. For an arbitrary cell fate model, the analytical formulation of the size of

cell clusters is derived considering transcriptome data of both lineage-traced cells and

tissue samples. The analysis shows that only disconnected stem cell types, de�ned

according to Task 1, justify different clonal and tissue assay measures. A compartment

model for studying the clonal statistics is then de�ned, leading to the generalisation of

the common de�nition of symmetricand asymmetricdivisions, which are the basis of

stem cell self-renewing strategies. Successively, models of cell fate dynamics are

categorised in two universality classes that predict, under asymptotic conditions, the

same clone size distribution, i.e. Exponential or Normal. Building on this, simple rules

for identifying the self-renewing pattern from qualitative features of lineage tracing of

clones are derived. This analysis highlights the limitation for which models within the

same class could not be distinguished only via clonal data in the asymptotic regime, a

condition that, in any case, is not always ful�lled in real tissues.
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1.6.4 Task 4. Application to the mouse mammary gland.

Objective 4. / Chapter 5.

Approach. The research outcomes of Task 1 and Task 3 are combined and applied to a

study case, the adult mouse mammary gland. The determination of the cell state

network is solved �rst, followed by a parameter �tting via Bayesian inference

methodology. The analysis builds on assumptions supported by literature and

synthetic data inspired by actual lineage tracing experiments 13.

Contribution. From the analysis of scRNA-seq literature data for the mouse

mammary gland, cell identities and possible relationships among them are identi�ed.

Based on this, a cell state network for the study case is de�ned, making assumptions

whenever the literature data were insuf�cient or in disagreement. Additionally, from a

consistent comparison of four published works, suggestions are given about areas

where more dedicated experimental work is necessary to resolve open issues. The

parameter �tting problem is solved �rst without imposing homeostasis, showing that

although a good �tting of the data might be obtained, such cell fate models are not

representative of homeostatic dynamics. Fittings exhibiting very different dynamical

behaviour, yet equivalently good, are found when imposing homeostasis, proving the

need for additional data. By enriching the dataset, the variability in the �tting

parameters is reduced, and, in the case assessed, the self-renewing strategy is

determined. Overall, the analysis validated the methodology developed and provided

a clear path for future studies based on actual experimental data, thanks to which

answers to biological questions can be given.

13Inputs from two lineage tracing experiments, under Dr Elias responsibility (Institute for Life Sciences,
University of Southampton), were initially expected. Such data were not available when writing this
thesis.
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Chapter 2

Theoretical modelling of

homeostasis in adult renewing

tissues

The �rst objective set in Section 1.6 is to simplify the search for a mathematical model

that �ts the experimental data by restricting the candidate models to those describing

homeostatic dynamics in adult renewing tissues. Therefore, in this chapter, we study

cells' dynamics from a theoretical point of view, focusing on the generic features of

such dynamics and determining the conditions ful�lled in a homeostatic tissue. For

this purpose, starting from a branching process model, we �rst derive an

approximation of the generic tissue dynamics using both dynamical system and graph

theory. We then de�ne a cell state network and propose a cell type de�nition and

classi�cation. We also determine the conditions for homeostasis, showing that, based

on this framework, the network structure must follow strict rules, requiring

self-renewing cells at the apex, and only there, of the lineage hierarchy. Experimental

evidence of this feature was already available, but we show that this is the only

possible way to achieve homeostasis from a mathematical standpoint. The presented

analysis also includes numerical examples instrumental in illustrating the theory

developed.

Part of this chapter builds on [Greulich et al., 2019] and [Greulich et al., 2021], which I

co-authored (see details in Section 1.6.1).

This chapter is organised as follows: the description of the cells' dynamical model is

provided in Section 2.1; homeostasis modelling is discussed in Section 2.2; conclusions

are given in Section 2.3.
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2.1 Cell dynamics modelling

In this work, we use a continuous-time multi-type branching process to describe the

cell fate dynamics [Haccou et al., 2005]. The model is a continuous-time stochastic

process characterised by a numberm of possible cell statesX i , i = 1, ...,m. We de�ne a

cell statehere as a group of cells sharing the same identity, e.g. showing common

morphological properties, functional features, protein levels or mRNA expression

[Morris, 2019]. In this view, cell trajectoriesconsist of transitions between a discrete set

of cell states. Although we take a discrete formalism here, the results we will derive

also apply to a continuous conceptualisation since continuous processes can always be

discretised in a topology-preserving way [Milnor, 2016].

Most generally, cells in a state X i may be able to divide, producing daughter cells of

any cell statesX j and Xk. When i = j = k, the cell division represents a simple cell

duplication. Furthermore, any cell in state X i may turn into another state X j or may be

lost, Æ, through emigration, shedding, or death. Hence, we can study the cell fate

dynamicsbased on a generic cell fate model, written as

cell division: X i
l i r

jk
i��! X j + Xk (2.1)

cell state transition: X i
wi j
�! X j (2.2)

cell loss: X i
g i�! Æ (2.3)

for i, j, k = 1, ...,m and in which the kinetic parametersl i , wi j and g i are the rates of

division, transition to state X j and the loss rates, of cells in stateX i . To determine the

outcome of the cell division from the ith state, we also need to specify a set of

parameters r jk
i for j, k = 1, ...,m based on which we de�ne r j

i = å m
k= 1(r jk

i + rkj
i )/2 as the

probability of having a daughter cell in state X j . Note that å m
j= 1 r j

i = 1.

Notably, the events depicted in Equations (2.1)-(2.3) are not Markovian as the timing

of events is not independent of each other and depends on their history. Cell division,

differentiation and death are actually related to the cell cycle [Alberts et al., 2015].

However, neglecting any short-term dynamics and assuming that the dynamics' time

scale is longer than the cell cycle's length, we approximate the above process as

Markovian, in which the kinetic parameters represent the mean frequency of the

events.

Lastly, we observe that cell fate is a highly stochastic process that could depend on the

cell environment, for example, through spatial, cell-extrinsic regulation of cell fate

[Simons and Clevers, 2011a]. We will assume that the kinetic parameters are constant

for modelling homeostasis, which is related to a steady condition. This approximation

is valid as long as we remain close enough to this homeostatic state. We will argue

later, in Section 2.2.3, why this approximation is adequate to determine necessary
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conditions for homeostasis, although it is not possible to address its stability in

general without knowing the details of the dynamical system. Hence, we will extend

this constant parameter model in Chapter 3, where we will assess a possible

homeostasis regulation mechanism.

2.1.1 Deterministic approximation

To study homeostasis, a steady-state of the cell population dynamics, we focus on the

dynamics of the mean number of cells. In practice, the stochastic �uctuations due to

the random nature of each cell's fate are averaged, and what the cell ensemble does as

a whole is studied.

For doing so, we start from the generic branching process (2.1)-(2.3), and indicate as

P(n) the probability of having n =
�

n1, n2, ... nm

�
cells, where m is the number of

cell states. Based on this, the �rst moments n̄i = hni i , where

hni i =
¥

å
n= 0

ni P(n) for i = 1, ...,m, (2.4)

describe the meancell numbers. To compute P(n), we need to solve the master

equation, a set of ordinary differential equations associated with the generic branching

process. However, given the complexity of the problem, in which there is an arbitrary

number of cell states and cell state interactions1, a closed form solution is not possible.

Also, alternative approaches based on numerical simulation of the stochastic process

would be only applicable to the speci�c cell fate model considered in the simulations.

Therefore, in analogy to the modelling of chemical reactions (based on the Law of

Mass Action [McLean, 1938]), we can derive a system of ODEs that approximate

n̄ =
�

n̄1, n̄2, , ...n̄m

�
in the limit of large ¯n [Baker, 2017]2. This approach is

applicable to our case since the cell numbers in a tissue are generally very high (for

example, in the epidermis there are about 75000 cells/mm 2 [Bauer et al., 2001]). This

results in
d
dt

n̄i = å
j

�
l j2r i

j + w ji

�
n̄j � ( l i + å

j

wi j + g i )n̄i . (2.5)

We recall that r j
i = å k(r

jk
i + rkj

i )/2 is the probability of having a daughter cell in state

X j produced upon division of a cell in state X i .

Assuming, for now, a constant parameter model, we can further simplify the problem.

In this case, the kinetic parameters do not change over time or as a function of n̄, and

1Considering the generic model (2.1)-(2.3) with m states,P(n) is an m-dimensional multivariate dis-
tribution which depends on a large set of parameters. There might be up to m division rates ( l i ), m3

probability parameters ( r jk
i ), m(m � 1) transition rates (wi j ), and m death rates (g i ).

2According to [Baker, 2017], if low cell numbers are combined with second-order (or higher) terms,
then the deterministic approximation deviates from the average of the stochastic process.
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the system of ODEs becomes linear. A generalisation of this model will be discussed

later, in Section 2.2.3, where the effects of non-linearities in the cell fate dynamics are

addressed. Thus, the linear system of ODEs can be written more compactly in terms of

the mean cell numbers vector, n̄ = ( n̄1, n̄2, ...,n̄m), as

d
dt

n̄ = An̄ . (2.6)

Here A is an m � m matrix

A =

0

B
@

k11 � d1 k21 k31 � � �

k12 k22 � d2 k32 � � �

k1m k2m � � � kmm � dm

1

C
A , (2.7)

in which we de�ne the total transition rateaski j = l i2r j
i + wi j , combining all transitions

from X i to X j by cell divisions and direct transitions, and the local loss rateas

di = l i + å j wi j + g i .

2.1.2 Cell state network and cell type condensed network

The dynamics of the tissue following the branching process described by Equations

(2.1)-(2.3) is described by the linear system of ODEs (2.6). Thus, the tissue behaviour

depends only on the properties of the matrix A. In principle, the spectral properties of

A determine the tissue's long-term behaviour [ 	Astr öm and Murray, 2009], but

explicitly applying spectral conditions is unwieldy and dif�cult to interpret

biologically. Therefore, we will show here how, based on graph theory, some key

features of the dynamics can be derived.

To this aim, we interpret this process as a network, and more speci�cally, as a directed

graph [Bang-Jensen and Gutin, 2007], which gives a more intuitive view of the

process. In this model, each graph's nodes correspond to a cell state, and a link from

state X i to X j exists where a generalised transition, that is, through direct transition,

cell division or both, is possible, meaning that ki j > 0. The matrix A can be written as

the difference of two contributions, K and D, in which K is the matrix composed of the

total transition rates, ki j , and D is a diagonal matrix with the total loss rates, di , i.e.

A = K � D. Based on this,K is the transpose of the adjacency matrix of the cell state

network. The matrix K is square, and its rows represent the incoming vertices, i.e.

produced cells, and its columns the outgoing ones, i.e. cells leaving. Each matrix

element, ki j , corresponds to a (weighted) graph directed edge connecting two vertices,

and its value denotes the link weight (the diagonal terms are self-links). In this view,

directed paths of the network, which are sequences of directed links, represent

allowed cell state trajectories. Importantly, the matrix K is non negative by de�nition,

i.e. ki j � 0 for all i, j, and, consequently, A is a Metzler matrix in which the
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off-diagonal elements are non-negative, i.e. ai j � 0 for i 6= j. An illustrative example of

such a cell state network is shown in Figure 2.1 on the left. Notably, more than one

network may result in the same adjacency matrix, K.

FIGURE 2.1: An illustrative example of a cell state network (left) and the correspond-
ing cell type condensed network (right). In the cell state network, the cell states are
represented as nodes and possible transitions between states, through direct transi-
tion or cell division, like links. The empty set symbol, Æ, represents cell loss (via death
or emigration). The dashed circles denote the network's Strongly Connected Compo-
nents (SCCs), each of them including states which are mutually reachable by directed
paths. SCCs, representing cell types, correspond to the nodes in the condensed net-
work, and a link between two SCCs exists only if any of their states are connected. This
directed network does not have any cycles, and it has a natural hierarchical structure.
More speci�cally, it admits an ordering of the nodes (cell types) T1, T2, . . . such that all
transitions respect the ordering, that is, if there is a link, or a trajectory, from Tk to Tl
then k � l . This �gure is inspired by those presented in [Greulich et al., 2019, 2021].

Cell identity is commonly associated with the expression of surface markers or

clustering from single-cell transcriptome data. From a different perspective, cells can

also be classi�ed based on their function in the tissue, which, in the context of cell

lineages, is strictly related to their lineage potential. In this frame, we de�ne a cell type

as a group of cells that have the same lineage potential and vice versa. According to

this de�nition, a cell type is composed of cell states that share the same outgoing

trajectories, which means that states of the same cell type must be mutually reachable.

From a mathematical point of view, this de�nition means that a cell type corresponds

to a Strongly Connected Component(SCC) of the underlying cell state network. An SCC

of a directed graph is composed of a set of vertices that any other vertex of the same

SCC can reach. Thus, there is always a path connecting any pair of vertices of the SCC

(in both directions).

Importantly, any directed network may be uniquely decomposed into SCCs by

grouping all strongly connected nodes [Bollob ás, 1998]. Based on this, we can
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construct a second network, in which SCCs of the cell state network, corresponding to

cell types, are the nodes, in the following indicated as Ti , for i = 1, ..,k, where k is the

number of SCCs. In such a network, two cell types are connected, i.e. there is a link

between two nodes, if at least one generalised transition from states in one cell type to

those in the other exists. Importantly, this connection has a unique direction;

otherwise, the two SCCs would form a single SCC. The resulting network, known as

the condensednetwork, does not contain cycles (i.e. directed paths from a node to itself)

and is, therefore, hierarchical [Cormen et al., 2009]. Hence, we can order the cell types

T1, T2, . . ., in a way that if there is a trajectory from Tk to Tl , then k � l . Building on this,

we say that Tk is upstreamof Tl and Tl is downstreamof Tk. For the illustrative cell state

network example shown in Figure 2.1 on the left, the resulting condensation in the cell

type network, which is representative of the cell lineage, is shown in the same �gure on

the right. Therefore, this means that cell types are necessarily ordered in a hierarchy,

which is commonly observed. Finally, it is reasonable to consider only SCCs either

with more than one node or one node with a self-link from a biological standpoint.

2.2 Homeostasis modelling

So far, we have considered the cell state and cell type networks without restricting the

tissue's proliferative dynamics. Importantly, cell proliferation and removal must be

�nely balanced to ensure homeostasis. Thus, homeostasis imposes strong constraints

on the dynamics. From a mathematical point of view, homeostasis represents a steady

state of the cell population dynamics in which the number of cells of each type stays,

on average, constant in the tissue. In this section, we will �rst determine the

conditions required for achieving homeostasis and then assess how homeostasis

restricts the possible hierarchy of cell lineages.

Starting from the system of ODEs given by Equation (2.6), we obtain the steady-state

by imposing the condition dn̄/ dt = 0. This corresponds to the solution, n̄� , of the

homogeneous linear system of equations

An̄ = 0. (2.8)

The trivial solution, ¯n� = 0, is a solution of the above system, but it is not relevant in

this context as we are interested in a steady-state characterised by positive average cell

numbers. Therefore, we focus on non-trivial solutions which only exist in a marginally

stable system (also known as neutral stability) [Franklin et al., 2001].

We recall that in an asymptotically stable system, the dynamics naturally restore the

steady-state after a perturbation, and in an unstable system, any perturbation leads to

an unlimited deviation from the steady-state. In contrast, in a marginally stable

system, perturbations change the steady-state condition. Therefore, we can
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distinguish three distinct long-term behaviours which only depend on the spectral

properties of A [ 	Astr öm and Murray, 2009]:

(a) Unstable-growing. If there are at least one or more eigenvalues with a positive

real part, or if there is a zero eigenvalue with geometric multiplicity more than

one, then the system is unstable, and the number of cells grows in�nitely.

(b) Stable-vanishing. : If all the eigenvalues have a negative real part, the system is

stable around the trivial solution, that is, the extinction. In this case, whatever

the initial condition may be, the number of cells naturally decays to zero.

(c) Marginally stable-homeostatic. Marginal stability implies that at least one

eigenvalue must have zero real part, the geometric multiplicity of eigenvalues

with zero real part is equal to their algebraic multiplicity, and all the remaining

eigenvalues must have a negative real part. If these conditions are met, then the

cell numbers converge to a constant value which is not restored if the number of

cells is perturbed. Perturbations instead have the effects of changing the

steady-state condition.

Thus, for now, we de�ne homeostasis in a less strict sense via a marginally stable

condition, and we will assess later, in Chapter 3, that under realistic conditions (i.e.

regulation via feedback), such a marginally stable state effectively turns stable around

a non-trivial steady-state condition.

2.2.1 Condition for marginal stability

Considering the above de�nition of homeostasis, the analysis of the process from a

graph theory point of view allows us to determine some constraints on the network

structure required to achieve this condition. In particular, we recall from Section 2.1.2

that Equation (2.6) is linear and cooperative, i.e. the off-diagonal elements of matrix A

are non-negative, and that the decomposition into the cell state network's SCCs yields

an acyclic cell type condensed network that contains SCCs as nodes and directed links

between them. Since the adjacency matrix of an SCC is an irreducible matrix

[MacCluer, 2000], the block matrix Ki associated with eachith SCC is also irreducible.

So is A i , since matrix transposition and changing the diagonal terms do not affect

irreducibility. Applying now a topological reordering of the graph vertices [Cormen

et al., 2009], we can write A in a lower triangular block form

A =

0

B
B
B
B
B
B
B
@

A1 0 0 0 ...

C21 A2 0 0 ...

C31 C32 A3 0 ...
...

...
...

... 0

... ... ... ... Ak

1

C
C
C
C
C
C
C
A

, (2.9)
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in which the block Ci j , for i, j = 1, ...,k and j > i , represents the connection between the

ith and jth SCCs. Crucially, this partitioning implies that the spectrum of A

corresponds to the union of the eigenvalues of A i for i = 1, ...,k. In this view, the

eigenvalues of the global system uniquely depend on those associated with each SCC.

Thus, we will �rst analyse the spectral property of an isolated SCC and then show how

the relations between SCCs also play an important role in determining homeostasis.

Focusing now on the ith SCC, we observe that the matrix A i is an irreducible Metzler

matrix and therefore the shifted matrix Bi , de�ned as Bi = A i + di I , in which

di = max(jdiag(A i )j) and I is the identity matrix, is an irreducible non-negative

matrix. The Perron-Frobenius theorem [Meyer, 2000] states that for an irreducible

non-negative matrix, such as Bi , the following statements hold:

(i) The largest eigenvalue, also called thedominant eigenvalue, is real and simple.

(ii) The right and left eigenvectors associated with the dominant eigenvalue, called

dominant eigenvectors, are strictly positive, i.e. all their components are positive.

Focusing on (i), that means that the dominant eigenvalue of Bi , mBi, is real with

multiplicity one, and so is the dominant eigenvalue of A i , which is mi = mBi � di .

