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Aluminium extrusions have been used widely as the main structural component of railway
passenger trains. To model the interior noise of trains at an early design stage, the
vibroacoustic behaviour of aluminium extrusions needs to be modelled. The method of
statistical energy analysis (SEA) has been correctly identified by vehicle manufactory as
the most appropriate approach for this purpose. The objective of this thesis is to establish
a modelling approach for aluminium extrusions which enables an extruded panel to be
represented in terms of a small number of subsystems and be incorporated into the overall

SEA model for interior noise of vehicles.

To estimate the modal density of extruded panels, the effects of boundary conditions on
the mode count and modal density of one- and two-dimensional structural systems, beams
and plates respectively, are investigated by using the wavenumber integration method. It
is demonstrated, for one-dimensional systems, that the average mode count is reduced by
between 0 and 1 for each boundary constraint, depending on the type of boundary
conditions. The effects of line constraints on the mode count of two-dimensional systems
are similar to the equivalent one-dimensional constraints but they are always frequency-
dependent. The modal density is largely independent of boundary conditions for one-
dimensional systems, although there are exceptions, while it is dependent on boundary

conditions for two-dimensional systems. The results are compared with those from



previously published formulae for natural frequencies and with results from finite element
(FE) analysis. Inclusion of the effect of the boundary conditions in SEA estimations will

result in improved agreements with both analytical and numerical model results.

To model the sound radiation from extruded panels, the avefage radiation efficiency of
point-excited rectangular plates, including those with a very large aspect ratio (‘strips’), 1s
investigated by using a modal summation method based on the far-field sound intensity.
By taking an average over all possible forcing positions on the plate, the cross-modal
contributions average out to zero. The numerical results from the modal summation are
compared with established formulae for rectangular plates. For wavenumbers where
acoustic circulation takes place, it is shown that the previously published formulae are not
applicable for predicting the average radiation efficiency for a strip. Approximate
expressions for calculating the average radiation efficiency of the strip are then derived.
The maximum radiation efficiency of a rectangular plate around the critical frequency is
found to vary less with Helmholtz number k.a, where k. is the wavenumber at the critical

frequency and a is the width, than previously published models suggest.

The vibration behaviour of an extruded panel is dominated by global modes at low
frequency while local modes of individual strips are dominant at high frequency. By
taking account of the boundary effects, the approximate mode count and modal density
are obtained for extruded panels. The result is compared with that from an FE model. The
coupling between global and local modes is modelled in terms of the travelling global
waves exciting the edges of each strip under the assumption that the local modes of each
strip are uncorrelated. The coupling between local modes is modelled using standard
expressions for various structural joints. The average radiation efficiency of the extruded
panel is developed using a modal summation approach. SEA models for extruded panels

are finally assembled using these components.

Experiments are carried out on a sample extruded panel using mechanical excitation to
validate the proposed models. The radiation efficiency is also measured using a
reciprocity method. The response of the panel is predicted using SEA models for both
acoustic and mechanical excitation. The results are compared with measured results with

generally good agreement, especially for mechanical excitation.
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1 INTRODUCTION

1.1 INTRODUCTION

The passenger travelling environment is always considered to be of prime importance in
the design of modern railway vehicles. The provision of acceptable noise levels inside a
rail vehicle contributes significantly to the comfort of passengers. There is therefore a
commercial pressure to reduce internal noise. In the last thirty years, higher train speeds
and the use of lighter rolling stock, both for urban and long distance journeys, have
accentuated the need for careful acoustic design. At the same time lightweight extruded
aluminium panels have become widely used and these have a poor acoustic

performance [1, 2, 3].

The reduction of the interior noise also receives more and more attention in other
transport systems such as automobiles and aeroplanes. Consequently, low noise
construction becomes one of the major challenges in the engineering community. As
computer aided design and vehicle dynamics simulations become increasingly powerful,
the development of new vehicle models is carried out at a very fast pace. This requires a
validated acoustical prediction model optimising the design at the initial design stage
rather than retrospective modification. To find a solution for the reduction of interior
noise, a multidisciplinary problem has to be solved. This has attracted numerous efforts in
theoretical analysis, numerical simulations and practice. Over the last few decades,
structural vibration and structural acoustics, the interaction between structures and

acoustics, have been extensively investigated.

It is clearly better to consider noise control when a new vehicle model is being designed
rather than to wait until it is built. This can reduce the need for add-on noise control
systems later in its life. Applications of numerical methods, mainly the Finite Element
Method (FEM) and Boundary Element Method (BEM), have been employed in the
improvement of certain acoustic characteristics of structures [4, 5]. Concerning the
interior noise inside vehicles, in most cases, the structure is modelled using FEM and the

acoustic domain is modelled using either FEM or BEM. Applications of these techniques



to study passive noise control are mostly applied on the simplified and idealized structure
for aircraft fuselages [6] and cars [7, 8] until now. Many different approaches to the

methods of structural-acoustic optimisation have been reviewed by Marburg [9].

Although development of computers has enabled a wide range of applications of such
numerical methods by increasing speed and efficiency, the uncertainties of modelling a
complex structure at high frequencies using FEM will affect the accuracy of the
simulation model. A successful result requires a profound understanding of the underlying
physics of the structural dynamics and acoustics. The essence of such passive control
therefore still relies on whether or not an accurate predictive model is available.
Moreover, high frequency limitations of numerical methods still exist. The computational
efficiency using FEM decreases substantially as frequency increases. The main reason for
this is due to the fact that the wavelength of the structural deformation reduces with
increasing frequency, thereby leading to unfeasibly large models in terms of the number
of elements required. This difficulty applies for most of the audible frequency range of

noise inside vehicle.

For noise analysis then, it is a challenge for engineers to decide which method might be
best suited for a particular purpose because there is not a universal modelling approach for
actual complicated structures such as a car or a railway vehicle. As to the present topic,
the interior noise of railway passenger trains, very few studies have been carried out
compared with those for the aircraft and automotive industries. Consequently, the acoustic
environment inside many railway vehicles is not well understood and the effect of noise
control measures is limited. A literature review in this field will be given in the next

subsection.

In the case of a running train, the possible sources of dynamic excitation cover a very
wide frequency range and mainly include the rail-wheel excitation, engine excitation and
boundary layer turbulence at high speeds. Eade et al, [10] presented some examples of
measured interior sound pressure levels for different types of trains, as shown in Figure
1.1. These cover a very wide frequency range from 20 Hz to about 5 kHz. As well as
limiting the application of FEM analysis, which will be too computationally intensive at

higher frequencies, FEM requires too much detail to be used at early stage of the design.



Alternatively, Statistical Energy Analysis (SEA) can be considered to be useful to model

the interior noise of railway passenger trains.

Band level (dB, ref 2x10 Pa)

- i N | 1 i { )

31.5 63 125 250 500 1k 2k 4k 8k
Octave band centre frequency (Hz)

Figure 1.1. A comparison of internal noise levels (from Eade [10] 1977).
—, B.R. Mk. I second class at 145 km/h; — —, B.R. MKk. IID first class at 145 km/h; - - -, B.R. Mk. I
second class at 145 km/h; -----, S.N.C.F. 52t coach first class (compartmented) at 140 km/h.

SEA [11] is now one of the most commonly used tools used in the field of the analysis of
the response of a coupled structural-acoustic system at high frequencies. It deals with
spatially averaged response levels within frequency bands rather than the precise details
of mode shapes and resonance frequencies. This enables SEA to bypass the difficulties
involved in developing a detailed mathematical model of high-frequency vibration and
gives reasonable approximations. In SEA, the system is modelled as a collection of
subsystems, each of which is assigned a single response variable corresponding to the
vibration energy. By considering the average interaction between the modes of different
subsystems, SEA can be used to estimate the response levels for each subsystem at high

frequency.

It is obvious that, within the vehicle interior, the passenger listening location varies
considerably. Therefore, it would be inappropriate to make any optimisation based on the

sound pressure at one or a few specific locations. Prediction of interior noise may



therefore be considered based on the power transmitted into the vehicle interior.
Moreover, it is inevitable in the production of any type of vehicle that differences will
exist between individual vehicles, that can be described by a statistical variance. Ideally,
the predictive model should be able to deal with this variance within the ensemble of
vehicles. It should not be over-sensitive to detailed features. However, all common control
measures should be included; in particular, mass, stiffness, damping and absorption. SEA

appears to satisfy all the requirements sought of this predictive model.

This thesis is concerned with a modelling approach for the interior noise of rail vehicles
using SEA. An overall SEA model for the interior noise of vehicles will firstly be
discussed in Chapter 2, where subsystems will be defined. The essence of this model is to
use a small number of subsystems to describe the vibro-acoustics of the vehicle in overall
terms rather than a model consisting of many subsystems describing the structure in
detail. However, it is not the key issue in this thesis to address how to decompose the
whole vehicle into subsystems, to run this SEA model to predict the interior noise, to do
any sensitivity analysis, or to implement any design optimisation. Instead, the major work
is concentrated on the fundamental study of several specific topics related to modelling
extruded panels, which are commonly used to construct the floors and walls in modermn
rail vehicles. It is believed that a good overall model can only be established once an
appropriate model for extruded panels has been obtained in terms of SEA. This must be

based on a good understanding of the underlying physics of extruded panel behaviour.

Literature reviews for the studies on the interior noise of railway vehicles and for studies
on extruded panels will be presented in sections 1.2 and 1.3. Other literature related to
general topics within the fields of acoustics and vibration, which will be involved in

modelling extruded panels, will be reviewed in sections 1.4, 1.5 and 1.6.

1.2 REVIEWS OF STUDIES OF THE INTERIOR NOISE OF RAILWAY
VEHICLES

The study of the noise inside a railway vehicle can be traced back to the 1970’s. By using
experimental methods, the ratio of structure-borne to air-borne noise was determined by
Bickerstaffe and Eade [12]. It was found that for passenger vehicles on ‘noisy’ track the

structure-borne and air-borne components were comparable but on good ‘quiet’ track



structure-borne noise predominated. Still, it is necessary to take account of turbulent

boundary-layer noise, the importance of which increases as the running speeds increase.

Eade and Hardy [10] discussed the mechanism by which the noise from various sources
reaches the passenger in a rail vehicle. It has been noted that vehicles with quite different
suspension systems and bodies have very similar structure-borne noise levels inside them.
Through the knowledge of the measured transfer function between the interior level and
each external input, the interior noise level was estimated. It was proposed in their study
that it is possible to determine how much mass is needed in the various body panels. It
was also emphasized that this sort of modification can only be carried out at early stages

of the vehicle design.

Hardy and Jones [13] gave an overview of the sources of internal noise and mechanisms
by which the sound enters the passenger areas. The measures which can be taken to
influence those mechanisms were also discussed with a qualitative analysis. Both the level
and the spectrum of the noise should be considered to produce a desirable acoustic
environment for vehicle interiors. The criteria for assessing the acoustic comfort of a
coach were also discussed by Hardy [14]. Once more, it was emphasised that the
improvements to produce quieter vehicles can only be effectively incorporated if the
process is started at the very early stages of design. Once the vehicles are built, it is
generally too late to achieve much noise reduction. Large costs would be required for only
minor improvements. It is therefore important for a manufacturer to have a tool available

by which to predict the acoustic behaviour of a new vehicle at an early stage.

In the 1990’s, the method of Experimental Statistical Energy Analysis (ESEA) was
applied to investigate the vibro-acoustic behaviour of a high-speed train. De Meester and
Hermans [15] give a description of ESEA applied to the medium and high frequency
range vibro-acoustic behaviour of a high-speed train. The internal, and coupling, loss
factors were derived through experiments based on the method given by Lalor [16]. The
derived loss factor model was used to determine the power flows of vibration through the
structure from the given inputs. The input power was applied on the support beams of the
floor. The aim was to understand how the energy could flow to the interior cavity. This
SEA model was also used to assess the sensitivities of energies to loss factor changes for a

given input power configuration. A similar work was also reported by Lalor [17].



Other recent applications of experimental or theoretical SEA to high-speed train carriages

and a driver’s cabin are found in references [18, 19, 20].

Experimental SEA is only useful for studying an existing design once a prototype has
been built. This would be too late to influence the design significantly. On the other hand,
predictive SEA can be used at an early stage in the design. However, little work
concerning predictive SEA is reported in the literature. Shaw [1] studied internal noise of
railway vehicles using SEA in his MSc project. In his work, he established an SEA model
for a complete vehicle (a diesel multiple unit) including a model for extruded panels.
Although the dynamic characteristics of extruded panels were not investigated sufficiently
to provide an appropriate SEA model for the extruded plate, the potential use of the SEA

technique in the prediction of railway vehicle interior noise was shown.

Orrenius [21] presented an acoustic optimisation model for rail vehicles. The objective
function in his model that is to be minimized is the total mass of the car body, subject to
satisfactory sound pressure levels inside the vehicle. The interior cavity was modelled as a
corridor and subdivided into a series of cavities. Based on the assumptions in room
acoustics, an SEA power flow formulation was used to calculate the sound level
distribution within the vehicle. However, for the airborne transmission of each body
component, only mass law behaviour was considered in this simple model. More
sophisticated models are required. Orrenius and Stegemann [22] and Stegemann
[23]recently presented an SEA model using AutoSEA?2 software [24] for a metro vehicle.
This model included both the air-borne and structure-borne transmission paths. Their
work identified certain modelling tasks, which need to be investigated before using a
commercial software package such as AutoSEA2. Such areas include estimation of input
powers for structural excitation from measured data, modelling the sound field outside the
car body and certain coupling loss factors needed for coupled subsystems typical for rail
vehicles. Backstrom and Orrenius [25, 26] studied the transmission loss of train partitions
(C20 metro vehicle and Regina intercity train) by comparing measurements with

published models for a double wall.

So far, there is generally not a comprehensive predictive model available covering the

whole frequency range for the interior noise of railway vehicles. Engineers still rely on the



classical approaches and experience to consider this aspect in the early vehicle design

stage.

1.3 REVIEW OF THE STUDY ON EXTRUDED PANELS

Extruded aluminium panels are often used in the construction of modern railway vehicles.
These consist of two outer skins and an interconnecting plate lattice. Figure 1.2 shows a

sketch of a typical extruded panel.
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Figure 1.2. Example of an extruded panel.

Shaw [1] first studied the extruded plate in terms of SEA. His work was concentrated on
the prediction of both the air-borne transmission loss and the noise radiated by
mechanically excited vibrations. In his SEA model, the extruded panel was represented by
subsystems composed of two outer skin plates and one tie plate. It was assumed that the
tie plate subsystem represents a plate of the same size as the combined area of all
interconnecting plates. All the structural connections were considered to be 90° T-type
junctions. However, his model cannot take account of the global behaviour of extruded
panels at low frequencies. Using different configurations of the SEA model, Shaw made
attempts to predict the transmission loss of extruded panels in octave bands between

125 Hz and 4 kHz using his SEA model. It was shown that it is inappropriate to represent
the extrusion cavity as a single cavity subsystem because in reality it is series of small
cavities. It is plausible to use this reason to ignoring the extrusion cavity in SEA model.
More convincingly, it should be taken into account that the stiffness of the tie plates is
much greater than the air in the extrusion cavity and therefore dominates the coupling of
the vibration of the outer plates. By increasing the damping loss factor of extruded panels,
and using the radiation efficiency of a stiffened plate having similar stiffening

arrangements to the actual extruded panels, better agreements with measurement results



were obtained. Shaw noted that a good estimate of the radiation efficiency for extruded

panels is important to develop an SEA model predicting the sound transmission loss.

Geissler and Neumann [2] calculated the transmission loss of extruded panels by using
predictive SEA. In their study using AutoSEA, the equivalent sandwich panel and the rib
stiffened plate formulations were used to represent extruded panels as subsystems in the
SEA model. The calculation results showed considerable deviation from the measured
data but the reasons were not fully analysed. Bruhl et al. [27] presented studies on the
sound transmission loss and vibrational behaviour of extruded panels using AutoSEA2. It
was found that sandwich models fail to predict the vibration response at high frequencies
where differences in the vibration levels between the two outer skins occur. This requires
further investigations of the basic characteristics of vibrations within an extruded panel to

improve the SEA model.

Kohrs [3] presented a hybrid method for transmission loss prediction consisting of FEM
calculations of the extruded profile and an analytical transmission loss model for an
orthotropic single plate. In his work, the Discrete Fourier Transformation (DFT) technique
was used to transform the local velocity distribution from FEM calculations into the wave
number domain. By using an analogy with a single orthotropic plate, frequency-dependent
bending stiffnesses were extracted. Instead of using the static bending stiffness, these
extracted frequency-dependent bending stiffnesses were finally used in the conventional
model for the orthotropic plate to predict the transmission loss. The method yielded a
good agreement of transmission loss up to about 1000 Hz compared with measurements.
The results from FEM calculations were also validated by comparing with mobility
measurements made on a narrow sample of an extruded panel. Kohrs observed the wave
motions involved within the extruded profile through a two-dimensional FE model and
gave a qualitative discussion to explain the possible causes of the behaviour of the
transmission loss obtained from measurements. He noted the in-phase deformation of
outer plates between adjacent stiffeners at low frequencies and out-phase above certain
frequencies, and inferred the requirement of further understanding of the wave motions
within extruded panels. However, his model does not distinguish the global behaviour at

low frequencies and vibration localisation at high frequencies of extruded panels.



Pezerat et al [28] recently presented an analytical model for extruded panels, in which the
motion is decomposed in terms of the assumed mode shapes of the two outer plates.
Continuity of displacements and rotations at each connection leads to a system matrix
equation. It was claimed that the model permits calculation of intrinsic parameters of the
structure (eigen modes, modal density), quantities concerning acoustic radiation for
mechanical forces and/or plane wave excitations (mean square velocity, acoustic power,
efficiency), and acoustic transmission loss for plane wave or diffuse field excitations. So

far, only numerical results for the transmission loss in a diffuse field have been given.

In general, current studies on extruded panels are not sufficient to reveal the underlying

physics involved. Consequently, more investigations are required in this area.

1.4 MODE COUNT AND MODAL DENSITY

In order to represent an extruded panel as a single SEA subsystem or a simple SEA
model, it is necessary to know its modal densities. The modal density is one of the most
important parameters required to define a subsystem within SEA. It is the average number
of modes in a unit frequency interval. Related to this is the mode count, the average
number of modes occurring below a certain frequency. Investigations of the mode count
and modal density of extruded panels therefore form one of the major topics in the present

thesis.

The mode count has the form of a ‘staircase’ function taking integer values that increase
by 1 at each resonance frequency. However, it is often more appropriate to work in terms
of an average mode count, which is a smooth line which approximates the staircase
function (see Figure 3.3). This can also be seen as the average number of modes below a
certain frequency occurring within an ensemble of notionally similar structures in terms of
SEA. The derivative of this average mode count with respect to frequency is the modal

density, which is also a statistical quality.

The evaluation of the mode count and modal density involves the determination of the
frequency equation for the structure under consideration from the appropriate equation of
motion and then counting the resonance frequencies over all possible modes of vibration.

This yields an expression for the mode count in terms of frequency. The differentiation of



the expression of the mode count in terms of frequency will then yield the expression for
the modal density in terms of frequency. For a simple vibrating rectangular plate, the
asymptotic function of the distribution of eigenfrequencies has been analysed by Courant
and Hilbert [29] based on the k-space integration technique and by Bolotin [30] based on
asymptotic methods. However, for a complicated structure, this mathematical solution is

usually impractical.

The mode count and modal density of basic structural elements such as beams, plates and
shells were investigated several decades ago [31, 32, 33, 34]. Hart and Shah [32] gave a
systematic discussion of the modal density of many basic structural elements. Cremer,
Heckl and Ungar [35] and Lyon [11] also gave expressions for the mode count and modal
density of these basic elements of structures. Langley [36] discussed the modal density of
anisotropic structural components. All these results have been used extensively in the
applications of SEA for many years. In general, these expressions are based on the forms
in which the modal density is taken to be independent of the boundary conditions and is
proportional to the size of the system. Hence the mode count of a structural system is
proportional to the length for a one-dimensional structure, to the area for a two-
dimensional one and to the volume for a three-dimensional one. For more complicated
structures, the simple additive property, that the modal density of the complicated system
is equal to sum of the modal densities of its components, is utilised in the applications of

SEA [32, 37].

The effect of boundary conditions on the mode count and modal density has received
comparatively little attention, being seen as of secondary importance. In the expressions
for evaluating the mode count of structural SEA subsystems, presented by Lyon and
DeJong [37], the effect of boundary conditions on the mode count and modal density was
indicated in terms of a coefficient Jp¢ that is indicated as usually constant for one-
dimensional subsystems and usually assumed to be zero for two-dimensional and three-
dimensional subsystems. However, for acoustic SEA subsystems, such as, for instance, a
cavity with rigid walls, the mode count is given by [38]

4y
3¢?
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where Vis the volume, S is the total surface area, L is the total length of edges, c is the
sound speed in air and f'is frequency. This expression was first obtained by Maa [39]. For
zero pressure boundary conditions the above expression becomes

4V
3c?

N(f) = f3—Z—:; 2+§C—f (12)

which was given by Roe [40]. This demonstrates that the boundary conditions do have
effects on the mode count, and from the derivatives of equation (1.1) and (1.2), also on the
modal density although clearly as frequency increases, N(f) becomes dominated by the
first term, proportional to the volume. The types of boundary conditions that may be
present on structural systems are more diverse and therefore require a more extensive

analysis.

More recently, Bogomolny and Hugues [41] and Bertelsen, Ellegaard and Hugues [42]
give expressions for the mode count of a rectangular plate under three standard boundary
conditions: free, simple support and clamped on all edges, based on the rigorous analysis
by Vasil’ev [43]. In their expressions, there is a perimeter term, which corresponds to dpc
as given in reference [37]. However, for one-dimensional systems and the rectangular
plate under other combinations of boundary conditions, this perimeter term (or Jzc) is still

not generally available.

For complicated structures, it is thought that boundary conditions and intermediate
constraints have certain effects on the mode count and modal density of the structures.
The determination of these effects quantitatively or qualitatively therefore forms one of
the major areas of study in the present thesis. The objective of this study is to enable the
modal density of extruded panels, or other complicated structures, to be evaluated based

on these investigations.

1.5 SOUND RADIATION

To consider the sound transmission of extruded panels using SEA techniques, the
radiation efficiencies of the extruded panels must be known. The radiation efficiency of a
structure is essentially a quantity measuring the strength of the coupling between the
structure and the surrounding fluid. Before the radiation efficiency of extruded panels can

be modelled, the radiation efficiency of rectangular plates is first studied.
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The sound radiation from a vibrating rectangular plate is of great practical importance and
has been investigated extensively over many years. For a flat plate set in an infinite baffle,
the radiated sound field can be calculated by a Rayleigh integral approach [44]. There are
two common approaches used to determine the radiation efficiency, or resistance,
theoretically. The first is to integrate the far-field acoustic intensity over a hemisphere
enclosing the plate. The other approach is to integrate the acoustic intensity over the
surface of the vibrating plate. Both approaches require a knowledge of the distribution of
vibration velocity over the plate. This is usually obtained by assuming the boundary
conditions are simple supports. Since plate vibrations generally involve many
superimposed modes, the radiation efficiency of a plate, in principle, can be obtained by
summing the effect of all the modes that contribute significantly in the frequency range

under consideration.

The radiation efficiency of a single mode of the plate is usually called the modal radiation
efficiency. The total radiation efficiency of the plate is called either the ‘average radiation
efficiency’ or the ‘weighted radiation efficiency’. In the literature, both the terms
‘radiation resistance’ and ‘radiation efficiency’ are used, the latter being the radiation
resistance normalised by the surface area and the impedance of air. The radiation
efficiency is thus defined by

_ Rrad _ I/Vrad

B pes - pcS <?>

o}

(1.3)

where R,.q is radiation resistance, W,,, is power radiated by the plate, S is the area of the

plate, <v_2> is the spatially averaged mean square velocity of the plate, p and c are the

density of air and the speed of sound in air respectively.

For a detailed study of the radiation it is necessary to derive expressions for the radiation
resistance of particular structural mode shapes of the plate. As early as the 1960s,
Maidanik [45] first proposed several approximate formulae for calculating the modal
radiation resistance in the whole frequency range. Wallace [46] presented exact and
approximate expressions for the modal radiation efficiency of rectangular plates at
arbitrary frequencies below the critical frequency. He investigated the effects on radiation

efficiency of the inter-nodal areas and their aspect ratios. The characteristics of the
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radiation from a baffled rectangular plate were clearly shown. Gomperts [47, 48]
investigated the modal radiation of a rectangular plate under general boundary conditions.
It was found by Gomperts that plates with greater edge-constraints do not always have
larger radiation efficiencies than less edge-constrained ones, and the radiation efficiencies
for two-dimensional vibration patterns differ rather considerably from those for one-

dimensional vibration patterns.

In addition to these methods, Heckl [49] analysed sound radiation of planar sources by
using a Fourier transform approach in k-space (wavenumber space). Leppington [50] later
introduced several asymptotic formulae to calculate the modal radiation efficiency for
large acoustic wavenumbers, especially in the range close to the critical frequency.
Williams [51] proposed a series expansion in ascending powers of the wavenumber £ for
the acoustic power radiated from a planar source. Most recently, Li [52] gave an
analytical solution, in the form of a power series of the non-dimensional acoustic
wavenumber, to calculate the modal radiation resistance of a rectangular plate for

moderate wavenumbers.

As well as modal radiation resistances, the average radiation of a plate has also been an
active subject of study because of its practical importance. It was also Maidanik [45] who
first applied the concept of power flow and statistical energy analysis to overcome the
burdensome calculation at higher frequencies where many modes contribute to the
vibration of a plate. He presented a formula for the average radiation resistance based on
the assumption of a reverberant vibration field (equal modal energy). A similar modal-
average radiation curve was presented in reference [53]. Leppington [50] re-investigated
the problem of average radiation efficiency and revised some of Maidanik’s work, using
the assumption of high modal densities for the plate. His assumption is based on the same
principle as Maidanik’s. It was found in Leppington’s study that Maidanik overestimated
the radiation resistance at coincidence, particularly for a plate with a very large aspect
ratio. Leppington also gave an equivalent formula to Maidanik’s for large acoustic

wavenumbers.

However, in the works of both Maidanik and Leppington, the radiation resistance was
considered without including the cross-mode contributions. Snyder and Tanaka [54]

introduced the contribution of the cross-modal couplings to calculate the total acoustic
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power at low frequency using modal radiation efficiencies. It was shown that the cross-
mode contributions are only non-zero for pairs of modes that are either both odd or both
even in a given direction. The mutual radiation resistance was also investigated recently
by Li and Gibeling [55, 56]. It was found that the cross-modal coupling could have a
significant impact on the radiated power, even at a resonance frequency. The cross-modal

contributions were also included in the power series of L1 [52].

