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Abstract—For a commutative ring k with unit, we describe and study various differen-
tial graded k-modules and k-algebras as models for the cohomology of polyhedral products
(CX, X)X, Along the way, we prove that the integral cohomology H*((D*, S°)X;7Z) of the real
moment—angle complex is a Tor module, one that does not come from a geometric setting. As
an application, this work sets the stage for studying the based loop space of X(CX, X)X.
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1. INTRODUCTION

One of the most studied algebraic invariants of topological spaces is their cohomology ring.
With its rich and relatively comprehensible structure, cohomology is a homotopy theoretical flagship
invariant harnessed by a host of mathematical disciplines.

In the realm of toric topology, polyhedral products (X, A)X are constructed as a functorial
interplay between topology and combinatorics in terms of pointed topological pairs (X, A) and
a simplicial complex K. More precisely, let K be a simplicial complex on the vertex set [m] =
{1,...,m}, m > 1, with no ghost vertices, and let (X, A) = {(X;, 4;)}™; be an m-tuple of pointed
CW pairs. The polyhedral product is defined by

(X, A% = [J(X,4)7 ﬁX
=1

ceK
where
7 X; f ) € O,
(x, 4y =[] Z:{ oo
Pl A; for i¢o.

With C'X; being the cone on X;, we restrict our attention to polyhedral products where the topo-
logical pairs are (CX;, X;) for all 4. Of particular importance is the polyhedral product (D?, S1)¥,
which is identified with the complex moment-angle complex, Zx . If X; = S for all i, the polyhedral
product (D!, S%)K is the real moment-angle complex, Z¥.

Before starting with the study of polyhedral products, we lay down some basic combinatorial
notations. For an abstract simplicial complex K on the vertex set [m], let | K| denote its geometric
realisation and let K ; be the full subcomplex of K consisting of all simplices of K with vertices in
J C [m]. Let k be a commutative ring, which in this paper will be assumed to be either the ring Z
of integers or a field.
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Moment—angle complexes are considered the bellwethers of the combinatorial coding of topolog-
ical and geometrical properties. For example, there is a stable homotopy decomposition of the real
moment—angle complex Z}R( = (D', 89K in terms of full subcomplexes of the simplicial complex K
given by

S(DL S ~x /) IR,
o2#JC[m]

This decomposition was generalised in [1, Theorem 0.3] to a stable homotopy decomposi-
tion of polyhedral products, which specialises to the following stable homotopy decomposition of

(CX, X)F:
SCX, X)) - \/ EKAY", (1.1)
o C[m]
where
Y= AY, with =X, if icJ and ¥;=5" if i¢ J
i€[m]

Directly from these stable homotopy decompositions, we can read off the underlying k-module of
the cohomology of the real moment-angle complexes (D!, S?)X of the complex moment-angle
complexes (D?, S1)% and of the polyhedral products (CX, X)X, respectively, as

(D', 8" k)= @ H 'Kk, H(DLSHYSk) = @ H V(KK

o#JCm] o#JCm]
and
H((CX,X);k) = P H(S[K k) @ H,
o#JCm]

where H' = Qicpm) Hi with H; = H*(X;;k) ifi € J and H; =k if i ¢ J assuming that H*(X;;k)
are free k-modules of finite type for all 7.

Let K be a simplicial complex on the vertex set [m]. Denote by k[vy,...,v,,] the polynomial
ring on m variables v; and for every set I = {i1,...,i,} C [m] let vy = v, ...v;.. Then the

Stanley—Reisner ring of K is defined by
SR[K] = k[v1,...,vm]/ Tk,

where T = (vr | I ¢ K) is the ideal generated by those square-free monomials vy for which I is
not a simplex of K. If vy,..., vy, are all of degree 2, then

H*((CP>,%)%;k) = SR[K].

Using the language of toric varieties Franz [6, Theorem 1.3] and independently using the existence
of the homotopy fibration

™ = (81, sHE - (D%, sHE — (CP>, x)K — (CP>®,CP®)K = BT™
Buchstaber and Panov [4, Theorem 4.5.4] showed that there is an algebra isomorphism
H* (D%, 8K Z) = Tory,._, (SRIK], 2).
Similarly, there is a k-linear isomorphism

H* ((Dla SO)K§ Z2) = TOTZQ[tl,...,tm](SRZQ [K], Zz),
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where t; are of degree 1 and SRy, [K] = Zalt1, ..., tm|/ZKk, which cannot be extended to a multiplica-
tive isomorphism for the canonical product on the Tor algebra. This description of the cohomology
of the real moment—angle complex can be related to the homotopy fibration

m = (8% SHE (D!, SHE - (RP®, %)X — (RP*,RP>*)K = Bz

In this paper we extend this result by showing, as Corollary 2.8, that H*((D", S°)%;k) is linearly
isomorphic to a Tor k-module. However, this Tor k-module does not have a geometric origin and
the linear isomorphism cannot be extended to one of algebras.