Crucially, the value of mi determines the long-term dynamics of the isolated ith SCC,

which result in an unstable-growing, stable-vanishing or marginally

stable-homeostatic behaviour respectively if mi is positive, negative or zero. This result

leads us to classify a SCC based on the value of its dominant eigenvalue,m. In

particular, we de�ne a SCC as: super-criticalif m> 0, sub-criticalif m< 0 and critical if

m= 0.

In the following, we derive necessary conditions for marginal stability when multiple

SCCs are connected. We remark that, in [Greulich et al., 2019], the same conditions

were obtained in a slightly different way proving they are not only necessary but also

suf�cient conditions. However, here, we provide a more intuitive proof. First of all,

we consider a system with one or more super-critical SCCs. In this case, the tissue

dynamics are unstable since there is at least one eigenvalue with a positive real part.

Based on that, in a homeostatic system, all the SCCs must be critical or sub-critical.

Assuming that all the SCCs are sub-critical, then the trivial steady-state is the only

�xed point of the system, which implies that there must be at least one critical SCC.

Thus, the above considerations lead us to derive the following conditions for

homeostasis.

(l.i) There must not be not super-critical SCC(s).

(l.ii) There must be at least one critical SCC.
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Connecting now all the SCCs and given that the matrix A is in the triangular form

(2.9), the steady-state condition of the ith SCC, n̄�
i , only depends on A i and on the

upstream SCCs, that is, all the jth SCC with j < i . The steady-state cell number, n̄�
i , is

the solution of

å
j< i

Ci j n̄
�
j + A i n̄i = 0, (2.10)

in which n̄�
j for j < i is the steady state of the upstream SCCs. Assuming that the ith

SCC is critical, then mi = 0 and A i is not invertible since the determinant of A i is zero.

Multiplying Equation (2.10) by the left dominant eigenvector, vi , we obtain a scalar

relation which is

vi å
j< i

Ci j n̄
�
j + mivi � n̄i = vi å

j< i

Ci j n̄
�
j = 0 . (2.11)

We recall now that Ci j for i = 1, ...k and all j < i , are non-negative block matrices, the

components n̄�
j are also non-negative by de�nition and the dominant eigenvector has

all positive components (Perron-Frobenius theorem, statement (ii)). Thus, unless Ci j is

the null matrix, that is, there are no links between the jth and the ith SCCs, then only

the trivial steady-state, n̄�
j = 0, ful�ls Equation (2.11). Thus, any jth SCC with j < i is

either disconnected from the ith SCC or it is trivial.

The crucial implication of this result is that if a critical SCC is downstream of other

SCCs, then all the upstream SCCs must be trivial. We can further observe that a critical

SCC is marginally stable, and this implies that the dynamics do not restore the initial

steady-state if perturbed. In other words, any perturbation in the cell numbers applied

to a critical trivial SCC results in a non-trivial critical SCC since this SCC will never go

back to being trivial again. Globally, this implies that Equation (2.11) is not ful�lled

anymore, meaning that a steady-state does not exist, and it will never be approached.

Hence, any trivial SCC upstream of a critical SCC must be sub-critical. This result also

means that more critical SCCs can coexist, as long as one is not upstream of the other.

Therefore, there must not be any path connecting critical SCCs3. Based on the above

considerations, we can derive two more requirements for homeostasis, stated below.

(l.iii) If there is any SCC upstream of a critical SCC, it must be trivial.

(l.iv) If there are multiple critical SCCs, there must not be any path connecting them.

The derived necessary (and suf�cient [Greulich et al., 2019]) conditions for marginal

stability of the dynamical system, (l.i)-(l.iv), are graphically shown in Figure 2.2,

where different architectures of the cell type condensed network are classi�ed based

on their compatibility with homeostasis requirements. Each circle corresponds to an

SCC, which is coloured according to its type, i.e. critical, sub-critical and super-critical;

dashed faded lines indicate the trivial SCCs. Whilst networks a-c (left column) are not

3In [Greulich et al., 2019], the proof of this statement is based instead on considerations about the
geometric and algebraic multiplicity of the dominant eigenvalue.
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compatible with homeostasis, in networks d-f all the requirements for homeostasis are

met. Focusing on the non-homeostatic examples, we note that networks a and b

respectively break Condition (l.i) and (l.ii); network c is not compatible with Condition

(l.iv) since, although trivial, there is a critical SCC upstream of another critical SCC.

FIGURE 2.2: Illustrative examples of cell type condensed network architectures and
compatibility with homeostasis requirements (l.i)-(l.iv). Each circle, corresponding to
an SCC, is coloured according to its type; trivial SCCs are indicated with a dashed
faded line. The networks a and b violate respectively Condition (l.i) and (l.ii). In
network c, there is a (trivial) critical SCC upstream of another critical SCC, which is not
compatible with Condition (l.iv). In networks d-f all the requirements for homeostasis

are met.

2.2.2 Cell type classi�cation and lineage architecture

The results derived so far are purely mathematical. Here, we discuss their

implications in the cell type de�nition and lineage architecture constraints. From the

biological perspective, the isolated SCC dynamics represent the cell type's intrinsic

long-term proliferative potential since we neglect in�ux from other cell types. These

dynamics only depend on the dominant eigenvalue of the SCC associated with the cell

type, m, which we also call the growth parameter. Therefore, we can distinguish three

different long-term behaviours for the cell type Ti based on the value of its growth

parameter mi , which are described below and summarised in Table 2.1.

(a) If mi > 0, the expected number of cells of this type increases. Although possible

in certain pathologies, such as cancer, this situation is not physiological. We

de�ne such cell type as hyper-proliferating.
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(b) If mi < 0, the expected number of cells of type Ti decreases until they vanish.

Therefore, all cells of this type and their progeny will eventually differentiate

into other types, or die, leaving no cells of type Ti in the tissue. For this reason,

we de�ne this cell type as transient. However, we observe that an incoming �ux

of cells sustained over time can prevent this cell type from vanishing.

(c) If mi = 0, the expected number of cells remains, on average, constant. Cells of

this type maintain their number constant by themselves, without any cell in�ux

from other types. Thus, we de�ne this cell type as self-renewing. We note that

cells that do not either divide, differentiate, or die (i.e. inert) fall in this class, but

they are not considered in this work since they are not part of renewing tissues.

Importantly, we remark that a constant parameter model describes these cell

population dynamics, and therefore the growth parameter of each cell type is constant

over time. This approximation is acceptable since we expect that homeostasis is

associated with a (marginally stable) steady condition. In reality, as we will discuss in

Chapter 3, mmay depend on the cellular environment and change over time.

Now that we have classi�ed the cell type based on the growth parameter, we analyse

the mathematical Conditions (l.i)-(l.iv) for achieving homeostasis. Condition (l.i)

directly relates to hyper-proliferating cells, which are clearly not compatible with

homeostasis and therefore excluded hereafter unless speci�ed. Condition (l.ii) is

necessary since in the presence of just transient cells (hyper-proliferating ones are

excluded based on Condition (l.i)), the tissue cannot self-maintain, and the cell

numbers continuously decrease until they vanish. For translating Conditions (l.iii)

and (l.iv) in the biological context, we need to consider that any cell in�ux entering

into a self-renewing cell type implies an increase in the number of self-renewing cells

which, by de�nition, maintain their number constant without external contributions.

We analyse now all the possible scenarios for a cell type upstream of a self-renewing

one: a) a non-trivial self-renewing cell type implies a constant in�ux of cells; b) a

trivial self-renewing cell type gives no cells contribution downstream, but, if

perturbed, the contribution becomes non zero, and self-maintains over time; c) cell

in�ux of a non-trivial transient cell type declines until all transient cells disappear;

and d) a trivial transient cell type nominally does not produce any cell, condition

naturally restored after any perturbation. Although scenario c) might be of interest in

tissue development, as later commented, only scenario d) is compatible strictly with

homeostasis, which is equivalent to saying that there are no other cell types upstream

of a self-renewing cell type.

From the above considerations, an important result for stem cell biology follows, that

is in homeostatic renewing tissues, every self-renewing cell type resides at an apex of a cell

lineage hierarchy, and every such lineage has a self-renewing type at its apex, [Greulich et al.,

2021]. An equally important consequence of this result, which is again applicable to
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homeostatic renewing tissues, is that the self-renewing cell type has the potential of

generating cells in the whole lineage and vice versa (the ability to generate cells in the

whole lineage implies self-renewing potential). For this reason, we can identify a

self-renewing cell type as an adult stem cell. Crucially, this mathematical modelling of

homeostasis in renewing tissues leads us to derive these two features (i.e.

self-renewing potential and full lineage potential) that characterise the adult stem cells

and are commonly observed in real renewing tissues [National Institute of Health,

2016]. We note that multiple apexes of a lineage can, in principle, exist, with different

stem cells at each apex, as is conjectured for mouse mammary epithelium lineage, for

instance, [Pal et al., 2017]. The remaining cell types must be of the transient type and

placed downstream of the adult stem cells. We de�ne them as committed cells. This cell

population, which would naturally vanish, is maintained by the adult stem cells. The

last column of Table 2.1 completes the cell type classi�cation picture based on the

growth parameter with the above cell functionality in homeostatic renewing tissues

(i.e. adult stem cell or committed cell). In Figure 2.3, we show a typical cell lineage

hierarchy.

We �nally remark that we discuss some non-homeostatic conditions such as tissue

development or regeneration after damage in [Greulich et al., 2021]. In this work, we

show that our mathematical model is compatible with the existence of developingcells,

i.e. transient non-trivial cell types, which are upstream of the adult stem cells, and of

dormantstem cells.

FIGURE 2.3: Illustration of a typical cell lineage tree. Each circle represents a cell type,
which comprises a maximal set of mutually reachable cell states, and arrows are pos-
sible transitions between cell types. The blue circles represent self-renewing cell types,
and the black ones are transient cell types. Crucially, along each homeostatic lineage
trajectory, that is, a series of transitions between cell types active in homeostasis, only
a single self-renewing cell type can contribute to homeostasis, which we identify as
adult stem cells. Therefore, a single stem cell type must be at each apex of the home-
ostatic lineage. Downstream cell types form the committed types whose progeny is

eventually lost. This �gure is inspired by that presented in [Greulich et al., 2021].



2.2. Homeostasis modelling 33

Math classi�cation
m

Bio classi�cation

SCC type
Long-term

Cell type Cell function
dynamics

super-critical growing > 0 hyper-proliferating -
critical steady = 0 self-renewing stem

sub-critical vanishing < 0 transient committed

TABLE 2.1: The growth parameter mof a cell type, corresponding to the dominant
eigenvalue of the associated strongly connected component (SCC), determines the
classi�cation of the SCC, the corresponding long-term dynamical behaviour of the

isolated system, the cell type and its function in homeostatic renewing tissues.

2.2.3 Non-linearity of the cell fate dynamics

So far, we have discussed the cell fate dynamics modelled as a linear system of ODEs

and derived a necessary and suf�cient condition for a marginally stable homeostatic

steady state, requiring self-renewing cells at the apex, and only there, of the lineage

tree. In this frame, a �ne-tuning of the model parameters is essential for a

self-renewing state. This corresponds to a precisely zero growth parameter, a

condition biologically implausible without any regulation. In reality, tissue population

dynamics are non-linear due to interaction with their local micro-environment and

cell signalling. From a mathematical point of view, non-linearity translates into kinetic

parameters dependent on the cell numbers, and thus, the dynamics are written as

d
dt

n̄ = A(n)n̄ . (2.12)

Notably, a weaker but equally important statement about homeostasis also applies to

non-linear systems, formulated as follows. A homeostatic state only exists if the

following conditions are satis�ed.

(nl.i) There must not be any non-trivial super-critical SCCs.

(nl.ii) There must be at least one non-trivial critical SCC.

(nl.iii) Any SCC upstream of a critical SCC must be trivial.

(nl.iv) There are no directed paths from a non-trivial critical SCC to another.

We discuss below the main differences from the linear case and leave in Appendix A.1

the detailed proof of the above statement, which is taken from [Greulich et al., 2021].

First of all, we observe that homeostasis in a linear system corresponds to a marginally

stable steady-state. Instead, in non-linear systems, it corresponds only to a

steady-state condition, without any speci�cation about its stability properties. For

addressing the stability of the homeostatic steady-state, the underlying regulation
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mechanism must be known. Importantly, whilst Conditions (l.i)-(l.iv) are necessary

and suf�cient conditions for having a marginally stable steady-state in a linear system,

Conditions (nl.i)-(nl.iv) are necessary but not suf�cient ones for the existence of a

steady-state in the non-linear case. That means that non-homeostatic cell fate models

where those conditions are satis�ed might exist. Finally, we observe that Conditions

(nl.i)-(nl.iv) explicitly refer to non-trivial SCCs, whereas the corresponding conditions

for the linear system do not. In other words, it is admitted to have, for example, a

super-critical SCC if it is trivial since it does not affect the existence of the steady-sate.

However, we must consider that in the biological context, a trivial sub-system means

that there are no cells of that type in the steady-state, and therefore it is virtually

non-existent. Given that, the conditions derived for non-linear systems are equivalent

to those for linear ones.

The above considerations imply that the lineage structure depicted in Figure 2.3 is, in

general, the only possible one compatible with homeostasis. Nevertheless,

homeostasis stability is attained only when the system is adequately regulated. We

will assess later, in Chapter 3, these non-linear dynamics when a speci�c regulation

mechanism, the crowding feedback, is included.

2.2.4 Numerical examples of cells' dynamics

This section shows some numerical examples of different cell linear dynamics to

illustrate the main results of the homeostasis modelling. Examples of non-linear

dynamical models will be analysed instead in Chapter 3.

We �rst consider two cases of isolated cell type constituted respectively by a single cell

state,m = 1, and a four cell states,m = 4, based on the following models

X1
l 1�! X1 + X1, X1

g1�! Æ, (2.13)

and

X1
l 1�!

8
<

:
X1 + X1 with probability r11

1

X1 + X4 with probability r14
1

, X1
g1�! Æ,

X2
l 2�! X1 + X2, X2

w24�! X4, X2
g2�! Æ,

X3
w32�! X2, X3

g3�! Æ,

X4
l 4�! X2 + X3, X4

w42�! X2,

(2.14)

in which we arbitrarily chose r11
1 = 0.9, andr14

1 = 0.1. The corresponding cell state

network is shown in Figure 2.4 (top panels). In the four-state network, we note that

cell states are connected such that they form a single strongly connected component.
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The corresponding matrix A for these two models is respectively

A = l 1 � g1 , (2.15)

and

A =

0

B
B
B
B
@

l 1(2r1
1 � 1) � g1 l 2 0 0

0 � w24 � g2 w32 w42 + l 4

0 0 � w32 � g3 l 4

l 12r4
1 w24 0 � l 4 � w42

1

C
C
C
C
A

, (2.16)

in which r1
1 = ( 2r11

1 + r14
1 )/2 = 0.95 andr4

1 = r14
1 /2 = 0.05.

For each cell state model, we study the cells' dynamics for different values of the

growth parameter m= 0, 0.2,� 0.2, respectively representative of a self-renewing (SR),

hyper-proliferating ( HP), and transient (T) cell type, conditions achieved by varying

the kinetic parameters. While this is straightforward in the single-state case since

m= l 1 � g1, in the four-state model, we used a stochastic optimisation algorithm

(Matlab gafunction) to �nd a set of parameters matching the target m. The

corresponding test cases parameters, based on arbitrary units and unitary g1, are

reported in Table 2.2.

Cell
m

m = 1 m = 4
type l 1 g1 l 1 l 2 l 4 g1 g2 g3 w24 w42 w32

SR 0 1.00 1.00 1.01 0.76 1.45 1.00 1.20 1.28 0.84 1.78 1.31
HP 0.2 1.20 1.00 1.19 1.24 1.25 1.00 1.26 1.25 1.25 1.25 1.25
T -0.2 0.80 1.00 0.62 1.08 1.53 1.00 1.29 1.09 1.47 1.28 1.71

TABLE 2.2: Test case model parameters, based on arbitrary units and unitary g1, corre-
spond to three values of growth parameter representing respectively a self-renewing
(SR), m= 0, hyper-proliferating ( HP), m= 0.2, and transient (T), m= � 0.2, cell type.
Values for the m = 4 test case are one solution of a stochastic optimisation problem in

which the distance from the target mis minimised (Matlab gafunction).

The total cell numbers time evolution, shown in Figure 2.4 (bottom panels), is the

results of the integration of the ODEs system (2.5), based the explicit Runge-Kutta

Dormand-Prince method (Matlab ode45). The initial condition is n̄0 = 104 in the

single-state model, where the dynamical state is scalar. In the four-state model,

instead, the initial condition corresponds to the dominant eigenvector scaled such that

the total cell number is equal to 104. In the �gures, the time is scaled by the reference

kinetic parameter ā = g1 and the total cell numbers by the initial value n̄0. Both cell

state networks, m = 1 and m = 4, show the same dynamical behaviour for each

growth parameter value. In particular, the self-renewing case, m= 0 is a homeostatic

case with a total cell number maintained constant and equal to its initial value, whilst

the cell number in the hyper-proliferating and the transient cases respectively

diverges and vanishes.
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m = 1 m = 4

FIGURE 2.4: Cell state networks for m = 1 (top-left) and m = 4 (top-right) test cases.
In the m = 4 test case, the four states form a single SCC which, based on the proposed
modelling, corresponds to a single cell type. The speci�c values of kinetic parameters
of each network, reported in Table 2.2, correspond to a self-renewing ( SR), hyper-
proliferating ( HP) and transient (T) cell type. The normalised cells' dynamics (bottom
panels) refer to the isolated cell type (i.e. without any cell in�ux). Time is scaled
by a reference parameter ā = g1 = 1 and the total cell number by its initial value.
Despite the differences in the cell state networks, the total cell number time evolution
only depends on the growth parameter m, resulting the same in the two test cases. If
m= 0, the cell type presents a self-renewing behaviour where the cell number remains
constant; if m> 0, the cell type is hyper-proliferating, which correspond to a diverging
dynamics; and if m < 0, the cell number of the transient cell type decreases until it

completely vanish.

Now that we have shown that independently on the complexity of the cell state

network the natural dynamics of a cell type only depend on the growth parameter m,

we focus only on single-state cell types and study how the dynamical behaviour

changes when cell types are connected. Thus, we combinek cell types, each of which

is based on model (2.13) and characterised by the kinetic parameters reported in

Table 2.2 (m = 1 columns). In particular, we study the six different con�gurations

shown in Figure 2.2, where casesa-c represent non-homeostatic cell type condensed

networks and casesd-f homeostatic ones. We note that the parameterg1 of Table 2.2 is

treated as a differentiation rate wi j connecting two types composed by state i and j

(except for the most downstream types of which cells do not differentiate but die).