The radiation of a double-skinned extruded plate has not been sufficiently investigated so
far. This problem is far more complicated than that of rectangular plates because of the
unavailability of the pattern of the velocity distribution over the surface of the panel. In
terms of the modal summation, the average radiation efficiency of extruded panels can be
modelled if the natural modes and their modal radiation efficiencies are available. The
extruded panel can be considered as a built-up structure composed of a set of strips with
their long edges having same length and the short edges having different lengths. At high
frequencies, the modes of strips will be dominant in the radiation of extruded panels.

Therefore the radiation efficiencies of strips are of great interest for the present purpose.

Although the ‘strips’ considered here are no more than rectangular plates of large aspect
ratio, it will be shown in Chapter 5 that, for a certain frequency range, the classic formulae
previously obtained for the rectangular plate are not suitable. Sakagami and Michishita
[57, 58] investigated the characteristic of the sound field radiated by a baffled and
unbaffled strip with infinite length under different excitation. However, only the sound
pressure for certain given positions was studied and the radiation efficiency of the strips

was not presented.

1.6 COUPLING BETWEEN MODES OF EXTRUDED PANELS

When an extruded panel is vibrating under certain excitations, the dynamic characteristics
of the structure are dominated by the global modes at low frequencies and the local modes
at high frequencies. To model extruded panels using SEA techniques, the coupling
between global and local modes and the coupling between different local mode

subsystems are crucial aspects that govern the applicability of the SEA model.
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Due to the low modal density of global modes and the complexity of the structure, it is
quite difficult to model the coupling between them and local modes in terms of SEA.
Similar problems have been studied to address the dynamic behaviour of complicated or
built-up structures over recent decades. In general, these studies were concentrated on
beam-plate systems [59, 60], which are commonly used in many industrial structures and,
hence, form useful academic examples. Normally, vibration sources are supported by stiff
beams. The power injected into and transmitted around structures is controlled by long-
wavelength waves generated in these beams. As these long waves propagate along the
stiff beams they generate short-wavelength flexural waves in the attached flexible plates.
The coupling between global and local modes within extruded panels is physically similar
to that between beams and plates within beam-plate systems. In conventional SEA, a
stiffening structure, such as a beam or rib, is often not considered as a separate SEA
subsystem. Nevertheless, vibration sources are often applied on the stiffeners in the actual

structures and, consequently, SEA may not yield satisfactory predictions.

This issue has been recently investigated by several authors. Grice and Pinnington [61,
62] propose a method to analyse the beam-plate system by using a combination of
numerical analysis to model the stiff beam and analytical impedances to model the
flexible plate. The theoretical foundation of their method relies on there being a
significant difference between the wavelengths in the beam and plate. Ji et al. [63] present
a mode-based approach to deal with the mid-frequency behaviour of such systems. By
introducing a set of basis functions along the interface, the dynamic response of the beam
and the power transmitted to the plate can be calculated in a simple and approximate

manner.

Langley [64] presents a new method for the analysis of complex dynamic systems which
1s based on partitioning the system degrees of freedom into a "global" set and a "local" set.
The global equations of motion are formulated and solved in a standard deterministic
manner, although due account is taken of the presence of the local degrees of freedom via
an approach which is analogous to fuzzy structure theory [65, 66, 67]. The local equations
of motion are formulated and solved by using statistical energy analysis (SEA) with due
account being taken of power input from the global degrees of freedom. This method
encompasses a number of existing analysis techniques and forms a flexible framework.

However, a number of detailed modelling strategies are required to represent actual
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structures in practice. Lande et al. [68] recently presented a hybrid modelling strategy for
beam-plate structures due to excitation applied through their stiffening members. The
power input to the plate subsystems is calculating by adding a power absorbing plate
impedance matrix to the regular beam network impedance matrix in the FEM formulation.
However, initial investigations were focused on a simple membrane, within which certain

numerical difficulties were found.

Although several methods have been proposed to cope with vibrations within built-up
structures, they all are derived for and verified on a very simple built-up structure such as
a beam attached to a plate. There is not a general approach available to deal with the
vibration behaviour within a complicated built-up structure comprising long- and short-
wavelength components. The dynamic behaviour of extruded panels can be essentially
represented by the combinations of the global motion of the whole structure and the local
motion of the part of structure. The interaction between the global and local motion is
analogous to that of the beam-plate system. Therefore this problem forms a part of the

present work.

1.7 LAYOUT OF THESIS

This thesis is concerned with modelling the interior noise of railway vehicles using the
SEA technique with the intention of using a small number of subsystems to enable insight
into the sound transmission. An overall SEA model is considered but does not form the
main work in this thesis. The major objective is to develop an SEA model for extruded
panels. Several aspects relating to this aim are investigated in detail. Ultimately, it is
intended that this SEA model can be used to predict the response of extruded panels,
under acoustic and mechanical excitations, and can be incorporated into the overall model

to predict the interior noise of railway vehicles.

Chapter 2 first introduces SEA, how to use SEA to model a system and the assumptions
behind the applications of SEA. A simple three-subsystem SEA model predicting the
interior noise of the vehicle is then presented. The aim of this simple SEA model is to
introduce the procedures using the SEA technique to model the interior noise for railway
vehicles. In particular, it shows how SEA can be used to study the sound transmission of

panels. A ten-subsystem overall SEA model is finally established and presented in
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Appendix A. The necessary problems associated with the SEA model that need to be
solved are identified. Among these problems, modelling extruded panels in terms of SEA

is the major interest in the present thesis.

For this reason Chapters 3 and 4 investigate the mode count and modal density of
extruded panels. In Chapter 3, a two-dimensional extruded section, i.e. the cross-section
of a extruded panel, is considered. This is based on studies on the mode count of one-
dimensional subsystems. The mode count of one-dimensional systems is investigated with
particular reference to the relationship with the boundary conditions. The effects due to
boundary conditions are found for a single one-dimensional element. Then the mode
count of a multi-beam system is studied. It is found that an intermediate constraint has the
same effect on the average mode count as the same type of constraint applied at an end.
The analysis is then extended to the mode count of the cross-section of an extruded panel.
An approximate two-dimensional model for the extruded section is developed and the
results are compared with those from an FEM analysis. Finally the modal density and
driving point mobility of the extruded section are also studied and it is shown that these

can be estimated quite well from the above analysis.

In Chapter 4, the relationship between the mode count of two-dimensional systems and
their boundary conditions is investigated, with particular reference to rectangular plates.
The effects due to line boundary conditions are found using wavenumber space
integration. The modal density of two-dimensional systems is hence obtained. Based on
these studies, an approximate model for the mode count and modal density of an extruded

plate is developed.

The studies of the average radiation efficiency of rectangular plates, strips and extruded
panels are the subject of Chapter 5. The radiation of extruded panels is considered in
terms of the contributions from global modes and local modes. This involves
investigations of the radiation efficiency of rectangular plates and narrow strips. The
modal summation approach is first derived and results from it are compared with the
classical expressions from the literature. The modal summation approach is able to
include both the free field and the near-field radiation from the structure. This allows
insight into the effects of large aspect ratio and damping. It is found that the previous

formulae are not suitable for strips. A number of analyses are presented to solve this
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problem. Approximate expressions for strips are then given. This finally leads to an

approximate model for the radiation of the extruded panels.

Chapter 6 presents a model for the coupling between global and local modes. A coupling
loss factor is derived on the basis of excitation by a travelling global wave under the

assumption that the local modes of each strip are uncorrelated.

Experimental results of vibration and sound radiation on a sample double skin aluminium
extruded plate are presented in Chapter 7. The panel was forced at points on its surface
and the response of the panel was measured using a scanning laser vibrometer. The
driving point mobility was measured for excitation positions either on strips or on
stiffeners. The distribution of vibration energy over the panel was investigated for
different excitation positions. The attenuation of vibration with distance due to the
damping effect was measured to derive damping loss factors. The radiation efficiency of

the sample panel was measured in a reverberant chamber using a reciprocal technique.

The development of the previous analyses on the vibrational behaviour of the extruded
panels leads to their application in Chapter 8. These results are brought together to allow
two SEA models for extruded panels to be proposed. The response of the extruded panel
is predicted using these SEA models for acoustical and mechanical excitations. Results

obtained are compared with experimental data.

Finally, in Chapter 9, the conclusions of this work are summarised and possible future

work 1s suggested.
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2 SIMPLE SEA MODELS FOR INTERIOR NOISE

2.1 INTRODUCTION TO SEA MODELLING

The following summary of SEA is largely drawn from [69, 37]. SEA was originally
developed, amongst others by Lyon [11], for use in the design ofispace craft in the 1960s.
It is an approach commonly used in the analysis of the response of complex systems in
acoustics and vibration at high frequencies. SEA is not concerned with the exact details,
such as mode shapes and resonance frequencies, of a specific system. Rather, it is
concerned with the average behaviour of a population or ensemble of structures that are
nominally identical but in practice have small differences. In SEA, the system is divided
into a number of subsystems, normally acoustical and structural, which are coupled
together. Broadband stationary random excitations are applied to one or more of them.
Each subsystem is represented using its gross physical properties, such as geometric form,
dimensions, material properties and loss factors. The primary aim of the analysis is to
estimate the distribution of vibration energy among the coupled ‘subsystems’, and for this
purpose energy balance equations are set up which involve expressions for power flowing
from one subsystem to another. Each subsystem’s energy can be obtained by solving the

power balance equation
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where E; represents the spatially and time-averaged energy of subsystem i, #;; 1s the
internal loss factor of subsystem i and #; is the coupling loss factor between subsystems i

and , o is the band centre frequency and W, is the power input into subsystem i.

For structural subsystems, which bear bending and longitudinal waves, the subsystem

energy is given by
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E= M<v2> 2.2)

where M is the mass of the structure and <v2> is the spatially-averaged mean square

velocity.

For acoustic systems, the subsystem energy is given by

E= V<?> (2.3)

where V is the volume of the cavity, p is the density of the air, ¢ is the velocity of the

sound and < p2> is the spatially-averaged mean square sound pressure. In practice this is

expressed via the sound pressure level in decibels, related to <;)_2> by

)

L,=10log,,

(2.4)

where p, is the reference sound pressure, 20uPa.

Much of the literature on SEA is concerned with studies of the fundamentals of coupled
resonators and other purely theoretical matters. Although these studies are important for a
detailed understanding of SEA, they provide little guidance for its application to complex
systems. It should be indicated here that this thesis is not so concerned with the theoretical
background of SEA. Rather, the present work is concerned with a set of problems related
to the application of SEA, modelling extruded panels, which will be used to consider
interior noise of railway vehicles. However, before the main topic is presented, a number

of assumptions within the application of SEA have to be mentioned.

In SEA, it is assumed that within a frequency band the vibrational or acoustical energy in
each subsystem resides in resonances, each of which has equal energy. This assumption is
the so called equipartition of modal energy. This normally demands a high modal density
for each subsystem. Usually a minimum of 5 or 6 modes per bandwidth of interest are
required [37]. In the point view of waves, this suggests that the wavefield is a diffuse field
where waves come from all directions and energy is uniformly distributed. Moreover the

coupling loss factors 7; are usually assumed to be related by the consistency relation
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ni; = nm;, (2.5)
where ‘n,~ 1s the modal density. Therefore, the investigation of the modal density of a
subsystem always has a high priority during the application of SEA. For homogeneous
and simple systems, theoretical expressions for the modal densities are available.
However, for complicated built-up structures, analytical expressions are normally not
available. This problem forms a main topic and will be addressed in Chapters 3 and 4 of

the present thesis.

In addition to the modal density, the modal overlap factor is used to justify the
applicability of SEA. The modal overlap factor is the ratio of the average modal damping
bandwidth to the average spacing between the modes. It is defined by [37]

M= fan(f) (2.6)
where f'denotes frequency, 7 is the damping loss factor of the subsystem and »(f) is the

modal density per Hz in the subsystem. Values of the modal overlap factor greater than

unity indicate a modal response that is suitable for dealing with statistically [70, 71].

Another fundamental assumption in SEA is that subsystems are coupled only weakly.
There are no universally agreed criteria to determine whether the coupling is weak.
Qualitatively speaking, this assumption requires that subsystems can be considered as
separate containers of resonant energy with relatively small flow of energy between them.
According to the Smith criterion [72], coupling is weak if the ratio of the coupling loss
factor to the internal loss factor of each oscillator is substantially less than unity. Under
this condition, the energies of subsystems depend on the dissipation loss factors but not
strongly on the coupling loss factors. Weak coupling does not imply that the connections
between subsystems are physically weak, e.g. a welded joint between two panels of
widely differing thicknesses constitutes a weak coupling due to large impedance

discontinuities.

The 1nitial step in the application of SEA to any system is the choice of subsystems. A
subsystem is ideally physically uniform and can be simply characterized by its material
properties and geometric boundaries. On the boundaries, it is desirable to have a clear
impedance mismatch. Normally, the subsystems are finite linear elastic systems which can

be described in terms of their modal density and damping. Subsystem modelling for SEA
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tends to be successful: if the energy density is reasonably uniformly distributed within a
subsystem (i.e. fairly homogeneous); if the modal overlap factor of each subsystem is of
the order of unity or greater (i.e. subsystems should not be too small); if each subsystem
has sufficient modes (>5) in each frequency band of analysis (i.e. subsystems not too

small and bandwidth large enough) and if adjacent subsystems are weakly coupled.

There are some difficulties involved in subsystem modelling. In practice, many structures .
having discontinuities (such as ribs, frames etc.) are highly selective in their reflective
properties (strongly dependent on frequency and angle of incidence). Such discontinuities
may give widely differing reflection depending on the wave type. Then it is necessary to
define different subsystem boundaries for different wave types. Sometimes there is a need
to model such complicated structures as a single subsystem or a few subsystems (to
ensure a sufficient modal density in the subsystem or to reduce the size of the overall SEA
model). This requires an understanding of the wave-propagation behaviours of these types

of structure.

On the other hand, difficulties also relate to modelling large subsystems. In a large
subsystem, the energy is sometimes not uniformly distributed. This is difficult to divide
into several subsystems as there are no obvious discontinuities or boundaries. In these
cases it is necessary either to change the coupling loss factors in the SEA model to give
increased attenuation or to correct the answer. In the present application, this problem will
occur in modelling the interior cavity and the floor of the railway vehicles. This is
particularly the case for the decay of sound level along the carriage interior. Craik [73]
gives an approach to deal with modelling corridors. This contravenes the weak coupling
criterion but at least allows the decay to be taken into account. A convenient limit for the
maximum dimension L of a subsystem is also given by Lyon and DeJong [37]

c

L< g (2.7)
2 fn,

where 774 is the damping loss factor and ¢, is the energy group speed.

After subsystems are defined, the damping loss factors within subsystems and the
coupling loss factor between subsystems have to be evaluated. There are some analytical
methods and empirical data available for some common, simple subsystem configurations

such as material damping, interface damping and damping treatments [37]. For
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convenience of analysis, it is sometimes assumed that all modal damping loss factors are
equal. This may be sufficient in most cases when the subsystems have similar
construction and materials. The damping loss factor can also be measured by experiments.
There are two most common methods for experimentally determining the damping loss
factor of a subsystem: the decay rate and the half-value bandwidth [35, 74]. In some
cases, attenuation of wave propagation with distance can also be used to determine the

damping loss factor [35, 75].

The estimation of coupling loss factors between various subsystems is central to SEA.
However, there is no universally accepted method for predicting them theoretically or
determining them experimentally or numerically. Plentiful literature addressing this
problem can be found since the beginning of SEA. The most common theoretical methods
are the modal approach [76, 77] and the wave approach [35, 11]. The wave intensity
analysis was later introduced to treat cases where the diffuse field assumption no longer
holds [78]. FEM can be used to calculate the response of two coupled subsystems and to
derive their coupling [79, 80, 81, 82, 83]. Similarly, the dynamic stiffness method can be
used to calculate the response of two coupled subsystems in certain special geometric
cases [84, 85]. Experiments can be performed on a whole system or pairs of subsystems.
By exciting each subsystem in turn and measuring the input powers and the subsystem

energies, the loss factor matrix can be determined by matrix inversion [16].

Finally, the input powers are introduced to implement the predictive SEA calculations. In
some cases the input power is given independently by experimental measurements. In
other cases the excitation is given as a prescribed dynamic variable such as force or
velocity at some locations in the system. In these cases the input power can be

calculated [37].

2.2 SIMPLIFIED SEA MODEL WITH THREE SUBSYSTEMS

Railway vehicles are large and complicated structures. There is a tendency for SEA

models to be made too large initially (i.e. in terms of the number of subsystems) in order
to include all the important transmission paths. However, for each subsystem introduced,
more coupling loss factors need to be assessed and calculated so that the model can very

quickly become unmanageable. Moreover the simplicity of the SEA approach and the
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insight it gives become lost. Usually, it is better to start with a relatively simple model and
add extra subsystems later. This can be difficult since it is not always easy to know in

advance which parts of a structure can be ignored.

As a starting-point, a subsystem can be chosen to compare to a physical component of the
vehicle. The interior cavity, floor and side walls etc. will be considered as separate
subsystems. Ideally, each subsystem in an SEA model should be a group of modes with
the same properties that will approximately have the same modal energies. However, in
reality, the subsystem itself is of complicated construction and cannot be represented
appropriately just using a single and simple subsystem. This causes difficulties in
predicting the interior noise of vehicles using an SEA model since subsystems cannot be
well defined. For example, the floor and walls are normally built using extruded panels. It
will be not possible using bending modes of a single plate to represent extruded panels.
Previous studies have also shown that using models of stiffened plates or sandwich plates

failed to predict the sound transmission of extruded panels [2].

The difficulties of defining complicated subsystems also limits the use of commercial
SEA software such as AutoSEA, which includes most standard subsystems, although it is
relatively easy to create an overall model for the interior noise of vehicles. Therefore,
more accurate and efficient SEA subsystem models to represent the floor and walls are
urgently required. The main work of the present thesis will be focused on this problem.

This will be studied in detail in later chapters.

Dividing the system into subsystems should also consider the suitable size for subsystems.
The correct choice of the size of subsystems is necessary to prevent too much decay in
waves travelling across a length of a subsystem with relatively high damping. This
requires an upper limit on subsystem size. In the literature using SEA to model the interior
noise [19, 22, 86], the whole vehicle was truncated in a number of sections and only one
section was modelled as an SEA model. How the lengths of the section were chosen was
not discussed. In reference [21], the interior cavity was modelled as a ‘corridor’ using the
approach given by Craik [73]. The interior cavity was subdivided into N cavities.

However, the length of each sub-cavity is not given.
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Here, a vehicle is initially considered as a simple SEA model consisting of only 3
subsystems. This three-subsystem model will be discussed as an example to illustrate
general features of SEA. It will be used to show that SEA can be used not only for
complex problems, such as predicting the overall performance of a whole vehicle, but also
for simpler problems, such as estimating the sound transmission of a plate. In addition,
this SEA model will be extended to consider the sound transmission of extruded panels in

Chapter 8.

A more advanced ten-subsystem SEA model is introduced in Appendix A, where the
subsystems are defined and the coupling mechanism between subsystems are identified.
However, the results from this ten-subsystem SEA model are not presented since it is

beyond the scope of the present thesis.

2.2.1 MODEL DESCRIPTION

This is a very simple SEA model to represent the interior noise of a coach. Under a direct
consideration of the obvious source and transmission path, the vehicle is partitioned into
only three subsystems, as shown in Figure 2.1.

1) An acoustic cavity for the passenger compartment.

2) The floor, represented by a plate sustaining bending waves.

3) The cavity under the floor.

(a) (b) )
Cavity
] Subsystem 1
Plate
Subsystem 2
— 11— Subsystem3
Cavity

t,

m

Figure 2.1. Sketch of three-subsystem SEA model for a coach
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In order to simplify the model, the mechanical excitation is neglected and the auxiliary
equipment or engines under the floor, often present in the real situation, are not
considered. Only acoustic excitation under the floor, representing the wheel-rail noise, is
considered here as the external excitation. Thus only two kinds of coupling exist in this
SEA model, as show in Figure 2.1(b).

e Plate-cavity acoustic coupling

e Non-resonant sound transmission from one cavity to another through a

plate.

It should be pointed out that in practice the acoustic transmission from the under-floor
cavity to the interior also includes the transmission through the walls, windows and roof

(see Appendix A). In this simple model only transmission via the floor is considered.

In Figure 2.1(a) the upper solid lines of subsystem 3 represent the sides of the coach and
lower dashed lines are the air gap. The bottom of the cavity represents the surface of the

track.

2.2.2 PARAMETERS OF THE MODEL

The geometric dimensions and the physical properties assumed for the three subsystems
are presented in Table 2.1. The dimensions are nominally representative of a railway
coach. The floor is taken here as a 10 mm thick steel plate whereas in practice it will have

a more complex beam-stiffened plate or extruded construction.

Table 2.1. Parameters used to describe 3-subsystem model

No of Description . ) . .
Dimensions Physical properties
subsystem | of subsystem
) . Young’s ) Wave
Length | Width | Height Density Poisson
) () Material Ko/t modulus ) speed
m m m m ratio
(en) s N/m? m/s
Cavity,
1 L 20 3.0 2.7 Air 1.21 343
interior
Steel 0
2 Plate, floor 20 3.0 0.01 7700 1.95x10 0.28
plate
Cavity,
3 20 3.0 1 Air 1.21 343
external
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2.2.3 LOSSFACTORS

e Damping loss factor of the plate

The damping loss factor of the plate is assumed to be constant and equal to 0.03.

o Internal loss factor of cavity
The internal loss factor of a cavity can be obtained from the reverberation time of an

acoustic field. The relationship is expressed by [37]

2.2
n=-— (2.8)
STy
where Tp is the reverberation time. Ty can be estimated from Sabine’s formula [37]
T, =0.161-— (2.9)

Sa

where S is the total surface area of the acoustic cavity, V' is the volume of the acoustic

cavity, and @ is the average (random incidence) absorption coefficient of the walls of the

cavity where parts of the walls S; have different absorption coefficients a;,
Sa=>Y Se, (2.10)

In the present calculations, a constant absorption coefficient 0.1 is used for the walls of

the cavities and 1 for the air gap of the under-floor cavity.

e Coupling loss factor of plate-cavity
The power transmitted from the plate (subsystem 2) to the cavity (subsystem 1) is given
by

W,, = wn,E, = on,m, <v2> @.11)

where £ is the time-averaged energy of the plate, m; is the mass of the plate and <v2> is

the spatially-averaged mean-square vibration velocity of the plate.

The energy radiated to the air by the plate is given by

W:'ad = IOCS?.O_rad <V2> (2 12)
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where p is the density of air, ¢ is the velocity of sound, S is the area of the plate and
0rq4 15 the radiation efficiency of the plate and can be calculated as described in

Chapter 5 [45].

Because 5 is equal to W4 for radiation from one side of the plate, the coupling loss

factor from the plate to the cavity is derived and is given by

_ P80,y _ PCO e (2.13)

T wm, wp.h

where o, and 4 are the density and the thickness of the plate.

The modal density of the plate is given by [37]

SZ

n(f)= 2R,

= 27n,(w) (2.14)

where R =h/+/12 is the radius of gyration of the plate cross-section, c; is the velocity of

longitudinal waves in the plate, ¢, = |[———~ .
p, (1= 1)

The modal density for the cavity is given by [38]

oV, S, L
3 +
8rc® l6rc

(2.15)

where V) is the volume of the cavity, S; is the total surface area of the cavity and L, 1s the
total length of the edges of the cavity. ¢ is the speed of sound in air. This expression is

usually dominated by the first term.

The coupling loss factor #1> can also be derived according the consistency relationship

(equation (2.5)) and expressed by

p :ﬁ. — IOOCS?.O-rad 2.16
he n & Arewp,c, Rhn, @16)

The radiation efficiency of rectangular plates can be calculated from the expressions given
by Maidanik [45] or Leppington [50] (see Chapter 5). It can be seen at this stage that the
radiation efficiency of the structure is a very important parameter for determining the
coupling loss factor between structures and cavities. In Chapter 5, the radiation efficiency

will be investigated by the modal summation approach.
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e Non-resonant sound transmission from one cavity to another through a plate

The coupling loss factor between two cavities through a plate is given by [69]

75, 75 (2.17)

— c 2
4wV,
where 73; is the transmission coefficient from subsystem 3 through the plate to

subsystem 1. It can also be expressed as the sound reduction index R. The relationship

between the transmission coefficient and the sound reduction index is expressed by [87]
R=10log,, (1) (2.18)
T

The sound reduction index for a uniform panel under random incidence is given

approximately by [87]

Rz{R(O)—SdB; f<rfe @ 2.19)
R(0)+10log,y[f/ f.-1]+10log, 7 -2 ; f>f (b

2

where f, = 26—‘ /% is the critical frequency of the plate, where B is the bending
V2
stiffness of the plate. R(0) is the sound reduction index under normally incident sound

waves, which is given by the mass law [87]:

R(0) ~ 20log,, (‘2""5}’) (2.20)

0

for frequencies above the first resonance of the panel.

It should be pointed out that, for non-resonant transmission, the transmission coefficient is
only dependent on the mass of the panel between two cavities. In other words, the formula
for frequencies below the critical frequency is used for all frequencies to calculate the
non-resonant transmission. The resonant transmission included in equation (2.19)(b) is

included in the SEA model via 775, and 77,;.

2.24 CALCULATION RESULTS

The modal densities of the subsystems are presented in Figure 2.2. It can be seen that the
modal densities for the two cavity subsystems increase as frequency increases. For the
two-dimensional plate subsystem bearing bending waves, the modal density is constant in

the present case. It will be shown in Chapters 3 and 4 that the modal density of a plate is
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frequency-dependent when the effect of the boundaries are taken into account. Figure 2.3
shows the modal overlap factors for each subsystem. The modal overlap factor of the
interior cavity is less than unity for frequencies below 70 Hz. Therefore the present SEA
model is valid above 70 Hz. For a real passenger coach, the cavity dimension and the
damping loss factor should be measured so that a real modal overlap factor can be derived
when the SEA model is set up.