Mimicking our approach for the cohomology of the real moment—-angle complex, that is, by
considering the polynomial ring on suspended cohomological classes of all X;’s and introducing a
generalised Stanley—Reisner ring SR(X, K) (see Definitions 2.14 and 2.15), we next aim to describe
H*((CX,X)X;k) as a Tor module. This approach allows us only to identify H*((CX,X)¥;k)
as a summand of such a Tor module (see Proposition 2.18). To possibly get a description of
H*((CX,X)X;k) as a Tor module, in future work we plan to replace the polynomial ring on sus-
pended cohomology classes of all X;’s by an algebraic object that behaves as an algebraic “delooping”
of X;’s.

In Section 3 we give two integral algebraic models B(X, K) and B(C*(X), K) for the cohomol-
ogy of (CX, X)X (see Propositions 3.2 and 3.7). The results are obtained by combining Franz’s [8,
Theorem 3.2| and Cai’s [5, Sect. 3.2] model of the integral cohomology ring of the real moment—angle
complex with the result of Bahri, Bendersky, Cohen and Gitler [2, Theorem 1.9] stating that the al-
gebra structure in H*((CX, X)¥;k) depends only on the cup product structure in H*((D*, S°)%; k)
and the cup product structure in H*(X;;k) for all ¢. The algebraic suspension of B(C*(X);k) is
particularly interesting as there is a zig-zag of quasi-isomorphisms to the k-cochains on ¥(CX, X)¥
and therefore the bar construction can be applied to it to deduce an algebraic model for the based
loop space of £(CX, X)®X when X; have free k-cohomology of finite type.

2. k-LINEAR MODELS

2.1. Real moment—angle complexes. Let y1,...,y, be of degree 1. Define the graded
algebra k(y1,...,Ym) as

K, ym) =T Wi, ym)/ (Wiyj = y59i),

where T is a free associative algebra. Notice that here we are assuming commutativity, not graded
commutativity. Considered as graded k-modules, k{(yi,...,ym,) and kly1,...,ym| are isomorphic.
Given a subset I = {iy,...,i,} C [m], we denote by y; the square-free monomial y;, ...y,

in k(y1,...,ym)-
Define an analogue of the Stanley—Reisner ring to be

SR(K) =k(y1,---,ym) /LK,

where Zi = (yr | I ¢ K) is the ideal generated by those monomials y; for which I is not a simplex
of K.
For wy, ... ,wy,, of degree 0, define the graded algebra L as

L(wi, ... ,wn) =T (wi,... ,wm)/(w? =0, wiw; = —wjw;). (2.1)
As in the case of k(yi,...,Ym), the multiplication is not graded commutative, and considered as
graded k-modules L(wy,...,wy) and A(w,...,w,,) are isomorphic.

Define the differential bigraded algebra (E,d) by
E=T(Wi,...,wm Y1, ym)/ (W] =0, wiw; = —wjwi, %iy; = Yj¥i, wiyj = Yjw;) (2.2)
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40 M. BENDERSKY, J. GRBIC

such that
bidegw; = (—1,1), bidegy; = (0, 1),
dw;i = i dy; =0
and requiring the differential d to satisfy the Leibniz identity
d(a-b) = d(a) - b+ (—1)41% . d(b), (2.3)

where bideg a = (deg; a,degy a).
Lemma 2.1. The differential bigraded algebra (E,d) with the differential given by d(w;) = y;
and d(y;) = 0 is a free k{y1,...,ym)-resolution of k.

Proof. Consider k with the k(y1,...,ym)-module structure given by the augmentation map
sending each y; to zero. Rewrite F as

E=L(wi,...,wn) @k ky1,...,Ym)

emphasising that w;y; = yjw;. Then (E,d) together with the augmentation map e: E' — k defines
a cochain complex of k(yi, ..., ym)-modules

d
0—= L™(wiy.. ,wm) kY1, .., Ym) — - ..
d d
—%Ll(wl,...,wm)®ﬂ<§<y1,...,ym> — k{y1,. -, Ym) i>]1§—>0, (2.4)

where L'(w1,...,wn) is the submodule of L(wy,...,w,) generated by monomials of length i. We
shall show that e: (E,d) — (k,0) is a quasi-isomorphism. There is an obvious inclusion n: k — E
such that en = id. To finish the proof, we construct a cochain homotopy between id and 7e, that
is, a set of k-linear maps s = {s~%/: E~%J — E~i~1LJ} satisfying the identity

ds + sd =id — ne. (2.5)
For m = 1, we define the map s;: E?’* =k(y) — El_l”k by
si(ap + a1y + ... +a;y’) = wlay +agy + ... +a;p7 ).

