UNIVERSITY OF

Southampton

Copyright (© and Moral Rights for this thesis and, where applicable, any accompanying data are
retained by the author and/or other copyright owners. A copy can be downloaded for personal non-
commercial research or study, without prior permission or charge. This thesis and the accompanying
data cannot be reproduced or quoted extensively from without first obtaining permission in writing
from the copyright holder/s. The content of the thesis and accompanying research data (where appli-
cable) must not be changed in any way or sold commercially in any format or medium without the

formal permission of the copyright holder/s.
When referring to this thesis and any accompanying data, full bibliographic details must be given, e.g.

Thesis: Author (Year of Submission) ”Full thesis title”, University of Southampton, name of the

University Faculty or School or Department, PhD Thesis, pagination.

Data: Author (Year) Title. URI [dataset]






UNIVERSITY OF SOUTHAMPTON

Faculty of Engineering and Physical Sciences
School of Physics and Astronomy

Liquid crystalline states and self-assembly
In biological systems

by
Maria Tessel van Rossem

MSc
ORCiD: 0000-0002-7232-0789

A thesis for the degree of
Doctor of Philosophy

October 2024


http://www.southampton.ac.uk
http://orcid.org/0000-0002-7232-0789




University of Southampton
Abstract

Faculty of Engineering and Physical Sciences
School of Physics and Astronomy

Doctor of Philosophy

Liquid crystalline states and self-assembly in biological systems

by Maria Tessel van Rossem

Liquid crystalline structures occur in many biological systems, from organic molecules
such as cellulose to cells and living organisms such as bacteria. It is an active field of
research with interesting current developments and discoveries, such as the role of
liquid crystalline singularities in the dynamics and even the apoptosis and removal of
cells and the formation of liquid crystals in biofilms of Pseudomonas aeruginosa
bacteria; this crystalline state is conjectured to increase the tolerance of the bacteria
against antibiotics. The research presented in this thesis aims to analyse biological
liquid crystals from a physical and mathematical point of view, using mathematical

models and image analysis techniques.

The first chapter introduces the necessary theoretical background, giving an overview
of previous work in the process. Subsequently, my research and results are discussed,
divided into four subtopics. The first is the mathematical modelling of the viscosity
and phase behaviour of liquid crystalline bacteriophage suspensions. We find that the
applied phage behaviour model can explain the phase behaviour of mixtures of
bacteriophages and polymers qualitatively. In contrast, the established model of the
viscosity of rigid rods by Doi and Edwards does not capture the observed behaviour
of these suspensions, which may partly be due to strong sequestration of
bacteriophages into liquid crystalline droplets; however, the most recent experimental
results cannot be explained by this and require further research. The second topic is
the mathematical modelling of the diffusion and adsorption of antibiotics in droplets
of liquid crystalline bacteriophages, aiming to clarify the mechanism behind the
increased antibiotic tolerance of P. aeruginosa biofilms. The liquid crystalline droplets
are shown to strongly inhibit antibiotic diffusion, albeit not strongly enough to explain
antibiotic tolerance at longer timescales; the droplets possibly give transient protection
while other tolerance and resistance mechanisms are activated. The third topic is the
modelling of how electric charge affects this antibiotic diffusion. We find that this
effect is considerable, because the electric field effectively increases the adsorptive

capacity and radius of the bacteriophages.
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iv

Finally, the application of various image analysis techniques to biological liquid
crystals is discussed; this includes detection and analysis of topological singularities,
topological data analysis, and analysis using vector fields over discrete measure
spaces. We show that these methods can efficiently extract information from the data,
for instance regarding the liquid crystalline alignment or chaotic dynamical
behaviour.
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Chapter 1

Background and literature review

1.1 Introduction

When objects are elongated, they may under certain circumstances spontaneously
align to form liquid crystalline phases. This can occur in arti cial systems, but it also
happens in nature; the work discussed in this thesis is concerned with such biological
liquid crystalline structures. These systems attract scienti ¢ interest because the liquid
crystalline structure often leads to striking properties and applications. For instance,
liquid crystalline alignment patterns are found in cell tissue, where the patterning

in uences the properties of the cells [7] and tissue growth [8] and even ensures dead
cell removal [9]. Liquid crystalline structures can also be used to control bacterial
swimming [10, 11] and cell dynamics [12]. In a different example, liquid crystalline
structure enhances the tolerance ofPseudomonas aerugindsacteria against antibiotics.
These discoveries allow for opportunities to control the behaviour of cells and bacteria
in ways that may bene t cell tissue engineering and medical treatment. Although this
is a highly active eld of research, the mathematical modelling of such systems is
often still in an early stage of development. Therefore, we have applied mathematical
models and image analysis methods to help improve the understanding of biological
liquid crystalline systems.