Modal Density of subsystems

10* ; '
—— interior canvity 1
3 —  floor .
107 ¢ - - - external cavity under floor 7 © 3

-
o
N

Modal density
=X

10 E
10" 3
10'2 " P S S | . PR PR | L L
10' 10° 10° 10*
Frequency (Hz)
Figure 2.2. The modal densities of subsystems

10° ; :

—— interior cavity 1
10' L — floor L

- - - extemal cavity under floor L

Modal overlap factor
)

-
o
"

10" 107 10° 10

Frequency (Hz)

Figure 2.3 Modal overlap factors of subsystems.
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The loss factors are presented in Figure 2.4 according to their position in the matrix.
Graphs on the diagonal of the grid are the internal loss factors of the subsystems. It can be
seen that the coupling loss factors from each subsystem to other subsystems are much
smaller than its damping loss factors. This implies that the assumption of weak coupling is

satisfied in this three-subsystem model.

The average sound pressure level in the interior cavity due to W input power into the
under-floor cavity in each one third octave band is presented in Figure 2.5. The peak of
the sound pressure in the interior cavity corresponds to the critical frequency of the floor,

which is 1250 Hz for the present specification of the floor.

10° 10° 10°

- PP o,

T10 210 \J\ 210
1010 2 3 4 10.10 2 3 4 1010 2 3 4
10 10 10 10 10 10 10 10 10

10° 10° 10°

s10° §1O5 S10°
1010 2 3 4 10-10 2 3 4 1010 2 3 4
10 10 10 10 10 10 10 10 10

10° 10° 10°

o -5 D

510 S0 \/\ 810
1010 2 3 4 1040 2 3 4 1010 2 3 4
10 10 10 10 10 10 10 10 10

Frequency (Hz)

Figure 2.4. The loss factors of subsystems

(subsystem 1=interior cavity, subsystem 2=floor, subsystem 3=underfloor cavity)
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Figure 2.5 The average sound pressure level in the interior cavity

2.2.5 DISCUSSION

It is seen that, from the calculation of the three-subsystem model, the sound pressure level
difference across the panel is obtained. This can be related to the sound reduction index of
the floor by using the relationship [73, 88]
R=L,-L,+10log, (%j (2.21)
1
where L, and L3 are the sound pressure level in the interior cavity and under-floor
cavity. S, is the area of the floor. 4; is the total absorption in the interior cavity, which is

equal to a;S;. This formula is used to derive R experimentally in a transmission suite.

The sound reduction index obtained from the SEA model using this equation is presented
in Figure 2.6. The result from equation (2.19) is also presented. The results are basically
the same. This shows that the above SEA model can be used to calculate the sound
transmission loss of plates, provided the coupling loss factors are known. It can also be
seen that, to use this method, the modal density and radiation efficiency of the plates are
the central problems to be solved. Some detailed studies related to this method were

reported by Crocker and Price [88].
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Figure 2.6 Sound reduction index of the floor.—: from SEA, — —: from (2.19).

2.3 CONCLUSIONS

In this chapter, a general introduction of the SEA has been presented. A simple three-
subsystem SEA model for predicting the interior noise of the vehicle has been studied.
The aim of this simple SEA model is to introduce the procedures using the SEA technique
to model the interior noise for railway vehicles. In particular, this shows the use of the

SEA technique to study the sound transmission of panels.
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3 TWO-DIMENSIONAL MODEL

OF EXTRUDED PLATES

3.1 INTRODUCTION

The mode count and modal density of extruded panels are important parameters for
modelling them as subsystems in terms of SEA. An extruded panel can be seen as a three-
dimensional system composed of series of interconnected two-dimensional plate
elements, its cross-section as a two-dimensional system of interconnected one-
dimensional beam element. In this chapter, the relationship between the mode count of a
single beam and the applied boundary conditions is analysed first. The analysis is then
extended to a multi-beam system where the effects on the mode count due to intermediate
constraints are investigated. Finally the boundary effects are applied to evaluate the mode
count of an extruded section and the results are compared to those from an FEM analysis.
These results will be extended to the full three-dimensional extruded panel in the next

chapter.
3.2 SINGLE ONE-DIMENSIONAL SYSTEM

3.2.1 NATURAL MODES

It is well known that natural modes of vibration occur in any finite continuous system.
The number of modes occurring below a certain frequency f'is called the mode count N(f).
The theoretical mode count for continuous systems can be obtained by combining
boundary information with the dispersion relation relating wavenumber and frequency for
free waves in the system. Lyon and DeJong [37] give an expression for the mode count of
one-dimensional systems in terms of wavenumber:

kL
+

N(k) = S (3.1

where dpc 1s dependent on the boundary conditions (and according to Lyon and DeJong is
usually a constant of magnitude less than or equal to 1), L is the length of the one-

dimensional system and £ is the wavenumber which is related to frequency. For the
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particular wave type being considered, such as bending or longitudinal waves, the

dispersion relation defines the frequency dependence of the wavenumber.

3.2.1.1 Longitudinal modes in a rod

The free longitudinal vibration in a bar is governed by the wave equation which is

expressed as

Ay (3.2)

where ¢, is the phase velocity of the longitudinal vibration. (¢, = \/E where E is Young’s
P

modulus and p is the density).

When the motion is harmonic at circular frequency w=27f, the above equation can be
expressed as the one dimensional Helmholtz equation

d’u(x)

o +kEu(x)=0 (3.3)

where k is the wavenumber at the frequency @ (k =27/ wavelength=w/c, ).

The general solution of the equation (3.3) is

u(x) = Ae™ + A,e* (3.4

AVAVAVANV: 5

L NVAVAVAVA
A

Figure 3.1 Illustration of wave motions in a rod.

To understand this solution physically, the two terms represent opposite-going
propagating waves which are superposed, as illustrated in Figure 3.1. The propagating
wave 1s characterized by the wavenumber 4. This is the phase difference between two
points in the continuous system at a unit distance apart in the direction of wave
propagation. As the wave propagates, it can be said that its phase changes by & per unit

length. At each of the boundaries, a phase difference is introduced between the incoming
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and reflected waves. The total phase change as the wave travels one complete circuit
around the system can be expressed by

e=-"2kL+¢, +& (3.5)

where ¢, and ¢, are the phase change at the left-hand and right-hand ends respectively.

The natural modes occur when the total phase change is equal to an integral number of
27’s. This principle is well known as the phase-closure principle (see [89]). From a
knowledge of the wavenumber-frequency relationship as well as the phase change when a
propagating wave impinges on each end-boundary of the system, the phase-closure
principle can be used to find the natural frequencies. It is convenient to begin by
considering the reflection coefficient of a propagating wave arriving at the end. Here, the
term A in equation (3.4) is supposed to be the incident wave and A, is supposed to be the

reflected wave. The boundary is taken to lie at x=0.

For longitudinal vibrations in a rod, simple boundary conditions are either ‘free’ or ‘rigid’

at the two ends.

For free boundary conditions, the force must vanish. So du 0, 4, = 4,, and the phase

BC

change due to reflection is 0.

For fully fixed conditions, the displacement must vanish. So u| sc = 0, 4 =-4,,and the

phase change due to reflection is 7.

The frequency equations of natural modes for different boundary conditions are now

readily obtained by using the phase-closure principle.

* Free-free
The natural modes are governed by
2kL+¢&, +&,=-2kL=-"2(n-Dr
kL=(n-Or forn=1,2," (3.6)

The result £=0 for n=1 corresponds to a rigid body mode.
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=  Free-fixed

The natural modes are governed by

2kL+ée, +&, ="2kL+7m="2n-Dr

kL =(n—%)7z for n=1, 2, - (3.7)

* Fixed-fixed
The natural modes are governed by
—2kL+¢g, +&p ==2kL+7m+rm=-2n-Dx

kL=nrz forn=1,2- (3.8)

3.2.1.2 Bending modes in a beam

The flexural wave equation for the wave displacement w in a uniform Euler-Bernoulli

beam is

4 2
6w+pA6w

EI
ox* or’

=0 (3.9)

where EI is the bending stiffness of the beam and pA is the mass per unit length.

In the usual way, the general solution obtained by the wave method has the form

w(x,t) = (4" + 4,e™ + A,e™ + 4,7 )exp(jar). (3.10)
where the four x-dependent terms in equation (3.10) are recognized in order as the
positively growing evanescent wave, the decaying evanescent wave, the negatively
propagating wave and the positively propagating wave. They will be referred to by their

coefficients A4, 4,, A, and 4, respectively.

Applying the phase-closure principle requires a knowledge of the reflection coefficient at
boundaries at which a wave arrives. For the bending vibration of a beam, four basic
boundary conditions have to be considered: free, sliding, simple support and fully fixed.
Except for the sliding boundary, the results of the other three have been presented by
Mead [89]. For an incident propagating wave 44 arriving at the boundary, this is reflected

into an evanescent wave A; and a propagating wave As. The total motion in the beam is
w(x) = 4™ + 4, + 4,7 (3.11)

which is illustrated in Figure 3.2.
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Figure 3.2 Hlustration of the wave motion at boundary.
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For a free boundary condition, —-
X

O*w

ES

=0, 4, =—j4,, 4 =1-j)4,, and

3

BC BC

the phase change due to reflection is —7z /2.

Pw

For a pinned (simple support) boundary condition, w| s =05 >

= 0, A3 = —A4, and

BC

Ox

Ay =0, the phase change due to reflection is 7.

For a fully fixed boundary condition, w| s =0 g_w =0, A3 =—jA4, Ay = —(1—j) A4, and
X lsc
the phase change due to reflection is —7 /2.
o . Ow o’w
For a sliding boundary condition, — =0, —| =0, 4,=4,,4;=0, and the phase
OX | ¢ ox” |,

change due to reflection is 0.

The whole process of finding natural modes by using the phase-closure principle is quite
simple when the evanescent waves arriving at and reflected from the boundaries are
ignored. This is almost exact for the third and higher order modes of simple beams and
exact for the special case of a beam with simple supports or sliding boundary conditions at
both ends [89]. Now the frequency equations for a single beam with different boundary

conditions are readily obtained.
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* Free-free
The natural modes are governed by

2kL+¢&, +ey==2kL-7/2-7/2=-2nr
kL=(n—%)7r. (3.12)

To include two rigid modes by a rearrangement of #, equation (3.12) should be rewritten

as
3
kL=(n——5)7[. (3.13)
where n = 3, 4, -+ for the bending modes.
= Free-sliding

The natural modes are governed by

—2kL+¢&, +&, =—2kL-7m/24+0=-"2nr
kLz(n—%)ﬂ. (3.14)

To include one rigid mode by a rearrangement of », the term in the round bracket in (3.14)

should be reduced by 1. The final result is
kLz(n—%)yr. (3.15)

where n =2, 3, 4, -+ for bending modes.

* Free-pinned
The natural modes are governed by

2kL+¢, +&y =2kL—7 /247 =-"2nr
kL=(n+%)7r. (3.16)

To include one rigid mode by a rearrangement of », the term in the round bracket in (3.16)

should be reduced by 1. The final result is
kL =(n —%)7[. (3.17)

where n = 2, 3, 4, -+ for bending modes.
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»  Free-fixed

The natural modes are governed by

2kL+¢e, +e,=-2kL-7/2-7m/2=-2n7
kL:(n_%)ﬁ. (3.18)

where n =1, 2, 3, -~ for bending modes.

The natural modes of other combinations of boundary conditions are given in

Appendix B.

3.2.2 AVERAGE MODE COUNT

The mode count is the number of modes below a certain frequency. It consists of discrete
numbers in reality. If it is plotted against frequency or wavenumber, a “staircase” curve
appears as shown in Figure 3.3. For frequencies just below the n™ mode the mode count is
n-1, just above the natural frequency it is ». A continuous function that approximates the
average of the staircase function is more useful in practice (see Figure 3.3) and represents
the average mode count of an ensemble of similar structures. This average function
distributes the mode count along the wavenumber axis (or frequency axis). The average

mode count can be represented by
N=n—— (3 19)

at the resonance frequencies.

N, average

s

I

k

Figure 3.3. The illustration of the average mode count.
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The concept of the average mode count will be used in the remainder of this thesis. When
a mode count is mentioned, it normally means the average mode count function, not the

discrete mode count.

3.2.3 RELATIONSHIP BETWEEN MODE COUNT AND BOUNDARY
CONDITIONS

The mode count of natural modes can be easily obtained by rewriting the frequency
equations in section 3.2.1 in the form of equation (3.1). Attention is required over the
ambiguity in #. It is logical to follow the practice adopted above ofimaking » start from 1

including the rigid body modes. Now the dp¢ in equation (3.1) can be readily obtained.

3.2.3.1 Longitudinal mode count in a rod

By rewriting the frequency equation in section 3.2.1.1 for longitudinal motion in a rod, the
average mode count can be expressed in terms of the wavenumber as

kL 1

N=—+ ) for free-free boundary conditions,
T
kL .
N=— for free-fixed boundary conditions,
V4
kL 1 .
N=— 5 for fixed-fixed boundary conditions.
T

It can be noted that each fixed boundary constraint adds to the mode count by — %2 for

longitudinal vibrations.

3.2.3.2 Bending mode count in a beam

By rewriting the frequency equation in section 3.2.1.2 for bending vibration in a beam, the
mode count can be expressed in terms of the wavenumber as

kL

N=—+1 for free-free boundary conditions,
V4
kKL 3 g .
N = _+Z for free-sliding boundary conditions,
V4
kKL 1 . "
N=—+ 2 for free-pinned boundary conditions.
Vs
kL .
N=— for free-fixed boundary conditions.
T
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Taking a free boundary as the base with which to compare the change of the mode count

due to different boundary conditions, sliding adds the mode count by —% , pinned (simple

support) condition by —% and fixed boundary constraint by —1 for bending vibrations.

This is found to apply to other combinations of boundary conditions as listed in

Appendix B.

The mode count of the system can be obtained by considering the mode count of a free-
free beam and the boundary conditions at two ends. It is given by

N:k—L+1—5L—5R (3.20)
T

where op and & are 0, %, %, and 1 corresponding to four boundary conditions
respectively, as listed in Table 3.1. These values are used to find the constants dz¢
described in equation (3.1). dzc is given by

Opc =1-5, =6, (3.21)
which for the above boundary conditions lies between + 1 as stated by Lyon and DeJong
[37].

Table 3.1 The constants subtracted from the mode count of

a beam in bending for different boundary conditions

Boundary conditions )
Free 0
Sliding 1/4
Pinned 3/4
Fixed 1

3.24 GENERAL BOUNDARY CONDITIONS

Now, more general boundary conditions are considered in which the end of the beam may

be connected to a linear spring or a mass.
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3.2.4.1 End spring

When the end of a beam is constrained against transverse displacement by an elastic
spring K, the resisting force due to this spring is proportional to w (see Figure 3.4). This

resisting force is also balanced by the shear force at the end. Thus

3
E[Z—ng oy (3.22)

Equation (3.22) gives
EIK* (A — jA, + jA,) =K (4, + 4, + 4,) (3.23)

4, o

Figure 3.4, Illustration of wave propagations at an end spring.

By introducing the non-dimensional stiffness coefficients o = K / EIK’ , equation (3.23)
can be rewritten as
(1-0)4,+ (o - N4 +(—o+ j)A4,=0 (3.24)

2

In addition, the bending moment must be zero. Hence e =0, which gives
X

BC
4-4-4,=0 (3.25)
From equation (3.24) and (3.25), a result can be obtained as follows
A= | 220 | and 4= a,| —2L (3.26)
1-20—j 1-20—-j

For the boundary condition of an end spring, the phase change is frequency dependent.

When the frequency tends to zero, o tends to infinity, 4, =—4, and 4 =0.Thisisa

pinned boundary condition. When the frequency becomes very large, o tends to zero,

A4, =—jA, and 4 =(1- j)A4,. This corresponds to a free boundary condition. Therefore
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the phase change due to an end spring would change from 7 at low frequency to —#/2 at

high frequency. The amplitude reflection ratio can be expressed by

r:é:_ l___?‘&{ _ ol (3.27)
A, 1-20—
where 6 = tan™ _20-1 and -Z<0<r.
20(1-0) 2

Consider a beam that is free at left-hand end and with a point spring at right-hand end.

The natural modes can be found by

—2kL—%+9 B

(3.28)

1. @
kL =(n——)r +—
(n 4) 5

The rigid modes of a free-spring beam will consist of two (especially for o— 0), except
one will have non-zero frequency. So in equation (3.28) » should be replaced by » — 1 and

therefore can be rewritten as

5. .0
kL =(n—>)+— 3.29
(n=2)7+3 (3.29)

For 00— o0, 8 — wand kL =(n—3/4)x , this is the case of a free-pinned beam.

For 00— 0, 80— —#/2 and kL =(n—3/2)x, this is the case of a free-free beam.

By comparing equation (3.29) with that of a free-free beam, the effect on the mode count
of an end spring can be found as
g 1
Oppying = =+~ 3.30
spring 27[ 4 ( )
Ospring tends ¥ at low frequency and tends zero at high frequency. This is illustrated in

Figure 3.5
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log w

Figure 3.5 Illustration of &,,,, against frequency.

3.2.4.2 End mass

Consider now a point mass on the end of a beam. When the end of a beam undergoes a

transverse displacement w, with acceleration 82w/ ot* , the resisting force due to an end

mass m 1is proportional to 82w/ ot> . This resisting force is balanced by the shear force at

the end. Thus

3 2
E[a?:ma?}
Ox ot

Ay

Figure 3.6 Illustration of wave propagations at an end mass.

Again the bending moment is zero. Equation (3.31) gives

EIR (4, — jA, + jA,) = —mw* (4 + A, + A4,)

by writing u = ma” / EIK’ = mk/ pA, equation (3.32) is expressed as

(3.31)

(3.32)
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(u+DA4 +(u— N4+ (u+ )4, =0 (3.33)
From equation (3.25) and (3.33),

A= | P ) o 4 —a | — 2T (3.34)
2u+1—j 2u+l—j

From equation (3.34), it can be seen that the phase change due to an end point mass is also

dependent on frequency. When the frequency tends to zero, x tends to zero, 4, =—j4,

and 4, =(1-j)A,. This is a free boundary condition. When the frequency tends to
infinity, 4 tends to infinity, 4, =—4, and 4, =0. This is a pinned boundary condition. So

the phase change due to an end mass would tends to —/2 at low frequency and  at high
frequency. However, if the reflection ratio is expressed as

4 2p+l+j _ o

y=—=

. (3.35)
A4, 2u+l—j

it 1s found that @ moves through the third quadrant of the complex plane by —z/2 as

frequency increases. Thus the phase change is actually from —#/2 to —. This is different

from the end spring when the total phase change is — 37/2.

Consider a beam that is free at left-hand end and with a point mass at right-hand end. The
natural modes can be found by

—2kL —% +0=2nr

(3.36)

1 0
KL=n——)r+—
4 2

It can be noted that there will always be two rigid body modes, even when the mass is

large. So equation (3.36) can be rewritten as
5 %
kL=(n——)r+— 3.37
( 4) > (3.37)
For yt— 0, 0 — —/2 and kL =(n—3/2)x , this is the case of a free-free beam.

For yt— o, 80— —zand kL =(n—"7/4)x , this is different from the case of a free-pinned

beam, which is governed by kL = (n—3/4)x . The reason is the second rigid body mode.
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The effect of an end mass on the mode count can be obtained as

s 2.1 i< ™ (3.38)
2r 4 2

Omass tends to zero at low frequency and tends to —% at high frequency. This is illustrated
in Figure 3.7. It should be noted that & for an end point mass is less than zero. This means
that a mass is able to add to the mode count ofia beam because it tends to lower the
natural frequencies compared to a free end, whereas a spring lowers the mode count ofithe

beam.

log w

5/71855

7 Oy S S —

Figure 3.7 Illustration of &, against frequency.

3.3 TWO-BEAM SYSTEM

In section 3.2 the relationship between the mode count and boundary conditions for a
single one-dimensional system has been discussed and the boundary dependent constants
o and &z have been obtained. In this section, the corresponding relationship for a one-
dimensional system with an intermediate constraint will be considered. In other words, the
system discussed is composed of two one-dimensional components, in particular two
beams supporting bending vibrations, joined end to end. In the longitudinal case, an extra
constraint can only be fully fixed, in which case the mode count becomes that ofi two
uncoupled rods. The longitudinal case will not be discussed further since it is of less

interest.
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Consider a one-dimensional beam of length 2L with simple supports at the two ends.
Another constraint is added at some intermediate point, not necessarily the centre (shown

in Figure 3.8).

2L

Extra constraint

Figure 3.8. A simply supported beam of length 2L with an extra constraint.

3.3.1 A BEAM WITH AN INTERMEDIATE FIXED CONSTRAINT

If the extra constraint is a fixed condition, the system is then divided exactly into two
independent single beams with pinned-fixed boundary conditions. The mode count for the

whole system can be obtained by adding the two mode counts for the single beams

Nfola[:Nl+N2
y kL 3 M, 3
T 4 x 4
Nmm,z—z—]-(—L——%—lzN—l=N—5ﬁxed (3.39)

where Ny 18 the mode count of the whole system, N; and NV, are the mode counts of the
beams L; and L, respectively and N is the mode count of the original beam of length 2L

without the extra intermediate constraint.

This shows that the mode count of the whole system can be estimated by taking the mode
count of the system without the extra constraint and subtracting the coefficient 6= 1 due
to the fixed boundary condition. A similar result is found for the trivial case of a ‘free’
intermediate boundary, for which &..= 0. In the next section the more interesting case of

an intermediate simple support is considered.
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3.3.2 A BEAM WITH AN INTERMEDIATE SIMPLE SUPPORT
CONSTRAINTS

3.3.2.1 General solution of natural modes

Consider a one-dimensional system of length 2L with simple supports at the two ends.
Another simple support is applied at an arbitrary position between the two ends of the
system (shown in Figure 3.8). The left-hand and right-hand beams support waves

represented as

(3.40)

Ae ™ + Be™ + Ee*
w(x) = ox o e
Ce ™ + De’™ + Fe™

in which the near-field waves at the two ends have been neglected. These component

waves are illustrated in Figure 3.9.

Figure 3.9 Diagram illustrating the component wave motions.

If the near-field waves are neglected for determining the natural modes, the following four

equations can be obtained.

A=r,Be™ (3.41)
D =r,Ce*/ (3.42)
B=Dt, + Ar, (3.43)
C=At,+Dr, (3.44)

where r; and r are amplitude reflection coefficients at the simple supports at the ends.
From section 3.2.1.2, v, = -1 and g = —1. t,, and r,, are the amplitude transmission and

reflection coefficients at the middle simple support.

Substituting (3.41) and (3.42) into (3.43) and (3.44), this gives
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B(l-r ey =t re™C (3.45)

C(l-r, re™)=t r,e"/B (3.46)
In order to simplify (3.45) and (3.46) mathematically, it is convenient to write L;=L—/,
Ly=L+], a=e*7and f=e>". Then multiply the left-hand and right-hand sides of

equation (3.45) and (3.46) respectively
(I-rnalBY1-rraf)=trrna’ (3.47)

t, and r, can be obtained by considering the continuity at the middle constraint. Taking
this to be x = 0, the following conditions must be satisfied (here all the waves in equation

(3.40) must be included).

w (0)=A4A+B+E=0 (3.48)
w,(0)=C+D+F=0 (3.49)
w (0)=w, (0) - jA+ jJB+E=—jC+ jD-F (3.50)
w'(0) =w, (0) -A-B+E=-C-D+F (3.51)
Substitute (3.48) and (3.49) into the two sides of (3.51)
E=F (3.52)
| Substitute (3.48) and (3.49) into the two sides of (3.50)
—2jA+(1-)E=-2jD-(1-)E (3.53)
If the beams were infinite, 4 can be considered as the incident wave and D would not
exist. Then
E=F= % A (3.54)
Substitute (3.54) into (3.49)
C= —l—i—J— A (3.55)
Substitute (3.54) into (3.48)
B= % A (3.56)
Thus the amplitude transmission coefficient
Ly = % = ﬁ (3.57)

and the amplitude reflection coefficient
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=2l (3.58)
1-j

Now substitute 7, 7z, f» and r, into (3.47) and rearrange it to give

, 1-j(1 o
o’ ———=| —+ —-j=0 3.59
5 [ 7 ﬂ]a J (3.59)
Since ~+ B =e" + e =2cos(2kl), equation (3.59) becomes

a’ —(1-j)cos(kDNa— j=0 (3.60)
The roots of (3.60) have the form

(= j)cos(2k) +J(1- j)* cos*(2kl) +4 ]
2

(3.61)

Equation (3.61) is an irrational equation in & that gives a general solution for the natural
frequencies of the two connected beams with simple support constraints. It can be noted
that two sets of modes would occur in the system. A further simplification of equation

(3.61) gives

e =g = 1—”2—1«/1— sin?(2kl) il—_;—J«/l +sin’ (2k]) (3.62)

3.3.2.2 Two identical beams

First, the situation is considered in which the extra constraint is located at the centre. In

this case, / would be zero and the roots can be expressed as

a,=land a,=—j (3.63)
The first root gives
e ==
SO
kL =nrm (3.64)

These are exactly the modes of a pinned-pinned beam. In these modes the two beams
vibrate in antiphase, as illustrated in Figure 3.10. This correspondes to a mode count

wi L
T 2

The second root gives
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SO
1
KL=(n+-)m (3.65)

These are exactly the modes of a fixed-pinned beam. In these modes the two beams

: . . kL 3
vibrate in phase. This correspondes to a mode count N, =———

T 4

kL =+ 1/4)x /\/\A M

n=1 n=2

Figure 3.10 Mode shapes of two identical beams joined at a simple support.

The total mode count of the system can be estimated by adding the two sets of modes

together
Nrotal :Nl +N2
_kL_1 K3
total 2 T 4
2kL 1 3 3
N =" _ _—-N_—=N-65_ 3.66
total 2 4 4 pinned ( )

where Ny 1s the mode count of the whole system, N, N, are the mode counts of the

antisymmetric and symmetric modes respectively and N is the mode count of the beam of

length 2L without the extra intermediate constraint.

It is thus shown that the mode count of the whole system can be estimated by taking the

mode count of the system without the extra constraint and subtracting the coefficient
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Opinnea due to the simple support boundary condition. This is in the same as for the case of

the fixed support in section 3.3.1.

3.3.2.3 Asymmetrical simple support

An asymmetrical intermediate simple support represents a more general case. By
rechecking the general solution described in equation (3.62), the same conclusion is

found.