Then for f = ap + a1y + ... +a;y’ € E?’*, we have ds1f = f—ag = f —nef and sidf = 0.
On the other hand, for wf € El_l’*, we have s1d(wf) = wf and ds;(wf) = 0. Thus for m = 1,
identity (2.5) holds. Now we assume by induction that for m = k — 1, the required cochain
homotopy si_1: Er_1 — Ej_1 is already constructed. Since By = Ep_1 ® F1, € = €1 ® €1 and
Nk = Ne—1 @ M1, a direct calculation shows that the map

Sk = Sp—1 @1d + 1651 ® 51

is a cochain homotopy between id and ngeg.

Since L (w1, ..., wm) @ k{y1,...,ym) is a free k(y1, . .., ym)-module, (2.4) is a free resolution for
the k(y1,...,Yym)-module k. This is an analog of the Koszul resolution obtained by shifting the
degrees of the generators. [

Since L(w1,...,wm) @ k{y1,...,ym) is a resolution of k by free k{yi, ..., ym,)-modules, it follows
that the cohomology of the complex

(L1 wm) @ {1, ) iy, SRIK) = Llwn, .- o) O SRIK)

is isomorphic as a k-module to Tory,, . ,.\(SR(K), k).
We aim to show that there is a k-linear isomorphism between the cohomology H*((DY, S')%;k)
and the k-module Tory,, . (SR(K),k). Following Buchstaber and Panov’s work [4, Sect. 4.5],
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the idea is to first reduce the differential graded algebra (dga) (F,d) to a finite-dimensional quo-
tient R(K) without changing the cohomology. We then proceed by showing that as a k-module
R(K) is quasi-isomorphic to the underlying k-module of a certain dga B(K) which in turn is quasi-
isomorphic to the singular cochains of (D!, S%)%.

Definition 2.2. Let K be a simplicial complex on [m]. Define the dga (R(K),d) by
R(K) = L(w1,. .., wm) @ SRUK)/(y} = wiy; = 0)
with differential d induced from (F,d), that is, d(w;) = y; and d(y;) = 0.
Proposition 2.3. The quotient map
L(wi,... ,wn) @ SR(K) — R(K)

1 an algebra quasi-isomorphism.

Proof. There is a short exact sequence of dgas
07— Awi,...,wn) @SR(K) — Awr,...,wn) ®SR(K)/Z — 0,

where 7 is the ideal (%2 = w;y; = 0). Specifically, Z is generated by monomials which are divisible
by y? or w;y; for some i.

We show that H*Z = 0. For a monomial x € Z, there is a minimal index i(x) such that either
yz.z( 2) OF Wia)Yi(x) divides x. Define s: Z — Z on generating monomials by

X

8(z) = wi(e) Vi)

By showing that s is a chain homotopy between the identity and zero, that is, ds(x) — sd(x) = =z,
the proposition statement follows.
Since & = (2/Yj(x))Yi(x), We have

x x x x
ds(m)—sd(m):d<wix >—s<d< >yiz>:x+wizd< >—s<d< >yw>

We first observe that yf( 2) divides d(/y;(x))Yi(x)- To see this, note that either y;(,) or wj,) divides

T/Yi(z)- In either case y;(, divides d(z/y;(s))-

We claim that for j < i(z), neither y]2 nor w;y; divides d(x/y;(z))-

Assuming the claim for the moment, we first finish the proof. Since yz.z( 2) divides d(2/Yi(z))Yi(x)
and for smaller j, both yjz- and wj;y; do not divide d(/Y;(z))Vi(x), it follows that s(d(z/y;x))Viz)) =

We next prove the claim. When j < i(z), for yjz- or w;y; to divide d(z/y;)) either y; or w;
divides x/y;(,). If y; divides z/y;(,), then y]2 cannot divide z because j < i(x). So if either yjz- or W;y;
divides d(7/y;(z)), then w; must divide z/y;(,). But then neither w; nor y; can divide (x/y;(s))/w;-

Thus
d( T > :dwj[x/yi(x)] :yj[w/yi(z):| —i—wjd[x/yi(x)],

Yi(z) Wy Wj wj

Neither summand is divisible by y]2 or wjy;. U

Recalling that there is the bigrading of w; and y; given by bidegw; = (—1,1) and bidegy; =
(0,1), we can consider R(K) as a differential bigraded algebra.