Besides, if a cell type is connected to two cell types (e.g. casesb-f of Figure 2.2), then

we assumewi j = 0.5g1 so that total outgoing cells rate is equal to g1.
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The integration of the ODEs system (2.5), is again based on the explicit Runge-Kutta

Dormand-Prince method (Matlab ode45). The initial condition in each non-trivial cell

type is randomly chosen such that the total initial cell number is equal to 10 4. For the

trivial cell types, the initial cell number is equal to 1, representing a possible

perturbation. The time evolution of the total cell number is shown in Figure 2.5 and

the details of cell numbers in each cell type in Figure 2.6. The time is scaled by the

reference kinetic rate ā = g1 = 1 and cell number by the initial and the �nal total cell

number, respectively, in the non-homeostatic cases (left panels) and the homeostatic

ones (right panels).

We observe that the cells' dynamics agree with the expected ones. In particular, the

cell numbers of all the transient cell types tend to vanish in the long term or remain

trivial unless there is a non-zero in�ux of cells from some upstream cell types. Instead,

self-renewing cell types are characterised by a constant cell number only if they are at

the cell lineage's apex and not connected to other self-renewing cell types (all the

homeostatic cases). In particular, concerning casef , we note that two separate lineages

coexist, one maintained by self-renewing cell type T2 and one by T4, which are

disconnected. Focusing on casec, instead, we observe that the two self-renewing

types, the trivial one T2 and the non-trivial one T5, are connected. In this case the

initial perturbation in the cell number of the trivial cell types, T1 to T4, (see zoom in

Figure 2.6, bottom-left panel), is only restored in the transient T1 type, whilst it is

maintained in the self-renewing one T2 and consequently also in the downstream

ones,T3 and T4, despite being of transient type. Overall, this leads to a small but not

negligible increase in the cell number of the self-renewing cell type T5, which slowly

diverge from the homeostatic condition.

FIGURE 2.5: Cell dynamics corresponding to the cell type networks depicted in Fig-
ure 2.2. The evolution of the total cell number is shown as a function of time. The time
is scaled by the reference valueā = g1 = 1 and the total cell number by its initial value
in the non-homeostatic cases,a-c (left panel), and by its �nal value in the homeostatic
ones,d-f (right panel). In the non-homeostatic cases, the cell number diverges or van-
ishes; in the homeostatic ones, it reaches a constant value in the long term. The details

of the cell numbers' evolution for each type are given in Figure 2.6.
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a d

b e

c f

FIGURE 2.6: Details of each cell type number corresponding to the test networks
presented in Figure 2.2 which cells' dynamics are shown in Figure 2.5. The time is
scaled by a reference valueā = g1 = 1, and the cell numbers by the initial or �nal
total number, respectively in the non-homeostatic (left panels) and homeostatic (right
panels) cases. The colour and style of each curve, labelled with the corresponding
cell type number, are consistent with its type (see Figure 2.2). The long-term cells'
dynamics of the trivial cell types only depend on the upstream dynamics: if there is no
cell in�ux, the cell type vanishes; otherwise, it presents a constant or diverging trend in
case of a constant or increasing cell in�ux. Self-renewing cell types are characterised by
a constant cell number only when there is no connection to other self-renewing types,
e.g. d-f . In casec, instead, the perturbation in the trivial self-renewing cell types T2
is not restored (shown in the zoom detail) and constantly feed the self-renewing cell

type T5, which shows a slowly diverging behaviour.
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2.3 Conclusions

This chapter studied generic tissue population dynamics and derived requirements to

achieve homeostatic cell fate models. To this aim, we started from generic modelling

of the cell fate, based on a multi-type branching process, and we focused on its

deterministic approximation, which describes the average numbers of cells in tissue as

a set of Ordinary Differential Equations. We then used graph theory to de�ne a cell

state network, providing an intuitive view of the relations between cells in different

states. Based on this network, we also proposed a cell type de�nition as the Strongly

Connected Components of such network. In this view, the cell types are formed by the

mutually reachable states, meaning that cells of the same type have the potential of

renewing themselves. Importantly, cell types are connected in a hierarchical order,

forming an acyclic condensed network, called the cell type network, in which cell

types are the nodes.

We then analysed the homeostatic state, de�ned as the non-trivial steady-state

condition of the dynamical system. When assuming a constant parameter cell fate

model, the dynamics are linear and described by a constant matrix A. Hence,

homeostasis is only possible if the system is marginally stable, which only depends on

the spectral properties of A. Notably, a topological ordering of the cell states, which is

strictly related to the SCC of the cell state network, allowed us to rewrite A in a

triangular block form, where the diagonal blocks are irreducible Metzler matrices.

Based on these properties of the matrix A, we �rst classi�ed the SCC into critical,

super-critical and sub-critical depending on the sign of the dominant eigenvalue, m,

and then extracted the following condition for marginal stability: (l.i), there must not

be any super-critical SCCs; (l.ii) there must be at least one critical SCC; (l.iii) if there is

any SCC upstream of a critical SCC, it must be trivial; and (l.iv) if there are multiple

critical SCCs, there must not be any path connecting them.

The above mathematical considerations were then translated into the biological

context. This resulted in classifying a cell type into self-renewing, hyper-proliferating

and transient type, depending on the sign of m, which assumes the meaning of a cell

type growth parameter. Considering that hyper-proliferating cell types are

incompatible with homeostasis based on Condition (l.i), this type of cell is excluded a

priori in any homeostatic tissue. Besides, from Condition (l.ii)-(l.iv), we derived the

important conclusion that in homeostatic renewing tissues, every self-renewing cell

type resides at an apex of a cell lineage hierarchy, and every such lineage has a

self-renewing type at its apex.

From this result, we de�ned the adult stem cell as the self-renewing cell type of the

cell type condensed network, which must reside at the apex of the lineage tree. The

committed cell types are all the other cell types downstream of the adult stem cells,

and they must be of transient type. This de�nition of adult stem cells implies that they
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have self-renewing and full lineage potentials, properties commonly used to identify

stem cells. This work showed from a mathematical perspective that these properties

are deeply coupled in adult renewing homeostatic tissues and that they are the only

feasible way to achieve homeostasis. We also showed how, with some limitations, the

derived conditions for homeostasis also apply to non-linear systems. Here, the

existence of a steady-state requires the same cell type network structure as in linear

models. Still, only an adequate regulation mechanism allows for a stable homeostatic

state. In the next chapter, we will assess a speci�c scenario based on the crowding

feedback modelling.

We �nally proposed some illustrative examples of cell fate dynamics based on

numerical integration of the dynamics. We �rst studied two isolated cell types,

showing that the long-term dynamics are determined by their growth parameter only.

We then assessed the dynamics in cell type networks with multiple types, con�rming

that only if Conditions (l.i)-(l.iv) are satis�ed homeostasis is achieved.

Based on these results, we can therefore restrict the search of a cell-fate model for the

study case, discussed in Chapter 5, into the homeostatic models. Although remaining

with an arbitrary number of cell state and states connections to de�ne, models not

compatible with homeostasis can be excluded by looking at the structure of the cell

state network. Homeostasis requires a particular architecture in the lineage tree, in

which stem cells are at the apex and only there.
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Chapter 3

Homeostasis regulation via

crowding feedback

In the previous chapter, we showed that homeostasis restricts the lineage architecture,

requiring, among other conditions, a self-renewing cell type at the apex of the lineage.

Only a perfect balance of proliferation and death, which, in a linear system, is

mathematically equivalent to marginally stable dynamics, enables the self-renewing

capability. However, in the biological context, this is unrealistic without a regulation

mechanism since any slight imbalance from this homeostatic condition leads to tissue

degeneration with either unlimited growth or shrinking. Hence, in this chapter, we

assess a possible regulation mechanism of homeostasis mediated bycrowding feedback.

Based on mathematical modelling, we show that homeostasis modelled as marginally

stable dynamics can turn into stable dynamics when such feedback is introduced.

Under biologically reasonable assumptions, we also provide a simple condition that

allows the dynamics to approach a dynamic long-term self-renewing state, either by

converging to or remaining con�ned around the self-renewing state. Additionally, we

derive a more restrictive condition on the feedback functions that guarantees

asymptotic stability. Finally, we explore the implications of this regulation mechanism,

showing how crowding feedback gives robustness to homeostasis.

The assessment of the crowding feedback dynamic long-term self-renewing state,

which is reported in Section 3.2.1, is published in [Greulich et al., 2021], work that I

co-authored (see details in Section 1.6.2). We are currently working on another journal

article reporting the results shown in the rest of this chapter.

This chapter is organised as follow: the description of the crowding feedback model is

provided in Section 3.1; the stability and robustness of homeostasis regulated via

feedback are discussed respectively in Section 3.2 and Section 3.3; conclusions are

given in Section 3.4.
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3.1 Crowding feedback modelling

In Section 2.2.1 we derived the conditions required for having a homeostatic system

intended as a marginally stable steady-state. In Section 2.2.3, we showed how these

conditions are necessary conditions for the existence of a steady-state in non-linear cell

fate dynamics. In particular, a self-renewing cell type, and only that, must be at the

apex of a cell lineage. To be self-renewing, the kinetic parameters of this stem cell type

(rates of division, cell state transitions, and cell loss) need to be �nely tuned to achieve

a growth parameter (corresponding to the dominant eigenvalue mof the dynamical

system) of precisely zero. If sustained over an extended period, slight deviations from

this value imply a loss of self-renewing capacity. Such �ne-tuning is biologically

implausible in the absence of a homeostatic control mechanism.

In reality, cells are part of a tissue and may respond to signalling from other cells and

environmental factors. A simple example of such regulation is the crowding feedback, in

which cells sense the density of cells in their niche and respond by adjusting their

propensity to divide or differentiate. Experimental evidence of this mechanism

indicates that overcrowding results in the acceleration of the cell differentiation

[Marinari et al., 2012, Eisenhoffer et al., 2012, Eisenhoffer and Rosenblatt, 2013] or the

inhibition of cell proliferation [Pulia�to et al., 2012]. Both effects have the consequence

of reducing cell density. Other experimental works show, instead, an increase in cell

proliferation caused by a reduction in the cell density, obtained, for example, by

stretching a tissue [Gudipaty et al., 2017]. Although the mechanisms to mediate the

crowding feedback are not always clear, experimental studies on mechanosensing

showed that cell overcrowding reduces cell motility and consequently produces a

compression on cells that inhibits cell proliferation [Pulia�to et al., 2012, Shraiman,

2005]. Another potential mechanism that might result in the form of crowding

feedback is the competition for limited growth signalling factors [Kitadate et al., 2019].

More speci�cally, a decrease in the concentration of some proteins, the growth factor,

increases the propensity of cells to differentiate rather than divide, which, in turn,

raises the growth factors levels. In the same way, when the concentration is higher

than expected, cells tend to divide and consequently lower the growth factors.

We therefore model this situation in which cells are able to sense the cell density and

adjust their dynamic behaviour accordingly. In the generic model, given by (2.1)-(2.3),

this means that the kinetic parameters l i , wi j and g i , for i, j = 1, 2, ...,m, depend on the

density of cells. In the following, we denote as aj , j = 1, 2, ...,m + m2, the jth kinetic

parameter, independently of whether it is a division, transition or death rate. We also

indicate with r the cell density, which is de�ned as the average number of cells per

unit of volume, V, that is, r = n̄/ V. Thus, when the jth kinetic parameter increases

with the cell density, that is ¶aj / ¶r > 0, it exhibits a positive crowding dependence; if it
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decrease with it, that is ¶aj / ¶r < 0, it exhibits a negative crowding dependence; it may

also neither increase or decrease, that is¶aj / ¶r = 0.

In the previous chapter, we also showed that the dynamics of a cell type is

independent of those downstream. We maintain this decoupling by assuming that the

kinetic parameters for each x-cell type, Tx, depend only on the density of cells of that

type, r x, as representative of the niche. In a more generic case, however, crowding

feedback may depend on the total cell density or any combination of cell densities of

any type (e.g. through signalling, it might also depend on the densities of another cell

type), meaning that the cell population dynamics must be assessed as a whole. Given

that, we focus this analysis on the isolated self-renewing cell type at the apex of the

lineage hierarchy. We will assess crowding feedback acting on downstream

committed cell types later, in Section 3.3.2. In other words, we analyse here the cell

dynamics of the upstream critical strongly connected component of the cell state

network. We omit hereafter any subscript or superscript referring to this cell type and

de�ne the total cells' density of that type as r = å i2 T r i , in which r i is the density of

cells in the ith state. Thus, the crowding feedbackis modelled by assuming that the

kinetic parameters are a function of r .

We recall now that the dynamics of the average numbers of cells are given by (2.12),

where the elements ai j of the matrix A depend on the kinetic parameters,

ai j = ai j (a1, a2, ...). Considering the crowding feedback modelling, since aj depends on

r , the matrix A becomes a function of r . Hence the dynamics, written here per unit of

volume, are governed by a set of non-linear ordinary differential equations. In

vectorial form, this is written as

d
dt

r (t) = A(r (t)) r (t) , (3.1)

in which r = ( r 1, ...,r m) comprises only the cells of the type T (m is the number of

states of type T) and A is the corresponding sub-matrix of the complete dynamical

system. The dependenceA = A(r ) implies that the elements of the matrix are

functions of r , and therefore also its dominant eigenvalue, m, is a function of r .

Crucially, m= m(r (t)) becomes a dynamic quantity. Thus, self-renewal corresponds

here to a non-trivial �xed point, r � , of the Equation (3.1), for which the dominant

eigenvalue of A is zero, that is m(r � ) = 0.

3.2 Stability of homeostasis

In this section, we assess the stability of the �xed point r � of the non-linear dynamical

system (3.1) and distinguish two types of behaviour. We �rst de�ne a dynamic

long-term self-renewing stateas a homeostatic state associated with con�ned dynamics
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(i.e. not vanishing nor diverging) where the steady-state is only an average condition.

In contrast, strict homeostasis, assessed later, is related to an asymptotically stable

�xed point.

3.2.1 Dynamic long-term self-renewing state

To assess the long-term dynamical behaviour of the tissue regulated via crowding

feedback, we introduce a simplifying assumption about the kinetic parameters. In

particular, we assume that all the parameters aj , for j = 1, 2, ..., which may depend on

r , converge for large r to some limiting value a¥
j > 0, i.e.aj (r ) ! a¥

j for r ! ¥ . Also,

they remain �nite positive values when r = 0. This assumption is biologically

reasonable as it simply states that cell processes cannot become in�nitely fast or slow.

Based on this assumption, we will show that a dynamic long-term self-renewing state,

that is, a non-constant cell dynamics yet con�ned, can be achieved if the following

condition is satis�ed

¶m
¶r

< 0 for all r � 0 . (3.2)

Considering that

¶m
¶r

= å
j

¶m
¶aj

¶aj

¶r
, (3.3)

the importance of Condition (3.2) lies on the fact that whilst, in general, ¶m/ ¶r cannot

be measured, the sign of ¶aj / ¶r might be. As an example, an increase of the cell

proliferation rate, l , could be detected after stretching an epithelial tissue [Gudipaty

et al., 2017], informing about the negative sign of ¶l / ¶r . If, for all j, the sign of ¶aj / ¶r

is opposite to that of ¶m/ ¶aj , which can be mathematically determined for a given cell

fate model, then Condition (3.2) is met. Therefore, measures of the sign of the

dependency of the kinetic parameters with cell density can tell about the stability of

the crowding feedback regulation mechanism.

To better understand this condition, we �rst note that the above relation implies the

uniqueness of the non trivial �xed point r � . Additionally, it also implies that at the

trivial �xed point, r 0 = 0, the matrix A0 = A(r 0) is characterised by a positive

dominant eigenvalue m0 = m(r 0) > 0, whilst for large density values, r ¥ , the matrix

A¥ = A(r ¥ ) has a negative dominant eigenvalue m¥ = m(r ¥ ) < 0.

For assessing the stability of the �xed points, r 0 and r � , we linearise the dynamics

(3.1). To this aim we compute the Jacobian matrix J, whose generic ij -element results
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in

Ji j =
¶( d

dt r i )
¶r j

=
¶(Ar ) i

¶r j
= ai j + å

k

¶aik

¶r j
r k = ai j + å

k

a0
ikr k , (3.4)

in which a0
ik = ¶aik/ ¶r (note that ¶aik

¶r j
= ¶aik

¶r
¶r
¶r j

= a0
ik1), and evaluate it at the �xed

point. In a more compact form we can write

J = A + A0r 1T , (3.5)

in which A0 is a matrix whose elements are the derivatives of the elements of A with

respect to r , evaluated at the �xed point.

The stability of the steady-state condition depends on the sign of the real part of the

eigenvalues of J, that is, the steady-state is asymptotically stable if the largest real part

of the eigenvalues of the Jacobian matrix, mJ, is negative. Focusing now on the trivial

�xed point, we note that the Jacobian matrix, J0, equals A0. From this, it follows that

the trivial solution is unstable being m0
J = m0 > 0. On the other hand, nothing can be

said in general about the stability of r � . However, we will see later, in Section 3.2.2,

that a simple sign condition on the elements of A0 is suf�cient to guarantee asymptotic

stability. However, we further note that for large r , the dynamics can be considered

linear and based on A¥ , since the kinetic parameters converge to some constant

values. Thus, given that m¥ is negative, for such linear dynamics, the direction of the

variation of the dynamical state is towards decreasing values.

From these considerations, it follows that the cell density cannot diverge, nor go to

zero, and thus Condition (3.2) assures that the tissue cell density will be con�ned

around the self-renewing state, r � , de�ned by m� = 0. Therefore, in the long-term, if

r � is asymptotically stable, i.e. mJ < 0, cell densities will converge to this homeostatic

state; otherwise, if it is unstable, i.e. mJ > 0, they will �uctuate or oscillate around it,

implying that the steady-state is only locally unstable. Notably, this could include a

dynamic state, in which cells persistently switch between a hyper-proliferating state

(m> 0) and a declining state (m< 0), in a way, however, that cell densities remain on

average constant in the long-term. Either way, the cell population is long-term

self-renewing, resulting in a (dynamic) homeostatic state for the tissue, assuming all

other cell types are transient.

To demonstrate the impact of the crowding feedback regulation on tissue dynamics,

we study three numerical examples. They are based on the same stochastic network

shown in Figure 3.1: this is composed by three states connected by state transitions

and cell division, forming a single SCC, meaning that, based on the de�nition given in

Section 2.1.2, cells in these states are of the same type. In order to implement the

crowding feedback model, we chose each kinetic parameter ai 2 f l j , dj , w jkgj,k= 1,...,m

being a function of r . In particular, we chose a Hill function [Lei et al., 2014] of the
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type ai (r ) = ci + ki r ni / (Kni
i + r ni ) in caseai is an increasing function of r (i.e.

a0
i = ¶ai / ¶r > 0), and ai (r ) = ci + ki / (Kni

i + r ni ) in case of a decreasing function of r

(i.e. a0
i < 0).