The two roots in (3.62) can be expressed as

_ J1-sin?(2k7) + 1+ sin*(2k) y —J1—sin(2kl) ++/1+ sin (2K])
S 2 / 2
(3.67)

y _J1—sin2(2kz)-J1+sin2(2k1)+j —J1—sin? (2kl) —+/1+ sin’ (2k7)
2 2 2

It can be noted that there is a relation between the two roots. Writing a; as o, =a+ jb, a;
can be represented as &, = —b— ja, where a and b are both positive. These two roots have

the same modulus but different phase. It can be readily shown that the modulus is 1 in

each case. Therefore the two roots can be represented as
o, =e* a,=e” (3.68)

where 0 < ¢ <7/2 and -7 < ¢, <—-7/2. The phases are related by
T
¢ +9, =7 (3.69)

Similar to the procedure taken in section 3.3.2.2, the first root gives

—2kLj j —-(2nr-@) j
eZIsj:ejqil :e(n/t ¢l)j,

SO

kL:nﬂ—% (3.70)

The second root gives

—2kLj i —(2 —$)J
o — ity — o=(207 ¢_)J,

R10)

kLGﬂ—%— (3.71)
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The total mode count of the system can be estimated by adding the two sets of modes

together
N =N+ N,
Nfolal: &L__l_i_ﬂ + k_L__]'__*_ﬂ
T 2 2 T 2 2w
Nloral Z&_l-i- M __1_=N—.§=N_5pinned (3'72)
T 2 2 2 4

where Ny s the mode count of the whole system, N; and N, are the mode counts of the
two sets of modes and N is the mode count of the beam of length 2L without the extra

middle constraint.

This shows that the average mode count of the whole system can be estimated in the same
way as in section 3.3.2.2. The mode count of the system without the extra constraint is
taken and the coefficient due to the simple support boundary condition, Syimmed, is

subtracted.

3.3.3 A BEAM WITH AN INTERMEDIATE SLIDING SUPPORT

Another case that could be considered is a two-beam system with a sliding support
applied in the middle. The same definitions as in section 3.3.2.1 are used in this section.

The free wave solution is represented by equation (3.40).

First, the amplitude transmission and reflection ratios can be found by taking account of

the continuity at the sliding support. At x = 0, the following conditions must be satisfied.

w (0)=—jA+jB+E=0 (3.73)
w.(0)=—jC+jD-F=0 (3.74)
w_(0)=w,(0) A+B+E=C+D+F (3.75)
w”(0) = w(0) jA—-jB+E=jC—jD-F (3.76)

Substitute (3.73) and (3.74) into the two sides of (3.76)
E=-F (3.77)

Substitute (3.73) and (3.74) into the two sides of (3.75)
24+(+ HE=2D+(1+ j)F (3.78)
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If the beams were infinite, 4 can be considered as the incident wave and D would not

exist. Then
~-E=F= LA
1+
Substitute (3.79) into (3.74)
—jC= L A
1+
Substitute (3.79) into (3.73)
1+

==l
m A 1 _ j
and the amplitude reflection coefficient
B 1
l’;” == .
A 147

Substituting (3.82) and (3.83) into equation (3.47) gives

a2+H—J(i+ﬁja+j=O
2\p

The roots of equation (3.84) have the form

, _ ~(L+j)cos(2kD) £ JA+ ) cos® (2kl)— 4 j
2

Rearranging (3.85)

a:—_(l_;_!l 1—sin®(2k/ J_rI_TJ 1+sin®(2k) ,

thus

_ —J1-sin’ (2&) ++/1+sin’ (2k) N ,[—\/l—sinz(ﬂd) — 1+ sin2(2kl)]

(04
: 2 / 2
L —\J1—sin?(2k7) — [1+ sin® (2k7) +j[—\/1—sin2(2kl) +4J1+ sin2(2kl)j
=
2 2

(3.79)

(3.80)

(3.81)

(3.82)

(3.83)

(3.84)

(3.85)

(3.86)

(3.87)
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If a; is written as @, =a— jb, a, can be represented as @, =—b+ ja, where a and b are

both positive. These two roots also have the same modulus but different phase in the

complex plane. The phases are related by

/4
¢+ =7 (3.88)
Now the mode count for the system can be estimated.
N =Nn =t L b K1 4 (3.89)
T 2 27 m 2 27
26 1 (g +o 1 1
Ntatal :7-5+(#j-5=N_ZzN_é‘sliding (390)

This shows a result of the same form as the cases of intermediate simple support or fixed

support.

3.34 A BEAM WITH A GENERAL INTERMEDIATE CONSTRAINT

Two general intermediate constraints, a point mass and a point spring, are now considered

in this section.

3.3.4.1 Intermediate point mass

Suppose that a point mass m is applied at an intermediate position between the two ends
of the system. The free wave solutions of the system are still governed by equation (3.40).
However, the amplitude transmission and reflection coefficient will become frequency-
dependent. They can be obtained by considering the continuity of the position of the point

mass. At x = 0, the following conditions must be satisfied:

w_(0) =w,(0) A+B+E=C+D+F (3.91)
w'(0) = w'(0) —jA+ jB+ E=—jC+ jD-F (3.92)
w’(0) =w/(0) —-A-B+E=-C-D+F (3.93)

EI[w"(0) = w/(0)] = —ma*w(0) jA— jB+E— jC+ jD+F =—p(A+B+E) (3.94)

where u =ma*/EIk* =mk/ pA is non-dimensional parameter.
From (3.91) and (3.93), E = F. Equation (3.92) can be rewritten as

—jA+ jB+2E =—jC+ jD (3.95)
Substitute (3.95) into (3.94)
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(4+ p)E =—u(A+ B) (3.96)
If the beams were infinite, 4 would be the incident wave and D would not exist. Then

from (3.91),

A+B=C (3.97)
Therefore
E=—* ¢ (3.98)
4+ u
Multiply the two sides of equation (3.93) with j and combine it with (3.92)
jA=jC+E (3.99)
Substitute (3.98) into (3.99), the transmission ratio #, can be found as
ng:—‘—(4+ﬂ.)1 (3.100)
4 (A+p)j-u
Then from (3.97) the reflection ratio r,, can be obtained as
poBo__# (3.101)
A4 (G+p)j-u

Since u is a frequency-dependent parameter, the coefficients ¢, and r,, are not constant.

When frequency is very low, utends to zero, 1, — 1 and », — 0. This means that there is

no constraint applied. Waves will propagate through the mass without reflection. When

frequency is very high, u tends to infinity, ¢, — —11— and », > —I—T This is the case of
+J J=

a simple support constraint (see section 3.3.2).

In order to know the effect of an intermediate mass on the mode count of the whole
system, the solution of the natural frequencies must be found. By substituting the
transmission and reflection ratio into equation (3.47), the natural frequencies can be found

from
2 2 2 1
(r, — ) +rm(ﬂ+E)a+1=0 (3.102)

Equation (3.102) can be simplified if the two beams are identical in length (Z; = L,). In

this case,
(2 —tHa® +2r,a+1=0 (3.103)
Thus the roots of (3.103) are
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1

o =- and oy =——— (3104)
Substituting (3.100) and (3.101) gives
_HZCEAT G =1 (3.105)
u+ G+ p)Jj

It may be noted from this that one set of modes (the antisymmetric modes) will always be
the modes of a pinned-pinned beam whereas the other set of modes will depend on the

mass and on frequency.

The first root gives

oM p—(4+p)j N 3 (3.106)
pH+ @A+ )]
where ¢ = tan™ G and 7<¢ < 3—7[ So the natural modes are governed by
4(u+2) 2
kLGﬂ—% (3.107)
and the mode count for this set of modes is
y=H_ 1.8 (3.108)
T 2 2
The second root gives
NZ:k—L—l (3.109)
T 2

The total mode count of the system can be estimated by adding the two sets of modes

together
N10101=N1+N2=_]C£_l+ﬁ_+_@__1
T 2 2% m 2
Ml e 1 4L (3.110)
T 2 2 2 2 2

Therefore the effect of a midpoint mass on the mode count of the system can be obtained

by

1 4 3z
S=——>L- g<H<— 3.111
> o, % <= (3.111)

For 11— 0, ¢ — —wand & — 0; for 1 — ©, ¢ —> —/2 and 6 — — Y. This is the same as

the case of a mass at the ends of the beams described in section 3.2.4. However, it must be

58



indicated that & for a mass at the ends of the beams is different from that at a midpoint at a
specific frequency, although they have the same trends with frequency. This can be seen
when they are plotted against frequency, as shown in Figure 3.11. It can be shown that
Omass for a midpoint mass is equivalent to &4 for an end mass in which y is replaced by
/4. The general intermediate point mass has not been analysed as there is no closed
expression for the solution of equation (3.102). But the result is expected as same as the

midpoint.

0 =TT log ®

5mass
7
7/

0,25 bimim e ic i c i m i imic i e m i oDt e n

— end
--- intermediate

Figure 3.11 Difference between 6, at ends and midpoint on beams.

It can be seen that the intermediate point mass has a similar effect as that a point mass
applied at the end of a beam, which is discussed in section 3.2.4. The difference in the
mode count between a beam with and without an intermediate point mass is frequency-
dependent, not constant. The mode count of the system with an intermediate point mass
can be expressed by

N, =N-6 (3.112)

total mass
where N is the mode count of the beam without the intermediate mass and Opass 1S

frequency-dependent parameter between zero to — Y4 as described in equation (3.111).

3.3.4.2 Intermediate point spring

When an intermediate point spring K is considered, the continuity conditions are mostly
the same as the case of a point mass except for equation (3.94). The continuity of the

shear force should be written as
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EI[W'(0)-w!(0)]=Kw(0)  jd—jB+E—jC+jD+F=0c(4+B+E) (3.113)

where o = K/EIK’® is a non-dimensional stiffness coefficient.

The transmission and reflection ratios are now readily obtained by substituting o into
equation (3.100) and (3.101) to replace . For this case, ¢, and 7, are

_C__(-9)j (3.114)
A4 (4-o)j+o

rpB.__ 0 (3.115)
A (4-0)j+o

It can be found that an intermediate point spring has the same effect on the wave

propagation as the end point spring discussed in section 3.2.4. At very low frequency, o

tends to infinity, z, — IL and r, - Ll This is the case of a simple support
+J Jj=

constraint. At very high frequency, o tends to zero, 7, —1 and #, — 0. This is the case of

a free condition. Waves will propagate past the spring without reflection.

In order to know the effect of an intermediate spring on the mode count of the whole
system, the solution of the natural frequencies must be found. By substituting the
transmission and reflection ratio into equation (3.47), the natural frequencies can be found
from equation (3.102) or, if the beams are identical in length (L; = L), equation (3.103).
Substituting equations (3.114) and (3.115) into equation (3.104) gives

_o+(4-0)j

= and ap = 1 3.116
o—(4-0)j (119

1

It may be noted from this that one set of modes will always be the modes of a pinned-
pinned beam whereas the other set of modes will depend on the stiffness and on

frequency.

The first root gives

o2 _OtA=0)] _ 4 _ s (3.117)
oc—@4-0)j

o(4-0)

where ¢, = tan™
4o -2)

] and —% < ¢ <. So natural modes are governed by
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kL:,m_% (3.118)
and the mode count for this set of modes is

(3.119)

The second root gives

széL—-—l (3.120)
T 2

The total mode count of the system can be estimated by adding the two sets of modes

together
Ntota1:N1+N2:E_l+ﬂ —@'_l
T 2 2 & 2
N =2 14 1 oL (3.121)
T 2 2z 2 2r 2

Therefore the effect of a midpoint spring on the mode count of the system can be obtained
by

1 ¢ T
S=——tL _Z<e < 3.122
2 27 2 h=m ( )

For o0 — oo, ¢y > mand d > %; For 00— 0, ¢ > —/2 and 6 — 0. This is the same as the
case of a spring at the ends of the beams described in section 3.2.4. As for the midpoint
mass discussed above, there is some difference for S between at ends and at intermediate
of the beams. This is illustrated in Figure 3.12; the two expressions for dyring can be
shown to the equivalent if K is replaced by K/4 in dgring for the end spring. Again, the
result for the midpoint spring has not been analysed but is expected as same as a general

intermediate spring.

0.75 fowmeeee o

~~- intermediate

5spring
'

log

Figure 3.12 Difference between J;,.,; at ends and midpoint on beams.
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The mode count of a beam with an intermediate point spring can thus be expressed by

N, =N-6 (3.123)

total spring

where N is the mode count of the beam without the intermediate spring and Jspring is the

frequency-dependent parameter described in (3.122).

Based on the analysis described in section 3.3.1 to 3.3.3, it can be concluded that the
mode count of a beam with an extra intermediate constraint is equal to the mode count of
this beam without any extra constraint, modified by a constant that depends only on the
type of the constraint. These constants are normally the same as those applying for
constraints at the ends of the beams described in section 3.2 (Table 3.1). For a mass or a
stiffness, the constants have a frequency-dependent effect which is the same as for an end

constraint apart from a constant factor.

34 MULTI-BEAM SYSTEM

This section will extend the conclusion obtained from two-beam systems to systems
consisting of more beams. A finite periodic beam system will be discussed first and then a

random multi-beam system will be considered.

3.4.1 FINITE PERIODIC BEAM SYSTEM

The finite periodic beam system discussed here is a finite length beam supported at
regular intervals. The mode count of the system will be analysed by treating it as a long
beam simply supported at two ends with a number of extra uniform intermediate

constraints.

If m—1 equally spaced fixed constraints are applied, the system can be regarded as two

pinned-fixed beams and m—2 fixed-fixed beams. The mode count of the whole system can

be calculated by
Nlalal = 2Npinned—ﬁxed + (m - 2)Nﬁxed—ﬁxed (3 124)
: kKL 3
with N, == 3.125
pinned— fixed T 4 ( )
N_/‘Lxed-ﬁxed ='k_L_1 (3126)
3
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where Ny 1s the mode count of the whole system. Npiped-sixes 1S the mode count of a
pinned-fixed beam. Njxedixeq 18 the mode count of a fixed-fixed beam. m is the number of
beam segments of the system. This yields

mkl 1

Ny =———==(m~1)=N—-(m-1)5,,, (3.127)
T 2

total —

where N is the mode count of the long beam with simple supports at the two ends.

Since fixed constraints separate the system into exactly uncoupled segments, the mode
count for the whole system is readily obtained. It can be represented by the mode count of
a long beam minus the product of the number of constraints (m — 1) and the constraint
constant &. It can also be noted that the same result could be obtained for the case of

random (unequally spaced) constraints.

34.2 SIMPLY SUPPORTED FINITE PERIODIC BEAM SYSTEM

3.4.2.1 Natural modes and mode count

In this section a beam with (i — 1) intermediate simple support is considered (Figure
3.13). Mead [90, 91] gives a detailed study of the natural modes of a finite periodic
system. The natural modes only occur in propagation bands that are described in terms of
“bounding frequencies”. The bounding frequencies depend on the natural frequencies of
an individual segment of the system, with appropriate boundary conditions. These govern
the upper and lower limits of the propagation bands. In the present case, the pinned-

pinned and fixed-fixed boundary conditions are appropriate.

Figure 3.13 Simply supported finite periodic beam system

The natural frequencies for pinned-pinned boundary conditions are obtained from
kL =nn (3.128)

and for fixed-fixed boundary condition from
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kLz(n+%)7r. (3.129)

The propagation bands thus occur in the ranges [n7, (n+1/2) z] where # is an integer
starting from 1. m modes are available in each propagation band. Hence it can be seen that
between kL=0 and x, there are 0 modes,
between kL=n and 37/2, there are m modes,
between kL=3xn/2 and 2z, there are 0 modes,
between kL=2x and 5x/2, there are m modes
and so on. Figure 3.14 shows an illustration of the mode count for the finite periodic

simply supported beam system.

4nr
3nT
<
=
3 2or
b The last mode in the
g ;
g first propagation band mid-point
o
TN
mid-point ™ The first mode in the
second propagation band
0 1 Il 1 L 1 1 1 !

0 /2 n 3n/2 2n 5n/2 3n T2 4t 9n/2
kL (rad)

Figure 3.14 Illustration of the mode count of a finite periodic structure.

The average mode count can be obtained by finding the equation of a straight line passing
through points that are located midway between the last mode in a propagation band and
the first mode in the next propagation band. The physical explanation of these specific
points is that the wavenumber at these points should be midway between the two
wavenumbers at which two successive modes occur. In fact, these points are located in

stop bands.

Clearly this average mode count is only an approximation to the actual mode count, where

modes tend to be clustered. More details about the modal density of periodic structures
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can be found in Reference [92]. The purpose here is not to study the effect of periodicity

but the average effect of intermediate constraints.

: : . -1

The last mode in the first propagation band occurs approximately at kL =z + (’”2_)7£ .
m

This is less than the bounding frequency since the end conditions of the whole beam are

simple supports. The first mode in the second propagation band occurs at kL=27. The

(7-1/m)

mid-point is then located at kL = 7, which corresponds the mode count of m.

The slope of the straight line is m/z. Therefore the average mode count of the finite

periodic system can be represented as

g VM) TR 3,y L (3.130)
Vs 4 T 4 2

N

periodic

N

periodic - N - (’n - 1)51; (3. 1 3 1)

inned

This shows that the finite periodic beams system has a mode count that can be estimated
by the mode count of the long beam minus the product of the number of constraints m—1

and the constraint constant .

3.4.2.2 Case study

A beam of total length 2m, first with 5 identical segments and then with 10 identical
segments, is studied in this section. Simple supports are applied at uniform intervals. The
mode counts for the two cases are plotted in Figure 3.15. The mode count of the long

beam itself is also plotted in the same figure for comparison.

The staircases plotted in Figure 3.15 are obtained from an FEM model using ANSYS. In
the FEM model a number of beam elements are used adequately to approximate the
behaviour of each beam segment. The maximum element length is 0.01m. The difference
between the results for the periodic case and the average results for the long beam is
plotted in Figure 3.16. There are a lot of fluctuations in these difference curves. However,
the averaged values for 5 and 10 segments are 3 and 6.8, which are equal to those

calculated by equation (3.131).
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Figure 3.15. Mode count of periodic beams systems.
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Figure 3.16. Differences of the mode count between the periodic and the long beam.

3.43 RANDOMLY SPACED MULTI-BEAM SYSTEM

The periodic structure is an ideal situation suitable to be analysed theoretically. Real

structures, however, might not be ideally periodic. Whether or not the conclusion based

on the analysis of a finite periodic system can be extended to random multi-beam systems
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should therefore be considered for practical applications. Since it is nearly impossible to
conduct an analytical investigation of the random multi-beam system, numerical tools
such as FEM become appropriate. By reusing the example in section 3.4.2.2 a ten segment
beam has been generated by perturbing the positions of the simple supports of a periodic
system. The modal frequencies have been calculated using the FE method. The length of
the segments were 20, 22, 18, 17, 23, 20, 19, 25, 15 and 21cm, giving a total length of 2
m. Figure 3.17 shows the mode count of the system with 10 random segments along with
that with 10 periodic segments. This shows that the propagation and stop bands for the
periodic system disappear. In fact the modes become local. The mode count difference
between the random multi-beam system and the average result for the long beam is
calculated and presented in Figure 3.18. The average value is equal to that of the periodic

system, with less fluctuations.

This section therefore concludes with an estimated formula for the mode count of a multi-
beam system without analytical proof but which has been demonstrated by the example
shown. Equation (3.132) gives this estimated formula that has the same form as described

in equation (3.131).

Nrandam =N- (m - 1)5pinned (3 132)
50 T T T T T
— 2m beam |
ar e 2m beam with 10 identical spans
—— 2m beam with 10 random spans o
40+
351 b
. 30r A
=
3
8
S 25t .
e
Q
Eoot _
15+ .
10+ B
5r 4
0 1 H
0 10 20 30 40 50 60 70 80

wavenumber k

Figure 3.17. Mode counts of multi-beam systems.
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Figure 3.18 Mode count difference between the random multi-beam system

and the result for the long beam.

3.5 EXTRUDED SECTION

The mode count and modal density of the cross-section of the extruded plate are studied in
this section. The example of an extruded plate used in the present chapter is the floor of a
typical railway carriage, which has a length of 2.016 m and a height of 0.070 m. It
consists of an upper plate, a lower plate and a set of stiffening plates set at angles between
33° and 49° and some at 90°. The work described here is concentrated on the cross-
section in the x-y plane as shown in Figure 3.19. This extruded section is composed of a
set of one-dimensional segments so that the previous studies on the mode count of 1-D
systems can be used to estimate the mode count of the extruded section. The thickness of

each segment is 0.003m.

68



Axis of the cross-

section of the carriage
i3mm
ANEAN
\VARVAEI V4 ARV

Figure 3.19 Cross-section of the extruded plate (not to scale).
3.51 MODAL ANALYSIS OF FEM MODEL

The cross-section of the extruded plate is modelled using FEM with ANSYS. The BEAM
3 element in ANSYS is chosen to represent it. The BEAM 3 element is a uniaxial two
node element with tension, compression, and bending capabilities. The element has three
degrees of freedom at each node: translations in the nodal x and y directions and rotation
about the nodal z-axis. The maximum length of the element used in this FEM model is

0.01m, allowing analysis valid up to 10 kHz.

A modal analysis is carried out by applying certain boundary conditions on the model. In
order to obtain more global modes, symmetry and anti-symmetry boundary conditions are
separately applied on the two ends of the upper and lower extruded plate. In total, four

combinations of boundary conditions are analysed (shown in Figure 3.20).

. . A P
anti Symm
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. K .
anti anti
Sy A,
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> A

Figure 3.20 Boundary conditions applied in FEM model.
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For the present model, to represent the extruded plate in plane bending, the Young’s
modulus E is replaced by E /(1— ) where 1 is the Poisson’s ratio in order to account for

the fact that cross-sectional contraction is prevented in one direction (‘plane strain’

model).

The FEM modal analysis gives the natural frequencies and mode shapes of the extruded
section. The first few modes for each boundary condition are presented in Figure 3.21 to
Figure 3.24. For each set of boundary conditions, only the first few modes appear to be
global behaviour of the structure. For frequencies above 470Hz, the mode shapes become
complicated and local motion of a single beam begins to dominate the modes. Global
modes may be considered as those in which the energy is distributed over the whole
system, involving motion of the whole framework, whereas ‘local modes’ involve mainly
motion of one (or more) members without much motion of the whole framework. Thus,
for example, in Figures 3.21 and 3.24 the upper mode is clearly a global mode and the
lower mode is clearly a local mode. The middle mode is predominantly a global mode
although with strong motion of some members. The frequency above which local modes
occur will be denoted by fi,co. The local modes appear first at the longest beam segment at
the right-hand side of the extruded section. For this beam segment, this is its first mode.
However, it can be noted that adjacent beams also vibrate to some extent. Then as the
frequency increases local modes appear at the shorter beam segments in other locations of

the extruded section.

FREQ=53.2

FREQ=393.7

7

FREQ=478.1

Figure 3.21. Mode shapes for the boundary condition: anti-symmetry and symmetry.

(Frequency in Hz).
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Figure 3.22. Mode shapes for the boundary condition: anti-symmetry and anti-symmetry.

(Frequency in Hz).

FREQ=199.5

FREQ=488.9

Figure 3.23 Mode shapes for the boundary condition: symmetry and symmetry.

(Frequency in Hz).
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Figure 3.24 Mode shapes for the boundary condition: symmetry and anti-symmetry.

(Frequency in Hz).
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3.5.2 EVALUATING THE MODE COUNT

To estimate the mode count of the extruded section, account should be taken of the global
modes and the local modes. For global modes, the extruded section can be regarded as an
equivalent beam. For local modes, the extruded section can be treated as a multi-beam

system.

The FEM model represents half the width of the floor. The mode count of the whole floor
can be obtained by a combination of the FEM modal analysis under the boundary

conditions of antisymmetry-symmetry and antisymmetry-antisymmetry (see Figure 3.20).

3.5.2.1 Global modes

To consider the extruded section as an equivalent beam, the equivalent bending stiffness
for the extruded section must be determined. In such global bending motion, the stiffeners
are nearly rigid and the bending induces stresses mainly in the upper and lower beams.
Supposing the extruded plate is in a state of a pure bending vibration, the upper or lower
beams would be either compressed or extended relative to the neutral fibre. This neutral
fibre passes through the centre of gravity of the section, and actually is located at the mid-
point of the section (see Figure 3.25). It can be assumed that the stiffeners do not bear the
tensile and compressive stress under the pure bending condition and behave as rigid
spacers that separate the upper and lower beams. Based on the above assumption, the
second moment of area about the z axis per unit width can be calculated by

3 2
Ir=2x£h—+(!——{——fl—) xh} (3.133)
: 12 L2 2

where / is the thickness of the upper and lower plates and H is the height of the extruded
plate. This is illustrated in Figure 3.26.

NS AN RN N AN A AN A

Neutral fibre

Figure 3.25 Illustration of the neutral fibre of the extruded section.
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Neutral fibre

Figure 3.26 The moment of inertia of the area of the cross section.

The equivalent bending stiffness can therefore be calculated by

B, =EI = E]xz (3.134)
l-p

The dispersion relation for the equivalent beam can be expressed by

1 r \a
= m
k, =w? 3.135
Bg (E’]Aj ( )

%, where I, 1s the total

where m' is the mass per unit length, which is given by m' =
length of all the beam segments and L is the length of the section.
To investigate the validity of the above assumption, the bending stiffness can be

determined from the FEM model using the dispersion relation of bending vibration and

then compared with the result of equation (3.134). The dispersion relation of bending

m
k=3—ow 3.136
4 - ( )

where k is the wavenumber, m’ is the mass per unit length, B is the bending stiffness of the

vibration is given by

beam and w is the radian frequency. Taking the wavelength from the mode shape shown
in Figure 3.21 to 3.24, the wavenumber for the global modes can be obtained by

_2r
A

k (3.137)
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where A is the wavelength for the global vibration.

By rearranging equation (3.136), and substituting the wavenumber and natural
frequencies, the bending stiffness can be calculated. This is shown in Table 3.2. The
averaged value from the first mode for each set of boundary conditions from the FEM
model is 5.336x10° Nm?. The value calculated by equation (3.134) is 5 369x10° Nm®. The

difference between the estimated formula and the FEM results is less than 1%.

Table 3.2 The wave number and bending stiffness derived from FEM analysis

Boundary conditions Frequency Wavelength Wave number Bending stiffness
(Hz) (m) (rad/m) (Nm®)

anti-symm 53.2 4.032 1.558 5.764x10°
anti-symm 393.7 3.344 4.675 3.896x10°
anti-anti 197.7 2.016 3.117 4.974x10°
Symm-symm 199.5 2.016 3.117 5.068x10°
symm-anti 52.1 4.032 1.558 5.534x10°
symm-anti 399.5 3.344 4.675 4.013x10°

Now the mode count of the global modes can be readily obtained by using the

approximate formula

ks L
‘ji ~ 85, (3.138)

N =

4

where N, 1s the mode count of the global modes, kgg is the wavenumber, which can be
obtained from the knowledge of the equivalent bending stiffness for the global modes and
OBcg 1s the constant due to boundary conditions described in section 3.2. For current case,

simple supports are applied on the two ends of the extruded section (full floor) so that dzcg

is 1/2.