To view the work presented in this thesis in its scienti ¢ context, an introduction to
biological liquid crystalline systems is necessary; we begin by introducing liquid
crystals in section 1.2 and by giving an overview of the scienti ¢ developments
concerning biological liquid crystalline systems speci cally in section 1.3, highlighting
signi cant applications and the role of mathematical modelling. We then introduce a
few examples mentioned in section 1.3 in more detail, because they are of particular
interest to our work and also of particular importance in the wider eld of research.
Because of its general importance and foundational role in liquid crystal modelling,
we begin by discussing the modelling of the phase behaviour of rigid rods that can
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FIGURE 1.1: An illustration of the nematic (a), smectic (b), and cholesteric (c) liquid
crystal phases. Three separate layers of the cholesteric phase are shown for clarity.

form lyotropic liquid crystals, covered in section 1.4. We then introduce the
self-assembly of viral liquid crystalline structures in bio Ims, discussed in section 1.5
and the modelling of charge effects in biology, introduced in section 1.6. We conclude
by discussing the use of homogenisation to derive effective, analytically solvable
models of systems with local periodicity in section 1.7 and techniques and
applications to analyse images of biological liquid crystalline systems in section 1.8.

1.2 Nematic liquid crystals

Liquid crystals are a state of matter in between a liquid and a solid, in the sense that
the constituent particles have no full positional order, like in a liquid, but are (locally)
oriented in the same direction, as they would be in a crystal. This leads to a striking
combination of liquid and crystalline properties; for instance, liquid crystals ow, but
exhibit optical anisotropy. Since the particles are oriented, it follows that they must be
anisotropic; they are usually elongated or disk-shaped. The alignment of such
particles into a liquid crystalline phase happens spontaneously as a phase transition,
most commonly either upon a decrease in temperature or, when the particles are
suspended in some medium, upon an increase in particle density; these liquid crystals
are called thermotropic and lyotropic, respectively [13]. A thorough introduction to
liquid crystals can be found in the classic books by De Gennes [13] or Stewart [14],
which are the sources on which this introduction is based. Since most biological liquid
crystals are lyotropic, we focus on this type. The theory behind the phase transition of
lyotropic liquid crystals is well understood through a highly successful model
developed by Lars Onsager [15]; this model plays an important part in this work and
will be discussed further in section 1.4 and Chapter 2.
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FIGURE 1.2: An illustration of the splay (a), twist (b), and bend (c) alignment defor-
mation.

Various types of liquid crystalline phases exist; the simplest of these is the nematic
phase, which is a homogeneous alignment along an axis called the director, without
any positional order [13]. More complex phases include the smectic phase, in which
the particles are not only aligned but also form layers (however, no positional order
exists within a layer) and the cholesteric phase, which is a chiral phase in which the
director changes in a spiral pattern along a perpendicular axis (see Figure 1.1) [13].
The scope of this work is limited to the nematic phase, however.

The basis of the modelling of liquid crystalline phases is that the orientation of a
particle can be indicated by an angle g, or, equivalently, by a unit vector . From this,
two methods have emerged to model the alignment of a nematic liquid crystal. The

rst (which is adopted in the introduction by De Gennes [13]) describes the nematic
alignment by a tensor Q, which is constructed from eigenvectors which correspond to
the directions of alignment, and eigenvalues which relate to the degree of alignment in
each direction. If we de ne f(q) as the probability distribution of the passible
molecule orientations indicatedpr the unit vector g, the rstmoment o, qdf(qg) = 0.
However, the second moment ,q qdf(q) is not, and from this, the Q-tensor is
constructed as b

_ 1
Q= g 9 d 3 df(a), (1.1)

where | is the identity matrix. The second term, which is added compared to the
second moment, ensures thatQ = 0 in the isotropic state. The most general case in
which Q-tensor theory is used is for biaxial liquid crystals, which have two axes of
alignment. In this case, the Q-tensor is de ned as

1 1
= n n =l + m m = |, 1.2
Q=9 3 S 3 (1.2)
where n,m 2 S? are unit vectors indicating the directions of alignment, meaning that

these are local averages over the particle orientationsq (or g), and s;, S, 2 R are scalar
order parameters describing the degree of alignment. For a uniaxial liquid crystal
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(having one axis of alignment) the Q-tensor is given by [13]
Q=s n n =l . (1.3)

This approach encompasses a variation in the degree of orientational order, and it
accounts for the apolarity of the liquid crystal particles (meaningthat q= g, where g
is the particle angle) as well. This results in the Landau-de Gennes free energy

density [13]:

F =i Q7+ S1(Q) S(QY)+ SIn(QIP? 1.4

where L, A, B, and C are coef cients; L is called an elastic constant and the rst term is
the elastic energy term which describes the energy cost of deviations of the

director [13]. Since this approach allows for varying orientational order, it can account
for the phase transition between the liquid crystalline and isotropic state: this is
described by the other terms in equation (1.4), where the orientational order usually
varies as a function of temperature or particle density through the coef cients A to
C[13].

