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We explore some phenomenological consequences of models based on supersym-

metric extensions of the Standard Model. In particular, we focus on the Minimal 

Supersymmetric Standard Model supplemented by right-handed neutrinos in the 

context of the Pati-Salam '5'f7(4) ® (g) Grand Unified Theory. We 

start by analysing the possibility of using Lepton Flavour Violation as a probe 

of physics beyond the Standard Model. We show that the e'y and T jU-y 

decays impose important constraints to the soft supersymmetry breaking param-

eters of the Pati-Salam model that already allow the formulation of lower bounds 

for the masses of the lighter supersymmetric particles. Secondly, we investigate 

how third family Yukawa unification can be used to provide a window into the soft 

supersymmetry breaking Lagrangian. We show that, a successful top quark mass 

prediction requires that the supersymmetric corrections to the bottom quark mass 

are small which, in turn, imposes a distinct hierarchy between the soft breaking 

parameters. Finally, we explicitly construct a realistic m^odel of quark, charged 

lepton and neutrino masses and mixing angles, based on the Pati-Salam gauge 

group supplemented by an abelian Savour symmetry, that can explain the large 

atmospheric neutrino mixing angle, suggested by the Super-Kamiokande data, 

and account for the large mixing angle Mikheyev-Smimov-Wolfenstein solution 

to the solar neutrino problem. 
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C h a p t e r 1 

In t roduc t i on 

1.1 Preliminaries 

1.1.1 Motivation 

The work presented in this thesis aimed to explore the phenomenological conse-

quences of models based on supersymmetric extensions of the Standard Model. 

In particular we focused on the Minimal Supersymmetric Standard Model sup-

plemented by right-handed neutrinos in the context of the Pati-Salam Grand 

Unified Theory. 

Generally we wished to address several issues : 

# The formulation of new tests/constraints, derived, for example, from Lepton 

Flavour Violation, that might be used to support or rule out new theories 

that attempt to generalize the Standard Model. 

# The problem of the origin of the Standard Model parameters. For example. 



we tried to explore a theoretical framework in which the unification of the 

gauge couplings and the structure of the fermion masses and mixing angles, 

in particular the large top mass, could be understood at a fundamental level. 

e The formulation of consistent predictions for the masses of the (yet) undis-

covered supersymmetric particles. 

# The construction of realistic models which could explain/predict the recent 

data concerning the neutrino squared mass differences and their (large) 

mixing angles. 

1.1.2 Thes i s S t r u c t u r e 

This thesis is organized as follows : In the first chapter we brieSy review the 

structure of the Standard Model including a short description of its particle con-

tent, Lagrangian, electroweak symmetry breaking and the origin of quark Savour 

violation. Additionally, we introduce the idea of Supersymmetry, we describe 

the Minimal Supersymmetric Standard Model, which is the simplest supersym-

metric extension of the Standard Model, and we summarize the structure of the 

Pati-Salam model. 

In Chapter 2 we explore the possibility of using Lepton Flavour Violation 

(LFV) as a probe of physics beyond the Standard Model. In particular, we 

analyse how the e-y and T —> enhanced decays can be used to provide 

important tests to the Pati-Salam model. We conclude by showing that the 

present experimental bounds on LFV are already allowing to rule out certain 

combinations of the supersymmetric soft breaking parameters which impose lower 

bounds on the masses of the lighter supersymmetric particles. 

In Chapter 3 we analyse how the idea of third family Yukawa unification can 



be used to provide a window into the soft supersymmetry breaking lagrangian. 

We show that, if the supersymmetric corrections to the bottom quark mass are 

small then a successful prediction for the top quark mass can be achieved. How-

ever, since the bottom mass corrections are sensitive to the masses of the super-

symmetric particles we And that, in fact, the top mass prediction, resulting from 

Yukawa unification, indirectly imposes a distinct hierarchy between some of the 

soft breaking parameters. 

Finally, in Chapter 4 we study a realistic model, based on the Pati-Salam 

grand unified group supplemented by an abelian Savour symmetry, that can ex-

plain the recent data concerning neutrino masses and their mixing angles. In 

particular, we construct a model that simultaneously can explain the large atmo-

spheric neutrino mixing angle, which is suggested by the Super-Kamiokande data, 

and account for the large mixing angle Mikheyev-Smirnov-Wolfenstein solution 

to the solar neutrino problem. 

1.2 The Standard Model 

1.2.1 I n t r o d u c t i o n 

The Standard Model of particle physics, at the present, is considered to summa-

rize the principles that rule how the building blocks of matter, the elementary 

particles, interact. 

The elementary particles, that appear to be point-like physical entities, can 

be classified into two classes : fermions (characterized by semi-integer spin) and 

bosons (that have integer spin). The fermions are grouped into three families that 

display "similar" properties. They also come into two different species, leptons 



and quarks. The former can exist as free particles while the latter "glue" them-

selves together to form heavy composite particles such as protons and neutrons. 

The (left-handed) leptons and quarks are subjected to the electroweak force, the 

unified framework that describes electromagnetic and weak interactions, however, 

only the quarks are sensitive to what is known as the strong force. This hap-

pens because each quark actually comes in three additional variations that are 

characterized by a further quantum number called colour. The gauge bosons are 

the particles that mediate the interactions between the fundamental fermions. 

For example, the photon is the gauge boson associated vyith the electromagnetic 

force. The gluons are the gauge bosons of the strong force. Additionally there 

might exist other bosons, with spin 0, also known as scalars, such as the Higgs 

boson that might play an important role in the model. 

1.2.2 M a t t e r C o n t e n t 

The Standard Model (SM) is based on the GgM = 5'[/(3)c (g) (g) (7(l)y 

gauge group. The matter content is arranged into three families of particles which 

under GgM have quantum numbers given by Table 1.1. 

From Table 1.1 we read that the leptons : the neutrinos A^, the left-handed 

charged leptons and the right-handed (anti-matter) charged leptons where 

A = 1,2,3 is a family index, are colour singlets, i.e. , they are invariant under 

5'(7(3)c transformations. The up/down type left-handed quarks and come 

into three colours % = 1,2,3 and transform under 5'(7(2)f, non-trivially while the 

up-down type right-handed quarks (7,!̂  and are singlets under 5'[/(2)f, and 

transform in the "anti-matter" 3 representation under 5'[/(3)c. The Higgs bosons 

are colourless but gauged under 5'(/(2)2,. 

The quantum numbers of the SM fields in Table 1.1 refer to the electromag-



netic charge (Q), the isospin (Zg) and the hypercharge (Y) here chosen to be 

normalized by Y = Q — /g. 

f z e W Q is y ^ ( 7 ( 3 ) 0 ^(7(2)^: (7(l)y 

0 I - I 0 2 1 

—1 —§ —^ 0 2 1 

^ ^ 1 0 1 0 0 T 

t/A I I I 3 2 1 

- I - I I 3 2 1 

% - I 0 - I 3 0 T 

3 ^ 3 3 0 1 

$+ 1 I I 0 2 1 

0 - I I 0 2 1 

A 0/ (Ae matter content 0/ t/ie .^toncfarcf AfocfeZ :nc/uj*ng tAe 

e/ectn'c c/iorge tAe isospm a n j tAe AypercAorge (1^7 g w o n ^ u m numbers, 

a n j t/ie tMina/ormotzon properties 0/ tAe ̂ e/cfs uncfer t/ie G s M gouge s y m m e t r y 

group. 

Finally we denote the unified 5'f7(2)^ left-handed lepton, quark and Higgs 

Aelds by the following short notation : 

L = Q — $ = (1.1) 



— %(7 

1.2.3 The Lagrangian 

The structure of the Standard Model can be decomposed into two distinct parts. 

The 5'(7(3)c symmetry that describes the interaction of the coloured particles 

(quarks and gluons), z.e. , Quantum Chromo-Dynamics (QCD) and the 5'(7(2)2,(g) 

symmetry that describes the interactions of the Glashow-Weinberg-Salam 

(GWS) model. 

The kinetic terms for the SM fermions are often written in terms of the four-

component fields which are related to the two-component helds in Table 1.1 as 

follows : ^ 

. . J . ) = 

. .J . ) 
In terms of the $ fields above we write : ^ 

2 ^ 9 / - k + 

+ 

(1.4) 

where = ^(1 chiral Left-Right projection operators, and 

are the gauge boson fields (a = 1,2,3, a; = 1,..,8) and 

the 5'[/(2)f, and 5'[/(3)c group generators. The gauge boson fields in Eq. (1.4) 

^Note that the following defmitions are also used # = — = ^^ =: — e^c... 
^The hypercharges of the right-handed .?[/ ( 2 ) s i n g l e t fields are = —ys", yi/m = —Yi/c 

and ~ —Y]jc. 



have kinetic terms given by : 

C f ' " = (1.5) 

where the held tensors are defined by : 

(1.6) 

(i-n 

G: . = (i.s) 

1.2.4 The Higgs sector 

One of the most important fields in the Standard Model is the Higgs boson. The 

reason is because without its presence, it is hard to imagine how the Standard 

Model particles can be massive as is observed by laboratory experiments. The 

problem lies in the fact that the introduction in the Lagrangian of explicit bilinear 

mass terms is not allowed by the Standard Model gauge symmetry, thus mass 

must originate from some alternative mechanism. One of the possibilities relies 

on the idea of electroweak symmetry breaking : 

6'[/(2)^ ® [/(l)y ^ [/(!),_ (1.9) 

In order to fully understand Eq. (1.9) it is essential to analyse the structure of 

the Higgs sector. The interesting part of the Lagrangian is given by : 

A i , , , = (D^$) t (D^$) - + (1.10) 

^The and factors are the group structure constants of the (2) and ,9(7 (3) gauge 
groups, z.e. , and ^ 



where the covariant derivative is : 

( i . i i) 

If the A$ parameter and the squared mass in Eq. (1.10) are positive then the 

Higgs potential has a trivial minimum at $ = 0. However if, for some reason, 

becomes negative then the Higgs potential develops a non-trivial minimum at 

= (—m0/A$)2/\/2. This means that the $ field develops a Vacuum 

Expectation Value (VEV). We will now show how this VEV is responsible for 

giving masses to the gauge bosons. Indeed, if we expand the (neutral component) 

of the $ doublet as : 

$ - ^ 1 (1 12) 

then the covariant derivative term of Eq. (1.10) generates the following terms : 

1 1 

1 
2 

(1.13) 

Clearly Eq. (1.13) shows that, as a result of electroweak symmetry breaking, the 

combination of gauge bosons = cos —sin^B^ (where cos^ ^ = 5^^/(5'^+^^) 

and sin^^ = + ^'^)) acquired a mass = ^(g'̂  + whereas the 

charged f §^^8^ boson acquired a mass Oil the 

other hand, the photon Aeld = sin^M^ -|- cos^B^ that mediates the (7(l)em 

interaction remained massless. 



1.2.5 The Cabbibo-Kobayashi-Maskawa Matrix 

In the Standard Model the fermions couple to the Higgs boson doublet through 

the following Yukawa interactions : 

+ h.c. (1.14) 

where % are 3 by 3 complex matrices and As a result of 

electroweak symmetry breaking, the Yukawa interactions in Eq. (1.14) generate 

mass terms for the quarks and charged leptons. Indeed, inserting Eq. (1.12) into 

Eq. (1.14) gives : 

^ + h.c. (1-15) 

where and mg = %($°) . In general, the mass 

matrices in the equation above are not diagonal, thus the physical observable 

quark and lepton helds are not necessarily identical to the gauge field eigenstates. 

In fact, they are related by unitary transformation matrices, that act in the family 

space, which we conveniently define in the following away : 

(1.16) 

where the matrices are diagonal. Clearly, Eq. (1.16) implies that the 

physical (primed) states are related to the gauge eigenstates by : 

(1-1%) 

(1.18) 

One of the important consequences of Eqs. (1.17),(1.18) is the possibility of 



Savour changing charged quark currents. In the Standard Model the interaction 

between the up/down-type quarks and the gauge boson is given by : 

where the unitary mixing matrix y^'AM _ known as the Cabbibo-

Kobayashi-Maskawa (CKM) matrix [1]. The values of the elements of the CKM 

matrix caji in principle all be determined from weak decays of the relevant quarks 

and unitary constraints. The 90% conhdence limits on the magnitude of the 

entries are [2] : 

Ml 

/ 0.9745 to 0.9760 0.217 to 0.224 0.0018 to 0.0045 \ 

0.217 to 0.224 0.9737 to 0.9753 0.036 to 0.042 

\ 0.004 to 0.013 0.035 to 0.042 0.9991 to 0.9994 / 

(1.20) 

1.3 Supersymmetric Theories 

1.3.1 M o t i v a t i o n for S u p e r s y i n m e t r y 

Supersymmetry (SUSY) is an attempt to relate fermions and bosons by some 

underlying symmetry. The idea is a powerful one and has, since its early for-

mulation, received increasing attention mainly because it endows Aeld theories 

with elegance and consistency. However, SUSY also has an obvious drawback : it 

doubles the number of particles. Thus it is debatable if it, indeed, serves particle 

physics in a positive way. Ultimately, SUSY will be judged (direct or indirectly) 

by the results of laboratory experiments that will reveal (or not) the existence 

of supersymmetric particles. However, since, for the time being, no SUSY par-

ticle has been discovered, it is interesting to summarize some of the frequent 

arguments that have been put forward in its favour. 

10 



Supersymmetry is a beautiful generalization of the concept of continuous 

symmetries. Over the years particle physicists have learned that elegance 

and simplicity have frequently provided a reliable guide into nature's se-

crets, thus it would somehow be surprising/disappointing if nature did not 

make use of it. 

This is one of the most intriguing puzzles of the Standard Model. The 

problem is that we do not understand why the ratio between the electroweak 

breaking scale and the Planck scale is so small. Low energy supersymmetry 

has the potential to solve this problem. In such theories the effective scale of 

SUSY breaking lies below 1 TeV and provides the connection to the scale of 

electroweak symmetry breaking. For example, in supergravity models the 

theory at the Planck scale is supersymmetric up to "soft" terms of the order 

of 1 TeV. One of the low energy consequences of this type of model is that, 

due to the large top Yukawa coupling one of the squared Higgs masses 

receives negative radiative corrections that trigger electroweak symmetry 

breaking at the correct scale. In this case, SUSY is crucial because it 

implies that the renormahzation group equations that rule the evolution of 

the Higgs mass have a logarithmic behaviour. As a result an exponential 

hierarchy between the electroweak and the Planck scale can develop. 

The naturalness issue is concerned with the magnitude of the mass of the 

Higgs boson. In the Standard Model the mass of the Higgs boson, un-

like the fermions that are protected by a mildly broken chiral symmetry, is 

not protected from the effects of very heavy particles that appear through 

11 



self-energy loop diagrams as is in the case when the Standard Model is em-

bedded in a more fundamental model characterized by a very large energy 

scale. As a result, the Higgs mass tends to receive large radiative correc-

tions that are not consistent with the energy of the electroweak symmetry 

breaking. The only way to solve this problem is to adjust, in the process of 

renormalization, and to all orders in perturbation theory, the renormaliza-

tion constants of the Higgs potential against the large radiative corrections, 

so that the Higgs boson mass can be made light by virtue of unnatural can-

cellations (fine-tuning). The advantage of supersymmetric models is that 

once an hierarchy is established at tree-level, it is not signihcantly disturbed 

by the eEect of radiative corrections. 

# [/myicdHon 0/ 

In non-supersymmetric models, as in the Standard Model without addi-

tional intermediate mass scales, the three gauge couplings, when evolved 

from the electroweak scale to high energy fail to unify at a distinct point. 

This disfavours the idea of a Grand Unified Theory (GUT) at high energies. 

On the other hand, gauge unification in SUSY models, as in the minimal 

supersymmetric extension of the Standard Model, occurs at a unification 

scale around Mx 10̂ ^ GeV for a spectrum of SUSY particles with average 

masses of about 1 TeV. Although the non-unification of gauge couplings in 

the SM can not be taken as evidence of supersymmetry - strictly speaking 

it only means that the "desert" scenario between the and Mx energy 

scales is not valid - it nevertheless shows that SUSY models are, right from 

the start, GUT friendly. 

Finally we remind that, in non-supersymmetric GUT models, the proton 

decay rate tends to be incompatible with the current experimental bounds. 

12 



The reaaon is because in these models the unification scale typically lies 

below 10̂ ^ GeV. In contrast, in SUSY GUTs the unification scale turns 

out to be significantly larger, thus the conventional proton decay modes are 

not observable. 

1.3.2 C o n s t r u c t i o n of S i ipe r symmet r i c T h e o r i e s 

In this section we brieSy summarize the theoretical framework behind the con-

struction of SUSY lagrangians. We start by introducing the SUSY algebra, af-

terwards we describe the nature of chiral and vector superfields and finally we 

give expressions for SUSY invariant lagrangian terms. 

The Supersymmetry Algebra 

In the previous section we started by introducing Supersymmetry as a sym-

metry that connects fermions to bosons. This means that the SUSY generators 

Q must turn a bosonic state into a fermionic one, and vice versa. This in turn 

implies that the generators themselves carry half-integer spin, z.e. are fermionic. 

This is to be contrasted with the generators of the Lorentz group, or with the 

gauge group generators, which are bosonic. 

The simplest choice of SUSY generators is a 2-component (Weyl) spinor Q 

and its charge conjugate Q. Since these generators are fermionic, their algebra 

can most easily be written in terms of anti-commutators : 

where the indices a, ^ of Q and a, of Q take values 1 or 2, = (1,(7-') with 

cr' being the Pauli matrices, and f ^ is the translation (momentum) generator. 

13 



The SUSY transformations are most conveniently written in terms of Grass-

mann "fermionic coordinates" ^ that have the following anti-commntators : 

= {^, = {^, ^} = 0 (1.22) 

Thus a Anite SUSY transformation can be written as exp{— 

Obviously, the objects on which these SUSY transformations act must also de-

pend on ^ and This leads to the introduction of superAelds $, which are 

functions of ^ and 3; (the space time coordinates). Thus, it is easy to write an 

infinitesimal SUSY transformation, with coordinate shifts : 

= = ^ (1.23) 

acting on $ as : 

$(i:,g,g) (1.24) 

This corresponds to the following explicit representations of SUSY generators : 

Qa = Qa = — ( 1 . 2 5 ) 

At this point it is convenient to introduce SUSY covariant derivatives which are 

defined by : 

— %(o'̂ )̂â ;̂  ^ 6 = — 6̂ + (1.26) 

Note that, so far, everything has been written in terms of arbitrary superfields $. 

However, we will only need two kinds of special superhelds, which are irreducible 

representations of the SUSY algebra. These will be discussed in the following 

subsections. 
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Chiral Superfields 

The Arst kind of snperfields we need are chiral snperhelds. The reâ son is 

because the left/right-handed fermions of the Standard Model transform differ-

ently under (g) . These kind of superhelds contain only two physical 

fermionic degrees of freedom and the corresponding bosonic partner, the sfermion. 

The simplest way to construct one of such superfields is to required that : 

(1.27) 

where $(!/,^) — + + (1.28) 

Thus, using the explicit form for in Eq. (1.26) into the equations above gives : 

+ + (1.29) 

where = —\/2^^ (1.30) 

= - \ / 2 ^ f + %V2a^y,(7''̂  (1.31) 

(1.32) 

Note that Eq. (1.30) transforms a boson field into a fermion, whereas Eq. (1.31) 

transforms a fermion into bosons. Moreover Eq. (1.32) implies that ^ c('̂ a:F(a;) is 

invariant under SUSY transformations because transforms into a total deriva-

tive. 

Vector Superfields 

The chiral superfields in the previous subsection can describe spin-0 bosons 

and spin-1/2 fermions, thus they are suitable to describe the Higgs boson and the 

quarks and leptons. However, we also have to find superfields that are able to 
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describe the SM spin-1 gauge bosons. To this end we introduce vector snperAelds. 

Vector snperAelds are defined in such a way that they are self-conjugate : 

= (1.33) 

The constraint above leads to the following component representation for y : 

(1.34) 

where C, M, N and D are real scalar helds, % and A Weyl spinors and is a 

vector held. Note that if is to describe a gauge boson then y must transform 

in the adjoint representation of the gauge group. 

The general form of Eq. (1.34) is rather lengthly. However, one can make use 

of the freedom provided by the gauge symmetry to reduce the number of helds. 

Indeed, a general non-abelian supersymmetric gauge transformation acting on y 

can be described by : 

e-'gAfgaygigA ^2.35) 

where A(a;,0,^) is a chiral superheld and gf is the gauge coupling. In the case of 

a [/(I) symmetry, the transformation in Eq. (1.35) takes a simpler form : 

y - i - y + zXA-At) (1.36) 

Note that, since a chiral superfield contains four scalar (bosonic) degrees of free-

dom as well as one Weyl spinor, it is easy to see that one can use Eq. (1.35) to 
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choose a gauge such that : 

C(a;) = M(z) = = 0 and %(a;) = 0 (1-37) 

This is called the "Wess-Zumino" (WZ) gauge. ^ Note that in using Eq. (1.35) 

we have only used three of the four bosonic degrees of freedom in A. Therefore 

we still have the "ordinary" gauge freedom, z.e ^ (for an Abehan 

theory.) Thus the WZ gauge can be used in combination with any of the usual 

gauges and obviously leads to a simpler version of Eq. (1.34). 

Finally we can compute the SUSY transformation properties for the vector 

superheld y . The most important result concerns the transformation of the D 

field that is given by : 

(1.38) 

Clearly Eq. (1.38) shows that the D component transforms into a total derivative. 

Thus it can be used, as we wiU see in the next subsection, to generate SUSY 

invariant lagrangian terms. 

Construct ion of the SUSY Lagrangian 

In the previous subsections we noted that the highest components of the chiral 

and vector superhelds transformed as total derivatives. This means that we can 

write a SUSY invariant action as : 

^ = + y (1.39) 

where denotes the F / D components of general chiral/vector superfields. 

For example, can be the F component of the product of two (or three) chiral 

"^Note that, in a sense, the WZ gauge is the SUSY analog of the unitary gauge in "ordinary" 
Aeld theory since it removes many unphysical degrees of freedom. 
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STiperfields $i , $2 (and $3), in which, caae we have : 

($102)^ = V'lV'z (1-40) 

($l$2$3)f = Y^iy2^ + Y?2Y:'3Fl+y'3(^l-p2-Y?lV'2V'3-y)2V'3V'l-y3V'l^2(l-4l) 

Clearly Eq. (1.40) shows that mass terms for fermions can be generated by tak-

ing the F-component of the product of two chiral helds. On the other hand, 

Eq. (1.41) shows that Yukawa interactions result from taking the F-component 

of the product of three chiral fields. 

We now turn to study terms which result from As an example, one of the 

possibilities is to consider the product 0^$ which obviously is a vector superheld : 

($t$)^ = + F+F (1.42) 

We can see that (0^$)^ gives rise to kinetic terms for the scalar and fermionic 

components. Moreover Eq. (1.42) does not involve kinetic terms for F, this means 

that F is a mere auxiliary held which can be integrated out using its equations 

of motion. In order to illustrate this point lets consider the following general 

renormalizable superpotential : ^ 

W - (1.43) 

where are chiral superhelds and m,:,, constants with dimension 2, 1 

and 0 respectively. Using the results in Eqs. (1.40)-(1.42) it is easy to construct 

a SUSY invariant lagrangian : 

r = ( $ N D + Wf (1.44) 

^Note that, from this point onwards, we will implicitly assume the summation convention 
over repeated A superfield indices. 
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It is clear that, since the equations of motion for the auxiliary F fields are simply 

given by 

= 0 =» Fi = 

we obtain : 

H — ^kin "j h.C. 

where Zltin indicates the first two terms in Eq. (1.45). 

Another interesting D-term contribution of practical importance results from 

the following vector superheld : 

z'V^g'(yî ^A — (^^A) + F ^ F + (1 

Note that this piece of the lagrangian not only describes the interactions of the 

matter fields (both fermions and scalars) with the gauge fields, but also contains 

gauge-strength Yukawa interactions between fermions bosons yp and gaugi-

nos A. 

Finally, the kinetic terms for the gauge fields can be described with the help 

of the following superfield : 

K , = (D^Dg)e-^^D^e^^ (1.49) 

19 



Since VK is a chiral snperAeld, it is convenient to take the component of W 

The resulting lagrangian terms are given by : 

(1.50) 

Clearly, Eq. (1.50) contains kinetic terms for the gauge bosons, kinetic terms 

for the gauginos, but no kinetic term for the D Aeld. Thus the D Aeld can 

be integrated out. Using Eq. (1.48) and Eq. (1.50) we find that D = — 

which implies that the scalar potential resulting from the D-term field is simply 
% = 

1.3.3 T h e M i n i m a l Supe r sy rnme t r i c S t a n d a r d M o d e l 

The Minimal Supersymmetric Standard Model (MSSM) is the most economical 

low-energy supersymmetric (SUSY) extension of the Standard Model (SM); for 

reviews see Ref. [3]. In this section we present the basic assumptions which deAne 

the model and introduce the notation used throughout this work. 

The MSSM relies on the following four basic assumptions : 

The MSSM is based on the gauge symmetry 5'[/(3)c (g) 5'[/(2)f, (g) (7(l)y, *.e. , 

the SM symmetry. 

In the MSSM there are only three generations of spin-1/2 quarks and leptons 

(no right-handed neutrinos) as in the SM. The left/right-handed chiral fields 

belong to chiral superhelds together with their spin-0 SUSY partners, the squarks 
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and sleptons which we denote by : 

(1.51) 

In addition, two chiral Higgs doublet snperhelds and Aj, with respective hy-

percharges 1/2 and —1/2, are needed to generate the masses of the up/down-type 

fermions. Their individual components are given by : 

(1.52) 

Their spin-1/2 components, the higgsinos, mix with the bino and the winos to 

form charged and neutral mass eigenstates called charginos and neutralinos %°. 

To enforce lepton and baryon number conservation a discrete symmetry called 

^-parity is imposed. The purpose of this symmetry, at the level of the superpo-

tential, is to forbid the presence of the following terms : 

(1.53) 

which, otherwise, are allowed by the 5'[/(3)c (g) 5'[/(2)^ (g) (7(l)y gauge symmetry. 

The three conditions listed above are sufEcient to completely determine a 

globally supersymmetric Lagrangian. The kinetic part of the Lagrangian is ob-

tained by generalizing the notion of covariant derivative to the SUSY case. The 

most general superpotential compatible with gauge invariance, renormalizabihty 

and ^-parity conserving is given by : 

W = vf'XuC[hu — d'̂ ^d^hci — e'̂ Xglhg -j- fihuh^ (1.54) 
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The product between the 6'[/(2)2, doublets implicit in Eq. (1.54) reads = 

e(c... where a,/) = 1,2 two 6'(7(2)f, indices and = 1. The first 

three terms in Eq. (1.54) are nothing else than a generalization of the Yukawa 

interactions of the SM, while the last term is a SUSY Higgs mass term. The 

supersymmetric part of the tree level potential is the sum of the so-called F 

and D terms. The F-terms are generated from the superpotential by taking 

derivatives with respect to all scalar fields : 

I'F = y ] F l F „ F^. = - ~ (1.56) 

and the D-terms, corresponding to the (7(l)y, 6'f7(2)2, and 6'(7(3)c gauge sym-

metries, are given by : 

% = | (DiDi + + D^Dg) (1.56) 

where 

+ (1.58) 

^3 - + (1.59) 

In addition to the potential terms, the SUSY Lagrangian also contains inter-

action terms that involve the chiral fermions : 

^ ——pri;; (1.60) 

where ^re the chiral fermionic superpartners of a-nd gaugino interaction 
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terms of the following form : 

vC = + h.c. (1-61) 

where the A% A'', Â  are the SUSY spin-1/2 partners of the gauge bosons, z.e. , 

the bino, winos and glninos. 