FIGURE 3.1: Cell state network used in the crowding feedback regulation examples.
This network is composed of three states connected by state transitions, w, and cell di-
vision l (the division outcome probability parameters, r i j , are speci�ed on the right).
The three states form a single Strongly Connected Component (SCC); based on the
de�nition provided in Section 2.1.2, this means that cells are of the same type. Cells
die or exit from the cell type with rate g. The three test cases, illustrative of an Asymp-
totically Stable (AS), Locally Unstable (LU) and Unstable (U) dynamics, differs for the

parameters describing the feedback regulation which are provided in Table 3.1.

The three test cases differ for the values of the feedback function parameters, which

are reported in Table 3.1. These values are the results of a random search, which is

detailed in Appendix A.2. More speci�cally, we chose the test cases based on different

values of m0and mJ to have different qualitative dynamic behaviours: an

asymptotically stable case (AS), a locally unstable (LU) ful�lling Condition (3.2) and

an unstable case (U). This is graphically shown in Figure 3.2 (left), where each

quadrant is related to one of the three expected behaviours. We remark that cases

falling in the (Locally) Unstable quadrant can show an unstable behaviour if

Condition (3.2) is not met (i.e. the condition does not apply to the full range of r ).

Thus, whilst for the cases in the Asymptotic Stable and the Unstable quadrants, the

expected dynamics is fully determined by the sign of m0and mJ, the locally unstable

dynamics are just a possible behaviour that depend on each speci�c dynamical

system. Another important remark is that no test case is selected in the quadrant

m0 > 0, mJ < 0. It will be shown later, in Section 3.2.2, that m0 < 0 is a necessary

condition for asymptotic stability, thus, with this modelling, that quadrant is not

achievable in any way. The dependency of m(r ) in the three cases is shown in

Figure 3.2 (right). We note that in general the time unit is arbitrary and therefore

omitted. However, for a better comparison of the dynamics, time is scaled by the

minimum kinetic rate, ā = min i ,j f l i (r � ), wi j (r � ), g i (r � )g, which gives a measure of

the timescale of the dynamics, i.e. the smaller the kinetic rate, the longer we need to

wait to see events of that type. Consistently, m0and mJ are expressed inā since they

have the same unit as the kinetic rates.
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a
AS LU U

k K n s k K n s k K n s
l 1 0.55 0.77 2 1 26.37 1.17 27 1 0.46 0.70 3 -1
l 3 77.86 5.80 2 -1 16.62 2.53 2 -1 32.35 3.66 2 -1
g1 3.09 0.54 2 1 3.65 0.73 2 1 4.31 0.90 2 -1
g2 1.67 0.74 2 1 1.09 0.08 2 1 1.15 0.24 2 -1
w13 17.52 1.71 2 -1 7.97 0.89 2 -1 5.42 0.46 2 1
w21 0.30 0.75 10 -1 0.29 0.74 14 -1 0.47 0.81 2 1
w23 0.26 1.45 5 1 0.04 0.95 104 -1 0.04 0.87 25 -1
w31 41.72 2.58 2 -1 7.10 0.55 2 1 123.16 4.65 2 -1

TABLE 3.1: Values of the Hill function parameters used to describe the kinetic param-
eters in case of homeostasis regulation via crowding feedback. The three test cases
are illustrative of an Asymptotically Stable ( AS), Locally Unstable (LU) and Unsta-
ble (U) dynamics. The generic kinetic parameter, a, which is function of the total
cell density, r , is given by a(r ) = c + kr n/ (Kn + r n) when s = sign(a0) > 0 and
a(r ) = c+ k/ (Kn + r n) when s = sign(a0) < 0. A common value c = 0.05 is assumed.
As detailed in Appendix A.2, these values are computed from a and a0chosen among
the results of a random search. The kinetic parameter unit is arbitrary and therefore

omitted.

FIGURE 3.2: Dependency of the dominant eigenvalue on cell density, m(r ), (left) and
stability parameters, mJ and m0 = ¶m/ ¶r j r � (right) for the three test cases, representa-
tive of an Asymptotically Stable ( AS), Locally Unstable (LU) and Unstable (U) dynam-

ics. The values shown are expressed inā = min i ,j f l i (r � ), wi j (r � ), g i (r � )g.

We then numerically solved the system of ODEs (3.1) for different initial conditions

based on the explicit Runge-Kutta Dormand-Prince method (Matlab ode45function).

Results are shown in Figure 3.3 as the time evolution of r , normalised by the

steady-stater � , (left panels), and dominant eigenvalue, m, (right panels). The �rst

trajectory, indicated in the �gure as H, is based on an initial condition corresponding

to the self-renewing state r � ; therefore, the system is initially in homeostasis. In the

two other simulations, labelled as P� and P+ , we apply a perturbation in the initial

state. Here, the initial cell densities correspond respectively 0.8 and 1.2 times the

expected steady-stater � . We observe that, in the AS, the effect of the feedback is to

compensate for the perturbation in the initial condition so that the system eventually

attains a steady-stater ! r � (top-left panel) and self-renewal property m! 0
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(top-right panel) over time. For the LU test case (middle panels) instead, the cell

density deviates from the steady-state r � but, in the long term, it oscillates with

constant amplitude, whereas the average remains constant. As expected, the

dominant eigenvalue moscillates assuming negative (positive) values for r > r �

(r < r � ). Finally, in the U test case (bottom panels), for any initial condition, the cell

densities diverge from the steady-state r � , approaching in one case the trivial

condition, which is, in this case, the only stable �xed point, and grows in the others.

Thus, these examples show that for various initial conditions, which might be not

self-renewing, if Condition (3.2) is satis�ed, the growth parameter approaches or

oscillates around the value m= 0. Consistently, the cell density asymptotically

converges to or remains con�ned around a self-renewing state, corresponding to a

(dynamic) homeostatic state. We observe that Condition (3.2) is only a suf�cient

condition, meaning that a dynamic homeostatic state may exist even when this

condition is not ful�lled in the whole range of r . In general, due to non-linearities,

more complex dynamics with multiple �xed points are also possible. In this case, the

speci�c stability properties of each �xed point must be evaluated to determine the

global behaviour of the dynamical system.

3.2.2 Asymptotic self-renewing state

To derive the conditions for a strict homeostatic state, which corresponds to an

asymptotically stable �xed point, r � , of the non-linear dynamics (3.1), we follow a

standard approach and evaluate the eigenvalues of the Jacobian matrix of the

linearised system. For clarity, in the following, we indicate as x� a variable x(r )

evaluated at the steady state, e.g.a�
i j = ai j (r � ), and with x0 its partial derivative with

respect to r , evaluated at the steady state, e.g.a0
i j = ¶ai j / ¶r j r � .

Before linearising the system, we apply a coordinate change through a matrix W, such

that the transformed matrix at the �xed point, Ã � , is in Jordan form. The dynamics in

this coordinate system result in

d
dt

r̃ (t) = Ã(r ) r̃ (t), (3.6)

in which r̃ = W � 1r and Ã(r ) = W � 1A(r )W. The transformation matrix W is constant

and does not adjust with r , meaning that Ã(r ) is not the Jordan normal form for any r

but only for r � . This transformation results in

W =

0

B
@

1 1 ...

w21 w22 ...

...

1

C
A , (3.7)
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Test Case (AS)

Test Case (LU)

Test Case (U)

FIGURE 3.3: Cell dynamics based on crowding feedback modelling. The three test
cases are representative of an Asymptotically Stable (AS), Locally Unstable (LU) and
Unstable (U) dynamics. Line colours are consistent with those used in Figure 3.2. The
cell density r , normalised by the steady-state r � , (left panels) and the dominant eigen-
value, m, (right panels), are shown as a function of the time. Time is scaled by the in-
verse of the smallest rate at the steady-stater � , ā = min i ,j f l i (r � ), wi j (r � ), g i (r � )g. For
each test case, three sets of initial conditions are tested:H corresponds to an initially
self-renewing case; P� instead represent two different not self-renewing conditions.
As expected, we observe that in the AS and LU cases, respectively shown in the top
and middle panels, the parameters self-adjust over time such that the growth param-
eter eventually attains m= 0 or oscillates around this condition. Consistently, the cell
density becomes stationary, r ! r � , or oscillatory with constant amplitude. In the
U test case (bottom panels), depending on the initial condition, cell density grows or

decays to zero, and consistently mconverges to positive or negative values.



50 Chapter 3. Homeostasis regulation via crowding feedback

which, applied to matrix A(r ), gives

Ã(r ) =

 
m̃(r ) ( ã(r )) 1j

( ã(r )) i1 Ãrem(r )

!

, (3.8)

in which ã�
1j = 0 and ã�

i1 = 0 for i, j = 2, ...,m, where m is the number of cell states1.

Importantly, we notice that the transformation W does not affect the eigenvalues of

the matrix A, and thus, for any r , the dominant eigenvalue of Ã is the same as that of

A, i.e. m. Furthermore, at the steady state, ã�
11 = m̃� = m� = 0. Considering that mis a

simple eigenvalue, Theorem 6.3.13(b) of [Horn and Johnson, 1985] holds. This is

¶m
¶ãi j

=
v̄iuj

v̄u
, (3.9)

in which u and v are respectively the right and left eigenvectors, and v̄ indicates the

conjugate transpose ofv (in this particular case however v is real since it is associated

to the dominant eigenvalue). Since ã11 = m̃, we can rewrite the left hand term of

Equation (3.9) as
¶m

¶ã11
=

¶m
¶m̃

=
¶m
¶r

¶r
¶m̃

. At the steady state r � , Ã � is in Jordan form, and

the left and right dominant eigenvalues, respectively v � and u� , are zeros except for

the �rst component v1 and u1. Thus, the right hand side of Equation (3.9) is equal to 1.

This results in
¶m

¶ã11

�
�
�
�
r �

=
m0

m̃0 = 1, which implies that m̃0 = m0.

The non-linear dynamical system (3.6), close to the steady-state, can be approximated

by a linear one, governed by

d
dt

Dr̃ (t) = J̃Dr̃ , (3.10)

in which Dr̃ is the deviation from the steady state r � , and J̃ is the Jacobian matrix. The

ij -element of this matrix is

J̃i j =
¶( d

dt r̃ i )
¶r̃ j

�
�
�
�
�
r �

=
¶( Ã r̃ ) i

¶r̃ j

�
�
�
�
r �

= ã�
i j + å

k

¶ãik

¶r̃ j

�
�
�
�
r �

r̃ �
k . (3.11)

Considering that the term
¶ãik

¶r̃ j
=

¶ãik

¶r
¶r
¶r̃ j

= ã0
ik

¶ å l (Wr̃ ) l

¶r̃ j
= ã0

ik å l wl j , we can write

the generic Jacobian matrix element as

J̃i j = ã�
i j + å

k

ã0
ik r̃ �

kWj . (3.12)

in which Wj = å l wl j . We observe now that r̃ �
k = 0 for k > 1 and r̃ �

k = r �
1 for k = 1

since ˜r � is the eigenvector associated with the dominant eigenvalue. From this, it

1Since A � is an irreducible Metzler matrix, the dominant eigenvalue mis real and simple (see Sec-
tion 2.2.1). Thus, the Jordan block associated tomis scalar [Horn and Johnson, 1985]
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follows that wj1 = r �
j / r �

1, and therefore W1 = r � / r �
1. Therefore, the Jacobian matrix

can be further simpli�ed resulting in

J̃ =

 
0 0

0 Ã �
rem

!

+

 
m0r � m0r �

1Wj

( ã)0
i1r � ( ã)0

i1r �
1Wj

!

. (3.13)

Importantly, we note that J̃and Jhave the same eigenvalues given that

W � 1JW = W � 1AW + W � 1A0r � 1TW = Ã + W � 1A0Wr̃ � 1TW

= Ã + Ã0r̃ � å
i

Wji = J̃
, (3.14)

in which J is the Jacobian matrix in the non-transformed coordinates given by

Equation (3.5). Thus, in general, the system's stability depends on the sign of the real

part of the eigenvalues of the Jacobian matrix (3.13).

Since it is impossible to derive a generic closed-form solution for any dimension, we

�rst analyse the straightforward one-dimensional case analytically and then the

two-dimensional one. These cases correspond respectively to a single-state and a

two-state stochastic cell network. Based on that, we derive a suf�cient condition for

asymptotic stability and verify this condition numerically for higher dimensions.

Notably, the derived suf�cient condition implies that there might be other

con�gurations for which the condition is not satis�ed, yet the solution is

asymptotically stable. With the same approach, we also derive a necessary condition

for stability.

3.2.2.1 Single-state cell network

In the case of a single-state cell type, the problem is reduced to a scalar one in the cell

density r . For such dynamics, the matrix A is actually a scalar and it is equal to the

dominant eigenvalue m. Thus, the linearised system around the steady-state, r � , is

J̃ = m� +
¶m
¶r

�
�
�
�
r �

r � = m0r � . (3.15)

From the above, r � , which is positive, is asymptotically stable if and only if m0 < 0.

Thus, in this single-state cell type case, Condition (3.2) for the existence of a (dynamic)

homeostatic state assures the asymptotic stability of such steady-state. Importantly,

we observe that the here derived necessary and suf�cient condition for asymptotic

stability is less restrictive than (3.2) as it must hold only at the steady-state and not for

any r .
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3.2.2.2 Two-state cell network

We study now the stability of a generic two-state single-type cell dynamics. We �rst

rewrite the steady state as r �
1 = br � and r �

2 = ( 1 � b)r � , where r � = r �
1 + r �

2 and

b = [ 0, 1]. We also note that since the dominant eigenvalue of A � , m� , is equal to zero,

the second eigenvalue,m2, must be real and negative2. In particular, we can write

m2 = � K, where K =
q

(a�
11 � a�

22)
2 + 4a�

12a
�
21 = � Tr (A � ) is a positive quantity. Based

on this parametrisation, we can rewrite the transformation matrix, W, given by

Equation (3.7), and the transformed matrix at the steady state, Ã � , given by Equation

(3.8), respectively as

W =

0

@
1 1

1 � b
b

�
K
a�

12
+

1 � b
b

1

A , (3.16)

and

Ã � =

 
0 0

0 � K

!

. (3.17)

Thus, the Jacobian matrix in Equation (3.13) results in

J̃ = Ã � + Ã0

 
r �

1

0

! �
1
b

1
b

�
K
a�

12

�
=

0

B
B
@

rm0 rm0
�

1 �
K
a�

12
b

�

r ã0
21 � K + r ã0

21

�
1 �

K
a�

12
b

�

1

C
C
A . (3.18)

The eigenvalues of J̃, l 1,2, are

l 1,2 = 1/2
�

B �
q

4Krm0+ B2

�
(3.19)

in which B = � K + r ((1 � Kb/ a�
12) ã0

21 + m0).

Crucially, we note that if m0 > 0, then 4Krm0+ B2 > 0, so the two eigenvalues are real.

Also, it holds that
p

4Krm0+ B2 > B, and therefore the dominant eigenvalue of the

Jacobian matrix, mJ = l 1, is always positive. Therefore, a necessary condition for

asymptotic stability is that

m0 =
¶m
¶r

�
�
�
�
r �

< 0 . (3.20)

We note that this is the same condition derived for a single-state system. However, in

this case, the condition is necessary but not suf�cient for asymptotic stability.

2In a two-state cell network, the matrix A � has two eigenvalues. Since complex eigenvalues are in
pairs, if the dominant eigenvalue is real, the other must also be real. Also, if the dominant eigenvalue,
which is simple, is zero, then the second one must be negative.
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Assuming now that m0 < 0, we note that the term 4Krm0 < 0, since bothK and r are

positive. Thus, B < 0 is a suf�cient condition to have two negative eigenvalues 3. To

determine now the sign of B, we note that � K < 0, so we focus on the sign of

C = r ((1 � Kb/ a�
12) ã0

21 + m0). We then rewrite the terms m0and ã0
21 considering that

Ã0 = W � 1A0W, resulting in

m0 =
a�

12

bK
G

�
F +

K
a�

12

�
(3.21)

and

ã0
21 = �

a�
12

bK
GF, (3.22)

in which G = a0
12(1 � b) + a0

11b and F = ( � 1 + b)/ b + ( a0
22(1 � b) + ba0

21)/ G. Based

on that, C < 0 if b(a0
21 + a0

11) + ( a0
22 + a0

12)(1 � b) < 0. This implies that if all the

elements of the matrix A0are negative, then the �xed point r � is asymptotically stable.

Thus, a suf�cient condition for asymptotic stability can be formulated as

a0
i j =

¶ai j

¶r

�
�
�
�
r �

< 0 for any i, j . (3.23)

Importantly, we note that if this condition is satis�ed then the necessary condition for

asymptotic stability given by (3.20) is automatically ful�lled. In fact, we can write

¶m
¶r

=
m

å
i ,j= 1

¶m
¶ai j

¶ai j

¶r
, (3.24)

in which m is the number of states. Considering that the dominant left and right

eigenvectors of A have non-negative elements, based on Equation (3.9) [Horn and

Johnson, 1985], it follows that ¶m
dai j

> 0 for any i, j, which implies that m0 is the sum of

negative terms.

In the next section, based on numerical simulations, we will show that both the

necessary and the suf�cient conditions, given by Equation (3.20) and Equation (3.23),

hold for dimensions higher than two. However, it is important to remark that the

formulated suf�cient condition (3.23), whatever is the dimension of the cell state

network, cannot be completely translated into a generic sign condition on the kinetic

parameters of the biological process. A direct estimation is possible only for the cell

death rate, g i , which appears exclusively in the diagonal term aii . Considering that g0
i

contributes only to a0
ii and that ¶aii / ¶gi = � 1, then g0

i must be positive. Concerning

the generic transition rate derivative, w0
i j , it contributes to both the diagonal term a0

ii

and the off-diagonal one a0
ji with opposite sign, since ¶aii / ¶wi j = � 1 and

¶aji / ¶wi j = 1. Lastly, the sign of the division rate derivatives' contributions, l 0
i , to the

off-diagonal and the diagonal terms speci�cally depend on the probability r i
i and r j

i

3Two cases can be distinguished: a) if B2 < � 4Krm0, then the eigenvalues are complex conjugate, and
b) if B2 > � 4Krm0 then the eigenvalues are real. In both cases, ifB < 0 the real part of the eigenvalues is
negative.
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and may result in the same or opposite sign. Thus, it is clear that unless the sign of the

elements of the matrix A is directly measured, the knowledge of the sign of the kinetic

parameter derivative is not suf�cient to check the ful�lment of Condition (3.23), but in

this case also the values have to be measured. Also, there might be networks where

the derived suf�cient condition for asymptotic stability can never be satis�ed.

However, for some speci�c cell fate con�gurations, e.g. where feedback is applied

only to the death rates, Condition (3.23) for asymptotic stability can be easily veri�ed

by measuring only the sign of the derivative of some of the kinetic parameters.