Simple Euler-Bernoulli beam theory is valid at long wavelengths. At higher frequencies
shear deformation and rotational inertia need to be considered. So the beam theory of
Timoshenko is introduced for evaluation of the global mode count for high frequency. The
dispersion relation of the Euler-Bernoulli beam is therefore modified and expressed by

[35]
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E' ) Pl
0’k —pAot+E—=a’ =0 3.139
G j Timo p GK ( )

ETk:., - pI, (

where £ = iktimo, krimo 1S the wavenumber, x is the Timoshenko shear coefficient, I is the

second moment of area of the equivalent beam, E’ is the corrected Young’s modulus and

G is the shear modulus. The shear modulus is given by G = _£ . The value of x'is

2 (1 + ,u)
partly determined through the analysis of the mobility of joint locations using the FEM

model (see section 3.5.3). Here, k= 0.2 is used.

The solution of the first propagating wave' from equation (3.139) gives the wavenumber

of the Timoshenko beam, which is represented by

EI 5 El 2 p2]
I |1+ Z 4 I |1+ 2| —4E'T, Aw? + = ¢?
p‘( Gx]a’ \/[p( G’Ja)} [p G )

Timo — 2E,Ix
(3.140)
The global mode count of the Timoshenko beam can be calculated by
k. L
N, = 7’7”: —Opeq (3.141)

The global mode count obtained from both equation (3.138) and (3.141) are presented in
Figure 3.27. It can be seen that the Timoshenko beam has a similar result to that of Euler-
Bernoulli beam below 200Hz while, above 200Hz, the mode count of the Timoshenko
beam increases more quickly than Euler-Bernoulli beam. It will be shown later in section
3.5.2.4 that the Timoshenko beam is a more appropriate model for the global vibration
than Euler-Bernoulli beam. The beam models give results that are close to the FEM
results up to fiocs Which in this case is 470Hz. Above this frequency the FEM results are

dominated by the local modes.

! The solutions of equation (3.139) have two sets of waves. The first is a propagating wave. The second is a
near-field wave at low frequency and propagating at higher frequency. Equation (3.140) is the first

propagating wave.
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Figure 3.27 Global modes of the extruded section.

3.5.2.2 Local modes

The mode count for local modes can be approximately considered by treating the extruded
section as a multi-beam system, that consists only of a single line of segments joined end-
to-end. The boundary conditions concerned were also only ideal conditions such as the
simple support. For the extruded section, the beam segments are not joined in a single line
but multi-coupled and the boundary conditions at the joint points are unknown. However,
based on the study described in the previous sections, in which the mode count of a multi-
beam system can be estimated by the mode count of a beam with a total length of all the
segments, modified to account for the constraints, the mode count for the extruded section

can also be evaluated approximately in a similar way.

In order to use this method to predict the mode count for the extruded section, one must
first investigate the boundary conditions between the beam segments. This can be done by
checking the wavenumber for each beam segment in its local mode. For each local mode,
usually only one beam segment dominates the vibration. In other words, the mode of the
whole system is determined by this beam segment. The dispersion relation of the bending

vibration for this beam segment must satisfy the equation (3.136), where the bending
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stiffness and mass per unit length refer now to the beam segment. The relation between
the wavenumber and the frequency helps to understand the boundary conditions
experienced by this beam segment. For example, it is well known (see also Appendix B)
that the fixed-fixed boundary condition will give a first mode of a beam which has the
largest wavenumber compared with other boundary conditions. Therefore, the natural
frequencies of every local mode below 2000Hz directly obtained from the FEM analysis
is used to calculate the wavenumber, assuming the beam to be subject to fixed-fixed
boundary conditions, by using the frequency equation described in Appendix B. These
results are compared with the dispersion relation for free waves in the beam segment. This
is plotted in Figure 3.28. For comparison, the wavenumber estimated by assuming a
pinned-pinned condition applied to each local mode is also calculated and presented in
Figure 3.28. Note that, in Figure 3.28, the wave numbers for fixed-fixed conditions are
plotted against the natural frequencies from FEM results, rather than the calculated
frequencies for fixed-fixed boundary conditions. This makes the wavenumbers shift to the
left so that they appear above the dispersion curve. For the case of pinned-pinned,

wavenumbers are shifted to the right and appear below the dispersion curve.

These results show that each beam segment is in a state between the fixed-fixed boundary
condition and pinned-pinned. It may be noted from the earlier analysis that intermediate
simple supports on a beam lead to local modes with natural frequencies somewhere
between pinned-pinned and fixed-fixed (actually between pinned-pinned and pinned-
fixed, see section 3.4.2.1). Therefore it is assumed, as a first approximation, that each
local beam is simply supported at its ends as well as connected to its neighbours. This
leads to an approximate expression for the local modes of the extruded section. It is given
by

K,

N, = —(m—l)x% (3.142)

where N; is the mode count of the local modes, m is the number of the beam segments, /,
is the total length of the beam segments. For this section (whole floor), m= 78, and /=

7.41m.

The extruded section is different from the multi-beam system discussed in section 3.4. It
includes four simple supports at two ends, the irregularly spaced beam segments and

unknown boundary conditions between them. Although these differences exist, the
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estimation based on equation (3.142) is of a similar form to that for the multi-beam
system discussed in section 3.4. This estimation is the simplest one but will give a useful
understanding of the dynamics of the extruded section. It also leads to potential estimation

errors to some extent. Results will be compared with the FEM mode count in section

3.5.2.4 below.
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Figure 3.28 Wavenumber of the local modes of the extruded section.

3.5.2.3 Longitudinal modes

In order to estimate the mode count of the extruded section, for comparison with the FEM
results, the longitudinal vibration must be also taken into account. The longitudinal modes
can also be considered to consist of global and local modes. The local modes occur when
a half wavelength would fit within a single beam segment. For the longest beam segment
in the extruded section, 0.16m, the first mode would occur at 16250Hz for the wave speed
5200my/s. For shorter beam segments, the first mode would occur at a higher frequency.
The local longitudinal modes may therefore be ignored when the mode count for the

whole system is considered. The global longitudinal modes may be considered as the
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modes of a simple rod with the length of the extruded section. The corresponding mode

count is given by

N, = (3.143)

where NV, is the longitudinal mode count, &z is the wavenumber of the longitudinal

vibration and L is the length of the extruded section.

Figure 3.29 shows the longitudinal mode count for the extruded section. It can be seen
that the longitudinal mode count has a comparatively small contribution to that of the

whole system.

A second set of global longitudinal modes exists in which the two outer beams vibrate in
opposite directions on the shear stiffness of the intermediate 'layer'. However, these modes
have not been included here as they occur at high frequency and will have even smaller

contributions to the mode count than the modes in Figure 3.29.
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Figure 3.29 The longitudinal mode count of the extruded section.
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3.5.2.4 Mode count for extruded section

Now the mode count for the extruded section is estimated and compared with the results
of the FEM model. The mode count of the extruded section can be approximately

calculated by

N, +N <
N:{ L g f ﬁoca[ (3144)

NL+Ng+N1 fzﬁocal

where N; is the mode count for the longitudinal vibration from equation (3.143), N is the
mode count for the global bending modes from equation (3.141) and N, is the mode count

for the local bending modes from equation (3.142).

Figure 3.30 presents the mode count estimated by equation (3.144) and that obtained from
the FEM model. Figure 3.31 presents the same curves as Figure 3.30 but with logarithmic
axes so that the difference at low frequency can be clearly seen. The estimated value is
larger than that obtained from FEM above 500Hz. The difference between these two

curves is plotted against frequency in Figure 3.32. The average difference is 12.5.

If a fixed boundary condition is considered to exist between the beam segments in the
extruded section in place of the pinned boundary condition, the local modes can be

predicted by

N,:%—(m—l) (3.145)
T

The corresponding results are presented in Figure 3.33 to Figure 3.35. The average

difference between the estimated and FEM mode count is — 6.2.
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Figure 3.31 Mode count of the extruded section for the whole floor.

(simple support condition supposed between beam segments).
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Figure 3.32 The difference between the estimated and FEM mode count.
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Figure 3.33 Mode count of the extruded section for the whole floor.
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Figure 3.34 Mode count of the extruded section for the whole floor.

(fixed conditions supposed between beam segments).
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Figure 3.35 The difference between the estimated and FEM mode count.

(fixed conditions supposed between beam segments).
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It can be concluded that the actual constraint between beam segments ofithe extruded
section is somewhere between simply supported and fixed conditions. From the difference
between the estimated value and that from the FEM, the fixed conditions are more
appropriate to the real situation than simple supports for frequencies above 1kHz, but at
lower frequencies 400 to 700Hz, the simple support is a better approximation. The simple

support also gives a better approximation to the frequency fiocar-

This shows that the conclusion drawn from the one-dimensional system consisting of a
single line of segments with either intermediate simple supports or fixed constraints
cannot provide a satisfactory agreement when it is applied in a complicated real structure,
the extruded section. The extruded section is constructed of a set of beam segments, each
of which is coupled with its neighbouring segments. The coupling degrees of freedom
include longitudinal and transverse displacement and rotation. For such a multi-coupled

system, further separate investigations are really required.

Equations (3.142) and (3.145) is theoretically valid at frequencies which are sufficiently
high that the first modes of all beam segments have occurred. At low and mid frequency,
the local modes occur only on those relatively wide beam segments. Therefore those
relatively narrow strips and their corresponding constraints should not be taken into
account for the use of equations (3.142) and (3.145). Alternatively, the mode count for the

local modes can be rewritten as

i=1

m N
N1=Zmax( 0') (3.146)

where N; is the mode count ofithe ith beam segment. N; may have a negative value at low

frequencies, especially for the relatively narrow strips.

For simple support, N, = M3 + 3 (3.147)
T 4 4m
. ki, 1
For fixed condition, N =—-1+— (3.148)
Vs m

Figure 3.36 presents the results calculated using equations (3.147) and (3.148). The
estimated mode count using fixed conditions between the beam segments gives a better

agreement with the FE result for frequencies between 500 and 1k Hz. Using simple
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support overestimates the mode count in this frequency range due to its overestimate of

the cut-on frequencies for the beam segments. The result from the FE model still lies

between two predicted curves. This shows again that the actual constraints for the beam

segments are somewhere between the simple support and the fixed condition.

The application of equations (3.147) and (3.148) is more complex one as it involves the

actual widths of the beam segments. However, it is more important to include this type of

analysis for the three-dimensional panel as for each cut-on there is a whole series of

modes rather than just one for the beam. This type of analysis will be used in Chapter 4 to

consider the mode count of an extruded panel in a three-dimensional model.
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Figure 3.36 Mode count of the extruded section for the whole floor.

(— FEM; — — — using simple supports; -~ fixed conditions.)

3.5.2.5 Frequency-dependent Sz¢c

Nevertheless the boundary condition constant  experienced by the beam segments can be

identified through rearranging equation (3.144). The actual mode count is given by

N=N,+N,+N, L7
T

Bg

/A

- 5BCg

kyl

Btot

—(m—=1)xJy

f 2 f}ocal
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If the mode count obtained from the FEM model is substituted into the left-hand of the

above equation, the dz¢ can be calculated by

k Zlot k L k ltol
(NFEM _";———Zg_”"é‘BCg _BTJ
Opc = S 2 froca (3.149)
(m-1)

The results of equation (3.149) are presented in Figure 3.37. It can be seen that the
constant of the boundary conditions varies with frequency. For frequencies between
500Hz and 1000Hz, droughly changes from 0.75 to 0.95. This change might explain the
disagreement between S00Hz and 1000Hz in the prediction of the mode count by using
fixed or pinned boundary conditions. The pinned boundary conditions have a better
agreement in the prediction for the frequencies from 500Hz to 700Hz because ¢'1s close to
0.75 in this frequency range. Both cases give disagreement from 700Hz to 1000Hz
because Jis between 0.75 and 1. Above 1000Hz, ¢ fluctuates around a mean value of
about 0.9, which is closer to a fixed boundary condition. Above 16kHz, the estimated
value of dexceeds 1 but it should be noted that at these high frequencies the wavelength
of the global modes becomes shorter than twice the length of an individual beam segment,

so that the model for global modes becomes inappropriate. This will affect this estimate.

During the study of &, it has been found that the results are very sensitive at high
frequency to the value of xused for the global modes. It is also noted that the model of an
Euler-Bernoulli beam for the global modes is not appropriate. Figure 3.38 shows the result
obtained from different values of x and the Euler-Bernoulli beam. Above 7kHz, the result
from x= 0.1 would not be appropriate as 0> 1. Between 1kHz to 16kHz, the average

result of 6 for k= 0.2 can be approximated to be 0.9, shown by the solid line.

It may be noted that the concept of a frequency-dependent boundary condition 1s
consistent with the cases of a mass or stiffness considered earlier, although in the present
case ¢ increases with increasing frequency whereas in the previous cases J decreases with

increasing frequency.
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Figure 3.37 Constants of boundary conditions as a function of frequency.
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Figure 3.38 The result of d obtained from different models.
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3.5.3 MODAL DENSITY AND DRIVING-POINT MOBILITY

In practice, the spatially averaged driving point mobility for a complicated structure 1s
required since it can be used to calculate the power input to the system. Cremer and Heckl
[35] give the following approximate expression to calculate the frequency band averaged

real part of the driving point mobility
Re{Y} =2 n(w) (3.150)
2m

where m is the mass of the system and n(w) is the modal density of the system.

The modal density is the slope of the mode count function against frequency. In the case
of the extruded section, although the mode count for local modes is different from the
single equivalent beam with the same total length as all the beam segments, the slope
(modal density) at frequencies above 1kHz is similar. Using this idea, the modal density

can be approximately obtained by the differentiation of equation (3.144). Equation (3.144)

is given by
kL kgL
_L_+_§£—_ 5BCg f < f}ocal
N=N,+N,+N=4 7 7 (3.151)
kLL kBgL kBlrot
-+ _5BCg +—LE—(m=D)Xbsc [ 2 froeu
7 Vs s

. 1
— 4
where k, = w? (%) is the wavenumber of bending vibration of the beam segment, kg,

1s the wavenumber of the global bending vibration, /,, is the total length of the beam

. @ . o
segments of the extruded section and k, =— is the wavenumber of longitudinal
L

vibration.

The modal density of the extruded section now can be given by

k, L
dN ;{J;_{— Zjia) f < ﬁocal
@0V L kL ks o
(2] L n 'Bg + Brot_(ln_l)dji fzﬁocal
w

o, 2nw  2rw
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which includes four components: longitudinal, global bending, local bending and
boundary conditions experienced by all beam segments. The first two items have only a
small contribution to the modal density above fi,.. since the local bending dominates the
whole system above this frequency. dpc is represented by a function of frequency as

shown in Figure 3.37. From 500Hz to 1kHz, dzc changes approximately linearly from

0.78 to 0.93. At frequencies above 1kHz, dp¢ is approximately constant. Therefore, ijc
@

or %}’C can be approximately expressed by

0.15/500 500Hz < f <1kH
_d5sc=2ﬂ__.d5ﬁc={ z<f <Iidz (3.153)

df do |0 f>1kHz

The result calculated from equation (3.152) is compared with that from the FEM modal
analysis, which is obtained by counting the number of the modes in each one-third octave
band. This is presented in Figure 3.39. There are actually no modes found in the bands
100, 125, 160, 250 and 315 Hz from the FE results so that the modal density from the
FEM for the bands central frequency at 200 and 400 Hz appear higher than the predicted
result. The curves presented in Figure 3.39 are in terms of n(f), which is given by

n(f) = 2zn(@) (3.154)

Figure 3.39 presents the estimated modal densities by using both the Timoshenko and
Euler beam for the global vibration. The estimated results give a good agreement above
Siocat =470 Hz. It can be noted that only some slight differences occur between the two
beam models. This demonstrates that the modal density is not sensitive to which model is
chosen for the global vibration. As the modal density above 500Hz is dominated by the

local vibration.
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Figure 3.39 The modal density of the extruded section.

The real part of the driving point mobility can thus be calculated approximately from
equation (3.150) by using equation (3.152). The estimated result is compared with that
from the FEM model in Figure 3.40. The result shows a good agreement in the frequency
range above 500Hz where local modes occur. The FEM analysis is based on the average
of the real part of the driving point mobility calculated for 27 points on the upper plate of
the extruded section, in which 17 points are located on the beam segments away from the
joints and the others are at joints. The value of the damping loss factor used is 0.2. There
are large variations between the mobilities at these various points, as shown by the range
in Figure 3.40. The estimated result based on equation (3.150) is reliable for the mean
value. Because of the truncation of the modal summation in the FEM analysis, a small
systematic difference occurs at frequencies near to the upper limit. In the analysis of the
FEM model, a smaller value of the damping loss factor 0.06 is also calculated. The results

do not have too much difference from those obtained using a value of 0.2, as shown in

Figure 3.41.
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Figure 3.40 Comparison between the estimated mobility of extruded section and result from FEM.
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Figure 3.41 Mobility of extruded section obtained from FEM using different damping values,
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It may be anticipated that the mobility at the joint points will be much lower than at
intermediate points because their responses depend only on the global vibration. Using the

equivalent beam for the global modes, the mobility can also be evaluated by [35]
ks
Re{V} =—=— (3.155)
4m'w

where kg, is the wave number of the global bending vibration and m’ is the mass per unit

length of the equivalent beam.

The results of equation (3.155) are presented in Figure 3.42. Compared with the results
obtained from the FEM analysis, the Euler-Bernoulli beam model is not appropriate.
Therefore, the Timoshenko thick beam should be introduced at high frequency for global
modes. For a thick beam, the mobility can be calculated by the following formula from

[357°

ks, (3.156)

where G~ =G, in which k= A,./4 is the Timoshenko shear coefficient and G is the shear

modulus. The shear modulus is given by G = . A, 1s the cross-sectional area

2(1+ p)
effective in shear and is unknown for the extruded section because of the irregular cross-
section. A4 is the total area of the cross-section. /; is the second moment of area of the

equivalent beam. The wavenumber kg, in equation (3.156) is that applying to the Euler-

Bernoulli beam formulation.

In order to use equation (3.156), a suitable value for xis needed. Several values of xhave
been used in (3.156), and the results are compared with those from the FEM model.
Figure 3.42 shows the results. It can be seen that 0.1 gives the closest agreement. In
section 3.5.2.4, however, the different values of xlead to different results in the prediction

of the mode count. k= 0.1 only gives physically meaningful results below 7kHz. x=0.2

% Note that a typing error in [35] has been corrected and that #%/12 has been replaced by L/4.
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gives a more acceptable result for the frequency in the whole audio range and has

therefore been adopted. It gives reasonable agreement in Figure 3.42 also.

From Figure 3.42, it can be seen that the mean mobility of the whole system at low
frequency is similar to that at the joint locations, as it is governed by global vibration. At
high frequency, the vibration of whole system is dominated by local modes and the
mobility can be predicted from the local modes. The global modes have only a small
contribution to the modal density of the whole system here. The formula for the thick
beam with a suitable value of x gives a better agreement to the mobility at the joint
locations. This confirms that the thick beam model is more appropriate than the thin beam

model above 200Hz.
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Figure 3.42 Mobility of the joint points from the FEM and estimated values.

3.6 CONCLUSIONS

The mode count of one-dimensional subsystems has been investigated. A simple
relationship has been shown between the mode count and the boundary conditions. A free

boundary has no effect on the mode count of the system. For longitudinal vibrations, a
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fixed boundary constraint adds to the mode count by —%. For bending vibrations, which
have two coupling degrees of freedom, a sliding constraint adds to the mode count by —%4,
a simple support condition by —% and a fixed boundary constraint by —1. For more
general boundary conditions, here in particular a point mass and a point spring, the
boundary effect on the mode count is frequency-dependent. A mass tends to be similar to
a free condition at low frequency and to a simple support at high frequency. A spring,
conversely, tends to a simple support at low frequency and to a free condition at high

frequency.

For multi-beam systems in a single line, the mode count of the system can be estimated by
the mode count of a long beam without any extra constraints minus the sum of the
constraint constants. This conclusion for the multi-beam system leads to an approximation
that can be used for the investigation of an extruded section. Although small errors occur
in the prediction of the mode count for the extruded section, as the constraints are neither
simple supports nor fully fixed, the modal density and average driving point mobility
derived from this model show good agreement with FEM analyses. This demonstrates that
the modal density is largely independent ofithe boundary conditions whereas the mode

count is dependent on the boundary conditions for one-dimensional systems.

For complicated structures like the extruded plate at high frequencies, a point source of
excitation is likely to be affected very little by the boundary conditions of the whole
system on average. The response of the extruded section at high frequency (above fiocar)
can be predicted by the modal character of the beam segment. At low frequency, the

global vibration is dominant, which can be represented as an equivalent beam.

The concepts and results developed in this Chapter have been used in investigations into
the mode count, modal density and the response of the section of the extruded plate
without damping. They may have use in analyses of other complicated structures. The
next step will be to extend the analysis to a two-dimensional plate system, which allows

the three-dimensional extruded plate to be modelled.
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4 THREE-DIMENSIONAL MODEL

OF EXTRUDED PLATES

4.1 INTRODUCTION

The relationship between the mode count and boundary conditions for one-dimensional
structures has been investigated in the Chapter 3. Based on the results obtained, a two-
dimensional model for the mode count and modal density of the extruded section,
consisting of one-dimensional elements, has been given. In this Chapter, the effect due to
boundary conditions on the mode count for two-dimensional structures, particularly
rectangular plates, will be investigated. Then a three-dimensional model, composed of
two-dimensional plate elements, for the mode count and modal density of extruded panel

will be given.

4.2 MODE COUNT OF RECTANGULAR PLATES

The mode count of a rectangular plate with a wavenumber less than a given value of & is
given by Hart and Shah [32] and Cremer, Heckl and Ungar [35] as

kS

4

N =

4.1
where N is the mode count, £ is structural wavenumber and S is the area of the plate under

consideration.

Lyon and DeJong [37] give an equivalent expression

N= %+FBCP/¢ (4.2)

where S is the area of system, P is the perimeter length and I'sc depends on the boundary

conditions. The first term in equation (4.2) is same as equation (4.1).

The modal density of the system can be obtained by the differentiation of equation (4.2).

This yields a term I"'p¢ in the expression for the modal density. It is suggested in [37] that

95



although the quantity I"'s¢ can often be determined for an isolated system, it is best to
assume it to be zero for connected systems because the effective boundary conditions
change with frequency. Therefore the modal density of a plate is found to be a constant:

n(w):a_N._l_: kS +FBCPz kS = Constant 4.3)

ok C, 27zcg C, 27rcg

)
askoc 0" and ¢, oc @'

4.2.1 NATURAL MODES AND MODE COUNT

Before giving a detailed calculation of the mode count of a given rectangular plate, it is
instructive to refer to the basic knowledge concerning the flexural vibration of a plate. The
equation of motion for flexural waves in an infinite plate is

4 4 4 2
B 02"+2 fvf +aff +pha§”:o (4.4)
ox 0°x0"y Oy ot

where w is the out-of-plane displacement, B is the flexural rigidity, given by
EW

B =12—(1——2) , p is the density, /4 is the thickness, £ is Young’s modulus and 4 is the
—H

Poisson’s ratio.

Harmonic plane wave solutions have the form
w(x,p,t)= g hxg MY gt 4.5)

where k, and k, are the trace wavenumbers in the x and y directions.

Substituting equation (4.5) into (4.4) shows that the free wave solution satisfies

Bk +&2) = pho? (4.6)
The plate free wavenumber can be defined as
h 2 174
k= + K :(pB‘" J (4.7)

For a finite plate, the natural modes will occur due to wave reflections at boundaries.
Considering a rectangular plate of dimensions a and b as shown in Figure 4.1, as for the

case of a beam, the phase-closure principle can be applied to it to find the natural modes.
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By ignoring the effect of near-field waves across the plate, the response of a rectangular

plate may be assume to be composed of four free wave components. This is given by
w(x, y,t) — (Ale—jkxxe—jkyy + Azejkxxe—jky)’ + ABejkxxejkyy + A4e—jk,xe/'kyy ) ejmt (48)

where k, = kcos@ and k, = ksing, with angle @ the heading of the wave, and k£ wavenumber

determined by equation (4.7).

YA
b
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k
k, Dr
@, 0 k
L
o >
a x

Figure 4.1 Illustration of the rectangular plate under consideration

The phase changes at the boundaries can be defined for each edge: ¢, ¢r for reflection in
the x direction at the left and right edges and ¢r, ¢s for reflection in the y direction at the
top and bottom edges. The natural modes will occur when

2ka+¢, + ¢ =2mn 4.9)
2k b+ ¢r + @y =2nm (4.10)

for integer values of m and n. These results are arbitrary to within a multiple of 2z. This

corresponds to Bolotin’s asymptotic method [30], see also [93].

The natural frequency of the mode (m, n) can be found by substituting these values of k;

and k, into equation (4.7)
1 I
> ) 2 2
o =| 2V [ +12]=[ 2 (m_ﬂ_MJ N z_mj @11
ph 7 oh a 2a b 2b
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These natural modes can also be plotted in wavenumber k-space, as illustrated in Figure
4.2. Bvery point corresponds to one mode (m, n). The component wavenumbers in the two

directions are given by

kx=ﬂr‘—¢L+¢R, k ziﬂ_-__¢T+¢B (412)
a 2a Y b 2b

It can be seen that the variation of the wavenumber in each direction from one mode to the
next is constant, namely 7/a and #/b. The boundary conditions effectively only influence
the distance to the axes, not the separation between points. This characteristic is very
useful allowing the use of k-space integration to calculate the mode count of the

rectangular plate.

k A nla
<>
+ + 4+ 4+ +
+ + + + +
+ + + + +
+ o+ -|Zm, nsl- +¢ 7ilb
+ 4+ 4+ + +
+ + + 4+ +
+ + + + +
+ 4+ 4+ + +
ky

Figure 4.2 Illustration of the k-space of the natural modes of a rectangular plate.

4.2.1.1 Simply supported plate

If all four edges of the plate are simply supported, the phase change at each edge is 7. The
phase-closure principle gives

k.a=mr
(4.13)
k,b=nr

The natural frequencies are given by
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(e
ph a b

In this case the phase closure principle gives the exact result as no near-field waves are
generated at boundaries due to the wave reflections. The k-space plot of the modes is
presented in Figure 4.3. The mode count below a particular frequency can be obtained by
finding the number of modes located within the quarter circle of radius £. This is given by
:Ld@wg

4.15
Ak AK, (419

N

where S is the area of integration, 4k, and Ak, are the changes in component wavenumbers

from one mode to the next, ie #/a and n/b.

ky

27/b
/b

wla 2rla k.