5'oyi( 5'[/5'y 

It is well known that supersymmetry must be a broken symmetry since on 

one hand, the SUSY framework requires that, if SUSY is unbroken then the 

superpartners belonging to the same superAeld must have the same mass, and 

on the other hand, no SUSY particle has been observed so far. However SUSY 

breaking, if it is to prevent the reappearance of quadratic divergences, must 

originate from a special class of terms known as "soft-breaking terms". These 

are of the following form : 

# Mass terms for the bino, winos and gluinos : 

= |MiA'A' + iMzA^A^ + iMsA^Ag -f- h.c. (1.62) 

# Mass terms for the scalar fermions : 

-vC - -t- (1.63) 

# Mass and bi-linear terms for the Higgs bosons : 

—L, = ~t" 1 ^ j 4 " '^'^{huhii -{- h.c.) (1.64) 

# Tri-linear couplings between the sfermions and Higgs bosons : 

—jC, = Aŷ qhŷ  — Ad^hfi — e^AfJhd h.c. (1.65) 
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1.3.4 T h e Supersy i i imet r ic P a t i - S a l a m M o d e l 

Twenty Ave years ago Pati and Salam [4] proposed a model in which the Standard 

Model was embedded in the (422) gauge group. More 

recently a SUSY version of this model [5] was constructed in which the gauge 

group is broken at ^ 10̂ ^ GeV. The model is interesting for several reasons. 

Due to the gauged 5'[/(2)B symmetry, it automatically predicts the existence of 

right-handed neutrinos. In this model there is no Higgs double-triplet splitting 

problem since the light MSSM Higgs and the heavy Higgs bosons are contained 

in different representations. Moreover, the 422 model unifies all the left-handed 

quarks and leptons and all the right-handed quajks and leptons in two unified 

multiplets, thus it naturally leads to Yukawa unificatioii, and predicts the top 

mass and the ratio of the MSSM vacuum expectation values tan /?. Although the 

Pati-Salam gauge group is not unified at the field theory level, it readily emerges 

from string constructions either in the perturbative ferm^ionic constructions [5], or 

in the more recent Type I string constructions [6]. The purpose of this sub-section 

is to provide a brief summary of the structure of the 422 model. 

In the Pati-Salam model the SM fermions together with the right-handed 

neutrinos are conveniently accommodated in the following = (4,1,2) and 

F = (4,2,1) representations : 

/ \ / w w u \ 

J , 
The MSSM Higgs bosons are contained in — (1,%2) : 

(1.67) 
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whereas the heavy Higgs bosons ^ = (4,1,2) and jif = (4,1,2) are denoted by : 

^ ' 1 (1.68) 
I I jy. 

We now carefully report our index conventions. The roman capital letters 

= 1,2,3 are family indices, %,A;,p,r = 1,..,4 are 5'C/(4) indices, = 

1,2 are 6'(/(2)B indices and '},/) = 1,2 are 5'[/(2)^ indices. The position of the 

indices is the following, the first/second index refers to the line/colnmn of the 

matrices in Eqs. (1.66)-(1.68). Moreover, the np/down indices are related to 

the gauge transformation properties of the mnltiplet. For example, the lower /) 

index of indicates that /t transforms in the 2 representation of 5'(7(2) under the 

6'[/(2)f, symmetry, whereas the upper <7 index indicates that A transforms in the 

fundamental representation of 5'(/(2) under the 5'f7(2);% symmetry. ^ 

In addition to the Higgs fields in Eq. (1.67) and Eq. (1.68) the model also 

involves a 6'[/(4) sextet held D = (6,1,1) = (Ds, Dg). ^ 

The renormahzable part of superpotential of the minimal 422 model is : 

+ A ^ ^ ^ D + 

AyF'^^y 4- A (̂;6yy (1.69) 

where 5", y? are gauge singlet superhelds, the A's are (assumed to be) real 

^Generally, the contraction of an upper index with a lower index of the same type yields 
gauge invariant term. 

^In fact, since we wish to keep the gauge couplings unified above Mjy we also trivially include 
another pair of heavy Higgs bosons in the (4,2,1) and (4,2,1) representations and seven more 
replicas of D's. This is sufBcient to assure that, above the uniRcation scale, the one loop RGBs 
beta functions of the gauge couplings are equal (see Eq. (A.l) in appendix A and for example 
Ref. [7].) 
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dimensionless parameters and ^ ^ 10̂ ^ GeV. As a result of the Ag terms 

the heavy Higgs bosons develop VEVs ( ^ and Mx 

that lead to the Pati-Salam gauge group symmetry breaking : 

® ® 6'(7(3), ® ^[/(2)z, ® (7(l)y (1.70) 

The singlet 5" itself also naturally develops a small VEV of the order of the 

SUSY breaking scale [8] so that the A/iS" term in Eq. (1.69) gives an elective // 

parameter of the correct order of magnitude. Under Eq. (1.70) the Higgs Aeld 

A in Eq. (1.67) splits into the familiar MSSM doublets and Aj whose neutral 

components subsequently develop weak scale VEVs (A°) = U2 and with 

tan/) = 1)2/̂ 1. The D Aeld does not develop a VEV but the terms and 

combine the colour triplet parts of ^ and D into acceptable GUT scale 

mass terms [5]. The single is assumed to develop a VEV of the order of the 

Planck scale ^ Mp 10̂ ^ GeV, ^ thus the terms in the last line of 

Eq. (1.69), after the y helds are integrated out via a see-saw type mechanism, ^ 

give rise to the following non-renormalizable interaction : 

(1.71) 

From the equation above we see that the right-handed neutrinos acquire a large 

mass ^ 10̂ ^ GeV. Additionally, as a result of the Arst term 

in Eq. (1.69) and Eq. (1.71) the left-handed neutrinos also acquire, via a see-saw 

mechanism, a suppressed mass of order (A)^/MRR. 

^The Planck scale (Mffanc*) is the energy scale at which the gravitational, strong and 
electro-weak gauge couplings have comparable strength. Numerically it is given by Mffanct = 

— 1.2 X 10̂ ^ GeV (where is Newton's constant.) In this thesis we used the 
reduced Planck scale (Mp) which is related to Mf/gnct through 

^The reader is referred to section 4.2 where the generation of suppressed masses for the 
left-handed neutrinos, via see-saw mechanism, is studied in detail. 
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We note that the 422 symmetry also allows the following couplings : 

F F D - + (1.72) 

r. + + (1-73) 

However, these may be forbidden by a global A-symmetry that assigns to the 422 

fields the charges : 

= 0, ^ = 1, = 2 (1 74) 

In the simplest formulation of the Pati-Salam model all the Yukawa couplings 

originate from a single matrix A. However, it is well known that Yukawa unifi-

cation works only well for the third family. Thus, in a realistic model of fermion 

masses, the first term in Eq. (1.69) has to be replaced by In this 

case, the first and second Yukawa coupling can, for example, be eEectively gen-

erated by non-renormalizable operators which are suppressed by some power of 

an heavy scale My > M^. In the 422 model these operators can be constructed 

from different theoretical group contractions of the fields such as [7, 9] : 

O^B = FlXABFeh ( 1 ^ ) (1.75) 

The idea is that when the heavy Higgs develop their VEVs such operators reduce 

to effective Yukawa couplings of the form with a small coefhcient. 

In addition to the terms generated by the superpotential in Eq. (1.69) the 

Lagrangian of the 422 model also includes trilinear soft terms 4-

^°Note that the superpotential in Eq. (1.69) carries two units of 7%-charge, thus the contri-
butions to the superpotential W are (7(1)^ invariant. Moreover, the A-assignments 
in Eq. (1.74) also forbid the terms in Eq. (1.53). 
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masses for the 6'(/(2);% gauginos M4, M21,, M2B and exphcit 

soft masses for the scalar fields 

Finally we remind that the symmetry breaking in Eq (1.70) leads to speciAc 

relations between the 5'[/(4), 6'f/(2)2A and f7(l)y gauge couplings and gaugino 

masses at Mx given by [10] : 

5 2 , 3 5Mi 2M4 ^ 3M2B 

ai 0:4 OgB <3=1 04 CKzB 

Often re-parametrised by ^ = v4A and 
^^See appendix G for a comprehensive derivation of these relations. 
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C h a p t e r 2 

Lep ton Flavour Vio la t ion 

2.1 Introduction 

Recently there has been much interest in Lepton Flavor Violation (LFV) as a 

probe of physics beyond the Standard Model triggered by the observation of 

Barbieri and Hall [11, 12] that processes such as e'y might be very good low 

energy signals of snpersymmetric (SUSY) grand unified theories (GUTs). In the 

Standard Model (SM) separate lepton numbers 2e, 2,;̂ , are exactly conserved, 

which explains the absence of LFV to remarkable accuracy (the present limit 

on the branching ratio for e"/ is approaching 10^^^). Even if small neutrino 

masses are introduced into the Standard Model, thereby violating separate lepton 

numbers, the effect on e'-y is very small, since the amplitude is proportional 

to multiplied by suitable mixing angles, where is the difference 

in the squared masses of two neutrino species, and is the IV boson mass. 

The introduction of SUSY allows the possibility of larger contributions to such 

processes since the soft SUSY breaking masses and couplings may violate separate 

lepton numbers by arbitrarily large amounts. This means that in SUSY there 
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are in general additional diagrams which have in principle large contributions to 

LFV processes [13]. 

One way to avoid conflict with the experimental limits is to invoke some 

supergravity (SUGRA) theory [14] which leads to universal soft parameters at 

the Planck scale Mp [15]. In the absence of radiative corrections the slepton 

mass matrix in the basis e, e':* would look similar to 

where mg is the electron mass matrix, / is the unit matrix, and 77*3/2, ^ aJG 

universal soft parameters. Clearly each 3 x 3 block of the slepton mass matrix 

becomes diagonal in the basis in which the electron mass matrix is diagonal, which 

implies no LFV. Any violation of universality will lead to off-diagonal elements 

in the 3 x 3 blocks of the slepton matrix in the charged lepton mass basis, which 

implies LFV. In the minimal supersymmetric standard model (MSSM) this result 

is preserved even in the presence of radiative corrections. This is because the 

renormalization group (RG) equations do not generate any off-diagonal elements 

for slepton masses in a basis in which the charged lepton Yukawa couplings are 

diagonal. Clearly if the universality assumption is relaxed then arbitrarily large 

LFV is possible in the MSSM. The observation of Barbieri and Hall is that with 

SUSY GUTs LFV is unavoidable, even with the assumption of universality. Part 

of the reason is that in GUTs, quarks and leptons share a common multiplet so 

that the lepton sector is contaminated by the Savour violating quarks. Without 

SUSY such an eEect, though present, would generally be very weak as it scales 

with an inverse power of the scale of the unification scale However in the 

presence of SUSY the RG running of the slepton masses between A/f and Mx 

causes the LFV to be imprinted onto the slepton masses, which are no longer 

diagonal in the basis in which the leptons are diagonal. Below the GUT scale 
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the MSSM RGBs then ensure that the LFV effect is preserved down to the TeV 

scale where it may lead to sizeable contributions to physical processes. 

Although LFV can be interpreted as a signal of SUSY GUTs such as 

and 5'0(10) [11, 12] similar effects can be achieved without the presence of a 

GUT gauge group, even assuming strictly universal soft parameters at Mp. For 

example, simply adding a right-handed neutrino to the MSSM (MSSM+^) [16] 

will generate LFV eEects due to the fact that neutrino (Dirac) Yukawa couplings 

are not diagonal in the baais in which the charged lepton Yukawa couplings are 

diagonal. In the charged lepton mass basis the non-diagonal neutrino Yukawa 

matrix will generate ofl^diagonal slepton masses due to the RG running of the 

slepton mass matrix between Mp and the scale M.,, where M,, is the Majorana 

mass scale of the right-handed neutrinos. This will result in low energy LFV 

effects rather similar to those in SUSY GUTs, but without any underlying GUT 

gauge group. However the MSSM+z/ theory is rather unconstrained compared 

to SUSY GUTs, and it is of interest to see if similar effects could occur in other 

better motivated, but non-GUT models. In particular we have in mind string-

inspired models which do not involve a simple gauge group, but where the gauge 

couplings are unified at the string scale. 

In this chapter we shall focus on a particular recently proposed string-inspired 

model, the minimal supersymmetric 5'[/(4) (g) 5'[/(2)z, (g) 5'[/(2)^ (422) model [8] 

(see also Refs. [4, 5]). In this model, quarks and leptons are unified into common 

multiplets, but there is no simple GUT gauge group. Instead the gauge couplings 

are unified with gravity at the string scale. In the minimal version [8] the only 

source of LFV in the 422 model is via the right-handed neutrino couplings, as 

in the MSSM-t-z/ model. However, unlike the MSSM-t-z/ model, the minimal 

422 model is much more highly constrained. For example in minimal 422 there 

is complete Yukawa unification for the third family top, bottom, tau and tau-
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neutrino Yukawa couplings, which automatically leads to the prediction of a large 

ratio of Higgs vacuum expectation values (VEVs) with tan/) in the range 30-

60 [17] which lies beyond the scope of the results presented in Ref. [16]. As 

discussed in Ref. [18] the large tan/) region involves some new effects which were 

neglected in previous treatments, and we are careful to include all relevant effects 

here. 

It is worth comparing the minimal string inspired (4) (g) (gi 5'(7(2)B 

model to 5'0(10), which also may have Yukawa unification. In 5'0(10) colour 

triplets with couplings to fermions are inevitably present in the effective theory 

below . Indeed in 5'(7(5) this is the primary source of LFV. But in minimal 

422 such colour triplets, although generically present, do not couple to fermions, 

and play no role in LFV. ^ In general it is easy to introduce new sources of 

LFV, for example via LFV soft mass terms which for example may be controlled 

by additional (7(l)x gauged family symmetries [19]. Our approach here is to 

consider the ^ amount of LFV associated with this class 

of model. Such an approach allows unavoidable constraints to be placed on the 

model from the experimental limits on LFV. 

Concerning our results, we find that the diagrams involving sneutrinos and 

charginos in the loop are found to give the dominant contribution to -4 e'-y and 

r —̂  . The off-diagonal sneutrino masses, which are responsible for LFV, re-

ceive contributions from the RGE evolution in the high energy region between 

the Planck scale and the right-handed neutrino mass scale. In the minimal super-

symmetric 6'[/(4) 0 5'(/(2)z, 0 6'[/(2)B model, with realistic masses and mixing 

^In a non-minimal 422 model this source of flavour violation could be included at the cost 
of introducing new unconstrained Savour parameters. 

^It is possible that, by adding other sources of LFV we could end up with a smaller LFV 
rate. Although this would be unlikely in general it is nevertheless possible. The term 

therefore strictly refers to the mechanism rather than the rate itself, and should be 
understood in this sense. 
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angles, we find that generally the rates are enhanced relative to the low tan/) 

case due to increased 1-2 and 2-3 family mixing effects. In particular we find 

that the predicted rate for r —//-y is competitive with the current experimental 

limit. 

The organization of the rest of the chapter is as follows. In Sec. 2.2 we 

describe in detail how the model was implemented giving particular emphasis to 

boundary conditions of the RGBs. Section 2.3 is devoted to a detailed analysis of 

the one-loop decay aad r —> . Section 2.3 contains our conclusions. 

2.2 Procedure 

In this section we describe how the 422 model was implemented. We considered 

three fundamental scales: Mg (the effective SUSY scale) which was assumed to 

be equal to the pole top quark mass (Mf), Mx = 2.0 x 10^^ GeV the scale of 

gauge coupling unihcation and Mp = 2.4 x 10̂ ^ GeV. Additionally we denoted 

by the energy scale at which the right-handed neutrinos decoupled via see-

saw mechanism. ^ Cosmological constraints require 10^° GeV < < Mx [21]. 

Experimentally viable boundary conditions were imposed at each fundamental 

scale and we used one-loop matrix RGEs [22] to relate parameters at different 

energies (particle threshold effects were ignored). 

We now turn to describe the algorithm of the program. Since we want to 

achieve third family Yukawa unification (3FYU) at [23], which crucially 

depends on the unknown low energy values of M*, tan/3 a 

iterative procedure is needed. Initial estimates for these parameters are guessed 

and, along with the gauge couplings and all Yukawa matrices, are rnn, first from 

^The reader is referred to section 4.2 where the generation of suppressed maases for the 
left-handed neutrinos, via see-saw mechanism, is studied in detail. 
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their definition values to Mg — and afterwards from Mg to Mx- At Mx 

the guesses are tested to see if they actually lead to 3FYU. This is unhkely 

to happen in the first attempt therefore we induce slight changes in our initial 

guesses and repeat the above process again. After a few iterations it starts to be 

obvious that some guesses are more successful than others. These are subjected 

to further pertubative analysis allowing more precise GUT unification. This 

recursive approach is repeated many times until the condition 

is veriAed to a satisfactory accuracy (typicaly 1%). 

I I I I n i l I I I I H i l l I I I'.I I M i l I I I I M i l l 

(is = 0.118 

o 

I I I Hill 

a, = 0.115 

I I I 11 nil I I I I Hill 
IQlS ]Q14 10,5 IQie 

/ G e V 

f/G. .Z. Depencfence o/f/ie wnzyiej yuArowa coupZing At of (Ae 

un*y;cohon Mx on(f fZonct Mp enefg*/ wzf/i (/le ng/if-Ziancfed 

neufrino (fecoup/«ng acoZe /or (wo foZuea o/ a , . TAe (wo upper (?ower^ Jmeg 

correaponcf fo = 0.118 (a, = 0.115^. 

At this point some comments are worth maJting. The running of masses to 

was done using the Standard Model RGEs (one-loop QED, three-loop QCD [24]) 

and it is necessary as it provides important mass corrections especially for light 

quarks. After the whole iterative process is complete we are left with predictions 
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for our guesses based on the assumption of 3FYU. To have an idea, for a , = 0.115, 

= 4.25 GeV (the running bottom mass) and = Mx we obtained 

the following predictions : ^ 175 GeV, ^ 122 GeV and tan/) ^ 56. 

The dependence on is mostly felt by which can decrease to 115 GeV 

when M;, ^ 10̂ ^ GeV. The variations with Og and m;, are considerable and well 

documented in Ref. [7]. We note that it is important to vyatch for the magnitude 

of the third family of the Yukawa couplings at Mp because they are very sensitive 

to CKg and thus they can easily acquire values outside the perturbative regime 

(Fig. 2.1). 

At Mx, we must match all the Yukawa matrix couplings to the ones which 

can be obtained from non-renormalizable operators. These new Yukawa matrices 

are not unique. However they are constrained by the fact that they must predict 

the same (known) physics as the ones they replace, z'.e. , both must have identical 

eigenvalues and quark mixing angles (for the sake of simplicity we did not consider 

the C f violating phase). Several forms of these Yukawa matrices were extensively 

studied in Refs. [7, 17] for the 422 model. Here we will only consider the following 

particular one: ^ 

^11. — 

\ 0 

/ 0 

/ 0 0 \ 

yAj yD _ yC Q 

y g y33 y 

0 

3 y^"^ - ( y ^ + y^ ) o 

\ 0 - y ^ y ^ 

/ 0 y ^ 0 \ 

9/4 y^'^ 3 ( y ^ + y ^ ) o 

\ 0 - y ^ y^^y 

(2.2) 

(2.3) 

(2.4) 

"^Other choices would lead to same order of magnitude results. 
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A. 

/ 0 0 \ 

3/4 - 3 ( y ^ - o 

\ 0 y ^ y 

(2.5) 

We briefly explain their form. The zeros in positions (1,3), (3,1) are motivated by 

correspondingly small entries on the quark Cabibbo-Kobayashi-Maskawa (CKM) 

matrix. The zero in (2,3) only eEects the right-handed mixing matrix (because 

of high family hierarchy), thus it is convenient as it improves predictability. Two 

operators were needed in the (2,2) position because of particular high charm-

muon splitting [7]. The operator y ^ generates V23 1^2, while ŷ "̂̂  and y^ 

generate V12 ^ V21 and first family masses.^ The coefhcients on different matri-

ces associated with the same operator y are Clebsch-Gordon factors. Solutions 

for the y s were numerically searched for the input: I/23, (the charm quark 

mass), (the muon mass) and (the up quark mass), mg (the electron 

mass), which enabled three quantities to be predicted: V13, (the down quark 

mass) and (the strange quark mass) (see Appendix C for results). Notice that 

this model predicts the experimentally unavailable Dirac neutrino masses m.,,, 

the lepton Dirac CKM matrix y^. The prediction of the physical 

neutrino masses and mixing angles relies on the knowledge of the right-handed 

neutrino Majorana mass matrix M,,. Following Ref. [17] we shall assume that 

is proportional to the unit matrix. This rather /toe assumption at least has 

the virtue that it leads to the result that the leptonic CKM matrix (y^) elements 

are equal to those calculated just from the Dirac neutrino mass parts [17]. It also 

means that the physical neutrino masses are determined by a single mass param-

eter which we continue to denote by M.,, where this parameter henceforth refers 

to the overall factor multiplying the unit Majorana matrix rather than the matrix 

^Actually, since the (n = 2) operator has a vanishing Clebsch-Gordon coefhcient for the 
up-type fermions, we aje forced to introduce a further operator in the (1,2) position, if 
we want to avoid a massless up quark. 

36 



itself. With a suitable choice of M;, this simple assumption leads to a physical 

muon-neutrino and electron-neutrino mass spectrum suitable for the MSW so-

lution to the solar neutrino problem, with a tau-neutrino in the correct range 

for hot dark matter, and with muon-tau neutrino oscillations in the observable 

range of the CHORUS experiment [17]. If this assumption is relaxed one would 

generally expect qualitatively similar effects both in the neutrino spectrum, and 

in the physics of LFV considered here. 

After having set experimentally viable Yukawa matrices at Mx, according to 

the above boundary conditions, we used 422 RGBs (see Appendix A) to run them 

to Mp. In this high energy region we treated the theory in the following effective 

way. To begin with, we regarded the non-renormalizable operators as yielding 

four effective Yukawa matrices, whose RG evolution is described by standard 

RGBs appropriate to the larger gauge group (g) 0 6'f7(2)^. The 

terms involving the singlet 6" which give rise to an effective ^ parameter below 

the scale were regarded as an effective // parameter above this scale similar 

to the MSSM. Finally we allowed extra D and other superfields to be present 

above the scale in order to keep the one-loop beta functions of the 5'[/(4) (g) 

5'[/(2)^ 0 5'[/(2);% gauge group equal above this scale, and so allow string gauge 

unification at Mp [9]. Since such additional superfields do not couple to the quark 

and lepton superfields their presence will have no effect on the LFV predictions 

at the one-loop level, apart from the indirect effect via the gauge couplings. 

At Mp boundary conditions were chosen to reduce the most the number 

of independent parameters: Mi,2,3 = M1/2 (common gaugino masses), = 

= TTtjc = mgc = = mQ (universal soft masses), 

(proportional soft Yukawa matrices). With this choice 

we kept sources of LFV (mass splittings and CKM entries) at a minimum. A 

departure from the latter two conditions would introduce right from the start 
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LFV signals therefore the results can be interpreted as the irreducible minimum 

amount of LFV arising from this model. 

The next obvious step was to run all the above parameters again down to Mg, 

dropping terms from the RGBs involving right-handed neutrinos and sneutrinos 

below At the low energy SUSY scale we were Anally able to set the super-

potential Higgs parameter and soft Higgs boson mass These were the last 

parameters to be deAned because they obey the following two conditions : 

^ t a n ^ / ) - l 2 ^ ^ ^ 

+ + (2.7) 

which depend on the low-energy values of mg and until now unknown. The 

above equations simply describe how the Higgs boson VEVs are related to the 

(classical) renormalized Higgs potential parameters. To see how they came about 

we recall that after 6'[/(2)^ (g) Z7(l)y —(/(l)QBD symmetry breaking the neutral 

Higgs acquire VEVs therefore the Higgs potential becomes 

V('U2,i'i) + (physical Higgs interactions) , (2.8) 

^i) = (/̂ ^ + )?%̂2) ^2 + (/̂ ^ + ?7̂ i) — 2 U2U1 -t- ̂  (gf'̂  -t- 5f̂ )('(;2 — t;̂ )^ (2-9) 

In order to recover the traditional interpretation of the VEVs, they must satisfy : 

(2.10) 
ai;2 

which after simple algebraic manipulation leads to Eqs. (2.6), (2.7), except for 

the obvious replacement of t;2,^;i by the more convenient set t a n ^ , ^ ^ . From 

Eq. (2.6) we see that // is determined up to a sign, however we found that for 

large tan/) this arbitrariness was not relevant. 



The physical origin of LFV in this model is now clear. The Yukawa coupling 

matrices are effectively split into Aj, Ag, A .̂ These matrices are not equal but 

related to each other by different Clebsch-Gordon factors. Since Ag A., one is 

introducing a CKM-like mixing matrix on the lepton sector which gets imprinted 

onto the left-handed slepton mass matrices due to the RG running between Mp 

and M;, (below the scale the terms involving the right-handed neutrinos are 

dropped from the RGEs). It is clear that, for example in a basis in which the 

charged lepton matrix Ae is diagonal the neutrino matrix will be non-diagonal, 

leading to off-diagonal contributions to the left-handed slepton masses of the form 

( 2 . 1 1 ) 

It is interesting to note that in 5'[/(5) LFV develops differently. In this model, 

there is no right-handed neutrino, however, LFV does arise from the presence of 

Higgs colour triplets which mediate tree level lepto-quark interactions, which 

again leads to off-diagonal slepton masses due to RG running between Mp and 

Mx- 5'0(10) is an example in which both the mentioned LFV processes are 

active [12, 18]. 

2.3 The Processes ê y and T —> 

2.3.1 Fo rma l i sm 

The effective Lagrangian and the Branch Ratio (BR) for the > e'-y decay are 

given by : 

r = 1/2 t2,(p - g) «^(p) (2.12) 

1 
BR(/^ 6'}) = —2—^ ) (2.13) 
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In their most general form, the one-loop amplitudes 

are given by a sum of many terms [16] most of which of negligible importance. 

For the sake of simplicity we consider only the dominant contributions : 

= 

An., = 

{vrL'u[vrL)A,-h,A (2.14) 

iVS).A{VM.)A„(H,,i + (2.15) 

~ 1 ( C ' ) . . 4 ( % ) . 4 , g H „ + ( ^ % g ) . 4 ( % ) „ , g , U I ( 2 . 1 6 ) 

~ .T [ ( V l t ) . A { V t R ) A , H , , ^ + { V ' A A { V S n ) A , H , , j ^ I (2.17) 

-4k = I (%*)..4(i6!2).4,a.u + (V%;;) .4(m)„. . f f .u ] (2.18) 

^^3 = 

here written in a notation, which we now explain. In all expressions summation 

over the family index vl = 1 . . . 3 is to be understood (A = A + 3). The factor 

z = m^/(coS;^ M^) and the matrices and the other factors occurring 

in these expressions are dehned in Appendix B. 

We now discuss the phenomenology of Eqs. (2.14)-(2.18). The amplitude 

Af, <K because in the 422 model LFVs associated with mgc are negligible 

compared with the ones due to Thus we will keep our attention on 

and which are associated with the diagrams in Fig. 2.2. 

In these, a cross over slepton (dotted) line is introduced to remind us of a 

y y product dependence. Similarly, the blob over the chargino-A^i (neutralino-

line stands for 5''̂  (5'^ 5'^) dependence. As an example, the explicit 

behaviour of the dominant LFV angle is shown in Fig. 2.3. We stress that, 

though it is tempting to make a direct analogy with the perturbative mass in-

sertion method valid when tan/) is small, such comparison must be taken with 

great care. In models with large tan and modest soft mass terms, the light su-

persymmetric states f%, mix ef&ciently through enhanced 
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entries. Even if LFV is initialy contained in the Left-Left charged slepton sector 

diagonalization of the full 6 x 6 mass matrix forces 

to develop non-negligible LFV signals. Figure 2.2 should therefore not be taken 

as an accurate description of the complicated physics involved but as a symbolic 

way of identifying the supersymmetric states that are present in each contribution 

to 

qC* 

fiN riN 
r̂2 ,"̂ [1 

W" B 

M-l 

r,N gN 

'Jr2 )'̂ rl 

W" B 

li 
X " X 

f f G . D o m i n a n t supersymmefric diagrams :nt;oft;ed in (Ae e-y deco;/. 