3.2.2.3 Generic m-state cell network

For cell state networks with more than two states, the strategy followed is to test

Conditions (3.20) and (3.23) numerically for a large number of random critical cell

state networks (i.e. characterised by m= 0). To this aim, we solve an optimisation

problem for each network formulated to �nd solutions that violate the suf�cient or the

necessary condition. The procedure followed is detailed in Algorithm 1.

Based on this approach, we tested a large number of cell state networks, NN = 104,

characterised by m = 3 and m = 4 states. The results are shown in Figure 3.4 in terms

of m0 = ¶m/ ¶r and mJ. The testing results shown in the left panel, con�rm that if all the

elements of A0are negative there are no solutions violating the suf�cient condition for

asymptotic stability (3.23) since all the solutions are characterised by mJ < 0 and

therefore they are asymptotically stable. Testing results shown in the right panel,

verify the necessary condition (3.20), as there are no solutions in the quadrant m0 > 0,

mJ < 0.

FIGURE 3.4: Numerical tests of the stability conditions for m-state cell networks. For a
large number of random systems, the corresponding values m0 = ¶m/ ¶r j r � and mJ are
optimisation results aimed at violating the tested condition (see Algorithm 1). Con-
cerning the suf�cient condition (3.23) (left panel), no solutions can be found in the
Unstable and (Locally) Unstable quadrants (when A0 < 0, asymptotic stability is guar-
anteed). When testing the necessary condition (3.20) (right panel), solutions charac-
terised by m0 > 0 and mJ < 0 cannot be found (if m0 > 0, the steady-state is unstable).
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Algorithm 1 Optimisation aimed at breaking the suf�cient (3.23) and the necessary
(3.20) conditions in random dynamical models. The estimation of mJ is based on the
Jacobian matrix J given by Equation (3.5); m0 is instead computed based on Equation
(3.24).

1: Parameter de�nition: NN , Amin , Amax, DA, A0
min , A0

max, em;
2: Variable initialisation: i = 1;
3: while i � NN do
4: /* De�nition of a random dynamical system matrix A, with dominant eigenvalue

m= 0 */
5: A0 = rand([Amin ; Amax]);
6: A1

min = max(A0 � DA, Amin), A1
max = min (A0 + DA, Amax);

7: A = argmin Amin � X � Amax
jm(X)j; // Local search based on Matlab fmincon

8: if jm(A)j � em then
9: /* Single-objective optimisation for testing suf�cient condition: can we �nd

mJ > 0 when the elements of A0are all negative? */
10: A0

S = argmin A0
min � X � 0 � mJ(X); // Global search based on Matlab gafunction

11: /* Multi-objective optimisation for testing the necessary condition: can we �nd
solutions where m0 > 0 and mJ < 0? */

12: A0
Pareto= argmin A0

min � X � A0
max

(mJ(X), � m0(X)) ; // Global multi-objective search
based on Matlab gamultiobjfunction

13: Extract the solutions, A0
Pareto� , breaking the necessary condition;

14: if A0
Pareto� is not empty then

15: A0
N = A0

Pareto� ;
16: else
17: A0

N = argmin X2 A0
Pareto

q
m2

J(X) + m02(X); // if solutions breaking the condi-

tion are not found, then returns the one closest to the origin ( mJ = 0, m0 = 0)
18: end if
19: Store A, m(A), A0

S, mJ(A, A0
S), m0(A0

S), A0
N , mJ(A, A0

N ), m0(A0
N );

20: i = i+1;
21: end if
22: end while

In principle, the same approach could be applied to systems with more states, i.e.

m > 4, but this becomes computationally expensive. However, dynamics for higher

dimensional systems usually do not show completely new features and are expected

to be qualitatively the same as m = 4. Given that, we conjecture that the derived

conditions hold for any m.

3.3 Robustness of homeostasis

The previous section showed that homeostasis regulation via crowding feedback,

under certain conditions, turns the tissue population dynamics stable. However, there

are several situations where this regulation mechanism is disrupted. An example is

poisoning from drugs, other chemicals or, more in general, environmental cues. In this

case, the global behaviour of the tissue might be affected, showing failures or
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anomalies in the cell's homeostasis control; also, it could be the case where entire

pools of cells die. Another type of disruption is related to cell mutations. In this case,

the mutated cell might have a dynamical behaviour that is different from the rest of

the tissue, and, in some circumstances, the mutated clone prevails. It is well known

that successive mutations are often associated with cancer development [Tomasetti

et al., 2013, Colom and Jones, 2016, Rodilla and Fre, 2018].

Therefore, in this section, we want to assess the robustness of the crowding feedback

regulation. In general, robustness is a broad concept that sometimes deals with

aspects that cannot be mathematically formulated; it also has different, �eld-related

and often controversial interpretations [Nikolov et al., 2007], even within the

biological context. In [Greulich and Simons, 2016], for instance, homeostasis's

robustness is intended as how a constant parameter dynamical system, which is

structurally unstable, becomes stable thanks to the inclusion of the crowding feedback

modelling. This assessment is somehow related to the stability analysis shown in

Section 3.2 but applied to a particular cell state network. In [Johnston et al., 2007]

instead, homeostasis robustness is assessed against feedback mechanism failures in a

speci�c cell dynamical model, representative of the colon crypt.

Given that, we will assess the robustness of homeostasis intended as a) how, in a

generic system, homeostasis is maintained after perturbations or complete failure of

some of the feedback functions; and b) how a different condition, yet homeostatic, can

be achieved if the structure of the cell type condensed network (see de�nition in

Section 2.1) is perturbed, apparently violating the homeostasis requirements in the

lineage architecture.

3.3.1 Dysregulation of the feedback mechanism

In Section 3.2, we showed that as long as Condition (3.2) is met, a (dynamic)

homeostatic state is guaranteed. This means that if the cell density is perturbed, the

(dynamic) homeostatic state is restored. However, in general, there might be factors

that disturb the cells' dynamic behaviour. Thus, the system is robust only if it can cope

with perturbations and failures in the regulation mechanisms without compromising

the homeostatic state. Therefore, in this section, we assess this scenario from a

mathematical point of view and show how crowding feedback could compensate for

such dysregulations. We will formally address the case of cell-extrinsic factors, i.e.

those affecting all the cells in the tissue, and then qualitatively generalise the results to

the case of the single-cell mutations.

We �rst note that ¶m/ ¶r can be written as the sum of different terms, each one related

to a speci�c kinetic parameter aj . Thus, the stability condition given by Equation (3.2)
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results in

¶m
¶r

=
L

å
j= 1

¶m
¶aj

¶aj

¶r
< 0 for all r � 0 , (3.25)

in which L is the total number of kinetic parameters. From this relation, it follows that

the feedback applied to a single kinetic parameter aj can be in principle suf�cient to

guarantee (dynamic) homeostasis, as long as¶m/ ¶aj 6= 0. If this is true, then aj is a

relevant parameterof the system, and the (dynamic) homeostatic state can be

maintained if the sign of ¶aj / ¶r is opposite of that of ¶m/ ¶aj . Additionally, we

observe that the feedback regulation can still maintain a (dynamic) homeostatic state,

despite some relevant parameters playing against stability. This scenario is possible

since there might be other terms in the sum (3.25) that overweight these contributions.

Thus, for a generic relevant parameter, aj , the fact that
¶m
¶aj

¶aj

¶r
� 0 does not

necessarily compromise homeostasis. Importantly, Condition (3.25) is a suf�cient

condition, so a (dynamic) homeostatic state might be achieved even if this relation is

not ful�lled in the whole range of r .

From the above considerations, we conclude that if crowding feedback applies to

several relevant parameters, then homeostasis is potentially robust to feedback

dysregulation, which may include a simple variation of the feedback function

parameters but also perturbation in the feedback functions shape and complete

feedback failure (i.e. kinetic parameters remain constant when r varies). We also note

that the more relevant parameters contributing to stability, the more robust is

homeostasis.

We now analyse a numerical example to understand better the impact on homeostasis

of the feedback mechanism's dysregulation. The model includes two types of

dysregulation: a) variation in the feedback function parameters, where the parameters

of the Hill function describing a kinetic rate, ai (r ), are perturbed, implying a change

in a0
i ; and b) failure of the feedback control mechanism, in which the kinetic parameter

involved does not adjust with r and remains constant. Both types of dysregulation

might result, for example, from anomalies in the regulatory pathways.

Considering the same cell state network shown in Figure 3.1, analysed for stability in

Section 3.2.1, we focus here on the Asymptotically Stable test case, which is based on

the parameters reported in column AS of Table 3.1 and dynamics shown in Figure 3.3

(upper panels). Analogous considerations about robustness also apply to the locally

unstable caseLU. Thus, in this homeostatic case, we introduce multiple anomalies in

the homeostasis control mechanism and assess their impact on the evolution of the cell

dynamics. Two failure scenarios are assessed, as summarised in theF1 and F2 columns

of Table 3.2 (gray cells indicate the perturbed parameters). More speci�cally, in the F1

model, g1 is kept constant and equal to its steady-state value in the unperturbed
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model. Dysregulation in test case F2 includes that modelled in F1, plus failures are

applied to parameters w23 and w13. Whilst w23 is constant and equal to its

unperturbed model steady-state value, w13(r ) results in the same steady-state value

but an opposite sign of its derivative. We remark that the choice of the model and the

dysregulation presented in this example were designed for illustrative purposes and

are not related to a speci�c biological situation.

AS F1 F2

a k K n s k K n s k K n s
g1 3.09 0.54 2 1 2.44 2.44
w13 17.52 1.71 2 -1 17.52 1.71 2 -1 5.99 0.58 2 1
w23 0.26 1.45 5 1 0.26 1.45 5 1 0.09

TABLE 3.2: Values of the Hill function parameters used to describe the kinetic param-
eters in case of crowding feedback dysregulation. The homeostatic unperturbed case
(AS) corresponds to that analysed for stability in Section 3.2. For the corresponding
network and parameters refer to Figure 3.1 and Table 3.1. The generic kinetic parame-
ters, a, is function of the total cell density, r , and modelled as a(r ) = c+ kr n/ (Kn + r n)
when s = sign(a0) > 0 and a(r ) = c+ k/ (Kn + r n) when s = sign(a0) < 0. A com-
mon value c = 0.05 is assumed. In the dysregulation models, F1 and F2, perturbed
parameters are highlighted in grey, and a single value indicates a constant model of

the type a(r ) = a(r � ). Time unit is arbitrary and therefore omitted.

The cell density time evolution, shown in Figure 3.5 (bottom-left panel), results from

the integration of the dynamics based on the explicit Runge-Kutta Dormand-Prince

method (Matlab ode45) with initial condition corresponding to the homeostatic state.

The feedback dysregulation occurs at a time equal to 0. We note that the steady-state is

the same as in the unperturbed model, but the dysregulation implies a different

dependency m(r ), and thus different values of m0and mJ at the steady-state. This is

graphically shown in Figure 3.5 (top panels). Concerning the F1 test case, Condition

(3.25) is met in all the range of r and the steady-state is asymptotically stable since

mJ < 0. In the F2 test case instead,m0and consequently mJ are positive, so the

steady-state is unstable.

Thus, the dysregulation modelled in F1, although with a degradation of the stability

parameters, does not compromise homeostasis. Only including more failures, as in the

F2 test case, the dynamical system behaviour switches to unstable. As con�rmed by

the time evolution of the cell density shown in Figure 3.5 (bottom-left panel), the

tissue approaches a homeostatic state in the �rst case and grows in the second one.

Crucially, depending on the initial conditions and, more in general, on the speci�c

non-linear system, the instability might signify a growing dynamics, as in this case,

but also a vanishing one or the convergence to another non-trivial steady-state (a

stable one). As shown in the bottom-right panel of the same �gure, the homeostatic

condition corresponds to a zero dominant eigenvalue of the matrix A (F1 test case) and

the tissue growth to a positive dominant eigenvalue ( F2 test case).
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FIGURE 3.5: Feedback dysregulation test cases results. The Asymptotically Stable
case,AS, analysed for stability in Section 3.2, is modi�ed to include feedback pertur-
bations and failures: these models are indicated as F1 and F2. The modelled failure
dysregulation does not change the steady-state value but affects the dependency of
the dominant eigenvalue on cell density m(r ) (top-left panel) and the stability param-
eters m0 = ¶m/ ¶r j r � and mJ (top-right panel). The expected behaviour based on these
stability parameters is consistent with the resulting cell dynamics, which is shown in
the bottom panels in terms of the time evolution of the cell density, r , normalised by
the steady-state,r � , (bottom-left) and the dominant eigenvalue m(bottom-right). The
dysregulation applies at a time equal to 0, and all the simulations start from the home-
ostatic condition. Whilst model F1 remains homeostatic, the application of additional
failures as in test caseF2 leads the system to an unstable growing condition. Dynamics

are scaled byā = min i ,j f l i (r � ), wi j (r � ), g i (r � )g.

So far, we modelled the feedback dysregulation as acting on a global scale, thus

changing the whole tissue's dynamic behaviour. This situation represents a feedback

mechanism that is affected by cell-extrinsic signals. If this is the case, any

dysregulation applies in the same way to all the cells. However, dysregulation can

also act at the single-cell level. This situation can be related to cell mutations.

Crucially, cancer's initial development is often associated with the accumulation of

successive mutations. As discussed in Section 2.1, the deterministic approximation

based on ODEs describes the average behaviour of the cell dynamics but cannot

model the single-cell fate choice. Thus, to assess a single cell's impact on tissue

dynamics requires stochastic modelling to determine the exact probability of such cell

and its progeny eventually becoming extinct. However, as detailed below, we can
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extend the derived conclusions to the cell mutation scenario with some careful

considerations. A numerical example is instead reported in Appendix A.3.

First, we note that unstable dynamics do not imply the inde�nite growth in the cell

density. In principle, vanishing dynamics, i.e. converging to a trivial stable

steady-state, are unstable as well. Also, considering that the system is non-linear, there

might be other (stable) �xed points. Therefore, each model must be speci�cally

assessed, and no general conclusions can be drawn. Furthermore, the mutated clone is

always subject to random extinction 4. Nevertheless, assuming a mutated cell

characterised by an unstable growing dynamical model, the mutated clone could at

some point prevail over the rest of the tissue. The probability of this occurring might

be very low and depends on the system's dynamical behaviour outside the unstable

steady-state and on the mutated cells' stochastic fate, i.e. proliferate or die. However,

if this is the case, tissue growth will eventually be unavoidable, although the tissue

divergence time scale will be much longer than the case where the same dysregulation

is applied to all the cells.

3.3.2 Perturbation of the homeostatic lineage architecture

In the previous section, we addressed the case where external factors disrupt

homeostasis control in the self-renewing cells of a tissue, yet a robust regulation

mechanism maintains homeostasis. However, factors such as injury, poisoning or cell

radiation might also affect homeostasis in other ways. An example is when stem cells

are depleted from the tissue. In this context, many studies about tissue regeneration

after injury report evidence of cell plasticity, which is the cell's ability to change

identity. Cell dedifferentiationis just an example where differentiated cells return to an

undifferentiated state as a response to tissue damage. Lineage tracing experiments

con�rmed this feature in vivo in several cases [Tata and Rajagopal, 2016, Merrell and

Stanger, 2016, Tata et al., 2013, Puri et al., 2015]. In other situations, instead, quiescent

stem cells activate as a tissue response to an injury or other external factors.

Therefore, in this section, we study from a mathematical standpoint how the crowding

feedback regulates the homeostasis in tissues where the lineage architecture is

perturbed. Importantly, we recall that, in Section 2.2, we derived requirements for a

homeostatic system, based on which the stem cell type (and only one of this type)

must stay at each apex of the cell lineage. Also, multiple lineages can be present in the

same tissue, but they must be disconnected. We, therefore, focus on Conditions (nl.iii),

(nl.ii) and (nl.iv), which violation could represent the response of a tissue to an injury,

4The only exception is the case where the self-renewing strategy is based on invariant asymmetry
(see Section 1.2 and its generalisation in Chapter 4). However, in this case, homeostasis regulation is not
applicable since the dominant eigenvalue of the dynamical system is equal to one independently of the
values of the kinetic parameters.
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and the crowding feedback a mechanism to restore homeostasis. However, we do not

consider scenarios where condition (nl.i) is not met since the feedback regulation

cannot compensate for hyperproliferating cells over a long period. If that is the case,

the cells under the feedback regulation will decrease in number and eventually

disappear to balance the cell number growth of the hyperproliferating types that, at

some point, will prevail.

We consider a generic system composed of several cell types, topologically ordered.

Based on the de�nition of cell type given in Section 2.2 and on the crowding feedback

modelling described in Section 3.1, eachith cell type dynamics depend only on itself

and the upstream jth cell types, where j = 1, ...,i � 1. We can further simplify this

model considering that the upstream lineage architecture ful�ls the homeostasis

requirements and that globally the upstream system is at its steady state. Thus, the

upstream contribution can be modelled as a constant in�ux of cells and therefore, we

can isolate the dynamics of the ith cell type (we omit hereafter the superscript i), that

results in

d
dt

r = A(r )r + u , (3.26)

in which u = å i � 1
j= 1 A i j (r j )r j represents the cell in�ux, i.e. a constant vector with non

negative elements that is function of the cell densities in the cell states of the jth cell

type, r j , and the connections between cell states of thejth type with those of the ith

type, A i j .

We �rst observe that if u = 0, then results about the existence of a steady-state,r � ,

provided in Section 3.1 apply, meaning that the system at the steady-state must be

self-renewing, i.e. with growth parameter m� = m(r � ) = 0. Instead, if u is not zero,

then a steady-state,r � , exists if A(r � ) is invertible, that is r � = � A(r � ) � 1u.

Furthermore, such a steady-state only exists if A(r � ) has negative eigenvalues5, which

means that the cell type is transient, i.e. with growth parameter m� < 0. For assessing

the stability of such a steady-state, we need to evaluate the eigenvalues of the Jacobian

matrix of the linearised system around it, which is based on Equation (3.4) (or

Equation (3.5) in a compact form). The steady-state is stable if they all have real part

negative, and thus, if the largest real part of the eigenvalues, mJ, is negative.

To visualise the two possible perturbed scenarios, we consider a simple homeostatic

system sketched in Figure 3.6. The black box encloses the homeostatic system, which

comprises a stem cell type (orange),XS, and a committed cell type (green), XC. In

scenarioD1, an upstream stem cell type, XQ, is attached to XS. For instance, this

scenario models the activation of a pool of quiescent stem cells. In scenarioD2,

5At the steady-state, the Equation (3.26) multiplied by the left dominant eigenvalue v, results in 0 =
vA(r � )r � + vu = m� I r � + vu. Considering that vu is non negative with at least one positive element, then
the steady-stater � exists only if m� < 0.
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FIGURE 3.6: Sketch of the scenarios analysed to assess the homeostasis robustness
against perturbation of the lineage hierarchy. A homeostatic system enclosed in the
black box is composed of two cell types: a stem cell type, XS, (orange) and a committed
cell type, XC, (green). In the unperturbed homeostatic scenario, XS is self-renewing,
that is, characterised by growth parameter at the steady state m� = 0, and XC is tran-
sient, with growth parameter at the steady state m� < 0. The system is perturbed by
adding an upstream self-renewing type, XQ, in the test caseD1, breaking conditions
(nl.iii) and (nl.iv) (left) and removing the stem cell type XS in the test caseD2, violating

requirement (nl.ii) (right).

instead, the stem cell type XS is removed, and the loss of the stem cell pool might

represent the consequence of poisoning that targets a speci�c cell type or the stem

cells removal due to radiation. Although this sketch only includes two cell types, the

considerations below apply to more complex models since we assume that additional

committed downstream cell types consistently adapt their behaviour.