Corollary 2.4. As bigraded k-modules,
Tor, ' (SR(K),k) =~ HPY(R(K)). O

<y17---7ym>
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For I = (i1,...,4p), 11 < ... <y, and L = (y;,,...,y.), 1 < ... < ls, we will denote the
monomial w;, ... w;, * Yy .-y, by wryr. _
For 0 < p < m, a k-module basis for R™P*(K) can be given as

{wriyr |[LeK, |I|=p, INL=2}.
We can consider R(K) as a differential k-module. The differential d: R**(K) — R**(K)
induced from its differential algebra structure is given on the k-module generators by

p

_ k+1 -~
d(waL) - Z(_l) Wiy -« wikflwikwik+1 cee Wipyll v ylryikylrﬂ <Yl
k=1

where I, < i < l,41. Notice that the sign is induced by the derivation identity (2.3) and if
(ly ooy byt by, .0 ls) € K then_cui1 Wi Wi Wiy WYl YL Y Yl - Yl = 0.
Next we relate the k-module R(K) to the k-cohomology module of the real moment—angle
complex (D!, S%)X via the dga model B(K) of H*((D!,S%)%;k) given by Cai [5] and Franz [8].
Definition 2.5. For a simplicial complex K on [m], let the dga B(K) be presented with
generators s; and ¢; such that degs; = 0 and degt; = 1 and with the relations

§;S; = Si, tisi = ti, Siti = 0, titi = 0, H tj =0 (2.6)
jECT
forall 1 <i<m and o ¢ K and the graded commutativity relations for all variables with different
indices, that is,
iS5 = 845i, tit]’ = —tjtl', Sit]’ = thi for 1 75 j
The differential d: B*(K) — B*(K) is given by
dSi = —ti, dti =0

and extended using the Leibniz rule d(a - b) = d(a) - b+ (—1)%€%a - d(b).

Franz [8, Theorem 3.2] proved that B(K) is quasi-isomorphic to C*((D', S%)¥:k), the singular
k-cochains of the real moment-angle complex (D!, %)X,

We treat B(K) as a differential bigraded algebra by setting bideg s; = (—1,1) and bidegt; = (0, 1)
for all 1 < i < m. Then the k-module basis for B™"*(K), 0 < p < m, is similar to the one for
R7P*(K) and is given by

{Sth|L€K, IﬂL:@}, (2.7)
where s; = s;, ...s;, for I = (i1,...,4p) and t, = t;,...4;, for L = (I1,...,l;). The k-module
differential d: B**(K) — B**(K) is given by

p
d(S[tJ) = Z(—l)T—HSZ’l e Sip iy e Siptll ... tlrtiktl,«+1 st
k=1
where [, < i < l.41. Notice that s; ...s; 54, ...ty .ttty ... 4, = 0 in B(K)
if (I1, .. by ik, lrt1, ..., ls) ¢ K. The graded-commutative Leibniz identity contributes —1 as
deg s; = 0 and d(s;, ) = —t;,. The additional (—1)" in the differential formula comes about from ¢;,

passing r many t;’s.
Definition 2.6. Let the k-linear isomorphism f: R~7*(K) — B~P*(K) be defined by

flwryr) = e(I, L)srty,

where €(I, L) is the sign of the permutation that converts IL, the concatenation of I followed by L,
into an increasing sequence and |I| = p.
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Notice that the k-linear isomorphism f restricts to k-linear isomorphisms on full subcom-
plexes Kj of K,

R P*(Kj) — B P*(Ky).

Proposition 2.7. The k-linear isomorphism f commutes up to sign with the differentials.
Specifically, if o € R7P*(K) then

fdgp(e) = (=1)Pdpf(a).

Proof. For a = wjyr,
P
d(a) = Z(—l)kﬂwil Wi Wiy e Wi Ul - YL Y Yl - Yl
k=1

We compute the sign of the permutation that converts

TPURIT TRTE /AR VRN Y AEURUY MO0 10 SRR (2.8)

into an increasing sequence.

To start, note that the sequence of i’s and the sequence of I’s are increasing. Therefore, it suffices
to permute the [;’s to the left starting with [; followed by increasing I;’s.

The sign of the permutation that converts (2.8) into an increasing sequence differs from ¢(7, L)
in two ways.

First, we move the indices l1, ..., [, to the left. Note that [; < i for j < r. These [;’s are meshed
into 41, ...,4,—1. The number of permutations needed to place [; into its final position differs by —1
from the number needed to order IL because i is missing. So moving Iy, ...,[, differs from €(I, L)
by (—=1)".

Second, we have to move i. Moving this index contributes (—1)P~F.

Thus the sign of the permutation that converts (2.8) into an increasing sequence differs from
e(I,L) by (—1)"tk+P. Therefore, the map f multiplies the kth term in dg(a) by (—1)""**Pe(I, L),
which is (—1)Pe(1, L) times the coefficient of the kth term in dg. O

In an analogous way as in [4, Construction 3.2.8|, we define a multigrading, more precisely, an
N™-grading in SR(K) by setting mdeg(y;* ... y2") = (i1,...,%m) in k(y1,...,ym). Then the algebra
Tory SR(K),k) acquires the canonical (Z & N™)-grading

Tory(y,,...ym) (SRIK), k) = @ Tor,/®  (SR(K), k).
p>0, acN™

yl?"'vym>(

A subset J C [m] can be viewed as a (0, 1)-vector in N whose jth coordinate is 1 if j € J and 0
otherwise.