TAe aeconcf anj f/iircf row coTresponc/ (o /̂le ompZif̂ ucfea oncf 

git;en regpec^iWy. 

We start by considering the neutralino amplitudes and in more detail. 

These are shown in Fig. 2.4 to be of the same order of magnitude. The amplitude 

accounts for LFV developed in the left-handed sector. Two sources can be 

identified. The first line of Eq. (2.15) describes LFV contained in the left-handed 
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sector itself. The other contribution, the second line in Eq. (2.15), is generally 

significantly smaller. Its origin is associated with the fact that due to substan-

tial stau mixing, some of the LFV originally in has, after diagonalization, 

"leaked" to the right-handed sector. This signal can only be recovered if two 

"chirality" Sipping matrices are introduced. The amplitude accounts 

for LFV that is associated with mixing of charged sleptons of different "chiral-

ity". These mixings can occur either in the Left-Right or Right-Left variety 

corresponding to the two terms in Eq. (2.16). 

- 0 . 
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-0 .0012 

-0.0013 
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-0.00)5 
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1 1 
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1 1 1 1 1 
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300 

50 

1 1 1 1 1 1 1 1 1 
0 100 200 300 400 500 600 700 800 900 1000 

mo / GeV 

f/G. ,8.̂ . Depenffence o/(yLf)e;^ un:t;eraciZ fZonct acoZor moga TTio /or 

gerenzZ t;ofuea o/ (Ae gougmo (M1/2) moaa. 

The chargino contribution is given by Figure 2.4 shows that this am-

plitude is the most significant to and therefore to the decays ^ e-y and 

r —f . Its dominance over the neutralino contributions can be traced to the 

function in Eq. (2.14) When tan/3 is large approximately scales with 

12 ^ On the other hand the functions in Eq. (2.15) are 

^Defined in Appendix B by Eq. (B.19). 
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comparatively suppressed since they scale as The amplitude while 

not suppressed by the diagonal entries, can not compete with because 

of small "chirality" Sipping 1^^, matrices. 

Taking the above comments in mind, we analyse in more detail the behavior 

of itself. Defining A = const x = — A12 + A23 and using 

approximate unitarity of gives 

A.2 = - K i U V t L U ( J . - 4 ) (2-19) 

A23 = -(VtLUytLUW, - Jr) (2.20) 

The above results allow a direct interpretation of LFV in terms of e — — r 

splittings in Fig. 2.5 and Ve — whose scaling with mo is shown in Fig. 2.6. 

If tan/3 is small then IA23I lAig], while as Fig. 2.5 shows for large tan/3 

over much of parameter space we hnd IA12I IA23I. The empirical eEect we 

observe seems to be related to the large tan/3 result that which tells 

us that second family Yukawa couplings receive an overall enhancement and this 

is responsible for the increase in 1-2 family splittings. It turns out that the 2-3 

family mixing is also substantially increased in this model, but for > e-y this 

effect is destroyed by the small (1,3) family mixing factor. For T —> //'y , on the 

other hand, the rate here is controlled exclusively by (2,3) family mixing and we 

find a large enhancement in this case. 
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2.3.2 Overv iew of Resu l t s 

In our numerical results we assumed = 0.115 and = 4.25 GeV. An increase 

in a , (mt) leads to smaller slepton masses (bigger e — splitting) therefore to an 

enhancement of LFV. The parameters we made to vary were Mi/g, mo, Ao and 

M„. When not explicitly mentioned the graphs refer to default values of Ao = 0 

GeV and M,, = 

In Fig. 2.7 we plotted the charged slepton spectrum. Due to large tan/), for 

decreasing mo, we verify that the lightest slepton f2 is rapidly driven negative, 

on the other hand fi is pushed upwards and forced to be heavy. This phenomena 

are absent in conventional low tan/) models. Figure 2.8 displays the masses of 

the muon and tau sneutrinos. The splitting between them ensures that A23 in 

Eq. (2.20) does not vanish. The neutralino particle spectrum is shown in Fig. 2.9 
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^ and the mass of the right-handed stan in Fig. 2.10. 

We now consider the branch ratio // -4̂  e'-y. In Fig. 2.11 we plot its dependence 

with mo for selected values of M1/2 (and just two extreme values of Discon-

tinued lines signal regions where ^ 0. When M1/2 is not much bigger than 

mo, the BR(// —e'y) increases with decreasing mo for in this limit the sneutrinos 

are getting lighter. The present experimental bound BR(;/ -4̂  e"}) < 4.9 x 10"^^ 

is close to the most enhanced decays, however it still does not rule out any region 

of the Ml/2, and M., parameter space. 

1200 

1000 

o 

0 100 200 300 400 500 600 700 800 900 1000 

mo / GeV 

f / G . ,S. 7. o/ c/io:gecf ^ /or o range o / mo onii o geZeĉ ecf 

iioZue maas Mi/g. between ancf r«gA( ia s/iown eg o 

(/ei;!afzon o/ soZ: j Z:ne /rom (/le dofW one. 

^When mo, Mi/g > Mz, the heaviest chajgino is approximately degenerate with the two 
heaviest neutralinos (which scale with ji, the Higgs mixing parameter) , while the lightest 
chargino has the same mass aa the second lightest neutralino (both scale with M2). Finally 
the lightest neutralino scales with Mi. These three sets are in close correspondence with the 
scaling of higgsinos, winos and bino. 
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Figure 2.12 gives the branch ratio dependence on We can see that the 

rate e"/ increases for decreasing M,,. This behavior is easily understood ; 

models with lower allow right-handed neutrinos to decouple at lower energies, 

which in turn, forces to be under radiative LFV contributions for an extended 

Mp — e n e r g y range as described in Eq. (2.11). The variations with Ao 

are plotted in Fig. 2.13. When tan/) is big the slepton mass matrix is explicit 

independent of Ae,̂ . Since RGEs care only about Ag we see that the results 

must be approximately invariant under Ao —Ao- For that reason we have 

only considered Ao > 0. In general, Ao does not affect the branch ratio decay 

significantly. A variation of three orders of magnitude in Ao leads only to one 

magnitude enhancement in BR(/^ —> e-y). 

In Fig. 2.14 we show the BR.(T which is experimentally constrained 

to be less than 4.2 x 10"^. This limit already imposes some constraints in the 

allowed SUSY parameter space for this model, particularly when is allowed 

to take values as low as 10̂ ^ GeV. 
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2.3.3 R e s u l t s N e a r t h e E x p e r i m e n t a l L i m i t s 

It is clear from the results so far that the interesting region of parameter space 

from the point of view of the LFV processes corresponds to relatively low values 

of soft SUSY breaking parameters, say mo < 500 GeV and Mi/g < 200 GeV. In 

this subsection we shall concentrate on this region, and examine the relationship 

between LFV processes and direct experimental bounds on the particle mass 

limits coming from LEP, for example. 

Pi 
C D 

1 0 -

1 0 " 

10-

10-

1 0 -

E x p . B o u n d 

= 50 — 200 Ge^ Ao = 0 

I _L _L 
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JJ. 5ranc/i roho /or } e"/ /or a ron^e o/mo < 500 GeF oncf gereroZ 

0/M1/2 < 200 CeF. Two ea;(reme wZuea o/M,, ore cfispZai/ej ; aoZicf 

Zinea correaponcf ô M,, = w/izYe (foMej Zmeg ̂ o M,, = 2 x 10̂ ^ Gey. 

In Fig. 2.15 we show the branch ratio for ê y for a range of mo < 500 GeV 

and several values of M1/2 < 200 GeV, taking two extreme values of right-handed 

neutrino mass. As the experimental bound improves it is clear how increasingly 

larger regions of the mo — M1/2 plane in this model may be excluded, with the 

low values of right-handed neutrino mass providing the larger rates closer to the 
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experimental limit. 

50 100 150 200 250 300 350 400 450 500 

mo / GeV 

f/G. BroncA râ zo /or r — / o r a range o/mg < 500 (9ey oncf aeuem/ 

roZues 0/M1/2 < 200 Gey. Two eẑ r̂emes uoZues o/M,/ are AspZoi/ecf ; aoZ:(f 

Zmea corresponcf ô My = Mx, cfofW fzneg (o = 2 x 10̂ ^ Ge^. 

Figure 2.16 shows the predicted branch ratio for r —//-y . The well-motivated 

= 2 X 10̂ ^ GeV curves clearly already provide useful constraints on the SUSY 

particle spectrum. 

Figure 2.17 shows the dependence of r — o n the right-hand neutrino scale-

M„. One can see that, as M,, decreases, the right-handed neutrino decouples at 

a lower energy, thus allowing additional LFV to be generated through the RGB 

running, which leads to an enhancement in the branch ratio. 

In this model the spectrum in completely determined by the values of the 

input parameters, in particular mo and M1/2, with very little sensitivity to 

for example. It is clearly of interest to compare the direct experimental limits 

which may be placed in these parameters, from the CERN e+e" collider LEP for 
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example, to the indirect limits coming from the LFV processes we have consid-

ered. Therefore we present a series of plots which give a detailed exposition of 

the sparticle spectrum in the low mass region where experiments are sensitive to 

LFV processes. 

t 
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= 2.0 X 10'" GeV 2.0 x lO'" GeV 

V» = 2.0x 10" 

E x ' p . B o u n d 

Hf« = 2.0x lO'-Gê  
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140 Gey. TTie air curoea pZoMecf correapont/ eguoZZy Zogf-sccW in^erfo/a o/ 

in (/le ronge 2 x 10^^ 2 x 10̂ ^ GeF. 

We begin in Fig. 2.18 by showing the spectrum of charged sleptons for a 

fixed low value of M1/2 = 140 GeV corresponding to charginos in the unexplored 

LEP2 range 95-105 GeV (as we shall see shortly). The plot shows that the lightest 

charged slepton mass ranges from 125-260 GeV over the region of mo = 280 — 500 

GeV allowed in a scenario in which the LFV bound for the T decay has improved 

to 4.2 X 10"^ GeV. Figure 2.19 shows the very weak dependence of the lightest 

slepton mass on Mi/g. The corresponding sneutrino masses in Fig. 2.20 have a 

similar mass dependence but are somewhat heavier. 
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The strongest constraint on M1/2 comes from the lightest charginos and nen-

tralinos in Fig. 2.21. The full spectrum of charginos and neutralinos, for a fixed 

value of mo — 300 GeV, and varying M1/2, is shown in Fig. 2.22. 

The current published LEP2 limit on chargino masses is around 85 GeV [26]-

[29]. This bound does not include analysis of the most recent runs, which will 

increase this limit to about 94 GeV [30]. A chargino mass limit of 94 GeV would 

correspond to M1/2 > 125 GeV for mo in the intermediate 200 — 500 GeV range. 

The experimental limit on T —> would need to be increased by one order of 

magnitude in order to be competitive with these direct limits. 
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Finally we present Figs. 2.23 and 2.24 that neatly summarize some of the 

most important results obtained. The regions bounded by the thick broken line 

are forbidden since they correspond to negative right-handed stau masses or to a 

combination of mo-Mi/2 that renders consistent electro-weak symmetry breaking 

in this model impossible, *.e., of Eq. (2.6) negative. The regions below the 

dotted lines labelled by 4.2 x 10"^ (4.2 x 10"^) are excluded by the current 

(one order of magnitude improved) bound on the branch ratio of T — . The 

horizontal solid lines indicate the mass of the lighest neutralino, while the curved 

lines that extend from the "Excluded Region" correspond to the mass of the 

lighest scalar sparticle, the right-handed stau. The mapping of the mo-Mi/g 

plane into the neutralino-stau space enables the unequivocal identihcation of 

the LSP; inside (outside) the semi-circle ploted with a thin dashed line the stau 

(neutralino) is the LSP. 

Analysing in more detail Fig. 2.23, which corresponds to Mg, = 2.0 x 10̂ ^ 
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GeV, we observe that the experimental bound on the branch ratio for the decay 

r — i s of little practical signihcance. Indeed, even when this limit is improved 

by one order of magnitude the corresponding excluded region on the mo-Mi/2 

plane is still almost all within the band Mi/g < 125 GeV which has, in any 

case, already been excluded by the present lower bound on the chargino mass. 

However, from Fig. 2.24, obtained when = 2.0 x 10^^ GeV, we can clearly 

see that as the bound on T — d e c r e a s e s , the regions with lowest mo, are 

increasingly excluded beyond the M1/2 = 125 GeV frontier. 

2.4 Conclusion 

The main qualitative conclusion of this study is that LFV is not a unique predic-

tion of SUSY GUTs, but is also found in certain string-inspired models which do 

not possess a simple gauge group. In order to illustrate this we have calculated 

the minimum irreducible contributions to LFV in the string-inspired minimal 

5'(7(4) ® 5'(7(2)2 ® model. The main features of this model are large 

t an^ and neutrino masses with an intermediate mass scale M ,̂. The mechanism 

responsible for LFV in the 422 model is similar to the one in MSSM+z/ but 

here involves a much more constrained parameter space, leading to a range of 

tan/) outside that previously considered. Also previous studies on the fermion 

mass spectrum in this model lead to a set of well dehned mixing angles which 

enable precise predictions of LFV to be made. The dominant contribution was 

seen to come from the amplitude corresponding to sneutrinos and charginos 

in the loop, with the LFV controlled by the off-diagonal contributions to the 

left-handed sneutrino mass squared matrix. The LFV in this model originates 

from off-diagonal contributions to the soft sneutrino mass matrix which are gen-

erated by RGB evolution in the high energy region between the Planck and the 

right-handed neutrino scale. 
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The main quantitative conclusion is that the LFV rates in these models are 

compared to other models. This conclusion is baaed on 

values of mixing angles taken from previous studies of t he fermion mass spectrum 

in this model. The enhancement eifect is well illustrated by the detailed analysis 

of the parameter space near the current experimental limits given in Figs. 2.15-

2.24. In particular we And that the current limit on r — i s very close to 

the predictions of this model, especially for the lower values of right-handed 

neutrino masses which are well motivated by the physics of neutrino masses. If the 

experimental bounds on T —jwy were improved by one order of magnitude then 

this model would become severely constrained, providing a decisive test of such 

models. Since we have concentrated on the mmzmum amount of LFV 

in the model, failure to observe r -4̂  at its predicted rate would enable such 

models to be experimentally excluded. More optimistically a direct observation 

of T — c o u l d provide an indirect discovery of supersymmetry in general and 

large tan string-inspired models in particular. 
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C h a p t e r 3 

Yukawa Unif icat ion 

3.1 Introduction 

One of the earliest successes of the Minimal Supersymmetric Standard Model 

(MSSM) [3] was that it could allow for the unification of the gauge couplings 

at high energy (Q = Mx) [34], thereby opening the door for Supersymmetric 

Grand Unified Theories (SUSY GUTs) [35, 36, 37, 38]. SUSY GUTs typically 

involve some third family Yukawa unification [38, 39, 40, 41, 21]. For example 

minimal [42] predicts bottom-tau Yukawa unification at Mx (Â  = A )̂ and 

allows for the prediction of the top quark mass in terms of the ratio 

In models like 6'0(10), and in the 5'[/(4) 0 5'f/(2)f, (g) 5'[/(2)B (422) Pati-Salam 

model [4], complete third family Yukawa unification holds (A( = A;, = Ai-). Thus 

the ratio of the vacuum expectation values (VEVs) of the up/down Higgs bosons 

doublets - tan/3 = - can be predicted. Since the top and bottom Yukawa 

couplings start out equal at the GUT scale, and their renormalization group (RG) 

evolution is very similar (they differ only by the (/(I) couplings at one loop) their 

low energy values are approximately equal so we expect tan/3 ^ 40. 
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In this chapter we shall include the neutrino Yukawa coupling in the analysis 

giving quadruple Yukawa unification (At = A;, = A?- = as was first done in 

Ref. [21]. In the light of the Super-Kamiokande results [43] (assuming hierarchical 

neutrino masses and the see-saw mechanism) we regard the third family neutrino 

mass (m^) as an input which allows for an additional prediction - the mass scale at 

which the heavy right-handed neutrinos decouple - M;,. However such predictions 

depend sensitively on the parameters of the soft SUSY breaking Lagrangian, as 

we now discuss. 

Yukawa unification (assuming the MSSM and SUSY GUTs) at first was 

thought to lead to an acceptable top mass prediction, given the experimentally 

permitted range of top and bottom quark masses and CKg, with a unified Yukawa 

coupling at of order one (Ax ^ 1) [40, 21, 44, 45, 46, 47]. However, when 

low energy SUSY corrections to the running bottom quark mass due to the de-

coupling of SUSY particles were included [48, 49], the initial good agreement was 

spoiled. The SUSY corrections to the bottom quark mass are : 

A?ri5 = 
/^tan/? 

47r 

2 

(3,1) 

where the function /(a;,^,z) is given in [48]. The corrections can be positive or 

negative depending on the sign of //, and being proportional to tan/3, are rather 

large. 

With universal soft masses and //, the SUSY corrections to the bot-

tom mass lead to large negative ^ —20% corrections which 

implies a larger 6 quark mass before the SUSY corrections, which effectively low-

ers the previously successful top maas prediction to ^ 150 GeV which is 

too small [48]. With universal soft masses and ^ the top mass is pre-

dicted to be too large, outside its perturbative upper limit. It has already been 

pointed out in the literature that can be made small by either assuming ex-
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plicit non-universal scalar soft masses [50, 51, 52] or by introducing approximate 

Peccei-Quinn and R symmetries [49, 53]. However in the framework of 5'0(10) 

the degree of non-universality one could assume until recently appeared rather 

limited. For example, if both Higgs doublets arise from a single 10 dimensional 

representation then they will necessarily have a common soft scalar mass at the 

GUT scale, and the same applies for the light Higgs bi-doublet of the Pati-Salam 

model. Such universality is also a problem for electroweak symmetry breaking 

where one requires a large hierarchy of vacuum expectation values (VEVs) start-

ing from very symmetrical initial conditions where the two Higgs doublet soft 

masses are equal, and where the approximately equal top and bottom Yukawa 

couplings tend to drive both Higgs masses negative equally, making large tan^ 

rather difEcult to achieve. 

A large step forward for both these problems has been to realise the impor-

tance of D-term contributions to scalar masses [54], which naturally split the 

two Higgs doublet masses. If the up-type Higgs doublet mass at the GUT scale 

is smaller than the down-type Higgs doublet mass, then this makes electroweak 

symmetry breaking with large tan much more natural. Assuming negative 

the D-terms also allow a choice of non-universal scalar maases which reduces the 

correction to the 6-quark mass and hence allow a larger top quark mass. Although 

these problems appear to be resolved with D-terms, one still faces difhculties with 

rare decays such as 6 —a-y, which is also enhanced for large tan/3, and negative 

// [55]. This problem can be avoided either by increasing the masses of all the 

superpartners, or by considering positive which will tend to cancel the SUSY 

contributions, however both these procedures lead to Ane-tuning. Another possi-

bility which we pursue in this chapter is to consider the effect of non-universality 

in the family space, which may lead to additional contributions to 6 —s-y which 

can cancel those coming from the family universal sources. We explicitly check 

that the contributions that we introduce do not introduce problems elsewhere 
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such as with r —> 

The main purpose of this chapter is to provide a detailed analysis of Yukawa 

unification, post-Super-Kamiokande, allowing the most general non-universal soft 

SUSY breaking masses possible. Apart from non-universality in the soft scalar 

masses arising from D-terms, we shall also consider more general types of non-

universality which may arise in models such as the string/D-brane inspired 5'f7(4) 

model [5],[6], which reduces to the 5'C)(10) model in a limiting 

case. This allows more general soft scalar mass non-universality including similar 

Z)-term contributions as in 5'0(10) (since the relevant broken [/(I) factors all arise 

from the breaking of the 5'[/(4) (g) g) subgroup), and also permits 

violations of gaugino mass universality which have not so far been studied. The 

underlying theme of our approach is that the sensitivity of Yukawa unification 

to soft SUSY breaking parameters is to be welcomed, since it provides a window 

into the soft SUSY breaking Lagrangian, both from the point of view of family 

universal and family non-universal soft SUSY breaking parameters. 

The layout of the remainder of the chapter is as follows. In section 3.2 we 

present our calculational approach, and in section 3.3 we review the SUSY correc-

tions to the bottom and tau masses. Section 3.4 deals with the effect of neutrino 

Yukawa couplings on Yukawa unification and in section 3.5 we present results for 

gauge and Yukawa unification, assuming minimal supergravity (mSUGRA) with 

universal soft SUSY breaking parameters and including the neutrino threshold 

in addition to the usual low energy thresholds. In section 3.6 we turn to Yukawa 

unification in the 5'!7(4)(g)5'i7(2)f,(g)5'(7(2)}{ model, including the effect of physics 

above the GUT scale, and non-universal soft scalar and gaugino masses permit-

ted in this model. We also consider the effect of D-terms in the 5'0(10) limit of 

the model, and then study 6 —> g'y and r —jWy including non-universality in the 

family-dependent trilinear parameters. Section 3.7 concludes the chapter. 
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3.2 Framework 

In this section we will summarize how we implemented the RGEs and matching 

boundary conditions of the model. In the region Q < the effective theory 

is ® thus 3-loop QCD [24] plus 2-loop QED RGEs [56] apply. 

Between Q = and Q = Mg, where Mg is the scale that parameterises the 

energy at which the theory effectively becomes supersymmetric (see Appendix E 

for details), we considered 2-loop Standard Model (SM) RGEs in the gauge and 

Yukawa couplings [45, 56, 57]. In the region Mg < Q < Mx we evolved 2-loop 

(1-loop) gauge/Yukawa (all other parameters) MSSM RGEs [45, 22], properly 

adapted and extended to take into account the presence (and decoupling) of 

right handed neutrinos 

3.2.1 I n p u t 

The low energy input was : the running electromagnetic coupling ^^'^(M^) — 

127.8, the pole tau lepton mass = 1.784 GeV and several values for the 

pole bottom quark mass = 4.7,4.8, ..,5.1 GeV. We have converted the pole 

bottom mass into "running" bottom mass in the MS scheme using two loop QCD 

perturbation theory [56] : 

mb{Q = Mb) = (3.2) 
^ , 4aXM6) , /a . (M6)^^ 
1 + 77 H At 3 TT \ TT 

where jiT;, = 12.4. The corresponding running masses, for Og = 0.120, are 

^^(Mf,) = 4.06, 4.15, 4.24, 4.33, 4.42 GeV. The experimental range for m;, esti-

mated from bottomonium and B masses is 4.0-4.4 GeV [2]. The strong coupling 

aa(M^) waa taken to be in the range 0.110-0.130. 
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The low energy input was complemented by the Super-Kamiokande atmo-

spheric neutrino data that suggests = 10"^ to 10"^ eV^ [43]. Assuming 

that the neutrino masses are hierarchical we required tha t ^0 .05 eV. 

The high energy inputs assumed initially were motivated by mSUGRA : spon-

taneously broken supergravity in which the local N=1 supersymmetry breaking 

occurs in a "hidden" sector and is only transmitted to the "visible" sector through 

weak gravitational - Savour blind - interactions. Thus, to begin with, we assumed 

universal soft SUSY breaking masses (USBM) given by a common gaugino mass 

Ml/2 B'lid soft scalar masses mo at Q = M^. The trilinear A-terms were set to 

zero. In section 3.6 we relaxed the universality assumption. 

In the Yukawa sector we assumed that the third family Yukawa couplings 

have their origin in a unified renormalizable interaction vyhich fixes their values, 

at the unification scale, to be 

3.2.2 R u n n i n g a n d M a t c h i n g B o u n d a r y Cond i t i ons 

The process by which the output was generated relied in the initial estimation 

and successive iterative refinement of a pnor* unknown parameters such as 

and tan/3. The procedure is described in detail in section VII of Ref. [46]. 

Starting at Q = and were firstly run down to Q = 1 

GeV (where the up, down and strange quark running masses were fixed [56]) and 

secondly up to Q = using 5'(/(3)c ® [/(l)em RGEs. In the "running up" 

process the heavy (charm, tau and bottom) fermion pole masses were converted 

to running ones using the expressions in Ref. [56]. At Q = Oe was corrected 

for the decoupling of heavy gauge bosons, Higgs and Nambu-Goldstone bosons, 

and ghosts [58]. Afterwards the value of sin^ [37] was used to obtain ^ and gr. 

The bottom and tau Yukawa couplings, in the Standard Model, were evaluated 
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using , where the VEV is u = 174 GeV. Next, the gauge 

and the Yukawa couplings were run from Q = to the estimated pole top mass 

0 = Mt using 2-loop SM RGBs, at which point M* was converted to MS running 

mass joining the list of parameters to be integrated to Q = Mg. All 

along, threshold corrections in the gauge couplings were included by changing 

the 1-loop /3-functions (using the "step" approximation.) At Q = Mg the MS 

gauge couplings a, were converted to the DR ones [37, 40, 59] and corrected 

for the cumulative effect of decoupling of all the SUSY particles [59]. The top, 

bottom and tau Yukawa couplings were then converted from the SM to the MSSM 

normalization and corrected for the SUSY corrections [59] : 

_ Af^/s in/ ) (3.3) 

(3.4) 

= A^^/cos^-(^m^/i ; i (3.5) 

Afterwards we run up all the above couplings, together with an estimate for 

Ajy'^'^^(Mg), in two stages, firstly from Q = Mg to Q = and afterwards from 

Q = Ml, to Q = Mx, properly excluding (including) in the former (latter) 

stage. In our model Mx was Axed to be the scale at vyhich only the (7(1) and 

5'[/(2) gauge couplings unify : o;i(Mx) = 0:2(My) 7̂  0:3(M%). 

At Mx gauge and Yukawa unihcation were tested leading to eventual wiser 

choices to the next estimates for tan^^, Mx and 

The iteration cycle was completed by setting the USBM to their unification 

values after which all the couplings and masses of the model were run down from 

Q — to Q = Mg using the inverse "running up" procedure described above. 

Finally at Q = Mg the 1-loop effective Higgs potential was minimized [60, 61] 

and the SUSY Higgs mixing parameter and the corresponding soft term 
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were determined nsing [46, 62, 63] 

^ _ 1 

^ t a n ^ ^ - 1 2 ^ ^ ^ 

^ 3 - W + (3.7) 

wliere ^ ^ and tlie np/down soft Higgs boson masses are = 

m 2tree i y 1 
2,1 + -̂ 2,1-

We note that the number of independent parameters the model can predict 

is four - as many as the constraints imposed (one gauge and three Yukawa unifi-

cation conditions.) We took them to be Mx, Mt, t an^ and The latter was 

fixed by requiring that = 0.05 eV. 

3.3 Supersymmetric Bot tom 

and Tau Mass Corrections 

In the Standard Model one often works in oE-shell mass schemes in which the 

running masses my(Q) differ from their physical masses Afy (defined as the real 

part of the complex pole position of its propagator) by some finite correction 

[65]. For the quarks the most important corrections (arising from gluon loops) 

are well known and particularly affect the bottom quark mass (see Eq. (3.2).) In 

supersymmetric models additional corrections are also present. For large values 

of tan/3 some of these SUSY corrections can indeed affect the running bottom 

mass by 20% [48, 49], thus their consideration is crucial for the prediction of 

Mf. In this section we review the origin of the SUSY corrections to the bottom 

quark (^m^) and tau lepton mass (^mi-.) 