The second modelling method describes the director by the unit vector n (Stewart's
introduction [14] focuses on this approach). This method is less general than the
Q-tensor approach because it does not account for the apolarity of liquid crystalline
particles (meaning that n = n), and it is only applicable to uniaxial liquid crystals
with a constant order parameter. The resulting equation for the free energy density F
is called the Frank-Oseen model [14]:

F = %Kl(r n)?+ %Kz(n ron)?+ %Ks(n ron)?
+ %(Kz*‘ K4)r [(n r )I’] (I’ n)n]. (15)

Each of these terms describes how deviation of the director comes at an energy cost,
guanti ed by the elastic constants K. Each term corresponds to one type of alignment
deformation: in order from left to right, these are called splay, twist, and bend (see
Figure 1.2) and saddle-splay (not illustrated here because it does not correspond to an
intuitive deformation; for more information, see [14]). Often, the one-constant
approximation K; = K, = K3 K, K4 = 0is used, which simpli es the Frank-Oseen
model to [14]

F = Kt nji% (16)

Comparison to the rst term of equation (1.4) shows that this term is indeed an elastic
energy term. The Frank-Oseen model can also be extended to account for varying
orientational order; this was done by Ericksen [16], but this is beyond the scope of this
work. When a model of liquid crystalline alignment is used in this work, the
Frank-Oseen model is adopted because although it is less general than the Landau-de
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Gennes model, it is suf cient for our purposes; when one can assume a system is in
the liquid crystalline phase, only the elastic free energy is needed, and the
Frank-Oseen model is a more convenient way to compute the alignment.

In practice, the alignment of particles in a liquid crystal is not perfect; particle
orientation usually deviates from the director to a certain degree, which is captured in
the tensor Q (see equation (1.3)). The degree of orientational order is generally
guanti ed by the order parameter S[13]:

S(a) = 3cos2(2q)1 : (1.7)

where qis the orientation of an individual relative to the director (which is a local
average over the orientations) and angular brackets denote local averaging. Generally,
at certain points in a liquid crystal the nematic order breaks down completely, for
instance through environmental constraints. These points are termed topological
defects or singularities. For example, if a liquid crystal aligns parallel to a spherical
surface, there has to be some defect in the alignment whereS = 0; in mathematics, this
is known as the hairy ball theorem [17].

Topological defects can be classi ed by their winding number, which is the number of
complete rotations that the orientation makes around the singularity [18]. The
winding number has a sign, depending on the direction of this orientational rotation,
and can be a half integer; this is because liquid crystals are apolar, so the particles
making up a liquid crystal are symmetric under a 180° rotation. The singularities
come in various types. The main distinction is by winding number; however, within
the same winding number category multiple singularity patterns can occur. For
winding numbers up to 1, the possible singularities in two dimensions are shown in
gure 1.3. Under certain circumstances, one type of singularity can turn into others
through splitting into multiple defects with smaller winding number, as long as the
total winding number is conserved. An example is the splitting of 1 defects into two
half-integer defects; this is energetically favourable, since the elastic energy scales with
the square of the winding number [7]. If the particles in a liquid crystalline structure
can move, another kind of behaviour occurs: the defects can be motile [19]. Whether
they are depends on the symmetry of the defect orientation pattern, since the ow

eld describing the activity is proportional to the  r Q' [20]. Hence, this gradient
needs to be asymmetric for net ow to occur; from gure 1.3 one can see that this only
happens for +1/2 defects. Experimental observations on nematic Escherichia coli
colonies con rm this [21]. In short, balance between the elastic and active forces,
together with geometrical constraints, determines the stable defect pattern in active
nematics.
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FIGURE 1.3: Left: sketches of the types of topological surface defects up to winding

number 1. (a) -1/2 defect (b) +1/2 defect (c) radial +1 defect (d) circular +1 defect (e)

-1 defect. Right: examples of defects in HDF cell tissue. From top to bottom: radial +1

defect, circular +1 defect, -1 defect. Splitting into half-integer defects can be observed.

Yellow lines correspond to orientation vectors. Images (without vector eld overlay)
taken from Turiv et al. (2020) [7], licensed under CC BY-NC 4.0.