Now, if homeostasis is not regulated, i.e. A is a constant matrix, then the initial

self-renewing cell type, Xs in D1 (for which m= 0), perturbed by adding the upstream

cell in�ux, i.e. u 6= 0, results in a growing dynamics. Consistently, the initial

committed cell type, Xc in D2 (for which m< 0), perturbed by removing the upstream

cell in�ux, i.e. u = 0, results in vanishing dynamics. Instead, under feedback

regulation, cell dynamics are not marginally stable, and there might be two stable

�xed points, one corresponding to a self-renewing condition, r � (S) , achieved when

u = 0, and the other to a transient one, r � (T) , applicable in case there is an in�ux of

cells u 6= 0. Importantly, whilst r � (S) is a feature of the cell type dynamical model, the

steady-stater � (T) depends also on the particular value of u. Thus, in principle, the

same cell type is compatible with a steady and a vanishing behaviour, maintaining a

homeostatic state with and without cell in�ux. Crucially, we note that the details of

the inner cell state structure (i.e. the cell state network) within the cell type is not of

interest, as long as a proper stabilising crowding feedback mechanism regulates it.

The following numerical example illustrates this situation. We focus on the dynamics

of a single cell-type, based on the Asymptotically Stable dynamical model ( AS)

analysed for stability in Section 3.2 and robustness to feedback dysregulation in

Section 3.3.1. We also choose a constant non-negativeu = ū, to model for the cell

in�ux. For such model, two �xed points, r � (S) and r � (T) , exist respectively for u = 0
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and u = ū. Their properties in terms of m(r � ), m0 = ¶m/ ¶r j r � (S/ T) and mJ are graphically

represented in Figure 3.7. The two steady-states are asymptotically stable sincemJ < 0.

Based on this single-cell type model, we study two test cases, D1 and D2, as

representative of the scenarios depicted in Figure 3.6. In particular, in the D1 test case,

we model the dynamics of XS where ū represents the contributions from XQ. In test

caseD2, instead, we model XC for which the contribution of ¯u, related to XS is

removed.

FIGURE 3.7: Dynamic parameters of a single cell type, modelled considering the cell
state network and parameters of the Asymptotically Stable test case (AS), analysed
for stability in Section 3.2 and for robustness to feedback dysregulation in Section 3.3.1
(see Figure 3.1 and Table 3.1). The dynamics of this cell type, based on (3.26), is rep-
resentative of a self-renewing cell type when u = 0, and of a transient one, when

u =
�
0.02 0.07 0.06

� T. The dependency of the dominant eigenvalue on cell density,
m(r ), (left) and the stability parameters, m0 = ¶m/ ¶r j r � (S/ T) and mJ, (right), show that

these two conditions result in a different steady-state, r � (S) and r � (T) , which are both
asymptotically stable. Values are shown in ā = min i ,j f l i (r � ), wi j (r � ), g i (r � )g.

The time evolution of the total cell density r , normalised by the unperturbed

homeostatic value (top panel) and the dominant eigenvalue m(bottom panel), are

shown in Figure 3.8. The �gures on the left refer to the D1 model, whilst those on the

right to the D2. In both cases, the integration of the ODEs for the cell densities

dynamical model, given by Equation (3.26), starts from the homeostatic condition, and

it is based on the explicit Runge-Kutta Dormand-Prince method (Matlab ode45

function). At a time equal to 0 we apply the perturbation of the system by switching

from u = 0 to u = ū in one case and from u = ū to u = 0 in the other. A different yet

stable steady-state is achieved as expected in both cases since the two �xed points of

the model, which are suf�ciently close, are asymptotically stable.

This result con�rms that, under crowding feedback regulation, a cell type might

switch from self-renewing to committed if upstream stem cells become active.

Conversely, if the self-renewing cell type disappears, the initially committed type

might switch to self-renewing, meaning that it actually becomes a stem cell type. We

must remark that this switching behaviour does not hold in general since the
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Test Case (D1) Test Case (D2)

FIGURE 3.8: Lineage architecture perturbation test cases results. The two scenarios
modelled are sketched in Figure 3.6 and the details of the stability properties of the
dynamical systems are reported in Figure 3.7. The cell dynamics are shown as the
time evolution of the cell density, r , normalised by the initial steady-state, r � (S/ T) (top
panels), and the dominant eigenvalue (bottom panels). In the D1 test case (left panels),
the dynamical system models the stem cell type, XS. Initially, the dynamics are based
on u = 0, implying that the cell type is self-renewing, i.e. m = 0. At a time equal to
0, an upstream self-renewing cell type, modelled as a constant in�ux of cells u = ū, is
added. As a consequence,XS switches to a transient cell type where m< 0. In the D2
test case (right panels), the opposite case is modelled. Here, the dynamics represent
those of an initially committed cell type, XC, where u = ū and consequently m < 0.
When the stem cell type XS is removed, that is, u = 0, XC becomes self-renewing with

m= 0. Dynamics are scaled byā = min i ,j f l i (r � ), wi j (r � ), g i (r � )g.

dynamics are non-linear. Therefore, each particular system must be speci�cally

assessed.

From a biological point of view, the D2 scenario, where the tissue reacts to the

depletion of stem cells, is of particular interest. If dedifferentiation is a known

mechanism for tissue regeneration, here we showed that, in the presence of

homeostasis regulation via crowding feedback, a possible alternative response of a

tissue to a sudden disruption of the homeostatic condition is to switch the cell type

behaviour from transient to self-renewing, without changing the cells' identity. In

practice, this means that these cells do not need to change their internal state, i.e. the

gene expression, to revert to an undifferentiated self-renewing type and restore the

initial homeostatic state. Instead, their internal regulation adjusts the proliferation,
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transition and death rates in response to the perturbed environment, and, in doing so,

a new stable steady-state is reached. We, therefore, callquasi-dedifferentiationthis

situation, where differentiated cells can sustain homeostasis acquiring self-renewal

capability without changing state. At the moment, there is no evidence supporting or

discarding quasi-dedifferentiation, which remains a plausible scenario from a

mathematical point of view. From an experimental perspective, analysing the cell

identities in a tissue achieving homeostasis after completely depleting stem cells could

con�rm quasi-dedifferentiation.

3.4 Conclusions

This chapter extended the homeostasis model proposed in Chapter 2, including a

regulation mechanism. We recall that homeostatic dynamics must respect strict rules

in the cell types architecture. That is, the stem cells must stay at the apex of the lineage

hierarchy and only there. However, in a constant parameter cell fate model, any slight

imbalance in the self-renewing condition leads to an unlimited growth or shrinking of

the tissue. Given that this is not plausible in a real biological context, the goal of a

homeostasis control mechanism is to guarantee a stable and robust condition in the

case of perturbations.

In particular, in this chapter, we assessed the crowding feedback, where cells sense the

cells density and adjust their proliferative, differentiation and death potential to

maintain homeostasis. In our mathematical model, the kinetic parameters of the cells'

dynamics become dependent on the total cell density, r . Thus, the linear dynamics

describing the average cell numbers, studied in Chapter 2, turns into a non-linear one

in the cell densities, provided that the elements of A are a function of r (see Equation

(3.1)). Consistently, the dominant eigenvalue of A is a dynamic quantity m(r ).

Therefore, in this model, homeostasis corresponds to a non-trivial �xed point r � of the

non-linear system of ODEs, that is related to the condition m(r � ) = 0.

Based on this model, we �rst assessed the stability of the steady-state r � , providing a

condition on the variation of mwith cell density, ¶m/ ¶r , that guarantees the existence

of a (dynamic) homeostatic state, (see Equation (3.2)). This condition, which can also

be associated with a simple sign criterion on the dependency of the kinetic parameters

from the density, ensures that a steady-state is either asymptotically stable, i.e.

homeostasis in a strict sense, or only locally unstable, i.e. dynamic homeostasis. In the

�rst case, the feedback regulation restores a homeostatic condition if perturbed. In the

latter, the cells density is not constant yet con�ned around the homeostatic condition.

We then further studied the steady state's stability by linearising the system and

analysing the sign of the largest real part of the Jacobian matrix's eigenvalues, mJ.

Based on the analytical derivation of mJ in single and two-state systems, we derived a
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suf�cient condition and a necessary one for asymptotic stability. Such conditions were

numerically tested in three and four-state systems, suggesting that their applicability

also holds in high dimensional cases. Crucially, the necessary condition is related to

the variation of the dominant eigenvalue with cell density at the steady-state, m0,

which must be negative. This necessary condition is a less restrictive requirement than

Condition (3.2) for the existence of a (dynamic) homeostatic state, which requires a

negative derivative for any r . Concerning the suf�cient condition for asymptotic

stability, the sign of A element derivatives at the steady-state is involved. Despite the

fact that there might be cell fate models that can never meet this condition (e.g. in the

case of cell states for which only cell state transitions occur, the corresponding

diagonal and off-diagonal elements of A0have, by construction, opposite sign), it

remains a helpful criterion to determine tissue dynamics' stability experimentally.

In the last section of this chapter, we discussed the implications of the derived stability

conditions, assessing the robustness of homeostasis regulated via crowding feedback

to feedback dysregulation and lineage architecture perturbations. We �rst focused on

a single renewing cell type, including multiple feedback failures and perturbations.

Since the stability parameter, m0, is the sum of multiple contributions, we showed how

the system might remain homeostatic despite some of them playing against stability.

Notably, the same conclusion about homeostasis robustness applies if the

dysregulation affects a single cell. In this case, dysregulation might represent the cell

mutation that is often a critical factor in cancer development. In particular, as long as

the system is stable, the mutated cell modi�ed dynamical behaviour does not alter the

tissue. However, the steady-state becomes unstable when the cell dysregulation

cannot be compensated, and the whole tissue might be affected. Here, the random

extinction of the mutated cell plays a signi�cant role, giving the tissue a chance to

remain homeostatic if the mutated clone goes extinct by chance.

Lastly, concerning perturbations in the lineage architecture, we demonstrated through

an illustrative example how cells of a given type and regulated via crowding feedback

switch behaviour, from self-renewing (i.e. stem cell) to transient (i.e. committed) and

vice versa, depending just on the in�ux of cells from the upstream types. Importantly,

self-renewal does not need to be an intrinsic property of a cell type since any cell type

that is at the apex of a lineage hierarchy may acquire this property by interacting with

its environment. Based on these results, we also proposed the quasi-dedifferentiation,

a condition where a committed cell type becomes self-renewing after the complete

depletion of the pool of stem cells. In this case, the tissue does not turn back to its

initial state, but homeostasis can still be maintained. In the context of tissue

regeneration after injury, this mechanism is a mathematically plausible alternative

response to the known cell dedifferentiation process, where cells change their state to

regenerate the tissue.



67

Chapter 4

Qualitative features of lineage

tracing dynamics in homeostasis

In Chapter 2, we have studied the conditions for achieving homeostasis in a generic

cell fate model and de�ned rules based on which we can a priori exclude all the

non-homeostatic dynamics. Nevertheless, the cell fate model's de�nition given

experimental data remains a complex task. Therefore, this chapter assesses cell

dynamics to identify robust criteria for selecting candidate �tting models directly on

qualitative features of experimental data. For this purpose, we consider the same type

of experimental data expected for the study case, which are the single-cell

transcriptome and clonal statistics based on lineage tracing.

Concerning transcriptome data, we propose a method for detecting disconnected

pools of stem cells by comparing tissue samples with lineage tracing ones, where only

cells that are the progeny of an initially labelled cell subpopulation are sequenced.

Additionally, based on the analysis of clonal statistics, we show that, in homeostatic

tissues, models of cell fate dynamics can be categorised into two universality classes,

whereby models of the same class predict the same clonal statistics under asymptotic

conditions. Those classes relate to generalisations of the canonical asymmetric and

symmetric stem cell self-renewal strategies, presented in Section 1.1, and are

distinguished by a conservation law.

The research outcomes about the self-renewing strategy identi�cation based on clone

lineage tracing data, reported in Section 4.3, are published in [Parigini and Greulich,

2020].

This chapter is organised as follows: the modelling of lineage tracing data is described

in Section 4.1; the assessment of the stem cell types via trasncriptome data and that of

the self-renewing strategy via clonal statistics are reported respectively in Section 4.2

and Section 4.3; conclusions are given in Section 4.4.
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4.1 Modelling of lineage-tracing data

In Section 1.3.1, we reviewed the lineage-tracing experiment, a technique used to

identify the progeny of single-cells or a speci�c sub-population of cells. Based on an

inheritable genetic marker, which is retained after cell division or state change, lineage

tracing allows extracting essential information about cell lineage over time.

To model the lineage-tracing data in a generic tissue, we start from the generic cell

dynamics based on a continuous-time stochastic process presented in Chapter 2. This

model is characterised by an arbitrary set of cell state, X i , for i = 1, ...,m, having fate

choices of the type (2.1)-(2.3). We now recall that at the tissue level, such dynamics are

well described by the average numbers of cells, n̄i , and follow the system of Ordinary

Differential Equations given by Equation (2.5), which, in compact form, is written as

(2.6). More speci�cally, when modelling the lineage-tracing average dynamics, the

system of ODEs is integrated starting from a single cell in the initial labelled cell state.

However, as explained later in Section 4.3.1, when analysing clonal data, the random

extinction of the clones, which depends on the details of the stochastic process, needs

to be taken into account.

We further remember from Chapter 2 that the generic cell fate model, also seen as a

cell state network, could be modelled as a cell type condensed network by grouping

the states forming the SCCs into nodes, which are associated with a cell type (see

Figure 2.1). Each isolated cell type was then classi�ed based on its growth parameter

m, i.e. the dominant eigenvalue of the corresponding SCC in the cell state network,

resulting in one of three possible long-term dynamics: growing, vanishing or steady

(see Table 2.1). Finally, we showed how this classi�cation, combined with the

topological arrangement of the cell types, determines the stability of the global

system. Based on this, the conditions for the existence of a homeostatic state are that,

at the apex of each lineage, i.e. the condensed cell state network, there must be a

self-renewing cell type, i.e. m= 0, while all SCCs downstream of the former must be

transient, i.e. m< 0, (see Figure 2.3). Since we are interested in modelling cell

dynamics in homeostasis, in this chapter, we will only consider homeostatic cell fate

models, that is, models ful�lling these rules.

Concerning the non-linearities introduced in the dynamics by homeostatic regulation

mechanisms, we �rst remind that, as shown in Section 2.2.3, the rules for a

homeostatic cell fate model derived in the linear case also hold in the non-linear one if

the system stays at the steady-state (i.e. if the regulation mechanism is stabilising). In

this case, the kinetic parameters are not constant and depend on the total number of

cells, and the population dynamics have the form of Equation (3.1) (where we can

replace r by n̄ if there are no variations in the tissue volume). Now, we must consider

that the stochastic �uctuations in the number of cells in the traced clones, n, do not

affect the total number of cells in the tissue, n̄, which remains constant since we
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assume to be at the steady-state. In other words, if there is a stabilising regulation

mechanism, n̄ = n̄� even if n changes locally. Crucially, at the clonal level, the clonal

statistics of spatial models that include cell-extrinsic regulation of the cell fate, such as

models of the voter type [Clifford and Sudbury, 1973], are, in the long term, the same

as for the corresponding models which do not, i.e. branching processes [Haccou et al.,

2005]. An exception is the one-dimensional arrangements of cells1, as shown in

[Bramson and Griffeath, 1980, Klein and Simons, 2011]. Therefore, considering that we

are interested in measures in the long-term and focusing only on tissues with two- or

three-dimensional arrangements of dividing cells, like epithelial sheets and volumnar

tissues, we can model the cell fate dynamics independent of the cell environment. This

choice translates into considering the kinetic parameters, l i , wi j , r jk
i , g i as constants,

meaning that feedback can, in effect, be neglected.

4.2 Stem cells type identi�cation via transcriptome data

analysis

In Section 1.3, we showed that together with clone lineage tracing, the single-cell

RNA-sequencing is typically used in the study of the lineage hierarchy. The

scRNA-seq is an innovative experimental technique primarily aimed at identifying

cell identities through the clustering analysis of the RNA content in every single cell.

The following shows that combining these two experimental techniques could help

identify multiple stem cell types based on purely theoretical considerations. We recall

that the stem cell types correspond here to disconnected self-renewing SCCs that are

at an apex of the lineage hierarchy (see de�nition in Section 2.1.2).

More speci�cally, the processing and analysis of scRNA-seq data give, among other

results, the identi�cation of the clusters intended as groups of cells sharing the same

identity. The cluster sizecorresponds to the number of cells that form a particular

cluster. We now assume to have measures of the size of the clusters from samples of

cells of the whole tissue and samples containing only lineage traced cells. Concerning

the latter, only the progeny of an initially labelled subpopulation of stem cells (via

cell-type speci�c genetic marker) is sequenced. For doing so, we assume to use of the

same technology employed in the clonal lineage tracing, that is, the Cre-lox

technology described in Section 1.3.1. That means that cells can be sorted based on the

expression of the green �uorescent protein so that lineage traced cells are separated

from the others. The average cluster size in the lineage traced population is then

measured by sequencing only these cells. We observe that, in contrast to clones'

lineage tracing, information on individual clones forming the marked cell population

1The mean clone size as a function of time also slightly differs for two dimensional systems, but only
by a logarithmic pre-factor which approaches a constant for large time [Klein and Simons, 2011].
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is not gathered (we only need to distinguish if a cell is part of the lineage traced

population or not). Therefore, clones do not necessarily need to be spatially separated

or distinguished via other means (e.g. different colouring markers, viral barcodes).

However, for clarity in the mathematical development, we will consider that lineage

tracing data comes from clones. Despite this being a possibility, it is not strictly

required from the experimental point of view.

For a better understanding of how these measures can tell us about the minimum

number of stem cell types in a tissue, we �rst notice that there are only two possible

scenarios2: a) one where there is only one stem cell type, the one that is initially

labelled for tracing; and b) there is at least one stem cell type that is not initially

labelled in addition to the labelled one. An illustrative example of these two

conditions is sketched in Figure 4.1. Here, only the stem cell type initially labelled is

highlighted with a green border. Focusing on b), the black circle represents a stem cell

type that is not initially labelled. For simplicity, only one of this type is represented

here, but, in principle, there could be more. This type is not connected by any path to

the labelled one; otherwise, the rules for homeostasis would be violated. Hence, stem

cells of types not initially labelled will never show the green �uorescent marker.