^The 22,1 parameterise the 1-loop corrections to the tree level Higgs potential [64]. 
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In the MSSM, at tree level, the bottom quark acquires a mass exclusively 

through the non-vanishing VEV of (A°) = ui. However, at 1-loop level, the 

bottom quark also receives a "small" mass from (/i°) = t;;- The dominant pro-

cesses responsible for the additional corrections to the bottom (tau) maas are 

characterized by gluino/sbottom and higgsino/stop (bino/stau) diagrams which 

we illustrate in Fig. 3.1 (and Fig. 3.2.) The corresponding expressions for 

and are given by [48, 49, 66] : 

= = ^ m g / / t a n ^ 7 ( m ^ , m g , m g ^ ) (3.8) 

= ^ tan/)/()U ,̂772^ ,̂77%^ )̂ (3.9) 

47r 
a ' 

" = —mgjU t a n / 3 ( 3 . 1 0 ) 

where (m^) is the gluino (bino) mass, a* = A^/47r, a ' = g''^/47r, the top 

soft trilinear term and - the sbottom, stop and stau masses. The function 7 
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is positive, symmetric, smallest for degenerate masses and approximately scales 

with the inverse of its biggest argmnent. ^ We also find convenient to dehne the 

total absolute and relative bottom corrections : 

Am;, = + A-^mb. (3-11) 

The bottom mass before the SUSY corrections are included - - is 

related to the bottom mass after the SUSY corrections are included - -

through : 

b mb + (̂ m6 = m6(l+A?7Zb) (3-12) 

The pole mass after the SUSY corrections are included is given by Eq. (3.2) using 

in Eq. (3.12). 

3.4 Decoupling of the Heavy 

Right-Handed Neutrino 

In this section we brieEy discuss the decoupling of the heavy SM singlet right-

handed neutrino with mass M,,. We assume that the neutrino Yukawa matrix 

is dominated by a single entry in the 33 position, although in realistic models 

of neutrino mixing it is possible that there might be, for example, two entries 

which have similar magnitude. We have checked that our results are insensitive 

to the presence of a large off-diagonal entry in the neutrino Yukawa matrix, 

assuming that the charged lepton Yukawa matrix does not have any large off-

diagonal entries. ^ The decoupling is achieved via see-saw mechanism [67] which 

generates a smaD mass for the left-handed neutrino through the presence of a 

^See footnote in appendix F. 
^We focus on the third family only, thus we simplify our notation by replacing ^ and 
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right-left Dirac Yukawa coupling. ^ The part of the superpotential of interest is : 

= + (3.13) 

Thus the light neutrino tau acquires a mass m;, = (4M^). In our model we 

used my — 0.05 eV suggested by Ref. [43] to hx My ^ 10^^ GeV (see results in 

Table 3.4 in section 3.5.3) 

3.5 m S U G R A Results 

We now proceed to discuss the results generated by the model described in the 

previous sections. Although many of the results presented here appear elsewhere, 

we And it useful to compile and review them here for the purposes of comparison 

to the new situations we discuss later such as the effect of neutrinos and non-

universal soft masses. These have been organized in three categories which are 

suitable to expose their variation with as(Mz^) in the range 0.110-0.130, selected 

pole bottom masses M;, = 4.7,4.8, ..,5.1 GeV and universal gaugino/soft scalar 

masses Mi/g, mo < 1 TeV. We plotted graphs showing the dependence of the 

results with for various and hxed M1/2 = 400, 77*0 = 200 GeV; graphs 

scanning the Mi/2-n2o parameter space for illustrative hxed and Mt; and a set 

of numerical tables corresponding to the results obtained from nine models for 

which the input is listed in Table 3.1. 

'̂ The reader is referred to section 4.2 where the generation of suppressed masses for the 
left-handed neutrinos, via see-saw mechanism, is studied in detail. 

71 



Case Mt ^1/2 mo 

A 0.1150 4.70 4.12 400 200 

B 0.1150 4.70 4.12 800 400 

C 0.1150 5.10 4.49 400 200 

D 0.1150 5.10 4.49 800 400 

E 0.1250 4.70 3.99 400 200 

F 0.1250 4.70 3.99 800 400 

G 0.1250 5.10 4.36 400 200 

H 0.1250 5.10 4.36 800 400 

I 0.1250 4.80 4.08 600 400 

,9.̂ . Znpuf o/a!,(Mg), fAe poZe 6offom moaa Mt, fAe runnzng 

6of(om 771055 77it(Mb) o6(omedyh)77i M;, waing (wo Zoop QCD correcfiona onfy 

(̂ see Eg. (̂ .̂,9̂ ,), oncf (Ae un;t;eraa/ gcugino OTitf ao/î  acoZor 77ioaaea Mi/g, ?7*o 

(̂ :uen m Ge^ wn:kj of fAe un:y:co(:on acoZe Q = Mx /or o Zzaf o/ 77io(fe/a we 

wzVJ T-e/er m fAe TTioin ferf oa Coae .4,̂ 8,..,/. 
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3.5.1 Gauge UniBcation 

25.1 

25 -

24.9 

Mt = 4.8 

Vv 

2 , 24.8 

24.7 

4.9 

24.6 

24.5 
0.12 

Afi/2 = 400 GcV mo = 200 GeV 

Mb = 4 .7 ,4 .8 ,4 .9 ,5 .0 ,5 .1 GeV 

I I L 

Ms" 

0.122 0.124 0.126 

or, (Mz) 

0.128 0.13 

F/G. ,9.̂ . jDepenjence o/unzyiej gauge coup/mgg = ag ^(Mx) — 

oncf ̂ 3 ^ ( M x ) on /or aeueroJ 6o((om moagea o n d /irej g o u g m o a n d 

so/( aco/or moaaea M i / 2 ( ^ x ) , Mio(^A^)-

In Fig. 3.3 we plot the nniAed f/( l) and 5'[/(2) gauge couplings 

=0!2^(Mx) together with a!3^(Mx) against for M1/2 - 400, mo = 

200 GeV and several values of M .̂ The mismatch 

gauge unification is small and decreasing for increasing In fact, for large 

values of ^ 0.128 complete gauge uniAcation occurs. The sensitiveness of 

to Mb is quite small. Complete gauge unification can also be present for 

lower values of Og 0.125 as is shown by case H in Table 3.2 where we find 

^ 0:3 ^ 25.18 (Afi/2 — 800, mo = 400 GeV.) 
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&;0. 

Case -1 Mx/IO^G 

A 24.70 25.46 1.64 

B 25.21 25.83 1.37 

C 24.70 25.38 1.52 

D 25.18 25.75 1.26 

E 24.68 24.87 1.83 

F 25.20 25.25 1.54 

G 24.68 24.80 1.70 

H 25.18 25.17 1.42 

I 24.98 25.09 1.66 

5.;9. t;oJue&/or (Ae unî ecf gouge cowpZmgr = 

/or (Ae afrong coupling ^(Mx) oncf /or fAe unz/ico^zon acoZe Mx 

('get/en m Ge^J 

Analysing Table 3.2 we find that < 3%. Gauge unifica-

tion also depends on the SUSY spectrum. Generally, increasing and/or 

mo decreases Mx and In short partial gauge uniAcation is achieved for 

Mx/10^^ ^ 1 — 2 GeV with ^ 25.0 d: 0.5 while complete unification = 

is favoured by large Mi/g and M^. 
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3.5.2 Top M a s s P r e d i c t i o n 

w i t h S U S Y B o t t o m and Tan M a s s Cor rec t ions 

We now tnrn to the predictions for the top mass. Experimentally the top mass 

has been measured to be 

- 174.3 ± 3.2(stat.) ± 4.0(syst.) GeV (3.14) 

dnib = 0 
dmt ^ 0 

0.115 0.13 

F/G. i;oZues/or (/le poZe mesa agomgf /or aefeTT)/ 

foZues o/̂ Ae po/e 6oMom maaa :n /̂le ronge = 4.7— 5.1 Gey. TTie (fag/ied 

Z:ne re/era (o fAe (op moaa precfzĉ ion w/ien no correction (o t/ie 6oMom 

maaa :a cona; jered (ym;, = 0̂ . TTie precfzctzon /or (Ae top moaa w/ien negotiue 

coTTBctiona to t/ie bottom moaa ore incfujej (^ < 0̂  :a zndzcotec/ tAe aoZW 

/:ne ('Jmt ^0.^ 

In Fig. 3.4 we compare the values for the pole top mass Mf prediction obtained 

when no SUSY correction to the bottom mass is considered = 0), indicated 

with a dashed line, and when they are included ^ 0 and negative) plotted 
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with a solid line. We see that the SUSY bottom corrections (for our choice of 

negative decrease the top mass considerably. 

In fact, the magnitude of the SUSY correction is so large that it excludes the 

possibility of an eventual positive sign for //. The reason is because if we have 

a positive ^ the SUSY bottom corrections are positive. Thus, in order to keep 

the bottom mass, after the SUSY corrections are included in the allowed 

experimental range, the bottom mass before the SUSY corrections are included 

must decrease. In this case, third family unification leads to an increase in the 

top Yukawa coupling. However, it turns out that the required increase in the 

top Yukawa coupling is so large that it drives it, at high energy, well beyond 

perturbation theory. Numerically, we find that the RGEs fail to converge. ^ 

At this point it is also interesting to comment on the effect the bino correction 

to the tau mass has on the prediction for the top mass. Again, a negative ^ 

means that is negative (see Eq. (3.10)). Thus, in order to keep the tau 

mass after the SUSY correction is included unchanged, the tau mass before the 

SUSY correction is included must increase, implying that, third family uniAcation 

predicts a larger top mass. Numerically we find that the top mass increases by 

3-4 GeV. 

Returning to Fig. 3.4 we observe that when the bottom corrections are in-

cluded the top mass prediction is only acceptable for large values of o;a(M%). 

For this reason, in the analysis that will follow, we will study the implications of 

including the SUSY bottom corrections in our model by taking ^^(M^) to be in 

the range 0.120-0.130. 

^One can turn the argument around by saying that, if the top quark mass is Axed to be 
around 175 GeV then third family Yul^awa unification at Mx requires, for positive /̂ , a very 
large bottom mass prediction after the SUSY corrections are included. 
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F/G. foZe fop maag precficfzon Mt agoznsf / o r geferaZ coZueg o/ 

(Ae poZe 6oMom moss M& oncf M1/2, "̂ o-

5 47 

0.12 0.122 0.124 0.126 0.128 0.13 

f / G . ,9.̂ . frecficfion /or tan/3 agoinsf a,(Mg^) /or seueraf foZues 0/ f/ie poZe 

6oMom mosa Mt antf M1/2, "̂ o-
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In Fig. 3.5 and 3.6 the pole top mass M/ and tan/3 are plotted against 

for several values of the bottom mass We can see tha t both are significantly 

sensitive to and to For = 4.7 (the first upper line) the top mass takes 

values within 165.6 < < 178.4 GeV and 45.73 < tan,^ < 49.41 for 0.122 < 

CKg < 0.130. Additionally for a fixed value of a , = 0.125 the top mass increases 

from 157.7 to 170.6 GeV and tan/) from 41.99 to 47.15 when M;, decreases from 

5.1 to 4.7 GeV. In Table 3.3 we list the numerical predictions for the top mass, 

tan/) and the value of the unified Yukawa coupling 

TABLE 3.3. 

Case tan/) Ax 

A 152.7 42.16 0.426 

B 158.1 44.16 0.469 

C 135.3 35.94 0.317 

D 139.7 37.51 0.340 

E 170.6 47.15 0.569 

F 176.2 49.40 0.643 

G 157.7 41.99 0.428 

H 163.3 44.06 0.473 

I 170.7 47.34 0.561 

,9.̂ . f r e j z c W iioZtiea /or fop m o g g tan,^ a n d / o r f/ie 

o/ f/ze f/iW /am:/;/ yu&owa coupZmg Ax. 

In Fig. 3.7 the strong correlation between and is exposed. It is clear 

that since Ajy is not large the top quark mass prediction is far from its infrared 

(IR) fixed point ^ 200 GeV [69, 70]. 
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f / C . 7. CorreZoffon between fAe fop poZe moas precZicfwn Aft oncZ fAe foZue 

o/ (Ae un;]̂ e(Z gauge cowpZmg of Mx, A^. .EacA Zme corresponcfa fo o îirecZ 

cAozce o/Mb oncZ oZong *f o!,(M2) (Zecreasea /mm o morzmum uoZue o/0..Z^0 
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In Fig. 3.8 we show that M* increases with increasing SUSY particle masses. 

The reason for such dependence can be traced to the 5'C/(3) gauge group factors 

in the SM and MSSM RGBs : dAf^ '^^^^/dt r. NumericaUy we 

have 6^^ = 8 > = 16/3 thus increasing Mg allows for a wider < Q < 

Mg range of integration for the SM which favours an enhancement for the top 

mass. 

178 

176 

174 

172 -

170 -

168 

166 

• Case I 

® Ml/2 = 1000 GeV 

Mt = 4.8 GeV 

a / M z ) = 0.125 

mo = 0, 100, 200,.., 800 GeV 

164 I I 

45.0 45.5 46.0 i.5 47.0 47.5 48.0 48.5 49.0 49.5 

tan 3 

f/C. Corre/o îon between t/ie (op maaa pre(f:c(;on Mt ant/ f/ie pred«chon 

/or tan ,9. EocA fine corregponcfa to o _̂ re(f cAozce o/mo ancf o/ong :Y M1/2 

jecreoaea yrom a t;oZue o/7 Tel/ :̂nd:cote<i w:Y/i a croasecf circfe^ to 

fower uoZwea at JO (?e y mteruok mar&ej w:t/i crogaea. 

Perhaps more interesting than Fig. 3.8 where variations in Mg are indirectly 

induced by is Fig. 3.9 where = 0.125 is keep fixed but M1/2 and mo are 

allowed to vary. The results are displayed in the M/-tan /) plane. 

A quick estimate of the eEect of including a consistent supersymmetric scale 

M,; on the top mass prediction can easily be computed. Taking, for example, 

mo = 400 GeV, varying M1/2 from 600 to 700 GeV will increase Mf from 170.7 
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to 172.0 GeV (see Fig. 3.9) and Mg increases from 915 to 1047 GeV. Thus if we 

had considered a "rigid" Mg 100 GeV we would And a value for 

decreased by ^ — 8 GeV. 

3.5.3 Decoup l ing of t h e H e a v y Tan N e u t r i n o 

In Fig. 3.10 we show an example of third family Yukawa unihcation generated 

for case I. We note that the inclusion of the SUSY correction leads to low 

values for the unified Yukawa coupling 0.55. Consulting Table 3.3 we And 

0.32 < < 0.64 in contrast with typical Ax 1 predictions when no SUSY 

corrections are considered. A low A^ implies that the RGEs which govern the 

Yukawa evolution are dominated by the gauge terms, thus the effect of decoupling 

the right-handed tau neutrino is small. 
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f/G. .Running f — 6 —r —Yutawa coupfmga between 

(/:e unzyicô ion acaZe Q = onj aupergymmefry tTieoting gcofe 

Q = Afg. 27ie (/ecoupZzng o/ (/le jecf neutrino Q = M;, moinZy 

o^eck (/le running o/A., Zine.̂  
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In Table 3.4 we list the predicted values for the heavy right-handed neutrino 

maas scale M., which in our model is Axed by the requirement that the light 

left-handed neutrino tau has a mass of m,, = 0.05 eV. We see that is in the 

range 2 — 5 x 10̂ ^ GeV. 

Case A B C D E F G H I 

2.97 3.35 1.98 2.18 4.16 4.77 2.96 3.35 4.09 

TMBZ'E 5.̂ . frejzcW /or fAe moaa o/ /leouy MgAf-Aoncfed neuMno 

M:, reguireff generate o Ze/jt-Zian jej neuMno moaa m,,, — 

0.05 eV. 

0.060 

5 0.048 

0.046 

0.042 

Lasea 

0.038 

0.036 
10' 10'' 10̂  10̂  10̂  10" 10'̂  10'= 

Q / G e V 

10'̂  10' 

f/G. ĵ unnzng o/(/ie (ou neu^nno mogg/rom (Ae unz/icâ zon sco/e (o Zow 

energy/or Cosea (7 m TbbZe ^.J. 



In Fig. 3.11 the evolution of from Mx to Mg is shown for cases A,C,E,G. 

For each line a diEerent = Mx) was chosen in order to assure the same 

m., = 0.05 eV at low energy. For the purpose of illustration we have in Fig. 3.12 

(and on/?/ in this plot) relaxed the constraint upon and set it to vary at ten 

log intervals from Mx to 10"^ The effect of changing M;, is shown in the M*-

Ax plane. Comparing this plot with the tables throughout this chapter we can 

conclude that the uncertainties attached to o;,, M;, and Afg are far more important 

than the ones which might affect the determination of . The predictions for M* 

and Ax increase for decreasing The variation in is quite small (typically 

less than 1 %). On the other hand variations in Ax are larger and of about 3-4%. 

171.2 

171.1 

171.0 

170.9 

170.8 

170.7 

170.8 

170.5 

170.4 

170.3 

1 1 1 r 

M,, = (1 - 10"°) X Mx 

Case I 

= d.09 X 10" GeV 

170.2 
0.54 0.545 0.55 0.555 0.56 0.565 0.57 0.575 0.58 

f/G. ,9. ybnahona :n (Ae /or /̂le (op moaa Aft ancf :n (/le uniyZeii 

Yutowa coupling Ax mcfuced 6;/ c/icngmg ;n (/le rongie (1 — 10"^) x Mx-

T/ie dork circfe re/ers fo t/ie choice o/M,, which/or Coae 7 g«t;e3 my, = 0.05 eV. 
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3.6 Yukawa Unification 

in tlie SU{i) ® SU{2)l ® SU{2)r Model 

In this section we will extend the analysis of the top quark mass, so far considered 

in the context of the MSSM with a right-handed tau neutrino, by assuming that 

above the unification scale, at which the gauge couphngs meet, the gauge group 

is 5'(7(4) 0 (gi [4]. We will proceed in three steps. Firstly we 

review the model constrained by universal soft SUSY breaking masses (USBM). 

Secondly, the model is considered under non-USBM conditions and thirdly we 

will allow for the presence of D-terms which generally arise from the reduction 

of the gauge group rank [54]. Finally, we conclude by showing that the 422 

model with non-universal family dependent A-terms, is compatible with third 

family Yukawa unification (which requires a negative sign for //) and with the 

experimental branch ratio for the and r — d e c a y s . 

3.6.1 T h e Universa l M o d e l 

In this section we briedy review the 422 model with USBM. The main motivation 

for USBM is the smallness of Savour changing neutral currents (FCNC) and it's 

simplicity — few input parameters are needed to specify a otherwise complex and 

largely unconstrained parameter space. 

The model is very similar to the one presented in the previous section except 

that we have imposed the high energy boundary conditions at the Planck scale 

instead of at M^, thus we allowed for the running of the parameters between 

these two scales. The relevant input parameters were sign // < 0, Ao = 0 and : 

0 < Ml/2 < 2 TeV 0 < mo < Mi/g (3.15) 
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where Mi/g = M4 = Mgf, = M2A is the common gaugino mass and mQ = = 

is the universal scalar mass (a, = 0.120, = 4.8 GeV). The results 

are presented in scattered plots in Fig. 3.13 and Fig. 3.14. 
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f/G. Common acoZor masa mo ogoinaf un*y:e(f gougzno moaa M1/2 

fZonct acoZe. TTie c:rcZea jeno^e po:n(a /b:Z fo /̂le 

efecfro-weat ai/mmefn/ breoting concfî ions. 

In Fig. 3.13 we plot mo against M1/2. The black (white) circles indicate points 

that do (not) satisfy EWSB, *.e. < M§. ^ We observe that increasing mo 

is disfavoured by EWSB whereas increasing M1/2 makes EWSB easier to occur. 

The interplay between these two dependencies dictates tha t only the region with 

Ml/2 > with a threshold for M1/2 ^ 500 — 600 GeV, is allowed. ^ The large 

gaugino mass (required in models with USBM and large tan/)) has important 

implications, it leads to a large negative m2 parameter at low energy. Thus the 

EWSB condition in Eq. (3.6) can only be satisfied if ^ M^/2 with 

^This condition can be obtained from Eqs. (3.6) ajid (3.7) in the limit of large tan^g. 
^Note that this value corresponds to the gaugino mass at the Planck scale which in our 

model decreases between Mf and At the GUT scale we obtained Mi/g > 400 GeV. 



Inigl ^ Z$> M2/2 — Ane tuning 0(500) is inevitable [50, 71]. Furthermore 

large values for //, which is correlated with M1/2, increase the SUSY correction 

to the bottom mass in Eq. (3.8) and Eq. (3.9) pushing the prediction for the top 

mass below the experimental lower bound. 

175 

Allowed ® 
Not Allowed O 

170 -

200 400 600 1000 1200 1400 1600 1800 2000 

/ GeV 

f / G . Top moss j)reAc(;on against (Ae common gougmo moss M1/2 

(Ae fZonct sca/e = 0.120.^ 

In Fig. 3.14 we show the top mass prediction against Mi/2' We can see 

that not only is smaller than 170 GeV (even for Mi/g as large as 2 TeV) but 

also that for hxed M1/2 its dependence with mo is small. It is relevant to note 

that, in the attractive scenario of lowest M1/2, corresponding to lighter sparticles 

and smallest fine tuning, the largest top mass prediction is unacceptable. Indeed, 

we found, by pushing the stability of the Higgs potential to the extreme, that for 

a low gaugino mass M1/2 600 GeV ^ we obtain rx.' 157 GeV (tan/3= 43). 

Nevertheless, the fact that in Fig. 3.14 the white circles are above of the blacks 

suggests that, if the scalar masses mp-c, m;, are allowed to increase (and/or 

Corresponding to Miy2(Mx) = 485 GeV and gluino maases ?7%g(Mg) = 1145 GeV. 
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split) and be bigger than M1/2, then Mf may increase. Thus, the main problem 

is how to conciliate EWSB with scalar masses bigger than gangino masses. 

3.6.2 T h e Non-Unive r sa l M o d e l 

Over the past decade the numerous studies of models with USBM [44, 47, 48, 

72, 73, 74, 75] at the GUT scale showed that they often face recurrent difSculties 

with low energy phenomenology. The unsatisfactory results have stimulated the 

interest in non-universal models [49, 50, 51, 10, 76, 77, 78, 79] which are well 

motivated from a theoretical point of view. As was emphasized in [77, 78], even 

when universality is imposed at the Planck scale, radiative corrections between 

Mp and Mx and heavy threshold effects lead to non-universal parameters at 

the GUT scale. Moreover, the most general SUGRA models (with non-canonical 

kinetic terms) in which supersymmetry is broken in a hidden sector, and/or 

superstring theories in which supersymmetry is broken by the F component of the 

moduli fields with different weights, show that non-universality can be generated 

at the Planck or string scale. 

In this section we consider the 422 model with non-universal boundary con-

ditions at Mp. The independent input parameters were (proportional 

to the unit matrix), and M4 = M2B ^ Mgz,. ^ These parameters were made 

to vary at random in the ranges : 

200 GeV < M4 = MgR < 2 TeV (3.16) 

< 2M4 (3.17) 

200 GeV < mp' ^ ^ m/, < M4. (3.18) 

^Note that, for the sake of simplicity, we have taken the 5'(7(4) and 5'(7(2)_R gaugino masses 
equal at Mp. Since their one-loop beta functions are identical, and the gauge couplings are 
roughly unified above we also have M4(Mx) = M2j;(M^). 



The results are presented in Figs. 3.15-3.21 which main purpose was not to 

exhaustively scan all the parameter space but to be a guide of the configuration 

of the parameter space which most effectively increased A/t 

In Fig. 3.15 we plot the top mass against M4. Comparing with Fig. 3.14 

we observe that while the average increase of with is similar, the strict 

correlation present in the universal case is replaced, in the non-universal model, 

by a dispersed region of enhanced/suppressed predictions. This plot also 

illustrates that one can expect ^ 170 GeV (for M4 > 1000 GeV) and shows 

that EWSB can occur under more relaxed conditions, which is obvious from the 

way the white and black circles distribute evenly. 

In Fig. 3.16 Mgf, is plotted against M4. We see that > M4 is disfavoured 

by the condition on the Higgs potential to be bounded. The majority of black 

circles is concentrated in the M4 > ^21, region with M4 > 600 GeV. This pref-

erence is illustrated by the left-right asymmetry around the z-axis of Fig. 3.17 

which displays Mt against M4 — Mgf,. 

The Fig. 3.18 shows that, generally, as decreases predictions are al-

lowed to increase. A similar dependence of M* on vyaa found. Indeed, when 

is plotted against the difference such as in Fig. 3.19 a 

symmetric left-right graph emerges around the a;-axis. On the other hand, from 

Fig. 3.20 we can conclude that increases with increasing soft Higgs mass 

These figures suggest that the top mass may be increased by increasing the split-

ting between the sfermions and Higgs soft mass. We therefore find interesting to 

plot in Fig. 3.21 against the ratio ) where (7%^) = mfc)/2 is 

the average sfermion mass. Our suspicions are confirmed. 

similar graph is obtained when is plotted against M2i thus we spared from including 
it here. 
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After combining the top mass dependencies on the input parameters suggested 

by the previous Egnres with numerous case-by-case analyses of "outputs" from 

our numerical model we arrived at the following conclusions. The top mass 

prediction is strongly dependent on M4. Once M4 is Axed, decreasing 

and mjrc increases both M* and the Higgs potential stability parameter (that is 

positive for a "bounded-from-below" Higgs potential) : 

S'̂  — H2 ~t" /̂ i — 2|m.g| > 0 (3.19) 

However cannot be arbitrarily small since if are very small the slep-

^^The reason is because, at the unification scale, the gluino masses are set to be M3(Mx) = 
Thus the sensitiviness of the results with M4 is in fact a sensitiviness to the masses 

of the coloured sparticles. 
^ În the large tan limit is given by 5'̂  — Mg ^ m^/ tan /). 
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tons became too light. Increasing M2Z, and increases the top mass, however 

they also affect 5". We found that the most efBcient mechanism to increase Aff 

relied on decreasing Mgf, (which decreased moderately but increased 5" sub-

stantially) and increasing (which increased significantly and decreased 5" 

moderately). For the sake of illustration, we found that, by pushing the EWSB 

conditions to the extreme (5" ̂  0, z.e. tuning mg), it was possible to get ^ 175 

GeV only if ^^(Mp) > 800 GeV. In this case we got M2Z, = 500 GeV, = 350 

GeV, = 450 GeV and = 1000 GeV. Naturally, for a larger M4 mass, 5" 

increases and an acceptable top mass is easier to obtain with less tuning in 7123. 

The main conclusion is that in the 422 model with non-universal soft masses 

a top mass of around ^ 175 GeV is only possible to obtain in the context of a 

large gluino mass mg(M^) ^ 1520 GeV and large tan/) ^ 50, by implicitly tun-

ing the EWSB conditions, and by choosing squark/slepton masses considerably 

smaller than the soft Higgs mass < m,;. 

^^The corresponding values at Mx are M4 = 653 GeV, M21, = 408 GeV, nif = 456 GeV, 
c = 567 GeV, and = 972 GeV. 
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3.6.3 D - t e r m C o n t r i b u t i o n s 

The symmetry breaking of the Pati-Salam to the SM gauge group reduces the 

group rank from five to four. Although the GUT symmetry is broken at a very 

high energy it nevertheless has important consequences to low energy TeV phe-

nomenology via D-term contributions to the scalar masses [51, 10, 80]. In the 

422 model the GUT boundary conditions for the scalar masses are [10] : 

= - (3.20) 

" (9'4 " (3.21) 

= - W + (3.22) 

- 3 ^ : ^ ' (3.23) 

(3.24) 

— + 4- 2g'2^)D^ (3.25) 

= 
-

(3.26) 

(3.27) 

The D-term corrections, if D is sufEciently large, are important to consider be-

cause, hrstly they leave an imprint in the scalar masses of the charges carried 

by the broken GUT generator (these charges determine the coeScients of the 

terms above), therefore the analysis of the sparticle spectra [80] might reveal 

the nature of the GUT symmetry breaking pattern; Secondly, they split the soft 

Higgs masses by mg — ^ which for positive makes radiative 

EWSB much easier to occur. Indeed, we found that once D > 150 — 200 GeV 

then EWSB no longer requires the large gluino/squark masses characteristic of 

models with USBM. 