1.3 An overview of biological liquid crystalline systems

The role of biology in the science of liquid crystals dates back to its very beginning,
when Reinitzer rst observed liquid crystal formation in heated carrot extract [22].
Another historical link between biological systems and liquid crystals was made when
observations of tobacco mosaic virus suspensions led Onsager to develop his theory of
liquid crystalline phase transitions [15, 23]; these and similar viruses have since been
central in the research on the phase behaviour of lyotropic liquid crystals [24], due to
their desirable properties such as high uniformity. Liquid crystalline structures can
also be formed of biological polymers: cellulose, the most common biopolymer [25],
can form a wide array of liquid crystalline structures and has consequently been used
to develop synthetic alternatives to biological materials [26]. For example, the
iridescence of certain ower petals, which arises because the petals act as diffraction
gratings, can be mimicked with sheared cellulose liquid crystal phases which form
rippled structures [27].

The aforementioned systems are inactive, but biological liquid crystalline systems are
unigue in that they can contain motile, living particles. These systems are active: this
means that the constituent particles can transform energy (extracted from nutrients,
light, or another source in their environment) into mechanical work, typically as
movement [28]. Activity in liquid crystalline systems can occur in two manners: either
the ordered patrticles in the liquid crystalline phase are living organisms (this class is
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called active liquid crystals, a review of the topic is given in [28]) or the motile particles
are embedded in an inactive liquid crystalline structure (termed living liquid crystals,
for a review see [29]). These motile systems are currently of strong scienti ¢ interest
and they have promising future applications, such as the development of smart active
matter [30]: this is de ned as active matter with regulatory control mechanisms which
allow the matter to adapt its behaviour to information from its environment. The
development of such matter may gain insight into the nature of living systems.

Many exciting recent discoveries in the eld of active and living liquid crystals focus
on topological features such as defects (a review of research on topology in active
matter is given in [19]). These topological defects in uence active liquid crystals; for
example, they in uence particle ow [31], and they have been observed to play a role
in cell dynamics: Kawaguchi et al. [12] found that in a layer of cell tissue, cells ow
from negative to positive defects, where a three-dimensional hill develops due to the
high cell density. The accumulation of cells is due to the anisotropic velocity pro le
around positive defects, causing more cells to ow in than out. The tissue consisted of
neural progenitor cells, which form a liquid crystalline phase at high density due to
their elongated shape. This was taken further by Saw et al. [9], who showed that the
positive defects are locations of dead cell removal because the high compressive local
stress (due to distortion of the cell orientation) pushes them out. Furthermore, they
found that defects are not merely locations where dead cells accumulate to be
removed; the compressive stress also triggers apoptosis, because it affects the
biochemical signalling of the cells which in turn affects apoptosis. Through these
effects on biological tissue, defects in uence morphogenesis: during the growth of the
microscopic animal hydra, locations of topological defects in the cell tissue buckle to
develop into features such as tentacles [8]. Central to this effect is that defects can form
stable patterns, due to balance between active and elastic forces [20], so that these
features can form in speci c locations. Inactive liquid crystalline structures can also
form stable defect patterns, but in this case, no active force is present and the pattern
arises due to the interplay between other effects: the elastic force and anchoring
conditions, for instance. The orientation of defects can also form an ordered pattern;
this has been observed in defects caused by the motility of bacterial liquid crystalline
structures [32]. The in uence of defect patterns on the properties of cell layers has
been proposed to have applications in tissue engineering [7]. Like their active
counterparts, orientation and topological defects of inactive liquid crystalline
structures control the dynamics of embedded bacteria in living liquid crystals [10, 11].

In view of these applications, the ability to control the alignment and defect patterns
of biological liquid crystalline structures is of strong interest. This control is also
important in inorganic liquid crystals, since these are primarily used to produce LCD
screens. These liquid crystals are thermotropic and alignment is usually controlled by
an electric eld. However, the constituent particles of biological liquid crystalline
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FIGURE 1.4: Images of aP. aeruginos#®io Im taken with scanning electron microscopy,

with scale bars of 10 um (left) and 1 um (right). Image taken from Whiteley et al. [34],

licensed under a Springer Nature license (permission obtained under license number
5797570677009).