Figure 4.3 The modes of simply supported rectangular plate shown in k-space.

Equation (4.15) can be evaluated as

knx/2
[ [ rdodk L4
N(k) =22 4 (4.16)

Ak Ak, AkAK,

In considering the average area occupied by each mode in k-space, it can be noted that
each mode occupies an area of 7/a x #/b and the area of two strips along the axes should
not be taken into account by integration of equation (4.16). This is illustrated in Figure
4.3. Therefore equation (4.16) should be modified so that the average mode count below

wavenumber & is given by
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Lo ) LA

Ak AK,

where Ak, and Ak, are given by 7/a and #/b.

The final expression for the mode count of a simply supported rectangular plate is

2
N =F5_L, ‘”b}rl (4.18)
4r 2 T 4
or
S kP 1
Nk =—2 -2 4 = 4.19
) dr 4z 4 ( )

where P is the perimeter of the plate.

The first term in equation (4.19) is that is often used in the literature to estimate the mode
count for a plate. It can be seen that the result for the mode count of a simply supported

plate in equation (4.19) is less than that given by equation (4.1) due to the perimeter term.

Bogomolny and Hugues [41] give this perimeter term as
P
N, =p—k 4.20
, =B 1n (4.20)

where f = — 1 for the simple supported plate. It can be seen that the equation (4.19) has
the same results as that from equation (4.20) by [41].

To verify the result of equation (4.19), an aluminium plate of dimensions
0.4mx0.3mx0.002m is considered. The natural modes are calculated based on equations
from Leissa [94] (see also Appendix C) and then the staircase function of the mode count
is plotted. The average mode counts from equation (4.19) and (4.1) are both calculated
and plotted for the purpose of comparison. This is presented in Figure 4.4. The differences
between the mode count of equations (4.19), and (4.1) and the actual mode count are
plotted in Figure 4.5. The values of the actual mode count are given by the top of each
stair point minus 0.5 in each case (that is half way between the bottom and top of each
vertical line in the staircase function). The average difference between the results from

equation (4.19) and the actual average value is only —0.043. However, equation (4.1) has a
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systematic error increasing as frequency increases although the relative error decreases,

which is shown by Figure 4.4.
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Figure 4.4 Comparison of the mode count for a simply supported aluminium plate

0.4mx0.3mx0.002m. (—, staircase , ---, from (4.19), -----, from (4.1) ).
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Figure 4.5 Difference between the estimated mode count and the actual result for
a simply supported aluminium plate 0.4mx0.3mx0.002m.

—, using (4.19), thick line, average result, -----, using (4.1),)
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4.2.1.2 Fully fixed plate

Considering a rectangular plate with fully fixed edges, the natural modes occur

approximately when the wavenumbers satisfy
k.a=(m+ %)7:, kb=(n+ %)iz 4.21)

where m, n=1,2,3, ---. The k-space plot of the natural modes is presented in Figure 4.6.

Based on the equation (4.16) and the concept of the average mode count, the expression
for the mode count of a fully fixed rectangular plate can be given by

1 AL W

N( k) — 4 a b ab

Ny =S (“bjﬂ 4.22)

N(k)= Ij—j—%+l (4.23)
where P is the perimeter of the plate and S is the area of the plate. In terms of equation
(4.20), Bogomolny and Hugues [41] give a more exact value of f=— 1.7627598 for a
fully fixed plate. From the present analysis of equation (4.23), § is approximately given as
- 2. '
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Figure 4.6 The modes of a fully fixed rectangular plate shown in k-space.
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Having obtained equation (4.23), it is verified it by comparing it with the analytical
solutions. As before an aluminium plate of dimensions 0.4mx0.3mx0.002m is considered.
The natural modes can be calculated based on the equation from Leissa [94] (see also
Appendix C) and then the staircase function of the mode count can be obtained. Figure 4.7
presents the staircase function and the average mode count from equation (4.23). For

comparison, the result from equation (4.1) is also plotted.

10° :

Mode count N

10'22 . L ,,,,,,.3 . L ,‘,,,(4
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Frequency (Hz)

Figure 4.7 Comparison of the mode count for a fully fixed aluminium plate 0.4mx0.3mx0.002m.

—, staircase , ---, from (4.23), -----, from (4.1) )

It can be seen that equation (4.23) has a much better agreement with the staircase function
than equation (4.1), which results in considerable errors. Figure 4.8 shows the comparison
of the difference from the actual result. Compared with the result from equation (4.20)
based on f=— 1.7627598 given by Bogomolny and Hugues [41], equation (4.23) has a
relatively larger error at high frequencies. The errors from equation (4.23) are caused by
approximations made in applying the phase-closure principle from which it is derived. As
the near-field waves are neglected in using the phase-closure principle to obtain the
natural modes, the solutions for the first few modes and all modes with =1 or n=1 tend
to have larger values than those from the analytical solution. This eventually causes an

underestimate of the mode count equation (4.23) by 2 or 3 at high frequencies. Some of
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the lower natural frequencies derived from the phase-closure principle and the analytical
solution are listed in Table 3. These differences are larger than the corresponding

difference for one-dimensional systems.
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Figure 4.8 Difference between the estimated mode count and the actual result for
a fully fixed aluminium plate 0.4mx0.3mx0.002m.

—, using (4.23), thick line, using (4.20), ~-- , using (4.1))

Table 3 Comparison of natural frequencies of fully fixed plate

from phase-closure and analytical solution

Index of modes (2, n) | Phase-closure Analytical Difference (%)
1,1 192.4 159.7 20.5
2,1 315.6 269.3 17.2
1,2 4114 376.2 9.4
3,1 500.4 448.5 11.6
2,2 534.6 476.7 12.1
3,2 719.3 645.5 11.4
4,1 739.8 692.7 6.8
1,3 746.7 704.8 5.9
2,3 863.0 802.5 7.5
4,2 965.6 882.5 9.4
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4.2.1.3 Free plate

For a plate with four free edges, three rigid body modes should be included. These consist
of translation, rotation about the x direction and rotation about y direction. A fourth low
frequency mode (not a bending mode) exists in which the plate flexes with opposite

corners moving in phase. The natural modes in bending should satisfy approximately
k.a=(m —%)75, k,b=(n —%)7[ (4.24)

where m, n=73,4, ..

Corresponding to each rigid mode in one direction (translation or rotation) a set of beam-
like modes occur in the other direction. These beam-modes have a similar modal
characteristic to a one-dimensional system except that the Poisson ratio effect should be
considered. The plate modes, therefore, should include two sets of beam-modes in each
direction corresponding to the rigid modes in the other direction. This is shown in a k-

space plot in Figure 4.9.

The average mode count hence can be given by

%nk2+k(£+%)+£%
— a
Nk)= T (4.25)
ab
2
N(k)zk—S+k(a+bj+1 (4.26)
Ar /4
2
N(k)zk S+k—P+1 (4.27)
4

In terms of equation (4.20), Bertelsen, Ellegaard and Hugues [42] give = 1.7125908 for

a free plate. From the present analysis of equation (4.27), f is approximately given as 2.

Equation (4.27) is verified with the analytical solutions from Leissa [94] (see
Appendix C). Calculations are performed for the same plate as in previous sections.
Figure 4.10 shows the results and Figure 4.11 the differences. It can be seen that equation

(4.27) gives a good agreement with the analytical solutions, although there is a small error
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that increases with frequency. This error is probably also caused by using the phase-

closure principle to describe the natural modes of the free plate.
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Figure 4.9 The modes of a free plate shown in k-space

(solid square: beam-like mode, square: rigid mode, solid circle: plate mode)
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Figure 4.10 Comparison of the mode count for a free aluminium plate 0.4mx0.3mx0.002m

(—, staircase , --—-, from (4.27), ----, from (4.1) )
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Figure 4.11 Difference between the estimated mode count and the actual result for
a free aluminium plate 0.4mx0.3mx0.002m.

—, using (4.27), thick line, using (4.20), ~--- , using (4.1))

4.2.1.4 Plate with two opposite edges simply supported

Consider a plate having only two opposite edges in the x-direction with simple supports (x
= (), x= a), the other two edges (y = 0, y = b) being free. Two rigid modes will occur in the
y-direction (considering a beam in this direction). These two rigid modes lead to two sets

of simply supported beam-like modes in the x-direction of the plate. The natural modes in

bending should satisfy approximately
ka=mr, kb=(n —%)ﬂ' (4.28)

where m and » are integers starting respectively from 1 and 3, and for » = 1, 2, there are

two sets of beam-like modes.

The modes for the plate are shown in a k-space plot in Figure 4.12. All the shaded area
must be taken into account for calculating the mode count. The expression of the average

mode count is given by

A
N(k)= 4 Z
ab

thus
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, 4
N(k) :k_S_lf]_’.Jr_”Ef’__l (4.29)
dr 27 T 2

27lb
/b

Figure 4.12 The modes of a plate with two opposite edges simply supported shown in k-space

(solid square: beam-like mode, solid circle: plate mode)
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Figure 4.13 Comparison of the mode count for a aluminium plate 0.4mx0.3mx0.002m
with two opposite edges free and others simply supported.

—, staircase , ---, from (4.29), -----, from (4.1) )

The result of equation (4.29) is compared with analytical solutions. The same plate

dimensions as in previous sections are used. The results are shown in Figure 4.13 and
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Figure 4.14. It can be seen that equation (4.29) give a good agreement although there is

still a small error, while equation (4.1) has a systematic error as frequency increases.
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Figure 4.14 Difference between the estimated mode count and the actual result for an aluminium
plate 0.4mx0.3mx0.002m with two opposite edges free and others simply supported.

—, using (4.29), thick line, average result, ----, using (4.1))

4.2.2 RELATIONSHIP BETWEEN MODE COUNT AND BOUNDARY
CONDITIONS

From sections 4.2.1.1 to 4.2.1.4, it has been seen that the mode count is not independent
of the boundary conditions. Using equation (4.1) to evaluate the mode count of a plate
will cause a considerable error. The formulae based on the phase-closure principle and -
space plot for four combinations of boundary conditions have presented a more correct
result. It can also be concluded that in the k-space plot for the mode count of a rectangular
plate, under any combination of boundary conditions, the mode lattice depends only on
the material and dimensions but this is shifted depending on the boundary conditions. By
observing equations (4.18), (4.22), (4.26) and (4.29), the general expression for the mode

count of a rectangular plate can be written as

N =FS s K s E oA (4.30)
Ar Ak, 7 Ak,

y
where & and &, are the boundary effects along the x and y directions and 4 is a constant

term.
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Actually &, and , include the effects from two opposite edges in the corresponding
directions. Because all examples used previously are symmetric with respect to their
boundaries, it is reasonable to anticipate that half the value of & or &, will be the boundary
effect of one edge. Considering the free plate as a base for comparison, the effect of each
type of boundary can be obtained. The error A4 will be ignored because it is very small. It
will be shown later that ignoring A is acceptable for calculation of the modal density. The

mode count for a free rectangular plate is hence given by

2
N(k)sz+ k + k
Ar Ak, Ak,

y

(4.31)

Comparing equations (4.29) and (4.31), the effect due to the simple supports on the two
edges in the x-direction is given by

5 =3k (4.32)
2 Ak,

Therefore the effect due to a simple support on one edge in the x-direction is given by the
half of this
3 k.

S . =—= 4.33
x—pinned 4 Aky ( )

It is noted that the coefficient in the above expression (3/4) is equal to the constant effect
of a simple support on the mode count of one-dimensional systems as discussed in
Chapter 3. By further comparing the case of a plate simply supported on four edges with
the free plate, the effect due to a simple support on one edge in the y-direction can be
given as

s 3 k

y—pinned == Z E (434)

Similarly, by comparing the case of a fully fixed plate with that of a free plate, the effect

of a fixed condition on one edge can be given by

k
P 4.35
x- fixed Aky ( )
k
5)7-—/bred = AL (436)

X
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The constant coefficients (1) in equations (4.35) and (4.36) also correspond with the result

of a fixed condition for one-dimensional systems (1).

Based on the above derivations, it is straight forward and reasonable to conclude that the
effect of an edge constraint on the mode count of a rectangular plate is equal to the
product of the constant effect of the same type of constraint in a one-dimensional beam
and a frequency-dependent term, which depends on the dimensions and the dispersion
relation of the plate. This can be represented by

k
Ak,

axis

52—D = 51—0 (4-37)

where &;.p corresponds to the boundary effect in one-dimensional systems (see Chapter 3)

and Ak,;s corresponds to the direction parallel to the line constraint and equals —

where L. is the length of the line constraint. (e.g. the edge constraint on x = g has length
b).

Hence the mode count of a rectangular plate can be given by

k'S k
. )—A'k—y+(1

k
- §y—rup - 5y—bolt0m )E

X

N(k) =

+(1-6, 1 =5 +A  (4398)

x—right

where O iefi, Or-rights Oy-10p A0A Oy-posiom are the one-dimensional boundary effects

corresponding to the boundary conditions of the four edges, and 4 is a small constant.

4.2.3 FURTHER EXAMPLES

The effect of boundary conditions on the mode count of a plate has been given in the
above section. In this section, this effect will be used to estimate the mode count for a
plate with various combinations of boundary conditions. The predicted results will be

validated using the analytical solutions from Leissa [94].

4.2.3.1 A plate with simple supports and clamped edges in two directions

Consider a plate with two adjacent edges simply supported and the other two edges
clamped. Without considering the k-space plot for the natural modes, the mode count

directly obtained from equation (4.38) can be given by
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_s k k

x—pinned §x—clamped ) Ak + (1 - 5y—pinned - é‘y—clamped )
y

2
N(k)zk S+ 1~3—1 L+ 1—3—1 K
4z 4 Ak 4 Ak,

Nk)y=—:+

kS
47 (1

X

¥y

K’S 3 k 3k

N(y=—2-="—"_=
4 4 Ak, 4 Ak,

2
S 3,a 3,6

Nk =
) dz 4 7 4 =z

Ak,

(4.39)

(4.40)

(4.41)

(4.42)

The result from equation (4.42) is compared with the analytical solutions from Leissa [94]

in Figure 4.15 and Figure 4.16. It can be seen that equation (4.42) gives a good agreement,

although there is still a small error, whereas equation (4.1) has a systematic error as

frequency increases.
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Figure 4.15 Comparison of the mode count for a pinned-pinned-fixed-fixed plate 0.4mx0.3mx0.002m.

—, analytical , -, from (4.42), ----- , from (4.1) )
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Figure 4.16 Difference between the estimated mode count and the actual result for
a pinned-pinned-fixed-fixed aluminium plate 0.4mx0.3mx0.002m..

—, using (4.42), thick line, average result, —---- , using (4.1))

4.2.3.2 A pinned-pinned-pinned-free plate

Consider a plate with one free edge in the y-direction (y = 0) and the others pinned. The

mode count is given by

o kS 5 k k A
N( )_ 471_ +(1_5x——pinned - x~pim1ed)—A-_]g+(1_5y—pinned _5y—free)A—kx (4 3)
N =5, 1—3—3’-Ji+(1—3—0 —“a (4.44)
ar U 4 4)ak, \ 4 Ak,

2
N =KS Lk 1K (4.45)
4z 26k, 4AK,

N=ES L 1, e (4.46)
dr 2 7 4

The comparison of the result from equation (4.45) with the analytical solution is shown in

Figure 4.17. Equation (4.45) gives a good agreement with the analytical solution.

Further combinations of boundary conditions for a rectangular plate can be used to verify

the applicability of equation (4.38) but these will not be discussed in the present work.
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Figure 4.17 Comparison of the mode count for a pinned-pinned-pinned-free plate.

—, analytical , ---, from (4.46), -----, from (4.1) )
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Figure 4.18 Difference between the estimated mode count and the actual result for
a pinned-pinned-pinned-free aluminium plate 0.4mx0.3mx0.002m..

—, using (4.46), thick line, average result, ----- , using (4.1))
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424 APLATE WITH INTERMEDIATE LINE CONSTRAINTS

Following the conclusion from Chapter 3 that, for one-dimensional systems, an
intermediate constraint has the same effect on the average mode count as the same type of
constraint applied at an end, it can be anticipated that an intermediate line constraint will
have the same effect as the same type of line constraint applied at an edge for two-
dimensional systems. If a simply supported rectangular plate is considered with one or
several intermediate line simple supports applied, the average mode count of such a two-

dimensional system can be expected to be given by
N, (k)= N(k)—mby (4.47)
where Ny..(k) is the average mode count of the whole system, N(k) is the average mode
count of the system without considering the intermediate constraints, given by equation

(4.38), m 1s the number of applied intermediate constraints and dzc is the line boundary

effect of a simple support on the mode count which is determined by equation (4.37).

To verify equation (4.47), two examples are studied. The first is a simply supported plate
of dimension 0.4mx0.3mx0.002m with another line simple support applied at xo = 0.16m.
The second is the same plate with two line simple supports applied at x5; = 0.16m and

xo2 = 0.27m. The position of the line constraint x, in both cases is arbitrarily chosen. The

expected average mode count of the first example is given by

Ntoral (k) = N(k) - 5x—pinned (448)
. . 3 kb
where N(k) is given by equation (4.18) and 0,_,..s = R
Vs
The expected average mode count of the second example is given by
Nforal (k) = N(k) - 25x—pi1med (449)

Since the analytical solutions of natural frequencies for such systems are not available, an
FEM modal analysis is used to obtain numerical results. The ANSYS SHELL 63 elements
(4 nodes) of dimensions 0.01 x 0.01 m” are used. This allows analysis valid up to 8kHz,
based on six nodes per wavelength. Then the estimated results from equations (4.48) and
(4.49) are compared with those from the FEM analysis, as shown in Figure 4.19 and

Figure 4.20. It can be seen that the estimated values have a good agreement with the result
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from the FEM analysis. The mode counts obtained differ more significantly from the

result of equation (4.1) as intermediate constraints are added.

Made count N
=)
T

1
10°
Frequency (Hz)

Figure 4.19 Comparison of the estimated mode count and FEM result for a plate 0.4mx0.3mx0.002m
with a line intermediate simple support at x; = 0.16m.

(stair-case: FEM, ---: equation (4.48), --—-: equation (4.1))

Figure 4.20 Comparison of the estimated mode count and FEM result for a plate 0.4mx0.3mx0.002m

with two intermediate simple support at x;; = 0.16m and x;; = 0.27m.

(stair-case: FEM, --- : equation (4.49), ----- : equation (4.1))
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Figure 4.21 Difference between the estimated mode count and the FEM results. (solid line: using
(4.48) for one intermediate constraint, thick solid line: using (4.49) for two intermediate constraints, -

---~; using (4.1) for one intermediate constraints, -~---: using (2.1) for two intermediate constraints)

43 MODAL DENSITY OF RECTANGULAR PLATES

4.3.1 MODAL DENSITY

Having obtained the expression for the mode count of the rectangular plate with various
boundary conditions, the modal density can be readily derived through the derivative of
the mode count. In terms of frequency, the expression (4.38) of the mode count for a

rectangular plate can be rewritten as

1
" LAV} 1_5—er—5x—1-i1 b 1_5'_0 _5\’-—00/:1 a 2
N(a)):—S /—ma)+ mo ( L g") +( M ) w? +A
4z \ B B 7

T

(4.50)

It should be noted that there is a small constant term A in equation (4.50). The derivative
of the mode count will eventually eliminate the effect of this term in the modal density.

The modal density of a rectangular plate is hence given by
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aN(a)) S m" i 1 (m”j-‘lz (1 - 5x—[efr - 5x—right )b " (1 - 5y—lop - 5y—borrom)a (()_%
Ow 4z N B 2\ B b4 b4

4.51)

It can be seen from equation (4.51) that the modal density of the plate is frequency-
dependent. The first term in equation (4.51) is equivalent to equation (4.52) that is given

in most literature (see [35, 32, 37]).

S "
n(w) = ”; (4.52)

This first term is constant for a specific plate and depends only on the material, thickness
and area of the plate under consideration. The second term in equation (4.51) is frequency
dependent and contains information on the geometric characteristics of the plate. It
becomes relatively smaller and less important as frequency increases so that the modal

density tends to a constant only at high frequency.

4.3.2 CASE STUDY OF MODAL DENSITY

Substituting 6, =3/4 and 6, =3/4 in equation (4.51), the modal density of a simply

supported plate can be given by

1

" AW 1
n(w)=—— ﬂ—l(ﬂ 4 “bjw : (4.53)
az\NB a\B) 7

Similarly using &,, = 0, the modal density of a free plate can be given by

1
" "N\ 1
(@)= M L mfath) (4.54)
47\ B 2\ B 7w
and using 6, , =1, the modal density of a fully fixed plate can be given by
1
" AW 1
nw)=—- [ L ath) (4.55)
4z N B 2\ B /2

From the above three equations it can be noted that the modal density of the plate can be
either larger or smaller than the constant value from equation (4.52). Taking the plate

investigated in section 4.2 as an example, the result of the modal densities of a simply
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supported, a fully fixed and a free plate are shown in Figure 4.22 (NB results are plotted
as n(f) = 2zn(w)). It can be seen that equation (4.52) can only represent the true modal
density well at high frequencies. The first mode of this simply supported plate occurs at
85 Hz. The error can be as much as 14% at frequency 850 Hz (ten times the fundamental
frequency). For the cases of the free and fully fixed plate, the errors are 35% and 20% at a

frequency ten times the natural frequency of the first mode.

The modal density can also be obtained directly by counting the number of modes in a
band (it is actually impractical in applications). Figure 4.23 shows the results counted in
one-third octave bands for a simply supported plate. It can be seen that the result from
one-third octave bands agrees better with the curve from equation (4.53) and converges to
the constant determined by equation (4.52) at high frequencies. However, for frequencies
below 630Hz, the result counted in one-third octave bands has a quite large error as only a
small number of modes is presented in each band. This error can be decreased by
expanding the bandwidth of the frequency interval into overlapping octave bands, as
shown in Figure 4.24. Figure 4.25 and 4.26 present the results for the free plate. The same

phenomenon as the simply supported plate can be observed.
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Figure 4.22 Modal density of the plate 0.4mx0.3mx0.002m.

—, equation (4.52); -—, simple support; —, free; - , fixed.)

119



Modal density n(f)

Figure 4.23 Modal density of the simply supported plate 0.4mx0.3mx0.002m.

Modal density n(f)

Figure 4.24 Modal density of the simply supported plate 0.4mx0.3mx0.002m.

(— equation (4.52); -—, equation (4.53); 0, counted in overlapping octave bands.)
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Figure 4.25 Modal density of the free plate 0.4mx0.3mx0.002m.
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Figure 4.26 Modal density of the free plate 0.4mx0.3mx0.002m.

—, equation (4.52); -—, equation (4.53); o, counted in overlapping octave bands.)
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44 MODE COUNT AND MODAL DENSITY OF AN EXTRUDED PLATE

For complicated structures, there is no analytical result available for the modal density.
When using SEA, however, it is desirable to estimate their modal density using theoretical
expressions rather than rely on experimental methods or numerical methods such as FEM.
Based on the conclusions drawn in this Chapter, the modal density of extruded panels can
be estimated theoretically through including the effect of the boundary conditions and
constraints applied. The vibration of the extruded plate involves global motion and local
motion. At low frequencies the extruded plate behaves as a whole plate while the local
vibration dominates at high frequencies. The modal density of the extruded plate is a

combination of the modal densities of global modes and local modes.

4.4.1 MODEL FOR GLOBAL MODES

Consider the extruded plate as an equivalent plate in bending vibration, namely global
bending motion. For such motion, the stiffeners are nearly rigid and the bending induces
stresses mainly in the upper and lower plates, which are either compressed or extended
relative to the neutral fibre. This neutral fibre passes through the centre of gravity of the
section, and is actually located at the mid-point of the section (see Figure 3.26). It may be
assumed that the stiffeners do not bear the tensile and compressive stress under the pure

bending condition but behave as rigid spacers that separate the upper and lower plates.

The equivalent bending stiffness along the x axis has already derived in Chapter 3 (see
equation (3.134)). For bending along the z axis, the second moment of area about the y
axis based on the above assumption can be considered as an equivalent counterpart of a II
section [95], as shown in Figure 4.27. This gives

3 21 h(H-2h)
[y:2xl:|:gl—]—;—+ahx(%—ﬁj :’+l(——1)—} (4.56)

2 12sina

where a is the average spacing between the stiffeners.
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Figure 4.27 (a) Cross section of part of the extruded plate.

(b) The cross-section of the equivalent II section

The equivalent bending stiffness along the y axis is given by
, EI,
ByzE]yzl—,u’ (4.57)

The bending stiffnesses B, and B, from equations (3.137) and (4.57) have very similar
values since the second moment of area is dominated by the cross-section of the top and
bottom plates. B, is calculated as 5.369x10° m* and By 1s 5.715x 10° m* for a typical
section. In spite of this similarity, the extruded plate behaves as an orthotropic plate
because its bending stiffness varies with direction. For orthotropic plates, if the bending
wavelength is considerably greater than the stiffener spacing, it can be approximated as an
equivalent isotropic plate by introducing an equivalent bending stiffness By, [35]. This
equivalent bending stiffness B,, is equal to the geometric mean of the bending stiffness in

the two directions. It is given by

B ~.[BB (4.58)

Xy Y

4.4.2 MODE COUNT AND MODAL DENSITY OF GLOBAL MODES

It is assumed that the boundary conditions of the extruded plate are simple supports. The

mode count for global modes of the extruded plate can thus be given by
1

" n\4 L +L 1
N, (a))zi M a)—l M =2 \w? (4.59)
& 474 B 2\ B T

g g

where L, and L, are the dimensions of the extruded plate, S is its surface area (LL,), M" is
the equivalent mass per unit area, and By is the equivalent bending stiffness for the global

modes, 1.e. By,.

123



The modal density of the global modes is therefore given by the derivative of equation

(4.59) as

" n\a T 4 L 1
ng(a)):-% M —l(MJ [ = y]a) 2 (4.60)

4.4.2.1 Mindlin thick plate

In the same way as Timoshenko beam theory should be used for beams at high
frequencies, Mindlin’s thick plate theory should be considered for global plate modes at
high frequencies. The two-dimensional equation of motion for free vibration of a thick
plate is given by [96]

o & 5w
v DV -] +ph LY =0 4.61
( Gifaz‘z]( aﬁ]w _r (+61)

where p is the density of plate, G is the shear modulus, x is the Timoshenko shear

coefficient, 7 is the second moment of area per unit width, % is the thickness of the plate, D

is the bending stiffness and V* is Laplace’s two-dimensional operator.