^^See appendix H for a detailed derivation of the D-terms in the 422 model. Note that in 
the limit of unified gauge couplings the D-terms give identical corrections to the fields in the 
16 dimensional representation of 5'0(10). 
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f/G. Corre/ô zon kfween (Ae a/ermion mosgea = Tiifc onj (Ae Jfigga 

mogg 7%/, reguzred (o otfozn o (op magg orounj GeF (a, = 0.120.̂  

TAree ;ZZug(ra(zre c/ioiceg /or (Ae roJue o/ f/ie D-(erm ore (aten. T/ie Gĵ eĉ  o/ 
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In Fig. 3.22 we summarize how an acceptable top mass prediction can be 

achieved in the 422 model in the 5'0(10) limit of universal gaugino masses 

and universal squark and slepton mass parameters m r = defined at the 

Planck scale, but with D-term corrections arising at the symmetry breaking scale. 

The three solid lines establish the correlation between the sfermion masses 

7%̂  = (plotted in the ^-axis) and the Higgs soft mass (plotted in the 

a;-axis) required to obtain a top mass M( — 175 GeV, for D = 200,300,400 GeV 

and M4 = Mgj! — Mgf, = 300 GeV. For the D = 200 GeV line, EWSB failed to 

^^Although we refer to this aa the .90(10) limit, in fact the two theories di&r in the region 
between the GUT scale and the Planck scale. 
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occur beyond the point where the line is discontinued in her way upward. In 

all cases the lines were cut at the bottom edge at points where the left-handed 

stau mass became smaller than 100 GeV. 

The general behaviour in Fig. 3.22 with increasing Z)-term values — hnes 

shifting to the top-right corner — results from the decrease of — 3^^^^ 

in Eq. (3.23) which demands an increasing parameter. The broader darker 

areas around the solid lines correspond to the uncertainty in the top mass 175^:5 

GeV, while the thinner patches result from varying the pole bottom mass in 

the range 4.8-5.1 GeV. We also analysed how the gaugino masses aEect the solid 

lines. For example, for Z) = 200 GeV, taking M1/2 — 400 GeV generates the 

dashed line. If M2A or M2_L are taken different from M4 the prediction for the top 

mass is very similar to the one with universal gaugino masses with = -^4-

In summary. Fig. 3.22 shows that if D > 200 GeV then a successful prediction 

for can be achieved, even for small gluino/squark masses — no hne tuning in 

EWSB conditions — as long as the soft Higgs mass is bigger than the sfermion 

masses As an example, setting D = 200 GeV and M1/2 = 300 GeV we 

found that 175 GeV could be obtained by fixing 7%^ = = 500 GeV 

and = 750 GeV. This input lead to the following low energy predictions 

: tan ,9=52, Ax = 0.70 a gluino mass = 618 GeV, a lightest neutrahno 

mass = 88 GeV (bino like, but with substantial higgsino component), a 

lightest chargino mass — 125 GeV (higgsino like) and masses for the lightest 

sfermions = 179 GeV, — 189 GeV and = 377 GeV. The lightest 

CP-even Higgs mass, computed using the one-loop expressions of Ref. [81] (that 

include the stop/sbottom corrections only) was found to be = 114 GeV (note 

^^The f ) = 300,400 GeV lines continue beyond the border of the figure. 
^^The corresponding values at Mx are M1/2 = 247 GeV, = 474 GeV and m/i = 

691 GeV. After the Z)-term corrections the scalar masses are : = muc = = 496 GeV, 
= mjc = 404 GeV, mi,c = 572 GeV (for the third family) and 7712 = 660 GeV, mi = 720 

GeV. 
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that this value should be read with some caution, we estimate an error of about 

10 GeV in 

In the last part of this section we present a series of figures that show in detail 

how an acceptable top mass prediction can be achieved and how it is correlated 

with the spantide spectrum. For the sake of illustration we take, as in the previous 

sections a , = 0.120, M;, = 4.8 GeV and the following input at the Planck scale : 

D = 200 GeV 

Ml/2 = 300 GeV (3.28) 

m/, = 700 - 1100 GeV 

= mf̂ c = 500,550,..,900 GeV 

These values correspond to a scan of the parameter space that is indi-

cated in Fig. 3.22 with a box. 

In Fig. 3.23 we plot the pole top mass prediction against m/. for several 

choices of the sfermion masses = 500,550, ..,900 GeV. We observe that 

Mf increases with increasing and decreasing The reason for such 

dependence is directly related with the value of the Higgs mixing parameter 

In Fig. 3.24 we show how the top mass prediction correlates with In 

this plot each line corresponds to a hxed mass (labeled by the number 

beside it) and along it is varying in the range indicated by Eq. (3.28). We see 

that decreasing shifts the lines to the right of the graph thus making // less 

negative. Furthermore, as increases, from the bottom to the top of the graph, 

l/̂ l decreases. These dependencies lead to a small value for ^ (at the top-right 

corner of this graph) which in turn lead to small SUSY bottom corrections that 

raise the top mass prediction to an acceptable value. 
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In Fig. 3.25 we show the correlation between the top mass M( and the glnino 

mass mg predictions. We see that, for the choice of M1/2 = 300 GeV in Eq. (3.28), 

if the top mass is in the 170-180 GeV range then the gluino mass is in the 605-

620 GeV range. It is worth stressing that the 422 model with D-terms offers 

the possibility of predicting light glninos. This is exciting from the experimental 

point of view and theoretically desirable since it reduces the fine-tuning in the 

Higgs potential parameters. 

In Fig. 3.26 we plot the top mass against the lightest chargino mass 

prediction. In this model is roughly the charged higgsino which is lighter than 

the charged wino because // < at low energy. From this graph we read that 

80 GeV < < 180 GeV which should be compared with experimental bound 

from LEP2 : > 89 GeV [2]. 
Xi 
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In Fig. 3.27 we show the correlation between the top mass and the lightest 

nentralino mass predictions. We note that since // can be as big as the bino 

mass, can have a substantial higgsino component. From this plot we read that 

60 GeV < < 105 GeV which should be compared with the experimental 

bound : > 40 GeV [2]. 

In Fig. 3.28 we plot against the lightest charged slepton mass predic-

tion. It is interesting to observe that the D-term correction to the left-handed 

charged sleptons in Eq. (3.23) is negative while for the right-handed charged 

sleptons in Eq. (3.24) it is positive. Thus the lightest stau is not right-handed 

(fg) but left-handed (fi). From this graph we see that the prediction for 

can vary significantly, roughly we And that only an upper bound can be imposed 

< 600 GeV (the experimental lower bound is > 81 GeV. [2]) 

In Fig. 3.29 the prediction for the top mass is plotted against the lightest 

sneutrino mass We note that for the choices of = 500, 550, 600, 

650, 700 GeV the mass is driven to zero as increases from the bottom 

to the top of the graph (thus, it is possible that could be the lightest SUSY 

particle (LSP).) Comparing this hgure with Fig. 3.28 we see that the prediction 

for the and masses are similar. We find that the predicted upper bound for 

< 650 GeV is compatible with the experimental lower bound > 43 GeV 

[2]. 

In Fig. 3.30 the top mass prediction is plotted against the lightest squark 

mass, that is, the right-handed sbottom 62- The reason why the right-handed 

down-type squarks are lighter than the other squarks is because of the nega-

tive D-term correction in Eq. (3.22). The prediction for is well above the 

experimental lower bound > 75 GeV [2]. 
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*( fAe ao/t m a s s /or (Ae unz^ecf ̂ *gga bosons m/. *s t;ary:ng ^ z n c r e o s m g / r o m fAe 

6 o M o m (o (Ae (op 0/ (Ae p/of J 

Finally in Fig. 3.31 we present the correlation between the predictions for the 

top mass Mt and the mass of the CP-odd Higgs boson We observe that 

decreases for increasing masses. In fact, for = 900 GeV we find that 

is driven to zero. This graph shows that only an upper bound for the Higgs 

boson mass can be estimated : < 220 GeV (the experimental lower bound is 

> 84 GeV [2].) 

We would like to end this section by remarking that, as far as the top mass 

prediction is concerned, the results in this section are similar to the 6'(9(10) 

model [51, 53, 77, 79, 82, 83], since we have taken the case of universal gaugino 

and scalar mass parameters, with the D-term corrections reducing to those in 

6'0(10). However we have included the neutrino Yukawa coupling in our analysis. 
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and also the theory is different from 5'0(10) above the GUT scale. The reason 

we worked in this limit was to make contact with the recent work on 6'(9(10), 

and to distinguish clearly the effects of D-terms from the effect of explicit non-

universality. However we would like to emphasise that the results in Figs. 3.23-

-3.31 are not only valuable by themselves, but they also serve as a reference to 

which the results in section 3.6.2 should be compared with. Generally, the non-

universal 422 model with D-term corrections will lead to a set of predictions that 

is a combination of the results presented in sections 3.6.2 and 3.6.3. 

3.6.4 6 —g'Y a n d r — 

w i t h Non-Unive r sa l A- t e rms 

It is well known that the decay 6 —g-y is a sensitive probe of new physics. In 

the standard model the loop diagram involving the 14̂  boson and top quark give 

a theoretical prediction for BR(6 — = (3.28 ± 0.33) x 10"^ [84] at the 

next-to-leading order in QCD. This result turns out to be slightly larger than 

the oScial CLEO measurement (see first Ref. in [85]). However the recent 

ALEPH results indicate a larger branching ratio [86]. We quote : 

BR(6-)^3y) = (2.32 ± 0.57 ± 0.35) X 10-^ CLEO 

(3.29) 

BR(6-)^ai') = (3.11 ± 0.88 ± 0.72) xlO-"^ ALEPH 

^^This is the value of K. Chetyrkin ef oZ. in Ref. [84]. 
^^Note that an updated preliminary value by CLEO has been reported : BR(6 —g"/) 

(3.15 ±0 .35 ±0.32) x lO""* (see second Ref. in [85].) 
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where the hrst error is statistical and the second is systematic. In view of the 

above large uncertainties we will take the conservative range : 

1.0 X 10-"̂  < BR(6 -4 < 5.0 x 10"^ (3.30) 

In supersymmetric extensions of the SM the inclusion of additional SUSY 

particles can spoil the above "agreement" [55]. The reason is because, generally, 

there is no guarantee that the sparticle contributions are small or that they 

conspire to cancel between themselves. Indeed, it is known that in two Higgs 

extensions of the SM the contribution from the charged Higgs-top quark loop 

always interferes constructively with the SM one. Thus, the resulting branch 

ratio prediction is bigger and dependent on the unknown charged Higgs mass 

If is light then the prediction for the BR(6 —> g'-y) is larger than the 

experimental upper bound. On the other hand, for a heavy Higgs mass mg- ^ 

1 TeV, agreement with Eq. (3.29) is still be possible. 

The above situation can change drastically in SUSY models with third family 

Yukawa unification. The reason is because the new contributions arising from 

gluino-sbottom (p6), neutralino-sbottom (%°6) and particularly from chargino-

stop (x"^) loops are enhanced by large large tan^^ ^ 40 — 50 factors. In contrast 

to the charged Higgs contribution, the SUSY amplitudes can either add construc-

tively or destructively with the contribution or between themselves. In order 

to recover the original agreement with experiment a large part of the work in the 

literature [55] explores the idea of suppressing the 6 -4 a-y decay by canceling the 

against the amplitude (typically the gluino and neutralino amplitudes 

are small.) Many of these results are obtained in the context of SUGRA/GUT 

models with universal soft masses and trilinear terms at the Planck or GUT scale 

with large gaugino masses M1/2 ^ 1 TeV. Cancellation between and 

loops is possible because of two reasons, firstly the large gaugino mass leads to 
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large stop masses thus suppressing the amplitude making it comparable in 

magnitude to the term. Secondly, the sign of ^ is chosen to be positive. This 

means that the contribution has the opposite sign of the contribution 

thus allowing the cancellation to occur. 

Clearly the above strategy is very attractive because it is based on universal 

soft parameters which render it model independent. However, it fails to address 

two issues. Firstly a large M1/2 leads to fine-tuning of the Z boson mass and 

secondly, a positive is in conSict with the successful prediction for the top mass 

in the context of GUT models with unified third family Yukawa couplings which, 

as we have seen, require negative 

In this section we explore a different solution to the enhanced 6 —> 5'y decay 

in SUSY models with ^ — 6 — r Yukawa unification. The idea is to choose to be 

negative, for the reasons stated earlier, and to suppress 6 —> a-y by allowing the 

trilinear soft A-terms to have a non-universal family dependent structure. We will 

avoid uimatural tuning of electroweak symmetry breaking by taking a low value 

for the gaugino masses, for example M1/2 300 (250) GeV at the Planck (GUT) 

scale. In this scheme we find that 6 —> a"/ is dominated by the chargino-stop loop. 

The purpose of this section is to investigate the possibility of suppressing 

6 —̂  5'y by tuning the initial non-universal A-terms at the Planck scale such that, 

at low energy, they are cancelled by the Savour violating signals that naturally 

develop when the parameters of our model evolve from high to low energy by the 

use of RGEs. We will conclude by checking that the introduction of non-universal 

A-terms is also compatible with the present upper bound on BR(r —//'}). 
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6 —j'y 

The standard model, charged Higgs, chargino and gluino diagrams contribut-

ing to this decay are illustrated in Fig. 3.32. 
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In models with large tan /) the corresponding dominant amplitudes are given by 

[87] : 
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where = 5f^/(47r), CKg = e^/(47r), Mpy is the ly boson mass, and the 

sup/sdown type sqnark mass eigenstates, y the CKM matrix, 

C(7g) = 4/3 and = 

—1/3. The Savour matrices describe the mismatch between the transforma-

tions that diagonalize the down-type squark and quark mass matrices (See ap-

pendix D for details.) The functions F are defined by 4-

with as in Ref. [87]. The gaugino and higgsino vertex factors (7 and 

are given by : 

G i " = (3.35) 

H'ui = r = J ( v ~ r " y ) „ . (3.36) 

H'Jl = (3.37) 

where, 

y " = diag(mu,mc,mt)/(V^M;ysin/3)=A^/^ (3.38) 

= diag(mj,m3,m&)/(\^MM:cos/)) = Aj/g'. (3.39) 

and 6''̂ , diagonalize the chargino mass matrix. Finally the precise definition of 

the matrices that describe the mismatch between the transformations 

required to diagonalize the up-type squajks and quarks mass matrices can be 

found in appendix D. 

The branch ratio BR(6 —5'y) can be computed from [87] : 

BR(6 -> 51/) = ^I^,BR(6 - i cez;) (3.40) 
i (6 —y ceu) 

where the decay rate for 6 —> 6"-/ is given by : 

r(6 —g'-y) — (3-41) 
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The full expressions for r(6 ^ ceP) and (the QCD corrected amplitude 

at the scale of the process m ,̂) - obtained from the total sum of amplitudes 

= AgM + ^77- + + ^g) can be found in Ref. [87]. 

It is interesting to note that the chargino amplitude has two distinct contri-

butions. They are illustrated in Fig. 3.33. In Fig. 3.33 a) the helicity Sip required 

in the decay is achieved at the higgsino vertex. Thus, along the internal squark 

line Savour violation develops through a mass insertion. On 

the other hand, in Fig. 3.33 b) the two higgsino vertices require that the helicity 

Sip must be accomplished through the line via a mass insertion. 

F/G. ,9. ,9,9 corresponc/ing (/le (/le 

c/iofgmo ompZzYuje o/ Fg. ,̂9.,9,9,). 7n /Zg. uzoZofion la 

(/imug/: a (Agg)!,!, mosa mserfion oZong /̂le sgwart Zzne. /n ^g. 6̂  o 

moaa znaer̂ ion M zn̂ rocfuced oZong ̂ /le y7:pp:ng sguort 

Z:ne. 

Remembering that we aim at reducing by introducing tree-level explicit 

sources of Savour violation through non-universal soft SUSY terms, the relevant 

question to address is whether it is more appropriate to relax universality of the 

soft mass terms for the Selds in the F, multiplets, thereby changing (Ag^)/;!,, 

or to modify the trilinear A-terms, thereby changing For reasons that 

will became clear latter, when we study the T —/i'y decay, we will take the latter 

approach. 

^^The (A23)i;2 parameter is the ofF-diagonal 23 entry of the left-handed up-type squark mass 
matrix in a basis where the down-type quark mass matrix is diagonal (see Ref. [88].) 
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Traditionally the SUSY trilinear terms are dehned, at high energy, to be 

proportional to their associated Yukawa matrix, *.e. e^c.. 

Although this assumption leads to obvious simplihcations, models inspired by 

string theory have been proposed [89] in which the A-terms are not universal. 

Motivated by these results we parametrise the A's by : 

(3.42) 

where is a dimensionless matrix of order one that we conveniently choose to 

have the following structure : 

(3.43) 

/ I 1 1 \ 

= 1 1 X 

\ 1 X i ^ / 

We now turn to study the phenomenological implications of Eq. (3.43) to 

the BR(6 —5"}). For illustrative purposes, and keeping in mind the successful 

prediction for the top mass in the 422 model with D-terms, we use, as in the 

previous section, the same a , = 0.120, M;, = 4.8 GeV and the same input at 

the Planck scale : M1/2 = 300 GeV, = mp = 500 GeV, m/,, = 750 GeV and 

D = 200 GeV. Moreover we Axed Ao — 2000 GeV and a negative sign for 

At the GUT scale the Yukawa matrices were set as follows. The eigenvalues of Â ., 

Aj, Ae were fixed by the requirement that the fermion masses at low energy were 

reproduced. The CKM mixing angles were assumed to be given by 

with (the are the angles that parameterise the rotation matrices that 

transform the left-handed up/down quarks into their physical mass basis.) The 

angles associated with the rotation required to transform the left handed changed 

21^0 (Mx) = 570 GeV 
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leptons into their physical mass basis were given by Finally was 

set equal to A .̂ For completeness we list in Table 3.5 the values of the Yukawa 

matrices at the SUSY scale Q = Mg = 430 GeV. 

/ 1.003 X 10-^ 

-3.608 X lO-'̂  

\ 5.882 X lO-'̂  

/ 1.075 X 10-^ 

2.384 X 10-^ 

\ -5 .686 X lO-'̂  

/ 1.464 X 10-"̂  

3.436 X 10-^ 

\ 7.465 X 10-4 

/ 4.406 X 10-^ 

-1.585 X lO-'̂  

\ 2.519 X 10-'̂  

1.118 X 10-^ 

3.236 X 10-^ 

-1.973 X 10-=: 

1.213 X 10-"̂  

2.111 X 10-^ 

1.910 X 10-^ 

-1.637 X 10-^ 

3.084 X 10-^ 

9.409 X 10-^ 

4.908 X 10-^ 

1.421 X 10-^ 

-1.141 X 10-^ 

1.768 X 10-^\ 

7.012 X 10-^ 

0.914 / 

3.251 X 10-^\ 

-4 .461 X lO-'' 

0.872 y 

7.297 X 10-^\ 

-6 .077 X lO-'' 

0.532 y 

8.300 X 10-^\ 

3.539 X 10-^ 

0.575 y 

,9. J. Vo/uea o/ yutowo mofnceg Âe 5'[A5'y scoZe Q = 

Mg = 430 GeV. TAe correct guort oncf cAorgej moaseg aa weZZ oa (Ae 

CATM mofna; ore otfoznec/ o/î er "runnzng-cfown" ^Aeae matrices yrom 

Q = Mg fo Q = Mg, uamg Âe .9M onj aecon(f/y yrom Q = M/ 

Q = 1 GeV, uaing 5'[/(3)c x (7(l)em 5̂'ee aec^zon ^.,2ybr more (fe(a:'/a.̂  
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f / G . /njifWuoZ uaZuea/or f/ie ompZ:^u(feg con^nbuhng; (o (Ae 6 — g - y (fecai/ 

ogamg( (Ae MZmear;)oromeferz o/.Eg. One o65ert;ea fAe cAargino 

om;)ZiYu(fe » aenszYẑ e (o z ond 6:gger (/ion j4gM, cncf Ag /or oZmoŝ  

oZZ (Ae z Do/uea. furfAermore, fAe g:gn o/v4.̂ - cAongea as z increoaes yrom 0.0 

,8.0. 

In Fig. 3.34 we plot the SM, charged Higgs, chargino and gluino amplitudes 

in Eqs. (3.31)-(3.34) against a;. For a: ^ 0 we approximately recover the usual 

universal A-term model. This is because the first and second family of the trilinear 

terms are small (due to small Yukawa entries) and the third family A-terms at 

low energy are not too sensitive to their initial value at high energy. We see 

that because // is negative, the chargino amplitude is negative and interferes 

constructively with the other amplitudes. However, as a; increases, the chargino 

amplitude becomes less negative and the magnitude of |A^-| steadily decreases. 

At some point, around a; ^ 1.1 the chargino amplitude vanishes. Beyond a; 1.1, 

is positive, thus it interferes destructively with the SM and Higgs amplitudes. 

Clearly, we see that by tuning a; it is easy to find a region where 6 —6'y is 

suppressed. 
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Allowed Experimental Range 

f'/G. jBronc/i rô zo /or (Ae 6 —g-y (feco;/ (/;e (rzZineor porome^er z 

m Eg. TAe (fogAec/ fine v4 correaponcfa fo (Ae reauZf one ob^oing wAen 

Ao = 0. TAe aoZW /me 5 woa computet/ uazng fAe 5'Af, c/iorgec/ g/umo one/ 

Azggsmo conMbutzona. f o r t/ie /me C we uaej (Ae ,9M one/ ^«gga contntwhons 

on/^. TTie /me D waa ottainec/ uamg (Ae 5'M cmp/ifude o/one. TTie (i//owe(/ 

ezyenmen^d/ ronge ;a mAcotec/ 6;/ t/ie orea 6e(ween (Ae (wo c/ot̂ ec/ /mea. PKe 

o6aert;e (/ia( /or (Ae /me B on occepfo6/e prejzchon » o6(amec//br z ^ 1.60. 

In Fig. 3.35 we show the BR(6 5"/) against z. The area between the 

dashed lines indicates the experimental allowed range in Eq. (3.30). The dashed 

line A corresponds to the result one obtains when Ao = 0. The solid lines D 

and C are plotted for illustrative purposes; they correspond to the BR(6 —g'y) 

that is obtained when only the SM amplitude, and the SM plus the charged Higgs 

amplitudes are considered respectively. The solid line B indicates the BR(6 —g'y) 

prediction when all the amplitudes in Eqs. (3.31)-(3.34) are considered. We 

observe that, due to a light charged Higgs mass 130 GeV, the value of 

the BR(6 —g-y) when only the SM+jif"^ loops are considered lies above the 

experimental range. On the other hand, the BR(6 —a-y) when the chargino 
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contribution is included (line B) starts at a; 0 very large but is driven into 

compatibility with experiment at around a; ^ 1.60 ± 0.15. 

In the previous section we showed that the parameterization of the trilinear terms 

by Eq. (3.43) lead to a suppressed BR(6 -4 a-y) compatible with the experimental 

data. However, one should be careful about other possible implications derived 

from this new source of Aavour violation. Clearly Eq. (3.43) also introduces lepton 

Savour violating signals through the matrices in Eq. (3.42). The purpose 

of this section is to check that the decay T — ( f o r the successful value of 

a; Axed by 6 —S'-y) is not in conSict with the experimental upper bound on 

BR(T ^ //y/) < 3.0 X 10-G [90]. 

The effective lagrangian for the r —> decay is : 

- g) o'''^^T(p)^/3 (3.44) 

where are projection operators and .7^^ the electromagnetic held tensor. 

The branch ratio can be computed using : 

19^^ 
BR(T ^-y) = ^ (3.45) 

where and . Numerically we found that the decay is 

dominated by the chargino-sneutrino loop diagram illustrated in Fig. 3.36. The 

corresponding amplitude is given by : 

•4^ = w 1 ( 3 . 4 6 ) 
j = l a = l 

where is the physical mass of the sneutrinos, and J a 
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dimensionless function. The gangino and higgsino vertex factors are given by : 

GiT = n](vau 

HiT = Sl]lVtlY'U (3.47) 

where = diag(me,m^, mT)/('\/2MM^cos/9) = Ag/g'. Finally the snentrino/ 

charged lepton Savour matrix is deAned by where diagonalizes 

the sneutrino mass matrix and is the matrix that rotates the left-handed 

charged leptons into their physical mass eigenstates (see appendix D for details.) 

Î L 

,9.^^ CAargino Aogrom in /̂le r —̂  jeco;/ neu(ra/:no 

(/icigram wog /ouncf 6e auMominanf J /n f/iza proceaa Zep(on y^orour uioZohon 

(̂ArougA ̂ /le mogg inaer̂ zon ô ong sneufrino /me. 

We see from Fig. 3.36 that the r decay develops through the sneutrino 

scalar line via the mass insertion. Comparing the bottom with the tau 

decay, we note that while in the former decay the presence of right-handed up-

type squarks allows the diagram in Fig. 3.33 b) to exist, in the latter decay, the 

corresponding lepton analogue of such diagram does not exist since the effective 

low energy theory does not include right-handed sneutrinos (1/^)-

We can now justify why we preferred to consider non-universal A-terms rather 

than non-universal soft SUSY masses. If we had chosen to introduce non-universal 

soft squark masses then unification of quarks and leptons in the F and mul-

tiplets would demand similar non-universal slepton masses. In this scenario it 

22 Explicitly, J(a;) = — 4a: -|- 3 4- 21n(z)]/[2(r — 1)^]. 
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would be difBcult to simultaneously suppress 6 —> a + -y and keep BR(T —̂  

below the experimental bound. The reason is because both decays can proceed 

via a mass insertion. In contrast, when non-universal A-terms are in-

troduced, we can control 6 — v i a the insertion, while leaving the 

prediction for BR('r — a p p r o x i m a t e l y unchanged because the leptonic decay 

proceeds via the insertion. 
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f/G. .̂,97 VbZuea /or /̂le c/iorgmo onj neû roZmo 

(/le r — c f e c o ; / (/le (nZmear p o m m e ^ e r z :n 

o6gert;e fAof -̂ 6̂̂  smofZ comporecf Moreover, (/le mogn;Yu(fe 

o/ afowZi/ jecreoses oa a; mcreoaeg. 

In Fig. 3.37 and Fig. 3.38 we show how the amplitudes and the branch ratio 

of the T —/i'Y decay depend on the trilinear parameter a; in Eq. (3.43). We see 

that, for a; 0, the prediction for the tau decay is close to the experimental limit 

BR(r — < 3.0 x 10"^. However as a; increases the magnitude of the chargino 

amplitude | 1 slowly decreases thus driving the prediction for BR('r —^'y) to 

smaller values. For a: ^ 1.60 the predicted BR(7- —> ^^y) is about one order of 

121 



magnitude below the experimental upper bound. 

10 " en—I—I—I—I—I—I—I—r I I I—I—r—r 

Experiraental bound 

+ 

t 10-

S' 
ca 

10"'̂  J I L _ J I L I I I I 

0.0 0.5 1 . . 5 2.0 

f/G. Bronc/i mho /or T ^ (fecoy ogomaf (Ae fMZmeor paromefer z 

in .Eg. TTie cfas/iej Zine ̂ 4 correaponcfs (o f/ie w/ien Ao = 0. 

o6gert;e (Ae aoW fine .8 » jritien (o gmoZZer raZuea aa z mcreoaeg. /n /ac(, 

/or Jorge z 2.0, preAcW 6ronc/i roho ia roug/i/i/ one orcfer o/ mogn«Yu(fe 

amoZkr (/ion present eipenmenW tountf (%ere :nd:ca(ecf by (fo^W fine.̂  

In summary, we have verified that by introducing non-universal A-terms one 

can simultaneously satisfy the present experimental constraints on 6 -4 5') and 

T — e v e n when is negative. 