systems are generally not dipolar and do not align with electric elds; hence, other
methods of control have to be employed. Static alignment control can be achieved
with a substrate, a method which is also applied to thermotropic liquid crystals: for
instance, the pattern of topological defects in a system of liquid crystalline cells can be
controlled by an underlying layer of liquid crystal elastomer (LCE)[7]. The desired
orientation pattern is created in the LCE using photoalignment, through contact with
a photosensitive dye, and a human broblast cell layer is grown on top. Contact with
the aqueous medium in which the cells grow causes the LCE to swell and develop a
three-dimensional structure, creating grooves in the direction of the LCE alignment.
These grooves guide the orientation of the broblast cells, which grow in the same
pattern. The resulting alignment is strong and follows the substrate alignment closely,
except around defects with integer winding number, which split into half-integer
defects in the cell layer to minimise the elastic energy. The substrate pattern has
further effects: cells agglomerate around the defects with positive winding number,
and they have a lower aspect ratio in these locations of high density. An alternative
method to control alignment patterns is through the geometry of the system [9], for
instance at the tips of a star-shaped domain. The static nature of these control methods
is not an issue in applications such as tissue engineering, where cell layers are grown
in a set pattern. Dynamical control, analogous to the use of an electric eld, can be
achieved by using a magnetic eld [33], or through generating patterned, local regions
of activity in the system [31].

Liquid crystalline order has also been observed in the more complex biological
systems of bio Ims [35—38]. These are intricate structures of bacteria embedded in an
extracellular matrix (ECM), which is a network of polymers and other molecules
produced by the bacteria (see Figure 1.4). In contrast, bacteria which are not part of a
bio Im (these are called planktonic) swim freely, unembedded in any structure.
Another aspect of the complexity of bio Ims is emergent large-scale behaviour which
is not re ected in the behaviour of individual bacteria; in this sense, a bio Im is
reminiscent of an organism. The individual bacteria adapt their behaviour and
properties to perform a specialised role within the bio Im community, which is
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facilitated by the ability of the bacteria to communicate, most notably through
chemical signals; furthermore, bio Ims are often polymicrobial. Because of the
emergent behaviour and protective properties of the ECM, bio Im formation
enhances the tolerance of bacteria against various threats, promoting their survival.
For further introduction to bio Ims, we refer to [39]. Because bio Ims are complex
and have a large number of components, liquid crystalline order can emerge in
various ways: for instance, the liquid crystalline phase can consist of aligned bacteria;
the development of such orientational order in growing bio Ims has been studied
with computer simulations [37, 38]. Another component of bio Ims that can develop
liquid crystalline order is the lamentous bacteriophage Pf4 (henceforth phage) in
Pseudomonas aeruginds@ Ims. This liquid crystal formation enhances the viscosity,
adhesiveness, tolerance against desiccation, and antibiotic tolerance of the bio Ims
[35]; the work presented in this thesis is mainly concerned with this increase in
antibiotic tolerance and therefore, a more elaborate introduction to these liquid
crystalline systems is given in section 1.5.

The Pf4 phages that form a liquid crystalline phase in P. aeruginosdio Ims are
rod-shaped viruses similar to the tobacco mosaic virus mentioned earlier, which
means that their liquid crystalline phase behaviour is well understood. Other
biological liquid crystalline systems have also been extensively studied using
mathematical models [40]; however, for bio Ims such modelling is generally limited

to global population dynamics and empirical tting models [41-46]. In particular,

since the topic of liquid crystalline bio Ims is very recent, only a few attempts at
modelling them exist at present. Two of these models investigate the development of
bio Ims: Hartmann et al. [37] used confocal microscopy to track the growth of  Vibrio
choleradio Ims to develop a model for an effective cell-cell interaction potential,
which was tested using a large-scale cell level simulation of the same system. Yaman
et al. [38] tracked formation of Bacillus subtilisbio Ims to investigate the mechanics of
developing bio Im structure. They compared experimental results with cell-level
simulations and found that when bacteria form chains, the buckling of these chains
due to stress leads to formation of nematic domains and topological defects. These
models differ from the work presented in this thesis by their different focus of topic
(bio Im development instead of antibiotic tolerance) and their use of cell-level
computer simulations. Modelling similar in topic to the work of chapter 3 and 4 was
done by Pourtois et al. [47], who investigated the effect of Pf phage production on the
tness of P. aeruginosaising a population dynamics model: this is a system of coupled
equations describing the growth of the bacterial population (and its reduction by
antibiotics and general cell death), the phage production, and the antibiotic
concentration. They found that for phage production to increase tness, adsorption of
antibiotics by the phages is essential, and that the increase in tness is greatest when
the bacteria are continually exposed to low levels of antibiotics. Unlike the models in
this paper, however, they do not explicitly model the physics of the system and how
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factors such as the phage con guration and charge affect antibiotic diffusion. In short,
no continuum modelling of the liquid crystalline structures in  P. aeruginosdio Ims
had been attempted at the commencement of the research presented in this thesis.