The dispersion relation of the thick plate has a similar form to that for a thick beam. This
is given by

2

Dk +(%1?+[ja)zkf +%]a)4 — pha* =0 (4.62)

!

where £, is the wavenumber.

The solution of the first propagating wave from equation (4.62) is given by

2
D D 27
I+ |@® + I+ |w* | —4D| —pho? + 2= 0"
. p( GK) \/M Grcj } (pw Gr

4.63
, D (4.63)
The mode count of global modes of the thick plate can be calculated by
2 L+L
N, = Sk, _1f5*5 k, (4.64)
dr 2 T

The modal density of global modes of the thick plate can hence be given by
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L +L
n,(w){Skt 1( : yﬂ% 4.65)

2 /4
where dk/dw is given by the derivative of equation (4.63). Here this is evaluated

numerically.

44.3 LOCAL MODES

4.4.3.1 Mode count of local modes

The local modes occur above the first cut-on frequency of the widest strip. This behaviour
was studied using a two-dimensional FEM model of the cross-section of an extruded plate

in Chapter 3.

To consider the modal density of the local modes, the extruded plate can be treated as a
large plate with a number of line constraints applied. The area of this large plate Sior is
equivalent to the combined area of all the strips. These line constraints can be
approximated as simple supports or a value between the simple support and clamped
according to the results in Chapter 3. The mode count of local modes can be
approximately given by

N,(0) = N (o)~ pﬁ%(%)z o (4.66)

where N is the mode count of the plate having area Sy, p is the number of intermediate
constraints, which is the number of strips minus 1, ¢ is the boundary effect of the
intermediate constraints between strips, L, is the length of the extruded plate in the y-

direction, m" is the mass per unit area and B is the bending stiffness of the strip.

Nw) is given by

4z B 2\ B P

1
" /AW L + l 1
N(a))—*—Sm'a’ m a)~l(m j4 [~————y 2 ’Jaﬂ (4.67)

where Sy, 1S the total area of all strips and /; is the length of the shorter edge of each strip.

Theoretically, equation (4.66) is valid at frequencies which are sufficiently high that the
first modes of all strips have occurred. At low and mid frequency, the term containing the

information relating to the constraints in equation (4.66) will become significant to the
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result. It may cause a negative value for the mode count at low and mid frequencies. This
does not actually happen in reality, as the mode count must be positive. In practice, at low
frequencies, the local modes occur only on those relatively wide strips. Therefore those
relatively narrow strips and their corresponding constraints should not be taken into
account for the application of equation (4.66). Therefore equation (4.66) can be rewritten

as the sum of the local modes occurring on each strip

N, ()= Zlimax(év H 4.68)

where N; is given by
1
liL " ll ”\3 1 1 L Ny 1
N,~=—y,/ﬁw~——'(”’j ot -—— po ,-,,,wd+—j—y 2o @69
47 \' B 2z\ B p+1 7 2)7x\ B

This is equivalent to treating each strip as simply supported parallel to the x-axis and with

the assumed constraints defined by J parallel to the y-axis. A negative N; at one frequency
is physically meaningless. For such a case, this strip only contributes zero to the local
modes of the extruded plate. Note that N; = 0 if the mode count of all strips is zero. It

becomes non-zero as soon as local modes occur in the widest strip.

4.4.3.2 Modal density of local modes

The modal density of the local modes of the extruded plate can hence given by
n(w)=>n (4.70)

where #; 1s given by

1 1

ILL ] . mn; _1 L nN\Ny _L
2 R Y G S N pcspmneﬁl)_y(@_jmz for N, > 0
m=vy4r \B 4x\ B 2(p+1) 2) 7\ B

0 for N, <0
4.71)

444 MODE COUNT AND MODAL DENSITY OF EXTRUDED PLATES

The mode count and modal density of the extruded plate can be obtained by combining

the expressions for global and local modes. The mode count of an extruded plate is given
by .
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N(a)):Ng (w)+N, (@) (4.72)
where N, can be obtained by equation (4.59) or (4.64) and N, by equation (4.68).

The modal density of an extruded plate is given by
n(a))=ng (a))+n1 (a)) 4.73)

where g is given by equation (4.60) or (4.65) and #; is given by equation (4.70).

4.4.5 RESULTS

The example of the extruded panel used in the present chapter is of aluminium and of
dimensions 2.016x1.0x0.07m. The model is based on the geometry of the beam model
from chapter 3, expanded to a length of 1 m. It is composed of 77 strips. The thickness of
each strip is 0.003m. The widest strip is 0.16m wide while the narrowest strip is 0.046m

wide.

An FEM model has been established using ANSYS for this example. A modal analysis is
implemented to obtain the natural modes of the structure. The SHELL 93 element (8
nodes) is chosen with maximum dimension 0.03x0.03m?. This allows valid analysis up to

3000Hz, based on six nodes per wavelength.

Figure 4.28 presents the results of the mode count from equation (4.72) and from the FEM
model. Simple supports are assumed for the line constraints between strips in these
calculations, i.e. = 3/4. The result by assuming the fixed constraints (J = 1) is also
presented in Figure 4.28. The estimated result based on the assumption of simple supports
constraints has a good agreement with that from the FEM model above about 700Hz.
However, it appears that the first local modes occur at a higher frequency in the FEM
model (500Hz) than predicted using simple supports (300Hz). This indicates that the line
constraints vary between the simple support and fixed conditions for frequencies below

700Hz, and tend to simple supports at high frequencies.
The global modes are estimated using thin plate theory as well as thick plate theory. The

Timoshenko shear coefficient x = 0.2 is used here for the thick plate as in Chapter 3.

Figure 4.29 gives curves for the dispersion relation of the thin and thick plate theory used
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for the global modes of the extruded plate. It can be seen that the thick plate has a similar
wavenumber to that of thin plate below 200Hz. The divergence above 200Hz causes the

difference between the estimated global mode count of two models, shown in Figure 4.28.

10" ,

10 F

10" ¢

mode count N

10°

/
1 4
10 2 1 L ‘ s s MR |

10° 10°

frequency

Figure 4.28 Mode count of the example extruded plate.
Thick line-—, estimated with simple supports; —, FEM; — — global modes with thin plate model;

----- , global modes with thick plate model; -—, estimated with fixed boundaries.

Figure 4.29 Dispersion relations of thin and thick plate theory used for global modes.

—, local modes; — —, thin plate model; -—, thick plate model.
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Figure 4.30 shows the estimated modal density of the extruded plate based on equation
(4.73), compared with the result from the FEM modal analysis, expressed in overlapping
octave bands. The result generally agrees well with that from the FEM model. It should be
noted that there are no modes below 200Hz in the FEM results.

10" 4

_‘
oI

Modal density n(f)

Frequency (Hz)

Figure 4.30 Modal density of the extruded plate.—, estimated; +, FEM in overlapping octave bands;

-—, simple additive; — —, global modes by thick plate model; -----, global modes by thin plate model.

The global modal density based on thin plate theory is calculated from equation (4.60).
Equation (4.65), based on thick plate theory, is calculated numerically since the
expression in terms of frequency is unavailable. The modal density for the global modes
using thick plate theory is about four times higher than that using thin plate theory at

3 kHz.

The estimated result is also compared with that from the simple additive methods, which
actually is equivalent to equation (4.3). The simple additive method is not able to consider
the global behaviour and the effects due to intermediate constraints between strips.
Therefore its result shows quite a large difference to that from the FEM, especially at low

frequencies.
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4.5 CONCLUSIONS

The mode count and modal density of bending vibrations of two-dimensional systems
have been investigated in this chapter. A relation has been shown between the mode count
and the boundary conditions, in particular for rectangular plates. Line constraints have
systematic effects on the mode count of a system. The effect depends on the type of the
boundary condition, as well as the geometric and material properties of the system. The
effect is an extension of that found for the same type of boundary in one-dimensional
systems. Theoretical expressions that can be used to estimate the mode count of a two-
dimensional system have been obtained. The results from these estimated formulae have
shown the limitation of the common formula used previously, which is based a form that
neglects boundary effects. For a composite two-dimensional system, an intermediate line
constraint has the same effect on the mode count as the equivalent constraint applied on
an edge. The average mode count of such a composite system can be estimated by that of
the system without intermediate constraints minus the product of the number of the
constraints, the constraint effect dz¢ and the term kL/z, where k is the wavenumber and L

is the length of the constrained edges.

Theoretical expressions for the modal density of a two-dimensional system have been
obtained including boundary effects. The modal density of the rectangular plate is
frequency-dependent and depends on the geometric information and dispersion relation of
the plate under consideration. However, at high enough frequency, the modal density
tends to a constant value, which is determined only by the area of the plate and dispersion

relation and is independent of the boundary conditions.

The conclusion drawn from the multi-plate system leads to an approximation that can be
used for the investigation of the extruded plate. The mode count of an extruded plate is
predicted based on assuming simple supports between the strips. Although differences
occur between the predicted results and those from the FEM analysis, the modal density

shows a good agreement.
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5 SOUND RADIATION FROM EXTRUDED PANELS

5.1 INTRODUCTION

To analyse the sound transmission of extruded panels using SEA techniques, it is required
to model the sound radiation of extruded panels. As seen in Chapter 2, the radiation
efficiency of the structure is central to considering the coupling between the structure and
fluid around. The extruded panels can be considered as a built-up structure composed of a
set of strips with their long edges having same length and the short edges having different
lengths. From the studies described in Chapters 3 and 4, the natural modes of the extruded
plate can be separated into the global modes of the whole plate, particularly at low
frequency, and the local modes of the various strips at high frequency. The local modes
are dominated by the dynamic behaviour of a single strip. The consideration of the sound
radiation of the strip essentially involves the sound radiation of a rectangular plate of a

high aspect ratio.

This Chapter will investigate this problem. The average radiation efficiency of a
rectangular plate is considered first in terms of the summation of its normal modes. The
average radiation efficiency of a strip is then investigated. An approximate formula
applicable at frequencies below the critical frequency is developed and compared with the
results from a numerical integration. Finally an analytical method for the radiation

efficiency of a double-walled extruded plate is given.

5.2 MODAL RADIATION EFFICIENCY

The subject of sound radiation from vibrating structures is of great practical importance.
Many structures of practical interest may be modelled sufficiently accurately by
rectangular, uniform flat plates. Although they are generally dynamically coupled in real
systems to contiguous structures, the isolated rectangular panel is useful to illustrate the
radiation from bending waves. This subject has been investigated extensively over the last

few decades.
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The modal radiation efficiency of a rectangular plate can be obtained by the integral of the
far-field acoustic intensity [46]. It can also be obtained by integration of the intensity over
the plate surface but this is less usual in the literature. The plate is assumed to vibrate in
one of its natural frequencies with simple supports and to be set in an infinite baffle. It is
well known that, below the critical frequency, the odd-odd modes (modes with an odd
number of half wavelengths in both directions) have a higher radiation efficiency than
odd-even and even-even modes because the latter suffer more cancellation of radiation
[46]. Above the critical frequency, the radiation efficiency approaches unity, provided that
the plate is also large compared with the acoustic wavelength. For plates with different

aspect ratios, these conclusions are always valid.

Before the radiation of the strip is considered, it should be indicated that the boundary
conditions of the strip edges are supposed here to be simple supports. There are two
reasons for this choice. Based on the investigation of the mode count of the extruded plate
in Chapters 3 and 4, the boundary conditions between strips were found to be between
simple supports and clamped. The two short edges of the strips could be considered as
simple supports and the other two as between simple supports and clamped. However,
Gomperts [48] showed that the radiation efficiency of a hinged-clamped plate is almost
equal to that of the hinged-hinged (simply supported) plate. Therefore it is reasonable to
assume that the strips of an extruded plate are simply supported for the purpose of
calculating the sound radiation of the strips. Secondly, as the modes of such a plate are

simple sine functions this considerably simplifies calculations.

The plate is assumed to be flat and lie in an infinite baffle in order that the Rayleigh

integral technique may be used.

Considering a simply supported plate in an infinite baffle, the expression for the modal
radiation obtained by integrating the far-field acoustic intensity is given by Wallace [46]

as

cos( o \cos( g
_ 64k’ab ”/2”/2< sin[2jsin ?.j

el v e
| mr nrw )

> sin@dOdg (5.1
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where a and b are the dimensions of the plate, m and » are the indices of modes (number
of half sine waves across the length and width directions), & is the acoustic wavenumber,

and a = kasin@cos¢ and S =kbsindcos¢ . The cosine terms apply when m or n are odd

and sine terms when m or z are even.

Approximate expressions for the modal radiation efficiency at arbitrary frequencies below

the critical frequency were also given by Wallace [46] as

2
O = 32(]2ca2(l§b) 1- kab 1- 8 2 fl_+ 1- 8 5 é m,n odd (52)
mn 12 (]nﬂ‘) b (nzz') a

3 2
o, = 8(ka2)(2kb5) 1- kng Kl—( 8 2]£+[1 24 ]2} modd, n even (5.3)

3mtnir mr)’ |b _(m)2 a

3 3 2
o = 2(ka) (zkbs) 1_5k6:!b ﬁl_( 24 ZJEJF(I— 24 Jé} m,neven (5.4)

15m*n*r m;r) b (m;)z a

From the power of & in these expressions, it can be seen that odd-odd modes are most

effective in radiation and even-even modes are least effective.

Figure 5.1 presents the radiation efficiency calculated using equation (5.1) of the first few
modes of an aluminium strip of dimension 0.16x3m. The thickness of the strip is
arbitrary. It can be seen that the odd-odd modes have the highest radiation efficiency.
Moreover, the lowest order modes have the highest radiation efficiency at low frequency.

In each case the radiation efficiency reaches unity at high frequencies.

Note that some results at high frequencies become unreliable due to the integration of a

strongly oscillating function.
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Figure 5.1 Modal radiation efficiency of a strip 0.16x3m.

5.3 AVERAGE RADIATION EFFICIENCY

In actual engineering applications, the modal radiation efficiency is not really useful
because the plate vibrations generally involve many superposed modes. The average
radiation efficiency is of greater importance. In principle, the average radiation efficiency
of a plate can be determined if the velocity at every point on the plate is known as a
function of frequency. It is also possible to evaluate the average radiation efficiency from
the velocity amplitudes and the radiation efficiency of all participating modes. Since the
amplitude of each mode depends not only on the ratio of the excitation frequency to the
resonance frequency of the mode, but also on the spatial distribution of the excitation, it is
almost impossible to know the total radiation efficiency in practice. However, if the
uncertainties are accepted to some extent, a statistical result can be obtained from general
considerations, such as the use of a rain on the roof excitation, and this can be useful in

practice. Such an approach is considered here.

5.3.1 RADIATED POWER IN TERMS OF PLATE MODES

Consider a rectangular plate, simply supported on four edges and set in an infinite rigid

baffle as shown in Figure 5.2. For harmonic motion at frequency w, the total acoustic
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power radiated from the plate can be obtained by integrating the far-field acoustic
intensity over a hemisphere of radius r to give

W 27 :ri[Z Ip(r)lz

r*sin@d0dg (5.5)
2pc

0 0
where p(r) is the complex acoustic pressure amplitude at a location in space expressed in

spherical coordinates, r = (7, 6, @) at frequency w.

Figure 5.2. Coordinate system of a vibrating rectangular plate.

The complex acoustic pressure amplitude p(r) can be written in terms of the plate surface
velocity using the Rayleigh integral [44],

_‘AJ
e’

dx (5.6)

r!

p)=LL o

where v(x) is the complex surface normal velocity amplitude at location x = (x, ), k = @w/c
is the acoustic wavenumber and the integral is evaluated over the plate surface S. The

distance »' =|r—x].

The velocity v(x) at any location x on the structure can be found by superposing the modal

contributions from each mode of structural vibration of the plate as
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v®D =3 U0, (X) 5.7)

m=1 n=1
where u,,, is the complex velocity amplitude of the mode (m, 1), Pm,(X) is the value of the
associated mode shape function at the location x, and m, n are the indices of the modes.
., depends on the form of the excitation and on frequency. The mode shape function

@mn(X) for the simply supported rectangular plate can be expressed as

@, (%,) =sin [—’”Z"jsin( ”’b”’ j (5.8)

Substituting equations (5.7) and (5.8) into (5.6), and rearranging the order of summation

and integral, the sound pressure is given by

p(r) = ZZu,,,,,{’k" Jo., 005

m=1 n=|

x} = Zm: i Uy Ay (1) (5.9

m=1 n=1

From Wallace [46], the term in the brackets, called 4,,,(r) here, is given by

e_jk,, ab (_l)m eja _ 1 )

e'f
27r 7Tmn ( a ) . (IBJ
m

where ¢ =kasinfcos¢g and [ =kbsinfdsing,and r = |r|

4,,(r)= jkpe

(5.10)

The substitution of equation (5.9) into equation (5.5) gives the total radiated power of the

plate as

0 W © ® 2xxl2 *
W= ZZZZ{ Mt J.j m" 2 m" )V251n9d9d¢} (511)

n=1 n=1 m'=1n'=l 0 0 pcC

where m' and »' are used to distinguish m and » in the conjugate. From this equation, it
can be seen that the total radiated power depends on the contribution of combinations of
modes. The contribution is usually referred to as the self-modal radiation for m = m’ and

n= n', and cross-modal radiation for either m = m' orn= n'.

Equation (5.11) can also be expressed in a matrix form,
W =u"Du (5.12)
where u is a column vector of terms #,,, and D is a matrix of integral terms. The diagonal

clements of D are the self-modal terms and the off-diagonal elements are the mutual
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radiation terms. According to Snyder and Tanaka [54], cross-modal radiation only occurs
between a pair of modes with a similar index-type (i.e. either both odd or both even in
each direction). Hence, many off-diagonal terms are zero and only a quarter of the matrix

elements are non-zero.

It is clear that the calculation of total radiation efficiency requires the calculation of both
self- and cross-modal radiation terms described in equation (5.11). At the same time, a

knowledge of the excitation is also required to determine u.

5.3.2 RESPONSE TO POINT FORCE

Consider a point force applied on the plate at location (xo, o). The modal velocity

amplitude is given by [35]

” — ij¢n1)1(x0’y0)
" I:a)lin (1+j’7)_a)2:‘an

where F'is the force amplitude, @, is the natural frequency, 7 is the damping loss factor,

(5.13)

assuming hysteretic damping, and M,,, is the modal mass that is given by

M
M h x,y)dS phab =— 5.14
mn '[ps (omn y) 4 a 4 ( )

where p, and % are the density and thickness of the plate, M.is the mass the plate and use

1s made of the form of ¢,,, from equation (5.8). The natural frequencies w,,, are given by

o2 )]
p.h a b

where B is the bending stiffness of the plate.

o=

5.3.3 AVERAGE OVER FORCING POINTS

For the purpose of obtaining a general result for the total radiated power, the average of
all possible locations of the uncorrelated point forces on the plate is considered. This

averaged radiated power can be written as

*

27 7/2
Amn (r) Am'n' r

W:Z%JJde dy, = Zzzz{ib:[:j X dyoj j ( )rz siné’d@dgzﬁ}

m=1 n=1 m'=ln'=1 0

2pc
(5.16)
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“ ja)F¢ml1(x0’y0) _ij*¢n1'n'(x0’y0)
where J it = | f{[wﬁ,,, (L+jn)-o |M,, [0}, (l—jﬁ)—wz]M,,,'nldedyo

(5.17)

Because of the orthogonality of the eigenfunctions, it can be seen from equation (5.17)

that equation (5.16) can be simplified to

©  ® ab 2r /2
W=ZZ{L [ [ttt acteocly, f jA”’"( 1) A (1) 2 sin@d&dgé} (5.18)
00

2pc

where each term in the sum is the power radiated by a single mode. Hence the cross-
modal terms have been eliminated. After some algebraic manipulations, equation (5.18)

can also be written as

ii (5.19)

where W .. is given by

an :

IH)I

Tf = :"’ )r2d9d¢ (5.20)
0 0

2 represents the modulus squared of the modal velocity amplitude u,,,, averaged

nn i

and ‘u

over all force positions. This is given by

5 ab R 4 2 2
|ll"m = —1_ J.J-unmumndxody() = @ |F| (52 1)
ab 00 M2 |:(a)l’:)1/1 - 0)2) + 77 a)mn:|
The modal radiation efficiency o, is hence given by
2n /2
_ 4 4, (r) 4 (r)r*dod
_ Wmn - (‘)]. 6" ( ) ( ) ¢ (5 22)
mn T P .
pcab< 1)111> (pc) ab

where <v§‘m> represents the spatially-averaged mean square velocity in mode (i, 1)

averaged over all possible force positions, which is given by

_ 1 @ |F |2 |umn
<>_—j< ) o = o) o } . (5.23)
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After some algebraic manipulations to equation (5.22), the modal radiation efficiency Gun

can be given by

COS{ ¢ \COS ,3
64k*ab "ET sin ( 2jsin( 2j

G5

which corresponds to the expression given by Wallace [46].

. sin0dodg (5.24)

Having obtained the total radiated power in terms of a summation of modal radiated
power, the average radiation efficiency considering all possible point force locations is

readily given by

0 o o2 o0
Z Z W"m Z Z pcabo-mn< mn > Z z o-nm< nm >
— m=1 n=1 m=1l n=1

_ _ m=1 n=1 (525)

peatl) | peatly] G

where <;E> is the spatially-averaged mean square velocity averaged over all possible

g

force locations. This is given by [35]

()= 22]52‘ S S r}ii<v2> (5.26)
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Hence,
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o= m=1 n=1 (527)
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It is noted that this average radiation efficiency depends only on the self-modal radiation

due to the averaging over all possible force locations. Equation (5.25) is stated by Cremer
and Heckl [35], who analysed the radiated power using a wavenumber transform but
without explicitly averaging over excitation points. However, as shown here, it is only

strictly valid when such averaging is included.

Using the modal summation approach, based on equation (5.25), various values of the

damping of the plate can be taken into account.
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54 COMPARISON WITH CONVENTIONAL MODAL AVERAGE RESULTS

54.1 EXAMPLE RESULTS

Based on equation (5.25), the average radiation efficiency of a rectangular plate of
dimensions 0.5 x 0.6 x 0.003 m is calculated as an example. The plate is chosen as
aluminium with Young’s modulus 7.1 x 10'® N/m?, density 2700 kg/m® and a damping
loss factor 77 = 0.1. This level of damping is used here for clarity although other values of

damping are considered later. Calculations are implemented using 40 frequency points per

decade that ensure 3 points within the half-power bandwidth of resonances.

Figure 5.3 presents the spatially-averaged mean square velocity from equation (5.26) and
the spatially-averaged mean square velocity for each mode from equation (5.23) for the
rectangular plate with a unit force amplitude. The infinite numbers of modes in these two
equations are truncated to a finite number. For this example rectangular plate, all modes

with natural frequencies below 10 kHz are included in the calculation.

Figure 5.4 presents the modal and average radiation efficiency of the above rectangular
plate. It can be seen that below 70 Hz the radiation efficiency of the first mode determines
the overall result. This is due to the dominance of this mode in the response, see Figure
5.3, and its high value of &;,,. Above this frequency the average result drops, only rising

to 1 at the critical frequency (see below) of about 4 kHz.
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Mean square velocity (mzlsz)

Frequency (Hz)

Figure 5.3. Average mean square velocity of a rectangular plate showing contribution from modes
(0.6 x 0.5 x 0.003 m aluminium plate with 77=0.1) —: modal mean square velocity,

thick line: total mean square velocity.

Frequency (Hz)

Figure 5.4. Modal and average radiation efficiency of a rectangular plate (0.6 x 0.5 x 0.003 m

aluminium plate with 77 = 0.1) —: modal radiation efficiency, thick line: average radiation efficiency.
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5.4.2 CONVENTIONAL MODAL AVERAGE RESULTS

Based on the assumption of a diffuse field in the plate, Maidanik [45] has produced
formulae for the modal-average radiation of a lightly damped plate. These can be written

as [53]

i‘cf I& forf < f;, @
B foufy<f<fo fme  ®
5 l+a
77 4;2*/1 - ()EE;}%)”“ oS < S <Je e % ©
0.45 f{—f forf = f )
[l—ﬂ forf > f, ©
| (5.28)

where c is speed of sound, f'is frequency, P is the perimeter of the plate, S is the area of

the plate, ], is the first resonance frequency of the plate, B is the bending stiffness, m" is

the mass per unit area of the plate and f; is the critical frequency, f. =(m"/B)"*c*/2x .

(o

The first and second terms have been added here from [53] to represent the monopole
radiation from the motion below the first resonance frequency and radiation in the so-
called corner mode region. NB, an additional term in the third expression is presented in

[45] but is often omitted, see also [50].

Figure 5.5 presents a comparison of the results from equation (5.28) and the modal
summation approach. The same plate is used as above but now has a damping loss factor
0.0005. The calculation is carried out using 4000 points per decade. The curve shown in
Figure 5.5 has been converted into one-third octave bands for clarity. The comparison
shows that equation (5.28) gives a good agreement with the numerical result at almost all
frequencies. There is some fluctuation of the numerical result between the fundamental
natural frequency (at 50 Hz) and about 500 Hz. It is well known that this frequency range
is dominated by ‘cormner’ modes (modes with ka << 1 and kb << 1). For these modes
sound radiation is effectively limited to the corners of the plate and the radiation

efficiency is approximately constant with frequency. As frequency increases, the radiation
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efficiency increases until the critical frequency. This increasing region corresponds to the
occurrence of ‘edge’ modes (ka < 1, kb >1 or ka > 1, kb < 1) where radiation is from two

opposite edges [87].

-
(=3
Lk

Frequency (Hz)

Figure 5.5. Average radiation efficiency of a rectangular plate (0.6 x 0.5 x 0.003 m aluminium plate
with 77 = 0.0005) —: average radiation efficiency from the modal summation approach, — —: equation

(5.28).

5.4.3 INCLUSION OF NEAR-FIELD EFFECTS

Cremer, Heckl and Ungar [35] and Fahy [87] have given analyses for the sound radiation
from the vibration near-field around the forcing point for a damped rectangular plate.
From this, the equivalent radiation efficiency from the near-field ofia point force, that is

normalised by the mean square velocity of the plate, can be expressed as

o, =i-ji77 forf < f. (5.29)

z 1.

It is also noted from Cremer et al. [35] that, when the radiated power is studied, the power
radiated by the near-field does not depend on the damping loss factor whereas the modal
response does. The increase in radiation efficiency with increase in damping is, in effect,

due to the reduction in the modal response and thus the greater importance of the near-
field.
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The power radiated is obtained using this value of o with the mean square velocity of the
whole plate. The overall radiation efficiency of a damped point-excited plate can thus be
given by [87]

oc=0,+0, for f < f, (5.30)
where oy is the radiation efficiency for very lightly damped plates, which is given by
equation (5.28).