Finally we point that the success in suppressing the 6 —5'} decay is not 

without some tuning. Indeed we found that the suppression works well only for 

a restricted range of a; ^ 1.60 j : 0.15. Thus taking as a measure of tuning a; the 

ratio (̂  = we find ^ 19 %. Nevertheless, it is unclear if it is more natural 

to expect 6 —̂  to be suppressed by flavour physics, implying tuning in the 

Savour parameters, or by suppressing the charged Higgs and chargino amplitudes 

by demanding large and stop masses, implying tuning in setting 
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3.7 Conclusion 

We have studied Yukawa unihcation, including the e jects of a physical neutrino 

mass consistent with the Superkamiokande observations. We began our study 

by reviewing the usual mSUGRA scenario with universal soft mass parameters, 

but including the effect of the neutrino Yukawa coupling. Assuming hierarchical 

neutrino masses, and mixing angles arising mainly from, the neutrino sector (so 

that the charged lepton Yukawa matrix has no large off-diagonal entries) we saw 

that the usual predictions are not much affected. For example the usual result 

that positive // is not allowed, and negative // leads to top quark masses which 

are too small is still valid. 

We then analysed a string/D-brane inspired model 

since this allows the most general non-universal scalar and gaugino masses, and 

is therefore the perfect laboratory for studying the effects of non-universality. We 

explored the sensitivity of the predictions to variations in all these non-universal 

soft masses, and showed that the usual results can change considerably as a func-

tion of the degree of non-universality of the soft parameters. We then switched 

on the usual D-term contributions which arise in 5'0(10), and which by them-

selves are enough to allow successful electroweak symmetry breaking, and permit 

small corrections to the 6-quark mass which implies an acceptable large top quark 

mass. We studied the effect of the D-terms in the 5'[/(4) ® ® 6'(7(2)B 

model, for the sake of clarity working in the (approximate) 5'0(10) limit of the 

model, in order to distinguish clearly the effect of the Z)-terms from that of ex-

plicit non-universality. Including D-terms as the only source of non-universality, 

we studied the sparticle spectrum in some detail, although these results should 

be considered in conjunction with the effect of the explicit non-universal scalar 

^^Large off-diagonal entries in the neutrino Yukawa matrix will not affect our results very 
much since the right-handed neutrinos decouple from the left-hand sides of the RGBs at high 
energy. 
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masses and non-universal gaugino masses considered previously, since in a realis-

tic 5'(/(4) (g) 0 model both effects will simultaneously be present. 

We then turned to rare decays such as 6 —g"} and T —> //'-y which severely 

constrain Yukawa unification. Assuming that the only source of non-universality 

is due to D-terms, we showed how non-universal trilinear parameters can lead 

to cancellations of the important effects and so provide information about the 

family-dependent supersymmetry breaking soft Lagrangian. Again, the effect 

of more general non-universal scalar masses and non-universal gaugino maases 

associated with the 5'f7(4) (g)5'[/^(2)f,(g)6'[/(2);% model will modify the results, but 

the main message remains clear : family-dependent non-universality will play an 

important role in 6 —> g"-/, and such effects should be considered in conjunction 

with the effects of family-independent non-universality. We have shown that 

successful Yukawa unification can be achieved if both types of non-universality 

are simultaneously present. 

In summary Yukawa unification is well motivated from both a theoretical 

point of view, and from the point of view of predicting large tan which helps 

to raise the Higgs mass. We have found that Yukawa unification is perfectly vi-

able providing the soft masses are non-universal in both family-independent and 

family-dependent ways, and we have explored the specific correlations between 

the soft parameters required in order to satisfy all the constraints simultaneously. 

In our view the sensitivity of Yukawa unification to soft SUSY breaking param-

eters is to be welcomed, since it provides a window into the soft supersymmetry 

breaking Lagrangian. 

124 



C h a p t e r 4 

N e u t r i n o Masses 

4.1 Introduction 

The problem of understanding the quark and lepton masses and mixing angles 

represents one of the major unsolved questions of the Standard Model. Re-

cently additional information on the fermion mass spectrum has come from the 

measurement of the atmospheric neutrino masses and mixing ajigles by Super-

Kamiokande [43]. The most recent data disfavours mixing involving a sterile 

neutrino, and hnds a good ht for mixing with sin^ 2^23 > 0-88 and a 

mass square splitting in the 1.5 —5 x 10"^ eV^ range at 90% CL [92]. Super-

Kamiokande has also provided additional support for solar neutrino mixing. The 

most recent Super-Kamiokande data does not show a significant day-night asym-

metry and shows an energy independent neutrino spectrum, thus it also disfavours 

the sterile neutrino mixing hypothesis, the just-so vacuum oscillation hypothe-

sis, and the small mixing angle (SMA) MSW [93] solution [94]. The preferred 

solution at the present time seems to be the large mixing angle (LMA) MSW so-

lution, although a similar solution with a low mass splitting (the LOW) solution 
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is also possible. A typical point in the LMA MSW region is sin^ 2̂ 12 0.75, and 

% 2.5 X 10"^ eV^ 

If one accepts the recent data as evidence for neutrino masses and mixing 

angles, then the obvious question is how these can be accommodated in the 

Standard Model, or one of its supersymmetric extensions. The simplest possi-

bility to account for the smallness of the neutrino masses is the see-saw mech-

anism [67] in which one introduces right-handed neutrinos which acquire very 

large Majorana masses at a super-heavy mass scale. When one integrates out 

the right-handed neutrinos the "normal sized" Dirac Yukawa couplings, which 

connect the left-handed to the right-handed neutrinos, are transformed into very 

small couplings which generate very light effective left-handed physical Majorana 

neutrino masses. Given the see-saw mechanism, it is natural to expect that the 

spectrum of the neutrino masses will be hierarchical, since the Dirac Yukawa 

couplings in the charged fermion sector are observed to be hierarchical, and if 

they are related to the Dirac neutrino Yukawa couphngs then they should also 

be hierarchical, leading to hierarchical light Majorana masses. ^ 

Having assumed the see-saw mechanism and a hierarchical neutrino mass 

spectrum, the next question is how such large (almost maximal) lepton mixing 

angles such as 2̂3 could emerge? There are several possibilities that have been 

suggested in the literature. One possibility is that it happens as a result of the 

off-diagonal 23 entries in the left-handed Majorana matrix being large, and the 

determinant of the 23 sub-matrix being accidentally small, leading to a neutrino 

mass hierarchy with large neutrino mixing angles [97]. Another possibility is 

that the neutrino mixing angles start out small at some high energy scale, then 

get magnified by renormalization group (RG) running down to low energies [98]. 

^However this is not guaranteed due to the unknown structure of the heavy Majorana matrix, 
and for example an inverted neutrino mass hierarchy could result although this relies on some 
non-hierarchical couplings in the Dirac Yukawa matrix [96]. 
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A third possibility is that the ofj^diagonal elements of the left-handed nentrino 

Majorana matrix are large, but the 23 sub-determinant of the matrix is small 

for a physical reason, as would be the case if a single right-handed neutrino 

were providing the dominant contribution to the 23 sub-matrix [99, 100, 9]. We 

shall refer to these three approaches as the accidental, the magnihcation and 

the single right-handed neutrino dominance (SRHND) mechanisms, respectively. 

As we shall see, in the model under consideration, only the SRHND mechanism 

provides a successful description of the atmospheric neutrino data, and the results 

in this chapter will rely on this mechanism. 

A promising approach to understanding the fermion mass spectrum is within 

the framework of supersymmetric (SUSY) unified theories. Within the framework 

of such theories the quark and lepton masses and mixing angles become related 

to each other, and it begins to be possible to understand the spectrum. The 

simplest grand unified theory (GUT) is 5'(/(5) but this theory in its minimal 

version does not contain any right-handed neutrinos. Nevertheless three right-

handed neutrinos may be added, and in this theory it is possible to have a large 

32 element ^ on the Dirac neutrino Yukawa matrix without introducing a large 

32 element into any of the charged fermion Yukawa matrices. The problem of 

maintaining a 32 neutrino mass hierarchy in these models may be solved for 

example by assuming SRHND [102]. Another possibility within the framework of 

5'[/(5) is to maintain all the off-diagonal elements to be small, but require the 22 

and 23 elements of the Dirac neutrino Yukawa matrix to be equal and the second 

right-handed neutrino to be dominant, in which caae SRHND again leads to a 

large 23 neutrino mixing angle with hierarchical neutrino masses [103]. However 

the drawback of 5'(7(5) is that it does not predict any right-handed neutrinos, 

which must be added as an afterthought. 

^We use the Right-Left (RL) convention for Ynkawa, matrices in this thesis. 
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From the point of view of nentrino masses, the most natural GUTs are those 

like 5'0(10) that naturally predict right-handed neutrinos. However within the 

framework of 5'0(10) the quark masses and mixing angles are related to the lepton 

masses and mixing angles, and the existence of large neutrino mixing angles is 

not expected in the minimal versions of the theory in vyhich the Higgs doublets 

are in one (or two) lO'a (ten dimensional representations of 5'0(10)) and each 

matter family is in a 16. Nevertheless various possibilities have been proposed 

in 6'0(10) in order to account for the large neutrino mixing angles. Within 

the framework of minimal 5'0(10) with third family Yukawa unification, it has 

been suggested that if two operators with different Clebsch-Gordon coefhcients 

contribute with similar strength then, with suitable choice of phases, in the case 

of the lepton Yukawa matrices one may have large numerical 32 elements, which 

add up to give a large lepton mixing angle, while for the quarks the 32 elements 

can be small due to approximate cancellation of the two contributing operators 

[104]. This is an example of the accidental mechanism mentioned above, where in 

addition one requires the quark mixing angles to be small by accident, although 

it remains to be seen if the LMA MSW solution could be understood in this 

framework. Moving away from minimal 6'0(10), one may invoke a non-minimal 

Higgs sector in which one Higgs doublet arises from a 10 and one from a 16, and 

in this framework it is possible to understand atmospheric neutrino mixing [105]. 

Alternatively, one may invoke a non-minimal matter sector in which parts of a 

quark and lepton family arise from a 16 and other parts from a 10, and in these 

models one may account for atmospheric and solar neutrinos via an inverted mass 

hierarchy mechanism [106]. 

In this chapter we shall discuss neutrino masses and mixing angles in a partic-

ular string-inspired model based on the Pati-Salam '$'[/(4) x 5'(7(2)^ x 

'$'f/(2)B (422) group [4]. As in 5'0(10) the presence of the gauged 5'(7(2)B pre-

dicts the existence of three right-handed neutrinos. However, unlike 5'0(10), 
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there is no Higgs doublet-triplet splitting problem since in the minimal model 

both Higgs doublets are contained in a (1,2,2) representation. Moreover, since 

the left-handed quarks and leptons are in the (4,2,1) and the right-handed quarks 

and leptons in the (4,1,2) representations, the model also leads to third family 

Yukawa unification as in minimal 6'0(10). Although the Pati-Salam gauge group 

is not unified at the field theory level, it readily emerges from string construc-

tions either in the perturbative fermionic constructions [5], or in the more recent 

Type I string constructions [6], unlike 6'0(10) which typically requires large Higgs 

representations which do not arise from the simplest string constructions. The 

question of fermion masses and mixing angles in the string-inspired Pati-Salam 

model has already been discussed for the case of charged fermions [9, 7], and 

later for the case of neutrinos [17]. For the neutrino study [17] it wag assumed 

that the heavy Majorana neutrino mass matrix was proportional to the unit ma-

trix, and only small neutrino mixing angles were considered. Later on a (7(l)x 

family symmetry was added to the model, in order to understand the horizontal 

hierarchies, although in this case the neutrino spectrum was not analysed at all 

[107]. 

The purpose of this chapter is to discuss neutrino masses and mixing angles 

in the string-inspired Pati-Salam model supplemented by a (7(1)% Eavour sym-

metry. The model involves third family Yukawa unification and predicts the top 

mass and the ratio of the vacuum expectation values tan/) , as we recently dis-

cussed in Ref. [108]. It is already known that the model can provide a successful 

description of the CKM matrix and predicts the down and strange quark masses, 

although our present analysis differs from that presented previously [107] partly 

due to the recent refinements in third family Yukawa unification [108], but mainly 

as a result of the recent Super-Kamiokande data which has important implica-

tions for the Eavour structure of the model. In fact our main focus here is on 

the neutrino maases and mixing angles which were not previously discussed at 
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all in this framework. We assume a minimal version of t he model, and avoid the 

use of the accidental cancellation mechanism, which in any case has difhculties 

in accounting for bi-maximal neutrino mixing. We also show that the mixing 

angle magnification mechanism can only provide limited increases in the mixing 

angles, due to the fact that the unified third family Yukawa coupling is only 

approximately equal to 0.7 [108] and is therefore too small to have a dramatic 

effect. Instead, we rely on the SRHND mechanism, and we show how this mecha-

nism may be implemented in the 422 model by appropriate use of operators with 

"Clebsch zeros" resulting in a natural explanation for atmospheric neutrinos via 

a hierarchical mass spectrum. We specifically focus on the LMA MSW solution 

in the text, with the LOW and SMA MSW solutions relegated to the appendices. 

The layout of the remainder of this chapter is as follows. In section 4.2 we 

briery review the see-saw mechanism in the Minimal Supersymmetric Standard 

Model (MSSM) [3] with right-handed neutrinos. In section 4.3 we review some 

useful analytic results for SRHND, for the case of an approximately diagonal 

right-handed Majorana mass matrix. In section 4.4 we introduce an Abelian 

anomalous gauge family symmetry into the model and show how hori-

zontal Yukawa hierarchies may be generated, and in section 4.5 we describe our 

operator approach to fermion masses, including the heavy Majorana neutrino 

masses. Section 4.6 contains the main results of this chapter. In this section we 

show how a particular choice of family charges, and operators with certain 

Clebsch-Gordon coefhcients can lead to a successful description of quark and lep-

ton masses and mixing angles, and in particular describe atmospheric and solar 

neutrinos via SRHND. Although the neutrino masses and mixing angles corre-

spond to the usual LMA MSW solution, in Appendix K we show how a modifica-

tion of the heavy Majorana mass matrix can lead to the large mixing angle MSW 

solution with a LOW mass splitting. In Appendix L we present a diEerent choice 

of (7(1)% charges and operators which can lead to the SMA MSW solution. 
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4.2 The M S S M with Right-Handed Neutrinos 

The superpotential of the MSSM with right-handed neutrinos is given by : 

W = WMgS'M + (4.1) 

(4.2) 

yV„c = z/̂ (A )̂ŷ gZgAu + ^(/^(AfRj^)y^gz/g (4-3) 

where A, B = 1,..,3 are family indices, and are the right-handed 

5'[/(2)^ singlet snperhelds, g = (t/,c() and / — ((/, 6) are the 5'(7(2)f, quark and 

lepton doublets, and (Aj) is the up (down) Higgs boson doublet. The Dirac 

neutrino coupling and the heavy majorana mass for the right-handed neutrinos 

are denoted by A,, and respectively. When the neutral components of the 

two MSSM Higgs bosons ^ acquire their vacuum expectation values (VEV)s 

i;2,i (tan/) = ^ 40 — 50) the superpotential in Eq. (4.1) generates the 

following sum of mass terms : 

= -[/'(A,2;2)(7-D':(Aj%;i)D-E'(A,?;i)E-|-h.c. (4.4) 

= - # ' = ( A , i ; 2 ) # - | A ^ % B # ' + h.c. (4.5) 

where the upper case letters now denote the fermionic components of the su-

perAelds in W, for example contains (i7'̂ ,'u'̂ ) = contains 

((7, il) = (%,'Uz,). The Yukawa matrices in Eq. (4.4) can be diagonalized by 

bi-unitary transformations 5" and [T defined by : 

= A;, = Â  (4.6) 

Thus the physical (primed) states % are related to the gauge eigenstates 

by % = 5""% and % — e^c.. In this model, the left-handed neutrino 
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maases are generated via see-saw mechanism [67] by the terms in Eq. (4.5) which 

can be re-arranged into a two-by-two block matrix in the following way : 

/ 0 \ ^ \ 
rAr--|(AAAr':) +h.c. (4.7) 

MRR/ ^7^=/ 

where = Ai/Ug. Thus, after the heavy helds are integrated out, the hght 

left-handed neutrinos # eEectively acquire a small mass given by : 

= (4.8) 

Finally, the diagonalization of : 

= diag(m^i, ) (4.9) 

allows the determination of the masses of the physical neutrinos and enables 

the physical neutrino states = (/^i, 1/2,1/3) to be related to the neutrino gauge 

Aelds TV — (;/e, z/̂ , z/̂ ) by 

Taking into account the above conventions, we now proceed to give expres-

sions for the Cabbibo-Kobayashi-Maskawa (CKM) matrix [1] and the 

corresponding lepton analogue, the Maki-Nakawaga-Sakata (MNS) matrix [109] 

(y^^"^). Their definitions derive from the charged current interactions : ^ 

^ (4.10) 

(4.11) 

that imply : 

^The four component fermion Aelds ^ are given by = ( f , — f o r F = (7, D, ^ Eind 
= (jV̂ , — f o r the neutrinos. 
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In what follows we will assume that the matrices in Eq. (4.12) are real. Thus, we 

will write in terms of three rotation matrices : 

y ^23^13%2 (4.13) 

given by : 

/ I 0 0 \ / C l 3 0 -S13 ^ / C12 -Sl2 0 \ 

^ 2 3 — 0 C23 -S23 ^ 1 3 = 0 1 0 ^ 1 2 = — 5 1 2 C12 0 

u —-S23 C23 / \ —-Sl3 0 C l 3 / \ 0 0 V 

(4.14) 

where = sin^y^g, = cos^^a refer to the lepton mixing angles between 

the A and B generation. Using Eq. (4.14) into Eq. (4.13) gives : 

y 

/ C12C13 1̂2Cl3 1̂3 \ 

—'S12C23 — (=12̂ 23-913 C12C23 — -912323-913 -923̂ 13 

\ -312̂ 23 — Ci2C23gl3 —C12-S23 — 3l2C23-Sl3 C23C13 y 

(4.15) 

It is also practical to have expressions for the angles in terms of the 

entries. Inverting Eq. (4.15) we find that : ^ 

sm 6/13 = % 
63 sin ^ /i3 

23 sm (/i2 e2 

" K3 
(4.16) 

Finally we note that while the above expressions were derived in the context 

of three neutrino species, the analysis of the experimental results assumed only 

two, thus a direct comparison of mixing angles is not exactly valid. 

4^2 = and 
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4.3 Single Right-Handed Neutr ino Dominance 

Third family single right-handed nentrino dominance (SRHND) [99, 100] is a 

mechanism that can explain the large atmospheric (623) cind the solar LMA MSW 

(̂ 12) neutrino mixing angles and a small ^13. SRHND relies on the possibility that 

the neutrino mass matrix is dominated by the contributions coming solely 

from a single right-handed neutrino (for example z/̂ .) In this scheme a maximal 

2̂3 angle arises when the right-handed tau neutrino couples to the left-handed 

muon and tau neutrino z/i- with equal strength. Similarly, if couples to 

z/g and to with comparable strength then 1̂2 is large. The role of the (sub-

dominant) muon neutrino is also important since it provides small perturbations 

to the matrix (which otherwise has one heavy and two massless eigenstates), 

thus leading to a neutrino mass splitting | compatible with 

experiment. In this section we summarize the theory behind SRHND and explore 

in more detail the results presented in Ref. [99] for the case of the diagonal 

dominated right-handed neutrino mass matrix MRR. 

The see-saw formula for the left-handed neutrino matrix in Eq. (4.8) de-

pends explicitly on Although Mm;* might have a non-trivial structure 

we And instructive to start our analysis by considering the very simple case of 

Mjut given by : 

~ diag(Af-'. M - ' , iV/-') ~ diag(0. 0. Af-') (4.17) 

which effectively corresponds to taking 3> Replacing Eq. (4.17) 

into Eq. (4.8) we find that : ^ 

În this section we will use the following simplified notation = A,, 1̂ 2 = -̂ 2̂ ^ 
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/ Al, A31A32 A31A33 ^ 

A31A32 ^22 A 3 2 A 3 3 (4.18) 

\ A31A33 A32A33 A33 V 

The matrix above is easily diagonalized by the matrices ^23, ^13, ^12 ^ iii 

Eq. (4.14) with rotation angles given by : 

/̂ 32 -̂ 33 

_ -̂ 31 _ ^ 
1̂3 - ^ Ci3 - ^ 

— <̂33 + 

= A:^+A^,+A: , 

that successively act on mf,%, as follows : 

= ^12^13'R23)^Z'Z'̂ 23'R13^12 = diag(m^^,m;,2,m^ 

It is also convenient to dehne the following primed matrices : 

"̂ 1,2, = ^3"^z,z,^23 

which, for as in Eq. (4.18), are explicitly given by : 

M. 
1/3 

/ Aĝ  0 AsiA'^ 

0 1 0 

^^31A 0 y 

/O 0 0 \ 
- 1 0 0 0 

\o 0 

(4.19) 

(4.20) 

(4.21) 

(4.22) 

(4.23) 

We can see from Eq. (4.19) that if A32 = A 3 3 then a maximal 2̂3 = 45° angle 

^Note that E12 for 7712,2, in Eq. (4.18) is undetermined. 
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results. Moreover, if A31 ^ ^32,^33 then 1̂3 is small. Although SRHND, in 

the limiting case of Eq. (4.17), is successful in predicting a maximal atmospheric 

neutrino angle, it fails to account for a viable neutrino spectrum. Indeed, from 

Eq. (4.23), we see that the two lightest neutrinos are massless = 0. 

Moreover the solar neutrino angle 1̂2 is undetermined. These two problems 

can be solved by allowing the right-handed muon neutrino to play a sub-

dominant/perturbative role in the structure of in Eq. (4.18). 

We now turn to the more realistic model in which can be approximated 

by : ^ 

~ dia.g(AC'. AC' , M - ' ) ~ diag(0. M " ' , M ; ' ) (4.24) 

Using Eq. (4.24) into Eq. (4.8) we find that : 

/ A:, 

M. 
f/3 

3̂1 

^31 <̂32 

33 

+ M, 
1^2 A21A22 

\ 2̂1-̂ 23 

-̂ 31'̂ 32 
\2 
^̂ 32 

^̂22 

A22A23 

31/\33 

A32A33 

AL . A32A33 

A21A22 AgiAgsX 

Ago A 22/̂ 23 

y 

(4.25) 

Given that we assumed SRHND by the neutrino, it follows that the contribu-

tions to the 23 block of in Eq. (4.25) arising from, the terms proportional 

to dominate over the ones proportional to M, 
1/2 

Clearly, the rotations 

^12, ^13 parameterised by the angles in Eq. (4.19) diagonalize mi,/, in Eq. (4.25) 

up to terms of order 0(M^^). Thus the new primed matrices 

^Note that although Eq. (4.24) still looks very simple it can, in many caaes, provide a 
good qualitative description of the physics involving the heaviest neutrinos. Indeed, if 
is diagonal dominated and if is highly hierarchical then the limiting case of Eq. (4.24) 
applies. 

®Note that this does not necessarily imply that is larger than since the Yukawa 
couplings must also be taken into account. 
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given by 

where : 

LL 

Z/Z, 

/ A2 

M, 
3̂ 

31 

0 

0 3̂% A \ 

0 0 

0 A"^ J 

2 
21 

M: 

/ \ C2 
^21^ 

A21^ 

^-^21^ 

A2 

/12 

M,:' 0 0 0 

M. 
1/2 A2g 

\ A B 2 

/^21-;^ \ 
C2f)2 
A2 

& y 

0 \ 

0 

\ 

C" 
AB 

AB 
f-4 j 
B2 / 

(4.26) 

(4.27) 

F' 

A22A33 — A23A32 

A33A23 + A22A32 

A2l(A^ + A32) — A3i(A33A23 + A22A32y 

A33A23 + A22A32 + A21A31 

(4.28) 

(4.29) 

(4.30) 

(4.31) 

The diagonalization of the 12 block of in Eq. (4.27) is achieved by a ^12 

matrix parameterised by the following 1̂2 rotation angle : 

E3 
512 C12 + ^2(^4 

(4.32) 
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Thus we hud : 

/O 0 0 \ 

0 0 0 

\o 0 
+ M ; : 

/ o 
0 

g8_,_g2g4 

n fZ\/E«+B2C4 
A B 2 

A B 2 

f l g2 

(4.33) 

It is interesting to note that the ^12 rotation has not only diagonalized the 12 

block of but also put zeros in the 13,31 entries of The reason is because 

displays a special structure. Indeed, their elements obey : 

''12 
1̂2 

C12 ("^2^)22 ()^Di2 1,1,; 23 
(4.34) 

Explicitly 1̂2 = tan 1̂2 is given by : 

tl2 
'^2l('^L + — '̂ 3l(A33'̂ 23 + <̂ 22̂ 32) ^ 

A22 (̂ 22.̂ 33 — -̂ 23/̂ 32) Y <̂33 + -̂ 32 + 2 
3 1 

(4.35) 

From Eq. (4.35) we see that, although 1̂2 generally depends on the second and 

third family neutrino Yukawa couplings, if A33 is much bigger than the other 

Yukawa couplings then 1̂2 A2i/A22- This means that the 1̂2 angle is set not by 

the dominant neutrino couplings, but by the sub-dominant neutrino couplings 

to the z/g and neutrinos. Thus while a large atmospheric neutrino mixing angle 

2̂3 can be achieved by requiring A32 ̂  A 3 3 , a large MSW solar neutrino angle 1̂2 

results from A21 A22. Moreover, Eq. (4.19) and Eq. (4.35) show that bi-maximal 

^23, 1̂2 mixing can be achieved with a small 1̂3 angle as long as A31 <K A32, A33 . 

The neutrino mass spectrum can be read from in Eq. (4.33). We find a 

massless neutrino state = 0, plus a light state with mass Agg/M ,̂; and 

a heavy neutrino with mass ^ A^̂ /M ŷg. 
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4.4 Abelian Flavour Symmetry 

The pattern of fermion masses and mixing angles is one of the fundamental prob-

lems in particle physics that has not yet been understood. In the Standard Model 

(SM) the quark/lepton masses and the CKM matrix are input parameters hxed 

by laboratory experiments. Surprisingly, however, their values, though uncon-

strained and a pn'on arbitrary, do display a certain degree of organization. The 

fermion maases are highly hierarchical and the CKM matrix can be described in 

terms of the small Wolfenstein expansion parameter A |%2| ^ 0-22 [117]. These 

results suggest that a broken Eavour symmetry might be playing an important 

role in the setting of the structure of the Yukawa matrices. 

In this chapter we will assume that the "vertical" gauge group is supplemented 

by an additional "horizontal" Savour symmetry that constrains the nature 

of the couplings of quarks and leptons to SM singlet fields ^ and ^ The family 

symmetry, however, is broken at some high energy scale Vg > Mx by the VEVs 

of the ^ fields which under the group have charges = —1 and 

= -|-1. As a consequence of the symmetry breaking, the low energy 

effective theory includes Dirac interactions between the and F Aelds of the 

following form : 

F l F s h ^ FIFBU ~ F ^ F B h , " ' (4.36) 

where is the modulos of the sum of the charges of the f g and 

A fields, pyiB == Thus Eq. (4.36) holds if > 0 

whereas Eq. (4.37) holds if < 0- The terms in Eqs. (4.36),(4.37) might 

^Note that a "vertical symmetry" is a symmetry that acts on the fields of a model belonging 
to the same family. On the other hand, a "horizontal symmetry" is a symmetry which is able 
to relate the fields belonging to different families. 
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originate from interactions between the F and ^ helds with additional exotic 

vector matter with mass Mg > Mx that lead to "spaghetti" diagrams as discussed 

in Ref. [118]. In summary, the equations above show that, in the context of a 

(7(l)x symmetry, the observed hierarchy in the fermion masses and mixing angles 

might be the result of the flavour charges carried by the fields of the 422 model 

which act to suppress the Yukawa couplings by some e-power. 