This work sets the rst step in the development of continuum models to analyse
bio Ims; moreover, these models are amenable to generalisation to other biological
and soft matter systems, increasing their applicability. Recently, a macroscopic
continuum model with variable porosity and adsorptive power has been applied to
bio Ims [48], making further progress in this area of research; a more detailed
overview of the modelling of liquid crystalline bio Ims is given in section 1.5.

1.4 Theory of liquid crystalline phase behaviour

We proceed to give a brief overview of the modelling of the phase behaviour of rigid
rods, as mentioned in section 1.2, and of the theory of depletion attraction. This is a
widely in uential theory that is part of the mathematical backbone of liquid crystal
science [24], and since it applies to suspensions of rods with non-interacting polymers
it is relevant to the analysis of the phase behaviour of liquid crystalline bio Ims,

which is discussed in chapter 2.

1.4.1 Phase behaviour modelling for rigid rods

The rst model of the phase behaviour of rigid rods was developed by Lars

Onsager [2, 15]. He wrote the free energy of the system as an expansion in powers of
rod volume fraction, which is called a virial expansion. The Onsager theory
determines the free energy to the second order in this expansion and has been widely
used to describe lamentous virus suspensions [24]; however, higher orders are
sometimes needed, for instance at high rod concentration or when depletion attraction
occurs [1], which will be discussed in the next section. To this end, Cotter [49]
expanded Onsager's model to the third order in the virial expansion, using scaled
particle theory. This theory calculates the work it takes to insert a particle in a system,
and derives an expression for the free energy from this, when such an expression
cannot be calculated exactly. Calculations are only exact in limiting cases of the size of
the inserted test particle, in other words, when it is in nitely large or in nitesimally
small; the size of the test particle relative to the size of the other particles in the system
is indicated by a scaling factor. The work needed to insert the test particle is found in
the in nitesimal and large limits of this scale, and expressed as a power expansion of
the in nitesimal limit, with the large scale limit as a higher order correction. Scaled
particle theory was applied speci cally to suspensions of phages by Purdy et al. [50]:
they compared the theory of rigid rod phase behaviour to experimental analysis of the
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phase behaviour of a suspension of the lamentous phage fd, determining the
variation of the nematic order parameter with particle density and ionic strength of
the solvent. However, Purdy's model was a description of a pure phage suspension;
when polymers are added to the suspension, which is vital to a realistic description of
many systems (including liquid crystalline bio Ims), the situation is more complex.

We proceed to give an overview of the modelling of such systems.

1.4.2 Phase behaviour modelling for rigid rods with depleting polymers

Pioneering work on the modelling of mixtures of rods and polymers was done by

Flory [51], who took a purely entropic point of view. He discretized the suspension
volume by describing it as a lattice and calculated all possible con gurations of the
phages and polymers on this lattice (each particle being allowed to take up certain
sequences of lattice points according to its shape). Flory was able to describe the
observed phase separation effect this way, but the model did not demonstrate more
complex kinds of phase behaviour; this is conjectured to be due to artefacts of the
lattice model [52]. Subsequently, Lekkerkerker and Stroobants adopted the scaled
particle approach of Purdy [50], and combined it with the depletion attraction

principle: they developed an osmotic pressure description of the polymers using
thermodynamics [1]. The resulting free energy consists of two terms, which are
decoupled because the polymers are assumed to act as mere crowding agents which
are otherwise non-interactive. One of these terms is a rod free energy, calculated to the
third order in the rod volume fraction, unlike Onsager's; the other term corresponds

to the osmotic pressure exerted by the polymers. The modelling of phage and polymer
suspensions described in section 2.2.1 is based on their work.

To conclude, since the phase behaviour of phages and polymers is based on the theory
of depletion attraction, this theory should be introduced in some detail. It was
developed by Asakura and Oosawa in 1954 [53] and describes entropic crowding in
macromolecular suspensions. The Asakura-Oosawa theory has been applied to
various biological phenomena, such as formation of cell structures [54] and bacterial
aggregation in bio Ims [55].