Corollary 2.8. For any J C [m], the chain map f induces a k-linear isomorphism
Tor, ”/  (SR(K),k) — H'I"P(B(K;)) = HVI"?(3|K|;k),

(yly---yym>
and Torﬂ;@’f...ym)(SR(K),k) =0 14f a is not a (0,1)-vector in N™. [

Summing up all above, we obtain our main result.

Theorem 2.9. Let K be a simplicial complex on [m]. Then there is a k-linear isomorphism

Tor(y, ....y,) (SR(K), k) — H* (D', 8H%k). O

2.2. A generalisation to polyhedral products. In many ways, a combinatorial contri-
bution of the simplicial complex K to homotopy theoretical properties of the real and complex
moment—angle complexes is comparable and usually suggests a formulation of those properties for
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polyhedral products (CX, X)X (see, for example, [9, 3]). Having that both cohomology k-modules
H*((D?, 81X k) and H*((D!,8°)%;k) can be expressed in terms of appropriate Tor k-modules,
we generalise the previous discussion to give a k-module description of H*((CX, X)%;k) as a direct
summand of Tor 4(M, k), where A and M are defined below.

Throughout the remainder of the paper, we assume that X; are pointed CW complexes for all ¢,
and when the cohomology H*((CX,X)X;k) of the polyhedral product (CX, X)X is considered,
we assume that H*(X;;k) are free k-modules of finite type for all i. If not explicitly stated, all
cohomology groups of CW complexes are taken with k coefficients.

The decomposition (1.1) induces a k-linear isomorphism

H*((CX. X)"k) = P H'(S|Ks|:k) @ H
@#£JC[m)|
C H*((DY, 8%)%;k) @ H*(X1;k) ®... ® H* (Xm;k), (2.9)

where H' = ®ie[m} H; with H; = ﬁ*(XZ-;]k) if i € Jand H; = k if i ¢ J. This specialises to a
k-linear isomorphism
H*((D',8)%:k) = @ H*(S|K/l;k). (2.10)
@#JC[m]
To give a k-module model for H*((CX, X)¥:k), we replace the factor H*(X|K|;k) in the
k-linear isomorphism (2.9) with a summand of R(K). Specifically by Corollaries 2.4 and 2.8, the

cohomology k-module structure of (D', S%)% is modeled by the dga R(K). We next identify the
cohomology of the full subcomplexes in (2.10) with differential graded k-submodules of R(K).

Definition 2.10. For an element wry;, € R(K), define its support as

supp(wryr,) =1 U L.

The differential submodule of R(K) generated by monomials with support .J is denoted by R;(K).
The following lemma is a direct consequence of [4, Lemma 4.5.1].

Lemma 2.11. There is a k-linear isomorphism
H*(Ry(K)) = H*(SIK,[ik). O
Definition 2.12. Let (R(X, K),d) be a differential graded k-module defined by

RX,K)= @ RiK)oH’,
o#£JIC[m]
where HY = @, ¢, Hi with H; = H*(X;;k) if i € J and H; =k if i ¢ J.

The differential d: R*(X,K) — R*(X,K) is given as the tensor product of the differential
on Rj(K), induced from the dga R(K), and the trivial differential on H”.

Combining Lemma 2.11 with (2.9), we obtain the following statement.

Lemma 2.13. There is a k-linear isomorphism
H*((CX, X)";k) » H*(R(X,K)). O

To integrate the topological structure of the polyhedral product (CX, X)X into our cohomology
model, we start by generalising the polynomial algebra k(y1,...,¥ym) to a free commutative algebra
on the cohomology of XX
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Definition 2.14. For CW complexes X;, 1 <i < m, let

k< b ﬁ*(zxi)> :T< &b ﬁ[*(zxi)>/<aﬁ:5a

1<i<m 1<i<m

a,pe P ﬁ*(zxi)), (2.11)
1<i<m
where T'(M) denotes the free associative algebra generated by a free k-module M.
To the algebra (2.11) we associate a generalised Stanley—Reisner ring.

Definition 2.15. For CW complexes X;, 1 < i < m, define the generalised Stanley—Reisner
ring SR(X, K) as

SR(X, K) =k< o, ﬁ*(EX»>/IK,

1<i<m

where Tk is the ideal generated by square-free monomials vy, ... a;, such that a;; € H *(Xz-j) and
{ir,..., i1} ¢ K.