The introduction of the (7(l)x symmetry provides a way to relate the various 

Savour parameters of the model thus making it more predictive. However, one 

should be careful. Generally the f7(l)x group is potentially dangerous since it 

can introduce, through triangle diagrams, mixed anomalies with the SM gauge 

group. In the last part of this section we review the constraints imposed on 

% charges of the fields of our model enforced by the requirement of anomaly 

cancellation [112]. 

The mixed anomalies that we shall consider are : 

3 

SU{3yU(l)x : .43 = 5](2X,_,+A'.= (4.38) 
A=1 

3 

SU{2fU(l)x : Aj = + * , J + * , . . + A ' j , (4.39) 
A=1 

3 

A=l 

(4.40) 

[/(i)y(y(i)^ : A; = 2 

^=1 
(4.41) 

this work we will assume that the VEVs of the 9 fields {9) = {6) = Vg and the mass of 
the extra vector fields Mg are related in such a way that = 6 = 0.22. 

^^The cancellation of anomalies requires the vanishing of the trace Tr(T''{T'', = 0 where 
2-0,6,0 g^oup geuBrators which stand at the three gauge boson vertices of the 
triangle diagrams. 

^^We will not include the analysis of the (1)^ or of the gravitational anomaly because they 
depend exclusively on SM singlet Gelds. 
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For example, A3 corresponds to the anomalous term generated by the Feynman 

diagram that has two 5'[/(3) gluons and one g^'Uge boson attached to 

the triangle vertices. We note that the first three anomalies A3, Ag and are 

linear in the trace of the charges, *.e. where / is any of the 

g, Z, fields, thus they constrain only the family independent (FI) part of 

the (7(l)x charges. On the other hand, is quadratic in the % charges, thus it 

generally constrains the FI and family dependent (FD) part of the charges. 

In this chapter we will assume that the cancellation of anomalies results from 

the Green-Schwartz (GS) mechanism [119]. This is possible if the A3, Ag and 

anomalies are in the ratio A3 : A2 : = ^3 : A;; : A;i where the are the Kac-

Moody levels of the 5'(/(3), 5'(7(2) and f/(l)y gauge groups that determine the 

boundary conditions for the gauge couplings at the string scale ^̂ 3̂ :3 : ̂ 2^2 : 

Hence, using the canonical GUT normalization for the gauge couplings (that 

successfully predicts sin^(^Mr) = 3/8 [120]), anomalies can be cancelled if we 

require that : 

^3 = ^2 = §^1 (4-42) 

As a consequence of the two constraints implicit in Eq. (4.42), the set of solutions 

for the JV charges appearing in Eqs. (4.38)-(4.40) is given by [112] : 
3 3 

Xec = ^ = a; X; = ^ = 1/ = "Z 
A=1 A=1 

3 3 

Xq — ^ ^ — X U X(lc — ^ ^ — y (^U 
A=1 A=1 

3 

^=1 (4.43) 

where z, 7/, z, if, t; are free parameters. However not all the solutions in Eqs. (4.43) 

are valid after = 0 is enforced. In fact, as we said before, generally 

constrains both the FI and FD charges of [/(l)x. By this we mean that, if we 

conveniently write the charge of the field as a sum of a FI part plus 
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a FD part then = 0 is a complicated equation 

on all %/, A'y and charges. However, it is easy to see that, if all the 

left-handed helds and if all the right-handed fields have the same FD charges, *.e. 

A"' = and XL = = XL , as is the case of the 422 model, then A! = 0 

is an equation on the FI charges only : 

A', = Hx; - 2X1 + XI - Xf + X% + 3A'|. - 3X^) = 0 (4.44) 

Thus, a simple solution to all the anomaly constraints is given by Eq. (4.43) with 

= i; = 0. Finally, we must add that since the Pati-Salam model unifies all 

the right/left-handed quark and lepton helds in the multiplets, and the 

MSSM Higgs Aelds in the & Higgs bi-doublet we must also have a; = ?/ 

and 2 = 0. Thus, anomaly cancellation in the 422 model via GS mechanism is 

possible if the traces of the charges of the and F fields are equal, ze 

= E L i -

4.5 Operator Approach to Fermion Masses 

In the simplest formulation of the 422 model extended by a horizontal 

symmetry all the Yukawa couplings originate from a single matrix. The abelian 

[/(l)x symmetry introduced in the previous section mainly serves one purpose, 

it establishes an hierarchy between the Savour dependent couplings. Thus, it 

provides no precise/predictive information about the relationships between the 

different Yukawa coupling matrices. As a result, all the SM fermions of a given 

family have identical Yukawa couplings at the unification scale. Naturally, when 

the fermion masses are run from the Mx to the scale they lead to quark and 

lepton masses that are incompatible with the experimental data. 
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The idea of Yukawa unihcation, though unsuccessful in its most simpler form, 

is not, however, a complete failure. As a matter of fact, it turns out that third 

family Yukawa unification works rather well. It is well known that the GUT 

boundary condition for the Yukawa couplings : 

(4.45) 

leads to a large pole top mass prediction ^ 175 GeV and tan^ ^ 

On the other hand, the first and second family fermion masses can be predicted 

if special relations between the "vertical" intra-generation Yukawa couplings at 

Mx hold. For example, the Georgi-Jarlskog (GJ) [121] relation between the 

muon and strange Yukawa couplings ^ SÂ  successfully reproduces the low 

energy experimental ^ 1 mass ratio. In the context of GUT theories 

the appearance of numerical factors relating the couplings of the up-down-lepton 

Yukawa matrices might originate from non-renormalizable operators involving 

the interaction between the fermions and the heavy Higgs that break the GUT 

symmetry [122, 123]. 

In the Pati-Salam model, we will have in mind operators of the following form 

[107] : 

The idea is that when the 77 and ^ fields develop their VEVs such operators 

reduce to effective Yukawa couplings with small coefficients. For example, if Fg, 

F2 and carry a charge = 2, = 0 and — 0 under the [/(l)x symmetry 

then Eq. (4.46) (with M = 1) generates the following terms : 

(2;uW2'U2/!̂ u + + 3=66262/*̂  + (4-47) 
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where and e = (^)/Mg are small dimenslonless parameters, wg, 

(<̂2, 62, 1/2 are the charm, strange, mnon, mnon neutrino superAelds, and a?/ ( / = 

w, (Z, e, z/) are Clebsch factors that depend on the group theoretical contractions 

between the Aelds in Eq. (4.46) [9, 7]. In Table I.l (Appendix I) we present a 

complete list of all zy values that result from » = 1 operators in the 422 model 

[107] normalized by : 

= 4 (4.48) 

It is interesting to point that diEerent operators imply zero Clebsch's for different 

a;y's. For example, CLASS-I operators are rather special since of all zy's only one 

is non-zero (and significantly large). The CLASS-II operators have = a;,, = 0 

while CLASS-III have = 0. Additionally CLASS-IV operators have 

a;,̂  = Zj = 0 and CLASS-V have a;e = a;„ = 0. Finally CLASS-VI operators 

have all a;y's diEerent from zero. The variety of the operator Clebsch's is to be 

welcome since, as we will see, they open the possibility of avoiding the disastrous 

fermion mass predictions characteristic of the minimal 422 model with a unihed 

renormalizable interaction. 

Finally we shall mention the origin of the heavy Majorana neutrino mass 

matrix. Generally results from non-renormalizable operators of the form : 

14 

( w ) ' ( ] & ) " ' " ( S 
where 4- Xf-c -|- crj and cr = 2X^. Three important differences 

distinguish Eq. (4.49) from Eq. (4.46). Firstly we note that while Eq. (4.46) 

allows for renormalizable operators, as given by Eq. (4.49) is always the 

analogy with the Mg parameter, the My scale represents the maas of extra matter that 
haa been integrated out from our model (in this case at cin energy slightly above the unification 
scale) such that f = (E^)(^)/My = 0.22. 

^'^Generally the scales involved in the Dirac and Majorana interactions in 
Eq. (4.46) and Eq. (4.49) respectively need not necessarily be identical [124]. In this work, 
however, for the sake of simplicity we will aasume they are equal. 
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result of nou-renormalizable operators. Secondly we note that the combination 

of the Aelds in Eq. (4.49) introduces an additional free parameter (7 that 

may be fixed at our convenience. Thirdly we observe that while Eq. (4.46) is able 

to generate precise relationships between the up-down-lepton Yukawa couplings 

(via Clebsch'Gordon factors), Eq. (4.49) is an expression that constrains only the 

hierarchy of (via the [/(l)x symmetry), as a result it is less predictive. 

4.6 Neutrino Masses and Mix ing Angles 

In this section we show how the (/(l)x horizontal family symmetry of section 4.4 

can be combined with the operator approach of section 4.5 to give predictions 

for the fermion masses and mixing angles in the 422 model. In particular we 

are interested in the predictions for the neutrino masses and mixing angles for 

the LMA MSW solution to the solar neutrino problem. The LOW and the SMA 

MSW solutions are discussed in the appendices K and L. We start by listing the 

quark and charged lepton experimental data used in our analysis : 

m^(l GeV) = 4.7 MeV (1.35 - 6.75) MeV (4.50) 

mc(M,) = 1.21 GeV (1.15 - 1.35) GeV (4.51) 

.-s. 175 GeV (170 - 180) GeV (4.52) 

mj ( l GeV) - 6.0 MeV (4 - 1 2 ) MeV (4.53) 

m,(M,) - 160 MeV (100 - 230) MeV (4.54) 

m6(M6) - 4.15 GeV (4.0 - 4.4) GeV (4.55) 

^^The numbers inside the curly brackets indicate the experimental ranges according to 
Ref. [2]. 
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M, = 0.511 MeV = 0.496 MeV (4.56) 

= 105.7 MeV = 104.6 MeV (4.57) 

Mr = 1777.0 MeV m^M^) = 1772.8 MeV (4.58) 

where mu(l GeV), mj( l GeV) denote the running masses of the up and down 

quarks at Q = 1 GeV; mc(Mc), ^^(Mc), m{,(M&) the running masses of the 

charm, strange and bottom quarks at their pole masses (Mc = 1.6 GeV, M;, = 

4.8 GeV); the top pole mass; and (me,̂ ,T) the well known pole (running) 

charged lepton masses. We converted the above pole masses to running masses 

using the expressions in Ref. [56] with : 

a,(M^) = 0.120 « r X ^ z ) = 127.8 (4.59) 

Finally the CKM matrix at Q = was fixed by : 

|V^2| = 0.2215 = 0.040 = 0.0035 (4.60) 

It is important to note that, in fact, not all the parameters above were taken as 

an input. Indeed, ^ 175 GeV is a prediction that results from third family 

Yukawa unification — A;, = Ay at the GUT scale. Moreover, aa we will see, our 

model is also able to predict the masses of the down and strange quarks, thus 

their values listed above should be taken merely as a guide and/or convenient 

initial estimates. 

We now turn to the neutrino experimental data. The results from the Super-

Kami okande collaboration [43, 92] indicate that the atmospheric neutrino ano-

^^All running maases are given in the MS scheme. 
^^The experimental ranges are |V^2| = 0.219 to 0.226, = 0.037 to 0.043 and |V^3| 

0.002 to 0.005 [2]. 
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maly can be understood in terms of z/,- oscillations with : 

sin^(2g23) > 0.88 1.5 x 10"^ eV^ < < 5 x 10"^ eV^ (4.61) 

at 90 % confidence level. On the other hand, the large mixing angle (LMA) MSW 

solution to the solar neutrino dehcit suggests that [95] : 

sin^(2gi2) - 0.75 - 2.5 x 10"^ eV^ (4.62) 

Assuming that the neutrino spectrum is hierarchical, i e . | ^ 

and Am^g = ^ the values in Eqs. (4.61),(4.62) give : 

sin(^23) > 0.57 ^ 0.05 eV 
(4.63) 

sin(^i2) ^ 0.50 0.005 eV 

The latest results from the CHOOZ experiment also show that, over the inter-

esting Am23 range suggested by the Super-Kamiokande data, sin^(2^i3) <0.10 

at 90% CL [125]. 

The experimental data in Eqs. (4.50)-(4.60) constrains the parameters of 

our model at low energy. However, the GUT symmetry is broken at an en-

ergy Mx ^ 10̂ ^ GeV. Thus, before we start our analysis we should correct the 

fermion masses and mixing angles for the radiative corrections that result from 

the running of the RGEs between the Q = and Q = scales. The imple-

mentation of the RGEs, decoupling of SUSY particles and boundary conditions 

is a complicated subject whose detailed description is beyond the scope of this 

chapter. Here we will only mention that we used 2-loop RGEs in the gauge and 

Yukawa couplings and refer the interested reader to Ref. [108] where the issue 

of Yukawa unification in the 422 model is discussed. As a result of the RGEs 

running, subjected to third family Yukawa unification at the low energy in-

put values for the fermion masses in Eqs. (4.50)-(4.58) effectively constraint the 
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eigenvalues of the Yukawa couplings at Q = Mx to be : 

= 4.738 X 10-^ = 1.529 x 10 - 3 

- 3.208 X 10-^ 

Ae(Mx) = 1.490 X 10-"̂  

A,(Mx) - 9.612 X 10-^ 

A^(M%) = 3.154 X 10-^ 

A((MAr) = 0.677 (4.64) 

A6(Mx) = 0.677 (4.65) 

^^(Mx) = 0.677 (4.66) 

and the CKM matrix at Q = Mx to be : 

| ; i 2 ( M x ) H 0.2215 |^3(MA:)| = 0.032 |143(Mx)| = 0.0028 (4.67) 

At this point it is convenient to re-write Eqs. (4.64)-(4.67) in terms of the Wolfen-

stein [117] expansion parameter A = 0.22 ^ |%2|. We find : 

8.097 ')^u(Mx) = A 

AXMx) -

A,(Mx) - A"«'° 

4.282 ')^c(Mx) - A 

AXMx) - A"°"« 

A^Mx) = 

0.257 

A6(M;^) = 

AXM;^) = 

|%2(M;,)| = A 0.996 |^3(Mx)| = A 2.273 |%3(Mx)| - A 3.882 

(4.68) 

(4.69) 

(4.70) 

(4.71) 

Equations (4.68)-(4.71) neatly summarize the hierarchy of the quark and charged 

lepton sectors at that we aim to reproduce/predict. 

It is now time to specify the structure of the LMA model in more detail. We 

start by indicating the nature of the (non-)renormalizable operators responsible 

for the structure of the Dirac and neutrino majorana matrices : 

w 

w 

1 + 

+ 

V MJ ) ^ \ M l ) 

AL I Mg 
(4.73) 
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The first term in Eq. (4.72) is renormalizable, thus it implies third family 

Yukawa uuificatioii at Mx- The second term, which we shall assume to be present 

for ^ 33, on the other hand, is a sum of non-renormalizable operators. For the 

sake of simplicity we will consider that the part of that lies outside 

the square brackets in Eq. (4.72) has non-trivial gauge contractions with the 

fields next to it, thereby generating the Clebsch-Gordon factors in Table 

I.l (Appendix I). On the other hand, the (jiT^/My)^'^ factors inside the square 

brackets will form gauge singlet terms that will be responsible for the appearance 

of higher powers in the entries of The MRR matrix, as given by Eq. (4.73), 

depends only on non-renormalizable operators because gauge invariance demands 

that every combination of fields must be paired with at least a couple of 

fields. However, we will assume that the only M = 1 operator in is 

placed on the 33 entry. All other entries of result from n = 2 operators. 

We can see from Eqs. (4.72),(4.73) that the structure of the Yukawa and 

majorana matrices can be decomposed into a "vertical" (^-component and a "hor-

izontal" e-component. Thus we write : 

(A/)/lB (A'̂ )AB(A )̂̂ B (MRB)AB (4-74) 

The hierarchies of Â  and are fixed by the choice of the [/(l)x charges. Using 

the results of Ref. [100], we can write the most general form of the unified (A^)^ 

matrix in the 422 model, constrained by the absence of anomalies, in terms of 

only four independent parameters and 

note that these assumptions about the nature of the majorana matrix are unique to 
the LMA MSW solution. The SMA MSW and LOW solutions discussed in appendices K and 
L are characterized by a majorana matrix filled with n = 1 operators only. 

^ În Ref. [100] these charges were called a, ,9, -y, Roughly, this corresponds to choosing a 
"base" of charges, that has « = X f , = = 0. 
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^l^fc+Xfj gl^fc| (4 75) 

\ gl̂ Fil 1 y 

From the equation above it is easy to see that the values of %f;;, 

and are closely related with the large neutrino 2̂3 angle, the second family 

Yukawa couplings, the V12 CKM angle, and the masses of the lightest fermions 

respectively. In the first row of Table 4.1 we list our choices for the ^ ' s parameters 

which we will, from now on, refer to as (7(l)_)ĝ  charges. In the second row we 

indicate the values of the physical (anomaly free) [ / ( l )x = (/(l)fD + t/(l)FJ 

charges of the fields of our model. In the third and forth row we list the values 

of the family dependent (traceless) and family independent (unphysical) charges 

that sum up to give [/(l)x. 

H 

(7(l)j^ : 4 2 0 1 0 0 0 0 0 

/ / r n y . 1 9 7 _ 5 i i 5 5 0 - - -
" 6 6 6 6 6 6 ^ 6 6 

^(1)FD : 2 0 —2 g —g —g g 2 —2 

7 7 7 7 7 7 _ _ 7 _ 7 7 
6 6 6 6 6 6 3 6 6 

(7(1) FI 

o/[/(l) /foi'our je^ermme â rucfuTie 0/ 

f/ie y«towa on(f neu^nno mojorono mâ ncea 0/ (Ae Z,Mv4 mot/eZ. T/ie sê , 

mc/zcofej ( 7 ( 1 ) r e / e r g (o /̂le t;oZwea 0/ (Ae % porome^era (/laf (/e^ermine 

Âe AzemrcAy o/A^ m Eg. TAe geconcf = (/(l)fZ) + (/(l)f7, 

correaponc/a (Ae onomoZy /ree pAyazcoZ /7oro«r cAargea 0/ fAe mocfe/. TAe ÂW 

ae( (7(l)f^) tndiccfes (Ae cAar^es o/(Ae/amiZ^ dependent (^troceZessj component 

o/(/(l)A^ and (7 ( l ) f / re/era (0 tAe /om:Vy mdependent component o / ( / ( l ) x -
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/ \ 

e" 

V 1 V 6̂  l / 

We note that the (7(1)% and charges are "equivalent" in the sense that 

they determine equal family structures for the Yukawa and neutrino majorana 

matrices. 

The charges in Table 4.1 fix the e-structure of and to be : 

(4.76) 

Comparing A'̂  above with the hierarchy of the Yukawa couplings listed in Eqs. 

(4.68)-(4.71) we see that, the [/(l)x symmetry (by itself) can not explain the 

pattern of all fermion masses and mixing angles. For example, although the 

symmetry allows a large 32 entry suitable for generating large 23 mixing from 

the neutrino Yukawa matrix, it also allows similarly large 32 entries in the charged 

lepton and quark Yukawa matrices which are not welcome. In order to overcome 

this we shall assume that although a renormalizable operator in the 32 position 

is allowed by the [/(l)x symmetry, it is forbidden by some unspecified string 

symmetry which however allows a 32 operator containing one factor of ( ^ ^ ) . 

We shaD further select a 32 operator which will involve a Clebsch factor of zero 

for the charged lepton and quark entries, with only its neutrino component having 

a non-zero contribution, thereby generating a large 23 mixing from the neutrino 

sector, with only small 23 mixing in the charged lepton and quark sectors arising 

from operators containing higher powers of ( j7^)" , with n > 1. The existence of 

such operators with "Clebsch-Gordon zeros" is clearly crucial for the success of 

our approach. 

In general, we shall show that by a suitable choice of non-renormalizable 

operators, which determine the A"̂  "vertical" structure of Ay, we can obtain a 

^°However, only the (7(l)x symmetry is anomaly free. 
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successful description of all quark and lepton masses and mixing angles. For 

example, let us consider and given by the follov/ing operator matrices : 

QB + \ 

- + 0'Q 0 ^ + 0 ^ + 

^7 + 1 / 

/ o 0 o \ 

0 0 0 

0 1 y) 

(4.77) 

where O, O' and O" are M = 1, M = 2 and (very small) n = 3 operators respec-

tively where n is defined in Eq. (4.46) and refers to the powers of ( ^ ^ ) " . 

Using Eqs. (4.76),(4.77) into Eq. (4.74) gives : 

Ay(M, 

\ <333 

/ 
7 

0 0 0 

/ a:/ 

\ 

0 

0 

0 

0 

a;y 

0 

+ 

\ 

/ 
a;y 

0 

0 

(4.78) 

/ 

MRR(M. 
/ Ai36E^\ 

•'421(̂ £̂  2̂2(̂ 6̂  A-2Z^^ 

ŷ4.3l(̂ ê  ^32^6^ v433 y 
MjtR(Mx)33 

where the subscript / stands for any of the e,z/ indices, Zy is the Clebsch 

^^The n = 3 operators can, to a very good approximation, be neglected. Their inclusion 
here serves only to All the 11, 12, 13 entries of the „ Yukawa matrices, thereby ensuring (for 
example) that the up quark is given a very small mass. 
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of the O operator of the /-type fermion, and the o's &re order-one / -

independent Yukawa (majorana) parameters that parameterise Ay The 

hrst matrix on the right-hand side of Eq.4.78 contains the leading n = 1 operators 

giving contributions of order while the second and third matrices contain the 

M = 2 and R = 3 operators which give contributions of order and and 

provide the leading contributions in the cases where the n = 1 operators involve 

Clebsch-Gordon zeros. 

/A« Â  A:\ 

AS A-̂  Â  

0 1 ) \ A 3 0 V 
/ /A« Â  A5\ 

Â  A" A3 

1 ) U ' A2 1 ) 
/ /AG Â  A^\ 

AXM;,) ~ ~ Â  A3 A3 

1 / U ' Â  1) 
^A8 Â  A"\ 

AXM;,) Â  A4 A'̂  

J 1 / A l y 

^A« A" A5\ 

~ ~ A" Â  A3 

V 1 / VA^ A" 1 ) 

Yutawo end neu^Hno majorana ma-

Mces Ega. w/ien /̂le numencaZ eĵ êcf o/(Ae CfebacA 

and o/ /̂le OTider-one a,A parame^era ia negZecW. 
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The effective matrices resulting from Eqs. (4.78),(4.79) are approximately 

given in Table 4.2. This table shows an interesting structure for the Yukawa 

matrices. We find that Ac ^ Â  and Â  ^ Ag ^ A ,̂ Â  ^ Â  ^ A .̂ 

Furthermore the CKM matrix has jl/igl ^ A, IV23I ^ A ,̂ jVisj A .̂ Comparing 

these approximate results with the data in Eqs. (4.68)-(4.7l) we see that only the 

Aj, Â  couplings need substantial (one A-power) corrections. On the other hand, 

the neutrino sector described by Â  and MmR in Table 4.2 is clearly dominated 

by the right-handed tau neutrino and predicts (A;,)2i ^ (A^);; which according 

to Eq. (4.35) successfully generates a large 1̂2 solar neutrino angle. However, 

the subdominant perturbation to in Eq. (4.8) resulting from Â  and MaR i:[i 

1.5 Table 4.2 is too small to correctly predict the neutrino mass ratio A 

required by Eq. (4.63). These approximate predictions can be further improved 

because Table 4.2 does not include the numerical effects of the operator Clebsch's 

and of the order-one a,A factors. 

The success of our model (in the SM sector) depends on the ability to And 

suitable solutions for the a^s in Eq. (4.78) which simultaneously can account for 

all the hierarchies in Eqs. (4.68)-(4.71). Generally we will require that 0.5 < 

< 2.0 for all A, B = 1, 2,3. At first, it looks that such solution 

is trivial since Eq. (4.78) depends on 16 parameters, while Eqs. (4.68)-(4.71) is 

a set of 9 constraints (on the first and second family Yukawa couplings and CKM 

entries.) However, we should not forget that O O' ]:$> and that the CKM 

matrix constrains only on the 21,31 and 32 entries of Ay. As a consequence, we 

find that the parameters in Eqs. (4.68)-(4.71) are mainly sensitive to G22 ^ A,,̂ , 

Gil ^ an independent combination of (((11,012; ^13) ^̂22 ^ 

Ogi ^2 , G32 <4̂  ^3, G31 44̂  which allows two predictions to be made — 

Aj and A .̂ Thus we fitted the 022,̂ 11,011, 022,(̂ 2i;̂ 32)(̂ 3i dependence of A/ to 

We note that 033 is Axed by quadruple Yukawa unification at , z. e. At — At = = Â ,̂ . 
^^Fixing all other o's to be one. 
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the Ag, Â ., Ac and I/23, ^ 3 experimental constraints in Eqs. (4.68)-(4.71). 

The results are shown in Table 4.3. 

/ -1.285 1.000 -1.000 \ 

G = 1.000 -1.420 1.000 

\ 1.000 1.000 0.677 y 

/ 0.000 0.000 0.000 \ 

a! = 0.700 0.782 -1.000 

\ 1.015 0.705 0.000 y 

/ 0.907 1.000 1.000 \ 

0.000 0.000 0.000 

\ 0.000 0.000 0.000 y 

1.071 0.733 0.653 \ 

A = 0.733 1.072 0.567 

0.653 0.576 1.000 y 

ATumerzcaZ 0/ (Ae onier-one o,v4 parome^erg porame-

(enae ywA;awa ontf neŵ rzno mojorono mafncea m ̂ 7g6. .̂76'y), 

Thus, using Eq. (4.78) with the o's of Table 4.3 and the Clebsch-Gordon 

factors of Table I.l (Appendix I) we get the numerical results for Ay(Mx) shown 

in Table 4.4. In Table 4.5 we present the results of Table 4.4 expanded in powers 

of = e = A = 0.22. 

We can analyse the effect of the operator Clebsch's by comparing Table 4.2 

against Table 4.5. We see that the operator in the 22 entry of Ay split 

(Aj)22 = (Ae)22 Â  in Table 4.2 into |(Aj)22| = and (Ae)22 = in 

'̂*The values of the v4 parameters in Eq. (4.79) are not constrained by the experimental data, 
thus we chose them to be "arbitrary" numbers in the 0.5 < < 2.0 range. 

^^That haa Clebsch's 
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Table 4.5, thus allowing for a proper GJ ratio ^ 3 at Similarly, the 

operators in the 12 block have allowed for a more appropriate Aj/Ag Yukawa 

ratio. Numerically we have the following predictions for the lightest eigenvalues 

of the down-Yukawa matrix at : Aj = 5̂.469 ^ _ Â  

/ 7.034 X 10-^ 3.991 X 10-G 3.528 X 10 - ^ \ 

Au(Mx) = 4.079 X 10-^ 1.466 X 10-3 -3.748 X 10-3 

\ 4.324 X 10-^ 0.000 0.677 / 

/ -2.331 X l O - " * 4.609 X 10-^ -8.246 X l O - ' ^ X 

A j ( M x ) = -4.079 X 10-"^ -8.827 X 10-3 1.506 X 10-^ 

v 8.648 X 10-^ 2.157 X 10-^ 0.677 / 

( -1.748 X l O - ' ^ 9.219 X 10-^ -6.184 X l O - ' ^ X 

Ae(Mx) = 3.884 X 10-^ 3.015 X 10-^ 1.501 X 10-^ 

\ 8.574 X 10-^ -6.472 X 10-^ 0.677 y 

( 7.034 X 10-^ 2.993 X 10-^ 3.528 X 1 0 - ^ \ 

Ai,(My) = 2.401 X 10-^ 2.932 X 10-3 -2.811 X 10-3 

V 7.710 X 10-^ 0.440 0.677 y 

/ 3.991 X 10^ 5.652 X 10^ 1.040 X 10^^ \ 

MRR(Mx) — 5.652 X 10^ 1.706 X 10^^ 1.866 X 10^^ 

\ 1.040 X 10^^ 1.866 X 10^^ 3.090 X 10^" y 

WumerzcdZ raZues/or f/ie enMeg o/̂ /ie y«A;owa (̂ Au,Aj,Ae,A;,̂  oncf 

neufrtno majorona motrices a( t/ie uni/icafion scofe M x is git̂ en 

:n Gey moss un:(s.j 

The eEect of the Clebsch factors also modified the neutrino Yukawa matrix 

A.,(M% )̂ in Table 4.2. Due to the operator in the 32 position of Ay, which 

has a large = 2 Clebsch, we are now able to predict a large 2̂3 atmospheric 
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neutrino mixing angle. Indeed using Eq. (4.19) we can roughly estimate that 

tan 2̂3 ^ 0.44/0.68 = 0.65 implying sin^(2^23) 0.83. 