Instead, we expect that the progeny of the labelled cell population would show the

marker. Therefore, the border of these cell types is shown in green, while the others

are shown in black. In this example, we considered just two cell clusters highlighted

with a yellow or a red �lling. In general, the cell classi�cation from the scRNA-seq

analysis can have more resolution, up to one cluster for each cell state. However, rare

cells, like stem cells can be, are usually hard to identify.

FIGURE 4.1: Examples of two homeostatic cell type networks representative of the
two possible scenarios analysed. In (a), there is only one stem cell type, the one that is
initially labelled, which is shown with green border. In (b), in addition to the labelled
stem cell (green border), there is one stem cell type that is not labelled (black border).
The progeny of the labelled cell population, i.e. cell types connected to the green ones,

is shown in green. The yellow or red �lling indicates the cell cluster.

2Here we assume to label only one cell type, but the same reasoning applies even if more than one cell
type is initially labelled.
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From a mathematical point of view, in a generic cell fate model, assume that we have

an arbitrary cluster number, k, and that we have measures of their relative size,

si = Ni / å j N j for i = 1, ...,k, in which Ni is the number of cells in the ith cluster. We

want to compare the measures of cells sampled from the tissue, s�
i with those of traced

cells, si ,s. Before doing this, we must recall that the steady-state of the generic

non-linear dynamical model given by (2.12) is the same as that of the linear model

given by Equation (2.6). By assuming a stabilising regulation mechanism, homeostasis

is maintained and therefore, we can apply the linear modelling of the tissue dynamics

also to the non-linear case provided that we are only looking at the steady-state (the

detailed discussion about the applicability of a constant parameter model is given in

Section 4.1).

Focusing now on the tissue data measure, this is related to the steady-state,n̄� , of the

dynamical model given by (2.6) (or equivalently Equation (2.12)), that is,

s�
i =

å j2 I n̄�
j

n̄� , (4.1)

in which I includes all the states associated with the ith cluster and n̄� is the total

average number of cells.

Concerning lineage traced cells, we �rst note that, if there are a fraction of symmetric

divisions, we will only measure the surviving clones 3. Therefore, si ,s = å j2 I n̄j,s/ n̄s, in

which n̄j,s and n̄s are the mean numbers of cells in the surviving clones only,

respectively in the jth state and the total. However, at any time, the total number of

cells in the jth state can be written as N j = n̄j,sMS = n̄j M, where MS and M are

respectively the number of the surviving and the total number of clones, and n̄j is the

average number of cells in the jth state in all the clones, including the extinct ones 4.

Hence, n̄j,s = n̄j M / MS. The same reasoning applies to the total number of cells

N = n̄sMS = n̄M , so that n̄s = n̄M / MS. Based on this, the relative size of the cluster

in the clonal data results in

si ,s =
å j2 I n̄j

n̄
= si , (4.2)

meaning that it does not depend on the level of clonal extinction. We now notice that ¯ n

corresponds to the solution of the dynamical model (2.6) assuming an initial single cell

in a state that is part of the self-renewing cell type, i.e. corresponding to the initially

3From a practical point of view, it is possible only to measure what is visible in the tissue. Cells that
die and, in general, clones that go extinct cannot be measured unless constantly tracked in time.

4Omitting for readability the subscript j, assume there areN (t) cells in a given state and the number
of cells in M clones are monitored over time. Then, the average number of cells per clone is simply
n̄(t) = N (t)/ M . If a fraction of those clones goes extinct at some point in time, the mean number of
cells in the surviving clones only results in n̄s(t) = N (t)/ M s(t), where M s(t) is the number of surviving
clones only. This is because, by de�nition, there are no cells in the extinct clones. Thus, at any time,
N (t) = n̄(t)M = n̄s(t)M s(t).
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labelled stem cell type in the experiment (or, equivalently, model (2.12) 5). Since we are

in homeostasis, in the long term, even though n̄s might increase with time if there are

symmetric divisions, n̄ converges to a steady-staten̄�� , and so does the ratio si .

Therefore, the measure from the the clonal lineage tracing data for a suf�cient large

time is

si ,s !
å j2 I n̄��

j

n̄�� = s��
i . (4.3)

We compare now s��
i and s�

i . We observe that n̄� and n̄�� are different since they are

steady-state conditions of a marginally stable dynamical system related to two

different initial conditions. From [Greulich et al., 2019], such steady-state condition

has the form

n̄ = å
r2 IR

ar ˜f r , (4.4)

in which IR includes all the self-renewing (i.e. critical) SCCs of the system, ˜f r � 0 is

related to the dominant eigenvector associated to the rth critical SCC6, and the values

ar � 0 determine the steady-state and speci�cally depend on the initial conditions. We

will hereafter indicate as a�
r and a��

r the values respectively in the tissue and the

lineage tracing steady-state.

We observe now that the initial condition in the dynamics of the lineage traced clones

is one cell in only one self-renewing SCC, the one related to the initially labelled stem

cell subpopulation. Without loss of generality, we will call it r = 1. Given that the

remaining self-renewing SCC are disconnected from the 1st SCC, thena��
r = 0 for

r 2 IR, r 6= 1. This means that the steady-state given by Equation (4.4) can be written as

n̄�� = a��
1

˜f 1 , (4.5)

5In the non-linear case, since we are modelling the dynamics of the clone embedded in the tissue, the
term A(n) in Equation (2.12) actually corresponds to A(nT), where nT is the cell number in the tissue and
not in the clone. In homeostasis, despite the cell number in the clone changes, that in the tissue remains
constant and equal to the steady-state,n�

T . Hence, A(nT) = A(n�
T) is a constant too.

6Considering the partitioning in block as in Equation (2.9), from [Greulich et al., 2019], the steady state
associated with block m is

n̄m =

8
<

:

0 if m is upstream of or disconnected from IR
amf m if m 2 IR

A � 1
m

�
å r2 IR

Pmrar f r
�

if m 2 IC

,

in which f i is the dominant eigenvector of the ith critical block, and Pji is a combination of the product of
off-diagonal blocks Cln and the inverse of the diagonal block An as de�ned in Equation (2.9), that accounts
for all the paths from the ith critical SCC to the jth subcritical one (see Theorem 1 in [Greulich et al., 2019]).
For the subcritical blocks, we can rearrange the steady state term asn̄m = å r2 IR

ar
�
A � 1

m Pmr f r
�
. Thus,

globally, de�ning ˜f r as a vector �lled with the dominant eigenvector f r and A � 1
m Pmr f r in the correspond-

ing components, and zero otherwise, we can write n̄ as in Equation (4.4).
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with a��
1 > 0. Substituting Equation (4.5) into Equation (4.3) results in

s��
i =

å j2 I ( ˜f 1) j

å j ( ˜f 1) j
. (4.6)

Concerning the tissue dynamics steady-state, the valuesa�
r for r 2 IR are all positive

since we assume to have at least one cell in each self-renewing SCC, and Equation

(4.4) can be written as

n̄� = a�
1

˜f 1 + å
r2 IR,r6= 1

a�
r ˜f r . (4.7)

Substituting now Equation (4.7) into Equation (4.3) results in

s�
i =

å j2 I (a�
1

˜f 1 + å r2 IR,r6= 1 a�
r ˜f r ) j

å j (a�
1

˜f 1 + å r2 IR,r6= 1 a�
r ˜f r ) j

. (4.8)

From Equation (4.8) and Equation (4.6), it is clear that if there is only one critical SCC,

this must be r = 1, and therefore s�
i = s��

i .

This result implies that if the measures in the tissue and lineage tracing data are

different, i.e. s�
i 6= s��

i , then there must be more than one critical SCC. In other words,

there must be at least another stem cell type in the tissue in addition to the initially

labelled one (corresponding to case (b) in Figure 4.1). Instead, if the measures are the

same, nothing can be said, since there are two possibilities (corresponding to cases (a)

or (b) in Figure 4.1): i) r = 1 is indeed the only self-renewing cell type which might

include states with different identities that are interconnected forming a single SCC; ii)

other self-renewing cell types contribute to the tissue in the same proportion as the

r = 1 one, in a way such that the �nal ratios, given by Equation (4.6) and (4.8), are the

same. However, this condition seems somewhat unrealistic without a sophisticated

mechanism that balances the different contributions.

4.3 Self-renewing strategy identi�cation via clone lineage

tracing

The previous section showed that lineage tracing, when combined with single-cell

RNA-seq data analysis, could help determine stem cell types. Here, instead, we focus

on the clone lineage tracing. In vivo lineage tracing of clones is commonly used to

assess how adult stem cells maintain self-renewing tissues. Based on this, we will

show that homeostatic cell fate models, which are those ful�lling the rules derived in

Chapter 2, can be categorised into two classes that predict, under asymptotic

conditions, suf�ciently different clonal statistics. Two fundamental implications
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follow. If such conditions are met, we can determine the stem cell self-renewal

strategies by a simple qualitative assessment of lineage tracing data. However, models

predicting the same, or very similar, clone size distribution cannot be distinguished

given the clonal data alone.

4.3.1 Clonal statistics modelling

So far, we have modelled cell fate in homeostasis based on dynamical population

models, i.e. based on a system of ordinary differential equations. However, as

introduced in Section 1.2, such models are not suitable for studying the clonal

dynamics. One �rst reason is related to the random extinction of the clones, which

must be modelled when the stochastic variation in the number of cells is of the same

order or larger than the size of the cell population. Also, modelling the average

dynamics does not give information about clonal statistics, which is the primary

output of the clonal lineage tracing experiment.

Hence, to determine the clone size distribution, we need to model the details of the

stochastic process, including clone extinction. In particular, clonal statistics can be

estimated by solving the master equation, a coupled system of ODEs describing the

time evolution of the probability of the cell numbers [Baker, 2017]. However, a

closed-form solution applicable to any cell fate model is not possible. Also, a

numerical approach that integrates these differential equations is not appropriate

since truncation errors become easily relevant7. Thus, whilst the analytical solution of

the master equation will be used to gain insight into the cell fate dynamics in some

simple models, in general, we will make use of its numerical estimation based on the

Gillespie algorithm [Gillespie, 1977], which is detailed in Appendix B.1.1.

We �nally recall that in Section 4.1, we justi�ed the use of constant parameters cell fate

models when modelling clonal data in homeostatic tissues.

4.3.2 Compartment model of cell fate dynamics

To construct candidate models for clonal dynamics, we recall that in homeostasis, a

self-renewing cell type, i.e. m= 0, is always at an apex of the lineage hierarchy. All

other cell types are committed types, i.e. m< 0. Therefore, taking advantage of the

graph theory representation of the generic cell fate model again (see Section 2.1.2), we

classify here the SCCs of the condensed network (i.e. the cell types) in two

compartments: the self-Renewing compartment ( R ), which is the SCC at the apex of

7Truncating the possible discrete points in the ith state to a maximum of ki , results in a master equation
of size Õ m

i= 1 ki + 1, where m is the number of cell states. Assuming, for example, the same maximum cell
number in each state, which means ki = k for i = 1, ...,m, then the master equation consists of (k + 1)m

coupled ordinary differential equations.
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the lineage tree; and the Committed compartment ( C), which consists of all SCCs

downstream of the apex SCC. In principle, multiple self-renewing types might coexist

within R as long as they are disconnected. However, only single-cells are labelled in

the lineage-tracing experiment, and consequently, only one cell type in this

compartment is active. Thus, in the modelling of the clonal dynamics, we assume one

self-renewing cell type. Given that, cells in R can return to any state within the same

compartment, and this population maintains itself. Instead, the cell population in C

would vanish without external input since the combined dominant eigenvalue of all

those SCCs is negative. Therefore, the progeny of these cells will eventually be lost.

We can thereby classify cells as being of a self-Renewing compartment (R) if their state

is within R , and of a Committed compartment ( C) if their state is in C. Based on this

coarse-grained classi�cation, a generic homeostatic model of clonal dynamics can be

represented in terms of compartments R and Cas

R
l R�!

8
>>><

>>>:

R + R with probability rRR

R + C with probability 1 � rRR � rCC

C + C with probability rCC

,

R
wRC��! C, C

l C�! C + C, C
gC�! Æ.

(4.9)

in which the kinetic parameters l R,C, wRC and gC are not constant rates in the

Markovian sense, and represent instead the effective ratesof those events, i.e. the

average frequency at which they occur. That means that although there might be

many cell states within a compartment whose dynamics are based on a Markovian

model, we only observe the total cell numbers in the two compartments. In practice,

this represents a hidden Markovian model. The relation between these effective rates

and those of the generic model (2.1)-(2.3), will be discussed later, in Section 4.3.4. We

also note that the loss eventsR ! Æare not explicitly modelled, since they can be

approximated by a short lived state Xd in C, asR ! Xd ! Æ. For having a

homeostatic condition, it is further required that (i) the R-population remains on

average constant, i.e.l RrRR = l RrCC + wRC, and (ii) the loss rate in Cmust exceed its

proliferation rate, i.e. gC > l C. In Figure 4.2, we show how, according to the model

(4.9), a generic homeostatic cell type network can be condensed into a compartment

model of renewing and committed cell states.

The formulation based on renewing and committed states can help us gain insights

into the potential behaviours of generic homeostatic cell fate models. In particular, we

de�ne the generalised asymmetric divisionsas events of the type R ! R + C, and the

generalised symmetric divisionsas events of the type R ! R + R (symmetric renewal)

and R ! C + C (symmetric commitment). With these de�nitions, we can categorise

homeostatic cell fate models into two classes. TheGeneralised Invariant Asymmetry

(GIA) models are those which only present generalised asymmetric divisions in the
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FIGURE 4.2: Illustration of a homeostatic cell type network and its compartment rep-
resentation, Equation (4.9). The presented cell type network corresponds to the con-
densation of the cell state network illustrated in Figure 2.1. For a homeostatic network,
an SCC with dominant eigenvalue m= 0 is at the apex, while other SCCs havem< 0.
In the compartment representation, we distinguish the self-Renewing compartment
R , consisting of the apex SCC, with m = 0, and the Committed compartment C con-

sisting of the remainder, with m< 0.

renewing compartment so that there are no symmetric divisions nor transitions to the

committed compartment. The Generalised Population Asymmetry(GPA) are instead

models for which such restriction does not hold. We note that a conservation law

equivalently characterises the two classes: for the GIA models, the number of cells in

R is strictly conserved, whilst for the GPA models, this conservation law does not

hold 8.

Clearly, the classical IA and PA models presented in Chapter 1, and described by

Equation (1.1), are part respectively of the GIA and the GPA category. Such models'

long-term clone size distribution is the Poisson in the IA case and Exponential in the

PA one. Notably, the Dynamic Heterogeneity (DH) model [Greulich and Simons,

2016], which is a model of the type

S
l�! S+ D, S

wS�! D, D
wD�! S, D

g
�! Æ, (4.10)

despite presenting only asymmetric divisions, falls inside the GPA category, since, in

this model, S and D cells form a single SCC at the apex of the lineage hierarchy so that

they both are part of R . Therefore, a division S ! S+ D in the DH model, which is

asymmetric in the conventional sense, corresponds to R ! R + R in the compartment

view described by Equation (4.9), and thus it is a generalised symmetric division.

Thus, PA and DH models are in the same category (GPA) according to this

8Sincem= 0 is necessary for conservation, the only possible conserved cell states in homeostasis are
those in R
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classi�cation. Crucially, they both predict the same type of clone size distribution,

which is an Exponential one.

4.3.3 Two-state Markovian approximation of compartment model

For a better understanding of the clonal dynamics in a generic model, we start from

the compartment representation, given by Equation (4.9), and study its Markovian

counterpart, as an approximation. Despite not yielding accurate clone size

distributions in general, the Markovian counterparts of non-Markovian processes

commonly estimate well their limiting distributions.

4.3.3.1 Generalised Invariant Asymmetry models

For the Generalised Invariant Asymmetry (GIA) models, which only feature

R ! R + C events between the renewing compartment, R , and the committed

compartment, C, a corresponding Markovian model reads,

X1
l 1�! X1 + X2, X2

l 2�! X2 + X2, X2
g

�! Æ, (4.11)

in which X1 represents a single state inR and X2 in C. In this model, the number of

cells in state X i is ni , for i = 1, 2 and the analytical solution for the steady state

probability distribution, P(n1, n2), is derived below.

We �rst observe that the number of cells in X1 is conserved, that is, given a single

X1-cell initially, it always remains at n1 = 1. Thus, we only need to study the

dynamics of cells in X2, for which the master equation [Baker, 2017] is given by

dP(n2)
dt

= � ( l 1 + l 2n2 + gn2) P(n2)

+ ( l 1 + l 2(n2 � 1)) P(n2 � 1)

+ g(n2 + 1)P(n2 + 1).

(4.12)

Equation (4.12) can be also written as

dP(n2)
dt

= � (g(n2) + r(n2)) P(n2)

+ g(n2 � 1)P(n2 � 1) + r(n2 + 1)P(n2 + 1),
(4.13)

in which r(n2) = gn2 and g(n2) = l 1 + l 2n2.

To derive the steady state distribution, P� (n2), corresponding to the solution of

dP(n2)/ dt = 0, we de�ne the net �ux between states n2 and n2 � 1 as

In2 = r(n2)P� (n2) � g(n2 � 1)P� (n2 � 1) . (4.14)
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This implies that Equation (4.13) results in In2+ 1 � In2 = 0 for every n2 which means

that In2 = I0 = r(0)P� (0) � g(� 1)P� (� 1) = 0. Therefore,

P� (n2) =
g(n2 � 1)

r(n2)
P� (n2 � 1) =

n2� 1

Õ
l= 0

g( l )
r( l + 1)

P� (0), (4.15)

where P� (0) is the steady state probability of having zero cells in state X2. Finally, by

applying the conservation of the total probability, å ¥
n2= 0 P� (n2) = 1, and rearranging

the terms we obtain

P� (n2) =
�

1 �
l 2

g

� l 1/ l 2
�

l 2

g

� n2 G
�

l 1

l 2
+ n2

�

G(n2 + 1)G
�

l 1

l 2

� , (4.16)

in which G(...) is the Gamma function [Abramowitz and Stegun, 1972].

We now de�ne the dimensionless parameters l̂ 1 = l 1/ g and l̂ 2 = l 2/ g, representing

the rescaled division rates respectively for cells in state X1 and X2. Equation (4.16) is

then rewritten as

P� (n2) =
�
1 � l̂ 2

� l̂ 1/ l̂ 2 l̂ n2
2

G

 
l̂ 1

l̂ 2
+ n2

!

G(n2 + 1)G

 
l̂ 1

l̂ 2

! . (4.17)

It is noted that while l̂ 1 varies between 0 and ¥ , l̂ 2 is de�ned between 0 and 1 since

the committed compartment is of transient type, according to the classi�cation

proposed in Section 2.2.2 (see Table 2.1).