We prove that H*(R(X, K)) k-linearly splits off Tor,
choose ordered bases B; for H*($X;),

Bi = {bi,h cee 7bi,ki}7

which induces an ordering on @), H*(£X;) by saying that b < V' if b € H*(EX;), ¥ € H* (LX)
and i < j. To make @, H*(XX;) into a bigraded object, let bidegb = (0,degb). We define
(L(H*(X)),d) and (E(H*(X)),d), the natural generalisation of (2.1) and (2.2), as

@ ﬁ*(zxi»(SR(l{, K),k). To this end we

L(f[*()_()) = L(@ UBi) = T(@ UBz)/(szz =0, ubjub; = —Ubi'dbj),

E(H*(X)) =L<ﬁ*<z)>®k< D ﬁ*(EXZ->>,

1<i<m

where uB; is generated by classes ub of bidegree (—1,degb) corresponding to b € B;. Define the
differential d on E(H*(X)) by d(ub) = b, d(b) = 0 and by requiring that d satisfies the Leibniz
identity d(a - b) = d(a) - b+ (—1)%81% - d(b), where bidega = (deg; a,degya). As in Lemma 2.1,
E(H*(X)) is a resolution of k. Consequently, the cohomology of the Koszul complex

L (@ uBZ-> ® SR(X, K)

iS TOI']k<® INJ*(EXZ)) (SR(K; K)7 ]k)

Definition 2.16. Let K be asimplicial complex on [m] and let X = {X;}7, be CW complexes.
Define the dga (R(X, K),d) by

R(X,K)=1L (@ uBZ-) ® SR(X, K)/ (b = (ub;)b; = 0),
where b; € H*(£X;), with the differential d induced from the dga (E(H*(X)),d).
Following the lines of the proof of Proposition 2.3, we establish that the dga R(X, K) is a model

for the k-module Tory fI*(EXZ-»(SR()—(’ K), k).
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Lemma 2.17. The quotient map

L (@ uBZ-) ®SR(X,K) = R(X,K)

s an algebra quasi-isomorphism. [
To describe a k-module basis of R(X, K), we note that @@ uB; inherits an ordering from the
ordering of @ B;. A basis for R(X, K) is given by
{ubi, gy - ubi, by gy - b b (2.12)
where
(i) if ub; € uB; is a factor, then b; € B; is not a factor;
(i) ubj, g, < ... <wubi g, and by j, <...<byj;
(iii) {ly,...,l;} € K.
There is a similar basis for C(X, K),

{wiy oo wisyry Y ® [8 iy -8 i k] © [T 00 gy 5T 0 ) (2.13)

The difference between the basis (2.12) and basis (2.13) is that the integers {i1,..., s, l1,..., 0}
are all distinct in (2.13).
We now compare the dgas R(X, K) and R(X, K).

Proposition 2.18. The cohomology H*((CX,X)X;k), seen as a k-module, is a direct sum-
mand of the k-module Tory o g*(ZX.»(SR(X,K),k)-

Proof. There are maps of differential k-modules
h: R(X,K) = R(X,K)  and  g: R(X,K) = (X, K)
given by

bil,kl . S_lbiﬁks] & [S_lblhjl e 3_1blt,jt])

= (ubil,kl e Ubis,ks)(bl17j1 e blt,jt)

h(wil WYL Y, ® [S

and

g((ubil’kl e ubi57ks)(bllyj1 e blt,jt))
=W - Wi Yy Yl @ [s_lbihkl ... S_Ibis,ks] Q [s_lblhjl .. s_lblt,jt].

The homomorphisms h and g commute with differentials and go h =id. 0O
We note that

* K. ~ ~
H ((O_)(a )_() ) k) - TOI'k<® H*(EXZ)) (SR(X7 K)7 k)
if X; = S™ for each i. For H* (X;) with more than one generator, the map ¢ is zero on generators
(ubiy gy - - ubig i, )(biy gy - - - Ui, j,) Whenever a repetition occurs in the list 1, ..., 4,101, ...,l; obtained

by dropping the second subscripts in the bi-indexing.

Example 2.19. To illustrate Proposition 2.18, we consider the simplicial complex K of two
disjoint points, {v1,v2}, and X; = CP? for i = 1,2. Then

k< @ ﬁI*(ZXZ)> = k(b1,e1, b2, €2), where degb; =3, dege; =5,
1<i<m

SR(X, K) = k(b1, e1,b2,e2)/(biba, brea, e1ba, e1e2).
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Proposition 2.18 shows that H*((CX,X)%;k) = H*(XCP? A CP%k) is a direct summand of
Tory ;1 b9,e0) (SR(X, K), k). By direct calculation, the k-module Tory, e, by e,) (SR(X, K), k) has
nine generators: one in degree 5, two in degree 7, one in degree 9, two in degree 10, two in degree 12
and one in degree 15. Notice that Toryp, e pyeq) (SR(X, K), k) is isomorphic to H*(Zx;k) as
an ungraded module, where K is the simplicial complex on vertices {v1,vs,v3,v4} with maximal
simplices the edges {v1v2,v3v4}.