MRA(My)33 

/ J^7.836 ^6.690 ;^6.771 

^5.154 ^4.309 _ ; ^ 3 . 6 9 0 

\ 
^3.595 0 A ° 257 ^ 

/ _ ^ 5 . 5 2 4 ^5 .074 _ ; ^ 4 . 6 9 0 \ 

_J^5.154 _ ; ^ 3 . 1 2 4 ;^2.771 

\ ;^3.137 ^2.534 ;^0.257 ^ 

/ _ ; ^ 5 . n 4 ^4.616 _ ; ^ 4 . 8 8 0 \ 

^3.666 ^2.313 ;^2.771 

\ 
;^1.622 1.808 A°-"57 ^ 

/ ^7.836 ;^6.880 ; ^ 6 . 7 7 1 \ 

^3.984 ^3.852 _ ^ 3 . 8 8 0 

\ ^1.693 ^0.542 ;^0.257 y 

( ^8.955 ^7.205 ^5 .281 \ 

^7.205 J^4.954 ^ 3 . 3 7 5 

\ j^5.281 ^3.375 1 / 

yb/ues /or t/ie entnea o/tAe yiitawo ((Au,Aj,Ae,A,/^ oncf neutrino 

mojomno matrices ot t/ie uni/icotion scofe ca git;en in Tht/e 

6ut erpan^ecf m powers o / J = e = A = 0.22 ^#ote MR^(Mx)33 = 3.090 x 

10̂ '̂  GeV.; 

It is interesting to check that and in Table 4.5 do lead to a 

matrix dominated by the right-handed tau neutrino. As a result of the small 

mixing angles of MaR it is convenient to work in a basis where is diagonal. 
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Furthermore it is practical to scale such that the 32 and 33 entries are 

('̂ ;,)32 1, and approximate the normalized entries to (8emi-)integer 

A-powers. Thus using : 

0 0\ 

0 A^° 0 

\ 0 0 1 / 

A^̂  A^̂  

\Ai-5 1 1 y 

(4.79) 

into Eq. (4.8) gives : 

/ A3 0 + Â  ° + A« ° A '̂̂  + Â  0 + Â  ° Â -̂  + Â  ° + Â  ° \ 

A15 + A2 ° + Â  ° 1 + A «̂ + Â  « 1 + Â  ° + A4 0 

1 + A «̂ + Â  ° 1 + Â  ° + A4 » y 

(4.80) 

where the Arst (second and third) term in each entry corresponds to the third 

(second and hrst) family neutrino contribution ( /̂̂  and z/g) coming from 

Clearly Eq. (4.80) shows that even though, in this case, is the heavi-

est right-handed neutrino, it nevertheless dominates the 23 block, and that the 

sub-dominant contribution from induces Â  perturbations in that are 

compatible with the mass ratio. 

Using the MSSM RGEs adapted and properly extended to take into account 

the presence and successive decoupling of the right-handed neutrinos between 

the Q = Mx and Q = scales (see Appendix J) we find that the Yukawa and 

neutrino majorana matrices at low energy are given by Table 4.6. Thus, inserting 

the results of Table 4.6 into Eq. (4.8) and Eq. (4.12) we get the mass matrix for 

the left-handed neutrinos and the mixing matrix shown in Table 4.7. 

The predictions for the neutrino masses and squared mass splittings are shown 

in Table 4.8. In Table 4.9 we examine how the neutrino mixing angles evolve 

between the unification Q — Mx ^ 3 x 10̂ ^ GeV, the right-handed tau neutrino 

26 (A|,)AB —̂  (Ay)yig/A; with k — ^[(A:,)32 + ('̂ k')33] — A 0.384 

158 



mass Q = 3 x 10̂ '̂  GeV and the M/ scale. We see that the effect of the 

radiative corrections has increased the magnitude of sin ^12, sin 2̂3 and sin 1̂3 by 

2.5%, 6.4% and 2.4% respectively. These corrections agree with the results found 

in Ref. [126]. Finally, we present in Table 4.10 the predictions for the down and 

strange quark masses. 

/ 1.478 X 10-^ 8.484 X 10-^ 4.687 X 10-^\ 

8.920 X lO-'̂  3.143 X 10-^ -5.015 X 10-^ 

\ 5.058 X 10-^ -3.553 X 10-^ 0.905 y 

/ -4.605 X 10-'̂  9.379 X 10-"̂  -1.057 X 10-3 \ 

= -9.389 X lO-"* -1.795 X 10-^ 1.934 X 10-^ 

\ 1.175 X 10-^ 3.124 X 10-^ 0.862 / 

( -1.526 X lO-'' 8.832 X 10-'̂  -4.626 X lO-'̂ X 

Ae(M^) = 3.445 X 10-^ 2.931 X 10-^ 1.196 X 10-^ 

\ 6.611 X 10-^ -5.446 X 10-^ 0.522 / 

( 6.110 X 10-^ 2.699 X 10-^ 2.911 X 10-^\ 

2.271 X 10-^ 2.737 X 10-^ -2.428 X 10-3 

V 6.339 X 10-^ 0.394 0.562 / 

/ 3.987 X 10̂  5.651 X 10^ 9.981 X 10^° \ 

5.651 X 10^ 1.707 X 10̂ ^ 1.807 X 10̂ ^ 

V 9.981 X 10^° 1.807 X 10̂ ^ 2.879 X 10^"^/ 

TL45ZE jVumerico/ fo/uea /or /̂le enfnea 0/ (Ae yuAowo 

onii neu^nno mojorano mafricea a( (Ae Q = Af/ aca/e gifen 

i n ( 7 e y m o g a u n : Y a . ^ 

We would like to conclude this section by noting that the predictions for the 

neutrino parameters, in particular for the neutrino Am22 squared mass splitting, 
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should be taken carefully. Generally we expect at least 20% (theoretical) errors 

in the quoted values which, for example, arise from our inability to Ax order-one 

factors in the entries of MR_R(Mx). 

/4.792 X 10-=: 1.007 x 10':^ 3.458 x 10"^\ 

1.007 x 10-^ 4.610 X 10-:̂  5.659 x 10"^ 

\3.458 xlO-^ 5.659 x 10-:̂  1 / 

/ 0.8290 0.5532 -0.0819 \ 

-0.3948 0.6827 0.6149 

\ 0.3961 -0.4774 0.7843 / 

.̂ .7. fre(f)cW /or Zeyî -/ian(fej neufnno moaa 

;n unzYg 0 / ^ ^ 2 ( ^ 2 ) 3 3 = 3.954 x 10"^ eV onj /or neutrino m ^ n g 

= 4.84 X 10"^ eV = 5.79 x 10"^ eV mi,, = 5.39 x 10"^ eV 
1/3 

Am^2 = 3.35 X 10-^ eV^ = 2.87 x 10'^ eV^ 

frecfzcW t;oZueg /or fAe Ze/t-Acncfecf neutrino mogaea 

sguored moas sphffings Am22 = |, ^97123 = 

and 
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Q = Mx - 3 X IQiG GeV 

sin 1̂2 = 0.541 sm^23 = 0.578 sin ^13 = —0.080 

sin^(2gi2) = 0.828 siii^(2g23) = 0.890 sin^(2gi3) = 0.025 

Q = - 3 X lO '̂̂  GeV 

siii^i2 = 0.543 sin 2̂3 — 0.590 sin ^13 = —0.082 

sin"(2^i2) = 0.832 sin"(2^23) - 0.908 sin^(2^i3) = 0.027 

0 = M2 

sin^i2 = 0.555 sin^23 = 0.617 sin ^13 = —0.082 

sin^(2gi2) = 0.853 sin^(2g23) = 0.943 sin^(2gi3) = 0.027 

^unnmg o/̂ Ae neufnno mining angZea ci( un«̂ cô «on Q = Mx, 

rigÂ -Aoncfed (ou new n̂no moaa Q = M,,, ond Z boaon moga Q = Afg enef^y 

scdZea. 

mj ( l GeV) = 4.9 MeV = 156 MeV 

{TABIE fredicfions /or f/ie running MS massea 0/ t/ie doiun ond 

arrange j guorta Q = 1 GeV ond Q = M, reapec :̂t;eZy mdico^ea 

arrange pofe guark masaj 
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4.7 Conclusion 

We have discussed a theory of all fermion masses and mixing angles based on a 

particular string-inspired mmzmaZ model based on the Pati-Salam group x 

5'D'(2)f, X [4] supplemented by a gauged (7(1)^^ family symmetry. We 

argued that this gauge group preserves the attractive features of 5'0(10) such as 

predicting three right-handed neutrinos, and Yukawa unification, while avoiding 

the doublet-triplet splitting problem. Although it is not a unified gauge group 

at the field theory level, it naturally arises from string constructions and so in 

principle may be fully unified with gravity. 

Earlier work [107] had already shown that the model can provide a successful 

description of the charged fermion masses and the CKM matrix. The use of 

the (7(1)^ family symmetry to provide the horizontal mass splittings combined 

with the Clebsch factors arising from the insertion in the operators has 

already been shown to provide a powerful approach to the fermion mass spectrum 

in this model [107]. The present analysis differs from that presented previously 

partly due to the recent refinements in third family Yukawa unification [108], but 

mainly due to the recent data from Super-Kamiokande which implies that the 

32 operator should be renormalisable at the level of the C/(1)A^ family symmetry. 

We have therefore extended our previous analysis to the atmospheric and solar 

neutrino masses and mixing angles, and showed that all three MSW solutions to 

the solar neutrino data may be accommodated, namely the LMA MSW region 

discussed in the main text as well as the LOW MSW and the SMA MSW regions 

discussed in the Appendices. 

The approach to neutrino masses and mixing angles followed here makes use 

of the SRHND mechanism [99, 100, 9] in which one of the right-handed neutrinos 

(the gives the dominant contribution to the 23 block of the light effective 
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Majorana, matrix. This mechanism avoids reliance on accidental cancellations, 

and does not rely on excessive magnification of mixing angles, although a mild 

enhancement was observed in the numerical results in agreement with that ob-

served in [126]. Crucial to the implementation of SRHND in this model was the 

use of operators with "Clebsch-Gordon zeros", which gave a zero 32 contribution 

to the charged lepton and quark Yukawa matrices, but a non-zero contribution 

to the neutrino Yukawa matrix, thereby allowing small but large 23 mixing 

in the lepton sector. 

The analysis in this chapter is essentially "bottom-up". A particular choice of 

Z7(l)x family symmetry charges was used to give the horizontal mass splittings, 

and the vertical mass splittings were achieved by particular choices of operators 

corresponding to different Clebsch-Gordon factors in the leading contributions to 

each entry of the Yukawa matrix. We also assumed that the renormalizable 32 

operator was forbidden by unspecified string selection rules. It would be very 

nice to understand these choices from the point of view of a "top-down" string 

construction, such as the Type I string construction which has recently led to the 

Pati-Salam gauge group with three chiral families [6]. We believe that only by 

a combination of top-down and bottom-up approaches (such as that presented 

here) will a completely successful string theory of fermion masses and mixing 

angles emerge. We have shown that the recent discovery of neutrino mass by 

Super-Kamiokande provides precious information about the Savour structure of 

such a future string theory. 
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A p p e n d i x A 

This appendix lists the one-loop RGEs which we used to run the parameters 

between and Mp using the effective 422 model as described in Section 2.2. 

We have neglected the wave function renormalization of the GUT Higgs fields, 

therefore the equations resemble those of the MSSM+z/ with effective Yukawa 

couplings Aj, A.,, Ag, but with the (g) 5'(/(2)2, (g) 5'[/(2)B gauge group 

instead of the Standard Model gauge group. 

Group % 6, 

6'(7(4) 1 - 6 15/4 0 0 15/8 15/8 

6'C/(2)^ 2 1 3/2 3/4 3/2 3/4 0 

5'[/(2)B 3 1 3/2 3/4 3/2 0 3/4 

(?rciup /oc^ora oppeoring :n /̂le o/ (Ae 5'(7(4) g) (̂7(2)%, (g 

The gauge group factors are listed in Table A.l. The ^'s displayed above 

account only for the contributions coming from the F and multiplets. 
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More generally one can write: 

((>4,6],, 5^) = (—6,1,1) + 0,2) 4- 0) + ^^( l , 0,0) (A.l) 

where the second term refers to copies of pairs of Higgs bosons (jif, the 

third for copies of GUT Higgs bosons in the (4, 2,1), (4,2,1) representations 

and the last term for copies of D sextet helds in (6,1,1). These extra fields 

are necessary in order to guarantee that the gauge couplings remain unified above 

Mx [9]. 

Running of gauge couplings and gauginos : 

- 6. gf? 167r^^^ = 2 6 ^ ( A . 2 ) 

Running of superpotential Yukawa couplings: 

IGvr^-^ — [3 Tr{A^Au} + Tr{A]̂ Ai,} + 3A]̂ Au + A^Aj — 2 ] 

167r^-^ — Aj [ 3 Tr{AjAj} + Tr{A^Ae} + 3AjAj + A^A^ — 2 ] 

1 6 7 r ' ^ = A, [ 3 Tr{At A J + Tr{At A J + 3At A, + A^A, - 2 ] 

167r^-^ = Ae [ 3 Tr{AjAj} + Tr{A^Ae} + 3Â Ae + Aĵ A;, — 2 ] 

Running of Higgs parameter : 

IGTT -̂̂  = // [ 3 Tr{A^A^} + 3 Tr{AjAj} + Tr{Aj^A|,} + TrjA^Ae} — 2 ] 

Running of soft triliniar Yukawa couplings : 

1 6 ^ : ^ = i . 13 Tr{At A.} + Tr{AlA„} + SAjA. + AJAj ^ 2 4 g ; 
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2A^ [ 3 Tr{A^y4ti} + Tr{Aj^A;,} + 2Aĵ Au + A^Aj + 2 ĉ M ĝr? 

167r^-^ — Aj [ 3 Tr{A^Aj} + Tr{A^Ae} + SA^Aj + A^A^ - 2 ] + 

2Aj [ 3 Tr{AjAj} + TrjA^Ag} + 2AjAj + Aĵ A .̂ + 2 ] 

IGTT^-^ = Ae [ 3 Tr{AjAj} + Tr{A^Ae} + SÂ Ag + A^A^ — 2 ] + 

2Ae [ 3 Tr{Ajv4j} + Tr{AgAg} + 2Agy4g + A^A ,̂ + 2 ] 

IGTT^-^ = A;, [ 3 Tr{A^Ai.} + Tr{AtA,,} + SA^A^ + Â Ag - 2 ] + 

2A, [ 3 Tr{At A J + TrlA^AJ + 2At A, + A^Ag + 2 ] 

Running of soft Higgs parameter : 

167r^-^ = [ 3 Tr{At A^} + 3Tr{A3Aj} + Tr{At A J + Tr{AtAg} - 2 ] + 

2;/ [ 3 Tr{At A J + 3Tr{A;Aj} + Tr{At A J + Tr{Atig} + 2 

Running of soft scalar masses : 

dffi^ ^ ^ 
1677^-^^ = [ m^A^A;, + Aĵ (m2 + muc)Au + + 

— 2 [ + Au(m2 + + A^A^ + h.c.] — 8 ^^5'? 

+ ni^jc)Aj + AjAj + h.c.] — 8 

l ^ T T ^ — = 2 [ TTtjcAjAj + Aj(mi + m^)Aj + A^A^ + h.c.] — 8 

IGTT^-^ = [ m^Aĵ A^ + A^(m2 + m^c)A„ + A^A^ + 

/M̂ AgAg + Ag(m2 4- )%gc)Ag 4- A^Ag 4- h.c.] — 8 

1 6 7 r ^ - ^ = 2 [ mgcAgAl + Ag(mi 4- m^A^ 4- AgA| 4- h.c.] - 8 

= 2 [ nilX.Xl + XUrnl + A?)A; + AAl + hx . ] - 8 c f M l a f 
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Running of Higgs boson masses : 

2 Tr{m^Aĵ A^ + A2()?%2 + ?% ĉ)A|/ + — 8 

= 6 Tr{mgAjAj + Aj(mi + mjc)Aj + A^Aj} + 

2 Tr{?TT,̂ AgAe 4- Ag(m,2 + mgc)Ae + A^Ag} — 8 cĵ M^ 
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A p p e n d i x B 

The soft trilinear Yukawa couplings and mass terms of the 422 theory are 

and Below the symmetry breaking scale splits 

into and splits into mgc, We now specify how the 

Yukawa and the soft scalar mass matrices are diagonalized : 

(B.l) 

^ A;, ^'A,T=t = Â  (B.2) 

f 3) 

(B.4) 

_ y^,2 (B.5) 

The left-handed neutrinos obtain a small mass ^ after diagonalization of 

r = _l(z/ ° V ' ' I +h .c . (B.6) 
\ M J \ ' 
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The 6 x 6 charged slepton mass matrix in the basis (e, e':*) is given by : 1 

^ ( - I (B ') 
\ -//Aei;2 + )%ec + memT + 

diagonalized by 6"̂ , defined through : 

^ j^,e2 j^e2 ^ §) 

"go 

4 ) . 

. %z. 

2 2 and has eigenvalues denoted by =(m^ , 

The left-handed 12 x 12 sneutrino mass matrix in the basis 

where = (^, z/*) and :/'=*) is given by 

M " = , " , f (B.9) 
\Mii 

with the 6 x 6 blocks dehned as 

\ 0 + M§Z^C2/3 

M & = + My \ 

\ 4- MJMJ / 

M « = l / 2 ( (B.12) 

and general, to And the eigenvalues of we need to diago-

nalize the full sneutrino matrix in Eq. (B.9). However, since this matrix depends 

on two very distinct scales, the electro-weak VEVs and the right-hand mass. 

^The coeAcient of the X Held is 7^ — sin^ , where 7% and Qx are the isospin and 
electric charge of X. For Example = (—1/̂ ) ̂  ("1) 
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the lightest sneutrinos are approximately described by an elective 6 x 6 block 

matrix given by : 

{MSf"" = Mil - Mil y. {MS,)-'y. Mil (BA3) 

= 1/2 ^ 0 \ jg 

\ 0 / 

Comparing Eqs. (B.IO) and (B.14) we observe that, up to very suppressed terms 

of order the two matrices are equal except for the Dirac mass contribution 

absent in Therefore the light sneutrinos ^ <̂2, have masses : 

The matrix is diagonalized by defined through : 

S L M l l S H = = Diag(m5., m, , , m,,) (B.16) 

The ys in Eqs. (2.14)-(2.16) are defined by : 

Vll = Sl^T' i (B.17) 

S I « 5 = ' \ 

Finally we provide the expressions for J and jif appearing in Eqs. (2.14)-

(2 .16) : 

J.,A = (B.is) 
k=l,2 

h„a = E (B.20) 
r = 1 . . 4 
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(B.21) 

Here ^p,, = 5',g') and the function JT" ("H) arises f rom chargino (neutrahno) 

loop integration [16]. The (snpersymmetric state) indices z, j , p and g can take 

values among : % = (1,2) = A^), j = (1,2) = ^ ^ ) , p and g = 

(1,2,3,4) = (B, #°) . 6"̂  and diagonalize 

the 2 x 2 chargino mass matrix which has eigenvalues Similarly 5'^ 

diagonalizes — M'^] the 4 x 4 neutralino mass matrix which has 

eigenvalues : 

M c 
\ -v^ MpKC/; ^ 

M N 

Ml 

0 

0 

Mz 

Mgc^cg 

(B.22) 

M^c^cg 

0 

- f i 

-Mg6,gCg 

0 

(B.23) 

/ 
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A p p e n d i x C 

This appendix is intended to give an overview of fermion masses and mixing 

angles predicted by this model. Ultimately we have in mind their comparison 

with the available data. We will focus on the effects associated with the running 

of the parameters between the weak and GUT scale and their variation with the 

right-handed neutrino decoupling scale For convenience we show below the 

CKM matrix [25] : 

/0.9747 - 0.9759 0.218 - 0.224 0.002 - 0.007 \ 

0.218 - 0.224 0.9735 - 0.9751 0.032 - 0.054 

\ 0.003 - 0.018 0.030 - 0.054 0.9985 - 0.9995 / 

(C.l) 

The results in Tables C.1-C.4 correspond to input values of = 0.115 and 

7716 = 4.25 GeV. Variations due to different choices of these parameters are sig-

nificant ^ and have been partially considered in Ref. [7]. Since we worked with 

one-loop RGB all the tables are independent of the Planck scale parameters mo, 

Mi/2 Aq. 

^See for example Fig. 2.1. 
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C J . 

M,/Mx y i yv4j yB yC yD y33 

1.0000 

0.0001 

0.0110 

0.0131 

-0.00032 

-0.00038 

-0.0151 

-0.0194 

0.0056 

0.0067 

0.0074 

0.0087 

0.958 

1.310 

C. WumencdZ foZues o/ Âe F non-renormaZ2zo6/e operô ora, de-

scnkcf m ̂ gs. compuW (/le un«_̂ cafion acoZe /or cAo;ces o/ 

M .̂ 

In Table C.l we show the values that the y operators appearing in Eqs. (2.2)-

(2.5) take at the GUT scale, for two values of M,, = Mx and M,, = 2 x 10̂ ^ GeV. 

Operators F and 33 can be seen to be the most sensitive to M^. 

C.f. 

yQ yz, 

Weak GUT Weak GUT 

Vi2 0.2210 0.2210 0.0625 0.0625 

0.9752 0.9752 0.9980 0.9980 

V22 0.9743 0.9747 0.9974 0.9976 

%3 0.9990 0.9995 0.9993 0.9995 

7%^^^ C.,9. ATtimenco/ co/uea o/̂ /ie mog( guort (y'^) ontf /ep(on (y^) 

ongZea compu^ej (o 6ea( (Ae C/TAf mo(r«r uaing ae/ec^ej opeTiâ org 

anj êr̂ ure acfopW :n (̂ gee aZso 7b6Ze C.^.^ 

In Table C.2 we have collected the mixing angles which are approximately 
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insensitive to changes in M., and stable relative to RGE effects. We denoted the 

quark CKM matrix by and the leptonic counterpart by ^ ^12)- The 

Clebsch factors in Eqs. (2.2)-(2.5) imply ^ ^ 

= Mx Weak GUT 

Input Output Input Output 

0.0430 0.0430 0.0310 0.0310 

Vi 0.0429 0.0437 0.0309 0.0315 

v;? 0.0045 0.0078 0.0032 0.0056 

0.0051 0.0019 0.0036 0.0013 

i-'ii, 

vi, 0.0352 0.0315 

vA unknown 0.0352 unknown 0.0315 

VA 0.0016 0.0014 

% 0.0006 0.0005 

C.,9. Â wmerica/ roZueg 0/ (/le moaf gen5:Y:t;e guorA oncf Zepfon 

(y^) miMnga ongZeg, compû etf M̂eoA; ancf GC/T" energy gccZes, (ferinej 

/rom (Ae operofors oncf otfopW m 

In Table C.3 we include the remaining and entries not present in 

Table C.2 = 2 x 10̂ ^ GeV). The reason for the discrimination is threefold. 

Firstly because we are now confronted with values that are more sensitive to 

is relevant to note that the Y operators were chosen because they can, not only account 
for the experimental fermion mass pattern but predict successfully "natural" mixing angles as 
well. By this we mean that we were careful to select them in such a way that none arises as the 
residue of an almost complete cancellation of the contributions coming from the up and down 
Yukawa matrices. 
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variations in For example, taking = 10^^ x Mx eEects the values shown 

to about 7%. Secondly because the mixings in Table C.3 are generally not aa 

stable to RGB effects as the ones in Table C.2 and Anally because we wanted to 

call attention to the fact that the values that are actually used when we computed 

LFV processes, denoted by output, are not exactly the same as the ones we have 

available from experiment (input). The discrepancy arises when we replace the 

GUT Yukawa couplings by others parameterised by our set of operators arranged 

in a successful "Texture." 

7.8 MeV 214 MeV 178-175 GeV 

0.2 MeV 760 MeV 115-122 GeV I.G-IO-'^ eV 

jVumenccZ /or maaaeg o/ f/ie cfown, arrange onj 

guorta on j /or f/ie /̂iree neutrino gpecieg. 

Finally in Table C.4 we present the predictions for some fermion masses. 

Whenever two values are shown for the same parameter, the first is associated 

with My = 10"^ X Mx while the second with The down (strange) 

quark has a mass within the 5-15 (100-300) MeV range quoted in Ref. [25]. The 

mt, values correspond to the unphysical maas directly obtained from the neutrino 

Yukawa couplings [for example ^ 2̂(A„)TT]- On the other hand, the physical 

mass of the tau-neutrino is correctly obtained after taking into account the see-

saw suppression mechanism which forces it to scale as ^ /M^. In all cases we 

obtained predictions fairly compatible with experimental data. 
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A p p e n d i x D 

In this appendix we brieSy summarize our conventions and explain in detail the 

notation concerning the diagonalization of the mass matrices. The superpotential 

of the MSSM+i/'^ model is given by : 

+v'A(\)ABl%hi - e'A{K)ABl%h1 + / j /CAj) + \(M,)abv'AV% (D-1) 

where ei2 = — 2̂1 = 1, A, B = 1 , 3 are Savour indices and = 1,2 are 

indices. The Yukawa matrices are diagonalized by the following transformations : 

5"A,r=t:^A^ (D.2) 

where the primed A's are diagonal. In this notation the CKM matrix is given by 

y = lagrangian of the model also includes trilinear, soft scalar 

masses and gaugino masses given by : 

+ b.C. (D-3) 
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^ + (D.4) 

+ e ^ ( ? % g c ) A g 6 g + ) + h . C . 

r = iMiAiAi + iMgA^A^ + iMgA^Ar + h.c. (D.5) 

The chargino and nentralino mass matrices can be conveniently written in the 

basis of the following 4-component gaugino and higgsino fields : ^ 

M/- = 
—%A 

2A+ 
= (D.6) 

g = 

Thus, 

and, 

—%Ai 

zAi 

C = 

C 

-^A '̂ 

a : 
-

/ Afg \/2Af;ya^ \ ^ R 

H 

HI 

-f- h.c. 
B 

(D.T) 

(D.8) 

AfzC/gag \ / A \ / M l 0 

0 Afg Af^c^cg —Af^g^cg 

—Afgĉ gg Af/c^cg 0 — 

\ Af̂ /̂̂ ag —Af̂ g/3Cg —// 0 / \ H i i 

(D.9) 

where S;) — sin;^, = coSj8 (tan,8 = 'U2/i'i = the ratio of the np/down Higgs 

VEVs) and ^ the weak mixing angle. The chargino mass matrix Af^ in Eq. (D.8) 

and the neutralino matrix Af^ in Eq. (D.9) are diagonalized by : 

Diag(m^_,m^_) 

Diag(m^o,m^o,m^o,m^o) 

= (Ag :F*A2)/-\/2 

(D.IO) 

(D.ll) 
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