The result from equation (5.30) agrees well with that from the modal summation
approach. Figure 5.6 presents the results for three values of the damping loss factor. It can
be seen that the radiation efficiency is independent of the damping loss factor for
frequencies below the fundamental natural frequency and above the critical frequency, but
depends on the loss factor in the corner and edge mode region. This increase in radiation
efficiency is proportional to the damping loss factor and can also be understood
qualitatively in terms of the modal summation approach. Due to the increase in the
damping, the amplitude of the modal response at resonance to a point force decreases. So
does the spatially averaged mean square velocity. Hence relatively more modes will
contribute significantly to the response in this frequency range so that the average

radiation efficiency increases.
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Figure 5.6. The average radiation efficiency from the modal summation and equation (5.30).
Thick line: # = 0.1, thick dashed: 5 = 0.2, thick dash-dot: # = 0.4,
— formula by Maidanik, — — equation (5.30).
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5.4.4 RADIATION EFFICIENCY AT THE CRITICAL FREQUENCY

The radiation efficiency at the critical frequency, given in equation (5.28), can also be

represented in terms of the non-dimensional parameter k.a as

1

1 2

o =0.45(k,a)z (7 “j (5.31)
yZ

where k. is the wavenumber at the critical frequency, a is the length of the shorter edges
of the plate (i.e. a < b), y denotes the ratio of the lengths of shorter edges to longer edges

y=alb.

Leppington [50] found that equation (5.31) overestimates the radiation efficiency for

plates with large aspect ratios and presented a modified formula as

o= (kca)% H(y) (5.32)
where k., a and y have the same meaning as in equation (5.31) and the function H(y) is
given by

H (x) = 4 3 x% E(S - t){(t2 +x° )_% + (1 +x°f )_i}dt (5.33)
1572

For 0.2 <x < 1, a good approximation of H(x) is given by H(x) =0.5-0.15x.

It can be noted that, for a given aspect ratio, both equations (5.31) and (5.32) will give a
value of radiation efficiency for the critical frequency smaller than unity for k.a smaller
than a certain value. For instance, equation (5.31) gives results less than unity for k.a <
7.6 for y =1 and k.a < 2.6 for y = 0.2 while equation (5.32) forkca< 7.6 fory=1, ka<
4.2 for y = 0.2. Thick, stiff (or small) plates can have a critical frequency near to, or lower
than, their first natural frequency, corresponding to a small value of 4.a. In this case,
equations (5.31) and (5.32) are not appropriate to estimate the radiation efficiency. At
their ‘critical frequency’ these plates vibrate as piston which is small compared with the
acoustic wavelength and therefore radiate inefficiently. The concept of critical frequency

is not meaningful in this context.

Using the modal summation approach of Section 5.3, the radiation efficiencies at the

critical frequency have been reinvestigated. Figure 5.7 presents a comparison of the
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results from modal summation and according to equations (5.31) and (5.32) for square
plates (= 1). For square plates, equations (5.31) and (5.32) give similar results to each
other. Results are given for two values of damping loss factor for the plate. The results
presented from the modal summation are the maximum radiation efficiency, which occurs
around, or just above, the critical frequency. Both narrow-band (300 frequency points per
decade) and one-third octave band results from the modal summation are plotted. The
latter are included since predictions are often made in one-third octave bands, in which
case the precise details of a narrow peak are less important than the frequency average
behaviour. The one-third octave band here is centred about the frequency at which the

maximum radiation efficiency occurs.
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Figure 5.7. Maximum radiation efficiencies from modal summation.
y =1, damping loss factor 0.01, —o—: 1/3 octave, —A—: narrow band, —: equation (5.32),

——: equation (5.31), —0—: 1/3 octave = 0.1, —0—: narrow 5 = 0.1.

For large values of k.a, the maximum value from the narrow-band results is larger than
that from 1/3 octave bands. The narrow-band results for 7= 0.01 appear to tend towards
the approximate results for very large values of k.a, but the result from one-third octave
bands is lower than this at large k.a. Damping does have certain effects on the results from
the modal summation approach. Figure 5.7 includes corresponding results for a damping
loss factor of 0.1. The radiation efficiency at the critical frequency will decrease as the

damping loss factor increases for large values of k.a. As damping increases, the response
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differs increasingly from a free wave of wavelength equal to the acoustic wavelength, and
the coincidence effect will reduce. For k.a smaller than 10, the radiation efficiency at the
critical frequency is largely independent of damping loss factor as here the boundaries

disturb the coincidence phenomenon to a greater extent.

For k.a smaller than 3, the maximum radiation efficiency tends to a constant value of 1.3
that is actually determined by the maximum modal radiation efficiency of the fundamental
mode (see Figure 5.4) rather than the result at the critical frequency. Figure 5.8 presents
examples of the average radiation efficiencies of square plates with different thickness
and 77 = 0.01 calculated using the modal summation approach. In each case the critical
frequency is also marked. For the thickest plate shown, the maximum radiation efficiency
is not associated with the critical frequency. As the thickness reduces the maximum value

occurs at frequencies that are progressively closer to the corresponding critical frequency.

Corresponding investigations have been carried out for a plate with y =0.2. Figure 5.9
presents the comparison of the results from modal summation and equations (5.31) and
(5.32). Damping loss factors of 0.01 and 0.1 again are used in these calculations. For large
kca, equation (5.32) slightly overestimates the radiation efficiency at the critical frequency
compared with the result from the modal summation. The result from equation (5.31) is
higher still. For k.a smaller than 2, the maximum radiation efficiency tends to a constant
value (1.2) as before. Results were not produced for larger values of k.a due to the very
long computation times required, but it can be anticipated that they will drop below the

lines corresponding to the approximate formula.
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Figure 5.8. Average radiation efficiency of plate 0.5 x 0.5m with several different thickness, # = 0.01.
(—h =18 mm, ka=60.0,-—- =51 mm, ka =21.5,
——h =14 mm, ka = 7.74, thick line: # = 66 mm, ka = 1.67).
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Figure 5.9. Maximum radiation efficiencies from modal summation (y = 0.2)
—0-1/3 octave 5 = 0.01, —A—: narrow band, # = 0.01 —: equation (5.32),
——: equation (5.31), —-0—: 1/3 octave band » = 0.1, —0—: narrow # = 0.1.

In order to find a general relation between the maximum average radiation efficiency and

the value of k.a, the analysis has been extended to include plates with different values of
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y. Figure 5.10 shows the results for seven different aspect ratios obtained from the modal
summation. All the results are given in one-third octave bands. For k.a < 3, the radiation
efficiency tends to a constant value between 1.2 and 1.3 for different aspect ratios,
determined by the modal radiation efficiency of the fundamental mode. For k.a > 3, the
radiation efficiency increases approximately in proportion to (k.a)"*, rather than (ko) as
given in equation (5.31) and (5.32). Moreover the result appears to be only weakly
dependent on the aspect ratio as Figure 5.11 shows. These results can be summarised by

an approximate expression as

1.2-1.3 fork,a<3
o, =~ 5.34
(k.a)" forka>3 .34

c
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Figure 5.10. Radiation efficiencies at the critical frequencies from modal summation for different
aspect ratios in 1/3 octave band for 7= 0.01 (thick line: equation (5.34), —-o—:y=1,—x-:y=0.8,—0-:
y=0.6,-0-:y=04,-A—y=0.2, —*: y=0.1, —+: y=0.16/3).
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Figure 5.11. Maximum radiation efficiencies from modal summation for k.a = 10.

x : modal summation, —: equation (5.32), — —: equation (5.31),

5.5 RADIATION EFFICIENCY OF STRIPS

5.5.1 RESULTS FROM THE MODAL SUMMATION APPROACH

Next the modal summation approach technique, described in Section 5.3, is used to study

the radiation from a strip, that is a plate with a large aspect ratio, or small value of y.

Figure 5.12 presents the average mean square velocity for a unit force amplitude of a plate
with dimensions 0.16 x 3.0 x 0.003 m as a sum of the individual modal contributions in a
manner similar to Figure 5.3. A damping loss factor 77= 0.1 is used. This plate has an
aspect ratio y = 0.053. The natural frequencies of the strip can be seen as the peaks of the
modal amplitudes in Figure 5.12. At about 290 Hz, the first mode corresponding to a half-
wavelength of bending along the strip occurs (the fundamental mode, in whichm =1, n=
1). Above this frequency, modes of higher order (index ») bending waves along the strip
occur close together in frequency. Just above 1.1 kHz, the first mode corresponding to a
whole wavelength of bending across the strip occurs (m = 2). Above this ‘cut-on’
frequency of order m = 2, modes with n =1, 2, 3 -+ occur closely spaced. At about

2.6 kHz, modes of order i = 3 can be seen to cut-on.

150



Mean square velocity (mzlsz)

Frequency (Hz)

Figure 5.12. Average mean square velocity of the strip showing contributions from modes.
0.16 x 3 x 0.003 m aluminium strip with 7= 0.1, —: modal mean square velocity,

thick line: total mean square velocity.

Figure 5.13 presents both the modal radiation efficiency and average radiation efficiency
calculated using the modal summation approach. The curve of average radiation
efficiency of the strip has two broad peaks, which occur close to the fundamental mode
(1, 1) and close to the second mode along the short edge (2, 1). If equation (5.28) is used
to evaluate the average radiation efficiency for the strip, a significant underprediction is
made above the first mode. This is shown in Figure 5.14. Even including the effect of
damping using equation (5.30) does not account for the behaviour correctly. Moreover,
below the fundamental mode, the radiation efficiency is considerably lower than given by
equation (5.28). Only at frequencies well above the critical frequency is the formula able
to predict the radiation efficiency well for the strip. Clearly, further investigation is

required into the radiation behaviour of such a very narrow rectangular plate.
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Figure 5.13. Modal and average radiation efficiency of the 0.16 x 3 x 0.003 m aluminium strip with

n=0.1, —: modal radiation efficiency, thick line: average radiation efficiency.

10 T T

Frequency (Hz)

Figure 5.14. Average radiation efficiency of the aluminium strip of 0.16 x 3 x 0.003 m with 77=0.1.

—: modal summation approach, — —: equation (5.28), - — -: equation (5.30).
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5.5.2 BELOW THE FUNDAMENTAL FREQUENCY

As seen in Section 5.2, the modes with odd indices (both m and ) are the most effective
radiators for a rectangular plate when ka, kb << 1 [46, 45]. For frequencies well below the
fundamental natural frequency, the average radiation efficiency of a plate with moderate
aspect ratio is dominated by the fundamental mode (see Figure 5.4). This is not only
because the radiation of the fundamental mode is most effective but also because its
velocity amplitude is dominant (see equation (5.23) and Figure 5.3). The summation in
both the denominator and numerator of equation (5.25) is dominated by the term
corresponding to the fundamental mode. Therefore the average radiation efficiency of this

plate below the fundamental natural frequency can be given by
N ——=—"=0], (5.35)

The physical explanation of equation (5.35) is that the whole surface of the plate vibrates

in phase in the form of the first mode and the plate motion radiates sound as a monopole.

However, the case of a strip differs from this because of its large aspect ratio. As a result
of the large aspect ratio, many modes are distributed closely just above the fundamental
frequency (see Figure 5.12). From equation (5.23), it can be seen that the mean square
velocity of these modes will have very similar amplitude since @, is similar in each case.
As a result, the approximation of equation (5.35) will no longer be valid. Suppose p
modes have significant values that contribute to the average radiation efficiency below the
fundamental frequency. Then equation (5.25) should be rewritten as

i O <Z>

oral L (5.36)

> ()

n=}|

Since the fundamental mode is the most effective in sound radiation, the numerator of
equation (5.36) is still dominated by the term corresponding to the fundamental mode.

Thus equation (5.36) can be simplified as
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01,1<V12,1>
o~— 1 (5.37)

S

n=1

—
~———

2
vl,n

It is now necessary to determine which modes of the strip will contribute to the average
radiation efficiency. The mean square velocity of the mode (m, ») (equation (5.23))can be

approximated by

y——— 0)2 F2

m,n

The ratio of the mean square velocity of mode (1, ») to that of the fundamental mode is

4
- [&J (5.39)
a)l,n

B|(xY (=Y B|(z\ (nzY .\
where @, =,|— || = | +| = | |, @, =4—||—| +| /| |- Writing 4k, = #/a and
’ m'{\ a b ’ m' |\ a b

Ak, = 7/b, equation (5.39) can be rewritten as

<vﬁ,,> (A ear Y (5.40)
<;2_> AR+ n’Ak; '
11

For the case of a strip with a << b, Ak, << 4k, and writing y = a/b, gives

given by

4
Akf N 2 2\
<__2_> z{Akf(lJr}/znz)J ~(1+y°n*) (5.41)

The average radiation efficiency of the strip below the fundamental natural frequency can

be rewritten as

)
o) = (5.42)

P -
It has been found by numerical evaluation that Z(l + yznz) * can be approximated as

n=1
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P
Z(l +yin’ )_4 ~ 0,485(1— 1) for p large and ¥ <0.5 (5.43)
4

n=l1

Then the substitution of equation (5.43) into equation (5.42) gives

Oy,

0.485 (l — 1]
Y

It can be noted that the average radiation efficiency of the strip depends on the aspect ratio

o~ (5.44)

and the radiation efficiency of the fundamental mode. Compared with the rectangular
plate of the same area, the strip radiates less sound. In order to understand the
characteristics of the strip radiation physically, it is instructive to simplify equation (5.44)

further as

/4

O rR—— for y <0.1 5.45
048571 7 (5.43)
According to Wallace [46], the radiation efficiency of the fundamental mode for

frequencies well below the fundamental natural frequency can be approximately given by

32(ka)(kb) 128
o = ( 7;5)( ) =5 abf? (5.46)

This is proportional to the area of the plate. For the case of the strip, equation (5.45) gives

1 a 128 264
o~ 732 3 2
0485bh n’c e

abf’ ~

a’ f? z—gzzéazfz (5.47)

The average radiation efficiency of the strip at frequencies well below the first natural
frequency is thus found to be approximately proportional to the square of the short-edge

length of the strip and is independent of the long-edge length.

In order to verify this conclusion, strips with different aspect ratios have been investigated
using the numerical evaluation of equation (5.25) and the modal radiation efficiency from
the numerical integration of equation (5.24). Example calculations have been carried out
for strips with a short edge length of 0.16 m and long edge lengths of 1.5 m, 2.5 m and

3 m and two additional strips with long edge length 3 m having short edge lengths of

0.08 m and 0.32 m. The results are presented in Figure 5.15. It is seen that the three strips
with the same width, 0.16 m, have very similar average radiation efficiencies and are

indistinguishable at low frequency. The results also verify that the average radiation
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efficiency below the fundamental natural frequency is proportional to the square of the
short-edge length of the strip. Equation (5.47) underestimates the average radiation
efficiency slightly at low frequency if compared with the results from numerical
calculations. This is because of the simplification from equation (5.36) to (5.37) by
ignoring the contributions of other modes in the numerator. Actually, mode (1, 3) still has

a significant contribution to the frequencies below the fundamental frequency.

Frequency (Hz)

Figure 5.15. Average radiation efficiency of aluminium strips 7z = 0.003 m, 7=0.1,
—:0.16 x3m,-—-:0.16 x 1.5m,- - -: 0.16 x 2.5 m, thick solid line: 0.08 x 3 m,
thick — —-: 0.32 x 3 m, — ~: from equation (5.47).

5.5.3 EFFECTS OF DAMPING

The average radiation efficiencies of the strip have been calculated for various damping
values using the modal summation approach. These results are presented as one-third
octave band spectra in Figure 5.16. (The narrow band results vary too rapidly with
frequency for clear observations to be made). The average radiation efficiency is largely
independent of the damping for frequencies below the fundamental natural frequency and
above the critical frequency. However, the average radiation efficiency between the
fundamental natural frequency and the critical frequency increases with an increase of

damping. A quite large change occurs for the frequencies between the first two cut-on
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frequencies, where the radiation efficiency appears to be proportional to the damping loss
factor. Figure 5.17 shows the variation of the average radiation efficiency with loss factor
for the example 0.16 x 3.0 x 0.003 m strip. Corresponding results for the rectangular plate
considered previously with 0.6 x 0.5 m are shown for comparison. It can be seen that the
radiation efficiency ofithe strip is much more strongly dependent on damping than that of
the plate considered previously. The results calculated using equation (5.30) for the plate
and strip are also presented in Figure 5.17. It can be noted that equation (5.30) give better
agreements with the result from the modal summation approach for the rectangular plate,
especially for large damping. However, for the case of the strip, the damping effect on the

near-field radiation cannot be estimated approximately.

Frequency (Hz)

Figure 5.16. Average radiation efficiency of an aluminium strip (0.16 x 3 x 0.003 m) with different

damping values, 0.4, 0.2, 0.1, 0.05, 0.02, 0.01, 0.005, 0.001, 0.0005 (from top to bottom).
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Figure 5.17. Radiation efficiency in 630 Hz one-third octave band as a function of loss factor
—o—strip 0.16 x 3 x 0.003 m by moedal summation, —A—: rectangular plate 0.6 x 0.5 x 0.003 m by modal

summation,—: equation (5.30) for rectangular plate 0.6 x 0.5 x0.003 m, — —: equation (5.30) for strip.

Figure 5.18 shows the effect of damping on the approximated radiation efficiency using
equation (5.30). The average radiation efficiency of the strip is shown for damping loss
factors 0f 0.1, 0.2 and 0.4. These results are compared with the corresponding results from
the modal summation. Not surprisingly, poor agreement is obtained. The cause of this
disagreement can be attributed qualitatively to an overprediction in the modal radiation

and an underprediction of the near-field radiation.
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Figure 5.18. Comparison of the average radiation efficiency for the strip between the modal
summation and equation (5.30). Thick line: 77 = 0.1, thick dash line: 77=10.2,
thick dot-dash line: 77 = 0.4,—: equation (5.28), — —: equation (5.30).

The sparse distribution of the modes in k-space means that the assumption of a high modal
density is not applicable and so Maidanik’s formulae for calculating the average radiation
efficiency for low damping may no longer be appropriate. This can be demonstrated in a
comparison of the acoustic and structural wavenumbers, shown in Figure 5.19. At the
fundamental natural frequency, the wavenumber in the plate is kp; while that in air is &,
which is much smaller. The first few structural modes with m = 1 are ‘edge’ modes

(ky < ka1), so the radiation at and just above the cut-on frequency is quite large. For a
frequency between the first and second cut-on frequencies, &y, is the wavenumber in the
plate and k., is that in air. The radiation is now dominated by ‘corner’ modes (&, > kz2)
and thus it is fairly low. For frequencies close to the second cut-on frequency,
corresponding to k.3 for the acoustical wavenumber and k3 for the structural one, the
radiation is again controlled mainly by ‘edge’ modes. This causes another broad peak
around this frequency. For frequencies above the second cut-on frequency, the distribution
of modes becomes more even so that the average radiation efficiency formulae gradually

become more appropriate with increasing frequency.
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Figure 5.19. Comparison of acoustical and structural wavenumber showing the characteristic of the
modal radiation of the strip for frequencies between the fundamental and second cut-on natural
frequencies. o: wavenumber at structural modes, —: acoustic wavenumber at three frequencies,

- —: structural wavenumber at corresponding frequencies.

For the frequencies between the fundamental natural frequency and the second cut-on
frequency, provided k,, k, > k,, although the region has been called the ‘corner mode
region’, the radiation from the strip can be considered to be equivalent to the radiation of
two monopoles, each of size a x 1,/4 where 4, is the wavelength along the length of the
strip. Thus the ‘corner’ is spread over the whole width of the strip. The power radiated by

the strip in this region is given by

m

W =2pcS <v—> o (5.48)

41%s, . _r : : :
where o, = # is the radiation efficiency of a monopole with the velocity
c

distribution of a simply supported plate (equation (5.28)). S, =al, /4 is the area of each

monopole, and <vf,> is the mean square velocity within these monopole regions. The

radiation efficiency of the whole strip with light damping can thus be given by
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200 S 8Sf?
oy e W 205 35 (5.49)

s pcab<;5> ab abc®

since <v~fn> = <;£> Substituting A, =2b/n, equation (5.49) becomes

2abf?
Oy, = 02;; for fL1 <f<fors ky >k, (5.50)

where n is the index of modes in the y-direction, i.c., along the length.

Equation (5.50) will not be appropriate for a very small value of y. For those cases, the
‘corner’ modes will not appear and only ‘edge’ modes will dominate this frequency range.
This can be seen from the radiation efficiency of the strip 0.08 x 3 x 0.003 m, as shown in

Figure 5.15. The absence of ‘cormer’ modes occur if

1
2
ysz—”(ﬁj (5.51)
bc \ ph

For the current case, a strip with b =3 m and # = 0.003 m, this limiting value of yis

0.0287.

The characteristics of the near-field radiation also appear to be different from the case of
moderate aspect ratio. The radiation efficiency at 630 Hz for different values of the
damping loss factor was presented in Figure 5.17 for plates with large and moderate
aspect ratios. It is found for the strip that the dependence of the radiation efficiency on the
damping loss factor is approximately twice that for the rectangular plate. So the near-field

radiation efficiency for the strip in this region can be approximated as

O, :~8—%77 for fi, <f</fors k, >k, (5.52)
T c

Combining these two expressions, the radiation efficiency of the damped strip in this

region is therefore approximately given by

2
2"2[’/; +§_f_77 for £, < f < for» K, > K, (5.53)

O'=O'0S+O'”S ~
cn T f,

Results calculated using equation (5.53) are compared with the results from the modal
summation. Figure 5.20 shows the results for the strip of dimensions 0.16 x 3.0 m with

values of damping loss factor of 0.0005 and 0.1. Although small differences exist,
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equation (5.53) gives a fairly good approximation for this region. For the strip of

dimensions 0.32 x 3.0 m, the comparison is presented in Figure 5.21. The model

represented by equation (5.53) is also shown to be a good approximation for the radiation

efficiency in this region, in this case 100 to 250 Hz.

Frequency (Hz)

10

Figure 5.20. Estimation of the radiation efficiency of the strip 0.16 x 3m for the frequencies between

the fundamental and second cut-on natural frequency. — : modal summation with # = 0.0005, thick

line : modal summation with # = 0.1, ——: # = 0.0005 by equation (5.53), thick ——: # = 0.1 by equation

(5.53), - —- : 4 = 0.0005 by equation (5.30), thick - — - : # = 0.1 by equation (5.30).
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Figure 5.21. Estimation of the radiation efficiency of the strip 0.32 x 3m for the frequencies between

the fundamental and second cut-on natural frequency. — : modal summation with 5 = 0.0005, thick

line : modal summation with 5 = 0.1, — —: 5 = 0.0005 by equation (5.53), thick ——: # = 0.1 by equation
(5.53), - — - : 7 = 0.0005 by equation (5.30), thick - —- : # = 0.1 by equation (5.30).

5.54 SUMMARY OF APPROXIMATION FORMULAE FOR STRIPS

For a rectangular plate with a large aspect ratio (y smaller than 0.1), equation (5.47) can be
used to replace the corresponding part of equation (5.28) for frequencies below the
fundamental natural frequency. For frequencies between the fundamental natural
frequency and the second cut-on frequency, the radiation efficiency of the strip can be
estimated by using equation (5.53). For frequencies between the second cut-on frequency
and the critical frequency, the radiation efficiency of the strip can also be approximated
with the third expression in equation (5.28) since the mode distribution in this region
becomes more evenly spaced the wavenumber domain. This is seen from the comparisons
given in Figure 5.20 and 5.21. For frequencies around the critical frequency the results
discussed in Section 5.4.4 apply while above the critical frequency the conventional

results of equation (5.28) remains valid. All these formulae are combined as below
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(5.54)

5.6 RADIATION OF EXTRUDED PLATES

The radiation of a double-skinned extruded plate is far more complicated than the
foregoing discussion of a rectangular plate. Calculation of the radiation efficiency requires
a knowledge of the velocity distribution over the surface of the structure which, in the
case of the extruded plate, becomes unwieldy because of the complexity of the structure.
The vibration of the extruded plate can be considered to involve global motion and local
motion. At low frequencies it behaves as a whole plate while the local vibration of
individual strips dominates at high frequencies. The radiation of the extruded plate can
therefore be treated in terms of the contributions from both global modes and local modes.
By following the foregoing analysis, where an average over all point force excitations
over the plate is considered, these global and local modes may be assumed to radiate
sound independently of each other by orthogonality of the mode shapes (strictly speaking
they are only orthogonal if normalised and integrated over the whole plate, but the forces
are only applied on the outer skin). Therefore, an average radiated power for the extruded

plate can be given by
VV— = ngobal + —W—Iacal (5 55)

where ngobal and W joca represent the power radiated by global modes and local modes

respectively.

The radiation efficiency of the extruded plate can be thus given by
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_ ngobal +W local

pcs<?>

where S is the surface area of the extruded plate, <u2> is the spatially averaged mean

(5.56)

square velocity over one side of the extruded plate and W giobat and W iocar refer to radiation

from that side.

In the following sections, the radiation from global modes and local modes of the
extruded plate will be discussed under certain assumptions. These will be combined to

give an expression for the total radiation efficiency.

5.6.1 RADIATION FROM GLOBAL MODES

A model of equivalent isotropic plate for the global modes of extruded panels has been
given previously in Chapters 3 and 4. The problem of the radiation from the global modes
of the extruded panels can be treated in the same way as that of a rectangular plate
discussed in section 5.3. It should be indicated that the critical frequency behaviour of
orthotropic plates, whose bending stiffness in two directions are largely different, is
somewhat more complicated. The bending wavenumbers and thus the wavelengths of
such plates depends on the direction of propagation along the plate. In the direction of the
greatest stiffness, the corresponding critical frequency is lower than that of the smallest
stiffness. There are rather complicated relations between the two critical frequencies [97].
For the present extruded panels under consideration, the critical frequencies in the two
directions are very similar due to the similarity of the bending stiffness in the two
directions (see Section 4.4.1). Hence, the model of the equivalent isotropic plate is
accurate enough to be used to study the radiation from the global modes of the extruded

plates.

Considering all possible point force locations over the surface of the extruded plate, the
average radiation efficiency from global modes can be predicted by using equation (5.25).
The modal radiation efficiencies are obtained by using numerical integration. The
spatially averaged mean square velocity is given by equation (5.26) based on assuming

simply supported boundary conditions.
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