To illustrate the principle, one should imagine a suspension of rod-shaped phages
surrounded by much smaller polymers. The polymers and phages cannot overlap;
hence, the phage volume is excluded to the polymers. However, if two phages leave a
space between them too small for the polymers to squeeze through, this empty space
is also excluded volume. To take this into account, the total excluded volume is the
phage volume, together with a shell surrounding them, the size of which is the
polymer radius. The principle is illustrated in gure 1.5. The polymers exert osmotic
pressure on the rods because from the polymer free energy point of view, the excluded
volume should be minimized. This minimisation happens when the rod-shaped



12 Chapter 1. Background and literature review

FIGURE 1.5: An illustration of the excluded volume effect that is central to depletion
attraction. The volume excluded to the circular polymer in the middle is indicated in
blue. In our example, the particles shown correspond to phages.

phages are aligned, as anyone who has handled uncooked spaghetti may con rm from
experience. The entropy cost of this alignment competes with the polymer osmotic
pressure; hence, the key forces are both entropy-induced effective forces between the
phages: a force which inhibits alignment and the increase of concentration, and an
attractive force which promotes alignment and can be expressed as an osmotic
pressure. When particle concentrations are low, so is the osmotic pressure, and the
system will be isotropic. However, when concentrations are high, the system will
separate into a nematic phase, consisting mostly of phages, and an isotropic phase
dominated by polymers. In other words, two phages that are far apart are equally
surrounded by polymers on all sides and experience no force; however, when two
phages are close enough, no polymers t between them. Then the polymer solution on
the outside exerts an osmotic pressure on the empty solvent between the phages,
which is an effective force pressing the phages closer. For the original explanation of
the phenomenon, we refer to the original paper [53]. This phase separation is
observed in nature, for instance in P. aeruginos#®io Ims, with the nematic phase being
the tactoids [35]. This system is discussed in more detail in the following section.

1.5 Liquid crystalline P. aeruginosabio Ims

As mentioned in section 1.3, Secor et al. (2015) observed the formation of liquid
crystalline structures in Pseudomonas aerugindsi@ Ims [35]. The liquid crystalline

phase is comprised of the lamentous phage Pf4, produced by the P. aeruginosa
bacteria. Whereas phages generally prey on bacteria and have hence been proposed as
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FIGURE 1.6: Birefringence images of mixtures of 2.59 mg/ml Pf4 and (a) hyaluronan

(vertical image scale approximately 25 pm) or (b) mucin and DNA (vertical image

scale approximately 500 um). The colourscale indicates birefringence as shown on the

right, where birefringence is quanti ed as jsindj, with the phase shift d de ned by

equation (2.34). Figures taken from Secor et al. (2015) [35], licensed under an Elsevier
user license (permission obtained under license number 5790120341863).

an alternative to antibiotics, the relationship between phages and bacteria can also be
symbiotic [56]. In particular, Pf4 phage production comes with various bene ts for the
P. aeruginosdacteria [35]. The phages have the potential to self-assemble into
lyotropic liquid crystalline structures, since they are rod-shaped; indeed, this happens
upon mixing with the polymers in the ECM. This process has been reproduced in vitro,
where the polymers used were hyaluronan (HA), DNA, and alginate, since these are
common polymers in a bio Im ECM. When the polymers are added to the phages, a
phase separation occurs: the phages form liquid crystalline droplets with a rugby ball
shape, called tactoids (shown in gure 1.6), which are surrounded by an isotropic
domain consisting dominantly of the polymers. This phase separation is due to the
depletion attraction effect introduced in section 1.4.2. The polymers in the bio Im act
as depleting agents because most of them are polyanions which do not interact with
each other or with the phages, when no cations of higher valence are present which
can crosslink the polymer chains [35] (indeed, Secor et al. found that such crosslinking
occurs upon the addition of divalent cations, leading to formation of large aggregates
and a reduction of birefringence which indicates a disruption of the liquid crystalline
structure: birefringence is the optical effect arising from the difference in refractive
index between the alignment direction and the other directions in a liquid crystalline
structure). Depletion attraction is the basis for modelling the phase behaviour of
mixtures of phages and polymers; this phase behaviour was measured by Secor et

al. (2015) [35] (see gure 2.3a), allowing for a comparison of modelling results to
experiments. In vivo, tactoid formation has not been observed directly, but large scale
liquid crystal formation throughout the bio Ims has [35]. This liquid crystal phase

could be made up of tactoids, but because bio Ims contain a large variety of polymers,
some of which are signi cantly larger than the three polymers used in vitro, it is more
likely to comprise large scale nematic domains.
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The formation of liquid crystalline structures in uences several properties of the

bio Im; one consequence is an increase in viscosity. This was observed for mixtures of
phages with mucin and DNA, which has a viscous texture representative of a bio Im
[35] (see gure 2.4b). Furthermore, liquid crystal formation (both as tactoids in vitro
and bio Ims in vivo) coincides with increased antibiotic tolerance of the bacteria

[35, 36]: this is the temporary ability of bacteria to survive antibiotic treatment, for
instance through protective shielding or slowed bacterial growth. The related concept
of antibiotic resistance, on the other hand, is an immunity of bacteria to antibiotics
though genetic mutations, which is not temporary. Antibiotic resistance and tolerance
are serious issues in medicine; for instance,Pseudomonas aeruginadsia Ims are
notoriously dif cult to treat with antibiotics and pose a very serious problem for cystic
brosis patients [35]. Hence, research on the physics behind this tolerance has
important applications. Recently, the research on this antibiotic tolerance was
expanded by Bohning et al. [57], who found that Pf4 tactoids also protect E. coli
bacteria against antibiotics. Furthermore, they discovered that tactoids consisting of a
different lamentous phage, fd, also increase the antibiotic tolerance of both types of
bacteria, despite their shape difference compared to Pf4 tactoids. This shows that the
increased antibiotic tolerance is not merely a phenomenon particular to P. aeruginosa
and the phages it produces.