3. ALGEBRA MODELS

In Lemma 2.13 we took advantage of the isomorphism

o (Cx. X)%k) = @ ' (SIK|k) o B2’ (3.1)
&#JC[m]

to build a differential graded k-module R(X, K) with cohomology isomorphic to H*((CX, X)¥;k).
In this section we extend B(K) analogously to a dga B(X, K) with cohomology isomorphic as
an algebra to the cohomology of (CX, X)X. As in Section 2, we assume that H*(X;;k) are free
k-modules of finite type for all i.
For a basis element syt;, of B(K), define its support as

supp(sstr) =1 U L.

Let the differential submodule B;(K) of B(K) be the differential k-module generated by monomials
with support J. In [8, Sect. 4], By(K) is referred to as B(K,), which is shown to be quasi-
isomorphic to the relative cochain algebra for ¥|K;|. Notice that the multiplication in B(K)
defined in Definition 2.5 is induced by the pairing Bj(K) ® Br(K) — Byun(K),

sitp, @ sptp — e(L, L) suptron, (3.2)

where €(L, L’) is the sign of the permutation that converts LL’ into an increasing sequence. This
pairing induces a pairing

w: BBy (K)) @ H*(Br(K)) — H*(Byun(K)), (3.3)

which we will refer to as the x-paring as it agrees with the x-pairing described in [2].

Definition 3.1. Let K be a simplicial complex on [m] and let X = {X;}7,. Define a differ-
ential graded non-commutative algebra (B(X, K),d) as

B(X,K)= P BsEK)oH
o£JC[m]

where H/ = ®ie[m} H; with H; = ﬁ*(Xi;k) ifi e Jand H; =k if i ¢ J, with the multiplication
given by the coordinate-wise product induced by the pairing (3.3) and the cup products in H;.
Namely, if e =a; ® (21 ® ... @ xp) € By(K)@H’ and =80 (11 ® ... ®ym) € BL(K)® H”,
then

a-f==x(ar*))® ($1Uy1®---®$muym)y
where the sign is determined by the degrees of 8y, the x;’s, the y;’s and the graded commutativity
law.

The differential d on B(X, K) is given as the tensor product of the differential on B;(K),
induced from the dga B(K), and the trivial differential on H".

PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol. 326 2024



48 M. BENDERSKY, J. GRBIC

We now show that H*(B(X, K),d) is isomorphic to the cohomology of (CX, X)X as an algebra.

Proposition 3.2. Let K be a simplicial complex on [m| and let X = {X;}", be CW com-
pleves. Then H*(B(X,K),d) = H*((CX,X)X:k) as algebras.

Proof. The statement is a direct consequence of the algebra structure on H*((CX, X)¥;k)
described in [2]. Specifically, it is shown that the isomorphism in (3.1) is an isomorphism of algebras
with coordinate-wise product on @ ;) H*(X|K [ k) @ H 7 similar to that given in Definition 3.1.

As the differential on H” is trivial and H*(X;;k) are free k-modules, we have H*(B(X, K)) =
Quricim H (BJ(K)) ® HY. Now since H*(By(K)) = H*(3|K|;k), the proposition follows. [

We now compare the dga R(X, K) with the dga B(X, K). Restricting to the k-module struc-
tures, we observe that B(X, K) is a differential bigraded k-module model for H*((CX, X)X;k).
By extending the map f: R(K) — B(K) in Definition 2.6, we define an isomorphism of differential

k-modules fx: R(X,K) — B(X, K) by setting
fx(wryr @ h) = e(I, L)srtr, @ h,

where €(I, L) is the sign of the permutation that converts IL, the concatenation of I followed by L,
into an increasing sequence.
Straightforwardly, following the proof of Proposition 2.7, we have the following statement.

Lemma 3.3. The k-linear isomorphism fx commutes up to sign with the differentials. Specif-
ically,

fldE(X,K)(waL (= h) = (_1)‘I‘dB(X,K)fX(waL (= h) O

There is a natural algebra structure on R(X,K) = Doricim) R;(K) ® H’ induced by the
algebra structures on R(K) and H*(X;) for all i. Although B(X, K) and R(X, K) are isomorphic
as k-modules, the isomorphism cannot be extended to the one of algebras. However, in the case
when all X;’s are suspension spaces, the algebra structure of B(X, K) reduces to the one of R(X, K).

Proposition 3.4. The algebra structures on B(X, K) and R(X, K) coincide up to sign on the
product of elements with disjoint support. In particular, the algebra structures are isomorphic up to
sign if X; is a suspension space for all i.