Considering now the mean numbers of cells in each state, indicated respectively as n̄1

and n̄2, they satisfy the system of ODEs.9

8
>><

>>:

dn̄1

dt
= 0

dn̄2

dt
= l 1n̄1 + ( l 2 � g)n̄2

. (4.18)

Based on this, the steady state average number of cells is

8
><

>:

n̄�
1 = 1

n̄�
2 =

l 1

g � l 2
=

l̂ 1

1 � l̂ 2

. (4.19)

9Since there is always one cell in X1, there are not extinct clones.
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When the mean number of cells in state X2 is suf�ciently large, i.e. for large l̂ 1 or in

casel̂ 2 is close to one, the discrete distribution given by Equation (4.17) can be

approximated by a continuous probability density function, P� (x2), given by

P� (x2) = ( 1 � l̂ 2)
l̂ 1
l̂ 2 l̂

l̂ 1x2
(1� l̂ 2)

2

G

 
l̂ 1

l̂ 2
+

l̂ 1

1 � l̂ 2
x2

!

x2G

 
l̂ 1

l̂ 2

!

G

 
l̂ 1

1 � l̂ 2
x2

! , (4.20)

in which x2 = n2/ n̄�
2.

The steady-state distribution of the X2-cells given by Equation (4.17) and, for large

mean number by Equation (4.20), exhibits a large variety of shapes. For a clear picture

of its variability, we analyse its behaviour in some limiting cases below described.

Their full analytical derivation is provided in the Appendix B.2.

(a) In casel̂ 2 ! 0, that is, when there is no proliferation in the committed

compartment, the steady state distribution results in

lim
l̂ 2! 0

P� (n2) =
l̂ n2

1 e� l̂ 1

n2!
= Poisson( l̂ 1). (4.21)

Importantly, this agrees with what we were expecting considering that when

l̂ 2 = 0 the model becomes simply an IA model for which the distribution in n2 is

known to be poissonian (see Section 1.2).

Considering now a large mean value, which is obtained for large l̂ 1,

lim
( l̂ 2,l̂ 1)! (0,¥ )

P� (x2) = Normal (1, 1/ l̂ 1). (4.22)

(b) When l̂ 2 ! 1, then

lim
l̂ 2! 1

P� (x2) = Gamma( l̂ 1, 1/ l̂ 1), (4.23)

that is a Gamma distribution with unitary mean and shape parameter equal to

l̂ 1. Importantly, the Gamma distribution for l̂ 1 ! ¥ tends to a Normal

distribution with unitary mean and variance 1/ l̂ 1. For l̂ 1 = 1, it corresponds

instead to an Exponential distribution with unitary mean. We remark that l̂ 2

cannot be exactly equal to 1, since in this case the committed compartment

would be self-renewing, which is incompatible with a homeostatic network.

(c) For large value of l̂ 1, that is, when l̂ 1 ! ¥ , the probability converges to

lim
l̂ 1! ¥

P� (x2) '
r

p
2p

e� 1/2 p(x2� 1)2
= Normal (1, 1/ l̂ 1) , (4.24)
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that is a Normal distribution with unitary mean and variance l̂ 1. This result is

consistent with those derived in (a) and (b) since the the limiting behaviour of

P� (x2) for l̂ 2 ! 0 and l̂ 2 ! 1 in case of largel̂ 1 is the same as Equation (4.24),

which is applicable for l̂ 1 ! ¥ and any l̂ 2.

The above derived asymptotic distributions were compared with the results of

numerical simulations of the stochastic process associated with model (4.11) for

different values of l̂ 1 and l̂ 2. The tested parameters are graphically shown in

Figure 4.3 over a contour map showing the expected steady state mean number of

cells, n̄�
2. The tested conditions are divided into three groups representing the limiting

behaviours discussed above. For each group, the curves from the numerical

simulations 10 and the corresponding exact and approximated solutions are

summarised in Table 4.1. In general, the analytical solution given by Equation (4.17)

and, for large mean by Equation (4.20), its limiting approximations given by Equations

(4.21), (4.23) and (4.24) and the numerical simulation of the stochastic process, all

agree very well.

FIGURE 4.3: Parameters for testing the limiting behaviour of the Generalised Invariant
Asymmetry Markovian model (4.11). The tested conditions are grouped to represent
each approximation of the limiting behaviours for which the steady state distribution
is derived: a) l̂ 2 ! 0; b) l̂ 2 ! 1; and c) l̂ 1 ! ¥ . The values are shown over the con-
tour map of the expected steady state mean number of cells in state X2, n̄�

2 as function
of l̂ 1 and l̂ 2. Tests results are summarised in Table 4.1.

10From the numerical simulation of the stochastic process, we computed the distribution at the �nal
simulation time, t , of the number of cells in state X2. The �nal time was chosen here as t = 20/ amin ,
where amin = min ( l 1, l 2, g); this value is well representative of a steady state condition. Furthermore,
the kinetic parameters considered are based on a unitary g (i.e. l 1 = l̂ 1, l 2 = l̂ 2 and g = 1). The time
unit is arbitrary and hence omitted.
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(a) l̂ 2 ! 0

Test cases:

• l̂ 1 = [ 0.5, 1, 5, 10]

• l̂ 2 = 0.01

Analytical Solution:

• Equation (4.17)

Approximation:

• Poisson ( l̂ 1)

(b) l̂ 2 ! 1

Test cases:

• l̂ 1 = [ 0.5, 1, 5, 10]

• l̂ 2 = 0.99

Analytical Solution:

• Equation (4.20)

Approximation:

• Gamma ( l̂ 1, 1/ l̂ 1)

(c) l̂ 1 ! ¥

Test cases:

• l̂ 1 = 60

• l̂ 2 = [ 0.1, 0.4, 0.6, 0.9]

Analytical Solution:

• Equation (4.20)

Approximation:

• Normal (1, 1/ l̂ 1)

TABLE 4.1: Summary of the limiting behaviour of the steady state distribution, P� (n2),
of the the number of cells in state X2, n2 (or the continuous counterpart, P� (x2), in
which x2 = n2/ n̄�

2) of the Generalised Invariant Asymmetry Markovian model (4.11).
The �gures compare the results of the numerical simulation of the stochastic process,
the corresponding analytical solution and its approximation which are detailed on the

right.
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4.3.3.2 Generalised Population Asymmetry models

For the Generalised Population Asymmetry (GPA) models, a Markovian

approximation in which X1 represents a single state inR and X2 in C reads,

X1
l 1�!

8
>>><

>>>:

X1 + X1 with probability r1

X1 + X2 with probability 1 � r1 � r2

X2 + X2 with probability r2

,

X1
w�! X2, X2

l 2�! X2 + X2, X2
g

�! Æ,

(4.25)

whereby for homeostasis to prevail, the conditions l 1r1 = l 1r2 + w and l 2 < g must

be satis�ed. We note that the dynamics of X1 are independent of X2 and thus the

number of cells in X1 in homeostasis satis�es11

n1
l 1r1 n1���! n1 � 1, (4.26)

which corresponds to a simple continuous-time branching process with two offspring.

It is known that for such model the resulting distribution of cell numbers is

Exponential

P(n1) =
1

n̄1,s
e� n1/ n̄1,s , (4.27)

in which n̄1,s ' l 1r1t is the mean number of cells in the surviving clones [Haccou

et al., 2005]. In the following, we will intuitively show that the rescaled long-term

distribution of the total clone size is Exponential as well. The corresponding detailed

mathematical analysis is provided in [Parigini and Greulich, 2020].

We �rst consider that since each surviving cell in X1 contributes independently to the

production of X2-cells, then n̄2 � n1,s � t. Given that n1,s ! ¥ for t ! ¥ , then for

large times also n̄2 ! ¥ . Besides, we note that in the committed compartment,

X2-cells produced according to (4.25) follow a similar fate as those in GIA model

(4.11); deviations are due to the simultaneous production of X2-cells from events of

the type X1 ! X2 + X2. In particular, in the GIA model, for large l 1, n2 tends to a

Normal distribution with mean equal to its variance. Crucially, as shown in [Parigini

and Greulich, 2020] (Appendix 1), this result also applies to arbitrarily complex

self-renewing compartments, i.e. models of the type (4.9), as long as l R ! ¥ or

nR ! ¥ 12. Hence, since in this casen1,s ! ¥ , the distribution of n2 becomes normally

distributed with mean and variance equal to n̄2, where n̄2 ! ¥ for t ! ¥ .

11Based on model (4.25), and provided that there are n1 cells, the probability of having n1 + 1 cells
is l 1r1n1 whilst that of having n1 � 1 cells is ( l 1r2 + w)n1. Considering that the system is homeostatic,
l 1r2 + w = l 1r1.

12In this generic case, the variance of the Normal distribution is not exactly equal but only proportional
to the mean. However, if each compartment is composed by a single state, as here, the mean is equal to
the variance.
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We express now the the number of X2-cells as a rescaled variable,x2 = n2/ n̄s, in

which n̄s is the total mean of the surviving clones. For large times the variance of the

clone size distribution in x2 vanishes sinces2
x2

= s2
n2

/ n̄2
s, where s2

n2
� n1,s ! ¥ and

n1,s < n̄s ! ¥ . Hence, x2 is a random number from a Normal distribution with mean

x̄2 and null variance. That is, for a given x1 = n1,s/ n̄s, x2 � x̄2 � x1. Given that, the

total rescaled clone size is thereforex = x1 + x2 � x1, which means that if P(x1) is

Exponential, P(x) is Exponential as well.

4.3.4 Numerical simulation of random cell fate models

In the previous section, we showed that the Markovian representation of the two

classes of models, GIA and GPA, presents two different behaviours. In the GIA model,

the distribution is characterised by a large variety of shapes, which converges to a

Normal distribution under an asymptotic condition. In the GPA model instead, the

long-term distribution is always Exponential. Thus, in this section, we analyse the

clonal dynamics of random models to check whether this correspondence between

model class (i.e. GIA and GPA) and predicted clonal statistics (i.e. Normal and

Exponential) holds in general. To this aim, we numerically estimate the clone size

distribution for a large number of random stochastic models, implemented via

random generation of the parameters l i , wi j , g i and r jk
i . Crucially, the generation of

these random models is driven by the rules for a homeostatic cell state network

derived in Chapter 2. Hence, a random condensed network is built �rst, with a single

self-renewing cell type at the apex of the cell type network. Successively, each cell type

is �lled with a random cell state network that forms a single SCC characterised by the

desired value of m, i.e. m= 0 for the self-renewing type and m< 0 for the committed

types. To simulate the clones, we run stochastic simulations based on the Gillespie

algorithm [Gillespie, 1977], assuming a Markov process that follows the rules of

Equations (2.1)-(2.3). For each model, we run a large number of simulations starting

from one cell in the compartment R . In doing so, the cell population in each

simulation run represents one clone. Then, we sample their outcomes, the total cell

numbers per clone, n = å i ni , to obtain predictions for clonal statistics, namely the

frequency distribution of clone sizes and mean clone sizes. The detailed description of

the random models' generation and the simulation campaign is given in

Appendix B.3.

The simulation results are graphically displayed in Figure 4.4, in terms of evolution of

the mean number of surviving clones, n̄s, as function of the time and in Figure 4.5, as

�nal rescaled clone size distribution P(x), in which x = n/ n̄s. In the GIA simulations

(left panel), the �nal time t corresponds to 20/ amin , in which amin is the minimum

kinetic parameter, amin = min ( l 1, ...,w12, ...,gm). The results for the GPA models (right

panel) correspond instead to the time at 98% clone extinction. In each �gure, the grey
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shade represents the percentile of all the simulations, and the black lines limit the 5-95

percentile range13; the blue lines are instead some selected illustrative cases. As a

reference, the standard Exponential distribution is shown in green in the clone size

distribution plots.

FIGURE 4.4: Simulation results in term of mean size of surviving clones, n̄s, as a func-
tion of the time scaled by the �nal value, t , for the random GIA models (left), and GPA
models (right). The grey shade represents the percentile of all the simulations (black
lines limit the 5-95 percentile range); the blue curves correspond to some illustrative

selected simulations.

Concerning the mean clone size of surviving clones, presented in Figure 4.5, we note

that indeed a common behaviour is seen in each case: whilst for every simulated GIA

model, n̄s saturates at a plateau value, for every GPA model, it steadily increases. This

can be understood given that clones in a GPA model can go extinct while those in a

GIA model do not. Assuming that there are initially a large number M of clones, the

total number of cells is N = M n̄s. Since the system is homeostatic, after a suf�cient

amount of time, it will reach a constant steady-state, N � , meaning that the mean clone

size is n̄s = N � / M . In case no clones go extinct, as in GIA models,M is constant, and

thus n̄s approaches a constant. Instead, in non-conserved multi-type branching

processes, as GPA models are, the clone numberM decreases through progressive

extinction of clones [Haccou et al., 2005], and therefore n̄s increases, despite the cell

population as a whole staying stationary.

Considering now the clonal statistic results, shown in Figure 4.5, we observe that all

simulated GPA models (right panel) predict asymptotically the same rescaled clone

size distribution, namely a standard Exponential distribution. For short times and

small clone sizes, deviations exist. However, as shown in the next section, where the

convergence of the clone size distribution is assessed, these deviations vanish in the

large time limit. That means that different models within the GPA class, in the long

term, differ only by the mean clone size, a free �t parameter, and consequently, they

cannot be distinguished. Instead, regarding the GIA models, shown in Figure 4.5 (left

13Simulations for which the �nal mean is below two and where the �nal condition is not achieved (due
to computational limitations) are omitted. This results in 238 and 571 models, respectively, for the GIA
and GPA cases.


	List of Figures
	List of Tables
	Declaration of Authorship
	Acknowledgements
	Definitions and Abbreviations
	1 Introduction
	1.1 Homeostasis in adult renewing tissues
	1.1.1 Mathematical modelling of cell fate dynamics

	1.2 Cell clonal dynamics
	1.2.1 Mathematical modelling
	1.2.2 Bayesian inference for model fitting

	1.3 Experimental background
	1.3.1 Lineage tracing
	1.3.2 Single-cell RNA-sequencing

	1.4 Study Case: the mouse mammary gland
	1.4.1 Single-cell RNA-sequencing literature review

	1.5 Research aim and objectives
	1.6 Research approach, innovative contribution and thesis outline
	1.6.1 Task 1. Theoretical modelling of homeostasis in adult renewing tissues.
	1.6.2 Task 2. Homeostasis regulation via crowding feedback.
	1.6.3 Task 3. Qualitative features of lineage tracing dynamics in homeostasis.
	1.6.4 Task 4. Application to the mouse mammary gland.


	2 Theoretical modelling of homeostasis in adult renewing tissues
	2.1 Cell dynamics modelling
	2.1.1 Deterministic approximation
	2.1.2 Cell state network and cell type condensed network

	2.2 Homeostasis modelling
	2.2.1 Condition for marginal stability
	2.2.2 Cell type classification and lineage architecture
	2.2.3 Non-linearity of the cell fate dynamics
	2.2.4 Numerical examples of cells' dynamics

	2.3 Conclusions

	3 Homeostasis regulation via crowding feedback
	3.1 Crowding feedback modelling
	3.2 Stability of homeostasis
	3.2.1 Dynamic long-term self-renewing state
	3.2.2 Asymptotic self-renewing state
	3.2.2.1 Single-state cell network
	3.2.2.2 Two-state cell network
	3.2.2.3 Generic m-state cell network


	3.3 Robustness of homeostasis
	3.3.1 Dysregulation of the feedback mechanism
	3.3.2 Perturbation of the homeostatic lineage architecture

	3.4 Conclusions

	4 Qualitative features of lineage tracing dynamics in homeostasis
	4.1 Modelling of lineage-tracing data
	4.2 Stem cells type identification via transcriptome data analysis
	4.3 Self-renewing strategy identification via clone lineage tracing
	4.3.1 Clonal statistics modelling
	4.3.2 Compartment model of cell fate dynamics
	4.3.3 Two-state Markovian approximation of compartment model
	4.3.3.1 Generalised Invariant Asymmetry models
	4.3.3.2 Generalised Population Asymmetry models

	4.3.4 Numerical simulation of random cell fate models
	4.3.4.1 Convergence of Generalised Population Asymmetry Model

	4.3.5 Analysis of Generalised Invariant Asymmetry models
	4.3.5.1 Evaluation of the 2-state Markovian approximation in random cell fate models
	4.3.5.2 Asymptotic behaviour of GIA models
	4.3.5.3 Bimodal distribution of the clone size

	4.3.6 Universality of cell fate models in homeostasis

	4.4 Conclusion

	5 Application to the mouse mammary gland
	5.1 Approach to cell fate model definition
	5.2 Cell state network definition
	5.2.1 Analysis of literature data
	5.2.2 Model definition

	5.3 Synthetic data generation
	5.4 Cell fate model parameter fitting
	5.4.1 Fitting model and strategy
	5.4.2 Fitting results
	5.4.2.1 Non-homeostatic cell fate models
	5.4.2.2 Homeostatic models
	5.4.2.3 Fitting based on an enriched dataset


	5.5 Conclusion

	6 Conclusion and future work
	6.1 Conclusion
	6.1.1 Objective 1
	6.1.2 Objective 2
	6.1.3 Objective 3
	6.1.4 Objective 4

	6.2 Limitations and future work

	Appendix A Non-linear cell fate dynamics
	Appendix A.1 Homeostasis in non-linear dynamic models
	Appendix A.2 Dynamic long-term self-renewing state: test case definition
	Appendix A.3 Single cell mutation test case

	Appendix B Stochastic dynamics modelling
	Appendix B.1 Implementation of the stochastic simulation
	Appendix B.1.1 Gillespie algorithm
	Appendix B.1.2 Test cases

	Appendix B.2 Steady state distribution in GIA Markovian model: limiting behaviour
	Appendix B.3 Clonal dynamics for random models
	Appendix B.3.1 Model Description
	Appendix B.3.2 Test case: metastate modelling
	Appendix B.3.3 Generation of Random Models
	Appendix B.3.4 Simulation campaign


	Appendix C Additional analyses for the study case
	Appendix C.1 Single-cell RNA-sequencing analysis
	Appendix C.1.1 Methodology
	Appendix C.1.2 Comparison with published results
	Appendix C.1.2.1 Dataset 1
	Appendix C.1.2.2 Dataset 2
	Appendix C.1.2.3 Dataset 3
	Appendix C.1.2.4 Dataset 4
	Appendix C.1.2.5 Comparison with scran

	Appendix C.1.3 Database comparison
	Appendix C.1.3.1 Rare clusters
	Appendix C.1.3.2 Main clusters


	Appendix C.2 Cell fate model parameter fitting
	Appendix C.2.1 Optimisation runs
	Appendix C.2.2 Additional solutions


	References