Because this is a relatively recent topic and due to the underdevelopment of bio Im
modelling discussed in section 1.3, only a few attempts have been made to
mathematically model these liquid crystalline bio Ims; no research on this topic
existed at the commencement of the work described in chapter 3. The rst attempt at a
mathematical description of liquid crystalline bio Ims was made by Pourtois et

al. [47], who investigated the competition for survival and growth between P.
aeruginosatrains that do or do not produce Pf phage. They are not concerned with
how the microscopic liquid crystalline structure inhibits the antibiotic ef cacy;

instead, they use a population dynamics model which consists of coupled equations
describing the bacterial, phage, and antibiotic concentrations, and they nd that in the
presence of a moderate concentration of antibiotics (just over the threshold of
impacting the bacteria), Pf-producing bacteria are at an advantage. Since the
completion of the work in chapter 3, Prince and Jones [48] have developed a
macroscopic model of the liquid crystalline bio Im structure, with a variable porosity
and adsorptive capacity. Unlike the model of chapter 3, this was not developed by
upscaling a microscopic model; the authors are interested in reproducing experimenal
results on the accumulation of bound antibiotics in the outer bio Im layer, and nd

that heterogeneous porosity and adsorption are essential for this. To our knowledge,
no other aspects of liquid crystalline bio Ims have been modelled, and the work in
chapters 3 and 4 makes the unique contribution of deriving in a mathematically
rigorous way how microscopic aspects of the system (such as adsorption strength and
antibiotic charge) impact the antibiotic tolerance on a macroscopic level.
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1.6 Modelling charge effects in biological systems

A signi cant feature of the phages and polymers in P. aeruginos#io Ims is their
electric charge, which strongly affects the formation of the liquid crystalline

phase [15, 58]; moreover, it is conjectured that charge effects are essential for the
observed antibiotic tolerance [35]. Charge effects in bio Ims also have other
applications; for instance, electroactive bio Ims can be used to create bioplastics and
microbial fuel cells [59, 60]. In the functioning of many other biological and soft matter
systems, charge is also critically important: for instance, polyelectrolyte gels can be
used to create diodes [61], the charge density of lipid bilayers determines the ef ciency
of nucleic acid transport across the membrane [62], and besides transport properties,
cell membrane charge in uences T cell receptor signalling [63] (T cells are a type of
white blood cells, and their receptors identify antigens). In all the aforementioned
examples, the formation of electric double layers through the screening of membranes,
polymer chains or colloids by ions in an electrolyte solution is an important feature.

Mathematical models are a powerful tool to understand the role of charge in
biological systems, including the systems described above; examples of such models
are described in [61, 62, 64, 65]. For instance, Khunpetch et al. [62] modelled charge
effects in curved lipid bilayers (of which cell membranes are an example) with a focus
on the effect of the curvature. The model consists of a free energy consisting of an
electrostatic component, which is the Poisson-Boltzmann free energy, and a charge
regulation component describing various effects such as adsorption of charges to the
bilayer surfaces. They are able to describe various experimentally observed effects,
such as a curvature-dependent difference in charge between the two monolayers,
regardless of whether they are chemically identical.

Generally, a starting point in the modelling of charged biological systems is the
Poisson-Boltzmann equation, due to the ubiquity of electric double layers around
charged surfaces in these systems. This equation is a combination of Poisson's
equation, relating the electric potential to the charge density distribution, and a
Boltzmann distribution which describes this charge density [66]. For instance, in a
medium consisting of particles with charge gand density n(x), the Poisson-Boltzmann
equation is

r 2 (x) = q”((ax)e ot ()7 keT (1.8)

where f is the electric potential, e is the permittivity of the medium, and kg and T are
Boltzmann's constant and the temperature. The Poisson-Boltzmann equation
combines Gauss' law with a Boltzmann distribution of the ions that screen the surface
charge, neglecting ion size and assuming a uniform surface charge. If the potential
around the charged surface is small, the Poisson-Boltzmann equation may be
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