Proof. The algebras B(X,K) and R(X,K) differ since in R(K) the product of generators
with repeated indices are trivial. On the other hand, the defining relations (2.6) of B(K) state that
the products with repeated indices, such as s;s; = s; and t;s; = t;, are not trivial. However, the
products agree up to sign on disjoint supports, proving the first part of Proposition 3.4. If X;’s are

suspension spaces, then the cup products on H” are trivial if indices are repeated. This trivialises
the products with repeated indices in B(X, K). O

Corollary 3.5. Up to sign the natural product in Toryy, . (SR(K) k) coincides with the
product in H*((D', S°)5;k) on classes with disjoint support. [

We next enhance the construction to a dga B (C*(X), K) with a zig-zag of quasi-isomorphisms
to the singular cochains C*(3(CX, X)%; k).

Definition 3.6. Let K be a simplicial complex on the vertex set [m] and let X = {X;}", be
CW complexes. Define a dga (B(C*(X), K),d) by

BE(X),K) = @ BiK)ec’,
o#£IC[m]

where C7 = Ricpm) Ci with C; = C*(X;) = ker{C*(X;) — C*(%;)} the reduced singular cochain
complex of X; with k coefficients if i € J and C; =k if i ¢ J.
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The differential d on B(C*(X), K) is given as the tensor product of the differential on B;(K),
induced from the dga B(K), and the differential on C7.

As we cannot construct a quasi-isomorphism between C*((C X, X )%) and B (C*(X), K), we will
consider the cochain complex C*(X(CX,X)¥). In the following proposition B(C*(X), K) is the
cochain complex

~

B(Ko) ® B(C"(X), K),
where K is the simplicial complex of two points. By [8, Sect. 4], B (Kp) is quasi-isomorphic to the
cochain complex of S! seen as the real moment-angle complex for two disjoint vertices.
Proposition 3.7. Let K be a simplicial complex on [m| and let X = {X;}", be CW com-
plexes. Then there is a zig-zag of maps of dgas without units from C*(2(CX, X)) to E(C*()_(), K).
Proof. We start by considering the stable splitting (1.1) and focus on the Jth summand. Let

J = {j{,...,4l}, or if J is assumed we simply denote J = {ji,...,jk}. Let X; , = S! and
Xjg = Y|Kj|. Define

k
W= H X
I=-—1
the fat wedge

Jk
Fw’ = | X, ... x X

G Xk, X Xy X x X
I=—1

Ji+1 Jk

and
WJ
AN _ )
JEJU{j-1,jo}
There are the singular chains of the pair (W7, FW7) given by
C.(W”)
C.W/ FW’)y = 2

The reduced singular chain complex of X, Cy(X), is C,(X)/C,(%). There is a relative version of the
Eilenberg—Zilber map

C(X 1) = O jesuts-.iop C+(43)
B 1 (C(XGo) ® - @ Cul(X ) @ Culy) © Cul(XGy,) @ ® Cu( X))
— C, (W7, FW7).
The relative Eilenberg—Zilber map is described in [10, Sect. 5.3] for a product (X, P) x (Y, Q),
P open in X and Q open in Y. The argument generalises to CW pairs and inductively to an

arbitrary finite product.
The Eilenberg—Zilber map is a map of differential graded coalgebras since

Co(X) @ C(Y) Ez Co(X xY)
lc*(Ax)(@C*(Ay) lc*(AX XAy)
CXXX)®C(Y xY) —E2 L (X xXxY xY)

| |

Co(X) @C(Y) @ Co(X) @ C(Y) 2222, C(X X Y) @ Cu(X X Y)

commutes. The bottom square is described and shown to commute in |7, (5.2)].
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Dually, by the cohomology universal coefficients theorem we have a quasi-isomorphism

k, *
cw’, Fw’) - ( (09 cl(le)>

l=—1

and a quasi-isomorphism

k * k
( ) C.(X; )) — Q) C(X;)).

I=—1 j=—1

By passing from unnormalised to normalised cochains, we have quasi-isomorphisms C *(Sh — B (Ko)
and C*(X|Ks|) — By(K) (see [8, Sect. 4]). Summing over & # J C [m], we have dga maps

171 171 *
BC'(X),K)«~ B Qcx,;)—- D (@E(@)) « P cwl Fw’).

@#JC[m] I=—1 @#JC[m] \I=—1 @#JC[m)]

Finally, there is a map

P cw! . rw))— P W)« (n(ex, x)X),
a#1C[m] a#1C[m]

where the left map is induced by the projection W7 — W7 and the right map is induced by the
projections to the Jth summands of the stable decomposition (1.1). [

The bar construction applied to B (C*(X), K) gives a model for the loop space of X(CX, X)¥
when H*(X;;k) are free k-modules of finite type for all i. We will return to this point in a future

paper.
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